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- APPLICATION OF ADAPTIVE STATE
STIMATION TO TARGET TRACKING

ABSTIACT

The development of an adaptive Kalman target tracking
filter algorithm for high speed maneuvering fighter aircraft -
is studied. The extensionnof our estimator for use in an anti.
aircraft gun fire control system is stfaignfforward.The tar-
get modeling problem is studied considering such factors as
target maneuvefing characteristics and required filter settling
and prediction times. Anong several adaptation mechanisms, the
so-called dual.bandwidth adaptation scheme is simulated on a
digital computer,since this scheme is found to be the most
sophisticated one of all and these adaptation techniques are
essentially the same in nature. Implementation problem is over-
come by means of using decoupled filters with linearized
statistics,The algorithm developed for testing filter optimality
has shown however, that the reduction of performance sensitivity
~ to modeling errors was sufficiently good for our specific

application. ’ “



UYARLANIR DURUM KESTIRIM KURAMININ.

HEDEF 1ZLEME SORUNUNA UYGULANMAST

OZETGE

Bu c¢aligmada, yliksek hiz dlizeylerinde manevra yapabilme
yetenegine sahip hava hedeflerinin bir uyarlanabilir Kalman
slizgeci ile izlenmesi sorunu ele allnmalctadlr.\Tasarlmlaxnlg
oldugunvg durum kestnrmcn.nin ucaksavar atig denetim dlzgele.
rine kolaylikla uygulanabilecegi agiktir.Hedef igin belli bir
matematiksel model segerken,hedefin»ivmelé'nebilirljk tzellik.
leri ile birlikte siizgecimizin yatigma sireci ve ongori siiresi
gihi etmenler goz Omiimde tutulmugtur.Birkag uyarlvama yntemi
iginden yaptigimiz segin ikiL:L-bahtgeni:;,likli wyarlama yontemi
dogrultusunda olmaktadir.Bunun-nedeni ise uyarlama yontemleri.
nin ozdeki benzerlikleri ve segilen yontemin diferlerini de
kismen igeren en karmagik yontem olugu olarak gosterilebilir.
gergekleme sorununun ¢ozimiinde, istatistiksel verilerin dogru.
sallagtlrllmasn. siizgegleme algoritmasinda kanallarin bagimenz
olugu gibi iglem ve varsayimlar! kullanilmalktadir. Ancak, siizgecin
galigme verimliliZini Slgmek ig¢in geligtirilen algoritma,bu tir
varsayimlerin —-en azindan bu uygulasma ig¢in.- verimliligin du-
yarliginil yebteri kadar aza indirgedigini gostermektedir,
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- I. INTRODUCTION

-

For about twenty years,the estimation theory has found its
broadest application in the area of aerospace'navigation.ln th i:
- context the tgrget tracking-trajectory estimation problem has
been a good example.It is obvious that & great deal of tactical
weapons systems require that manned maneuverable vehicles such
as aircraft, ships and submarines be tracked accurately, To achi-
eve such a goal, however, one has to make use of stochastic
integrals and stochastic differential equations: due to the non-
linear nature of the estimation problem at hand,In this thesis
we havecused the familiar "formal™" ﬁénipu;afions'of the Gaussia
white process and omitted the 50phisticated Itd calculus result:
This approach is still an appropriate one for a large class of
' problcms because it is generally impossible to find a mathemati
" cal model that is an exact representation of the physical proce
and as @ second reason, the process noise is hardly a strictly
white noise process, | . y ,
For the reasons cited above, our main points of concérn
" have been on the choice of a simple target model that closely
répresents the emsemble behaviour of a particular class of
- maneuvering vehicles and on the ease of implementation when
used in the appropriate Kalman filter algorithm,The analysis is
carried out ini'a generalized fashion and deals with the problem
of tracking and predicting the state of a general target for
fire control and other purposes.However,we will confine ourselv
to the front end of the system, i.e.,the target,sensor,filter
and prediction of future target poéition.The predictor is the
o ultlmate product required for the front ead of the loop for thi
particular application., The target trajectory is - cbviously not
dlrectly available to the system. Instead,the sensor tracks the
turget 's current position, superimposing measurement error in
"s0 doing, The purpose of the filter then is to process the noisy

position medsurements in such & manner as to estimate the para-
“meters required for the prediction model.Such parameters might



include smooth current target position, velocity and acceleration.
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Automatic Gun Fire Control System

If.is assuned that the measurements have been stabilized, i. e
ownship angular motion removed, if the system is intended for
shipboard tracking of high speed maneuvering targets for weapon
control applications and these neasurements are.then transformed
to Cartesian.coordinates.Thc implidations of this transformation
will be discussed in more detail later on, Tracking, filtering
and prediction will therefore be performed in ownship coordinates.

The choice of Cartesian ownship coordlnates is due to the
fact that the fotion of most targets is more closely linear in
this system than in others.The prediction error , that is, the

“



error in deteraining the target's future position,basiéally
results from two (not necessérily independent) sources:
- predictor modeling error and filterimg or estimation error.
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Fire control Software Algorithms

In general,a target will be maneuvering in some unknown '
fushion --at least as far as the tracker is concerned-- vhen
it is in tracking iangq.The particular reasons for the target
maneuvers are quite varied, from evasiom or terminal homing to
 the presence of various sources such as sensor induced errors
or atmospheric turbulance,Prediction modeling errors are due to
indefiniteress .- of target strategy, and as a result,utilization
of an incorrect fumctional form of the predictor.Obviously, even
in thé case of a perfactly modeled process,there would retajn
estination errors due to semsor measurement noise, and these
would be extrapoted from current time by the predictor.

~



Finally, we would like to consider the spatial problem,
Measurements of target position are takem in a spherical polar
frame, but targets are gemerally mot described limearly in such
a frauc.Therefor§, a nonlinearity will appear in the full three
dimensional problem, e will be dealing with the formulations
to establish our "channel independence™ ﬁssumption, the most

important implication of which is comsidersble computational
savings, '



Il. DYNAMIC EQUATIONS OF TARGET MOTION

21, SYSTEM MODEL
a, Continuous time equations of motlon

The problem of modeling targets in a realistlc way has
contradictory aspects.The target model selected for tracklng
applicutions should be sufficiently simple to permit ready imp-

. lementation in weapons systems for which cdmpﬁtatioh time is the
most important factor.On the other hand,the model should be
sophisticated enough to provide satisfactory tracking accuracy,
The choice of & model to represent an actual target' them is a
critical ome for it directly affects the estimation and predn.ct:.on
performnce.

The model used in our study is hased on the fact that,
without maneuvering, msnned vehicles of class under comsideratiom
such as aircraft, ships and submarines gemerally follow stréight
line comstant velocity trajectories.If these vehicles were not
able to deviate from these trajectories, i.e. could not maneuver
tracking problsm could be solved quickly and simply by using
standart filter algorithms such as least squares, polynomlal
fitting, ¢~ p techmiques.,. and so om,

We shall comsider these techniques in more detail under
the topic M"alternative filtering methods" in chapter VI .

We presume here that the target normally moves at constant
velocity, Turns, evasive msneuvers and accelerations due to atmos-’
pheric turbulance may be regarded as perturbations upon this
constant velocity trajectory. | " '

In a single physical dimension, the target equations of
motion can be rep_resénted by 3 '



, x(t) =F x(t) + G “a(%)

(21)
Where
target position at time
x(t) = {
target velocity at tine t
and - and-
0 1 0
E_/: G-I=
0 0 1

The acceleration a(t) , since it accounts for the target
deviations from a straight lime trajectory, will hence:forht be'
termed the "target maneuver variable",

The single dimension maneuver capability can be satisfactorily
specified by two quantities; the variance or magnitude of target
waneuver, and the time comstarnt or duratiomn of the target mame-
uver, The target acceleratiom , and hence the targét maneuver
is correluted in time; mamely, if a target is accelerating at
time t, it is likely to be accelerating at time t +C for suffi=-
ciently small ¥. A lazy turs, for imstance,will give rise to -
correlated acceleration inputs up to omne minute, evasive mane-
uvers will provide correlated inputs for periods betwcen ten
and thirty seconds, and athmospheric turbulance may provide-
inputs for one or two seconds.

A typical model of the correlation :function r(z) asso-
ciated with the target acceleration is:

r(z) = B [a(t)ealt + fc)]-.-.vr'nexp(-ocl zl) (22)

Where 2 A : ‘
Uy s variance of the ‘t'l:r‘ge't acceleration
"o sreciprocal of the maneuver time constant 0(>/O
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The variance (rm of the target accelerqtlon can be found
easlly by uwsing the probablllty density functlon in figs 2 2°

ver{ a}= B{[ a- E{27]]
or‘:': var{ a} =(1/3) ﬁ:—u[i +4=.'_.1’mai - Po]'
One cun derive above term as followss
) o 2
.0‘m=_ var{a}-_—, E{[a- E{a}]‘}'
2{a%) - £{s}
Mnax

| 2

e 24 €1}

i

max

2

..{fmazo[l -y 42 Pma.x)J da, *‘Z%Pa(‘;o)}

afial

e (ea2)

(2 3)

max’ maxt 0 F ot (Amax)gmax)



20 o ("Amaxpmax"'o‘? *Amameax}
2 Anay “Mnax A

%l-@o+2Pmn) o 2 (max 2

) ‘ 5 '
max) 2 Ama.x 2 Amax ?max

~ Bow, utilizing the correlation function r(t),the accele-
ration a(t) may be expressed in terms of white noise by the
Wiener — Kolmogorov whitening procedure. The Laplace transforn
of r(T) ,R(S) is given by ;

2
_ 20m«X

(8 =X ) (8 +cx)

L{r(t)} R(S) = (2 4)

which czn be factored as ;

R(S) = H(S).H(-8). W(S)

Vhere
H(S) = >
S o
H(-8) = . 7%
S = of
2



The quantity H(S) is the tramsforn of the whitening filter
~ for a(t), and W(S) is the tramsform of .the white moise w(t) that
drives a(t). The resulting equations are therefore,

a(t) = cocalt) + wt) (2.5)

2 .
vhere U‘w (Z) is the correlatiom fumctiom of the white noise
input, eatisfying ; ' '
2 2
o, @ = 29{0@3(2) (2.6)

The target equations of motiom im one physical dimensiom
can be expressed im terms of the white moise w(t) as follows

x(t) = Fx(t) + G wlt) (2.7)
wnere target position at time t

x(t) = { target velocity at time ¢

target acceleration at time t
w(t) = white noise driving funct ion
with variance 20(0’5

L a(t) = ~oxalt) + wlt) | \

dt - | (28)

a [a2’ 2. ’

4 [__zx(t)}, ~o[ a2 x(0)] + w(t) (2.9)

at Lat? =2

Defining new variables,

xl(t) = x (1)
ilf(t)' = X(t)= x,(%)
x,(8) = X(t) = x5(t)

x5(0) -8 [dz

2 x(t)= - t |
= e = )] otx5(t) + w(t)



“w. ob't_ain the following matrix fornui‘ation' s

il(t)'. fo 1 -0 xlgt) 0 |
X(6) | = 0 0 3 f|x,(8))+ |0 w(t) = (210)
£5(t8) | [0 0 ~o|[xg(8)] |2

\

b. Discrete-tiume equations of motiomn
' Many semnsors have a comnstont data rate, sanpling target

position every T second ,The approprn.ate’ discrete time equations
of wotions for this case are given by 3

x(k +1) = @(ku,k) x(k) +ulk) - - (211)

vhere the Btatel trmltion matrix is of the form
dlc +2,k) = §= B(T,0x)
u(k) s inhomogeneeus driving imput

0(?y ) = exp(FD) = r{[s1- 87} (2,12)
1 T Zp -1 4T+ explal)]y

=0 2 %.—‘-[-:L-exp(-ocl‘)] (2,13)
0 0 exp (- % T)
The input vector ;1(k) aatisi’ies :
(k +2)7T |
u(k) = exp (F[( K +2)2 -T)] & w(z) 4T (214) |
kT

(lop 1) T (1 ()T -2 %;2[-1+q((m1)ﬂ-'z]+exp(-og[ (ml)ihz)]‘ 0]
=\ 0 ?1 | :.?[+:-e$p(7°<[(h1)T-t]) . 0| wa
v L0 0 exp (-j o [ (ke 1) T 4))




(1 2)7 ——2[-1 + X [(e#2)T - 'C]-n- exp (~ot [ (Wt T - ‘C]}
= [1 -exp (= o [(lm-l)’.l! T )] ' w(z)dz
o | expl- o [(kt2)T ~7))) |

kT

(k+2)T rni(z) ‘
(7)) | w(z)dz

kJ |y

Now, simce w(t) is white moise, E{.u(k)ﬁr(kfi)} =0
for 1 # 0, So, u(k) is a discrete time vwhite moisc sequence,

(2.15)

For the sake of completemess, let us discuss the effects
variations in parameters characterizimg the maneuver of ktarget
under comsideration.

The resemblance of this model to the second order polymonmi al

model [ 7 ] can immédiately be seen if we comsider the limitimg

- case (1/¢) )) T.The state tramsitiom matrix becomes idemtical
to the seconi order polymomial model if (1/x) vamishes or
(1/x) L T We find th‘isr' state tramsitiom matrix corresponds to
the firset order polymomial model, It can therefore be expected
that, for finite values of (1/0() term, our model can exhibit
convergence properties betweem those of the first and second
order polynomial Iilters.

Let us make ‘a further definition :

and call -2: as Charactcrlstlc maneuver time,The choice of a
good value of 7  1is a function primerily of the target
scenario,Singer [ 6 | recomsends 7 = 2 seconds for mamned
mareuvering targets exercising evasive maneuvers,The same value
has also béen found independently by other people who have
'studied the problem.This rather low "observed" mamcuver
frequency , o= (:1._/83)sec'.'l-, does not mecessarily iuply that
this is the highest ':fre:quency that a particular target might be
capuable of sustainimg, Of course, most :fightér aircraft can
maneuver much more rapidly if desired. A low maweuver frequency -

s

‘however, is probably typical of air targets maneuvering to achieve




a particular gda.l. We comsider values of 7, Suywhere in the ramge
of 3 to & seconds as realistic. The selection of 2 value for U
is more difficult than :for Ty . The acceleration sutocorrelation
study of the tugct gcenario dmonstrama a very wide range of
values for G' While some targets are sustaln:mg an rms RN -
uver level closc 0 ome G (approxinately .10 yards/sec ) the
others exhibit a very low maneuver level which is due to some
athmospheric effects.We are going to devote a more detailed
discussion on the choice of parameters in the next sections.
Before closing this sectiom, we are to give the formulations
for the derivations of covariance matrix of process noice

and initial i’llter state

2 2 . PARAMETERS FOR FILTER INITIATION

The matrix Q(k) is the covariamce matrix of the mameuver
excitation and as shown in [ 6 )has the fora

Q33 %2 %33 |
Q(k) = E{u(k)u (k)} 20@3 90 Qo 4p3| (216)
| %35 923 - 433
vhere

200> 10 2 2

‘quz_}_s[l_,xp(_zom).p -20T -46(Toxp(-qT) - 2T

20 3

q =.1_ [exb(-_-ZaT)-i-:l-:?cxp(- o(T) —20(TcxP(-ocT)-#20(T-a2T2]'
125 x4 : U |

. q13 -E..o( [iperp(-2o(’.[‘) -2o<Texp(-o<T)]
q,22=é:(-3[-exp(- 2o(T) +24T = 3+ 4e?cp(- 201 T)]

. .1/ ’
ap3= ..2__0(2 [ exp (- 2 xT) +Z§ - 2exp (- QT)}



q§3= -El;-[l - QXP(—20(T)]

A For a fixed semsor and target class the ot and T terms
are fixed so thai Q(k) is a constamt matrix. Wien T is sufficient-

ly small so that oT «1/2,
- | 02/ i 136
leYs 133 1¥2|  (217)

lin Qlk) = 2«0,
aT~>0 .

| 236 n¥2 o
reflecting the fact that for sufficiemtly short time periods
the physical target moves ai cemstaomt velocity. For a fixed
sampling rate , as of(—b o0 ; |

_FO 0 0
1m Q)= |0 0 .0 | (2.18)
o oo '2 ' _ .
Lo 0 op]

‘The Xalmam filter equations cam be initialized by 3

~

\ ;:l(o/o) = z(0) [(219%)
%,(0/0) = [5(2) -z(0)] /2 | (219b)
x00=0 - (219¢)

‘Vhere z(0) and z(21) are ,respectively, the first and second
measurenents received, The covariance imitializailion equaiioms
are 3 ‘. '

a(2/1)
1

Al

;S_l/l) -'x‘l(a.) = xl(:\.)-‘xl(}n.), -v(1) k2. Da) |

v(a)

o

2203/2) = 15(0) ~Xpa/2) L emy



= x2(0) + %[1 - exp (~x T)]- x3(0)

x, (1) + v(1) -x_(0) - v(0)
_

+ uZ(O) -

v _ v,

-
-

T T

"[7cxp(-ocm) _' el °IP(j.°‘T) x5(0) +u,(0) - 2,0

o gr £ T
e5(1/3) = x5(2) ~25(2/2) S (2. c)
| = \exp(—o(T)iB(O) +u3(0)
Since
2/ = Bl e /00 )} (2 21)
it follows that |
?,.(3/2) = og° . e (2 222)
02 :
Poo(a/a) = 2 (2 23)
| P N A
Plj(l/l) = 0 o | | (2. 220)
| Tr 2 Oy2 - 2
p,,(2/2) = 22R°, M [3- owcoan -otenon)]
22 o |
~E 2 B’._u_f - 2 E u-u. " (2 224)
¥ {“2}". {Tg} T{ 2} o

————
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.{2 - o<2 "’.I.‘2+ 2" T - 2eXD (=~ % T) = 20(Texp (- q(T)]
- 3 . |
2 : _ .
i
3(:n./::.) - [ exp (= o T) - A Texp (- 2 T) ~exp (- 2o(T)]
2 DA w
+ E{u2 3} } (2, 22e)
T /
2
0y

[ exvp.(-o(T) ?-o(T-1]
o T ' ‘

'

2

Byz= 0y exp(-20@) ~E{ us®} (2 22¢) -

= 0‘2 GKP(-2°(T) - 2[1- exp (= 2o(T)]
| M

1
q

In fact, we do mot have to spec:Li’y initjal values for
¢ither the ceva;t‘;iance watrix ?(0/0) or the initial state estimate
x(0/0), because under optimal performance conditioms,the steady
gtate values of these parameters should be totally independent
of these starting values. . o



"I11, THREE- DIMENSIONAL FILTERING
IN a
CARTESIAN COORDINATES

[
i

We have so far discussed the development of a target model
for our filtering and prediction problem and have dealt with
one-dimensional description of target motion for the sake of
simplicity .Nevertheless, the multi-dimensional aspects of the
problem had to bhe Co;lsidei‘ed at all times during the developmeht.
In this section, we will concentrate on this side of the problem,
There are several factors to be considered' in sel‘ecting a
coordinate frame for filtering and prediction applications .
Primary consideration must be given to accuracy, since this is
a tracking problem, and computational simplicity, since the
algorithm must be implemented within the constraints of a given
“computer . The sensitivity to various nonlihear effects forces us
to consider these factors in coordinate system selection . . ’
The study presented in this part of our work is based on
the premises ; ' “
i» The target is modeled best in Cartesian coordinates . ,
By this we mean the target is more closely linear and well-behaved
in Cartesian coordinates tham in spherical polar coordinates .TFor
example, if one considers a simple linear ‘(constant velocity) "
targef motion vwhich is canonical in Cartesian coordinates,then
using equation (3 7) one finds that second and all higher deriva.-+ :
tives appear in the pblar frame .This are sometimes described-gg
"nseudo maneuvers" in the literature. These accelerations, if
viewed in the polar frame, must either be modeled and propagated
monlinearly by the filter-predictor, or , even worse, tracked
adaptively .There are ,on the other hand ,corresponding polar



~caunonicul targets such as motion along a ray of circular wotion
centercd at the origin. Examination 6f real life target wotions
indicates thut such motion would be encountered much less frequ-
ently thun the nominal Cartesian motion. We will therefore assuue
that the rundom accelerution target in Cartesian coordinatc frame
is @ good representution of the true target and proceed on this
bus is. To form the Cartesian tirget model, an additional assump-
tion of independence of turget maneuver aumong channcls was made.
That is, 1f we define the three —dimcnsional Cartesian stuate
vector a8 S

Xgp= | X | | S (31)

‘where x .,y and 2 are each one - dimensional three - eleuent
stute vectors ( position, velocity, and acceleration ) gqverned'
by the random acceleration target model. '

The- BeBM (§tate transitiom matrix) is then ;

IR f
——f—— -t
= 0 | 0
93‘0 f__l___ _52_.;. _=_ (30 2)
| .
LQ | g : g‘g,‘g

where @ is as defined in section 1I. .

“The assumption of couplete independencCe auong Chunnels is
obviously a weak one, but the implications of this ussumption
compensates for its unrealistic nature as we shall see later on.
It depends , on the other hand, the. particulur target type and
its particular amgular orientation in the coordinate frame .

Yhe target wotion analysis problem diucards the importance of
this assusption, reqiring more addiﬁional attention .



ii. #Mewsuremenis of target position are obtained in spherical
polar coerdinates, i.e. range, bearing angle from north, , and
elevation angle. -

b o [rw] [ ]
- 2o (k) = | Blk) | + | mg(k) (3. 3)
| |
0 E .y tz / {,B(E)J ' ‘B(k)‘

vhere r(k) , B(k).{ignd E(k) are true target range, bearing
and elevation respectively, and nIJkJ,gB(k) ) nE(k) are the
corresponding measuremnent noise components. S ;

It is assumed that gn(k) » 15 (k) and up(k) are sutually-
uncorrelated and that ; :

E{nr(k)} = E {nB(k)} = E {nE(k)}‘ =0

~>and

2 , A
ra'r 0 - -0
R,y (k) = B {n(k) nT(Ié’)} = |0 T2 0 for Vk
. p 4 i B N
0 0 O’EZJ (54

The spherical polar - Cartesian transformation equatioms
are ;. .

]

ix(k) '-vl(k)T

I(k) +" v2(k)

lz] vy ]

g (k) = (3 5)
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where
- x(k) = r(k)CosE(k)CosB(k) , | (5. 6a)
y(k) = r(k)CosE(k)S1nB (k) : (. 6b)
2(c) = r(R)StaE(e) (3 60)

and the corresponding inverse relation is ;

o
r(0) = [ 2200) + y20) +220)] (5.78)
B(k) = arctan(y(k)/x(k)) O G
E(k) = arcSin 2 (k) 1/2. (3.Tc)

2
[2°(0) + y°(x) + 2°(1)]
To recapitulate, the zheasurement_vector equation is given By T
zo(k) = B(x(k),k) + w(k) | (5.8)

Now. , let us form the Jacobium matrix to obtain the linearized

‘measurement error coviriance , i.e. , - »j

oh :

i = (3- 9)
3_z_p
[ CosB CosE  -rSims CosE . -rCosB Sink )

. . . - " - S P ~ &

d = | 8ink CesE rCosB CosE rSinB SinkE (310)

| SinE o rCosE -

The linearized Cartesian measurcment error covariance matrix
is given by ; .
o1

R, = JR_J

i (311) .

After the matrix multiplications have been perforued, there



L\J

will appear off - diagonal termo in the Ray, - .matrix , the
implications of which is the cross—correla‘cion among x,y and

2 dlrectn.onb. The entries of the COV&I‘luﬂCB matrlx of measuremenfc
error are Iound to be ;

rll = (rn = 0, 2008213 CoszE +T Gﬁ Sin2B Cos?E +r203320032&-81n212
r o,z @ 2Sin2B CosB CoszE -r2aI32CosB SimB CosZE
- r\2d?E28imB CosBSinzB

rixz 2CosB CosE SinE -r2C E2Ces}3 CosE Sink

Too= o}i r2Sin‘?B Cos E +r2(1i32Cos2B C082E +r2¢E‘2si.n2E SinZB
Toz = meB 5inE CosE -r 2Sin:B SinE CosE

%
r a2

33 = Yaz s 2SinE+r EZCos‘?E

For the Cartesian noise terms, the obvious result fovllows :
SR AR

(1) = | Vo) | = gy, (312)
Vst

B{wW)} = E{Jr,()} = JB{y®} -0 W (313

‘Thus ,

B {3y, (07, 037}

i
e
~—
&
’-\
r
<

3
e
)
—
""—4

| = Bey, (K) (3.14)
3 1. Coordinate system rotation . o
In the preceding section, the radar mcasurements of target

pomtwn in spherical polar coordinates are converted to Cartesian
frame by the equatlonu : '
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(k)] v (0] 7 (i) CosB (k)Can(k) (v, ()]
2006) = | y00) [ | v,00) | = | 2005558 (<) CosB0) | 4 | v,0)
lz@ | [vs@ ] r)sme) vyt

Now, if the X-axis is aligned with the initial bearing
angle of the target , the above equations become ;

v

53
o T
!
.{LO\ /r
y(Q)
IR ¥
X0 B@)‘
/ - i
fige 3. 2 % E3) fig % 3
N x'(k)l : rvl(k)’ r.r(k)C’osAB(k)CosE(k) r'/w}‘l(kjw‘

n

zo(k) = y (%) |+ v, (k) r(k)Sin AB (X)CosE(k) | + 'v2(k)

] z'(k)< ‘v3(k)4 | r(k)SinE (k)

(k)
N - - (3.15)
vhere S | -
AB (k) = B(k)--B(0) (3% 16)

In order to maintain the oriantation of the rotated
coordinate system, it is necessary to store the initial bearing
‘B(O) for use in the coordinate conversion process.

The effect of the correlation is diminished in the rotated

Cartesian coordlnate system, since for an inbound target the
bearing will be zero or neap zero, If B(k) = 0 is assumed, the.
entries  of the measurement error covariance matrix now become :
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_ e 2
11 %xx = Oy
Ti2% O_Iy = 0= T2,
a2 2 2 '
T)3= Oyz = SinE QOBL[O} -ro0y ]: T

' 2 2 _2 2
r22= o-yy-r 0‘B Coz "B

Tsp .= Oylz =0 ‘. |
: 2 2 2 2. 2 .
r33: U:ZZ = oi, SinE - r g Cos'E
Althouga the measurement noise is still correlated , the
dependence on the target bearing has been elim:.natcd We shall
nake now a :rurther assumption
For the case of a low elevation target where the measurement
‘noise is expected to be relatively high due to poor tracking

conditions in the radar , the approx:mations SinE(k)Z 0 . and
CosE(k) T 1 are valld end therefore ;

o ‘ 1; -
[ Oy 0 0
Rog () = | 0 rP a2 o | (3.17)
, \
Lo o rfu o ‘

 which agrees in form with the uncorrelated noise model proposed
by spherical coordinate measurement modeling .



IV. FILTER DEVEL(PMENT

4y 1 Summary of the conventiomal filtering algoi'ithm of Kalman
In the previous two chspters, we have dealt with the prob-

len of modeling the targets belonging t0 the class under con-

sideration and finally obtained the following model ;

wher‘e )

".)ix ' Q Q1
Ymed =0 B O (4. 2)

2 ¢ &

and
[x (k) ]
% (k)
% (k) . .
———= vy (k)
y (k) ] -

x(k) = | ¥x) ; w(k) = | wy (k) (4. 3)

ye) | |
—== (k
2z (k) | 21|
% (k)
L Z2(k) |

with measurenents

1 o 'o_'}v'_o o orto o0 ol]l=x| | v.(k
Zo= |0 0 o0 3 0 610 0 0¥ |4+ | vy
" {o 0 o0 0 0,1 0 0|[% v4(k)

(4 4)'
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or, in a coupact form ,

zg®) =2 0 o] xpgs(k) + v, (k) (4.5)

1

xvel(k)

xacc(k)‘ )
i.e. partitioning the measurement equatigm in the above manner
the same result can easily be obtained for y and z channel
measvrcments, ‘ '

Measuremcnt equatign in one dimension, oh x~axis thus

becomes ;

2g(k) = x5 () + V(i) | (4.6)
ebviously a scalar equation. ,

This result makes it possible for us to process the obser-:
vations sequentially .We will discuss this facility in more
detail later on , ' o .

"Having sumarized the system and measurement‘models, let
us go on to the study of rendom process statistics .

The following equations svmmarize these statistics :"
E{u)} = Vi

E‘{v(k)} =0 vk

T3

E{u@w () = )&
vhere Q(k) is as obtained in chapter II .
B {u(d)yt)= 0 Vi, k

B {vi)v ()} = RO .
where R(k) is as obtained in chapter III .

‘The discrete Kalman filter equations are ;
1. The dynaaic extrapolation of the preceding state

x(/l3) = G2, o) x(k -3k -2)
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vhere

x(k/k-1) 3 MMSE estimate of x(k) given sensor data
up to-and including time k, i.e. the one
sauple ghead prediction .

: E(kﬁ;/kﬁ:) A MMSE estimate of x(k-1) given sensor data
| up to and including time k ,i.e, the .
filtered estimate

& . Evaluation of the optimal filtered estimate ;.

x(k/k) = 2(/kna) + E() [z, (k) -gi(k/k—ii]

optimal filtered estimate: prediction + correction
vhere
K(k) = B (k/k-2)E" (1) [ B(0P (/- 2)ET (k) +R () ]

defined as Kalman gain in the literature
and

P(c/k-2) = §(T, 008 (-3/%-2)8% (T, ) # Qlk-2)

is the predicted error covariance matrix of the estimate
and finally ,

R/0) = [1 - KOE]E (e/k2)

~is the new error covariance matrix .

The derivation of these terms con be found easily in
the literature, especially in [ i ]a broad manner .
4. 2, adaptation
' The Kalman filter formulation presented in the previous
section assunes complete knowledge of the linear dynamics and
the process noise covariamce , Normally ; however , the particu-

lar strategy being exercised by the target is not known by the
tracker in ddvance o In turn ,"the form of the state vector

Sﬂ“ﬂlﬂ “MHIED(‘ITrm ettt



and its propagation Characteristics is assumed and may or may

not represent true target dynamics over long periods of time.

~ Such @ situation is usually referred to as "subopt imal modéling"
in the sense that no attempt is made to fully model the target
dynamics .As we noted in the very beglnning of this work ,we
have overlooked the rigorous treatment of this nonlinear esti-
nation problem and preferred to look at it at an engineers

point of view .The utilization of a suboptimal nodel leads to
large estimation errors , a condition known as filter divergence.
' When divergence occurs, an inconsistemcy between the error
covariance calculated by the filter and the actual error covari-
ance occurs’, An adaptive filter is basicaliy a method of adjus-
ting parometers in order'to»effect a more realistic matchkbetween
the calculated and actual filter error covariances.

' In our attempts to model the system in a practical but still
realistic way, we had found that no single set of parameters
would adecquately represent the true target scenario, Instead , it
was found that a range of each parameter (g  ,of) could be
expected and that we can essentially bound the mrameters by a
low maneuver level, low frequency (long time constant) set which
we will designate(q A’mA)and a high maneuver , high frequency
Sct'(.mBFMB) . Our fundamental assuuption in approaching adap-
tation with the ramdom acceleration model is therefore ,

(0 K € (og v 0g) < (0 2 E) (4.7)
e ' )
parameter set represcnting

any actual target

Let us now examine the performance of filters based on each
bounding and call the corresponding fixed parameter Kalman
filters A and B . |

Simulation results has shown that, A filter corresponding
to’(O‘ A) (0.5, 1/20) is narrow banded in that its position
estlmates are relatively smooth.Unfortunately, A filter values
tend to dlverge or at least lag severely from the actual (81mu-
lated ) values whenever the acceleration (maneuver) changes ?-

upldly.The estimates of B filter , whose parameter set is given

by (OV ’mB) = (5.0,1/10) , tend to be unbiased since it is very .
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wide banded , and mnever really divergent.Indeed, we can not make
an interpretatieén about the divergence of B , since it never
diverges or converges exactly.B,filter estimates always contain

a lot of uncertainty even when -we observe that A filter estimates
are quite smooth'and.accurate with exception that $hey tend to

lag consid

erably.

R

track initiated
at this point )
. . ) . ' ‘
‘ constant velocity
axis of (CV) part of target

symmetry /, - trajectory

. \\\»’/
k
= yem
B&).mgﬁofrmMAm.f

CV part of _ 1nb%rmg
trajectory -

x .

AGFCS location ' —

(at the origin) pi. 4,1, Simulated aircraft trajectory
J P
N4
QIV',J ‘J
e
/‘ﬁ
g
o
]
. L 2 4 !_I/
\a\ f‘f“
94 - "A" Pilter tracking performai
N ees "B" Filter tracking performai
N : — actual trajectory
i _
z x

~

fig. 4, 2. Expected traéking performances



The paradox is that , while each\filter has its advantages and
disadvantages, neither is really suitable for implementation as
‘a tracking filter., Obviously, we Ashould look for some method of
adapting- on-line the bandwidth of the filter to achieve the des-
ired performance, S

When divergence occurs, the error vector

X (k/k) = _‘_)g(k)-;_g(k/k) o : | (4.8)

grows large. Fortunately , we are able to monitor at least
partially the actual performance of the filter at any time,
This can be done by observing the innovations sequence and then
attempting to the built uwp of a bias and cOn_s‘equént‘ growth of

residuals, We can easily determine the statistics of residuals
as :

n

£ {4 (/%-2)} = E{z(x) -g(k)i(k/k—l)}' |

f

B{H()x(k) +v(k) ~H()x(k/k-1)]

B{E[z0) -20/k-2)] +3(0)}

H(k)E §¥(k/k-1)f+ E{v(k)j

9

and covariance ;

B {4 (e/k-2)4" (/-2 = B{[R(0)[x(K) ~x(k/k-2)] +3(k)]

o T _
[ v (k) + [x(k) -x(k/k-1)] _P_I_T(k)]

B {8 00% (e/k-2) 7 (k) -
o |
+ HOOE (/k-1)F (/- 2)B (k)
ey() v () +v(0)F (/e )E" ()]

=R (k) +H (k)P (/b )" (k)

In the above term, substituting the matrices for our model,ve
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find that the residual sequence should be zero mean and has
variance g '

0y (k) = 0p * p,, (k/k-21) : | (4.9)
since
E=[1 0 0]
and
r0}2 ‘o 0

Rk =] 0 2P ap® o

lo o rPoe’

‘i, e, under the assumption of channel independence .

It is then a relatively simple matter to determine the
probability that the sampled residual belongs to the population
with above statistics .The actual residual is comprised of
exactly the same error terms and the sample expected value is
.related in the same manner to the actual -residual error and
' measurement covariance , Instead of working with an individual,
greater statistical significance can be obtained by considering
several data samples , For example, we can normalize each residu-
"al sample with Os(k) to remove the transient behaviour of the

error covariance , and compute the normalized sample mean ;

' k
1 ‘
/ i=k-M | \ - '

It is easily seen that QN is ideally also a zZero mean normally
distributed random variable of variance 1/M .This can be veri-
fied as follows

A ()~ (0, 2/1)
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_E,{sn(k)}’ = 5§ - Z /i) 3

a3 (3)

M L— 93(3)

i=k-M-

1 k <l

- E{ Q(,l/l-‘l)}: 0
M - Oy(4)

i:Ik.-M -

as found in the previous proof .

Also , | ‘

E{‘QN (k)} = | {{_&_Z O;E:;;:;-:.) ?

i=k-M i=kM g

E Ni/i-1)  (3/F1)
+ E , » .
{?ZZ S wm

ig 3
=(—-1+] [ME{i(ié—lf)} * M(M--:L)[E 4‘____(1/1_1__)}1
__ 7
=

" We will define a maneuver as any target motion that causes
“the filter performance as measured by QN(k) to exceed some
specified value .Namely, a maneuver is declared, if ;
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‘%(M‘)—%—c A ~ ('4.~11)

vhere ¢ is a constant that determines the 31gniflcance of the
test .The probab\ility of false detectlon or type I error is ;

’

P ?‘prob{H (k)l>c—— (4.12)

-

The values of P, 88 & function of ¢ can be found in most
introductory statistics books ,In order to choose a value of
c, we must consider the false detection probability in cone
junction with the cost of such false detections .These costs
are generally a function of the type of action taken to adapt
whenever a maneuver is declared . A trade-off is involved since
there is a cost in increased maneuver detection tnme', when the
maneuver threshold ¢ is raised ,There are some techniques to
find a functional dependence of c on maneuver detection time
tD yhovwever, such tecniques are not of exact science with some"
misleading implications they bring about .So , in our work we
choose to investigate the effects of the selection of ¢ on
' Bimulation studies, rather than sit down to find an incorrect
functional form . o '

Once dlvergence has been detected, a method of modifying
or adapting the filter parameters to correct the situation
must be specified . E _

Let us return to the original assumption that the target
maneuver level -- and subsequent process noise -- is bounded
by A and B parameter sets ,Therefore , in the absence of the
maneuver detection, pfoceSs noise corresponding to the set A
‘will be added and if maneuver is declared, QB -corresponding
to set B will be added .That is ,

il
o)

if QN(‘k)' < 2o then g(k,-l).' - (4.1%a)

M

|

(413)

u
&

i 06 > ~ ¢ then Q1)
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4 3 Duel-Bandwidth Adaptat ion :
Ideally, when a maneuver has been detected:, . one would
- likely reprocess the messurements over some interval immediately
preceding current time with a wider bandwidth filter so as to
remove the bias error which has presumably been occuring,.
Unfortunately, in our application we are supposed to built
up a fully recursive filter for implementing the seme on a limi-
ted real-time computer. in an effieient way'.It would be very
difficult to interrupt normal processing in order to reprocess
the past data .One possible solution would be the built-vp of
a second filter operating in parallel to the"_-main " filter
with a wider bandwidth to remove the bias error once it has been
detected , , v |
_ The dua.],-bandwidth filter operates as follows :
Two filters, A and B , corresp,onding to the respective maneuver
parameter bounds would operate simultaneously .The filter algo-
rithm would output the state vector of Pilter A oIf divergence
of filter A is detected,the state vector of filter B , which '
is expected to be unbiased, is put into filter A , l.e |

if "SNA(k)l >J,__:E_:‘_ c | then ;;A(k/k)‘ = ;}B:;(k/k)

Conceptually., we want the adaptation to work as in the 5
block diagram shown in fig.4.3. | ‘

Admittedly , the output vector x will be dlscontinuous,
but in this situation X3 represents the best information available,
An important consideratl_on nov is the way we should modify the
A filter bapdwidth . Theoretically , if one attempts to reset the
state- estimate of A to B , the bandwidth should be similarly
reset .This is not an acceptable solution for one pays a high
cost of a false detection since long reconvergence time has not
yet been eliminated .

“Leaving the A filter bandw1th unchanged is desirsable since
this filter did not suffer from these disadvantages,The particu-
lar maneuver detector we have used , however , may not do well:
since the large random errors of the B filter may look like bia-
ges to the A filter and consequently , cyclic maneuver detections
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tend to0 occur .

To eliminate this problem ,

BPy=P,+4

is prop&séd, namely, a gradual widening of the A filter band~
width which is expected to eliminate the repeated maneuver ‘
detections and maintained a low cost of false detections .

4. 4. Alternatlve Adaptation Technlques ‘

a. Switch-on-range Adaptation

‘The simplest of the three adap’oatlon technlques presented

in this seetion is the sw:Ltch-on-range adaptation .This method
is based on the idea that the measurement error in Cartesian
coordinates ‘is approx,ima‘b'ely propdrt ional to the target range.
Therefore, we can use relatively high filter gains on a short
range targetiwithoutsignificant degradation of the estimate
quality for a constant velocity target and with significant
improvem'eht of the estimate quality for a maneuvering target.

';Upon target detection, the estimator uses a gain schedule
_which is based on a small forcing input-—- Such as 0.1 g —- in
" each coordinate axis .This low O gain schedule is continued
unt il the target range is less than a predetermined threshold.
Once the target has reached this threshold range, the estimator
switches to a steady-state gam matrix which is based on rela- o
tively high forcing inputs (high Q) .This adaptation method,
however, is proposed for. constant velocity target models at
long range . : .
' v The'high Q' | i’ilter"-‘iuses a steady-state gain matrix because
it is assumed that a good-estimate is available at the time
switching occurs . ' \ - .

This adaptation scheme ‘has been presented here for:ireference
“purposes and since it-depends on #he". utilization of a different
model, simvlation studies have not been performed .

b Switch- on-residuals Ad'aptat»ion (1)
This method of adaptation is more sophisticated and more:
complex than the switch-on-range adaptation method previously \

described .The first version of the switch—on;residuals adaptive
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filter is designed to track with a 'Low Q' gain schedule based
on the constant velocity model until a component of the residual

. vector of the filter ;

309 = 209) 5003 (e/)

exceeds a calculated gating level

2400 = o7y 7 R, £ 1,23, (414

A ii
on two swuccessive samples.
(k:/k) is the. theoretlcal variance of pos:Lt:Lon est:unate error
and Rii(k) is the theoretical variance of measvurement noise in
one coordlnate direction .These two values are talcen .’t‘rom the
steady—state theoretical cova:rlance of estimation error matrlx
for the model from which the- 'hlg,h Qr gains are calculated .
The va.lues for the theoretical variance of measurement n01se\
in 'bhe gatlng level calculatlon are calculated on-line from the
dlagonal terms of the covariance matrix of measurement noise
given in chapter III ,eq'™n (3.17pnd vary with the target pos:Lt ion.
_ If the occurence of a resa.dual value greater than the gatlng
level at time i is defined as event A; and probablllty of this
| in1 ? Ay and A 41 e
mdependent events «The probability of having two successive
| samples w1th resn.duals greater. than the gatlng level 1s

occuring on the next sample is event A

R ‘?(Ai)?ﬂ(#ﬁ;,;) - |  (4.15)

If one considers the R (k) term of the equation (4.14), o

sees that the gating level is equal to twice the standart devm—
ation of measurement noise . For a normal distribution, the
probability of an event differlng from the mean by more than
two standart dev:Lat:Lons is given as s

P(A) P(A ) = 0.0238

‘Substituting this value into the equation ( 4.15) yields :
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I’(Ai i*l) = '(0.0228)2: 50 o 1024

wnich is the probab i1ity that a residual is greater than the
gating level because of est:mation error or measurement noise
when a maneuver of the target is experienced .

The fj__lter is- independently adaptive in each coordinate
direction . For example, when J(k) is greater than 1 , (k) for
two successive samples, the x-direction states are re- initialized
by accepting the latest measurement as the position estimate
and beginning at k=0 with a 'high @' gain schedule based on the
randem acceleration model with values of T ~and 4 and assumed
forcing inputs. chosen to provide good performance agalnst a
maneuverlng target ,The y-direction and z-direction state esti.-
mates continue to be based on the CV model .The random accelera- ..
~tion model filter. ‘gains continue to be used in making - the x-
dlrection estimates until. three successive samples have res i-
- duals less. than one half the gatlng level .
Waoen the mequallty

3.0 = 2., 0/5) # Ry (8)
is sétisfied- for, three' isuccessive samples, the filter switches
back to the low Q gain schedule assuming the same time index as
would have been used for the current sample if no adaptive sw:Lt_
ching had occured .

c. Switch- on-residuals Adaptation (2)

This method of adgptatiOn is essentially not a new one
since it differs from the first version in that it calculates
the switching gate using the equatien ;.

1, (k) = | 3[1?‘1‘1’(.1;/1;). '5 RyR) , 4 =1,23. (416)

Again, switching to the 'high & ' gain schedule occurs wvhen

.the above gating level is exceeded by one sample residual . .
The switch back to the 'low Q' gain schedule occurs when

the residual is O. 88311.(1:) for two successive samples (the
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coefficient 0,88 is }an-.a.jr'b’itz;ary choice for a value between 0.5
»and', 1.) .In this version, when thé filter switches back to the
'Low Q' gains, the index fer:the 'high Q' gain is not reset
immediately but is delayed one sample so that if the residual
4 exceeds the gating level on the first s'ample after the: filter
returns to the '"Low Q' gain gchedvul‘e,},-the filter does not re-
initialize by accepting the ﬁosit'ion meééurement as the esti~
mate but simply switches back to.the 'high Q' gain schedule
as would have been used if the swrbch to the'low Q' gain
schedule had not taken place . S

The gain. schedules used in this vers:Lon of the switch- on-
re81dug.ls .adaptation are the same as those used in the. first
.y,e:’r'_s_i.c_;‘r‘;__‘d‘.ejsc.xflbed in the previous _sep.tlon_. |
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V. COMPUTATIONAL CONSIDERATIONS

{

Several aspects of the problem have so far been investigated
in detail but the problem of large computational burden super-
imposed by Kalman's conventional fﬂteri‘[xig algorithm has been
disregarded deliberately . As we shall discuss in sections dea-
ling with simulation results,this computational difficulty can
be ignor"ed as far as large scale digital computers like IBM-4341
or -CDCL70/815are concerned . Unfortunately, however, it would not
be practical to dedicate this class of computers in applications
such as shlpboard tracking of low speed surface targets --even
when intolerable costs are taken as granted .

The problem can therefore be stated as follows :

Design an adaptlve target tracking filter which is capable
of processing high rate data of radar observations and capable
of propagating the covariances at a speed that is compatlble to

the speed of approaching "real" targets .
o The main points of concern for a solution should therefore
“be on the computational requirements of the filtering algorithm
which is to be mplemented on a small digital computer . -

In our development of the three-dimensional filter, “the
dual-bandwidth adaptive feature serves to multlply these compu-
‘tational requirements.Obviously, anything that we can do to

reduce the calculation required by the basic one-dimens ional
fllter could be of dmportance .

In this section we aim to examine two poss:.ble techniques -

for: the reduction of computational burden

a. Prefiltering

The term "prefiltering" means processing radar data at a
‘higher rate than the filter cycles and if this can be achieved
without severely degrading performance ,huch of the problem is
solved .The ﬂigh cycling rate (time required to process a single.
set of measurements by the filter) can be offset by this kind of
a data: cumpression technique .The real-time prdpagationno.f o
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error cova.rlance on a fixed-point computer of relatively short
word-length , say,16 bits poses other problems . |
Considering the potential range of the elements of error
covariance matrix P which involves the squares of both rather
large and rather small numbers during each run, it was found
that such a computer would have' to perform the covariance cal-
culations in double prec’isiori in-order to achieve sufficient
scallng These problems can be elimlnated through the introduc:-
tien of error covariance Square root -which can be propagated
in place of the covariance . 4
| Even though the hlgh ‘data rate is one reason of computat:.-
enal burden, it serves 'bo reduce the effective measurement
noise level By this we- mean that taking radar data at lower
rates would not be; 6f practicel signifiecance as a “"solution",
Data compression techniques can be used to achieve effec-
© tive high data rates without actually running the Kalman filter
at such rates .Prefilter'ing‘in our specific application means
the processing of data Wthh is availabke at a ‘higher rate than
the rate at which. we .wish- kto, .cycle the Kalman filter .Suppose,
as in- flg.S.l that :we wish to process data at an integer rate
© times the filter cycling rate, At . Ve will the;‘efore have o
measu_reglen‘gs equally, spaced At/tk epart,l that will have been
made since the last filter cycle at time t(k-1) and which we
want te_-process at time t(k) .There are undouvbtedly several '
possible methods of aggregating these additional measurements, o
Hovever, we will consider the simplest effective method of _
doing this,;. namely. , averaging'.For ‘short time intervals, where
-the measurement noise. essent'ially masks any time variations in.
the signal, data averaging is an effective:means of data comp-
ression w:Lth small loss of information . There is actually some
'Veloc:Lty information that could be extracted frOm measurements,
‘The Variance of thls velocity estimate, however, is often so
large, relatlve %o that atready available in the Kalman filter,
that 1ts inclusubn makes essentlally no improvement .There is,
-however, a 81gn1fic;ant 1ncrease in the computation required . to
process such a ve1001ty " measurement” . We will therefore com- ‘
pu‘te an equlvalent preflitered measurement based up on a technlque
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similar to data averaging:-- residual averaging .

By averaging the.la priori' residual as opposed to the currént
measurements we account for the estimated target motion over.
thenprefilteredfinterval,;'ra

A,4é——t&measurements-—f——4, L . .
i::]f i= 2 soe j;rk—l ) o . . N’ f }
t (k- 1) o "t (k) ST Ct(k2)
—Af— . At— >0
o fig. 5.1 ’
The -averaged or prefiltered residual is simply :
R fuc/k_l) Emk-“-—/k-l) R G Y

Substltutlng the definition for the 'a priori' residual,
one :finds: the effective preflltered measurement as '

i

zpf(k)': o) + po i glm2) - f‘3x3(k/k"l) 52
PAN N [ T

e \ ?Z ]

e Z‘l/"- Joaps

are constants tOfbe“GO@PUted'once"be_fore the implementation "

where
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We also noted that, if FL=‘1 ’ thentré and r3 vanish, and
the preflltered measurement z £ becomes z as before .

Now let us consider the effect of prefiltering on the
measurement erﬁor‘etatistics .Obviously, an error in zpf is
a function of the errors'§2(k/k-1) and %S(k/k-l) , as well as
the measurement errors .However, consideration of small values
of ft, and P reveal these effects to be usually negligible .
Under this assumption, we find that the prefiltered measure-
ment error is simply the average of the individual errors in
measurements . N ' |

The variance of the prefiltered measurement error is

(assuming the measurement error standart -deviation is constant)

2
Tetlk) ____Z> f(k)’i’ Wy (5.3)
a2 (x) _
i1 =2

It should be noted that, in white noise case Jp\k) term vanishes
(k)/ U’(k) then reduces to l/rk .

" Let us now cbnsider the effectfof‘prefiltering on the
filter performance .It can be found that there are three factors
to be considered .The increase in the time increment between
filter cycles (a reduction in the filter cycle rate) and the
increase in the autocorrelation of the prefiltered error both
tend to increase covariance thus degrade performance , Fortunately
the decrease in the prefiltered measurement error variance tends
to decrease the error covariance thus improve filter performance”
Study of the prediction performance vs. |v is given in [ 7] in
more detail .In conclusion, the method of prefiltering based
- upon residual averaging offers a computationally inexpensive
way to achieve high data rate filtering with negligible sacri-
fice in performance as compared to high data rate full Kelman
filtering . -

b. Square root formulation of covariance propagatlon

equations : o

The square root formulatlon can propagate the error covariance -
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in s:Lngle pre01s 1on as accurately as the conventional error
covariance methods do in double prec1s ion .

Algorithm for square root filtering :
1. Dynamic extapolat ion of the precedmg state

v?c.,(lc/l's'-l) '-,_-g‘(k,‘_bi)%(k-l/k—l) s (5. 4)
o [ Steeen] | stea/ma) 8800
- = L. o (5. 5)
Sloe | o 2(x)
n
- where
ROs/b1) = S(e/ken)s (k/ken) (5.6)

In the above eq_uatlon, the matrix T is orthogonal, but otherwme
/ any matrn_x maklng ST (k/k-1) upper-triangular . |

) The matrlx S in the second of above equatlon denotes the -
square root ‘of P .The definition of S ,however is not unique .
It is quite simple to write out the matrix transformations to
obtain uwpper and lower triangular S matrices .The construction
of T is ja task to which muck attention should be given,There
are-methods, however, proposed by Householder, Gram-Schmidt .
and .Givens .These manipulations are rather lengthy and will not -
be reproduced here . _ ' |

.In chapter III ,. ‘we have verified the assumpt ion of dia-

gonal measurement error covariance matrlx !

R(k _/\.(R R ,,. eee ¥ BY ) V.

It this is not 'the case, however, the Cholesky decomposition
algorlthm 1s readily applicable to determine a transformation
producing a problet in which R is diagonal.

The -most useful implication . of this assumption is _the
- application of sequential data processing .This approach can
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be Summarlzed as follows ;

.

Let H. (k) ‘denote the i'th column of H(k) ‘and zi(k) thei'th
entry of z(k) ‘with '

0L R/l (5. 72)
e ;(k/m | | , (5. To)
_§° = 8(k/k-1) (5. 7¢c)
and ' ,
__s:r = 5(k/k) ) o (5.‘7d)
one obtains for ;,;1;_-,_1, ‘2‘,...\,r | |
(Si'(l)T_H1 - | - (5.8a)
e T
CgsadlET s
| "5‘%5 1 ogtut lplDlDiT - (5.80)
and f:mally ’ | o -
' = aswi[z w-r" 5] e

Of course, these equations define a'sequence of updates corres-
-ponding to -a sequence of scalar measurements » and agree with
the original algorithm . |

It can be stated that the accuracy is maintained by means
of the square root technique implemented on a fixed point com-
- puter .in which case conventional algorithm in single precision
arithmetic would give rise to performance degradation because
of round.off errors ., L Lo
' - To. summarize, we have found that it is possible to reduce
the computational burden by,a factor of W by prefiltering with.
'negligib1e,1oss‘of performance ,The choice of a value fer



depends on the cyclmg rate of the filter and on the data rate
specified for a particular sensor type .By using the square root
covariance fllter,' it is possmle to eliminate double prec:.s:wn
arithmetic in cpvarla,nce calculatlon, thereby significantly
reducing the time required for covariance propagation .The
combination of these two techniques to overcome computational
difficulties is then expected to reduce the processing time of
high data rate covariance filter significantly .These reductions
are in fact compulsory since the filter design performed in our
study requires twd filters operating’ in parallel and the three-
dimensional geometry of the system poses the problem of three
1ndependent channels with three mdependent data processing
requirements ._As pointed out earlier, real-time application of
the tracker under consideration must fulfill the compubational
requirements:mentioned throughout this chapter .
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VE ALTERNATIVE FILTERING METHODS

In the very beginning of this study, the nonlinear structure
of the Problem was discussed «The efforts for modéling the process
in a form which isﬁdirectly accessible py‘the standart discrete
‘linear filtering algorithms_haVe_beenlinvolved:in the subsequent
chapters ., In this chapter we aim to survey some filfering tech-
niques which can be’considered as aitérnativés‘to conventional
filter in case when the designer can sacrifice computational
time to accuracy in his particular appl:.ca'tlon .

6.1. Extended Kalman Filter

P'Starting with the nonlinear systenm ;

dx

ey g(?ﬁt"’ t) + g(t)!’t ot >/ to ’ gtON/V‘(;EtO 9?1‘,6)
at ' _ o S R

| (6. 1a)
yi = h(xy ,%.) + ¥ . .1b)
A bk k o (6.1b)

one obtains the linearized discrete system (Linearization is
done about the solution of noise free dynamics)

[
<
o
1}
l}as

[ b -33(:“1:)] ) X+ Y | (6. 2)

with

X AMS - ,
‘toNN(Z‘to’ x(tg) + By )

o]

It can be seen that the linear filter is d:rectly appllcable

%o the llnearlzed sys‘bem .



Instead of 'state' and ‘measurement' we now speak of the state
- deviation and measurement deviation .For a given trajectory
and set of measurements, one can compute 8y, with

Sy, 2 -
Vi, = ¥4, ()

and process the measﬁrement deviations through the linear

filter to estimate the state dev1at10ns . From the deflnltion
of perturbation, |

s ‘S?Stfé Y?‘St - x(t)

it follows that

~x(t /t 51_; k/tk) , - (6.3)

and corresponding estimation error is given by :

s

nb

¥ (t1c/ tx) Xt - % (tx/tx)

K =.5§tk¥ $§(tk/tk)

3% (4,/%,) | 64y

so that

P (k/k) = cov {’E_E(tk/tk)}= cov [8%(3,/)} (6.5)

The remaining problems are the choice of the reference trajec-
tory and the question of validity of the linearized equations,
One would prefer to use a refepence,tragectory with
E(t) =
Then ,

X, , the prior estimate of the state .

A%, ~y . 0, P
S}Eto N(, ___to)

L6
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and evidently , -
| E'{_Eztkgzg 'V-‘bk‘..
As we process ;the observ_ations y
5x(tk/tk) = E{éx / Yk} ,—£ o k>0

Generally, the mltlally wise ch01ce of a reference tragectory
may turn out to be a poor one ,This is especmlly true when Pto
is large ), Wthh implies higher level of uncerta:mty in the
estimate xto y or if the process noise is large . In thls case
the estimates of state deviations can become large violating
»our 11near1ty assump tions. '

‘Assuming that the process is a noise-free one ,then one
can imagine that there exists a"true" trajectory of the systen,
which can be learned in the precence of sufflclent observatlons.

»n

Hav:mg chosen x(t o) = X , we filter the batch of observations
0 ‘ ‘

{Q‘Ylyﬂy.g". sre Yk} T ) %

.Then predicting backward to t ,

and obtain Sx(tk/t 0 !

)
SE(to/t,) = § [0 b E(6)] Sx(t/%,) - (6.6)

© If our batch of observations is sufficiently large, then we can
expect ; - '

Tt = (b)) 4+ Sx(b/b) (6.7)

to be closer ’c'o'th'e' Wrue " initial state x(t,) than X(t,) is.
. Taking X (t ) now as the reference initial condition we can
reprocess our batch of observatlons, that is ylinearize about:
x'(t), and run the filter for the linearized system over the
Saxﬁe patch of observations .This procedure can be repeafed
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several times until the last equation produces no change in the
reference initial condition .Presumably, convergence to the true
trajectory will have been obtained . This procedure is often call
ed "global iteration " of the Kalman filter .This kind of itera-
tion is commonly used in least squares estimation techniques .
More precisely, the global iteration we have described is almost
equivalent to iterated least squares estimation techniques and
undermines the advantages of Kalman filter .Furthermore, con-
vergence is not guaranteed, i.e. it may diverge as well, requi-
ring alternate guesses."of reference trajectory . |

As a further step, one can rellnearlze about each new
est.una‘be as these become avallable o At % o lmearlze about
Xpons a.nd pnce Y, is processed rellnearlze about x(t /t ) .o
and so on .This procedure results in a better reference tra-
jectory- as ‘soon ags one is obtained' As a consequence , large
initial estlmatlon errors are not allowed to propagate through .
time, not violating our linearity assumptions .I% should be .~
noted that this advantage is not available in least Squa.res o
batch estimation techniques . )

Now, if we initially linearize about Xt , then

-Sg(to/tp) =
and in view of equation (6.13) .ynen applied to deviations
$x(%,/t,) = 0

since we subsequently linearize about x(tl/tl) |

|
-

$x(t./%)) =

so that again |,

|
@]

$x(t /%) =

and, in general ;



W (6.8)

SE(6/t) = 0 0 <t by,

As a result, between observations, the best estimate of the -
state is the reference state, and accordingly,

4d§(t/tk)ﬁ -g(é(t/tk)’t) | .'/

ct
2]
N
o
VAN
¥
| tad
”~~
o
0

dt

Prediction is accomplished using the nonlinear dynamics des-
crlbed earlier with w, = 0 | - o

The equation for the correction to the estimate at an
‘observatlon for the lmea.rized system is given by :

'Sx(k‘.+1/k+1) éx(k.f-l/k) + K(kﬁl)[éyk* >-H(k-+1)$x(k,g-1/k)]

.’Since .-'(6.10)

: : \3;_:(_}15‘4-1/154-1) = ;_g(kq-l/k-o-l) - ';s(kd-l/k)

In view of linearizaﬁion and using (6. 8)
x (ke 1/ke1) = x(lr1/k) + _I__{(k’fl)[é’ml -1_1(§(k+1/k),»tk_1)]f (6.11)

The above equation completes the derivation of extended. or
modified Kalman fllter This derivation can be glven in the
'form of a fheorem.
Theorem 6, 1,Extended Kalman Filter
' The extended Kalman filter for the.nonlinear system
given by ( 6.1) consist of the prediction via.

_ i -

. , ka1 |

x( t /tk) x(tk/tk) + Jg(g(t/tk),t)dt
t _

'k

<
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z(t]ﬂl/tk*l) = g[tk“,tk;%(#k/fk)]g(_tk/tk) i)[tk*l k,x(tk/tk)-)+ Q(k

and at an observation,

;f(tka- J/tk-r = %(tk-o- :L/tk) "'-.]:I[th 1;%(tk-'o- 1/tk)]'

-~

e, -2 G, 2/%0, b )]

2 (tka- 1/\tk.+-1) = [5 -E{tkﬂ-.l;fx’(tkf- :L/t-k)} .E{'tlw l;;_g(tk*_ 1/tk')}]£ (1;1“ 1/tk)
st 3+ 5{- JReaety

The Kalman gain is. ,

E[tk* L ;_g (tkd-'l/tk)] = —E (tk.+ 1/tk)§TY. tk.c- 1} ;5 (tka- 1/tk)]
TE by, 2 x (g, /80)R (b, /%)

* gm{tk‘_l; ;_[ (th 1/tk)}+§(k* 1)] B

The O and H matrices are those of the linearized system
(6 2 ) .1t has been emphasized that these matrices depend on
x(tk/‘b ) or, equivalently, on X(tkd-l/tk) by 1ncluding these
estlmates as- arguments . '
6. 2. Fading Memory Filter
| The fading memory filter (sometimes referred to as expo-
nentially aging filter) weights recent data exponentially higher

than past data .In the recursive least squares derivation of

the linear filter in [ 1) a detailed discussion is given ,We
are to omit this derivation and present the results .

The filter g\aj_ﬁ matrix for this version 1s y

K, (or2) = P (e a/I0E" (e 2){ B (e 2)B (e 2/10RT (kv 2) +

exp( - (b =6)/0)RMr1)]” " (6.12)
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and the recursion for P at an observation

P(kh2/ke1) = expl- (ty, ~t,) /) I ~F, (v 1) (e 2)] R (o 2/k)
- (6.13)
It should be notéd that, the smaller Tis , the faster old
‘observations are "forgotten® .
With measurement noise covariance, data rate, and an assumed
modeling error, one can find an optimum T for minimizing the
mean square error . '

6. 3. Finite Memory Filter

The finite memory filter assumes a nois&.free dynamics ;

x(ke1) = (ot 1, k) x (k) B (6.14)
where
2(-(Or)’\"A{(;—{:o’ .-Eo) i go) 0’

with observations

y(k) = HOx(k) 4v(k) , (6.15)

vhere

v~ OO, R(K) ), R(K)H O

If the memory'of‘the filter is limited sufficiehtly, the above
set of equations become an adequate approximation to the real
system over the limited time intervals .During t‘his. time intervals
the system is assumed to be noise-free and this assumption is
related to the selection of time interval in that the variation of -
unknown parameter over this interval is trivial .
- I.et the\meésurement séguence be ‘déno_fed by ,

{yl 1Y2 3 e 9ym; ym._Ii .. vyk}
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and

N= k -m
vhere N is the"t:otal number of measurements desired in the
finite memory filter .Let ‘the finite memory filter state esti-

mate and Acovariance'*‘be denoted by %(k/m;k) and P(k/m,k) res-
pectively .They can be computed by the following equations :

x(k/m,k) g(k/m,k)[g‘l(k/k*ﬁ_c(k/k) - P (k/m)x(k/m))  (6.16) -

PoGe/m k) 2 PTR/E) - PR (6)

vhere

;(k/k) is the state estimate at time k based upon all data
up to and including y, , and %(k/m) is the state estimate aﬁ
time k based upon all data up to and including Yo

A possible interpretation of the above equatlons 00uld be
to say that the finite memory estimate is obtained by subtractlng
an estimate based upon all.data prlor to the time window from
“the estimate based on all data . : -

It should be noted that the finite memory filter requxres a
batch of N measurement. vectors be stored for updating x(k/m)

6. 4. The «-B-=¥ Tracker
In some cases , because of computational constraints, it
may be impracticél to compute the filter gains in real time .
’The’problem we have beeﬁ studying is an example of such a case .
- Under such cases,'ene must use elther a set of precalculated
filter galns or a constant gain filter .One common.'].y used method /
of constant gain filter- implementation is to compute and tabulate
‘the steady-state filter gains as a function of target noise modelg
Another popular constant gain filter is the o-f -Y filter.
The main difference between the o(-P -¥ filter and the constant
gain filter is that the former assumes a complete independence
of the three spatial coordinates in the filter update equatioﬁ;‘

~
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We noted that the state space and measurement space may be
related through a nonlinear function as sugges‘bed by the equa-
tion (3 5) .In using the oc--(?:-?f filter, this assumption is
not allowed . A

Let (r,b,e) denote the radar range, bearing and elevationm,

respectively .The state vector becomes ;

g;[r r rib b ble @ 'é]T | - (6.18)

Let r denote [r 'I‘]T then the filter update equation becomes:

Tsea/le1) = 1 (era/k) +K(or 1)z (ke2) 22(e2/k)]  (6.19)

where,obviOusly, z (kv 1) is the range measurement at time (ke 1) -

4

The gain matrix K(k+1) for the o(?[b-lf filter is ;

E(sr) = Xy P 2 2 B CES

: . _ N2
, 1;}::"tk,-n. .(tka- 1"tk)

The’ update equatlons for bearlng and elevatlon can be obtalned
accordmgly It should be noted that of, {5 and ¥ are filter gain
componen‘bs for pos1t10n, velocity and acceleratlon, respect ively.
The structure of the gain equation allows these parameters to be
free of time interval between measurements at tk,a- tk '
Wnen a Kalman filter is used, the gain matrix K, has the

dimension. (9 X3) while the gain matrix utilizing the channel
1ndependence assumption reduces to three (3X1) vectors - There
- is~"a-wide range of methods for choosing the values- of o , ?,
and ¥ . One method is to use the steady-state Kalman gain in the
above chosen coordinate « Another metshod used in practlce is to
conduct extensive Monte-Carlo studies to define ot p and ¥

~-over a ‘variety of cases for a given application .

6. 5. A Comparison of Filtering Methods o

' "“In this chapter we have dlscussed the filter designs con-
s;LderJ.ng such factors as performance sens:Lt:Lvrl:y to modellng
errors and’ computatlona.l efflclenCy of a partlcular ch01ce.
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Admittedly,-mnone of the four approaches we have presented is
likely to be accepted as'an‘.f é.lternat_ive to the one selected for
_implementation in this study.The extended Kalman filter with an
appropriately chosen process'nois'e covariance could be a good
choice if our problem had not: required excessively fast data-
processing to meet the demands of real-time applications ..The
o(—F> -% filter offers considerable simplicity of computation
at the cost of degraded performance .The finite memory and fading
memory filters are only of secondary interest since they do not
seem to provide any advantages over the extended Kalman filter
while computational requirements are compa.rable or, depending
on application, even more severe .

This brief outline of the most popular approaches to pro..
cessing of noisy measurements associated with a given dynamical
system forces us to make use of advantageous properties of ‘each
one of them ‘and synthesize the one to serve best for our specific
filter application ., |

~ Since a separate chapter has been devoted for justifying
our particular approach , we will omit the discussion related
to it and prefer to present the simulat ion studles in the next
sect ion .



VII. SIMULATION STUDIES

The Mon\te-Carlo simulation pfogram described in appendix
A performs the realization of dwal-bandwidth adaptive filter
in conjunction with the accompanying subroutines .The program
has been made in a generalized- fashion in that it offers seve- |
ral options to the user ,Even though these options are expla:i_nedi
in detailed comments throughout the program, it has been ‘found :
helpful to give a brief outline of these options once before
the program listing . Eirst of all, they are given in the form ‘
of "software switches" to the user, namely, by specifying these |
input flags, one can modify the course of events in line with i
his particular purpose .These flags are ;

i, ICHN . _ v ,

This is the flag for chamnel selection .In chapter III, it
has been emphasized that the partitioning of éystem model would
‘result in a significant mathematical simplicity of implementatio
This approximation is now utilized by specifying such that ,

if ICHN = 1 ,the prdgram runs for x-channel
~if ICHN= O ,the program runs for y-charnel
if ICHN = 1 then the program runs for 2 chamnel

ii. IPHI .
The specification of this flag enables the user to choose
the following options :

if IPHI = 1, the state transition matrix should be
' in the input file

if IPHI = O, the system matrix F (in continuous-time)

should be specified. The program then eva-
luates the discrete-time equivalent of F ,
i. e. corresponding STM with desired set oi’
- parameters in the series expansion.
if IPHI =1 §STM is evaluated directly by the program
ijii. ITRK

This is the flag for the choice of aSS1gn1ng a reference
trajectory to the program.
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if ITRK- 1, the reference trajectory is to

"be-obtained from the noise- free
dynamics,namely,

x(k) = §(k,k-2)x(k-2)

if ITRE = O,.the user should specify a reference
‘ trajectory in any form '

if ITRK =.1, the simulated aircraft trajectory .

: is generated by call of subroutine
TRKGEN which will be presented in v
appendix B in a detailed discussion,

Tal. Test ‘l‘ra;]ectorles

All tra;]ectorles used for testing fllter performance are
the products of track generatmg subroutine since these trajec-
tories are variable in range, maneuver duration and maneuver
amplitude . The utilization of a trajectory which is a result
of noise-free dynamics is not found to be a suitable choice
since this would mean that the target is modeled perfectly',"
which” is , ‘of course, not realistic .In addition, it was found
unnecessary to specify particular trajectories since the pre-
sent results proved to be sufficient for -testing the filter
performance . | |

An example of test tragectorles involved 1n the s:.mulatlon
can be given as ;

maneuver commencing range: 3000
maneuver duration : 2000
maneuver amplitude : o 155

The following table lists the data generated by the track
generating program for this example. The track generating
program was borrowed from J,Michael Parr [13] and involved
in our simulation program in the form of a suwbroutine after
certain modifications have been made .
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An example of test trajectories
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7. 2. Simulation results

This section presents the results of Monte-Carlo.simulation
program, It should be noted that'the continuous time state equa-

tions are discretized with specified parameters and then filtering

is performed in x, y, and z-axis in a sequential manner .The

tracking performance in each coordinate axis is plotted afterwards,
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. fige 7.2, y-position tr‘acking performance
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VIIL SUMMARY and V'CONCL_USIONS

In this study, various ‘features of the target tracking problem
have been discus:sed « Simulation results have shown that the dval-
bandwidth adaptive filter configuration superimposing upper and
lower bounds on the parameters on the random acceleration target
model wou