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ABSTRACT

AN APPLICATION OF ERGODIC THEORY TO
SZEMEREDI’S THEOREM

In this thesis, Szemerédi’s theorem has been translated into the ergodic problem.
For this purpose, ergodic theory and its tools has been studied. The ergodic version
of the theorem is equivalent to Furstenberg Multiple Reccurence Theorem. So the
structure of the ergodic systems has been analyzed. Finally, ergodic theoretical proof

of the theorem has been given.



OZET

ERGODIK TEORININ SZEMEREDI TEOREMINE
UYGULAMASI

Bu tezde, Szemerédi teoremi ergodik probleme doniigtiiriilmiigtiir. Bu amacla er-
godik teori ve bu teorinin metodlar1 ¢aligilmigtir. Teoremin ergodik versiyonu Fursten-
berg’in Coklu Tekrar teorisi ile denk oldugu i¢in ergodik sistemlerin yapilar1 analiz

edilmigtir. Son olarak, teoremin ergodik teoretik ispati verilmigtir.
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LIST OF SYMBOLS/ABBREVIATIONS

M(X) The set of nonnegative Borel measures in X that assign mass

1 to the whole space

E(]Y) Conditional expectation operator
1 . .
L,(X) Lebesgue integrable functions
Ly Essentially bounded functions
Aut(Z, ) The set of measure preserving automorphisms of Z
dgS Upper Banach density of the set S
m.p.s. Measure preserving system
a.e. Almost everywhere

AP Almost periodic functions



1. INTRODUCTION

A subset S on the set of natural numbers is said to have a positive upper density

if

|S N1, N

lim sup > 0.

N—00
The celebrated theorem of Szemerédi says that if a set S C N has a positive upper

density, then it contains arbitrarily long arithmetic progressions.

Szemerédi’s original proof was combinatorial and very complicated. In 1975, H.
Furstenberg gave a proof of this result using ergodic theory. The aim of this thesis is
to work out the details of the proof of Furstenberg in a way accessible to a graduate

student.

Furstenberg’s idea is to deduce the theorem of Szemerédi from his multiple re-

currence theorem. It is as follows:

A measurable map T : (X, B, u) — (X, B, u) is said to be a measure preserving
transformation if u(T—1A) = u(A) for all A € B.

Theorem 1.0.1 (Furstenberg Multiple Recurrence Theorem) Let (X, B, u) be a mea-
sure space with u(X) =1 and let T' be an invertible, measure preserving transformation
on (X, B, ). Then for any set A € B with u(A) > 0 and any positive integer k, there

exists an integer n > 1 with

pANT"ANT AN ..NT*A4) > 0. (1.0.1)

The system (X, B, u,T) is said to be a measure preserving system (m.p.s.) and the
m.p.s. satisfying (1.0.1) is said to be a m.p.s. with SZ-property. This work requires a



good understanding of measure theory, functional analysis and ergodic theory. Firstly,
we explain the necessary tools from ergodic theory. We state the mean ergodic theorem
of von Neumann and prove it. Then we present the preliminary notions from measure
theory. We also explain what a factor of a dynamical system is. Compact and weak

mixing extensions are also explained. These are essential for the rest of the thesis.

Furstenberg’s result says that any measure preserving system satisfies his multiple

recurrence theorem|1].

It is done in the following steps:

(i) If X is a compact extension of Y and Y has the SZ-property, then X also has the
same property.

(ii) The same is true for weak-mixing extensions.

(iii) Every measure preserving system has a maximal factor with the SZ-property.

(iv) An extension is either weak-mixing or has a non-trivial sub-extension which is

compact.

If X is a m.p.s. and Y is a maximal factor of X with the SZ-property, then X must
be equal to Y. Otherwise X can not be a weak-mixing extension of Y. But, then, by
(iv), there should be some nontrivial extension of Y which is compact. By (i), this also

contradicts with the maximality of Y.

The various parts of the proof of Furstenberg Multiple Recurrence Theorem were

simplified by Katznelson and Ornstein|[2].

By the theorem on ergodic decomposition, it is enough to assume all measure
preserving systems in this work to be ergodic. After we work out this fact, we assume

that our measure preserving maps are all ergodic.



2. ERGODIC THEORY

Throughout the thesis, (X, B, i) is a measure space where X is a compact metric
space, B is a g-algebra of sets in X and g is a finite nonnegative o-additive measure
on X. Since u(X) < oo, it is convenient to normalize the measure so that u(X) = 1.
Hence, we assume that ;(X) =1 and call the measure space (X, B, 1) with p(X) =1
a probability space.

Definition 2.0.2 Let (X,B,u) be a probability space. The map T : X — X is a

measure preserving transformation of (X, B, ) if T' is measurable and

(T~ B) = p(B)

for all B € B. In this case, the measure j is said to be a T-invariant measure and
(X, B, i, T) is called a measure preserving system. In addition, if T is invertible and its

imverse 1s measurable, then T is called an invertible measure preserving transformation.

Lemma 2.0.3 A measure p is T-invariant if and only if

/fonu:/fdu (2.0.1)

for all f € LYX,B, ).

Proof. Assume that firstly

[ retdu= [ sa

for all f € LY(X,B, ). Then for any A € B,

/XAon/VL:/XAd,u:> /XT_1Ad,u: /XAdu:>,u(T1A) = pu(A).



Conversely, assume that p is T-invariant. Then for any measurable set A

(T rA) = u(A) = /XTlAd,LL— /XAd,u:> /XAon,u—/XAdu

which means that the equality (2.0.1) holds for any measurable characteristic function
hence it holds for any simple function by linearity of integration. But any function f €
LY (X, B, i) can be approximated by an increasing sequence {¢,} of simple functions.

Hence by Monotone Convergence Theorem, it follows that

lim cpnd,u:/fd,u and lim /SOnOTdMZ/fOTdM-

n—oo

But, /(pndu = /gpn o T'dp for any simple function ¢,. So we have

[ retdu= [ san

for any f € LY(X, B, u). O

Definition 2.0.4 The system (X, B, u,T) is an ergodic measure preserving system if

any T-invariant set of B has measure 0 or 1 that is for any B€ B

T'B=B= u(B)=0 or u(B)=1.

Lemma 2.0.5 The measure preserving system is an ergodic m.p.s. if and only iof T-

invariant functions (i.e f = foT) are almost constant functions.

Proof. Suppose any T-invariant function is constant a.e. and let A be a measurable

T-invariant set. Consider the characteristic function x4 of A. Since

XA = X714 =Xa0T,



X4 is a T-invariant function so it must be constant a.e. by assumption. But x4 takes
only the values 0 or 1, so either x4 =0 or x4 = 1 a.e. Since u(A) = [ xady, it follows
that ©(A) = 0 or u(A) = 1. This shows the ergodicity of 7.

Conversely, suppose T' is ergodic and let f be a T-invariant function. Define for

any r € R, A, = {x € X : f(z) > r}. Then
r€A s fla)>re f(T)>reT(x) e A < rcT Y A,)

and this shows T-invariance of the set A,. But T is ergodic, so A, must have a measure
0 or 1 for any r. Now, suppose that f is not constant a.e., then there must exist an
r such that 0 < p(A,) < 1. But this is a contradiction. Therefore f cannot be

nonconstant. O

2.0.1. Associated Unitary Operator

Let (X, B, 1, T) be a m.p.s.. A measure preserving map 7" induces an associated

operator Ur : L*(X) — L*(X) defined as
UTf = f oT.

We know that L?(X, B, ) is a Hilbert space and there is a well-known inner product
defined on L*(X, B, ut). So we have for any functions f,g € L*(X, B, i)

(Urf,Urg) :/fOT.gOTd,u
- [Ug)o Ty
:/fgdu (since pis T —invariant)

=(f.9)



Hence, the associated operator Urf = f o T is an isometry which brings us that the

adjoint operator U} of Ur must be its inverse:

(Urf,Urg) = (f,UpUrg) = (f,9) = UsUr = I = U; = Uy (2.0.2)

where U;'f = foT7L.

Theorem 2.0.6 (von Neumann Mean Ergodic Theorem) Let (X, 3,1, T) be a measure
preserving system, and let Pr denote the orthogonal projection to the closed subspace

I={geL’:Upg=g} of L.. Then for any f € L, we have

Iz

=

1
N Urf — Prf

i{ng

)
m L“.

Proof. Let M ={Urg—g:9g€ Li} We claim that I = M*. If f is T-invariant, then

we have

<f7UTg_g>:<f7UTg>_<f7g>:<UTf7UTg>_<fug>:<fug>_<fag>:0

for any g € L2. So f € M*. Now , if f € M*, then

If = Urfliis =(f. f = Urf) = (f = Urf, f) = I fllzz + 10z 12
=—Ifllz; + IUzfl7; <0

(Since f € M* = (f,f—Urf)=0)

Hence f = Urf, that is to say f € I. It follows that Lﬁ = I @ M. Therefore, for any

fe LZ we have the following decomposition:



Let € > 0 be given, then f = Prf+ Urg — g+ h for some g, h € LZ with ||h|| < e.

Since UpPrf = Prf for any n € N, we have

N— | V-1 | N1
Z Urf—Frf|| < NZU?(UTQ—Q) + NZU’}%
n=0 Li n=0 Li n=0 Li
Ur is an isometry, so
N—
N Z Urh| =e
n=0 L2
and
1= 1 1 2
— Ur(Urg—g) = —(g —UNg) = ||—= Ul (Urg — < = 2
N; #(Urg —g) = 5:(9 = U7'g) HN;:O 7(Urg — 9) = ~llolzs
s
follows. Therefore,
p 2
Zo Urf — Pr(f SNHg”Lg‘i‘E

follows. Since € was arbitrary,

1N—1
N OU:?Lf—>PTf

n=

in L2,

Corollary 2.0.7 Let (X,B,u,T) be a measure preserving system. Then for any func-

tion f € L,i the ergodic averages converge in LL to a T-invariant function f* € Li:

| Nl
N2 feT = f
N



n L}i. In particular, if the system is ergodic, then f* = /fd,u.

Proof. By the Mean Ergodic Theorem, we know that for any g € L;7 the ergodic

averages converge in L? to some g* € L2. Moreover, since

N-1

1 er

n=0

< HQHL;;O
Ly

we also have g* € L{?. Since (X,B,u) is a probability space, |||y < |||z, so the

corollary holds for the dense set of functions L7 C L}L.

Let f € LL and fix £ > 0, then there exists a measurable function g € Lj® with

lf—gll 1y < &. By T-invariance of a measure p, it follows that

< E.

1 N-1 1 N—-1
NHZ; ° N%go

1
L

So by the previous paragraph there exists ¢g* and Ny with

| N
— Z goT" —g* <e
N n=0 L%L
for N > Ny. Combining these we get
| Nl R
=Y foTh——= > foT"| <4
N n=0 N’ n=0 L}L

whenever N, N' > Nj. In other words, the ergodic averages form a Cauchy sequence

in L), and so they have a limit f* € L. Since




the limit function f* must be T-invariant.
Now suppose that the system is ergodic. Since f* is T-invariant, it must be

almost constant by lemma 2.0.5. Say f* = c a.e. for some ¢ € R. Then by Dominated

Convergence Theorem and T-invariance of p, we have

N-1 N-1
: 1 W o
/f du—/]\}gr;oﬁzozfoT dﬂ-}\}:rréoﬁ;/foT d,u—/fd,u.

Since (X, B, i) is a probability space, it follows that

c=/f*d,u:/fdu.

Hence f* = /fdu a.e. O

Corollary 2.0.8 A measure preserving system (X, B, u,T) is ergodic if and only if

Jim sz [ r@a@adn = [ san [ ga

for any f,g € Li(X).

Proof. Suppose that we have

Jim S [ @g@aydn = [ fdu [ g (203)

for any f,g € L?,. Let A be a T-invariant set. Substitute f = g = x4 in (2.0.3). Then

we have

N-1
Nliinoo; / XaX7-nadp = / Xadp / Xadp
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which gives that p(A) = u(A)? by T-invariance of A. Therefore pu(A) =0 or u(A) =1
showing the ergodicity of the system.

Conversely, suppose that the system is ergodic. The associated operator Uy is an

isometry, so we have

g+Urg+ ..U lg)|| <1

1 N-1
~ 2 Urg
n=0

1
[+
L2 L

that is to say + 271;/:—01 Utg lies in the unit ball of L7 (X). The closed unit ball in L? (X)
is weakly compact, so the sequence of averages will converge weakly to a unique limit
point. But any such limit point is a T-invariant function and therefore it must be

constant a.e. by ergodicity of the system. Since

N-—1
J&g;/g(T x)dp = /gdu,

this constant must be [ gdu. Hence

N-1

N-1
fm > [ t@gadn = [ sia) i > ol )i = [ #u [ g

follows. O
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3. MEASURE THEORETICAL PRELIMINARIES

Throughout this section X and Y are probability spaces.
3.1. Factors

Definition 3.1.1 Let (X, B, u,T) and (Y, D, v, S) be measure preserving systems. The
system (Y,D,v,S) is a factor of (X,B,u,T) if there is a measure preserving map
¢ X — Y with poT(x) = So¢(x) for almost all x € X. The map ¢ is called a
homomorphism between two measure preserving systems or just a factor map. If the
map is invertible and its inverse is also measurable then we say that two systems are
isomorphic to each other. If the system (Y,D,v,S) is a factor of (X, B, u,T), we also
say that (X, B, u,T) is an extension of (Y,D,v,S).

Firstly, notice that if ¢ : (X, B, u,T) — (Y,D,v,S) is a factor map, then

[ ovau= [ sav (3.1.1)

for any f € L*(Y). The equation (3.1.1) follows from the measurability of the factor
map ¢. Since v(A) = u(¢~'(A)) for any measurable A, /XAdV = /X¢1(A)du =

/ X4 © ¢dp for any measurable characteristic function y 4. Hence it holds for any
simple function by linearity of integration. Then again by approaching any f € L*(Y)
by an increasing sequence of simple functions and applying Monotone Convergence

theorem, we get the equation (3.1.1).

Lemma 3.1.2 Let (X,B,u,T) and (Y,D,v,S) be measure preserving systems and ¢ :
X — Y be a factor map. Then ¢~'D C B is a T-invariant sub o-algebra that is
T-1¢='D = ¢~ 'D.
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Proof. Let A€ ¢~ 'D. Then A = ¢~(B) forsome B € Dand T (A) =T ¢ Y(B)) =
»~1(S71(B)). By measurability of S, it follows that ¢~'(S™'(B)) € ¢~ 'D. O

Lemma 3.1.3 Let (X, B,u,T) be a m.p.s. and A be a T-invariant sub o-algebra of B.
Then there is a measure preserving system (Y, D,v,S) and a factor map ¢ : X — Y

such that ¢~'D = A (mod ).

Proof. Take (Y,D,v,S) = (X, A, u, T) and the identity map as a factor map. Then,
clearly, ¢ o T(x) = T o ¢(x) and ¢~ 'D = A. O

These two lemmas say that the notion of a factor system is equivalent to the

invariant sub o-algebra under 7.

The following is an important example of a factor system and it will help to
understand another characterization of a factor system. Let (Y, D, v, S) be a measure
preserving system. Suppose (Z, ¢, 6) is a measure space and we have a map y — o(y)
of Y into Aut(Z,e) (The set of measure preserving automorphisms of Z) such that
(y,2) — o(y)z is a measurable function from Y x Z to Z with respect to o-algebra

D xeonY x Z. Now, if we set

T(y,z) = (Sy,0(y)2)

then 7' is measure preserving on (Y X Z,D x g,v x ). Setting X =Y x Z, B=D x ¢,
= v x 0, we obtain a measure preserving system (X, B, u, 7). Now let ¢ : X — Y be
the projection ¢(y, z) = y. Then S o ¢(y,z) = poT(y,z) for any y € Y,z € Z. Thus,
the system (Y, D, v, S) is a factor of the system (X, B, u,T"). The system (X, B, u,T)
in this example is said to be a skew product of (Y,D,v,S) with (Z,¢,0). Indeed,
if (X,B,u,T) is an ergodic system, we have the following theorem which says every
ergodic system can be written as a skew product of its factor with a proper another

measure space.
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Theorem 3.1.4 (Rokhlin’s Theorem) Let ¢ : X — Y be a factor map of dynamical
systems with X ergodic, then X is isomorphic to a skew-product over Y. Fxplicitly,
there exists a probability measure space (Z,0,¢) and a map y — o(y) of Y into Aut(Z, )
such that (y, z) — o(y)z is measurable and X = (Y x Z, Dxe,vx0,T) where a measure

preserving map T is T'(y, z) = (Sy, o(y)z).

In the following, we will not need the full strength of Rokhlin’s Theorem and we
will refer to [3] for the proof of the theorem. But sometimes it will be convenient to
use a skew-product picture and it also provides a good understanding of disintegration

of measure which is equivalent to Fubini’s theorem in this picture.

After this, when a factor system is mentioned, we will use a convenient charac-

terization of a factor system in the context.
3.2. Conditional Expectation

Let X and Y be probability spaces and ¢ : X — Y be a homomorphism. The
map f — f o ¢ is a natural map from L*(Y) to L?*(X). Now, let L?(Y)? denote
the closed subspace of {f o ¢ : f € L*(Y)} of L?(X) and Pr denote the orthogonal
projection of L?(X) onto L*(Y)?. Now, define a map E(.|Y) : L3(X) — L3(Y) s.t
f— E(f|Y) and E(f|Y)o ¢ = Prf. It is clear that E(.|Y) is a linear operator. We

call this linear operator as a conditional expectation operator.

Theorem 3.2.1 Let E(.|Y) be a conditional expectation operator. Then we have

) [ B = [ g for any f € (X, B.p),

(1) If f € L*(Y,D,v), E(f o ¢|Y) = f. In particular, E(1]Y) =1,
(iir) If g € L>(Y,D,v), E(fgo oY) = gE(fY),

(iv) If f 2 0, E(f[Y) = 0.
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Proof. Since Pr is an orthogonal projection of L?(X) onto L?(Y)?, it follows that
(f = Prf,ho¢)= /(f — Prf)ho¢ =0 for all h € L*(Y). Thus we have

[ hooau= [ Prsnoodu= [ E(fiv)o b san
:/(E(f]Y)h)ogbd,u: /E(f|Y)hdu by (3.1.1).
By the above equation, it now follows that
/fh o ¢dy = /E(f|Y)hdu for any h € L*(Y). (3.2.1)
Since 1 € h € L*(Y), the equation (3.2.1) gives us
/ E(f|Y)dv = / fdp. (3.2.2)
The statement 2 is clear by the definition of the conditional expectation operator

E(|Y). Now, let g € L°°(Y,D,v) and substitute gh € L?(Y,D,v) in the equation
(3.2.1) to get that

/f(gh)oqﬁdu—/E(f]Y)ghdu—/(E(f\Y)g)hdy

and
/f(gh)o¢du:/(fgogzﬁ)hod)d,u:/E(fgo¢|Y)th for all h € L*(Y).

Hence, it follows that /E(fg o ¢|Y )hdy = / (E(f]Y)g)hdv for any h € L*(Y), that
is (E(fgo¢lY)— (E(f]Y)g),h) =0 for any h. Therefore,

E(fgolY) = E(f]Y)g. (3.2.3)



15

This proves the third statement of the theorem. For the fourth statement, suppose
f>0andlet A= {z|E(f|Y) <0}. Then again by (3.2.2) and (3.2.3), we have

/AE(f|Y)du :/E(f|Y)XAdy _ /E(fXAo¢|Y)dV
=/}xwwm:/ﬁwﬂmmzéw&mMzo

which implies that [, E(f[Y)dv > 0, but on the set A, we have E(f|Y) < 0, so
pu(A) = 0. O

Theorem 3.2.2 The conditional expectation map, f — E(f|Y), extends to a map of
LY X, B, p) to LYY, D, v) satisfying (i) — (iv) of previous theorem.

See [1] for the proof.
3.3. Disintegration of Measure

Let X and Y be measurable spaces and ¢ : X — Y be a homomorphism, again.
In this part, we will try to examine and construct some structure above the points
y €Y, i.e on fibers of the map, X, = ¢~'(y). Recall that X is compact metric space
and M(X) is the compact metric space of probability measures on X endowed with

weak*-topology. Then we have the following:

Theorem 3.3.1 There exists a measurable map from Y to M(X) denoted y — p,
such that

(i) If f € L*(X, B, 1), then f € L*(X, B, ) for a.e. y €Y and
E(f|IY)(y) = /fduyforae yey,

au/(/ﬂmQ ) = [ Fdu for all f € LN(X.B.p).
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The map y — p, is characterized by condition (7). We will write p = / pydr(y) and
refer to this as the disintegration of p with respect to the factor (Y,D,v,S).

Proof. The idea of the proof depends upon Riesz Representation Theorem that is the
correspondence between linear functionals on C'(X) and measures on X. Since X is a
compact metric space, C(X) is seperable. Thus we can choose a countable dense subset
of C(X) containing the measurable function f with f = 1. Let V be a vector space of
this set over rational numbers Q. We know that the conditional expectation operator

E(f]Y) has the following properties:

(1) if f >0, E(f|Y) > 0 almost everywhere,
(2) E(f]Y) < |Iflloc almost everywhere,
(3) E(af 4+ bg|Y) =aE(f|Y)+ bE(g]Y) for any f,g € V and a,b € Q.

Then the set that does not satisfy the above properties for any f € V has measure
zero, because it is a countable union of measure zero sets. Call the set satisfying above
properties A. Now take y € A and define a linear functional L, on V as L,(f) =
E(f|Y)(y). Then this functional has the following properties:

(1) if £ >0, L,(f) 2 0.

(2) Ly(f) < 1 fllso;
(3) Ly(af 4+ bg) = aL,(f) + bLy,(g) for any f,g € V and a,b € Q.

Since E(f|Y) is uniformly continuous, we can extend L, to a linear functional on C'(X)
satisfying the above properties. Then by Riesz Representation Theorem, there exist a

measure [, such that

= / Fdu,.

By the previous theorem, E(f|Y)(y /fduy = /(/ fduy) dv(y /fdu

Now, we will extend L, to a linear functional on L'(X) by using the fact that C'(X
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is dense in L'(X) as follows: For f € L}A we have f =3 g, a.e. where g, € C(X)
with >~ ||gnll1 < 0o. Then Y ||E(gn)|1 < o0, so that Y E(|gn]|Y) < oo a.e. At a point

y for which this series converges Y |g,| € L*(X, B, i) and so

/Zgnduy = Z/gnduy~

We also have [ g,dp, = E(g,|Y)(y) a.e., so that

/Zgndﬂy = ZE(Qn!Y)(y) a.e.

Since E(f|Y) is a contraction in L, we have

E(Z gnlY) = Z E(ga]Y)

in LL. But a.e.-limit must coincide with the L!-limit and hence

/Zgnduy = E(Z gn|Y) a.e.

Now, let A ={z: f # > gn}, then pu(A) = 0. We must show that the null function
f —>_ gn remains a null function for almost every p, that is p,(A) = 0 for a.e. y. Let
A, be open with A4,, D A, u(A,) — 0. Let h,, be a continuous function, h, = 0 outside

of A,, and 0 < h,, <1on A,. For each ¢ > 0, the power h; is continuous and

/(/ hiduydy(y)) _ /hi < (A,

Letting ¢ — 0, we find

/ 1y (An)dv(y) < p(Ay),
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and so

[ m@ivty) —o.

This completes the proof of property (i) and property (i7) follows from the equation
(3.2.2). O

In the light of Rokhlin’s skew-product picture, the theorem is exactly Fubini’s

theorem that is
fy =0y X 0
where §, X §(A) = {z: (y,2) € A} and

u(A) = /5y x O(A)dv = /,uy(A)du

for any measurable A.

Proposition 3.3.2 Let (Y,D,v,S) be a factor of (X,B,u,T) and let pp = /pydu be
a disintegration of pu with respect to this factor. Then for any measurable set A € B

and for a.e. y €Y,

py(TH(A)) = sy (A).
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Proof. (Y, D,v,S) is a factor of (X,B,u,T), so there is a factor map ¢ : X — Y.

Since associated unitary operators Uy and Ug are isometries, it follows that

[ Bt s = [xno s by 3:21)
:/XA oTh o ¢dy
:/XAhogboT_ldu
:/XAh oS tog¢dy (by the definition of a factor map)

E(xalY)hoS7'dv  (by (3.2.1))

:/E xal|Y) o Shdv

for any h € L?. Thus E(xr-14)|Y)(y) = E(xalY)oS(y). Then by (3.2.2), (T~ (A)) =
ftsy(A) follows. O

Lemma 3.3.3 Let (X,B,u,T) be a measure preserving system and (Y,D,v,S) =~
(X, By, 1, T) be its factor. Then for any f € L7(X), we have

E(foT|Y) = E(f|[Y)oS. (3.3.1)

Proof. 1In the proof of the previous proposition, we have shown that E(x4 0 T|Y) =
E(xalY) oS for any characteristic function y 4 in LZ (X). The conditional expectation
operator E(.|Y) is linear, so (3.3.1) holds for any simple function, too. Since any
2 . . . .
f € Li(X) can be approximated by a sequence of simple functions and E(f[Y") is
uniformly continuous, we get E(f o T|Y) = E(f|Y) o S for any f. O

Notation: After this, we abbreviate ho ¢ as h? when ¢ is a factor map and foT™ as

T" f when T is a measure preserving transformation.



20

3.4. Joinings

Definition 3.4.1 Let (X,B,u,T) and (Y,D,v,S) be measure preserving systems. A

measure p on (X X Y,B® D) is called a joining of the two systems if the conditions
- p is invariant under T X S,
-p(AXY)=pu(A) forall A e X,

-p(X xB)=v(B) forall BeY

are all satisfied.
Notice that the product measure p X v is always a joining.

Definition 3.4.2 Let (X,B,u,T) and (Y,D,v,S) be measure preserving systems and
(X,B,u,T) be an extension of (Y,D,v,S). Then the relatively independent joining,
denoted by p Xy p is the joining constructed on (X x X, B ® B) as follows:

Xy p= /uy X pydv(y)

where p = / [ydy is the disintegration of the measure ;1 with respect to the factor
(Y,D,v,S). The measure space (X x X,B® B, u Xy p) is called relative product of
(X, B, i, T) and denoted by X xy X.

The measure p Xy p clearly satisfies the above properties in the definition of

joinings.

Proposition 3.4.3 The measure p Xy p s characterized by the equality

/ f ® gdu Xy 1= / E(f|Y)E(g|Y)dv
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holding for any f,g € L*(X) where f @ g(x1,2) = f(x1)g(z2).

Proof. L*(X x X) is the closure of the space generated by measurable functions f ® g
where f ® g(x1,22) = f(21)g(z2) and

/f®g:r::cdu><yu //f 2" )dp, X pydv(y)

/(/f ) dpy (z ) (/g(w’)duy(g;’)) dv(y)

/ (FIV)E(g|Y)dv

therefore the proposition is established. O
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4. ERGODIC THEORETICAL PROOF OF SZEMEREDI’S
THEOREM

Definition 4.0.4 Let S be a subset of N. The upper Banach density of S denoted by
dpS is defined by

_ 1,N

dpS = limsup W

N—oo

A set is said to be of positive upper Banach density, if dgS > 0.

Theorem 4.0.5 (Furstenberg Multiple Recurrence Theorem) Let (X, B, u) be a mea-
sure space with (X)) = 1 and let T be an invertible, measure preserving transformation
on (X, B,u). Then for any set A € B with u(A) > 0 and any positive integer k, there

exists an integer n > 1 with

pANT"ANT AN ..NT*A) > 0. (4.0.1)

Now, we will show that how this theorem implies Szemerédi’s Theorem. This implica-
tion known as Furstenberg Correspondence Principle. Then, in the following, we will

prove Furstenberg Multiple Recurrence Theorem.

Theorem 4.0.6 (Szemerédi’s Theorem) Let S C N be a set of positive upper Banach

density. Then S contains arbitrarily long arithmetic progressions.

Proof. Let S C N be a set of positive upper Banach density and let A = {0, 1}Z. Notice
that A is endowed with product topology induced by discrete topology on {0, 1} and A
is a metric space with the metric d such that d(z,y) = 0if x = y and d(z, y) = min{|n| :
z(n) = y(n)} otherwise. Define a shift map 7' : A — A such that Tw(n) = w(n + 1)
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and a point 1g € A by

Ls(n) 1 ifnes
s(n) =
0 otherwise.

Let X be an orbit closure of the point 15 € A with respect to the shift map: X =

{T"1s : n € N}. Now consider the clopen set A = {w € X : w(0) = 1} and notice that
de S+ 15(d) =1 <= T150) =1+ T € A.

The upper Banach Density of the set S is positive, so there is a sequence of intervals

{I} such that I} = (ax,by) and by — a;, — oo achieving the limit:

1S ar: be)| 1S > 0
bk—ak

as k — oo. Let B be the o-algebra generated by cylinder sets in X, meaning sets that
are defined by specifying finitely many coordinates of each element and leaving the

others free. Now, we can define measures on B by

1 &
e = br — . Z 5Ti15

i=ag

such that

_ 15 N(ak, be)

i (A) T

for any k, since dpi (A) =1 < T'lg € A < i € S. Moreover, u(A) — dpS > 0.
Since the space M(X) is endowed with weak™ topology, any sequence in M (X) has a
weak® convergent subsequence. Hence there exists a subsequence i, — g such that
p(A) = dgS > 0. Notice that u is T-invariant by construction of the measures p’s.

Then, by Furstenberg multiple recurrence theorem, for any positive integer k, there is
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an integer n > 1 such that

pANT"ANT AN ..NT*A) > 0.

So there is a point w € ANT"ANT2"AN...N T~ %A which shows that

w, T"w, T*™w, ..., T"w € A = w(0) = w(n) = w2n) = ... = w(kn) = 1.

w is a limit point of shifts of the point 1g so that for some a,

lg(a) =1g(a+n) =1g(a+2n)=...=1g(a+ kn) =1

which implies that a,a + n,a 4+ 2n,...,a + kn € S. Since k is arbitrary, S contains

arbitrarily long arithmetic progressions. 0
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5. SZ-PROPERTY

Let (X, B, 1, T) be a measure preserving system. We will say that (X, B, u,T)
has SZ-property if it satisfies Furstenberg Multiple Recurrence Theorem (4.0.1). So, in
the following, we will show that any m.p.s. has SZ-property.

We start with a lemma and an identity used frequently in the following.

Lemma 5.0.7 (van der Corput Lemma) Let u, be a bounded sequence in a Hilbert

space H. Define a sequence (sy) of real numbers by

sp = limsup
N—o0

1 N
N Z(Um Un+h)
n=1

If

then

We refer to [4] for the proof of van der Corput lemma.

Remark 5.0.8 The difference of products of real or complex numbers can be written

as a telescoping sum of products as follows:

Hal —Hbl = Z ( - CLZ> (aj —bj) < H bl> . (501)

j=1 \lI= I=j+1
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5.1. Ergodic Decomposition

Theorem 5.1.1 Let (X,B,u,T) be a dynamical system and I be the o-algebra of
T-invariant sets. Let ¢ : (X,B,u,T) — (Y,D,v,S) be the factor map defined by
I =¢Y(D). Let p = [ pydv(y) be the disintegration of pu with respect to the factor
(Y,D,v,S). Then the system (X, B, u,,T) is ergodic for almost all y.

We do not give the proof of the theorem here, but we refer to [5] for the proof.
Since p = [ pydv, this theorem will enable us to assume that measure preserving

systems that we deal are ergodic.

In the next two section, we will examine two specific systems: weakly mixing
systems and compact systems. For the first one, we will see that the measure pu(A N
T™A...NT7") is so much close to u(A)u(T~"A)...u(T") as n goes to infinity and
this gives SZ-property. In the compact systems, the translates 7" are not far away
from the set A, so the translates 7™ all overlap for a set of positive measure which
gives us again SZ-property. Unfortunately, these two systems are not complementary
of each other in the sense that there is a system which is neither weak mixing nor
compact. But, we will see that if the system is not weak mixing, then there is a factor

of a system which is compact.

5.2. Weak Mixing Systems

Definition 5.2.1 A system (X, B, u,T) is said to be a weak mizing system if

Jim =57 (UANTB) — w(A)u(B)” =0 (5.2.1)

for any measurable set A, B € B

Proposition 5.2.2 A weak mizing system is ergodic.
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Proof. Suppose C'is a T-invariant set that is 77'(C) = C and take A = X \ C' and
B = C in the equation (5.2.1). Then the equation (5.2.1) gives that u(C)u(X\C) =0

showing that C' has measure 0 or 1. Therefore, the weak mixing system is ergodic. U

Lemma 5.2.3 The system (X,B,u,T) is weak mizing if and only if for any f,g €
L*(X,B, )

N 2
]&%%; (/ fT”gdu—/fdu/gd,u) =0. (5.2.2)

Proof. Firstly, suppose that (5.2.2) holds for any f,g. If we substitute characteristic
functions of any two measurable sets A, B in the equation (5.2.2), then (5.2.2) clearly
implies (5.2.1). Conversely, suppose (X, B, i, T) is weak mixing. Then (5.2.2) holds
for any two characteristic functions in L?*(X, B, u). Since characteristic functions in
L*(X, B, 1) spans linearly a dense subset of L?*(X, B, ), it follows that (5.2.2) holds
for any f,g € L*(X, B, ). O

Proposition 5.2.4 If (X,B,u,T) is a weak mizing system, so is the system (X X
X, BxB,uxu,TxT).

Proof. L*(X x X) is the closure of the space generated by measurable functions f ® g
where f ® g(x1,22) = f(x1)g(za). So, it is enough to show that (5.2.2) holds for the
functions f ® g. The equation (5.2.2) holds if and only if for any € > 0,

‘/fT”gdu—/fdu/Qdu

but for a set of zero density due to Koopman von Neumann [6]. And also we have

<€

/f1 ® fo(T" x T")g1 @ gad(pt X 1) = /flT”gldu/fQT”gzdu,
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[ @ fadtu ) = [ i [ gadn
/91 ® god(pn X p1) = /gldu/gzdu

and then by writing

‘ / £1 @ FoT" x T g ® god (it X 1) — / f1® fad(p % 1) / 61 ® gadd( X 1)

< '/flT”gldu—/fldu/gldu’/lsz"gz!du
+ ‘/fQT”ggd,u—/fgdu/md/i‘/|f1\dﬂ/|91’d%

we see that T x T is also weak mixing transformation. 0

Theorem 5.2.5 Let (X,B,u,T) be a weak mizing measure preserving system. Then

for any k > 1 and functions fi, fo, ..., fr € L7 (X),

N-1

i S = [ [ g [ g (5.2.3)

n=1

in L2(X).

Proof. 'We proceed by induction on k. The system is weak mixing, so it is ergodic
by the proposition 5.2.2. Hence the case k = 1 follows from the corollary 2.0.7 of the
mean ergodic theorem. In the inductive step, suppose that the equation holds for any
k — 1 essentially bounded functions. Now, we can assume without loss of generality

that /flodu = 0 for some [y € [1,k — 1] so that (5.2.3) can be replaced by

N-1
lim » " T" [T fo.. T fi — 0.
n=1

N—oo
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The reason for this is that we can write the difference as

I [

i=j+1

koo k kgl '
HTmfi - H/fidﬁb = ZHTmfz’ (T]nfj - /fjdﬂ)
i=0 i=0

j=1 i=0

by the identity (5.0.1) and we also have /Tj”fjd,u = /fjdu. Now, we can apply van

der Corput Lemma as follows:

Define

k

i=1

Then

N N k k
1 1 . .
— 1; . I s in f. i(n+h) £
sp = lim N El<u”’u"+h> —A}LH;ON El/ .|_|1T fi ,|_|1T fidp

N—o0
1L 5 ko
— lim — Z / H T(Z_l)nfi H T(z—l)n—i—zhfid'u
n=1 =1 i=1

(Since T™ is measure preserving)

N k
: 1 i—1)n %
= tim > [T[2 0T )
n=1 i=1

N k
. 1 i—1)n 7
—/flThfl ]\}I_T)I;ONZHT( Y (fiT hfz’)d,u

n=1 =2

and then by inductive hypothesis

N Nk
.1 hp o L (i—1)n [ ¢ ik
sp = lim N n§:1<umun+h> :/flT fi A}li%oﬁ n§:1 |2| T (fiT™ fi)dp

_ / AT flg / FTM oy
:ﬁ / T fidp.
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Since 7' is weak mixing, all orders of 7' are also weak mixing. So the product T" x
T?... x T* is weak mixing with respect to product measure p X f X ... X p by previous
proposition. Write f1 ® fs...® f for the function (z1, xo, ..., xx) — fi(x1) fo(x2)... fr(zk)
and then

H

H k
1 .1 ih
Jim 5 s = Jim 5 STTT [ 7 s
h=1 h=1 i=1
H

LS /X AT BT AT x e x )

h=1

1
= lim — T x ... x TK" d

2
:(/ f1®f2®---®fkd(ﬂ><ﬂ><---XM))
XxXx.xX

() () () -

by the corollary 2.0.8 of the mean ergodic theorem for T' x T? x ... x T* and the
assumption / f1, = 0 for some [y. Then by van der Corput lemma,

| N | Nk k
i |5 = i | S T7s| 0= [
n=1 Li n=1 1=1 L;% =1
This completes the proof. [l

Corollary 5.2.6 Any weak mizing system has SZ-property.

Proof. In the previous theorem take each f; = x4 where A is a measurable set

with p(A) > 0. Then we have SZ-property for weak mixing systems, by the fact that

p(T7"A) = p(A) for all I and X aAXT-nA---XT—kna = XAnT—nAn..T—Fn A- m
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5.3. Compact Systems

Definition 5.3.1 Let (X,B,u,T) be a measure preserving system. A function f €
Li(X) is said to be almost periodic if the closure of the orbit {T™f : n € N} is compact
T2 ~ 2

in L, (X) with respect to norm topology on L (X).

Definition 5.3.2 The system (X, B, u, T) is called a compact system, if every function
f e L2(X) is almost periodic.

Theorem 5.3.3 If (X, B, 11, T) is compact system, then for any f € Ly°(X) such that
f >0 but f not a.e. 0,

N—o0

N
1
lim sup > / FTP T2 f. T fdp > 0. (5.3.1)
n=1

In particular, the case f = xa where A is a set of positive measure gives us

SZ-property.

Proof. We can assume without loss of generality that 0 < f < 1. In compact systems,
we claim that for any € > 0, we have HTl”f — fH <eforl=0,1,...,k and for a set of

n of positive upper Banach density. From this claim and the identity (5.0.1), we can
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get the equation (5.3.1) as follows: Choose € < ff:+l, then

k k k
‘ S san = [ 72au] < [ T] 7" =TT s
=0 =0 =0
k j7—1 k
<\| D 1l rars—n]]rdn
j=1 =0 I=j
k j—1 k
< [ SSTTrs(ems - 11 ]] s
j=1 =0 I=j
k
< [S|riny - pla
/ ; | | dp
<ek

since 0 < f<landsois0<T"f <1 for any n.

k
Now, if we set a = —ck + [ f*"du, we have /HTl”fdu > —ck + /kadM =
1=0
a > 0. Since this is true for a subset A of N of positive upper Banach density, we have

N k
1 1 —
lim sup — g /HTl”fd,u > qlim sup N|Aﬂ (1, N]| = adp(A) > 0.
n=1 l

N—o0 N -0 N—o0

The proof of the claim follows from the compactness of the orbit closure of the

set {T"f : n € N} which implies that {T"f : n € N} is totally bounded. Hence for

any €, we can find a finite subset {T™ f, T f,...,T"" f} which is f-separated. Since
: : + + + : :
T is measure preserving, for any n, the set {T™*" f, Tm*"f . Tm*" fl is again ;-

separated set so that there exists ¢ € [1,r] with ||T™"f — f|| < £. To see that the set

| m

of n satisfying [|T7"f — f|| < e has positive upper Banach density, take a partition of N
with equal length of n, — n;. Then all members of the partition will consist a natural

number n with || 7" f — f|| < € and this implies that the upper density of the set is at

1
Npr—n1

least which is positive.
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Now, by T-invariance of u, we have ||T"f — T? f|| < . Then applying triangle

inequality [ — 1 times, we get
T f = f|| <&

This proves the claim hence it completes the proof of the theorem. 0]

5.4. Existence of a nontrivial factor which has SZ property

Theorem 5.4.1 If a measure preserving system is not weak mizxing, then it has a

nontrivial compact factor.

Proposition 5.4.2 If the system (X x X, BXxB, uxu, T'xT) is ergodic, then (X, B, u, T')

15 weak mizring.

Proof. If T' x T is ergodic, so is 1. By corollary 2.0.8 of the mean ergodic theorem,
for f, g € L),(X) we have

ngr;ON /fT gdp = /fdu/gdu

and also for f ® f, g® g € L} (X x X)

lim —Z/f@f TxT)'g®gdux = /f@fdux,u/g@gduxd,u. (5.4.1)

N—ooo N

Since [ f® fdux p= ([ fd,u)2 for any f, (5.4.1) gives that

s () = (] ) (/o)
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Then by the above equalities, we get

since

(0 s ) (s~ (] ) (f )
o[ s )

Hence, this shows that (X, B, i, T') is weak mixing. O

Proposition 5.4.3 If (X, B, u,T) is not weak mixing, then there is a nonconstant AP

function.

Proof. By the previous proposition, (X x X, Bx B, ux p, T x T) is not ergodic. Hence,
there exists a nonconstant 7' x T-invariant function H(z,z’) in L*(X x X). Firstly,
we can suppose T’ itself to be ergodic, if it is not, nonconstant T-invariant function in
L*(X) would be a desired AP function. The function [ H(x,2')du(x) is a T-invariant

function, since

/HmTa:)dp /HTxTxdu /Hxxdu

by T-invariance of the measure p and the function H(x,2'). Hence, [ H(x,2')du(z)
is almost constant by the assumption 7" is ergodic. Now, define a function K (z,z') =
H(z,2")— [ H(x,2')du(x) which is also T-invariant and nonconstant. Then the integral
J K(z,2")dp(x) vanishes. Since K(z,z’) is not identically zero, there is a function

¢ € L*(X) such that the function

— [ K olana') #0
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for a set of x of positive measure. But [ f(x)du(x) = [ [ K(z, 2" )o(2")dpu(2")du(z) =
[ o@) [ K(x,2")du(z)du(z") = 0. This shows that f is nonconstant.

Now, look at the orbit closure of the function f. Again, by T-invariance of y and

the function K (z,z'), we get

/ K (T2, 2') / K (T, T Yo (T )dpu(x')
/ K, 2')T" o (2" )dp().

Let K : LA(X, B, ) — L2(X, B, ;1) be an integral operator defined by

_/K(x,x/w(xl)dﬂ(x/)

Then, clearly {T7f(z)} = {KT"p(z)}. But, K¢(z) is a compact operator which is well
known as Hilbert-Schimdt operator [7]. Thus, the image of bounded set {KT7(x)}

is compact showing the compactness of {T™f(z)}. O

Now, we will give the proof of theorem 5.4.1.

Proof.  Since (X, B,u,T) is not weak mixing, there exists a nonconstant function
f € L*(X, B, u) which is almost periodic. We know that a subset of a complete metric
space has compact closure if and only if it is totally bounded. It can be verified from
this fact, the set of almost periodic functions is a closed linear subspace of L?(X). And
also, it is closed under lattice operations max and min [8]. Now, set By is the smallest
o-algebra of sets with respect to which f is measurable. Then for each A € By, x4 is
almost periodic. So any function ¢ € L*(X, By, i) is almost periodic following that T
is almost periodic. The same is true for B; = the smallest o-algebra of sets with respect
to which f,Tf,T?f,... are measurable. Finally, if each x4, A € B; is almost periodic
so is each ¢ € L*(X, B, u, T). Tt follows that this factor (X, By, u, T) is compact. [
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5.5. Maximal SZ factors

We claim that the family of factors of (X, B, u,T') which are SZ has a maximal
element. Let {B,} be a totally ordered (by inclusion) family of factors. sup, B, is the
o-algebra spanned by U,B,. More explicitly, a set A € B belongs to sup, B, if for

every € > 0, there exist some Ag € U,B, such that
1(A\Ao) + p(Ao\A) < e.

It is clear that B, is T-invariant for every «, so is supB.

Proposition 5.5.1 Let {B,} be a totally ordered family of factors and assume that all
B.’s satisfies the SZ property under the action of T. Then sup, B, has SZ property.

Proof. Let A € sup By, (A) > 0 and k be fixed. Take n = 1(k+ 1)~ and A € By,
such that

(AN A+ (A \ A4) < Tnu(A). (5.5.1)

We know apply to the factor (X, B,,, i, T) the description given above. Namely we
suppose given a system (Y, Dy, v, 1) and a map 7 : X — Y as before so that B,, :
7 Dy). Al € By, corresponds to a set Aj € Dy, Ay = 7 1(Ay). By (5.5.1), u(Ap) >
1(A) — Inu(A) > 0. We claim that the set of y € Aj such that p,(A) < 1 — 7 has

measure less than }l 1(A). For otherwise

HAA) = [ (a\ A)dv(y)

Ay
1
= [ (= (i) = Jun(a)
A7
since for y € A, p,(A;) = 1, and this inequality contradicts with (5.5.1). Now,
denote by Ag the subset of points y € Af for which p,(A) > 1—n. Ay € Dy and
v(Ao) > v(AY) — 31(A) = p(Af) — p(A) > $u(A). Since the action T on By, is SZ,
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or equivalently the action of Tj on Dy is SZ, we have

N
1 A ,
liminf — > " p(AgN Ty  AgN .. N Ty Ag) = a > 0. (5.5.2)
N—oo —1
J:
We claim now for every j
1 . : . ,
§V(A0mjgﬂAom.”er;“Ao)<;AAJWT—%4D”.07“*%4) (5.5.3)

Since pu = [ p,dv , the latter will follow if we show that for y € AOOTO*]' AgN... OTO*kj Ag

py(ANTAN..NTHA) > - (5.5.4)

N | —

Butify € To_leO, [ =0,1,...,k, we obtain from the definition of Ay and the proposition
3.3.2 that ,uy(TO_lj A) > 1 —n. The intersection of k + 1 sets each having probability
> 1 — 1 has itself probability 1 — (k + 1)n = 4 and (5.5.4) follows. This proves (5.5.3)
which together with (5.5.2) implies

N

1 , ,

Y —J —kj >

hNHEo%fNEIM(AmT AN..NT™™A) >
‘]:

a
=>0
2

and this completes the proof of the proposition. O

Therefore, by Zorn’s lemma and the above proposition, it follows that the set of

factors with SZ-property contains a maximal element.
5.6. Weak-mixing Extensions
Definition 5.6.1 Let (X,B,u,T) be a measure preserving system and (Y,D,v,S) ~

(X, By, 1, T) be its factor. Then X is said to be weakly mizing relative to'Y if (X xy X)

15 ergodic.
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Lemma 5.6.2 Let (X,B,u,T) be a relatively weak mizing extension of (Y,D,v,S),
and let f,g € L>®(X, 0, u,T). Then

2

JL%%;/{E(fT”g|Y) — E(f|Y)S"E(g|Y)| dv =0. (5.6.1)

Proof. We may assume E(f|Y") = 0 without loss of generality. The reason is as follows:
Write f = (f — E(f|Y)) + E(f|Y) in the sum in (5.6.1). Then we get by linearity of

the conditional expectation operator and by the equation (3.3.1)

i —Z [ prav) - BUW)S Bl @
ZNILH;O%Z [ 1B (0= By + B0 0y ) -
(5(1s - ) + BUONY) )5I| @
= Jim %i / [ (f — BUY)T"gIY) + E(E(fIY)Tg|Y)~
B~ BUWIYIS"Bl6lY) - BB V)BTl ar

- hm—z [ |BU = BTy — Bt~ S EEY) | d

N—oo [V

Since E(f — E(f]Y)|Y) =0 for any f , it is enough to show that (5.2.1) holds for the
function f having E(f]Y) = 0. Now, we have

Jim Z / [ (FTglY) - <f|Y>S“E<g|y>] v = Nhgnoo%fj / {E(fT”gmrdu

= lim —Z/f@foT) (9% 9)dp xy 1
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by the proposition 5.4.1. But since X xy X is ergodic, we have by the corollary 2.0.8

of the mean ergodic theorem

N
lim %;/f&f(T><T)”(9®9)du><yu=/f®fdu><yu/9®gdu><yu

N—oo

and again by the proposition 5.4.1 and the assumption E(f|Y) =0

/f®fdu ><yu/g®gdu ><yu=/E(f|Y)2dV/g®gdﬂ Xy =0,

Therefore
N 2
im ~ S [ [B(TmglY) = B(FY)S"E(gly)| dv =0
m w2 g gly
when E(f|Y) = 0. This completes the proof. O

Lemma 5.6.3 If (X, 3, u,T) is a relatively weak mizing extension of (Y, D, v, S), then

(X xy X) is also relatively weak mizing extension of (Y,D,v,S).

Proof. Denote (X xy X) by X and (X xy X) by X. We want to show that ()A(, 3,7, f)
is ergodic. To show that the ergodicity of X , it is enough to show that for a dense set
of functions F,G € L()?,B, i),

N

1 N

+> :/FTGdﬁ%/Fdﬁ/Gdﬁ
n=1

by the corollary 2.0.8. So, it suffices to show that the above equation is true for F and
G of the form

F(xq, 9,23, x4) = f1(z1) fa(xe) f3(xs) fa(xs),

G(x1, %2, 73, 74) = g1(71)92(72)g3(73) ga(T4).
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Now, it follows from the definition of the joining X and the equation (3.2.2) that

/anGdﬁ:/ [/ f1Tn91dMy/f2T"92dMy/f3T"93dMy/f4Tng4d/ly] dv

- / E(AT" 1Y) E(faT" oY) E(fsT" s Y E(fyT" gV ).

By the previous lemma, we can replace each E(fiT"¢1|Y) by E(f1]Y)S™E(¢1|Y) in the

limit, so we have

Jim > | FTGdn = tim > BB BB )
S™(E(qi|Y)E(g2|Y)E(g3]Y)E(ga]Y))dv
= [ BB BB )i

/ E(q1]Y) E(gal V) E(gs]Y) E(ga]Y )

_ / < / frdu, / fodpty / fadu, / f4dluy) .
/ </ guclpty / g2dy / gsdiy / g4duy) dv
= / Fdp / Gdji.

Notice that second step follows again from corollary 2.0.8, since (Y, D, v, S) is ergodic.

O

Lemma 5.6.4 Let (X, 3, u, T) be a relatively weak mizing extension of (Y, D,v,S). If
fi € L*(X,8,u) fori=1,...k, then we have

N k k
1 . .
Jim = S T -] EfIY)?)| =0 (5.6.2)
n=1 |[i=0 i=0 Lo

Proof. 'We proceed by induction on k. The case k=1 is the result of Lemma 5.6.1.

Now assume that the statement is true for any k-1 L?-functions. We first write the
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difference inside of the norm in the (5.6.2) as

k k k 7—1 k
[[7r =TI EFY)? =) [T - B T] T ESY)?
i=0 i=0 j=1 i=0 i=j+1

by the identity (5.0.1). Each sum in the right side of the equation has the form
| Nk

v l7

n=1 i=0

in which one of the g; has the property E(g;|Y) = 0, since E(f — E(f|Y)?|Y) is zero
for any f. Then, if we can show that
k
H T™"g;

i=1

goes to zero when one of E(g;|Y") is zero, so the sum of the norms of the differences in

(5.6.2) will. Now, we can apply van der Corput Lemma as follows:

Define

k
=1

Then we have

N

sh:]&iinoo%zwmun% —]\}E%O—Z/HTWQZHTZ n+h)
n=1
]&E?)O_Z/HT(Z 1n g HT(z 1n+zh

(Since T™ is measure preserving)

- 23 [T s
. 1 i—1)n i
_/nghgl Jim N Z HT( D (g T gi)dp

n=1 =2
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and then by inductive hypothesis

N Nk
.1 _ hoooo A (i—1)n ih
Am §_1<umun+h> —/ng g1 Jim - E_l '|_2| T " (9T gi)dp

N k
. 1 i—1)n %
=/mﬁﬁ$gdvinjﬂ VB (g, T g ¥ ) dp

n=1 i=2

1—1)n i @
= lim —Z/ng 91 Sty E(g:T hgi’Y)) dp

N—>oo

— lim ii Elg Thg ﬁ (S(i_l)nE(g'Tihg-|Y)>¢ |Y dv
k

- 3 [ Bt [T (5 BT oiv) s

5 ¢
]}E{;_Z/( (1T q1|Y) H =D p( ng’hgzlY))> dp

k
= lim —Z/ (i T"q1]Y) ¢HT2 DB (g T ™ ;| Y ) dp

N—»oo
i=

N

. i—1)n ih
= Jim Z / T ) [[ T BT oy )i
Third and seventh steps in the above equality follow from the definition of a factor
map and also fourth, fifth and sixth steps follow from the equations (3.2.2), (3.2.3) and

(3.1.1), respectively. Each individual integral in the last sum is bounded by

1E (917" gio) Y )22 T ] Nlgill e
iio
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where the function g;, T%"g;, corresponds to a function satisfying E((g;,)|[Y) = 0 for

each n. Hence by lemma 5.6.2 we have

]‘ %
LY TTslie [ B,
h=1 h: i#ig
=TT ol Z / (91T g |V )
%10
— Tl Z / (91 ¥)S" B )
i#£ig

as H — oo. Now by van der Corput Lemma it follows that

| N | Nk
LN SO et - | (D)
n=1 L/2L n=1 =1 L;21,
as required. [l

Theorem 5.6.5 Let (X, B, u,T) be a relatively weak mizing extension of (Y,D,v,S).
If the action of S on D is SZ, then so is the action of T on B.

Proof. Let A € B with p(A) > 0. Since [ E(xa|Y)dv = [ xadp > 0, we can find a
real number a > 0 such that the set Ay = {y : E(f|Y) > a} has positive measure that

is ¥(A;) > 0 and we have E(xa|Y) > axa,. Then by previous theorem substituting
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an indicator function of A in f, we have

N k N k
lim > (ﬂT’”A) = lim > / 7" E(xaly)?dp
T 1=0 T 1=0
N k
— tim > [T (8" Eualy)” do
1 =0
N k
:A}im Z/HSZ”E(XA\Y)CZV
1 =0
N k
> ]\}im Z/HslnaxAldV
1 =0
N k
—at! &iinoo;” (D) S‘l”Al) > 0.

5.7. Compact Extensions

Definition 5.7.1 Let (Y, D, v, S) be a factor of (X, B, u, T). A function f € L*(X, B, j1)
is said to be almost periodic (AP) relative to the factorY if for every § > 0, there exists

functions g1, ga, ..., gn € L*(X, B, 1) such that for every j € Z,

inf |77 = g.[; () >

1<s<n

for almost ally € Y.

Definition 5.7.2 (X, B,u,T) is a compact extension of (Y,D,v,S) if the set of AP
functions is dense in L*(X, B, ).

Theorem 5.7.3 If (X, B, u,T) is a compact extension of (Y,D,v,S) and if the action
of S on (Y,D,v) is SZ, then so is the action of T on (X, B, u).
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Proof. Let A € B with > 0 and k be given. We want to show that

N k
. 1Z L
A}EI;ON1M<QT]A)>O

which clearly follows from the same inequality holding for a subset of A. We construct

such a subset from A in the following steps:
Here, it is helpful to keep in mind Rokhlin’s skew product picture.

Step 1: Firstly, we remove from A its portions sitting on fibers for which p, (A) <
T1(A). This removes less than half of the measure of A. If we call the the remaining

set A" and the set {y : p, > 1(A)} Aj, then we can easily see that

n(A) = [ )avty) > [ SuA)avty) = 3u(a)

Notice that A; is a D-measurable set and v(A;) > Fu(A), since
Ay x ZDA = (A x Z) = v(A).0(Z) > n(Ar) = v(Ay) > =u(A).

Hence, we may assume without loss of generality that p,(A4) > a = ;u(A) for y € Ay,
v(Ay) > u(A) and p,(A) =0 for y € A;.

Step 2: Now, denote f = x4. In this step, we will show that there is no loss of
generality in assuming that f is AP. Choose a decreasing sequence {e, },>1 of positive
numbers going to zero fast enough so that Y- e, < $p(A). Since the system (X, B, 1, T
is a compact extension of (Y, D, v, S), for any n € N there is an AP function f, such

that [|f — full 12 < e2. Let

E,={y:|f— fn”Lﬁy > en}
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Then

wE) = — [ cudvty) < — | n (= s < = = £l < 20

€n

n

So, ||f — f”“Lﬁy < g, for all y outside a set £, with v(FE,) < &,. Now, denote by A,
the set obtained from A by removing the parts of A included in the fibers above points
in |J, £, and by f. the corresponding characteristic function. For the AP property,
fix e > 0 and choose some n with ¢, < %5. Then it follows that on every fiber and for

every j
J J 1 J
T2 fe =T fo]| . <en< 3¢ or |77 f|,. =0.
Ky Hy
Since f,, is AP relative to Y, there exist functions ¢y, ..., g, with

. . 1
Ognsagfm 177 fn = QSHLgy < 5E ae.

Now, set go = 0 to deduce that

inf ||ijE — gsHL2 <e.
Hy

0<s<m

Thus, we have the AP property for f..
Step 3: For any y € Y, we define

e(y) = {(f, T"f, T* f..T") : n € N} C <L2 )M

Hy

.....

k+1
Then since f = x4 is an AP function, £(y) is a totally bounded subset of <Liy)

with respect to this norm for almost all y and uniformly in y. It follows that the same
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is true for the subset

k+1
©(y) = {(f,T"f, T f..T") :n e N,y € A} C (Li)

The additional condition in the definition of £*(y) makes every component of the vector
(f, T"f, T f...T*) non-zero by the definition of the set A;. Since £*(y) is totally
bounded for any € > 0 and y € Ay, there exists a finite maximal e-separated subset of
£*(y). Let M(e,y) denote the maximal cardinality of these sets. The uniform totally
boundedness of £*(y) implies that M (e,y) is bounded on A;. For every y, M(e,y) is
an integer valued, monotone decreasing function of €, thus it is a step function. As a
function of y, M (e, y) is a measurable function again by uniform totally boundedness of
£*(y). So we can find &’ < @, a>0and Ay C Ay with v(Ay) > 0 such that M (e, y)
is constant for ¢ —a < e < ¢ and y € A,. Say this constant M. Now take ¢y’ € As,
we can find integers my, mo, ..., my so that {(f, T™ f, T?™ f.. Tkm)}M  is a maximal
¢-separated in £*(y/). Consider the function ||T"™ — Tlmj||Lay, forl <i<j <M
and [ = 0,1, ..., k, as functions on Y’; these are measurable and we can suppose that y’
has been chosen so that each neighborhood of the values of these functions at y" occurs
with positive measure in the set A,. Now, let Az be the subset of Ay of points y for

which, for each i, 7,0, 1 <i<j < M,0<I<k,
HTlmi _ TlijLﬁy > ”Tlmi _ TlijLﬁy, —a. (5'7.1)
This will be a subset with v(A3) > 0.

We use now the SZ property of the action S on Y, applying it to As. Let
n € Z such that v (ﬂfZOS_Z”A;;) > 0 and let y € NF_,S™"A;. We have Sy € Aj for
[ = 0,....,k and on the other hand, by the definition of £*(y), A3 C NF_,S~™i A, for
j=1,...,M. Hence S""*™i)y € Ay for | =0, ...,k and j = 1,..., M. We claim that the
vectors {f, 7™, ., THmtmi M are ¢! — a separated in £*(y), hence form a maximal

such set which is therefore & — a dense in £* (y). To prove the separation take j # 1,



48

by the definition of the norm on £*(y), there exists some [, 0 < ! < k such that

HTlmjf o Tlmlf > 5,.

I
Hy/

Hence, ||T"™ f — T"™: f

|1
L“‘sln

> &'—a by (5.7.1), since the points S™y are all inside As.
We have (f, f,..., f) € £*(y) and hence, for an appropriate j, (f, T"+™, ..., TkM+m;))

is ’-close to it. By the choice of &', this implies that

k k
—Il(n+m; N1 9 1
iy (ﬂT Hot “A> = /HT“ ) fdpy > Loy (A) > S p(A).
1=0 =0

The index j depends on y, but if we sum over j we will have for each y € N}_,S~"" A,

M k 1
Z,Uy (ﬂ T_l(nerj)A) > gN(A>‘
j=1 1=0

Integrating over NF_, S~ A3 we obtain

M k 1 k
THtm) A ) > (A SmAL .
Zu(lo ) e ()7

Jj=1

Finally averaging for 1 < n < N and passing to the limit N — oo, we obtain

| N k 1(A) | N k
. —1 S —1
Mll]vlrilo%fﬁ E 1 (ﬂT pA) > 5 hzvralo%fﬁ g v (ﬂS pA3) > 0.

This completes the proof. O

5.8. Dichotomy Between Compact and Weak Mixing Extensions

Theorem 5.8.1 If (X,B,u,T) is an extension of (Y,D,v,S) which is not relatively
weak mixing, then there exists an intermediate factor X* between Y and X with the

property that X™ is a nontrivial compact extension of Y.
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Proof. Here, we will represent X as a skew product (X, B, u, T) = (Y, D, v, S)x(Z,¢,0)
with T'(y, z) = (Sy,o(y)z) by Rokhlin’s Theorem. Since (X, B, i, T') is not a relatively
weak mixing with respect to Y, T is not ergodic by definition. So there exists a
nonconstant T-invariant function F(z, ') on X Xy X such that F(z,2’) is not a function
of z or 2’ alone by ergodicity of T'. Since F'(x,z’) is defined on X xy X XY X Z X Z,
we can write F(x,2') = F(y,z,2'). Then it follows that there exists a function ¢ €

L*(X, B, i) such that the convolution defined below is not a function of y alone:

F*M@=F*ﬂ%@=/F@m%M@JM@@XW&)
Then we have

T(F x 2)(3.2) = F (S0 0(0)2) = | F(S.o(w)22)o(Sy. 2)db()
_ / F(Sy, o(y)2, 2 )o(Sy o (y)2)do() C(5.81)

B /F(y, 2,2 )¢(Sy,0(y)2)do(2') = F x Ty

by using the fact that o(y) is measure preserving and F' is T-invariant. For each ,
the integral operator is compact. (It is a Hilbert-Schimdt operator, so it is compact[7])
Since the norms of 77 are constant, the image of the set {T7¢ : j € Z} is compact
under this operator. Hence it follows that for any 6 > 0, there exists an integer
N = N(y,d) such that the set {F x chp}j-vsz is 0-dense in {F * TV} jez in the L, .
Now, let

Eyx = {y AF *T]lp}j-vsz is 0 —dense in {F x Tjgo}jez} .

Then Exy C Eny1 € Epnyo... and all Ey’s are measurable, hence A}im v(Ey) =

v( U Ey) and therefore for all ¢ > 0, there exist an integer N5,y such that Nse) >

N=1
N(y,0) for all y outside some set E(J, ) such that v(E(d,¢)) < e.

We repeat this argument for a sequence {d;} with §; — 0 and ¢; with Y °¢;

arbitrarily small and write
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0 if y € UFE(),¢);

F % ¢ otherwise.

Then
If = F ol < [ Flizllelle Y e
1

follows and for every 4, the family 0 N {T7(F * ¢)}}._,/ is 6-dense in {T7f};cz in
the Liy—norm for every y, for M large enough. Now, denote the algebra spanned by
{(Fxgp:F e L®X xy X),TF = F,p € L*(X)} by A. Then by (5.8.1) A is
T-invariant and the AP functions in A are dense in A. Let B* be the smallest sub
o-algebra of B such that all elements of A are measurable. Clearly, 7=!(D) is contained
in B* and B* is also T-invariant by T-invariance of A. A is dense in L*(X, B, i) so
the set of AP functions is dense in L*(X, B*, ). Hence the system (X,B*, u,T) is a

compact extension of (Y, D, v, S). O

5.9. Concluding the Proof
For the measure preserving system (X, B, i, T'), we have shown that in the sequel

(i) X has a nontrivial factor with SZ-property,

(ii) Every measure preserving system has a maximal factor with SZ-property,

(iii) If X is a weak mixing extension of its factor Y and Y has SZ-property, then X
also has the same property,

(iv) The same is true for compact extensions,

(v) An extension is either weak-mixing or has a non-trivial sub-extension which is

compact.

which implies that no proper factor with SZ-property can be maximal. The reason is

as follows: If X is a m.p.s. and Y is a maximal factor of X with SZ-property, then
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X must be equal to Y. Otherwise X can not be a weak-mixing extension of Y. But,
then, by (v), there should be some nontrivial extension of Y which is compact. By (ii),

this also contradicts with the maximality of Y.

Therefore, all measure preserving systems have SZ-property.
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