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ABSTRACT

EXACTLY SOLVABLE POTENTIALS WITH DIRAC
DELTA POINT INTERACTIONS

A general method to obtain s-wave bound states of the Schrodinger equation
for analytically solvable potentials together with a finite number of the Dirac delta
functions is presented for three-dimensional systems. The eigenvalue equations for the
finite number of the Dirac delta decorated Woods-Saxon potential and Morse potential
are obtained and the eigenvalue equations are calculated numerically for one Dirac
delta function. The eigenvalue equation is solved numerically for two delta function
case for the Woods-Saxon potential. The change of the ground state energies as a
function of strength and locations of the Dirac delta functions are investigated for
these potentials. For a hydrogen molecule, which is described by the Morse potential,
transition probabilities between the initial state of the Hamiltonian and the final state
of the perturbed Hamiltonian for a sudden, very local perturbation are calculated. The
conditions for the number of bound states for given parameters of the Woods-Saxon
and the Morse potentials are analyzed. Our results for the Woods-Saxon potential can
be used to model very short range interactions for atomic and nuclear systems. Our
method is applied to hydrogen molecule, which is described by the Morse potential,
in Cgp fullerene cage and the stabilization energy is calculated by representing the
interaction potential between Hs and Cgy by the Dirac delta interaction. Interatomic
interactions that are described by the Morse potential together with local deformations

can be investigated by using our model.



OZET

DIRAC DELTA NOKTASAL ETKILESMELER ICEREN
KESIN OLARAK COZULEBILEN POTANSIYELLER

Sonlu sayida Dirac delta fonksiyonu igeren analitik olarak c¢oziilebilen ti¢ boyutlu
sistemlerin potansiyellerinin s (I=0 agisal kuantum sayisi) dalga hali bagh durum-
larinin enerjilerini elde etmek igin genel bir metod tanitildi. Sonlu sayida Dirac delta
fonksiyonu iceren Woods-Saxon ve Morse potansiyelleri i¢in enerji denklemleri elde
edildi ve enerji denklemleri bir Dirac delta fonksiyonu i¢in niimerik olarak hesaplandi.
Ayrica iki Dirac delta fonksiyonuna sahip Woods-Saxon potansiyeli i¢in enerji den-
klemi niimerik olarak ¢oziildii. Bu potansiyeller i¢in temel durum enerjilerinin Dirac
delta fonksiyonunun giiciine ve konumuna bagh olarak degigimi arastirildi. Hidrojen
molekiili ile ¢cok hizli ve kisa erimli perturbe edilmis hidrojen molekiilii arasindaki
kuantum durumu gecis olasiliklar1 Morse potansiyeli ile incelenen hidrojen molekiilii
icin hesaplandi. Woods-Saxon ve Morse potansiyellerinin bagli durum enerjilerinin
sayist iizerine kogullar incelendi. Woods-Saxon potansiyeli i¢in elde ettigimiz sonuglar
atomik fizik ve niikleer fizikte oldukga kisa erimli etkilesmeleri modellemek ic¢in kul-
lanilabilir. Metodumuz fullerene Cgy kafesi igerisindeki Morse potansiyeli ile incele-
nen hidrojen molekiiliine uygulandi ve Cjgq ile hidrojenin arasindaki etkilegme Dirac
delta etkilesmesi ile ifade edilerek dengeleme enerjisi hesaplandi. Morse potansiyelinin
agikladigi atomlar arasi etkilesmeler yerel deformasyonlara sahip ise bu tiir sistemler

one stirdiigiimiiz model kullanilarak incelenebilir.
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1. INTRODUCTION

Contact interactions of some particles with molecules are some of the physical
systems which may be modeled by using the Dirac delta potentials. For the electrons
in a crystal, periodic Dirac delta-function potential model is used and is called as the
Kronig-Penney model [1]. This is an approximate potential for an electron in a crystal.
This model explains successfully energy band of electrons in a metal [1, 2]. Mendez et
al. studied particles in periodic potentials by introducing Kronig-Penney model with
several Dirac delta potentials [3]. Maksymowecz et al. described a disordered system by
the Dirac delta functions in which the atoms are strongly localized scattering centers

[4].

Arrighini et al. evaluated one and two-photon ionization cross sections for the
negative hydrogen ion H~ by representing the effective intra-atomic potential energy
with the Dirac delta functions [5]. In this paper, for a single (nonrelativistic) electron,
the Hamiltonian operator of H of the model system is V(r) = —3V? — Vé(r — rR)
where V and R are two (positive) parameters which characterize the (intra-atomic)
interaction potential energy of the spherical shell. Mur et al. solved Coulomb problem
with short range interaction by introducing the Dirac delta function [6]. In this work,
Mur et al. studied systems with a potential V(r) = —4 — 5-0(r —r,). Blinder
studied hyperfine interactions with delta function potential by representing the nuclear
moment by a uniformly magnetized spherical shell where the potential has the form
V(r) = =4 + % ggupp, s - T 50 7).

Uncu et al. studied Dirac delta decorated linear potential where the potential
Ulx) = fax— % L 06 (x — ;) [8]. The linear potential is useful to describe the
motion of a charged particle in a constant electric field. For GaAs/GaAlAs semicon-
ductor there is a electric field at the junction of GaAs and GaAlAs due to charge
transfers. This electric field is approximately constant [9]. If there are impurities in
the medium of motion, this impurities can be added to linear potential. Thus, these

impurities can be represented by using the Dirac delta functions. Linear potential with



one Dirac delta function can be applied to the charmonium. Uncu et al. investigated
charmonium system by using the Dirac delta function in order to describe very short

range interaction in addition to linear potential [8].

Uncu et al. also studied bound state solutions of the Schrodinger equation for

PT symmetric Dirac delta potentials [10].

The dimple type of potentials which are used to increase the phase space density
of a Bose-Einstein condensate can be modeled by using the Dirac delta function [11],
[12]. Demiralp gave a methodology for the solutions of the potentials with a finite
number of Dirac delta shells and applied this method to harmonic potential in R"™.
Meanwhile, Altunkaynak et al. studied point interactions on Riemanian manifolds
S§%, H? and H3. In this study, a lower bound estimate for the ground state energy is

found by renormalization utilizing the heat kernel method [13, 14].

Any solvable potential such as linear potential, the Woods-Saxon potential or
the Morse potential together with a finite number (P) of the Dirac delta functions can
be utilized to model systems that may have very short range interactions in addition
to these potentials. Since these point interactions modify the energy levels for these
potentials, it can be used to describe some realistic potentials which has roughly the

potential shape, but exhibits some local deviations from the potential.

The Woods and Saxon potential was introduced to study elastic scattering of
20-MeV protons by a heavy nuclei [15]. The Woods-Saxon potential is a reasonable
potential for nuclear shell models and hence attracts lots of attention in nuclear physics
and it is used to represent the distribution of nuclear densities [16]-[28]. Behavior of
valence electrons are very important to understand the abundance of metallic clusters
[21]. Thus, a good description of the motions of these valence electrons is very useful to
study metallic systems. The Woods-Saxon potential is utilized to represent the mean
field which is felt by valence electrons in jellium model [29]. It is also used in a nonlinear
theory of scalar mesons [29, 30]. In addition to these, the three-dimensional Woods-

Saxon potential is studied within the context of Supersymmetric Quantum Mechanics



[31]. This potential can be utilized to model systems that may have very short range

interactions in addition to the Woods-Saxon potential.

The Morse potential is a realistic anharmonic potential for diatomic molecules
since it gives a good description of the vibrational levels and includes bond breaking
effects [32]. Mahlanen et al. used the Morse potentials to describe C-C, C-X, X-
X (X=F, Cl, Br) interatomic potentials [33]. It is also utilized to represent many
interatomic interactions in molecular calculations [34]-[41]. The potential energy curve
for the ! Z; state of the hydrogen molecule which has double minimum is an example
of a deformation [42] so it can be modeled by introducing the Dirac delta potentials to
the Morse potential. Fullerene system, which is the encapsulation of a Hs molecule in

a hollow, spherical Cgy cage, can be also investigated by using our approximation [43].

Uncu et al. studied Bose-Einstein condensation of noninteracting gases in a
harmonic trap with an offcenter, tight and deep dimple potential , which is modeled

by a point interaction [44].

Damski et al. [45] showed that slow driving of a focused laser beam through
a cloud of trapped cold fermions creates a collective excitation in the system. This
collective excitation is very local (Gaussian) so that it can be represented by the Dirac
delta potential for the limit case of cross section of the laser beam. A focused laser
beam through hydrogen molecule may lead to a very local deformation on the potential
energy curve for hydrogen. Thus, such a deformed system can be investigated by using

our approach.

The adjoint H' of an operator H is given by

< P9 | Hgol >= HT(,OQ | ©p1 > (11)

where ¢, and ¢, are in the domains of H and HT, respectively. The operator H is



Hermitian if the domain of the adjoint of the operator includes the domain of the

operator and if the actions of the operator H and its adjoint H' are the same [46].

An operator H is called as self adjoint operator if the action of H and the action
of H' are the same and the domains of the operator and its adjoint are equal to each

other. In one dimension, a self adjoint operator satisfies the relation [46]-[48]:

where H = HT.

n? d?

— 57— and its continuous eigenfunc-

Consider the kinetic energy operator Hy =

h2 d?

oz T % go(x) with Dirac delta point interaction

tions ®(x). The operator H, = —

(g € R) is a self-adjoint extension of Hy with boundary conditions
(0%) — @'(07) = g (0) (13

and

P(0T) = d(07) = d(0) (1.4)

where " denotes the derivative with respect to x [46]-[49]. An operator of the type H =
Hy+V + % g6(x;) with the potential V can be analyzed by utilizing similar boundary
conditions for the eigenfunctions of the operator Hy + V. Detailed investigation of a

self adjoint extension of an operator is given in reference [50].

Some properties of the Dirac delta function are given in the Appendix A.



1.1. Main Results of This Thesis

A methodology is presented to obtain bound state solutions of the three-dimensional
Schrodinger equation for a solvable potential together with a finite number of Dirac
delta function for s-wave states (zero angular momentum quantum number). This
methodology can be also generalized to higher dimensions for solvable potentials. Some
potentials together with a finite number of the Dirac delta functions are studied in

three-dimension for s-wave case.

The condition on the number of bound states for some specific potentials, namely;

the Woods-Saxon potential, and the Morse potential, are obtained.

The Woods-Saxon potential together with a finite number of P Dirac delta func-
tions is studied. Transfer matrix for this potential is obtained and eigenvalue equation
is solved for the cases P = 1,2. The change of the ground state energy as a function
of the strength and position of the Dirac delta function is investigated. The ground
state energy of the Woods-Saxon potential is calculated for different locations of the
Dirac delta potentials for two delta functions case (P = 2). For some limit cases of
the strength of the Dirac delta potential and Woods-Saxon potential parameters, the
results for delta decorated Woods-Saxon potential are investigated. The condition for

the number of bound states of the Woods-Saxon potential is presented.

The Morse potential including finite number of the Dirac delta potentials P is
examined. First of all, transfer matrix is presented. After obtaining an eigenvalue
equation for bound state energies, the ground state energy and the frequencies for the
transitions between the low-lying energy levels are calculated for one delta function
case. The behavior of the ground state energy as a function of the strength and
position of the Dirac delta function is investigated. The normalized square of the wave
functions for the ground, the first and the second excited states are plotted for both no
delta and one Dirac delta function cases. For some limit cases of the strength of the
Dirac delta potential and the Morse potential parameters, the results for the Morse

potential together with a finite number of delta functions are examined. Average



value of interatomic bond distance is investigated for different location and strength
values of delta function. Transition probabilities between the initial eigenstates for
the Morse potential and the final eigenstates for the potential perturbed by the Dirac
delta interaction are calculated. The condition on the number of bound states for the
Morse potential is obtained. Our method is applied to hydrogen molecule which is
encapsulated in Cgg cage. The location of the Dirac delta interaction is obtained by
using the van der Waals contact distance. Vibrational motion of Hy molecule is assumed
to be along the diameter of the cage and the center of mass of the hydrogen molecule
is taken at the center of the Cgy cage. The strength of the Dirac delta interaction is

calculated by using the experimental shift.

For a focused laser beam through trapped cold fermions, the effective potential

(x—x )2
for the atomic motion in one dimension is given by V(x) = %2 + Up(zo)e™ 22 where
Up(zo) < 0 for a laser detuning and o is related to the cross section of the Gaussian

laser beam [45]. Laser fields are described by Gaussian potentials. For limit case

_ (zfzu)z

. 2 . . .
o — 0, function % is equal to 0(z — ). Hence, since laser beam results in
o

the Gaussian collective excitation, it can be represented by the Dirac delta potential.
By considering that laser beam through hydrogen molecule may create Gaussian like
deformation on the energy curve of hydrogen molecule as a physical motivation, the
one dimensional Morse potential with a finite number of delta potentials is studied.
An eigenvalue equation is obtained and solved numerically for some strengths of the
Dirac delta function. The change of the ground state energy as a function of location
of delta potential is investigated for some different strengths of delta potential. Fre-
quencies between the first excited and the ground states are calculated for one delta
case. Frequencies between the second and the first excited states are also calculated for
one delta case. Ground state, the first excited state and the second excited state wave
functions are plotted for both delta and one delta function cases. The change of the
oscillator strength for the transition between the first excited and the ground states is
investigated as a function of strength of delta function. The change of the oscillator
strength corresponding to the transition between the second and the first excited states

is also investigated with increasing strength values of delta function.



2. BOUND STATE SOLUTIONS OF THE SCHRODINGER
EQUATION FOR SOLVABLE POTENTIALS WITH
DIRAC DELTA FUNCTIONS

In this chapter, we present a method in order to obtain bound state energies of
the Schrodinger equation for a solvable potential including a finite number of the Dirac
delta functions in three-dimensions for s-wave states [51, 52]. This process is called as
the decoration of the potential with the Dirac delta functions [8, 10, 51, 52, 53]. Here,
we consider the bound state solutions of the time independent Schrédinger equation for
solvable potentials. A potential V(r) is a solvable potential if it can be solved for the

Schrodinger equation

2
—2h—v2q> + Vo =FEd. (2.1)
m

2.1. Decoration of a Solvable Potential with Dirac Delta Functions for

Three-Dimensional Systems

The time-independent Schrédinger equation reduces to

B
—5 5 V() + V()E(r) = E(r) (2:2)

for I = 0 (I is the angular momentum quantum number) case by taking & = \P?(f) for

R2k2

spherically symmetric case. For bound states, we take £ =
2m

. Equation (2.2) can

be written as

——V(r)+ kQ) U(r)=0. (2.3)



This second order differential equation has two linearly independent solutions

1(r) and o(r).

A potential together with a finite number of the Dirac delta functions can be

written as

Ur)=V(r)— — Z oi0(r —1;) (2.4)

where r;’s are the positions of the Dirac delta functions and o; ’s are arbitrary real

numbers (Positive o; represents an attractive potential while negative o; represents

a repulsive one). The strength of the Dirac delta function is taken as (—%m) for

calculational convenience.

The time independent Schrodinger equation for this decorated potential can be

written as

2m  dr?

_R 4 (vm Y il - >> U(r) = BU(r). (2.5)

By writing E' in terms of k, equation (2.5) can be written as

L) (-%vm + 3 oiblr ) - k) () = 0. (26)

dr?
i=1

For r # r;, equation (2.6) reduces to the following equation



- (Z—mvm + k2) U(r)=0. (2.7)

Figure 2.1 [54] shows division of the space by the P number of the Dirac delta

functions. Hence, we have P + 1 intervals.

0 1 T2 TP—1 r
st nd th th
1 2 .- P P+1
interval | interval interval interval
Y Y
01 09 L. op_1q Op

Figure 2.1. Division of Space

By using the solutions of equation (2.7), we define another two linearly indepen-

dent solutions W4 and W g satisfying boundary conditions W 4(0) = 0 and ¥ g(c0) = 0.

Thus, for the bound state solutions of equation (2.6), we take wavefunctions W,

and W, ; as

Uy (r) = b1 ¥p(r) (2.8)

for the first (leftmost) region and

Uy (1) = ap1Wa(r) (2.9)

for the (p + 1) (rightmost) interval, respectively.
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For the intermediate regions, we take the wavefunctions in terms of linear com-

binations of ¥, and ¥p,

U,(r) =a; Va(r)+b; Yp(r) . (2.10)

We can find constants a; and b; by applying the boundary conditions at the interfaces of
the intervals and normalizing the wavefunction. If we integrate equation (2.6) between
the interval r; — € and r; + ¢, and take the limit ¢ — 0", we find that the derivative of
U will have a finite jump at r = r;. By using the continuity of the wave function and
the discontinuity of its derivative, we obtain the following equations at the interfaces

of the intervals (at r;’s)

biVp(r:) + a;Va(r;) = bigaWp(r:) + a1 Va(r;) (2.11)
and
d\I/B(Tl) d\I/A(TZ) d\I’B(TZ) d\I/A(T‘Z)
bZHT i1 ar b dr T dr
= —0; (bl\IJB(TZ) + ai\IJA(TZ')) N (212)

where % and dq’g—yi) denote the values of the derivatives of Wz (r) and W 4(r) with

respect to r at point r;. By using the continuity of wavefunction and the jump of its

derivative, we can obtain the matrix equation

\11:4 \I//B i1 _ / \I/A / \I/B a; (213)
\I]A \I/B bi+1 \I/A—O'i\IfA \IJB—O'i\I/B bz
where primes stand for differentiation with respect to r.
—1 ,
\I/A \I/B 1 \IJB _\IJB

If we multiply this equation by the matrix / / = W /
vy Vg Ll =T, Uy
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[55] , we obtain the recursion relation

2
. 14+ 20,0, 7% .
a; . ; a;
ol W(,Z.qﬂ W; (2.14)
bisi RS AN PR R

where we have used the Wronskian W; [W4 (r), ¥ (r)] which is calculated at r =
r;. The transfer matrix which gives the relation between the coefficients of the wave

functions for two successive intervals is denoted as M (k), that is,

) o; U2
L+ 55-Pa¥p e
M (k) = Vi Vi . (2.15)
l G S QR
—w —w; Vals

By using these transfer matrices for a finite number of the Dirac delta functions, we
connect the coefficients of the rightmost region to the coefficients of the leftmost region

as

a a
PR oM. MM, || (2.16)

bpi1 by

Since we satisfy the boundary conditions at » = 0 and » — oo by using g and V4,

respectively, we take a; and b,;1 zero. Thus, by defining the total transfer matrix X as

X=Mp.. .MM, , (2.17)
we get
a 0 T4 T 0
P1o| x _ 11 T12 (2.18)
0 b1 To1 T2 by

for bound state solutions since W5 becomes infinite as r — oo [or y — 0]. This equation
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holds if and only if

792 (k%) =0 (2.19)

which gives the bound state energy spectrum of the potential V(r) by using the roots

k2 of Z923.
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3. BOUND STATE ENERGIES FOR THE DIRAC DELTA
POTENTIAL

We consider a Dirac delta potential located at x = a, described by the potential

Vix)= —hZ—O d(x—a) (3.1)

2m

where o > 0 [2, 56]. The particle is free everywhere except for the isolated singular

point at = a . The wave functions in the left and right regions are

eikox e—ikom
U, =A + B 3.2
g V2T V2T (3:2)

ikox —ikox
‘ ‘ (3.3)

Up=C +D .
f V2T V2T

By using the continuity of the wave function and the discontinuity of its derivative at

the location of delta function, we get

Vp(a)=Wp(a) ;5 Wi(a) =V (a)=—oV(a) (3.4)
lead to equations:
eikoaA + e—ikoaB — eikoac + e—iko(lD (35)
[iko €™ C —ikge ™ D] — [ikoe™* A —ikge " B] =
(3.6)

— [eikoaA + e—ik‘oa Bj|



We write these equations in matrix form as:

eikoa efikoa A eikoa e—ik’oa C
= 3.7
1+ 0 tkoa 1+ 10 —ikoa B ikoa —ikoa D ’ ( )
e e e —e
SO
-1
eik‘oa e—ikoa eikoa e—ik‘oa A
ikoa —ikoa el tkoa i0 —tikoa - ' (38)
eroe —emto L+ )e™ 14 )e™ B D
Here, the transfer matrix M is defined as:

SINNE

(3.9)

Comparing the above equations we easily see that the transfer matrix M is given by

1+ fo 1o ,—2ikoa
_ 2k 2ko
M ‘ . ‘ (3.10)
_ 1o 2ikoa 1 — to
2ko 2k
Thus, we obtain

In order to obtain bound states, the mqy element of the transfer matrix has to be zero.

10 10
mggzl—%:(}jk’o:?
0

(3.11)
For kg = %, by setting coefficients A and D to zero, the wave functions in the left and
the right regions becomes

e% 3762*90
v, =B , YUp=C .
g v 2T f v 2T

(3.12)

14
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We calculate the bound state energy eigenvalue from equation (3.11):

h2k2 h2?o?
E:z—mO:—Sm : (3.13)

Note that the energy is proportional to o2 , so it is as if we would have a bound state
even for a Dirac delta barrier: ¢ — —o . This unphysical bound state solution is
referred to as a Virtual State. Bound and Virtual states are distinguished by their
ko values; only Re (ko) = 0, Im (ko) > 0 cases are true bound states, Re (ky) = 0

Im (ko) < 0 cases are virtual.

Another example is the double Dirac delta well described by the potential:

h2o

V)= 22 [5 (w%)%(:::-%)] (3.14)

2m

In this case the total transfer matrix is given by

My = M(z+5)M(e-3)

2 2
14+ to o o—ikoa 1+ to g pikoa
_ 2ko 2ko 2ko 2ko
_ o gikoa _ g _ 1t ,—tkoa _ g
2o € L =55 2o © L= 55

Defining ky = tko ; y = koa , a0 = % we get

1+2  2e¥ 1+ Ze™¥

My = v vy (3.15)
S A —_C —Qpy _ o«
y Yy Yy

oW = (1 - g)Q’ (3.16)

a transcendental equation, which has one or two solutions according to the value of the
parameter « . Hence, the solutions of this transcendental equation give us the bound

states.
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4. CONDITION ON THE NUMBER OF BOUND STATES
FOR AN ATTRACTIVE POTENTIAL

In this chapter, we summarize some conditions on the number of bound states
of an attractive potential for s-wave (I = 0, angular momentum quantum number)
states for some specific potentials. The number of bound states of a potential can be
determined by evaluating numerical integral of the potential. Jost and Pais [57] showed

that the necessary condition for the number of bound states is:

2 (o]
e ve) dr> 1 (4.1)

Bargmann [58] presents an extended condition such that maximum number of

the bound states

< 1 2m [~
n —_—
SRi+1) m2

r|V(r)|dr. (4.2)

Calogero [59]-[62] has derived both upper and lower limits for the number of

bound states in a central potential for s-wave states.

2 /2 &
m<nm < 25 [ Ive) e (4.3)
0

with the condition V (r)" > 0.

Equation (4.3) gives a better result than equation (4.2).
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4.1. Condition on the Number of Bound States of Square Well

We consider square well of depth V[ and range R which is given by

0 forr>R,
Vr) < (4.4)
—Vo forr <R.

By using Bargmann’s integral formula, we get

2m [ 2m [ 12mVy R
no_ﬁ 7’|V( )|d7’—§ T"/Odr_i h;) s (45)
2mVy R?
QTLO ~ 72 . (46)

By using Calogero’s integral formula, we have

/ 2
/Qm/ )12 g — /2m/ V01/2d _ Zm;L/OR (A7)
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The exact solutions of the number of bound states for square well is

2
%(Zno — 12 < VR (4.9)

Hence, Calogero’s result is very close to exact result.

4.2. Condition on the Number of Bound States of the Dirac Delta
Potential

We can calculate the maximum number of bound states of the Dirac delta po-

tential V(r) = —%05(7‘ — 7).

In this example, we cannot use Calogero’s formula because the condition V(r)" >

0 is violated. We use Bargmann’s formula so that

2m [
ng < ﬁ/o r|V(r)|dr=or; (4.10)

for s states. Demiralp and Beker [51] showed that there are at most P number of bound
states for P finite number of the Dirac delta function. For one delta function, at most

we have one bound state and this bound depends on the condition or; > 1.

4.3. Condition on the Number of Bound States of the Woods-Saxon
Potential

The Woods-Saxon potential is given by

Vi
sz<7”> = —ﬁ. (411)

For nuclear physics applications, the parameter R is the average radius of the nucleus,

and the parameter a is taken as the thickness of the surface layer of nucleus. We can
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obtain a condition on the number of bound states of the Woods-Saxon potential by
applying Calogero’s integral formula. By using Calogero’s formula, we have a condition

on the number of the bound states:

2m 1/2 2m / 1/2
1/ dr = d 4.12
h? / h2 1+e ; " ( )

4 [2mV,
no < — 14/ n’; a? arcs1nh[e2a] (4.13)
7r

Hence, the Woods-Saxon potential can have a finite number of bound states and it has

no bound state if 4 |/272q2? arcsinh[e 2a] < 1.

4.4. Condition on the Number of Bound States of the Morse Potential
The Morse potential is given by
Var(r) = D(e 70" —2¢7*70"), (4.14)

Here, rq is the equilibrium interatomic distance, D is the well depth and « is a dimen-
sionless parameter which modifies the shape of the potential. By using Bargmann’s
formula, we only take the attractive part of the potential by setting the positive part
of the potential to zero [63]. By equating equation (4.14) to zero, we find such an

r; = ro(1 — 22) value that intersects x-axes (Figure 4.4).

1”72) and a > In2, we can

For the negative part of the potential r > r; = ro(1 —
apply Bargmann’s integral formula to the Morse potential. Here r; is the lower limit

of the integral. For 0 < a < In2, r, = 0. Hence, we get the condition for the number



-0.2
-0.4
-0.6
-0.8

-1

Figure 4.1. % vs, - for the Morse potential Vis(r) = D(e

=7
—2«
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r—rg

—2¢ “70 ) for

r > ro(1 — 22) where v = 1.445 and « is calculated from the reference [64].

of bound states ng:

By evaluating the integral, we get

2mDT02<2a+3—221n2) fOT a Z IHQ,

2
no S " aa 2a
2mPro?(3<=5=)  for 0 <a <In2.

(4.15)

(4.16)

For realistic systems, o > In2 since we have the very repulsive part of the potential

due to the Pauli exclusion effects for very small r values. Hence, for o > In 2, there is

no bound state for the Morse potential if 2222 (2043-2In2y 1
12 «

Here, we cannot use Calogero’s formula because monotonically decreasing condi-

tion is violated for the Morse potential.
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5. THE WOODS-SAXON POTENTIAL WITH POINT
INTERACTIONS

The Woods-Saxon potential, which is a shell model for the nucleus, makes a
good description to explain the interaction between the nucleon and the nucleus. The
Woods-Saxon potential is given by

Vo

Vivs(r) = TR (5.1)

For nuclear physics applications, the parameter R is the average radius of the nucleus,
and the parameter a is taken as the thickness of the surface layer of nucleus [65]. For
a << R, the potential approaches to —V{ inside the nucleus and 0 outside the nucleus

for (r — R) >> a [15] (Figure 5.1).

1%
. 0.5

-0.5 1

Figure 5.1. V%O vs. £ for the Woods-Saxon Potential Viys(r) = ——25 where

2 —25.

For describing very short range (localized) interactions together with the Woods-

Saxon potential, we decorate the Woods-Saxon potential with a finite number (P) of
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the Dirac delta functions. The potential is given as

Vir)y=———=— — ’ a;0(r — ;). (5.2)

Here, r;’s are the positions of P Dirac delta functions and the strengths o;’s are arbitrary
real numbers (Positive o; represents an attractive potential while negative o; represents
a repulsive one.). We treat ( -3 al) as the strengths of the Dirac delta functions for
calculational convenience. For [ = 0 (I is the angular momentum quantum number),
we search for the solutions of the time-independent Schrodinger equation

2
—zh— VO+VO=Ed . (5.3)

For bound states, we take

h2k?
E = — 4
v (5.4)
and
U
> — 7@ (5.5)

We obtain from equation (5.3)

d*V (r) 2m _
W—i_(h? —i-Z:O'2 r—r;) ]i))\I’(T)—O. (5.6)

We denote (0,71) as the 1%, (rs,ri41) as the (i+1)", and (rp,o0) as the
(P +1)" intervals for i = 1,..., P — 1. For r # r; equation (5.6) reduces to
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By defining
1
y=——rx (5.8)
l+ew
2mE
— 3 = a’ = —k*a® (5.9)
and
2mVj
7= = 2, (5.10)
equation (5.7) takes the following form:
d*¥ (y) dv(y)  ’y— P
y(l—y +(1—2y + v (y)=0. 5.11
(-T2 -+ TR (5.11)
By introducing
Uy) =y (L=y)"f(y), (5.12)
this differential equation reduces to hypergeometric differential equation:
d*f (y df (y
y(1—vy) dy(Q ) +2v+1—y(2v + 2u + 2)] %— (u+v)(u+v+1)f(y) =0 (5.13)

(where v = 3, and p? = 3% —~?). This equation has two linearly independent solutions

fily) =2k (p+v, p+v+1,2v+1;y) (5.14)

and

foy) =y Fi(p—v, p—v+1,1-2u;y) (5.15)
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where o Fi (o, (3, 7;y) is the hypergeometric function. The general solution of equation

(5.13) is

) = c1oFi(p+v, p+v+1, 20415 y) 4y ™ sFi(p—v, p—v+1,1-2w;y). (5.16)

For bound states, we note that 42 > 32, and pu = ie where € = /42 — 32. From now

on, for a short-hand notation, we will use notations
Fly)= Fi(p+v, p+v+1, v+ 1 y) (5.17)
and

Gy) =y Fi(p—v, p—v+1,1-2u; y). (5.18)

[

Since r = 0 and r = oo correspond to yo = 1(R > a) and y = 0, we have

¥(yo) = 0 and ¢(0) = 0 as the boundary conditions. Let us define

Ua=y'(1-yHr (5.19)
and
Wy = (1 - y)[F — AG] (5.20)
where
A= ggzg; (5.21)
and
Yo = — (5.22)
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For v > 0, the boundary conditions at y = 0 and y = y, are satisfied since 14(0) = 0
and ¥ g(yo) = 0, respectively. Thus, for the bound state solutions of equation (5.6), we

take wavefunction

for the first (leftmost) region and

Upi1 = ap1Va(y) (5.24)

for the wavefunction of the (p+ 1) (rightmost) interval. For the intermediate regions,

we take the wavefunctions in terms of linear combinations of W4 and ¥,

We can find constants a; and b; by applying the boundary conditions at the interfaces of
the intervals and normalizing the wavefunction. If we integrate equation (5.6) between
the interval r; — € and r; + ¢, and take the limit ¢ — 07, we find that the derivative of
U will have a finite jump at r = r;. By using the continuity of wavefunction and the

jump of its derivative, we can obtain the matrix equation

\If:4 \IJIB i1 _ / \I’A / \I’B a; (526)
\IJA \IJB bi+1 \I/A—O'i\IIA \I’B—O'i\IJB bl

where primes stand for differentiations with respect to r. If we solve this equation for

Ait1 . . .
the column vector , we obtain the recursion relation

bit1
U2
. 14+ 20, U, 7% .
a; . : a;
o WZW2 W, (5.27)
bit1 —A 1 — -0, Up b;
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where we have used the Wronskian
A
WilVa(r),Vp(r)] = W;[F,Gi gyf”“(l — y;) (5.28)

( Here, we denote the Wronskian of F and G as W. W; is the Wronskian calculated at

Y =yi.)
By substituting ¥4 and ¥ into equation (5.27), we get

Qi+1 a;

= M, (5.29)
bit1 b;

where the transfer matrix, M; is given as

1+ B F(F, = \Gi) L (F — A\G,)?

M, = o R (5.30)
g;a 1 2 o,a 1
—3 Waa L 1 = g FilE — AGi)

in terms of F; and G;.

Here, F; and G; denote F(y;) and G(y;) respectively. By using transfer matrix

method which was given in Chapter 2, we get the following equation

T2(8) =0 (5.31)

which gives the bound state energy spectrum of the system by using the roots 3 (—3* =
—k?a?) of wgy. Tt is instructive to obtain the equation for the energy spectrum for P=1
case in order to observe how the energy eigenvalues change as a function of ¢ ( We
define a dimensionless quantity ( = ca.). For P = 1, the total transfer matrix reduces

to Ml;. By equating xss element of this matrix to zero, and inserting W [V 4 (r), Vg ()],
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we get the following eigenvalue equation

o ME@)G ) — F(y1)Gy)ya(1 ~ y) (5.32)

F(y)(F(y1) — AG (1))

where y; = ﬁ for the Dirac delta function located at r; and ’ denotes derivative
l+e @
with respect to r. Since F, G are functions of 3, we solve this equation for the eigenval-
ues. Note that equation (5.32) reduces to the well known energy eigenvalue equation

of the Woods-Saxon potential as ¢ — 0,

—0 or F(yo) — 0 . (5.33)

For Vi = 0, our results reduce to the results in reference [51] with the Dirac delta

functions. For demonstrating this limit case, we take the following scaled wavefunctions

q]A,new = _ﬁ\pA (534)

and

Vg

\IIB,new = ﬁ (535)

with the corresponding Wronskian W, e. For Vo = 0, v = 0 so that 4 = v = 8 and
B = ka.

Here, we use the series expansion of the hypergeometric function
M) < I'la+n)l(b+n)y"

Fi(a,b,cy) = . .
2 l(a’ 7C7y> P(C+’I’L) TL' (5 36)

For the special case b = ¢, we have



28

2 3
o F1(a,b,b;y) =1+ ay + ala + 1)% +ala+1)(a+ 2)% +..=0—-y)"* (537

For our limit case,
F(y) =2 Fi(ptv, ptv+1, 2v+1; y) = Fi(263, 1428, 1+28; y) = (1—y) > (5.38)
and
Gly) =y oFi(u—v, p—v+1,1-2v; y) =y~ 2F1(0, 1,1-206; y) =y~ (5.39)

where we have used the relation of hypergeometric functions

2 F1(0,b,0;y) = 1. (5.40)

The Wronskian of F and G at y = y; is

W, = —260 -~ y1) Py Y
=
y1(1—y1)

(5.41)
and

ae Eo) (L gyee (5.42)

If we insert these relations into the matrix element mq; of the transfer matrix M;,

which is given in equation (5.30), we get
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o;a 1 o;a

————F(F,— AG;) = 1 +
A Wiyi(1 = ;) ( ) —2p

G853

miy + (1= po)

By writing yo, y1 in terms of exponentials, we get

o —20r
=1 leTa —1 5.44
miy + 23 le ], (5.44)
miy =1+ _QCZaei”[ei” - e%]. (5.45)
Then, for v — 0, v = ( and 3 = ka, we get
my =1+ %e_k” [ehri —e7hri] =1 +Z k; ~Miginh(kr;). (5.46)

Finally, we have

me ™ [2sinh(kr;)
my =1— UZTZ[\/R N =1- UimI% (kri)K% (kry) (5.47)
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where
\/gsinh(x)
Ii(z) = —F+— (5.48)

and

() = (5.49)
are the modified Bessel functions of order %

By performing the same steps for the other matrix elements in equation (5.30)

we obtain:

1—}—0‘17‘11%(]67‘1).[(1(]{57“2) O'Z’T‘Z(I%(kf?“z))2

2 (5.50)
—Um(K% (k?“l))2 1— O'ﬂ"i[% (k?“l)K

(le)

1
2

These matrices are exactly same matrices which are given in reference [51] when we
have only P Dirac delta functions for three-dimensional delta shells. For only one Dirac

delta function case, we get the following eigenvalue equation by using mgs = 0

1-— 0'17“1]%(]{37’1)}( (k”l“l) =0. (551)

1
2

This is the result of Antoine et al. [66].

For atomic physics applications, we take m as the mass of electron, Vy = 4.6
eV and the parameter a = 0.3A which lead to v = 0.33 [29]. For nuclear physics
applications, we take m as the mass of proton, V5 = 38 MeV and a = 0.49 fm, which

lead to 7 = 0.66 [15]. In addition to these, by using reference [67] for lambda A°
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nucleon, the mass of A° = 1116 MeV/c?, Vy = 27.7 MeV, and a = 0.5 fm, we find
v = 0.62. Since these realistic values give 7 = 0.33—0.66, we take v = 0.5 for numerical

calculations of ground state energies for P = 1. We also take % = 25.

-0.22
-0.23 1
-0.24
-0.25
N
-0.26
-0.27
-0.28
-0.29 \ \ \ \ \ \ \ 1l
-04  -03 -0.2 -0.1 0 0.1 0.2 0.3 0.4
¢
Figure 5.2. Ground state energy Fy (in units of %) vs. ( = oa for v =0.5. ( O, +,
O, x represent r; = 2a, 4a, 10a, 30a cases respectively.)
For different r; values (r; = 2a,4a,10a,30a), we calculated numerically the

h2
2ma

ground state energy, Fjy, in units of -=—. Figure 5.2 shows how Ej changes as a function
of (. We note that the change in Ej as a function of ¢ shows an interesting behavior
which can be explained by using equation (5.51). For o3 — oo, Iy (kZTl)K%(kﬂ”l) goes to
zero to satisfy equation (5.51). [ 1 (x)K 1 () is a monotonically decreasing function of

z and Iy (ac)K%(:v) — 5 as « — 00 [51]. Then, we can obtain the asymptotic behavior

of the ground state energy. For o; — oo,

1-— o171

~0 5.2
2]4317"1 ( )

Hence,

oy~ L (5.53)
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Thus,
hQ 01 h2
Fosr ——(—)2 = —— (2 5.54
08 X —5 (5 Smaz ! (5:54)
as
G = o1a — 0. (5.55)

Since the Woods-Saxon potential is purely attractive, then the ground state energy
for V(r) is lower than the corresponding ground state energy Eys for only one delta
function interaction (Vo = 0). Thus, for attractive case, the ground state energy

decreases without any limit as ( increases.

Cohn [59] and Calogero [60, 61, 62] have shown that for an attractive, monoton-

ically non-decreasing ) > potential V(r), the number of bound states N has an
dr

upper limit :

N < g\/ii:’j/oooq V) |)dr. (5.56)

For the Woods-Saxon potential Vjyg, the integral in equation (5.56) can be obtained
exactly. Thus, we get

4
Nys < — 7 arcsinh[e%] (5.57)
7r

where v = 2’2—2‘/‘)@2 and Nyg is the number of bound states for Vi 5. Hence, the
Woods-Saxon potential can have a finite number of bound states and it has no bound
state if 2 ~ arcsinh[e2:] < 1. Unfortunately, the Calogero-Cohn bound (equation (5.56))
can not be applied to V(r) since equation (5.56) leads to square root of a function plus

a delta function and the monotonically non-decreasing condition for the potential is



33

violated at the location of delta function. It is shown that there will be at most P
bound states for a potential which contains only P delta functions [51, 68]. However,
for all attractive P delta functions, for sufficiently large o; values, delta interactions
can induce P bound states [51, 68]. Thus, for this case, by including the Woods-Saxon
potential part, V(r) can have at least max{Nys, P}.

For a repulsive delta function at » = r1, by using the Hellmann-Feynman theorem,

we find

2

% —~ ;—m W, (1) [ (5.58)
U, (r1) depends also on |o7| and, for repulsive case, ¥,,(r1) should go to zero as |o1| — oo
for a bound state. (If W, (r1) # 0 as |o1] — oo, by integrating equation (5.58) with
respect to |oq|, one can show that F, becomes larger than zero and V¥,, will not be a
bound state anymore since it can not decay to zero as r — o0.) Thus, for one delta
function case, ¥U(r;) = 0 leads to F/(y;) = 0 for y; # 0. (For y, =0 (r — o0), U(r;) =0
is already satisfied by the boundary condition at infinity.) Hence, for y; # 0, the roots
of F(y1) = 0 give [ values for bound states. Since ¥(r) should decay to zero for y — 0

(r — 00), we take 3 > 0.

We consider the Woods-Saxon Hamiltonian Hyyg = —%VQ + Viys for a given
Vivs. Since it has only a finite number of bound states, we assume that there are only
N bound states for a given Viyg (N > 0). Thus, we have the ordering of bound state

energies:
EMNV < B <. <EY <. <ENYT <0 (5.59)

where subscript ¢ represents the number of nodes of the corresponding wavefunction.
For a repulsive delta interaction located at r = r; (here we assume 7 is not a position

of a node of the wavefunctions for Viyg), we get the bound state energies E; |, for V (r).
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Thus, for a repulsive delta interaction, we have
ENVS < Ej (5.60)

for ¢ = 0,..., N. For any function ¢y; which satisfies boundary conditions and has
(N + 1) nodes, we have (¢n11|Hws| dn+1) = 0. Thus, ¢y is not a bound state.
The limit |o1| — oo leads to W;(r;) — 0 and an increase in the number of nodes of
wavefunctions by one. Since W;(r) is an eigenfunction for the Hamiltonian with V' (r),
but not for Hy s and W;(r) depends on oy and it has (i + 1) nodes as |o1| — oo. Then,

we have

E[Y < lim (U;|H"®|¥;) < lim (¥; | H | ¥;) = Ej . (5.61)

lo1|—o00 lo1|—o0

Hence, Eﬁf < B fori=0,1,..., N — 1. Since there is no eigenfunction of Hy g with

N + 1 nodes, we have 0 < Ey o, and the number of bound states is lowered at least by
one as |07 — oo. (Here we assume that delta function is not located at the positions
of the nodes of bound state eigenfunctions of Hy g. If it is located at the position of
a node of ¥y g, then Wy g and E}\A,/S will not change and ¥y g = V. However,
as |o1| — oo, Uy_1 and ¥y will have the same number of nodes since Wy _;(r;) — 0
and the same node position at r = r;. Thus, as |oy| — 0o, Ux_; will become identical
with Wy to lower the energy since E]V\‘,/S < EN_1,00- Thus, the number of bound states
is again lowered by one as |o;| — 00.) Equation (5.58) shows that Ey is a continuous
function of |oy|. Hence, for a sufficiently large repulsive |o;| values, the number of

bound states for V(r) is reduced at least by one.

In Figure 5.3, we investigate the ground state energy with respect to r; values
and take ¢ = 0.1 (attractive case). We see that the ground state energy has a minimum
around r; = 13a value and then increases with increasing r;. We also obtain similar
results for different strength values of delta function, ¢ = 0.05,0.01 and present our

results in Figure 5.4.
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Figure 5.3. The ground state energy Fy (in units of 5—2) vs. the position of the

2ma?

Dirac delta function r for ( = oa = 0.1 (attractive interaction), v = 0.5. Here, 7 is

in units of a .
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Figure 5.4. |AEI§(|’ = EXT;JEO vs. the position of the Dirac delta function r; for ( = oa
(attractive interaction) where E(I)/V 2 By stand for the ground state energies for the
Woods-Saxon potential with delta function and the Woods-Saxon potential,
respectively for v = 0.5. Here, r1 is in units of a. ( O, 4, ¢ represent

¢ =0.01,0.05,0.1 cases respectively.)

In Figure 5.5, we take ( = —0.1 (repulsive case) and observe that the ground

state energy has also a maximum around r; = 13a value and then decreases with
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Figure 5.5. The ground state energy Fy (in units of %) vs. the position of the
Dirac delta function r for ( = 0a = —0.1 (repulsive interaction), v = 0.5. Here, 7y is

in units of a .
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Figure 5.6. Bl = 1B

vs. the position of the Dirac delta function r; for { = oa
(repulsive interaction) where E(I)/V"S, Ey stand for the ground state energies for the
Woods-Saxon potential with delta function and the Woods-Saxon potential,
respectively for v = 0.5. Here, r1 is in units of a. ( +, O, ¢ represent

¢ = —0.01,—-0.05, —0.1 cases respectively.)

increasing r; values. The Dirac delta part of the potential begins to lose its effect for

r1 > R = 2ba. We also obtain similar results for different strength values of delta
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function, ¢ = —0.05, —0.01 and present our results in Figure 5.6. The effect of the
Dirac delta function is diminished for very small and very large values because the

wave function goes to zero due to the boundary conditions.

Table 5.1. Configuration Numbers (Neof) for the ordered (P=1, 2) Dirac delta

functions. A and R denote the attractive and repulsive Dirac delta functions

respectively.
Neony | P=1 | P=2
1 A A2
2 R | AR
3 - RA
4 - R?

For P > 1, we can find energy spectrum by using the total transfer matrices and

equation xas () = 0.

We calculate the roots of equation (5.31) for the P = 1,2 cases for the attractive
and repulsive Dirac delta functions at different locations. For demonstrating all these
results together in a figure, we define configuration numbers for different ordered con-
figurations which are presented in Table 5.1. For example, for P=2, two attractive delta
functions is shown as AA which has the configuration number 1, attractive and repul-
sive (AR), delta functions has configuration number 2, etc. Two delta functions are
located at different locations. When we calculate the eigenvalue equation numerically

for two delta functions case (P = 2), we take v = 0.5 to get eigenvalues.

In Figures (5.7)-(5.10), we illustrate the ground state energy with respect to
configuration numbers for |(| = 0.1,0.5. We also note that the attractive delta func-
tion case is more effective than the repulsive delta function case by comparing the
AA(Neons = 1) and RR(Neop s = 4) cases. This effect can also be seen in Figure 5.2 for
one delta function case. We can explain this effect by considering the change of the
wave function. The wave function has a kink and its derivative has a finite jump at

. . . 2
r = r;. Hence, the wave function forms an outward kink and increases the value of |¥|



38

-0.228 G

-0.23 .
20.232 | .
10.234 | .
-0.236
" .0.238 |

-0.24 F
20.242 |
20.244 |

-0.246 ; ‘
0 1 2 3 4

Nconf

Figure 5.7. The ground state energy Fj (in units of %) vs. configuration of

different arrangements of the Dirac delta functions at v = 5a and ry = 10a for

(=oca=0.1and v=0.5. ( O, 4+, Orepresent P =0, 1,2 cases respectively.)
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Figure 5.8. The ground state energy Fy (in units of %) vs. configuration of
different arrangements of the Dirac delta functions at r; = ba and ry = 20a for

(=0a=0.1and v=0.5. ( O, +, O represent P =0, 1,2 cases respectively.)

for the attractive delta function and forms an inward kink and decreases the value of
\\If|2 for the repulsive delta function. Thus, the attractive Dirac delta functions result
in bigger changes in the ground state energy since the energy change due to the Dirac

delta functions is proportional to |¥|*.
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Figure 5.9. The ground state energy Fj (in units of %) vs. configuration of

different arrangements of the Dirac delta functions at r; = 5a and ro = 10a for
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Figure 5.10. The ground state energy FEy (in units of
different arrangements of the Dirac delta functions at r; = 5a and ry = 20a for

(=oca=0.5and v=0.5. (O, +, Orepresent P =0, 1,2 cases respectively.)
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6. THE MORSE POTENTIAL WITH POINT
INTERACTIONS

The Morse potential is very successful to explain the potential energy of a di-
atomic molecule. The Morse potential includes the bond breaking effects. For this

reason compared to the harmonic oscillator, it gives a better approximation.

The Morse potential is given by

2070 _aT=r0

Vi(r) = D(e ™70 —2e %0 ). (6.1)

Here, rq is the equilibrium interatomic distance, D is the well depth and « is a dimen-

sionless parameter which modifies the shape of the potential [65] (Figure 6.1).

3|

T—TQ T—TQ

Figure 6.1. Y3 vs. L for the Morse potential Vy;(r) = D(e 70 —2e 70 ) where

o = 1.445.

The Schrodinger equation for the Morse potential is exactly solvable for angular

momentum [ = 0 case [65].

Our motivation in this chapter is to investigate changes in the eigenstate solutions

for the Morse potential when there are some very local deviations from the Morse
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potential. By modeling very local interactions with the Dirac delta functions, we
study the Schrodinger equation for the Morse potential together with a finite number
(P) of the Dirac delta functions. This potential can be utilized to model systems that
may have very short range interactions in addition to the Morse potential. Since these
point interactions modify the energy levels for the Morse potential, it can be used to
describe some realistic potentials which has roughly the Morse potential shape, but
exhibits some local deviations from the Morse potential. As an example of a deviation
from the Morse potential form, we mention the double-minimum potential energy curve
for the first excited ! Z;r state of Hy molecule [42]. We note that the Morse parameters
we used are for the ground state of Hy and our approach is for very local deformations
of the Morse potential and not for the double-minimum interaction potential of the
excited state of Hy with a broad peak. As a simple model of the potential of the
hydrogen molecule in a hollow, spherical Cgq cage, our model can be used to describe
the interatomic H-H interaction as the Morse potential and the interaction between H,
and spherical Cgy cage as a contact interaction which can be represented by the Dirac

delta interaction Ad(r — ro) where the constant A is the strength of the interaction.

For describing very short range (localized) interactions together with the Morse
potential, we decorate the Morse potential with a finite number (P) of the Dirac delta

functions. The potential is given as

Here, r;’s are the positions of P Dirac delta functions and the strengths o;’s are arbitrary
real numbers (Positive o; represents an attractive potential while negative o; represents
a repulsive one.). We treat ( —%Ui) as the strengths of the Dirac delta functions for
calculational convenience. For [ = 0 (I is the angular momentum quantum number),
we search for the solutions of the time-independent Schrodinger equation

h2
—%V2<I>+V<I>:E<I> : (6.3)



For s-wave bound states, we take

27.2
g F
2m
and
U(r
q)(T,Q,(p) = 7(ﬂ )}/00<8790>

By using equation (6.3), we obtain:
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(6.4)

(6.5)

Since P number of the Dirac delta functions divide space into P + 1 intervals,

we denote (0,71) as the 1%, (r;,741) as the (i + 1), and (rp,c0) as the (P + 1)

intervals for i = 1, ..., P — 1. For r # r;, equation (6.6) reduces to

dr? h?

By defining

T —7To 2
7_5 = 2
To h

xr =

equation (6.7) takes the following form:

d*V (z)

= + (_52 + 2726—05:1: _ 726—20&5)\1} (l’) =0.

CU(r) [(—27”17(6—20/250 _ 26—“250)) - 181 U(r) =0.

th

(6.7)
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By using a new variable y = %e‘““’c, equation (6.9) becomes

ffW@X%dW@)

oy 1
dy? Y dy "2l

y— 4" (y) = 0. (6.10)

oa?  « 4

+(

By introducing ¥ (y) = yge%y f (y), this differential equation reduces to confluent

hypergeometric differential equation with the parameters ¢ = % +1anda= g -1+ %:

*f (y)
dy?

te—p T8 _opg =0 (6.11)

This equation has two linearly independent solutions | Fi(a, ¢;y) and y'~¢ 1 Fy(a — ¢ +
1, 2 — ¢;y) where 1 Fi(«, §;y) is the confluent hypergeometric function. The general

solution of equation (6.11) is
f(y)=c 1Fi(a,ciy) +cay ¢ 1Fi(a—c+1,2—cy). (6.12)
For the Morse potential, we note that 42 > 32 for bound states.

Hence, the solutions of equation (6.7) are

+1;y) (6.13)

and

2
L S T ] (6.14)
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From now on, for a short-hand notation, we will use notations

_ pP_ox, 125
F(y)— 1F1<Ck Oé+2’ o +1ay) (615>
and
2 1 2
Gly)=y = 1F1(—§—g+§,—£+1;y). (6.16)

Since r = 0 and r = oo correspond to yy = %ea and y = 0, we have ¢(yo) = 0 and
1(0) = 0 as the boundary conditions. For r = oo (y = 0), the first solution of equation
(6.7)

Uy =yae? Fly) =0 (6.17)

satisfies the boundary condition. However, for r = 0 (y = o), the second solution of

equation (6.7)

B —yg
Uy =yge2 Gyo) # 0 (6.18)

does not satisfy the boundary condition.

In order to satisfy boundary conditions and have two independent solutions, we

choose a coefficient

F(yo)
)\ = 6.19
Clwo) (6.19)
and define
U,y =yae? F (6.20)
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and

Uy =yae s [F — A\G]. (6.21)

With these choices, for § > 0, by performing the same steps which are given in
the previous chapter, we obtain the eigenvalue equation for one Dirac delta function

case:

(6.22)

where y; = %’e_a %o for the Dirac delta function located at r1 and ’ denotes derivative

with respect to r. Since F and G are functions of 3, we solve this equation for the
eigenvalues. Note that equation (6.22) reduces to the well known energy eigenvalue

equation for the three dimensional Morse potential as o — 0,

— 0 or F(yo) -0 . (6.23)

By using asymptotic expansions of F'(yy) and G(yp), it can be shown that for
Yo — 00 (7 — 00), A — 0 and the wavefunction is finite only if g -1+ % = —n for
n =20,1,2,.... This result leads to the energies
1w 1

E(n) = —D + hwo{(n + 5) — E(n + 5)2} (6.24)

where hwy = %Qa'y and n = 0,1,2,.... The same result is obtained for the one-
0

dimensional Morse potential since for yy — oo, the three-dimensional and the one-
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dimensional problems have the same boundary conditions. We note that this boundary
condition is exactly the third condition stated by Morse [32]: “V(r) should become
infinity at » = 0 (this need not be exactly true, however, the results are practically the

same if V(r) becomes very large at r = 0).”

For D — 0 (v — 0), we recover the results in reference [51] for the potential that
is described only with the Dirac delta functions. For demonstrating this limit case,
we take the following scaled wavefunctions W4 e, = —/7TV 4 and ¥p e = ‘I’—\/fir with
the corresponding Wronskian W je,,. For v — 0, a — 0 and % =finite, we obtain the

following asymptotic value of the confluent hypergeometric function with finite values

of y.

We use series expansion of confluent hypergeometric function F'(a,c;y):

L(c) \~Tla+n)y" y ala+1)y® ala+1)(a+2)y’
Fla,c;y) = Y _14%% L v
(a.¢:9) F(a)nz%f‘(c—i—n)n! et e 2 T e Dier2) 3 T
(6.25)
For7—>0anda—>0,azg—g+%—>g,c:%+1—>%andthus
B 26 . ly 142 1393 o
F(a,c,y)fF(—,E,y)—1+§i+§—'+§§+ =e2. (6.26)

Therefore, we have the following asymptotics of F(y), G(y), W and A with finite

values of y:

YRS
2|2

+1y) ~eb, (6.27)

N | —

Fy) =1 Fi(

LI
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1 2 2 y
Gw) =y ¥ ATy L By e, (6.28)
2 _28_
Wiw(—;ﬁ)eyiyi « (6.29)
and
F 1
re Fo) . (6.30)

If we insert these quantities into the transfer matrix

1 han Lp(m AG) Sl (F — AG,)?

Mi _ Aoy Wi )\a yW (631)
—on L 1 - 2n L F(F, ~ AG,)

and write g, y; in terms of exponentials, the mq; element of the transfer matrix

M, becomes:

0iTo  Yi |28
my =1+ —)a —1]. 6.32
w1+ TR E g (6.32)

) 21670‘(”;(:0) —ai
By writing £ = ~e—~——— = ¢ "7 into mq;, we get
Yo 2&e

. —2pr;

my =1+ 20T — 1] (6.33)



or

—0;rg =Bri  —Bri Bri
e [eo —emol.

Then, for v — 0, o — 0, I = finite limits and 3 = kry, we get,

al—r T —kr r
m11_1+2k krifehri e kl]—l—l—k ~Miginh(kr;).

Finally, we have

me " [2sinh(kr;)
mi = 1-— O'Z'f’l\/i\/k_rz \/k;_rz =1- 0'1'7’1'[% (kn)K% (k’l"z)

where

and

are the modified Bessel functions of order %

By performing the same steps for the other matrix elements, we obtain:

48

(6.34)

(6.35)

(6.36)

(6.37)

(6.38)
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1 "‘O'ﬂ“i[; ]{37’7; K; ]{77’2' o;T; Il ]{}7”1' 2
M, — s (k) Ky () (11 (kr:)) ‘ (6.30)
—O'iT’i(K% (ICT’Z )2 1-— O'Z'T’Z'I% (lf?"Z)K (k??“l)

1
2

Same matrices are obtained in reference [51] when we have only P Dirac delta functions
for three dimensional delta shells. Then, for one Dirac delta function case, we reproduce

the result of Antoine et al. [66] by equating mas to zero:

1-— 0'17'1[% (k?“l)K (k)?’l) = 0. (640)

1
2

For molecular physics applications, we take the Morse parameters for H; molecule
from references [64, 69], D = 4.748eV, ro = 0.741A and huwy = 0.548¢V. These values
lead to v = 25.04 and o = 1.445.

For different r; values (r; = 0.8rg, rg, 1.27), we calculated numerically the ground

state energy, Fjy, in units of 2 We define a dimensionless quantity 7 = ory. Figure

i
2mrd”
6.2 shows how FEj changes as a function of a dimensionless parameter of 7 = ory. By
using equation (6.40) for D — 0, the asymptotic behaviors of I,(x) and K,(z), for

o] — 00, we get

1

1—oyr ~ 0. 6.41

! 12k1r1 ( )

From equation (6.41), we obtain k; ~ % and , Es ~ —%(%)2 = —872137'12 as

71 = ory — o00. Then, by using the first order perturbation calculations with the

ground state for D = 0 and considering the extremum values of Vy,(r), for a very large
o1 and D # 0, we find Ey ~ —%(%)2 + ¢D where | ¢ |< maz{l,| e** — 2¢~ |}. Thus,

the ground state energy decreases monotonically as a function of oy, for very large oy
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Figure 6.2. The ground state energy Fy (in units of 5—2) vs. T = org for v = 25.04.

2mrq?2

( O, +, O represent r; = 0.8rg, 79, 1.21 cases respectively.)

values as seen in Figure 6.2.

We also note that attractive Dirac delta case is more effective than repulsive
Dirac delta case. This effect can also be seen in Figure 6.2 for one Dirac delta case.
We can explain this effect by considering the change of the wave function. The wave
function has a kink and its derivative has a finite jump at the location of delta function,
r = r;. Hence, the wave function forms an outward kink and increases the value of
|\Il|2 for attractive Dirac delta potential and forms an inward kink and decreases the
value of |W|* for repulsive Dirac delta potential. Thus, attractive Dirac delta functions
result in bigger changes in the ground state energy since the energy change due to the
Dirac delta functions is proportional to ]\If|2 from the first order perturbation theory

calculations.

Bargmann [58] has shown that the number of bound states N has an upper bound

for s-states when the value of the following integral is finite:

2 (o]
N < h_T/o r | V(r) | dr. (6.42)
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Thus, for an upper bound for the number of bound states of the Morse potential, we
only take the attractive part of the potential by setting the positive part of the potential
to zero [63] for r < r; = ro(1 — %) and a > In2. Here 7, is the lower limit of the
integral. For 0 < a <In2, r, = 0. Hence, we get the condition for the number of bound
states Njs:

oo

2m
T

By evaluating the integral, we get

2(2a+3-2In2
or a>1n?2,
Ny < ) / -

(6.44)

V(L= for 0 < o <In2.

4a2

For realistic systems, o > In2 since we have the very repulsive part of the potential
due to the Pauli exclusion effects for very small r values. Hence, for o« > In 2, equation
(A.1) leads to no bound state for the Morse potential if 4*(22+352102) < 1. For the

case of Hy, N); can be at most 1352 by using above numerical values of v, and «a.

We note that the number of bound states Ny, goes to zero as v — 0 (D — 0).
This limit corresponds to free particle case so that N = 0. Fora — 0, D — 0o (y — o)

2’232 = mw} = finite, V(r) & —D+1(222)(r —1)? = —D+ Lmw2(r —ro)2. Then,

and -
0 7o

V(r) is a harmonic oscillator potential shifted by a constant —D (“infinite well”) and
the number of bound states of the potential is infinite. The result from equation (6.44)
is consistent with this fact since the upper bound for /N, is proportional to l—z for very

small a values.

If we have only P attractive Dirac delta interactions (D = 0), there will be at
most P bound states [51]. Thus, for D > 0, we can deduce that equation (6.6) can

have at least max {N,;, P} bound state solutions for sufficiently large o; values.

Figures (6.3)-(6.4) show the ground state energy versus r; for 7 = +5 (+ at-

tractive case, - repulsive case) where 7 = ory. We see that the ground state energy
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Figure 6.3. The ground state energy Fy (in units of %) vs. the position of the
Dirac delta function m for 7 = org = 5 (attractive interaction), v = 25.04, and r is

in units of rq .
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Dirac delta function r for 7 = ory = —5 (repulsive interaction), v = 25.04, and ry is

in units of rg .
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has a minimum and a maximum around r; = 7o value for attractive and repulsive
cases, respectively. The Dirac delta part of the potential begins to lose its effect for
the locations of the Dirac delta potential with very small or very large r; values since

the wave function goes to zero due to the boundary conditions. We also obtain similar

results for different strength values of delta function 7 = ory, and present our results

in Figures (6.5)-(6.6).

P
-0.035 : : é"’ : :
0.4 0.6 0.8 1 1.2 14 1.6
™

5 AE, _ Fy"’—Eo

Figure 6. Bl = 1B

vs. the position of the Dirac delta function r; for 7 = org
(attractive interaction) where Eéw ? Ey stand for the ground state energies for the
Morse potential with delta function and the Morse potential, respectively for

~v = 25.04. Here, ry is in units of ro. ( O, +, ¢ represent 7 = 1,2, 5 cases respectively.)

ElgEO for the transition between the first

Figure 6.7 exhibits the frequency wy =
excited and the ground states as a function of 7. This frequency decreases first for
small 7 values and then makes a minimum and increases for large 7 values. This
behavior of wy can be explained by examining the change of the normalized |¢\2 since

9% = =32 1u(ry)l” and for small o, AE, = (=12) [¢(r1)|* Ao

For the ground state, Figure 6 shows |i|> versus r for oy = 0(r = 0) and

|2

T = o119 = 15, respectively. |¢|” at the location m = 1.3r( of delta function increases

as 7 increases. Thus, the change in Fy gets larger as 7 increases.
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Figure 6.6. vs. the position of the Dirac delta function r; for 7 = org

(repulsive interaction) where Eéw ’5, Ejy stand for the ground state energies for the
Morse potential with delta function and the Morse potential, respectively for

v =25.04. ( +, O, O represent 7 = —1, —2, —5 cases respectively.)
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Figure 6.7. The change of the frequency for the transition between the first excited

and the ground states, wy = ElgEO (in units of ﬁ) vs. T = org for one Dirac delta

function located at r = 1.3r¢ for v = 25.04.

Figure 6 shows |¢4]* versus r for the first excited state. The wave functions

change such that they also satisfy orthonormality relations. If |¢0|2 gets very large
’2

values at r = r; for very large 7 values, then |¢);|” will have very small values. Hence,
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Figure 6.8. The normalized square of the ground state wave function |¥o|* vs. r
where v = 25.04 and r is in units of ry for (a) oy = 0 and (b) the Dirac delta function

located at vy = 1.3rg for o,y = 15.

Awg = A(@) will be positive for large 7 values, that is, wg is increasing since

| 1o(ry) |? increases and | ¢ (ry) |? decreases as T increases. For small 7 values, since

| ¥1(r1) | is larger than | ¥g(ry) |2, Awy will be negative, that is, wy is decreasing.

Thus wy will have a minimum for an intermediate 7 value.

In Figure 6.10, we exhibit w; = % for the transition between the second and

the first excited states.

By plotting [t,|” for the second excited state in Figure 6, it is shown that the
value of |ih,|” gets smaller as 7 increases. Since both [¢;|* and |t,|” become very small

for very large 7 values, hence Aw; = A(%) ~ 0 at the location of delta function,

that is, w; goes to a constant value as 7 becomes very large as shown in Figure 6.10.
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Figure 6.9. The normalized square of the first excited state wave function [¥;|* vs. r
where v = 25.04 and 7 is in units of ry for (a) oy = 0 and (b) the Dirac delta function

located at r1 = 1.3rg for o1y = 15.

Since [t1(r1) [2 > | o(r1)|” for very small 7 values, Aw; > 0, that is, w; is increasing
for small 7 values. Figure 6.10 shows that w; also increases as a function of 7 for

intermediate 7 values.

In Figure 6.12, we plot average bond distance < r > as a function of strength of
delta function and see that < r > is a decreasing function of strength of delta function.
The reason for this decreasing of < r > may result from deformation of the Morse

potential due to delta function. This deformation leads to decreasing of < r >. In
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Figure 6.10. The change of the frequency for the transition between the second
excited and the first excited states, wy; = 22221 (in units of ﬁ) vs. T = org for one

Dirac delta function located at ry = 1.3rg for v = 25.04.

Figure 6.13, we investigate average bond distance < r > as a function of ;. For small
and large values of 7, average bond distance for delta decorated Morse potential goes
to its value for free Morse potential case. Average bond distance takes intermediate
values with respect to the location of delta function between the boundaries since the

effect of delta function changes with its location.
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Figure 6.11. The normalized square of the second excited state wave function |W,|”

vs. r where 7 = 25.04 and r is in units of ry for (a) o3 = 0 and (b) the Dirac delta

function located at vy = 1.3ry for oyrg = 15.
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Figure 6.12. Expectation value of r is in units of ro, < r >= fooo UirWodr vs. 7= ory

for one Dirac delta function located at r| = ry for v = 25.04.
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Figure 6.13. Expectation value of r is in units of ro, < r >= fooo WirWodr vs. rp for

7 =5 and 7 = 25.04. ({ and + represent one delta and no delta function cases,

respectively.)
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6.1. Sudden Perturbations

For another application of our method, we calculate the Py;, which is the tran-
sition probability, if the interatomic interactions of the diatomic molecular system
initially is described by the Morse potential and is perturbed suddenly by a very local,
spherical disturbance. We also performed numerical calculations for Py; by using our

numerical result which we already obtained for Hs molecule.

For the sudden perturbation of the Morse potential with the Dirac delta shell

interaction, we have

Py; =| / s PrrdV |2=| / Ut s rdr |? (6.45)

where ®,, is an eigenstate of the Hamiltonian with the Morse potential and ®,;4 is
the eigenstate of the perturbed Hamiltonian and ¢; = \I’JT(T)YOO(H,@) for J=M, Mo.
For a Hy molecule initially in the Morse potential, we study the change in vibrational
structure of Hs molecule when a sudden, shell-like perturbation applied to this system.
By modeling this type of perturbation with a Dirac delta shell interaction and using
“sudden approximation” [70, 71], we obtain the transition probabilities Py; for i, f =
0,1,2 (ground, the first and the second excited states, respectively) and present them
in Table 6.1. Here, we use the Morse parameters of Hy molecule given in references
[64, 69] and o179 = 15, 1 = 1.3r( for the numerical calculations. The results in Table
6.1. show that for these parameters, it is probable (with a probability 0.384) to have
transition to the first excited state by applying this shell interaction if the system is
initially in the ground state. Similarly, if the system is initially in the first excited

state, it will stay in that state after the perturbation with a probability 0.508.
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Table 6.1. Transition probabilities between the initial eigenstate (i = ®,,) and the

final eigenstate (f = ®jys) for the low-lying states (i, f = 0, 1, 2).

ANf| 0 1 2
0 |0.605 | 0.384 | 0.004
1 |0.270 | 0.508 | 0.185
2 1 0.077 | 0.074 | 0.774

6.2. Encapsulation of H, in sy Fullerene Cage

After the discovery of fullerene forms of carbon, encapsulations of atoms and
molecules inside spherical Cgp cage have been also studied experimentally [43], [72]-
[75].  Encapsulation of Hy in Cg was achieved by Murata et al. [43] and the fre-
quency measurement was performed by Mamone et al. [76]. The stabilization en-
ergy, AE = E(Cgo+ molecule) - E(Cgp) - E(molecule) and the vibrational frequency
shift A v = v(molecule in Cg cage) - v(free molecule) have been calculated by using
Hartree-Fock(HF'), Mgller-Plesset Perturbations (MP2), Density Functional Theory
(DFT) methods [77, 78]. For the stabilization energy AFE, these calculations gave
very different results in the range from -7.81 kcal/mol to +1.22 kcal/mol [77, 78]. Tt
is interesting that different methods (HF, MP2, DFT) give qualitatively different re-
sults for the encapsulation energy of Hs in Cy for the observed geometries. Negative
AFE indicates that encapsulation of molecule in Cgg, i.e. (Cg + molecule) complex,
is favored energetically to the separate, free Cgy and the molecule. In the case of HF
calculation [78], the hydrogen molecule bond distance is optimized while Cgo cage was
kept frozen and for the other cases of DFT and MP2 calculations [77], Cg and Ho
interactions were calculated without optimizing the whole complex. For AE, HF cal-
culation gave positive value (41.22 kcal/mol) [78], but MP2 and DFT calculations with
different basis sets give negative stabilization energies: MP2 results are(-0.49 to -6.94
kcal/mol) [77, 79] and DFT results (-5.81 to -7.81 kcal/mol) [77, 79] except B3LYP /cc-
pVDZ method calculation (+2.24 kcal/mol) [77]. Slanina et al. claimed that “B3LYP
functional does not produce reliable values for non-bonding fullerene encapsulations”.

Thus, we expect that the encapsulated Hs in (g is a stable complex with negative
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stabilization energy by considering results of other MP2 and DFT calculations.

The vibrational frequency calculations for H, showed upward shifts of +90 cm ™!
for HF calculation [78] and +23 and +25 cm ™" for DFT calculations [77]. The experi-
mental value of the vibrational frequency of free (gas phase) hydrogen molecule is 4161
cm™! [80]. The only experimental study for the vibration frequency of Hy in Cpq lead
to the result of 4071 cm™! [76] with a downward shift of -90 cm™! from the frequency

of the free Hy. Thus, HF, DFT calculations do not reproduce experimental frequency

shift (see Table 1).

It is quite reasonable to take Cgy cage as a spherically symmetric object. By using
HF' calculations, the center of mass of the encapsulated Hy was found to be at the
center of Cgo cage [81]. Thus, symmetric stretching vibrational motion of Hy molecule
is assumed to be along the diameter of the cage. These full quantum mechanical
(HF, DFT, MP2) calculations require large amount of computational time. The Morse
potential reproduce the vibration frequency of Hs accurately. By considering Cyp as
a spherical cage, we represent the interaction between H, and Cgg by a Dirac delta
interaction potential and apply our method. Thus, we get a reasonable potential model

for Hy molecule in Cg cage (see Figure 6.14 [82]).

Figure 6.14. Encapsulation of hydrogen molecule in Cy fullerene cage [82].

We fit the experimental vibrational frequency shift to obtain o, which is the
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strength of the Dirac delta potential for encapsulated Hs in Cgg cage by modeling the
interactions between Hs and Cgy with the Dirac delta function at the van der Waals

contact distance (see Figure 6.15).

Figure 6.15. Van der Waals contact model for Hy in Cyg fullerene cage. Ry, Rc and

Rgo represent the radius of hydrogen, carbon and Cgy cage, respectively.

We take the Morse parameters for hydrogen which are given in references [64, 69].
By using van der Waals contact model, we consider C and H atoms as van der Waals
spheres. When these H and C spheres come to contact with each other, we model their
contact interactions by introducing the Dirac potential. We use the notation “Hs.Cgy”

for Hy encapsulated in Cgo cage. The contact distance r1= Diameter of Cgo - 2(van der

Waals radius of C + van der Waals radius of H) ~ 7.0 A -2(1.7 A + 1.2 A) = 1.2 A.

Full Hamiltonian for “H,.Cgy” system,

Hyuww = Hegy + Hiy + Hin (6.46)
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where He,,, Hy, and H;,; are Hamiltonians for Cgy, Hy and the interaction between
Hy and C atoms. Hamiltonian for Cgy becomes the potential energy of Cgg since we
assume rigid Cgo cage and the center of mass of Cg is at rest. Hamiltonian for Hj in

equation (6.46) is given by

2

—h2
Hy, =Y (——)Vi + Vi, (75 = 1) (6.47)

QmH

=1

where Vy, is the potential energy of Hy. By separating central and relative motion for
— —
Hy with B = malitmals 5 — 5 _ 5 and M = 2my, m = ", equation (6.47)

myg+mpg 2

becomes:

_ h2 _ h2
Hyg, = 537Vt 5 Vi + Vi (7). (6.48)
For spherically symmetric case, by assuming that symmetric stretching vibrational
motion of Hy molecule to be along the diameter of the cage and the center of mass of

H, in Cgy to be at the center of cage and at rest, Hamiltonian for H, reduces to the

following equation:

—h2
Hy, = —V2+ Vy,(r) (6.49)

2m

where m = " is the reduced mass. Thus, full hamiltonian for “H,.Cgy” becomes:

—h?
Hyg = Hegy + %Vf + Vi, (1) + Hine (6.50)
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and
HptVpun = (Hegy + Huy + Hint)V(Coo) VY (Ha) = (E(Ceo) + E(S(HQ))\Iqull (6.51)

where W,y is the wave function of “Hy.Cgy” and E(Cyp), E°(Hy) are the energies for
Cgo and hydrogen molecule together with the Dirac delta potential, respectively.

Hence, for rigid, spherical Cgg cage, the interaction potential can be written as a
function of the interatomic distance between H atoms, that is, Vj,;=Ad(r — 1) where
r is the interatomic distance between H atoms and r; = 1.2 A as the location of the
contact interaction. By rewriting the interaction strength A in terms of our parameter
o, we get Vi, = —%05(7’ —r1). The energy of Hy.Cgy can be approximated as the
energy of Cgy plus the energy of H, in an effective potential which is sum of the
Morse potential and the Dirac delta interaction. Thus, for the ground state energies,
Eo(Hy.Cop)~ Eo(Ceo)+EM°(Hy) where EM°(H,) is the energy of H, for the Morse

potential together with the Dirac delta interaction. Then,

AE = Ey(Hy.Ceo) — Eo(Ceo) — E3' (Hy), (6.52)

AFE =~ Ey(Ceo) + E}°(Hy) — Eo(Ceo) — EY (Hy) (6.53)

and, we get,

AE ~ EM(H,) — EM(H,) (6.54)
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where Ey’s are the ground state energies of the related systems and E}!(H,) is the
ground state energy of free Hy in the Morse potential. In our case, the vibrational
frequency for free H, is 4165 cm ™! by using the Morse potential with the given param-
eters. The experimental frequency shift Av= v(Hj in Cq)- v(H2)=-90 cm™! to obtain
o where, v = @ where Ey and E; are the ground and the first excited state energies
of the related system (H, in Cg or free H,), respectively. At r; = 1.2 A, by fitting
frequency shift -90 cm™', we obtain 0=38.77(1/A). For these r; and 0=38.77(1/A)
values, we get the stabilization energy, AE= -4.27 kcal/mol. We present our results
in Table 1. Thus our potential form with r; = 1.2A, ¢=38.77(1/A) can describe the

interaction between the Cgy cage and the encapsulated Hs.

Table 6.2. Vibrational frequency v and stabilization energy AE are in units of cm™!

and kcal /mol, respectively. For DFT calculations, basis set superposition error

corrections are included.

I/(HQ) I/(HQ.Cgo) Av AFE
Experiment | 4161¢ 4071° -90 | NA?

This Work | 4165 4075 -90% | -4.27
HF® 4591.8 | 4681.3 | 89.5 | 1.22
DFET () 4466 4491 25 | 2.24
DFT (@) | 4513 4536 23 | -5.81

a: Auffray et al. [80], b: Mamone et al. [76], {: NA: Not available, §: The
frequency shift is fitted to obtain o, (i): Cioslowski [78], (ii): B3LYP method Lee et
al. [77], (i73): M05-2X Hybrid DFT method Lee et al. [77].
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7. THE ONE DIMENSIONAL MORSE POTENTIAL
WITH POINT INTERACTIONS

The one dimensional Morse potential is given by
Var(z) = D(e > 70 —2¢ % %0 ). (7.1)

Here, x4 is the equilibrium interatomic distance, D is the well depth and « is a dimen-

sionless parameter which modifies the shape of the potential.

Damski et al. showed that slow driving of a focused laser beam through a cloud

of trapped cold fermions creates a collective excitation in the system [45]. The effective

o (a:f:co)2
202

potential for the atomic motion in 1D model, V(z) = £ + U, (x,)exp(

5 ) where

U,(z,) < 0 (for an appropriately chosen laser detuning). The amplitude U,(x,) is
proportional to the laser intensity, x, = x,(t) is a time-dependent position of the
centre of the beam, while ¢ is directly related to the cross section of the (Gaussian)
laser beam. Thus Gaussian shape potentials are used to describe laser fields. It is
well-known that the Dirac delta function §(x —x,) can be expressed in terms of a limit

(:I:—:co)2

(0 —0)of f(z) = \/2;761‘]9(— 5-5—). The collective excitation due to the laser beam

is very local (Gaussian) so that it can be represented by the Dirac delta potential. A
focused laser beam through hydrogen molecule may lead to a very local deformation
on the potential energy curve for hydrogen. Thus, such a deformed system can be

investigated by using our approach.

We decorate the Morse potential with a finite number (P) of the Dirac delta

functions. The potential is given as

_ r—x _ r—x h2 P
= D50 — 200 ) = N 0i8(x — ;). 2
V(z)=D(e > 7 —2 7 ) Qm;ala(:ﬂ ;) (7.2)

Here, x;’s are the positions of P Dirac delta functions and the o;’s are strengths. We
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treat ( —%ai) as the strengths of the Dirac delta functions for calculational convenience.
In one dimension, we search for the solutions of the time-independent Schrédinger

equation

h?  d?
For bound states, we take
h2k?
E=- v (7.4)

By using equation (7.3), we obtain:

2\11 _2 —20. 2220 —a®20 -
ddx(f) + < T (e 20" — 2¢7 %% + Zaits@ — X)) — k’2> U(z)=0. (7.5
=1

)th

We denote (—oo, 1) as the 1) (z;,2;41) as the (i +1)", and (zp,00) as the

(P +1)" intervals for i = 1,..., P — 1. For & # x;, equation (7.5) reduces to

d*V(x) —2m _, _94%=%0 ot 5
) + |:< = D(e 5 — e EN) )) —k :| \Il(x) = 0. (76)
By defining
g=""2 (7.7)

Zo



and

equation (7.6) takes the following form:

d*V (q)
dq?

+ (=% 4+ 292 — 422N (¢) = 0.

By using a new variable

2
y:—’ye_aq’
a
equation (7.10) becomes
EV(y) AV By
2 Ty S (y) =0
i RS I A  DEAC)

By introducing

U(y) =yee2 f(y),
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(7.8)

(7.9)

(7.10)

(7.11)

(7.12)

(7.13)

this differential equation reduces to confluent hypergeometric differential equation with

the parameters

(7.14)
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and

a—g—g—i-%: (7.15)
d(;lfy(Qy) N (C_y>60”d_(yy) Caf(y) =0 (7.16)

This equation has two linearly independent solutions 1 F}(a, ¢; y) and Yyl F 1(a—c+
1, 2 — ¢;y) where 1 Fi(«, (;y) is the confluent hypergeometric function. The general

solution of equation (7.16) is

fy) =c1Fi(a,cy) + e y'e 1Fila—c+1,2—cy). (7.17)

For the Morse potential, we note that 2 > 32 for bound states.

From now on, for a short-hand notation, we will use notations

6 v 12
Fly)= {Fi(———+ -, — +1; 7.18
(y) 11(05 Oé+2705+’y) ( )
and
_28 v, 1 20
Gly) =y = Fi(—— -+ =, —— + 1L;y). 7.19
W)=y = h(=o -~ 45—+ 1y) (7.19)
Since * = —oo and = = oo correspond to y = oo and y = 0, we have ¥ (oc0) = 0 and

1(0) = 0 as the boundary conditions. Let us define

B
a

Uy =yae2 F (7.20)
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and
Uy =yae 2 [F — \G] (7.21)
where
F(y — o)
— 22
A G(y — o0) (7.22)

For 8 > 0, by using the same steps which are given in chapter 5, we obtain the

eigenvalue equation for one Dirac delta function:

Ay (F(y1)G(y1) — F(y1)'G(yn))
F(y1)(F(y1) — AG(y1))

oxy —

(7.23)

_AZX1mT0
where y; = ZXe”“ % for the Dirac delta function located at z; and’ denotes derivative

o

with respect to x. Since F and G are functions of 3, we solve this equation for the
eigenvalues. Note that equation (7.23) reduces to the well known energy eigenvalue

equation for the one dimensional Morse potential as 0 — 0,

) —0 or Fly —»o00)—0 . (7.24)

By using asymptotic expansions of F(y) and G(y), it can be shown that for

y — 00, A — 0 and the wavefunction is finite only if g—g—l—% =-nforn=20,1,2, ...
This result leads to the energies
1 hu}() 1
E(n)=—-D+h Y- — —)? 2
(n) + hwo{(n + 2) D (n+ 2) } (7.25)

where Awg = 2 2ay and n =10,1,2, ....

2
2maxg
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For D — 0 (v — 0), we recover the results for the potential that is described
only with the Dirac delta functions. For v — 0, @ — 0 and I =finite, we have finite y

values and the following asymptotics of F(y), G(y), W and A:

B 7 124 y
Py = R (P2 V20 7.26
(y) 1 1(@ o + 27 o + ay) €z, ( )
o gy 1 28 _2
Gy) =y 1F1(—&— 5 " +1y) ~y ez, (7.27)
2 _28_
Wi (=2 pemy 50 (7.28)
a
and
1 _ Gly—oo) 2
I U A o ) 2
A Fy — ) y =0 (7.29)

We insert these quantities into equation (7.23), and write y; in terms of exponential.

Then, for v — 0, a — 0, 2 = finite limits and 3 = kx,, we get

o

k=—. 7.30

’ (7.30)

By writing k in terms of E (£ = —%), this equation leads to well known

eigenvalue equation:

h2o?

E=— 7.31

v (7.31)

for the one Dirac delta potential.
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Figure 7.1. The ground state energy FEy (in units of h—2) vs. T = oxy for v = 25.04.

2mxg?

( O, +, O represent x1 = 0.8z, xg, 1.2x¢ cases respectively.)

For molecular physics applications, we take the Morse parameters for Hy molecule
from references [64, 69], D = 4.748¢V, x¢ = 0.741A and hw, = 0.548¢V. These values
lead to v = 25.04 and o = 1.445.

For different z; values (x; = 0.8x¢, ¢, 1.229), we calculated numerically the
ground state energy, Fjy, in units of % We define a dimensionless quantity 7 = ox.
0

Figure (7.1) shows how Ej changes as a function of a dimensionless parameter of

T = 0X.

We note that attractive Dirac delta case is more effective than repulsive Dirac
delta case. This effect can also be seen in Figure 7.1 for one Dirac delta case. We can
explain this effect by considering the change of the wave function. The wave function
has a kink and its derivative has a finite jump at the location of delta function, x = z;.
Hence, the wave function forms an outward kink and increases the value of |W|* for
attractive Dirac delta potential and forms an inward kink and decreases the value of
|\Il|2 for repulsive Dirac delta potential. Thus, attractive Dirac delta functions result in
bigger changes in the ground state energy since the energy change due to the Dirac delta

functions is proportional to ]\II|2 from the first order perturbation theory calculations.
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We also investigated the change of the ground state energy with location of delta
function for different strength values and found that our results are similar to the

results of three-dimensional case.

140
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Figure 7.2. The change of the frequency for the transition between the first excited

and the ground states, wy = £ (in units of ﬁ) vs. T = oxq for one Dirac delta

function located at xy = 0.8x¢ for v = 25.04.

E1—Ey

= for the transition between the first

Figure 7.2 exhibits the frequency wy =
excited and the ground states as a function of 7. This frequency decreases first for
small 7 values and then makes a minimum and increases for large 7 values. This
behavior of wy can be explained by examining the change of the normalized W\Q since

OB — I |y (2)[* and for small 03, AE; = (=22 [i;(21)|* Aa.

For the ground state, Figure 7 shows |¢y|° versus x for oy = 0(7 = 0) and

T = 0129 = 15, respectively. ]w0\2 at the location x; = 0.8x( of delta function increases

as 7 increases. Thus, the change in Fy gets larger as 7 increases.

Figure 7 shows |¢/4]* versus x for the first excited state. The wave functions

change such that they also satisfy orthonormality relations. If \1/10\2 gets very large
’2

values at x = z; for very large 7 values, then |¢|” will have very small values. Hence,

Awy = A(%) will be positive for large 7 values, that is, wq is increasing since

1o (1)) increases and |11 (x1)|” decreases as 7 increases. For small 7 values, since
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Figure 7.3. The normalized square of the ground state wave function |\Ilo|2 Vs. X
where v = 25.04 and z is in units of z, for (a) oy = 0 and (b) the Dirac delta function

located at x1 = 0.8z for o129 = 15.
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Figure 7.4. The normalized square of the first excited state wave function || vs. x
where v = 25.04 and =z is in units of z, for (a) oy = 0 and (b) the Dirac delta function

located at x1 = 0.8z for o129 = 15.

4y (21)|? is larger than [1o(x1)|°, Awy will be negative, that is, wy is decreasing. Thus,
wp will have a minimum for an intermediate 7 value.
Ey—E,

In Figure 7.5, we exhibit w; = =27=* for the transition between the second and
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Figure 7.5. The change of the frequency for the transition between the second excited

h
2mxo?

and the first excited states, w; = 2222 (in units of

) vs. T = oz for one Dirac

delta function located at z; = 0.8z for v = 25.04.

the first excited states.

By plotting [¢»|* for the second excited state in Figure 7, it is shown that the
value of [1),|* gets smaller as 7 increases. Since both |¢|* and |1)2]* become very small
for very large 7 values, hence Aw; = A(LhEl) ~ 0 at the location of delta function,
that is, wy goes to a constant value as 7 becomes very large as shown in Figure 7.5. For
small 7 values, since |1)5(21)|? increasing larger than [y (z1)|?, Aw, will be negative,

that is, w, is decreasing. Thus w; will have a minimum for an intermediate 7 value.

In Figure 7.7, we investigate the change of the oscillator strength correspond-
ing to the transition between the first excited and the ground states, flOZQH—T (B —

2
Ey) | [0, WiaxWodz| , as a function of the strength of delta function, 7 = oz for delta

function located at © = 0.8x¢. For small values of strength (7 = ozg < 5), the os-
cillator strength changes very slightly since the effect of delta function is very small
for these small strength values. On the other hand, for larger strength values, the
oscillator strength f;o decreases since ‘ ffooo \If’l‘x\lfodxr decreases for larger 7 = oxg. At
the location of delta function, absolute square of wave function increases but except

around this location, absolute square of wave function gets smaller. For this reason,
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Figure 7.6. The normalized square of the second excited state wave function |Wy
x where 7 = 25.04 and z is in units of x( for (a) oy = 0 and (b) the Dirac delta

function located at xy = 0.8z for oyx¢y = 15.
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Figure 7.7. The change of the oscillator strength for the transition between the first

2
excited and the ground states, floz% (E1 — Ey) )ffooo UizWodr| vs. T = oxg for one

Dirac delta function located at x; = 0.8z for v = 25.04.
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Figure 7.8. The change of the oscillator strength for the transition between the

2
second and the first excited states, f21:2h—ZL (Ey — EY) ffooo \Ifgac‘llldx‘ vs. T = oxg for

one Dirac delta function located at z; = 0.8z for v = 25.04.
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2

the change of ’ ffooo \Il’{x\lfoda:’ is decreasing with 7. Hence, the probability of the
transition between the ground and the first excited states decreases for larger strength
of delta function. In Figure 7.8, we also analyze the change of the oscillator strength
corresponding to the transition between the second and the first excited states, fglzii—@

2
(Ey — E) ’ffooo UsxWidz| , as a function of the strength of delta function, 7 = oy,

2
and find that f5; decreases since ’ ffooo \Ifgx\llldx‘ decreases with larger 7 = ox,.
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8. CONCLUSIONS

In this thesis, we have studied bound states of the Schrodinger equation including
a finite number of the Dirac delta functions. We have presented a formalism to calculate
bound state energies of the Schrodinger equation for the solvable potentials decorated

with a finite number (P) of the Dirac delta functions for one and three dimensions.

We have obtained the conditions on the number of bound states for some poten-

tials.

We have applied our formalism to the Woods-Saxon potential. The potential is

given as

Vr)= ——Y%p — S 55(r — 7).

l+e a 2m

We have obtained transfer matrices and the eigenvalue equation by using oo
element of the total transfer matrix X. We have presented the wave functions in terms
of hypergeometric functions. For P=1, we have obtained a transcendental equation for
the bound state energies. We have solved this equation and obtained the change of the
ground state energy with increasing dimensionless (ca) values at different locations.
We have plotted the change of the ground state energy with increasing r; values for the
attractive and repulsive delta functions and found that the ground state energy has an
extremum for r; = 13a. The ground state energy does not change for very small and
very large r; values due to the boundary conditions. We have also solved the eigenvalue
equation for P = 2 and investigated the ground state energy for different positions of
the Dirac delta functions. We have found that for the same |o| value, the change in
the ground state energy is larger for attractive delta functions than the repulsive ones.
We have also investigated eigenvalue solutions by considering some limit cases of the

Woods-Saxon potential parameters and found consistent results with some other works.

We applied the formalism to calculate bound state energies of the Schrodinger
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equation with the Dirac delta decorated Morse potential for any finite number (P) of

the Dirac delta functions for s-wave (I = 0 ) states. The potential is given as

r—TQ T—TQ

V(r)= D(e_2a T QG_QT) _» ZP L0i0(r — 7).

2m 1=

We obtained transfer matrices and eigenvalue equation by using x9s element of
the total transfer matrix X. We presented the wave functions in terms of confluent
hypergeometric functions. For P=1, we obtained a transcendental equation for the
bound state energies. We solved this equation and obtained the change of the ground
state energy with increasing dimensionless (o7g) values at different locations. We found
that for the same |o| value, the change in the ground state energy is larger for attractive
delta functions than the repulsive ones. We plotted the change of the ground state
energy with increasing r; values for both attractive and repulsive Dirac delta functions
and found that the ground state energy has an extremum around r; = . The ground
state energy does not change for very small and very large r; values due to the boundary
conditions. We found the frequencies corresponding to the transitions between bound
states as a function of the strength of the Dirac delta function. We analyzed the
frequency corresponding to the transition between the first excited and the ground
states. We saw that the Dirac delta function leads to bigger change in the first excited
state energy than the ground state energy for small 7 values. On the other hand, delta
function leads to a change in the ground state energy more than the first excited state

FE1—Fy
h

energy for large 7 values so that the frequency wy = increases with 7. We also

investigated the frequency corresponding to the transition between the first and the

second excited states. The frequency w, = EQ,;El increases with 7 and goes to a limit
since the first and the second excited state energies do not change considerably for
large 7 values. We plotted the normalized square of the bound state (the ground, the
first and the second excited states) wave function for both no delta and one delta cases.
The square of the wave function has a deformation at the location of the Dirac delta
function. The Dirac delta function has stronger effect on the ground state compared to
the first and the second excited states. We also investigated the change of the average

value of the interatomic bond distance as a function of strength and location of delta
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function. We saw that average value of interatomic bond distance is a decreasing
function of strength of delta function. Average value of interatomic bond distance goes
to its value for just Morse potential case for large and small values of location of delta

function because delta function begins to lose its effect.

We also calculated transition probabilities between the initial eigenstates for the
Morse potential and the final eigenstates for the potential perturbed by the Dirac
delta interaction. Numerical calculations for the vibrational states of Hy molecule
have shown that it is probable to have transition (with a probability 0.384) to the
first excited eigenstate of the perturbed Hamiltonian by applying the Dirac delta shell

interaction.

We applied our method to Hy molecule in Cgy cage by considering van der Waals
sphere model for the contact interaction of H and C atoms. We found the strength
of the Dirac delta function and then stabilization energy by using experimental vibra-
tional frequency shift of hydrogen molecule in Cgy cage. We compared our results with
some experimental and theoretical results. Our results are in good accordance with
literature. The solutions of the Schrédinger equation for Morse potential together with
one Dirac delta function in three-dimension can be used to describe encapsulation of a

Hs molecule in a hollow, spherical Cgy cage. This system is also studied experimentally.

We investigated the bound state solutions of the Schrodinger equation for the one

dimensional Morse potential. The potential is given as

V(g) = D(e =" —2e7"0) = L7 036(z — ).

2m

We obtained similar bound state results to the three-dimensional case.

We also investigated some limit cases of the Morse potential decorated with one
Dirac delta function for the one and three-dimensional Morse parameters. When the

Morse potential parameters go to zero, we have found the eigenvalue equation which
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is the same as the free particle. When the strength of the Dirac delta function goes to

zero, we have obtained the eigenvalue equation of the Morse potential.

We investigated the change of the oscillator strength for the transition between
the first excited and the ground states and then for the transition between the second

and the first excited states.

In addition to this, our method can also be used to describe such a system which
has a collective excitation due to slow driving of a focused laser beam through a cloud
of trapped cold fermions. The effective potential for the atomic motion in 1D model,
V(z) = % + Uo(xo)emp(—%) where U,(z,) < 0 and o is directly related to the

cross section of the (Gaussian) laser beam. Thus Gaussian shape potentials are used

to describe laser fields. The Dirac delta function §(z — x,) can be expressed in terms

of a limit (o — 0) of f(x) = \/2;02 exp(—(x;;§)2). Hence, the collective excitation due
to the laser beam is very local (Gaussian) so that it can be represented by the Dirac
delta potential. A focused laser beam through hydrogen molecule may lead to a very
local deformation on the potential energy curve for hydrogen. Thus, such a deformed

system can be investigated by using our approach.
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APPENDIX A: SOME PROPERTIES OF THE DIRAC

DELTA FUNCTION

The Dirac delta function is defined by

5(z) = { (A.1)

and

The Dirac delta function can also be defined for higher dimensions. For example,

in three dimension ;

0 for |7|#0,
oT) = { for [T # , (A.3)

oo for |7 =0.

where | 7| = /22 + y% + 22

The integral representation of the Dirac delta function is given by
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1
(i) =5 " kg, : (A.4)

l

) 1 E7
(if) aﬁwXQ /f ET 2

1 ET
@) 07) = s [ T,

for one, two and three dimensions, respectively where p? = 22+y? and r? = 22 +y> + 22

By using equation (A.4), we can show equation (A.2) is satisfied. To see this note

that from equation (A.4) into equation (A.2), we get

1 00 oo 1 oo ikx _ ,—ikx
— / / e*rdkdr = lim — [ " 4y (A.5)
and
1 [ sin(k
lim — Mdm =1 (A.6)
k—oco T J_ T
since foo %daz =7 for k > 0.

The Dirac delta function can be represented by some functions such as

1
- e lal/e

(i) o(r) = lim Sl

1 €
(i) oe) = lim ——— |

]_ 2 /.2

(447) 5(33):1%%@*'%‘ /e, (A7)

1 sin(z/e)

e—0 77 T
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(v) O(x) =lime | x|

e—0

(vi) 6(x) = 11_{% ;sm :;x/e)

T: e=h
§ I e=0.5
2 - 1 g e=0.1 .

1.5 n

0 T
-10 -5 0 5 10

T

Figure A.1. d.(x)= e\f ~ < vs. x for € = 5,0.5,0.1 values.

In Figure A.1, function fe 52 behaves like a delta function when € gets smaller.

Some important properties of the Dirac delta function,

/ " (e — a)fla)dz = f(a) .

(i) Zaf | : (A.8)
7 ox; T=T;
do(z)
(1ii) « I = —i(x),
(iv) 5@@—&5@),
aUu
(v) ——=d),

where z;’s are the roots of the equation f(x) = 0 and U is the heaviside unit step

function defined as
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