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Submitted to the Institute for Graduate Studies in

Science and Engineering in partial fulfillment of

the requirements for the degree of

Master of Science

Graduate Program in Mechanical Engineering
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ABSTRACT

MODELLING OF NECKING AND PRIMARY PARTICLE

POLYDISPERSITY IN SOOT AGGREGATES AND THEIR

EFFECTS ON THE SCATTERING MATRIX

Soot has complex morphological characteristics such as aggregate and primary

particle polydispersity, and necking. Modelling these structures and their e↵ects on the

optical behavior is challenging attributed to the complex morphology and the corre-

sponding formation mechanism. In this study, a comprehensive analysis of the impacts

of necking and polydispersity in aggregate and primary particle size is conducted to

identify their e↵ects on scattering matrix elements. Aggregate representations are

generated via tunable fractal generation algorithms using particle-cluster and cluster-

cluster aggregation, based on typical morphological parameters of flame-soot. Di↵erent

necking models are evaluated quantitatively based on measured scattering matrix ele-

ments derived from an experimental study in the literature. Polydispersity in aggregate

and primary particle size are implemented through log-normal distribution functions.

Scattering matrix elements are calculated via discrete dipole approximation and multi-

sphere T-matrix method. The impacts of the considered structures on the scattering

matrix elements are presented, and the volume variation-based approach is evaluated

for representing the impact of necking. According to the results, the impacts of necking

and primary particle polydispersity are similar and dominated by the resultant volume

change, whereas that of aggregate polydispersity is more complicated. Accordingly, the

volume variation-based approach performs well in representing the e↵ect of necking on

the scattering matrix for the specified cases. The deficiency of the volume variation-

based approach is discussed as well, and an enhancement is proposed to increase its

accuracy.
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ÖZET

KURUM PARÇACIK TOPLULUKLARINDA

BOYUNLANMA İLE TOPLULUK VE BİRİNCİL

PARÇACIK POLİDİSPERSİTESİNİN VE SAÇILMA

MATRİSİ ÜZERİNDEKİ ETKİLERİNİN MODELLEMESİ

Kurum, parçacık topluluğu ve birincil parçacık polidispersitesi ile boyunlanma

gibi karmaşık morfolojik özelliklere sahiptir. Bu yapıları ve bunların optik özellikler

üzerindeki etkilerini modellemek, morfolojinin ve ilgili formasyon mekanizmalarının

karmaşıklığından dolayı zorlu bir iştir. Bu çalışmada, boyunlanma ile topluluk ve birin-

cil parçacık boyutundaki polidispersitenin etkileri saçılma matris elemanları üzerindeki

etkileri baz alınarak kapsamlı bir şekilde analiz edilir. Topluluk modelleri, alev ku-

rumunun tipik morfolojik parametrelerini baz alarak ayarlanabilir fraktal oluşturma

algoritmalarıyla parçacık-küme ve küme-küme toplanması kullanılarak üretilir. Farklı

boyunlanma modelleri, literatürdeki deneysel bir çalışmadan elde edilen saçılma matrisi

ölçümlerine dayalı nicel olarak değerlendirilir. Topluluktaki ve birincil parçacık boyu-

tundaki polidispersite, log-normal dağılım fonksiyonları ile modellenir. Saçılma matrisi

elemanları, ayrık dipol yaklaşımı ve çok küreli T-matris yöntemi ile hesaplanır. Ele

alınan yapıların saçılma matrisi üzerindeki etkileri sunulur ve boyunlanmanın etkisini

temsil etmek için önerilen hacim değişimine dayalı yaklaşım değerlendirilir. Sonuçlara

göre, boyunlanma ve birincil parçacık polidispersitesinin etkileri benzerdir ve büyük

oranda hacim değişikliği ile ilişkilidir, ancak topluluk polidispersitesinin etkileri daha

karmaşıktır. Hacim değişimine dayalı yaklaşım belirtilen durumlar için boyunlan-

manın saçılma matrisine etkisini temsil etmede iyi performans göstermiştir. Hacim

değişimine dayalı yaklaşımın eksikliği de tartışılmış, doğruluğunu artırmak için bir

geliştirme önerilmiştir.
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1. INTRODUCTION

Combustion systems have certain adverse e↵ects on human health [1, 2] and the

environment [3, 4] arising from emission of particulates produced by incomplete com-

bustion of hydrocarbon fuels. Soot is one of the major emitted particulates and consists

of aggregated carbonaceous nanoparticles exhibiting a fractal-like structure. Identifi-

cation of morphological properties associated with soot aggregates is necessary since

these properties are directly related to the formation, transport, and physical proper-

ties of the produced nanostructures. These properties provide information on the com-

bustion process, and the environmental and health impacts of combustion emissions.

Accordingly, the morphological information of soot aggregates might be used to make

regulations on the combustion systems for improving the combustion e�ciency and

reducing the damages to the environment and human health. Researchers have been

trying to develop in-situ diagnostic methods for morphology of combustion-generated

nanostructures to identify their physical properties without disturbing the production

process and possibly introducing errors in diagnostics associated with sampling. The

in-situ diagnostic methods for soot aggregates require to solve the inverse problem

of deriving the morphological parameters of aggregates based on observed physical

behaviour. Therefore, these methods rely on accurate representation of morphology

so that the physical behavior associated with the nanostructures can be accurately

modeled.

Optical properties are frequently utilized in developing in-situ characterization

methods for soot aggregates. Frequently employed characterization methods for soot

rely on time-resolved laser induced incandescence (TR-LII) [5] and multi-angle light

scattering (MALS) [6, 7]. The TR-LII method relies on inferring the primary particle

size from the temporal change in the incandescence signal of the heated aggregate struc-

ture to incandescent temperatures via a laser pulse. MALS-based characterization is to

infer the morphological parameters of the aggregate based on its light scattering pro-

file when illuminated by a laser. There are some advantages of MALS based methods,
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mainly due to enabling in-situ characterization of aggregates consisting of both absorb-

ing and non-absorbing materials. Moreover, the polarization states of the incident and

scattered light might be altered via implementing polarizers to obtain comprehensive

information on the morphology of the aggregates.

Accurate representation of dependence of optical behavior on morphology is crit-

ical as the accuracy and reliability of the characterization relies on it. Moreover,

the morphological structure associated with soot should be known adequately to im-

prove the fidelity of the analysis. Morphological characteristics of various soot samples

are investigated in the literature based on electron microscopy images (TEM/SEM).

These studies demonstrated macro and micro structural characteristics of soot aggre-

gates. Electron microscopy images of various flame-soot samples demonstrated that

the aggregate size exhibit a non-uniform distribution that can be fitted to a log-normal

distribution [8,9]. On the other hand, certain micro-structural e↵ects such as primary

particle polydispersity, necking between neighboring primary particles, and overlap-

ping are also present in soot aggregates [10–14]. Modelling all these structural e↵ects

is challenging due to the complexity of physics of their formation mechanism and this

complicates the prediction of the scattering properties considering them.

The accuracy of MALS-based optical characterization depends on the numerical

scattering model representing the complex relationship between the morphology and

the scattering properties of the aggregate. The accuracy of the numerical scattering

model is dependent on the fidelity of the scattering simulations and the aggregate

representations. Scattering simulations are performed based on numerically generated

aggregate representations to calculate the scattering properties. Scattering simulations

are frequently conducted via approximations such as Rayleigh-Debye-Gans Theory for

Fractal-Aggregates (RDG-FA) [15], Multi-Sphere T-matrix Method (MSTM) [16], and

Discrete Dipole Approximation (DDA) [17]. While RDG-FA is much easier to imple-

ment for scattering property calculations, it fails to account for the multiple scattering

events within the aggregate [18], which might lead to significant errors. MSTM is

an analytical method developed by Mackowski and Mishchenko [16] to calculate the
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orientation-averaged scattering matrix and total cross-sections for arbitrary cluster of

spherical particles. However, it assumes that the primary particles are non-overlapping

perfect spheres that limits its use to idealized aggregates. In DDA, the aggregate is

represented by a large number of discrete polarizable points referred as dipoles [17].

Although DDA accounts for the multiple scattering e↵ects and can calculate scatter-

ing properties of aggregates of complex geometries even with microstructural e↵ects,

its prediction accuracy depends on the number of discrete points, which has a direct

impact on the computational load.

Each structural e↵ect has a distinctive impact on the optical behavior of the aggre-

gate that might be significant depending on the extend of the corresponding structure.

There are certain studies in the literature on the e↵ect of aggregate and primary parti-

cle size polydispersity on the radiative properties of soot aggregates. Farias et al. [19]

conducted a numerical study on the e↵ects of aggregate and primary particle polydis-

persity on radiative properties of soot aggregates. They used log-normal distribution

to implement polydispersity in aggregate size, and normal distribution to implement

polydispersity in primary particle size. The impact of aggregate polydispersity on the

scattering properties was observed to be more pronounced than that of primary parti-

cle polydispersity, whereas the corresponding impacts on the absorption cross-section

were comparable [19]. Charalampopoulos and Shu [20] studied the e↵ects of aggregate

and primary particle polydispersity on light scattering properties of chain-like soot ag-

gregates. They used log-normal distribution to implement polydispersity in aggregate

and primary particle size. The geometric mean and standard deviation associated with

aggregate size distribution were found to be relatively small compared to [19]. Contrary

to [19], the e↵ect of primary particle polydispersity on the light scattering quantities

was observed to be more significant than that of aggregate polydispersity [20]. F. Liu

et al. [21] investigated the impacts of polydispersity of aggregate and primary particle

size distributions on temperature of soot aggregates in low-fluence laser-induced incan-

descence. Log-normal distribution is used to introduce polydispersity in aggregate and

primary particle size. They concluded that the impact of primary particle polydisper-

sity is important and should be implemented in the aggregate model [21]. However,
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the significance of the influence of aggregate polydispersity on the temperature of soot

was observed to be dependent on the heat conduction regime [21].

There are also studies in the literature studying the e↵ect of minor structures

such as primary particle polydispersity and necking on the radiative properties of soot

aggregates. C. Liu et al. [22] investigated the influence of primary particle size distri-

bution on the radiative properties of soot aggregates. They concluded that primary

particle polydispersity needs to be considered to achieve more accurate understanding

of the relation between morphology and radiative properties [22]. Bescond et al. [14]

conducted a study on inferring the primary particle size distribution of soot aggregates

with necking and overlapping based on light depolarization measurements. Their work

indicated that the impact of necking on the light depolarization ratio is more enhanced

relative to that of overlapping [14]. Skorupski and Mroczka [23] investigated the e↵ect

of necking and polydispersity on the integral optical properties of soot aggregates and

observed that these structures have significant impacts. Yon et al. [24] studied the

influence of necking and overlapping on the radiative properties of soot and concluded

that the corresponding e↵ects are considerable. Teng et al. [25] considered the optical

properties of soot aggregate representations with minor structures such as necking,

polydispersity, and coating. The e↵ect of necking on the optical properties was shown

to be more significant as compared to the other structures [25].

According to the literature, the minor structures of soot aggregates such as neck-

ing and primary particle polydispersity have considerable impacts on certain radia-

tive properties, and accurate prediction of these properties necessitates the proper

representation of these structures. J. Liu et al. [26] compared the normalized bulk

scattering matrix elements obtained from experimental measurements and numerical

predictions by MSTM. They observed remarkable deviations between the experimen-

tal and numerical results for specific normalized Mueller matrix elements especially for

S22/S11 and S34/S11, and suggested that introducing minor structures such as necking

and overlapping to the aggregate representations might reduce these deviations [26].

Talebi-Moghaddam et al. [6] developed a method of optical characterization of soot via
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Bayesian inference using an artificial neural network surrogate model that is trained

with data generated by MSTM. They observed deviations between the predicted and

TEM-derived fractal parameters, and stated that neglecting necking might be one of

the main causes of these deviations [6]. Available studies investigating the e↵ects of

minor structures on the radiative and optical properties of soot aggregates conclude

that necking has a significant impact on the optical properties of soot aggregates [14,25]

and introducing necking to the aggregate models might improve the accuracy of models

used for optical characterization of soot. Therefore, the e↵ect of necking on the optical

properties should be further investigated.

There are di↵erent approaches to model necking between primary particles in soot

aggregates. While Bescond et al. [14] and Yon et al. [24] used 3D level-set function to

represent necking, Skorupski and Mroczka [23] modeled necking between particles using

simpler structures such as cylindrical, linear, and quadratic connectors. Similarly, Teng

et al. [25] used cylindrical connectors to represent necking between primary particles

of black carbon aerosols. Whereas, Bao et al. [27, 28] represented necking via ball-

shaped connectors. On the other hand, the studies by Skorupski and Mroczka [23],

Teng et al. [25], and Bao et al. [27, 28] considered monodisperse aggregates whereas

Bescond et al. [14] and Yon et al. [24] considered necking in polydisperse aggregates.

Therefore, there is no unified approach for modeling soot aggregates with necking

e↵ect. Besides, no simpler necking model is considered for polydisperse aggregates

as an alternative to the 3D level-set function model defined by Bescond et al. [14].

Moreover, these necking models are not evaluated by comparison with experimental

data due to limited experimental data in the literature. However, recent improvements

in diagnostics enable such experiments and J. Liu et al. [26] recently presented full

scattering matrix measurements of re-aerosolized toluene and n-heptane soot, together

with their analyses using MSTM.

Alternatively, simplified approaches are proposed to resemble the e↵ect of primary

particle polydispersity and necking on the optical behavior to overcome the challenges

with modelling these structures. F. Liu et al. [21] generated aggregates formed by
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monodisperse primary particles based on the Sauter mean diameter so that the e↵ect

of monomer polydispersity is represented based on the corresponding change in the ag-

gregate surface area. C. Liu et al. [22] used geometric mean and volume mean diameter

based approaches to generate aggregates formed by monodisperse primary particles.

They compared the resultant optical properties associated with these aggregates and

aggregates formed by polydisperse primary particles. It was found that the volume

mean diameter approach yielded more accurate estimations of integral optical prop-

erties such as extinction and absorption cross-sections [22]. Whereas, the geometric

mean diameter based approach performed better in estimating the phase matrix ele-

ments [22]. Yon et al. [29] studied the influence of primary particle polydispersity on

the radiative properties of soot aggregates. They used volume mean diameter approach

with RDG-FA and observed that it results in su�ciently accurate approximations for

the scattering and absorption cross-sections [29]. Teng et al. [25] presented a unified

approach to account for the e↵ect of minor structures such as necking and polydisper-

sity on the optical properties based on the resultant change in the aggregate volume.

They demonstrated that the impact of the minor structures on the optical behavior

is substantially related to the resultant volume variation [25]. However, impacts of

the minor structures are limited such that the resultant volume change is not larger

than 20%. This constraint might result in underestimation of the potential e↵ects of

these structures. Considering the literature, more comprehensive studies are required

to determine the accuracy of the volume variation based approach in representing the

e↵ect of primary particle polydispersity and necking.

The e↵ects of morphological characteristics are generally investigated over the

integral properties such as extinction, absorption, and scattering cross-section and/or

specific combinations of the normalized phase matrix elements. However, these proper-

ties might be misleading due to the loss of morphological information associated with

integration and/or normalization. Alternatively, identifying their impacts based on

the overall scattering matrix elements might provide more comprehensive information.

Considering the physical meanings of elements of the scattering matrix, they might

provide more detailed knowledge on the influence of di↵erent morphological charac-
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teristics on the optical behavior. Accordingly, the relation between morphology and

scattering properties of soot aggregates can be established more accurately.

In the literature, elliptically polarized light scattering experiments are utilized

to infer morphological characteristics of di↵erent nanoparticles. Manickavasagam et

al. [30] presented the scattering matrix element profiles for ellipsoidal and cylindrical

particles with di↵erent aspect ratios. They stated that the elements, S12 and S34, ex-

hibited more pronounced sensitivity to the particle shape as compared to S11, where

the latter is observed to be the most shape-sensitive element. Aslan et al. [31] uti-

lized elliptically polarized light scattering technique to determine the shape and size of

colloidal metal oxide particles based on di↵erent scattering matrix elements. Accord-

ingly, polarized light scattering is expected to yield comprehensive information on the

morphology of aggregates including minor structures based on the overall scattering

matrix elements. Experimental methods proposed to measure the optical properties of

di↵erent particles for characterization purposes are summarized by M. P. Menguc [32],

including the experimental techniques utilized in polarized light scattering experiments.

Experimental apparatus described in [33,34] can be used to conduct polarized light ex-

periments on soot samples to infer comprehensive information on their morphology.

Moreover, there are studies in the literature utilizing specific scattering ma-

trix elements for developing in-situ optical characterization methods for soot aggre-

gates [6,7,35–37]. Accurate knowledge of the influence of morphological characteristics

of soot on the scattering matrix is essential for these studies. Teng et al. [25] considered

the e↵ect of necking with other minor structural defects on bulk optical properties and

the scattering matrix. They presented numerical results obtained from DDA for the

aggregate representations including distinct minor structures and the ideal aggregates

without any microstructural e↵ects. The minor structures were quantified through the

resultant relative volume di↵erence between an aggregate with minor structures and

the corresponding ideal aggregate. Thus, the relative e↵ects of distinct microstructures

on the optical properties were compared for the same resultant changes in the aggregate

volume. They concluded that the e↵ect of minor structures on the scattering matrix is
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negligibly small. However, they limited the relative volume di↵erence between aggre-

gates with minor structures and the ideal aggregate to 0.1, which imposes a restriction

on the degree of necking. As a result, this approach might lead to an underestimation

of the impact of necking. Moreover, it is not possible to comprehend the real e↵ect of

necking on the scattering matrix in terms of predicting the measurement data since no

experimental data were considered in their study.

In this study, a comprehensive analysis of the e↵ect of necking and polydisper-

sity in aggregate and primary particle size in soot is conducted based on the resultant

scattering matrix elements. In order to identify a unified representation approach for

necking it is necessary to study di↵erent models proposed in the literature. Therefore,

evaluation of di↵erent models of necking in soot aggregates based on light scattering

measurements must be carried out to establish a unified methodology for generating

realistic aggregate representations. To this end, a quantitative analysis of di↵erent

necking models in estimating the scattering matrix for the soot aggregates reported

by J. Liu et al. [26] is conducted. The 3D level-set function model (LFM) [14, 24] and

modified cylindrical connector model (MCCM) are used to introduce necking for both

monodisperse and polydisperse aggregate representations. The performance of each

model is evaluated through comparisons of the estimated scattering matrix elements

with those of measurements by J. Liu et al. [26]. Through this approach, this study

also provides a methodology for quantitative comparison of di↵erent necking models in

representing necking in soot aggregates based on experimental measurements of their

optical properties. Moreover, this study contributes to developing a better understand-

ing of the relation between morphology and optical properties of soot aggregates which

is essential for in-situ optical diagnostics. Additionally, the accuracy of the volume

variation based approach proposed for approximating the e↵ect of primary particle

polydispersity and necking on the optical behavior is comprehensively investigated

based on the scattering matrix.
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2. THEORY

2.1. Fractal Aggregate Representation

The numerical aggregation models imitate the formation of fractal-like aggregates

in nature. These pseudo models utilize two main algorithms that are particle-cluster

aggregation (PCA) and cluster-cluster aggregation (CCA) algorithms. PCA algorithm

relies on attaching a new primary or monomer particle to the cluster of particles at

each step of aggregation [38]. Whereas, CCA algorithm is based on combining the

clusters of similar size with each other rather than combining primary particles with

the growing cluster [38].

The fractal-like structure of real aggregates can be described by the statistical

scaling law defined as

Np = kf

✓
Rg

r̄p

◆Df

(2.1)

whereNp is the number of particles, r̄p is the mean particle radius in the aggregate, Rg is

the radius of gyration of the aggregate, kf and Df are the fractal parameters referred as

fractal pre-factor and fractal dimension, respectively [15]. While the statistical scaling

law is valid for averaged characteristic parameters, the distribution of each parameter

might be a↵ected by conditions of aggregate formation in a particular way, which is

challenging to identify. Therefore, it is reasonable to assume that these distributions are

Dirac delta distributions such that the scaling law holds for each individual aggregate.

Di↵usion limited aggregation (DLA) and ballistic aggregation are commonly used

models in representing the mechanism of aggregation of soot for both PCA and CCA.

Although they approximate the aggregation mechanism, the fluctuations in the fractal

parameters derived from the statistical scaling law are considerable [39]. These fluctua-

tions should be dampened to obtain more stable and reliable aggregate representations
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that approximate the real structure based on its fractal parameters derived from the

statistical scaling law. There are alternative algorithms that are tunable based on the

statistical scaling law utilizing PCA and CCA, and preserve the prescribed fractal pa-

rameters. Filippov et al. [39] developed fractal generation algorithms based on both

PCA and CCA, in which the fractal parameters are exactly preserved at each step of

aggregation. Even though the tunable PCA algorithm is fast and easy to implement,

it might yield structures that do not mimic the real aggregates [39]. While the tun-

able CCA algorithm yields more realistic structures, creating aggregates with large Df

values might be problematic [39].

The algorithms developed by Filippov et al. [39] can be used to generate aggre-

gates formed by monodisperse primary particles only. However, these algorithms might

be modified to generate aggregates formed by polydisperse primary particles as well, as

formulated by Skorupski et al. [40]. Skorupski et al. [40], suggested a fast and accurate

implementation of tunable fractal-like aggregate generation algorithms based on vari-

ous methods such as DLA, RLA, ballistic aggregation, and Filippov’s algorithm [39].

They developed a fractal-like aggregate generation software, FLAGE, consisting of dif-

ferent aggregation methods based on both PCA and CCA used to generate aggregate

structures according to predefined fractal parameters. Although FLAGE is a fast and

accurate tool for fractal representation, it might not exactly preserve the predefined

fractal parameters for each aggregate, especially for aggregates formed by polydisperse

primary particles [41]. FracVAL is an alternative software developed by Moran et

al. [41] to generate fractal-like structures representing aggregates consisting of poly-

disperse primary particles based on CCA. It utilizes the mass of primary particles to

modify Filippov’s original CCA algorithm [39] for generating aggregates formed by

polydisperse primary particles based on the modified fractal law suggested by Dastan-

pour et al. [42]. It yields fractal parameters with a narrower distribution around the

prescribed values as compared to the modified Filippov’s CCA algorithm proposed by

Skorupski et al. [40]. However, convergence might be an issue for CCA-based fractal

representation tools such as FracVAL. Optimizing the accuracy and execution time is

crucial while making the choice of appropriate aggregate representation method for a
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specific study. Therefore, the identification of the optimum tool for aggregate represen-

tation should be conducted primarily considering the characteristic parameters derived

from the images associated with the real aggregates of interest.

2.2. Scattering Matrix

Scattering matrix relates the Stokes vectors associated with the incident and

scattered beams of light defined with respect to the scattering plane. There are two

distinct definitions of the scattering matrix. The first definition is given as
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(2.2)

where I, Q, U , and V are the Stokes parameters indicating unpolarized, linearly,

obliquely, and circularly polarized intensities, respectively. Here, subscripts sca and

inc refer to scattered and incident beams, respectively, k is the wavenumber, r is the

distance between the detector and the target object, and Sij are the elements of the

scattering matrix.

A normalized scattering matrix is obtained via multiplying the scattering matrix

defined in Equation (2.2) with the scaling factor, C�,scak2/4⇡ so that the integration of

the element in the first row and the first column over all scattering angles gives unity.

The elements of the normalized scattering matrix as defined are indicated with the

superscript, au, as Sau
ij .

The scattering matrix might be simplified for macroscopically isotropic and sym-

metric structures, in which all orientations of the target are equally probable and there

exists a plane of symmetry for each particle, and/or there are equal number of particles

and their mirror counterparts in the target structure [43]. Accordingly, nanoparticle
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aggregates consisting of a large cluster of randomly oriented particles can be considered

as macroscopically isotropic and symmetric structures [44]. In this case, Equation (2.2)

reduces to the block-diagonal form given as

2

6666664

I

Q

U

V

3

7777775

sca

=
1

k2r2

0

BBBBBB@

S11 S12 0 0

S12 S22 0 0

0 0 S33 S34

0 0 �S34 S44

1

CCCCCCA

2

6666664

I

Q

U

V

3

7777775

inc

(2.3)

for a specific set of (�, ✓) [43, 45].

There are only six nonzero independent scattering matrix elements in Equation

(2.3) for fractal-like aggregate structures. Each of these elements and/or their combi-

nations are related to one or more characteristic properties of the aggregate in a specific

manner. These matrix elements might be utilized separately in characterization of the

aggregate structure in terms of di↵erent morphological properties such as shape, size

distribution, and compactness considering their correlation with these properties.

S11 is known to be the di↵erential scattering cross-section associated with the

target object [46]. It relates unpolarized scattered intensity with unpolarized incident

light intensity and it is sensitive to both Np and rp [46]. Therefore, it might be used in

characterization of size distribution and number of primary particles in the aggregate.

Ericok et al. [7, 35–37] showed prediction on Np and rp for soot characterization using

unpolarized intensity measurements. Although S11 provides useful information about

the size of the primary particles and the aggregate, it might not be su�cient for pro-

viding comprehensive information on the morphological structure of the aggregate by

itself [46].

The trend of S12 is highly dependent on rp while the value of the extremum is

proportional to Np [46]. Therefore, S12 might provide more accurate size distribution

when combined with S11. It is also sensitive to primary particle polydispersity, number
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of orientations used in the numerical simulations, fractal dimension Df , and deviations

from the Rayleigh-Debye-Gans (RDG) theory [44, 46]. Moreover, the ratio, �S12/S11,

is related to the linear polarization ratio, which denotes the portion of unpolarized

incident intensity that is linearly polarized after scattering from the target object.

Therefore, it might contain further information about the morphology of the structure

which can be useful in characterization applications.

S22 is known to be highly sensitive to the shape of the particles [14]. It is referred

as a measure of sphericity of particles and approaches unity for the limiting case of

a perfect sphere [45]. Furthermore, it is related to the ”linear depolarization ratio”,

�, through � = 1 � S22/S11. Considering physical meaning of S22 and/or S22/S11,

and their correlation with the shape of particles, S22 is an important candidate for

characterization of minor structures such as necking, overlapping, and irregularities in

the aggregates.

While S33 and S44 have similar trends depending on rp and Np, they might also

provide information on the asymmetry of the structure through the ratio of total scat-

tered intensities at forward to backward scattering angles. They might be used in

deriving information on the shape of the aggregate as well as rp and Np; however, their

contribution to the accuracy of characterization should be identified.

S34 is associated with the measure of circularly polarized scattered light when the

incident light is obliquely polarized (±45�) [46]. S34 is sensitive to the fractal dimen-

sion, Df , such that it increases with increasing Df [47] and also depends on the shape,

compactness, and granularity of the aggregate [46]. Moreover, it is sensitive to the

polydispersity of primary particles, number of orientations in numerical simulations,

and deviations from RDG theory as S12 [45, 46]. Although S34 has certain unique fea-

tures that might be utilized in characterization of aggregates, its relatively small values

are prone to measurement uncertainties a↵ecting the accuracy of characterization.
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3. PROBLEM DESCRIPTION

Some of the morphological characteristics of soot that exhibit significant impact

on the optical properties are necking and polydispersity in aggregate and monomer

size. This study investigates the e↵ect of these characteristics on the scattering matrix

elements, S and Sau, to develop a comprehensive understanding on the relation between

morphology and optical behavior. Considering that there is no unified approach for

representing necking in soot aggregates, a preliminary study on quantitative analysis

of di↵erent necking models is conducted. Accordingly, there are two main problems

addressed in this work, which are described in Sections 3.1 and 3.2 in detail.

3.1. Quantitative Analysis of Di↵erent Necking Models in Predicting the

Scattering Matrix

This preliminary study aims at identifying the proper model that adequately

represents necking in soot aggregates as far as their scattering behavior is concerned.

Necking is implemented to the monodisperse and polydisperse aggregate representa-

tions via di↵erent models in the literature. The method used for representing necking

might have an e↵ect on optical properties of soot aggregates. Accordingly, the lack of

knowledge on the proper necking model might introduce errors to the optical charac-

terization methods.

To identify the proper necking model, optical properties estimated numerically

for aggregate representations including necking implemented with di↵erent models are

compared with experimental measurements. The full set of non-zero scattering ma-

trix elements is considered as it contains the maximum information related with the

morphology of the soot aggregates. The study by J. Liu et al. [26] provides both experi-

mental and numerical simulation results associated with the complete set of normalized

non-zero scattering matrix elements for soot produced in toluene and n-heptane dif-

fusion flames. The presented scattering matrix elements are normalized over the bulk
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values obtained for samples of toluene and n-heptane soot whose size distributions

were also measured and provided by [26]. The measured and estimated scattering ma-

trix elements by MSTM, and aggregate size distribution associated with the toluene

soot samples are presented in [26]. It can be seen in [26] that the di↵erences between

measurements and simulation results become more pronounced for ]hS22i and ]hS34i,

where fhSi represents the normalized scattering matrix elements. These elements are

known to be sensitive to shape and morphological properties of the aggregates such as

compactness and granularity. Therefore, the authors recommended that the impact of

introducing minor structures such as necking and overlapping to the numerical aggre-

gate models on reducing the deviations for these specific normalized scattering matrix

elements should be investigated [26].

In this preliminary study, the e↵ects of necking on both normalized and bulk

scattering matrix element data are investigated for toluene soot samples with the

TEM-derived morphological properties given in Table 3.1 below [26]. Note that the pa-

rameters related with the primary particle size in the soot samples include the surface

growth of soot particles arising in the process of soot formation and sampling. Govern-

ing mechanisms are surface reactions, sintering, and condensation of particulate matter

such as polycyclic hydrocarbons onto soot particles [48]. Accordingly, primary particle

sizes are enlarged as compared to early-stage soot particles. The fractal parameters

are considered as Df = 2.16 and kf = 2.62, and kept constant for this study con-

sidering that this configuration yielded satisfactory agreement with the experimental

data. Besides, the e↵ect of fractal parameters in the range specified in Table 3.1 ex-

hibited a negligible impact on the normalized bulk scattering matrix elements except

for ]hS34i [26]. The wavelength of the incident light was 532 nm in the experiments

conducted by [26], and the corresponding refractive index of soot was reported as

m = 1.73+0.6i with the ranges [1.5, 2.0] and [0.4, 1.1] for the real and imaginary parts,

respectively. Aggregate representations based on both monodisperse and polydisperse

primary particles are generated to investigate the e↵ects of the necking models on the

deviations of predicted scattering matrix elements from the measurement data. The

real and imaginary parts of the refractive index were changed in the specified ranges
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for the monodisperse case to investigate the e↵ect of refractive index on the scattering

matrix elements. The e↵ect of refractive index on the scattering matrix elements was

found to be insignificant relative to that of necking. Therefore, the results are pre-

sented only for m = 1.73+0.6i. Necking is implemented via LFM and MCCM through

a set of necking coe�cients identifying the degree of necking between neighbouring

primary particles. By definition, the necking coe�cient, Cneck, is between the interval

[0, 1], where the lower and upper bounds correspond to no-neck and full-neck cases,

respectively. The cases for which the numerical aggregate models are generated are

summarized in Table 3.2. Note that multiple fractal-like aggregates are generated for

each case to represent the primary particle size distribution given in [26] and to have

adequate realizations of soot aggregates.

Table 3.1: Morphological parameters derived from TEM images for toluene soot

aggregates [26].

Soot Sample dp,g(nm) �p,g d̄p(nm) kf Df

Toluene 39.57 1.26 40.56 2.62� 3.41 2.16� 2.23

Table 3.2: Specified cases used to generate aggregate representations with necking for

the preliminary study on the analysis of di↵erent necking models.

Cases Size Distribution Necking Model Cneck

1

Monodisperse

No Neck 0

2-6 MCCM 0.2 0.4 0.6 0.8 1.0

7-11 LFM 0.2 0.4 0.6 0.8 1.0

12

Polydisperse

No Neck 0

13-17 MCCM 0.2 0.4 0.6 0.8 1.0

18-22 LFM 0.2 0.4 0.6 0.8 1.0
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3.2. E↵ects of Necking and Polydispersity in Aggregate and Primary

Particle Size on the Scattering Matrix

This study focuses on the impacts of necking and polydispersity in aggregate and

primary particle size on the scattering matrix elements, S and Sau. The information

on the accuracy of di↵erent necking models in representing necking in soot aggregates

provided by the preliminary study (Section 3.1) is utilized in implementation of necking.

In the literature, polydispersity in aggregate and primary particle size are usually

represented via log-normal distribution functions defined as

p(x) =
1

ln�g
p
2⇡x

exp

"
�1

2

✓
lnx� lnµg

ln�g

◆2
#

(3.1)

where p(x) denotes the probability distribution for the random variable x, µg and �g

are the geometric mean and standard deviation associated with the distribution. The

geometric mean and standard deviations representing the aggregate and primary parti-

cle size polydispersity of real soot samples are derived from experimental studies in the

literature [8,9,26,49,50]. The aggregate and primary particle size distributions are de-

fined over the number of particles in the aggregate (Np) and primary particle diameter

(dp), respectively. Based on the observations of di↵erent aggregate size distributions,

µg,Np and �g,Np are selected as 23.2 and 4.15 [8], which are typical values for flame-soot

aggregates [8, 9]. Besides, the impact of aggregate polydispersity on the scattering

properties can be clearly observed since relatively large value of �g,Np enhances the

e↵ect of size distribution. Primary particle polydispersity is defined by µg,dp = 30.92

nm and �g,dp = 1.36, corresponding to n-heptane flame-soot aggregates [26]. The se-

lected geometric mean of the primary particle size distribution is a typical value for

flame-soot [8, 14, 49]. Similar to the aggregate size distribution, relatively large value

of �g,dp increases the impact of monomer size distribution on the optical properties.

Accordingly, comprehensive information on the potential impact of primary particle

polydispersity is provided. Similar to the parameters identifying the size distribution

of primary particles provided in Section 3.1, these distributions include the surface
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growth of soot particles arising in the process of soot formation and sampling. In addi-

tion, the corresponding monodisperse aggregate and primary particle size distributions

need to be defined to present the relative impact of polydispersity in aggregate and pri-

mary particle size. These definitions are based on the arithmetic mean values of Np and

dp (denoted as Np and dp), which are derived from the specified size distributions as 51

and 32.4 nm, respectively. Np is derived from the specified aggregate size distribution

over the interval [1, 518], corresponding to p(Np) � 5⇥10�5. dp is derived from the cor-

responding primary particle size distribution over the interval [8, 99] nm, corresponding

to p(dp) � 1 ⇥ 10�5. In addition to the arithmetic mean diameter, the volume mean

diameter is also used to generate aggregates formed by monodisperse primary particles.

Although the volume mean diameter based approach is used in the literature [6, 22]

to account for the impact of primary particle polydispersity, the resultant Sau profiles

di↵ered more from those of the polydisperse primary particle case. Therefore, only the

results associated with the arithmetic mean diameter based approach are presented for

the cases of monodisperse primary particle size. The size distributions defined based

on the corresponding choice of µg and �g are shown in Figure 3.1.

(a) (b)

Figure 3.1: Log-normal distributions defined by the corresponding geometric mean

and standard deviations to represent the (a) aggregate size and (b) primary particle

size distribution.
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The aggregate size distribution is discretized into a number of sample Np points

to calculate the corresponding bulk scattering matrix elements. A convergence study

on the number of sample Np points showed that calculation of the bulk scattering

properties over 18 points yield fairly accurate estimations. The selected points are

non-uniformly discretized in the interval [1, 518], and shown in Figure 3.1a with square

markers. Note that the horizontal axis is provided in the log-scale in Figure 3.1a, and

Np must be an integer to generate aggregate representations.

Table 3.3: Parameter specifications for the cases to be investigated to analyze the

e↵ects of necking and polydispersity in aggregate and monomer size.

Cases
Aggregate Size Distribution Primary Particle Size Distribution Necking

µg,Np �g,Np µg,dp(nm) �g,dp Model Cneck

1 51 1.0 32.4 1.0 - 0.0

2 51 1.0 32.4 1.0 MCCM 0.6

3 51 1.0 32.4 1.0 MCCM 0.8

4 51 1.0 32.4 1.0 MCCM 1.0

5 51 1.0 32.4 1.0 LFM 1.0

6 51 1.0 30.92 1.36 - 0.0

7 23.2 4.15 32.4 1.0 - 0.0

8 23.2 4.15 30.92 1.36 - 0.0

The fractal parameters Df and kf are considered as 1.82 and 1.27, respectively.

These are typical values for soot aggregates that were shown to yield consistent results

obtained from the statistical scaling law and light scattering profile [51]. Necking is

implemented via distinct necking coe�cients, Cneck, quantifying the level of necking

between neighbouring primary particles in the aggregate. The modified cylindrical

connector model (MCCM) with Cneck =0.6, 0.8, 1.0; and the level-set function model

[14] with Cneck = 1.0 are used to model necking. The wavelength of the incident light

is set to be 532 nm, which is a typical value used in light scattering experiments. The

refractive index of soot is considered as 1.73+ 0.6i [26], which was calculated from the

wavelength dependent refractive index formulations of soot [52] for 532 nm. Parameter

specifications for the cases considered in this study are summarized in Table 3.3.
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4. METHODS

The methods followed for the solution of the problems described in Section 3.1

and 3.2 are provided in Section 4.1 and 4.2, respectively.

4.1. Quantitative Analysis of Di↵erent Necking Models in Predicting the

Scattering Matrix

The main steps of the methodology followed for the quantitative analysis of di↵er-

ent necking models in predicting the scattering matrix of soot aggregates are aggregate

generation, implementation of necking, scattering simulations, post-processing, and

quantitative performance evaluation.

4.1.1. Aggregate Generation

The choice of aggregate representation algorithm is crucial since it a↵ects both

the computational time and fidelity of the analysis of necking models in representing

the real structure of soot. The accuracy of the chosen aggregate representation algo-

rithm might be evaluated through a comparison of the morphological structure of the

resultant aggregates with electron microscopy images associated with soot samples.

Fractal-like Aggregate Generation Environment (FLAGE) by Skorupski et al. [40]

is used to generate the aggregate representations for the numerical modeling of scat-

tering. FLAGE is a fast and accurate fractal representation tool developed in Java and

it includes various fractal generation algorithms such as DLA, RLA, ballistic aggrega-

tion, and modified Filippov’s algorithm for both PCA and CCA to generate aggregates

formed by both monodisperse and polydisperse primary particles. PCA with DLA

algorithm is used in this study for aggregate representation as in [26]. The alternative

tunable fractal representation algorithms such as Filippov’s algorithm and FracVAL

were tested as well. However, they could not converge to an aggregate representation
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with the given TEM-derived fractal parameters of Df = 2.16 and kf = 2.62 within

a feasible time. Therefore, all aggregate models were generated with FLAGE based

on PCA using DLA algorithm (FLAGE-DLA), which yielded approximately the same

MSTM results reported by [26] for the monodisperse case.

Aggregate representations with the same morphological parameters and distinct

sizes are generated according to the size distribution provided in [26]. J. Liu et al. [26]

converted the mobility diameters, dmob, to volume equivalent diameters, dve, using

various conversion factors according to

dmob = C · dve (4.1)

where C = �R is the conversion factor, � is the dynamic shape factor of soot, and R

is the ratio of Cunningham slip correction factor of dmob to that of dve.

Four variable (Var1, Var2, Var3, Var4) and six constant conversion factors (1.6,

1.8, 2.0, 2.4, 2.5, 3.0) were considered in [26]. Correlation between � and dmob was

approximated via spline interpolation based on combination of measurements for dif-

ferent soot samples from the literature. The variable conversion factors were based on

the spline interpolation for � and four di↵erent constant values of R. Var1 was defined

as the product of variable � and R = 0.6. Small conversion factors (Var1 and 1.6) were

shown to have relatively good performance in representing the experimental data as

compared to the other alternatives [26]. In this study, Var1 provided in [26] is used to

convert dmob to dve. The converted dve values are then substituted in

Np =

✓
dve
d̄p

◆3

(4.2)

to determine the number of particles, Np, with the corresponding number fractions in

the aggregate size distribution.
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Note that the values of Np are rounded since the number of particles must be an

integer. Aggregate samples with di↵erent Np values are then generated via FLAGE-

DLA. Specifications of the sampling of Np will be discussed in more detail in Section

4.1.4.1. The following step is to implement necking to the generated aggregate repre-

sentations.

4.1.2. Implementation of Necking

Necking is implemented via a necking coe�cient using two di↵erent models: Mod-

ified Cylindrical Connector Model and Level-set Function Model.

4.1.2.1. Modified Cylindrical Connector Model. In the definition of the cylindrical

connector model provided in [23, 25], the aggregates were assumed to be composed

of monodisperse primary particles. In this study, the original cylindrical connector

model is modified to represent necking in aggregates of polydisperse primary particles

as well, preserving the cylindrical geometry of connectors between adjacent primary

particles in soot aggregates. In MCCM, the necks are modeled as a cylinder with radius

defined as

rcon = Cneck ·min(rpi, rpj) (4.3)

where rcon is the radius of the cylindrical connector, Cneck is the necking coe�cient,

rp1 and rp2 are the radii of the ith and jth primary particles, which are in point-touch.

Therefore, neck formation occurs between pairs of particles that are in point-

touch only for MCCM by definition. MCCM is fast and easy to implement. Based

on its performance in representing the real structures, it might serve as an alternative

simple model to represent necking in polydisperse aggregates. In Figure 4.1, necking is

implemented via MCCM with di↵erent coe�cients to a cluster of three particles with

equal (a, b, c) and unequal radii (d, e, f), and the resultant structures are illustrated

through a large number of evenly spaced discrete points.
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(a) (b) (c)

(d) (e) (f)

Figure 4.1: Necking implemented via MCCM to a cluster of three particles with (a)

equal radii for Cneck = 0.2, (b) equal radii for Cneck = 0.6, (c) equal radii for

Cneck = 1.0, (d) unequal radii for Cneck = 0.2, (e) unequal radii for Cneck = 0.6, and

(f) unequal radii for Cneck = 1.0.

4.1.2.2. Level-set Function Model. In this model, necking is represented via a 3D level-

set function defined as

 (x, y, z) =

NpX

i=1

1

2
·
✓
1 + erf

✓
� 1

Cneck

✓
li
rpi

� 1

◆◆◆
(4.4)

where  is a scalar identifying whether the point (x, y, z) lies within the aggregate or

not, li is the distance of the point (x, y, z) from the center of the ith primary particle,

and rpi is the radius of the ith primary particle [14]. The point (x, y, z) is said to be

inside the aggregate if  > 0.5. Figure 4.2 shows implementation of necking to the

same clusters of particles given in Figure 4.1 via LFM with di↵erent coe�cients. The

resultant structures are represented by a large number of evenly spaced discrete points.
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(a) (b) (c)

(d) (e) (f)

Figure 4.2: Necking implemented via LFM to a cluster of three particles particles

with (a) equal radii for Cneck = 0.2, (b) equal radii for Cneck = 0.6, (c) equal radii for

Cneck = 1.0, (d) unequal radii for Cneck = 0.2, (e) unequal radii for Cneck = 0.6, and

(f) unequal radii for Cneck = 1.0.

Note that by definition of the level-set function, the neck formation occurs be-

tween neighbouring primary particles, meaning that necking material might be added

in between particles that are near to each other but not in point-touch as necking

coe�cient increases. Moreover, new points that are slightly outside of the particle sur-

faces begin to be included in the aggregate as necking coe�cient becomes closer to 1.

Therefore, LFM adds more volume to the aggregate with increasing necking coe�cient

as compared to the MCCM.
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4.1.3. Scattering Simulations

Scattering simulations are conducted for verification of the aggregate representa-

tions through a comparison with the simulation results of [26]. Third version of the

multi-sphere T-matrix (MSTM) code developed by Mackowski and Mishchenko [16],

MSTM v3.0, was used in the work of J. Liu et al. [26].

Then the scattering matrix elements of the aggregates with necking implemented

through di↵erent models and levels are estimated, also considering the limiting case of

compactness to understand the morphology of the real aggregates and the trend with

necking. Scattering simulations for the aggregates with necking are conducted using

the discrete dipole approximation code, DDSCAT, by Draine and Flatau [17] which

allows to conduct scattering simulations of arbitrarily shaped particles. The results

are averaged over 500 orientations, and the spacing between dipoles is set to be 5 nm,

which yields dipole per wavelength (dpl) greater than 100. This specified dipole spacing

satisfies the conservative applicability criterion for DDA [43], which is defined as

|m|kd < 0.5 (4.5)

wherem is the complex refractive index of the particle material, k = 2⇡
� is the wavenum-

ber, and d is the dipole spacing.

Furthermore, a grid independence study was conducted on the dipole spacing,

and it was observed that reducing the dipole distance below 5 nm does not change the

resultant scattering matrix element profiles considerably. Variance in the calculated

scattering matrix elements of the aggregate representations created by FLAGE-DLA

is expected due to the randomization in fractal generation process. The e↵ect of ran-

domization might be diminished by averaging the resultant scattering matrix elements

over a number of aggregate representations generated for the same set of morphological

parameters. For the monodisperse cases, the scattering simulations are conducted for

a single aggregate representation for each aggregate with distinct dve since the e↵ect
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of randomization in fractal generation was studied and observed to be negligible for

these cases. On the other hand, for the polydisperse cases, the scattering simulations

are conducted for 10 distinct aggregate representations generated via FLAGE-DLA for

each aggregate with specific dve, considering that the magnitude of fluctuations in the

scattering matrix of di↵erent polydisperse aggregates might be significant.

Finally, Mie theory is implemented via the MATLAB code developed by Mätzler

[53] to calculate the scattering matrix elements associated with the spheres with equiv-

alent dve to that of distinct aggregate samples. In this manner, the scattering matrix

elements are calculated analytically for the limiting case of compactness for each dis-

tinct aggregate sample, which might give information about the compactness of the real

aggregate samples and the interconnection between introducing necking and aggregate

morphology.

4.1.4. Post-processing

The methodologies in regards to post-processing of scattering simulation results

and measurement data are explained in Sections 4.1.4.1 and 4.1.4.2, respectively.

4.1.4.1. Simulation Results. The experimental data provided in [26] are normalized

bulk data obtained from a large number of samples over a short duration of time.

The bulk scattering matrix elements are calculated numerically through integration of

scattering matrix elements over the aggregate representations generated via FLAGE-

DLA with di↵erent dve based on the distribution provided in [26]. As in [26], the

integration is conducted as

⌦
Sau
ij (✓)

↵
=

Z dve,max

dve,min

Sau
ij (✓, dve)Csca (dve)n (dve) ddve

Z dve,max

dve,min

Csca (dve)n (dve) ddve

. (4.6)
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The integration is calculated numerically via the simple Trapezoidal rule using

the scattering matrix elements, corresponding scattering cross-sections, and number

fractions for distinct aggregates with specific dve. J. Liu et al. [26] suggested to consider

aggregates with dve from 30 nm to 460 nm with 10 nm increment, which covers almost

the entire aggregate size distributions for toluene and n-heptane soot samples.

However, there are some limitations on the sampled dve points associated with

the aggregate representation tool, FLAGE, the computation time for dipole generation

and scattering simulations considering implementation of necking. FLAGE-DLA allows

representation of aggregates with Np � 5 which limits the minimum allowable dve to

approximately 70 nm. Furthermore, the number of distinct aggregate samples to be

used in the integration might be reduced to decrease the computational load considering

the number fraction associated with specific samples and the resultant bulk scattering

matrix elements. The bulk scattering matrix elements were calculated for various dve

samplings and compared. The di↵erences between the bulk scattering matrix elements

were not significant. Accordingly, the sample dve points to be used in this study were

chosen from 160 nm to 400 nm with 30 nm increment.

After the number of primary particles, Np, associated with the specified dve was

calculated via Equation (4.2) and the corresponding aggregates were generated by

FLAGE-DLA, necking is implemented to the aggregate representations through di↵er-

ent necking models and coe�cients as defined in Table 3.2. Then, scattering simulations

are conducted for each of these aggregates via DDSCAT to obtain Sau
ij and Csca, which

are integrated to obtain the bulk scattering matrix elements according to Equation

(4.6). The bulk scattering matrix elements are then normalized as

^hSij (✓)i =

8
>>>>>>><

>>>>>>>:

⌦
Sau
ij (✓)

↵
⌦
Sau
ij (10�)

↵ i = j = 1

�
⌦
Sau
ij (✓)

↵

hSau
11 (✓)i

i = 1, j = 2
⌦
Sau
ij (✓)

↵

hSau
11 (✓)i

otherwise

(4.7)
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which are then compared with the measured normalized bulk scattering matrix ele-

ments provided in [26].

4.1.4.2. Measurement Data. The measurement data are subjected to post-processing

to derive the experimental bulk scattering matrix elements to provide further infor-

mation on the morphology of both the real toluene soot samples and the aggregate

representations with necking since normalization reduces the morphological informa-

tion that would be obtained from distinct scattering matrix elements. Therefore, con-

sidering both normalized and bulk scattering measurement data might provide more

information on morphology.

Using the two definitions of the scattering matrix, the equation relating the ex-

perimental ^hS11 (✓)i with hSau
11 (10

�)i is derived as

1

2

Z ⇡

0

^hS11,exp (✓)isin✓ d✓ =
1⌦

Sau
11,exp (10

�)
↵ (4.8)

where
⌦
Sau
11,exp (10

�)
↵
is to be determined using the measured ^hS11 (✓)i [54]. Then,

⌦
Sau
ij (✓)

↵
are calculated by substituting

⌦
Sau
11,exp (10

�)
↵
into (4.7).

4.1.5. Quantitative Performance Evaluation

The quantitative analysis of performance of di↵erent necking models in predicting

the measured scattering matrix elements are based on a predefined error metric. In

addition, certain evaluation metrics are suggested based on the physical meanings of

di↵erent scattering matrix elements and their combinations. Detailed explanation in

regards to the error definition and suggested evaluation metrics are provided in Sections

4.1.5.1 and 4.1.5.2, respectively.
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4.1.5.1. Error Definition. The performances of di↵erent necking models and necking

coe�cients are analyzed based on normalized root-mean-square error (NRMSE), for

both the normalized and bulk scattering matrix element data, which is defined as

NRMSE
Sij

k,m =

vuuut 1

N✓

N✓X

n=1

2

4

⇣
µSij,exp(✓n) � Sij,km (✓n)

⌘

3 · �Sij,exp(✓n)

3

5

2

(4.9)

where subscripts k and m denote necking model and necking coe�cient respectively,

N✓ is the number of discrete scattering angles for which the experimental data are

measured, µ denotes the mean experimental normalized or bulk Sij obtained over

a large number of measurements conducted in about 1 s and � is the corresponding

standard deviation. Here, the overline indicates the average value of normalized or bulk

Sij,km, which is obtained by generating distinct aggregate representations for each dve,

integrating over the aggregate size distribution using these sets of alternative aggregates

separately, and then taking the average.

As can be seen in Equation (4.9), NRMSE is defined based on the normalization

of mean absolute error in Sij,km at distinct scattering angles obtained from scattering

simulations by the maximum error in the measurement data at the corresponding scat-

tering angle defined by 3�Sij,exp(✓). It might also be informative to introduce di↵erent

error definitions such as relative errors in Sij,km profile. However, relying on relative er-

rors might be misleading considering that it might amplify the e↵ect of negligible local

deviations in the scattering matrix elements where the magnitudes of the deviations

are relatively small with respect to measurement uncertainty. Therefore, relative errors

in the scattering matrix elements are not introduced to the error metric definition in

this study.

4.1.5.2. Evaluation Metrics. Even though the NRMSE values corresponding to the

overall bulk and normalized scattering matrix elements reflect comprehensive informa-

tion on the morphology of the aggregates, the information specific to necking might

be obscured considering the physical meanings of di↵erent scattering matrix elements.
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Moreover, measurement of all scattering matrix elements requires more complex ex-

perimental setups, and such data might be limited. As it is important to outline a

methodology for evaluating proper necking model for soot utilizing from simpler appa-

ratus, identifying more critical scattering matrix elements is required. Therefore, three

di↵erent combinations of NRMSE associated with various normalized and bulk scat-

tering matrix elements are suggested for analyzing the performance of di↵erent necking

models considering the physical meanings of the normalized and bulk scattering matrix

elements.

(i) hSau
11 i, hSau

12 i, and ]hS12i

• This combination is known to be related to certain morphological parameters

of the aggregates such as size and compactness of the aggregate, primary

particle size distribution, and linear polarization ratio which might provide

useful information for characterization of necking in the aggregates.

• ]hS11i is not used since the bulk data would be more informative about the

distribution of the scattered light.

• Measurements of these quantities might be conducted with less complex

experimental apparatus.

(ii) hSau
11 i, hSau

22 i, and ]hS22i

• Considering that this alternative combination has the parameters associated

with morphological characteristics such as size and compactness of the ag-

gregate, shape of the particles, and depolarization ratio, it might be utilized

in the analysis of the proper necking model.

• This combination is promising since it involves parameters that are sensitive

to the morphology of the particles and not a↵ected by the change in the

aggregate size/volume as opposed to the general trend with other normalized

or bulk scattering matrix elements.

• Measurements of these quantities might be conducted with less complex

experimental apparatus.
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(iii) hSau
11 i, hSau

12 i, hSau
22 i, ]hSau

12 i, and ]hS22i

• This combination includes all the elements of the 1st and 2nd combinations.

• It might be useful in the case when implementation of necking occurred to be

not satisfactory in terms of reducing the deviations of the simulation results

from the measurement data for certain elements utilized in the 1st and 2nd

combinations.

4.2. E↵ects of Necking and Polydispersity in Aggregate and Primary

Particle Size on the Scattering Matrix

The main steps of the methodology followed for investigation of the e↵ects of

necking and polydispersity in aggregate and primary particle size on the scattering

matrix of soot are aggregate generation, implementation of necking, scattering simula-

tions, and post-processing.

4.2.1. Aggregate Generation

Aggregates are generated via FracVAL by Moran et al. [41], based on the morpho-

logical parameters specified for the cases provided in Table 3.3. FracVAL was shown

to have adequate performance in preserving the prescribed fractal parameters for indi-

vidual aggregates as well as an ensemble of aggregates [41]. Contrary to the problem

described in Section 3.1, convergence problem associated with FracVAL does not occur

in this problem since the specified set of fractal parameters is not extreme.

The aggregate size distribution is discretized into a number of sample Np points

to calculate the corresponding bulk scattering matrix elements. A convergence study

on the number of sample Np points showed that calculation of the bulk scattering

properties over 18 points yield fairly accurate estimations. The selected points are

non-uniformly discretized in the interval [1, 518]. Calculation of the bulk scattering

matrix elements for the ensemble of aggregates with non-uniform size distribution is

explained in Section 4.2.4.
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The resultant scattering matrix elements are subject to uncertainty that leads to

fluctuations due to random nature of fractal generation algorithm. Therefore, multiple

aggregate representations are generated for aggregates with a specific Np, and averaged

scattering matrix elements are presented to reduce the magnitude of the fluctuations.

The number of di↵erent aggregate representations generated for distinct Np are speci-

fied as 10 and 30 for monodisperse and polydisperse primary particle size distributions,

respectively.

4.2.2. Implementation of Necking

Two di↵erent necking models, MCCM and LFM, are used to represent necking

in the generated aggregate representations with di↵erent necking coe�cients as defined

in Table 3.3 (Cases 2-5). LFM is used to present the limiting e↵ect of necking on the

scattering behavior as it results in larger aggregate volume variation relative to the

alternative models as discussed in Section 4.1.2.2. Formulations for these models are

provided in Sections 4.1.2.1 and 4.1.2.2.

Additionally, two di↵erent approaches are utilized in implementation of necking.

The first approach is the Constant Monomer Radius Approach. In this approach, the

primary particle radii associated with the fractal representations generated via Frac-

VAL are kept constant during implementation of necking. Correspondingly, the e↵ect

of aggregate volume variation is included in the resultant scattering matrix elements.

The other approach, Constant Aggregate Volume Approach, is based on decreasing pri-

mary particle diameters such that the resultant aggregate volume remains unchanged

after implementation of necking. Accordingly, the e↵ect of aggregate volume varia-

tion due to implementation of necking can be identified. The accuracy of representing

the e↵ect of necking on the optical behavior based on the resultant aggregate volume

variation, as proposed by Teng et al. [25], is evaluated with this approach.
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4.2.3. Scattering Simulations

Scattering properties of the aggregate representations with no necking (Cases

1, 6, 7, and 8) are calculated by MSTM using the software, MSTM v3.0, developed

by Mackowski and Mishchenko [16]. Whereas, scattering properties of the aggregates

including necking (Cases 2-5) are approximated by DDA using the software, DDSCAT,

developed by Draine and Flatau [17].

The accuracy of approximations obtained from DDSCAT is dependent on the

number of target orientations to calculate orientation-averaged properties, and the

number of dipoles that are used to represent the target structure. The number of

target orientations is specified as 500, which was observed to yield converged orientation

averaged solutions for the scattering properties. The dipole separation distance, d, is

set to be 2 nm corresponding to a dipole per wavelength (dpl) ratio larger than 250.

Refinement study on d, and comparison via MSTM results for no necking case justified

the specified value of d for producing su�ciently accurate results.

4.2.4. Post-processing

The scattering simulation results are subjected to post-processing to obtain the

approximate scattering properties associated with the cases specified in Table 3.3. For

the cases of polydisperse aggregate size distribution (Cases 7 and 8), the bulk scattering

properties are obtained by integration over an ensemble of aggregates with di↵erent Np.

The formulation for calculation of Sau is similar to Equation (4.6). The di↵erence is that

the integrations are conducted over Np instead of dve, and the log-normal probability

function (p) is used instead of the number fraction (n). The formulation used to

calculate the elements of S for Cases 7 and 8 is similar to that utilized in calculating

the elements of Sau. The only di↵erence is that the integration is conducted over

Sij (✓, Np), and Csca (Np) is not present in the integrals accordingly.
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The scattering matrix elements for all cases are presented through the corre-

sponding 95% confidence intervals for their mean values over the specified number of

di↵erent aggregate representations. Student’s t-distribution is used to obtain more

reliable statistics, since the sample sizes for aggregates formed by both monodisperse

and polydisperse primary particles are small.

In addition, the radius of gyration (Rg) and the asymmetry factor (g) for the

specified cases are calculated to investigate the relation between Rg and Sau profiles

quantitatively. Yon et al. [24] showed that the impacts of necking and overlapping on

the asymmetry factor seem to be related with their e↵ects on the radius of gyration.

The asymmetry factor is calculated over the scattering phase function, Sau
11 , as

g =
1

4

Z ⇡

0

Sau
11 (✓) sin (2✓) d✓. (4.10)

where ✓ is the scattering angle [55].

The radius of gyration of an individual aggregate representation is calculated as

Rg =

vuut 1

magg

NpX

i=1

mpi

�
Ri

2 + rgi2
�

(4.11)

where magg and mpi are the mass of the aggregate and the ith primary particle, Ri is

the distance of the center of the ith primary particle from the center of mass of the

aggregate, and rgi is the radius of gyration of the ith primary particle [42]. Note that

rgi =
p

(3/5) rpi2 where rpi is the radius of the ith primary particle.
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5. RESULTS & DISCUSSIONS

The problems described in Sections 3.1 and 3.2 are solved based on the methodolo-

gies provided in Sections 4.1 and 4.2, respectively. Corresponding results are presented

and discussed in Sections 5.1 and 5.2.

5.1. Quantitative Analysis of Di↵erent Necking Models in Predicting the

Scattering Matrix

Scattering simulations are conducted for aggregates formed by both monodisperse

and polydisperse primary particles. Even though the primary particle size distribution

is known to be polydisperse, providing the results for the monodisperse case and demon-

strating their consistency with those for the polydisperse case might be of interest and

insightful. Furthermore, the number of fractal representations generated for the same

set of morphological parameters is greater for the polydisperse case attributed to the

randomization in particle size and aggregate morphology. Therefore, in the ideal case,

scattering simulations should be conducted over a large number of fractal representa-

tions for each set of morphological parameters to ensure the reliability of the results,

which will result in excessive computational load. In this study, the number of fractal

representations, Nfrac, is limited to 10 for each sample dve point for the polydisperse

cases to achieve a feasible simulation time. Considering that the sample size might

be insu�cient to obtain reliable statistics, the results obtained for the monodisperse

case might be utilized in assessing the convergence for those of the polydisperse case if

the e↵ect of necking on the scattering matrix elements is more pronounced than that

of polydispersity. The e↵ects of necking and polydispersity on normalized and bulk

scattering matrix elements were compared and the impact of necking was observed to

be dominant.
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5.1.1. Aggregates Formed by Monodisperse Primary Particles

The results associated with the computed scattering matrix elements for aggre-

gates formed by monodisperse primary particles and evaluation of di↵erent necking

models based on the predefined error metric, NRMSE, are presented in Sections 5.1.1.1

and 5.1.1.2, respectively.

5.1.1.1. Computed Scattering Matrix Elements. Normalized and bulk scattering ma-

trix element plots for the monodisperse case are provided in Figure 5.1 and Figure

5.2, respectively. As can be seen in Figure 5.1, the e↵ect of necking on the scatter-

ing matrix elements is more pronounced when it is implemented via LFM rather than

MCCM. This might be attributed to the resultant change in the aggregate size/volume

with implementation of necking. Necks are formed not only in between the particles in

point-touch, but also the neighbouring particles based on the definition of LFM, which

yields greater aggregate volume as compared to that obtained for MCCM. Therefore,

the resultant e↵ects of necking implemented via LFM with smaller necking coe�cients

might exhibit similar behavior with those implemented via MCCM with larger necking

coe�cients as can be observed in Figure 5.1. Hence, based on the observations on

the overall normalized scattering matrix elements for the monodisperse case, it might

be concluded that MCCM might be used as an easier alternative of LFM to repre-

sent necking unless an excessive amount of necking is present in the real aggregates of

interest.

Based on the results shown in Figure 5.1 for di↵erent necking models and di↵erent

necking coe�cients, di↵erent trends are observed for di↵erent elements. The e↵ect of

necking is insignificant for ]hS12i, ]hS33i, and ]hS44i; whereas considerable changes are

observed for ]hS11i, ]hS22i, and especially ]hS34i. The negligible e↵ects of necking observed

for certain normalized scattering matrix elements might be attributed to their physical

meanings. ]hS33i and ]hS44i profiles are related to the macro-structural properties of

the aggregate, which are not considerably a↵ected by necking. Additionally, the loss

of morphological information due to normalization of bulk scattering matrix elements
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should not be ignored. The resultant e↵ect of necking on specific bulk scattering matrix

elements might be diminished by normalization depending on the corresponding hSau
11 i

profile. Another observation on the trends with necking for di↵erent elements is that the

trends for all elements exhibit monotonic behaviors except for that of ]hS34i. For ]hS34i,

two opposite trends are observed with increasing necking coe�cients. Observations

on ]hS34i profile indicate that there is a critical value of necking coe�cient for each

necking model after which the trend is reversed. The peak value of ]hS34i decreases

monotonically up to the critical value of necking coe�cients, which are around 0.4

and 0.8 for LFM and MCCM, respectively. Increasing the necking coe�cients further

results in an increase in the peak value of ]hS34i. Considering the sensitivity of S34 to

the deviations from the Rayleigh regime and the fact that it has too small magnitudes,

this phenomenon might be attributed to the changes in the multiple scattering e↵ects

associated with the structural modifications in the aggregate due to implementation of

necking via di↵erent necking coe�cients.

Examining the e↵ects of di↵erent necking models and coe�cients on producing

the overall normalized scattering matrix element data shown in Figure 5.1, it can

be concluded that introducing necking to the aggregate representations is not su�-

cient to re-produce the corresponding measurement data. However, an improvement

is observed, which might be utilized in characterization of necking in the aggregates.

While the deviations of computed ]hS11i profile from the measurement data are visible

mainly at backward scattering angles, considering the log-scale, which amplifies negli-

gible fluctuations at the backward scattering angles, evaluation of the proper necking

model based on ]hS11i profile should be conducted quantitatively via the NRMSE. The

improvement in producing the experimental data with implementation of necking is

not considerable for ]hS12i. Examining the ]hS22i profile, introducing necking to the ag-

gregate representations decreases the deviations from the measurement data, but there

still exist significant deviations. Therefore, the identification of the proper necking

model should not be based on ]hS22i only. As can be observed in the ]hS33i and ]hS44i

plots, the deviations at the backward scattering angles are reduced for the aggregates

with necking but the e↵ect is too small that the profiles for di↵erent necking models
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are almost indistinguishable. For the ]hS34i profile, implementation of necking via LFM

with Cneck = 1.0 seems to perform well in resembling the experimental data. How-

ever, this might be misleading since it includes hSau
11 i as well, which might diminish the

resultant errors in ]hS34i for di↵erent sets of necking models and coe�cients.

Although the plots in Figure 5.1 are informative about the morphology of the real

aggregates and the e↵ect of necking on each element, the morphological information is

reduced due to normalization of the bulk elements. Therefore, the analysis of the proper

necking model associated with the aggregates of interest should not be conducted using

the normalized data only as the e↵ect of di↵erent necking models for approximating

the measurement data might be misleading.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.1: Normalized bulk scattering matrix elements obtained from measurement

data provided in [26], and DDSCAT simulations for di↵erent necking models and

coe�cients for the monodisperse case.
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Figure 5.2 illustrates the bulk scattering matrix elements derived from measured

normalized scattering matrix elements [26], DDSCAT simulations conducted over ag-

gregate representations with necking introduced via LFM and MCCM, and Mie theory

implemented to the volume equivalent spheres associated with the sample aggregates

representing the aggregate size distribution. Comparing the relative e↵ects of necking

implemented via LFM and MCCM on the bulk scattering matrix elements shown in

Figure 5.2, the e↵ect of necking obtained for LFM is observed to be greater than that

for MCCM as in the normalized data, as discussed earlier based on normalized data.

Likewise, considering the similarity between the profiles corresponding to LFM with

small Cneck and MCCM with large Cneck, it can be concluded that MCCM can be used

as an alternative for LFM when the amount of necking is not extremely large.

Comparing the experimental data, simulation results, and the Mie solution pro-

vided in Figure 5.2, it can be observed that the Mie solution deviates further away from

the experimental data compared to the simulation results for all bulk scattering matrix

elements, except for hSau
34 i. In hSau

34 i profile, although the peak value of the measure-

ment data is closer to that of Mie theory, the position of the peak measurement data

is further away from that of Mie theory. Considering that the profiles obtained via the

Mie theory represent the limiting case of fully compact structure for each aggregate, it

might be deduced that the real aggregates on which the light scattering experiments

are conducted have more compact structures than the numerically generated aggregate

representations. This is consistent with the statement made by J. Liu et al. [26], who

indicated that the treatments of soot sampling might enlarge the primary particle sizes,

modify the fractal parameters, and result in more compact structures. The e↵ect of

implementing necking would be analyzed more adequately if the morphological param-

eters of soot aggregates used in the light scattering experiments were more accurately

determined.
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As can be seen from Figure 5.2, the e↵ect of necking on the bulk scattering matrix

elements is more pronounced as compared to that on the normalized bulk scattering

matrix elements, which is associated with recovering information lost in normalization.

The trends in the bulk scattering matrix element plots with implementation of neck-

ing corresponding to hSau
11 i, hSau

22 i, hSau
33 i, and hSau

44 i are similar to each other. As the

necking coe�cient is increased towards the full-neck case, the values of these scatter-

ing matrix elements at forward scattering angles decrease; whereas slight increases are

observed at backward scattering angles. Considering the trend with necking and the

profile obtained via Mie theory, implementing necking with increasing necking coe�-

cient seems to approach the limiting case of full compactness. Furthermore, the e↵ect

of necking with increasing necking coe�cient is the opposite to that of increasing the

particle diameter, dp, and the number of particles, Np, which was studied by Manick-

avasagam and Mengüç [46]. Therefore, introducing necking to the aggregates is directly

related to the compactness and structural symmetry of the aggregates, and inversely

related to the radius of gyration. In the hSau
12 i profile, shifts in the peak angle towards

larger scattering angles are observed when necking is implemented via growing necking

coe�cient. Therefore, the profiles are approaching those of the Mie theory considering

the peak angles, which is consistent with the trend observed in hSau
11 i, hSau

22 i, hSau
33 i, and

hSau
44 i. As for the hSau

34 i profile, the trend with necking is similar to that observed in

Figure 5.1. The critical values of necking coe�cients are the same as observed from the

normalized data plots. Besides, the peak angle tend to shift towards larger scattering

angles when necking is implemented with increasing necking coe�cients. Hereby, the

profiles approach the limiting case of full compactness as necking is introduced with

larger coe�cients to the aggregate representations. This is consistent with the trends

observed in the other elements. Moreover, similar to hSau
12 i, the trend with necking

in hSau
34 i is the opposite to that of increasing dp and Np, which results in a shift in

the peak angle towards smaller scattering angles and eventually multiple extrema [46].

Considering the trends in bulk scattering matrix elements, the e↵ect of necking might

be expressed in terms of characteristic parameters of the aggregate such as Rg, dve,

and the fractal parameters. This expression might be utilized to resemble the e↵ect

of necking on the scattering matrix elements of the aggregate representations with no
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neck. Thus, more e�cient methods such as MSTM might be used to conduct scatter-

ing simulations, which yield good accuracy at reduced computational time. Further

studies are required to identify the interrelation between necking and the characteristic

parameters that are significantly a↵ected by implementation of necking.

Introducing necking improves the accuracy of prediction of the overall measure-

ment data, as observed in Figure 5.2, but deviations are still observed. It is not straight-

forward to determine the proper necking models and coe�cients based on observations

of the plots considering the magnitudes of standard deviations in the measurements

corresponding to di↵erent elements at distinct scattering angles, except for hSau
34 i. For

hSau
34 i, LFM with Cneck = 1.0 seems to exhibit the best performance in resembling the

measurement data. However, the analysis should not be based merely on this element

considering that it is sensitive to many morphological parameters that might not be

utilized in characterization of necking. Therefore, quantitative analyses should be con-

ducted to derive the best necking model that provides the minimum overall deviation

from the measurement data.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.2: Bulk scattering matrix elements obtained from normalized measurement

data provided in [26], and DDSCAT simulations for di↵erent necking models and

coe�cients for the monodisperse case.
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5.1.1.2. NRMSE Values. NRMSE values are calculated based on Equation (4.9) for

both normalized and bulk scattering matrix elements and the results are presented as

bar charts in Figure 5.3. The bar charts illustrate the accumulation of NRMSE values

associated with specified normalized or bulk scattering matrix elements for distinct

necking model-coe�cient pairs. The red horizontal line corresponds to the minimum

NRMSE among all the accumulated NRMSE values for di↵erent necking models and

coe�cients.

In Figure 5.3a, NRMSE values associated with all normalized and bulk scattering

matrix elements are combined for the analysis of the proper necking model. According

to Figure 5.3a, the most accurate necking model among all the alternatives is MCCM

with Cneck = 0.8, and the nearest alternative is LFM with Cneck = 0.4. The di↵er-

ences between NRMSE values of no neck case and MCCM with small Cneck are almost

indistinguishable. On the other hand, when LFM is used to represent necking, the

distinction between di↵erent cases becomes more significant, which is expected since

the e↵ect of necking is observed to be greater for LFM as compared to that for MCCM.

Moreover, the distinctions between NRMSE values corresponding to di↵erent necking

models and coe�cients are more pronounced for S11 as compared to the other scattering

matrix elements. Additionally, as can be observed from Figure 5.3a, the same results

would be obtained if only S11 data were used instead of the overall data. Moreover, the

distinctions between di↵erent necking models are more noticeable. Although NRMSE

values associated with the other scattering matrix elements contribute to the evalua-

tion and identification of the proper necking model, their e↵ects are either cancelled by

those of other elements or not su�cient to change the resultant necking model based

solely on S11 data.

Figure 5.3b shows the NRMSE chart based on the 1st combination of elements in-

cluding hSau
11 i, hSau

12 i, and ]hS12i. The analysis based on this combination yields MCCM

with Cneck = 0.8 as the most realistic necking model which is consistent with the result

obtained from the overall data. The distinctions between di↵erent cases are consider-

able for the bulk scattering matrix elements, and are slightly more pronounced for this
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combination due to the necking specific morphology conciseness of the data. It seems

that the combination of hSau
11 i and hSau

12 i yields su�cient information for identification

of the proper necking model for the monodisperse case. Whereas, considering just

hSau
11 i, LFM with Cneck = 0.6 appears as an alternative to MCCM with Cneck = 0.8,

which is slightly di↵erent from that obtained from the overall data. Figure 5.3c displays

the NRMSE chart obtained for the 2nd combination. Similar to the 1st combination,

it results in MCCM with Cneck = 0.8 being the most realistic necking model. Al-

though relying on the bulk elements hSau
11 i and hSau

22 i yields identical results of the best

necking model and necking coe�cient, consideration of NRMSE of ]hS22i helps identify

the distinctions between di↵erent necking model-coe�cient pairs. On the other hand,

conducting the analysis over hSau
11 i only produces a di↵erent result.

Figure 5.3d illustrates the errors associated with di↵erent necking models based

on the 3rd combination. The results are consistent with the other charts as the 3rd is

a combination of 1st and 2nd combinations. The distinctions between di↵erent necking

model-coe�cient pairs are greater for bulk scattering matrix elements as compared to

the normalized data. However, NRMSE values of normalized scattering matrix ele-

ments make the resultant errors corresponding to di↵erent necking models distinguish-

able, which narrows down the proper necking models suggested by this combination.

Considering the consistency in the results and challenges with the required ex-

perimental setup, conducting the analysis over the normalized and bulk S11 data, or

the 1st or 2nd combination, would be more e�cient for the monodisperse case.
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(a) (b)

(c) (d)

Figure 5.3: Bar charts based on NRMSE values associated with (a) overall

normalized and bulk data, (b) 1st suggested combination, (c) 2nd suggested

combination, and (d) 3rd suggested combination.

5.1.2. Aggregates Formed by Polydisperse Primary Particles

The results associated with the computed scattering matrix elements for aggre-

gates formed by polydisperse primary particles and evaluation of di↵erent necking mod-

els based on the predefined error metric, NRMSE, are presented in Sections 5.1.2.1 and

5.1.2.2, respectively.
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5.1.2.1. Computed Scattering Matrix Elements. The normalized and bulk scattering

matrix element plots for the polydisperse cases are provided in Figure 5.4 and Figure

5.5, respectively. Note that the error bars in the measurement data indicate the stan-

dard deviation in the light scattering measurements conducted in a small time interval

for each scattering angle. On the other hand, the error bars in the simulation results

show the 95% confidence interval deviation in the mean value of the corresponding

scattering matrix element. The mean value is derived from the integration of the re-

sultant scattering matrix elements for 10 distinct aggregate representations for each

dve. Considering the fairly small sample size, Nfrac = 10, the student’s t-distribution

is used to achieve improved statistics for the results of the polydisperse case.

Similar to the monodisperse case, the e↵ect of necking is relatively larger on the

normalized scattering matrix elements for LFM than for MCCM as observed in Figure

5.4. The relative e↵ect of necking implemented via MCCM is reduced as compared to

the monodisperse case due to the smaller change in the aggregate volume attributed

to the definition of MCCM.

The e↵ects of necking on the normalized scattering matrix elements observed in

Figure 5.4 are similar to those observed in monodisperse cases. The only di↵erence

is observed in the ]hS34i profile for necking implemented via MCCM; the trend change

observed with implementation of necking for the monodisperse cases does not appear

for the polydisperse cases. There is a monotonically decreasing trend in the peak value

of ]hS34i for MCCM with increasing Cneck. This might be attributed to the structural

alteration of the necks represented via MCCM for the polydisperse case, which pre-

vents the space between adjacent primary particles to be completely filled even for the

full-neck case possibly leading to changes in the resultant multiple scattering e↵ects.

Besides, the deviations associated with di↵erent normalized scattering matrix elements

are insignificant except for those of ]hS34i, which might be attributed to the sensitivity

of S34 to polydispersity and the magnitude of S34 being too small.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.4: Normalized bulk scattering matrix elements obtained from measurement

data provided in [26], and DDSCAT simulations for di↵erent necking models and

coe�cients for the polydisperse case.
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The e↵ect of necking in Figure 5.5 is observed to be similar to that for the

monodisperse case except for the trends in hSau
34 i. The change in the trend in hSau

34 i

profile due to implementing necking for increasing necking coe�cients is annihilated

for MCCM, similar to the ]hS34i plot (Fig 5.4).

The e↵ects of di↵erent necking models at di↵erent levels on both the normal-

ized and bulk scattering matrix elements seem to be similar to those observed for the

monodisperse cases. Although more realistic aggregate representations are generated

by considering polydisperse primary particle size distribution, implementing necking

to the aggregate representations could not fully recover the deviations in the overall

scattering matrix elements for both the normalized and bulk measurement data as can

be seen from Figures 5.4 and 5.5. However, there is an improvement in estimating the

experimental results with implementation of necking, which might be utilized in iden-

tifying the proper necking model for the aggregates of interest. Quantitative analyses

are required to determine the most realistic necking model(s).
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(a) (b)

(c) (d)

(e) (f)

Figure 5.5: Bulk scattering matrix elements obtained from measurement data

provided in [26], and DDSCAT simulations for di↵erent necking models and

coe�cients for the polydisperse case.
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5.1.2.2. NRMSE Values. NRMSE values for the polydisperse cases are calculated over

the mean value of di↵erent normalized or bulk scattering matrix elements, Sij,km, which

are obtained by integrating the scattering matrix elements for 10 distinct polydisperse

aggregate representations for each dve sample point and are provided in Figure 5.6.

As can be seen in Figure 5.6a, utilizing overall normalized and bulk data for

the polydisperse case yields multiple necking models that resemble the measurement

data better than the other alternatives. These are the no neck case, MCCM with

Cneck = 0.2, MCCM with Cneck = 0.4, MCCM with Cneck = 0.6, and LFM with

Cneck = 0.2. Apparently, no-necking or smaller necking coe�cients are suggested for the

polydisperse case when the quantitative analyses are based on the overall normalized

and bulk data. This is associated with the change in the aggregate size/volume due

to introducing polydispersity to the aggregate representations. In addition, calculating

the NRMSE values over the mean values, Sij,km, might reduce the distinctions between

di↵erent necking models, and result in multiple alternatives for representing necking

accordingly. Nevertheless, the suggested necking models are not too di↵erent from

those of the monodisperse case since the relative e↵ect of necking is more pronounced

than that of polydispersity for this study. The greatest contribution to the distinctions

between di↵erent necking models is associated with the accumulation of normalized and

bulk Sau
11 data. The NRMSE values of normalized and bulk Sau

12 and Sau
22 for di↵erent

necking models are almost indistinguishable, but they increase the distinctions between

alternative models when accumulated with NRMSE of normalized and bulk Sau
11 . The

remaining pairs of normalized and bulk elements do not provide significant information

in addition to that obtained from the combination of Sau
11 , S

au
12 , and Sau

22 data.



52

Quantitative analyses based on the suggested error combinations yield similar

results to those obtained from the overall normalized and bulk data. Similarly, there are

multiple necking models with similar NRMSE values that perform better as compared

to the alternatives. The suggested necking models based on the combined errors are

the no neck case, MCCM with Cneck = 0.2, MCCM with Cneck = 0.4, MCCM with

Cneck = 0.6, and LFM with Cneck = 0.2. The main contributors of the distinctions

between di↵erent necking models are the bulk elements.

Table 5.1: Proposed necking models based on various evaluation metrics.

Evaluation Metric Monodisperse Case Polydisperse Case

]hS11i and hSau
11 i MCCM(Cneck = 0.8)

MCCM(Cneck = 0.6, 0.8)

LFM(Cneck = 0.2)

1st Combination
MCCM(Cneck = 0.8) MCCM(Cneck = 0.2, 0.4, 0.6)

LFM(Cneck = 0.4) No Neck, LFM(Cneck = 0.2)

2nd Combination
MCCM(Cneck = 0.8) MCCM(Cneck = 0.2, 0.4, 0.6)

LFM(Cneck = 0.4) No Neck, LFM(Cneck = 0.2)

3rd Combination
MCCM(Cneck = 0.8) MCCM(Cneck = 0.2, 0.4, 0.6)

LFM(Cneck = 0.4) No Neck, LFM(Cneck = 0.2)

Overall Scattering

Matrix Elements

MCCM(Cneck = 0.8) MCCM(Cneck = 0.2, 0.4, 0.6)

LFM(Cneck = 0.4) No Neck, LFM(Cneck = 0.2)

Proposed necking models based on di↵erent evaluation metrics are summarized in

Table 5.1. For the polydisperse case, MCCM with small Cneck yields smaller NRMSE

values for normalized and bulk scattering matrix elements. Moreover, the structural al-

teration resulted from the definition of MCCM for the polydisperse case does not change

the trend with necking in scattering matrix elements significantly. Therefore, MCCM

stands as an alternative for LFM to represent necking in polydisperse aggregates, which

is easier to implement. Besides, dipole generation via MCCM takes approximately 657

seconds on average in a 16-core 2.40 GHz processor, which is nearly 28 times faster

than that for LFM. Furthermore, considering that the overall normalized and bulk data
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might contain redundant morphological information regarding necking, the consistency

of the results corresponding to the suggested error combinations, and the challenges

with measuring the overall scattering matrix elements experimentally, conducting the

analysis of the proper necking model based on the 1st or 2nd combination might be

more e�cient.

(a) (b)

(c) (d)

Figure 5.6: Bar charts based on NRMSE values associated with (a) overall

normalized and bulk data, (b) 1st suggested combination, (c) 2nd suggested

combination, and (d) 3rd suggested combination for the polydisperse case.
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5.2. E↵ects of Necking and Polydispersity in Aggregate and Primary

Particle Size on the Scattering Matrix

E↵ects of necking and polydispersity in aggregate and primary partice size on the

scattering matrix are discussed over the resultant scattering matrix element profiles,

which are provided in Section 5.2.1. Additionally, the aggregate volume based approach

proposed for representing the impact of minor structures on the optical properties of

soot aggregates is evaluated based on the scattering matrix elements. Corresponding

results and discussions are given in Section 5.2.2.

5.2.1. Computed Scattering Matrix Elements

Computed elements of the scattering matrix elements, S and Sau, are provided

in Figures 5.7 and 5.8, respectively. The e↵ects of necking and polydispersity in aggre-

gate and primary particle size on the scattering matrix elements are clearly observed

in Figure 5.7, where the e↵ect of aggregate volume variation as well as other structural

changes are also observed. The error bars in the scattering matrix element plots indicate

the 95% confidence interval for the mean value of the corresponding element calculated

over a number of aggregate representations based on the student’s t-distribution. Over-

all, the variances in the mean values of the scattering matrix elements are fairly small,

except for hS34i, for which the magnitudes of the mean values are so small that the vari-

ances become relatively significant. This might be attributed to the sensitivity of hS34i

to many other morphological properties such as the granularity of the aggregate [46]

that are not tuned during the aggregate generation. Therefore, it is challenging to

derive information specific to the influence of the implemented structures based on

hS34i only. On the other hand, the overall scattering matrix provides a comprehensive

information on the impact of necking and polydispersity in aggregate and monomer

size on the scattering properties of the aggregates.
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The impacts of the considered structures on the scattering matrix are significant

as can be seen from Figure 5.7. In general, implementing necking and primary particle

polydispersity have similar e↵ects as observed from the trends in Figure 5.7. Further-

more, it seems that the corresponding impacts might be represented by introducing a

scaling factor to Case 1. The e↵ects of necking and primary particle polydispersity on

the scattering matrix are almost identical when necking is implemented via MCCM

with Cneck = 0.8, which might be attributed to their volumes being similar. For larger

Cneck, the e↵ect of necking dominates that of aggregate and primary particle size poly-

dispersity. On the other hand, introducing aggregate size polydispersity yields a trend

change in the resultant scattering profiles. The e↵ects of aggregate size polydispersity

on hS11i, hS22i, hS33i, and hS44i indicate that asymmetry in the scattering profiles

are increased. Implementing polydispersity in aggregate size results in a shift in the

location of extremum towards the forward scattering angles for S12. Similarly, aggre-

gate size polydispersity changes the trend of hS34i profile by increasing the number

of extrema. Therefore, the impact of aggregate size polydispersity on the scattering

matrix, S, is more complex than that of necking and primary particle polydispersity,

and accounting for its impact might not be straightforward.

In Figure 5.8, the e↵ects of implementing necking and primary particle polydis-

persity on the elements of Sau are fairly small, except for hSau
34 i. Observations on hSau

11 i,

hSau
22 i, hSau

33 i, and hSau
44 i indicate that relying on the monodisperse primary particle size

assumption results in an overestimation at forward scattering angles that can be ob-

served for Case 7 and Case 8. These trends occur due to the structural impacts of poly-

dispersity in primary particle size, which are in agreement with the results presented in

Section 5.1. Similar to the e↵ect of primary particle polydispersity, implementing neck-

ing results in a decrease in hSau
11 i, hSau

22 i, hSau
33 i, and hSau

44 i at forward scattering angles.

The fairly small impacts of necking and primary particle polydispersity might be at-

tributed to the definition of Sau, which is S normalized by Cscak2/4⇡. Accordingly, the

impact of necking and primary particle polydispersity related to the resultant variation

in Csca is obscured due to this normalization. Considering that Csca is highly depen-

dent on the aggregate volume, Sau presents the impacts partially isolated from the
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resultant volume variation, which can be referred as the structural impacts. Thereby,

the structural impacts of necking and primary particle polydispersity are similar but

minor based on the observations on Figure 5.8. However, the structural impact of ag-

gregate size polydispersity is observed to be significant, which implies that the impact

of polydispersity in aggregate size is not dominated by the resultant aggregate volume

variation. This is in contrast to impact of necking and primary particle polydisper-

sity. Observations on hSau
11 i, hSau

22 i, hSau
33 i, and hSau

44 i demonstrate that the asymmetry

in the scattering profiles increases with implementation of polydispersity in aggregate

size. These trends are opposite to those of implementing necking and primary particle

polydispersity. Furthermore, the extremum of hSau
12 i shifts towards smaller scatter-

ing angles with the implementation of aggregate size polydispersity, which yields a

disrupted symmetry of the scattering profile.

The trends observed in hS34i and hSau
34 i di↵erentiate from those of other elements.

Implementing necking with larger Cneck results in a decrease in the peak hS34i and hSau
34 i

value, whereas implementing polydispersity in primary particle size yields the opposite

trend. However, the variances in hS34i and hSau
34 i are too large such that it is di�cult

to distinguish the individual impacts of necking and primary particle polydispersity.

Comparison of the e↵ects of polydispersity in aggregate size and primary particle

size indicates that the overall impacts are comparable, whereas the structural impact

of aggregate size polydispersity is much more pronounced than that of primary parti-

cle polydispersity. These results are in agreement with the study of Farias et al. [19]

demonstrating that the e↵ect of aggregate size polydispersity on the optical proper-

ties is more enhanced than that of primary particle polydispersity. However, in the

studies by Charalampopoulos and Shu [20] and F. Liu et al. [21], the impact of ag-

gregate size polydispersity on the optical properties was observed to be less significant

as compared to that of primary particle polydispersity. This might be attributed to

the di↵erences in morphology of the considered structures, and the optical quantities

of interest. Charalampopoulos and Shu [20] considered chain-like aggregates with rel-

atively small number of primary particles, which might reduce the impact of aggregate



57

size polydispersity considering the asymmetric structure of these aggregates. F. Liu et

al. [21] used LII method to investigate the impact of polydispersity in aggregate and

primary particle size based on the observations of the resultant temperature profile.

Although the change in the temperature profile provide information on the size/volume

e↵ects, it might not provide comprehensive information on the structural impacts. Ac-

cordingly, LII might underestimate the potential impact of aggregate size polydispersity

on the optical properties as the structural impact of aggregate size polydispersity is

found to be significant.

Observations on the scattering matrix elements provided in Figures 5.7 and 5.8

demonstrate that the overall impacts of necking and polydispersity in aggregate and

primary particle size are significant. Therefore, these structures should be considered

in the aggregate models to improve the accuracy of in-situ optical diagnostic methods.

Moreover, the impacts associated with implementing necking and primary particle

polydispersity are mainly due to the resultant variation in the scattering cross-section,

which is governed by the aggregate volume variation. Accordingly, the aggregate vol-

ume based approach seems a reasonable method to account for the e↵ect of necking

and primary particle polydispersity on scattering matrix elements. On the other hand,

the influence of aggregate size polydispersity is observed to be more complicated than

the other structures.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.7: Elements of the scattering matrix S for the specified cases.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.8: Elements of the scattering matrix Sau for the specified cases.
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5.2.2. Evaluation of Aggregate Volume Based Approach

The aggregate volume based approach for representing the impact of necking on

the resultant scattering properties is evaluated through a comparison of the elements

of the scattering matrix, S. Necking is implemented based on the constant monomer

radius approach (CMRA) and the constant aggregate volume approach (CAVA), which

were explained earlier in Section 4.2.2. The e↵ect of aggregate volume variation due to

implementation of necking is eliminated with CAVA and the resultant scattering matrix

element profiles are compared with those of Case 1. Accordingly, the impact of necking

on the scattering matrix isolated from the resultant change in the aggregate volume

is observed and the accuracy of the aggregate volume based approach is evaluated.

Cases 2, 3, and 4 are considered to evaluate the aggregate volume based approach in

estimating the impact of necking. However, only the results of Case 4, where necking

is implemented via MCCM with Cneck = 1.0, are presented, since similar behaviors

are observed for the other cases. The resultant scattering matrix elements are shown

in Figure 5.9. The scattering matrix elements of Case 1 and Case 4 based on CAVA

yield very similar results, except for hS34i as can be seen in Figure 5.9. Although

the hS34i profile associated with Case 4 approximates that of Case 1 when CAVA is

introduced, there are still observable deviations. However, the variances in the mean

values of hS34i are larger than these deviations, which makes it di�cult to distinguish

the profiles for di↵erent cases. Altogether, the e↵ect of necking on the scattering

matrix elements seems to be governed by the resultant aggregate volume variation.

However, there are slight di↵erences between the profiles for Case 1 and Case 4 based

on CAVA, which are attributed to the structural impacts of implementing necking

to the aggregate representations. This observation is consistent with the scattering

matrix element profiles shown in Figure 5.8, where the impacts partially isolated from

the resultant volume variation are observed. Therefore, the aggregate volume based

approach fails to account for the structural impacts of necking on the scattering matrix

element profiles.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.9: Elements of the scattering matrix S for Case 1 and Case 4 based on

constant monomer radius approach (CMRA) and constant aggregate volume

approach (CAVA).
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Overall, the aggregate volume based approach yields su�ciently accurate ap-

proximations of the e↵ect of necking on the scattering matrix elements for the cases

investigated in this study. However, the accuracy of approximations might be reduced

for aggregates with di↵erent morphological properties for which the structural impacts

of necking on the scattering matrix elements are significant, as in Section 5.1. Ac-

cordingly, relying on the aggregate volume based approach to account for the impact

of necking and primary particle polydispersity would be misleading for such cases.

Therefore, an improved model representing the structural impacts of these structures

as well as the impacts originated from the resultant volume variation might be required.

The structural impacts of necking and primary particle polydispersity might be

investigated over the resultant Sau profiles, which can be characterized based on the

asymmetry factor, g. Observation of the hSau
11 i profiles in Figure 5.8 indicates that

the symmetry in the scattering profile is generally improved when necking or primary

particle polydispersity is introduced. This observation is in agreement with the results

presented by Yon et al. [24] and observations provided in Section 5.1. Based on the

observations of Figure 5.8, the impact of necking and primary particle polydispersity

on hSaui profiles might be related to the compactness of the aggregates. The radius of

gyration of the aggregate, Rg, might be used as a characteristic parameter identifying

the aggregate compactness. Accordingly, the resultant variation in Rg might be utilized

in approximating the impact of necking and primary particle polydispersity on hSaui,

as proposed in Section 5.1.1.1. The comparison of the resultant Rg and g associated

with di↵erent cases provide a quantitative analysis of the relation between the radius

of gyration and the structural impacts of necking and primary particle polydispersity.

The radii of gyration and the asymmetry factors for Cases 1-8 are calculated based

on Equation (4.11) and Equation (4.10), respectively. The mean values of the radii

of gyration and the asymmetry factors at 95% confidence intervals for the considered

cases are provided in Table 5.2. Note that the statistics are calculated over 10 or 30

aggregate representations generated based on the same set of morphological parameters

for the cases of monodisperse and polydisperse monomer size distribution, respectively.



63

As can be seen from Table 5.2, implementing necking and polydispersity in primary

particle size decreases the radius of gyration and the asymmetry factor in general. This

indicates that the radius of gyration of the aggregates and the symmetry of the resultant

scattering profiles seem to be related, which is in agreement with Yon et al. [24]. While

there exists an exception for Case 6, where the mean value of g is slightly increased as

compared to Case 1, the asymmetry factors are almost indistinguishable considering

the corresponding confidence intervals. Moreover, g cannot completely characterize

the individual impacts of necking and primary particle polydispersity on the resultant

scattering profile. For example, hSau
11 i values at small scattering angles (✓ < 30�) are

commonly decreased when necking or primary particle polydispersity is introduced.

Therefore, there is a similarity between the impacts of necking and primary particle

polydispersity on the resultant scattering profile.

Table 5.2: Radii of gyration and asymmetry factors for the considered cases.

Cases Radius of Gyration, Rg (nm) Asymmetry Factor, g

1 123.2± 0.0 0.3629± 0.0111

2 123.0± 0.0 0.3610± 0.0115

3 122.5± 0.0 0.3576± 0.0116

4 122.1± 0.2 0.3555± 0.0119

5 120.3± 0.5 0.3477± 0.0118

6 117.4± 1.6 0.3655± 0.0085

7 228.1± 0.9 0.5022± 0.0079

8 216.5± 1.5 0.4996± 0.0042

Altogether, the data on Table 5.2 imply that the resultant changes in the trends

of the scattering profiles are correlated with those of the radius of gyration. There-

fore, establishing the relation between Rg and hSaui for necking and primary particle

polydispersity might be utilized in representing the corresponding structural impacts.

Accordingly, the scattering properties of the aggregates can be approximated more ac-

curately without conducting scattering simulations over complex aggregate structures
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including necking and primary particle polydispersity. Moreover, the structural impact

of aggregate size polydispersity might be approximated based on the resultant change

in Rg as well. Further studies on the relation between the impacts of these structural

e↵ects and the resultant variations in the radius of gyration and the aggregate volume

are required to develop accurate models to account for the corresponding influences on

the scattering properties.
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6. CONCLUSION

In this study, a comprehensive analysis of the e↵ects of necking and polydispersity

in aggregate and primary particle size in flame-soot aggregates is conducted to inves-

tigate their influences on scattering matrix elements. Additionally, a methodology is

developed to analyze the accuracy of di↵erent necking models based on measured scat-

tering matrix elements quantitatively, and enable more accurate estimations of their

impact on the optical properties accordingly. Aggregate representations are generated

via tunable fractal generation algorithms utilizing particle-cluster and cluster-cluster

aggregation based on typical morphological parameters associated with soot aggre-

gates derived from the literature. Necking is implemented via a modified cylindrical

connector model (MCCM) and the 3D level-set function model (LFM) with di↵erent

coe�cients, Cneck. Aggregate and primary particle polydispersity are implemented

based on log-normal distribution. The individual impacts of these structures are inves-

tigated based on the resultant profiles of the elements of S and Sau. Furthermore, the

aggregate volume based approach is evaluated for representing the impact of necking

on the scattering matrix elements. Additionally, the relation between the radius of

gyration and the trends of Sau characterized by the asymmetry factor is presented for

the specified cases.

The following conclusions are drawn from the analysis of di↵erent necking models

in predicting measured scattering matrix elements of soot aggregates:

• MCCM with Cneck = 0.8 exhibited the best performance in approximating the

experimental data with the nearest alternative of LFM with Cneck = 0.4 for

the monodisperse case. Implementing polydispersity to primary particles of the

aggregates results in small changes in the necking coe�cients associated with

the proposed necking models. Therefore, relying merely on the assumption of

monodisperse primary particles for the analysis of di↵erent necking models would

be misleading.
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• The structural e↵ects of implementing necking via LFM and MCCM on the scat-

tering matrix elements are found to be similar for aggregates formed by both

monodisperse and polydisperse primary particles. Considering its simplicity and

computational e�ciency, modeling necking in soot aggregates via MCCM seems

to be a more feasible approach if the amount of necking is not excessive.

• Although S34 is very sensitive to implementation of necking, deriving information

specific to necking might be challenging since it is also sensitive to many other

morphological parameters. Besides, the precision in the measurement data should

be high as the magnitudes of S34 are too small.

• The combinations
⇣
hSau

11 i, hSau
12 i, ]hS12i

⌘
and

⇣
hSau

11 i, hSau
22 i, ]hS22i

⌘
stand out as

adoptable metrics for necking characterization utilizing di↵erent polarization states

of the incident light.

• For the monodisperse case, analysis based on S11 that can be obtained from mea-

surements of unpolarized light yields the same result produced by the analyses

based on the suggested metrics. For the polydisperse cases, analysis based on

S11 could not provide su�cient morphological information such that the distinc-

tions between di↵erent necking models are diminished as compared to the anal-

yses based on the suggested metrics. Accordingly, the proposed necking models

appeared to be slightly di↵erent from those obtained from the suggested evalu-

ation metrics. Although measurements for unpolarized light supply significant

information on the level of necking in the aggregate, measurements for di↵er-

ent polarization states are required to increase the fidelity of characterization of

necking.

• The overall impacts of necking and polydispersity in aggregate and primary par-

ticle size on the scattering matrix elements are significant. Therefore, these struc-

tures need to be considered to achieve more accurate morphological diagnosis and

high fidelity optical characterization methods for soot aggregates accordingly.
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• Although there are improvements in predicting the experimental data with im-

plementation of necking, the deviations from the measurement data could not

be completely annihilated. This might be associated with the alterations in the

morphology of the aggregates through the treatments of sampling, which possibly

result in modification of certain morphological parameters.

According to the investigation of the e↵ect of necking and polydispersity in ag-

gregate and primary particle size on the scattering matrix elements:

• The impacts of necking and primary particle polydispersity on the scattering

matrix elements are mainly due to the resultant aggregate volume variation.

• The e↵ect of aggregate polydispersity on the scattering matrix elements is more

complicated than that of necking and primary particle polydispersity.

• The aggregate volume based approach shows adequate performance in account-

ing for the impact of necking on the scattering matrix elements for the specified

cases. However, it cannot represent the structural impacts of these structures.

Accordingly, the accuracy of scattering properties estimated based on this ap-

proach might be significantly reduced for the cases where the structural impacts

become important.

• The radius of gyration seems to be correlated with the trends of Sau profiles char-

acterized by the asymmetry factor. Therefore, the structural impacts of necking

and polydispersity in aggregate and primary particle size might be represented

based on the resultant variation in the radius of gyration.

Overall, relation between morphology and scattering properties of soot aggregates

is outlined as identifying this relation is crucial to determine the key parameters that

define the aggregate morphology and provide comprehensive information on the optical

properties. Accordingly, more accurate and e�cient methods for optical characteriza-

tion of soot aggregates can be developed.
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Resultant variations in the volume and radius of gyration of the aggregates stand

out as promising metrics for representing the impacts of necking and polydispersity

in aggregate and primary particle size on the scattering matrix. Future studies might

focus on establishing the relation between the radius of gyration and the scattering

matrix, Sau, for aggregates with di↵erent morphological parameters. Accordingly, the

improvement introduced to the volume based approach by considering the resultant

variation in the radius of gyration can be evaluated. Based on these studies, the

impact of necking and polydispersity in aggregate and primary particle size on the

scattering matrix might be accurately represented.
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APPENDIX A: QUANTITATIVE ANALYSIS OF

DIFFERENT NECKING MODELS IN PREDICTING THE

SCATTERING MATRIX

Additional data for the preliminary problem defined in Section 3.1 is provided in

this section. Following subsections include:

• Verification study for generated aggregates based on the simulation results pre-

sented in [26],

• A study on the e↵ect of number of fractal-like aggregates generated for the same

dve to reduce the fluctuations on scattering matrix elements due to random nature

of fractal generation algorithms,

• A study on the e↵ect of aggregate size distribution sampling on the scattering

matrix,

• A study on the e↵ect of refractive index on the scattering matrix in the presence

of necking.

A.1. Verification of Aggregate Representations

Scattering matrix elements calculated based on MSTM simulations for the aggre-

gates generated in this study (Section 4.1.1) are compared with the measurement data

and MSTM simulation results presented in the study by J. Liu et al. [26]. Accordingly,

generated aggregate representations are verified based on the comparison of the MSTM

simulation results. Corresponding plots are provided in Figure A.1 below.
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(a) (b)

(c) (d)

(e) (f)

Figure A.1: Normalized bulk scattering matrix elements obtained from measurement

data and MSTM results provided in [26], and MSTM simulations for aggregate

representations generated in this study for the monodisperse case.
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A.2. E↵ect of Number of Fractals

The e↵ect of number of fractal-like aggregates generated based on the same dve

to reduce the magnitude of fluctuations in the estimated scattering matrix elements

attributed to the random nature of fractal generation algorithms is studied for the

monodisperse primary particle case. Mean values of the scattering matrix elements

are calculated over di↵erent number of fractals, Nfrac, generated based on the same

dve and the resultant scattering profiles are presented in Figure A.2. As can be seen

from Figure A.2, the di↵erences in mean values of the scattering matrix elements are

negligible in general. Accordingly, a single fractal representation can be used for the

monodisperse primary particle case to reduce the computational load.
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(a) (b)

(c) (d)

(e) (f)

Figure A.2: Mean values of the bulk scattering matrix elements averaged over

Nfrac = 1, 2, 3, 4, and 5 for the monodisperse case.
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A.3. E↵ect of Aggregate Size Distribution Sampling

The e↵ect of sampling of the aggregate size distribution defined over dmob, which

is then converted to dve, on the scattering matrix elements is investigated. 4 di↵erent

dve samplings are utilized to calculate the bulk scattering matrix elements based on

Equation (4.6) provided in Section 4.1.4.1, and the resultant scattering matrix element

profiles are shown in Figure A.3. As can be seen from Figure A.3, the di↵erences

between scattering matrix element profiles obtained for di↵erent samplings are negli-

gible. Therefore, coarse smpling grid with 9 sample dve points can be used to reduce

the computational load.
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(a) (b)

(c) (d)

(e) (f)

Figure A.3: Bulk scattering matrix elements calculated over di↵erent samplings of dve

distribution for the monodisperse case.



83

A.4. E↵ect of Refractive Index on the Scattering Matrix of Soot

Aggregates Including Necking

The e↵ect of refractive index on the scattering matrix elements in the presence of

necking implemented via MCCM with Cneck = 0.8 is investigated for the monodisperse

primary particle case. The real and imaginary parts of the refractive index are altered

based on the corresponding limits provided in J. Liu et al. [26], and the corresponding

scattering matrix elements are calculated using DDSCAT. The resultant normalized

and bulk scattering matrix elements for the considered set of soot refractive indices are

shown in Figure A.4 and A.5, respectively. As can be seen from Figure A.4, the impact

of refractive index on the normalized scattering matrix elements, especially ]hS22i and
]hS34i, are considerable. However, its impact is relatively insignificant compared to

that of necking. Therefore, relying on the constant refractive index assumption would

not significantly change the reliability of the analysis of di↵erent necking models in

representing the real necking phenomenon in the toluene soot aggregates. Moreover,

the impact of refractive index on the bulk scattering matrix elements is observed to

be even less significant as can be seen in Figure A.5. Another observation is that the

imaginary part of the refractive index has relatively more pronounced impact on the

scattering matrix elements as compared to that of the real part in general. Note that

the imaginary part of the refractive index is related with the absorption coe�cient.



84

(a) (b)

(c) (d)

(e) (f)

Figure A.4: Normalized bulk scattering matrix elements calculated for di↵erent soot

refractive indices for the monodisperse primary particle case with necking

implemented via MCCM with Cneck = 0.8.
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(a) (b)

(c) (d)

(e) (f)

Figure A.5: Bulk scattering matrix elements calculated for di↵erent soot refractive

indices for the monodisperse primary particle case with necking implemented via

MCCM with Cneck = 0.8.
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APPENDIX B: EFFECTS OF NECKING AND

POLYDISPERSITY IN AGGREGATE AND PRIMARY

PARTICLE SIZE ON THE SCATTERING MATRIX

Additional data related with the problem described in Section 3.2 is provided in

this section. Following subsections include:

• A study comparing the scattering matrix elements estimated using MSTM and

DDSCAT, which is conducted to ensure the fidelity of DDSCAT simulation results

for the specified dipole separation distance and number of target orientations used

to calculate the orientation averaged properties,

• A study on the e↵ect of sampling of the aggregate size distribution used to cal-

culate the bulk scattering matrix elements.

B.1. Comparison of Scattering Matrix Elements Estimated by MSTM and

DDSCAT

Scattering matrix elements estimated based on MSTM v3.0 [16] and DDSCAT

[17] are compared to ensure the fidelity of DDSCAT simulations for the specified dipole

separation distance, d, and number of target orientations used to calculate the orienta-

tion averaged properties. The bulk scattering matrix elements calculated using MSTM

and DDSCAT for aggregates formed by monodisperse primary particles (Case 1) are

shown in Figure B.1. The di↵erences between MSTM and DDSCAT simulation results

are negligible as can be seen in Figure B.1.
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(a) (b)

(c) (d)

(e) (f)

Figure B.1: Bulk scattering matrix elements calculated via MSTM and DDSCAT for

aggregate formed by monodisperse primary particles with no necking.
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B.2. E↵ect of Aggregate Size Distribution Sampling

Di↵erent samplings of the aggregate size distribution described in Figure 3.1a in

Section 3.2 are used to calculate the bulk scattering matrix elements, hSi and hSaui,

for the aggregates formed by monodisperse primary particles (Case 7). The impact

of sampling of aggregate size distribution on the elements of hSaui is demonstrated in

Figure B.2. Considerable fluctuations are observed in between the scattering matrix

elements for the coarser samplings (Sampling 1, 2, and 3), whereas the corresponding

di↵erences between Sampling 4 and 5 become insignificant as can be seen in Figure

B.2. Although the di↵erences seem to be considerable in hSau
34 i, the magnitudes are

relatively small and variances are large such that distinguishing the profiles obtained

for di↵erent samplings becomes challenging. Overall, Sampling 4 and 5 yield nearly

indistinguishable bulk scattering matrix elements. Therefore, increasing the sampling

fineness further from Sampling 4 is shown not to yield considerable improvement in

the accuracy of the resultant scattering matrix elements.
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(a) (b)

(c) (d)

(e) (f)

Figure B.2: Bulk scattering matrix elements for di↵erent samplings of the aggregate

size distribution defined in Figure 3.1a (Section 3.2), for aggregates formed by

monodisperse primary particles (Case 7).
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APPENDIX C: FURTHER EXPLANATIONS ON THE

SCATTERING SIMULATION SOFTWARE

Further explanations regarding the input and output parameter files for the uti-

lized scattering simulation software, DDSCAT and MSTM, are provided in this section.

C.1. Explanations for Input and Output Parameter Files for DDSCAT

DDSCAT by Draine and Flatau [17] uses an input parameter file for estimating

the optical properties of target structures which are expressed as a finite array of po-

larizable points, referred as dipoles. Depending on the geometry of particles/structure,

one can use either built-in routines to generate dipoles (if the considered geometry can

be expressed by the predefined geometries) or a manual routine necessitating an input

file containing the dipole locations representing the target structure. The manual rou-

tine is utilized in this study to estimate the scattering properties of aggregate represen-

tations including necking since these structures have complex geometries. FROM FILE

is the subroutine of DDSCAT utilized to estimate the scattering properties of structures

for which the corresponding array of dipoles is provided manually.

An example input parameter file, ddscat.par, for FROM FILE subroutine that is

used to calculate scattering properties of an aggregate representation including necking

will be explained. Further details can be found in [57]. First few lines of the input

parameter file starts with preliminary specifications for the iterative solution algorithms

that are to be utilized in calculating the optical properties of the considered structure.

The default specifications are used in the related part of the example input file as

provided in Figure C.1.
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Figure C.1: Default preliminary specifications in DDSCAT input file.

Then memory allocation is conducted depending on the number of dipoles gen-

erated to represent the aggregate. In the following lines, the target geometry and

composition is derived from an external file, called shape.dat, containing the dipole

locations and compositions. The refractive index is read from another external file,

diel, which includes the file m1.73_0.6 created to define the refractive index of soot

considered in this study. Following lines includes specifications related with the near

field calculations which are not of interest in this study since the scattering proper-

ties are measured at the far-field. Corresponding lines of the input parameter file is

provided in Figure C.2.
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Figure C.2: Part of the input file of DDSCAT specifying the parameters related with

the initial memory allocation, target geometry and composition, and near-field

calculations.

An example shape file, shape.dat, for an aggregate with 51 primary particles

including necking implemented via MCCM with Cneck = 0.6 which is represented by

119316 dipoles is provided in Figure C.3. The first line in the shape file is a comment

line that does not a↵ect the calculations. NAT is the number of dipoles generated to

represent the aggregate. Note that the dipole locations (IX, IY, IZ) must be integers

which express the position with respect to the center of the aggregate in terms of dipole

separation distance, d. ICOMP denotes the composition of the dipoles which is set as 1

in x, y, and z directions for all dipoles since the considered structure is assumed to be

homogeneous and isotropic.



93

Figure C.3: Shape file representing a sample aggregate with 51 primary particles

including necking implemented via MCCM with Cneck = 0.6.
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The following few lines are specifications related with the iterations, wavelength

of the incident light, refractive index of the ambient medium, e↵ective radius of the

aggregate (in units of µm), and the polarization states. The specifications used in this

study are provided in Figure C.4.

Figure C.4: Part of the input file of DDSCAT specifying the parameters related with

the iterative solutions, wavelength of the incident light, refractive index of the

medium, e↵ective radius of the aggregate, and the polarization states.
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Then, the target orientations, scattering matrix elements of interest, scattered

directions, and number of scattering planes are specified in the remaining part of the

input parameter file as in Figure C.5.

Figure C.5: Part of the input file of DDSCAT specifying the parameters related with

the target rotations, scattering matrix elements of interest, scattered directions, and

number of scattering planes.
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There are multiple output files of DDSCAT, whereas the optical properties of

interest of this study can be derived from a single output file, named as w000r000.avg.

This file, contains information of the integral optical properties such as the scattering

cross-section as well as the scattering matrix elements. Note that these elements are

associated with the scattering matrix, S. Accordingly, derivation of the elements of

Sau requires post-processing (proper scaling by Cscak2/4⇡). The section of the output

file, w000r000.avg, that contain the estimated optical properties is provided in Figure

C.6.

Figure C.6: Part of the output file of DDSCAT containing the estimated optical

properties of the target structure.
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C.2. Explanations for Input and Output Parameter Files for MSTM v3.0

MSTM v3.0 by Mackowski and Mishchenko [16] uses an input parameter file to

estimate the scattering properties of a cluster of spherical particles. An example input

parameter file for a cluster of 22 spherical polydisperse primary particles generated

based on FracVAL by Moran et al. [41] is explained in this section. Further details can

be found in [56]. Note that Np = 22 is a sample point selected from the aggregate size

distribution specified in Section 3.2.

First few lines of the corresponding input file specify the number of particles in

the cluster, particle position and radii (derived from FracVAL), name of the output file

which will contain the estimated scattering properties, an integer switch which writes

the properties for individual spheres as well to the output file when specified as 1,

and the length scale factor (k = 2⇡/�) which scales the dimensions of the aggregate

based on the wavenumber. Note that the dimension of the wavelength implemented in

the length scale factor must be consistent with the dimensions of the primary particle

center locations and radii provided in the input position file. Corresponding lines for

the specified case are provided in Figure C.7. The input parameter file is organized as

consecutive lines, where the first line is the input parameter name and the following

is the specified input. A position file is specified in line 4 to import the position and

radius information of the aggregate composed of 22 polydisperse primary particles.

The position file, Np22_rpg15.46_spg1.36_v1.pos, contains data in the form of a

22⇥4 matrix, where the first column contains primary particle radii and the remaining

columns correspond to x, y, and z coordinates of the particle centers in order.

The following lines are provided in Figure C.8, which specify the refractive indices

of particles and the medium. Corresponding parameters are specified according to the

problem description given in Section 3.2.
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Figure C.7: First part of the input file for MSTM specifying the parameters related

with the number, position, and radius of primary particles in the aggregate, and the

length scale factor.

Figure C.8: Part of the input file of MSTM specifying the parameters related with

the refractive indices of particles and the medium.
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Remaining lines of the input parameter file contains specifications regarding the

solution methodology and iterations for which the default values can be used. Impor-

tant parameters that need to be specified for this study in the remaining lines of the

parameter file are provided in Figure C.9. Scattering matrix elements will be presented

from 0� to 180� with 5� increments based on these specifications. Note that the cal-

culated scattering matrix elements are associated with Sau. Scattering matrix is not

normalized since the corresponding integer switch is set to 0. If it is set to 1, scattering

matrix elements other than Sau
11 are normalized by Sau

11 (✓). Finally, incident azimuthal

and polar angles are specified to be consistent with the definitions by DDSCAT.

Figure C.9: Part of the input file of MSTM containing specifications of the remaining

significant parameters required for this study.
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Corresponding output file contains information regarding the optical properties

such as extinction, absorption, and scattering cross-sections, the asymmetry factor, the

scattering matrix (Sau), and the scattering matrix expansion coe�cients. Therefore,

post-processing (proper scaling by Cscak2/4⇡) is required to calculate the elements of S

from the output file of MSTM. Few lines from the corresponding output file providing

information about the specified optical properties are presented in Figure C.10.

Figure C.10: Part of the output file of MSTM containing the optical properties of the

target structure.




