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ABSTRACT

AN APPLICATION OF ERGODIC THEORY TO
GEOMETRIC RAMSEY THEORY

In this thesis we first present two examples from Geometric Ramsey theory in
R2. Then we generalize these results to higher dimensions and construct our main
theorem. Then we translate our geometric problem into dynamical form. Finally we

prove the main theorem by using methods from ergodic theory.



OZET

ERGODIK TEORININ GEOMETRIK RAMSEY TEORIDE
UYGULAMASI

Bu tezde oncelikle R? de Geometrik Ramsey Teoriden iki 6rnek gosterilmistir.
Sonra daha yiiksek boyutta bu sonuclar genellestirilmis ve ana teorem olugturulmustur.
Daha sonra geometrik problem dinamik forma g¢evrilmistir. Son olarak, ergodik teori-

den metodlar kullanilarak ana teoremin ispat1 yapilmistir.
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1. INTRODUCTION

Let E be a measurable subset of R*, and let S range over all cubes in the space.

We set

— , m(SNE)
D(F) = limsup ———,
(£) 1(8)—co  M(S)
where [(S) denotes the length of the side of S. D(E) is the upper density of E. We

are interested in configurations which are necessarily contained in F.

In 1985, a theorem of Furstenberg, Katznelson and Weiss [1] states that if £ C R?
with D(E) > 0, all large distances in E are attained. In 1986, this result was also
proved, using methods of harmonic analysis, by Bourgain [2] and by Falconer and
Marstrand[3]. It is natural to ask if the same is valid for larger configurations. Bourgain
has shown by an example that this can not be done[2]. As some configurations may
not be found in the set itself, it may be useful to weaken the condition, and we try
to find the configurations arbitrarily close to the set. In the same paper Furstenberg,
Katznelson and Weiss [1] show that with this weaker condition, one can find triangles

in the plane.

In 1998, Tamar Ziegler generalizes this result to higher dimensions [4]. We are
working on this theorem which states that if F is a measurable subset of R*, k > 2,
with D(E) > 0 and V = {0,v1,vs, ..., 41+ € RF, where vy, vy, ..., 0441 are affinely

independent, then for r large enough, we can find an isometric copy of rV in Ej.

Working on this thesis requires a good understanding of measure theory, func-
tional analysis and ergodic theory. In chapter 2, we will present the preliminary notions
from these areas. In chapter 3, we will explain the necessary tools from ergodic theory.
We will state the Mean Ergodic Theorem and prove it. We will also explain what a

Kronecker factor of a dynamical system is.



Since the idea of the proof of the theorem is to translate the geometric problem
to a dynamical problem, in chapter 4 we will translate the geometric problem to a
dynamical form where F corresponds to some measurable set E, with positive mea-
sure, in a measure preserving system (X, B, u, R¥). The statement that Es contains a
certain configuration, corresponds to some recurrence condition on the set £. After the
translation, our geometric problem takes the following form: Let (X, B, i, (T\)uerr) be
an R* action, uy, us, ..., ups1 € R¥ affinely independent, and A C X, u(A) > 0. Then
there exists ¢y such that for all ¢ > ¢y, there exists P € SO(k) such that

W ANT,p AN..NTp, A)>0.

tPuk+1

In the last chapter we will prove our main theorem by assuming the existence
of the matrices M € Mg(R) and P € SO(k) satisfying some conditions. We will
use Ergodic Theory and some Algebraic Geometric techniques in the theorem’s proof.
Then we will show the existence of these matrices by using techniques from Linear

Algebra, Harmonic Analysis and Lie Groups Theory.



2. PRELIMINARIES

In the following sections we will give some of the measure theoretic and functional

analytic preliminaries required for the understanding of the proof of our main theorem.

2.1. Measure Theoretic Background

Throughout in all chapters we shall be concerned with measure spaces by which
we mean a triple (X, B, ) where X is a space, B a o-algebra of sets in X, 1 a non-
negative o-additive measure on X with p(X) < co. Now, we will give some important

definitions;

Definition 2.1.1 A probability space is any triple (X, B, u) where p is a measure on
a o- algebra B with pu(X) = 1.

Definition 2.1.2 The collection B of Borel sets is the smallest o- algebra which con-
tains all of the open sets. A Borel measure is any measure j on the o—algebra of the

Borel sets.

Definition 2.1.3 A measure space (X, B, i) is reqular if X is a compact metric space

and B consists of all Borel sets in X.

Definition 2.1.4 A measure space (X, B, i) is separable if B is generated by a count-

able subset.

Remark 2.1.5 If X is a compact metric space, B the Borel o—algebra on X, p a

Borel measure, (X, B, u) is separable.



2.2. Functional Analytic Background

In this study, we are working with real numbers. So, let X be a Banach space over
the field of real numbers. Let B be the closed unit ball of X. Let X* be the Banach
dual of X which contains continuous linear functionals on X and let B* be the closed
unit ball of X*. We can use this dual space to create two useful topologies, the weak
topology on X and the weak*-topology on X*. On X we have two natural topologies;
norm and weak(w) topologies. On X* we have three topologies; norm, weak (w) and

weak*- topologies(w*).

Now, we will give some basic results in functional analysis without proofs, these

results have proofs in [5].

Theorem 2.2.1 (Alaoglu) The topological space (B*,w*) is compact.

Let X be a compact space. C(X) is defined as the space of continuous scalar
functions on X. We equip C'(X) with the sup-norm. Then C'(X) is a Banach space.

Then we have the following:

Theorem 2.2.2 The Banach space C(X) is separable iff X is metrizable.

Theorem 2.2.2 has an important corollary;

Corollary 2.2.3 Let X be a Banach space. Then (B*,w*) is metrizable iff X is sep-

arable.

Now, we have an important theorem;

Theorem 2.2.4 (Riesz Representation Theorem) Let X be a compact metric space and

let C(X)* be the dual space of continuous functions on X. If F is positive in C'(X)*,



then there exists a unique regular Borel measure pn on X such that F(f) = / fdu for
b's
all f € C(X).

In fact, we can deduce from the Riesz Representation Theorem that there is one-
to-one correspondence between the space of regular measures and the space of bounded

linear functionals on the Banach space C'(X).

In this thesis, X will be a compact metric space. Hence, the space of continuous
functions, C'(X) will be separable. By the corollary 2.2.3, the closed unit ball of the
dual of C'(X) is metrizable with respect to the weak™- topology. Let M (X) be the
space of regular probability measures on X. It is a weak*-compact convex subset of
C(X)*, (M(X),w*) has the topology of a compact metric space. This is important for

us in the following sense: Every sequence in M (X) has a w*- convergent subsequence.



3. ERGODIC THEORY

3.1. Measure-Preserving Mappings

Definition 3.1.1 Let (X, B, u) be a probability space. T is a measure preserving trans-
formation of (X,B,pn) if T is a transformation of X to itself with T"'B € B and
w(T~1B) = u(B) for all B € B.

Lemma 3.1.2 A measure p in X is T-invariant iff

/fdu:/fonu Vfe LYX,B,u).

Proof. 1If /fdu = /f o Tdy for all f € L'(X,B, ), then for any measurable set B

we may take f = 1 to see that

/1Bdﬂ = pu(B) = / lpoTdu = /1T—leM = u(T™'B)
so 1" preserves [i.

Conversely, if T preserves p i.e.u(B) = p(T7'B), then for any characteristic

function 15 holds

/1Bdu:/1Bon,u

and hence for any simple function.
Let f be a nonnegative real-valued measurable function on X. Choose a sequence of

simple functions (f,) increasing to f. Then f, o T is a sequence of simple functions



increasing to f o T, and so

/fon,u— lim/fnon,u— lim/fnd,u—/fd,u

showing that /fdu = /f o T'du holds for f. U

3.2. Ergodicity

Definition 3.2.1 A measure preserving transformation T : X — X of a probability
space (X, B, i) is ergodic if all measurable sets B € B with T~ B = B have measure 0

or 1.

We have the following characteristic of ergodic transformation.

Proposition 3.2.2 The following properties are equivalent for a measure preserving

transformation T' of (X, B, ).

1. T 1s ergodic.

2. Forany Be B, u(T"'BAB)=0 = u(B)=0 or u(B) = 1.

3. For Ae B, u(A) >0 = u(U,—, T "A) =1.

4. For measurable A, B C X, u(A)u(B) > 0 implies that there exists some n > 1
with

W(T"AN B) > 0.

5. For measurable f : X — C, f = foT a.e. implies that f is equal to a constant

almost everywhere.

Proof. (1. = 2.) : Assume that T is ergodic, and let B be an almost invariant

measurable set that is, a measurable set B with u(T"'B A B) = 0. We wish to



construct an invariant set from B, and this is achieved by means of the following

limsup construction. Let
c=J7r"B
N=0n=N
For any N > 0,
Bal|Jr"BC |)BAT B
n=N n=N

and u(T~"B A B) =0 for all n > 1, since "B A B is a subset of

n—1
Ur'BAT VB,

=0

which has zero measure. Let Cy = |J— T~ "B; the sets Cy are nested,
CO 2 Cl 2 )

and pu(Cx) = u(B) for each N. It follows that u(C' A B) =0, so

Moreover,

T7'C = ﬁ D T~ B = ﬁ G T7T-"WB=_C.

N=0n=N N=0n=N+1

Thus T~'C = C, so by ergodicity u(C) =0 or 1, so u(B) =0 or 1.

o0

(2. = 3.) : Let A be a set with u(A) > 0, and let B = ﬂ T "A. Then T~ C B ; on

n=1
the other hand p(T'B) = u(B). so w(T~'B A B) = 0. It follows that u(B) = 0 or 1;

since T~'A C B the former is impossible, so u(B) = 1 as required.



(3. = 4.) : Let A and B be sets of positive measure. By 3.,
p(()T7"A) =1,
n=1
So,

0<pB)=p(()BNT"A) <) w(BNT"A).
n=1 n=1

It follows that there must be some n > 1 with u(BN7T7"A) > 0.

(4. = 1.) : Let A be a set with T7'A = A. Then

0=u(ANX\A) =pu(TT"ANX\A)

for all n > 1 so, by (4), either u(A) =0 or u(X\A) = 0.

(2. = 5.) : Assume that T is ergodic and f : X — C is measurable and invariant under
T in the stated sense. Since the real and the imaginary parts of f must also be invariant
and measurable, we may assume without loss of generality that f is real-valued. Fix

k € 7Z and n > 1 and write

Then T'AFAAY C {x € X|f o T(x) # f(x)}a null set, so by 2.

u(Ay,) € {0,1}.

For each n, X is the disjoint union l_IkezAﬁ. It follows that there must be exactly one

k = k(n) with u(A*) = 1. Then f is constant on the set
Y = ﬂn = 1°°Aﬁ(”)

and u(Y) =1, so f is constant almost everywhere.
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(5. = 2.): If w(T"'BAB) =0 then f = 1p is a T -invariant measurable function, so

by 5. 15 is a constant almost everywhere. It follows that u(B) is either 0 or 1. U

In the proof of the main theorem, (X, B, u, G) is a measure preserving system
where X is an arbitrary space, B is a o—algebra of subsets of X, u is a o—additive
probability measure on the sets of B, and G is a locally compact group acting on X by
measure preserving transformations.

We may always assume that X is a compact metric space which the case for our

purposes.

Definition 3.2.3 The action of G is ergodic, if T"*A= A, VYAeB, T e G implies
p(A) =0 or p(A) = 1.

3.3. The Mean Ergodic Theorem

We may study ergodic systems in two different ways with sets and with func-
tions. For each measure preserving transformation we have an associated operator

Ur: L*(X,B,u, T) — L*(X,B,u,T). This operator is defined by
UTf = f oT.

Recall that L*(X, B, u,T) is a Hilbert space, so an inner product is defined on it. For
any functions f,g € L*(X, B, u, T) we have;

(Urf,Urg) = /f oT.goTdpu
- [tg)oTan
= /fgd,u (since pis T —invariant)

=(f,9).
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Thus we can say that Urf = f o T is an isometry mapping of L*(X,B,u,T) into
L*(X, B, u,T) whenever (X,B,u,T) is a measure-preserving system. Moreover, Uy

satisfies the relation

(Urf,g) = (f,Urg)

which defines an associated operator Us : L*(X, B, u, T) — L*(X,B, 1, T) called the

adjoint of Ur. The operator Ur is an isometry if and only if

UrUp = 1 (3.3.1)

is the identity operator on L*(X, B, u,T) and

UrUs = Prow, (3.3.2)

is the projection operator onto image ImUr.

Theorem 3.3.1 (Mean Ergodic Theorem) Let (X,B,u,T) be a measure-preserving
system, and f € L*(X,B,u,T). Then

=

-1
Uzkﬂf - PTf

1

1
N

B
Il

in L*(X, B, u, T) norm, where Pr is the orthogonal projection of f onto

A={gec L*(X,B,u,T):Uprg =g} C L*(X,B,1,T).

Proof. A is the set of all T-invariant functions.

Let A={Urg—g:g¢€ L*(X,B,u,T)} and the orthogonal complement of A is
AL = {f € LQ(XNB?/JHT) : <f7 UTg_g> =0V UTg_g € A}
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If feA i.e. Upf = f,then by the isometry property of Ur,

<f7UTg_g>:<UTf7UTg>_<f7g>:0 S0 fEAJ_

Hence A C A+,

If f € A%, then (Urg — g, f) = (Urg, f) — (9, f) = 0 and (Urg, f) = (g, f) for
all g € L*(X, B, 1, T). By the definition of U%, we have(Urg, f) = (g9, Urf) = (g, f), so

Uzf = f By (3.3.1) and (3.3.2), we have f = Upf and f € A, so At C A. Therefore,

At = A

It follows that L*(X,B,u,T) = A ® A, where A is the closure of A, so any
f e L*X,B,u,T) can be written as

f=Prf+h (3.3.3)

with h € A.
N—

1
We claim that — Z Ukh — 0 with L2(X, B, u, T) norm.

k=1

This is clear, if h = Urg — g € A, then

MZ

¥ (Urg — g)

k: 2

:H%«Uw 9)+ (Urg = Urg) + ..+ (Ur'g = U7 ')

2

1
:NH(U%Vg—g)H2—>0 as N — 0. (3.3.4)
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If h € A, then there exists a sequence (g;) in L?*(X, B, u,T) with the property

that h; = Urg; — g; — h as i — oo. Then for any ¢ > 1,

1 N-1 1 N-1 1 N-1
k k E k
k=0 2 k=0 2 k=0 2

Fix € > 0 and choose, by the convergence of (3.3.4), i and N so large that

[ = hil < e

N—

Z Ung z

1 N—-1
k
NZU h

k=0

2

2

By (3.3.5) and (3.3.6), we have

2

(3.3.5)

(3.3.6)

N-1
1 _
So, N E Ukh — 0 as N — oo for any h € A in L*(X,B, 1, T) norm. Since h =

k=0
f — Prf by equation (3.3.3)

| V-l s, | Nl
N Ui(f — Prf) = ¥ UL(f) — ~ UN(Prf) — 0
k=0 k=0 k=0
therefore
| N1
— Y Ukf— Prf
N k=0

in L?(X, B, pi, T') norm.
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Corollary 3.3.2 Let (X,B,u,T) be an ergodic measure-preserving system, and f €
L*(X,B,u,T). Then

=

1
ULf — Prf

1

1
N

B
Il

in L*(X, B, i, T) norm, where Prf is the constant function [ fdpu.

We refer to [6] for the proof of this corollary.

3.4. Factors

Definition 3.4.1 Let (X,B,u,T) and (Y,D,v,S) be measure preserving systems on
probability spaces. The system (Y,D,v,S) is a factor of (X, B, u,T), if there are sets
X" in B and Y in D with w(X') =1, v(Y') =1, TX C X', SY' CY and a
measure preserving map ® 1 X' — Y with ® o T(x) = S o ®(x) for all x € X'. The
system (X, B, u, T') will also be described as an extension of (Y,D,v,S).

Remark 3.4.2 A homomorphism o : (X, B, u,G) — (Y, D, v, G) of measure preserv-
ing system is a homomorphism of measure spaces which commutes with the action of
G. In our case we say that (Y,D,v,G) is a factor of (X,B,u,G), and (X, B, u, G) is
an extension of (Y, D,v,G). The two measure preserving systems are equivalent if the

homomorphism of one to the other is invertible.

3.4.1. The Kronecker Factor

Definition 3.4.3 An action of a locally compact abelian group G by measure preserv-
ing transformations T, on a measure space (X, B, i) is a Kronecker action if X is a
compact abelian group, p is the Haar measure on X, and there is a homomorphism T,

7:G — X with 7(G) a dense subgroup of X, and

Ty(x) =z +7(g).
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In this case, the system (X, B, u, G) is called a Kronecker system.

Definition 3.4.4 A character on a compact abelian group G is a continuous homo-

morphism
X:G—S'={2€C:|z|=1}.

The set of all continuous characters on G, denoted by @, forms a group under pointwise

multiplication. This means the operation on G is defined by

(x1 + x2)(9) = x1(9)x2(9)

for all g € G, and the trivial character x(g) =1 is the identity.

Remark 3.4.5 All characters on R are of the form x(x) = > for some y € R.

For the proof of the following theorem, we refer to [6].

Theorem 3.4.6 Let (X, B, i, T,) be an ergodic measure preserving action of an abelian
group G, then there is a map @ : X — Z where Z is a compact abelian group, and a

Kronecker action T, on Z such that Tyn(x) = n(T,(x)) for a.e. x € X.

Remark 3.4.7 For every character x on Z the function x'(x) = x(n(z)) satisfies

X' (Tyr) = x(7(Tyz)) = x(Tym(x))

= X(7(9) + 7(x)) = x(7(9))x(x) = x(7(9))X'(z)

and so it s an eigenfunction of the G—action, and moreover, every eigenfunction of

the G—action comes about this way.
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Definition 3.4.8 The factor system (Z, D, m, Q) defined in the theorem (3.4.6), where
D is the algebra of Borel sets, and m the Haar measure, is unique up to isomorphism

and is called the Kronecker factor of (X, B, u,G).

In the following two sections, the propositions are proved in [6].

3.5. Conditional Expectation

Let o : (X,B,u,G) — (Y, D, v,G) be a homomorphism. Using this homomor-
phism we can lift measurable functions f on Y to X by f — f* = f o «. This map
identifies L*(Y, D, v) with a closed subspace L?(X,B,u)* C L*(X,B,pu). Let P is an
orthogonal projection of L*(X,B,u) to L*(Y,D,v)*. Now, we define an operator as
conditional expectation E(f|Y) for f € L*(X,B,u) by

E(f]Y) € (Y, D,v) and E(f]Y)" = P}.

Proposition 3.5.1 The conditional expectation; E(f|Y) defined for f € L*(X, B, 1)

has the following properties:

1. f — E(f|Y) is a linear operator of L*(X,B,u) to L*(Y,D,v).
2 Iff>0, B(f]Y) > 0.

8. If f € LA(Y,D,v), E(f*|Y) = f.

4. In particular [ fdp= [ E(f|Y)dv.

Remark 3.5.2 For each f € LY(X,B, ), and action T of G, we have
E(Tf|Y)=TE(f|Y) which means that the operator E(.|Y) commutes with the action
of G.



17

3.6. Disintegration of Measure

Let (X, B,u) be a regular measure space, and let o : (X,B,u) — (Y, D,v)
be a homomorphism. Suppose « is induced by a map ¢ : X — Y which defines a
homomorphism with respect to some structure on X and Y. In this case the measure

1 has a disintegration in terms of fiber measures p,,, where p, is concentrated on the

fiber o (y) = X,,.

Theorem 3.6.1 There exits a measurable map from'Y to M(X), y — p, which sat-

1sfies:

1. For every f € LY X, B, pn), f € LYX,B, ) for a.e. y €Y, and
E(f|Y) = [ fduy for a.e. y €Y,
2. [{[ fdu,}dv(y) = [ fdu for every f € LY(X, B, ).

The map y — p, is characterized by condition (1). We shall write u = [ p,dv

and refer to this as the disintegration of measure y with respect to the factor Y.

Remark 3.6.2 If (X, B, u,G) is a measure preserving system, D the algebra of all
G—invariant sets, p = [ pdu(x) the disintegration of p with respect to D, then i, is

G—invariant and ergodic, for a.e. x. [7].

By using this result, we can consider our systems as ergodic.
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4. TRANSLATION OF THE GEOMETRIC PROBLEM TO
A DYNAMICAL PROBLEM

In our theorems, we will deal with subsets of R* that have the Positive Upper

Density property. Let E be a measurable subset of R* we set

— , m(SNE)
D(F) = limsup ———,
(E) 1(S)—c0  M(S5)
where S range over all cubes in R*, and I(S) denotes the length of the side of S.

D(E) is the upper density of E. First, we will present here two results from Geometric

Ramsey Theory which are valid for the sets E having D(E) > 0.

Theorem 4.0.3 (Furstenberg-Katznelson-Weiss) If E € R? with D(E) > 0, there

exists ly such that for any l > ly one can find a pair of points x,y € E with ||z —y|| = L.

Theorem 4.0.4 (Furstenberg-Katznelson-Weiss) Let E € R? with D(E) > 0, and let
Es denotes the points at distance less than § from E. Let u,v € R?, then there exists

lo such that for | > ly there exists a triple {x,y,z} C Es forming a triangle congruent

to {0, lu, lv}.
Now, we generalize the result of Theorem 4.0.4 to higher dimensions.

Theorem 4.0.5 (Main Theorem) Let E € R¥ for (k > 2) have positive upper density,
and let Es denotes the points of distance < from E. If uy, us, ..., upy1 are k+1 points
which are affinely independent, then there exists ly such that for any | > ly and for

any 6 > 0 there ezists {x1,xa,...,xp12} C Es forming a configuration congruent to

{OJ lulu ) luk+1}'
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Our Main theorem means that for [ large enough, we can find an isometric copy
of {0, luy, ..., lug1} in Es. Since we will solve this problem using methods from ergodic

theory, we would like to translate it to a dynamical problem.

Let T be the set of bounded and continuous functions on R,

I'={f:R¥ — R; f is bounded and continuous},

For each bounded subset By = [~ N, N] of R¥, we define the semi-norms on I" by

1/l = sup{lf(z)| : € By},

For any f € T, f # 0, there is N € N such that || f||z, # 0 then {|| ||z, : B~n C R*} is
a sufficient family of seminorms and f,, — f means uniform convergence over bounded

sets By.

Let £ C R* with D(E) > 0. Define a function

o(u) = min{1,dist(u, F)}

where dist(u, E) = inf{|| u—v ||: v € E}, |Ju—v]|| denotes the metric in R* and ¢ € T.
The functions ¢,(u) = ¢(u + v) form an equicontinuous, uniformly bounded family,
then by Arzela-Ascoli Theorem [?] the family has a compact closure in the topology of

uniform convergence over bounded sets in R*. Denote this closure by X.

Let R* act on X by T,¥(u) = U(u+v) for ¥ € X, u,v € R*. X is a compact
metrizable space and we can identify Borel measures on X with positive functionals

on C'(X) by Riesz Representation Theorem.
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Since D(E) > 0, there exists a sequence of cubes S, such that

]

with D(E) > 0.

Using the sequence of cubes {5,,} we wish to define a probability measure on X.

Let F,, are positive functionals on C(X) for f € C(X) defined by
Ff) = gy [ F0e)dm(e)
) = e w(p))dm(v).
S
By Riesz Representation theorem we have

Fulf) = /X fdu, = ﬁ / F(Ty(0))dm(w).

Since M (X)-the set of all probability measures is compact with weak*topology and
every sequence in M (X) has weak*convergent subsequence, we have a convergent sub-

sequence {n;} s.t.

My, — [

in weak*topology and p is the desired probability measure such that

[ fdn = Jim m(ém [ 1@ ename), (4.0.1)
X S,

Set fo(¥) = ¥(0), then fy is a continuous function by the definition of topology
on X. Now, define the subset E of X by

E={VeX: fo(¥)=T(0)=0}.
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E is closed subset of X.

Lemma 4.0.6 The measure ofE~ 1S positive.

Proof. Since p(E) = lim [ (1 — fo(¥))'du(P), it suffices to show that for any I

l—o00

X
[ (= @) duw) = Do)
By (4.0.1) we have;

) 1
[ = @) (o) = Jim — [ (1= (T () (o)

X

Since ¢(v) = 0 for v € E, the last expression is at least

lim m(S,, N E)

So,

ol
5

(1= fo(9))'du(¥) >

H—

We now establish the correspondence between E and E.

Proposition 4.0.7 Let E C R* and E € X as above. If for uy, us, ..., ups1 € R we
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have

wWENT'En..NT," E)>0 (4.0.2)

Uk+1

then for all 6 > 0,

EsN(Es —u1) N...N (Es — ugyr) # 0.

Proof. Define the function g on X by

o — fo(¥), if  fo(¥) <,
0, i fy(T) > 6.

9(¥) =

By (4.0.2) we have

/1E(\P>1E(Tu1\D)---lE(Tuquj)dﬂ > 0.

Since g is positive on E, there is a subset of positive measure F of E and a constant

c > 0 such that on the subset /' g > c. The integral on this set

(/AWMULWLQH@HWMM>Q

In particular for some ¥ = T, the integrand is positive. Since

/ (T 0)g(To T)oog(Tor Tup) > 0
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then ¢(T,,,Typ) >0 foralli =0,....k+1

9(Tuswp) > 0 =6 = fo(Tuuwp) >0
= fo(Tuirwp) <0
< Ty, 1wp(0) <6
= p(u; +w) <6

<~ u; +w € Ejs.

Thus

weE Bs,w+uy € Es,...,w~+ ugq € Ey.

Thus we obtain the dynamical form of the geometric problem:;

Theorem 4.0.8 (Dynamical version of the Main Theorem) Let (X, B, p, (Ty),crr) be
an R* action, uy,uy, ..., upy1 € R¥ affinely independent, and A C X with u(A) > 0.
Then there exists ty such that for all t >ty and there exists P € SO(k) such that

wWANT,p AN..0Tp, A)>0.

tPuj1
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5. THE MAIN THEOREM

Throughout this section (X, B, i, (Ty,)uerr) is an ergodic action of R¥,
(Z,D,m, (T,)ucr+) the corresponding Kronecker factor, 7 : R* — Z the homomor-
phism inducing the R* action of Z. We have a map m : X — Z which defines a

disintegration of measure u to measures p., 2 € Z, with p, supported by 771(2) for

~

a.e. z. Let f(z) be the projection of f € L*(X, B, 1, (T,)yerr) to L*(Z, D, m, (T,,)uerr),
ie
fe) = [ fau.

~

We can lift functions f(z) on L*(Z, D, m, (T,)yerr) to L*(X, B, i, (T0))uerr) by
fr(x) = fom(a).

5.1. Reduction to the Kronecker Factor
Definition 5.1.1 Let Z be a compact abelian group, 7 : R¥ — Z a homomorphism.

We say uy, us, ..., uw; are T—independent if given {x;Y'_, € Z, IL xi(7(u;)) # 1 unless

x; are all trivial characters on Z.

The following lemma and propositions are valid for Kronecker factor Z of X. We know
that every ergodic measure preserving system has Kronecker factor by the theorem
(3.4.6), so this Kronecker factor lifts the results of lemma and propositions to the

ergodic measure preserving system (X, B, ).

Lemma 5.1.2 [f uy, ug,...,u; are T—independent, then for any fi,..., f; € L™

N
1
N 2 Towserfie- st 12(2) / fie / fi

uniformly in aq, ..., a;.
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Proof. 1t is enough to show this for characters on Z, take f; = x;.

/ ‘ N Z H TnulJrale

n=1 i=1

/‘NZH)@ z+T nul+a,))’ dm(z)

n=1 i=1

N
/\sz () (2) 5 Sl
l

~ £ S TToatrtw)

n=1 i=1

(2)

By the Weyl theorem we have

if each x; is not trivial. O

Lemma 5.1.3 Let H be a Hilbert space, £ € = some index set, and let u,(§) € H be

uniformly bounded in n,&. Assume that for each m the limit

1l
Ym(§) = lim Nz<un<5>7un+m(£)>

N—oo
n=1

exists uniformly, and

lim — 3 (€)= 0

uniformly. Then

uniformly in €.
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M
Proof. Let M be large enough so that hm — Z Ym(€) is small uniformly in €. Let

N be large enough with respect to M so that the two expressions

11 N M N
NMZZU”J“" —Zun(@
n=1m=1 n=1

S S miel <5

2

— M?
1 h 1
= N Z W Z un+m1 5 un+m2>
n=1 mi, m2:1
R 1 al
- V Z N Z Un+my un+m2>)
mi,ma=1 n=1
1 M
N — o0 W Z Ymi—mo M—o0c0 0
mi,ma=1

Lemma 5.1.4 Let (X, B, jt, (T,,)uerr) be an ergodic action of R*. Suppose for some v €
R*, T, acts ergodically on (X, B, ). Then every eigenfunction of T, is an eigenfunction
of the R action.



27

Proof. Let ¢(x) is an eigenvector of T, with the eigenvalue .

Tyo(x) = o(Tyx) = Ap(z).

For each T,

T.T.p(x) = o(T.T,x) = o(T, Tuz) = Ap(Ty).

Now, apply T, to p(T,z)p(z) to get

Ty (o(Tux)p(x)) = p(T,Tur)o(T,x)

= \p(T.2)X p(x)

= o(T,x)p(z).

Since A\ = |\ = 1, o(Tyx)¢(x) is T,—invariant. By ergodicity of T,, (T,z)p(z) is
constant. Moreover, |p(z)| is constant by the equation |o(T,z)| = |A|¢(x)| = |¢(x)]
and the ergodicity of T),. So that,

and we conclude that

and o(T,x) = constantp(x)

therefore, () is an eigenfunction of R¥ action. O

Proposition 5.1.5 Let (X, B, j1, (T},)ucrr) be an ergodic action of R*, and let uy, uy, ..., u; €

R , 1 < k+1 be st foral i <1, {u— Ui}é‘;ﬁi,jﬂ are T— independent, and
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{Tuj_ui}é-;,,éi’j:1 act ergodically , and assume that {T,,}'_, also act ergodically. Let

fi, ..., fi be bounded measurable functions on X. Then

N N 1
%ZHTnuﬁ-aifi(x) - %ZHTnuv-"—azﬁw('x) L2(X) 0

n=1 i=1 n=1 i=1

uniformly in aq, ..., a;.

Proof. We will prove the theorem by induction on [. In basis step; for [ =1 :

1 g RS BN
N;Tnu-l—af:N;TnuoTaf:N;TaoTnuf-

By the Mean Ergodic Theorem,

N
1
NZTaonf — /Tafd/L
n=1
uniformly in a. Since /Tafdu = /fdu by ergodicity of T,

N

1

NE Tnquaf—)/fdﬂ
n=1

uniformly in a. In Induction hypothesis, assume that for [ — 1 < k + 1 it is true, and
suppose uy, ..., u; satisfy the conditions above. Now, we apply Lemma (5.1.3) with

&= (a1,...,a1), H= Lo(X, B, ) and

l
Un = HTnuiJraifi-
=1
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N

) 1
Z\ll—{noo N ;<Un7 Un+m>

N l
1 _
= ]\}E%o N E_l / I[ Tnui—&—ai fiT(n—l—m)ui—l—ai fzd:u

N—>ooN

N l
1 7
= hm —_— Z / H Tnu¢+ai fz(Tnul+aZ @) Tmu,L)f’Ld/’L
n=1 =1
1 N l
- ]\;L{I})o N Z / H Tnui+ai fiTnUi"Fai (Tmuzfz)d'u
n=1 =1
1 N l
— ]\}1_1)20 N Z/HTnul+az<flesz’L>du
n=1 =1

N—oo IN

N l
. 1 _
= lim — Z/H(Tnm-i-al oTRUi—nu1+ai—a1)(fiTmuifi)d/‘
n=1 i=1

N—oo [V

N l
1 _ _
= lim — Z / Tnu1+a1 (fleu1 fl) H Tnuifnu1+aifa1 (fleuz fz>d,LL
n=1 =2
N—oo N

N l
. 1 — _
= lim _Z/fleulflnTn(uim)Haia1)(fiTmuifi)dﬂ
n=1 =2

N 1
— 1 _
= /f1Tmu1f1 A}l_fgoﬁ § I | Tonui —ur)+(ai—an) (i T fi) At

n=1 i=2
1 N 1 o
= / fleu1 fl ]\}l—r>noo N Zl 11 Tn(u¢*u1)+(a¢*a1)(fiTmuifi) dﬂf (511)

l
— [ 1T Tt ][ [ $T0 T (5.1.2)
1=2

l
=1

Equation (5.1.1) is obtained by the induction hypothesis and equation (5.1.2) is ob-

tained by using Lemma (5.1.2) with

{(uwy —ur) = (ug — uy) ;2,3’:1 = {u; — 22,3’:1
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are 7— independent. Finally,

lim Z = [ [ D) Fi) P,

where

M l
Flar, .. 2) = A}i_m% T To) = Jim. % ST F @)

=11i=1

which is well defined by the Mean Ergodic Theorem. Now, suppose f; is orthogonal
to all eigenfunctions of the R*- action, then by Lemma (5.1.4) it is orthogonal to all

eigenfunctions of T;,,. Clearly

M
1 _
F(Ty,x1,....,Tyx) = A}im — g H (T )

So, F(x1,...,2;) is an eigenfunction of T, and f; is orthogonal to F(z1,...,z;), we

conclude that

/fj(xj)F(xh e x)dp(z;) = 0.

By Fubini’s Theorem and the previous result, we have

/.../fg(xg)/fl(:vl)F(xl,...,xl)du(xl)du(aig)...:0

and hence

A}IL“MMZ%:
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Then in this case we have

]\lll)noo AT Z H Tnul—l-azfz =0

n=1 i=1
in L?(X) uniformly in ay, ..., a;. Now set,
~T ~gt
fi=fh +
Since [ — J?o 7 is orthogonal to the subspace of L?(X) spanned by eigenfunction [1],

we have the result:

l

LA .
NZH nuz—i-alfz _NZHTT“M-HMJCW L2(X) 0

_—
n=1 i=1 n=1 i=1

uniformly in ag, ..., a;. U

5.2. Proof of the Main Theorem

Without loss of generality, we may assume by disintegration of p with respect to
Kronecker factor Z of X i.e. ju, , that the action of R* is ergodic. Let f = 14 be the
characteristic function of A, and fthe projection of f in L*(Z), and f / fdu,.
Since f > 0, we have f > 0. In our main theorem we have a subset A of positive

measure f1(A) > 0, then we have

n(A) = /fdu

:/{/fduz}dm (by the Theorem (3.6.1))

:/fdm>0.

We know Z is a topological group and a neighborhood of zero is a neighborhood of the
identity element. There is a neighborhood of the identity element W in Z, such that
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if wy, wo, ..., wrr1 € W, then
/ FT + w) F 2+ w9) (2 + wss)dm(z) > a > 0 (5.2.1)

for some a.

Now define a homomorphism ¢ : My (R) — Z**! such that (M) = (7(Muy), ..., 7(Mug,1))
where M} (R) is the set of all k& x k matrices over R, and let © be the closure of the
image of My(R) in Z* . ie. Q= {o(M): M € M,(R)}.

Now, we will assume that there exist M € M(R) and P € SO(k) such that
{Muy, ..., Mug,,} satistfying the condition of proposition (5.1.5), and {@(nM)}5°, is
dense in , and M'P is antisymmetric matrix. In the next section, we will show the
existence of these matrices.

Since Z**! is a compact metrizable group and € is closed, €2 is compact.
Claim1: There exists an L € N, such that for each U € M(R) there existsan 0 < n < L
s.t. p(nM +U) € WHTL

W+l is an open neighborhood of zero in Z**!. Let consider the set of open

neighborhoods of 0 in Z¥*1: V°(0). We have this property that

YV e Vo) 3V eV0)st. V=-V, V+VCV.

If we choose V' = W, we have

V4V C Wk

Let 20 =0, 21, ..., 2y € ZFT1. Since  is compact,

Qg(ZO—FV)U(Zl—FV)UU(ZN—FV)
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Since {p(nM) : n € N} = Q, there exists {ng,ny,...,nn} s.t.
o(noM) € 2o+ V,...,p(nyM) € zy + V.

Let choose L > ngny..ny, so Vi € [0, N], In< L st. @nM)ez+V
Since Q C N, (2 + V) and Q = p(M(R)), for any U € My (R)

—p(U) € z+V for some i€ [0, N].
So Ji € [0, N] s.t.
o(U)+ 2z €V, (5.2.2)
Claim2: z; +V C W — (1)

Let v € V, z; +v € 2 + V. We know that V +V C W*! and by (5.2.2)
o(U) + z € V, then

o(U)+z+v eV +V C WL
for any v € V. So we have p(U) + z; +V C W**L, Now, there exists n < L, p(nM) €

zipy and p(nM) € WF — p(U) by (claim2).
Hence for all U € My(R) , o(nM + U) € W*1. Then by (5.2.1) ,

N
1 f a
N;/ z + 7(nMuy + Uuy))...f(z + T(nMugyq + Uugyq))dm(z) > 7

for all N greater than L.
Now apply the proposition (5.1.5) to deduce that there exists an Ny so that if N > N

N Z/ f nMu1+Uu1f( ) "Muk+1+Uuk+1f( )dﬂ > E
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for all U. Hence

N
1 -1 -1
~ ;M(A N hroyn A0 O Ty, A) > 17

for all N > N, for all U. Now take U = tP. For each t, there exists an n < Nj s.t.

a

-1 -1
ANT sy AN VT ey, A) > i

Since MT P is antisymmetric, M € Tp(SO(k))- the tangent space of SO(k) at P.[8].

We have for any ¢ > 0
P’ := Pexp(enP™'M) = P(I +enP™*M + o(c)) = P+ enM + o(e);
hence
(%P +nM) — éP’ =o(1).

Our action T}, is continuous in the sense that for any measurable set A C X, Ve >0 36

s.t.
Ju— ol <6 — (AN T, A) — (AN T A)| < e
1
For t = — large enough, P’ as above, and if we take u = (tP + nM)u; and
€
W= ({tP)u; fori=1,..,1+k

lu—1'|| <& implies that

~1 ~1 .
WANT iy AN NV Ty, A) 18 very  close  to
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w(ANTp, AN...N Tt}%ukﬂA). Therefore

A)>i>0.

W ANTp, AN ..NT5 AT

Uk+1

5.3. The Existence of the Matrices M and P in The Proof of The Main

Theorem

We first show the following proposition which is proved by Pugh and Shub [9]. If

R¥ acts ergodically, then the set of points which do not act ergodically is very small.

Proposition 5.3.1 If (X, B, u,T,) is an ergodic action of R, then but for a countable
set of u € R, T, acts ergodically. If (X, B, u,T,) is an ergodic action of R!, then but
for a countable set of | — 1 dimensional hyperplanes, all | — 1 dimensional hyperplanes

through the origin act ergodically.

We now prove the main proposition.

Proposition 5.3.2 Let p, () be as in the previous section. There exist matrices M &€

My (R), P € SO(k) satisfying the following conditions:

1. {o(nM)}ee, is dense in §)

2. {M(uj — ;) fill (i) ore T-independent, for i =1,.. k+1

3o AT Yot s AT (s —uo) Yo 21 0y Ot ergodically,

4. MTP is an antisymmetric matriz.

For the proof we will need the following lemmas:

The following lemma is proved in [4].
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Lemma 5.3.3 The group SO(k) (k > 3) linearly spans M (R).

Lemma 5.3.4 Let {s;}}_,, {vi}}., C R*, and define a linear map s.t.

k

FOM) =) (si, Muy)

=1

with f 0. Let D ={D € SO(k): f(D)=c} for some constant ¢ € R.Then
dimD < dimSO(k).

Proof. By the way of contradiction, assume f(P) = cfor all P € SO(k). Let O be some
matrix in SO(k), then define f(M —0O) = f(M)— f(O) = f(M)—c since f is linear.
Since f #0, 3IM € Mi(R) st. f(M —O0)#0.

By the Lemma (5.3.3), we can write each element of M (R) by the linear combina-
tion of vectors in SO(k). So, if M € Mj(R), then there exist { Py, P, ..., P,} affinely
independent vectors of SO(k) and

n
ai,as,...,a, € R with Zai =1

=1

s.t. M:CL1P1 —|—a2P2—|—...+anPn.

Now,

f(M—-0)=flmP+aPo+ ...+ a,P, —O)

= fla1 (P, —O0)+ax(P,—O)+ ... + a,(P, — O) + (a1 + a2 + ... + a, — 1)O)
=a f(P,—O)+ asf(Po— O) + ... + anf (P, — O)

+ (a1 +az+ ... +a, — 1)f(O) since f is linear

= (a1 4 as + ... + a, — 1) f(O) since VP, € SO(k) f(P) =c¢, f(Pi—0)=0

=(ay+ay+..+a,—1)c=0 since a3 +as+ ... +a, =1.

But we can write all of the matrices in M — O form, so we have found VM € My (R),

f(M) = 0 which is a contradiction to the property of f. Therefore there is a point
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P € SO(k) which is not in D. Hence D is a proper subvariety of SO(k).
Since SO(k) is irreducible, by [10] dimD < dimSO(k). O

Lemma 5.3.5 Let ¢ be the homomorphism

¢ Mp(R) — ZF+1

M — (1(Muy), ..., T(Mug 1))

Let Q be the closure of the image of M(R) in Z¥*L. Then for all matrices but a
countable number of hyperplanes in My(R) = R*, the image of {(nM)}>2, is dense in
Q.

Proof. Since Z**! is a compact abelian group , so ) is compact, metrizable and
abelian gropu. Then L*(()) is seperable unitary representations of 2. The characters
of Q are irreducible finite dimesional representations of 2. By Peter Weyl Theorem [?],
characters of Q) form an orthonormal basis for L2(Q). So, Q is countable. As y o ¢ is a
character on M(R) it is of the form yop(M) = e*™<N:M> for some N € M (R). Since
() is countable, the set of M € M(R) for which 3y € @ x o (M) = 1 is countable
union of hyperplanes which has empty interior. And also, we have If y o p(M) = 1,
then

X(20(M))
X(p(M) + ¢(M))
X

(p(M))x(p(M)) = 1.

x(p(2M))

So, forallmn >1 x(p(nM)) =1 Since My(R) is complete metric space, by Baire
Cathegory Theorem the countable union of hyperplanes can not be equal to My (R). If

M is in the complement of this union, then

Ve Q- {1}, x(e(M)) £ 1L,
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Then for all matrices but a countable number of hyperplanes in My (R), the image of

{(nM)}>2, is dense in €. O

Lemma 5.3.6 For each j = 1,...,00, let {vij}le C R¥ be a linearly independent set,

and {s;;}F_, C R, such that (s1j, ..., s1;) # 0. There exists an antisymmetric matriz
B C My(R) s.t.
k
VJ f] B(M) = Z<Sij, MB/UZJ> §é O
i=1

Proof. Let B be the space of antisymmetric matrices. Let {E, Ea, ..., Exx} be a k?

] _ ) 1, m=i and n=j,

standard basis matrices for My (R) = R¥ where (Ej;)mn =
0, otherwise.

Let write for any M € M (R) by linear combination of k? standard basis, where C;; € R
M = CiEn + Cu By + ... + Oy By

Since f; p(M) is linear in M, then we have

E

fiB(M) = (8ij, (C11E11 + Co1 By + ... + Cri Eyi) Buyj)
1

k k
= Z(Sij, CiEnBuj) + ...+ Z(Sija Cri Eri Bvij)

=1 i=1

i

and if we have f; (M) =0, i.e.

k k
Z<Sij, CllEllBUU‘) + ...+ Z<Sij, CkkEkkB’Uij> =0

=1 i=1

then B satisfies the k2 linear equations given by the standard basis for the R*. For
cach j, define sets E; = {B € B : f; 5(M) = 0}. The sets E;’s form a linear subspace

of B. Since we have only a countable number of inequalities, it suffices to show that
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this linear subspace is a proper subspace of B. So without loss of generality, we have

only one inequality. Assume
k
VBeB : Z<M81'7BU¢> = 0.
i=1

Without loss of generality s;; # 0. Let M = Ey; and M = Es;, then we get

k k k k
Z bll(z Sjlvjl) = 511<Z bljvlj) —+ ...+ Skl(z bljvkj) =0
=1 Jj=1

7=1 j=1
k k k
Z le(Z Sjlvjl) = 511<Z b2jU1j) + ...+ Skl(z bgjvkj) = 0.
=1 7=1 Jj=1 j=1

As this is true for all byg, ..., big, bag, ..., bor, € R,

511015 + ... + Sp1vg; = 0
for 1 < j < k. Hence

$1101 + ... + Spv =0

which is a contradiction to the linear independence of the v;. Therefore, there exists

an antisymmetric matrix B which makes the map f identically zero. 0

Proof of the Proposition 5.3.2
First condition is satisfied by Lemma (5.3.5), for the second condition we will show
the 7— independence requirement of {M (u; — u;) f;l (i) fori=1,...,k+ 1. Suppose

wy, ...wy, € RF are 7— independent, if for characters {x;}*_, in Z

H Xi(T(w;))

= x1 0 7(wy)...xx © T(wg) # 1.
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As x o7 is a character on R¥, it is of the form y o 7(w) = >} so the condition

above is equivalent to

627ri(sm1,w1>627ri<sm2,w2)”.627ri<smk,wk> 7& 1.

Then we have
& k
Z27Ti<8mj,’w]'> 7é 0 and Z<Smj7w]'> 7& L.
j=1 =1

Hence the M we are seeking satisfy the inequalities

gm<M) = Z <3mj7M(uj - uz)> 7é 1 (5'3'1)

Since uq, ...u;,1 are affinely independent, for each ¢ = 1,...,k+ 1 the
{(u; — ul-)}’(?;li)jzl are linearly independent, so by the Lemma (5.3.6) ¢, # 0 and
{M (u; — u;) Yt (ji) are T— independent.

By the Lemma (5.3.6), there exists an antisymmetric matrix B, such that

k

fi8(M) =" (si;, MBuy;) # 0.
i=1
For each j the set of M with f; 5(M) = ¢; is an hyperplane in My(R). This space
intersects with SO(k) in a proper algebraic subvariety of SO(k) by the Lemma (5.3.4).
Therefore for almost all P € SO(k), the matrix M = PB satisfy the (5.3.1). Since
P € SO(k), B = MTP is antisymmetric matrix. Finally, we need to show the er-
godicity of the Th(u;—v,) and Ths,. By the Proposition (5.3.1), for almost all M =
PB,  Ty(uj—u;) and Ty, act ergodically for ¢« = 1,...,k+ 1 and j = 1,....k + L.
We have found the desired matrices M and P for the proof of our main theorem.

0
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6. CONCLUSION

This thesis is studied the proof of a geometric problem by using ergodic theory.
Our problem is the multidimensional form of the theorem of Furstenberg , Katznelson
and Weiss [1]. We followed the paper of Tamar Ziegler[4]. In our exposition, there
are some changes though. For example, we observed that the theorem of Furstenberg ,
Katznelson and Weiss [1] directly applies to our situation as well. At some other points,
Tamar Ziegler claims more than what is really needed. We don’t think the claim is
true as stated. Although we don’t have a counter example. We tried to understand

what is necessary for the proof and we supplied a proof for that.
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