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ABSTRACT

SOME MEAN VALUES RELATED TO DIRICHLET
L-FUNCTIONS

In this work, mean values of derivatives of the Riemann zeta-function and Dirich-

let L-functions at the zeros of Dirichlet L-functions have been computed.
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OZET

DIRICHLET L-FONKSIYONLARI ILE ILGILI BAZI
ORTALAMA DEGERLER

Bu ¢aligmada Riemann zeta-fonksiyonunun ve Dirichlet L-fonksiyonlarinin tiirev-

lerinin, Dirichlet L-fonksiyonlarinin sifirlarindaki ortalama degerleri hesaplanmigtir.
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LIST OF SYMBOLS/ABBREVIATIONS

The group of multiplicative units modulo ¢

A Dirichlet L-function.

T dt .

= )2 ogt’ the logarithmic integral.

The number of zeros p = o + ¢y of {(s) with 0 <~ < T.
The number of zeros p = o + iy of L(s,x) with ¢ > 0 and
0<~<T.

An exceptional zero of an L-function.

The Gamma function.

The i-th Stieltjes constant.

The Riemann zeta-function.

The von-Mangoldt function.

The number of primes not exceeding .

= |t| + 4.

The Gauss sum of x.

The number of a, 1 < a < n, for which (a,n) = 1; known as

Euler’s totient function.
A Dirichlet character.

The factor in the funcional equation of L(s, ).

The number of prime factors of n, counting multiplicity.
|f(z)] < Cg(x) where C' is an absolute constant.

lim f(z)/g(z) = 0.

#(z) = Olg(a)).

cf(x) < g(x) < Cf(x) for some positive absolute constants ¢

and C.
lim f(z)/g(x) = 1.

Generalized Riemann Hypothesis



1. INTRODUCTION

The main objects of study in the present work are the zeta-function of Riemann
and Dirichlet L-functions. Here we will give an outline of their history and some of
their relevant properties, and try to convey a sense of their arithmetical significance.

For a detailed account of the theory we refer the reader to Davenport’s classical text [1].
1.1. Origins

Riemann’s zeta function is initially defined as

for a complex variable s = o 4 it, ¢ > 1. Euler considered, for real s, the identity

)= J[ @=»—)",

p prime

which is essentially an analytical statement of the unique factorization of integers.
This is because expanding the factors in a geometric series, the right hand side equals
[[,A+p~+ p~2...), so when multiplied out, n=% can be obtained by one and only
one combination of powers of distinct primes. Taking logarithms in the product ex-

pression,

08 C(5) = 303 m~ ™, 1)

p m=1

and since ((s) — oo as s — 1 from the right and the terms with m > 2 contribute a
bounded amount, it follows that the the sum of reciprocals of primes diverges, entailing

the infinitude of primes.

Dirichlet’s aim was to prove that every arithmetic progression kq + a with



(a,q) = 1 contains infinitely many primes. Following Euler, he set out to show that

>

p prime
p=a (mod q)
diverges. For simplicity, we shall sketch his arguments for the case when ¢ is prime.
Now for any totally multiplicative function f (i.e. a function defined on integers which

preserves multiplication) we have a product expression as in the case of ((s).

S fsm =T~ )

p

But simply declaring a function to be the characteristic function of integers congru-
ent to a (mod ¢) does not produce a multiplicative function, so Dirichlet introduced
the so called Dirichlet’s characters which we shall denote by x(n). They are totally
multiplicative functions with period g. That they are periodic means that in fact they
are defined on the group of integers modulo ¢, multiplicativity entails x(1) = 1, and
since every integer has order ¢ — 1 in the multiplicative group of units modulo ¢, we
see that y(n) must be a (¢ — 1)-st root of unity for (n,q) = 1. We know that there is a
primitive root modulo ¢ when ¢ is prime (in the language of algebra, Z; is cyclic and
has a generator), so if we fix a primitive root g, defining x(g) to be a (¢ — 1)-st root
of unity completely determines x(n) for (n,q) = 1, and we set x(n) =0 for (n,q) > 1.
Hence there are ¢(q) characters to the modulus g. One of them takes the value 1 for all
integers relatively prime to ¢ and 0 otherwise, this is called the principal character and
is distinguished by a naught in the subscript. Characters have the following imporant

properties.

1 1 ifn=1 (mod q),
@ Z (1.2)
x (mod

0 Otherwise,



and

n

1 L if X = Xo,
e Z (1.3)
(mod 0 Otherwise,

so they serve to select a residue class modulo g by virtue of

1 1 ifn=a(mod q),
¢— Z (1.4)

0 otherwise.

Dirichlet defined L-functions in terms of the characters

=> xmn =] (1= xp™) ",

p

and these have an Euler product expession as in the case of ((s). In particular, taking

logarithms gives

log L(s, x) ZZm x(p™)p~ ™ (1.5)

p m=1

for s > 1, whence a suitable combination of them gives

Zx 10gL3X)—Z Z m~tpme

a(mod q) (16)

= Z p °+ O(1).

p=a (mod q)

Showing that the left hand side tends to infinity as s — 1 from the right establishes

-1

the divergence of Zp o (mod g) P

Characters can be generalized with ease to composite moduli while retaining their
crucial properties. To a general modulus ¢, however, an important distinction must be

observed. A character y(mod ¢), when restricted to the values of n with (n,¢) = 1, may



have a least period less than ¢, say ¢;. Then necessarily ¢; | g2, and there is a character
X1 to the modulus ¢; such that for all (n,q) =1, x(n) = x1(n). In this case we say x1
induces y, and y is called imprimitive, otherwise if q is the least period of x restricted
to those n with (n,q) = 1, we say that y is primitive. We leave the principal character
unclassified. Since the only character to the modulus 2 is the principal character, any

mention of primitive characters presumes ¢ > 3.

1.2. Relationships with the distribution of primes

We denote by 7(z) the number of primes not exceeding the real number z. The

prime number theorem, in its simplest form, asserts that

X

or in a more precise formulation

m(z)=liz+ O <x exp (—c@))

for some positive constant ¢, where
liz = — (1.7)

is the logarithmic integral. That m(x) ~ liz was first conjectured by Gauss in 1849.
Riemann, in his memoir of 1860, considered ((s) as a function of the complex variable
s and showed that ((s), from its original half-plane of definition, admits an analytic
continuation to the whole plane with the exception of a simple pole at s = 1 with

residue 1. He also showed that ((s) satisfies the funcional equation

1

T (%s) C(s) = 73091 Bu _ s)] C(1—s). (1.8)

From the functional equation one can infer the behaviour of ((s) for ¢ < 0 from that

for o > 1. By the absolute convergence of the Euler product for o > 1, we see that ((s)



does not vanish there, so the only zeros for o < 0 are located at the poles of F(%s), ie.
at s = —2,—4,—6,.... These are called trivial zeros. The remaining part of the plane,
where 0 < o < 1 is called the critical strip. He further stated without proof that ((s)
has infinitely many zeros in the critical strip, (necessarily symmetrical with respect to
the real axis by the reflection principle and to o = % by the functional equation) the

number N(7T') of which that satisfy 0 < ¢ < T is given by

T T
N(T) = —1log — 4+ O(logT). (1.9)
2 2me

He also stated the so called Riemann-von Mangoldt formula

d An) =z - % - %(0) - %log(l —z7?), (1.10)

n<lx P

where A(n) is the von Mangoldt function defined by

log p if n =p™,
A(n) = (1.11)

0 otherwise.

In (1.10), the p are the zeros of ((s) in the critical strip, and it is understood that in

the sum they are taken in conjugate pairs. The validity of (1.10) rests on the fact that

A(n) are the coefficients of the Dirichlet series for —%(3), and to sum them up to z,

one may use the properties of the discontinuous integral

0 if0<y<1,
1 c+oo ys
i Z ds=11 e 1
2T Jeioo S ds 2 ity =3 (1.12)
1 ify>1,

to obtain

—100

S An) = % /Cmoo [—%’(s)} %Sds, (1.13)



where ' denotes that the last term is to be halved for integral z. Of course there

are questions of convergence, and the rigorous formulation of this method is known

as Perron’s Formula. In practice it is more convenient to start with an integral from

c—1i1 to c+14T, regard this as the right side of the rectangle extending to the left, and

use the theory of residues. Letting 7" — oo then renders plain the terms appearing in
%

(1.10): the £ factor contributes —%(0), the nontrivial zeros contribute the sum over p,

the pole at s = 1 gives x, and the residues at trivial zeros are collected in the logarithm.

It is an elementary matter to pass to an estimate for 7(z) from (1.10), and this
makes clear the significance of the zeros of the Riemann zeta-function; the smaller
their real parts, the smaller the contribution of the sum over them. Thus, knowledge
of larger zero-free regions for ((s) in general gives rise to sharper estimates for m(x).

With the classical zero-free region

C

N L 1.14
- log([t| + 4) ( )

which was first established by de la Vallée-Poussin in 1899, one obtains

m(z)=liz+ O <33 exp(—q/@)) , (1.15)

and the truth of the only hitherto unproved statement from Riemann’s memoir, the

Riemann Hypothesis, to the effect that all the non-trivial zeros have o = %, would

imply

m(x)=liz+ 0O (x% logx> . (1.16)

All these have analogues for Dirichlet L-functions. We know that L(s, x) admits
a continuation to the whole complex plane as an entire function, and for primitive y, it
satisfies a functional equation whose form depends on whether y(—1) is 1 or —1. The

number N (T, x) of zeros of L(s,x) in the critical strip with non-negative imaginary



parts not exceeding 1" is given by

T qT
N(T,x) = o log o T O(log qT). (1.17)

However, there is one critical exception. The analogue of the method for deriving
zero-free regions of ((s) fails in the case of L-functions of a real character. For a

complex character x to the modulus ¢, L(s, x) is known to be non-zero in the region

c
oc>1-— ,
log(q (|t| +4))

(1.18)

but in case x is a real character, it has not been possible to rule out the possibility
that a zero exists in this region. What is known is that there can be at most one,
necessarily real, zero, for at most one real character modulo ¢q. Such a zero (3 is called
an exceptional zero and the corresponding character is called an exceptional character.
This is summarized in Theorem 11.3 of [2], reproduced here since we shall have recourse

to it often in the sequel. In the notation of [2], 7 denotes || + 4.
1.1 Theorem. There is an absolute constant ¢ > 0 such that if x is a Dirichlet
character modulo q, then the region

R,={s:0>1—c¢/logqr}

contains no zero of L(s,x) unless x is a quadratic character, in which case L(s,x) has

at most one, necessarily real, zero 3 <1 in R,.

However, it has been shown that an exceptional zero 3 of an L-function to the

modulus ¢, if it exists, has to satisfy the following upper bound [1, p.96,(12)].

B<1-— (1.19)

g2 (log q)%

The analogue of the Riemann Hypothesis, to the effect that all non-trivial zeros of an



L-function lie on o = %, is known as the Generalized Riemann Hypothesis.

Using L-functions one can generalize the prime number theorem to arithmetic
progressions. By means of Perron’s formula, we can obtain estimates for ¢ (z,x) =

> n<e X(n)A(n), and taking a suitable linear combination we may pass to

1

> A= ) > xX(@d(,x). (1.20)
nsz x (mod q)
n=a (mod q)

However, because of the possible presence of an exceptional zero 3, Perron’s formula
produces a term of the magnitude °, and for this to be of a lesser order than the main
term, which turns out to be x/¢(q), one has to impose very severe restrictions on the
size of ¢ with respect to x. For instance, one form of the approximations to the number

of primes not exceeding = in the progression kq + a is

1
—liz+ 0 (exp (c\/log x)) : (1.21)
¢(q)

under the quite harsh restriction ¢ < (logx)". Here ¢ is a constant which depends

only on N.
1.3. Results of the present work

There are various results concerning sums and mean values related to the zeta-
function or L-functions. We have considered sums of the derivatives of the Riemann
zeta-function at the non-trivial zeros of an L-function up to a prescribed height T,
and the same for the derivatives of an L-function at the zeros of another (possibly
same) L-function. We have tried to obtain as precise error terms as possible which are
uniform in the moduli, and these are to be found in various forms in the main body of

the work. Considering the moduli fixed, the asymptotic forms of our results read

YO,x)L 4+ N(T,x)  ifpu=0,
r (1.22)

0<y <T [(i)” ’ %(s,y)] L otherwise,



_1),u+1 qT u+l
o py,x) ~ LU g (log — (1.23)
o< 2n(p+ 1) 2
T(¥1) i (=17 (X1%o) -r r._ T
D0 Lo ) ~ =8 ae) = SRR L ) 5 T (T 5
0<yx, <T
+ N<T7 X1>7
(1.24)
and for p > 1
_T(wl)wl(*l)T(%wo)L(l X@ )l (10 T)H if
s X1¢1) 55 (log if g1 | g2,
Z LW (pyy 1) ~ ¢(q2) o
0<yr <T (_1)#[(%)“ L(s,x1) | = otherwise.
s=1

(1.25)

Here p, are the non-trivial zeros of L(s,x) with Jp, = v, x1 and 1 are primitive
characters to the moduli ¢; and go respectively, and §(qq, ¢2) is the function which takes
the value 1 if ¢; | go and 0 otherwise. These results, along with expressions involving
explicit error terms are derived in chapters 3, 4 and 5 respectively. The method we
have employed in those derivations is essentially that of Gonek’s in [3]. We made
extensive use of Perron’s formula to obtain approximations to sums of coefficients of

various Dirichlet series; those computations are to be found in section 2.3.

The first thing to note about these results is that the greatest magnitude is
achieved when summing the derivatives of an L-function over the zeros of itself. This
may be regarded as a loose indication that not too many of the zeros can be multiple
zeros. Comparing (1.24) with the case p = 0 of (1.22), we see that they agree if we
regard ((s) as the L-function of a “character modulo 1”7. Considering (1.25), we note
that the magnitude of an L-function at the given set of zeros of another L-function is
mainly determined by the divisibility relations between their moduli. Hence, one might
expect more correlated behaviour from L-functions of characters to moduli having

greater common divisors than from those of characters to relatively prime moduli.
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Our (1.24) and (1.25) are related to the following theorem of Fujii’s, namely
Theorem 13 of [4].

1.2 Theorem. Let x be a primitive character x mod ¢ > 3 and v be a primitive

character mod k > 1. We suppose that x # 1. Then we have

.1 r
Jim > (L (5 + w(Wx) - 1)
2T 0<y(y)<T

= —0(k, q) L(L, x¢)x(—1)7(x)

where xo 1S the principal character mod q.

This is an immediate corollary of (1.24). With (1.25) we give estimates with the

derivatives in the summand as well.

Counterparts of our results, i.e. the same sums over the zeros of ((s), may be

found in Karabulut [5].

1.4. Some miscellaneous facts

For any character x(n) to the modulus ¢, the Gaussian sum 7(x) is defined as
q .
T(x) = Z x(m)erim/e, (1.26)
m=1

If  is a primitive character, the Gaussian sum satisfies |7(x)| = ¢z.

The sum of x(n) over any set of complete residues (mod q) is zero, so we have the

obvious upper bound } 7,y Xx(n) < ¢. Pélya-Vinogradov inequality further states
that

> x(n) < g2 logg. (1.27)
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It will be apt to also reproduce here Theorem 11.4 from [2] which we used exten-

sively.

1.3 Theorem. Let x be a non-principal character modulo q, let ¢ be the constant in
Theorem 3, and suppose that o > 1 — ¢/(2logqr). If L(s,x) has no exceptional zero,
or if By is an exceptional zero of L(s,x) but |s — (1] > 1/logq, then

L/
f(s,x) < logqr, (1.28)
log L(s, X)| < logloggr + O(1), (1.29)
and
L < logq (1.30)
R T. )
L(s, x)

Alternatively, if (1 is an exceptional zero of L(s,x) and |s — (1| < 1/logq, then

L/
Z(&X) = 5 — 61 + O(lOg Q) (S 7é ﬁl)? (131)
|arg L(s, x)| < loglogq +O(1) (s # 01), (1.32)
and
|s — (1] < |L(s,x)| < |s — Bi](log q)*. (1.33)

1.5. Remarks on notation and conventions

We have taken the liberty of using the Greek letter y to denote the factor in the
functional equation of both the Riemann zeta-function and L-functions, as well as a
general Dirichlet character. There is no danger of ambiguity, as the object it denotes
will be clear from the arguments it takes or the lack thereof. Also the letter 7 denotes
both Gaussian sums as 7(x), and the number |t| + 4 where ¢t = Js, following the

convention employed in [2]. The latter is to facilitate the expression of order relations
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which degenerate when |t| is small.

As usual, we denote by e a positive real number, which need not be the same
at each instance. This is especially true in the case of order relations, that is, we will
freely write expressions such as T°logT < T°. The same goes for the letters ¢ and C'
which denote unspecified constants that also need not always be the same. In the few
instances where it was necessary to keep track of such constants, we have employed

subscripts.
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2. PRELIMINARIES

This chapter consists of some lemmata concerning L-functions and estimates of

some sums and integrals related to them.

2.1. Estimates regarding (s, x)

The functional equation for L(s, x), where x is a primitive character to the mod-

ulus ¢, is given by (see, for instance, Davenport [1], §9, equations (8) and (11))

- —3(s+a) . T —1(1-s+a)
(5) r [%(s - a)} L(s,x) = Zf;? <E> r [%(1 — s+ a)} L(1—s,%).
(2.1)

Here a is defined as

0 if x(—1) =1,

1 if x(=1) = —1.

In analogy with the Riemann zeta-function, we write the functional equation in the

unsymmetric form as

L<57 X) = X(57 X)L<1 - 57%)? (22)

where

00 (7P
LG T et
X(s,x) = (2.3)

As an estimate of x(s,x), we have the following
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2.1 Lemma. Let x be a primitive character to the modulus ¢ > 3. In any fized half-
strip a < o < [, t >0 > 0, where d is an arbitrarily small positive number, we

have

and

Proof. Stirling’s formula asserts that [1, (5) of §10]:
log'(s) = (s — 3)logs — s+ Llog2m + O (|s| ") .
This gives, in any fixed half strip a <o < 3, ¢t > 4§ > 0,

1
logT(0 + it) = (0 + it — 3)log(c +it) — 0 — it + 3 log 27 + O (z)

1
= (0 + it — 3)(logit) + it log (1—1—%) —o —it+3log2m + O (g) :
i

For t large enough, say t > ¢y, we have
o 1 o\" 1
s (14 7Y =i (S 1 (22) ) o0 (1),
thlog {1+ it ! (nz: n it ot t
SO
1
logT(0 +it) = (o + it — 3)(logit) — it + 5 log 27 + O (?) : (2.4)
But in the rectangle a < o < 3, § <t < tg, there hold

logT(0 4 it) — (0 + it — 3)(logit) + it — 3 log 2w < 1,
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and 1 < 1/t, so in fact (2.4) holds for ¢t > §. Exponentiating (2.4), we get
['(o+it) = t”_%J’ite_%t_iH%”(”_%)(2%)%{1 + O(l> },
t
for t > ¢ uniformly in any fixed strip o < o < 3. This also implies
. g _mbgy Lo 1 1 1
F(O-_Zt):ta 3 Zte 2+’Lt 227'('(0' 2)(27-‘-)2{1_’_0(;)}7
for t > ¢ there, by the reflection principle.

Using these, we obtain

I'[L(1-y3)] :F(% — 10 — 3it)
['(39) (30 + 3it)
o _ it
1\ 7272 AT 1
_ ) 1+0(3)
(%)f_fr? e~ Tt T

and

F(1—14s) T(1— 40— 3it)
T'[L(1+s)] T(3+ 30+ 1it)
1_ o it ; : i
t\2727 3 —Ityityino_ir 1
_) 1 1+O(—>
272 67%7%+% t

4 <%) $—o—it ei(tﬂ{){l +0 <%) }
_ T(X);? (%> 30 exp (—it log(%)) {1 + O(%) }
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rs(1- : : .
Since writing 1 — s for s in % gives its reciprocal,
2

. o T(X) qt otit=3 —i(t+Z) 1
x(1—s,x) = . (271’) e 1+O<t>
r(x)e qt 73 , qt 1
—(X; <%> exp (zt log<%)> {1 + O(;) }
Similarly when x(—1) = —1, we get
() (at 2o i(t-T) 1
X(s,x) = ” <27T) e 1+O<t>
e (at\TT (gt 1
T () () {10 (3)

N|=

and
1
) (gt —i(t—T) 1
1—s,y) = X (40 i 1 O(—)
—T1 t o 1 t
4 2
S () e (us()) 1 0() )
qz 2 2me
Since |1(x)| = g2 for a primitive character x(mod ¢), we have as a corollary
gt\* "
X (s, )| ~ (g) (2.5)
and
gt\"?
Mi-sol~ (2) (26)
as t — oo.

The following is an estimate on the logarithmic derivative of x(s, x).
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2.2 Lemma. For any fized o and |t| > 1, we have

Proof. First assume x(—1) = 1. Then

X(s,x) =

() (z)si 30 -s)]

q%q

Taking logarithmic derivatives:

Now we use & (s) = log s + O(‘%') [1, (6) of §10], which holds uniformly for |s| > § and

larg s| < m — § for any fixed positive d, and get

X s —tog ™ — Log | 21— o —in] = Lrog [L 1o+ 1
X(s,x)—logq 21og[2(1 o zt)} 21og{2(0+zt)}+0(|t|>

2 1 0% — o + 2iot — it 1
=log— — =1 21— Ol —
&7 zog{ ( 2 ”* (|t|)

27 1 0% — o+ 2iot — it 1
= log — — log|t| — =1 1-— ol—),
o8~ loelt 20g( ° )+ (|t|)

whence we obtain the assertion of the lemma. Similarly when x(—1) = —1,

() <w>s—% T(1—Ls)

X(s,x) = - m

o1
1q2 \q

Therefore
N \OX) TR T o 2 2T \2 72
T 1 1 1 1 1
=log— — =1 — (2 — — =1 —(1 —
ony —glox 52— ~gloe |51+ +0 ()

2

ol 10 )] ()
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so again we obtain the desired result. O

Next we have an estimate for the derivatives of x(s, x).

2.3 Lemma. For any fized o, v > 0, and |t| > 1 we have

XY (1 —s,x) = x(1—s,x) ( log q2’ |) +0 ( 73 [t]77% (log q|t])"” )

Proof. We use induction on v. The case v = 0 is obvious. Assume the claim proved

forv=0,...,u— 1. We differentiate the identity

/

X'(1—=s,x) =x(1—5,x)- X;(l —5,X)

i — 1 times and obtain

Wi-s0=5 ("7 -sn (O a0 e

v=0

By Lemma 2.2 we know that

X qlt| 1
=—(1-— =—log—+0|—=]). 2.8
C-sn -0 W o (4 (2.5)
We have from (2.3)
/ —log 7 + 5 (55) + 5 [5(1 - s)] if x(=1) =1,

We also have

which is obtained by logarithmic differentiation of the Weierstrass product for I'(s) [6,
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12.16], and further termwise differentiation of this gives
F/ 0 y+1 1
— =0 | — > 1),
(F) m-SiEw ol v

since

OO 1/+1
‘Z s—l—n”Jrl

n=

1
|
= Z “lo+n+ izf|”4r1

<
. Z (o +n) +|ty2

SV!/ du
0 (0+u)2—|—\t|2

_y|/ood_u
e ur At

U °°<< 1
It

1
= yl— arctan —
|t t]],

Using this with (2.9), we have

(9 0wn-ofl) van

Also, by Lemma 2.1

X(1 = 5,%) = O((qlt])2),

so combining these and the induction hypothesis in (2.7) yields the result. O

2.4 Lemma. Let x be a primitive character to the modulus q. For any A > 0, in the

region —A <o <1 5, we have
1, _
L(s,x) < (q7)2 " [L(1 = s, X)-

Proof. This amounts to showing that x(s, x) < (QT)%_U. We make use of the formulae
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(see [2, Appendix C])

T

C(s)I'(1—s) =

sinms’

L(s)[(s+ 1/2) = /72727 (2s),
and Stirling’s formula in the form

T(s) = v2ms* 7¢™* (1 +0 (é)) .

If x(—1) =1, we have

Here

and in the region under consideration, Stirling’s formula gives

1_

(1= 8)| = |(1— )27 = |1 — 5|7 " exp (targ(1 - s)).

But arg(l —s) = —arctant/(1 — o) = —7/24+ O(1/t) and |1 — s| < 7, so [I'(1 — )| <
7579 exp(—nt/2). Also

. TS eWTS — e_st < 7t
sm—= ———— ex — .
2 2% P73

These give the desired bound for x(s, x). The case x(—1) = —1 is handled in the same

fashion, since

N1-1s) 1 s 1 s\ . 7w(s+1) 1, . TS
———F<1—§>F(§—§)SIHT—W 22 F(l—s)sm;. O
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2.2. Bounds for L("‘)(s,x)

2.5 Lemma. If x is a primitive character to the modulus q, for any fized € > 0 and

all k =0,1,2,..., we have

(qr): " ifo <0,

(q7)° if 1 <o.

Proof. Throughout the proof we are working with a prescribed e, which can be arbi-

trarily small. Given any small but fixed § > 0, for ¢ > §, we have

—ZXSJ ZX ZXS, (2.10)
n=1 n<A n>A

where A is a number greater than 1 that may be freely specified. We bound the first

series trivially as

‘ yo ) x(n) Z L /A“ dx 2.11)

n<A

For the second, partial summation and Pdlya-Vinogradov inequality give

—XO:) - S/ ( ) x(n)>u‘1‘5du < g7t[s|A7. (2.12)
n>A n A A<n<u

Therefore, we have
A+1 dx L
L(s,x) < / —+ q2*%|s|A77, (0 >9). (2.13)
1

Now for any fixed §; > 0, in the half plane o > 1 + &1, we have |L(s,x)| < ((0) <
((1441) < 3 < 1. Also, in the strip 1 < o <1+ 4y, we have [s| < 7, so there (2.13)
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with A = q%T gives
L(s,x) < (q7)%, (o >1). (2.14)
From this Lemma 2.4 immediately yields
L(s,x) < (qg7)277%, (0 <0). (2.15)
Also, using (2.13) in the bounded region 5 <o <1, [t| <1 with A = ¢2, we obtain
L(s, x) < qz179%, (2.16)

since |s| =< 1 there. Using this with % in place of x in Lemma 2.4, we obtain for

0<o<i <1,
L(s,x) < q2 7L(1 = 8,X) < q2 7q27%° < qz(1-+e, (2.17)

so that (2.16) holds throughout the region 0 < o <1, |t| < 1. Thus the case k = 0 of

the Lemma is established except for the region 0 < o < 1, [t| > 1.

Now we put o7 = 0 and o9 = 1, so that L(o;+1it) = O ((qt)%ﬂ) and L(oy+it) =
O ((qt)?) for t > 1. We denote by k(o) the linear function satisfying k(o1) = 5 + ¢ and
k(og) = ¢, ie. k(s) = 3(1 —s) +e.

Put ¥(s) = (—igs)"® = ek(®10s(~ias)  Then 1(s) is analytic for o1 < o < 09,

t>1. If k(s) =as+0,

‘ﬁ(k(s) log(—iqs)) = i)‘i((k(a) + ’iat) (log(qt) +0 (1/t))>

= k(o) log(qt) + O(1),

whence [(s)| = (qt)F@)eOW),
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So L;Z))O is analytic and bounded for ¢ = oy and o = oy by (2.14) and (2.15),

and also on the interval [it, 1 4 it], by (2.16). Call the greater of these bounds M and
put ¢(s) = a“L SX . Also, using (2.13) in the fixed half strip § < o < 1 with A =0

with Lemma 2.4 shows that L(s, x) = O ((¢t)*) for some K as t — oo uniformly in

0 <o < 1. So when T is sufficiently large, we have

L(s, x)

s | =M

|6(s)] = e

on the boundary of the rectangle with vertices oy + 2, 09 + 1", o1 + i1 and oy + 1,
whence on the whole rectangle, by the maximum modulus principle. So we have, in

the region 01 <0 <0y, t > 1,

1L(s,x)| < e (qt)"eC DAL

Letting ¢ — 0 completes the proof for the case v = 0 since the same bound carries to

the negative values of t by virtue of the identity L(S, x) = L(s,X)-

We write

(
%—0 if 0 <0,
vie)=41l1-0) if0<o<1, (2.18)
0 if 1 <o,

\

“9)F2 " Now for any o, in a given fixed strip,

so that our result reads L(s,x) < (q7)
we apply this with £/2 in place of € and note that if |0 — 09| < £/2, we then have

L(o +it) < (gr)"'"". So Cauchy’s Theorem gives

1 L(w X) v(oo)+e
L it —d 0
(00 +it,x) = omi /C (w— o9 — it)? w < lar)” ’

where C' is the circle of radius /2 around oy + it. After  iterations of Cauchy’s

Theorem, we obtain the same bounds for L(“)(s). This completes the proof. O
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If x is imprimitive and x; is the character which induces x, we have

L(s,x) = L(s,x1) [ [[1 = xa(p)p~-

plg

But

so when o > 0, Hp|q[1 —x1(p)p~°] < ¢, since there are w(n) factors each < 2 and
2¢(9) < ¢°. When o < 0, expanding the product gives 2°(9) terms, the greatest of which

is [[,1,p77 < ¢77, so that in that case [[,,[1 — x1(p)p~*] < ¢77**. With these factors

plg

the preceding lemma can be generalized as follows.

2.6 Lemma. Let x be a Dirichlet character to the modulus q, not necessarily primitive,

but non-principal. For any fixed ¢ > 0 and all k = 0,1,2,..., we have

(q7)> " g7 ifo <0,

LY(o +it,x) < { (¢r)20"*  ifo<o <1,

(q7)° if 1 <o.

2.3. Some sums of Dirichlet coefficients

Throughout this section it is understood that x does not exceed some fixed u,

and that any term involving an exceptional zero exists only if there exists such a zero.
2.3.1. Coefficients of L (s, x)("(s)

!/
First we use Perron’s formula to evaluate Z § An(k, x), where A,(k,x) are
n<zx

the coefficients of the Dirichlet series of %(s, )¢ (s) for ¢ > 1 and Z/ denotes

that the last term is to be halved in case x is an integer. This sum will be needed in
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Chapter 3. Using Perron’s formula [1, §17,Lemma] we have, when g > 1,

oo+iU L/ T

/ 1 .
S k)~ 5 [ e 0

n<x

< nZ;lAn(/i, X) (%)UU min (1, U_1| log%‘_1> + o U T Ak, x), (2.19)

where ¢ is some constant and the +’ term is present only when z is an integer. Now

|A, (K, x)| = < Qn)(logn)* ! <« (logn)™2, (2.20)

>~ Ad)x(d) (log 2 )"

din

since (n), the number of prime factors of n counted with multiplicity, is < logn.

Also
log(l—x_n> ’ =
x

uniformly for —1 < #=2 < % We choose ¢ = 1 + (logz)™!, assume that

r—n

T

logz‘ = logE’ =
n T

qg<U<u, (2.21)
and bound the series on the right hand side of (2.19).

For the terms with n < § or n > 2z, [log | has a positive lower bound, so these

terms contribute to the sum in the right-hand side of (2.19)

!/

T o= | A (K, X)) T %) x o
CHL e < gl o] < logay (222
since %(UO) = 001_1 and C(K)(Uo) = m by consideration of their Laurent expan-

sions around s = 1.

Now we deal with the terms § < n < 2z. When n is closest to x, we take
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min(1,U"'log £|7') to be 1, otherwise we use U~ '|log 2|7! < Ol Lhen since

(%)00 < 1 in this range, the contribution of the terms under consideration is

r Kt2 1 v K+3
< ﬁ(logx) <1 + Zﬁ) < ﬁ(logx) :

n<x

Combining these and noting that if z is an integer A, (k,x) < (logx)""2, we get

’ oo+iU I s
S e = g [ T¢I s s

2mi Jpo_iv L

< %(log x)" 3, (2.23)

n<x

subject to ¢ < U < z, with o9 =1+ (logz)~.

Now let C' be the rectangle with vertices oq — iU, oo + U, o1 + iU and oy — iU,
where o7 is to be specified.

CASE 1. There is no exceptional zero. We take o1 = 1 — where ¢ is the

5102qU’
constant in Theorem 11.3 of [2], so that the only pole of the integrand is that of ¢ (s)
at s = 1 and the estimate %(s,x) < log qU holds in C' by (1.28). Then we have, by
the theory of residues

1 /

L YRy T
277-7/ c L (S7X>C (S> S dS Rl(&:,/ﬁ;),

where R;(z, k) is the residue of the integrand at s = 1.
Now, using %(s,x) < log qU and (™ (s) < Uz0=70+= [3.(20)],

at L/ x® c1 X
/ 7 X)C(R)(s);ds <L logqU - UW+EE(UO —o0) <

xXr
1—¢”
o+:U L U

Analogously we have

og—iU L/ . s T
/UI_ZU f(s,x)c( )(3)?ds < i
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Also, since () (o) +it) < (log qU)**! for |t| < 1 and ¢ (o) +it) < Utolesav T« U*
for [t| > 1, we may use the bound () (s) < U¢ for all t. We have

U

1=y x® ¢ (o) + it)
l (") ($)_d log alU - 01/ > TR
| T s <logqr-a [ 120

—cylogx voodat
e )\ e "
<<xeXp<5logqU> /_U1+|t\

. —cylogx
<L xU*® exp (—1010g i ) )

i

Noting also that dropping the condition on the last term changes the sum an amount

< (log z)"2, we obtain

B 1 (log z)"*3 A —cylogx
ZAn(/i,X) = Ry(z,k)+0O (x <U1_€ + i + U exp T0log U . (2.24)

n<z

CASE 1I. There is an exceptional zero [3, and it satisfies f > 1 — ¢ /(4logqU).

In this case we take o1 = 1 —¢;/(3log qU), so the integrand has another pole at 3 with
residue —%C(“) (6). As before

o1+iU L e . .
/ f(s’ X)) (s)—ds < log qU - UW%E(UO —0y)
oo+iU S
T

Ul—a

<

and

T

og—iU L/ s
i (®)(g)—d
| 06 s <

v L

For the vertical segment, this time the appeal is to (1.31) which gives %(01 +it) <
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log qU for small |t| also in this case. Then the estimates proceed as before to yield

o
Y Anlrx) = Rula,5) = EC(H)(ﬁ)

1 (logz)~t3 —cylogx
+O(x(U18+ U + U® exp 0log U .

n<x

(2.25)

CASE III. There is an exceptional zero (3, but it satisfies § < 1 — ¢;1/(4logqU).
Then we proceed exactly as in Case I and obtain (2.24). But in this case we have
2P¢) (B) < wexp (;Slllegf) (log qU )" % < 2U* exp (71811712%”» so we may pass to (2.25)
within error. Hence (2.25) holds unconditionally if we agree that the term involving /3

is present only when the exceptional zero exists.

To compute R;(z,k), we consider the series expansions of the factors of the

integrand.

o0

(log z)? s—l
:xz_: g )’
—i 3—1
L < [/ a\| 1 s—1)
Z(S’X):Zol(£> _S7X)]( . )7

L ( 7!
s=1
(—=1)"x! — (=1t n
o T2 T el — U
n=0

(“(s) =

where ~; is the i-th Stieltjes constant. From this it is evident that R is (—1)"x! times
the coefficient of (s — 1)* in the expansion of the product £ (s, x)Z, so

R = [(di) _%<s,x>] r(og 2.

We consider the sum ) _ (logn)*~"A,(k,x). Applying partial summation to (2.25)
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we have
B
> (logn)“* A, (k. X) = Ru(x, 5)(log 2)" "~ — %cw (8)(log )"

_ / (ZA K x) logt)# (log )7 (2.26)

n<t
)H+3

_ 1 (log —c1logx
1 H—FK € _ .
—i—O(x(ogm) <U1—8+ i +U eXp(lOlogU)))

We want to replace the sum in the integrand with our approximation in (2.25) but it

is valid only for t > U, so we split the integral at U.

(log t)r—r—1 (logt
[ (3 At L ([ 1) (S )
n<t n<t
(2.27)
Now (2.25) may be used for the second integral. We are interested in the error intro-

duced in replacing the sum in the first integral. We bound the series trivially: since

An(r, x) < (logn)™t2,

p—r—1
/ (ZA K X) logt) 2 gt < U(log UM

n<t

This is the error made in omitting the first integral in (2.27). It is to be replaced by

v (logt)* "1 1 ., o (logt)—!
/lRlu,m)f—Bc (B 5

e 1 (log t)"*3 —c; logt
log t)#—r=t € — dt. (2.2
+O((og ) (U15+ i + Uf exp 0log U (2.28)

At this point it is appropriate to investigate the magnitude of [(i) ' |S 16: (s, X)]

If L(s, x) has no exceptional zero, we have £ (s x) < log g in the region [1—s| < 57—

by Theorem 1.3, otherwise if there is an exceptional zero 3, we know that it satisfies

p<1-— for some constant ¢ [1, §14,(12)], so in the region |1 — s| < —/—2—
g2 (IOg q)? 242 (log )2
with ¢y small enough, we have f(s, X) = —ﬂ—i-O(log q), where 3 is the exceptional zero

o : ' 1
by Theorem 1.3. But in this region |s— 3| > , so we have £ (s, x) < ¢2(log ).

%< log )2
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Now we may derive a bound for higher derivatives of %(s, X) at s = 1 using Cauchy’s

theorem as follows. First assume that there exists an exceptional zero. Let ¢ be a given

c2(i—1)

positive integer less than or equal to . For those s in the disk |1 — 5] < —=2—2—
2(i+1)q2 (log q)2

we have
a\ L LN,
_ J— = — d 1 .
(ds) 7 (%) 27”./0 (o5 w < ¢2(logq)
Here C' is the circle around s with radius —<——. Proceeding in this manner, accu-

2iq2 (log q)?
mulating a factor of ¢(logq)* at each step, we find

d\'L 1 .
(E) f(s,x) < ¢""7(log q) 2.

Otherwise if there’s no exceptional zero, we use disks with radii 57 “l

m7 SO accumu-

lating factors of order log g and get

d\'L 4
(@) 7 (8:%) < (log gt

4142

Henceforth we denote by E(i, x) the quantity g2 (log q) if y is exceptional and

(log )"+ otherwise. From this it is clear that

Ri(t,k) < Y t(logt)* " E(i, ),

=0

whence

U log t)#—r—1 K )
/ Ry(t, m)%dt < Z Ulog U tE(i, x)
1

=0

< U(log U)”_lq“+%(log q)4n+2 < Urt2.
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Also

U ke
/ ¢(B) —“"gt?f; -t < (@)U log U
1

< Uﬁ(log U),u,f/{flq%(fwrl)(log q)2n+2 < Urtt

since ¢*)(6) < 2%tV (log )2, and

v — 1

/ (log t)*~*L exp (10010;%; ) dt < U(log U)*—"~1,
1

Thus (2.28) is

< UH+2‘

Hence we may replace the integrand in (2.26) with the right hand side of (2.25).

xﬁ
D (10 n)" ™" A, X) = Rar, )05 2)" ™" — T (5)(1og )"~

B r —k—1 38 k1

15} t
e 1 (log t)~+3 —c1logt (2.29)
1 p—rk—1 €
o (( &) (Uls T U (Toiegr ) ))

+0 (Un+2)
_ 1 (log z)~*3 —cylogx
log )" “oxp BTN
+0 (:v( og ) (UlE + U + U exp 010z U

Now repeated partial integration shows

/lm(log t)Vdt = x Z v i!j)! (=1) (log x)" 7 + (=1)" v, (2.30)



32

so we have

(11— ) /1 "R, H)Mdt

g ! d\| L' * i
DINC 7[(d_> f<s,><>] (=) [ oty
i+j+k=k A s=1
1—k+ i
- 3 S e ()] He
z‘j ds LY’
itjthk=r 1= s=1

_{(u—ﬁ)(ﬂ—l—fﬁj)!

(W—1—r+j—1) w(log )T+ O(l)}

> iﬂ st (Y] E
= —\S
il |\ ds LA
i+j+k=k s=1

_(M—H)(u—l—nﬂ)!
(n—1—r+j—1)

z(log ) ' 4 O (E(k, X)) -

Similarly as in (2.30),

v

t1-8 v — j) 634—1 ﬁv—i—l ’

SO

+ O(U"?).
As regards the integral of the error term, we note that

T . log = o
/ (log )~ exp ( 1 logx) dt < / ¢ (1=T0105w )y gy
1 0

10logU
—czlogx
10logU

(2.32)
< z(log x)" " exp <

where we've put ¢3 = min(cq, 10), say, to ensure that the integrand is majorized by
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substituting the end point. So (2.29) becomes

P
> (logn)* " Ay (k, x) = Ra(x, &) (log 2 — —(*(83) (log z)" "

n<x ﬁ
—1—k+y i
Sy Y o (Y] E
i+jt+k=r  1=0 itj! ds 7{1 ’
- —1—k+j)
(p f)(“_ ./<e_+"7) 2(log )1+
(p—1—rk+j=1) (2.33)

+0 (U“+2)
3 1 (log )< +3 —czlogx
log )" foxp (22810 )
+0 (JJ( og ) <U1—6 + i + U exp 0log U

We multiply this by (’;) and sum over k, for it is this sum that we shall need in

the sequel, and by the nature of the cancellations to come the error terms are most

effectively bounded if this summation is done before specifying U. The first term yields

where in rearranging the terms we’ve put n = k — j = ¢ + k. The inner sum vanishes
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unless n = p, in which case it is 1, so we get

zi:(g>f%(xﬂ000gwﬁ“=:<§5(—1y%![(§gy ;_

1=0

Similarly,

%@wi

s=1

_ ;;HJ; Nu i_lfﬂ ( ) n+k+lll'3" [<dis>z
(p=r)(p—1—K+])!
(p—1—rk+j=1)

pu—1—r+7—1

z(log )

p—1 n n—i I
ol aN| o e
==Y [(d—) f<s,><>] r(log 2~
n=0 i=0 (=0 s=1
ul N (u—1-n+D)

.Mu—l—nﬂnmJW—l—mwn—n+U“_DHMA

This time we’'ve put kK —j+1 =1+ k+ 1 = n. Here we have summed up to u — 1, since
for k = p the sum is zero because of the presence of the factor (1 — k). Again, the

innermost sum vanishes unless n — [ = y — 1, which necessitates n = 4 — 1 and [ = 0,

A& |@)] )

We combine the foregoing computations with (2.33) and obtain

whereupon we obtain
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We finally note that if we put, say, U = exp (\/ cs log m) with e sufficiently small, the
error terms are < x exp(—C+/log ) for some positive C'. Thus we have obtained

2.7 Lemma. Let A,(k,x) be the coefficients of the Dirichlet series for %(s,x)g(“)(s).
There is a constant ¢ such that for g < exp (c\/log x) we have

> (1) towor e - 1y [(g) %@,x)] ,
=\ = (k=) 42

+0 (x exp(—C\/@))

for some positive constant C. Here [3 is the possible exceptional zero of L(s,x) and the

terms involving it are present only when it exists.

2.3.2. Coefficients of %(s,xl)L(”)(s,)@)

Another estimate which we shall need in Chapters 4 and 5 is the following

2.8 Lemma. There is a positive constant ¢ such that if x1 and xo are non-principal
characters to arbitrary moduli ¢, and qo respectively, with q,qs < exp (c\/@) and
B(k, X1, X2) 1S the n-th coefficient in the Dirichlet series for %(s, x1) L") (s, x2), there
holds

i (D > (g n)* By, x1, x2)

k=0 n<x
122 s ) | 1)/81 )
= — L(H) 617 X2 —1)/ ks - - IOgZ‘ H=r=d

+0 (xexp (—C\/@)) ,

where C'is some positive constant. Here (31 is a possible exceptional zero of L(s, x1)

and it 1s understood that the sum involving it is present only when such a zero exists.

Proof. Let B, (k, X1, x2) be the coefficients of the Dirichlet series for %(s, x1) L") (s, x2)
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for 0 > 1. We put ¢ = max(q1,¢2). As in (2.19) and (2.20), we have

oo+iU Ll s
7 (5:x1) L (5, x2) - ds

1
E B KX1,X2 2 /
T

n<z oo—iU L

< ZB Ky X1 X2) (x)(m min (1,07 log 2| ™) +/ e U™ Bu(k, x1,x0)  (2.34)
n;ém

for o9 > 1, and

| Bn(k, X1, X2)| = < Q(n)(logn)" ™ < (logn)~*+2.

> xa(dA(d)xe (g) (108 g)n
dln

1

We again choose oy = 14 (log z) ™', assume that ¢;,¢o < U < z, and proceed as before.

The contribution of the terms with n < 5 or n > 2x to the sum on the right-hand side

of (2.34) is

)H—FQ

T = | Bn(K, X1, x| .
< g3 P < i) <

oo U‘C

U (log x

as in (2.22). To deal with the terms § < n < 2, again when n is closest to x we take

min (1, U‘1| log £ ‘ ) to be 1, and use U~ '[log 2|~ <« otherwise. So the terms

U|ac n|

under consideration contribute

< (log x) ”*2 <1 + Z ) —(log z)"*.

n<x

Combining these, we get

oo+iU L log )+ +3
<< x&’

IS
— (s, X1)L(H)(5> X2)?d5 U

1
E B 5X1>X2 2 /
)

n<zx oo—iU L

when U < z, with op =1 + (logz) ™.

Now let C' be the rectangle with vertices og — iU, o¢ + U, o1 + iU and o, — iU.
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CASE 1. L(s,x1) has no exceptional zero. We take o1 = 1 — where ¢;

C1
5logqU’

is the constant such that L(s,x;) # 0 for o > 1 — 1ogc;1U' So again the integrand is

analytic on and inside C' and we have the bound %(s, X1) < logU. Then we have,
by the theory of residues
1 ! x®

— | = L") “ds =0
270 o L(SJX1> (57X2> S S )

Now, using Lemma 2.6 for L") (s, x3),

o1+iU L/ %) s a . T
f(&Xl)L (5,x2)—ds < log U - (q2U)™1sa0 ™ —(0¢ — 071)
oo+ilU S U

<

Ul-« '

Analogously we have

T

Ul—e'

oo—iU L/ s
/ Z (s )L (s, x) ds <
o1—iU L S

Also, since as above %(01 +it, x1) LY (01 + it, x2) < (q2U)%, we have

o1—iU L/ s U 1
— (s, x1) L™ (s, —ds<<U5-:r‘”/ .
| T =
—cylogx
Us — .
< eXp(lOlogU)

Combining our estimates, and dropping the condition on the last term as before, we

obtain

B (log )~ t3 1 A —cylogx
ZBn(/‘i, X17X2) =0 (.ﬁ(f < U + i< +U exXp W . (235)

n<x

CASE 1I1. There is an exceptional zero [y, and it satisfies By > 1 — c1/(41logqU).
In this case we take o = 1 — ¢1/(3logqU), so the integrand has another pole at 3,
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with residue ——L )(B1,x2). As before

/U::;U g(s Xl)L(K)(S,Xz)%SdS < %,
and
o=l [/
/U1 . (s Xl)L(“)(S,XQ) Cds < U1 5
For the vertical segment, when |s — 3| > 1/log ¢, we use (1.28) as before and for small

|t| this time we use (1.31) which gives & (0 + it, x1) < log qU also in this case. Then

the estimates proceed exactly as before to yield

P!

ZBn(I{7X17X2) = _E‘L H)<517X2)

(log z)~t3 1 a —cylogx
—l—O(az( i +U1*€+U exp T0log U :

n<zx

(2.36)

CASE II1. There is an exceptional zero By, but it satisfies f; < 1 — ¢ /(4logqU).

In this case we proceed exactly as in Case 1 and obtain (2.35). Since

(B, x) < @ < g2 (2.37)

1
by Lemma 2.6, we have 2% L) (8, xo) < xq3 exp <_1811§‘;ng > Hence, majorizing the
1

last error terms in the previous bounds by a factor of ¢3, we may unconditionally use

(2.38)

(log x)<+3 1 1 —cylogx
+O<x< i +U1_6—|—q2U exp 0log U :
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Now we sum by parts and pass to

B1
D (log )"~ By (1, x2) = ~ - (log.2)" L (51, x2)

1

/ (D Bulr.xix:) )UOgtiﬂ -

n<t
_.. [ (logz)~*3 1 1 —cylogx
log )" U exp (22 )
+0 <:c( og ) ( i + e + q; U exp 01og U

As in the previous lemma, with a view to replacing the sum in the integrand with

n<x

(2.38) we observe that

1 p—r—1
/ (ZB “X17X2>(Og) dt < U(log U)**,

n<t

and that

U (log t)r—r1 1
L(H) (51, X2) / (gtl)—ﬂldt < q22 Uﬁl(log U)/L—f{—l’
1

using (2.37) for L) (8, x2). Also

v log t)~t3 1 1 —cy log t
log ¢ u—rk—1 ( 277 —H1st dt Ul-i—a los U u+2.
/1 (logt) ( o Tt exp<101ogU < U " (logU)

These upper bounds, when lumped together in an error term of O(U?), justify substi-

tuting our estimate for the sum in the integral.

Pl

Z(log n)* B (K, X1, X2) = —E(log o)L (B, x2)
n<x
LW (81, x2)  (log t)r—"1
LX) Sl RO
e [ RE
I _q [ (logt)"*3 1 1 —c; logt
log t)#—r~1 ( 2 ¢ —= ) ) dt
+O</1(0g) ( i —l—Ul_a—l—qQU exp 0log U

) o ((og )3 1 T —cilogx
+0(U)+0(x(1ogx) ( g T teUexp 10log U '
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The integral in the error is handled as in (2.32), and contributes

_.. [ (logz)~*3 1 1 —c3logx
log )" U exp (28T )
< z(log x) < i + e + q3 U exp 0log U

We also note that

B1 L") “(1 !
- L og )L By xa) + S0 [ B
B1
= —L(log )L (By, xa2)
ﬁ1
p—r—1 ‘ k=1 B1 )
n (gll’XQ)(M_ ) ( S (1) (M(/i - i — )! Pl ;]+1( og )Hr 1 +O(1))
5=0
H—K )! P 1
= ﬁl,Xz Z — ) 53+1(10g9€)“ " ]+O( 22)
=0
whence
) " K=K ‘ (M—H)! P o
;(log”)“ “Bu(k, X1, x2) = =L <517X2);(‘”] (=g B

: o (L0870 L A g (221082
+0(U?) +0 (x(logm) ( i + i + q; U exp 0log U :

We multiply this with (2‘) and sum over x, and note that putting U = exp (%\/02 log :E)

and imposing ¢» < U make the error terms < x exp (—C’\/log ;E) for some positive C,

and obtain our result. O

2.3.3. Coefficients of %(s,x)L(“)(s,wo)

Now we consider the the sum Z Cy (K, X, q2) of the coefficients of the Dirich-
let series of LL(S, X)L (s,1), where X is a non-principal character to the modulus

q1 and 1)y is the principal character to the modulus ¢;. This sum will be needed in

Chapter 5. We have

L(s, ) = ¢(s) [T = p).

plge



so that

L) (s, 4b0) = r (Z)C(Hu)(s) H(l—lfs)

Therefore we may write

> Culk v ) = ;O < )Z CY (k. X ).

n<x n<z

where szy)(/i, X, q2) is the n-th coefficient in the Dirichlet series for

()
L/

Z(s20¢" ) | [T =9

plg2

We compute K, X,q2) as in the preceding lemmata. Since
3 X g

)

[[0-p] =y uot e

Y

plaz dlg2
we have
1ICY) (K, x, q2)| = ‘ Z A(k)x(k)(log 1)* u(m)(logm)”
klm=n
m|q2

< Q(n)(log n)""""d(gs)(log g2)"

< (logn)*"*g5,

41
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since d(q2) < ¢5. Again,

»)

’ Uo+iUL/
> mm) - g [ e ([Ta-r) | T

27i S
n<x plaz
< Z CY (K, X, q) (%) * min <1, U_l‘ log %‘—1> + coUCY (K, X, q2), (2.39)
n=1
n#x

with 0 = 1 + (logz)~!. We assume that ¢, ¢, < U < z.

The terms with n < § or n > 2z contribute

r O (8, x, @) @ < () |u(d)|(log d)”
<<Enz:; noo STl g DD T doo

d|gz

(2.40)

T
< = log T K—v+2 £
77 (log ) %

For the terms £ < n < 2z, as usual when n is closest to x, we take min(1, U~ '[log £|~")

to be 1 and otherwise use U~ '[log 2|~ <« T

18

s
< 77 (log 2)~"d(gs) (log g>) (1 +) ) = (log )"~ *3g5.

n<x

Combining these, we get

Z O (5, X, ) — = /UOMU L —(5,)¢" () (H(l —p‘5)>(y)§d8

o L
og—iU e

n<x

x
< E(log x) s, (2.41)
subject to U < z, with o9 = 1 + (logz) ™.
Now let C' be the rectangle with vertices oy — U, 09 + tU, o1 + iU and o, — iU.

CASE 1. There is no exceptional zero. As usual we take o =1 — mogﬁ, so that
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the only pole of the integrand is that of ((*~*)(s) at s = 1 and the estimate (1.28)
holds. Then we have, by the theory of residues
1 ! . L\ Wa
— | T ) ([Ja-p) “ds = Rylx.v),

2m Jo ol

where R3(k,v) is the residue of the integrand at s = 1.

As has become habitual, using %(s, x) < log U and (") (s) <« Ut e &
Ue,

S

R QF
[ e ([Ta-p) s
oo+iU plao
cq c €T v
< log U - Ummeeav E(Uo — 01)d(¢2)(log g2)
T

< Ul-«¢’

Analogously we have

)

i

Ul—e'

x—ds <
S

[ S o[- )

plgz

Since we have (") (o} +it) < (log :U)" "+ < U® for |t| < 1 also, we may use that

bound for the whole vertical contour.

[ e (T - ) s

)
L+ plaz

" B .
) oy + it)

log iU - 27§ «
LlogqU - Q2/_U o1+t

_edogz\ [V dt

1 U)g;U* 5log U T+

< z(log 1U)qyU* exp (5logq1U) /—U 1+ t]
_Cllogl’

Us 1010017 |

<L x exp(mlogU)

Combining our estimates, and ridding the sum of the constraint of halving the last
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term for integral x as usual, we obtain

1 (log z)r—v+3 —cylogx
5 CY) = R3(k,v)+ O <x (U1_5 + e + U exp 0loa U . (2.42)

n<x

CASE 11. There is an exceptional zero 31, and it satisfies B1 > 1 —c1/(4log 1 U).

In this case we take o = 1 — ¢1/(3logq1U), so the integrand has another pole at 3;
)
with residue — C nv (51)(]_[17'%( p‘ﬁl)> . As before

W) x®

o1+iU L/ T <1 4e T
/ 7 — (s, X)C(“_”)(s)“ |(1 — p_5)> —ds < log quU - UtleaU 5(0'0 —01)q5
so+il/ plaz 5

< Ul—e
and

W x

[ S o([Ta ) S < i

plgz

For the vertical segment, (1.31) gives %(01 +it) < log U for small |¢| in this case

also. Then the estimates proceed as before to yield

xﬁl v
e ([Ia )"
! plgz
(2.43)

1 (logz)s—v+3 —cylogx
0 ("’3 (Ulf g U e T '

> C¥(k, X, q2) = Rs(r, §) —

n<x

CASE II1. There is an exceptional zero (31, but it satisfies B; < 1 —c1/(4log 1 U).
This case proceeds as in Case I and we obtain (2.42). To pass to (2.43) we note that

—cy logx
B1 (k—v) e €1108 '
T (1) < 2U* exp ( 10log U

Hence (2.43) holds unconditionally.



Now since

1/ -5 __ G 1 lu(d)(_ IOg d)y+r r
([T -7)" = S ey = 3= (5 A0y,
plaz dlgz r=0 dlgz
we have
—1)F (g — ) z(logz) | [ d | L
R3(l‘§> V) = Z ( ) (7/| j' 7,|) ( ) [(%) f(saX) S(V+r>7
i+j+k+r=k—v s=1

where S(v + r) denotes Edm pu(d)(— log d)*+"d~?

we obtain

ZC Ry X q2 <,€) ZC£V)</£7X7q2>

n<x V= n<lx

- Yyt ogay [(i)

, iljlrip! ds
i+j+k+r+v=r

—Z( ) (ITa-r)”

plg2

1 1 k43 —cqr1
+ O (x (Ul_a + <O§f_)5 + U exp <—Cl ng))) .

10log U

L/
f(sa X)

s=1

S(v+r)

(2.44)

Summing by parts we have

S (log 1) C (k. v, 42)

n<x

D R S . x(logx)”"‘“[(i)i

o iljlriv! ds
i+j+k+r4+v=x

—Z( )C(m v) Bh) ﬁl(logg;)“ H(H(l—p_ﬁl)>(y)

plgz

/ (ZC ,{qu)wdt

n<t

1 1 K+3 —cq 1
+0 (m(log@“_“ (Ulf + (O[g}f)e + U® exp <w)>) :

10logU

45

. Combining sums of C’T(LV)(H, X G2),
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As before we want to replace the integrand with the right hand side of (2.44). We have

E Chn(K, X, q —(1 )" 1d Ulog U)"+tgs < UM 2.45
n\Fy X, 2) t 1< ( ) 2<< ) ( : )
1

n<t

since Cy, (K, X, q2) = Y. (S)Cf{/)(ﬁ,x, ¢2)(n) < (logn)"T2¢5. Also,

v v e | (AN L
/1 >, (U es ) <£> T (&) S rde
i+j+k+r+v=x s=1

<5 > Bl U (log Uy < gigi ™ (log 1)U (log U)* << U™ (2.46)

J<K

and

/1U Z“: (/;) éc(nu)(ﬁl) <H<1 B p*ﬂl)) (u)(]ogtf)_—ﬂ[;'ﬂ—ldt

plge

Lk
< q;Qf( +1)(10g Q)* U (log U 1 < URT2,

The integral up to U of the error term in (2.44) is handled as in (2.32), so we get

> (logn)* =" Cp(k, X, 42)

n<zx

n K i | (AN L
= ). Yt etose) ﬂ[(%) AR

s=1

_ VZ:; (5) ((N;)l(ﬁl)xﬁl (log )" (H<1 B p*f@l)) v)

plgz

_ Z (—1)H—u+kM [( d )l

S(v+r)

i+j+k+r4+v=r

I
f(sa X)
s=1

+ (i — k) ZH: (S) g(“;)l(ﬁl) (H(l B p51)>(l/) /196 (log t)r—r-1 dt

tl1—5
plg2

(1 (ogay —ciloga
K+3 1 K=k c 1O A TT
+O0U™) +0 (95( og x) (Uls T tUew 101log U '

L ilglriv! ds
i+j+k+r4+v=x

S(v —1—7’)/ (log t)* "=t
1

(2.47)
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Next, we multiply this equation by (‘;), and sum over x. The first term then becomes

I

Z; (Z) | kz: . (—1)“‘”*’“2,!],';?!”!x(logx)“_”ﬂ [(%) %(s,x) S(v+r)
& - ! wem [ (AN] L'
— mzz:o (—1) ++k—i!r!u!(i—m)!x(bg$) [(%) S?(s,x) Sv+r)
i+k+r+v=m
- —m)! K—m
- ey )
_ I - k :U" d ' L — (M_n>' v
- 1 3 (0t [(d—) 8_13(8»()] S =m 3 el )
i+k=n
A N AN 7N
- 50) (;m i [(d—) 760 ) v

Here in the second equality we have observed that the innermost sum is zero unless

m = p, and similarly in the last equality unless n = p. The third term, using (2.30)

for the integral, gives

—Z(Z) D <_1)ny+kwl(%>i

o ilglriv!
i+j+k+r+rv=k

-S(v+r) / (log t)#— "1 qt
1

()2 ot ()

i+j+k+r+v=k

%(S»c)]

s=1

St u—im( YLD et o)
' vor - ; X x
— (i—1—rtj—DN
S I p—l-m 1 v+k+m ,u! d ‘ L
o m=0x( ) i+k+7‘+zu+lm(_ ) ilrlvl(p — 1 —m)! (%) _?(S’ X)
p—1
pw—1—m+41)! e E
S (w —(1—/€)'(/~i+lzm)'(_1) L0 (g3E(n—1,X)) .
rk=m—I : :

We have summed over x up to p — 1 since when x = p, the summands vanish by the

presence of the factor (u — k). The sum over k vanishes unless m — [ = p — 1, which



48

implies m = pu — 1 and [ = 0. So the sixfold sum collapses to

Cre XU [(di) Tl s+
— (1) igo(_l)ki!(“ . 1“_! — [(%) S:%(S, x)] S(u—1—i—k)
e
- <—1>”x§< 1y [(di) %( »o] 5(0)
= -5(0) (Z(—ni,' [(di) %mo]) -
We note also that
—2% (log 2)" ™" + (1 — k) /lx &)if)—gmdt

pu—1—kK

1 e < i (b—1—g)!
:—S(}ﬂ (logx) "—(M_’i) Z <_1) (M_l_ﬁ;_]’ﬂﬁ{#l

x/Bl

(log 2}~ +O(1)

s PR ATV ) p—r
— . —g) P :
= S oy O()

and so (2.47), when summed over k gives

S () ()LL) ey e S g

(n—r—=5" pi*t

1 (log )3 —czlogx
43 " € e
+O(U"8) +0 (x(log z) (Ul_a T PV e\ e ) ) )

To conclude, we note that S(0) = ¢(g2)/gz and that when we put U = exp (5+/c3log z)
the error terms are < x exp (—C’\/log {E) for some positive C', to obtain
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2.9 Lemma. Let x be a non-principal character to the modulus g, and 1y be the
principle character to the modulus qo, and let Cy(K,x,q2) be the n-th coefficient of
the Dirichlet series for £ (s, X) L") (s,10). There is a positive constant ¢ such that for

01,92 < exp (cv/log z), we have

(1=
7N
x =
N———
ng
<)
OS]
2
=
X
Q
=
>0
(=
N
—_
S~—
=

%(87 x)] T

- (L ¢(g2) (i)u
n<lz B N e dS =

S () ([T )y ) g e

(n—r—g)" gt

for some positive constant C'. Here (31 is a possible exceptional zero of L(s,x), and the

sums involving it are present only when it exists.

2.3.4. Coefficients of %(s,wo)L("“)(s,w)

!/
We conclude this section with the evaluation of Z § D, (k, ), where D,,(k, 1)
are the coefficients of the Dirichlet series of %(s, wo) L") (s,4)). Here wy is the principal
character to the modulus ¢; and 1 is any nonprincipal character to the modulus gs.

We shall have use for this sum in Chapter 5. As usual,

1 oo+iU L/
S D / L (5,0 L (5) - ds

2mi vo—iv L s

n<x

<3S D) (2) min (1,07 log 2| 1) + ¢o U™ Dy (1, ).  (2.48)
ZZ;JI; K <n> mln( | O ‘ ) Co K

Now

3 Ald)wo(d)y (g) (1og %) ‘ < Q(n)(logn)*** < (logn)*+2. (2.49)
dn

The estimates proceed in the fashion which has become routine by now: we choose

oo = 1+ (logx)™!, assume that ¢, g2 < U < z and bound the series on the right hand
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side of (2.48). The terms with n < % or n > 2z contribute

Z(JO)C(“)(JO) i (log )2, (2.50)

T o~ [Dalk,¥)| x|
<<Unz1 o U

and the terms % < n < 2z contribute

U(log z)" <1 + Z ) U(log z)" s,

n<x

Combining these we get

oo+iU L/

S D) = 5 [ L) L) s

2 Jyo—iv L

< U(logx) (2.51)

subject to U < z, with g = 1+ (logz) ™.

Now let C' be the rectangle with vertices og — iU, o¢ + U, 01 + iU and o, — iU.
We note that L(s,wy) = ((s) [, (1 —p~*), and the product on the right does not
vanish for, say, o > % So a zero free region for ((s) may serve as a zero free region for

so that

the L-function of the principal character. Accordingly we take o1 =1 — 1ogU’

L(s,wp) is free of zeros in C. Hence the only pole of the integrand is that of £ (5 wo)
at s = 1 and we have, by the theory of residues
1 L

— (%) Zds = — LW
ori Jo I (S wO)L ( 7¢) s ds = —L (171/})':(;

We have on our contour

L/ C/ 1 g CI
Tlsen) = 59+ 30T = £(9) + Ollog ),

plg1

since log p/(p® — 1) < 1 there and the number of primes dividing ¢; is < log¢;. Also
by [2, (6.6)] we have & ( ) < logU for |t| > 1 and and for || < 1, the series expansion

gives —/( ) < logU, and we may use L—(s wp) < log ;U unconditionally. As before
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we have L (s,1) < (¢U)° by Lemma 2.6, so these combine to give

o1+iU L/ s T
/ Z(S,WO)L(H)(Sa?ﬂ)—ds<<10gCI1U'UE—(Uo—01)
oo+iU S U
xXr

< Ul—e’

and similarly

X

Ul-« '

oo—iU Ll s
| Tt <
o1 —iU L S

The same bounds are valid also for the vertical segment, and we have

o1—iU LI %) s U 1
— L'* —d aye dt
/Jl-l-iU L (5, w0) (s,9) S s /_U oy + it
—cqlogx
U¢ — .
<K zU” exp ( log U )

Combining our estimates and removing the condition on the sum, we obtain

Y Dals,¢) = =L (1L, 9)a

n<x
1 (log )"*3 —cqlogx
© _— . (2.52
+O(x (U1—5+ i + U® exp og U (2.52)

Now summing by parts gives

Z(log n)* "Dy (k1) = —L¥(1,4)z(log z)* "

n<x

w0 [ (Z Dnm,w) CL

n<t
_ 1 (log x)"*3 —cqlogx
1 H—F U¢ _ .
+0 (w( 0g ) (Ul_e + i + U exp og U

As usual we intend to replace the sum in the integrand with our approximate expression.
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By (2.49) we have

/U (Z Dn(/{,Q/J)) Mdt < U(log U+,

n<t

By Lemma 2.6 we know that L) (1,v) < ¢5, whence
U
/ L™ (1,4)(log )"~ tdt < g;U (log U)* "t < U2,
1

The integral of the error term can be bounded trivially.

v 1 (log t)"+3 —cylogt
log t)#~"~1 : ! dt
N e )

< U (log U2 < U2,

Thus we may write

Z(log n)ﬂi'{Dn(/ﬁ, w) = _L('f)<1, w)iC(lOg :ﬁ)‘u,ﬁ

n<x

+ (p— r)LY(1,9) /1 x(log t)Fr Lt

v e 1 (log t)"+3 —cylogt
@] log t)#—r1 Us _—
+ (/1 (logt) (Ule + i + Uf exp g U dt

_ 1 (log x)"*3 —cqlogx
24-¢ 1 H—K € )
+0 (U**)+0 (x( og 1) <U1_E =+ Utexp T

Proceeding as in (2.32) the integral in the error is

1 (logz)~+3 —cslogx
< z(log x)* (Ulf + i + U® exp Tzl ) )

Where ¢; = min(cy, 1), say. We expand [(logt)* " in a series as before.

(=) [ ogoy=ti = (u— ) 3 (-1 T attogay ot o)

H—r—1— )

_ 1V (n—K)! 2(log z)*—r—7
== S A e los sy 4 0(),
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This holds for all K < p if we convene that vacuous sums are zero. So we have

— ‘ ! ‘
S o)D) = ~L 1,0 Y (1) (g )
n<lx 7=0
_ 1 (log x)"*3 —cslogx
24-¢ K €
+0 (U**)+0 (x(logx)“ (Ul—e t—p U*® exp gl :
Multiplying this by (”:) and summing over x, we obtain
I
> (1) Sttogn Dyt )
k=0 n<x
- (s} #_K (p=r)! _
Z L (—1) ————z(log 2)" "
=0 j:0 (/’L — R j)
+ O (U2+5)

1 (log x)3 —cslogx
1 " © _— .
+0 (a:( ogx) (Ule + i + U exp g U

Finally, we note that if we put U = exp (\/cg log x), then all the error terms are
<L rexp (—C\/log :1:) for some positive C, and we obtain

2.10 Lemma. Let wy be the primitive character to the modulus ¢, and ¥ be any non-
principal character to the modulus qo, and let D, (k,v) be the n-th coefficient of the
Dirichlet series for (s, wo) L") (s,1)). There is a positive constant ¢ such that if ¢, gs <

exp (c\/log a:), we have

== Z ( )L“ ZE(—W'—(M(‘_L ) allog

+0 <$ exp (—C\/@))

n—K

for some positive constant C'.
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2.4. Estimates regarding some integrals involving (s, x)
This section contains analogues of Gonek’s lemmata 2-5 from [3].

First we record an immediate corollary of Lemma 2 of [3] in the following

2.11 Lemma. For large A and A <r/q< B <2A

B qt qt a—% 1 . . 1
f, (“ o8 _) (_> dt = g3 (2m)! e R E(r/g, A, B),
A re 2

where a s fized and where

, Avts Bats
E(r/g, A, B) = 0 (4#) +0 )+o0 ). 253
|A—r/q|+ Az |B—r/q| — B>

Forr/q< A orr/q> B,

B a—3
t t 2 1
/ exp <it log q_) (q_> dt = ¢ 2E(r/q, A, B).
A re 27

Proof. We have

B a,—l B (L—l
t t 2 t t 2
/ exp | ¢t log a a9 dt = qa_% / exp | ¢t log oY= dt,
A re 2m A re 2

and using Lemma 2 of Gonek [3] with r/q in place of r gives the desired result. O

2.12 Lemma. Form =0,1,..., A large, and A <r/q < B < 2A4,

B a—1 m
t t 2 t 1 . . m
/ exp | itlog (L log LI R q 2 (2m) ' Tepteir/atmi/d <10g L)
A re 27 2m 27
+q¢" "2 E(r/q, A, B) (log gA)™,
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while forr < A orr > B,

B af% m
/A exp (it log g—i) (%) <log %) dt = q“_%E(T/q7 A, B) (logqA)™,

where E(r/q, A, B) is (2.53).

Proof. Call the integral under consideration I, and assume m > 0. Then,

B a—1 m
t t 2 t
I, = / exp (it log q_) (q_) (log q_) dt
A re 2m 2m
B a—1 m—1
t t 2 t t
— [Tew (o L) (£) " (toe ) (togye +rou )
A re 2m 2m 2m r
B a—% m—1
t t 2 t t
= <log L) Ly + / exp | ¢t log ) (2 log av log LN
2m A re 2 2 r

Integrating the last integral, call it J, by parts yields

1 B
9 a—3 ¢ ¢ m—1
1 (—W> J =exp (it log q_) $9=3 (log q_)
q re 27
B
t :
+ / exp (it log q_) 23
A re
qt m—1 qt m—2

. ((a —3) (log %) +(m—1) (log %) ) dt

< A"72 (loggA)" ! < E(r/q, A, B) (log gA)™ .

Since Lemma 2.11 provides the assertion for m = 0, the result follows by induction. [J

2.13 Lemma. Let E(r/q, A, B) be as in (2.53), where A is large and A < B < 2A.
Let a > 1. If {b,}52, is a sequence of complex numbers such that b, < n® for any

e >0, then

00 bn
—FE(2mn/q, A, B) < Aoz,
nCL

n=1
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Proof. Choose € so that 0 < e < a — 1. By (2.53)

oo b o
> E(@2mn/q,A,B) <Y n *"E(2mn/q, A, B)
n=1

na
n=1
| | o 1
<<Aa—§ n—a+6+Aa+§
nz—:l ;n“_‘f <|A—27m/q| +A%>

e}

+ Ba-i—% 1

i no=s (1B — 27n/q| + BY)

Now in the sum

o0

1
i ne=e (1€ = 2mn/ql + €3

There are O(qC%) terms with |C' — 27mn/q| < O3 and since for these terms n~=%"¢ <
(qC) " and (|C = 27n/q| + C?)

1
< C'_%, the contribution of these terms is << C'~1.

-1
For the terms with 27n/q < C/2 and 27n/q > 2C, we have <|C’ —2mn/q| + C%> <

C~1, so these terms also contribute < C~!. Now

1 1 1
Z . pa—e <|C’—27m/q|+0%> < (qC)o~= Z . (C—=2mn/q)

qC q(C-C2)
T Sn< T

1
A similar estimate holds for the terms with W <n< %, and this completes the

proof. ]

2.14 Lemma. Let {b,}>°, be a sequence of complex numbers such that for any e > 0,

b, < n®. Let a > 1 and let m be a non-negative integer. Then for 1 < T} < 2, T
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sufficiently large,

T = —a—1it . qt "
— Z b,n xX(1—a—it,x) (log— | dt
G 2
X)

> bue T (logn)™ + O ((aT)** (log )™ ) + O (¢ (log )" .

1<n< 4L
- - T

Proof. By Lemma 2.1, we have

Zb n~ ) x(1 —a —it, x) (logq—t) dt
T/2 — 2w
i 1
R = : o qt\"? t t\"
=— Z byn " —T(X)le <q_> exp (z’t log(q—)) (log q_> dt
21 Jrjo \ = q2 2w 2me 2m
T > 1 3
10 / S Jouln= | 3 log at)™ dt |
T/2 \ 2

n=1

Since b, < n®, Y2, |by|n~* < 1 for @ > 1. The error term is therefore
< (qT)*"2 (log gT)"

To treat the main term, we write it as

700§y, e (L /T : gt \ (at\"F (o at\"
bpyn"%e 1+ | — t1 — log— | dt], (2.54
q% Z nee (27T T/2 L 2mne 2m ©8 2m ( )

the interchange of summation and integration being justified by absolute convergence.
The integral is estimable by Lemma 2.12 with A = T/2, B = T and r = 27n, and
has the value ¢ 2 (27 )n®e=2mn/a+7i/4(log n)™ + ¢"~2 E(2mn/q,T/2,T) (log %)m when
qT /47 < n < ¢T/2m and q“*%E(an/q, T/2,T) (log %)m otherwise. So (2.54) equals

7(x) —omin/ m ( qT)
—= bpe ™" (logn)" + ¢“"2 | log — byn *E(2mn/q,T/2
. qTE (logn) g § (2mn/q, T/2,T)

aT aT
4w <n< 27

n=1
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for large 7. Using Lemma 2.13 for the second sum, this equals

T((]X) Z bpe =29 (logn)™ + O ((CIT)&_% (log qT>m) :

aT aT
4m <n< 27

Hence we have obtained

L[t ib —a=it | (1 it,v) (1og L "t
— il —a — it, og —
21 Jrp \ 5o X X g27r

) Z bpe 2™ (logn)™ + O ((qT)“’% (log qT)m)

q
qT —<n< T

— 27

for T > Ty, say. Now let [ be the unique integer such that Ty < Z < 2Ty. Adding

together the above estimate for for the ranges [%, 5], (j =1,2,...,1), we find

L[ ib —a=it | (1 it.y) (1og 2 "t
— i —a —it, og —
27T T/zl n—1 X X g 27T

_ T(X) Z bn€727rin/q (log n)’m + O ((qT)a*% (log qT)m) .
q _qT <n< qT
YRS o

The proof is completed upon noting that

T/QZ 00 ‘ qt m )
E bon 7" ) x(1 —a —it, x) (log 2—) dt < ¢*72 (logq)™
T

and that

> bue ¥ (logn)" < ¢ (log @)™

Ti<n<ip

using b, < n® with € = 2a — 2. m
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3. THE SUM Y ¢W(p,)

Our aim in this chapter is to estimate the sum

Z C('LL)<IOX)7

0<yy <T
where x is a primitive character to the modulus ¢ < 7" and the p, are nontrivial zeros

of L(s,x) with Jp, = 7,.

We construct a sequence 7 of numbers 7, with n < T,, < n + 1 such that

1Y — Tl > m (see Davenport [1, p.116]) and consider

o [ P s syas

21 Jp

where R is the rectangle depicted in the following diagram:

1—a+:iT [2 a+iT
R
13 ]1
. Iy 4
1—a+iTy a+iTy
0 1

Figure 3.1.
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Here a is arbitrary but fixed with 1 < a < 2, and T" € 7. This restriction on T

is to be removed later. We split I into four parts as in the figure, so that

I:Il+]2+]3+]4. (31)

For I, recall [1, §16, (4)] that

Pov= L +0nosam +2).

S
|T1—vx|<1 Px

Since the number of zeros satisfying |77 — 7| < 1 is < loggq [1, §16,(1)], and each

satisfies th_S' < log g by our choice of T7, we deduce
I, < (log q)*. (3.2)
Similarly, with our choice of T', we have %(s, X) < (log ¢T)* uniformly for —1 < o < 2.

This together with ¢ (s) < 7% 2% on [1 — a +iT, a + iT] [3, (20)] implies
I, < T2t (3.3)

As for I, we have

A

L] == | =(a+it,x)¢W(a+it)dt
27T T L

T

_ % nf; n i3 A(d)x(d) <log g)” dt

dn
T .
/ n~dt
T

(3.4)

Y

IN
¥ =
()¢
=
=
=
g
o
o2
3
~
=
N
d
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the interchange of summation and integration being justified by uniform convergence.

But
T ' T ' 6(7z'lo,zg;n)t T
/ n~dt = / elmiloemtqy — — | <« 1, (3.5)
T T —tilogn "
wherefore
C/
I < E(a)C(“)(a) < 1. (3.6)

We now consider I3.

We have

L=t [T E G acoeas = L [T E e - s
= — —(s s)ds = — —(1-s — 8)ds
ST o gy LN ori ), o L X ’

SO

B P T a—
I3 = By f(l—E,X)C(“)(l—s)ds.
m a+iTy

Taking p-fold derivative of both sides in ((1 — s) = x(1 — $){(s) we get

17
= =32 (1) ¢ =

and write

— H ILL

n=Y (M), (3.7)

k=0
where
i a+iT L/
I3 = — Z(1=3, )¢ (s)x" ™ (1 = s)ds. (3.8)

27( a+iT L
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By Lemma 6 of Gonek [3], we know that

L = 5) = y(1— ) (_ los 7) et + O ([t73/ (log]t])* 1) (3.9)

for |t| > 1. Differentiating logarithmically L(1 — s, x) = x(1 — s, x)L(s,X) and using

Lemma 2.2 we get

1

R P L

for o fixed. Using this with s in place of s and taking conjugates, we obtain

1 L t
TA=5x)=—7(5x) — logg—ﬁ -

. log g+ O (i) (3.11)

i
Here we used £ (s, x) = %(3, X), which is readily seen upon taking conjugates in the

series expression. Note that this also entails

/

71 =5x) <logqT (3.12)

for o =aand 1 < [¢t| < T, since £(s,x) < |%(a)| < 1 there. Also,
) < 1 3.13)

when o = a. We combine (3.9), (3.12) and (3.13) in (3.8) and obtain

- at+iT 7T,
o= [ Za 5001 - s)ds
27 Jopir, L ’

i(—1)nx aHT T NG

S S Z(1- W (s)x(1—s) (log— | d

el R RSV BN (P
L/

a+iT
e ( /
a+iTy L

_(1 - 37 X)C(H)(S>
Y o pr .
_ = / %(1 — 50 (8)x(1 — 5) (log %) ds+0 (T4+).

2 +iT,

t7=%/%(log t)“_“_lds)
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Also using (3.11) for £(1 —73, x) gives

1)k T I H—K
I3, = Q/ f(a—l—it,x)g(“)(a—i—it)x(l —a —it) (log i) dt

2 T 2m
_1 H—K T t M_H"Fl
—i—(%/T1 C"a+it)x(1 —a—it) <log%) dt

(=D "(logq)

T p—K
t
+ . . ¢ (a+it)x(1 —a —it) (log %) dt

RECT : £\l
+ 0 /T1 ¢"Na+it)x(1 —a— zt)‘ <log %) ;dt
+e

+0 (T“*% )

The last integral is < T 2¢, since () (a+it) < 1 and x(1—a —it) < t*72 [3, (13)].

So we may write
[35 = (_1)“_” (Ig,il + [3,$2 + [3H3) + O <T<l—%+e> :

whence (3.7) becomes

T = (-1)#2#: (g) Lyt + (—1)* i: (z) Lyer + (—1)* Zﬂj (’Z) Iy + O (1757

x=0

We first deal with I3,.

1 T ¢ p—r+1
T340 = —/ ¢ (a+it)x(1 — a —it) <log 2—) dt
T

2 Jp,

1 (T[S (1) (logn)" , £\
= — ~ 22 7 ) x(1—a—it)(log — t.

or /T 1 (; it X(1—a—it) | log 5 d

Clearly (—1)*(logn)® < n® for any € > 0, so Lemma 5 of Gonek [3] applies to give

Iz = (=1)° > (logn)™* + 0 (T* 4 (log T)* 1),

n<T/2m
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so that

—1)" Ki% (’:) Isn0 = (—1)“2/6 (g) (=% > (logn)**' 4+ 0 <T“_%(log T)u+1>

k=0 n<T/2m
O (T“*%“) i >,

L log 5 + O(T" —3te) if = 0.

2me

(3.15)

13,3 is analogous to I3.o with u — 1 in place of  and a factor of log ¢, so we have

& O (Tez+e if > 1,
(—1) (“) Ly = ( > (3.16)
K L logq+ O <T“*%+E> if 11 = 0.

~k=0

In order to evaluate I3,;, we write

L/
(H
Lsx( E (0 >1),

=1

and assume g < exp (c@ /log %) where ¢ is the constant in Lemma 2.7. We have
|[An(r, x)| < n°
for any € > 0 by (2.20), so Lemma 5 of [3] gives,

I3 = Z (logn)* ™" A, (k, x) + O <T“7% (log T)“_F”> ,

T
1<n< L
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wherefore

S (1) e O (1) (1 )

(3.17)

for some positive C, by Lemma 2.7. Using (3.15), (3.16) and (3.17) in (3.14), we have

S e S (2 ()

k=0 j=
T T 1
+0O [ —exp (—C’\/log —)) +0 <T“_§ (logT)“7”> ,
2 2w

where the 4+’ term is present if ;4 = 0. We combine this with (3.2), (3.3) and (3.6) in
(3.1) and obtain

dV| 1 T 4T

I=||— Z(5,%)| — 4+ —log —

[(ds) _{/(SJO o7 T 2r % ome
H—K

(1) e O (I 1 LY

k=0 7=0
T T _
+O0| —exp|—-Cy/log— | | +0O (T“_% (log T)* “) :
2w 2m
To complete our estimates, we put a = % and note that replacing 7} by 0 intro-

duces O(logq) terms each < g2* 1+ and removing the restriction T € 7 intro-

duces O(log ¢T') terms each < T1%¢ by (20) of [3]. We also note that +log T _

2me
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N(T,x)+ O(logqT). So we have proved our

3.1 Theorem. Let x be a primitive character to the modulus q, and let the p, be the

zeros of L(s, x) in the critical strip with Jp, = . There is a constant ¢ such that for

q < exp <01 /log %), we have

when 1 > 1, and

B
> Loy = Y X)ZEHV(T X) — 30 (2)

6% \ 27
0<v<T

+ 0 (T exp (—C’ log Z))
21

for some positive constant C.

A much harsher restriction on ¢ gives us a neater form of the approximation.

3.2 Corollary. Let x be a primitive character to the modulus q, and let the p, be the
zeros of L(s,x) in the critical strip with Jp, = . For those q satisfying q(log q)*
logT', we have

d ML, | T
0<y <T s=1
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when > 1, and

Z C(px> = %(LY)% + N(T,x) + O (TeXp (—C log %))

0<yx <T

for some positive constant C'.

Finally we state the asymptotic result in the case of fixed moduli.

3.3 Corollary. Let x be a primitive character of the fized modulus q, and let the p,
be the zeros of L(s, x) in the critical strip with Jp, = . We have

a\'| L/ T
§ (1) ~ - (s V)| ——
C (pX> [(dS) L (87X> 27T

0<y, <T s=1

when > 1, and

> o)~ (LT + NI

0<yy <T

as T — oo.

We remark that the explicit terms in Theorem 3.1 and Corollary 3.2 are not bona

fide main terms, since we have no lower bound for [(%)u |s:1%(8,y)] to ensure that

they are of dominant magnitude.
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4. THE SUM > LW(p,,,x1)

Now we estimate

Z L('LL)<,0X1, Xl)'

0<yx, =T

Here x; is a primitive character to the modulus ¢, the p,, are the nontrivial zeros of
L(s,x1) where Jp,, = 7,,. It is assumed that p > 1, since the case p = 0 is trivial
with the result 0. We impose the restriction ¢ < T throughout. As in the previous

chapter, we consider a sequence 7 of numbers T}, such that n < T,, < n + 1 and

1 .
Yy — Tn] > ety and consider

L/
I :/ _(S7X1)L(N)(37X1)d8
r L
over the same contour as before, shown in Figure 3.1. Again,

Izjl+[2—|—[3+14. (41)

As before, we have £ (s, x1) < (logg)? on [I — a + iTy,a + iTy]. Also, Lemma 2.5
furnishes the bound LW (s, y;) < q“*%“ for any £ > 0 there. So we have

I < g3t (4.2)

For I, as in the previous chapter we have %(s,xl) < (logqT)? With an appeal to
Lemma 2.5 this time instead of (20) of [3], we obtain

I, < (qT)* 2. (4.3)
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Since for ¢ = a we have %(s, 1) LW (s, x1) < |%(a)((“)(a)| < 1,

LT (4.4)

Now we estimate

1 1—a+iTy L/

Iy = — — LW d
1 a—iT L/
= —(1- LW(1 — ds.
i . L( 57X1> ( SaXl) S

Taking complex conjugates we have

_ Z a-+iT L/
T, — 21 =5 0L (1 =5, 1)d
3 97 T L< 87X1) ( SJX1> S,

and we note that LW (1 —3,x;) = LW(1 — s,%,). Taking p-fold derivative of L(1 —

37%1) - X(l - S?Xl)L<S>X1)> we get
— (1
LW(1-s7%) =) 1)~ L") W=m(1 — 5, %,)- 4.5
( S7X1) s (li)( ) (87X1)X ( SaXl) ( )

Using these we may write

T, = f: (‘;) (—1)% s, (4.6)

where

Now we use

iy _ _ qlth\* " oL o3 e
= s = (1= sx) (<o )0 (¢ o)),
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which is Lemma 2.3, %(1 —35,x1) < logqT for 0 = a, Ty <t <T which is (3.12) and
L") (s,x1) < 1 for ¢ = a and obtain

Ly = — ' L/(1 5, x1) L™ (s, x1)x(1 = 5, %) | —lo N
K — A _ S - 57 9 9 - a_
3 or Jn T X1 X1)X X1 g27r

-1 (Tr

+— [ =5 )L (s x) - O (47 FeH log gty
2 Jp, L

_1 T L/ _ B B qt -
—_ % - f(l — S,XI)L( )<S’X1)X(1 — S’Xl) (— log _7_‘_) dt

+0 ((qT)ai%JrE) )

Also using (3.10) for £(1 -3, x1) we get

—1)kr T L ¢ Lt
I, = L / —(a + it, XI)L(“)(CL +it, x1)x(1 —a —it, x;) (log q_) dt

2 n L 2m
_ 1) T pontd
e / L (a+ it, x1)x(1 — a — it,X,) (log q—) dt
2 uil 2m

T gt\" "1
+0 / L% (a +it, x1)x(1 — a — it,X;) (log —> —dt
T 2T t

+O0 ((qT)a_%JrE) )

Lemma 2.5 and (2.5) allow us to put the first error term into the second so that we

may write
Iy = (=1 (Tgg1 + Igw2) + O ((aT)*"2%%), (4.7)

whence

Ty = (—1)* i (2‘) Iy + (—1)* i (Z) Lypa + O ((qT)“—%+€> .

k=0
Now I3,; and I3, are amenable to Lemma 2.14. So since

%<s, X)L (s, x0) = (<1 >0 vam) O A@) (log )
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we have

I t
I3 = o /Tl f(a + it,xl)L(”)(a +it, x1)x(1 — a —it,x,) <10g 2q_> dt

_ (—2:-5-1 /TIT in_a it ZA <log )

n=1 dln

H—K
x(1—a—1it,x,) (log q_t) dt (48)
2m

- E T 5 e oy Y A@) (10g 1)

1<n< 4L djn
- — aT

+0 ((QT)“% (log qT)’“"“) +0 (¢* ! (logg)™™) .

Since ¢ < T', we may include the last error term in the preceding one. Also

1 T

t p—r+1
Is.0 = o LW (a+it, x1)x(1 —a —it,X;) (108; q_) dt
T Jr 2m

(_1)N i - X1 (TL) (log TL)"i o qt p—r+1
T o T ZT x(1—a—it,x;) | log — dt
a1t n=1

27
= M Z X1 (n)€f2m‘n/q (log n),u—i-l

q T
1<n<—g
SNS o0

+ 0 <(QT)G*% (log qT)#wH) +0 (q2a—1 (log q)uf,ﬁl)

(_1>';7'(Y1) Z X1<n)e—2m‘n/q (log n)p—l—l +0 ((C]T)a_% (log qT>,u—n+1) ‘

1<n< 4L
- - s

From this we see that, since p > 1,

1§n§% k=0

+0 ((qT)"# (log gT)"* ") < (qT)" #*
It remains to compute » (ﬁ) I5,.1. Recall that

6—27fin/q:i ()v(—n
o0 > r(@x(-n) (4.9)

x (mod g)
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when (n,q) =1 [1, p.146]. Using this we have

Z'u: H I - XM: % ( ]_)K+1 (Xl) Z ( ) —2min/q (1 )H—H
) fan1 = W) g x1(n)e ogn
k=0 k=0 1§n§%

ZA (log ) —i—O((qT)a_%%)
:% > T(Y)x(—l)i(i) 2 (logn)* " Bu(x xox1x00)

x (mod q) r=0 1<n<iL
XFX1 "
L 7)) Xl - u) 1yt
a9(q = \K
Z (logn)* "y <log ) + 0 <(qT)a_%+5> :
1<n< 4L d\n

(4.10)

where B,,(k, xx1,XX1) are as in Lemma 2.8, which shows that the sum over y on the

right hand side is

~ T(X)T(xex)xExa (1)
q9(q)

H BTk B ]
. ! 1 qT ql
J - -
E L B XE 1) W — kK _j)'ﬁ']+1 (271.) (log o (4.11)

where xg is the possibly existent exceptional character. This is because for each y in

the outer sum, of which there are ¢(¢q) — 1, the sum over k contributes

by the lemma, and the sum corresponding to the possible exceptional character xg

occurs when x = xgX;, giving us the explicit terms. Here we of course restricted ¢ to
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the range

g < exp (c\/log T) , (4.12)
required by the lemma.

Now there is a constant c¢; such that if an exceptional zero [ exists, it satisfies

et*n~1 for n < ¢*. So,

K

q
< e (logn)*n! < (log q)**,

n=1

n)(logn)” nP

and since (logn)*n~" decreases for n > ¢~, by partial summation

00 q"+N
> vam(ogn)n?| < (loga)a*max | - xu(m)| < (loga)”
n=q"+1 n=q"+1

so that L) (3, x) < (log q)**!. This together with ¢/¢(q) < loglog q [2, Theorem 2.9
shows that (4.11) is

T
< T'(log qT')"(log q)(loglog q) 4 T exp (—C log Z—W> :

wherefore (4.10) may be written as

z“:( )IM ()T X1 x1 Z“:() et

k=0 K=

Z (logm)*~ ZA (log ) —{—O((qT)a*%JrE)

1<n< 4T din
- - s

+ O (T'(log ¢T)"(log q)(loglog q)) + O (qT exp (—C log g) ) :

(4.13)
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Now we compute

Z Xo(n) Z A(d) <log > Z Xo(d Z Xo(k) (log k)"

1<n<az dn d<ax K<z

First assume x > 1. By the Eratosthenes-Legendre sieve [2, Theorem 3.1], we know

that

> xolk) = @x +O (). (4.14)

(4.15)

d(q)x 3 A(d)go(d) <1Og g)“) (4.16)

We first show

3 A (100 2)" = CED 4 ooga)loga). (17
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We have ¢(z, xo) = z+ E(z) where E(z) < zexp (—cy/Iogz) + (log ¢)(log z) [1, p.121],

SO

5~ A 2y / (o8 2) " s o)

d d U
d<x
:/ (log ) du+/ (o2 2)” 1.
1 u 1 u

The first integral is plainly (logx)"*™!/(k + 1). We integrate the second by parts and

obtain,

— E(1)(log )" + ' (m (1 ” L (1og g)) du
< (log z)" (1+ /1 exp( ‘/m>du+(10gq) /1 ’ logudu)

u2

< (logx)*(log q).
This shows (4.17). The last error term in (4.16) is plainly

¢ Y Adx(d) (log ;)" < galloga)* < g

d<zx

¢<q 2 z(log )", (4.18)

by virtue of the fact that zis < ¢° [2, Theorem 2.9]. Combining (4.17) and (4.18) in
(4.16), we obtain

o ?(q) K1
1;36 (ﬂZnA (log > = mx (log z)""
= (4.19)

We note that when x = 0,

> _xo(n) Y A(d) = xoln 10gn—%xlog:v+0<¢f) )+O(qglogx),

n<x din n<z
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and this agrees with (4.19), so (4.19) holds generally for all k > 0. Now by partial

summation,

Z(logn X ZA (log ) = (/j:g—ql))qx (log )"

n<z dn
+0 (cf@x (log x)“) :

We use this with x = ¢7'/27 in (4.13) with ¢ as in (4.12).

K=

M=

p\ (=1)"
2 (K) k+1
+ O (¢*T(log T)") + O (T'(log qT')"(log q)(log log q))

+0 ((qT)a_%ﬁ) +0 (qTexp (—C’ log g_T)) :

If we further restrict ¢ so that ¢ < (logT)Y for some N, we may write

Ty = (—1)m*! T(Y1)T(X1)Y1(—1)T (l o qT)”“ Xu: (ﬂ)ﬂ

i
=)

2mq 2 k41

+0 (T(logT)**) + O (T*5+).

We finally note that

;()K—i—l ZK+1 K)'_ M‘i‘lzgﬁ'—l—l R)l(_l)ﬁ

5:0 K=
—1 - :u_’_l ( Ii+1 i

,u—i—l k+1 ,u—i—ln1
1

_,u—i—l’
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and that
q .
(X)X (1) =x1(=1) Z Xl(m)e%zm/q
m=1
q
— Z Yl(_m)e%rz(—m)/q
m=1
q
— Z X1 <m>627rzm/q
m=1
=T7(x1),
whereupon
1)t 7\ #H
I; = ((M‘f)‘ 0 o (log g—ﬂ) +0 (T(log T)’”a) +0 <T“_%+E> , (4.20)

since |7(x1)| = ¢2. We set a = 2 and combine (4.4), (4.3) and (4.2) with (4.20)
in (4.1). Noting that replacing 7} with 0 introduces O(logq) terms each < qg“ by

Lemma 2.5 yields our

4.1 Theorem. Let x; be a primitive character to the modulus q and p > 1. If ¢ <
(log T)N for some N, we have

— 1)t qT w1 .
Z LY (py,, x1) = %T (log g) + 0O (T(log T)***),
0<7y, <T

for any € > 0.

The asymptotic version of this is

4.2 Corollary. Let x1 be a primitive character of the fized modulus q. Then we have

_ 1w+l 7\ *H!
> )~y (ls5e)

0o er 2m(p+1)

as'T — o0.
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5. THE SUM Y LW (p,,, )

In this chapter we will be dealing with characters to (generally) distinct moduli,
say ¢q; and go. As a consequence, characters to the modulus ¢ = [q1, ¢2] will arise. We
shall denote by the Greek letters x, ¥ and w characters to the moduli ¢;, ¢» and q
respectively. A naught in the subscript will denote that the character is principal, as

usual. We compute

Z L(M) (pX17¢1)7

0<yx; <T

where x1 and 1) are primitive, [q1, ¢2] < T. Again, 7 is a sequence of numbers 7T,, such

that n < T, <n+1and |y, — T, > ik Our integral this time is

1
log(q(Tn+2

LI
1= / L 6 xa) L9 (s, 0 ds
R L

over the same rectangle R as in Figure 3.1. We split the integral as before.
Izjl+[2—|—[3+14. (51)

Here we note that the estimate for I; of Chapter 3 will hold verbatim with Lf/ (5, x)¢*) (s)
replaced with %(3, x1)L" (s, x2), and likewise the estimates for I, and I of Chapter 4
when LW(s, x1) is replaced with LU(s, 1), except that relevant bounds coming from
%(s, x1) and L") (s, ;) will be with ¢; and ¢ respectively in place of ¢. But writing

q = |q1, g2) in place of ¢; and ¢ majorizes the bounds, so we may write

IL <1, (5.2)
I < (qT)*" =, (5.3)
I < ¢~ 5t (5.4)

In the sequel we will do this majorization of ¢; by ¢ without forewarning.
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We proceed with I3 as before:

1 1—a+iT) L/

I3 = i N f(saXl)L(u)(Sawl)dS
= QL’/TZ aa;? Lf,(l — 8, Xl)L(“)(l — 5,11)ds.
Taking conjugates,
_ 1 a+iT L/
I3=— —(1—=73,x1)LW(1 —3,1;)ds. (5.5)

270 Jorir, L

Dealing with L) (1 —5,1);) as in (4.5), we write

Ty = Hi% (’;) (—1)% s, (5.6)

where

1 a+iT L/

I3, = i (1 —=5,41) L (s5,901)x W (1 — 5,4, )ds.
T Ja+tiTy L

Again we use

K — — q2|t e o—1 s_3 —k—
= s ) = 1= (<t Z) 0 (6 R dogadd )

which is Lemma 2.3, %(1 -3, x1) < logqT for 0 = a, Ty <t <T which is (3.12) and
L") (s,x1) < 1 for ¢ = a and obtain

P TL/(1 5,1 L (s, 0 )x(1 — 5,0,) [ =1 @t\" "
K — = _SJ 57 _57 — 10
o Jn T X1 X 1 &or
-1 [T a—1
*O( : / — (1 -5 x1) LW (s,%1)] - g5 2t“3<1ongt>“1dt)
2 Jp, | L
-1 [T

"L i e
- [ st - s (-ol)

+0 ((qu)“féJ“E) .
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Qt _

Also using (3.10) for £ (1 — 5, x1) and noting that log Z- = log ¥ LA I Z—;, we get

—1)r=r r _ - AN
o= S [ Lt ot - a—ie B (1o 2)

— 1)k T . p—r+1
+ L/ L™ (a4 it,)x(1 — a — it, ;) (log qit) dt
27T T 2
RV T _ t\HF "
+ (=1 <log 2) / LY (a4 it, ) x(1 — a — it, ¥, <log qi) dt
27 a2/ Jn 2
1)

—K T
+ %/ LY (a+ it vr)x(1 - a = it, ) (10g qﬁ) o (1) gt

T 2

+0 <(q2T)“7%+5> .

Lemma 2.5 and (2.5) allow us to put the last integral into the error term so that we

may write

Iy = (=1)" " (I301 + Isp2 + I303) + O ((qu)a—%+f (log qlT)> . (5.7)

Therefore, (5.5) becomes

Ty = (-1)" (Z ( )IM + Z ( )IM 4 Z ( )[3@) 0 (@) H

k=0

N—

(5.8)

Now 13,1, I3 and I3.3 are amenable to Lemma 2.14. So since

Y o 00 = (1 5 S (3) ()

dln



we have

1 [TL
Ln=— [ —
ol 27T/T1L

( n+1

x(1—a

q2

!/

( )H+1

(S
n=1 din
—it, ;) (log git) dt
(E) Z e—Qﬂ'in/qg IOgTL ZXl

1§n§ﬂ

+0 (<92T)a ) +0 (3" (log g2)" ") .

(a+it, x1) L™ (a + it, n)x(1 — a — it,

1) <10g —

4 (3) () )

Do () (s

Since ¢ < T, we may put the last error term into the preceding one. Also

1 T

Iz = —
3Kk2 o

_ (=7

q2

+0 ((Q2T

[ L0+ it (1 —a =it (log ot
T

Y1(n 108?” o gt "
1—a—1t log =—
/1 (52 ) - - .7 o 2

D) 5 gy e/ togmy

1<n< 2T
— "= 27

_1
)a 2+e> 7

) /T L(”“)(a +it, Y1) x (1 —a — it, ;) (
T1

1<n< 2T
— "= 27

log i
2

)

1) ) (1 _
- 271T) <10g )/ (Zwl najtgn )X(l_a_itﬂ/fl) (loggit)

s <log ﬂ) Z Yy (n)e 2"/ (log n)*

q2 ) i
21

n

d

.

dt

81
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Clearly, for p > 1

and likewise for Y% (#)I3e3. If =0, using (4.9) we get

> ()i =T8S et o)

"= o2 1<n< 2T
S s o)
BOLT y (mod g2) n< 2T

— 27

When v # v, the inner sum is

< ¢3 (log ¢2)(log 2 T'),

by Pélya-Vinogradov inequality and partial summation. So the total contribution of all
1 _
such characters is also < ¢4 (log g2)(log ¢2T"). The inner sum corresponding to ¥ = 1),

is, using the Eratosthenes-Legendre sieve as in (4.15),

Z YPo(n)(logn) = gb(;]jr)T log QQT / (Z Yo(n ) -

n< T n<t
— 27

_ 9le)T log eI ¢(q)T

— Slog T).
27 27 27 +O(q; logT)

Then, since 7(¢)7(1);)11(—1) = g2, the whole sum is

m
2 T 2T . z a—%—&-e _
Z </{> I3n2 = 27Tl & 27 2 +0 <(QQT) ) (=0
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Similarly, for the sum corresponding to /3.3, we have

7(¢,) 1 —
020(q2) <10g£> Z V(=1)7() Z P1(n)

v (mod g2) nS‘JQZJ

Using the Pélya-Vinogradov inequality for the inner sums when 1) # v, these con-

< (log %) g5 (log g2)-
2

Using (4.14), the inner sum for ¢ = 1, is

tribute

S () = 0la) 5~ + Ola5).

T
n< q2

so the whole sum is

E (,u) I35 = <log 2) — +0 (<log 2) q; (log q2)) . (p=0).
o \K G2 ) 2m Q2

Therefore

. O ((g1)* 7 if p>1,
Z (Z) (I3n + I352) = ( ) ) (5.9)
k=0 L og 4l ol _ L+0 ((CJ2T)“_§+€> if = 0.

We remark that T —log - ol g = N(T,x1) + O(log: T).

At this point some inquiries into the relationship between x; and v are in order.
We note that x11 is a character to the modulus ¢ and that every character has a unique
factorization into characters to distinct prime power moduli, i.e. to the factorization of
the modulus into prime powers corresponds a factorization of the character [2, Corollary
4.6]. We are interested in the conditions for y17 to equal wy. For a prime factor p of

g, we must have, in view of the above mentioned factorization, x1,%, = wo,, Where a
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subscript p denotes the factor of the character to the modulus p®, such that p® is the

highest power of p dividing the corresponding modulus. Given primitive y1, such a v

is definable if and only if p divides ¢; to a power less than or equal to the power to

which it divides go. We see that x19 = wp for some 9 if and only if ¢; | ¢2 and x;

induces 1.

We have, by (4.9),

I

2

k=0

(M) I3/§1 -
KR

I

<_1)K;_217—(w1) Z e—Qﬂin/qg (log n),u*ﬂ

2

x=0

(- X,
S (5) (10s5)"
dln

+0 ((qu)“_% (log g2 )“) +0 (" (log 2)")

7(¢,) b

D) %T(di)w(—l)

Z(ﬁ) > (ogn) = D=1 ena(dA @ () (log )"
Kk=0 1§n§% an

+0 (1)),

(5.10)

Now as 9 runs over characters modulo ¢s in the outer sum, the sums over x are of

forms estimable by our lemmata. If ¢; t g2, x1% is always non-principal modulo ¢. So

for all characters modulo gy but v, the sum over & is given by Lemma 2.8. Their total

contribution is

T(El)T(¢€i)wﬁ(_1) L("@)(ﬁl’ ¢6.¢1)

-2

Ye; X1=WE Q2¢(qz)
wei7éal
S (n=r)! (—‘1)11 qu)ﬁl <10g ﬂ)“” (5.11)
g (—nr—g) pI* 27 27
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where wg is the possible exceptional character modulo g, 1, are characters modulo g,
such that x1v., = wg, and [ is the corresponding exceptional zero. If we require that
q(logq)* < (logT), then T"* <« Texp (—Cy/logT). Also, by the discussion following
(4.12), we have LW (B3, 13.91) < (log ga)**!. Therefore (5.11) is

/ T
< T exp <—C log q;_) .

The contribution of ¢ = v, is given by Lemma 2.9, i.e.

MT(E1)T(¢1)E1(—1)¢(Q2) da g ES— T
(-1 T ED 2l [( ) T g
T(El)T(d}l)El(_l) S (K
B 029(q2) Z <V)

v ‘ — K1) K=v) (3, ) B ) p—K—]
(=) 1y e _);)! ¢ 6{1(16 ) (q;) (1og %)

plg2

T
+0 (quexp (—C’ log QQ—>> .
2

Under the restriction ¢(logq)* < (logT), the second term may again be put into the
error. So that when ¢; 1 g2, also using 7 (1, )7 (1), (—1) = ga, we have

a dV'| L', — T
;(i)lgm_(—l)“ (E) :?(571#0(1) o

(5.13)

+0 (Texp (—C’\/log %)) +0 ((QQT)G_%+E> :

Now if ¢ | g2, we know that v, x; # 1 because for this it is necessary that 1), is
induced by %, but our 9, is primitive. When 1 is induced by x; in the outer sum,

Yx1 = o, and the sum over k is estimable by Lemma 2.10, and the contribution of
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the said character is

()T 0avo)Xato(—1)
220(g2)

3 (W) men S (D)

The sums which arose in the case ¢; t ¢ are present in this case also. As always, we put

a = 5/4, combine our estimates in (5.6), and make use of the identity 7(x)x1(—1) =

7(X;) to obtain our

5.1 Theorem. Let x1 and 1 be primitive characters to the moduli g1 and qo respec-

tively, and assume that ¢ = [q1, q2] satisfies q(logq)* <logT. Then we have

L/
T
(1) (~)7(Tato)

?(g2)
~ (1 «— R T (0 T\
3 (e St ()

K=

T
+' N(T,x)+ O (Texp (—C log q22_7r>> .

where 6(q1,q2) is 1 or 0 according as q1 | g or not and the +' term is present only

T
5, X1¢1) or

ST L0y, 1) = <1>ﬂ[(%)ﬂ

0<fyX <T

—0(q1,q2)

M

when = 0.

To simplify the expressions, when p > 0 we may single out the term with the
highest power of the logarithm in (5.14), and collect the rest in an error term of

O (T(log T)»—17F¢).

5.2 Corollary. Let x1 and 1, be primitive characters to the moduli ¢, and qo respec-

tively, and assume that q = [q1, q2] satisfies q(logq)* < logT. With u > 1, if q1 t go,
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we have

a\| L
> e =1 | ()| T
0<yyy <T s=1

—  ¥|S

+ O (Texp (—C log ﬂ)
2

Otherwise if q1 | g2,

(1) T (=17 (1 ¢o) — 1( ﬂ)“
OS%:STL (Pxas 1) = D) ! L(1, xath) - ( log =

+ O (T(log T)*'*9),

for any e > 0.

When p = 0, our result reads

5.3 Corollary. Let x1 and 1, be primitive characters to the moduli ¢, and qo respec-

tively, and assume that ¢ = [q1, q2] satisfies ¢(logq)* <logT. Then we have

T(¥1) 1 (=17 (X1%0) - r . T
¢(q2) L(Ldejl)%_‘__(laXl@Dl)%

L
T
+ N(T,x1)+O | Texp | -C logg ,

where 6(q1,q2) is 1 or 0 according as q1 | g2 or not.

Z L(pxnwl) = _5(QIaQ2)

0<yy, <T

The asymptotic expressions of our results follow.

5.4 Corollary. Let x1 and 1 be primitive characters to the fixed moduli ¢ and gy

respectively. Then we have

(1) (=1)T(X1%0) -r r._ T
925((]2) L(L X1w1>% + f(LXﬁ/}l)%

Z L(pX17w1> ~ _5((]17(]2)

0<vx; <T

+ N<T7 Xl)?



and for p > 1,

Z LW (pxu Y1) ~

0<yx, <T

_ @) Y1 (=D7(X1%0)
#(g2) =L

(0[]

(1, x1%) 35 (log T)"

1% (57 Ele) %

if 1 | q2,

otherwise.

88



89

6. CONCLUSION

The derivations of the results announced in the introduction have thus been
completed. As indicated earlier, the results are loosely suggestive of the correlative
behaviour of the Riemann zeta-function and Dirichlet L-functions. In particular, if we
consider moduli ¢; and ¢, with ¢; { ¢, and compare the mean values of L (s, ), with
primitive y to the modulus ¢; at its own zeros and at those of another L-function of a
primite character modulo ¢y, we see that their orders differ by a factor of (log T')**!;

this suggests that the zeros of these functions do not coincide very often.
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