PARALLEL COMPUTING IN ASIAN OPTION PRICING

by
o Hahs Sak
B.Sc., in Mechanlcal Engmeermg, Middle East Technical University, 2000

Bogazici University Library

||II TR

Submitted to the Institute for Graduate Studies in

Science and Engineering in partial fulfillment of
the requirements for the degree of
Master of Science
in

Industrial Engineering

Bogazici University
2003



iii

ACKNOWLEDGEMENTS

I am grateful to Prof. Siileyman Ozekici for introducing me to the field of com-
putational finance. Without his gnidance and patience, I would probably be lost in
this thesis study. I am also grateful to Assist. Prof. Ilkay Boduroglu for his guidan.ce
in the subject of parallel computing. It was a pleasure for me to conduct my research

under their supervision.

I have been working as a teaching assistant at Istanbul Kiiltiir University for one
and half years. I want to thank Assoc. Prof. Tiilin Yazgag for her support as an

employer during this period of time.

I want to thank ASMA staff, Assoc. Prof. Can Ozturan, Burak Giirdag and
others for helping me execute our codes on ASMA. Whenever I got stuck on ASMA,

Burak Giirdag was there to solve the problem. So, 1 want to thank him once more.
I am debtful to Ph.D. Orhan Feyzioglu for his invaluable help in formatting my

thesis. Without his guidance on latex, I would never have prepared niy thesis on time

for graduation.

Finally, I want to thank my brothers, parents and to all who really care about



iv

ABSTRACT

PARALLEL COMPUTING IN ASIAN OPTION PRICING

We discuss the use of parallel computing in Asian option pricing and evaluate
the efficiency of various algorithms. We only focus on “backward-starting fixed strike”
continhously averaged Asian options. We implement a one-state-variable partial d:iffer—
ential equation (P.D.E.) approach (Rogers and Shi (1995) and Alziary et al. (1997)) to
price an Asian option. We also implement the same methodology to price a standard
European option as the accuracy check for Asian option. We solve this parabolic P.D.E.
by using both explicit and Crank-Nicolson implicit finite-difference methods. Then, we
" look for algorithms designed for irhplemeﬁting these computations in parallel. Finally,
we evaluate all the algorithms by comparing the numerical results with respect to accu-
racy and wall-clock time of code executions. Codes are executed on Advanced System
for Multi-Computer Applications (ASMA) Linux PC cluster. ASMA is located in the

Department of Computer Engineering in Bogazi¢i University, Turkey. .
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OZET

ASYA OPSIYONU FIiYATLANDIRILMASINDA PARALEL
HESAPLAMANIN KULLANILMASI

Bu tezde Asya opsiyonu fiyatlandirnlmasinda paralel hesaplamanin kullaniimasi
incelenmig ve cesitli algoritmalarin mukayeseli verimlilik analizi yapilmigtir. Sadece
geriden-baglamali, sabit-son-fiyath ve siirekli-ortalanan Asya, opsiyonlar ele alinmigtir.
Rogers ve Shi (1995) ile Alziary v.d. (1997) makalelerinde anlatilan bir durum degiskenli
klsmivdiferansiyel denklem metodunu kullanarak Asya opsiyonlar: fiyatlandirlmagtar.
Ayrica, standart Avrupa opsiyonunu da Asya opsiyonunun fiyatlandinlmasinda yapilan
hatay1 kontrol etmek amaciyla ayn1 yontemlerle fiyatlandirlmigtir. Elde edilen kismi
diferansiyel denklem dogrudan hesaplama ve Crank-Nicolson sonlu-farklar yontemleri
ile ¢oziilmiigtiir. Sonraki agamada bu hesaplamalar1 paralel olarak yapabilecek algorit-
malar aragtirilmigtir. En sonunda, biitiin algoritmalar elde edilen sonuglarin dogrulugu
e kodlarin ¢alisma zamanlan dikkate alinarak degerlendirilmigtir. Kc:dlar Bogazici
Universitesi Bilgisayar Miihendisligi Béliimiine bagh olan Geligmis Coklu-Bilgisayar
Uygulamalar1 (ASMA) projesinin Linux PC obeginde caligtirilmgtir.
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1. INTRODUCTION

An option is a derivative security which gives its holder the right to receive a
contingent payoff within a specified period of time. Exotic options, which have more
complicated payoffs thén standard European and American options are extensively
used in finance to meet specific needs of customers. As it is expected, they are not
easy to price because of complicated payoffs. Thus, they generally do not have an
explicit formula giving the price of the option. Asian options are one of the path-
dependent exotic options. Path-dependent means that the payoff of an Asian option

depends on the path followed by the underlying security.

Our aim in this thesis study is to demonstrate how parallel computing can be used
in pricing of a European-style Asian option for which early exercise is not possible. We
only focus on “backward-starting fixed strike”, continuously averaged Asian options.
There has been many different approaches to price an Asian option. These are given in
the literature review part in detail. As one of these approaches, Rogers and Shi (1995)
and Alziary et al. (1997) propose a one-state-variable partial differential equation
(P.D.E.) to be solved by numerical methods such as finite-difference methods, Monte
Carlo simulation, etc. This approach is quite appropriate for our aim, because it is
easier to solve the one-state-variable P.D.E.. We prefer to use finite-difference methods
to solve this one-state-variable P.D.E. because it requires fewer computations than

Monte Carlo simulation to attain similar accuracy (Alziary et al.,1997).

Rogers and Shi (1995) uses the Numerical Algorithms Group’s (NAG) routine
(DO3PAF) to solve the parabolic P.D.E.. NAG develops and provides softWare to solve
complex mathematical problems. On the other hand, Alziary et al. (1997) uses explicit
finite-difference method to solve the same parabolic P.D.E.. We solve this parabolic
P.D.E. by using both explicit and Crank-Nicolson implicit finite-difference methgds.
Then, we look for algorithms designed for implementing these computations in parallel.
If an algorithm does not exist in literature as in the case of explicit finite-difference

method, it is not difficult to come up with one. On the other hand, for implicit finite-



difference method what we do is to implement the parallel algorithms designed for
solving system of linear equations to our specific problem. Finally, we compare all the
algorithms and access the efficiency of parallel computing. In this comparison, our
criterion is the wall-clock times of algorithms and accuracy of the computed values. As
the accuracy check, we use the percent error done in European option pricing if we had
used the same finite-spacings used in Asian é)ption pricing like Alziary et al. (1997-).

One more check is provided by a comparison of prices with the evaluated prices by

Rogers and Shi (1995) and Zvan et al. (1997).

We first give a detailed literature survey about different approaches to price an
Asian option and parallel algorithms in solving system of linear equations in Section 2.
Then, in Section 3, a general framework is given to reveal the assuniptions in forming
the one-state-variable P.D.E. approach. Then, basics of this one-state-variable P.D.E.
approach is introduced in Section 4. In Section 5, numerical implementation details of
different algorithms are introduced. Finally, in Section 6, the comparison of all ofi the

algorithms are presented.



2. LITERATURE REVIEW

Financial market instruments can be categorized into two different types. On
one side the ‘underlying’ stocks: shares, bonds, commodities, foreign currencies; and
on the other side their ‘derivatives’. Derivatives’ payoff depends on underlying stock’s
behavior in time. Although they may be used for the risk reducing purposes, they
may also magnify the risks. There is no limitation on designing novel derivatives
to meet specific needs of clients. In this respect, there is a great number of derivative
securities currently sold by investment banks such as futures contract, European option,
American option, Asian option, Lookback option, etc. Although some derivatives can
be priced analytically such as European call option, for others there may not be an
exact analytical solution. Path-dependent options for which the payoff depends on the
path followed by the underlying security are from the second class according to this

criterion. Our interest in this thesis study is on one of the path-dependent options;

namely Asian option.

Arithmetic Asian or average price (rate) options’ payoff depends on the average
price of the underlying security over a pre-determined time period. Asian options have
a great number of applications in currency, equity, interest rate, commodity, energy
and insurance markets. There are many reasons why Asian options have a wide variety
of applications in different markets. First of all, corporations examine the average price
realized over the accounting period for the security when preparing long-term financial
estimations. So Asian options are natural risk reducing tools. In addition to that
Asian options are less expensive than others, since the volatility of an average price
of a commodity is smaller than the volatility of price itself. As an example for the
world-wide corporations’ usage of Asian options; Microsoft uses average-rate foreign
. exchange options to hedge its revenues from the foreign countries. Second reason is
that it is not an easy thing to manipulate the price of a commodity during its time
period. Thus many commodity contracts are Asian-style such as crude oil futures and

options on the NYMEX and copper and aluminium options on the London Metals

Exchange.



As indicated before, Asian options are path-dependent options. This makes it
difficult to price analytically. The price of an Asian option at a point in time is
dependent on both the price of the underlying asset at that time and the average of
the price up to that time. In addition to that, the arithmetic average is not lognormally
distributed when Black-Scholes-Merton pricing framework is used (i.e., the underlying

security follows the geometric Brownian motion). In reality, the distribution can not

be characterized analytically.

In the literature, different approaches are implemented to price an Asian option.
These can be categorized under three headings; analytical pricing formulae, analytical
approximations, and numerical methods. Linetsky (2001) states that three analytical
pricing formulae are available for continuously-averaged Asian options. Yor (1992)
expresses Asian option price as a triple integral. Linetsky (2001) reports that this
triple integral is hard to evaluate numerically so it is not a practical approach. Geman
and Yor (1992) derive a closed-form expression for the Laplace transform of the Asian
call option price. This Laplace transform has to be inverted numerically by applying a
suitable numerical Laplace inversion algorithm. In a recent contribution, Dufresne
(2000) obtains an alternative formula that expresses the Asian option price as an
infinite series of Laguerre polynomials with each coefficient of the series given By a

single integral that needs to be computéd numerically.

Various analytical approximations are suggested to approximate the distribution
of the arithmetic average. Lognormal approximation with matched first and second
moments of Turnbull and Wakeman (1992) and the reciprocal Gamma approximation
of Milevsky and Posner (1998) are two of them. In general, the problem with analytical
approximations is that in many cases no reliable error bounds or estimates are available,
thus, the approximation is uncontrolled. The approximation may work well for some

. parameter values, while it may fail for others.

Finally, numerical methods, such as Monte Carlo simulation and numerical finite-
difference P.D.E. methods are applied to price an Asian option. Boyle and Emanuel

(1980), Kemna and Vorst (19790) ; Boyle et al. (1997) are the papers that implements



Monte Carlo simulation in Asian option pricing. In option pricing, usage of numer-
ical finite-difference P.D.E. methods starts with Schwartz (1977) and Brennan and
Schwartz (1978), which introduces the application of explicit and implicit numerical
finite-difference methods on the standard Black-Scholes equation. Then, Courtadon
(1982) proposes a more accurate finite-difference approximation for the valuation of
options; namely Crank-Nicolson (or mixed) finite-difference method. Hull and White
(1990) suggest a modification in the application of explicit finite-difference method.
Kemna and Vorst (1990) establish a P.D.E. with two state variables (the stock price
and ti1e average) which characterize pricé of a “fixed-strike” Asian option. Hov&ever,
the pricing of Asian options is complicated by using two state variables because of extra
boundary conditions and computationally difficult numerical methods to solve P.D.E..
Independently, Rogers and Shi (1995) and Alziary et al. (1997) propose a one-state-
variable P.D.E., easy to implement to price fixed and floating strike European-style
Asiaﬁ options. Ingersoll (1987) is first to use this strategy to price floating-strike Asian
qptions. Both papers then use numerical finite-difference P.D.E. methods to solve this
one-state-variable P.D.E. Rogers and Shi (1995) also gives lower and upper bounds for
the Asian option price. In addition to that Alziary et al. (1997) gives additional infor-
matlon on the hedging strategy. Vecer (2000 2001) are among the papers 1mplement1ng

numerlcal finite-difference P.D.E. methods for Asian option pricing.

Although computers’ speed increases day by day, we still want to see what effi-
ciencies we get by using parallel computers in the computations. In parallel program-
ming, usage of functions to make the communications between parallel processors 1s
popular even if high order languages for par;mllel programming has been created. We
use Message Passing Interface functions to make the communications between parallel
processors for our parallel codes. Bunnin et al. (2000) discuss the usage of parallel
computing in option pricing. It implements Monte-Carlo simulation method to price
discretely sampled Asian option in parallel Furthermore, Pseudespectral Chebyshev
method is applied to price standard European call option in parallel as the second

example.



Converting the explicit finite-difference code to parallel code is an easy task in
contrast to the implicit one, in which we solve system of linear equations. For our
problem, the system of linear equations structure is tridiagonal as we show in the
next sections. Stone (1973) proposes the recursive doubling algorithm as an efficient
parallel algorithm for the solution of a tridiagonal system of linear equations. Then,
Wang (1981) introduces the partition algorithm for the same problem. Then, Parallel
Factorization algorithm is proposed in Amodio and Brugnano (1992). Finally, Mattor
et al. (1995) improves the Parallel Factorization algorithm as the best algorithm ever
proposed for solving large tridiagonal matrix problems in parallel. It is a coarse grained
algorithm because there are no send-receive relationships between processors until the
coupling of solutions in all of the processors. Lin (2001) uses a unified graph model
to represent most of the algorithms, such as Cyclic Elimination, Cyclic Reduction and

Recursive Doubling algorithms for the parallelization of system of linear equations.



3. FEATURES OF ASIAN OPTIONS

In this section, features of Asian options are introduced. In addition to that
underlying assumptions and models are givel} to provide a base for pricing methods.
A continuous time economy where uncertainty is represented by a probability space
(A, F, P) is considered on time interval [0, T]. Continuous filtration (F)o< t < T TEP-
resent the flow of information on time interval [0, T]. The economy is formed out of two
assets, a stock S, and a zero coupon bond maturing at time T of constant interest rate
r. The stock price follows a geometric Brownian motion. There exists a probability Q
under which the discounted price of the stock, (e™™S;), is a martingale because of the
assumption that absence of arbitrage opportunities exist. Since we suppose that the
market is complete, the probability Q is unique and called the risk neutral probability
(Duffie (1985)). Under these assumptions, Harrison and Kreps (1979) and Harrison
and Pliska (1981) states that '

The stock’s price follows the stochastic differential equation
dS; = Serdt + Siodw,
where w; is a Wiener process (standard Brownian motion) under the measure Q.

The price of any option is the discounted expectation of its terminal payoff (at

date T) under Q.

Two different types of Asian options are to be written using this general frame-
work on the parameters of stock’s price S, maturity time 7' and the time interval [0, T

over which the average value of the stock is considered.



The “fixed-strike” Asian call option’s payoff at date T is

1 (T *
— wdu — K
(7 ], s )
where K is the given strike price and a* = max(0, a) for any real number a.

The “floating-strike” Asian call option’s payoff at date T is

1 (T *
<S ——T- . Sud’u,> .

Thus, if we want to price these options we should calculate the following expectations

under the risk neutral probability Q:

d 1 [T +
Cy el o le‘T(T“) <T Sudu — K) } )
. to

and

d 1 (T *
ce X B2 [e—T(T—ﬂ (ST -7 / Sudu) ] ;
. to

where we use the notation EZ[X] = E°[X | F] for any random variable X. Moreover,

EQ denotes the fact that the expectation is taken with respect to the measure Q.

Since f:: S, du is a mix of lognormal random variables, these expectations are hard
to evaluate. Our aim is to price European-style Asian options which can be exercised
only at maturity date. There is one more classification for Asian options according
to whether or not the time to maturity is less than or greater than the length of
thé averaging period (0 < fo < T). First case is called “backward-starting” where
(0<t <t<T)and second case is called “forward-starting” where (0<t<t < T).
In our thesis study, we only focus. on the case where the time to maturity \is less
than or equal to the length of the averaging period (that is “backward-starting” Asian

option case). We price an European-style, “hackward-starting fixed-strike” Asian call



_option. Alziary et al. (1997) derives a put-call parity equation using Fubini’s theorem
for “fixed-strike” Asian call option. To simplify the notation they take %y as zero. If
C2(resp. P?) denote the price at date t of a “fixed-strike” Asian call (resp. put) option
then

: ‘ 1 i .
P=C0 - 151—; (1—e7@) 4 eT-1) (K oy /0 S,,du> . (3.1)

. . 1
If the known part of the average is greater than the exercise price (i.e., K — T Jo Sudu <
0), then Asian put is worthless (P* = 0). So Equation (3.1) directly gives the price for

Asian call option as

1 [t
Ce = _1'5:_; (1 _ e—r(Tft)) — e T(T-1) (K — T/o Sudu> (3.2)

when P? =0.
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4. THE P.D.E. APPROACH

We use the one-state-variable P.D.E. approach proposed by Rogers and Shi (1995)
and Alziary et al. (1997) to price a European-style, “backward-starting fixed-strike”
Asian call option. We now introduce the basics of this approach before we discuss the

numerical methods to solve these partial differential equations.
4.1. Pricing an Asian Option

For “fixed-strike” Asian Call option, the pricing equation is stated as

1 (T M
C* = E? [e—T(T_t) (:F /0 Sydu — K) }

in previous section. After including a new variable Sy and changing the appearance,

it becomes

1T -
Ct = TT-OE2 [ST (K TSfﬂ 5 “d“) ] (4.1)
T

where a~ = min(0, a) for any real ngmber a.
Note that
E@[Sy] = E?[Sr | Fy) = eTE® [e7TSr | Fy
Since e~"S, is martingale under measure @,

EQ [G—TTST I Fo] = S()
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- and

E?[Sr] = €T S,.

Let @° be defined by its Radon-Nikodym derivative with respect to the risk

neutral measure () such that
dQ® _ Sr_
dQ - ETTSQ.
We know that

E° [¢rXr | Fy]
&

E? [Xr | Fy] = (4.2)

L Y . )
where

-

S
r [

=EQ[ o IFt]

erT SO

= = E° ¢TS5y | F].
So

Since e~™3, is martingale under measure Q, E9 le7TSr | Fy] = e7™S;. Then,

e-—rt St
&= A
and
—rT S
&r = £ T
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If we turn back to the Equation (4.1),

1 .1
STSOerT K - T‘fo .S’udu

Cr =B | —r S

1 .1
K—‘T fO Sudu

— e—r(T—t) So e’ E? ép S
T

. 1 T —
K— = [ Sudu
= ertSOEtQ §T T 0

St
1 .7 -

ertSOSt Q K - T‘fo Sudu\

= Ey ér
St St )
K- (Tsdu)

— &EQ 3 B Tfo uat

& St

By using Equation (4.2), this equation can be written as

1 .7
K — Tfo Sudu
St

ce = S,E¥

If we define a new variable z; = [K - (1/T) fot Sudu] /St then
C¢/S: = EZ [a7). | (4.3)
_ The next step is to characterize EY [z7] (i.e., the relative price of Asian option)
by a one-state-variable P.D.E.

It is obvious that z; = f(S: 2t), where z; = fot S,du. So, taking y; = S; and
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Y2 = %, We can write

0 A
_f— = Ca(wty t) QJ:' = St:

3y1 ’Byz
f _ & _
ay% Byz S

0 of 0 Bf

Byr Oys  OypOyr

and

dStdSt = St20'2dt, dthSt = 0.

By Itd’s formula;

-1 ¢
d:nt =& [K - <l) / Sud'LL] (St’l’dt + Stadwt)
St T) Jo '

12 1\ [? o o
STStdt—i- 257 [K— (-f) /0 Sudu] S;a*dt

1
d.’Et = (—-f — 7T+ 117t0'2> dt — aa:tdwt.

The price C¢ at date t of a “fixed-strike” Asian call option is given by
Vi = C¢ = S;C%(z4, )

where C%(z4,t) = Eth [z7] from Equation(4.3).

It is obvious that V; = f(S, C’“(xt,t)), so taking ¥, = S; and ys = C’“(xt,t), we

obtain
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of of
—_— = Ca —_—=
ayl (mtat)7 3@/2 Sta
5 _&f _
oyt oy

0 0f _ 0 0f _;

By It6’s formula
dV, = C*(x, t)dS, + S,dC%(z, t) + %2(1)dStdC‘“(xt, £).
After simplifications we get
dV, = C*(z4, t)dS, + S,dC%(z, t) + dS,dC(z:, 1) (4.4)
where z; satisfies

1
dz; = (—T —rz; + xtaz) dt — oxidw;.

Note that C%(z,,t) = f (z¢,1), so taking y; = z; and y, = ¢, we obtain

Of A Of e
ayl - C:l:(mht)’ ay2 _,Ct (CI;t,t),

O*f A,
'87% - sz(mta t)’

dzidz; = ozldt.

By It6’s formula

~ A ~ 1
dC(zy,t) = C(zy, t)dzy + CF (T2, t)dt + 5Cgm(a;t,t)cr%ufalt



15

~ 1 . R 1 >A .
= Cz (1, 1) [(_T — T3 + xt«ﬂ) dt — awtdwt] + C% (¢, t)dt + 5c;;m(g;t, t)o?zrdt

A 1 A . n
= [C’: (2, t) (_T — T+ a2a:t) + C¢(ze, t) + %C;z(wt, t)azxf] dt — C2(z4, t)ozrdwy

Then, if we turn back to Equation (4.4),

dV, = C%xy,t) (Serdt + Siodw,) +
N N 1.
+1|[C2tou ) (~3 — ot me?) + Cotan) + 05(o o2 d

- C': (2, t)o -’Etdwt] - C’g (z1,t)0>Sizidt.
After simplifications we get

dv, = (C’“(mt, )8 + S, [C’;’(mt, £) (—% —rz+ a:ta2> + C(y, 1)

+ %égm(xt, t)o%%] ) dt — CO(x4, )02 Sezedt + (C‘“(mt, )80 — S:C2 (e, t)cr:vt) dwr.
(4.5)

Since there is a self-financing trading strategy (¢, 1) replicating an Asian option
such that
dV; = ¢:dS; + ¢:dBy
where B; = €™ and V; = Bypy + ¢:5: = Sté'“(mt, t). We can write

dV; = ¢t (St’l"dt + Stadwt) + ’l,thBtdt
= (¢sSer + 7 By) dt + $Soduw
= 'I”Stéa(flit, t)dt + qthtadwt. (46)
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Since Equations (4.5) and (4.6) are equal
¢S50 = C%(z,1)Sy0 — S,C%(zs, t)om:
and we obtain
¢y = éa(xt,t) — Gy, )y
Then, it is easy to see that

1 Aa 1 o
=g (~98+ 80 @1)) = g8 Co(an )z

And, finally

Ao Aa 1 A A '
C*(zy, 1) Ser + Sy [Cx (%, 1) <—;f— —rz; + .’L‘t02> + Cf (g, t) + %C"x‘z(xt, t)azxf]

—C% (w1, 1028y = S, CO (w4, t)r
which implies

A 1 . 14 A o
[C;(:vt, 1) (——,1; — I+ xta2) + Cf(z4,t) + §C;x(:vt, t)a%f] — C%{zy,t)0zs = 0.

So the resultant P.D.E. is

2, 1) (—-71,— - m:) +C%(z, 1) + %C’;‘m(m, o2 =0 (4.7)
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with the boundary condition
Cx,T) =z~
which holds in the domain D = {(z,t) : 2eR,0 < ¢ < T}.

In Section 3, it was stated that if the known part of the average is greater than

. . 1
the exgrmse price (i.e., K — T fot Sudu < 0) (or equivalently z; < 0) at the pricing date,
explicit solution is available as given in Equation (3.2). So, if we simply include the

new variable z; into Equation (3.2) then

o 1 ‘
Cy = T (1—e7T D) — g0y, (4.8)

1Y b

Equation (4.8) will be useful in the numerical implementation of P.D.E. Alziary
et al. (1997) implement the P.D.E. on R with-Equation (4.8) as a boundary condition
at oy = 0.

4.2. Pricing a European Option

We follow the same procedure with the Asian option to get the P.D.E. for the
European option stated without proof in Alziary et al. (1997). '

Let’s start with simple definition of European call option pricing

Ce = E2 [eT9(Sr — K)*]

K
= e—r(T—t)EtQ [ST(l - —S—,;)-l_]
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C:’ — e—r(T—t)EtQ [ 8'1:5‘ rTS (1 . __)+]

= SoertEt [ rTS (1 - )+}
Sr

S Tt -
= ‘; S,E? [gT(l——)+]
t

= 25 [&(1 - —)+]

So, if we remember Equation (4.2), then

ce = S,EY [(1 — %)Jr] .

If we define a variable y; = g, then
t

c* = $,EL [(1-yr)t]-

It is obvious that ¥, = f(St), so taking y1 = S;, we can write

of -K
oy S
82f 2K
ayl S?

dS.dS, = So®dt.

By Itd’s formula,

-K 12K
dy, = —S—tz—dst + —2-S_St oldt
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-K '
dyt = -g (St'l'dt + StO'dUJt') + 58—38,5202(#
K, K K
= (=02 — =r)dt— =
Sta Str) t Stadwt

= (a2yt — ry)dt — oy dw;.

The price Cf at date ¢ of a European call option is given by

Vi = Cf = 5,C%(ys, t).

19

It is obvious that V; = f(Si, C¢(y, 1)), so taking z; = S; and 2, = Ce(y, t), we

can write
Of  Ae of ,
el C*(ys, 1), 02y St
or_#_,
dz2 ~ 8x3
and
o of . 0 df _

1.

a.'El 6:v2 - 611,‘2 61111 -

By Itd’s formula

dV; = C*(yy, £)dS; + S:dC%(ye, ) + dSAC* (Y, t)

(4.9
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where y, satisfies

dy, = (o%y, — ry;)dt — oy.dw,

Note that C¢(y,,t) = f (y1,t), so taking z; = y, and z, = ¢, we can write

a‘f —_— "e 6f - Ae

81111 - Cy(yta t)’ a_xz - Ct (yta t):
f A,
ax% = ny(ytat)

and

dydy; = oyZdt.

By It6’s formula

. A ' . 1.
dC’e(yt,. t) = C;;(yt, t)dyt + Cf(yt, t)dt + é'c;;y(yt, t)0'2’yt2dt
1 e
§ny(yt) t)a2yt2dt
~ - 14 "
= |Cy(ys, 1) (oy: — rys) + Ci(ye, T) + "2‘C§y(yt7 tyoty? | dt — oy:Cy (ys, t)dw.

= C%(ys, 1) [(0%ye — ryu)dt — oyeduwy] + CE e, t)dt +

If we turn back to Equation (4.9), then

dV, =C*(yy,1)dS, + SedC®(ys, t) + dS:dCe(ys, 1)
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-dV =C’e(yt, 1) (Syrdt + Siodw,) +
+ St [<é§(yt,t)(a2yt — 1) + C5 (3, 1) + 5 yy(yt,t)a ) dt — arth (e, t)dwt]

e o (Y5, t)dt.

After simplifications we get

v, = [ée(yt,t)str +5; (C‘S(yt,t) (0%y; — ) + C5 (3, 1) +1 5 G, (ys, )0y )

—0 ytSt (yt,t)} dt + [StaCe(yt,t) — aytStC (yt,t)] dw;. (4.10)

Since there is a self-financing trading strategy (¢:, +;) replicating a European option,

we can write

dV, = rStC’e(xt, t)dt + ¢:Siodw: (4.11)
by using the same procedure used in Asian option pricing.
Since Equations (4.10) and (4.11) are equal,

C®(ys, t)Ser + S [éZ(yt,t)(Uzyt —ry) + Cf (yir ) + 5 Ce,(yt)o’y ]

—azytStC'S (yi, 1) = SiC* (ye, )T

which implies

[éﬁ(yt,t)(02yt — ryz) + Ci (s, 1) + ) yy(yt,t)‘f ] - Uzth’;(yt,t) =0
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So the resultant P.D.E. is

~e N 1 re
—ryCy(u:1) + CY(4:1) + 50°y°Cy (y,8) = 0 (412)
with boundary condition
Cy, T) =(1-y)*
which holds in the domain D = {(y,2) : 0 <y < 00,0 <t < T}.
Equation (4.12) has of course the following explicit solution
e _ Qs K. —r(T—t) Vo
C (’yt,t) = Et (1 - 'S—T') = q)(d]_) — Y€ @(dl —oVT — t)

with

1 1 1

d) = 1 -
1 o '__—T—t nyte“T(T‘t) + 20

VT

where ® is the cumulative standard normal function. The only difference in Equations
(4.7) and (4.12) is the 1/T coefficient, which is a result of the “arithmetic average
nature” of Asian options in Equation (4.7) (Alziary et al., 1997).
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5. NUMERICAL IMPLEMENTATION

We apply the same numerical approach to solve the one-state-variable P.D.E. as
in Alziary et al. (1997). That is, we first reduce the unbounded domain to a bounded
one by changing variables in the P.D.E.. Although Alziary et al.’ (1997) applies only
the explicit ﬁnite-difference method to solve the P.D.E. after the variable change, we
apply both explicit and Crank-Nicolson implicit finite-difference methods. In addition,
we look for algorithms to parallelize these methods since our aim is to use pafallel
computing in Asian option pricing. So far so good, but how can we compare the
accuracy of computed prices using different methods for an Asian option which does
not have an explicit pricing formula. As shown in the previous section, Alziary et al.
(1997) implements the same approach to find a one-state-variable P.D.E. (Equation
" (4.12)) for the European option, which has an analytic pricing formula. Then, they
solve it and declare that the error occyrred in Asian option pricing is close to the error
occurred in European option pricing because of the similarity in Equations (4.7) and
(4.12). Our accuracy check is to use this logic and compute per cent error done in

European option pricing for the same finite-spacings with Asian option.
5.1. Change of Variables for an Asian Option

First, using the fact that the solution is known in the case z < 0, Alziary et al.

(1997) consider Equation (4.7) only for z > 0 with the following boundary conditions

n 1 —r(T—
Oa(Oa t) = T_’I“(l —€ o t))7

lim C%(z,t) = 0.

00

The boundary condition at inﬁnity comes obviously from the definition of the

Asian call.
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Then, Alziary et al. (1997) define a new state variable y = e™° such that
Co(y,t) = C*(=Iny,1) for z € [0,00], y € [0,1].

So, let’s introduce the new variable into Equation (4.7) to get

y=e"=dy=—ydz and z = —Iny,

“a dz -, A < :
ce (w,t)d—y = Ci(y,t) = C2(z,t) = —yCi(y,1)

and

Caulot) = -Cow,1)
d “a
=-vz (—yCa(y, 1))
=y (Coy,t) +yC5, (v, 1)
= yég(y’ t) + yzégy(yv t)'

" So Equation (4.7) changes into

30,0 (=) + o300 + 05 0] 307 (- )+ CF(w,8) =0
and the P.D.E. becomes

Cy,t) + -]2;0'2 (Iny)? y*Ce, (v, 1) + l(—jl—, —rlny) y + %02@/ (In y)z] C’;(y,t) =0 (5.1)
with the following boundary conditions

C’“(y,T) =0
. 1

a = _—(1-— —r(T-t)
C(1,1) = 75 (1= e )
C*(0,t) =0
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and the new P.D.E. holds on the bounded domain for 0 < y<land0<t<T.
5.2. Change of Variables for a European Option

Since y is always greater than zero because of the definition, Alziary et al. (1997)

consider Equation (4.12) only for y > 0 with the following boundary conditions:

~

Cy,T) = 1 - y)*,

lim C¢(y, t) = 0,

Yy—o0

Ce(0,8) = 1.

The boundary condition at infinity and zero comes obviously from the definition

of the European call.

Then, Alziary et al. (1997) define a new state variable z = e™¥ such that
Ce(z,t) = C¢(—1Inz,t) for y € [0,00], z € [0,1].

So, let’s introduce the new variable into Equation (4.12)

z=eY=dz=—-zdyand y=—Inz,

SN e e
Cely )32 = Cole) = Cy(w,1) = —2C5(z,1)

& Bojauici Universitesi Katdphanest @
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and

e d .,
ny(y’ t) = E&Cy(:% t)

i,
= -z (-2C(2,1))

=z (Ct(z,t) + 2C%,(2, 1))
= 2C%(2, 1) + 22C%, (2, 1)

So Equation (4.12) changes into

202 (2,8) (—r(~In2)) + [2C%(z, 1) + 22C (2, 1)] %02 (—In2)? +C%(z,8) = 0
and the P.D.E. becomes

C¢(z,t) + -;—0’2 (Inz)? 22C¢ (2, 1) + [—rz Inz+ %a2z, (In z)2] C%z,t) =0 (5.2)
with the following boundary conditions

C¢(z,T) = (1 +1nz)*
Ce(0,t) =0
Ce(1,t) =1

and the new P.D.E. holds on the bounded domain 0 < z < ‘1 and 0 <t < T-

5.3. Explicit Finite-Difference Method

To implement the explicit finite-difference method, two increments At¢, and Ay
of the variables # and y are chosen. A grid is then constructed for considering values

of ¢ when y is equal to:

0,Ay,2A y,..,ny A y=1,



and time is equal to

0,AL2A L oy At=T
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We will denote ¢ A & by ¢;, j Ay by y;, and the approximation of C°(j Ay,
i At) by C’fj. The partial derivatives of C* with respect to y at node (i — 1, j) are

approximated as

o _Ciin—Ci

_ i

Jy - Ay ’

C _Coin+Ctin—2C;

0y* (Ay)? ’

and the time derivative is approximated as

ace _ Cv'aj - ézg—l,j
ot At '

Substituting Equations (5.3)—(5.5) into Equation (5.1) gives

C'@._C'a_l,. 1, 2 o

C¢ i +C8 1 —2CE 4
(Ay)?

1 1 ég, j+1 vz i\ _
+ [(T —ring;)y; + 507y (In yj)2] <—J—A7—l> =0

(5.3)

(5.4)

(5.5)



(A y)?

o _ (o 1 | Ce i +Ce; . —2C8,
Ci Cz -1, 3 502(lnyj)2y]2'At( "7+1+ ’J)l ’J>+
+ (1 1 1 2 2 z j+1

T _47‘ nyj) yJ+ ‘iO’ Y; (].Il’yj) JANE A T"

Ca
=0
y )

%a 1 At 1 1 At] =,
Ciy,5= L§U2 (Iny;)? yJ2Ay2 + ((T rloy;)y; + 20 y; (Iny;) ) ] CP it

@y LT
-1 2 (Inu.:)? .Z_At__ Mo
+ |37 ) 0 o2 G
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At 1 1 At) ~,
+ |1 - 0% (Iny;)” (y;)° [(— —rlny;)y; + 502%' (Iny;) ] _A_y] Ci it

We can simplify the equation such that

za 1 ] PJ:] ]-C‘l ] -1 +R71]Ca + P‘, ]+IC _7+1 (5'6)

for j=1,..,ny-1 and where

Pj=1-0"

Pjjp =

N =

o (lny;)’ (y;)*

At

1
Pjj1= 502 (Iny;)® (3;)° B

At 1 1 9| At
(Iny;)® (v;)° a0 [(T —rlny;)y; + 502%' (lnyj)_ ] Ay’
At At

2¥ 4 (& —rlny)y; + =o%y; (ny;)? | —,
(Ay)2+ [(T T nyJ)yJ 2 y]( y]) Ay
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* with boundary conditions as

Ge ;=0for0<j<n,
Ce L o=0
'El—l,ny — _(1 _ e—T(TT(i_l)A t))

forl1<i<n.

For the European option, we repeat the same procedure to obtain

C'ze—l iT = Bj,j- 10 ,d-1 +PJ,JC +Pj,j+léz i+l : (57)
_ for j=1,..,ny-1 where
1 . At
. P i==52(Iny:)?(z;,)? ——
431 2‘7 (ny.’l) (ZJ) (Az)z’

. 1 At
Pij=1—0(n zJ) (zJ) (A ) - [—r In z; z; + §g2z]~ (In Zj)2] o

1. N AY
+ [—r In z; z; + §a2zj (In z;) ] N

1 At
Pjjn= 502 (In2)) (2;) 2

with boundary conditions as

ng]_(1+ln(.7Az))+fOIO<J<nz
¢ 1o=0
Celnz=

forl1<i<ny.
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| Using Equations (5.3) and (5.4) is standard. However, instead of using a centered
estimate of the first partial derivative of C® with respect to y, Alziary et al. (1997)

use a right estimate. Indeed, with the usual estimate it is not possible to satisfy a

stability condition on the whole domain y € [0, 1].

First, let us show that the explicit finite-difference approximation of Equation
(5.6) is obviously consistent with the P.D.E. (5.1). It is not difficult to do the same for
the European option to show the consistency of Equation (5.7) with the P.D.E. (4.12).

By using Taylor series expansion we get

aCe 1 82Ce 1 a*ce
. s Ay L 2 _ = 3
Cz_ 1, CZ’] ( En )i’j+2(At) ( o2 >i,j G(At) ( o8 )i,j+

. ace 1 , (02C° 1,. 3(63(3‘“)
o =08, y(ay)i,ﬁa@y) (ayz)“ a0 (G), +e

“a ~a aéa 1 2 8260‘ 63 Ca >
ci’j+1_ci,j+.Ay(ay )i’j+§(Ay) (ayz)i,J‘l’ (A y)’ ( B i,j+...

Then, substitute these into Equation (5.6)

C’f_l,j = Pj,j—lézq, -1t PJ»JC j P,J+IC j+l

] oC 1 . aZC"a _1 3(6360.
or-o0(%) e (Ge) ser (),

~a aCce 1 2 o*Ce 21 3 (0°C°
= j,j—l\: i g Ay (—%—)ij—‘-i(Ay) ( ayQ i G(Ay) ayg i +



“a ~a ' aé’a 1 2 6260
+F;,3C5 i+ P jn [Ci,jJ“Ay( By )m.+'2-(Ay) ( dy? )a

63éa
3
Y) ( o )z J]‘+ .

1
2 (o

?

X | ace
Ci,j[—1+Pj,j—1+Pj,j+Pj,,-+1]+At( ) |
3

Oy

ot

+

oC* 1 520
+ ( ) [P Ay + P Byl = 5 (A )’ ( 5 )

% 1 1
+ ( 912 ) . [Pj,j—1§ (By)* + 5 (Ay)’ Pj,j+1] +

J

8°Ce 1 1 1 3
+ ( oy )i ) [—g (Ay)’ Py i+ g(Ay)3 Pj,j+1] +2(81) (

aCe

*Ce

2

+ ’%O'Zyj (lnyj)2] AtA y] + (

Ce . [0+ At +(?§1
z,,’l[]+ ot iy ay

93Ce
oy

),

2
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+

1,7

83
=0,
B ) T

J

1 1
[(T —rlny;)y; + =o%y; (In y]_)z] At
i

1 [ 1
Z (G —riny)y; +
), 5@

2

20 1 111
N (%’f{) + ( o ) j [502 (ng;)* (u5)* A t+3 [(-f —riny;)y; +
i, 7 i

1 ‘
o%y; (111%')2] +
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LA (A + (At) (8;ga) 4. =0,

i, J

If we eliminate A ¢, we obtain

aCe 1 82Ce
( 5 >i,j + 502 (In yj)2 (yj)2v( 8y2—),~ ) +

. 1 , ) aéa 1 BZC’“
+ [(T_’”lnyj)yj+§a i () ] ( dy )i,j— i t( o2 >i,j+

1 1 1, 2] (0°C®
+5 8y (-7: —Tlnyj)yj+§0 y; (Iny;) +0(Ay)+0(At)=0
i §

oy?

As Ay — 0 and At — 0 the equation simplifies to

ace 1, s, o [02C®
( © >i,,~+2“ (1ny;)? () (ay2 L

1 1., ace\ .
+ [k = rimau + o (e (5) =0
. %

which is the P.D.E. we want to solve. This means explicit finite-difference approxima-
tion is consistent. Furthermore, Alziary et al. (1997) states that if o and r are such
that o2 < r, the solution of the difference equation (5.6) approaches to the solution of

the PD.E. (5.1) as Ay — 0 and At — 0 if

0_2 At __lAt
eZ(Ay)2 TAy

(5.8)

Equation (5.8) is necessary to insure the stability. [The proof is based on a

theorem in Ames (1977), p. 75] Then, for this type of parabolic equation, consistency
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and stability imply convergence as it is shown in Lamberton and Lépeyre (1991).

Parallel Implementation of Explicit Method

We now give some information on what parallel computing is and what benefits we
expect to gain by implementing it. Parallel computing can be defined as simultaneous
usage of computers connected by a network in the solution of a problem. Parallel
computing can speed up the process of computing by distributing the data to parallel
processors and executing the same or different instructions on these computers. This is
the most common type of parallel computing and it is known as a Multiple Instruction
Multiple Data system. Second advantage of parallel computing is the decrease in the
size of the problem by distribution of data to parallel processors so that it is possible

to solve larger problems. This also has an impact on the reduction of wall clock-times

in the solution of larger problems.

In parallel programming, we use Message Passing Interface subroutines to provide
the communicatioﬁ between parallel processors. Parallel processors exchange data by
sending and receiving messages. But, this exchange should be cooperative, such as
a send message should have a matching receive massage. To provide the parallelism '

between processors is the responsibility of the programmer.

The code for explicit method should be implemented for very large number of
time and y (or z) intervals to get an accurate value for Asian and European option
prices. We use parallel programming to speed up the pricing process. In this section
we introduce the approach we use in parallelizing the explicit pricing method. Because
of the similarity of the structure of Asian and European options, the apﬁroach will be

the same for both of the options.

We introduce the approach on an illustrative example. In the Figure 5.1, there
are nine y (or z) intervals along each time column, and the number of time columns
does not matter. Because of the boundary conditions, we know all the relative prices

at time column i and relative prices at j = 0 and j = 9 at time column ¢ —1. Moreover,
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from Equations (5.6) and (5.7) it is obvious that the unknown price at (i — 1, §) will
be dependent on prices at (i, j 1), (4, j) and (3, j + 1). We divide the y (or z) internal
mesh points to three processors (P, P; and P,) all over the time columns. This will
automatically necessitate send-receive relationships between processors to price all the

mesh points. This algorithm can be easily extended for number of processors greater

than three.

j=9
- j=8 ¢t P
j="1
J=6W
- j=5 2 P
j=4
j=3
7=21p
j=1
j=0 |
1—1 3

Figure 5.1. Partition of mesh points to processors along each time column

For an arbitrary time column i, we demonstrate the operation done by each
processor. In the presentation, (i,3) stands for the relative price at time column 4 for
j=3.

_ The sequence of operations done by F is

1- Send (%, 3) to P

2- Receive (,4) from Py
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3- Calculate unknown relative prices at the territory of Py at time column ¢ — 1.
The sequence of operations done by P, is
1- Send (4,4) to P
2- Receive (z',43) from P,
3- Send (4,6) to Py
4- Receive (i,7) from P,
5- Calculate unknown relative prices at the territory of P, at time column ¢ — 1.
The sequence of operations dong by P, is
1- Send (¢, 7) to P,
" 2- Receive (4,6) from P,
3- Calculate unknown relative prices at the territory of P, at time column i — 1.

5.4. Crank-Nicolson Implicit Finite-Difference Method -

Although the explicit method is computationally simple it has one series draw-
back. The time step (A t) and (A y) should be necessarily very small to attain reason-
able accuracy. Crank and Nicolson (1947) proposed, and used, a method that reduces
the total volume of cagzglation zgrzlg 25 valid (i.e., convergent) for all values of (A t) and

d
(A y). They replaced 3 an o

on the (¢)'th and (¢ — 1)'th time columns.

by the mean of its finite-difference representations

ace 1 s, ‘o . .
By = ———4 A y(Ci, 1T C,-’ -1t C'-—l,j+1 — Ci—l,j—l)a (5-9)
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o2Ce 1

p— o “a ""1 ~ - %
oy? T9A y? (Ci’ i+t Ci, -1 2Ci,j + ng—l, jt ?—1, i-1 2Ci—1,j)7 (5-10)

and the time derivative is approximated as

ot At (5:11)

Substituting Equations (5.9)—(5.11) into Equation (5.1) gives

Ce,—Ctyy 1, 2, 2 1 xe 5 g
—i =t 4 5o (Iny)” () 2—A—y§[0i,j+1+031‘—1—203j+

~a ~a Aa 1 1
+Cf 4 1+ O, o1 — 20, i+ [(T —rlny;)y; + 502%’ (In yj)ﬂ X

1 ) n o
[m( tim—Cijat Ciy, j1 — City, j-—l)] =0

-1, j—

v ’ 1 ~ e\ Fa | a
(A2 - B3) Oty ja + (“Z't - 2A‘;) Gt i+ (45 +Bf) G jn =Dl (512)

for j= 1,..,N-1 and where

1 2, \2
A = o (Invy;)* (y;
YT (Iny;)” ()
= Tag T T T Vi R

“1a

» s 1 ~a ‘ a a
Dty = (et 4 BE) Gy -y +245) G (245 = B) O
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For European option, only one coefficient is a little bit different as given below

e e\ A 1 el e ~
(AS—B;§) Ciy it (_A—t - 2Aj) Ciy i+ (A5 +B5) Gy ju=Di;  (5.13)

for j= 1,..,N-1 and where

e 1
B¢ = 1 1 1, 2
YN (—r nz]-)z]-+§a zj (Inz;)

e e AWal 1. e e e\ e
Di,j - (—A] + BJ) Ci, j—l + ('—Z‘t‘ + 2AJ> Ci,j + (_AJ - BJ) C‘i, j+1'

Equations (5.12) and (5.13) are systems of linear e(iuations. If there are N + 1
mesh points along each time column then there are N — 1 variables to be solved at
each time column. The boundary conditions at j =0 and j = N are used to calculate
the relative prices there. In the solution of syétem of linear equations there are many
algorithms. We can categorize them under three headings: Gauss Elimination, LU

Decomposition and Iterative methods.
5.4.1. Gauss Elimination Method

We implement the Gauss Elimination algorithm described in Smith (1978). Sys-
tem of linear equations in Equations (5.12) and (5.13) can be shown in matrix form as
in Equation (5.14). This structure is known as tridiagonal matrix form in literature.
Since we use common notations for both Asian and European options throughout the
previous sections (only coefficients’ values are different), the notation presented 1s di-

rectly applicable to both options. However, boundary conditions stated previously are



38

different for Asian and European optioﬁs.

b —a i1,1 dy
—az by —c Cim1,2 d
—az by —c D513 d3
—an-2 by_2a —cy-2 vz‘—1, N—2 dy—_2
i —ay1 by | | i, N | | dy-1 |
(5.14)
where
a; = (Bj — 4;) forj=2,3,.N—-1
1 .
bj = ('—"A—'Z - 2AJ> fOI‘ ] = 1,2, N -1
¢j=(-4;-B;) forj=1,2,..N—-2
dj = Di,j fOI'j = 2,3, .N-=2
In addition to that we have
. 1 . . N
dy = (—A1 -+ Bl) Ci’o + (—E + 2A1) Ci’1 + (—Al — Bl) C," 9 — (Al — Bl) C-_l,o

-

x 1
dyv_1 = (—An-1+ Bn-1)Ci N2+ (-E + 2AN—1> Ci, N1+
+(=Ay_1 — By-1) Ci, v + (—An-1 — Bn-1) Ci-1,N-

The first equation can be used to eliminate C’-_l,l from the second equation,
the new second equation used to eliminate Ci_1,2 from the third equation and so

on, Ci_1 n—o from the last equation, giving one equation with only one unknown,
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Ci-1,n-1. The unknowns C'i_1,N_2,C’,-_'1, N-3,...Ci_1,2, Cij_1,1 can be found in turn by

- back-substitution. An algorithm is given below to implement this logic.

o = bl fOI'j = 1,then Q= bj — aj'g'fj——l fOI‘j = 2,3, SN-1
j—1

Sy =d, for j = 1,then S;=d;+ aj%for j=2,3,.N-1
-1

and finally

- SN ) . 1 -
Ci,N—l = o i for ]= N — 1,then Ci’j = ;(S] +CjCi,j+1) for _7 =N — 2, N — 17 ...L.
- J

Parallel Implementation of Gauss Elimination Method

There are ingenious parallel algorithms designed to solve tridiagonal system of
linear equations by using Gauss Elimination. Cyclic Elimination, Cyclic Reduction

and Block Partition algorithms are some of these. We only discuss Block Partition

algorithms.

We present the Block Partition algorithm described in Wang (1981). Wang (1981)
starts by dividing the general system (AC = d) into p groups (i.e., number of proces-
sors) each consisting of n = (N — 1) / p consecutive rows. For convenience, we assume
(N — 1) is multiple of p. Then the elimination can proceed simultaneously on all sub-
systems by elementary row transformations until finally A is diagonalized. We use the
notation presented in Lin (2001) to make the algorithm more clear and codable. We
illustrate the elimination pattern via an example accompanying formal presentation of
the algorithm. We divide the whole process into stages to make it more clear. Consider
a tridiagonal system of 12 equations and 3 processors (i.e. N—1=12 and p = 3) for
the figures. However, in the formulas following the description of each stage we think

the general system (i.e., N —1 = pn) to formally present the algorithm. Moreover, the
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indices for the processors goes in the order of Py, P, ..., Pp—1
. yP1y ooy Pyy.

Step 1: Partition the matrix into, say 3 block tridiagonal form as shown in Figure
5.2. Although, obviously the variables are not the same for all processors, we show as
if they are the same to run a unified code on all processors. This can be done because
of the reality that each processor has the knowledge of only its data. The others are
out of scope. First four rows belong to processor zero (P,), second four rows belong
to processor one (P;) and last four rows belong to processor two (Pz). The variables
that are not shown in Figure 5.2 are zero such as a;in P,. Moreover, d vector is not

shown in figures because it does not change form. Only values of the variables change

throughout the steps.

b1 C1 -‘
ay by c
az bz c3

a4 b4 C4

a b o
a by c
asg b3 C3

as by ¢

a b a
) by ¢
a3 bz c3

L ay b4

Figure 5.2. Partition of the general system into blocks

Step 2: Simultaneously apply the Gaussian Elimination scheme to each submatrix
until you get Figure 5.3 on each processor. That is apply the formulas given below for

all processors. It should be clear that even when there is a change in the numerical
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values we do not change the variables.. This strategy is used to avoid complexity.
- Moreover, in the formulas agm) stands for the current value of a; and agm_l) stands for

the previous value of a;.

o __ 0 )
m m— .
a; ' = =0 Zm_l) j=2,3,..,n
biy
(m-1)

as

CE-TI—I)—Zan §i=2,3,..,n L for all processors
-1

Y me) m) %

(m) _ 4(m~ m—1)"j

d;” =d; 7 —dj, A=)
-1

(m) __ p(m—1)
b;™ = b; —

i=23,..n

b1 1
by c
by c3

by c4

ay b1 (55}

az b2 Co

as b3 C3

aq by ¢4
[45] b1 C1
(1)) b2 Co

as bs c3

] a4 by

Figure 5.3. The form of matrix A after the second step
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Step 3: Simultaneously apply the Gaussian Elimination scheme to each submatrix

until you get Figure 5.4 on each processor.

(m—1
ag‘m) = ag_m—l) — o™ cjm )
j+1
Y
] N )
j+1(m_n
(m) _ jm-1) _ (m-1)C;
d; d; iy bz"“l) j=n—-2n-1
J+1
(m) (m-1) (m~1) Cg'm_l)
a; a; 1 m) j=n
i+1
(m-1) -
™ — _m=1G
J+1
(m) _ me1)  me)Co
m— m—
dj” = d; dj11 me—l) J=n

T+ ) j=n-2n-1,..

Jj=n—-2n-1,..

.,1 3 for all processors except P,—;

-1,n-2,..,1 $ for P,

Step 4: Simultaneously apply the Gaussian Elimination scheme to each submatrix

until you get Figure 5.5 on each processor. However, there have to be send-receive

relationships between processors to apply the Gaussian Elimination scheme.

The operation done by F is
1. Send b{™, ™ and di™ to P,

The operation done by P,_; is

1. Receive bgm—l),c(()m—l) and d{"™" from P,_,



by Ca

aj b1
as
as

a4

by

51

Ca
b3 C3

b4 C4

ay b1

Ao b2

as bs

(47} b4

Figure 5.4. The form of matrix A after the third step

"The sequence of operations done by other processors (P;) is

1. Receive o™V, ™ and ¢ from P;_,

2. Send 8™, ™ and d™ to P.y

(m—-1)

— -1C
) = e oI

> for all processors except P,

43
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The operation done by P, is

1. Receive b7V and d™ Y from P,

The operation done by P,_; is

1. Send 5™ and d™ to P,_,

The sequence of operations done by other processors (P)is
1. Send 6™ and d{™ to P;_,

2. Receive 5™ and d™ Y from P

[ by a . ]
b2 Co
b3 C3 i

by o Cq

a1 bl Cy

as by C2

as b3 C3

ay ' b4 .
[45] b1
ao b2
as bs
as b4 i

Figure 5.5. The form of matrix A after the fourth step
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Step 5: Apply the Gaussian Elimination scheme to each submatrix sequentially
-until you get Figure 5.6 on each processor. This stage is sequential since we have to
wait until the values to be used in the next processor are determined. In addition,

there has to be send-receive relationships between processors to apply the Gaussian

Elimination scheme.

do nothing } for Py

a =0
(m) (m-1) (m-1) aglm—l)
bn ' = by -G E(m—_l_).
O(m_l) > for P1
(m) _ m-1) _ m-nan | -
dn” =di do pm—1)
0

Send 5™, d™ to P,

Receive 6", d{™? from P,_, )
ai™ =0
) _ ey _ menan 0 4 o
m— - -
bg;m = bn, —Cp b(m"l) p—1
' 1 1) ;%’“‘1’
i = d§v — df™ 1)
. bO )
Receive bf,m_l), d(()m"l) from P;_; )
™ =0
) atm-1
. -1 —1) dn ,
b = b — cgm pm=1) for other processors (F;)
a?(m—l)
- —1) Un
™ = a5 - dg” )W
0
Send b™,d™ to Poyr
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by ¢ i
b2 Co
b3 C3
by 4 .
a1 bl 5]
a9 b2 Co
as b3 C3
by
a1 b
a9 b2
as b3

by

Figure 5.6. The form of matrix A after the fifth step

Step 6: Apply the Gaussian Elimination scheme to each submatrix‘sequentially
until you get Figure 5.7 on each Processor. This stage is also sequential since we have to
wait until the values to be used in the previous processor are determined. In addition,
there have to be send-receive relationships between processors to apply the Gaussian

Elimination scheme.

do nothing }  for P4

c((,m) =0
. 3 C(m—l) ,
dim = g ) d,f{"" b?_m“—'ﬁ for Py
n

Send d™ to P,_s



Receive d™1) from P}  for By

Receive di" Y from Piyr )
™ =

d{™ = g{mb _ gim-1) fmh o for other processors (F;)

—_——

bslm—l)
Send d™ to P,_,

7

bl (5]
by C2
b3 C3
by
ai bl 1
as bg Co
as b3 C3
by
ay bl
ag b2
asz b3

bs

Figure 5.7. The form of matrix A after the sixth step
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Step 7: Simultaneously apply the Gaussian Elimination scheme to each submatrix

until you get Figure 5.8 on each processor. That is, apply the formulas below.

™ =0 i=1,2,.,n—1
o™
(m) _ 4(m—1) (m—1 . for all processors except P
d d dm )me-—l) ‘7:1’27'"7771—'1 P ’
bl C 1
by Co
b3 C3
by -
b1 1
b2 Co
b3 C3
by
by
ba
bs
! ba |

Figure 5.8. The form of matrix A after the seventh step

Step 8: Simultaneously apply the Gaussian Elimination scheme to each submatrix

until you get Figure 5.9 on each processor. That is, apply the formulas below.

£w=o j=12.,n—-11] .
Am=1) for all processors except Pp_1

d(‘m) d(m—l) d(m—l) bzm—l) j= 1,2,..,n— 1
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bs

Figure 5.9. The form of matrix A after the eight step

Step 9: The solution can now be computed by

~

(m—1)
d;

= 3(71_—1—) j=1, 2,‘...,n } for all procgssors
3

This completes the algorithm description.

5.4.2. LU Decomposition Method

LU decomposition method’s principle is to divide the system (AC = d) given in
Equation (5.14) for our problem into two separate systems. One of the matrices in the
Smaﬂer systems is upper-triangular and the other one is lower-triangular matrix. The

solution of two small systems is easier than one large system. This is the reason why
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LU decomposition is effective in solving large system of linear equations. Let’s first

state how the smaller systems can be formulated from the large system.

AC =d
LUC =d
L'LUG = L-'d
UC=L'Yd=z
Lz=d
UC =z

So that we have two smaller systems Lz = d and UC = z to solve. L is the
lower-triangular and U is the upper-triangular matrix. Before starting to solve the two
smaller systems we need to find the L and U out of A. There are many algorithms
d‘esigned to accomplish the decomposition of A into L and U in the literature. We
prefer to implement the Thomas (1949) algorithm for the decomposition of A. Thomas

algorithm decomposes A and solves the systems in such a manner that

b1 —C
—ay by —c
—a3 b3 -—c3

—an—2 by_2 —cn_2

] —an-1 bn-



where
w -
bb, 1
bby 1
L= ,
bby—2 1
i | bby_1 1
ddl —C1 ]
dd2 —Cy
ddg —C3
U=
ddy_o —cCn_2
| ddy_1
and
bb1 = 0, ddl = bl fori=1
bb; = — 2. dd; = b; + bbcs_y fori=2,3,.,N—1
dd;_,

Finally, the solution of the smaller systems Lz = d and U C = z are

2= dl fori = 1, then Zi = d,-—bbiz,-_l for ¢ =2,3,...,N—1-

and

Cn_1 = N1 fori= N — 1, then C; = (2 + ¢iCiy1) /dd; fori= N —2,N —3,...

ddy_1

51
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Parallel Implementation of LU Decomposition Method

Recursive Doubling and Parallel Factorization algorithms are parallel algorithms
designed to solve tridiagonal system of linear equations by using LU decomposition.

We discuss only Parallel Factorization algorithm.

Parallel Factorization algorithm was first proposed by Amodio and Brugnano
(1992). However, we describe the algorithm presented in Mattor et al. (1995) as an
more improved version of the algorithm. bParallel Factorization algorithm described in
Mattor et al. (1995) starts by dividing the original tridiagonal matrix (A) into smaller
tridiagonal matrices which can be allocated to different processors. Then it solves each
system formed at all processors iﬁdependently and obviously simultaneously. The next
step is to form a reduced matrix coupling all of the systems. Finally it solves the

reduced matrix to find the coefficients which are used to construct the real solutions.

Let’s start the description of the algorithm. Divide the system (AC = d) into
p groups (i.e., number of processors) each consisting of n = (N — 1) /p consecutive
rows. For convenience, we assume (N —1) is multiple of p. We illustrate the elimination
pattern via an example accompanying formal presentation of the algorithm. We divide
the whole process into stages to make it more clear. Consider a tridiagonal system of
9 equations and 3 processors (i.e., N —1 = 9 and p = 3) for the figures. However,
in the formulas following the description of each stage we think of the general system
(i.e., N — 1 = pn) to formally present the algorithm. Moreover, the indices for the

processors goes in the order of Py, Py, ..., Pp_1.

Step 1: Partition the matrix, so that 3 tridiagonal matrices are obtained to be
allocated to different processors as shown in Figure 5.10. Call L; the tridiagonal matrix
of processor i shown below. Although, obviously the variables are not the same for all
processors, we show as if they are the same to run a unified code on all processors.
This can be done because of the fact that each processor has the knowledge of only its

data. Thé others are out of scope.
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b —C !
—asz bz —Cy |
—ag b3 I —C3

—-Qa; 1 bl —C1 oo
I —as by —co 1
l . —Aas b3 I —C3

—a; | b1 —C
I —a9 b2 —Co
! —az b3

Figure 5.10. Partition of the general system into parallel processors

For : = 0,1 and 2, L; has the following structure L; for ¢ = 0,1 and 2.

bl —-C1
Li = —ag b2 —Ca
—a3 bs

R

Step 2: Three vectors 2, 2V and zFH are defined as the solutions to equations

stated below. Apply these equations on all processors (i.e., i = 0,1,.., p-1) to solve for
zF, zU¥ and zF¥. The superscripts on the variable z; stand for “particular” solution,
“upper homogenous” solution and “lower homogenous” solution in that order. As we
inform the reader before, in the formulas below the general system (i.e.,vN —1=pn)

is considered.

Lizf=d; i=0,1,.,p—1 (5.15)
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Lig?" = (0100.. .07 5=0,1,...p—1 (5.16)
Ligt" =(000.. )T §=0,1,.,p—1 (5.17)
where
by —c ]
—Q9 b2 —C2
L= —az3 b3 —c3
] —-a, b,
and
d |
dy
d
di=|"
d,

Step 3: The general solution (z;) at all processors (i.e., i = 0,1,..,p-1) is the linear

combination of ¥, z{# and zf#. And, it is given as

5= oF o+ EVHGUH L gLHGIH 0y 5 g (519
where £7¥ and ¢FH are the coefficients to be determined by coupling all subsystems.

To find £V and ¢/ simply substitute Equation (5.18) into Equation (5.14). After

simple algebra and definitions it is easy to show ¢VH = &5 =0, and form a tridiagonal
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system of linear equations given below to solve the remaining of (2p — 2) coefficients.

LH 1T ] i ]

xl,n -1 {’H a;{fn
1 o g ey
Tom Tim -1 || &" @5

-1 gy gy ] g zfy

zyn i 1 sH | =—| =f,
-1 6;{{{2 xf—Z,n
5 -1 ngﬁ,l 1L ;I:I—I{ i i -'17;1}—1 1

Moreover, as we state in stage (2) zf, 2V and X are found by using Equations
(5.15) -(5.17). It is possible to use different solution methods for these tridiagonal
system of equations such as LU decomposition and Gauss Elimination. Mattor et al.
(1995) employs the LU decomposition algorithm because of its efficiency. In addition
to that they present an algorithm to reduce the number of computations in the LU
decomposition method by exploiting the overlapping calculations and elements with
value 0 in Equations (5.15) -(5.17). Because of its great advantage in our problem we

also implement this algorithm. The algorithm is given below

—C1 . —C;j .
=——forj=1, thenwj=—2——forj=2,3,...,n
b bl T Wi bj -+ ajfwj__l J
dy . d; + a;7Yi-1 . .
=—forj=1, theny; =2 —22" for j =2,3,....,n
’Yl bl ] 7] b] + azjwj_l -7

then by using w; and y; for j =1,2,...,n

zR = 4, for j = n, then a:fzfy]-—wjmf“ forj=n-1,n-2,.,1
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LH

T," = —wy for j =n, then :cfH = —wjmffl forj=n-1,n-2,..1
~ and finally
'wf{H=_a for j =n, then w¥¥ ;Clj———forj=n—l n—2.,1
bn J b +c J,ngg ) PEXL}
gy ¥ = —wl for j =1, then 7% = —wVHVH for j = 2,3, ..

As in our problem where tridiagonal matrix does not change at different time
columns this algorithm is extra efficient. Since we can compute wj, w¥H, 1/ (b; +
a;jw;),z7 and use for all time columns. Finally, note that we form the reduced
system on all of the processors and each processor solves its own system. To accomplish

_these, we broadcast the values that are needed to form the reduced matrix from each

processor to all. Then to solve the reduced matrix, we use LU Decomposition method

-

in all parallel processors.
5.4.3. Iterative Methods

In an iterative method, one tries to reach the solution by a number of steps in
which he/she uses the previous approximation to compute the current one. Whenever
the absolute difference between previous and gurrent approxirriations drops t(; a level we
want to reach we stop the iteration. However, this is not always the case. Increasing
the number of steps may not result in a converging iterations. In addition as it is
expressed in Smith (1978), converging rapidly to exact values within an aimed accuracy
is more important than trying to find the exact solutions in a finite number of steps.
Therefore, it is impossible to obtain exact solutions in a finite number of steps by

iterative methods.

There are several iterative methods in the literature. We only mention the ones

that are presented in Smith (1978). Jacobi, Gauss-Seidel and Successive over-relaxation
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methods are described in this section. We try to solve a small tridiagonal system of

linear equations shown in Figure 5.11 to describe these methods.

b —c 1Te] [a]
—ay by —c Cy | &
—a3 b3 —c3 Cs B ds

| —ay by 11 ¢, | I dy |

Figure 5.11. Matrix representation of a tridiagonal system of linear equations

The tridiagonal system given in Figure 5.11 can also be written as

. 1 .
01 = b—(dl + chg)
1

~ 1 ” v
02 = B—(dz + 0126’1 + 6203)

03 = E(d?’ -+ a3éz -+ C3é4) ’

- 1 -
C4 = E-(d4 + (1403)
4

(5.20)

5.4.3.1. Jacobi Method. The jacobi iteration formulas for Equations (5.20) are given
below. In the formulas C’J(-m) stands for the current value of Cv’j’and C’J(m_l) stands for
the previous value of C'j for j =1,2,...,4. As it is obvious f;om the equations stated
below we just use the previous approximations for variables even if at that time we

have the current values for some variables. This makes the algorithm slower.

oy 1 (e
C’f ) = E;(dl + Gy 1))

| < (m— < (m—
C’é ) = b—(dz +a20§ R 02C3(, 1))

] ? o o (5.21)
ém) = E(d3 -+ a30§ b + c30,§m 1))

- 1 = (m—
= 5, (da+ asC5™ )
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5.4.3.2. Gauss-Seidel Method. In this iteration method the disadvantage mentioned

in Jacobi method is overcomed. As soon as current values are computed they are used

in the corresponding Equations (5.20).

Sm 1 (m—
Cim = old+ G Y)
1 _
~(m 1 =(m >{m—
Cim = T(da+ 2C™ + ¢, 6™y
(m) __ 12 (m) =(m—1) (5.22)
C = b—(d3 + a30’ + C3O )

o = —(d4 +a,C{™)

5.4.3.3. Successive Over-Relaxation Method. If the Equations (5.22) are written in

the form

oM = é(m—“ (d1 5,0+ ¢ é("‘“l))
com) (e f
Cs )=03’" Vo (d3—b c‘"‘ 1’+ac(’"’+co(m D)

M = 04’"‘1’ i = (ds — G + 01O

then it is easy to see that we simply add a correction to the previous approximation
to find the current one. Successive Over-Relaxation method tells us that an increase
in the correction may speed up the convergence. That is, one can simply multiply the

correction by an amount w (generally 1 < w < 2). So the Equations (5.22) change into

oM = C(’"‘l’ + = (d1 — 5,8 4 GV
em =com 4 2 2 (d2 02O 4 a2 O™ + O YY)
(5.23)
e = ¢ + —(d3 — 50D 4 03O + 63O YY)

o = 0D + o (ds = 0O + 0, Cf™)

Although for an arbitrary system of linear equations there is no formula to cal-

culate the optimum value (ws) for w, fortunately there exists a formula for tridiagonal
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matrices proposed firstly by Young (1954). The formula is stated as

2

TV ey

where p(B) is the spectral radius of the Jacobi iteration matrix. To calculate p(B)

we use the Lyusternik (1947)’s method. For sufficiently large m, by implementing the
Jacobi method,

el
PB) = 1]

where the norm of d™ is given by

14| = | _max
1<i<N-1

am _ C,gm—1)‘
13 1

or

la ]| =[G — €|+ &6 - 60| .+ O - CY)

Since finding wj at each time column using the Jacobi method and then using
this value in the implementation of the the Successive Over-Relaxation method is very
time consuming, we ﬁnd wy at the first time column and then use this value for the
next time columns. It is a practical and logical solution since at each time column only
the right hand side changes for the system of linear equations. The structure of the

system of linear equations at each time column is very similar.

5.4.3.4. Parallel Implementation of Iterative Methods. We try to parallelize iterative

methods in an efficient manner in this section. Since we have knowledge of efficiency
of each iterative algorithm, we do not need to parallelize all of the algorithms. We
only implement two of them; Gauss-Seidel and Successive Over-Relaxation method in

par/allel.
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Parallel Implementation of Gauss-Seidel and Successive Over-Relazation Meth-
ods. We introduce the approach on an illustrative example. In Figure 5.12, there
“are nine y (or z) intervals along each time column, and number of time columns does

not differ. Because of the boundary conditions, we know all the relative prices at time
column % and relative prices at j = 0 and j = 9 at time column i — 1. Moreover, from
Equations (5.12) and (5.13) we can leave C'i—1, j at one side in the equality shown in
Equation (5.24). Since it is the variable for which we want to determine what the
dependencies are. So that we can perform the send-receive relationships between pro-
cessors correctly. It is easy to see from'Equation (5.24) that C'i—1, ;j is dependent on
C’i—l, j—=1s éi—l, j4+1 C’i, j-1, C’i, ;j and C‘,-, j+1- We divide the y (or 2) internal mesh pbints
to three processors (P, P, and P,) all over the time columns. This algorithm can be

easily extended for number of processors greater than three.

C’f_l, ] — Dly] - ajCi—l, _7b—1 - cjci—l, j+1 (5.24)
J

where

~ 1 . ’ .
Dij = (=Aj+Bj) C j1 + (—E + 2Aj) Ci i+ (—4; — Bj) Ci, j1-

For an arbitrary time column 7, we demonstrate the works done by each processor.

In the presentation, (7,3) stands for the relative price at time column 4 and-for ji=3;
The sequence of operations done by P, is
1- Send (¢, 3) to P
2- Receive (z,4) from P
3- Send (2 —1,3) to P,

4- Receive (i — 1,4) from P,
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5- Calculate unknown relative prices at the territory of Py at time column % — 1.

Although steps 1 and 2 are executed only once, steps 3-5 are executed for every
iteration.

j=9

- =8 ¢ B
J=T7 |
j=6 ]

- j=5 ¢ A
j=4
j=3
j=2

> Po
j=1
7=0 ]
1—1 1

Figure 5.12. Partition of mesh points to processors along each time column

The sequence of operations done by P is
1- Send (i,4) to Py
2- Receive (i,3) from Py
3- Send (3,6) to P,
4 Receive (i,7) from P,

5- Send (1 —1,4) to Py
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6- Receive (i — 1, 3) from P,

7- Send (i — 1,6) to P,

8- Receive (i —1,7) from P,

9- Calculate unknown relative prices at the tei‘ritory of P, at time column ¢ — 1.

Although steps 1-4 are executed only once, steps 5-9 are executed for every iter-

ation.
The sequence of operations done by Py'is
1- Send (3,7) to P,
9- Receive (4,6) from P,
.' 3-Send (i — 1,7) to P,
4- Receive (i — 1,6) from P,
5- Calculate unknown relative prices at the territory of le at time column 7 — 1.

Although steps 1 and 2 are executed oﬁly once, steps 3-5 are executed for every

iteration.

We note that this parallel algorithm is not a direct parallel applicatibn of Gauss-
Seidel method. Because as stated before according to Gauss-Seidel method we should
use the most current approximations in the formulas. However, in the parallel algorithm
we 'introduce as an example C’-_l,3 is not send to the next processor until the next
iteration so that we use the previous approximation for C’--l,g in the calculation of

C;_1,4 for Figure 5.12. Of course this is only true at boundaries of processors even if
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they affect the whole mesh points following é'_1’3.

Parallel implementation of Successive Over-Relaxation method is not different
from the Gauss-Seidel method in the send-receive relationships of processors. This is |
obvious from the Equations (5.22) and (5.23) that only 5(m=1) is added as a difference
to the Successive Over-Relaxation method equatiops. And, of course, we have this

value in the required processor. So that only the difference in the implementation is

including Cv',-(inl_l) plus w in the equations.
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6. COMPARISON OF NUMERICAL METHODS

In this section we compare the methods that are introduced throughout the pre-
vious sections by executing their codes on Advanced System for Multi-computer Appli-
cations’ (ASMA) Linux PC cluster. ASMA is located in the Department of Computer
Engineering in Bogazici University, Turkey. Theré are system parameters that may
affect the outputs of the codes. These parameters and ASMA specifications for these
parameters are given in Table A.1 (Giirdag, 2002).

Our criterions in this comparison are the wall-clock time of computers in executing
the codes and accuracy of the price for European option. As stated earlier to get an
information about how accurate we are in Asian option pricing, we also price European
option which have a similar structure with Asian option by the same approach used
for the Asian option. We can check whether or not the per cent error in European
option pricing is an almost accurate indicator of the per cent error in pricing of Asian
option by examining the Asian option prices based on Rogers and Shi (1995), Zvan et
al. (1997) and Lim (2002) in Table B.1. PDE stands for the P.D.E. solution by Zvan
et al. (1997). LB is the lower bound on Asian option price given by Rogers and Shi
(1995). RNI stands for the price given by Lim (2002). The Asian and European option

prices are evaluated at ¢ = 0, where zo = yo = K / So.

First of all, we compare the explicit and Crank-Nicolson implicit numerical finite-
difference methods on a single-processor. We prefer to use LU decomposition method in
the implementation of the Crank-Nicolson implicit finite-difference method for compar-
ison purposes since it is more efficient than Gauss Elimination method in our problem.
The results are given in Table B.2 and Table B.3. Before the interpretations of the
results, we explain the notation used and why we implement the comparison this way.
M and N are used for the number of time and y intervals in the solution of the finite-
difference method. Since maturity of the Asian option is taken as one year, (1 /M)
gives the finite-spacing At. Moreover, (1/N) gives thev finite-spacing Ay because 6f the
fact that y €[0, 1].
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'To compare two things they should be weighed on the same parameters. However,
this is not possible in the case of a comparison between explicit and implicit finite-
difference method because of the stability criterions on the explicit method. So we
keep the IV the same for both of the methods and look for M that makes the explicit
method stable for N. Even though it is possible to apply the same M for the implicit
method, this brings no improvement to the accuracy of the implicit method at the
expense of time. Thus, we keep the M and N the same for all implicit and iterative
methods throughout the results. F stands for the per cent error in European option
pricing, ¢4 is the time spent on pricing of Asian option in seconds. f4 is the average
time spent on pricing of Asian option under different values of volatility and strike
price for specified M and N values in seconds. And, finally, C* is the price computed

for the Asian option for the given interest rate, volatility, strike price, initial underlying

security price and maturity.

As it can be seen from Tables B.2 and B.3 that explicit method requires very large
values of M for a fixed N as the volatility increases to satisfy the stability criterion.
So, in the explicit method, we only store the data that belongs to the last time column

to avoid memory problems.

It is easy to see from Tables B.2 and B.3 that implicit method is better at con-
verging to the accurate prices in the expense of time for small volatilities. However, as
volatility increases explicit method looses its last competitive edge (quickness) because
of the increase in M. If we check the compatibility of per cent error in Eufopean op-
tion pricing with per cent error in Asian option pricing by accepting the prices given in
Table B.1 as true prices, we can conclude that almost perfect fit is on hand especially

for the implicit method.

Although the explicit method is much worse than Crank-Nicolson implicit method,
we want to see the performance of the parallel implementation of the explicit method
over single-processor case. By interpreting Table B.4 and B.5, it is easy to conglude
that parallel implementation of explicit method with 4 processors is up to three times

faster than single-processor case for larger values of M and N. In the case of lower val-
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ues of M and N, this statement is obviously bias because of time spénd on send-receive

relationships between processors.

Now, we are convinced to apply the implicit method in pricing of Asian option
after evaluating the performances of the explicit and implicit methods over different |
values of interest rate, volatility and strike price. What is next is to compare the
efficiencies of different parallel algorithms designe(i to solve linear systems of equa-
tions which are the outcome of Crank-Nicolson implicit method. We first compare
Block Partition and Parallel Factorization algorithms by using four parallel processors
in Tables B.6 and B.7 . Then, Gauss-Seidel and Successive-Over Relaxation iterative
methods are compared in Tables B.8 and B.9 on single-processor. Parallel implementa-
tion of Gauss-Seidel and Successive-Over Relaxation methods are compared in Tables
B.10 and B.11 by using four parallel processors. Since all tables are formed for the
same values of parameters for a given interest rate, it is obviously right thing to make

a comparison between the different algorithms given on different tables for the same

values of interest rate.

After examining Tables B.6 and B.7, it is easy to cbnclude that Block Partition
and Parallel Factorization algorithms give the same prices with the single-processor
implicit method given in Tables B.2 and B.3. Although, there is an improvement in
time usage in Block Partition algorithm for M and N values equal to 2000, Parallel
Factorization algorithm is worse than single-processor impiicit method for this level of
M and N values using four parallel processors. In Table B.6, average time spent on
Asian option pricing is equal to 10.2 second for Block Partition algorithm and 42.3
second for Parallel Factorization algorithm for M and N values equal to 2000. More-
over, in Table B.7, average time spent on Asian option pricing is equal to 8.9 second
for Block Partition algorithm and 41.1 second for Parallel Factorization algorithm for

M and N values equal to 2000.

We also give results for Block Partition and Parallel Factorization algorithms
using three parallel processors in Tables B.12 and B.13. Since these are the best parallel

algorithms for solving system of linear equations as it will be seen, and we want to
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evaluate performances of them for different number of parallel processors. Although
we do not give any results, as M and ‘N increases Parallel Factorization algorithm
‘provides great efficiencies in time usage so it is much more better than Block Partition
algorithm for greater values of M and N. However, it would not be wise to implement

the codes for higher values of M and N, because we already get accurate prices for this '
level of M and N. |

Although parameter changes in Table B.6 and B.7 for the same values of M and
N for both of methods should not affect the time usage, there are variations in time
usage. This is the result of the fact that both of methods highly depend on send-receive

relationships between processors. So, they are quite sensitive to traffic on ASMA.

In iterative methods, as stated before whenever the absolute difference between
previous and current approximation drops to a level we want to reach we stop the
iteration. We take this level of accuracy as 0.0000001 for Tables B.8, B.9, B.10 and
B.11. It is easy to see from Tables B.7 and B.8 that for small values of volatilities
as we increase M and N we converge to the accurate prices given in Table B.1 even
sometimes per cent errors in European option prices show reverse for both Gauss-
Seidel and Successive-Over Relaxation methods. However, for higher volatilities as we
increase M and N computed prices are alienated from the accurate prices given in
Table B.1. Because, the level of accuracy (0.0000001) used is not enough anymore
to converge to the accurate prices. After evaluating both of methods together, we
can compare them by interpreting the Tables B.8 and B.9. Successive-Over Relaxation
method is better than Gauss-Seidel method at the expense of time for small volatilities.
Moreover, Successive-Over Relaxation method is better in all aspects for higher values

of volatilities.

Although we prefer to use Successive-Over Relaxation method instead of Gauss-
Seidel method, we want to access efficiency of parallel computing in both of the meth-
ods. To get this information, we compare the prices and time usages given on Tables
B.8 and B.10 for r = 0.09 and Tables’B.Q and B.11 for r = 0.15 for both of the I;leth-

ods. We conclude that parallel implementations of both methods are up to twice faster
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than single-processor implementations for M and N equal to 2000. As stated earlier
parallel implementations of Gauss-Seidel and Successive-Over Relaxation methods are
not a direct parallel application of these methods. Although most of the parallel im-
plementation prices are the same with the single-processor implementations for both
of the methods, it is interesting to note that the rest of prices computed by using
parallel implementation of Gauss-Seidel and Successive-Over Relaxation methods are

more accurate than single-processor implementations for both of the methods.

Now, we want to see how the results would be affected if we had used three
parallel processors instead of four for Block Partition and Parallel Factorization algo-
rithms. The results are given in Tables B.12 and B.13 for » = 0.09 and 7 = 0.15 in
that order. We do this for only these two algorithms because of their promising per-

formances using four parallel processors. In Table B.12, average time spent on Asian
” option pricing is equal to 7.2 secoﬁd for Block Partition algorithm and 9.4 second for
Parallel Factorization algorithm for M and N values equal to 2000. Moreover, in
Table B.13, average time spent on Asian option pricing is equal to 8 second for Block
Partition algorithm and 10.2 second for Parallel Factorization algorithm for M and N
valgq:s equal to 2000. If we compare their average time usage (f4), Block Partition
algorithm, which uses three parallel processors is ;a little bit faster than four parallel
processor case of the same algorithm for M and N equal to 2000. Moreover, average
time usage of Parallel Factorization algorithm'drops drastically and close to the Block
Partition algorithm’s value. As a conclusion, time usages of Block Partition and Par-
allel Factorization algorithms executed on three parallel processors are appfoximately
half of the single-processor implementation of Crank-Nicolson implicit method using

LU decomposition method given in Tables B.2 and B.3.
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7. SUMMARY AND CONCLUSIONS

In this thesis, we first discuss the methodology we followed to price European-
style “backward-starting fixed-strike” Asian and standard European options using the
P.D.E. approach. Then, a change of variables is implemented to reduce the unbounded
domain to a bounded one. We apply both explicit and Crank-Nicolson implicit finite-
difference methods to solve the one-state-variable partial differential equations at hand.
Parallel implementation of the explicit finite-difference method is easy because of the
simplicity of the method. On the other hand, we try to solve large sizes of system
of linear equations in the Crank-Nicolson implicit finite-difference method. We imple-
mented Gauss Elimination, LU decomposition and iterative methods (Gauss-Seidel and
Successive Over-Relaxation) to solve these systems of linear equations. Furthermore,
we implemented some of the parallel algorithms given in literature for solving system

of linear equations in parallel.

Finally, we compare all of the algorithms and assess the efficiency of parallel com-
puting. We conclude that Crank-Nicolson implicit finite difference method is better
than the explicit-finite difference method in European-style “backward-starting fixed-
strike” Asian option pricing. Moreover, LU decomposition method is the best in solving
the system of linear equations which is the outcome of Crank—Nicolson implicit finite
difference method on single-processor. Moreover, the best parallel algorithms among
the algorithms we implemented are Biock Partition and Parallel Factorization algo-
rithms. Their three parallel-processor implementations’ time usages are approximately
half of the single-processor implementation of Crank-Nicolson implicit method to at-
tain a reasonable accuracy. Furthermore, we presenﬁed practical results indicating per
cent error in European option pricing is a very good estimator of error in Asian option
pricing by using the same pricing methodology. However, this is not practical to apply
unless one accepts to double the time spend on pricing of an Asian option. The time
usaées are approximately equal for Asian and European options by using all of the

methods mentioned above.



APPENDIX A: SYSTEM PARAMETER VALUES FOR

ASMA

Table A.1. System parameter values for ASMA

System Parameter

~ ASMA

0S RedHat Linux 8.0
Linux kernel 2.4.18-14
C Compiler gec 3.2

Compiler options used

optimization leve] 2

MPI library used

MPICH 1.2.1 over TCP

Network Switch Environment

HP4000M Fast Ethernet Switch

Network Interface Card (NIC)

Intel Ether Express 100

Raw network bandwidth 100 Mb/s
MPI bandwidth 60 Mb/s
MPI latency 120 4 s
Per-node memory 512 Mb DDR

Per-node CPU

AMD Athlon XP 2100+ (1733 Mhz)

Node disk access type local

Disk bandwidth (read-write) (20 Mb/s) / (6 Mb/s)
Processor load idle

Network load flactuating

PL exponents (Bin/Bout) 2.1/2.7

Convergence criteria (A) 0.0001

Dampening factor (D) 0.85

70
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APPENDIX B: INITTIAL PRICES FOR ASIAN OPTIONS

Table B.1. Accurate initial values for continuous fixed strike Asian Call options when

So=100and T' =1

o K r=0.09 r=0.15

LB RNI PDE LB RNI

95 8.809 8.809 11.094 11.094 11.094

0.05 100 4.308 4.308 - 6.793 6.794 6.794
105 0.958 0.958 2.748 2.744 2.744

90 13.385 13.385 15.399 15.399 15.398

0.10 100 4.915 4.915 7.030  7.028 7.027
110 0.630 0.630 1.410 1.413 1.413

90 13.831 13.831 15.643 15.641 15.641

0.2 100 6.777  6.776 8.409 8.408 8.408
110 2.545 2.545 3.554 3.564 3.554

90 14.983  14.983 16.514 16.512 16.512

0.30 100 8.827  8.829 10.210  10.208 10.210
110 4.695  4.696 5.729 5.728 5.730
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Table B.4. Initial values for continuous fixed strike Asian call options when r = 0.09,
Sp =100 and T = 1 using Explicit method with single-processor and parallel
implementation of Explicit method with four parallel processors

Explicit Method Parallel Explicit Method

o K M N E ta ce E ta ce
600 500 [ 0.1126 0 8.7292 | 0.1126 0 8.7292

95 1400 1000 | 0.0580 3 8:7564 | 0.0580 1 8.7564

3500 2000 | 0.0296 10 8.7787 | 0.0296 3 8.7787

600 500 | 0.2171 0 4.6251 ] 0.2171 1 4.6251

0.05 100 1400 1000 | 0.1040 . 2 4.4873 | 0.1040 1 4.4873
3500 2000 | 0.0505 11 4.4082 | 0.0505 3 4.4082

600 500 | 2.4314 0 1.7358 | 2.4314 0 1.7358

105 1400 1000 | 1.2531 2 1.4626 | 1.2531 1 1.4626

3500 2000 | 0.6369 10 1.2762 | 0.6369 4 1.2762

900 500 | 0.0193 1 13.3108 | 0.0193 0 13.3108

90 2400 1000 | 0.0101 4 13.3425 | 0.0101 2 13.3425

7500 2000 | 0.0053 22 13.3623 | 0.0053 7 13.3623

900 500 | 0.4897 0 5.3470 | 0.4897 1 5.3470

0.10 100 2400 1000 | 0.2487 4 5.1720 | 0.2487 1 5.1720
7500 2000 [ 0.1251 22 5.0642 | 0.1251 8 5.0642

900 500 | 2.3856 0 1.1125 | 2.3856 0 1.1125

110 2400 1000 | 1.2016 4 09133 | 1.2016 1 0.9133

7500 2000 | 0.6067 22 0.7935 | 0.6067 7 0.7935

2000 500 | 0.0868 1 13.9319 [ 0.0868 1 13.9319

90 7000 1000 | 0.0434 11 13.8861 | 0.0434 4 13.8861

24000 2000 | 0.0216 70 13.8599 | 0.0216 24 13.8599

2000 500 | 0.2793 2 7.1286 { 0.2793 1 7.1286

0.20 100 7000 1000 | 0.1404 10 6.9734 | 0.1404 5 6.9734
24000 2000 | 0.0703 70 6.8812 | 0.0703 25 6.8812

2000 500 | 0.6081 2 2.9394 | 0.6081 1 2.9394

110 7000 1000 | 0.3038 10 2.7650 | 0.3038 4 2.7650
24000 2000 [ 0.1523 70 2.6622 | 0.1523 24 2.6622

3600 500 [ 0.0845 3 15.1223 | 0.0845 2 15.1223

90 14000 1000 | 0.0421 21 15.0575 | 0.0421 9 15.0575

52000 2000 | 0.0210 152 15.0217 | 0.0210 53 - 15.0217

3600 500 | 0.1728 3 9.0864 | 0.1728 1 9.0864

0.30 100 14000 1000 | 0.0865 20 8.9665 | 0.0865 8 8.9665
52000 2000 | 0.0433 153 8.8999 | 0.0433 54 8.8999

3600 500 | 0.2959 3 4.9857 | 0.2959 2 4.9857

110 14000 1000 | 0.1474 20 4.8511 | 0.1474 7 4.8511
52000 2000 | 0.0738 153 4.7765 | 0.0738 53 4.7765
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Table B.5. Initial values for continuous fixed strike Asian call options when r = 0.15,
So = 100 and T = 1 using Explicit method with single-processor and parallel

implementation of explicit method with four parallel processors

Explicit Method Parallel Explicit Method

g K M N FE ta ce E  ta ce
600 500 | 0.1555 0 10.9733 | 0.1555 0 10.9733

95 1400 1000 | 0.0782 2 11.0289 | 0.0782 1 11.0289

3500 2000 | 0.0395 11  11.0603 | 0.0395 4 11.0603

600 500 | 0.1861 0 6.8105 | 0.1861 0 6.8105

0.06 100 1400 1000 | 0.0977 . 2 6.7884 | 0.0977 1 6.7884
3500 2000 | 0.0503 10 6.7856 | 0.0503 3 6.7856

600 500 | 0.1274 1 3.2046 | 0.1274 0 3.2946

105 1400 1000 | 0.0477 2 3.0890 | 0.0477 1 3.0890

3500 2000 { 0.0190 10 2.9550 | 0.0190 4 2.9550

900 500 | 0.0908 1 15.2939 | 0.0908 0 15.2939

90 2400 1000 | 0.0464 3 15.3423 | 0.0464 2 15.3423

7500 2000 | 0.0236 22 15.3693 | 0.0236 8 15.3693

900 500 | 0.1442 1 7.2616 | 0.1442 0 7.2616

0.10 100 2400 1000 | 0.0712 4 7.1612 | 0.0712 2 7.1612
7500 2000 | 0.0351 22 7.1033 | 0.0351 7 7.1033

900 500 | 1.5373 0 2.004 | 1.5373 1 2.004

110 2400 1000 | 0.7800 4 1.7702 | 0.7800 1 1.7702

7500 2000 | 0.3947 22 1.6235 | 0.3947 8 1.6235

2000 500 | 0.0422 1 15.6784 | 0.0422 0 15.6784

90 7000 1000 | 0.0208 11 15.6613 | 0.0208 4 15.6613

24000 2000 | 0.0103 70 15.6517 | 0.0103 25 15.6517

2000 500 | 0.2300 1 8.6952 | 0.2300 1 8.6952

0.20 100 7000 1000 | 0.1155 11 8.5682 | 0.1155 4 8.5682 -
24000 2000 | 0.0578 70 8.4931 | 0.0578 24 8.4931

2000 500 | 0.5806 2 3.9629 | 0.5806 1 3.9629

110 7000 1000 | 0.2913 10 3.7834 | 0.2913 4 3.7834

24000 2000 | 0.1462 70 3.6766 | 0.1462 25 3.6766

3600 . 500 | 0.0697 3 16.6116 | 0.0697 1 16.6116

90 14000 - 1000 | 0.0347 23 16.5652 | 0.0347 10 16.5652

52000 2000 | 0.0173 153 16.5397 | 0.0173 51  16.5397

3600 500 | 0.1652 3 104382 | 0.1652 2 10.4382

0.30 100 14000 1000 | 0.0826 23 10.3319 | 0.0826 8 10.3319
52000 2000 | 0.0413 153 10.2728 | 0.0413 53 10.2728

3600 500 | 0.3026 2 6.0183 | 0.3026 2 - 6.0183

110 14000 1000 | 0.1512 21 5.8842 | 0.1512 8 5.8842

52000 2000 | 0.0757 153 5.8098 | 0.0757 53 5.8098
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Table B.6. Initial values for continuous fixed strike Asian call options when r = 0.09,
So =100 and T =1 using Block Partition and Parallel Factorization algorithms using
four parallel processors

Block Partition Parallel Factorization

c K M N E i, ce E 4 ce
500 500 | 0.0033 2 8.8105 | 0.0033 10 8.8105

95 1000 1000 | 0.0007 3 8.8086 | 0.0007 14 8.8086

2000 2000 | 0.0002 9 8.8088 | 0.0002 34 8.8088

500 500 | 0.0256 0 4.2390 | 0.0256 12 4.2390

0.05 100 1000 1000 | 0.0060 3 4.2938 | 0.0060 18 4.2938
2000 2000 ! 0.0013 7 4.3048 | 0.0013 44 4.3048

500 500 | 0.1157 1 0.9795 | 0.1157 7 0.9795

105 1000 1000 | 0.0255 3 0.9613 | 0.0255 18 0.9613
2000 2000 | 0.0050 10 0.9590 | 0.0050 44 0.9590

500 500 | 0.0023 2 13.3830 ( 0.0023 11 13.3830

90 1000 1000 | 0.0005 5 13.3846 | 0.0005 23 13.3846

2000 2000 | 0.0001 6 13.3851 | 0.0001 40 13.3851

500 500 | 0.0151 2 4.8961 | 0.0151 12 4.8961

0.10 100 1000 1000 | 0.0029 6 4.9105 | 0.0029 26 4.9105
2000 2000 | 0.0004 10 4.9140 | 0.0004 35 4,9140

» 500 500 [ 0.0004 1 .0.6472 | 0.0004 9 0.6472

110 1000 1000 | 0.0029 6 0.6343 § 0.0029 17 0.6343
2000 2000 | 0.0006 8 0.6313 | 0.0006 51 0.6313

500 500 | 0.0015 2 13.8274 | 0.0015 7 13.8274

90 1000 1000 | 0.0002 5 13.8305 1 0.0002 23 13.8305

2000 2000 | 0.0000 8 13.8312} 0.0000 43 13.8312

500 500 | 0.0047 3 6.7734 | 0.0047 8 6.7734

0.20 100 1000 1000 | 0.0008 2 6.7764 | 0.0008 19 6.7764
2000 - 2000 | 0.0001 6 6.7771 | 0.0001 43 6.7771

500 500 | 0.0015 2 2.5484 | 0.0015 14 2.5484

110 1000 1000 | 0.0010 3 2.5466 | 0.0010 30 2.5466
2000 2000 | 0.0000 11 2.5463 | 0.0000 46 2.5463

500 500 | 0.0010 1 14.9818 | 0.0010 6 14.9818

90 1000 1000 | 0.0001 4 149834 | 0.0001 19 14.9834

2000 2000 | 0.0001 5 14.9838 | 0.0001 36 14.9838

500 500 | 0.0022 1 8.8270 | 0.0022 7 8.8270

0.30 100 1000 1000 | 0.0003 3 8.8284 | 0.0003 17 8.8284
2000 2000 | 0.0000 10 8.8287 | 0.0000 41 8.8287

500 500 | 0.0010 2 4.6971 | 0.0010 12 4.6971

110 1000 1000 [ 0.0004 2 4.6967 | 0.0004 16 4.6967
2000 2000 | 0.0000 8. 4.6967 | 0.0000 50 4.6967
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Table B.7. Initial values for continuous fixed strike Asian call options when r = 0.15,
So =100 and T = 1 using Block Partition and Parallel Factorization algorithms using
four parallel processors

Block Partition Parallel Factorization

c K M N E t, ce E  tys ce
500 500 | 0.0010 4 11.0938 | 0.0010 10 11.0938

95 1000 1000 | 0.0002 5 11.0941 | 0.0002 23 11.0941

2000 2000 | 0.0001 . 7 11.0941 | 0.0001 39 11.0941

500 500 | 0.0018 1 6.7872 | 0.0018 13 6.7872

0.05 100 1000 1000 0.0005 3 6.7920 | 0.0005 27 6.7920
2000 2000 | 0.0002 9 6.7937 | 0.0002 40 6.7937

500 500 [ 0.0280 3 2.6685 | 0.0280 9 2.6685

105 1000 1000 | 0.0068 3 2.7253 | 0.0068 22 2.7253
2000 2000 | 0.0016 10 2.7398 | 0.0016 50 2.7398

500 500 | 0.0013 1 15.3983 | 0.0013 9 15.3983

90 1000 1000 { 0.0003 3 15.3986 | 0.0003 22 15.3986

2000 2000 [ 0.0000 8 15.3987 | 0.0000 46 15.3987

500 500 § 0.0095 3 7.0103 | 0.0095 11 7.0103

0.10 100 1000 1000 [ 0.0022 4 7.0235 | 0.0022 28 7.0235
2000 2000 | 0.0005 5 7.0267 | 0.0005 36 7.0267

500 500 | 0.0216 2 1.4218 | 0.0216 10 1.4218

110 1000 1000 | 0.0064 4 1.4153 | 0.0064 26 1.4153
2000 2000 { 0.0010 8 1.4141 } 0.0010 41 1.4141

500 500 | 0.0017 3 15.6385 | 0.0017 9 15.6385

90 1000 1000 | 0.0003 5 15.6409 | 0.0003 22 15.6409

2000 2000 | 0.0000 7 15.6416 | 0.0000 36 15.6416

500 500 | 0.0043 2 8.4039 | 0.0043 15 = 8.4039

0.20 100 1000 1000 | 0.0008 3 8.4076 | 0.0008 23 8.4076
2000 2000 { 0.0001 11 8.4085 | 0.0001 45 8.4085

500 500 | 0.0035 1 3.5560 | 0.0035 11 3.5560

110 1000 1000 | 0.0011 3 3.55666 | 0.0011 22 3.5556
2000 2000 | 0.0000 12 3.5556 | 0.0000 37 3.5556

500 500 | 0.0010 1 16.5108 | 0.0010 13 16.5108

90 1000 1000 | 0.0002 4 16.5124 | 0.0002 20 16.5124

2000 2000 } 0.0000 8 16.5128 | 0.0000 37 16.5128

500 500 | 0.0022 3 10.2077 | 0.0022 10 10.2077

0.30 100 1000 1000 | 0.0004 2 10.2093 | 0.0004 21 10.2093
2000 2000 | 0.0001 10 10.2097 [ 0.0001 46 10.2097

500 500 | 0.0015 2 5.7299 | 0.0015 9 5.7299

110 1000 1000 | 0.0004 3 5.7300 | 0.0004 20 5.7300
2000 2000 | 0.0001 8 5.7301 | 0.0001 40 5.7301
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Table B.8. Initial values for continuous fixed strike Asian call options when r = 0.09,

So = 100 and T = 1 using Gauss-Seidel and Successive-Over Relaxation methods

Gauss-Seidel Successive-Over Relaxation

c K M N E 4 ce E ita c®
500 500 | 0.0040 6 8.8104 | 0.0039 6 8.8104

95 1000 1000 [ 0.0040 23 8.8086 | 0.0031 25 8.8086

2000 2000 | 0.0080 91 8.8087 | 0.0036 108 8.8088

500 © 500 | 0.0264 6 4.2390 | 0.0263 6 4.2390

0.06 100 1000 1000 | 0.0096 23 4.2938 | 0.0086 25 4.2938
2000 2000 | 0.0099 91 4.3048 | 0.0051 108 4.3048

500 500 | 0.1167 6 0.9795 | 0.1166 6 0.9795

106 1000 1000 | 0.0297 23 0.9613 | 0.0285 25 0.9613
2000 2000 { 0.0143 91 . 0.9590 | 0.0092 107 0.9590

500 500 | 0.0042 6 13.3830 | 0.0031 7 13.3830

90 1000 1000 | 0.0076 23 13.3843 | 0.0058 25 13.3846

2000 2000 | 0.0352 101 13.3806 | 0.0263 104 13.3850

500 500 | 0.0175 6 4.8961 | 0.0162 7 4.8961

0.10 100 1000 1000 | 0.0121. 22 4.9103 | 0.0099 25 4.9105
2000 2000 | 0.0452 101 4.9106 | 0.0350 107 4.9139

500 500 | 0.0035 6 0.6472 | 0.0018 6 0.6472

110 1000 1000 | 0.0137 23 7 0.6342 | 0.0113 25 0.6343
2000 2000 | 0.0498 100 0.6306 | 0.0392 108 0.6313

500 500 | 0.0097 "7 13.8263 | 0.0077 6 13.8271

90 1000 1000 | 0.0395 32 13.8266 | 0.0210 28 13.8274

2000 2000 | 0.1828 188 13.8156 | 0.0682 156 13.8184

500 500 | 0.0155 7 6.7724 | 0.0133 6 6.7732

0.20 100 1000 1000 | 0.0520 32 6.7725 | 0.0296 28 6.7733
2000 2000 | 0.2357 188 6.7612 | 0.0919 ~ 156 6.7642

500 500 | 0.0144 7 2.5478 | 0.0120 6 - 2.5483

110 1000 1000 | 0.0597 32+ 2.5442 | 0.0358 29 2.5447
2000 2000 | 0.2660 188 2.5362 | 0.1066 156 2.5381

500 500 [ 0.0193 9 14.9798 | 0.0090 7 14.9802

90 1000 1000 | 0.0788 51 14.9753 | 0.0310 43 14.9765

2000 2000 0.3374 330 14.9503 | 0.1024 262 14.9556

500 500 | 0.0265 9 8.8248 i 0.0134 8 8.8252

0.30 100 1000 1000 { 0.1018 51 8.8194 | 0.0423 43 8.8206
2000 2000 | 0.4287 330 8.7921 | 0.1360 262 8.7977

500 500 | 0.0297 9 4.6952 | 0.0148 8 4.6955

110 1000 1000 | 0.1173 51 4.6891 | 0.0509 42 4.6901
2000 2000.| 0.4855 330 4.6662 | 0.1591 257 4.6708
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Table B.9. Initial values for continuous fixed strike Asian call options when r = 0.15,

So =100 and T' = 1 using Gauss-Seidel and Successive-Over Relaxation methods

Gauss-Seidel Successive-Over Relaxation

o K M N E ta ce E ta ce
500 500 | 0.0018 6 11.0938 | 0.0020 6 11.0938

95 1000 1000 | 0.0024 23  11.0941 | 0.0034 25 11.0941

2000 2000 | 0.0093 91 11.0941 | 0.0042 108 11.0941

500 500 | 0.0027 6 6.7872 | 0.0029 6 6.7872

0.05 100 1000 1000 | 0.0030 23 6.7920 | 0.0041 25 6.7920
2000 2000 | 0.0102 - 91 6.7937 | 0.0047 107 6.7937

500 500 | 0.0291 6 2.6685 | 0.0293 6 2.6685

105 1000 1000 | 0.0095 23 2.7253 | 0.0106 25 2.7253
2000 2000 | 0.0124 91 2.7398 | 0.0065 108 2.7398

500 500 | 0.0034 6 15.3983 | 0.0022 6 15.3983

90 1000 1000 | 0.0077 23 15.3982 | 0.0059 25 15.3986

2000 20001% 0.0347 101 15.3944 | 0.0263 105 15.3986

500 500 | 0.0122 6 7.0103 | 0.0107 6 7.0103

0.10 100 1000 1000 | 0.0118 23 7.0232 | 0.0096 25 7.0235
2000 2000 { 0.0458 101 7.0226 | 0.0359 107 7.0266

500 500 [ 0.0250 6 1.4218 | 0.0232 7 1.4218

110 1000 1000 { 0.0178 23 1.4152 | 0.0153 25 1.4153
2000 2000 [ 0.0526 101 1.4126 | 0.0422 107 1.4110

500 500 | 0.0097 6 15.6375 | 0.0078 6 15.6382

90 1000 1000 | 0.0358 33  15.6372 | 0.0162 28 15.6380

2000 2000 | 0.1492 189 15.6267 | 0.0648 157 15.6295

500 500 | 0.0151 6 8.4029 | 0.0129 6 8.4037

0.20 100 1000 1000 | 0.0483 33  8.4035 | 0.0232 29 8.4044
2000 2000 [ 0.1979 189 8.3919 { 0.0891 157 8.3950

500 500 [ 0.0165 7 3.5553 | 0.0141 6 - 3.5558

110 1000 1000 | 0.0566 32 3.5526 | 0.0283 29 3.5532
2000 2000 | 0.2284 190 3.5435 | 0.1045 157 3.5457

500 500 | 0.0162 9 16.5089 | 0.0079 8 16.5093

90 1000 1000 | 0.0688 51 16.5046 | 0.0255 43 16.5058

2000 2000 | 0.2876 333 16.4809 | 0.0868 265 16.4860

500 500 | 0.0225 9 10.2055 | 0.0119 8 10.2059

0.30 100 1000 1000 | 0.0903 51 - 10.2003 | 0.0355 42 10.2016
2000 2000 0.3720 333 10.1728 | 0.1177 265 10.1785

500 500 | 0.0257 9 5.7279 | 0.0135 8 5.7282

110 1000 1000 | 0.1047 52 5.7218 | 0.0429 43 5.7230
2000 2000 | 0.4267 333 5.6973 | 0.1397 265 5.7023
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Table B.10. Initial values for continuous fixed strike Asian call options when r = 0.09,
So =100 and T = 1 using parallel implementation of Gauss-Seidel and
Successive-Over Relaxation methods using four parallel processors

Gauss-Seidel Successive-Over Relaxation

o K M N E t,4 ce E 4 c®
500 500 | 0.0033 5 8.8104 | 0.0035 9 8.8104

95 1000 1000 | 0.0010 16 8.8086 | 0.0009 20 8.8086

2000 . 2000 | 0.0014 45 8.8087 | 0.0036 56 8.8088

500 500 | 0.0256 6 4.2390 | 0.0259 9 4.2390

0.05 100 1000 1000 | 0.0063 16 4.2938 | 0.0062 19 4.2938
2000 2000 | 0.0026 44 4.3048 | 0.0051 57 4.3048

500 500 | 0.1158 8 0.9795 | 0.1160 8 0.9795

105 1000 1000 | 0.0259 16 0.9613 | 0.0258 21 0.9613
2000 2000 | 0.0064 43 0.9590 | 0.0092 54 0.9590

500 500 | 0.0026 7 13.3830 | 0.0032 8 13.3830

90 1000 1000 | 0.0024 15 13.3843 | 0.0017 22 13.3846

2000 2000 | 0.0142 51 13.3817 | 0.0086 57 13.3850

500 500 | 0.0155 7 4.8961 | 0.0162 9 4.8961

0.10 100 1000 1000 | 0.0053 17 4.9103 | 0.0045 19 4.9105
' 2000 2000 | 0.0186 50 49112 | 0.0118 58 4.9139

500 500 | 0.0009 6 0.6472 0.0018 9 0.6472

110 1000 1000 | 0.0057 15 0.6342 | 0.0048 18 0.6343
2000 2000 | 0.0200 49 0.6307 | 0.0127 58 0.6313

500 500 | 0.0051 8 13.8266 | 0.0038 8 13.8271

90 1000 1000 | 0.0236 24 13.8279 { 0.0072 22 13.8286

2000 2000 | 0.1099 88 13.8211 | 0.0223 86 13.8236

500 500 | 0.0093 8 6.7726 | 0.0077 9 6.7731

0.20 100 1000 1000 { 0.0308 25 6.7736 | 0.0101 24 6.7744
2000 2000 | 0.1414 93 6.7661 | 0.0295 85 6.7687

500 500 | 0.0069 9 2.5479 | 0.0051 8 2.5483

110 1000 1000 | 0.0352 26 2.5448 | 0.0119 25 2.5453

~ 2000 2000 | 0.1600 92 2.5389 | 0.0340 86 2.5406

500 500 | 0.0126 10 14.9804 | 0.0049 10 14.9807

90 1000 1000 | 0.0559 36 14.9780 | 0.0149 34 14.9790

2000 2000 | 0.2919 158 14.9599 [ 0.0340 143 14.9650

500 500 0.0170 11 8.8255 | 0.0073 10 8.8258

0.30 100 1000 1000 | 0.0712 36 8.8222 | 0.0193 37 8.8234
2000 2000 | 0.3674 161 8.8022 | 0.0437 144 8.8077

500 500 | 0.0182 13 4.6957 | 0.0070 11 - 4.6960

110 1000 1000 | 0.0813 37 4.6814 | 0.0224 35 - 4.6923
2000 2000 | 0.4118 156 4.6742 | 0.0503 147 4.6787
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Table B.11. Initial values for continuous fixed strike Asian call options when 7 = 0.15,
So=100and T=1 using parallel implementation of Gauss-Seidel and

Successive-Over Relaxation method using four parallel processors

Gauss-Seidel Successive-Over Relaxation

o K M N E 4 ce E 4 c®
500 500 [ 0.0010 7 11.0938 | 0.0010 10 11.0938

95 1000 1000 | 0.0006 17  11.0941 | 0.0005 19 11.0941
2000 = 2000 | 0.0015 44 11.0941 | 0.0042 56 11.0941

500 500 | 0.0019 6 6.7872 | 0.0019 8 6.7872

0.05 100 1000 1000 | 0.0010 7 6.7920 | 0.0009 21 6.7920
2000 2000 | 0.0017 44 6.7937 | 0.0047 59 6.7937

500 500 | 0.0281 7 2.6685 | 0.0281 7 2.6685

105 1000 1000 | 0.0073 16 2.7253 | 0.0071 20 2.7253
2000 2000 | 0.0033 43 2.7398 | 0.0065 58 2.7398

500 500 | 0.0016 6 15.3983 | 0.0022 8 15.3983

90 1000 1000 | 0.0023 16 15.3982 | 0.0016 19 15.3986

2000 2000 | 0.0141 50 15.3956 | 0.0087 56 15.3986

500 500 | 0.0099 8 7.0103 | 0.0107 8 7.0103

0.10 100 1000 1000 | 0.0047 16 7.0232 | 0.0039 18 7.0235
2000 2000 | 0.0189 50 7.0234 | 0.0122 57 7.0266

500 500 | 0.0221 6 1.4218 | 0.0232 8 1.4218

110 1000 1000 | 0.0094 16 1.4152 | 0.0085 21 1.4153
2000 2000 | 0.0222 49 1.4128 | 0.0148 54 1.4110

500 500 | 0.0053 9 15.6378 | 0.0040 8 15.6382

90 1000 1000 | 0.0197 22 15.6385 | 0.0073 22 15.6391

2000 2000 § 0.0942 88 15.6320 | 0.0216 89 15.6344

500 500 | 0.0089 8 8.4032 | 0.0074 7 8.4037

0.20 100 1000 1000 ; 0.0263 23  8.4048 | 0.0101 24 8.4055
2000 2000 { 0.1238 90 8.3971 | 0.0291 85 8.3998

500 500 | 0.0090 9 3.5554 | 0.0072 10 3.5558

110 1000 1000 | 0.0308 23 3.5534 | 0.0121 24 3.5539
2000 2000 | 0.1417 87 3.5467 | 0.0338 86 3.5488

500 500 [ 0.0105 10 16.5095 [ 0.0050 10 16.5098

90 1000 1000 | 0.0506 36 16.5071 | 0.0120 37 16.5081

2000 2000 | 0.2569 157 16.4896 | 0.0313 144 16.4946

500 500 | 0.0145 11  10.2062 | 0.0073 12 -~ 10.2065

0.30 100 1000 1000 | 0.0654 39 10.2031 | 0.0159 34 10.2043
2000 2000 { 0.3287 159 10.1827 | 0.0409 145 10.1884

500 500 | 0.0159 10 5.7285 | 0.0075 9 5.7288

110 1000 1000 | 0.0750 38 5.7243 | 0.0187 36 5.7253
2000 2000 § 0.3731 158 5.7058 | 0.0471 148 5.7107
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Table B.12. Initial values for continuous fixed strike Asian call options when r = 0.09,
So=100and T =1 using Block Partition and Parallel Factorization algorithms using
/ three parallel processors

Block Partition Parallel Factorization

o K M N E i, c® E tu ce
500 500 | 0.0033 2 8.8104 | 0.0033 3 8.8104

95 1000 1000 | 0.0007 3 8.8086 | 0.0007 6 8.8086

2000 2000 | 0.0002 9 8.8088 | 0.0002 12 8.8088

500 500 | 0.0256 1 4.2390 | 0.0256 1 4.2390

0.06 100 1000 1000 0.0060 2 4.2938 1 0.0060 5 4.2938
2000 2000 | 0.0013 7 4.3048 | 0.0013 8 4.3048

500 500 [ 0.1157 0 0.9795 | 0.1157 3 0.9795

105 1000 1000 | 0.0255 2 0.9613 | 0.0255 5 0.9613
2000 2000 | 0.0050 10 0.9590 | 0.0050 11 0.9590

500 500 [ 0.0023 1 13.3830 | 0.0023 3 13.3830

90 1000 1000 | 0.0005 2 13.3846 | 0.0005 4 13.3846

2000 2000 | 0.0001 9 13.3851 | 0.0001 8 13.3851

500 500 [ 0.0151 0 4.8961 | 0.0151 4 4.8961

0.10 100 1000 1000 | 0.0029 2 4.9105 | 0.0029 6 4.9105
2000 2000 | 0.0004 7 4.9140 | 0.0004 13 4.9140

500 500 | 0.0004 1 0.6472 § 0.0004 1 0.6472

110 1000 1000 | 0.0029 3 0.6343 | 0.0029 5 0.6343
2000 2000 | 0.0006 6 0.6313 | 0.0006 7 0.6313

500 500 | 0.0015 2 13.8274 | 0.0015 3  13.8274

90 1000 1000 | 0.0002 3 13.8305 | 0.0002 2 13.8305

2000 2000 | 0.0000 7 13.8312 | 0.0000 7 13.8312

500 500 | 0.0047 2 6.7734 | 0.0047 0 6.7734

0.20 100 1000 1000 | 0.0008 2 6.7764 | 0.0008 5 6.7764
2000 2000 | 0.0001 7 6.7771 | 0.0001 14 6.7771

500 500 | 0.0015 1 2.5484 | 0.0015 1 2.5484

110 1000 1000 | 0.0010 3 2.5466 | 0.0010 4 2.5466
2000 2000 { 0.0000 6 2.5463 | 0.0000 8 2.5463

500 500 [ 0.0010 0 14.9818 | 0.0010 2 14.9818

90 1000 1000 | 0.0001 4 14.9834 | 0.0001 5 14.9834

2000 2000 | 0.0001 6 14.9838 | 0.0001 6 14.9838

500 500 | 0.0022 0 8.8270 | 0.0022 2  8.8270

0.30 100 1000 1000 i 0.0003 3 8.8284 | 0.0003 6  8.8284
2000 2000 | 0.0000 6 8.8287 | 0.0000 12 8.8287

500 500 | 0.0010 1 4.6971 | 0.0010 2 4.6971

110 1000 1000 | 0.0004 2 4.6967 | 0.0004 5 4.6967
2000 2000 | 0.0000 6 4.6967 | 0.0000 7 4.6967
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Table B.13. Initial values for continuous fixed strike Asian call options when r = 0.15,
So =100 and T' = 1 using Block Partition and Parallel Factorization algorithms using
’ three parallel processors

Block Partition Parallel Factorization

o K M N E ty ce E ty ce
500 500 | 0.0010 1 11.0938 | 0.0010 1 11.0938

95 1000 1000 | 0.0002 3 11.0941 | 0.0002 6 11.0941

2000 2000} 0.0001 10 11.0941 | 0.0001 9 11.0941

500 500 | 0.0018 1 6.7872 1 0.0018 1 6.7872

0.06 100 1000 1000 { 0.0005 4 6.7920 | 0.0005 4 6.7920
2000 2000 | 0.0002 8 6.7937 | 0.0002 9 6.7937

500 500 | 0.0280 1 2.6685 | 0.0280 3 2.6685

105 1000 1000 | 0.0068 4 2.7253 | 0.0068 2 2.7253
2000 2000 | 0.0016 6 2.7398 | 0.0016 11 2.7398

500 500 | 0.0013 0 15.3983 | 0.0013 1 15.3983

90 1000 1000 | 0.0003 3 15.3986 | 0.0003 4 15.3986

2000 2000 | 0.0000 11 15.3987 | 0.0000 6 15.3987

500 500 | 0.0095 2 7.0103 | 0.0095 1 7.0103

0.10 100 1000 1000 | 0.0022 2 7.0235 | 0.0022 3 7.0235
2000 2000 | 0.0005 8 7.0267 | 0.00056 10 7.0267

500 500 | 0.0216 1 1.4218 | 0.0216 1 1.4218

110 1000 1000 | 0.0064 4 1.4153 | 0.0064 10 1.4153
2000 2000 { 0.0010 7 1.4141 | 0.0010 14 1.4141

500 500 | 0.0017 1 15.6385 | 0.0017 1 15.6385

90 1000 1000 | 0.0003 2 15.6409 | 0.0003 3  15.6409

2000 2000 | 0.0000 11 15.6416 | 0.0000 8 15.6416

500 500 | 0.0043 0 8.4039 | 0.0043 1 8.4039

0.20 100 1000 1000 | 0.0008 4 84076 | 0.0008 5 8.4076
2000 2000 | 0.0001 10 8.4085 | 0.0001 11 8.4085

500 500 | 0.0035 0 3.5560 | 0.0035 3 3.5560

110 1000 1000 [ 0.0011 2 3.5556 | 0.0011 6 3.5556
2000 2000 { 0.0000 6 3.5556 | 0.0000 10 3.5556

500 500 | 0.0010 2 16.5108 | 0.0010 2 16.5108

90 1000 1000 | 0.0002 2 16.5124 | 0.0002 4 16.5124

2000 2000 | 0.0000 6 16.5128 | 0.0000 10 16.5128

500 500 | 0.0022 1 10.2077 | 0.0022 3 10.2077

0.30 100 1000 1000 [ 0.0004 3 10.2093 | 0.0004 5 10.2093
2000 2000 | 0.0001 6 10.2097 | 0.0001 7 10.2097

500 500 | 0.0015 3 5.7299 | 0.0015 1 5.7299

110 1000 1000 | 0.0004 3 5.7300 | 0.0004 3 5.7300
2000 2000 | 0.0001 7 5.7301 | 0.0001 17 5.7301
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