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ABSTRACT

THEORETICAL FOUNDATIONS OF AXION PARTICLES

The Standard Model of particle physics has solved the problem of giving masses
to quarks and leptons by introducing the Higgs particle which soon will be searched at
the Large Hadron Collider at CERN. Another problem of the Standard Model is the
strong CP violation problem which arises due to the interplay between the strong and
weak sectors of the model. An understanding of this problem requires understanding
the instantons and the quark mixing. In this thesis I present my understanding of these
topics and consider how the strong CP violation problem can be solved by introducing

the axion particle.



OZET

AXION PARCACIKLARININ TEORIK TEMELLERI

CERN’de bu sene baglayacak olan LHC deneyinde bulunmasi beklenen Higgs
parcacigl Standart Model’in agiklayamadigi fenomenlerden biri olan kuark ve lepton-
larin kiitle kazanim mekanizmasini aciklamak iizere ongortilmiistiir. Standart Modelin
bir bagka acgiklayamadigi fenomen ise bu modelde ki kuvvetli ve zayif etkilesmelerin
birlestirilmesinden dogan kuvvetli CP bozulumudur. Bu problemin anlasgilir olabilmesi
igin oncelikle instanton ozelliklerinin ve kuark karigimi konusunun iyice anlagilabilir
olmasi gereklidir. Tezimde, anladigim sekliyle bu olaylara aciklik getirdim ve kuvvetli

CP bozulumu probleminin axion parcaciklariyla olan ¢oziimiine yer verdim.
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1. INTRODUCTION

We know the term CP as the symmetry of the laws of the physics between matter
and antimatter. In this content, charge conjugation (C) applies for matter-antimatter
interchanging while parity operator (P) is only responsible for reversing their momenta.
In strong and electromagnetic interactions, this symmetry is preserved. However, after
discovery of the neutral kaon decays, it is proved that CP symmetry is violated in some
weak interactions. Now, the most puzzling part is that Standard Model violates P and
CP symmetries whereas those symmetries are conserved in strong interaction, which is
a part of the Standard Model. Therefore, the challenge is to find new theories where

this is not the case or at least where the effect of this phenomenon can be controlled

[1].

One can begin with writing the QCD lagrangian as ,

1 (. § a rrapv
Locp = =3 F F™ + 3 WD, — m)¥ + 93;2 Il (1.1)

where F and F represent gluon field strength tensor and self dual gluon field strength
tensor, respectively and ¢ is the strong interaction coupling constant. The sum runs
over all quark flavours [2]. The final term on the right hand side is responsible for
the CP violation. Let us make some explanations about this CP violating term in this
lagrangian. First, we will show in instanton solutions that this term can be represented

as full divergence.
O K" = Fj F* (1.2)
Since there are gauge configurations that satisfy the boundary conditions, this shows

that U(1)4 is not a symmetry of QCD. Thus, in the absence of 6 value QCD would

have a U(1)4 symmetry. Second that, # is cyclic. In other words, one should get the



same results by changing 6 to 6 + 27. Finally, in a full theory, the complex phases of
quark mass matrix appear in front of the F'F term and we know that these phases are
also responsible for the CP violation. While dealing with CP violation, for simplicity
one can redefine the quark fields and add these phases to 6 term [3]. Therefore, the

coefficient of FF term takes its effective value as [4],

0 = 0 + arg(detM) (1.3)

This term violates C and CP symmetry. Since physics depend on 6, this value should
be determined by experiments. The most striking experiment is the electric dipole
moment of neutron. The neutron electric dipole is given as,
_ efmy

dy ~ —
my

(1.4)

The most recent value of this electric dipole moment is [5],

dy < 6 x 107 %%c.cm

and one can get the value of § as,

0 <1010

If there were only strong interactions, one could set the value of 6 zero and explain
the conservation of P and CP symmetries. However, there are also weak interaction
contributions and we know that weak interactions are responsible for CP violations.
Therefore, we can not set 8 value to zero. Moreover, since complex phases are arbitrary
numbers, one can expect that @ value should also be a random angle. This problem is
known as Strong C P Problem. To explain this problem which occurs in the Standard

Model, one needs a mechanism which is also consistent with the Standard Model.



Peccei-Quinn proposed the most elegant solution in which they introduced U (1) pg
symmetry, where PQ represents their initials, and the spontaneous broken of this sym-

metry gives rise to a dynamical field that is called axion [6, 7].

Axion physics as solution of Strong CP problem is highly non-trivial. In Part
2, we review the instantons. In Part 3, we discuss the quark mixing. In Part 4, we

present Peccei Quinn axions and invisible axion models.



2. INSTANTONS

2.1. Instantons in one dimension

In this section, we will deal with the one dimensional motion of a spinless particle

of unit mass in a potential V(z).
H=—+V(x) (2.1)

Although this is a well-known system and can be solved exactly, we are going to rederive
some properties of this such system by using some unusual methods. However, these
methods will help us to make generalization to the quantum field theory. Lagrangian

of the system described above is,

_1da:

L=5(Z) -V (2.2)

Suppose that particle is initially at z; in —;/2 and finally at the point x; in +¢,/2.
The transition amplitude of such system, is described by Feynman, can be found by

using path integral method. That is to calculate that,
(arle0lz) = N[ [Dafets) (2.3

where N is the normalization constant and [Dz]| denotes integration over all functions
x(t) satisfied the boundary conditions x(—t/2) = x; and z(+to/2) = xy. Now, let us
make some explanations for the equation (2.3). For the left hand side of the equation,

if we expand in a complete set of energy states,

Hin) = E,|n) (2.4)



then, one can see that,
(wple ™ 0lz) = > e (z[n) (nx;) (2.5)

and finally we get a sum of oscillating exponentials. For the vacuum state which is
the lowest energy state, it is appropriate to transform these oscillating exponentials to
decreasing exponentials. To achieve this, we need to rotate the time variable from ¢ to
-iT. Then, in the limit 79 — o0, the remaining term will tell us energy and the wave

function of the lowest level.

This is known as Wick’s rotation. It yields us to work on Euclidean space. The
physical importance of working in Euclidean space is that in quantum field theory in
Minkowskian space one needs to compute path integrals which have to be analytically
continued to be well defined. Therefore, we can define Euclidean space as an analytic
continuation of Minkowskian space. The effect of this rotation in the action is that, in

Minkowskian space,

S = / Ldt (2.6)

when we let t be imaginary, in other words make transformation from Minkowskian

space to Euclidean space;

S— /Ldt . —i/er s, (2.7)

S, is called Euclidean action. With this rotation, we convert the Minkowskian metric

to the Euclidean one. For our system, Euclidean action is in the form of,

+70/2 T
5 — / . 502 + Via)dr 2.8)

where z(7) satisfies the boundary conditions, x(—7y/2) = x; and z(+7/2) = zy. The



Euclidean version of equation (2.3),
(arle e} = N [ (Dale S0 (2.9
Since S, > 0, it satisfies the decreasing exponentials demands for the vacuum state.

Now, let us say that X (7) satisfies the given boundary conditions and there is also an

arbitrary function z(7) that has the same boundary conditions [2],
(1) = X(1)+ Z CnZn (T) (2.10)
where x,,(7) is a complete set of orthonormal functions that vanish at the boundaries.
/denxm = Omn and  @,(£710/2) =0 (2.11)

And we can choose [Dz] in the form,

de,,
Dzx| = 2.12
pa) =T = (2.12)
Now, let us consider the large value of the action for some reasons. For large value
of S, the integral in (2.3) is dominated by the stationary points of S. That is known
as semiclassical limit (small %e ) [8]. For simplicity, let us assume that there is only
one stationary point that we called it as X (7). If we denote S.(X (7)) = Seo, then the

integral becomes,
N/[Dm]e_se ~ e 5e (2.13)

If there are several stationary points, then one needs to sum all the contributions from

those points. In our assumption, since X (7) is the only stationary point that makes



action minimum, then from the least action principle,

+710/2 d2X
0Se = S[X(T) + 0x(7)] — S [X(7)] = / dTéw(T)[—W + V'(X)] (2.14)
—70/2 T
This gives us the equation of motion of unit mass particle in negative potential. The

minus sign indicates that we are working on the Euclidean space.

£X  dV(X)

2.1
dr? dx (2.15)

Now, let us return exponential factor in equation (2.13). It can be determined by the
paths with action that differs by a little from S.,. In other words, we need to choose

the quadratic terms for,

+70/2

2
Se[X(T) 4 02(7)] = Seo + / d75$[—1d—2533 - 1V”(X)éx] (2.16)
—70/2 2dr 2

Suppose that we know a complete eigenfunctions and eigenvalues of the equation [2],

2

(1) + V"(X) (1) = enan(T) (2.17)

“a

If we insert this equation into the equation (2.16), we will get

+70/2

Se| X (1) + 6x(7)] = Seo + % Z cmcnen/ AT T (T) T (T) (2.18)

—7‘0/2

By using the identity that we define in equation (2.11), we will find that

1 2
Se=Seot 5 > enck (2.19)



*V[xl

>
X

Figure 2.1. One dimensional potential in Minkowskian space

Recalling the equation (2.12) and with the help of the Gaussian integral,

N too 1
(zyle Tm|2) = H \/2_6_550/ dcnexp(—éenci) (2.20)
™ —00

We obtain,
1
(xsle™H™|z;) = Nem 5 Haﬂ (2.21)

If we go back to the equation (2.17) and consider left hand side as a second order

operator, then from the finite dimensional rule we can use determinant form as,

2

H en? = [det( 4, V(X))

dr?

N\»—A

(2.22)

It should be emphasized that we assume that all eigenvalues are positive to avoid
the existence of zero modes. We shall shortly see if this is not the case. To close
this section, let us show the evaluation of the euclidean transition amplitude for the
harmonic oscillation potential. Therefore, we write V(z) as sw?z?. Our potential will

be like the function shown in the Fig(2.1).



Figure 2.2. One dimensional potential in Euclidean space

As the initial conditions we choose xz; = z; = 0. We are dealing with this
problem because we need physical arguments to fix N and harmonic oscillator will be

our reference to find the ratio of determinants when we go to more complicated systems.

Since our potential is V (z) = $z%w?, so that V" = w?. For the inverted potential, that

is the Euclidean form of the potential, it will be as shown in Fig(2.2).

The only condition that obeys the boundary condition for the equation,

*X  dV(X)
dr? dx
?X
- = w?X (2.23)

is X (7) = 0. Otherwise, the particle goes to plus or minus infinity. Since our Euclidean
action only depends on X (7) in the harmonic oscillator case, for X (7) = 0 solution it
will be zero. Therefore the equation (2.21) reduces to,

2

o —Hp o7 o _ 2\1—
(xp =0l "z, = 0) = N[det(—p + w?)]

N

(2.24)
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For the explicit results of (2.26), we need eigenfunctions and corresponding eigenval-

ues of the operator in the square brackets. For example, the lowest eigenfunction is

cos(ZF) and the next is sin(227) [2]. Both satisfy the boundary conditions. So these
o 0

eigenfunctions give us eigenvalues as,

(2.25)

Now, we come to the crucial part. Since the product of eigenvalues equals determinant
of this operator, to extract the physical information from eigenvalues, we need to split

the determinant in two parts [2]. In other words,

N[det(—% +ot = N ”Tg T+ S0 (2.26)

n n

One can see that first term on the right hand side gives us the free particle transition

amplitude, namely

2
N nTg |72 = {zy = O™ z; = 0) (2.27)

where Hy = p?/2. By using this, we can obtain that

n’r? 1 2 dp _ . 1
NI =ty =0l 0/2|xi:0>:/%6 vi/2 = Vo (2.28)

n

The last term in the equation (2.26), we can use the formula given in (][9], on pg 45,

Eq(1.431.2)),

w2702) _ sinh(wTp) (2.29)

n2m?2 WTo

[T+



11
When we put all these together, the final result will be,

1 (sinh(uﬁo))_l/2 B (w
\/ 21T wTo Y

(x = 0le Tho™ |z, = 0) = )V2(2sinh(wr)) 2 (2.30)

When we expand this equation for the limit 7y — oo, we obtain

1
8)1/26—mo/2<1 + e ) (2.31)

:O —Hpoto Z:O:
(g = Ol o] = 0) = (2 .

It follows that for the lowest state Ey = w/2 and [¥(0)]* = (£)"/2. The next term
will contribute to the n = 2 state. One can see that odd terms do not have any
contributions. Now we will go to the more relevant systems where working on the

Euclidean space is the most relevant tool to study tunneling phenomenon.
2.2. Double well potential and tunneling

Once we know the calculus of instantons in one dimensional potential, we can
examine the method in a more concrete example. For this reason, we need a particle
moving in a potential which has a set of degenerate minima. Let us consider a unit mass
particle moving in a one dimensional potential shown in Fig(2.3). Now our potential

is,
V(z) = Ma? — n?)? (2.32)
To fix the parameters we write it as,
8\n? = w? (2.33)

where w is the frequency introduced in the previous chapter. Therefore, for x = £n

minima, the curve is the same in the previous potential. For x = 0 point, V(z) = 5

and if a% << 1 then this means that the wall which separates these two minima is
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»x ¥

Figure 2.3. The double well potential in Minkowskian space

very high. For a moment, let us say that it equals to infinity. Thus, we have twofold
degeneracy. Qualitatively speaking, particle can live in the right well or in the left well
while it executes small oscillations near x = +n or x = —n. Therefore, the ground

state expectation value for our problem becomes,

(x)o = +n(1 + corrections) or (x)o = —n(1 + corrections) (2.34)

So the original symmetry of the system x — —x is broken, however we know that
expectation value should be zero and there is no degeneracy. From classical point of
view, one might say if in the initial time particle is in one of these minima, then it
is impossible for it to feel existence of the other minimum. However, we know from
quantum mechanic that for a finite barrier, the particle in the one of these minima has
non vanishing transition amplitude to tunnel to the other well so that wave function

of these two individual harmonic oscillators will mix.

Let us consider this phenomenon in Euclidean space. The solutions easily come

up when the potential is turned upside down in Fig(2.4).
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xy

Figure 2.4. The double well potential in Fuclidean space

In doing so the double well potential becomes two-humped potential. At this
time, I want to emphasize on instantons. Instantons are the solution of the Euclidean
equation of motion and they make connection between these minima. They appear only
when we turn potential upside down. Now, this is appropriate to calculate transition

amplitude between x; = —n and x;y = +n. That is to find that,
(=nle™+n) and  (nle” ™| =) (2.35)

A finite action in the limit 7p — oo is obtained when the particle stays at the top of a
hump, hence we have two stationary points, i.e. X (7) = +n and X(7) = —n. Since we
only consider the lowest energy level, working in more trivial 79 — oo limit will make
calculations simpler. For such a path, i.e at 75/2 at the point n and —7,/2 at the point
—n, since the Euclidean energy is zero,

1.
E:§X2—V(X):O

If we insert the potential in equation (2.32), the result will be,

dX
— = V2)\d
(X2 = p2) !
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Solution of this equation in the limit above is,

X(7) = ntanh wlr = 7c)

. (2.36)

This is so called instanton and 7, is the center of it. The reverse path that beginning
from +n going to —n will give us anti-instantons. That is possible by replacing 7 with
—7 in the equation (2.36). Now, we can compute action associated with X (7.) by using

equation (2.8).

+o0o . +n WS
Seo = drX? = (—V2A)(X? — pH)der = — (2.37)
o - 12\

We can conclude this solution that the action of the instanton has got nothing to
do with the center of it. So it can be any point that the symmetry of the original
problem is preserved. In other words, Lagrangian of this system is invariant under
shifts in time. We also need to note that there are infinitely many solutions distributed
arbitrarily with respect to origin. Now, let us calculate one instanton contribution to
the transition amplitude. As we know that the transition amplitude is,

@2 det(—L, + V(X))

—nle ™| 4 1) = N.[det(—— + w?)]7Y? x = “1/2p=%0 (2,38
(=le~™ + ) = N.[det( I ) (2:38)

dr?

where we have divided and multiplied by the determinant of the harmonic oscillator
[2]. When we insert X (7) in the equation above, we will immediately come up with
Schrodinger equation with Posch-Teller potential. However, we are very lucky that it is
a solvable problem and we can use this solution to find the eigenvalues of the equation,

d? ) 3w?/2

—Pxn(T) + [w* — m]xn(ﬂ = £, (T) (2.39)

If we rearrange Landau and Lifshitz solution of this kind of potential ([10], pp. 73 and
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80), the eigenvalues become,

(4 —2n)?

=) (2.40)

£n = w?(1 —
Among all the eigenvalues, z, stands as zero mode with zero eigenvalue. One can
think that it challenges the evaluation of the determinants. However, it manifests the
translational invariance of the system. By using this property,

S[X (7, 7)) = S[X(7, 7+ 07)] = 0 (2.41)

Therefore, the zero mode (i.e ¢y = 0) should be proportional to X (7, 7.) — X (7, 7.+ 7).

Final result for normalized zero mode is [2],

1 d
= — X 2.42
To Seo dTe (7. 7) (242)
that is the same as,
1 d
T, X(7) (2.43)

~ VS.dr

and \/qu— is the normalization constant. For zero mode dependence, from equation

(2.10),

Ax(T) = x,(7)Ac, (2.44)

Under a shift in A7., by using our solutions, we can conclude that;

Au(r) = AX(r) =

ATe = —\/ Seoo(T) AT, (2.45)

Te
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Identification from equation (2.44) and (2.46),

Acy = /SelAT, (2.46)

where we don’t insert the minus sign because they are varying in the same interval.

With all these partial results at hand, the final determinant form becomes,

det(—L + V(X))
det(—d@‘l—f2 + w?)

CM@%+WMMWQ&Q

R :
det(—L; 4+ w?) 27

[ wdr, (2.47)

where det’ stands for the reduced determinant form since we remove the zero mode
inside it. In doing this, we have learned that how zero mode should be replaced by some
collective coordinates. This is the method of finding Jacobian of the transformation.
Now, it is easy to evaluate the other eigenvalues. I want to write the final result.
For the exact calculations, one can learn from Shifman ([2], pp. 220 and 223). One

instanton contribution,

_Hr W 6 _
<_77|6 " O| + n>one—instanton = (\/;6 0/2>(\/; Seoe Seo)&)dﬂ; (248)

At large 7,, one should give importance to the paths constructed from many instanton
and anti-instanton solutions. The first term in parenthesis corresponds to the simple

harmonic oscillator. For the second term in bracket, we can call instanton density.

d::/vqgw/saﬁsw (2.49)

where /S, comes from zero mode. In QCD, each zero mode leads this pre-exponential

factor and integration over collective coordinates.

Now, for the paths, one should consider the distance between two instantons.

Suppose we have i instantons and anti-instantons centered at points like shown in
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AXlt)

Figure 2.5. i separated instantons or anti-instantons

Fig(2.5).

To T
—E<Tl<7'2<7'3< ..... <Tz<+5

If the distance between two centers is large enough, i.e. (|7, —7n| >> w™'), the action

is 1.5, where S, is the one-instanton action. The transition amplitude becomes,

w )2 w )20 i +70/2 +7; +72
(1/—e ) — (y/—e )d wdT; wdT;_q wdm (2.50)
T 0 —10/2 —T0/2 —To/2

Finally, we have

(\/gew”ro/2>((du;z—o)i) (2‘51)

From —n to +n transition, only odd number terms contribute. We need to sum over 1.

Thus we have,

(da;'To) ) = (8)1/26_0”—0/2 sinh(dwT,) (2.52)
. 7r

— To w —WTo
(=nle” ™| +n) = Z(;)”Qe P2(
1,3,.
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From +n to +n transition, only even number terms contribute. Therefore,

(dWTO)i) — (f)l/Qe—WO/Z cosh(dwt,)  (2.53)

—Htyp _ g 1/2 —wto/2
(e 4y =D () e (= -

2.4,..

)

Taking to the limit 7, — oo preserves the symmetry between right and left well.
For (—n|0) = (0n) = (:)"/* one can show that the symmetry of the system is not
broken. Since the distance between two is large enough and the terms in the sum
are converging well, we can ignore the terms of ¢« >> dwr, and define the constraint

1

as |7, — Tm| >> d~'w™'. One can achieve two instantons far from each other by

taking d — 0 or equivalently taking A — 0. Thus, for A << 1 limit instantons and
anti-instantons are acting like non-interacting particles. In other words, they are all
far from each other so that they don’t feel the existence of the each other. Such an
approximation is known as dilute gas approximation. Unfortunately, we don’t have

free parameter like X\ in QCD. Thus, it is not appropriate approximation for QCD.
2.3. Instantons in gauge field theories
2.3.1. Instantons as tunneling effect in quantum chromodynamics
The Lagrangian of QCD is defined in Minkowski space as,

1 a apy N1
L=— Fi, P+ > U(iD A" —m)¥ (2.54)

F,,, is matrix-valued gluon field strength as,

1
F.,=0,A, —0,A,+-[A, A (2.55)

i
and we can find F}j, by using relations;

Fl, = gFo\"/2
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A? )\b . abc>\c
[575]—# 5

hence three vector field strength, a = 1,2, 3, becomes,
Fi, = 0,A% — 0,A% + gf " AL AL (2.56)

g is so called gauge coupling constant and f¢ is the structure constant of SU(3).
The group that we need to deal with is SU(3) so quark fields can be transformed by
using SU(3) representation matrices. However, for simplicity, we are going to discuss
this matter without taking into account the particular choice of the group and the

quark fields. Thus, we can begin by the simplest non-Abelian group, SU(2). For above

o

relations, we need to know that for SU(2) group, representation matrices change as %

and structure constant equals to €.

In our previous double well potential example, we only have one degree of freedom
so that tunneling between two minima was obvious. In the case of QCD, first we need
to find out gauge field configurations that minimize action and also from where to
where will the system tunnel. Since the space of fields is infinitely dimensional, we
need to single out the degree(s) of freedom that tunnel and delocalized from in the
space of field. This is very similar in the case of the double well potential. Let us
illustrate the direction of this degree of freedom in infinitely dimensional space of QCD
fields. We can make analogy with a particle living in a closed circle and feeling the

gravitation.

Classically, it lives in the lowest state so that never feels the existence of the
upper side. Quantum mechanically, it oscillates around the origin. For such a way ,it
feels that it can wind around the circle. To find out the degree of freedom, we’d better

consider the Hamiltonian of the system. For a vector potential A, = (A,, A) Electric
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F=mg
Figure 2.6. Particle living on a one dimensional manifold

and magnetic field is defined as,

0A
E=—_-VA

ot v,
B=—-(VxA)

Now, we can see that right hand sides of the equations are components of the field

strength tensor. We can redefine them as,

F=F"=E,

Fi; = —FV = —€ijk Br

By using the lagrangian that we define in the equation (2.54), one can find that,
1 a\2 a\2
L= S[(B" ~ (BY)

from hamiltonian description where the dynamical momentum variable equals to E¢
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in the case of A, = 0 condition,

1
H= §/d3x(E“Ea + B“B%) (2.57)

where one can make analogy with kinetic energy. The state of the system at any given
momenta in time is described by the gauge field configuration that is Aj. Under a

gauge transformation, potential gets the value,
A, —»UAU T +iUO,U! (2.58)
In the zero energy state, one can see that,
Al — gU@-U‘l (2.59)

This is known as pure gauge condition. U, is the matrix representation of SU(2), allows
us make transformation from Euclidean space into the gauge group. Ultimately, we
are interested in zero energy states that may have tunneling connection between each
other and as a boundary condition, when x goes to infinity, we need vanishing gauge
field configurations. We can achieve this by introducing spatial independent U matrix.

Therefore, it can be any constant.
U(x — 00) = (2.60)

With this boundary condition, our three dimensional space becomes topologically

equivalent to three dimensional sphere.

The group space of SU(2) is also a three dimensional sphere. All matrix repre-

sentation of SU(2) can be written as ,

M=o+ iﬁ& where « and 3 are real parameters
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7 is well-known Pauli matrices. From group conditions, MM = 1 and detM = 1,

imply that
042 + 6‘2 -1

Since our U(x) matrix belongs to SU(2), the space of all x coordinates is topologically
equivalent to S3. U(x) is for a mapping of the sphere in the coordinate space onto a

sphere in the group space. Such a mapping,
Hg(Sg) - Z

where 7 is integer. Since Z can be 0,+1,£2, ..., plus and minus signs correspond
to clockwise and anticlockwise mapping respectively. This is known as the winding

number. Examples of different maps in different classes are [8],

e U,(x) =1 has the winding number 0.
o Ui(z) = exp(in =%+ ) has winding number 1.

(x2+a2)1/2

e Finally, U, (z) = [Ui(x)]" has winding number n.

Now, we can define the degree of freedom corresponding to the motion along this

circle [2].
Koy = 26 (ALVAG + S [ ALALAG) (2.61)
where K, is called Chern — Simons current. From the definition of the field strength

tensor (2.56), one can conclude that,

1 VAC a a
DKt = 5 MEFY (2.62)

v



The dual field strength is,

Fom — Z Ao o
and hence,

O K" = Fi, F

Now, we are ready to define related C'hern — Simons charge.

T 3272

7
K / K,(z)d*x

In the equation above, K,(x) is given by,
i a a 9 rabe ga c
Ko(z) = 275 (A0, A + gf b A A?'Ak)

For simplicity, we can write the equations in the trace form.

k=1 [ #arr(ada - %Ai“)

872

Under a gauge transformation,
A =UAU +iUdU™!
Chern-Simons charge takes the form as,

K'=K+

2472

/<1l3:cTr(UciU1 ANUAU P ANUAU™Y)
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(2.63)

(2.64)

(2.65)

(2.66)

(2.67)

(2.68)

(2.69)

Since vector potential A is odd under parity, the first term on the right hand side

evaluates to zero. The second term is thoroughly a homotopy invariant. Mainly, it
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-—l"".
K

Figure 2.7. Moving in K direction has the topology of the circle in the space of gauge
fields

allows continuous deformation between two functions. As an example, for infinitesimal

transformations it totally vanishes and for U; it equals to one ([8], pp. 285 and 291).

In the help of these knowledge, one can conclude that this charge corresponds to

the winding number. Therefore, it should be an integer.

K=n

We can say that IC has a topology of a circle and integer numbers of K correspond to
zero potential energy. We can show this non-trivial topology like Fig(2.7). If we cut
this circle and map it onto the straight line, we will get periodic potential as shown in
(Fig.2.8). One can see that any integer value winding number corresponds to the zero
energy and for the other values, field strength tensor is non-vanishing and energy of the
system is positive. However, since the topology of our problem implies a circle, going

from circle to a straight line requires the quasiperiodic Bloch boundary condition [2].

V(K +1) = T(K)
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ﬁVl!C}

-2 1 0 1 2

Figure 2.8. Periodic potential versus K as winding number

where 6 is the vacuum angle. We will return the vacuum angle and related strong CP
problem in the last section. Let us assume that at ¢ = —oco our system is in K = n
and at t = 400 in K = n £ 1. Therefore, we can say that our system tunnels under
the hump of the potential. These tunnellings are described as instantons. Now, we are

going to deal with instantons as solutions of the Euclidean equation of motion.
2.3.2. Instanton solutions
Before we go into Euclidean action, let us investigate how the fields are affected

under this transformation. In transition to Euclidean space, the spatial coordinates do

not change, whereas the time coordinate does.

T4 = 1T, and T, =x

Since the time coordinate is changed, we can redefine field strength tensor as,
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The Euclidean action can be obtained from Minkowskian lagrangian Eq.(2.54) by using
these substitutions.
1 4 . fra fra
Se = 1 d*zF;, Fy, (2.71)
For simplicity, we omit upper index notation. However, for exact calculations one

should keep them in mind. If we recall the dual field strength tensor definition

Eq.(2.63), we can form Euclidean action as,

1. =xa
_ 4 a
Se_/d 35[ZFWFWJr

1

S (B, - Fo) (2.72)

1%

The first term on the rhs is known as topological charge and it equals to,

2

. g 4 a 1a
Q=3 / d*zFe Fe, (2.73)

From our definition of the Chern-Simons charge (2.65), we can see that,
Q=K -K (2.74)

where K’ refers to the future while IC to the past. Thus, Q can only take integer values.
To get the explicit solutions of instantons, one needs to recall that instantons are bound
to minima of the Euclidean action between the space of charge Q fields. The only way
to obtain the minima of the action is,

S |

8m . =
Se = Q? + g(FHV — Fuy)Q] (275)

For positive Q values;

Fo = +F°, (2.76)
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and related minimum Euclidean action becomes,

S, = Q= (2.77)

872
g

For negative QQ values; with the substitution of x; — —x; and F¢ Fe — —Fo fa

vt vt s
F, =—F%, (2.78)
and related minimum Euclidean action becomes,
5.~ 101 (2.79)

While doing these calculations, we need to keep our mind that only the fields that
have the same topological charge can deform one to another continuously. Therefore,
arrangements for positive ) values are for instanton solutions, whereas negative value
dependents are for anti-instanton solutions. If we recall the Yang Mills condition,
D,F,, =0 (2.80)
For self dual and anti-self dual fields, this condition is fulfilled directly so that,
a a 1 a 1 a a a

D,F;, = D,Fy;, = §€MV)\JDMF>\U = éeW,\J(DuFAU + Do P\ + DaFy,) =0 (2.81)

where the last term in parenthesis is known as Bianchi identity.

(D, Ffy + DyFly + DAFS,) =0

The method that we will use for instanton solutions makes it possible for us to get

one and many instanton solutions in a more compact way. The gauge field with the
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following ansatz is [11],

1

A1) = S0 Ol (x)] (2.82)

where 14, is known as t’'Hooft symbol. If we try to write it in a more compact way,

_ 1,
Z,uzx = §nauua (283)
Z_]W are the components of a matrix constructed from Pauli matrices.
0 +o03 -0 —0o!
_ 1] =02 0 +4ob —0?
=2 (2.84)
2| 462 =6 0 —0ob

+o' +0% 403 0

Now it is better for the later calculations to define commutator relations of this quantity.

and

1 _
E Euvaﬁzaﬂ == E#V

If we use these quantities on the field strength tensors and demand on the condition

F,

1%

=F

w»> we will have,

0,0 (In(x)) + (05 (Ing))* = 0 (2.85)
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In compact form,
1 . . .
aﬂfb = where 0= 0,0, in Euclidean metric (2.86)

According to the equation above, if ¢ is non-singular, this reduces [J¢ = 0 which means

that A, = 0. Thus let us consider singular ¢(x). For instance,

For ¢(z) = l;Q‘ — —U¢ = }b&,(—%) =0 at © # 0
At x =0,
O(-L ) = —ar26%(z) — /d‘*;cm(i) — _ap?
|22 |22

Therefore |x—12| satisfies our demand and allow us to rewrite it more generally as,

o(z) =1+ —r (2.87)

To get single instanton solution, we need to take N = 1 and for simplicity we can also

take y, = (z — b1),.
olx)=1+= (2.88)
This is leading to,

Au<x) = _2p22uu (289)

y2(y? + p?)
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One can notice that this solution is singular at y = 0 or equivalently x = b;. However,

singularity can be removed by a correspondingly singular gauge transformation.

iUl U, = —25,,%

ny o
)
where U; = #49%  Thus,

2

— it P
AH —’LUlaMUlszpZ

Under gauge transformation,

Al — Ui(A,+ i0,) U]

When we insert Eq.(2.91) into the equation above, we get

2
r R eal Y
AM = —ZUla“Ulm
By using the definition of y,, we can conclude that,

— (l’ — bl),/
Al =95,

(x = b1)* + p?

(2.90)

(2.91)

(2.92)

(2.93)

(2.94)

For gauge transformed solution, we can use the self dual and antisymmetric notation

as [11],

_ a
E/u/ - _nauuo—

where 1), is defined as,

Napr = —Navp =

(2.95)

(2.96)
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Introducing this self dual notation and replacing anti self dual one in Eq(2.90) yields

us to have gauge transformed and non-singular field as,

((L’ — bl),/

Al =28, ——
2] H (.T—b1>2+p2

(2.97)

where by is the center and p represents radius of the instanton. When we substitute

this solution into the gluon field strength equation,

p2

F =45, 2.98
R N 2%
In terms of matrix element, we can write this solutions in the form of,
a x—b v
(A/)H = %naMV (m(—bl)é:-;ﬂ
(2.99)
a __ 4 2
(") = =Mooy
These solutions belong to () = 1 sector. One can construct solutions of () = —1 sector,

this is known as anti-instanton solutions, by changing self dual t’Hooft symbol with

anti self dual one. The anti-instanton solutions of () = —1 sector are,

a __ 2= (xfb )l/
(A’)H = 5770,”1/ ((L*bl);*FPQ

(2.100)

Na __ 4= 2
() = = Toaw [e=wryr

Now, we are ready to find out many instanton solutions. For N instanton solutions,

A(2) = S, fin(L+ p|2)] (2.101)
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When we take the derivative, we obtain the equation as,

A(z) = —25 p2y’”(1+zp—2)—1 (2.102)
T T L T 2y |

Using the identity given in the equation (2.90) for each y; value;

Au(x) =14y UJOU fi(x) (2.103)
where f(z) = r;%(l + ‘—y;’%)_l. In one instanton solution, there was only one

singularity to be removed. However, in this case there are N singularities that one

needs to deal with. As x = a; limit,
fi(z) = b
A, (x) = iU} (x — b)0, Uy (z — by)

Therefore, near any of the singular point N-instanton solution will behave like a pure
gauge. Thus, N-instanton solution can be regarded as a collection of N individual
solutions. Their shapes will be dominated by the remaining ones. However, at the
center (x; ~ b;), the effect of the other is negligible and the N-instanton solution is
dominated by that single instanton [11]. The related action will be,

872

Se — N? (2104)

which is N times the single instanton action.

Finally, we tried to find out instanton solutions as the solutions of highly non-
trivial and non-linear field equations. There are many models for instanton solutions.
Actually, the term instanton implies the finite Euclidean action solutions of any models.

In all the models, instantons are used for describing vacuum tunneling and related
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phenomena. They are very powerful even in classical levels. However, their effectiveness
in QCD is the most important part for us. We will discuss them as the bases of axion

particles in the last section.
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3. QUARK FLAVOUR MIXING

In particle physics, flavour is a quantum number that is preserved in the strong
and electromagnetic interactions. Elementary particles carry many of these quantum
numbers and characterization of these particles and related interactions depend on
the conservation of these numbers. However, experiments based on weak interactions
showed us that flavour changing exists in nature. The most crucial example of flavour
changing is neutron decay. It is well known that neutron is an unstable particle and

by emitting one electron it can decay into a proton. The reaction is,
udd — vwud + e~ + 7, (3.1)

and related Feynman diagram is shown as in Fig(3.1). Precisely, the more massive
down-quark(d) changes its flavour into up-quark(u) by emitting one W boson. Since
the transition between families are not possible, the transition of the lightest u quark
can not be expected. Therefore, proton decays have not been observed in nature and
consequently proton as the lightest hadron remains stable. We can summarize that

transition is possible between quarks of different flavours in charged weak interactions.

p oudu Ve e

n udd

Figure 3.1. The Feynman diagram of neutron beta decay
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The early history of weak interaction theory begins with Fermi in 1933. It is
known that all fundamental particles are paired as (e™,v.),(1™, v,),(u, d) and so forth.
With the definition of Fermi constant,

Cr _ o’

75 = a7 (3.2)

one can conclude that neutron life time is related with the Fermi coupling constant and
with the help of the experimental results, Fermi coupling constant is precisely Gp =
1,166392(2) x 107°GeV 2 for h = ¢ = 1 [12]. There are other interactions dependent
on the charged moderator W. One of them is muon decay. From the experimental
results, the relation between neutron Fermi coupling constant and muon Fermi coupling

constant is,

G,/G, = 0,9740 + 0.001 (3.3)

It seems that these two values are approximately the same. The difference is the re-
sult of the quantum corrections and nucleus dependency of beta decays. However, for
charged Kaon, experiments showed that the decay rate is very different than either
neutron or muon. In other words, it required totally different effective coupling con-
stant. This was the result of new quantum number called strangeness. Kaon decay

process can be reduced as,

s—ute +7, (3.4)

and related Fermi coupling constant is,

G /G, =~ 0.22 (3.5)

From these cases, we have at least three different Fermi coupling constants that are G,, ,

G, and Gg. It is very understandable for someone to question the universality of Fermi
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Figure 3.2. Cabibbo angle as addition to propagators

coupling constant for weak interactions. With this right question, the solution arises
from Nicola Cabbibo in 1963 when the only known quarks were u,d and s. According
to this theory, propagators take some additional terms [13]. They took the form as
shown in Fig(3.2). Ultimately, if we accept muon decay as the main measurement for

Fermi coupling constant, the other two become,

G, = Grcosfc

GK = GFSiHQC

The strangeness-changing process is rather weaker than strangeness-conserving one.
Thus, Cabibbo angle 6~ should be small. It has the value - = 13, 1° which is deter-
mined from experiments [14]. With this redefinition, one could save the universality
of weak interactions if it could explain K° decay into pupu~. With Cabibbo theory, K°
decay amplitude equals to sinf¢ cos 6. However, the calculated rate exceeds the ex-
perimental limit. To solve this paradox, Glashow, Iliopoulos and Maiani introduced the
charm quark, c. The couplings of ¢ quark to s and d are given as in Fig(3.3). Now, K°
decay loop can also be obtained from v — ¢ with the amplitude — sin ¢ cos 8. There-
fore, these two cancel each other. The Cabibbo-GIM mechanism implies that quantum
eigenstates of weak interactions are rotated in quark flavour space with respect to the

their mass eigenstates. In other words, for weak interactions in the Cabibbo theory
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W2 !

Figure 3.3. c coupling to s and d quarks

with GIM modification, we need a unitary matrix to determine the transition ampli-
tude between different flavours. This 2x2 matrix have 4 real parameters because for
Uy x SU(2) = U, group, there are 143 = 4 parameters [15]. Since each of these four
quarks possesses arbitrary phase factors and three of them are relative to each other,

U depends only 4-3=1 real parameter, 6. Finally, we may write it as,

cos 0 sin 6
U= ¢ ¢ (3.6)
—sinfc cosfc

and it yields us to have,

d cos sin 6 d
- ‘ ¢ (3.7)
s’ —sinfc cosbco s
Lagrangian of charged quark weak current to W= is given by [16],
-9 _ U
Lini = —=uy,(1 — v5)dWH + h.c 3.8
‘=57 V(1 = 75) (3.8)

However, we know that there are not four but six quarks in Standard Model. Discovery
of third generation led to investigate their behaviours through weak interactions. It

could be better to discuss the flavour mixing of six quark theory in following section.
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3.1. The Cabibbo-Kobayashi-Maskawa Matrix

The beauty quark (b) was discovered in the form of T(bb) at Fermilab in 1977.
To complete the list of quarks, we waited until 1995 when CDF and DO experiment
groups in Fermilab found it in the process pp — ttX and consequently t — b+ WT.
For six quark theory, the two dimensional rotational matrix should be replaced by a

three dimensional one and symbolically can be written as,

Via Vus Vi
Vs = Vea Ves Va (3-9)
Via Vis Vi
It yields us to have,
d Via Vus Vi d
s’ = Vea Ves Ve S (3~10)
v Vie Vis Vi b

For 2 x 2 unitary matrix, it was just a rotation in quark flavour space. Now, for three
generations we need to define 3 x 3 unitary matrix. Since unitary matrix can include
complex parameters, this will lead some CP violating effects. After parametrization of

CKM matrix, we can discuss the effects of it on CP violating phenomena.

For U(1) x SU(3), there are 1 + 8 = 9 parameters. For six quarks, there are five
arbitrary phases. Therefore, this unitary matrix has 9 — 5 = 4 real parameters.There
are several parametrization of the Cabibbo-Kobayashi-Maskawa matrix. These possible

parameterizations differ both in the choice of mixing angles and the positioning of the
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phases. We are going to use the one advocated by Particle Data Group. We can
choose these parameters as three mixing angles, 015, 613, 023 and a phase d;35. The
unitary matrix can be obtained from two rotation matrices R;;(6;;) and one special

unitary matrix S;;(6;;, ;) [17].

Vs = Ro3S13 R (3.11)

Explicit form of these matrices are,

ciz2  si2 0

Ri5(012) = | —s12 c12 0 (3.12)
0 0 1
1 0 0

Ros(023) = | 0 o3 o3 (3.13)

0 —s93 cCa3

C13 0 spze 01
S13(0h3,013) = 0 1 0 (3.14)
—s13€13 €13

where ¢;; = cos 0ij, s;; = sinflij and 0,; is the mixing angle between ith and jth quarks.
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If we take dot products of these given matrices, final version of CKM matrix will be,

C12€13 $12€13 S13€” 13
_ iS 51
Vi= —s12003 — 12893513613 C12023 — S12893513€12 §93C13 (3.15)
’i513 Z'513
512823 — €12€23513€ —C12523 — 512€23513€ C23C13

Since 65 is the Cabibbo angle, we can use it to determine the value of the matrix
elements. Actually, quark masses and and mixing angles are the fundamental quantities
whose values must be determined by experiments. The present status of this matrix is

[19],
0.97383 00005 0.2272700010  3.967009 x 1073

Vekm = 0.227170:0010 0972967000057 42.211040 x 1073

8.141982 5 1073 41.61%012 % 1073 0.99910079-990034

By using quantities of this matrix element, one can confirm the unitarity of CKM
matrix. Unitarity requires that the sum of the squares of the each elements in the

same row must equal to unity. For present status,

Vial? + [Vius|? + | Vi | = 0.9999803905

[Veal? + |V |? + [Vio|? = 1.000007256

Vial? + [Vis)® + |Vis|* = 0.9999984617
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it satisfies the unitarity condition.
3.2. Unitarity Triangle

The unitarity of CKM matrix allows us to have various relations between its
elements. Particular property is that due to the unitarity any row and any column

must be orthogonal to each other. This orthogonality condition can be shown as,
Z ViiVie = dji and Z ViiVii; = ik (3.16)
i J

This relation can be represented as Unitarity Triangle in the complex plane. For
this representation, we can use Wolfenstein parameters. In this method, CKM matrix
elements are dependent only four real parameters; A, A, p and n [18]. Some standard

parameters’ representations in terms of Wolfenstein parameters are,

S12 — A
323 == AAQ (317)
s13€71018 = AN3(p — in)

If we neglect fourth order of A\, the CKM matrix is formed as,

1-— ’\72 A AN(p—in)
Veku = -2 1— A2—2 AN? + O\ (3.18)
AN (1 —p—in) —AN 1

The widely used unitarity triangle arises from the equation below,

VuaViy + VeaViy + ViaViy = 0 (3.19)



42

/
.
E{;‘PLE /u_{p*' Hd H$

* 7
L:“ﬁ? "f-:r'b f

/
J-"IIIL\ 1= G" p= ¢,
(0,0 (1.0)

Figure 3.4. The Unitarity Triangle

The length of one of the sides can be normalized to the real value 1. Dividing the

equation above by V.4V, one can obtain the Unitarity triangle relation as,

VuaV, | VidViy

=0 3.20
ViV, T VaVs (3.20)

14
In Fig(3.4), one can find the so called unitarity triangle scheme. The vertex of the
triangle is the complex vector,

ViV, _ : 2
L+ 752 = (p+in)(1— %) + O(\)

(3.21)

It can be seen that the angle v(¢3) equals to the phase angle of the standard parametriza-

tion.

tany =

SIS

— 1
P

(3.22)

v = arctang = 013



43

1.5 1 1 1 1 I 1 1 1 1 I 1 1 1 7] 1 1 1 1 I 1 1 1 1 I 1 1 1 1
L 1
| exchaied arma s GL > 055 |

03

!

= 0OF
Vi Vel
05 F .
' !
1
i
| i
L :
. i f
I i sol. wi'cos 2p < 0
i el at CL> 0.95)
! T
I i
_1.5|||||||||||||||||||||||||||
-1 -0.5 0 0.3 1 1.5 2

Figure 3.5. The present status of the unitarity triangle

For a(¢y) and ((¢2),

_ n
tana = =p(1=p)
(3.23)
— _n
tan 3 = =)

The present status of unitarity triangle given by Particle Data Group is shown in

Fig(3.5) [19].
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4. AXIONS

4.1. Axions as the solution of Strong CP problem

The most appealing explanation for Strong CP problem comes from the sponta-
neously broken U(1)pg symmetry and axions as a result of this symmetry breaking.
This symmetry is spontaneously broken and results us to replace static # CP violating
angle with CP conserving fields, axions [3]. In the presence of U(1)pg symmetry, axion

fields transform as,
a(x) — a(x) + af,

where f, is the order parameter associated with breaking U(1)pg and it is called azion

decay constant [4]. With this additional symmetry, lagrangian takes the form as,

d.a g°

2

g a
ZHT -

fa' >+fa327T2

3272

_ . 1 -
L=Lsy+05—=F) F™ + 50n00"a + Lip( FL P (4.1)
The last term gives the effective potential and related axial current. The axial current

is,

2
g buv
Dlpq = 303 F P (4.2)

and the minimum of the effective potential is obtained as,

( OVery
Oa

2
g rbuv
R s B (4.3
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As we can see that the minimum occurs at < a >= —0f,. QCD anomaly serves us to

generate a periodic potential for the axion field [4].

~ < a>
Verr ~ cos(f + ;_,L

) (4.4)

If we rewrite Eq(4.1) in terms of apnys = a— < a >, then CP violating terms are

cancelled and Strong CP problem is solved.

4.2. Invisible Axion Models

Expanding effective potential around its minimum again gives us the mass term
of the axion particles. The known axion mass is,
105GeV
me =~ 6eV ———— (4.5)
Ja
fa in the equation below is totally an arbitrary parameter. Therefore, one can construct
any axion models by taking f, in different values. The constraint of f, and axion mass

are given in the Fig(4.1).

After lots of trial, f, ~ v where v = (v/2Gr)~'/? the scale of electroweak symme-
try breaking is ruled out. However, introducing a new scale as f, >> v can save the
theory [20]. This is called Invisible Azxion Model and it is still viable. The life time
of the axion is very large and therefore it can be considered as a stabile particle. The
vacuum state of the axion can be visualized as particle on a bullet [21]. This vacuum
state stays there for a long time and then begins to oscillate when the Hubble time
(1/H) is larger than the oscillation period (1/m,). This occurs at 1 GeV. For T' < T7,
classical axion field begins to feel the existence of the potential and rolls down and
this leads to have a conserved mass term like m,A% where A is the coefficient of the

classical axion field. This coherent axion field contributes to the cosmic energy and
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Figure 4.1. The ranges of axion decay constant, or equivalently axion mass [22]

these considerations constraint on f, value as [21],

10°GeV < f, < 10"2GeV (4.6)
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5. CONCLUSION

In this thesis, we have built up theoretical foundations of axions. The mathemat-
ics behind this method is the same as that of employed in Higgs mechanism in GSW
(Glashow-Weinberg-Salam) electroweak theory. Like Higgs particles, axions have not
been detected yet. There are many attempts to find these particles via the Primakoff
effect. Primakoff effect allows axion-photon conversion and vice versa in the presence

of a strong magnetic field. It can be shown like in Fig(5.1).

Solar axions are expected to produce in the core of the Sun via this effect. CAST
(Cern Axion Solar Telescope) aims to detect these solar axions. The experiment uses
10 m long, decommissioned LHC magnet producing 9T magnetic field. The magnet is
mounted on a platform that allows it to move horizontally £40° and vertically £8°.
This flexibility allows us to track the sun during sunrise and sunset in these ranges.
There are two types of detectors, CCD and MicroMEGAS. CCD and MicroMEGAS
are used for sunrise axions while another MicroMEGAS is used for sunset axion obser-

vations.

b a a |

—
e ze B

Figure 5.1. Primakoff effect
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During 2003 and 2004 (Phase I), experiment run with the vacuum inside of the
magnetic pipes and searched for the axion mass up to 0.02 eV. No signal was detected.
However, CAST Phase II extends its potential to higher axion masses by introducing
a buffer gas in the cold bore. During 2005 and 2006, *He was used as a refractive gas
and allowed us to reach the mass 0.39 eV. Now, CAST is implementing 3He as a buffer
gas and with this implementation the estimated limit is up to 1.2 eV [23].

Finally, CAST is running with higher sensitivity that enables it to enter the axion
mass range and this is the first time for a laboratory experiment to reach this scale.
Therefore, all the results from the CAST experiment have the crucial impacts on the

discovery of these axion particles.
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