
INTEGER PROGRAMMING FORMULATIONS AND CUTTING PLANE

ALGORITHMS FOR THE MAXIMUM SELECTIVE TREE PROBLEM

by
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ABSTRACT

INTEGER PROGRAMMING FORMULATIONS AND

CUTTING PLANE ALGORITHMS FOR THE MAXIMUM

SELECTIVE TREE PROBLEM

This thesis considers the Maximum Selective Tree Problem (MSelTP) as a gen-

eralization of the Maximum Induced Tree problem. Given an undirected graph with a

partition of its vertex set into clusters, MSelTP aims to choose the maximum number

of vertices such that at most one vertex per cluster is selected and the graph induced

by the selected vertices is a tree. To the best of our knowledge, MSelTP has not been

studied before although several related optimization problems have been investigated in

the literature. We propose two mixed integer programming formulations for MSelTP;

one based on connectivity constraints, the other based on cycle elimination constraints.

In addition, we develop two exact cutting plane procedures to solve the problem to op-

timality. On graphs with up to 25 clusters, up to 250 vertices, and varying densities, we

conduct computational experiments to compare the results of two solution procedures

with solving a compact integer programming formulation of MSelTP. Our experiments

indicate that the algorithm CPAXnY outperforms the other procedures overall except

for graphs with low density and large cluster size, and that the algorithm CPAX yields

better results in terms of the average time of instances optimally solved and the overall

average time.
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ÖZET

MAKSİMUM SEÇMELİ AĞAÇ PROBLEMİ İÇİN

TAMSAYILI PROGRAMLAMA FORMÜLASYONLARI VE

KESME DÜZLEMİ ALGORİTMALARI

Bu tezde Maksimum Tetiklenmiş Ağaç Problemi’nin bir çeşit genelleştirilmesi

olarak Maksimum Seçmeli Ağaç Problemi (MSelTP) ele alınıyor. MSelTP, düğümleri

kümeleştirilmiş yönsüz bir çizge üzerinde, her bir küme başına en fazla bir tane düğüm

seçecek ve bu seçimin tetiklediği çizge bir ağaç olacak şekilde en çok sayıda düğüm

seçebilmeyi hedefler. Bildiğimiz kadarıyla, birçok benzer optimizasyon problemi çalışıl-

mış olmasına rağmen, MSelTP’nin daha önce çalışılmadığını söyleyebiliriz. MSelTP

için biri bağlantılılık kısıtlarına dayalı, diğeri ise döngü eleme kısıtlarına dayalı olmak

üzere iki tane karışık tamsayılı programlama formülasyonu önerdik. İlaveten, problemi

optimum olarak çözebilmek için iki tane kesme düzlemi yöntemi geliştirdik. Bu iki

çözüm yöntemini ve polinom sayıda kısıt içeren tamsayılı programlama formülasyonunu

kıyaslamak amacıyla küme sayısı 25’e kadar olan, düğüm sayısı 250’ye kadar olan ve

değişen yoğunluklara sahip çizgelerde hesaplamalı deneyler gerçekleştirdik. Deneyle-

rimiz, CPAXnY algoritmasının diğer yöntemlere göre genel olarak daha iyi çalıştığına

işaret etmekte, ancak düşük yoğunluklu ve kümelerindeki ortalama düğüm sayısı çok

olan çizgelerde CPAX algoritmasının performansı ortalama süre bakımından daha iyi

sonuç vermektedir.



vi

TABLE OF CONTENTS

ACKNOWLEDGEMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv
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1. INTRODUCTION

In this thesis, we consider the Maximum Selective Tree Problem (MSelTP), which

is a generalization of the Maximum Induced Tree problem. Given an undirected graph

with a partition of its vertex set into clusters, MSelTP aims to select at most one vertex

per cluster such that the graph induced by the selected vertices is a tree and among all

possible vertex selections, the order of the induced tree is maximized. The Maximum

Induced Tree problem is a special case of MSelTP where the partition of its vertex set is

into singletons. Moreover, the graph induced by the selection is a minimal connected

graph that connects maximum number of clusters. To the best of our knowledge,

MSelTP has not been studied in the literature. For problems where selections of

vertices force to consider all edges whose both end vertices are selected, it can be

important to obtain a minimal connected graph, which is an induced tree. A water-

pipe network, gas-pipe network or a type of circuit having a clustered structure and

where the flow uses all pipes or wires among allowed/selected nodes can be application

examples of MSelTP.

1.1. Motivation and Literature Review

Graph theory techniques have been widely used and studied to solve combinato-

rial optimization problems in several fields for years. The travelling salesman problem,

the minimum spanning tree problem, the knapsack problem, graph coloring problems

etc. are well known problems that have been solved using graph structures.

Induced subgraphs have been theoretically studied and widely used in numer-

ous applications to solve combinatorial optimization problems. In a variety of areas,

induced subgraphs with different structures such as induced paths, induced cycles,

induced matchings, cliques, induced forests and trees are needed. For some of the

problems in these areas, it is aimed to find an induced subgraph of maximum size.

Searching for maximum cliques, longest induced paths, induced matchings of maxi-
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mum size, and maximum induced trees are included in these kind of problems [1–9].

The maximum induced tree problem is the problem of selecting the maximum

number of vertices that induce a tree. Erdös and Palka [1], and Karonski and Palka [2]

study maximal induced trees, which are induced trees such that no other tree properly

contains them, and they mention and use the largest maximal tree, which is equivalent

to the maximum induced tree. Subsequently, Erdös et al. [3] study maximum induced

trees in terms of the complexity of the problem, bounds on the order of the maximum

induced tree and the relationship of that order to other parameters associated with

the graph. Given three vertices, Chudnovsky and Seymour [4] study the problem of

deciding whether there is an induced tree including all three of them. Derhy and

Picouleau [5] investigate induced trees and induced paths with minimum weight or

order including a given set of vertices. Rautenbach [6] studies induced dominating

trees and bounds on the order of the maximum induced trees on connected cacti of

maximum degree 3 and connected cubic graphs. Hertz et al. [7] compare the order of a

maximum induced forest and a maximum induced tree. Melo and Ribeiro [8] present

integer programming formulations for finding a maximum weighted induced forest and

discuss how to extend it for the maximum weighted induced tree.

The feedback vertex set problem, also named as the decycling set problem, is

related to the maximum induced forest problem [10]. Given a graph G = (V,E), the

feedback vertex set problem is to find the smallest set S ⊂ V such that G−S is acyclic.

This problem is equivalent to finding a maximum induced forest, since G−S is a forest

for every feedback vertex set S ⊂ V .

Classical combinatorial optimization problems can often be generalized in various

ways. One possible way, as already investigated in several papers [11–19], is to take

as input a graph whose vertex set is partitioned into clusters. Then, the selective

version consists of selecting one vertex per cluster so that the graph induced by the

selected vertices admits, among all possible selections, the best solution for the original

optimization problem. Given a graph whose vertex set is partitioned into clusters,
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another way to generalize classical combinatorial optimization problems is to select

representative vertices for each cluster and also edges whose both end vertices are

selected and satisfy constraints in the original optimization problem. In this way, the

subgraph formed by the selection is not necessarily an induced graph. This notion

has been studied in several papers [20–37], where the number of these representative

vertices is required to be at least, at most or exactly one per cluster for different

problem types.

Problems of selective nature have been widely studied in the literature. The

selective version of each combinatorial optimization problem brings some flexibility

into their applications by adding a set of alternatives but also adds in their computa-

tional complexity. Generalized network design problems, in general, are obtained by

clustered graph instances expressing the feasibility conditions of the classical network

design problem in terms of clusters [21]. The selective graph coloring problem (Sel-

Col), introduced by Li and Simha [11] and widely studied since then [12–19], takes

as input a clustered graph and aims to select exactly one vertex per cluster so that,

among all possible such selections, the chromatic number of the graph induced by the

selected vertices is minimized. For instance, the wavelength assignment problem is a

problem that can be modelled as a graph coloring problem. In the classical version of

the wavelength assignment problem, a route for each connection is given as input, while

in the wavelength and routing assignment problem, the selective structure allows us to

select a route for each connection from a given set of alternative routes [11]. Different

types of real life problems modelled as SelCol and related classes of graphs are also

emphasized in [12] such as scheduling and frequency assignment problems. Demange

et al. [15] study the complexity of SelCol in several graph classes, such as split graphs,

which are graphs partitioned into a clique and a stable set; complete q-partite graphs,

which are graphs partitioned into q stable sets such that an edge exists for each vertex

pair from different sets; and bipartite graphs, which are graphs partitioned into two

stable sets. In [19], the graph classes corresponding to the problems in [12] are studied

in terms of complexity, and the maximum variant of SelCol is introduced. This variant

(SelCol+) aims to find a selection so that the chromatic number of the induced graph
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is maximized; this corresponds to a worst selection which may happen when one does

not have full control over the selection process, say for instance because selection de-

cisions are made by a central authority having different criteria. For SelCol, a branch

and cut algorithm is applied by Frota et al. [14], a memetic algorithm is proposed by

Pop et al. [13] and a branch and price algorithm is presented by Furini et al. [16]. In

perfect graphs, Şeker et al. propose a decomposition algorithm [17] and a cutting plane

algorithm as its generalization [18].

The generalized spanning tree problem (GMSTP), which is introduced by Myung

et al. in [20], is for a given undirected weighted graph and a partition of its vertex set

into clusters, to find the minimum-cost tree that spans exactly one vertex from each

cluster. GMSTP allows us to model local and global networks together for telecommu-

nication networks, where hubs in local networks have to be connected via transmission

links such as optical fibers to create a minimum cost global network [20]. Different types

of real life problems represented by GMSTP are also emphasized in the literature, such

as energy transportation [30] and agricultural irrigation [31]. As base formulations,

Myung et al. in [20] propose generalized subtour elimination, generalized cutset, and

flow based formulations. Fereman et al. present several new formulations and their

comparison in [26] and the polyhedral analysis in [27]. Also, a new formulation called

multi graph formulation is proposed by Sousa et al. [32]. GMSTP has also a variation

that relaxes the “exactly one vertex per cluster” constraint as at least one vertex per

cluster [24]. It is a particular case of the Generalized Steiner Tree Problem [24] and

denoted as L-GMST problem [25]. Haouari et al. [28] propose two stochastic heuris-

tics: probabilistic greedy search method and a genetic algorithm for this problem.

Another variation of GMSTP is the prize-collecting generalized minimum spanning

tree problem (PCGMSTP) introduced by Golden et al. [29], which also considers dif-

ferent prizes of vertices in the same cluster. When all the prizes of vertices in the same

cluster are exactly equal, this problem corresponds to GMST problem. The summary

of formulations generated so far and, latest advances on the problem related to both

exact and heuristic algorithms are thoroughly overviewed by Pop [22]. GMSTP has

similar constraints related to connectivity and absence of cycles as MSelTP. The flow
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based formulation that we propose for MSelTP is based on the flow mechanism of

the directed multicommodity flow model introduced in the same paper. Despite the

similarities, MSelTP differentiates from GMSTP in a fundamental way. In GMSTP, a

partial subgraph of the input graph is selected so that it forms a tree with minimum

weight spanning all clusters. However, MSelTP is about selecting vertices and we re-

quire the subgraph induced by the selected vertices to form a tree. Even in an equally

weighted graph, the vertex set of an optimum selection for GMSTP may not induce a

tree. Besides, an optimum selection for MSelTP, which induces a tree, may not span

all the clusters.

The group Steiner tree problem, which is introduced by Reich and Widmayer [23],

is a more general version of GMSTP. In this problem, an undirected weighted graph is

given, and a subset of its vertex set is partitioned into clusters. The aim is to find the

minimum-cost tree that spans a subset having at least one vertex from each cluster. As

an example, in the wire routing in VLSI design problem, this generalization allows us

to determine also the pin location in each component [23]. Duin et al. transform the

group Steiner tree problem to classical Steiner problem [34] and use it as a heuristic to

solve the group Steiner tree problem.

A generalized version of the travelling salesman problem (GTSP) has also been

considered in the literature. It aims to select exactly one vertex per cluster so that the

selected vertices form a cycle with minimum cost [35]. As an example, a welfare client

needs to travel with minimum cost through agencies, which are capable of servicing

different type of needs of the client. This generalization allows a set of different cost

alternatives for each service type, and the client can select one agency per service type

so that the total cost is at minimum. Moreover, a variant of GTSP aims to select

at least one vertex per cluster forming a cycle with minimum cost [36]. In the travel

agent problem, for example, beyond arranging a minimum cost tour through cities,

generalization allows the travel agent to provide a tour consisting of at least one city

with each type of attractions at minimum cost. Laporte et al. [37] discuss several

combinatorial optimization problems that can be modelled as GTSP for both variants.
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1.2. Definitions

A graph that contains no cycle is said to be acyclic and a tree is defined as a

connected acyclic graph [38]. An example of a tree is shown in Figure 1.1(a). An

acyclic graph is also called a forest whose each component is a tree, hence the name

forest [38]. An example of a forest is shown in Figure 1.1(b).

(a) A tree with 18 vertices. (b) A forest with 5 components, which are trees.

Figure 1.1. An example for a tree and a forest.

Bondy and Murty [38] state the following theorem:

Theorem 1.1 (Bondy and Murty [38]). Let G = (V,E) be a graph. If G is a tree,

then |E| = |V | − 1.

Thus, as a necessary condition, the number of edges needs to be one less than

the number of vertices in a tree. Among the selections with this necessary condition,

another theorem stated in [38] gives some conditions to ensure that the selection is a

tree:

Theorem 1.2 (Bondy and Murty [38]). Let G be a graph with n vertices and n − 1

edges. The following statements are equivalent:

(i) G is connected.

(ii) G is acyclic.

(iii) G is a tree.
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MSelTP is defined on an undirected graph G = (V,E) with the vertices parti-

tioned into m vertex sets called clusters. Let |V | = n and K = {V1, · · · , Vm} be a

clustering of V , that is, V = V1∪V2 · · ·∪Vm and Vl∩Vk = ∅ for all Vl, Vk ∈ K such that

l ̸= k. We can assume without loss of generality that edges are defined only between

vertices belonging to different clusters since the intracluster edges are irrelevant when

at most one vertex is selected from each cluster.

Given a graph G = (V,E) and V ′ ⊂ V , a graph whose vertex set is V ′, and whose

edges are all the edges of G that have both ends in V ′ is called a subgraph of G induced

by V ′, and denoted by G[V ′] [38]. Moreover, for a |V |-dimensional binary vector x, let

G[x] represent the subgraph induced by the vertex set {i ∈ V | xi = 1}, which is the

set of selected vertices. Similarly, let E[x] denote the edge set of G[x].

MSelTP is the problem of selecting a maximum number of vertices such that at

most one vertex is selected per cluster, and the graph induced by the selected vertices is

a tree. Such a tree is called a maximum selective tree. Figure 1.2 illustrates a solution

for MSelTP in an undirected graph with 15 vertices partitioned into 5 clusters.

𝑉1

𝑉2 𝑉3

𝑉4

𝑉5

𝑉1

𝑉2 𝑉3

𝑉4

𝑉5

Figure 1.2. An optimal solution for an instance of MSelTP.
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Given a graph G = (V,E) and a subset S ⊂ V , the set of edges in E that have

both endpoints in S is denoted by E(S), and the set of edges in E that have only one

endpoint in S is denoted by δ(S), which are defined as

E(S) = {(i, j) ∈ E | i ∈ S, j ∈ S}

δ(S) = {(i, j) ∈ E | i ∈ S, j /∈ S}.

Given a graph G = (V,E), the directed graph associated with G is denoted by D =

(V,A), whose arc set A is composed of arcs [i, j] and [j, i] for each edge (i, j) ∈ E.

Similarly, for a directed graph D = (V,A) and a subset S ⊂ V , the set of arcs in A

that have both endpoints in S is denoted by A(S), and the set of arcs in A that have

only tail or head in S is denoted as

A(S) = {[i, j] ∈ A | i ∈ S, j ∈ S}

δ+(S) = {[i, j] ∈ A | i ∈ S, j /∈ S}

δ−(S) = {[i, j] ∈ A | i /∈ S, j ∈ S}.

We use the notations δ+(i) and δ−(i) instead of δ+({i}) and δ−({i}) for brevity. The

rest of the thesis is organized as follows: In Chapter 2, two integer programming

formulations of MSelTP are presented: we present an exact formulation, namely flow

based formulation (Model 1) in Section 2.1, and a formulation with an exponential

number of constraints, namely cycle elimination formulation (Model 2) in Section 2.2.

In Chapter 3, we develop two cutting plane algorithms, CPAXnY (Figure 3.1) and

CPAX (Figure 3.3), based on the cycle elimination formulation. In Chapter 4, the

computational results of the two cutting plane algorithms (CPAXnY and CPAX) and

the flow based formulation (FLOW) are compared. The results are interpreted in

Section 4.1 and as an evaluation technique, they are compared by performance profiles

in Section 4.2. Additionally, we discuss on feeding an initial feasible solution to FLOW,

CPAXnY and CPAX in Section 4.3. Finally, the thesis is concluded in Chapter 5 with

a brief summary and possible future research directions.
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2. FORMULATIONS FOR MSELTP

In this chapter, we first discuss the complexity of MSelTP. Then, we suggest two

IP formulations for MSelTP.

Let SelTP be the decision variant of MSelTP, formulated as follows: Given a

positive integer k and an undirected graph with a partition of its vertex set into clusters,

is there a selection of at most one vertex per cluster such that the selected vertices

induce a tree of order at least k?

If the vertices are partitioned into singletons, SelTP corresponds to the problem

of finding an induced tree of order at least k, which is NP-complete [3]. Since the

problem of finding an induced tree of order at least k is a special case of SelTP with

|Vk| = 1 for all k ∈ 1, · · · ,m, SelTP is NP-complete as well. It follows that MSelTP is

NP-hard.

2.1. Flow Based Formulation

We propose a formulation for MSelTP based on connectivity constraints. In the

formulation, we use flow mechanism introduced by Myung et al. [20] in the directed

multicommodity flow model. Since a connected graph with n vertices and n− 1 edges

is a tree by Theorem 1.2, the model aims to find a connected induced graph with

maximum number of vertices, which is one more than the number of its edges.

In this model, each cluster Vk ∈ K corresponds to a commodity. For each com-

modity k, the flow of commodity k should start from the source cluster, which is

uniquely designated (for all commodities) to the destination cluster Vk. Only one

source is designated among all clusters from which a vertex is selected. In order to

indicate the direction of flow, we use arcs [i, j] and [j, i] in A instead of each edge

(i, j) in E, and we create a directed graph D = (V,A) as a directed version of graph
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G = (V,E). Thus, there may be flow in each direction from i to j and from j to i

for each edge (i, j) ∈ E. For each commodity k, we introduce non-integer variables fk
ij

to represent the flow of commodity k on arc [i, j] and F k
i to represent the net flow of

commodity k through vertex i.

The following binary variables are introduced:

xi =

1 if the vertex i is selected in the solution

0 otherwise

yij =

1 if the edge (i, j) ∈ E is induced by the selected vertices

0 otherwise

wij =

1 if there is flow from the vertex i ∈ V to the vertex j ∈ V

0 otherwise

sk =

1 if the cluster Vk ∈ K is designated as the source cluster for all the commodities

0 otherwise

tk =

1 if no vertex is selected from the cluster Vk ∈ K

0 otherwise

From a flow related point of view, the binary variable xi indicates whether the

vertex i is included in the network so that all flows are sent through, and yij indicates if

the edge (i, j) is able to carry any flow. The variables fk
ij, F

k
i , wij and sk are auxiliary

flow variables. The flow based model is as follows:
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Model 1:

min
∑
Vk∈K

tk (2.1)

s.t. ∑
i∈Vk

xi + tk = 1 ∀Vk ∈ K (2.2)

∑
(i,j)∈E

yij = |K| − 1−
∑
Vk∈K

tk (2.3)

xi + xj − 1 ≤ yij ∀(i, j) ∈ E (2.4)

yij ≤ xi ∀(i, j) ∈ E (2.5)

yij ≤ xj ∀(i, j) ∈ E (2.6)∑
Vk∈K

sk = 1 (2.7)

sk ≤ 1− tk ∀Vk ∈ K (2.8)∑
j : [i,j]∈A

fk
ij −

∑
j : [j,i]∈A

fk
ji = F k

i ∀i ∈ V, Vk ∈ K (2.9)

F k
i ≤ sk − xi ∀i ∈ Vk, Vk ∈ K (2.10)

F k
i ≥ sk − 1 ∀i ∈ Vk, Vk ∈ K (2.11)

F k
i ≤ sl ∀i ∈ Vl, Vl ∈ K, l ̸= k (2.12)

F k
i ≤ 1− tk ∀i ∈ Vl, Vl ∈ K, l ̸= k (2.13)

F k
i ≥ xi + sl − tk − 1 ∀i ∈ Vl, Vl ∈ K, l ̸= k (2.14)

F k
i ≥ 0 ∀i ∈ Vl, Vl ∈ K, l ̸= k (2.15)

fk
ij ≤ wij ∀[i, j] ∈ A, Vk ∈ K (2.16)

wij + wji = yij ∀(i, j) ∈ E (2.17)

fk
ij ≥ 0 ∀[i, j] ∈ A, Vk ∈ K (2.18)

0 ≤ yij ≤ 1 ∀(i, j) ∈ E (2.19)

xi ∈ {0, 1} ∀i ∈ V (2.20)

wij ∈ {0, 1} ∀[i, j] ∈ A (2.21)

sk ∈ {0, 1} ∀Vk ∈ K (2.22)

tk ∈ {0, 1} ∀Vk ∈ K. (2.23)
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Summing all t-variables, the objective function minimizes the number of clusters

having no selected vertex (2.1). By definition, if tk equals 1, then,
∑

i∈Vk
xi needs to

be 0. Moreover, if tk equals 0, then, at least one vertex has to be selected in the cluster

Vk, which means
∑

i∈Vk
xi needs to be at least 1. Constraint (2.2) ensures that the

subgraph defined by any solution has at most one vertex from each cluster and that tk

takes value 1 if no vertex is selected from cluster Vk and 0 otherwise. It also ensures

the fact that the number of selected vertices equals the number of clusters containing

a selected vertex, which leads to the equation

∑
i∈V

xi =
∑
Vk∈K

∑
i∈Vk

xi =
∑
Vk∈K

(1− tk) = |K| −
∑
Vk∈K

tk. (2.24)

By Theorem 1.1, |E[x]|, the number of edges induced by the selected vertices, should

be exactly one less than the number of selected vertices; this is ensured by constraint

(2.3), which is derived from (2.24).

Two selected vertices force the edge between them to be in the (induced) sub-

graph, with constraint (2.4). For an edge to be in the induced subgraph, its both end

vertices have to be selected, as forced by constraints (2.5) and (2.6). Thus, constraints

(2.4), (2.5) and (2.6) ensure that the subgraph defined by any solution is the induced

subgraph by the selected vertices. It also allows us to relax y-variables as continuous

(2.19) since these constraints force y-variables to be integral.

Flow constraints in general include a root vertex/cluster as a source to send all

commodities. In MSelTP, the source cluster has to be designated among those clusters

including a selected vertex. If the cluster Vk is designated as the source cluster, only

then, the variable sk should be 1. Constraint (2.7) forces that only one of the clusters

is selected as the source cluster and constraint (2.8) ensures that only the clusters

including a selected vertex can be a source cluster.

Constraints (2.9) are the net flow equations. Let Vs be the source cluster. The

LHS of constraint (2.9) is the net flow of the commodity k over the vertex i, which
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should be 1 if i is the selected vertex in the source cluster Vs unless k = s or Vk does

not include any selected vertices; -1 if i is the selected vertex in Vk unless k = s; and

0 otherwise. For a vertex i, there are two cases; it is included in either the cluster Vk,

which is associated with the commodity k, or some other cluster Vl.

(i) i ∈ Vk

The cluster Vk is either the source cluster or not.

� If the cluster Vk is the source cluster (sk = 1), the net flow needs to be 0

for each vertex i since the source and the destination for the commodity k

is the same.

� Otherwise:

If the vertex i is included in the selection (xi = 1), then the cluster Vk is the

destination cluster for the commodity k. Thus, the net flow needs to be −1.

Otherwise (xi = 0), regardless of whether any vertex in the cluster Vk is

included in the selection or not, no flow exists on the vertex i, the net flow

needs to be 0.

We summarize this case as the net flow of the commodity k over a vertex i ∈ Vk

equals the maximum of −xi and sk−1 when the vertex i is included in the cluster

Vk, which is expressed as

F k
i = max(sk − 1,−xi) ∀i ∈ Vk, Vk ∈ K.

We show that if the vertex i is not selected, then the net flow is implicitly 0 as

xi = 0⇒ yij = 0⇒wij = wji = 0⇒ fk
ij = fk

ji = 0 ∀j : (i, j) ∈ E, ∀Vk ∈ K

⇒
∑

j : [i,j]∈A

fk
ij −

∑
j : [j,i]∈A

fk
ji ⇒ F k

i = 0 ∀Vk ∈ K.
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This case is ensured by constraints (2.10) and (2.11) as

F k
i = max(sk − 1,−xi) =⇒

 F k
i ≤ sk − xi

F k
i ≥ sk − 1

∀i ∈ Vk, Vk ∈ K.

(ii) i ∈ Vl for l ̸= k

The cluster Vk either contains a selected vertex or not.

� If no vertex in the cluster Vk is included in the selection (tk = 1), the net flow

needs to be 0 for each vertex i since no destination exists for the commodity

k.

� Otherwise:

The cluster Vl is either the source cluster or not.

If the cluster Vl is the source cluster (sl = 1), the net flow depends on if the

vertex is selected.

If the vertex i is selected (xi = 1), then it is also the source vertex for the

commodity k. Thus, the net flow needs to be 1.

Otherwise (xi = 0), no flow exists on the vertex i, the net flow needs to be

0.

If the cluster Vl is not the source cluster (sl = 0), the net flow needs to be 0

for each vertex i since the cluster Vl is neither the source nor the destination

for the commodity k.

We summarize this case as the net flow of the commodity k over a vertex i ∈ Vl

equals the minimum of xi, sl, and 1 − tk when the vertex i is included in the

cluster Vl, which is expressed as

F k
i = min(sl, 1− tk, xi) ∀i ∈ Vl, Vl ∈ K, l ̸= k.
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This case is ensured by constraint (2.12)-(2.15) as

F k
i = min(sl, 1− tk, xi) =⇒



F k
i ≤ sl

F k
i ≤ 1− tk

F k
i ≥ xi + sl − tk − 1

F k
i ≥ 0

∀i ∈ Vl, Vl ∈ K, l ̸= k.

Thus, the net flow constraints (2.9)-(2.15) suggest that the subgraph defined by

any solution has to be connected.

Considering the edge (i, j) in any selective tree and the flows fk
ij for all Vk ∈ K

on it, if we hypothetically eliminate this edge to split the selective tree into two trees,

for each cluster Vk included in the same tree with the source cluster, the associated

commodity k does not flow through (i, j). However, for each cluster Vk included in the

other tree, each associated commodity k flows through (i, j) from the tree including

the source cluster to the other tree, which indicates that those flows are in the same

direction.

When the edge (i, j) is able to carry flow, wij is hereby used as an indicator of the

flow direction for each commodity. Thus, constraints (2.16) and (2.17) force that the

flow of each commodity on arc [i, j] can be sent only if edge (i, j) is contained in E[x],

and if multiple commodities flow on edge (i, j), they all flow in the same direction.

Constraints (2.5), (2.6), (2.9), (2.16), (2.17) and (2.18) ensure that if the vertex

i is not selected (xi = 0), related y, w, f and F -variables are forced to be 0 as well.

Thus, constraints (2.12)-(2.15) allow us to relax F k
i as −1 ≤ F k

i ≤ 1, ∀i ∈ V, Vk ∈ K

since these constraints force F -variables to be integral.

Constraint (2.3) and the connectivity constraints (2.9), (2.16), (2.17) together

ensure that the selection is also a tree from Theorem 1.2. Therefore, each feasible

solution corresponds to a selection of an induced tree with at most one vertex per
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cluster. If the objective function gives the result of |K| − 1, then, the selection is also

a generalized spanning tree.

Model 1 has O((|V | + |E|) × |K|) constraints, and O(|V | + |E| + |K|) binary

variables out of O((|V |+ |E|)×|K|) variables. Since the model has polynomial number

of variables and constraints, it is a compact formulation for MSelTP.

2.2. Cycle Elimination Formulation

We propose another formulation with constraints eliminating cycles for each ver-

tex subset. This formulation has an exponential number of constraints and O(|V |+|K|)

binary variables. Since an acyclic graph with n vertices and n− 1 edges is a tree from

Theorem 1.2, the model aims to find an acyclic induced graph with maximum number

of vertices, which is one more than the number of its edges.

The same set of variables xi, yij and tk as in Model 1 are used in the following

integer programming formulation:

Model 2:

min
∑
Vk∈K

tk (2.25)

s.t. ∑
i∈Vk

xi + tk = 1 ∀Vk ∈ K (2.26)

∑
(i,j)∈E

yij = |K| − 1−
∑
Vk∈K

tk (2.27)

xi + xj − 1 ≤ yij ∀(i, j) ∈ E (2.28)

yij ≤ xi ∀(i, j) ∈ E (2.29)

yij ≤ xj ∀(i, j) ∈ E (2.30)∑
(i,j)∈E(S)

yij ≤ |S| − 1 ∀S ⊂ V, 3 ≤ |S| (2.31)
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0 ≤ yij ≤ 1 ∀(i, j) ∈ E (2.32)

xi ∈ {0, 1} ∀i ∈ V (2.33)

tk ∈ {0, 1} ∀Vk ∈ K. (2.34)

The flow formulation in Model 1 focuses on the connectivity of the induced sub-

graph, whereas Model 2 focuses on the fact that the induced graph has to be acyclic.

Thus, only the objective function (2.25), constraint (2.26) ensuring at most one vertex

per cluster, constraint (2.27) of order-size relation, and constraints (2.28), (2.29), (2.30)

forcing the subgraph to be induced by the selected vertices are revisited in this model.

Constraint (2.31) suggests that the subgraph defined by any solution has to be

acylic. For each vertex subset S ⊂ V with at least 3 vertices, it eliminates all solutions

containing a cycle of size |S|. Constraints (2.27) and (2.31) together ensure that the

selection induces a tree from Theorem 1.2. Therefore, each feasible solution yields a

selection of an induced tree with at most one vertex per cluster. If the optimal objective

function value is |K| − 1, then the selection is also a generalized spanning tree.
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3. CUTTING PLANE METHODS

Model 2 has an exponential number of constraints, implying that only relatively

small instances can be solved with this formulation. Therefore, we develop cutting

plane algorithms that add cycle elimination constraints as needed.

Constraint (2.31) in Model 2 is of exponential cardinality and it ensures that the

subgraph defined by any solution is acylic. Since there is an exponential number of

constraints (2.31), we remove them from the formulation and generate them as needed

in a cutting plane fashion. In particular, given a selection of vertices, the feasibility

of constraint (2.31) is checked by running a Depth-First Search algorithm to detect

cycles. If there is no cycle, then the selection is feasible. Otherwise, let C denote a

detected cycle having vertex set V (C) and edge set E(C). We add a cut as

∑
(i,j)∈E(C)

yij ≤ |V (C)| − 1. (3.1)

The cutting plane algorithm CPAXnY summarizes the procedure above in Figure 3.1.

Model 2 has O(|V | + |E| + |K|) variables, which is significantly fewer than in

Model 1. Furthermore, we observe that Model 2 can be reformulated in terms of only

x and t-variables, hence eliminating y-variables. To do that, all constraints involving

y-variables have to be re-expressed. Hence, the related formulation is:

Model 3:

min
∑
Vk∈K

tk (3.2)

s.t. ∑
i∈Vk

xi + tk = 1 ∀Vk ∈ K (3.3)
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|E[x]| = |K| − 1−
∑
Vk∈K

tk (3.4)

G[x] admits no cycle (3.5)

xi ∈ {0, 1} ∀i ∈ V (3.6)

tk ∈ {0, 1} ∀Vk ∈ K. (3.7)

Require: A graph G = (V,E) with clustering K

Ensure: An optimal selection x∗ of vertices inducing a maximum selective tree

while true do

Solve Model 2 with constraint (2.31) relaxed. Let x̂ be an optimal selection of

vertices, and G[x̂] be the subgraph induced by x̂.

Find cycles in the induced graph, if any, by depth-first search.

if G[x̂] does not contain any cycles then

The selection x̂ is optimal.

break

else

For some cycle C, generate cut (3.1) and add it to Model 2.

end if

end while

x∗ ← x̂

Figure 3.1. CPAXnY Algorithm.

Model 3 has O(|V | + |K|) variables, which is fewer than in Model 1 and Model

2. Since the sum of y-variables in constraint (2.27) indicates the number of edges

induced by the selected vertices, the size of E[x], which denotes the edge set of G[x],

is used in constraint (3.4). Since E[x] in (3.4) depends on the selection and since

there is an exponential number of (3.5), we relax constraints (3.4) and (3.5). At any
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point, if constraint (3.4) is not satisfied, we need to add a cut to eliminate the current

selection from the solution set. Laporte and Louveaux define a binary optimality cut

to exclude the current solution [39]. Given binary solution vn with S = {i | vni = 1}

and S ′ = {i | vni = 0}, the binary optimality cut is defined as

∑
i∈S

(1− vi) +
∑
i∈S′

vi ≥ 1.

In our case, the binary variables are x and t-variables. Let V̂ be the set of selected

vertices x̂, and K̂ be {Vk ∈ K | t̂k = 1}, indicating the set consisting of clusters, in

which no vertex is selected. Thus, in Model 3, the corresponding binary optimality cut

is

∑
i∈V̂

(1− xi) +
∑

i∈V \V̂

xi +
∑
Vk∈K̂

(1− tk) +
∑

Vk∈K\K̂

tk ≥ 1. (3.8)

By constraint (3.3), changing a 0-valued x or t variable to 1 forces to change a 1-valued

variable to 0, and vice versa. Thus, Equation (3.8) can be improved as

∑
i∈V̂

(1− xi) +
∑
Vk∈K̂

(1− tk) ≥ 1. (3.9)

Since at most one vertex can be selected from each cluster by constraint (3.3), the sum

of the number of clusters having no selected vertex and the number of selected vertices

is equal to the total number of clusters, which leads |K̂|+ |V̂ | = |K|. By that equation,

an equivalent of Equation (3.9) is as

∑
i∈V̂

xi +
∑
Vk∈K̂

tk ≤ |K| − 1. (3.10)
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Proposition 3.1. Cut (3.10) is stronger than cut (3.8).

Proof. Any nonnegative pair (x, t) satisfying (3.9) and hence (3.10) also satisfies (3.8).

To show that cut (3.10) is stronger than cut (3.8), we consider a graph G = (V,E)

with clustering K = {V1, V2, V3} where V = {1, 2, 3, 4, 5}, V1 = {1, 2}, V2 = {3, 4},

V3 = {5}, and E = {{1, 3}, {2, 4}, {2, 5}, {4, 5}}. One possible selection for this graph

is x̂ = {1, 0, 1, 0, 1}, hence t̂ = {0, 0, 0} as in Figure 3.2(a). The induced graph G[x̂] is,

then, composed of vertices {1, 3, 5} and edge (1, 3), and constraint (3.4) is not satisfied.

This is a case where a binary optimality cut is generated. Cut (3.8) associated with

selection x̂ is (1 − x1) + (1 − x3) + (1 − x5) + x2 + x4 + t1 + t2 + t3 ≥ 1, whereas

cut (3.10) associated with selection x̂ is x1 + x3 + x5 ≤ 2. The point (x, t) with

x = (3/4, 1/4, 3/4, 1/4, 1) and t = (0, 0, 0), as in Figure 3.2(b), satisfies constraint (3.3)

and cut (3.8); however, cut (3.10) is violated. Hence, cut (3.10) is stronger than cut

(3.8).

𝑉1 𝑉2

𝑉3

1 3

2 4

5

(a) A selection that violates (3.4).

𝑉2

3

4

1

1

4

3

4

1

4

𝑉1

𝑉3

1 3

2 4

5

(b) A fractional point that satisfies cut (3.8),

and violates cut (3.10).

Figure 3.2. A graph example to illustrate that cut (3.10) is stronger than (3.8).
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Thus, when the number of edges does not satisfy the condition (3.4), cut (3.10)

is generated. The feasibility of constraint (3.5) is checked by running a Depth-First

Search algorithm to detect cycles. If there is no cycle, then the selection (x, t) is

optimum. Otherwise, let C denote a detected cycle having vertex set V (C). We add a

cut as

∑
i∈V (C)

xi ≤ |V (C)| − 1. (3.11)

The cutting plane algorithm CPAX summarizes the procedure above in Figure 3.3.

Require: A graph G = (V,E) with clustering K

Ensure: An optimal selection x∗ of vertices inducing a maximum selective tree

while true do

Solve Model 3 with constraints (3.4) and (3.5) relaxed. Let x̂ be an optimal

selection of vertices, and G[x̂] be the subgraph induced by x̂.

Find the subgraph G[x̂] induced by x̂.

Find cycles in G[x̂], if any, by depth-first search.

if G[x̂] does not contain any cycles then

if |E[x̂]| = |K| − 1−
∑

Vk∈K t̂k then

The selection is optimal.

break

else

Generate cut (3.10) and add it to Model 3.

end if

else

For some cycle C, generate cut (3.11) and add it to Model 3.

end if

end while

x∗ ← x̂

Figure 3.3. CPAX Algorithm.
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4. EXPERIMENTAL RESULTS

In this chapter, we discuss the computational experiments that we conduct to

compare the results of two solution procedure CPAXnY and CPAX with FLOW, which

is solving the compact integer programming formulation Model 1 of MSelTP, in terms

of their performances and advantages.

4.1. Interpretation of the Results

We implement the algorithms in C++ and conduct experiments on a computer

with an Intel Core i5-7200U @ 2.50 GHz processor and 8GB RAM with a time limit

of 1500 seconds for each experiment. We use CPLEX 20.1 as a solver. We use lazy

callback mechanism in CPLEX to apply the cutting plane algorithms.

We randomly generate test instances as graphs with clusters varying from 5 to 25.

We call the number of vertices in a cluster the cluster size, and we use three different

average cluster size values, which are 3, 6 and 10. As an average density value, we

use 0.1, 0.3, 0.5, and 0.7. For each number of clusters, average cluster size and edge

density, 10 random instances are generated.

The graphs are randomly generated so that a vertex can be in any cluster with

the same probability and for each pair of vertices, the probability of forming an edge

between them is the same, which is the edge density value. However, we assume that

there is no empty cluster and edges are defined only between vertices belonging to

different clusters since the intracluster edges are irrelevant when at most one vertex

is selected from each cluster. Additionally, we only choose connected graphs as test

instances. In CPAXnY and CPAX, in iterations where multiple cycles are found, we

limit the number of cuts to be added in an iteration to 75.
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Table 4.1. Summary table for all graph instances.

FLOW CPAXnY CPAX

cluster

size
density

#

opt

avg gap

nonopt

avg

time

#

opt

avg gap

nonopt

avg

time

#

opt

avg gap

nonopt

avg

time

small

low 80 83.46 331.88 100 5.20 98 61.90 63.33

high 42 76.71 902.35 100 31.96 81 31.48 372.40

all 122 78.44 617.11 200 18.58 179 34.38 217.86

medium

low 57 99.82 718.64 92 63.35 147.82 89 80.28 190.67

high 31 97.63 1088.51 76 61.59 485.60 58 74.35 709.72

all 88 98.47 903.57 168 62.03 316.71 147 75.58 450.19

large

low 46 100.00 903.01 90 91.64 189.26 90 92.33 178.32

high 23 99.93 1187.03 57 85.63 736.31 42 88.41 896.16

all 69 99.96 1045.02 147 86.77 462.78 132 88.99 537.24

overall 279 94.21 855.24 515 77.45 266.02 458 75.91 401.77

We conduct experiments on 600 test instances of MSelTP to compare the three

methods. The number of clusters in these graphs are 5, 10, 15, 20, and 25. Each of

them has 3 different sizes as “small”, “medium”, and “large”, corresponding to the

average number of vertices per cluster, which are 3, 6, and 10. There are 4 different

density options for each case as 0.1 and 0.3 being “low” densities and 0.5 and 0.7 being

“high” densities. For each tuple of types, 10 random cases are generated. We first

present the general analysis of the results in Table 4.1. The cases are grouped by their

cluster sizes and densities, in which each combination represents 100 instances. The

first two columns in this table identify these combinations. Next columns are split

into groups for each method (FLOW, CPAXnY, CPAX). In each column group, the

first column shows the number of optimally solved instances out of 100. The second

column shows the average of the relative optimality gap for nonoptimal cases in percent

within the given time limit of 1500 seconds. The relative optimality gap is calculated

as
(
UB−LB

UB
× 100

)
, where LB is the best known lower bound on the optimal solution

value and UB is the upper bound, which is the best integer objective found. The
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third column shows the average overall time in seconds within the time limit. For each

cluster size group, the last row corresponds to aggregate values for all density groups.

The values at the last row of each group and the final row indicate that CPAXnY

method outperforms the other two methods in terms of each criteria in the table,

except the total average relative gap. Moreover, CPAX method yields better results

than FLOW. CPAXnY and CPAX optimally solves 86% and 76% of the instances,

respectively. FLOW solves only 47% of the instances optimally. In terms of the average

relative gap and the average time, the ranking between the methods is the same.

For only large-size low-density group of instances, CPAX method seems better than

CPAXnY in terms of the average time, despite yielding the average relative gap a

bit worse, while their number of optimally solved instances are the same. Moreover,

CPAX method seems a bit better than CPAXnY in terms of the total average relative

gap although CPAXnY method yields better average relative gaps for each group.

The reason is that CPAXnY solves all small-size group optimally, therefore it has no

nonoptimal case, which affects the total average relative gap.

We observe that the performance of each method deteriorates as the average

cluster size increases. Similarly, as the graph gets denser, the performance of each

method becomes worse. While CPAXnY method spends a few seconds on average for

small-size low-density group and it solves each one of them to optimality, it rises to

736 seconds for large-size high-density group, and it solves only 57% of the instances

optimally.

In order to analyze the results better, we compare the methods separately for

different cluster sizes and densities. In our next set of experiments, we compare the

results of three methods on graphs of which, the average number of vertices per cluster

is 3, in other words graphs with “small” cluster size. The summary of the comparison

is in Table 4.2.
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In each table hereafter, the first three columns in the table identify the number of

clusters, the number of vertices, and average edge density across ten random instances.

Next columns are split into groups for each method (FLOW, CPAXnY, CPAX). In

each column group, the first column shows the number of optimally solved instances

out of 10. The second column shows the average of the relative optimality gap in

percent of the instances that are not solved to optimality within the given time limit

of 1500 seconds, while the third column shows that of all the instances. The relative

optimality gap is calculated as
(
UB−LB

UB
× 100

)
, where LB is the best known lower

bound on the optimal solution value and UB is the upper bound, which is the best

integer objective found. The fourth and the fifth columns show the average time in

seconds of the instances that are not solved to optimality within the time limit and

that of all the instances, respectively. The procedures CPAXnY and CPAX have one

last column that shows average time spent in their subproblem in seconds of all the

instances. As we can see from Tables 4.2, 4.3 and 4.4, in each row, the average time in

subproblems is negligible. All the values in each row are the average result of the 10

instances for that case.

As we can see the results in Table 4.2, the algorithm CPAXnY outperforms the

other procedures in terms of the number of optimally solved instances, the average

of the relative optimality gap for both nonoptimal cases and overall, and the average

time of instances optimally solved and the overall average time. For graphs with lower

density and a smaller number of cluster, its results are similar with that of CPAX in

terms of the average time of instances optimally solved and the overall average time,

yet, as the number of clusters increases, it gave better results. Furthermore, for graphs

with higher density, CPAXnY yields significantly better results than others. It still

optimally solves all the cases whereas CPAX is not able to solve to optimality except

one instance for graphs with 25 clusters. Moreover, for graphs with 20 and 25 clusters,

the overall average time of CPAX is longer more than 10 times that of CPAXnY. Both

outperform FLOW significantly, which is able to solve very few instances optimally as

the number of clusters increases to 15 for graphs with higher density.
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We conduct two additional sets of experiments in which we compare the methods

on graphs with “medium” and “large” cluster sizes. The average number of vertices

per cluster is 6 in graphs with “medium” cluster size, whereas it is 10 in the “large”

one. The results of the comparison for graphs with medium and large cluster size are

in Tables 4.3 and 4.4, respectively.

As we can see the results in Table 4.3, the algorithm CPAXnY still outperforms

the other procedures in terms of each criteria. However, the performance of each

method deteriorates as the cluster size increases. For graphs with lower density and

fewer number of clusters, the results of CPAXnY are similar with that of CPAX in

terms of the average time of instances optimally solved and the overall average time,

yet, as the number of clusters increases, it gave better results. This time, instead of all

cases, CPAXnY and CPAX optimally solve 92% and 89% of the instances, respectively.

Furthermore, for graphs with higher density, CPAXnY yields much better results than

others. However, it optimally solves 76% of the instances this time and 80% of the

instances for graphs with 20 cluster, whereas CPAX is not able to solve any instances to

optimality for graphs with 20 and 25 clusters. Moreover, CPAXnY has better average

of the relative optimality gap for both nonoptimal cases and overall. Both outperform

FLOW significantly. Among graphs with higher density, it is able to solve the instances

optimally for only those with 5 clusters and half of those with 10 clusters.

As we can see the results in Table 4.4, for graphs with lower density, the algorithm

CPAXnY outperforms the other procedures in terms of the average of the relative

optimality gap for both nonoptimal cases and overall; however, the algorithm CPAX

yields better results than the other procedures in terms of the average time of instances

optimally solved and the overall average time. CPAXnY and CPAX solve the same

number of instances to optimality. For graphs with lower density, both CPAXnY and

CPAX optimally solve 90% of the instances. Nevertheless, for graphs with higher

density, CPAXnY yields much better results than others in terms of each criteria. It

optimally solves 57% of the instances this time and 85% of the instances for graphs

with 15 cluster, whereas CPAX optimally solves 42% of the instances and it is not
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able to solve any instances to optimality for graphs with 15, 20 and 25 clusters except

3 instances for those with 15. Their average times are closer than before. Moreover,

CPAXnY has better average of the relative optimality gap for both nonoptimal cases

and overall. Both outperform FLOW significantly. Among graphs with higher density,

it is able to solve the instances optimally for only those with 5 clusters and 15% of

those with 10 clusters. As a limitation, for the large-size high-density graph instances,

CPAXnY is not able to solve after those with 20 clusters in 1500 seconds, whereas

CPAX is not almost able to solve after those with 15 clusters in 1500 seconds and FLOW

is not after those with 10 clusters. As the number of clusters or density increases, the

performance of all methods deteriorates in general, especially FLOW method worsens

faster. Intuitively, one can think that finding a tree gets easier as density increases;

however, finding an induced tree gets harder since the possibility of including a cycle in

an induced subgraph increases. Comparing Tables 4.2, 4.3 and 4.4, we observe also that

for graphs with high density, the performance of all three methods gets worse in general

as the cluster size increases. However, for graphs with low density, the deterioration in

performance is less than high density graphs.

4.2. Comparison by Performance Profiles

To compare methods, using average of metrics can be misleading in some circum-

stances. The results of solving a few difficult cases, maybe unsolved within a specified

time limit, can dominate the overall results. Only considering either optimally solved

cases or non-solved cases, robust methods can seem worse on average times or gaps

even though they solve more cases. To compare the performance of methods effectively

as avoiding the concerns aforementioned, we use an evaluation technique, named per-

formance profiles, that Dolan and More [40] propose for optimization methods, which

has been widely used for years [41–47]. We use running time as a performance measure

in performance profiles.

Let P be the set of all 600 instances (np problems) and S be the set of all

methods, which is S = {FLOW,CPAXnY,CPAX}. We denote the running time to
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solve instance p ∈ P by method s ∈ S as tp,s. For each instance, we compare each

method by its relative performance to the best performance on the same instance,

namely the performance ratio

rp,s =


tp,s

min {tp,s : s ∈ S}
if s can optimally solve p

rM otherwise

∀s ∈ S, ∀p ∈ P .

rM is chosen as large enough to satisfy rM ≥ rp,s, ∀s ∈ S, ∀p ∈ P . Performance

profile of a method is defined as the fraction of times that the performance ratio of the

method is less than or equal to τ

ρs(τ) =
1

np

size{p ∈ P : rp,s ≤ τ, τ ∈ R} ∀s ∈ S,

which indicates the ratio of instances which this method can optimally solve within

factor τ of the minimum time by any method. Thus, 1 − ρs(τ) indicates the ratio of

instances which this method cannot solve within factor τ of the minimum time by any

method, and ρs(1) represents the ratio of instances which this method can solve faster

than others.

Performance profile of FLOW, CPAXnY and CPAX for τ ∈ [1, 10] is in Figure

4.1. From the figure, as a percentage of times in being the fastest on solving an instance

optimally, CPAX seems to have the highest ratio of 46% and CPAXnY seems to have

the ratio of 40%. Since FLOW seems to have no instance that it solves the fastest, the

remaining fraction of 14% is the ratio of instances that no method can solve optimally.

FLOW seems to have the worst performance. It solves no instance optimally within

a factor of τ ≤ 3.58. For τ ≥ 2, CPAXnY solves more instance optimally within a

factor of τ of the best method. If it is important to obtain the highest number of cases

that a method solves faster than others, then, CPAX can suffice. However, instead of

number of wins, a method that can solve 52% or a higher portion of instances with

better efficiency is needed, CPAXnY seems to be the best method.
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Figure 4.1. Performance profile on [1, 10].
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Figure 4.2. Performance profile in a log2 scale.
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In order to see complete performance of the methods, since τ can be very large,

we show a log2 scale of the performance profiles in Figure 4.2. In this case, each line of

methods becomes flat after τ > 15.6, which includes rM . From the figure, it seems that

CPAXnY can solve approximately 86% of instances optimally whereas for CPAX, it is

76%, which is competitive. FLOW can solve approximately 46% of instances optimally,

which has the worst performance.

4.3. Feeding an Initial Feasible Solution

Providing an initial feasible solution can help solvers to reach the optimum solu-

tion more efficiently. We develop an algorithm to obtain an initial feasible solution and

we analyze the objective values that the algorithm finds for each instance. We present

our InitAA algorithm in Figure 4.3.

Require: A graph G = (V,E) with clustering K

Ensure: A feasible selection x∗ such that G[x∗] is an induced tree.

L← ∅

Sort clusters according to the ascending order of their number of vertices.

for all Vk ∈ K do

Sort vertices according to the ascending order of their degrees.

for all i ∈ Vk do

if L == ∅ or the number of edges from i to L equals 1 then

L← {i}

break

end if

end for

end for

Find the corresponding x∗ from L

Figure 4.3. InitAA Algorithm.
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At the suffix of InitAA, A stands for sorting in ascending order. The first letter is

for sorting clusters and the second is for sorting vertices. We compare InitAA and its

different versions, where we use combinations of sorting in ascending and descending

order. We call them InitDD, InitDA and InitAD. To test the performance of those

Init algorithms, we calculate an average relative gap between the objective value the

algorithm obtains for each instance as an upper bound (UB) and the maximum of

lower bounds of 3 methods (FLOW, CPAXnY and CPAX) as a lower bound (LB). It is

calculated as
(
UB−LB

UB
× 100

)
. We summarize the results as grouping instances by their

cluster sizes and densities, in which each combination represents 100 instances in Table

4.5. The average running time of each Init algorithm is in under 1 second. Among Init

algorithms, InitAA seems to be the best and InitAD is close to it. Although InitAD

is better for medium-size low-density group and InitDD is better for small-size low-

density group, in general, InitAA yields better average relative gaps than others. For

each high-density group, it generates better average gap than FLOW, and it is close to

CPAX for the large-size high-density group. It seems promising; thus, we test whether

providing an initial solution by InitAA algorithm helps the methods to improve their

performances.

Table 4.5. Comparison on average relative gap of methods and Init algorithms.

FLOW CPAXnY CPAX InitAA InitAD InitDA InitDD

cluster

size
density

avg

% gap

avg

% gap

avg

% gap

avg

% gap

avg

% gap

avg

% gap

avg

% gap

small

low 16.69 0.00 1.24 81.23 81.56 87.88 78.94

high 44.49 0.00 5.98 33.31 35.77 37.74 44.73

all 30.59 0.00 3.61 57.27 58.66 62.81 61.84

medium

low 42.92 5.07 8.83 86.67 84.78 95.65 85.21

high 67.37 14.78 31.23 45.52 49.54 55.76 65.17

all 55.14 9.92 20.03 66.10 67.16 75.70 75.19

large

low 54.00 9.16 9.23 80.71 82.82 90.04 82.18

high 76.94 36.82 51.28 62.93 64.96 74.21 82.55

all 65.47 22.99 30.26 71.82 73.89 82.13 82.37

overall 50.40 10.97 17.96 65.06 66.57 73.55 73.13



36

For methods FLOW, CPAXnY and CPAX, we generate new versions with an ini-

tial solution provided by InitAA algorithm, and we call them FLOW INIT, CPAXnY INIT

and CPAX INIT. As we can see the results in Table 4.6, the method FLOW INIT out-

performs FLOW in terms of the number of optimally solved instances, the average of

the relative optimality gap for both nonoptimal cases and overall, and the average time

of instances optimally solved and the overall average time.

Table 4.6. Summary table of FLOW and FLOW INIT for all graph instances.

FLOW FLOW INIT

cluster

size
density

#

opt

avg

% gap in

nonopt

avg

% gap

overall

avg

time

in opt

avg

time

overall

#

opt

avg

% gap in

nonopt

avg

% gap

overall

avg

time

in opt

avg

time

overall

small

low 80 83.46 16.69 39.85 331.88 80 83.71 16.74 45.46 336.37

high 42 76.71 44.49 77.02 902.35 44 76.26 42.70 116.26 891.16

all 122 78.44 30.59 52.64 617.11 124 78.22 29.72 70.58 613.76

medium

low 57 99.82 42.92 129.19 718.64 65 99.64 34.87 173.16 637.55

high 31 97.63 67.37 172.61 1088.51 32 97.20 66.10 193.45 1081.90

all 88 98.47 55.14 144.49 903.57 97 98.03 50.48 179.85 859.73

large

low 46 100.00 54.00 202.20 903.01 55 100.00 45.00 48.02 701.41

high 23 99.93 76.94 139.28 1187.03 26 99.94 73.96 162.92 1152.36

all 69 99.96 65.47 181.22 1045.02 81 99.96 59.48 84.90 926.88

overall 279 94.21 50.40 113.41 855.24 302 93.75 46.56 109.52 800.13

As we can see in Table 4.7, CPAXnY outperforms CPAXnY INIT in terms of

the number of optimally solved instances, the average of the relative optimality gap

overall, and the average time of instances optimally solved and the overall average

time. Their relative optimality gaps are close to each other. However, CPAXnY INIT

has a bit better average of the relative optimality gap for nonoptimal cases. CPAXnY

has better average time of instances optimally solved and overall average time, and

CPAXnY solves more instances optimally.
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Table 4.7. Summary table of CPAXnY and CPAXnY INIT for all graph instances.

CPAXnY CPAXnY INIT

cluster

size
density

#

opt

avg

% gap in

nonopt

avg

% gap

overall

avg

time

in opt

avg

time

overall

#

opt

avg

% gap in

nonopt

avg

% gap

overall

avg

time

in opt

avg

time

overall

small

low 100 0.00 0.00 5.20 5.20 100 0.00 0.00 6.56 6.56

high 100 0.00 0.00 31.96 31.96 100 0.00 0.00 38.41 38.41

all 200 0.00 0.00 18.58 18.58 200 0.00 0.00 22.48 22.48

medium

low 92 63.35 5.07 30.24 147.82 93 65.56 4.59 43.52 145.48

high 76 61.59 14.78 168.77 485.60 69 54.10 16.77 151.60 569.60

all 168 62.03 9.92 92.91 316.71 162 56.21 10.68 89.55 357.54

large

low 90 91.64 9.16 43.62 189.26 90 94.47 9.45 38.41 184.57

high 57 85.63 36.82 173.05 736.31 56 86.08 37.88 211.81 778.61

all 147 86.77 22.99 93.80 462.78 146 87.63 23.66 104.92 481.59

overall 515 77.45 10.97 64.30 266.02 508 74.65 11.45 67.56 287.20

As we can see in Table 4.8, CPAX and CPAX INIT yield similar results. They

both have the same number of optimally solved instances, and their relative optimality

gaps are close to each other. CPAX has better average time of instances optimally

solved and overall average time. CPLEX incorporates its own heuristic procedures

and it normally uses them to find an initial feasible solution. The reason why feeding

an initial feasible solution worsens CPAXnY and does not improve CPAX may be

that CPLEX cannot find some solutions that it normally can with its own heuristic

procedures.

As a result, providing an initial solution by InitAA algorithm improves only

FLOW method. Comparing the results in Table 4.6 with those in Tables 4.7 and 4.8,

we can see that CPAXnY and CPAX methods significantly outperform FLOW INIT

despite the improvement, since FLOW is the worst method and the improvement ob-

tained by feeding initial solution is small.
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Table 4.8. Summary table of CPAX and CPAX INIT for all graph instances.

CPAX CPAX INIT

cluster

size
density

#

opt

avg

% gap in

nonopt

avg

% gap

overall

avg

time

in opt

avg

time

overall

#

opt

avg

% gap in

nonopt

avg

% gap

overall

avg

time

in opt

avg

time

overall

small

low 98 61.90 1.24 34.01 63.33 98 64.29 1.29 44.72 73.83

high 81 31.48 5.98 107.90 372.40 81 32.37 6.15 114.41 377.67

all 179 34.38 3.61 67.44 217.86 179 35.41 3.72 76.25 225.75

medium

low 89 80.28 8.83 28.84 190.67 89 81.15 8.93 29.22 191.01

high 58 74.35 31.23 137.45 709.72 57 74.75 32.14 162.49 737.62

all 147 75.58 20.03 71.69 450.19 146 76.06 20.54 81.25 464.31

large

low 90 92.33 9.23 31.47 178.32 90 93.01 9.30 20.32 168.28

high 42 88.41 51.28 62.29 896.16 43 88.91 50.68 105.67 900.44

all 132 88.99 30.26 41.27 537.24 133 89.53 29.99 47.91 534.36

overall 458 75.91 17.96 61.27 401.77 458 76.40 18.08 69.62 408.14
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5. CONCLUSIONS AND FUTURE RESEARCH

In this thesis, we consider the Maximum Selective Tree Problem (MSelTP), which

aims to choose, for a given undirected graph with a partition of its vertex set into

clusters, the maximum number of vertices such that at most one vertex per cluster is

selected and the graph induced by the selected vertices is a tree. MSelTP has not been

studied in the literature to the best of our knowledge. Therefore, we first observe that

the problem is NP-hard.

We present two mixed integer programming formulations. One of them is a

compact formulation and the other one is a formulation with an exponential number of

constraints. Based on the latter formulation with an exponential number of constraints,

we propose two cutting plane algorithms to solve MSelTP. We test and compare the

algorithms for graphs with different density and structure in a computational experi-

ment. The results show that the CPAXnY procedure yields better outcomes for most

of the cases. As an evaluation technique, we compare them by performance profiles,

as well. CPAX has more wins than others; however, CPAXnY solves 52% or a higher

portion of instances with better efficiency. Additionally, we discuss on feeding an initial

feasible solution to FLOW, CPAXnY and CPAX. Providing initial solution improves

only FLOW method. Despite the improvement, CPAXnY and CPAX still outperform

it, significantly.

As a future research direction, MSelTP can be examined for different kinds of

graph classes in terms of algorithms, formulations, and complexity. Moreover, a variant

of MSelTP can be studied for forests instead of trees and this variant can be adapted

to a generalized version of the feedback vertex set problem, which has not been studied

to the best of our knowledge. Also, a variant of MSelTP where the clusters are not

mutually exclusive can be discussed. In some cases, there are multiple optima for

MSelTP. Thus, to find a minimum weighted maximum selective tree on a vertex-

weighted or an edge-weighted graph can be studied, as well.
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