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ABSTRACT

COMPUTABILITY-THEORETIC LIMITATIONS OF QUALITATIVE
SIMULATION

Qualitative reasoning and simulation are useful mathematical tools, especially for the
analysis, design and diagnosis of dynamic systems. Simulators which are seen to be
incomplete, that is, which produce spurious predictions for a particular input, are usually
augmented with additional filters eliminating that behaviour. Kuipers introduced a
simulator (QSIM) which has the soundness property, that is, no trajectory which is the
solution of a concrete equation matching the input can be missing from the output. It has
been proven that there does not exist a sound and complete simulator whose input and

output vocabularies are identical to those of the “pure” QSIM.

This thesis contains a series of further results about computability-theoretic
limitations of qualitative simulation. Firstly, it demonstrates a method for modeling and
simulating an arbitrary Unlimited Register Machine (URM) using QSIM, and thereby
establishes that qualitative simulation has universal computational power. By making use
of reductions from the famous undecidable Halting Problem for computation tools
possessing universal computational power, it proves that it is impossible to build a sound
and complete qualitative simulator using the QSIM representation for input and output for
several “weakened” versions of the representation. It finishes with an ultimate result that
achieving a sound and complete simulator, which operates only in a single operating region

in which continuity rules are fully obeyed, is impossible,.

The results in this thesis are demonstrated using the QSIM representation for input
and output, and are valid for all qualitative simulators whose input and output vocabularies
are identical to that of QSIM. They are important in the sense that they provide deeper
insight to the causes of spurious predictions, and they are also interesting for researchers

aiming to construct provably sound and complete simulators using weaker representations.



OZET

NITEL BENZETIMIN HESAPLANABILIRLIK KURAMINA DAYALI
SINIRLARI

Nitel uslamlama ve benzetim, dzellikle dinamik sistemlerin analizi, tasarimi ve tanisi
icin faydali matematiksel araglardir. Eksik, yani belirli bir girdi i¢in yanlis tahmin iireten
benzeticilere, genellikle o davranisi elimine eden ilave siizgecler eklenir. Kuipers tutarlilik
ozelligini iceren, bir baska deyisle, ¢iktisinda, girdiye uyan nicel bir denklemin sonucu
olan hicbir davranis1 kagirmayan bir benzetici (QSIM) sunmustur. Girdi ve ¢ikti alfabesi

“saf” QSIM ile ayni olan tutarli ve tam bir benzeticinin varolmadig1 ispatlanmistir.

Bu tez, nitel benzetimin hesaplanabilirlik kuramina dayali sinirlart {izerine bir seri
ilave sonuglar icermektedir. Ik olarak, herhangi bir sinirsiz yazmagli makinenin
modellemesi ve benzetimi i¢in bir method ortaya koymakta ve bununla nitel benzetimin
evrensel hesaplama giiciine sahip oldugunu tesis etmektedir. Evrensel hesaplama giiciine
sahip olan hesaplama araglarinin meshur kararlastirllamaz Durma Problemi’nden
indirgeme yardimiyla, girdi ve ¢ikti da QSIM alfabesi kullanmak suretiyle, girdi ve ¢ikti
alfabesinin pek cok “daraltilmis” versiyonu icin, tutarli ve tam bir benzetici
yapilamayacagini ispat etmektedir. Calisma, i¢inde siireklilik kurallarina tamami ile
uyuldugu tek bir calisma alani i¢inde isleyen tutarli ve tam bir benzetici elde etmenin

imkansiz oldugunu kanitlayan nihai bir ispatla sona ermektedir.

Bu tezdeki sonuglar QSIM girdi ve cikti alfabesi kullanilarak ortaya konmustur ve
girdi ¢ikti alfabesi QSIM ile ayni olan tiim benzeticiler i¢in gecerlidir. Sonuglar, yanls
tahminlerin sebepleri ile ilgili daha derin ipuclar1 vermeleri agisindan onemlidir ve daha
daraltilmis temsili alfabeler kullanarak tutarli ve tam nitel benzeticiler yaratmaya calisan

arastirmacilart yakinen ilgilendirmektedir.
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1. INTRODUCTION

Mathematical analysis, specifically, ordinary differential equations, (ODE’s) have
been used for centuries to describe the behavior of dynamical systems. However,
quantitative mathematical techniques need precisely specified quantities and models of the
system under consideration, which is not always possible, especially in modeling the real
world. Qualitative Reasoning (QR) is an alternative approach to proceed to reason about
systems with incomplete or imprecise knowledge in the sense that it focuses on distinctions
which make an important, qualitative difference, ignoring the unimportant ones. A
qualitative simulator consists of two basic parts: an input-output vocabulary and an
algorithm. In this thesis, we are going to use the notation and terminology of QSIM [1],
one of the most popular qualitative reasoning systems, although it should be emphasized
that the results presented here are valid for all simulators whose input-output vocabularies

are “strong” enough to represent the facilities used in a presented proof.

The input to QSIM is given in the form of qualitative differential equations (QDE’s),
which are structural abstractions of ODE’s describing the system. QDE’s are built with
variables occurring in the model and constraints which govern the functional relationship
among those variables. The variables are continuously differentiable functions of time,
which have only finitely many critical points in any bounded interval. Each variable
possesses a quantity space, a finite, totally ordered set of landmark values, where a
landmark is a symbolic name representing a particular value in R. The landmarks -oo, 0 and
oo are usually part of any quantity space, although QSIM allows these to be omitted in the
case that their presence is not necessary. (For instance, a variable representing kinetic
energy of a mass is certainly nonnegative and will be bounded with zero on the left.) QSIM
has also the optional ability of enlarging a variable’s quantity space during the simulation

by adding new landmarks.

The representation of qualitative values of variables are also part of the input-output
vocabulary. A variable’s qualitative value is a pair of the form <gmag, qdir>, where gmag
denotes the qualitative magnitude and gdir denotes the qualitative direction of the variable.

The qualitative magnitude possible for a variable are all the points and intervals in its



quantity space, whereas the qualitative direction of a variable is simply defined to be the
sign of its time derivative. Hence, it can take three values: inc (+), standing for increasing,
dec (-), standing for decreasing, and std (0), denoting steady. The state of the system in a
certain time point or time interval is defined to be the whole set of qualitative values of its

variables.

The rules determining the flow of the simulation are specified by the so-called
constraints, which describe the functional relationships among the variables. That is the
point where the algorithm part of the simulator plays its part. The algorithm consists of the
transition rules according which the possible next qualitative values of the variables are
determined. Different filters, that have the aim to eliminate the states, which do not satisfy
the constraints and to let the states survive, which cover the actual next states of the

system, are also part of the algorithm.

QSIM has seven basic types of constraints. (See Table 1.1.) Each constraint acts like

a predicate imposing a structural relationship among its parameters. For example if we
. d o . .
have the constraint A(¢) = zB(t) , then the qualitative direction of the variable B depends
t

on the sign of the variable A, i.e. if A is positive, then the qualitative values for A, in which
the qualitative direction is std or dec, are filtered out. An additional knowledge source of
the constraints are the corresponding values, which are tuples (pairs or triples usually) of
landmark values that the variables in some given constraint can take on at the same time.
In the case of an add constraint, a corresponding value tuple (a, b, ¢) where a, b and ¢ are
landmarks in appropriate quantity spaces provides a constraint a + b = ¢ on the real
numbers a, b and c¢ stand for, which is going to be valid throughout the simulation. Only
derivative type constraints can not have such correspondence equations. The arithmetic

constraints are manipulated through a “sign algebra” [1]. Note that a QDE can correspond
to infinitely many ODE’s since an M " (M ") relationship can correspond to an infinite
number of possible “quantitative” monotonic functions. Similarly, a qualitative state may

correspond to infinitely many quantitative states, since an interval on landmarks contains

an infinite number of real values.



Table 1.1. Qualitative constraint types

Constraint Name Representation Explanation
add X))+ Y(t)=Z(1)
constant X(t) = a landmark diX(t) =0
4
derivati d
erivative —X() = Y(©)
dt
M X(t) = Y1), fe M* 3f such that X(¢) =’f(Y(t)), .where f>0
over f’s domain
M~ X() = fY()), fe M- df such that X(7) :’f(Y(t)), .where f<0
over f’s domain
minus X =Y
mult X(1) * Y(t) = Z(1)

The QSIM input vocabulary also provides the possibility of defining several different
constraint sets in the case of more complex systems. Each constraint set is valid within
some domain or operating region. The boundaries of operating regions are specified by
landmark values of certain variables, or more generally by boolean conditions of

qualitative values of particular variables. When the conditions are satisfied, then the

simulation continues with (or “triggers” to) the specified new operating region.

An operating region transition allows several types of information to be specified:

are going to trigger the transition,

The name of the new operating region,

The qualitative values or boolean combinations of qualitative values of variables, which

The constraint set (or QDE) for the new operating region,

The names of the variables which should inherit their qualitative values from the final

state of the old operating region to the initial state of the new operating region,

The names of the variables which should inherit their qualitative directions from the

final state of the old operating region to the initial state of the new operating region,

The variables for which qualitative values are explicitly “asserted”, such that they

become those specified values in the initial state of the new operating region.




An operating region transition can be interpreted as a discontinuous change in the
actual state of the system. For example, if we model a bouncing ball as simply reflecting
off the floor, we change its velocity instantaneously from negative to positive at the
moment of the bounce. So operating regions correspond to different “instantaneous” events

such as strings breaking or switches turning.

Another input given to the simulator are the initial values of the variables in the
system. From the most specific to the most general case, a variable’s initial value can be
specified as a landmark, as a finite interval between two landmarks or as an infinite
interval like (0, o). QSIM also allows to specify a value of “?” for the initial value of a
variable, if the initial knowledge about the variable in question does not even include the
information of its sign. Note that, in such a situation of incomplete knowledge, it is the
simulator’s job to find out the possible initial states of the system which are consistent with
the constraints of the given model. These n “legal” completions of the initial states built up
the n roots of n trees, which are going to be generated by QSIM. The roots correspond to
initial states of the system and are labeled with time-point label #), and each of the nodes
are system states which represent segments of the solutions of the QDE that is given in
terms of constraints as input. Each path from the root to the leaf of a tree is a predicted
behavior of the system. The behavior consists of alternating time-point and time-interval
states in the same operating region, whereas an operating region transition is marked with

two time point states following each other.

A major property of the qualitative simulation methodology is its soundness
property, that is no trajectory which is the solution of a concrete equation matching the
input can be missing from the output, i.e. every real solution to an ODE consistent with the
given QDE and initial state is included among the predictions of QSIM. However, one has
noted that some qualitative simulation outputs contained more predictions than the real
ones, namely spurious behaviors. A simulator is said to be complete, if it provides the
guarantee not to produce any spurious prediction in its output. However, it has recently
been proven [2] that it is impossible to provide the additional guarantee of completeness
that a qualitative simulator will never produce a spurious prediction for any input: For any
sound qualitative simulator using the input-output representation and task specification of

the QSIM [1] methodology, there exist input models and initial states whose simulation



output will contain “behaviors” that do not correspond to any possible solution of the input

equations.

The proof in [2] shows that a “sound and complete” qualitative simulator employing
the QSIM vocabulary mentioned above, if it existed, could be used to solve any given
instance of Hilbert’s Tenth Problem, which is famously undecidable [3]. The procedure
involves building a QSIM model representing the given problem, simulating it several
times starting from carefully constructed initial states representing candidate solutions, and

examining the output to read out the solution.

It is important to note that this proof does not necessarily mean that all hope of
constructing a provably sound and complete qualitative simulator is completely lost. One
may try to “weaken” the input-output representation so that it no longer possesses the
problematic power which enables one to unambiguously encode instances of Hilbert’s
Tenth Problem into a QSIM model. (Of course, this weakening must be kept at the
minimum possible level for the resulting program to be a useful reasoner; for instance,
removing the program’s ability to distinguish between negative and nonnegative numbers
would possibly yield a sound and complete simulator, but the output of that program would
just state that “everything is possible” and this is not what we want from these methods.)
This is why one should examine the incompleteness proof in [2] to see exactly which
features of the QSIM representation are used in the construction of the reduction; any
future qualitative simulator supporting the same vocabulary subset would be incorporating

the same problem from the start.

In this thesis, we consider several alternative subsets of the representation, and show
that the ineradicable spurious prediction problem persists even when only the add and
constant constraints are allowed, and infinite landmarks are banished. If one allows the
mult constraint as well, then the resulting qualitative simulator is inherently incomplete
even when the representation of negative numbers is forbidden and every variable is forced
to be specified with zero uncertainty. (i.e. as a single unambiguous real number) in the
initial state. Moreover, we prove that qualitative simulation can not be sound and complete,
even if only a single operating region and the constraint types add, mult, d/dt and constant

are allowed.



The rest of this thesis is structured as follows: Chapter 2 examines the proof in [2]
and generalizes the proof idea. In Chapter 3, we clarify what one means when one talks
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about a “sound and complete” qualitative simulator. Chapter 4 describes the Turing-
equivalent abstract automata called Unlimited Register Machines (URM) used in our proof
of incompleteness. Chapter 5 contains the main results of this paper, whereas Chapter 6 is

a conclusion.



2. THE PREVIOUS PROOF AND GENERALIZATION OF ITS IDEA

2.1. Hilbert’s Tenth Problem

As the name suggests, Hilbert’s Tenth Problem is the tenth of 23 problems, which
were announced in 1900 by the famous mathematician David Hilbert. It asks for an
algorithm for deciding whether a given multivariate polynomial with integer coefficients
has integer solutions. It has been proven that no such algorithm exists [3]. The
incompleteness proof in [2] makes use of a reduction from this famous problem in the
following way: It firstly emphasizes that a given polynomial with integer coefficients P (x;,

X2, ..., Xp) = 0 has integer solutions if and only if

D sin® wx, + P?(x,,x,,...,x,)=0 (2.1)

i=1

has real solutions [4]. The representation of the above stated equation in QSIM turns out to
include the subproblems of representing a given integer, the number 7 and the relationship
y = sin x in qualitative simulation in an unambiguous way. The following subsection gives

a detailed outline of the proof in [2].

2.2. The Proof

In [2] a real number r is said to be QSIM-representable if there exists a set of QSIM
variable quantity spaces and constraints, from which »’s equality to a particular landmark
symbol p in that set can be unambiguously deduced. Table 2.1 includes the demonstration
of QSIM-representability of integers in [2]. These represented integers are used to

construct the integer coefficients of the polynomial P, where P is constructed as a



combination of intermediate terms, which again consist of products of the unknowns in the

polynomial. The construction utilizes only the add, mult and constant constraints.

Table 2.1. QSIM model demonstrating representability of integers

CONSTRAINTS CORRESPONDENCES CONCLUSIONS
Al =a;

A(l) * B(t) = A(Y) ar*bi=a bi=1

B(t) + C(r) = D(1) bi+c1=0 cp=-1

B(?) + B(r) = E(¥) bi+b=e e1=2

E() + G(t) =H(r) e1+g1=0 g1=-2

E(1) + B(t) = J(1) e1+bi1=j Jj1=3

In order to represent the number 7, the proof utilizes QSIM’s ability to explicitly
represent infinite limits, by stating that it is twice the limit of the function arctan x as x
nears infinity. The representation of the arctan function is reached through the following

equation systems:

K=D*+1 (2.2)

dGsdt _ 1 . dG _ 1
dD/dt D?*+1 dD D?*+1 (2.3)
= G=arctanD+c 2.4)

where K, D and G are QSIM variables. The first equation (2.2) is pretty easy to obtain
using the mult constraint and the representability of the number one in QSIM. The second
equation (2.3) is obtainable by just multiplying the derivative of G with the variable K (=
D* + 1) and equating the product to the derivative of D. By specifying G as a differentiable

function of D with the M " constraint the chain rule leads us to the third step, which by
integration ends with an arctan relationship. The remaining part involves substituting the

correspondence values f(0) = 0 and f(e0) = g; to equation 2.4 and concluding that the

landmark g, has the value /2.



For the representation of the sine function a similar way is followed, namely its
inverse function is represented. Integrating Equation 2.5 and substituting the initial value

f(0)=0 we obtain an arcsin relationship between the variables G and H. (Equation 2.6)

aH 1
dG 1-G?2 (2.5)
= H =arcsinG (2.6)

However, the domain of the inverse sine function is [-1, 1] and its range is [-7t/2,
1/2]. Therefore the relationship G = sin H only holds in the domain [-7t/2, 7/2]. In order to
represent the relationship over the entire real line, [2] offers two additional relations
(Equations 2.7. and 2.8.), where each of these relations are represented using a different
operating region (named as OPREG-MINUS and OPREG-PLUS, respectively). The
relation given in Equation 2.6 is represented in an operating region called SIN-ORIG.

Equations 2.7 and 2.8 are given as following:

H = f(G) = —arcsin G + 1 2.7)

H=f(G) =arcsin G + 12 (2.8)

where r; and r, are arbitrary constants.

The representation of the sine function is then obtained via an appropriate trigger
mechanism between SIN-ORIG, SIN-PLUS and SIN-MINUS operating regions. Note that
a sine relationship over the entire real line can be obtained by consecutive application of
these relations in an appropriate order. (i.e. by concatenating them at their endpoints of
definition with triggers). Since each sine function is represented with three operating

regions, the method requires 3" different operating regions for n different sine functions.

The remaining part of the proof contains expressing Equation 2.1 using

representational techniques explained so far in this section. Each of the variables x; of P
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will be represented by a corresponding QSIM variable X;. The integer coefficients ¢;’s of
the terms of the polynomial P can be represented as depicted in Table 2.1. Each term ferm;
of P is a product of integer powers of some of the variables with the coefficient ¢; and can
be represented therefore by the necessary number of mult constraints and intermediate
QSIM variables. The terms term;’s can be added with add constraints and intermediate
QSIM variables to a polynomial variable Py, which can then easily be squared with a

single mult constraint.

The QSIM-representability of mis already demonstrated, hence one can trivially
obtain with n new mult constraints variables, whose values are equal to 7.x;. The next thing
to accomplish is creating 3" different operating regions for n different sine functions to
equate a QSIM variable S; to sin 7zx;. Trivially, one can square each S; with a single mult
constraint and sum them up with add constraints to obtain the sum of the squares of sines
represented as a QSIM variable say SS. Finally one can add the variables SS and Py to end

up in a variable E, which stands for the whole left side of the Equation 2.1.

The only task to face with is asking the simulator the question whether there exists a
tuple of x;’s that make E = 0, in such a way that the answer, if it could be computed, could
be read off a QSIM output. Firstly, all the X; variables are to be specified to have the
qualitative value <?, std>, meaning that we do not even know their signs, let alone their
numerical values. For each of the n x;’s there are two possible initial operating regions
(PLUS or MINUS). For all possible combinations of initial states, QSIM is run 2" times.
Since its input is specified incompletely, QSIM is supposed to create all consistent
completions and start simulation from there. If QSIM were able to delete all inconsistent
completions (i.e. were sound and complete) then the input in all cases would be rejected if
and only if P has no solutions in integers. On the other hand, the case, where some initial
states survive, would mean that P has integer roots. So this implies that a sound and
complete simulator does not exist [2], since such a simulator, if it existed, would decide
Hilbert’s Tenth Problem whose undecidability is already proven [3]. The proof in [2]
demonstrates also, by slightly modifying the above procedure, that a sound and complete

simulator can not exist even if the initial input state is required to be consistent.
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Note that the proof utilizes the monotonic increasing function (M"), derivative
(d/dt), multiplication (mulf) and constant constraints of the several qualitative constraint
types available in QSIM vocabulary. (Note the absence of the add constraint, for which the
paper demonstrates an implementation using the others, in this list.) The initial value <?,
std> used in the proof includes qualitative interval magnitudes like (0, o) or (-o0, 0), with
what one might call “infinite uncertainty” about the actual value of the represented
number. As demonstrated earlier, for equating a landmark to the number 7, QSIM’s ability
to explicitly represent infinite limits is utilized. Finally, the operating region transition
feature is used heavily, since it is thanks to this characteristic that the sine function can be

represented in the qualitative vocabulary.

This work basically examines several alternative subsets of QSIM vocabulary which
are sufficiently rich, that the problem of building a sound and complete simulator persists.
It aims to give more insight about the problem of spurious behaviors, which is going to be

explained in more detail in the coming subsection.

2.3. Ineradicable Spurious Behaviors

The problem of spurious behaviors in qualitative simulation occurred before the
proof we outlined in Section 2.2 came out. See [1, 5, 6, 7, 8, 9, 10] for discussions on
specific types of spurious behaviors. But proving a particular behavior of a simulator to be
spurious actually shows us actually the way to change our algorithm and arrive at a new
simulator, for which the above mentioned behavior is not spurious anymore. (Just add your
proof as a filter to your algorithm). The rest of this section is devoted to emphasize that the
discovered spurious behaviors via reductions from undecidable problems are different in a
remarkable way (namely, what is discovered is their existence, and not a particular

instance of them).

Undecidable problems have the remarkable property that no algorithm exists for their
solutions. Hence, a reduction from an undecidable problem in our case means that it is

valid for all simulators supporting the same input-output vocabulary, whatever change you
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perform in the algorithm of your simulator or whichever filters you add to your algorithm.
So the proof idea can be generalized as: Formulate an undecidable problem using your
vocabulary and ask your simulator for the answer of it, such that you will be sure your
simulator can not provide an answer in a sound and complete manner. As an example
consider you have an imaginary Turing machine simulator, which we expect to accomplish
the following task: If it is given a Turing machine (TM), which will halt, then its job is to
reject it due to some inconsistency. If the input is a TM, which is going not to halt then it
will simulate it. Remembering that the halting problem is undecidable, what should we
expect as its behavior when a TM is given as input, is it going to start simulation or report
inconsistency? With the additional claim that it is sound, it certainly will start simulation in
order not to miss a possible solution. But there is no computational tool which is able to
comment on spuriousness of that created behavior. Such behaviors are ineradicable

spurious behaviors, whose spuriousness can not be decided by any algorithm.
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3. DESIDERATA FOR SOUND AND COMPLETE QUALITATIVE
SIMULATORS

It is important at this point to clarify exactly what one would expect from a
hypothetical “sound and complete” qualitative simulator. If the input model yields a finite
behavior tree of genuine solutions, it is obvious that the program is supposed to print the
descriptions of the behaviors forming the branches of this tree, and nothing else, in finite
time. If the input model and initial state are inconsistent, i.e., the “correct” output is the

empty tree, the program should report this inconsistency in finite time.

Finally, if the input yields a behavior tree with infinitely many branches, (QSIM’s
ability of introducing new landmarks during the simulation makes this possible) the
program is supposed to run forever, adding a new state to its output every once in a while.
More formally, for every positive i, there has to be an integer s such that the program will
have printed out the “first” i states of the behavior tree (according to some ordering where
the root, i.e. the initial state, is state number 1, and no descendants of any particular state
are printed before that state itself) at the end of the s™ step in its execution. Note that these
requirements mean that a sound and complete simulator would have to be able to decide
whether the initial system state description given to it is consistent with the input model or

not within a finite time. This necessity is used in the proof of incompleteness in Chapter 5.
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4. UNLIMITED REGISTER MACHINES

The easiest way of thinking about a URM is to see it as a computer with infinite
memory which supports a particularly simple programming language. A URM [11]
program P consists of a finite sequence of instructions I, I, ..., Ip. The instructions may
refer to the machine’s registers R;j, each of which can store an arbitrarily big natural
number. We use Rj, Ry, ... to refer to URM registers, and r, 1, 13 ... for the register

contents.

There are four types of URM instructions:

succ(n): Increment the content of register n by one.

R,<r,+1

zero(n): Set the content of register n to zero.

R, <0

Jjump(m, n, q): Compare registers m and n. If they are equal, continue with instruction

If ¥y = 1y then jump to 1,

transfer(m, n): Transfer the contents of Ry, to R,. Only R;, is modified.

R, < r,

A URM program starts execution with the first instruction. If the current instruction
is not a jump whose equality condition is satisfied, it is followed by the next instruction in
the list. The program ends if it attempts to continue beyond the last instruction, or if a jump

to a nonexistent address is attempted.

If P=1, .., Ip is a URM program, it computes a function PP N> N P(k)(al, ey

ax) is computed as follows:
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- Initialization: Store aj, ..., ax in registers Ry, ..., Ry, respectively, and set all other

registers referenced in the program to 0.
- Iteration: Starting with I;, execute the instructions in the order described above.

- Output: If the program ends, then the computed value of the function is the
number r; contained in register R;. If the program never stops, then P(k)(al, ey

ay) is undefined.

Table 4.1. contains an example of a URM program which computes the function f(x,
y) = x + y. Note that the function is from N*to N, where the input values x and y are stored
in registers R; and R, and the output of the function is expected to be stored in R; at the

end of the program.

Table 4.1. URM program computing fix, y) =x +y

Ii:  zero(3)
L:  jump(2, 3, 6)

Is:  succ(l)
Li:  succ(3)
Is: jump(1,1,2)

The program first sets R3 to zero. It checks to see if R3 = R, (in the case that y = 0).
Otherwise, it increments both R; and Rj3. This continues until x has been incremented y

times, and the value in R; is returned.

The URM model of computation is equivalent to the numerous alternative models
such as the Turing machine model, the Godel-Kleene partial recursive functions model and
Church’s lambda calculus [11, 12] in the sense that the set of functions computable by
URM’s is identical to the set of the functions that can be computed by any other model.

This means that a model which can simulate any given URM is as powerful as a Turing
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machine, since it can simulate any given Turing machine. In our new proof of QSIM
incompleteness in the next section, we will make use of the fact that the halting problem

for URM’s is undecidable [11].



17

S. NEW INCOMPLETENESS RESULTS FOR QUALITATIVE
SIMULATORS

All the incompleteness results about new subsets of the QSIM vocabulary that are
presented in this paper are based on the following theorem, which shows that QSIM can

simulate any URM, and thereby has Turing-equivalent computational power.

Theorem 5.1:  For any URM program P with [Pl instructions, there exists a QSIM

model QP with [PI+2 operating regions, which simulates it.

Proof: The proof will be by construction. Suppose we are given a URM program
P with instructions Iy, ..., Iip. Let Ry, ..., Rn be the registers mentioned in the instructions of

P. Now define your QSIM variables as follows:

For any R; in P, define a QSIM variable NR; which will represent it. Define U, V, Z,
and X, which will serve as auxiliary variables. U’s legal range is the interval (0, one),
where one is a landmark equal to 1. (Exact representation of any integer is possible in
QSIM using a collection of add, constant and mult constraints. (See Section 2.2.)) V is the
derivative of U and is a finite positive constant in every operating region. Z is constant at

zero in every operating region. So QP has a total of N+4 variables.

Our QSIM model will have [P+-2 operating regions: Each instruction I; of P will have
a corresponding operating region named OpRegi. The two remaining regions are OpReg,

corresponding to the “initialization” stage of P, and OpRegpy+1, corresponding to its end.

The specification of each operating region must contain the constraints that are valid
in that region, the boolean conditions (composed of primitives of the form
Variable=<qualitative magnitude, qualitative direction>) which would trigger transitions
to other operating regions when they are obtained, and lists that detail which variables
inherit their previous magnitudes after such a transition, and which of them are initialized

to new values during that switch. Tables 5.1-5.7 describe how to prepare these items for
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the operating regions in our target model, based on the program P. There are six different
operating region templates (or “types”) used in the construction; one for each URM

instruction type, one for OpRegy, and one for OpRegpi .

The model of OpRegy is depicted in Table 5.1. This is where our simulation of P will
start. All the NR; variables are supposed to be set to landmarks equated to their proper
initial values specified by the “user” of P in the initial state. U is supposed to be initialized
to (0, inc) in the initial state. Since V is always positive, QSIM will compute a single
qualitative behavior segment, which ends with a transition to OpReg; when U reaches

(one, inc) at time-point ¢, for this region.

Table 5.1. Model of the operating region OpReg, corresponding to the initialization of the
URM

Operating Region: OpReg
{Type: Initialization}
Constraint Set: constant(V)
constant(Z)
constant(X)
constant(NR;) (for all i € {1, ...,N})
d/dw(U, V)
Possible Transition:
Trigger: ( U = (one, inc) )
New Operating Region: OpReg,
Variables inheriting qualitative magnitudes:
See Table 3, indexed by the type of OpReg,

Variables with new asserted values: U « (0, inc)

As seen in Tables 5.1-5.7, exactly which variables keep their values during a
transition depends on the type of the target operating region. Regions corresponding to

instructions of the type zero(n) and transfer(m, n) should not inherit value of R, from their



19

predecessors, since they involve the replacement of that value by another one anyway. All
other types of regions, including the succ(n) type, inherit all the register contents from their
predecessors. (Although the value of R, does change in a succ instruction, the new value
depends on the old one, unlike the cases of zero(n) and transfer(m, n). The corresponding
QSIM variable NR, increases continuously during the simulation of a region of type
succ(n), and a new region transition occurs exactly at the moment when it has increased by

one unit.)

Table 5.2. Variables which should inherit magnitudes according to type of the target

operating region

Type of target operating region: succ(n) OR jump(m, n, q)
Variables inheriting qualitative magnitudes:

NR; forallie {1,.,N}, V,Z

Type of target operating region: End

Variables inheriting qualitative magnitudes:

NR; forallie {1,..,N},V,Z, X

Type of target operating region: zero(n) OR transfer(m, n)
Variables inheriting qualitative magnitudes:

NR; forallie {1,..,N}-{n},V,Z X

The simulation of the given URM program proceeds as follows: As described in the
previous section, the URM starts with an initial configuration, where the registers Ry, ...,
Ri store the nonnegative integers aj, ..., ax, which form the input of the program,
respectively. The other N-k registers are set to 0. Correspondingly our QSIM program has
for each of the first k NR; variables the quantity spaces (0, /;, o), if the corresponding input
a; is nonzero, where the landmarks [;’s are equated to the natural numbers a;. (The

additional auxiliary variables and constraints necessary for the unambiguous expression of

these numbers are supposed to be included in OpReg, in addition to what is presented in
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Table 5.1. All these additional variables are inherited and held constant in all operating
regions.) These NR; variables with nonzero initial values start on the landmarks, with
qualita qualitative values (/;, std), whereas those with zero initial values (NR;,i € {1, ..., k}
s.t. 3;=0) and the remaining NR; variables i € {k+1, ..., N} have quantity spaces (0, o) and
start on (0, std). The variable X has the quantity space (-0, 0, o) and starts initially at (0,
std). The quantity space of the variable U is (0, one) where the landmark one is equated to
1, as mentioned above. U starts initially at qualitative value (0, inc).The derivative of U, V,
has as quantity space (0, speed, o), where speed is also equated to 1. It starts at qualitative

value (speed, std) and is constant in the whole simulation.

Note that all variables start the simulation at landmarks, whose values are given with

zero initial uncertainty.

Table 5.3. Model template for operating regions corresponding to zero(n) instructions of

the URM

Operating Region: OpReg;
{Type: zero(n)}
Constraint Set: add(Z, Z, NR,)
constant(V)
constant(Z)
constant(X)
constant(NR;) (for all i € {1,...,N})
d/dw(U, V)
Possible Transition:
Trigger: (U = (one, inc))
New Operating Region: OpRegi.
Variables inheriting qualitative magnitudes:
See Table 3, indexed by the type of OpRegi.i

Variables with new asserted values: U « (0, inc)
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Table 5.4. Model template for operating regions corresponding to succ(n) instructions of

the URM

Operating Region: OpReg;
{Type: succ(n)}
Constraint Set: add(X, U, NR),)
constant(V)
constant(Z)
constant(X)
constant(NRy) (forallie {1,..,N}-{n})
d/du(U, V)
Possible Transition:
Trigger: (U = (one, inc))
New Operating Region: OpRegi.
Variables inheriting qualitative magnitudes:
See Table 3, indexed by the type of OpRegi.i

Variables with new asserted values: U « (0, inc)

Table 5.5. Model template for operating regions corresponding to transfer(m, n)

instructions

Operating Region: OpReg;
{Type: transfer(m, n)}
Constraint Set: add(NR,, Z, NR,)
constant(V)
constant(Z)
constant(X)
constant(NR;) (for all i € {1,...,N})
d/de(U, V)
Possible Transition:
Trigger: (U = (one, inc))
New Operating Region: OpRegi.
Variables inheriting qualitative magnitudes:
See Table 3, indexed by the type of OpRegi.i

Variables with new asserted values: U « (0, inc)




Table 5.6. Model template for operating regions corresponding to jump(m, n, q)

instructions

22

Operating Region: OpReg;
{Type:  jump(m, n, q)}
Constraint Set: add(NR,,, X, NR,)
constant(V)
constant(Z)
constant(NR;) (for alli € {1, ...,N})
d/dwU, V)
Possible Transition:
Trigger: (U = (one, inc) ) AND ( X # (0, std) )
New Operating Region: OpRegi.
Variables inheriting qualitative magnitudes:
See Table 3, indexed by the type of OpRegi,i

Variables with new asserted values: U « (0, inc)

Possible Transition:
Trigger: (U = (one, inc) ) AND ( X = (0,std) )
New Operating Region: OpReg,
Variables inheriting qualitative magnitudes:
See Table 3, indexed by the type of OpReg,

Variables with new asserted values: U « (0, inc)

Our model is so constrained that a sound and complete qualitative simulator is

guaranteed to produce exactly one behavior prediction for any initial state corresponding to

a valid URM input. To see this, it is sufficient to observe that, at any step of the simulation,

there is sufficient information available to the simulator to compute the exact numerical

value of every variable in the model. (This just corresponds to “tracing” the URM program

and keeping note of the register contents up to that step.) If the modeled URM halts on the
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particular input given in the initial state, the QSIM behavior is supposed to be a finite one,
ending when the variable U attempts to exceed one in OpRegpy,;. If the URM computation
does not halt, then the QSIM behavior is supposed to be a single infinite sequence of states,
which never visits OpRegpi+;. We are now ready to state the new version of the

incompleteness theorem.

Table 5.7. Model of the operating region OpRegpi+1, corresponding to the end of the URM

program

Operating Region: OpRegpi+i
{Type: End}
Constraint Set: constant(V)

constant(Z)

constant(X)

constant(NR;) (for alli € {1,...,N})

d/de(U, V)

Theorem 5.2: Even if the qualitative representation is narrowed so that only the
d/dt, add, mult, and constant constraints can be used in QDE’s, and each variable is forced
to start at a finite landmark whose value is given with zero uncertainty in the initial state, it
is still impossible to build a sound and complete qualitative simulator based on this input-

output vocabulary.

Proof: Assume, for the sake of the contradiction, that such a sound and complete
simulator exists. We know show how to solve the halting problem for URM’s using that

algorithm as a subroutine.

Construct the corresponding QSIM model as described in Theorem 5.1 for the URM
program P whose halting status on a particular input is supposed to be decided. Now define

a new variable S with quantity space (0, one, o), where the landmark one is equated to the
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number 1. S starts at the value (one, std) in the initial state. Add the constraint constant(S)
to all the operating regions, and specify that the value of S is inherited in all possible
transitions. Insert the new constraint add(Z, Z, S) in OpRegpi+1. Consider what the
simulator is supposed to do when checking the initial state for consistency. Note that we
would have an inconsistency if the simulation ever enters OpRegpi+1, since the add
constraint that we inserted to that region implies that S is zero, which would contradict
with the inherited value of one. So a simulator which is supposed not to make any spurious
predictions is expected to reject the initial state at time 7, as inconsistent, if the simulation
is going to enter OpRegpy1, in other words, if the URM program under consideration is
going to halt. If this sound and complete simulator does not reject the initial state due to
inconsistency, but goes on with the simulation, then we can conclude that the program P
will not halt. This forms a decision procedure for the halting problem. Since the halting
problem is undecidable, a sound and complete simulator using this representation can not

exist.

It is in fact possible to remove the derivative constraint (which is only used in our
proof to ensure that the behavior tree has at most one branch) from the representation as

well, and the incompleteness result shown above would still stand:

Theorem 5.3: Even if the qualitative representation is narrowed so that only the
add, mult, and constant constraints can be used in QDE’s, and each variable is forced to
start at a finite landmark whose value is given with zero uncertainty in the initial state, it is
still impossible to build a sound and complete qualitative simulator based on this input-

output vocabulary.

Proof: We will make a minor modification to the proof of Theorem 5.2. We
observe that in the construction of Theorem 5.1, U always starts every operating region at
(0, inc) and the fact that its derivative is a positive constant forces it to reach the value
(one, inc) in the next time point. Then the transition to next operating region occurs, and U
again receives the value (0, inc). What happens if we remove the variable V and all d/dt
constraints from the model? In this case, since U’s derivative is not fixed, there are three
possible future states for U: (one, inc), (one, std), and ((0, one), std). We fix this problem

by inserting another possible region transition specification to all of our regions, except
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OpRegpyiy1. This transition will be triggered when U has one of the values (one, std), and
((0, one), std), and its target will be OpRegp1. The variable S from the proof of Theorem
5.2, as well as all other variables, are inherited completely during this transition. So all the
“unwanted” behaviors which would be created due to the elimination of U’s derivative end
up in OpRegp;1, and should therefore be rejected as spurious in accordance with the
argument of the previous proof. Hence, once again, the simulator is supposed to accept the
initial state as consistent if and only if P does not halt, meaning that a sound and complete

simulation is impossible with this representation as well.

Interestingly, one can even restrict the representation so that only nonnegative

numbers are supported, and the incompleteness result we proved above still stands:

Theorem 5.4: Even if the qualitative representation is narrowed so that only the
add, mult, and constant constraints can be used in QDE’s, each variable is forced to start at
a finite landmark whose value is given with zero uncertainty in the initial state, and no
variable is allowed to have a negative value at any time during the simulation, it is still
impossible to build a sound and complete qualitative simulator based on this input-output

vocabulary.

Proof: In our previous proof, only variable X ever has the possibility of
receiving a negative value, and that occurs only in a jump region. We replace Table 5.6
with Table 5.8 and introduce the new variables O, C, and Y .To all operating regions we set
the constraint that these variables are constant. The variable O has quantity space (0, one)
and initially starts with qualitative value (one, std), where the landmark one is set to
numerical value 1. O is inherited by all possible transitions. The remaining variables C and
Y are also inherited by all transitions, except when the target region is of type jump. The
reason for that is similar to other inheritance mechanisms, i.e. we want these variables to
take new magnitudes appropriate for our simulation in a jump region. As can be seen in
Table 5.8, X receives the value 1, if and only if the two compared register values are equal.
If they are unequal, X has a positive value different than 1. Therefore X’s legal range can
be perfectly defined as (0, one, o), where one is equated to 1 and no variable ever gets a

negative value during the simulation.
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Table 5.8. Alternative model template for operating regions corresponding to jump(m, n,

q) instructions which avoids negative numbers

Operating Region: OpReg;
{Type:  jump(m, n, q)}
Constraint Set: add(NR,,, O, C)
add(NR,, O, Y)
mult(X, C, Y)
constant(0)
constant(C)
constant(Y)
constant(V)
constant(Z)
constant(NR;) (for all i € {1,...,N})
d/dw(U, V)
Possible Transition:
Trigger: (U = (one, inc) ) AND ( X # (one, std) )
New Operating Region: OpRegi.
Variables inheriting qualitative magnitudes:
Depends on the type of OpRegi,i

Variables with new asserted values: U « (0, inc)

Possible Transition:
Trigger: (U = (one, inc) ) AND ( X = (one, std) )
New Operating Region: OpReg,
Variables inheriting qualitative magnitudes:
Depends on the type of OpReg,

Variables with new asserted values: U « (0, inc)

Alternatively, we can keep negative numbers and remove the mult constraint from
the representation, if we drop the requirement that each variable starts simulation at a value

with zero uncertainty.
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Theorem 5.5:  Even if the qualitative representation is narrowed so that only the
add and constant constraints can be used in QDE’s, and each variable is forced to start at a
finite landmark in the initial state, it is still impossible to build a sound and complete

qualitative simulator based on this input-output vocabulary.

Proof: We used the mult constraint in the proofs of Theorems 5.1-5.3 only for
equating landmark values to unambiguous integers. Assume that we delete the mult
constraints from our model of Theorem 5.3. We introduce a new variable called A, which
is constant at a positive landmark named unit. For any given natural number 7, it is
possible to introduce a landmark p, to any desired QSIM variable, such that p,’s equality to
n*unit can be unambigously deduced. As an example, Table 5.9 illustrates how the
landmark p¢ of variable NRg is equated to 6*unit. Note that we only use constant and add

constraints (and a lot of auxiliary variables) for this purpose.

Table 5.9. QSIM constraint set built for expressing the equality “pe= 6 * unit”

CONSTRAINTS CORRESPONDENCES MEANING
A = unit

add(A, A, B) unit + unit= p, p2=2 * unit
add(B, A, C) P2 + unit = p3 p3=3 * unit
add(C, A, D) p3 + unit = ps pa=4 * unit
add(D, A, E) P4 + unit = ps ps=35 * unit
add(E, A, NRyg) Ps + unit = pe Pe= 6 * unit

So for those of the k registers whose corresponding initial values (a;’s) are nonzero,
the corresponding initial landmarks, /;’s, can be set such that /; = a; *unit. The landmark
one in U’s quantity space is renamed as unit. In this new model, execution of a succ(n)
instruction increments R,’s value by one unit. The jump instruction compares landmarks
whose values equal u*unit and v*unit instead of comparing two landmarks whose values
equal the natural numbers u and v. The same reasoning applies for the transfer instruction,

where, instead of the value u, u*unit is transferred to the target register. The zero
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instruction sets the target register to 0, as in the previous construction. So the modeled
machine does just what the original URM does, since the multiplication of all values by the
coefficient unit does not change the flow of the program, and, in particular, whether it halts

on its input or not. The rest of the argument is identical to that of the proof of Theorem 5.3.

As a side remark, note that if one has access to a semi-quantitative simulator [1]
where it is possible for the user to specify bounding numerical intervals for the landmark
values, one can use our construction of Theorem 5.1, and the capability of semi-
quantitative simulators to calculate such intervals for the landmarks that are introduced
during the simulation, to employ this simulator for running an arbitrary URM and reading
out its numerical output; which underlines the computational universality of the QSIM
engine. (Note that the incompleteness results proven above apply automatically to semi-

quantitative simulators, whose representations are an extension of that of pure QSIM.)

We observe that some of the variables change their qualitative magnitudes and
directions discontinously during operating region transitions in the proofs of previous
theorems. The next theorem proves that maintaining soundness and completeness
simultaneously is impossible even if we do not allow any qualitative variable to perform
such a change, and force each variable’s magnitude and direction to be inherited to the next

operating region.

Theorem 5.6: Even if the qualitative representation is narrowed so that only the
d/dt, add and constant constraints can be used in QDE’s, and no variable’s magnitude and
direction are allowed to perform a discontinous change during operating region transitions,
it is still impossible to build a sound and complete qualitative simulator based on this

input-output vocabulary.

Before proceeding to the proof of Theorem 5.6, we state the following lemma, of

which we will make use in the proof.

Lemma 5.1: The Unlimited Register Machine (URM) is Turing equivalent even

if we remove the transfer instruction from its instruction set.
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Proof of LLemma 5.1: We are going to show that the transfer instruction can be

simulated by means of succ, jump and add instructions. Assume that a URM has the
instruction transfer(m, n) in the k’th position of its program. We replace that instruction
with the following program segment, and renumber the remaining instructions and labels

in the program accordingly:

Ii: zero(n)
| PR Jjump(m, n, k+4)
| FS, succ(n)
Ties Jjump(1, 1, k+1)

Note that the program segment above first sets the n’th register to 0 and goes into a
loop where the value of n’th register is incremented until the condition in I is satisfied
implying that the values of n’th and m’th registers are equal. That is the expected result of

a transfer(m, n) instruction.

Proof of Theorem 5.6: The proof basically makes some changes in the QSIM

models used for simulating the given URM in the previous theorems. Note that relying on
Lemma 5.1 there is no need to give a model template for transfer instructions. As in the
proof of Theorem 5.1, we define a QSIM variable NR; for each of the N registers R;
appearing in the URM program. In addition to that, we define the auxiliary variables TR;
forall i € {1, ..., N} and also the variables Dj; foralli e {1, ..,N} and for all j € {1, ...,N}
such that i#j. Each variable Dj; satisfies the following equation throughout the simulation:
Dj; = NR;— NR;, i.e. we keep track of the differences of register values. To achieve this we
put the constraint add(D;;, NR; NR;) for all i, j € {1,...,N} such that i# to each operating
region we are going to construct. These difference variables will enable us to compare two
register values (to see whether they are equal, meaning their difference is 0) in jump type

operating regions.

Moreover, for each of the k registers TR; which have nonzero initial values, we
define a variable named L;, i € {1, ...k} which are equated to the corresponding initial

values of the registers, i.e. to /; = g; * unit, and remain constant at these landmarks
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throughout the simulation. (Note that the procedure to obtain these conditions is explained

in the proof of Theorem 5.5)

For each instruction type in the given URM program, we define two operating
regions. In this case our clock variable U will increase in the first of these operating
regions from (0, std) to the value (unit, std), and decrease in the next one from the
qualitative value (unit, std) to (0, std), performing no discontinous jump in the program. In
order to achieve a variable with such behavior we make use of a simple harmonic oscillator
model given in Table 11, where the variable X (note that the variable X here is different
than the one used in the previous proofs, and denotes the “position” of the oscillating
“object”) oscillates between its amplitudes unit/2 and —unit/2, and the variable U is equal
to the value X + unit/2, alternating between 0 and unit. The model template for producing

this behavior is given in Table 5.10 and it is added to each constructed operating region.

Table 5.10. Model template to obtain the desired behavior for the variable U as a clock
variable oscillating between qualitative values (0, std) and (unit, std) (this template is to be

inserted to all constructed operating regions)

CONSTRAINTS | CORRESPONDENCES | MEANING

Z=0

B = unit

C=¢

add(C, C, B) c1 + ¢ = unit cir=unit/?2

add(C, E, V) c1+0 =y vi=unit/?2

add(C, D, X) c1+0 = x X1 =unit/?2

d/di(X, V) 62—)5 =V

d/di(v, A) X =A
dt

add(X, A, Z) X +X =0
dt

add(X, C, U) X1+ ¢ =u; U = unit
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Looking at Table 5.10, we obtain the equation:

2

X (t)+ X (t)=0 5.1
dt

which has a solution of the form:

X (t)=ciXsint+c2Xcost 5.2)

and hence its time derivative V has the form:

V(t) =ciXcost—ca2Xsint (5.3)

Together with the initial values depicted in Table 5.11,

X(to=0)=0

V(to=0)=unit/?2 5.4)

we obtain that ¢; = unit/2 and ¢, = 0 and X obeys the equation:

X (t)=unit/2xsint (5.5

proving that the variable X oscillates between the values unit/2 and — unit/2, as expected.
(Note that without the assumption of 7y being 0, we still obtain the expected sine behavior

just shifted by #.)

The model templates for initialization operating regions OpRego1 and OpReg» are
given in Tables 5.12 and 5.13, respectively. The constraints add(NR;, Z, L) and add(TR;, Z,
L;) where Z is the zero variable, ensure that initially all registers with nonzero initial values

start the simulation at appropriate values.

All variables’ values are inherited in all possible transitions, such that no variable’s

qualitative value ever performs a discontinous change. We are going to denote the two
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operating regions corresponding to the i’th instruction of the URM program with Opreg; ;

and Opregi .
The quantity spaces for all variables and the initial values given to the simulator are
given in Table 5.11. Note that the initial values of variables not given in Table 5.11 are set

by the simulator in a unique way due to the constraints.

Table 5.11. The quantity spaces and initial qualitative values of all variables used in the

model
QUANTITY INITIAL
VARIABLE
SPACE VALUE
NR; (a;=0) (0, std)
(0, o),
NR; (ai#0) (0, o0)
std)
TR; (a;i=0) (0, std)
(0, o0),
TR; (ai#0) (0, )
std)
Dj; (00, 0, )
Li 0, [;, o0) (L, std)
U (O, l/ll) (0’ ll’lC)
B (0, unit)
C 0, c1) (c1, std)
D (00, 0, o)
E (00, 0, o)
X (_oo’ 0’ X1, oo) (0’ lnc)
V (_oo’ 0’ Vl, Oo) (Vl’ Std)
((—oo, O)’
A (00, 0, o)
dec)
Z (0, ) (0, std)
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Looking carefully at tables 5.12-5.20, which correspond to instructions of the URM,
we deduce that the simulation flows in a unique way, i.e. in the first operating regions of an
instruction, the variable U increases from (0, std) to the value (unit, std), where the
simulation triggers to the second operating region of that instruction. The variable U
decreases from (unit, std) to (0, std) in that second region and the simulation continues
with the first operating region of the next instruction. The simulation ends when
OpRegpi+1.1 (=Opregend), Which is a single operating region corresponding to the end of the
URM program, is reached. Only in zero type operating regions there is the possibility that
the simulation branches into more than one behavior, where the behaviors which do not
correspond to the expected trajectory of the actual URM are directed to OpRegpi+1.1
(=Opregena). The rest of the proof is the same as in Theorem 5.2. Our contradiction
variable S ensures that only the behavior of a non-halting URM leads to a consistent initial
state, hence determining the consistency of the initial state is equivalent to deciding the

halting problem, leading to a contradiction.

Table 5.12. Model template for the first operating region corresponding to the

initialization stage

Operating Region: OpReg
{Type: Initialization}
Constraint Set: add(NR;, Z, L) (for alli € {1,...,k})
add(TR;, Z, L) (foralli € {1,....k})
Possible Transition:
Trigger: (U = (unit, std) )
New Operating Region: OpReg»
Variables inheriting qualitative values and directions:
All variables




Table 5.13. Model template for the second operating region corresponding to the

initialization stage
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Operating Region: OpReg,
{Type: Initialization}
Constraint Set: add(NR;, Z, L) (for alli € {1,...,k})
add(TR;, Z, L)) (foralli e {1,...,k})
Possible Transition:
Trigger: (U= (0, std))
New Operating Region: OpReg; ;
Variables inheriting qualitative values and directions:

All variables

Table 5.14. Model template for the first operating region corresponding to zero(n)

instructions of the URM

Operating Region: OpReg;
{Type: zero(n)}
Constraint Set: constant(NR;) (foralli € {1,...,.N}-{n})
constant(TR;)  (foralli € {1,...,N})
Possible Transition:
Trigger: (U = (unit, std) ) AND ( NR; = (0, std) )
New Operating Region: OpReg; »
Variables inheriting qualitative values and directions:
All variables
Possible Transition:
Trigger: (U = (unit, std) ) AND ( NR; # (0, std) )
OR (NR; = (oo, inc) ) OR ( NR; = ( (0,%0), std) )
New Operating Region: Oprege,q
Variables inheriting qualitative values and directions:
All variables




Table 5.15. Model template for the second operating region corresponding to zero(n)

instructions of the URM
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Operating Region: OpReg;»
{Type: zero(n)}
Constraint Set: constant(NR;) (for all i € {1,...,N})
constant(TR;)  (foralli € {1,...,.N}-{n})
Possible Transition:
Trigger: (U= (0, std)) AND (TR; # (0, std) )
New Operating Region: OpRegi.1 1
Variables inheriting qualitative values and directions:
All variables

Possible Transition:
Trigger: (U = (unit, std) ) AND ( TR; # (0, std) )
OR (TR; = (oo, inc) ) OR ( TR; = ( (0,00), std )
New Operating Region: Oprege,q
Variables inheriting qualitative values and directions:
All variables

Table 5.16. Model template for the first operating region corresponding to succ(n)

instructions of the URM

Operating Region: OpReg;
{Type: succ(n)}
Constraint Set: add(TR,, U, NR,)
constant(NR;) (foralli € {1,...,.N}-{n})
constant(TR;)  (foralli € {1,...,N})
Possible Transition:
Trigger: (U = (unit, std) )
New Operating Region: OpReg; »
Variables inheriting qualitative values and directions:
All variables
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Table 5.17. Model template for the second operating region corresponding to succ(n)

instructions of the URM

Operating Region: OpReg;»
{Type: succ(n)}
Constraint Set: add(TR,, U, NR,)
constant(NR;) (foralli € {1,...,N})
constant(TR;)  (foralli € {1,...,.N}-{n})
Possible Transition:
Trigger: (U= (0, std))
New Operating Region: OpRegi.
Variables inheriting qualitative values and directions:
All variables

Table 5.18. Model template for the first operating region corresponding to jump(m, n, q)
instructions of the URM

Operating Region: OpReg;,
{Type:  jump(m,n, q)}
Constraint Set: constant(NR;) (foralli e {1,...,N})
constant(TR;)  (foralli € {1,...,N})
Possible Transition:
Trigger: (U = (unit, std) )
New Operating Region: OpReg; »
Variables inheriting qualitative values and directions:

All variables
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Table 5.19. Model template for the second operating region corresponding to jump(m, n,

q) instructions of the URM

Operating Region: OpReg;»
{Type:  jump(m,n, q)}
Constraint Set: constant(NR;) (foralli € {1,...,N})
constant(TR;)  (foralli € {1,...,N})
Possible Transition:
Trigger: ( Dmn= (0, std) ) AND ( U= (0, std) )
New Operating Region: OpReg,
Variables inheriting qualitative values and directions:
All variables

Possible Transition:
Trigger: ( Dmn# (0, std) ) AND (U = (0, std) )
New Operating Region: OpRegi.
Variables inheriting qualitative values and directions:
All variables

Table 5.20. Model of the operating region Opregeng, corresponding to the end of the URM

program

Operating Region: OpRegpi11, 1 (= Opregend)

{Type: End}

Constraint Set: constant(NR;) (foralli € {1,...,N})
constant(TR;) (foralli € {1,...,N})
constant(V)
constant(A)

constant(X)
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Theorem 5.7:  Even if the qualitative representation is narrowed so that only the
d/dt, add, mult and constant constraints can be used in QDE’s, and the simulation proceeds

only in a single operating region, it is still impossible to build a sound and complete

qualitative simulator based on this input-output vocabulary.

We are going to start our proof with some preliminary lemmas:

The function Y = sin ¢ is QSIM-representable, if it is given that

Lemma 5.2:
to=0.
Proof: We will firstly examine the solutions of the following equation:
d 2
Y(t)+ Y (t)=0 (5.6)
dt
which has a solution of the form:
Y(t)=cixsint+c2Xcost (5.7
and hence its time derivative V has the form:
V(t)=ciXcost—caXsint (5.8)
substituting the initial values :
Y(to=0)=0
V(te=0)=1 (5.9)

to Equations (5.7) and (5.8), we obtain that ¢; = 1 and ¢, = 0, hence Y obeys the equation
Y =sint.
Table 5.21 shows that the Equation (5.6) with the initial values (5.9) is QSIM-

representable.
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Table 5.21. Model template to obtain a variable Y = sin ¢

CONSTRAINTS | CORRESPONDENCES | MEANING
Z=0
B=b
mult(B, C, B) b * c1= ¢ c1=1
add(C, D, V) c1+0 =y vi=1
dY
d/du(Y, V) —=V
dt
2
d/duv, A) d’y =A
dt
2
dt
INITIAL VALUES
Y(to) =0 V(to) =V
Lemma 5.3: The function Y; = sin X;*f, where X; is a constant, is QSIM-
representable, if it is given that #,=0.
Proof: We will firstly examine the solutions of the following equation set:
y Yi(t) + Mi(t) *Yi(t) =0 (5.10)
t
Mit)=Xi*Xi = (Mi(t) = Xi, Xi=20
JMi(t) =—Xi, Xi<O0 (5.11)

where the initial values are:

Yi(to=0)=0

Vi(to=0)= Xi (5.12)
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The solution for Equation (5.10) is given as:

Yi(t) = cixsin(y Mi(t) *t) + c2X cos(y| Mi(¢) *1) (5.13)
hence substituting M; from Equation (5.11) to Equation (5.13) we get:

For Xi >0
Yi(t) = cixsin( Xi *t) + c2xX cos(Xi ¥t)
Vi(t) = cix Xixcos(Xi ¥1) —c2X Xixsin( Xi 1)

(5.14)
For X:i <0

Yi(t) = cixsin((—Xi) *1) + c2X cos((—Xi) *1)
Vi(t) = e1X (= Xi) X cos((—Xi) ¥ 1) — c2X (= Xi) Xsin((—Xi) *1)

where Vj(t) is the time derivative of Y;(t). Substituting the initial values in (7) above, we
obtain for X; > 0 ¢; = 1 and ¢; = 0 and for Xj < 0 ¢; = -1 and ¢; = 0 implying,
Yi(t) =sin(Xi*t) for Xi >0 or Xi<O0.

Table 5.22. Model template to obtain a variable Y; = sin Xj*t

INITIAL
CONSTRAINTS MEANING
VALUES
Z=0
add(X;, G, V) Ci(t,)= 0 Vit,) =X,
dYi
d/iduy;, V) —=V
dt
2y,
d/du(v;, A;) d’y. = A
dt
mult(Xi, Xi, M;) M= X7’
mult(Mi, Yi, Ll) Li=M; * Yi
d*Y:
add(Ai, Li, Z) + Mi * Yz = O
dt
Yi(t)= 0




41

Table 5.22 shows that Equations (5.10) and (5.11) and the initial values given in (5.12) are
QSIM-representable.

Lemma 5.4: Starting at 7o=0, the function Y = sin ¢ reaches the value O for the
first time at time point #=%. Moreover the function Y; = sin X;*t reaches O at the same time

point # if and only if X; is an integer.

Proof: Obviously, solving the equation sin # = 0 we get the solution for ¢ as ¢ =
n*T, n € Z and since we are interested for the first time point it becomes 0 we get ; = T.
For the “only if” part of the second statement, assume that the function ¥; = sin Xj*t

_reaches O at ;= &. Then:

sin(Xix7m)=0

(5.15)
XiXT=nxXxw neZ = XieZ
For the if part, we have:
Xie Z and Yi=sin(Xixz) = Yi=0 (5.16)
Proof of Theorem 5.7: Our proof will rely again on a contradiction, namely

that a sound and complete simulator, if it existed, would solve an undecidable problem.
The undecidable problem we are going to use in our reduction this time is the famous
Hilbert’s Tenth Problem. Hilbert’s Tenth Problem asks about integer solutions of a given
multivariate polynomial of the form P(x;, x;, x3, ..., x,) with integer coefficients (See

Section 2.1). It has been proven by Yuri Matiyasevich [3], that the problem is undecidable.

Assume that we are given a polynomial P(x, x2, X3, ..., Xp) With integer coefficients.
In [2], it has been shown how to represent integers and how to construct such a polynomial
in QSIM in a single operating region.(See Section 2.2) The construction makes use of the
constraints mult, add and constant. So for each variable x; appearing in the polynomial we

define a constant QSIM variable X; and construct a polynomial variable P. We add Table
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5.21 of Lemma 5.2 to our model and obtain a variable Y, where Y(#)= sin t. We specity its
quantity space as (0, o), such that the simulation is guaranteed to finish after 7 time units.
For each Xj, we define a C;, Li, M;, Vi, A; and Y;, adding the constraints given in Table 5.22
to our model obtaining Y;’s, where each of them obeys the equation Y; = sin X;*¢. Moreover

we construct a variable YS where Y is the sum of the squares of Y;’s. (YS = ZYiz )
i=1

Note that this is easy to obtain in QSIM where we define auxiliary variables YS; for
each Y; with the constraints mult(Y;, Y;, YS;) implying YS;= Yiz and then adding these two by
two using additional variables until we obtain YS. Note that the fact that the variable Y has

become 0 implies that all the variables Y; have become 0.

Finally we need to construct the constraints which guarantee that only the behavior is
consistent, in which X;j’s are integers (or in our case relying on Lemma 5.4 the behavior in
which the variables Y and YS become O at #) and the polynomial is satisfied (or in our
case the variable P is 0). To serve our aim, we lastly add Table 5.23 to our model. The first

three constraints in the table are there to define a variable POS, which is surely positive.

Table 5.23. Model template guaranteeing that Xj’s are integers and solutions of the

Hilbert’s polynomial

QUANTITY
CONSTRAINTS MEANING
SPACE
F=f, F: (0,fi,») |F=f>0
mult(G,G, T) G: (-0, 00) |T>0

add(F, T, POS) | POS: (0,0) | POS>0
P=0
mult(POS, Y5, Y) Y=0 = ¥YS=0

Let us analyze what a supposedly sound and complete simulator would do when we

start to simulate our model by specifying the variables Xi’s as (?, std). A sound and
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complete simulator would fill up the initial values of the given Xi’s with those values
which do not cause any inconsistency with our model. But those Xi’s are exactly the

integer solutions of Hilbert’s Tenth problem as follows:

We know that the variable Y and the variables Y;’s, hence the variable YS as the
square of their sums are initially 0, which is consistent with fifth constraint of Table 5.23.
As the fourth constraint of the table indicates that the polynomial variable P is constant at 0
throughout the simulation, our simulation can start only with solutions of the polynomial.
When the variable Y gets to O for a second time after © time units, we conclude due to the
fifth constraint, that the variable Y has to have become 0, implying that all ¥;’s must have
become 0. By Lemma 5.4 we conclude that X;’s with which the simulation started must be
integers. So if our supposedly complete and sound simulator rejects the initial values of our
model due to inconsistency we know that the polynomial has no integer solutions, on the
other hand, if it starts simulation we conclude that it has, which is a decision procedure for

Hilbert’s Tenth Problem leading to contradiction.

We want to note that the assumption 7, is 0 at simulation start is not a necessary one
for our proof to be valid and is used only for an easier mathematical demonstration of the
proof. Without that assumption all variables in our model turn out to be shifted by ¢, at the
time axis, i.e. the constraints in Table 5.21 imply that the variable Y satisfies the equation
Y = sin (#- #p) and Table 5.22 implies that Y; = sin X;*(#- o). The fact that after 7 time units
(at t; = fy+7 this time) the variable Y becomes 0 is still valid. Moreover it remains also valid
that all ¥;’s become O at f; = o+ if and only if X;’s are integers, which is sufficient for the
validity of our proof. (Refer to Appendix A for revised versions for Lemma 5.2, 5.3 and

5.4 without the assumption of 7y being 0)

We want to emphasize that the construction of the model is in a single operating

region and no constraints other than constant, d/dt, add and mult are used in it.
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6. CONCLUSIONS

In this thesis, we considered several alternative subsets of the qualitative
representation, and showed that the ineradicable spurious prediction problem persists even
when only the add and constant constraints are allowed, and infinite landmarks are
banished. If one allows the mult constraint as well, then the resulting qualitative simulator
is inherently incomplete even when the representation of negative numbers is forbidden
and every variable is forced to be specified with zero uncertainty (i.e. as a single
unambiguous real number) in the initial state. Our proof relies on showing that the QSIM
engine is Turing equivalent, and this big computational power brings with it the
undecidability problems famously associated with universal computational mechanisms
(like whether a Turing machine will enter a certain state). Hence, from another point of
view, this power can be interpreted as a cause of spurious behaviors. A computability tool,
which has universal computation power, can hardly be expected to predict the future states
in a complete manner, unless of course its representation power is so weakened to remove
it. Note that both the construction of [2] and the alternative proofs of theorems 5.1-5.7
presented in Chapter 5 make heavy use of transitions between multiple operating regions in
the QSIM model. However, Theorem 5.8 indicates that sound and complete qualitative

simulation can not be achieved using a single operating region.
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Lemma A.l1 (Revised version of LLemma 5.2): Without the assumption #, = 0,

the function Y = sin (#-1y) is QSIM-representable.

Proof: We will firstly examine the solutions of the following equation:
d 2
Y(t)+Y () =0
dt

which has a solution of the form:

Y(t)=ciXsint+ c2Xcost

and hence its time derivative V has the form:

V(t)=ciXcost—caXsint

substituting the initial values :

Y(to=0)=0

V(to=0)=1

to Equations (A.2) and (A.3), we obtain the equation system:

0O =ciXsinto+ c2X costo

1=ciXcosto—c2Xsinto

where, using Cramer’s rule for linear equations [13] we get:

(A.1)

(A.3)

(A.3)

(A4)

(A.5)
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0 costo
1 —sinto —COS 10
Ccl1=— =— S——=C0810
sinfo  cosfto| —(sin”to+cos” to)
costo —sinto
and
sinto 0
costo 1 sinto .
C2=1— = — 5 =—simto
sinfo  cosfo| —(sin” to+cos” to)
costo —sinto
Substituting ¢; and ¢, into Equation (A.2) we get:
Y(t)=costoxsint—sintoX cost =sin(z —to) (A.6)
Lemma A.2 (Revised version of L.emma 5.3): Without the assumption 7y = O,

the function Y; = sin Xj*(t-#p), where Xjis a constant number, is QSIM-representable.

Proof: We will firstly examine the solutions of the following equation set:
d 2
d—Yi(t)+Mi(t)*Yi(t) =0 (A7)
t

Mi(t)=Xi*Xi = JMi(t) = Xi, Xi=0

Mi(t) ==Xi, Xi<0 (A-8)
where the initial values are:
Yi(to=0)=0

Vi(to=0) = X; (A.9)
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The solution for Equation (A.7) is given as:

Yi(t) = cixsin(y) Mi(t) *1) + c2xX cos(y Mi(t) *1) (A.10)

hence substituting M; from Equation (A.8) to Equation (A.10) we get:

For Xi >0
Yi(t) = crxsin(Xi ¥t) + c2x cos(Xi *t)
Vi(t) = c1x Xixcos(Xi* 1) — caX Xixsin( Xi *t)
(A.11)
For X: <0
Yi(t) = crxsin((—Xi) *1) + cax cos((—Xi) *1)
Vi(t) = crx (= Xi) X cos((—Xi) ¥1) — c2 X (= Xi) X sin((— Xi) * 1)

where Vj(?) is the time derivative of Yi(¢). Substituting the initial values of (A.9) in (A.11),

we obtain the equation systems:

For Xi >0

0 =c1xsin(Xi*to) + c2X cos(Xi *to)

Xi =c1X Xixcos(Xi*to) —cax Xixsin( Xi *to) or
1=c1Xcos(Xi*to)— c2xsin(Xi*to)

For Xi <0

0= cixsin((—Xi) *to) + c2X cos((— Xi) * o)

Xi = c1X(—Xi)xXcos((—Xi) *to) — c2X (— Xi) X sin((— Xi) *t0) or
—1=c1xcos((—Xi) *to) — c2x sin((— Xi) * to)

(A.12)

for X;> 0, solving for ¢; and c¢;:

0 cos(Xi*to)
‘ 1 —sin(Xi*to)
sin(Xi*t0)  cos(Xi*to)
cos(Xi*to) —sin(Xi*to)

~ —cos(Xi*to)
 —(sin®(X* o) +cos> (X *10))

=cos(Xi *to)
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sin(X: *1o)
cos(Xi *to) ?‘

sin(Xi*t0)  cos(Xi*to)
cos(Xi*to) —sin(Xi*to)

B sin( X *to)
—(sin®(Xi*t0) +cos’ (X *10))

=—sin(X:*1o)

and substituting to Y;(t):
Yi(t) = cos(Xi*to) X sin(Xi *t) —sin( Xi * to) X cos(Xi *t) =sin(X: * (t —t0)) , Xi=0 (A.13)

for X; < 0, solving for ¢; and c¢;:

‘ 0 cos((—X)*to)

_ —1 —sin((—X): *to) _ cos(Xi *to) ——cos(X o)
sin(—X))*t0)  cos((—X))*1t0) | —(sin’(Xi*t0)+c0s> (X *10))
cos((—X)i*t0)  —sin((—X:): *10)
sin((—X) *to) o‘l
_ cos((—X) *to) — _ sin(X: * o) ——sin(X*10)
sin((—X))*t0)  cos((—Xi)i*t0)| —(sin’(Xi*t0)+cos”(Xi*t0))

cos((—X)i*to) —sin((—X:)i *to)

and substituting to Y;(?):

Yi(t) = —cos(Xi*to) X sin((—Xi) *t) —sin( Xi * to) X cos((—Xi)i ¥t) =sin( Xi ¥ (t —t0)) , Xi<0

Hence we have, Yi(t) =sin(Xi*(t—t0)) , Xi=0or Xi<O0.

Lemma A.3 (Revised version of LLemma 5.3): Starting at #y, the function Y =

sin (#-to) reaches the value O for the first time at time point ;= fp+7. Moreover the function

Y; = sin Xj*(t- to) reaches 0 at the same time point #; if and only if X is an integer.

Proof: Obviously, solving the equation sin (7- 7o) = 0 we get the solution for #- 1,

as t- to = n*m, n € Z and since we are interested for the first time point it becomes 0 we get
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ti= ty+7m. For the “only if” part of the second statement assume that the function Y; = sin

Xi*(t- tp) reaches O at #;= ry+7. Then:

sin(Xi X (to+mw—1t0) =0

(A.14)
XiXT=nX7x ne/ = XeZ

For the if part we have:

Xie Z and Yi=sin(Xix(to+7—1t0))) = Yi=0 (A.15)
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