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ABSTRACT

ON A VOLUME ESTIMATE FOR SOME SUBSETS OF A
GRASSMANNIAN

Measure theory gives us a technique for proving existence theorems. In simple
terms this technique can be described as follows: start with a set and put a measure
on it. Then find the exact measure of a specified set A. By showing the set of elements
B in A that do not satisfy a certain condition P has measure strictly smaller than
the measure of the ambient set A, one can deduce the existence of elements in A that
satisfies the desired property P. This line of argument can only work when we have
methods to find the measure of the set A and also estimate from above the measure of B.
This thesis is about one such argument introduced by Ben-Artzi et al. and utilized later
successfully by Foias and Olson to prove the existence of a Mane’s projection whose
inverse is Holder continuous. The key estimate in those works was an inequality from
integral geometry due to Santalo for measures of some subsets of the Grassmannian
Space. The aim of this thesis is to expose and improve an alternate argument given by
Friz and Robinson where they avoid working on the Grassmannian space and introduce
the measures and estimates on a larger space while keeping track of the sizes of the

coefficients.



OZET

GRASSMANNIAN’IN BAZI ALT KUMELERININ HACIM
KESTIRIMI UZERINE

Olcii teorisi bize varlik teoremleri i¢in bir ispat teknigi verir. Basitce, bu teknik
agagidaki gibi tarif edilebilir: Bir kiime ile baglayip ve iizerine bir ol¢ii koyalim. Sonra
belirli bir A kiimesinin kesin oOl¢tisiinii bulalim. A kiimesinin P kogulunu saglamayan
elemanlarimin kiimesi B’nin 6l¢iisiiniin onu ¢evreleyen A kiimesinin Ol¢tistinden kiigiik
oldugunu gostererek A kiimesinin P kosulunu saglayan elemanlarimin var oldugu sonu-
cunu c¢ikarabiliriz. Bu tip bir argiiman ancak A kiimesinin 6lgiisiinii bulmak ve B
kiimesinin ol¢tisiinii yukaridan tahmin etmek i¢in yontemlerimiz oldugunda caligir. Bu
tez Ben-Artzi et al. tanittigi ve daha sonra Foias ve Olson tarafindan tersi Holder
siirekli olan bir Mane projeksiyonunun varligini kanitlamak icin basariyla kullanilan bir
argiiman hakkindadir. Bu eserlerdeki kilit kestirim Grassmannian’in bazi alt kiimeleri
icin Santalo sayesinde integral geometriden bir egitsizliktir. Bu tezin amaci1 Friz ve
Robinson tarafindan verilen Grassmannian uzayinda caligmaktan kaginan ve katsayilar:
boyutlarimi takip ederken daha biiyiik bir uzayda 6lcii ve kestirimler tanitan alternatif

bir argimani incelemek ve geligtirmektir.
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1. INTRODUCTION

Through linear maps L : RY — R¥, one can embed sets X in RY into R* where
N > k. Moreover, the inverse mapping L' is a parametrisation of X. One can
study some features of finite-dimensional sets by mapping them ‘nicely’ into a finite-

dimensional Euclidean space [1].
Attractors that are emerged from (infinite-dimensional) dynamical systems are

the motivating instances of such sets [2]. In [2], it is said that “In order to study the

dynamics on these sets, one is obliged to project them onto a finite dimensional space.”

Embedding

Farametrization

Figure 1.1. Embedding.

In this context, ‘nicely’ corresponds to having a Holder continuous inverse on the

image. That is, for some a € (0,1) and a constant C' > 0,

lz =yl < Cf|Le — Ly||* (1.1)

for all z,y € X .



One way to prove existence of such linear maps is based on a technique in measure
theory, called probabilistic method. In order to apply this technique, we must equip
the space of linear maps, £(RY,R¥), or some subset E of it, with a measure. Then,
show that the subset of E that does not satisfy (1.1) for some x and y in X, has
measure strictly smaller than the total measure of E. That will imply the existence of

L € F satisfying (1.1).

In [1], £ is chosen to be the set {(I7,...,l}) | [; € Bi(0)} where [5 be the
linear map on R¥ given by I(z) =< lj,x >. E possesses a probability measure p
by identifying E with (B1(0))*. Observe that a linear map does not satisfy (1.1) if
there exist x and y in X such that ||z — y|| > C||Lz — Ly||*. Setting z = = — y,
l|Lz|| < C=2||z||*. So, the following theorem serves to bound the measure of linear

maps that do not satisfy condition (1.1).

Theorem 1.1. For any o € R¥ and z € RY,

k
p{L € E |||+ Lz|| < €} < cN*? (L>

|||

where ¢ is an absolute constant.

This inequality allows us to use probabilistic method in the proof of the theorem

which asserts that ‘almost’ every linear map in E has a Holder continuous inverse,

cf. [1].

A similar argument appears in the article [4]. Foias and Olson are especially

interested in projections.

Definition 1.2. The fractal dimension of X, denoted by dp(X), is defined by the limit

: log N.(X)
drp(X) = limsup ———=
F( ) 0 p log(l/e)

where N (X) is the minimum number of e-balls necessary to cover X.



They prove the following theorem which generalizes the results of [2] and [3]:

Theorem 1.3. Let H be a real Hilbert space and X C H be such that dp(X) < m/2.
Then for any orthogonal projection P of rank m and 6 > 0 there is an orthogonal
projection P such that |P — P|| < & and P|x has a Hélder continuous inverse. Here,

the norm on the space of projections is the operator norm.

In the proof of this theorem, Foias and Olson [4] make use of the one-to-one
correspondence between orthogonal projections with their kernels, and utilize the space

of subspaces and the measure on it.

Definition 1.4. For any N € N and k < N, the space of k-dimensional subspaces of
RY s called the Grassmannian and is denoted by Gy . Moreover, Gyix(B) = {z €

Gyi | N B # 0} for any subset B of RY.

This space can be endowed with an invariant measure py . Santalo gives both
the construction of the measure py ) and measures of some subsets of Gy in [5],
which relies on techniques from integral geometry. Consider a set X with finite fractal

dimension. For any p > 0, there exist points {ai}ﬁ’l(x) such that X C Uﬁ’l(X)Bp(ai).

pne({€ € Gri | Fi=1...N,(X)EN Byy(a;) # 0})

= [N (Ufi]fX)GN,k(B%(ai)))
Np(X)

< Z pn k(G (Bap(as))) (1.2)

i=1

If this measure can be bounded for some p > 0, then there exists §;, € Gy such that
& N Byy(a;) =0 for all i = 1,... N,(X). So, the distanfce between & and any = € X
is greater than p since X C vaz"l(X)Bp(ai). As a result, the orthogonal projection Py

whose kernel is &, satisfies || Pyz|| > p for all z € X. Thus, Py also satisfies (1.1).

The crucial inequality in [4] bounds the measure of some subsets is the following:



Figure 1.2. Projecting Finite Fractal Dimensional Set.

Theorem 1.5. Let a € RY be nonzero and 0 < p < ||a||. Then

N—k
s (G (By(@))) < pina(Gov) Ma(N, ) (H—”H) (1.3)
where My(N, k) = &=kt (Nm) 55 (WK o By — (0 € Gy | 20 B # 0}, and

LNk ts the invariant measure on Gy .

On the other hand, Friz and Robinson [6] propose that one can work in a different

space and obtain a similar result without the knowledge of integral geometry.

Definition 1.6. Let Sy be the product space SNt @ SN"1 @ ... @ SN (k times),
which we refer as the alternative space in the rest of the paper, for any N € N and

k < N. Moreover, let vy be the product measure of surface measure vy_1 on SN-1,

The measure vy on Sy is more manageable than the measure py i on Gy,
in the sense that the calculations with vy_; only require standard techniques from

analysis. Using them, the following result is proven in [6].



Theorem 1.7. Let a € RY be nonzero and 0 < p < ||a|| /7. Then,

(S (By(@))) < v (Sna) Ka(N. 1) (i) _ (14)

N—k+1 _
where K5(N, k) is a constant such that Ky(N,k) = 2=5=2=2 (8r) =2 ( )N "

N—k
SNJC(B) = {(l’l, c ,:Ek> S SN,k | [Il,...,l’k] NB# @}

In this thesis, we examine how Theorem 1.7 differs from Theorem 1.5 by inves-
tigating the paper [6]. In Chapter 2, we study the measure on the Grassmannian and
prove Theorem 1.5. In Chapter 3, we introduce the alternative space and compare it

to Grassmannian. Next, we prove Theorem 1.7 following the paper [6].



2. GRASSMANNIAN

As in Definition 1.4, Grassmannian Gy consists of all k-dimensional subspaces
of RY. Grassmannian is a space that can be endowed with a special measure called
the Haar measure that we will see in Section 2.2. To this end, we study the structure

of Grassmannian in next section.

2.1. Grassmannian as a Homogeneous Space

In order to define a Haar measure, we need a group structure. We begin with

definitions taken from [7] and [8].

A topological group is both a group and a topological space for which the group

operations are compatible with the topology, formally,

Definition 2.1. A group G equipped with a topology is called a topological group
provided that

(i) The function ¢ : G x G — G defined by ¢(x,y) = xy is continuous.
(ii) The function v : G — G defined by ¢ (z) = ™' is continuous.

Let GL(N) denote the set of invertible N x N matrices. GL(N) is a group under
matrix multiplication, and is called the general linear group. GL(N) also possesses
topological structure due to its one-to-one correspondence with RY *. The topology
of GL(N) inherited from RN” is compatible with the group structure of GL(N), i.e.,
GL(N) is a topological group.

An orthogonal matriz is an N x N matrix whose columns form an orthonormal
basis of RY. The set of all orthogonal N x N matrices, denoted by O(N), under the

matrix multiplication is called the orthogonal group.



O(N) is both a subgroup and a subspace of GL(N). O(N) is also a topological
group endowed with the induced topology. Moreover, one can show that O(N) is closed
and bounded, so is compact. (We can use Heine-Borel theorem since the topology is

inherited from RN))

Let G be a topological group and X be a topological space.

Definition 2.2. A transitive left action of G on X is a continuous map (g,x) = g-x

from G x X to X such that

(i) © — g -z is a homeomorhism of X for all g € G,
(i) g-(h-x)=(gh)- -z forall g,h € G and z € X,
(iii) e-x =z for all z € X,

(v) for every x,y € X there exists g € G such that g - x =y,

where e 1s the unit element of G

A locally compact Hausdorff space X equipped with a transitive left action is called

a transitive G-space.

If X is a transitive G-space and xo € X, then the subgroup H = {h € G | h-x =

xo} is called the isotropy group of zog and we call that xq is the center of the isotropy.

Let G be a topological group and H be a subgroup of G. The set {gh | h € H}
is called a left coset of H and denoted by gH, for any g € GG. The collection of all left
cosets of H is called quotient set of G by H and denoted by G/H.

We can also talk about the topology on G/H induced by the topology of G.
Consider the mapping ¢ on G to G/H defined by ¢(g) = gH, which is called the
canonical quotient map. The quotient topology G/H is defined in the following way:
U C G/H is open if and only if ¢~1(U) is open in G. By the way, the quotient topology
is the strongest topology (i.e., containing the most open sets) on G/H that makes ¢



continuous.

Definition 2.3. A homogeneous space is a transitive G-space that is isomorphic to a

quotient space G/H, where G is a locally compact group.

Now, we want to show that Grassmannian can be equipped with a topology in

such a way that it becomes a homogeneous space. First, define

A-E={Ax |z e} (2.1)

for all A€ O(N) and £ € Gy

Note that for any A € O(N) and £ € Gy, the set A - also lies in Gy, since

the matrix A is of full rank, and therefore preserves the dimension of €.

Proposition 2.4. The map (2.1) satisfies properties (ii), (iii) and (iv) in Definition
2.2.

Proof. (ii) Let A and B be orthogonal matrices and £ € Gyj. We want to show
that (AB) - & = A-(B-§). If w € (AB) - ¢, then there exists v € £ such that
w = (AB)v = A(Bv). Hence, Bv is in B - ¢, and so w = A(Bv) € A- (B -¢).
Conversely, if w € A- (B -£), then there exists v € B - £ such that w = Av. Since
v € B¢, there exists u € € such that v = Bu. All in all, w = Av = A(Bu) = (AB)u,
sow € (AB) - &.

(iii) In - & = £ where Iy is the N by N identity matrix. If v € Iy - £, then there
exists u € £ such that v = Iyu = u. So, v is in . Conversely, if u is in £, then Iyu is

in Iy -¢&, sois u.

(iv) Let £ and n be arbitrary elements of Gy . Then, we can find an orthonor-
mal bases {z;}*_, and {y;}%_, for £ and 7, respectively. Complete both of them to

orthonormal bases of RY: {z;}¥, and {y;}Y,. Let K and L be the matrices with



columns {z;}Y¥, and {y;}Y,, respectively. So, KTK = KK = LTL = LLT = I.
Let M = LK”. Then, MM = (LKT)TLKT = KLTLK"T = KKT = I, hence,
M € O(N). Moreover, Mz; = L(KTx;) = Le; = y;, for any i = 1,2,... k. So, M - ¢

is equal to n, since M sends basis elements of ¢ to the basis elements of 7. O

Proposition 2.5. Let ey, ...,en denote the standard basis vectors in RY. Fix & €
Gy as the span of e1,...,ex. Then, = ={A € O(N) | A-& = &} is a subgroup of
O(N). Moreover, it is isomorphic to O(k) x O(N — k).

Proof. First, we show that = is a subgroup of O(NN). Let A and B be elements of =.
Then, (AB)fO = A (Bé-o) = Afo = fo and A_l '150 = A_l . (Afo) = (A_IA) ‘fo =
In-& = &. So AB and A™! belong to Z.

Let Z,,, denote the n by m matrix consisting only zeros and M; denote the ™"

column of the matrix M. It is enough to show the that

A Zy Nk
ZN_kk D

(11

cO(N)|Ac O(k) DeO(N —k) (2.2)

in order to prove that Z is isomorphic to O(k) x O(N — k).

First, take an element of M of the right-hand side of (2.2). Then, it is clear that
Me; € & for all i in {1,...,k}. Thus, M - & = &, so M € E.

Conversely, take an element M € Z. Then, M7 also lies in Z. In fact, MT = M~}

since M € O(N), and M~ is in = since M € =Z. We can write the matrix M in the form
A B

C D
and (N — k) x (N — k), respectively. Now, let i € {1,...,k}.

where A, B, C' and D are matrices of sizes k x k, k x (N — k), (N —k) x k

A
&

= Me; € M&y = &,
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AT, AT CT
EBT)) = BT DT e;=MTe; € MTfo = &o.

Thus, both B and C' consist only of zeros. That is B = Zj, y_; and C = Zy_j . Since
M is in O(N), we have

In = MM"
B A Zynok AT Zenek
| Zvax D || Evaw DT
[ 44T Za ]
| 2y DDT

This implies A € O(k) and D € O(N — k). Therefore, M lies in the right-hand side of
(2.2). O

Now, let ¢ be the function from O(N)/Z to Gy, defined by ¢(AZ) = A - &, for
all A € O(N). ¢ establishes a one-to-one correspondence between O(N)/= and Gy
via Proposition 2.4. Therefore, we can equip G'n by the topology 7 given by U € 7 if
and only if ¢~1(U) is open in the quotient topology of O(N)/=.

Hence, the map (2.1) is a transitive group action with the topology 7 on Gy
and by Proposition 2.4. Moreover, Proposition 2.5 shows that Gy, is a homogeneous

group isomorphic to O(N)/(O(k) x O(N — k)) by abuse of notation.

2.2. Measure on Grassmannian

In this thesis, we will be working with a measure on the Grassmannian that is
invariant under the action of orthogonal group. In this section, we prove the existence of
such a measure. Moreover, we will see that this measure is unique up to a multiplicative

constant.

Definition 2.6. [9, p.206] Let X be a Hausdorff topological space. A Borel measure
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on X 1is a measure whose domain is the Borel o-algebra on X. Suppose that A is a
o-algebra on X containing the Borel o-algebra on X. A positive measure u on A is

regular if

(i) each compact subset K of X satisfies p(K) < oo,
(ii) each set A in A satisfies

u(A) =inf{u(U) | AC U and U is open},

(111) each open subset U of X satisfies

p(U) = sup{u(K) | K C U and K is compact}.

A measure that satisfies condition (ii) and a measure that satisfies condition (iii) are

often called outer regular and inner regular, respectively.

Definition 2.7. Let G be a topological group. We say that a measure p on G s a left

(right) Haar measure if it is a nonzero reqular Borel measure with the property that

n(gA) = p(A)  (u(Ag) = p(A))

for all g € G and all measurable subsets A of G.

Lemma 2.8. Let G be a topological group and p be a left Haar measure on G. Then,
the measure defined by ji(A) = u(A™Y) is a right Haar measure on G.

Proof. Since G is a topological group, the measure i is also a regular Borel measure.

For an arbitrary ¢ € G and measurable set A, we have

i(Ag) = n((Ag)™") = u(g7"A™Y) = u(A™") = a(A)

Therefore, j1 is a right Haar measure on G. [l
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Theorem 2.9. For all locally compact groups G, there exist a left and a right Haar

measure on G.

Proof. We follow the proof of Gleason in [10].

First of all, note that the set {gV|g € G} forms an open cover of G for any subset
V' with non empty interior. If we further take a compact set K, then this cover must

possess a finite subcover. So, we can define
(K:V)=min{n e N|3g,...¢,, K CU'_ gV},

for non empty K and (K : V) =0 for K = (). Informally, (K : V) is the number of
V needed to cover K. Thus, we now have a way to determine how big a compact set

once we fix an open set V.
Let IC denote the collection of compact subsets of G and let U/ denote the collection
of open subsets of G containing identity. For further use, we make the following

normalization.

We can fix a compact subset Ky of G with non empty interior since G is locally

compact. Then, define

for all K € K and all U € U.
Now, observe that both (K : U) and (K, : U) are nonnegative, so is uy(K)
for any K € K and U € U. Moreover, if K C U?Zlgklo(o, and Ky C Uy_,hU, then

K C U, [Urygih;U]. So, (K : U) < (K : Ko)(Ko : U). Hence, py(K) < (K : Kp).

[0,(K : Ky)] is compact with respect to the induced topology of R, for each
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K € K. Define the space

X = T] 0. (K : Ky)]
Kek
whose topology is given by the product topology. By Tychonoft’s theorem, X is com-
pact. Moreover, uy is a point of the space X for each U € U by previous observation.
We will take an appropriate py € X that will be a Haar measure on G defined for

compact subsets of G.

Define C(V) = {uy : U € U,U C V}. Thus, C(V) is a closed subset of X for each
V' € U. Moreover, for any finite collection {V;}i; C U, we have pqx_y, € N, C(V).
So, we get Ny<yC (V') # (), by compactness of X.

Choose py € NyeyC(V). This choice has two advantages. First, we can show
monotonicity and subadditivity of py for any open set U € U. These properties are
carried over for any element of C'(V) by continuity. Secondly, we can show that if
UeclUand KU TN KU = 0, then puy (K, U Ky) = uy(Ky) + py(Ky). For any
Ky N Ky, =0, we can find a set V such that K ;U N KU = for all U C VL.
Thus, po(Ky U Ks) = po(Ky) + po(Ks). Moreover, py is non negative on C since
110 € X = [Tieercl0, (K : Ko)]. Also, po() = 0 since (0 : Kp) = 0.

Up to now, we have constructed pg for all K € K. We would like to extend pq to
all subsets of G. First, for all U C G open, let po(U) = sup{uo(K) | K C U, K € K}.
Next, for all A C G, let po(A) = inf{uy(U) | U C G open, A C U}. The extension of

[o 1s an outer measure.

The restriction of p is additive on Borel o-algebra. Let p be the restriction of

o to the Borel o-algebra. Then, u is a measure on G.

We finish the proof by showing that p satisfies the desired properties of Haar

measure:
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(i) p is a Borel measure, since the domain of definition of y is the Borel o-algebra.

(ii) p is regular. Inner and outer regularity of u follow directly from the way of
extension. Finiteness on compact subsets is the result of uo(K) < (K : Ky), for
K C G compact subset.

(iii) p is non zero. Consider the set Ky. For each U € U, uy(Ky) = E— = 1.
So, po(Ko) = 1. Since Ky is compact, pu(Ko) = uo(Ko) = 1.

(iv) p is translation invariant. First, take an arbitrary ¢ € G and K € K. Fix
Ve lU. Forall U € U with U C V, uy(9K) = py(A) because of the fact
that {x1U,...,zxU} covers K if and only if {gz1U, ..., gx U} covers gK. Thus,
(K :U) = (9K : U) and so, po(gK) = po(K).

To sum up, we make use of locally compactness of G in order to obtain a measure
[o on compact subsets of G. We extended py by following and respecting inner and
outer regularity conditions. Then, the measure p induced by pg became a left Haar

measure by (i-iv). By Lemma 2.8, there exists also a right Haar measure on G. ]

Until now, we have shown the existence of Haar measure. Next, we prove that

this measure is unique up to a multiplicative constant.

We start by giving three lemmas that will be utilized in the proof of uniqueness.

Lemma 2.10. Let p be a left Haar measure on G. If f € C.(G) and f > 0, then
Jo fdp > 0.

Proof. Let u be a left Haar measure on G. Take a function f € C.(G) that is not
identically zero. Then, there exists a set A such that u(A) > 0. By outer regularity,
there exists an open set O such that pu(O) > p(A) > 0. By inner regularity, there
exists a compact set K such that u(K) > p(0)/2 > 0. Let U = f~1(R*). U # ) since

f is not identically zero, and U is open since f is continuous. By compactness of K,
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there exist g1, g2, ..., 9, in G such that K C U}_,gxU. Then,

0 < H(E) £ 3 u(ont) = n0) = e (Unenfo € G 1(0) 2 1)

k=1

So there is mg € N such that {z € G | f(z) > mio} has positive measure, call this set
V. Then,

1
/G fdu > /V iz () >0

]

Lemma 2.11. Let p and v be left and right Haar measures on G, respectz'vely. Then,

fG (xg)du(g fG ) and fG (gz)dv(g fG g) for all integrable
functions f on G and for all x € G.

Proof. We prove the lemma for left Haar measures, the proof for right Haar measures

is similar. For any characteristic function x4 where A is a measurable set,

/G xa(rg)du(g) = /G Xo—14(9)dp(g) = p(z™'A) = p(A) = /G xa(g)du(g).

Thus, the lemma is valid for characteristic functions. The general case follows by

approximating any function by simple functions. m

Lemma 2.12. Let p and i’ be two left Haar measures on G. If there is a constant

a >0 such that [, fdu =a [, fdy' for all f € Co(G), then pp= ap'.

Proof. Define the measure v = ay’. Then, for any f € C.(G), o(f) = [, fdn and
= |, fdv. So,

:/Gfdu:a/gfdu/z/GdeZQﬁ(f)
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By Riesz representation theorem (9, p. 209, p = v = ap'. O

We can now proceed to the uniqueness theorem of the Haar measure.

Theorem 2.13. Let G be a locally compact group and let i and y' be two left Haar

measures on G. Then, u = ap’ for some a > 0.

Proof. Take a non-negative function g € C.(G) which is not identically zero. By
Lemma 2.10, [, g(tx)dy/(t) # 0 for any x € G. Now, for any f € C.(G), define the
function h on G x G by

_ f(x)g(yz)
M) = ) (0

h is compactly supported, since f and g are so. We will show that A is a continuous
function. Since, both f and g are continuous, it is enough to show that the denominator
in h, I(x) = [, g(tx)dy/(t) is a continuous function. Let xy be an element of G. Let
e > 0 be given. There exists an open neighborhood U of xy whose closure is compact,
since G is locally compact. Moreover, ¢ has a compact support, say K. Then, K x U
and KU ' are compact.

By regularity of p/, u’(KUﬁl) is finite. So, there is 9 > 0 such that u’(KUﬁl) < 5.
Since g € C.(G), there exists an open neighborhood V' of identity such that
lg(z) — g(y)| < 0 whenever y € 2V

Set W = U NzoV. Then, W is an open neighborhood of zy. Let x € W. Then,

tr € txoV, and so |g(tz) — g(tzg)| < 6 for any t € G. Moreover, if t ¢ KU_I, then
tr ¢ K and tzg ¢ K. Thus, |g(tx) — g(txe)| vanishes outside of KU . Therefore,

() — I(x0)] < /G (k) — gt ld' (1) < 55 = ¢

This shows that I is continuous, and so is h.
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We can apply Fubini’s theorem [9, p. 247] to h.

/G{/Gh(a:,y)d/ub/(y)} dp(z) = /G:/Gh(x,y)du(x)} dyd (y) (2.3)

hy 'z, y)dﬂ(x)} dp'(y) (2.4)

h(y—lx,mdw(y)} () (25)

h(y‘l,:ry)du’(y)] dp(z). (2.6)

Here, we used Fubini’s theorem in (2.3) and (2.5), and Lemma 2.11 in (2.4) and (2.6).

Using this equality, we obtain

[ fints / o) e o) / [ i)

= { h(z,y)du'(y }du { L wy)d! (y)] du(x)

//ngty du dp'(y)dp(x)
= /Gga:du:v {/G ng(ty—l)c)iu’(t)du,(y)}

Hence, the fraction

Jo F@)dptz) _ fly)
Joro@du(x) [ alty gD

dp' (y)

which implies

is independent of u. Thus, ?G ﬁéx));lz((x) o f(@)dp (z)

w)dp(z) [, g(a)dp (x)

Jo f(@)dp(z) = (%) [ f(@)dpd ().
By Lemma 2.12, u = ay’ where a =

Similar to Haar measure on locally compact groups, we can define invariant Radon

measure on homogeneous spaces as follows:
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Definition 2.14. Let G be a locally compact group and X be a homogeneous space
isomorphic to G/H. Then, a reqular Borel measure i is called a left invariant Radon

measure on X if u(gA) = u(A) for all g € G and all Borel subsets of X.

Figure 2.1. Invariance for Lines in R2.

Invariant Radon measure on homogeneous spaces may be seen as a generalization
of Haar measure on locally compact groups when we consider the trivial action of group

on itself.

Since O(N) is compact, it is enough to show the existence of invariant Radon
measure on homogeneous spaces when the underlying topological group is compact.
However, the existence of invariant Radon measure on a homogeneous space can be
shown under looser conditions. In fact, in [7], the existence of invariant Radon measure
on a homogeneous space is characterised with a condition on so called modular function.

We will follow the same proof in [7] but for compact groups.

Let G be a compact group and u be a left Haar measure on GG. Then, p is a right
Haar measure on G. In fact, we can define new measure p, by p,(A) = p(Az), for any

x € G. u, is also a left Haar measure, since

e (yA) = p((yA)r) = p(y(Az)) = p(Az) = p.(A)
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for any y € G and measurable A. Thus, there exists a constant A(z) such that
te = A(z)p, by uniqueness. In particular, u(G) = p(Gzr) = p,(G) = A(x)u(G). But,
u(G) < oo, since G is compact and p is regular. Thus, A(z) = 1, for all z € G.
Therefore, pu(Azx) = pu.(A) = A(x)u(A) = p(A). This shows that p is a right Haar

measure on G.

Moreover, the measure defined by ji(A) = u(A™') is a left Haar measure and

equals to p. First, we show that ji is a right Haar measure:

i(Ag) = p((Ag)™") = ulg ' A7Y) = p(A™") = a(A).

By previous argument, fi is also a left Haar measure on G. So, there exists a constant
¢ > 0 such that i = cu, by uniqueness. u(G) = u(G™) = @(G) = cu(G). But,
u(G) < oo, since G is compact and p is regular. Hence, ¢ = 1, so it = p. So

Je F9)du(g) = [ f(g~")du(g).

Theorem 2.15. Let G be a compact group and X be a homogeneous space isomorphic
to G/H. Then, there exists a left invariant Radon measure on X wunique up to a

multiplicative constant.

Proof. First, we will show the existence of a left invariant Radon measure on G/H.

Let p be the left Haar measure on G, by Theorem 2.9. For any f in C.(G), define

Rfat) = [ flah)du(h).

Rf isin C.(G/H) since f is in C.(G). Since pu is a left invariant measure, R is a well
defined function from C.(G) into C.(G/H).

Now, define the functional i) on C.(G/H) by

B(Rf) = /G fdu.
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First, we show that v is well-defined. Since ) is linear, it is enough to show that
Rf = 0 implies [, fdu = 0. Let f € C.(G) such that Rf = 0. Let E be a compact
neighborhood of supp(f). There exists a compact K C G such that ¢(K) = E. Take
a nonnegative function g € C.(G) such that g > 0 on K and a continuous function ¢

on G/H supported in F such that ¢ = 1 on supp(f). Define

poq

P =
Rgoqg

whenever denominator is nonzero, and ® = 0 when denominator vanishes. Then, the

function ® € C.(G) such that RP|syppis) = 1,

0 = [e@rsecmin = [ o) | [ fengm]ae @)

_ /G { /H (I)(x)f(mh_l)d,u(h)} du(z) (2.8)
— /H [ /G & (z) f(xh V) dp(z) | du(h) (2.9)
_ /H [ /G q)(xh)f(a:)d,u(:v)] du(h) (2.10)
_ /G [ /H @(mh)f(:c)du(h)] () (2.11)
— /G f(x)R®(xH)dpu(z) = Gf(:v)du(x)- (2.12)

Here, we used Fubini’s theorem in (2.9) and (2.11); Lemma 2.11 in (2.10). Thus, ¢ is

a well-defined positive linear functional on C.(G).

Let LE" be the function from G/H to G/H such that [Lf/H(f)](gH) =¢(xgH)
Similarly, let LY be the function from G to G such that [LE(f)](g) = f(xg). Then,

L/ (RF))(yH) = Rf (ayH) = /H F(ayh)du(h) = /H (L ) wh)du(h) = [R(LE ))(yH),
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for any yH € G/H, and so,

BLE(R)) = $(R(LEf)) = /G 1S fdu(x) = /G fdu() = O(R).

Therefore, the measure v on G/H associated to 1 is a left invariant Radon measure

on G/H by Riesz representation theorem.

Now, given any left invariant Radon measure v on G/ H, consider the function
on C,(G) defined by o(f) = [, JH Rfdv. 1 is a non-zero left invariant positive linear

functional on C.(G), so there exists a constant ¢ > 0 such that

/G/H Rfdv = c/G fdu, (2.13)

by Theorem 2.13 and Riesz representation theorem. Therefore, v can be characterised

by the formula (2.13), so v is unique up to a multiplicative constant. O

In Section 2.1, we have seen that the Grassmannian is a homogeneous space under
the action of the orthogonal group. By Theorem 2.15, there exists an invariant Radon
measure on Gy, unique up to a multiplicative constant. Thus, the measure of Gy

completely determines the invariant Radon measure on Gy .

However, there is not any consensus on the total measure of G ;. On one hand,
Klain and Rota approach to Grassmannian in a combinatorial perspective in [11]. They

N) WN

construct the measure G, in such a way that total measure is (7 TR

On the other hand, the construction of invariant Radon measure on Gy in [5]
relies on integral geometry and the manifold structure of Grassmannian. In the sequel,

we will use the measure on Gy, given in [5], and denote it by sy 5. In this construction,

WN-1WN-2.. . WN—F
We—1WE—2 .. .Wo

,UN,k(GN,k) =
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Even though topological group structure of Grassmannian is sufficient for the
existence of invariant Radon measure as we have shown earlier, Santalo takes advantage
of the differentiable manifold structure in order to calculate measures on Grassmannian.

As before, we need a group structure compatible with the manifold structure.

A Lie group is a topological group where the functions ¢ and v in Definition 2.1

are not only continuous but also differentiable.

O(N) is an example of a Lie group. Manifold structure of O(NN) enables us
to define 1-forms which may seen as vectors on the space. These 1-forms give rise
to directions and lengths on these directions. For instance, dr and dy on R? are
independent 1-forms on R?. Moreover, it is possible to compound 1-forms in order to
obtain higher dimensional forms by the operation called wedge product. 1f the dimension
of a space is n, then the wedge product of n independent 1-forms gives a volume element
on that space. For instance, dzdy is a volume element on R?. Invariant 1-forms on
a Lie group, according [5], can be calculated by Q = ¢g~'dg. Each element w;; of the

matrix  corresponds to a left invariant 1-form on O(N).

Any element g of the orthogonal group satisfies g” ¢ = Iy. By exterior differentia-
tion, we have the identity w;; +w;; = 0. Thus, any left invariant 1-form can be obtained
by combinations of {w;; | j < i}. Moreover, the number of elements of this set coincides

with the dimension of the orthogonal group which is N(Aéfl), by D.1. Therefore, the

elements in the lower triangle excluding the diagonal of €2 form an independent set of

left invariant 1-forms for O(V).

In Section 2.1, we have seen that Grassmannian is isomorphic to the quotient
space O(N)/=. Moreover, = consists of elements of O(N) whose components with
indices {(¢,7) |k <i < N,1<j<korl<i<kk<j< N} vanish. Similarly, this
group can be given by the conditions {w;; =0 | k+1 <i < N,1 < j < k} through
Cartan’s moving frames [5, p. 202]. Thus, we may think that = is a subgroup of O(N)
deprived of the directions {w;; }rt+1<i<n1<j<k S0 that the quotient space O(NN)/= varies

exactly in these directions. That is, {w;; }x+1<i<n1<j<k forms an independent set of left
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invariant 1-forms for Grassmannian. So, wedge product of these forms gives the volume

element on Gy . Abusing the notation, we can write dGnx = [ [, cicn1<j<r Wij-

When we consider wa,...,wg1 as a subset of {w;; | i < k,j < k}, they are left
invariant 1-forms on Gy ;. Similarly, {w;; | k+1 < i < N,2 < j < k} forms left
invariant 1-forms of Gy_1,_1 viewed as the subset of {w;; | 2 <i < N,2 < j < N}

Then, we get

|dGN7dek71| = H Wij H Wil

k4+1<i<N,1<5<k 2<i<k

= | | Wil | | Wij

2<i<N k+1<i<N,2<j<k

= |dGN1dGN_1 1]

If we use the equality inductively we obtain the relation,

|dGN’dek,1de7171 e dGQJ‘ = |dGN71dGN,171 e dGN,kJrLl . (214)

G.1 consists of lines in R", we can replace dG,,; by dS™ .

Integrating both sides of the equation 2.14 results in

WN-1WN-2 ... WN—k

,UN,k(GN,k) =
Wr—1Wg—2 ... Wo

2.3. Volume of Some Subsets of Gy

Now, let us focus on the measure of some subsets of G . We want to find the
measure of the subset of G ; whose elements intersect a given spherical subset of RY.

We denote the set {z € Gy | N B # 0} by Gni(B) and the ball with center at x
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and radius p by B,(x).

In [5], Santalo calculates

arcsin(p/||z||)
pvi(Grp(By(r))) = NN Nk / cost 1 (s) sin™ 1 (s)ds
' ’ Wi —o2WEg—3...Wo 0

oo paresinGe/|lz])
= MNJC(GN,]JM/ cos® 1 (s) sin¥ 1 (s)ds,
WN-1 0

for any z € RY — {0} and 0 < p < [|z]|.

Using this equality, upper bound to pni(Gni(B,(x))) is derived both in [6]

and [4] as follows:

arcsin(p/lal)
W 1WN —— . e
vk (Gri(By(2) = pnp(Gup) et 1/ cos" ! (s) sin™ F T (Qds)
0

WN-1
arcsin(p/|l]l)
WN-1 0
Wh 1N SVF s=arcsin(p/||z||)
= G — v
,MN,k( N,k) N1 N — Y
Wg—1WN—-k—1 - N—
= MN,k(GN,k)m arcsin™ " (p/[z])
N—k
Wr—1WN—f—1 (T\N-F p
i ()
IO N T \2) Tl
b\ N
= pngk(Gnp)Mi(N, k) (m) (2.16)
where M;(N, k) = W (%)N_k. In the first inequality, we used cos(s) < 1 and

sin(s) < s for positive s. In the second one, we used the fact that arcsin(z) < Fo for

all z € [0, 1].

So far, we have proven Theorem 1.5 with a smaller constant. In order to obtain
Theorem 1.5, we plug the formula for the surface area of the unit ball in terms of

gamma function (B.4), and obtain the following:
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Wr—1WN—k—1 (T\N-F
Mi(N,k) = —(—) 2.1
1< ) (N — k)wN_l 2 ( 7)
2mt/2 N—k
WN—k—1 T(k/2) [T\
- e 5) (2.18)
T(N/2)
_ wvn (E)N_k D5) o (2.19)
N—k \2 (k)
N—k+1 N—Fk
WN—-k—1 N 2 1
< i Z 2.2
<525 6 a2
= My(N, k) (2.21)

where we used (A.3) in (2.20). So we have the inequality M;(N,k) < My(N,k).
Replacing M; with M, in (2.16), we get

N—k
sl Goxa Be) < s G M) (L) (2.22)
This inequality (2.3) is indeed the one in Theorem 1.5 that is used in the article [4] of
Foias and Olson, hereby we proved the Theorem 1.5.

However, when k£ > 2, it is possible to prove Theorem 1.5 with an even smaller
constant. Instead of replacing all consine terms with 1 in (2.15), we can preserve one

cosine term in the integral and get the inequality:

arcsin(p/ l])
W1 WN —f— . e
i (Gup(By(x)) < pnp(Gp) — et ; Mok 1/ cos(s) sin™ ¥ (s)ds
N—-1 0

. N—k s=arcsin(p/||z||)
Wk 1WN_k—1 sin” "(s)

= HN,k(GN,k)

WN-1

N _

N—k
Wg—1WN—k—1 (
(N = k)wn-1 \|

— s (G My (N, R) (3) . (L> o

7

= MN,k(GN,k)

Since k£ < N and % < 1, the constant is smaller. In other words, we get rid of



the exponential term (g)

G < e 225 (A7) (1) ()

N-k

in N. If we follow the steps (2.17)-(2.20), then

N—k+1

™

26
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3. ALTERNATIVE MEASURE SPACE

We previously discussed the measure on Gy and derived the inequality (2.3).
However, both of them rely on techniques from integral geometry. Instead, Friz and
Robinson [6] propose to work with another space Sy which is similar to G . Any
element of Gy which is a k-dimensional subspace of R is spanned by k unit vectors
in itself. Conversely, any k linearly independent set of unit vectors spans an element
of Gyy. So, one can represent any A € Gy by an element of Sy, = SV x SN=1 x
-+ x SN=1 (k times), which spans A. The main advantage in working with Sy is that
it is naturally endowed with an invariant Radon measure and it is easier to handle the
measure of subsets using tools only from analysis.

Ta

Ia T :fE

=g T

Figure 3.1. Motivation for Alternative Space.

First, we can define surface measure on S¥~! induced by the Lebesgue measure
on RN. On S Nk, we define the measure vy as the product of surface measures. vy

is an invariant Radon measure, since the surface measure is invariant under the action
O(N) on SN-1,

3.1. Relation with Grassmannian

The advantageous part of working in Sy is the product measure vy of the

uniform surface measures which is more natural and manageable. Multivariable calcu-
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lus suffices to calculate the measure of some subsets of Sy . Nevertheless, there are
two apparent drawbacks: First, some elements of Sy do not span a k-dimensional
subspace of RY. Secondly, representation of any k-dimensional subspace of RY is not
unique. Thus, there is not a one-to-one correspondence between Sy and Gy and

SN is even a ‘bigger’ set than Gy .

We overcome the first problem by ignoring the elements which are linearly de-

pendent. In fact, the set of such elements has measure zero.

Lemma 3.1. vy (Dnyi) = 0 where

Dyg = {(w1,...,21) € Syal{zi}i_, linearly dependent}.

Proof. Define the sets Dl ,, for 1 <1 <k, as follows
DY ={(z1,..., ) € Sni|{z:}\_; linearly dependent}.
Note that Dy, C D%, C --- C Df, = D. We will prove that vy (DY ;) = 0 for each

[ by induction on I. For [ =1, Dfy, = {0} x S¥~1x ... x SN~V and so vy x(Dy ) = 0.

Assume that DY, has measure zero, for some [ < k. Then,
vn k(DN L) = vnie(Diyg) + vni(DNg — Divy) = vne(Di e — Divy)- (3.1)

Dé\ﬂC — Dé\,,k consist of k-tuples whose first [ vectors are linearly independent but first

[ + 1 vectors are linearly dependent. Hence, if (z1,...,2;) € Df\;r,lg — Df\,’k, then x4
is linear combination of {z;}\_; i.e., ;41 € [z1,..., 7] NSV ~ S=1 Since | < £k,
VJ\;’;C(D%“}C — Dé\,k) = 0. By induction, vy ,(Dyy) = 0. n

We denote S% . = Snx—Dn i, where g stands for generating. Lemma 3.1 provides
UNk(S%x) = vnk(Sni). Even though every element of S3, spans a k-dimensional
subspace of RY and so corresponds to an element of G, this correspondence is not

unique. In fact, consider the relation ~ on S%, defined by (v1,...2x) ~ (y1,...yx) if
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and only if [z1,...2%] = [y1,...yx]. This is an equivalence relation and the quotient
set S3 ./ ~ is in one-to-one correspondence with G . Moreover, there is a one-to-
one correspondence between each equivalence class and S7,. Thus, we may say that

Gnyi >~ S% /S, by abuse of notation.

3.2. Volume of Some Subsets of Sy

As in Section 2.3, we are interested in volumes of certain subsets of Sy . For any
subset X of R, Sy 1(X) consists of elements (1, ..., 2;) € Sy such that the span of
(x1,...,2x) intersects X. In particular, we bound the sets Sy ,(X) where X is a ball
in RY. The following lemma enables us to pull the center of any ball to SN=!, so it

suffices to deal with the balls whose center lies on S™V—1.

Lemma 3.2. For any p > 0 and a € RN — {0} such that ||a]| < p, we have
Snk(By(a)) = Snu(Byyjjay(a/llal]).

Figure 3.2. Normalization of Center.

Proof. The span of an element (z1,...,x;) € Sy intersects B,(a) means that there is

an element y € [x1,...,xx] such that ||y —al|| < p. Equivalently, H%/TH € [x1,...,2x) and

‘ ol — TiaT ‘ < ﬁ That is, the span of (z1,...,z;) intersects Sy (B,)ja(a/]||al]).
a

]
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Now, we introduce our main theorem. Theorem 1.7 used in [6] is a corollary
of our this theorem. In fact, this theorem is essentially same as Theorem 1.7 with a
different constant. Although we follow the proof of Friz and Robinson [6], we handled
some inequalities more carefully and omitted some of them. As a result, the constant
we obtained is smaller but less explicit. We begin by a lemma which is a special case

of the following theorem.

Lemma 3.3. Let N > 2, p€ (0,1) and a € SN=1. Then, we will have

arcsin p
VN71(3N71(BP(CL))) = QWN_Q/ S’i?’LN_QHd@
0

2Wn_9 <7T>N—1 prl'

< VN,1<SN,1)< 5

N — 1)0&]\/,1

Proof. First, we consider the set Sy1(B,(a)). S is essentially same as SV, For
any © € SNV let 6, € [0,7] be the angle between x and a. z € Sy1(B,(a)) means
the line spanned by x intersects the ball B,(a). This occurs if and only if the nearest

point of that line to a lies in B,(a). Therefore,

1€ Sya(Byla)) & |la—projual| < p
la— < 2,0 > z|” < p?
l1-<z,a >2§ p2

1 —cos?6, < p?

tr ¢ ¢ ¢ ¢

sinf, < p.
If we call A= {x € Sy :sinf, < p}, then Sy 1(B,(a)) = A. Hence,

vni(Sni(B,(a)) = /AdSN_1 (3.2)

= / / sin® %0, dodS™? (3.3)
SN=2 Jsin6,<p

arcsin p
< 2WN_2 / oN=2 d, (3.4)
0
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arcsin p)V 1
N1 (Sni(By(a)) < 2wN—2( N _,0)1 (3.5)
2Wn_9 /m \N-1
< P .
< v () (3:6)
_ 2WN-—2 TV N
= vna(Sna) N = 1Donss <2> pN L (3.7)

Equality (3.3) stems from C.1. In (3.4) and (3.6), we use inequalities sinz < z

for x € [0, 7/2] and arcsiny < gy for y € [0, 1], respectively. O

Theorem 3.4. Let a € (0,1]. If a € RN — {0} and p € (0,al|al|), then there exists a
constant Ko(N, k) for every 0 < k < N such that

v (Sna(By(0)) < v i(Sw i) Ko(N, ) (L) _ (3.8)

where Ko(N, k) can be chosen as

e () S () o0

WN-1 e

Proof. First, we fix o € (0,1]. In order to simplify the calculations, we first make a
reduction that ||a|| = 1 and p € (0,«). In fact, suppose that we proved the theorem

under these assumptions. Then, for any a € RY — {0} and p < al|al|, we have

UNE(SNE(Bp(a) = vnik(Snk(Byyjay(a/llall)) (3.10)
< una(Sni)Ko(N, k) (ZHZH) (3.11)
= uni(Sna) Ko(N, k) (ﬁ) N (3.12)

The equality (3.10) is due to the Lemma 3.2, and we use our supposition in (3.11).

Now, we will make an induction on N. Since, 0 < k < N, we can take the basis
step as k =1 and N = 2. In fact, Lemma 3.3 is a special case of the theorem for k = 1

and N > 2.



32

Observe that

Ko(N,1) = 220 (f)N_li(@y_j(“N# (3.13)

WN—1 \2 st 2 N _j>W1—j
2&)]\/,2 T\ V-1
= — | = . 3.14
(N - 1)(.&1]\7,1 (2) ( )

So the constant in Lemma 3.3 coincides with the constant in Theorem 3.4. This proves

the basis step.
We proceed by induction. Let N > 2 be a positive integer. We assume that the

theorem is valid for all integers less than N. In order to prove the theorem for N, we

break Sy i(B,(a)) into two sets A and B as follows:

A={(z1,...,x) € Sng | [r1] N B,(a) # 0},
B ={(z1,...,25) € Sni | [z1,...,2k] N By(a) # 0 and [z1] N B,(a) = 0}.

Since A and B are disjoint and their union is Sy x(B,(a)), we get
v (Sna(Bp(a))) = vvi(A) + vvi(B).
In the sequel, we will bound the measures of sets A and B using basis step and in-
duction hypothesis, respectively. So, we will obtain an upper bound for vy, (Sn .k (B,(a))).

First we write the measure of A in integral form,

I/N’k<A> = / / .. / dl’ldl’g N de‘N (315)
z1€SN—1:[z1]NB,(a)#0 J z2eSN -1 zyeESN-1

= (wy-1)* / day (3.16)
z1€SN—1:[z1]NB,(a)#0

< (wv-1) Ko(N, 1)p" (3.17)

Then, we can pass to (3.16) since there is no constraint on the variables x5 ...z x. The
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inequality (3.17) is derived from Lemma 3.3.

Now, we deal with the measure of the set B. On the set B, there are two
constraints: [z1] N B,(a) = 0 and [z1, ..., 2] N B,(a) # 0. In the latter one, we want
to get rid of x; in order to separate these constraints from each other. To this end, we

wil project elements in B on [z;]*. Denote P = projiz,+. Now, define the following:

Pa

0, = arccos < x1,a >, a = Snom

_ 5 _ Pz -
; = arccos < w1,x; > and xj—mforj—Q,...k.

Once we fix z;, there is one-to-one correspondence between x; and the couple (Z;,6;).

Moreover, #; can be viewed as an element of SV=2 in the space [z]*.

We derive a necessary condition for [z1, ..., 2] N B,(a) # 0 and [x1] N B,(a) =0

in terms of &y ... 2.

If [z1] N B,(a) = 0, then

[€1,...,2] N By(a) #0 = P([x1,..., 2] N Byla)) #0
= P([z1,...,24]) N P(B,(a)) # 0
= [iz... 3] N B (Pa) £ 0

= [ig... 25 N BE (a) £0.

p/ sin 61

For simplicity, we name the conditions as follows:

Cy : [z1]) N By(a) =0,
Cy : [das. ... 26 N BE (@) £ 0.

p/ sin 6y

Thus, we have the inequality:

VN’]C(B) < VNJg((iL‘l, .. ,$k) € SN,k ‘ C4 and CQ) (318)
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Now, we can plunge into calculations:

nr(B) < / AN (z1) . SN () (3.19)
C1,Co
= / / // /sm 0 ...sin’" 20, (3.20)
xleSN 1 -T2 Ik 92 ch
dfy ... d0RdSNT2(2s) ... dSN T2 (@y)dSN T (21)

) 62

x1€SN 1 12 Zk

4SY2(a3). .. dS¥2(2) S (1),

Here, we used (C.1) in (3.20) and (C.2) in (3.21). The inner integral in (3.21) is simply
the measure of the set in Sy_; ;-1 with the constraint Cs, so that we can use the

induction hypothesis on this integral:

vni(B) < (“’N*)k_l (3.22)

WN—-2

N—k
/ UN-1)-1(SN-15-1)Ko(N — 1,k — 1) ( .p ) dsNt

1 sin 64
= (wn_) VRGN = 1,k —1)pN (3.23)
N-2 N-2
/1,1 /91 (Sln 91) sm(91) d@ldS
= (wy) T Ko(N =1,k — 1)ka%/ dsN 2 (3.24)
k-2 Ji
= (wyn)"! %KO(N —1,k—1)pN*. (3.25)
k—2

Again, we use (C.1) and (C.2) in the steps (3.23) and (3.24), respectively. At last, we
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obtain the result (3.25) by reordering.

vng  (Sni(Bp(a)))
< (wy-1)"Ko(N, 1)p" !

 (wyn)F T R (N 1 — 1)V
Wk—2
k

Nk [ e 20wn-1) T on o (Z)N‘l
S N-1 2

n (wN_l)k—l WN—2WE—1
Wk—2
k—1 .
2Wp_o <7T>N_l’C < T\ k—i—1 WN—j—2
WN—2 \2 1 2 (N —j— 1)Wk:—1—g
< P Funi(Sni)2 kol (—)
WN=-1 2
WN—2 <(I7T>k_1 I ! <Oz7T>k_j_1 WN—j—2
(N — 1)wk_1 2 = 2 (N —j — 1)wk_1_j
k—1 .
N—k Wp—1 (T\N—F am\ k—i-1 WN—j—2
- sw2p = (5) |2 () ~
= l/NJg(SN’k)KQ(N, k’)pN_k.
Here, we use (3.17) and (3.25). O

Hereby, we proved Theorem 3.4. Observe that the choice for Ky(N,k) is not
unique, and any upper bound to (3.9) can play the role of Ky(N, k). In fact, Friz and
Robinson [6] get rid of the summation and choose appropriate o. As a result, they
obtain a more explicit form at the expense of having a larger constant. We can derive

that constant as follows.

Wi—1 (T\N-k i am\ki  wn_j1
Kok = 2= (5) () e

WN—
N-1 ey

_ o Who1WN—k-1 <7T>N_"“‘

(N — k)wy_1 \2

- (ﬂ)k_j (N = k)wn—j
— 2 (N — J)wN—f—1wk—j

7j=1
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We bound the summation:

i k=j — k)wn—j-1
Z(?) ((N !

N — J)WN—p—1Wk—j

j=1

oy ey S N ()

- 9 (N—k)/2 (k—3+1)/2
= (N =257 .

T(N —k)/2) T(k—J 1 1)/2)
s S (AT ()
ST

—k+2

)
)

()

IA
[\
B
M
el
| §

where last inequality stems from Theorem A.2

In [6], Friz and Robinson choose « as 1/m. Then, the last row above is equal to

%Z’? (l)kfj k—}+1 which is bounded above by 1.

Wr—1WN—k—1 (T\N—F
Thus, Ko(N <2 = = K (N, k).
b <32 (5

As in Section 2.3, we can follow the steps (2.17)-(2.20) and obtain

Wr—1WN—k—1 (T\N—F wy_kr (I\VTF(NT\ 2
Kl(Nak?)§2m<§> SQN—IC 5 - = K(N, k).

This bound and Theorem 3.4 proves the Theorem 1.7.

Nevertheless, we could have chosen a as 1 in order to weaken the condition p < ”%H
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to p < ||a||. Then, we get

k » k—1 :
ﬁ;(%)k j?\/iﬂ - %izo G) i—ll-l (3.26)
< (g)k_l (3.27)

where the inequality (3.27) can be shown by induction for & > 1. Hereby,

Kby < 2 e (1)

(N — k)wy_1 \2

for a = 1. Hence, Theorem 3.4 results in following corollary:

Corollary 3.5. Ifa € RY — {0} and p € (0, ||al|), then

Unk (Snk(By(a))) < l/N,k;(SN,k)Q% (g)Nl (HTZONIC (3.28)

for every 0 < k < N.
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4. CONCLUSION

In [4], Foias and Olson prove the existence of a special kind of projection, called
Mané’s projection. They showed that a finite fractal dimensional set X can be pro-
jected to a lower dimensional subspace in such a way that the projection’s inverse is
Holder continuous on X, see Theorem 1.3. Their proof is based on the following facts:
It is possible to cover the set X with N,(X) many balls with radius p, call them B,(a;).
If the kernel of a projection does not intersect any of the balls Bs,(a;), then the projec-
tion’s inverse is Holder continuous on X. So, it suffices to find a subspace that does not
intersect any of the balls Bs,(a;). One way to show the existence of such a subspace
is to use the probabilistic method. That is, one should bound the measure of the set
of subspaces which intersect any of the balls By,(a;). By countable subadditivity, this

measure is less than the sum of N,(X) terms:

Np(X)

s (U Gra(Bopla))) < D7 s G Bayla).

=1

Since X has finite fractal dimension, the number N,(X) can be controlled for suffi-

ciently small p.

In this line of argument, it is crucial to bound the measure of the set containing
the subspaces which intersect a given spherical subset of R"V. In this thesis, we focused

on such bounds and proved the following inequalities:

i Cra(By(@)) < piva(Coa) Ma(N,F) (ﬁ) -

N—k

VN,k(SN,k(Bp(a))) < VN,k(SN,k)KQ(Na k) (ﬁ) .
Foias and Olson utilize the first inequality which is based on the measure on the
Grassmannian, see page 28 and [4]. On the other hand, the second inequality and the

underlying space, referred to as alternative space, are introduced by Friz and Robinson,
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see page 39 and [6].

Differences and similarities between these inequalities are discussed throughout
this thesis. As a result, we observe that both of these inequalities are valid for suffi-
ciently small p and the constants are independent of p. Hence, it is possible to replace

the Grassmannian with the alternative space in the proof of Theorem 1.3.

On the other hand, these theorems differ from each other in two insignificant
aspects when we are concerned with Theorem 1.3. First, the constant in Ky(N, k) in
Theorem 1.7 is as twice as the constant My(N, k) in Theorem 1.5. Secondly, Theorem
1.5 is valid for all p < ||a||, whereas Theorem 1.7 requires that p < @ Finally note
that when we handle calculations more carefully, we obtain smaller constants in both

inequalities, see page 27 and Theorem 3.4.
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APPENDIX A: THE GAMMA FUNCTION

The gamma function is one of the most frequently used function in this thesis. We
will give some properties and inequalities regarding the gamma function. The gamma

function is defined by the integral

for all z € R.

If £ # 0, then 2T'(z) = [~ at* e tdt = t"e |2, + [ at®e'dt = T'(x + 1) by
integration by parts. Moreover, when we use the formula (B.4) for N =2 and N = 3,

we get I'(1) = 1 and I'(3) = */TE If we apply z['(x) = I'(z 4+ 1) repeatedly, then we

obtain
T'(n+1)=n! (A1)

and

2n+1 2n—1 2n—3 31
r = R A2
SEEGRIGHE % »
foralln=0,1,2,3....

Considering parity of k and N, (A.1) and (A.2) leads to following inequality

Theorem A.1. For all integers k and N such that 1 < k < N,

()
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(X r (& N N—k+1
Proof. If k = 1, then F(é)) = \(/%) < (f/)E <Vm(%§) * . Fork#1, we have

four cases:

Case 1: N and k are even.

There exist a and b such that N = 2a + 2 and k& = 2b + 2.

i e n e () T2 (3)

Case 2: N is even and k is odd.
There exist a and b such that N =2a +2 and k£ = 2b + 1.

(3) _Ta+1) _ al < (ﬁ) Mred
L) &) () (FP) - svm N 2
Case 3: N is odd and k is even.
There exist a and b such that N =2a + 1 and &£ = 2b + 2.
P(3) ) (5) ) 55vVT _ o N\
(L) Th+1) b =a ﬁgﬁ(?)
Case 4: N and k are odd.
There exist ¢ and b such that N =2a + 1 and k = 2b+ 1.
N 2a+1 2a—1Y) (2a—3 31 Nohtl
F(i) - F(zzjﬂ) - (21;2—1) (2b2—3) gfﬁ <a"'< ﬁ(ﬁ) 2
r(s) T (B (FFP) . 5avT 2

Another useful result for the gamma function is due to a convexity property. Let
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A be between zero and one. Then, we have

Tz +(1-Ny) = / At I=Ny=lo=t gy
0

_ /Oo (t)\(a:—l)e—)\t) (t(l—)\)(y—l)e—(l—/\)t)dt
0

oo A o 1-X
(e (e
0 0

= (C(2))* (T(y)"~

where we used Holder’s inequality. Taking logarithm of both sides results in the in-
equality (logT) (Az + (1 — N)y) < A(logT) (x) + (1 — ) (logT) (y) for all A € (0,1).
That is the composite function log ol is convex.

I'(a)l’
Theorem A.2. #b(—b)%) < ‘2/—;? for alla € [1/2,00) and b in [3/2,00).

3
Proof. Fix a. Consider the function F'(b) = Fr(icjzgfbl)). Then, F(3/2) = % = ‘2/—5
2

It is enough to show that F'is decreasing, equivalently log oF' is decreasing. If we take
the derivative of log o, then we obtain (log oF)'(b) = (log oI')'(b) — (log ol')’(a+b—1).
Since log oI is convex, (logol')(b) < (logoI')'(a+ b — 3) so that (logoF)" < 0. Thus,

log oF is decreasing. [
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APPENDIX B: THE SURFACE AREA OF UNIT SPHERE

orV/2

We have frequently used the formula wy_; = m Now, we derive this by

calculating the following integral in two different ways:
I= / eIl gy
RN

First, we manipulate the integral and obtain wy_; factor out of it:

[[]|
I = / / i(e_tQ)dtdx
RN o dt
= / / ote™ dtda
RN J||z|]
= / / ote " dadt.
0 ||| <t

Here, we used the fundamental theorem of calculus and then the change of order of

integration in RY.

I = / 2te =" vol (B,(0))dt

0

_ / 2N e~ ol (By (0))d
0

wy—1 [ Ni1 e
= 2t dt. B.1
e (B.1)

The last step (B.1) stems from the fact that Nvol(B;(0)) = wy—_1. In the following
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lines, we first use the change of variables, and then I'(n 4+ 1) = nI'(n)

I = %/0 uN et dy
WN-1 N
= rf—+1
w3

_wN_lﬁrﬂ
N 2 2

- (3. (B.2)

Next, we calculate I in a different manner :

Equating (B.2)

I = / e‘ZL'“}"'del...de
RN

N
= / He‘lxilgdxl...dx]v
RN o

1=1

= 72, (B.3)

and (B.3), we get,

27TN/2

P(N/2)

WN-1 =
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APPENDIX C: SPHERICAL COORDINATES

One of the tools that facilitate the calculations of measure on SV~1! is spherical
coordinates. Let u be an element of S~ Then, u can be represented by N — 1 angles
between u and coordinate axis: ¢ € [0,27) and 6y ...0x_5 € [0, 7]. If we denote its ™"

component in Cartesian coordinates by z;, then

N-2
r1 = Cos¢ H sin 0y
k=1

N—2
To = sing H sin O;
k=1
N-2
r; = cosb;_s H sin 0, 3<i<N-—-1;
k=i—1
Ty = cosfOn_s.
R

\ d.S‘N_E

s

I,._ESN—E

Figure C.1. Surface Area of the Unit Sphere in R,

The surface element can be calculated by induction on N. For the basis step,

take N = 2, i.e., consider a unit circle on R?. The only variable needed to determine
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the point on S is the angle ¢ € [0,27) given by the equations 2 =tang¢ if #0
and else ¢ = m — #%. Then, the surface element on St is elementary dS* = d¢. In
order to pass higher dimensions, we project the surface element on the space spanned
by the first N — 1 coordinates. The intersection of this space and the SV¥~! is just an
N —2 dimensional sphere on which the surface element dS"~2 is assumed to be known.

Then the base volume of the surface element dSV ! is equal to sin®™ 2 Oy _odSN 2 since

dim(SN=%) = N — 2. Therefore,
dSNTt = sinV 2 Oy _od SN 2 dly . (C.1)

By induction, we get dSV"1 = (ch\[;f sin® Qk) dfn_o...dB1d¢p. Moreover, we obtain a

useful formula,
WN—-1 = wN_g/ SiIlN_2 QdQ, (02)
0€[0,n]

by integrating both sides of (C.1).



47

APPENDIX D: DIMENSION ANALYSIS

NN-1)

Proposition D.1. O(N) has dimension —=

Proof. We consider the columns of an orthonormal matrix one by one. Then, the only
constraint for the first column is that its norm should be equal to one, the second
column should have norm one and also be orthogonal to first column, generally, the

kth column should be orthogonal to former £ — 1 columns and have norm one. Thus,

O(N) posesses S, k = w constraints.

dim(O(N)) = N? — N(N; D _ N(NQ_ Y. (D.1)

Proposition D.2. Sy has dimension k(N —1).

Proof. By definition of Sy :

dim(Syy) = dim (@sN—l)

j=1

k
= Z dim (SN ™)
=1
k

= Y N-1

J=1

= k(N —1).

Proposition D.3. Gy has dimension k(N — k).

Proof. Following the formula Gy ~ O(N)/(O(k) x O(N — k)), and using (D.1), we



48

have

dim(Gyy) = dim(O(N)/(O(k) x O(N = k)))
N(N-1) kk-1) N-k{N-k-1)

2 2 2
N~ N—-E+k—N*4+Nk+N+EN -k —Fk
- 2
= kN -k

This establishes the proof. On the other hand, the discussion in Section 3.1 yields

dim(Gyy) = dim(Syy) — dim(Skx)
= RN —1)— k(k—1)
— RN — k).
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