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ABSTRACT

A NUMBER THEORETICAL APPROACH TO

POLYNOMIALS OVER FINITE FIELDS

Let q be a prime power and Fq be the finite field with q elements. The explicit

constructions of irreducible polynomials over Fq of high degree is one of the main

problems in the arithmetic of finite fields which has many applications in several

areas such as coding theory and cryptography. In general, some recursive methods

are preferred to do these constructions using rational transformations. In particular,

we are interested in methods that are obtained by using quadratic transformations.

For doing this, we will first classify and normalize the rational transformations of

degree 2 using the behaviour of the ramified places in the corresponding rational

function field extensions over the finite field Fq. Then we will investigate the con-

structions using Galois theory and some basic observations in group theory. This

approach helps to better understand the iterative constructions and gives various

generalisations of them. It also enables to determine the requirements put on the

initial polynomials.
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ÖZET

SONLU CİSİMLER ÜZERİNDEKİ POLİNOMLARA SAYI

KURAMSAL BİR YAKLAŞIM

Fq, q elemanlı sonlu cisim olsun. Yüksek dereceli indirgenemez polinom-

ların inşası, kodlama teorisi ve kriptografi gibi birçok alanda uygulaması olan, sonlu

cisim aritmetiğinin ana problemlerinden biridir. Genellikle bu inşalar için, rasy-

onel dönüşümleri kullanan, özyinelemeli metodlar tercih edilir. Özel olarak bu

çalışmada, ikinci dereceden dönüşümleri kullanarak elde edilen yöntemlerle ilgilene-

ceğiz. Bunu yapmak için, önce ikinci dereceden rasyonel dönüşümleri, karşılık

gelen sonlu cisimler üzerinde fonksiyon cisimleri genişlemesindeki, dallanan yer-

lerin davranışlarına göre sınıflandırıp, normalleştireceğiz. Daha sonra Galois teori

ve grup teoriden bazı temel gözlemleri kullanarak bu inşaları inceleyeceğiz. Bu

yaklaşım, özyinelemeli yapıları daha iyi anlamaya yardımcı olurken, çeşitli genelle-

meleri veriyor. Ayrıca, başlangıç polinomu üzerine koyulması gereken koşulları be-

lirlememizi sağlıyor.
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1. INTRODUCTION

Let q be a prime power and Fq be the finite field with q elements. The construc-

tion of high degree irreducible polynomials over Fq is one of the main problems in

the arithmetic of finite fields, with many applications in several areas such as coding

theory [1–3], cryptography [4–6], computer algebra systems [7]. The problem was

initially studied for even characteristic. Later on extensive work was carried out for

the case of odd characteristic, as well [4]. The explicit construction of such poly-

nomials form a topic of interest and current research, especially because of these

applications.

In general, the known constructions are based on the composition of a given

irreducible polynomial with a rational function. Most results in this area are based

on the following fundamental result of Capelli:

Theorem 1.1. [8, 9] Let f, g ∈ Fq[T ] be relatively prime polynomials and let p ∈

Fq[T ] be an irreducible polynomial of degree n. Then the composition polynomial

F (T ) = (g(T ))np(f(T )/g(T ))

is irreducible over Fq if and only if the polynomial f − αg is irreducible over Fqn ,

for any root α ∈ Fqn of p.

In this context this result is usually used in an iterative manner to obtain an

infinite sequence of irreducible polynomials over Fq of increasing degrees. Most of

such constructions begin by taking a suitably chosen irreducible polynomial p(T ) ∈

Fq[T ] and a rational transformation. The polynomial p(T ) is repeatedly composed

with the rational transformation, clearing denominators on the way. Hence a se-

quence of polynomials is obtained. The given conditions on p(T ) set at the begin-

ning guarantee the irreducibility of each of the iterates.
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Among the known transformations in the literature, the most well-known and

most utilized one is the Q-transform. Besides giving irreducible polynomials, it

also produces self-reciprocal ones, and furthermore N -polynomials. Recall that a

nonzero polynomial f(T ) of degree n with f(0) 6= 0, is said to be self-reciprocal

if it equals its reciprocal polynomial, f ∗(T ) = T nf(0)−1f( 1
T

). N -polynomials will

be defined in Section 2.2 in the case of even characteristic.

The Q-transform is defined as follows:

fQ(T ) := T deg f · f
(
T +

1

T

)
.

In the paper [10], Meyn gave some important results about the irreducibility of the

self-reciprocal polynomial using ofQ- transformation in detail. He also showed that

these polynomials can be used to obtain explicit models for certain infinite subfields,

Fqn·2∞ , of the field Fq.

In general, self-reciprocal polynomials over finite fields have been studied ex-

tensively because of their rich algebraic structure and large scale applications in

various branches of mathematics and engineering. In particular, in coding theory,

self-reciprocal irreducible monic polynomials were used for characterizing and enu-

merating Euclidean self-dual cyclic codes and Euclidean complementary dual cyclic

codes over finite fields in [11] and [12], respectively. Moreover, in [13], such poly-

nomials have been characterized up to their degrees and in [14] the order and the

number of these polynomials of a given degree over finite fields have been deter-

mined.

Moreover, these polynomials are used to generate reversible codes with a read-

backward property in [13, 15, 16]. Also, there is a relation between irreducible self-

reciprocal polynomials over finite fields and the class of primitive self-complementary

necklaces consisting of beads colored with q colors [17]. The numbers of these

polynomials are the same as the number of periodic sequences of some symmetry

type [18].
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The Q-transform was considered in characteristic 2 by Varshamov-Garakov

in [19] and [20], Wiedemann in [21], and Kyuregyan in [22]. Their results togehter

with results of Meyn from [10] can be summarized as follows:

Theorem 1.2. (Varshamov-Garakov, Wiedemann, Meyn, Kyuregyan)

Suppose q = 2r and f(T ) = T n + an−1T
n−1 + · · · + a1T + a0 ∈ Fq[T ] is an

irreducible polynomial with TrFq/F2(an−1) = 1 and TrFq/F2(
a1
a0

) = 1. Define

f0 = f and fk(T ) = T deg fk−1fk−1

(T 2 + 1

T

)
= fQk−1(T ),

for all k > 1. Then fk is an irreducible polynomial over Fq, for all k > 0.

Then, Kyuregyan [23] showed that this gives an N -polynomials sequence in

characteristic 2, (Theorem 3.39). The normality of these polynomials in various

cases is due to Gao [24], Scheerhorn [25], Schwartz [26] and Kyuregyan [27].

On the other hand, Meyn gave some results in [10] for odd characteristic as

well. The irreducibility of the Q-transform of an irreducible polynomial was shown

using the following result:

Theorem 1.3. [10, Theorem 8] Let q be an odd prime power. lf f is an irreducible

polynomial of degree n over Fq then fQ is irreducible if and only if the element

f(2)f(−2) is a non-square in Fq.

There are some incomplete results for the iterations in this paper, as well. In

[28], Bassa and Menares also gave more explicit statements about the irreducibility

of more than one iterations of this transformation.

The construction of N -polynomials is another significant problem in mathe-

matics because of its use in various areas such as coding theory, cryptography, etc.

In most cases the following is addressed:

3



A positive integer n is given and a finite field Fq is chosen as the ground field.

Then, in order to construct a normal basis for Fqn over Fq, an N -polynomial in

Fq [x] of degree n is constructed (in most cases this is done iteratively). There are

several results for doing this efficiently by obtaining a sequence of N -polynomials

over Fq [10, 24, 25, 27, 29–31].

Let us also mention the constructions of irreducible polynomials of 2-power

degree over Fq, with odd characteristic given by Cohen [32] and McNay’s [33].

Since the Q-transform is less practical in odd characteristic, Cohen defined the R-

transform as follows: For a polynomial f(T ), define

fR(T ) = (2T )deg f · f
(T + T−1

2

)
= 2deg f · fQ

(T
2

)
.

Then Cohen gave the following result:

Theorem 1.4. [32, Theorem 2], Let q be an odd prime power and f be a monic

irreducible polynomial over Fq with deg f > 1 and assume deg f is even whenever

q ≡ 3 (mod q). Suppose f(1)f(−1) is not a square element in Fq. Define f0 = f

and fk = fRk−1. Then for each k > 0, fk is an irreducible polynomial over Fq.

Furthermore, Meyn in [34] showed that these polynomials are normal and

Chapman [29] improved this by showing that they are in fact completely normal

polynomials.

The research in this thesis is motivated by these results. We want to show how

one can associate an extension of algebraic function fields to a given transformation

and how these results can be interpreted by studying the given extension with the

help of Galois theory. We show that all known results can be obtained more easily

and intuitively using this approach.

We are particularly interested in methods that are obtained using quadratic

transformations. For this, we will first classify the rational transformations of degree

2 using the behaviour of the ramified places in a quadratic rational function fields
4



extension over the finite field Fq. Then we will try to understand the constructions

using Galois theory and some basic observations from group theory and determine

the requirements put on the initial polynomial.

Let us give more details about our approach: Define a rational function field

extension Fq(w) ⊆ Fq(t) where w = g(t)/h(t) for any relatively prime polynomials

g, h ∈ Fq[T ] with max{deg g, deg h} = 2. By Corollary 2.7, the extension is always

ramified. Let P be a place of Fq(w) and P ′ be a place of Fq(t) lying over P . By the

Hurwitz Genus Formula in Theorem 2.5 and Dedekind’s Different Theorem in 2.6,

there can be three situations for the ramified places in the given extension:

First, there can be wildly ramified places in the case of even characteristic. On the

other hand, for odd characteristic, there can be either two rational places, P1 and P2

that are (tamely) ramified, or a single place of degree 2, which is tamely ramified.

In this work, we are mostly interested in the case of odd characteristic. The

case of two ramified rational places will be examined in detail, while the other case

of a degree 2 ramified place is still in progress and we plan to address it in future

work in more detail. We will need the following below definition:

Let σ =

a b

c d

 ∈ GL2(Fq). Action of this group on Fq ∪ {∞} is defined

by, for any α ∈ Fq, σ.α = aα+b
cα+d

if cα + d 6= 0 and∞ otherwise, with σ.∞ = a
c

if

c 6= 0 and∞ otherwise.

Fixing the transformation will fix the corresponding extension of function

fields. Iterating the transformation will correspond to several extensions. This se-

quence of extensions can come together in several ways, depending on how the

ramified places in one extensions are related to the ones in the following step. Ac-

cordingly, there are three possible cases for the behaviour of the ramified places in

the extensions:

5



In the first case, the same places lie over P1 and P2 in the Fq(t), i.e., the places

above the ramified places are again the ramified ones. With a Möbius transformation

σ, we can carry them to the places 0 and∞ to normalize the extension, i. e., σ(P1)

is the place 0 in Fq(σ(w)) = Fq(w) and σ(P2) is the place∞ in Fq(σ(w)) = Fq(w).

Similarly for the places above of Fq(σ(t)) = Fq(t). If we write the transforma-

tion corresponding to such an extension, we just find the power map transformation

cT 2, c ∈ F∗q which is almost the same as the R-transform:

Say w = at2+bt+d
et2+ft+g

, a, b, d, e, f, g ∈ Fq. We can determine the transformation

by just using Kummer’s Theorem 2.3. Since∞ lies over∞, it will be a polynomial

map, so the denominator is equal to 1. Now, consider w = at2 +bt+d, for the place

(w = 0) of Fq(w), we must obtain the zero place (t = 0) in Fq(t) with ramification

index 2, that is, the equation must be of the form 0 = ct2 for some c ∈ F∗q . This case

has already been considered in [35] and [28].

The second case occurs if one of the ramified places is again ramified in the

next extension, i.e., one of the places of Fq(t) lying over P1 and P2 is the same as P1

or P2. Again, after a normalisation like above, if we carry P1 and P2 to the places

0 and∞ of Fq(w), respectively, and let the place (t = A), A ∈ F∗q, lie over 0 and

(t = ∞) lies over (w = ∞), we obtain the transformation c(T − A)2, for some

c ∈ F∗q .

In the last case, the neither of the ramified places is ramified in the next ex-

tension, i.e., the places of Fq(t) lying above P1 and P2 are not the same as them. If

we again normalize such an extension carrying P1 and P2 to the 0 and∞ places of

Fq(w), respectively, with (t = A), A ∈ F∗q, and (t = B), B 6=∞ places of Fq(t) ly-

ing over them, respectively, we obtain the transformation c
(
T−A
T−B

)2, for some c ∈ F∗q .

We can apply these transformations iteratively to obtain a sequence of poly-

nomials in the following manner:

fi+1(T ) = h(T )deg fifi

(g(T )

h(T )

)
, for i ≥ 0.

6



Then we define the corresponding tower, Fq(x0) ⊆ Fq(x1) ⊆ · · ·Fq(xn) ⊆ · · · ,

where xi = g(xi+1)/h(xi+1) for any relatively prime polynomials g, h ∈ Fq[T ]. We

have the following situations for each case:

Fq(x0)

Fq(x1)

...

Fq(xk)

...

0

0

...

0

...

∞

∞

...

∞

...

x0 = cx21

0

A

...

*

...

∞

∞

...

∞

...

x0 = c(x1 − A)2

0

A

...

*

...

∞

B

...

*

...

x0 = c
(
x1−A
x1−B

)2

After this a classification we can benefit from the strength of Galois theory and

use some basic fact from group theory. This approach allows us to obtain a better

understanding of various iterative constructions and gives various generalizations

of them, providing many new infinite sequence of irreducible polynomials over a

given finite field. It also helps in to determining the necessary requirements put

on the initial polynomials. In addition, we can also obtain some sequences of N -

polynomials and self-reciprocal polynomials in certain situations.

We finish by giving a short outline of this thesis:

In the following part, chapter two, we recall some basic facts about function

fields arithmetic, in particular, over the finite constant fields, mostly referring to [36].

In the main chapter, namely the third chapter, we describe our approach in

detail. We consider three classes introduced above in detail. We show how well

known results in the literature such as the R-transform, the Q-transform, and some

7



constructions of Kyuregyan fit nicely into this framework and how they just become

particular cases. We also show how a celebrated result, Lemma 3.34, given by

Jones and Boston in [37,38] about the the irreducibility of composition of quadratic

polynomials can be obtained using our results.

Lastly, in chapter four, we give a joint work with Jacqueline Anderson, Irene

Bouw, Ozlem Ejder, Valentijn Karemaker, and Michelle Manes which was started

at the Women in Numbers Europe II workshop at the Lorentz Centre in Leiden,

and resulted in the paper [39] 1 that was already carried out during this doctorate

process. We study the dynamical properties of a large class of rational maps with

exactly three ramification points. By constructing families of such maps, we obtain

infinitely many conservative maps of degree d; this answers a question of Silverman.

Rather precise results on the reduction of these maps yield strong information on the

rational dynamics. Due to the relation of the iterative constructions of irreducible

polynomials over finite fields with the arithmetical dynamical systems, it gives an

extra motivation to investigate and explain their algebraic structure explicitly using

the same number theoretical tools.

1‘Bu tez çalışması kapsamında ortaya çıkan ve telif hakkı yayınevine devredilen görseller,
yayınevinin kendi ağ sayfasında bulunan “yazarın kendi ürettiği yazı ve grafiklerin tekrar kullanımı
hakkında geçerli olan yayın politikası”na uygun olarak tez kitabında kullanılmıştır.’

8



2. PRELIMINARIES

Since our approach to the iterative constructions of irreducible polynomials is

based on the arithmetic of function fields, in this section we first give some facts

related to our work. For the details we refer to [36] as one of the main sources.

2.1. Function Fields

Let K be an arbitrary field and F/K be an algebraic function field of one

variable over K. In particular, we are interested in the most basic example, the

rational function field F = K(t) where t is a transcendental over K. Any element

f ∈ F can be represented of the form f = k.p1(t)
n1 · · · pi(t)ni · · · in which

0 6= k ∈ K and pi(t) ∈ K[t] is monic, irreducible and pairwise distinct for all i with

ni ∈ Z.

Theorem 2.1. [36, Theorem 1.2.2] The rational function field, K(t)/K has no

places except the places

Pp(t) =
{f(t)

g(t)
∈ K(t) : f(t), g(t) ∈ K[t], p(t)|f(t), p(t) - g(t)

}
=

{f(t)

g(t)
∈ K(t) : νp(t)

(f(t)

g(t)

)
> 0
}

with its valuation ring

Op(t) =
{f(t)

g(t)
∈ K(t) : f(t), g(t) ∈ K[t], p(t) - g(t)

}
=

{f(t)

g(t)
∈ K(t) : νp(t)

(f(t)

g(t)

)
≥ 0
}

for a monic irreducible polynomial p(t) ∈ K[t], where ν is the corresponding dis-

crete valuation and

9



P∞ =
{f(t)

g(t)
: f(t), g(t) ∈ K[t], deg f < deg g

}

with its valuation ring

O∞ =
{f(t)

g(t)
: f(t), g(t) ∈ K[t], deg f ≤ deg g

}
.

This theorem implies that there is a one-to-one correspondence between the

degree one places of the rational function field K(t) and K ∪ {∞}. That is, if

we look from the perspective of algebraic geometry, we say that the points of the

set K ∪ {∞} which is interpreted as the projective line P1(K) over K with its

automorphism group PGL2(K) acting on it faithfully and sharply 3-transitively,

corresponds in a one-to-one way to the the degree 1 places of K(t).

Proposition 2.2. [36, Proposition 1.6.3] Let F be an algebraic function field over

the finite field K with the genus g. Then F is rational if and only if g = 0.

Let F ′/K ′ be an algebraic extension of F/K. For a place P ∈ PF , the set

of all places of F , we define the conorm with respect to the extension F ′/F as

ConF ′/F (P ) :=
∑
P ′|P

e(P ′|P ) · P ′, where the sum runs over all places P ′ ∈ PF ′

lying above P which satisfies for the towers F ′′ ⊇ F ′ ⊇ F ,

ConF ′′/F (P ) = ConF ′′/F ′(ConF ′/F (P )).

Let R be a subring of F/K and F ′/K ′ be an algebraic extension of F/K. An

element y ∈ F is called integral overR, if for some monic polynomial p(T ) ∈ R[T ],

p(y) = 0. In particular, by Proposition 3.3.1 in [36], for an integrally closed subring

R of F/K such that F is the quotient field of R, and an element y ∈ F ′ with the

minimal polynomial p(T ) over F , y is integral over R if and only if p(T ) ∈ R[T ].

The next theorem is in the heart of our work. It shows the relation between

the factorization of a polynomial after applying the given transformation and the
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places lying over the associated place of the initial polynomial in the corresponding

extension of the function fields.

Theorem 2.3. (Kummer) [36, Theorem 3.3.7] Let P be a place of F and F ′/F

be its extension such that F ′ = F (y) where y is an integral over the valuation

ring OP with the minimal polynomial p(T ) ∈ Op[T ] over F whereas its residue

class, p(T ) ∈ FP , is separable in FP . Suppose that it factorizes into irreducible

polynomials in the residue field FP = OP/P such that p(T ) =
∏r

i=1 pi(T ) . Choose

monic polynomial qi(T ) ∈ OP [T ] with qi(T ) = pi(T ) and deg qi(T ) = deg pi(T ).

Then, there exists a places Pi ∈ PF ′ such that Pi|P, qi(y) ∈ Pi and its inertia degree

f(Pi|P ) = deg pi(T ) for i = 1, 2, · · · , r with Pi 6= Pj when i 6= j. Moreover, there

is no other place of F ′ lying above P because of the fundamental equality which is

given in Theorem 3.1.11 in [36].

Definition 2.4. [36, Definition 3.4.3] Let F ′/K ′ be a finite separable extension

of F/K, P ∈ PF with the integral closure O′P in F ′ and CP = t · O′P be the

complementary module over OP . The different exponent of P ′|P is defined as

d(P ′|P ) := −νP ′(t)

and the different of F ′/F is the divisor

Diff(F ′/F ) :=
∑
P∈PF

∑
P ′|P

d(P ′|P ) · P ′.

Theorem 2.5. (Hurwitz Genus Formula) [36, Theorem 3.4.13] Let F ′/K ′ be a finite

separable extension of F/K. We have that

2g′ − 2 =
[F ′ : F ]

[K ′ : K]
(2g − 2) + deg Diff(F ′/F ),

where g and g′ are the genus of F and F ′, respectively,

Theorem 2.6. (Dedekind’s Different Theorem) [36, Theorem 3.5.1] Let F ′/K ′ be a

finite separable extension of F/K and P ∈ PF . For all P ′|P ,

(i) d(P ′|P ) ≥ e(P ′|P )− 1.

(ii) d(P ′|P ) = e(P ′|P )− 1 if and only if the extension, F ′/F, is tame.
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Corollary 2.7. [36, Corollary 3.5.8] Let F/K(x) be a finite separable extension

of degree [F : K(x)] > 1 so that K is the constant field of F . Then F/K(x) is

ramified.

2.1.1. Galois Extensions of Function Fields

Theorem 2.8. [36, Theorem 3.7.1] Let F ′/K ′ be a Galois extension of F/K and

P1, P2 be extensions of P in F ′. Then P2 = σ(P1) for some σ ∈ Gal(F ′/F ). In

other words, the Galois group acts transitively on the set of extensions of P .

Theorem 2.9 (Corollary 3.7.2). [36], Let F ′/K ′ be a Galois extension of F/K and

P1, · · · , Pr be extensions of P in F ′. Then

e(Pi|P ) = e(Pj|P ) and f(Pi|P ) = f(Pj|P ) for all 1 ≤ i, j ≤ r.

For the following definitions and results we refer to the Section 3.8 and Theo-

rem 3.8.2 in [36]. Let F ′/K ′ be a Galois extension of F/K and P ′ be an extension

of P in F ′.

Decomposition group : D(P ′|P ) = {σ ∈ Gal(F ′/F )|σ(P ′) = P ′} which is

a subgroup of Gal(F ′/F ), with |D(P ′|P )| = e(P ′|P )f(P ′|P ), then it is just equal

to f(P ′|P ) for the unramified places. Also, D(P ′|P ) ∼= Gal(FP ′/FP ) thus, in

particular if K is a finite field and P ′|P is unramified, D(P ′|P ) is a cyclic subgroup

of Gal(F ′/F ) of order f(P ′|P ).

Inertia group : I(P ′|P ) = {σ ∈ Gal(F ′/F )|σ(x) = x mod P ′ ∀x ∈ OP ′}

which is normal subgroup of D(P ′|P ), with |I(P ′|P )| = e(P ′|P ).

Let PD denote the restriction of the place P ′ in the decomposition field FD

(which is the fixed field of the subgroup D(P ′|P ) of Gal(F ′|F )) , and PI be the

restriction of P ′ in the inertia field FI (which is again the fixed field of the subgroup
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I(P ′|P ) of Gal(F ′|F ), similarly). About the ramification and the inertia indices

of the places P ′|PD, PD|PI and PI |P , we have the following figure:

F

FD

FI

F ′

P

PD

PI

P ′

e(PD|P ) = f(PD|P ) = 1

f(PI |PD) = f(P ′|P ) = [FI : FD] and e(PI |PD) = 1

e(P ′|PI) = e(P ′|P ) = [F ′ : FI ] and f(P ′|PI) = 1

2.2. N -Polynomials

For a positive integer n, the field Fqn is a cyclic Galois extension of Fq of

degree n, with Galois group generated by the Frobenius automorphism α → αq

which is the cyclic group of order n. This extension field, Fqn , is a vector space over

Fq of dimension n. A normal basis of Fqn over Fq is a basis consisting of the Galois

conjugates of a given element α ∈ Fqn , i.e., a basis of the form {α, αq, · · · , αqn−1}

for some element α ∈ Fqn . Such an element α is said to be normal over Fq and its

irreducible polynomial over Fq is called an N -polynomial or a normal polynomial.

The existence of a normal basis for a given q and n is ensured by the “Normal

Basis Theorem” [31, Corollary 4.13]. Furthermore, if for each divisor d of n, α is

normal in the extension Fqn/Fqd , then α is called a completely normal element in

the extension Fqn/Fq and its irreducible polynomial over the related field is called a

completely normal polynomial.

The constructions of N -polynomials over the finite field Fq is one of the im-

portant problems in the arithmetic of finite fields. In general a positive integer n

is given and a finite field Fq is chosen as a ground field. Then, in order to con-

struct a normal basis for Fqn over Fq, an N -polynomial in Fq[T ] of degree n is

constructed. Especially, for the explicit constructions of irreducible polynomials
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over Fq, some recursive methods using rational transformations are preferred. In

particular, in the following chapter, we will be interested in the methods that are

obtained using quadratic transformations.
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3. A CLASSIFICATION OF NORMALIZED QUADRATIC

TRANSFORMATIONS

Let us define a function field extension Fq(w) ⊆ Fq(t) where w = g(t)/h(t)

for any relatively prime polynomials g, h ∈ Fq[T ] with max{deg g, deg h} = 2. By

Corollary 2.7, the extension is always ramified. Let P be a place of Fq(w) and P ′ be

a place of Fq(t) lying over P . Recall that the different of the extension Fq(t)/Fq(w)

is defined as
∑

P∈PFq(w)

∑
P ′|P d(P ′|P ).P ′ where d(P ′|P ) is the different exponent

of P ′ over P . By the Hurwitz Genus Formula in Theorem 2.5,

2g′ − 2 =
[Fq(t) : Fq(w)]

[Fq : Fq]
(2g − 2) + deg Diff(Fq(t)/Fq(w))

where g and g′ are the genus of Fq(w) and Fq(t), respectively, which are just equal

to 0 since the function fields are rational. Thus we obtain that

deg Diff(Fq(t)/Fq(w)) = 2.

This implies that there can be three situations for the ramified places in the given

extension: There is place P of Fq(w) which has different exponent 2, or there are

two places which have different exponent 1, or there is one place of degree 2 which

has different exponent one. By Dedekind’s Different Theorem in 2.6, we know that

d(P ′|P ) > e(P ′|P ) − 1 and equality holds if and only if e(P ′|P ) is not divisible

by the characteristic of Fq. Thus, we see that there can be wildly ramified places

for even characteristic. On the other hand, for odd characteristic, there can be two

rational places, P1 and P2 or a place of degree 2, which are tamely ramified.

Even though we will consider the the situation in even characteristic at some

points, for our work we are mostly interested in odd characteristic case. Especially,

the case of two ramified rational places has been examined in detail. The other case

of a degree 2 ramified place still in progress and will be considered in the future.

15



3.1. The General Approach for the Transformations of Degree 2 with Galois

Theoretical Tools

Let us give some general observations and results that will explain our ap-

proach to these constructions: Let g, h ∈ Fq[T ] be relatively prime polynomials.

Define the map,

Tg,h(f) : Fq[T ]\{0} → Fq[T ]\{0}

f(T ) 7→ h(T )deg f · f
(g(T )

h(T )

)
.

Observe that for any f1, f2 ∈ Fq[T ] \ {0}, Tg,h(f1 · f2) = Tg,h(f1) ·Tg,h(f2). Denote

the n-fold composition of this map as T ng,h. We associate it with the extension of

rational function fields Fq(t)/Fq(w), where w = g(t)/h(t). For any irreducible

polynomial f(T ) ∈ Fq[T ] of degree d we know that there is a place Pf of degree d

in Fq(w). Then we will show that the factorisation of Tg,h(f) in Fq[T ] is relevant to

the splitting behaviour of Pf in the extension Fq(t)/Fq(w).

From now on we assume the places that we consider are unramified and none

of the indeterminates has pole at these places.

As we said above we will consider the quadratic transformations which im-

plies that max{deg g, deg h} = 2. The extension corresponding to Tg,h will satisfy

[Fq(x) : Fq(t)] = 2. First we just examine two iterations to understand the be-

haviour of the place Pf in the extensions setting Fq(w) ⊆ Fq(t) ⊆ Fq(x), where

t = g(x)/h(x) and w = g(t)/h(t). We want that the place Pf is inert in the ex-

tension Fq(x)/Fq(w). Such an extension is either Galois or not. If it is a Galois

extension, the Galois group has order 4, so it is either the cyclic group C4 of order

4 or the Klein four group V = Z2 × Z2. If it is not a Galois extension, its Galois

closure has Galois group given by the dihedral group D8 of order 8.
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Let us examine these cases one by one:

Suppose the extension Fq(x)/Fq(w) is Galois, and let Qf be a place of Fq(x)

lying above the place Pf . We know that the decomposition group D(Qf |Pf ) is

a cyclic subgroup of the Galois group since we are working with a finite field of

constant fields. If Pf is inert in this extension, D(Qf |Pf ) is equal to the whole

Galois group. So, if the Galois group is the Klein-four group V , then Pf cannot be

inert in the extension since V is not a cyclic group, which means that we cannot

find an irreducible polynomial f with T 2
g,h(f) is also irreducible (note that for a

finite field there is always a unique extension of each degree and it is a cyclic Galois

extension).

When the Galois group is C4, since it has just one cyclic subgroup of order

2, we se that if the place Pf of Fq(w) is inert in Fq(t)/Fq(w), then it has to be also

inert in the extension Fq(x)/Fq(w).

Now suppose Fq(x)/Fq(w) is not a Galois extension. Its Galois closure has

Galois group D8 which implies that for an element η of the Galois closure Fq(x, η)

of the extension Fq(x)/Fq(w), there is an extension Fq(w, η) of Fq(w) of degree

2, so that Fq(x, η)/Fq(w, η) is a cyclic Galois extension with the Galois group C4.

Then if the place Pf of Fq(w) is inert in the extension Fq(t)/Fq(w) then it splits in

the extension Fq(w, η)/Fq(w) if and only if Pf is inert in the extension Fq(x)/Fq(w).

Taking into account these ideas, we will consider the iterative constructions

that were classified at the beginning. For a given transformation Tg,h, we will see

that if the associated extension Fq(x)/Fq(w) satisfies certain properties (with respect

to the places involved), then the same will hold for the extension Fq(xi+2)/Fq(xi),

i > 0, in the tower Fq(x0) ⊆ Fq(x1) ⊆ · · ·Fq(xn) ⊆ · · · , where

xi = g(xi+1)/h(xi+1) and x0 = w, x1 = t, x2 = x.
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Let us give further details of this approach. Recall the given tower of the ra-

tional function fields Fq(w) ⊆ Fq(t) ⊆ Fq(x), where t = g(x)/h(x) and

w = g(t)/h(t). Let f(w) ∈ Fq[w] be an irreducible polynomial, Pf be the associ-

ated place of Fq(w) and Of be the associated valuation ring. Let Qf be a place of

Fq(t) lying over Pf which means Qf is a zero of f(w) in Fq(t) and vQf be the cor-

responding valuation. We denote the ramification index with e(Qf |Pf ) of Qf over

Pf and we have e(Qf |Pf ) = vQf (f(w)) = vQf
(
f
( g(t)
h(t)

))
. We start by assuming

that t is regular at Qf . Then Qf will be an irreducible polynomial f ′(t) ∈ Fq[t]

and vQf will be the f ′-adic valuation vf ′ on Fq(t). Thus e(Qf |Pf ) = vf ′
(
f
( g(t)
h(t)

))
and e(Qf |Pf ) is the biggest power of f ′(t) occurring as a factor of the polynomial

Tg,h(f) = h(t)deg f · f
( g(t)
h(t)

)
since it is equal to the numerator of f

( g(t)
h(t)

)
that is in

lowest term because of g, h are relatively prime.

We know that if t is integral over Of , then t is regular at all places of Fq(t)

lying over Pf . This implies that there is a one-to-one correspondence between

the irreducible factors of Tg,h(f) and the places of Fq(t) lying over Pf by the

Kummer Theorem. That is, if Tg,h(f) = f ′1(t)
e1 · f ′2(t)e2 · · · f ′s(t)es where fi(t)’s

are irreducible polynomials in Fq[t] and Qf ′i
is the associated place of Fq(t) with

degQf ′i
= deg f ′i(x) then Qf ′1

, . . . , Qf ′s will be all the places of Fq(t) lying over Pf

with ei = e(Qf ′i
|Pf ), and the inertia degrees are given by f(Qf ′i

|Pf ) = deg f ′i(t).

Therefore we obtain the following result:

Theorem 3.1. [28, Theorem 3] Tg,h(f) = h(t)deg ff
( g(t)
h(t)

)
is irreducible in Fq[t]

if and only if the associated place Pf is inert in the extension Fq(t)/Fq(w), where

w = g(t)/h(t).

This is a result of Kummer’s Theorem 2.3 that is implied by the irreducibility

of the polynomial f(T )−α · g(T ) over Of/Pf ∼= Fq(α), where α is a root of f(T ),

which is known as Capelli’s Lemma (see also 1.1).
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Since the transformation Tg,h is multiplicative we also have the following:

Theorem 3.2. [28, Theorem 4] Let f(T ) be any polynomial over Fq and let

D0 = (f(t)) be the zero divisor of f(w) in Fq(w). If x is integral over Of , then all

places in the support of the conorm ofD0 with respect to the extension Fq(t)/Fq(w),

ConFq(t)/Fq(w)(D0) will be in one-to-one correspondence with the irreducible factors

of Tg,h(f) in Fq[t] with ConFq(t)/Fq(w)(D0) = (Tg,h(f))0.

By using this theorem repeatedly , we see that the factorization of T ng,h(f) is

just related to the splitting behaviour of the place Pf in a given tower of rational

function fields.

Theorem 3.3. [28, Theorem 5] Given a tower of rational function fields

Fq(x0) ⊆ Fq(x1) ⊆ . . . ⊆ Fq(xn) ⊆ . . . where g(xi+1)/h(xi+1) = xi, for i > 0. Let

f(T ) be an irreducible polynomial over Fq and let the associated place of Fq(x0) be

given by Pf and let Of be the its valuation ring. Assume that xi is integral over Of ,

for all i. For n > 1, let f ′ be any irreducible polynomial and Qf ′ be the associated

place in Fq(xn). Then f ′(T ) is an irreducible factor of T ng,h(f) with exponent

e = e(Qf ′|Pf ) if and only if Qf ′ lies over Pf . In that case f(Qf ′|Pf ) = deg f ′(T ).

Corollary 3.4. [28, Corollary 6] T ng,h(f) is irreducible over Fq if and only if the

place Pf is inert in the extension Fq(xn)/Fq(x0) for any n > 1.

The integrity of x1, x1, x2, . . . , xn, . . . over Of can be guaranteed by requiring

deg f(t) > 1 or deg g > deg h. If deg f(t) > 1, then the pole of xn in Fq(xn) cannot

lie above Pf since the pole of xn is a rational place and degPf = deg f(t) > 1 for

any n > 1. Thus xn must be integral over Of . Similarly, if deg g > deg h, the pole

of xn in Fq(xn) lies just above P∞ which is the pole of x0 in Fq(x0), thus cannot lie

above the place Pf , for any n > 1.
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Proposition 3.5. [28, Proposition 8] Let Fq(w) ⊆ Fq(t) ⊆ Fq(x) be given such

that Fq(t)/Fq(w) and Fq(x)/Fq(t) are extensions of degree p, for a prime p not

dividing the characteristic of Fq. Assume also that Fq(x)/Fq(w) is a cyclic Galois

extension. Let P be a place of Fq(w) which is unramified in Fq(x)/Fq(t) and is inert

in Fq(t)/Fq(w). Then P is inert in Fq(x)/Fq(w).

Proof. Let Q be a place of Fq(t) lying over P and D = D(Q|P ) be its decompo-

sition group. As we know, D is a cyclic subgroup of G = Gal(Fq(x)/Fq(w)). By

assumption G is a cyclic group of order p2. Thus we have that either D = {e} or

D ∼= Cp orD = G. Again by assumption P is inert in Fq(t)/Fq(w), that isD cannot

be equal to {e}. Now suppose D ∼= Cp. Since Cp is the unique subgroup of G and

[Fq(x) : Fq(t)] = p, we must have that Fq(t) is the fixed field ofD, that is Fq(t) is the

decomposition field of Q over P , which contradicts that P is inert in Fq(t)/Fq(w).

Therefore D = G which means that P is also inert in Fq(x)/Fq(w).

By using this proposition repeatedly, we obtain the following results:

Corollary 3.6. [28, Corollary 9] Let Fq(x0) ⊆ Fq(x1) ⊆ . . . ⊆ Fq(xn) ⊆ . . .

be a given tower with [Fq(xn+1) : Fq(xn)] = p, for some prime p not dividing

the characteristic of Fq, n = 0, 1, . . .. Assume Fq(xn+2)/Fq(xn) is cyclic Galois

extension for all n > 0. If a place P of Fq(x0) is unramified in Fq(xn)/Fq(x0) for

n > 1 and is inert in Fq(x1)/Fq(x0) then P is inert in Fq(xn)/Fq(x0) for all n > 1.

Corollary 3.7. [28, Corollary 11] Let Fq(x0) ⊆ Fq(x1) ⊆ . . . ⊆ Fq(xn) ⊆ . . .

be a given tower with [Fq(xn+1) : Fq(xn)] = p, for some prime p not dividing the

characteristic of Fq, n = 0, 1, . . .. Suppose there is an element η ∈ Fq(x0) so that

Fq(xn+1, η)/Fq(xn, η) is a cyclic Galois extension for n > 0. If a place P of Fq(x0)

is unramified in Fq(xn)/Fq(x0) for n > 1, is inert in Fq(x1)/Fq(x0) and splits in

Fq(x0, η)/Fq(x0), then P is inert in Fq(xn)/Fq(x0) for all n > 1.
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3.2. The Power Map Transformation, T 2

Let us give some results for the first case of our classification, the transforma-

tion cT 2, c ∈ F∗q . This is so classical method to construct a sequence of irreducible

polynomials using power map transformations of any degree. A well-known result

about it is the following ( [9]):

Theorem 3.8. [9, Theorem 1] Let f(T ) ∈ Fq[T ] be an irreducible polynomial of

degree n and exponent e (which is te order of any root of f). Let t be a positive

integer, the polynomial f(T t) is irreducible over Fq if and only if

(i) gcd(t, (qn − 1)/e) = 1,

(ii) each prime factor of t divides e, and

(iii) if 4|t then 4|(qn − 1).

Proposition 3.9. [35, Proposition 2.2] Let f(T ) ∈ Fq[T ] be an irreducible poly-

nomial of degree n and t be a positive integer. If t is even, assume also that 4|qn−1.

If f(T t) is irreducible over Fq then f(T t
r
) is irreducible over Fq for all r > 0.

This result follows from the fact that the prime factors of tr are the same as

those of t. So if t satisfies the conditions of Theorem 3.8, then so does tr.

Proposition 3.10. [35, Proposition 2.3] Let f(T ) ∈ Fq[T ] be an irreducible poly-

nomial of degree n and let t be a positive integer. If t is even, assume moreover that

4|qn − 1. Let f0(T ) = f(T ) and set fm(T ) = fm−1(T
t) for m > 1. Assume f1(T )

is irreducible. Then fm(T ) is irreducible of degree deg f · tm for all m.

This is just obtained using the above Proposition 3.9, iteratively. Now let us

give some notations and definitions from [35].
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Let σ =

a b

c d

 ∈ GL2(Fq) and f(T ) ∈ Fq[T ] of degree n setting

f(∞) :=∞. Define

Pσ(f)(T ) := (cT + d)nf
(aT + b

cT + d

)
.

We say that degPσ(f)(x) = n ⇔ f(σ.∞) 6= 0. Also under the latter condition,

for any τ ∈ GL2(Fq), Pσ ◦ Pτ (f) = Pσ.τ (f). If f is irreducible over Fq then

so is Pσ(f). Let t be a positive integer and define St : Fq[T ] → Fq[T ] such that

St(f)(T ) := f(T t). Using these maps we define a transformation as follows:

fRσ,t(T ) := Pσ−1 ◦ St ◦ Pσ(f)(T ).

For f(a/c) 6= 0, we also define an element of Fq by

η(f ;σ) := (σ−1.∞)n.
f(σ.0)

f(σ.∞)
=
(
−d
c

)n
f
( b
d

)
f
(a
c

)−1
,

if c = 0 then η(f ;σ) = (−d/a)nf(b/d) and if d = 0, η(f ;σ) = (−b/c)nf(a/c)−1.

Lemma 3.11. [35, Lemma 3.2] Let g(T ) be an irreducible polynomial over Fq
of degree n with g(σ.∞) 6= 0 and set f := Pσ(g). Then f is irreducible and

f(σ−1.∞) 6= 0. Also, if α1, . . . αn are the roots of f , then σ.αi =
(
aαi+b
cαi+d

)
are the

roots of g for 1 6 i 6 n.

Theorem 3.12. [35, Theorem 1.2] Let t ≥ 2 be an integer such that every prime

factor of t divides q − 1. Let σ =

a b

c d

 ∈ GL2(Fq) and f(T ) 6= T − a/c be a

monic irreducible polynomial over Fq of degree n. If q ≡ 3 mod 4 and t is even

assume also n is even. Suppose for all prime numbers `|t, the element η(f ;σ) is not

an `−th power in Fq. Define f0 = g and let fi = f
Rσ,t
i−1 for i ≥ 1. Then (fi)i≥0 is an

infinite sequence of irreducible polynomials, with deg fi = tin.

3.2.1. R-Transform

As en example of this case we can give the well-knownR-transform of Cohen.

For an odd prime power q, it gives a classical way for constructing a sequence of
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irreducible polynomials. It is analogous to the transformation of Wiedemann and

to Meyn’s Q-transform which is defined as

fQ(T ) = T deg ff(T + T−1),

for any polynomial f over a field of even characteristic. We will already mention

this transform in our third class in detail.

Cohen’s purpose was to find a similar way to do this in odd characteristic.

Modifying Meyn’s work, he defined the R-transform for a polynomial f as follows:

fR(T ) = (2T )deg ff
(T 2 + 1

2T

)
= 2deg ffQ

(T
2

)
.

Then he proved the following result, which was given in the introduction (see The-

orem 1.4): Let q be an odd prime power and f be a monic irreducible polynomial

over Fq with deg f > 1 and assume deg f is even whenener q ≡ 3 (mod q). Suppose

f(1)f(−1) is not a square element in Fq. Define f0 = f and fk = fRk−1. Then for

each k > 0, the polynomial fk is irreducible over Fq.

He also showed that for any q, there exists an irreducible polynomial over Fq
satisfying the hypotheses of this theorem.

Notice that for σ =

1 1

1 −1

 and t = 2 we obtain Cohen’s R-transform:

T → T 2+1
2T

. This means that the R-transform is just the power map transformation

T → T 2, with a change of coordinate by the linear fractional transformation

σ(T ) =
T + 1

T − 1
.

Given an irreducible polynomial over Fq with f(1) 6= 0 (this guarantees that we

start with an unramified place in the corresponding rational function field extension,

which is already satisfied automatically by the following condition), if we compute

the element η(σ; f) = f(1).f(−1)−1, we see that it is equal to the condition given

by Cohen in Theorem 1.4 up to a square element f(−1)2.
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To see the details Galois theoretically, let us consider the transformation for

two iterations in the corresponding tower of the rational function fields:

Let Fq(w) ⊆ Fq(t) ⊆ Fq(x) be the rational function field extensions with

w = t2+1
2t

and t = x2+1
2x

. Take the linear fractional transformation σ(T ) = T+1
T−1 which

implies that σ
(
T 2+1
T

)
= (σ(T ))2. Now say w′ = σ(w), t′ = σ(t) and x′ = σ(x),

then consider the extensions Fq(w′) ⊆ Fq(t′) ⊆ Fq(x′) with w′ = t′2 and t′ = x′2.

That is, the minimal polynomial of x′ over Fq(w′) is Irr(x′,Fq(w′)) = T 4 − w′.

Thus the extension Fq(x′)/Fq(w′) is cyclic Galois, i.e. Gal(Fq(x′)/Fq(w′)) = C4

if Fq contains the 4-th roots of unity. This is equivalent to say that q ≡ 1 (mod 4).

However, whenever q ≡ 3 (mod 4) then the extension Fq(x′)/Fq(w′) can be lifted

to a Galois extension adjoining a primitive 4-th root of unity ξ. That is the new ex-

tension Fq(x′, ξ)/Fq(w′, ξ) is cyclic Galois extension now. In fact Fq(ξ) = Fq2 , so

the extension Fq(w′, ξ) = Fq2(w′) ⊇ Fq(w′) is just a constant field extension.

Fq(x′, ξ) = Fq2(x′)

cyclic

Fq(x′)

cyclic

Fq(x′)

Fq(t′, ξ) = Fq2(t′)

Fq(t′) Fq(t′)

Fq(w′, ξ) = Fq2(w′)

Fq(w′) Fq(w′)

q ≡ 1 mod 4 q ≡ 3 mod 4

Let us start with an irreducible polynomial f(T ) over Fq with the associated

place Pf of Fq(w) (i.e., the zero Pf of f(w)). If deg f is even then Pf splits in the
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extension Fq2(w)/Fq(w). Now we can also determine when Pf is inert in the ex-

tension Fq(t)/Fq(w). Since w′ = w+1
w−1 , w′ has a pole at Pw−1. Notice that the place

Pw−1 is already ramified in the extension Fq(t)/Fq(w), because

Irr(t,Fq(w)) = T 2 − 2wT + 1 ≡ (T − 1)2 mod Pw−1,

so we take f(w) 6= w − 1. Say δ = w′(Pf ) which the value of w′ at Pf . Since

{t′, 1} is an integral basis at Pf for the extension Fq(t) = Fq(t′) ⊇ Fq(w′) = Fq(w)

with w′ = t′2, by Kummer’s Theorem Pf splits in the extension Fq(t)/Fq(w) if and

only if δ is a square element in Fq(δ). This is equivalent to say that NFq(δ)/Fq(δ) is

a square in Fq since the norm map is multiplicative. The irreducible polynomial of

the element δ over Fq is given by (T − 1)deg ff
(
T+1
T−1

)
with the leading coefficient

f(1) and constant term (−1)deg ff(−1). Thus NFq(δ)/Fq(δ) = f(−1)
f(1)

and Pf is inert

in the extension Fq(t)/Fq(w) if f(−1)f(1) is a non-square in Fq. If q ≡ 1 mod 4

by Corollary 3.6 and if q ≡ 3 mod 4 by Corollary 3.7 we obtain Cohen’s result in

Theorem 1.4.

The existence of such a polynomial satisfying the conditions in the Theorem

1.4, ( [32, Lemma 4] ), can also be shown easily now. For a given n > 1, let σ be a

primitive element of Fqn over Fq. Obviously, σ is a non-square element in Fqn . Let

f(T ) be the minimal polynomial of σ of deg f = n over Fq. Then the polynomial

(T − 1)nf
(
T+1
T−1

)
is irreducible and satisfies the condition of the Cohen’s result in

Theorem 1.4.

In addition, Bassa and Menares also showed in the rest of their main theorem

in [35] that, for i > 0 and a ti-th root of unity, ζ, the set of the roots of fi is invariant

under the action of the order ti matrix in GL2(Fq(ζ)) given by

µσ,ζ =

 ζad− bc (1− ζ)ab

(ζ − 1)cd ad− ζbc

 ,

where σ =

a b

c d

 and fi+1 = f
Rσ,t
i , i > 0.
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For the R-transform, since t = 2 and σ =

1 1

1 −1

 , we take ζ = −1 then

obtain the matrix µσ,ζ =

0 2

2 0

 that has the action T 7→ 1
T
. This means that for all

i > 0, the roots of the polynomial fi in the sequence stated by the R-transform are

invariant under the map T 7→ 1
T
. Thus, these polynomials are also self-reciprocal

for all i > 0.

Besides, in the paper [10], Meyn showed the following result:

Theorem 3.13. [10, Theorem 1] Let q ≡ 1 mod 4 be a prime power and f ∈ Fq[T ]

be a monic self-reciprocal N-polynomial of degree 2 such that f(1)f(−1) is a non-

square element of Fq. Then for all i > 0, the polynomials defined as f(T ) = f0(T )

and fi+1(T ) = fRi (T ) are N-polynomials over Fq.

After that, in [29] Chapman showed that the roots of these polynomials are

also completely normal in the corresponding extensions of the base field.

Theorem 3.14. [29, Theorem 1] Let q ≡ 1 mod 4 be a prime power and

f(T ) = T 2 + aT + 1 be an irreducible polynomial over Fq. Define the sequence

f0(T ) = f(T ) and fi+1(T ) = fRi (T ), i > 0, with αi is a root of the polynomial fi

for each i > 0. Then αi is a completely normal element of Fq2i over Fq.

More generally, in [40], Aravena proved that the generalization of the power

map transformation, Rσ,t gives completely normal polynomials under suitable con-

ditions:

Theorem 3.15. [40, Theorem 1.3] Let f(T ) 6= T − a/c, of degree 1, t ≥ 2,

σ =

a b

c d

 ∈ GL2(Fq). Let (fi)i≥0 be the sequence defined as f0 = f and

fi+1 = f
Rσ,t
i . Suppose dc 6= 0, then we have the following:
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i) If ab = 0, then (fi)i≥0 is a sequence of completely normal polynomials over

Fq[T ].

ii) If ab 6= 0, and the element bc
ad

is an `-th power for some prime ` dividing t,

then (fi)i≥0 is a sequence of completely normal polynomials over Fq[T ].

iii) If ab 6= 0, d = −c and f(T ) 6= T , then (fi)i≥0 is a sequence of completely

normal polynomials over Fq[T ].

Then he also proved the existence of a polynomial f0of degree 1 over Fq such

that f1 = fR0 where f1 is a given initial polynomial for Theorem 3.14 and f0 satisfies

the conditions of Theorem 3.12 which is given as f0(T ) = T − α+α−1

2
where α is a

root of the f1. It is clear that f0(T ) ∈ Fq[T ] since f1 is a self-reciprocal polynomial

and so 1
α

is also its root, i.e., the conjugate of α is just its reciprocal 1
α

which implies

that their sum α + 1
α
∈ Fq. Moreover, η(f0, σ) =

(
1

2−(α+α−1)

)2
((α + α−1)2 − 4))

which is not a square element in Fq since the given polynomial

f1(T ) = T 2 − (α + α−1)T + 1

is irreducible and its discriminant is equal to (α + α−1)2 − 4.

3.2.2. Some Examples of Kyuregyan

Using the ideas leading to the above results, we can show that some other

known iterative constructions of irreducible polynomials over finite fields can be

recovered as examples of generalized power map transformations Rσ,t. In particu-

lar , we have considered the recurrent methods for odd characteristic which were

constructed by Kyuregyan in [41]. First he states the following theorem:

Theorem 3.16. [41, Theorem 3] Let f(T ) 6= T be an irreducible polynomial in

Fq[T ] with deg f > 1 and assume q ≡ 3 mod 4 if deg f is even, r 6= 0, δ 6=

0, h ∈ Fq. Suppose f
(

2δ−rh
r2

)
f
(
−
(

2δ+rh
r2

))
is a non-square element in Fq. Define

f0(T ) = f(T ) and fk(T ) =
(

2T + 2h
r

)deg fk−1

fk−1

(
T 2+

4δ2−(hr)2

r4

2T+ 2h
r

)
, k > 1. Then

(fk(T ))k>0 is a sequence of irreducible polynomials over Fq.
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Kyuregyan gives a computational proof for this result. We will obtain a more

conceptual proof using our approach.

Let us define the corresponding rational function field extension for the given trans-

formation:

Fq(w)

Fq(t)

w =
t2+

4δ2−(hr)2

r4

2t+ 2h
r

where δ, h, r ∈ Fq satisfy the conditions in Theorem 3.16. Then the irreducible

polynomial of t over Fq(w) is given by

Irr(t,Fq(w)) = T 2 − 2wT − 2h

r
w +

4δ2 − (hr)2

r4
.

We can easily see that for the places P1 :=
(
w = −

(
2δ+rh
r2

))
of Fq(w) and

P2 :=
(
w = 2δ−rh

r2

)
, we obtain Irr(t,Fq(w)) ≡

(
T −

(
2δ−rh
r2

))2
mod P1 and

Irr(t,Fq(w)) ≡
(
T +

(
2δ+rh
r2

))2
mod P2 in the corresponding residue fields FP1

and FP2 , respectively. Since t is integral over Fq(w), we apply Kummer’s Theorem

to say that P1 and P2 are all ramified places of Fq(w) in the extension Fq(t)/Fq(w)

with Q1 :=
(
t = −

(
2δ+rh
r2

))
and Q2 :=

(
t = 2δ−rh

r2

)
i.e., the same places are

lying over P1 and P2, respectively. Thus, this transformation is an example of the

first class of the quadratic transformations which were normalized and classified at

the beginning. We can determine the linear fractional map, σ−1 ∈ PGL2(Fq) as

carrying the ramified places P1 and P2 of Fq(w) to the places (σ−1(w) = 0) and

(σ−1(w) = ∞), respectively, that is given by σ−1 =

1 2δ+rh
r2

1 −
(

2δ−rh
r2

) . Then we

normalize the given transformation in Theorem 3.16 with this change of coordinates

just as the power map transformation σ−1(w) = (σ−1(t))2. In other words, for any

polynomial f ∈ Fq[T ] we have
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fRσ,2(T ) := Pσ−1 ◦ S2 ◦ Pσ(f)(T ) =
(

2T +
2h

r

)deg f
f
(T 2 + 4δ2−(hr)2

r4

2T + 2h
r

)
,

where σ =

−(2δ−rh
r2

)
−
(

2δ+rh
r2

)
−1 1

 .

After that we use Theorem 3.12 to see that the conditions in Theorem 3.16

are already satisfied by its assumptions. First, we find the corresponding element

η(f, σ) ∈ Fq.

η(f, σ) = (σ−1.∞)nf(σ.0)f(σ.∞)−1 = f
(
−
(2δ + rh

r2

))
f
(2δ − rh

r2

)−1
which is a non-square in Fq if and only if f

(
−
(

2δ+rh
r2

))
f
(

2δ−rh
r2

)
is a non-square

in Fq. And starting with an initial polynomial f(T )neqT guarantees to take an un-

ramified place in Fq(w), i.e., the corresponding place Pf is not equal to the zero

place or the infinity place of Fq. Thus, the assumptions of Theorem 3.16 already

cover the conditions of Theorem 3.12.

Besides, we can also say that the transformation given in Theorem 3.16 even

gives an infinite completely normal polynomials sequence by the result of Aravena,

Theorem 3.15, if we start with a polynomial of degree 1 since for the associated

linear fractional transformation σ =

−(2δ−rh
r2

)
−
(

2δ+rh
r2

)
−1 1

 with entries satis-

fying the necessary conditions in part (iii). This property was not mentioned by

Kyuregyan in the paper [41].

In the paper [41], there are also some other results which can be obtained with

the same method as above. One of them is given as follows:

Theorem 3.17. [41, Theorem 3] Let f(T ) 6= T be an irreducible polynomial in

Fq[T ] with deg f > 1 and assume q ≡ 3 mod 4 if deg f is even. Let aT 2 + 2hT

and dT 2 + h, h 6= 0 be relatively prime polynomials over Fq. Suppose 0 6= δ ∈ Fq,

δ2− (ah)2 is a non-zero square and f
(
− 2h2

δ+ah

)
f
(

2h2

δ−ah

)
is a non-square element in
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Fq. Define f0(T ) = f(T ) and fk(T ) = (dT 2 + h)deg fk−1fk−1

(
aT 2+2hT
dT 2+h

)
, k > 1.

Then (fk(T ))k>0 is a sequence of irreducible polynomials over Fq.

Following the same procedure as above, taking the linear fractional transfor-

mation σ =
(

2h2

δ+ah
− 2h2

δ+ah
− 1 −

(
δ−ah
δ+ah

))
∈ GL2(Fq) we obtain that, for any

polynomial f ∈ Fq[T ],

fRσ,2(T ) := Pσ−1 ◦ S2 ◦ Pσ(f)(T ) = (dT 2 + h)deg ff
(aT 2 + 2hT

dT 2 + h

)
.

Then we have η(f, σ) =
(
δ−ah
δ+ah

)n
f
(

2h2

δ−ah

)
f
(
− 2h2

δ+ah

)−1
. If we multiply by the non-

zero square element (δ2 − (ah)2)nf
(
− 2h2

δ+ah

)2
∈ Fq, we obtain

η(f, σ)(δ2 − (ah)2)nf
(
− 2h2

δ + ah

)2
= ((δ − ah)n)2f

( 2h2

δ − ah

)
f
(
− 2h2

δ + ah

)
.

That is, η(f, σ) is a non-square element of Fq if and only if δ2 − (ah)2 is a square

and f
(

2h2

δ−ah

)
f
(
− 2h2

δ+ah

)
is a non-square in Fq as given in the conditions of Theorem

3.17. Again by Theorem 3.15, part (ii), this transformation gives a sequence of

completely normal polynomials, if we start with a polynomial of degree 1.

Similary, the following result in [41] is also just the power map transformation

with a change of coordinates.

Theorem 3.18. [41, Theorem 3] Let f(T ) be an irreducible polynomial in Fq[T ]

with deg f > 1 and assume q ≡ 3 mod 4 if deg f is even, b ∈ Fq. Suppose f
(
− b

2

)
is a non-square element in Fq. Define

f0(T ) = f(T ) and fk(T ) = fk−1

(
T 2 + bT +

b2

4
− b

2

)
, k > 1.

Then (fk(T ))k>0 is a sequence of irreducible polynomials over Fq.

With the change of coordinates matrix σ =

1 − b
2

0 1

 ∈ GL2(Fq) and the

element η(f, σ) = (−1)deg ff
(
− b

2

)
∈ Fq which is a non-square if and only if

f
(
− b

2

)
∈ Fq is a non-square when q ≡ 1 mod 4 since −1 is already a square in

this case, otherwise we take deg f as even by assumption.
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3.2.3. Consideration over a Quadratic Extension of the Field Fq

We can consider the generalization of the power map transformation over a

quadratic extension of Fq as well. For such a construction, Bassa and Menares

improved some expressions. Some results in [35] as follows:

Let σ ∈ GL2(Fq2) and t > 2. Let f(T ) ∈ Fq[T ] with f(σ.∞) 6= 0. We say

that Rσ,t is defined over Fq if there is an element κ ∈ F∗q2 such that

κ · fRσ,t(T ) ∈ Fq[T ].

We know that if f is an irreducible over Fq and deg f is odd, then f is also irre-

ducible over Fq2 , but if deg f is even, there are two irreducible factors r(T ), s(T ) in

Fq2 [T ], both of degree (deg f)/2.

Now assume Rσ,t is defined over Fq and set the sequence f0 = f and

fi = f
Rσ,t
i−1 for i ≥ 1. If deg f is even, define the sequences ri and si similarly, with

the initial polynomial r and s, respectively. Notice that gi = ri.si for any i > 0.

Theorem 3.19. [35, Theorem 4.1] Let σ ∈ GL2(Fq2) and t ≥ 2 be such that Rσ,t

is defined over Fq. Assume that each of prime factors of t is a divisor of q2 − 1.

Let f(T ) ∈ Fq[T ] be an irreducible polynomial of degree n such that f(σ.∞) 6= 0.

Consider the sequence defined as above fi and ri if deg f is even. If deg f is odd

(resp. even), assume that for all prime factors ` of t , η(f ;σ) (resp. η(r;σ)) is not

an `-th power in Fq2 . Then, if deg f is odd or if 4 | deg f.t, we have that a nonzero

multiple of fi(x) is an irreducible polynomial in Fq[T ] for all i > 0. If deg f is even,

a nonzero multiple of ri is an irreducible polynomial in Fq2 [T ] for all i > 0.

3.2.3.1. McNay’s Transformation. The well-known transformation by McNay’s is

an example of this situation. It is defined as follows:
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For a non-square element c ∈ Fq satisfying c = δ2, δ ∈ Fq2 , and a polynomial

f(T ) ∈ Fq[T ],

fc(T ) = (2T )deg ff
(T 2 + c

2T

)
.

Then we can easily see that, for σ =

 δ δ

−1 1

 ∈ GL2(Fq2), fc(T ) = (2δ)deg ffRσ ,2(T ).

We assume that f(σ.∞) = f(−δ) 6= 0 and observe that η(f, σ) = f(δ)f(−δ)−1 is

a non-square element in Fq2 . By Theorem 3.19 we have the following result:

Theorem 3.20. Let f(T ) be an irreducible polynomial in Fq[T ] and c ∈ Fq a non-

square element with c = δ2, δ ∈ Fq2 . Assume f(δ)f(−δ) is not a square in Fq2

and if deg f is even, let r(T ) ∈ Fq2 [T ] be an irreducible factor of f(T ) assuming

r(δ)r(−δ) is not a square in Fq2 . Define f0(T ) = f(T ) and fk(T ) = (fk−1)c(T ),

k > 1. Then (fk(T ))k>0 is a sequence of irreducible polynomials over Fq.

McNay showed in [33] that if we assume q ≡ 3 mod 4 and c, 1− c are non-

square elements in Fq and f0(T ) = T 2+2T+c,we obtain an irreducible polynomial

sequence fk+1(T ) = (fk)c(T ) for all k > 0. It is easily shown by Theorem 3.20 as

follows:

Since 1 − c is a non-square in Fq we have the given polynomial f0(T ) is ir-

reducible over Fq. We also see that f0(T ) factors over Fq2 , because deg f is even

which is given as f0(T ) = (T + 1 −
√

1− c)(T + 1 +
√

1− c). Without loss of

generality, assume r(T ) := T + 1−
√

1− c and consider the element

r(δ)r(−δ) = 2(1 − c −
√

1− c). Suppose for the contrary that this element is a

square in Fq2 . That is, there are a, b ∈ Fq such that

2(1− c−
√

1− c) = (a(1− c) + b
√

1− c)2, since {1− c,
√

1− c} is a basis of Fq2

over Fq. We obtain a2(1− c) + b2 = 2, 2ab(1− c) = −2, then we have the equality

(1− c)3a4 − 2(1− c)2a2 + 1 = 0 which is polynomial in a2 over Fq. This means
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that its discriminant, −4c(1 − c)3, must be a square element in Fq since a2 ∈ Fq,

which is satisfied if and only if −1 is a square in Fq, i.e., q ≡ 3 mod 4.

Afterwards Chapman showed in [29] that this construction gives a completely

normal polynomials sequence as well.

Theorem 3.21. [29, Theorem 2] Let q ≡ 3 mod 4 be a prime power and

f0(T ) = T 2+bT+c be an irreducible polynomial over Fq with the nonzero element b

and a non-square element c in Fq. Define the sequence fk+1(T ) = (fk)c(T ), k > 0,

with αk is a root of the polynomial fk for each k > 0. Then αk is a completely

normal element of F
q2k

over Fq.

Using this approach, such a transformation can be generalized as a degree t

power map for any t | q2 − 1 relating to Singer subgroups. In fact, this corresponds

to starting with a degree 2 place in the initial extension of the corresponding rational

function fields. Nevertheless, this part of the work is in progress, we will give some

details in the following section.

3.2.3.2. Starting with a Degree 2 Places and its Relation with Singer Subgroups. Let

D > 1 and consider the extension Fq(x)/Fq(t) with t = xD. If D | q − 1, i.e., Fq
contains the D-th roots of unity, this is a Galois extension of degree D. Otherwise it

can be turned into a Galois extension after extending the field of constants. The only

ramified places are (t = 0) and (t =∞). Both are totally ramified with ramification

index D and above them are the rational places (x = 0) and (x = ∞). Now let

p(T ) ∈ Fq[T ] be an irreducible polynomial of degree 2 and denote its roots in Fq2

by θ and θ = θq. We want to find σ ∈ PGL2(Fq2) such that σ.0 = θ and σ.∞ = θ.

It can be verified that σ =

1 −θ

1 −θ

 has the desired property and the corre-

sponding fractional linear transformation is given by T−θ
T−θ .We have σ−1 =

θ −θ
1 −1


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in PGL2(Fq2). We use σ to obtain an extension with ramified places given by θ

and θ. Namely, let

x′ = σ(x) =
θ · x− θ
θ · x− 1

and t′ = σ(t) =
θ · t− θ
θ · t− 1

.

Clearly Fq(x) = Fq(x′) and Fq(t) = Fq(t′). In the extension Fq(x′) = Fq(t′) the

ramified places are (t′ = 0) and (t′ =∞), with (x′ = 0) and (x′ =∞) lying above

these. The extension is given by

t′ = σ(t) = σ(xD) = σ
(
(σ−1(x′))D

)
=
θ(x′ − θ)D − θ(x′ − θ)D

(x′ − θ)D − (x′ − θ)D
.

Let us denote this map by ψD,p(T ), that defines an extension of degree D ramified at

the place defined by p(T ).

More specifically, take as p(T ) = T 2 − AT + B such that TrFq2/Fq(θ) = A

and NFq2/Fq(θ) = B.

As an example of this construction, for our approach we consider the case

D = 2. It can be verified that ψD,p(T ) = x2−B
2x−A . If c is a non-square in Fq, then

p(T ) can be chosen as p(T ) = T 2 − c and ψ2,T 2−c = x2+x
2x

. This corresponds to the

transformation given by McNay.

In these examples ψD,p(T ) is defined over Fq. This is true in general. We have

ψ(x) = θ(x−θ)D−θ(x−θ)D
(x−θ)D−(x−θ)D If we use binomial theorem, we see that all terms have the

factor θ − θ. After cancelling, all other terms can be written in terms of the norm

and trace of θi.

The case D = q + 1 is more interesting. It corresponds to the norm map from

Fq2 to Fq and it is easily seen that ψ(x) has a pole at all α ∈ Fq. Also, ψ(∞) =∞.

So all rational places lie over the pole∞ in the extension defined by ψ.

Such a construction brings out some questions: When is the extension

Fq(x)/Fq(t) with t = ψD,p(t)(x) cyclic? What is ramified in this extension? What

happens for D > q + 1? Is it true that ψD1,p(T ) ◦ ψD2,p(T ) = ψD1·D2,p(T )? What

34



can be said about the normality? Besides ψ is closely related to the power map and

normality of twists of the power map by Möbius transformations are understood in

certain cases. Moreover, doing iterations of the transformation ψ will also raise new

questions.

3.2.3.3. Other Examples from Kyuregyan’s Results. It is possible to find some other

constructions in the literature as an example of such a situation. In [30], Kyuregyan

stated the following result:

First, define the polynomial

gf (T ) = (−1)n
n∑
j=0

2j∑
u=0

(−1)uaua2j−uT
j,

for f(T ) =
∑n

u=0 auT
u ∈ Fq[T ].

Proposition 3.22. [41, Theorem 8] Let f(T ) =
∑n

u=0 auT
u ∈ Fq[T ] be an irre-

ducible polynomial of degree n > 1, with at least one coefficient a2i+1 6= 0,

(0 6 i 6 bn
2
c) and order e. Then the polynomial gf (T ) of degree n is irreducible

over Fq and has the order e
gcd(e,2)

. Moreover, gf (T ) is the minimal polynomial of the

element α2 if α is a root of f(T ).

Theorem 3.23. [30, Theorem 2] Let f0(T ) =
∑n

u=0 auT
u ∈ Fq[T ] be an irre-

ducible polynomial of degree n > 1, with at least one coefficient a2i+1 6= 0,

(0 6 i 6 bn
2
c). Let aT 2 + 2hT + ahd−1 and dT 2 + 2aT + h be relatively prime,

where a, d, h ∈ F∗q and a2 6= hd. Suppose that the element (hd−1)n is a non-zero

square in Fq and the element (hd− a2)ngf0(hd ) is non-square in Fq. Define

fk(T ) = (dT 2 + 2aT + h)deg fk−1fk−1

(aT 2 + 2hT + ahd−1

dT 2 + 2aT + h

)
, k > 1. (3.1)

Then fk(T ) is an irreducible polynomial over Fq for every k > 0.
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Let σ =

−√h
d
−
(
a+
√
hd

a−
√
hd

)√
h
d

−1
(
a+
√
hd

a−
√
hd

)
 where a, d, h ∈ F∗q and a2 6= hd. Notice

that, σ ∈ GL2(Fq2) if and only if h
d

is a non-square in Fq, otherwise σ ∈ GL2(Fq).

We observe that, for any polynomial f(T ) ∈ Fq[T ] of degree n with f
(√

h
d

)
6= 0,

fRσ,2(T ) = Pσ−1 ◦ S2 ◦ Pσ(f)(T ) = (dT 2 + 2aT + h)nf
(aT 2 + 2hT + ahd−1

dT 2 + 2aT + h

)
.

Then η(f, σ) =
(
a+
√
hd

a−
√
hd

)n
f
(
−
√

h
d

)
f
(√

h
d

)−1
. If h

d
is a square in Fq (so

σ ∈ GL2(Fq)) and η(f, σ) is a non-square in Fq, then by Theorem 3.12 (fk(T ))k>0

forms an infinite sequence of irreducible polynomials. If h
d

is not a square in Fq then

σ ∈ GL2(Fq2) and consider the sequence fk as well as rk which is a factor of fk

over Fq2 when n is even. If n is odd (respectively, even) and η(f, σ) (respectively

η(r, σ)) is not a square in Fq2 , by Theorem 3.19 fk(T ) is irreducible polynomials in

Fq[T ],∀k > 0 (respectively, a nonzero multiple of rk is irreducible polynomials in

Fq2 [T ],∀k > 0).

The assumptions in Theorem 3.23 are satisfied from the assumptions in The-

orem 3.12 and Theorem 3.19.

First, notice that the fact that f0(T ) =
∑n

u=0 auT
u ∈ Fq[T ] is an irreducible

polynomial of degree n > 1, with at least one coefficient a2i+1 6= 0, (0 6 i 6 bn
2
c)

implies that the polynomial gf0(T ) is of degree n irreducible over Fq and it is the

minimal polynomial of the element α2 if α is a root of f0(T ) by Proposition 3.22.

Now let n be even. Then (h
d
)n is already a square in Fq whether h

d
is a square

in Fq or not. If h
d

is a square in Fq, then σ ∈ GL2(Fq) as we mentioned above.

Observe that η(f0, σ) =
(
a+
√
hd

a−
√
hd

)n
f0

(
−
√

h
d

)
f0

(√
h
d

)−1
is a non-square in

Fq if and only if
(

(a−
√
hd)nf0

(√
h
d

))2
η(f0, σ) = (a2 − hd)f0

(
−
√

h
d

)
f0

(√
h
d

)
is a non-square in Fq. Let α be a root of f0(x) in Fqn . Then

36



f0(T ) =
n−1∏
i=0

(T − αqi) ⇒ f0

(
−
√
h

d

)
f0

(√h

d

)
=

n−1∏
i=0

(
−
√
h

d
− αqi

) n−1∏
i=0

(√h

d
− αqi

)
= (−1)n

n−1∏
i=0

(
−h
d
− (α2)q

i
)

= (−1)ngf0

(h
d

)
.

We see that η(f0, σ) is a non-square in Fq if and only if

(a2 − hd)f0

(
−
√
h

d

)
f0

(√h

d

)
= (hd− a2)gf0

(h
d

)
is a non-square in Fq. That is, all assumptions in Theorem 3.23 are satisfied by the

assumptions of Theorem 3.12 for this case. Let n be even and h
d

is a non-square in

Fq. Then σ ∈ GL2(Fq2). Since n is even, f0(T ) has exactly two irreducible factors

r(T ), s(T ) in Fq2 [x] both of degree n
2
. We have

η(r, σ) =
(a+

√
hd

a−
√
hd

)n
r
(
−
√
h

d

)
r
(√h

d

)−1
is a non-square in Fq2 if and only if((

a−
√
hd
)n
r
(√h

d

))2
η(r, σ) = (a2 − hd)r

(
−
√
h

d

)
r
(√h

d

)
is a non-square in Fq2 . Notice that (a2 − hd)n ∈ Fq, that is, it is already a square

in Fq2 . Thus, η(r, σ) is a non-square in Fq2 if and only if r
(
−
√

h
d

)
r
(√

h
d

)
is a

non-square in Fq2 . For the latter we have(
r
(
−
√
h

d

)
r
(√h

d

)) q2−1
2

= −1⇔
((
r
(
−
√
h

d

)
r
(√h

d

))q+1) q−1
2

= −1

which means that r
(
−
√

h
d

)
r
(√

h
d

)
is a non-square in Fq2 if and only if(

r
(
−
√

h
d

)
r
(√

h
d

))q+1

is a non-square in Fq. Observe that
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(
r
(
−
√
h

d

)
r
(√h

d

))q+1

= r
(
−
√
h

d

)(
r
(
−
√
h

d

))q
r
(√h

d

)(
r
(√h

d

))q
= (−1)

n
2 gr

(h
d

)(
(−1)

n
2 gr

(h
d

))q
= (−1)ngr

(h
d

)
gs

(h
d

)
= (−1)ngf0

(h
d

)
,

where r(A) = (s(A))q,∀A ∈ Fq. Thus, in this case we can say that the sequence

rk(T ) consists polynomials where their nonzero multiples are irreducible over Fq2 ,

∀k > 0 by 3.19 which gives something more than Kyuregyan. Since in our case

t = 2, 4|nt when n is even, then by the assumptions of 3.19 we already obtain the

nonzero multiples of the polynomials in the sequence fk(x),∀k > 0 are irreducible

over Fq.

Lastly, if n is odd, then
(
h
d

)n
is a square in Fq if and only if h

d
is a square in

Fq, that is σ ∈ PGL2(Fq), which is the same as the first case.

Therefore, Theorem 3.12 and 3.19 just imply then Theorem 3.23 which shows

that the transformation in (3.1) is just the power map, T 7→ T 2, with a change of

coordinates.

Besides, using the result of Aravena in Theorem 3.15, we can say that the

polynomials in (3.1) are also completely normal for certain q′s with an initial poly-

nomials of degree 1 . Since n is odd in this situation, we have that σ ∈ PGL2(Fq),

then by part (ii) of the Theorem 3.15, the polynomials are completely normal over

Fq for q’s which in −1 is a square in Fq, i.e. , for q ≡ 1 mod 4.

In the paper [30], there are also some other results which can be obtained with

this method as well.
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Theorem 3.24. [30, Theorem 3] Let f0(T ) =
∑n

u=0 auT
u ∈ Fq[T ] be an irre-

ducible polynomial of degree n > 1, with at least one coefficient a2i+1 6= 0,

(0 6 i 6 bn
2
c). a, d, h ∈ F∗q and a2 6= hd. Suppose a, c ∈ F∗q and the element

(ac)n is a square in Fq and the element (−1)ngf0(
c
a
) is non-square in Fq. Define

fk(T ) = (2aT )deg fk−1fk−1

(
aT 2+c
2aT

)
, k > 1. Then fk(T ) is an irreducible polyno-

mial over Fq for every k > 0.

For σ =

√ c
a

√
c
a

1 −1

 , we do a similar consideration like in the above result

and then obtain a completely normal polynomial sequence for q ≡ 1 mod 4 which

again says more than Kyuregyan’s result. Notice that this is a kind of generalization

of McNay’s result.

Similarly, we consider another result from the paper [30] as follows:

Theorem 3.25. [30, Theorem 5] Let f0(T ) =
∑n

u=0 auT
u ∈ Fq[T ] be an irre-

ducible polynomial of degree n > 1, with at least one coefficient a2i+1 6= 0,

(0 6 i 6 bn
2
c). a, d, h ∈ F∗q and a2 6= hd. Suppose h, d ∈ F∗q and the ele-

ment (hd)n is a square in Fq and the element gf0(
h
d
) is non-square in Fq. Define

fk(T ) = (dT 2 + h)deg fk−1fk−1

(
2hT
dT 2+h

)
, k > 1. Then fk(T ) is an irreducible poly-

nomial over Fq for every k > 0.

For σ =

−1 −1√
d
h
−
√

d
h

 , again doing a similar consideration as above we

obtain a completely normal polynomials sequence for q ≡ 1 mod 4 as well.

3.3. Transformations of the Form, c(T − A)2

Now we start to discuss the second case of our classification which is given

by the transformation c(T−A)2, c, A ∈ F∗q forA = 1 to make the calculations easier.
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First, we just examine two iterations like before to understand the behaviour of

any place Pf associated to the irreducible polynomial of f(T ) ∈ Fq[T ] of degree n.

Set the extension as Fq(w) ⊆ Fq(t) ⊆ Fq(x), with t = c(x−1)2 and w = c(t−1)2,

c ∈ F∗q . Recall that the ramified places of Fq(w) in the extensions Fq(t)/Fq(w) is

(w = 0) and (w = ∞) with (t = 1) and (t = ∞) lying above them respectively in

Fq(t).

Fq(w)

Fq(t)

Fq(x)

w = c(t− 1)2

t = c(x− 1)2

0

1

*

∞

∞

∞

Let Fq(w0) ⊆ Fq(t0) ⊆ Fq(x0), with t0 = c0(x0 − 1)2 and w0 = c0(t0 − 1)2,

for an element c0 ∈ F∗q . be another tower in this case. Assume that there is a Möbius

transformation which is given by an element σ =

a b

c′ d

 ∈ GL2(Fq) between

these two towers such that σ(w0) = w, σ(t0) = t and σ(x0) = x fixing the points

0, 1 and ∞. It will be of the form σ = k

1 0

0 1

 with k 6= 0. These equality is

satisfied if and only if c = c0 which implies that the towers are the same.

This means that, under the action of PGL2(Fq) on the projective line P1(Fq),

such extensions are equivalent if and only if the scalars of the transformations are

the same, that is, they are the same extensions. This fact implies that there are q− 1

many different extensions, which vary according to the scalar c ∈ F∗q each having

the ramified places ∞ of Fq(w) which stay ramified in the all functions fields of

the tower and the ramified place 0 of Fq(w) which lies under the place 1 of the

function field Fq(t). Let us consider such extensions Galois theoretically. Since

w = c(c(x− 1)2 − 1)2, the irreducible polynomial of x over Fq(w) is
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Irr(x,Fq(w))(T ) = T 4 − 4T 3 +
(

6− 2

c

)
T 2 +

(
−4 +

4

c

)
T +

(1

c
− 1
)2
− w

c3

= (T − x)(T + (x− 2))
(
T 2 − 2T +

(
x2 − 2x+ 2− 2

c

))
.

Galois theory of the polynomials of degree 4 is can be understood with the help

of the cubic resolvent of quartic polynomials, see Kaplansky [42] and Kappe and

Waren [43] for details. The cubic resolvent of this polynomial is obtained as follows:

• T 3 if the characteristic of Fq is even,

• (T + 2(1
c
− 1))(T 2 − 4T − 4( 1

c2
− 1− w

c3
)) if the characteristic of Fq is odd.

In the first situation we have that the extension is Galois with Galois group

given by the Klein-4 group, which means that there is not an inert place of Fq(w)

in the extension Fq(x)/Fq(w) as was mentioned at the beginning. Thus we are not

interested in this case.

For the latter situation, let g(T ) = T 2 − 4T − 4( 1
c2
− 1 − w

c3
). If g(T ) has a

root in Fq(w), the extension Fq(x)/Fq(w) is Galois with Galois group again given

by Klein-4 group. If it has no root in Fq(w), the splitting field of the polynomial

Irr(x,Fq(w))(T ) contains the roots of g(T ). In this case, after adjoining the roots of

g(T ) to the field Fq(w), if f(T ) is reducible in this field the extension Fq(x)/Fq(w)

is Galois with Galois groupC4. Otherwise, the extension is not Galois and its Galois

closure has Galois group D8.

To consider the roots of g(T ), let us compute its discriminant, δ = 16
c2

(1− w
c
).

Since the characteristic is odd, δ is not a square in Fq(w) since ∆ := 1 − w
c

is

not a square in Fq(w). Using the relation w = c(c(x − 1)2 − 1)2, we obtain that

δ = 16(x − 1)2(−(x − 1)2 + 2
c
). Adjoining the roots of the polynomial g(T ) to

the field Fq(w), we obtain the field Fq
(
w,
√

1− w
c

)
= Fq

(
w,
√
−(x− 1)2 + 2

c

)
and the polynomial Irr(x,Fq(w))(T ) is still not reducible in this field since x is not

41



in Fq
(
w,
√
−(x− 1)2 + 2

c

)
. This means that the Galois group of the polynomial

Irr(x,Fq(w))(T ) is D8 with Galois closure Fq
(
x,
√
−(x− 1)2 + 2

c

)
.

Fq(w)

Fq(t) Fq(w,w′) = Fq(w′)

Fq(x)

Fq
(
x,
√
−(x− 1)2 + 2

c

)
= Fq(x,w′)

w = c(t− 1)2

w = c(w′)2

1+(w′)2

t = c(x− 1)2

3.3.1. The Special Case for c = 2

First we will try to use Corollary 3.7 to obtain an inert place P of Fq(w) in

the extension Fq(x)/Fq(w), which is already assumed inert in Fq(t)/Fq(w). Then

we will continue to do this iteratively whenever it is possible. For doing this, let us

consider the element w′ which is a root of the irreducible polynomial T 2− w
w−c over

Fq(w) and generates the fixed field Fq(w,w′) = Fq(w′) of the cyclic subgroup of

D8 of order 4. Since this subgroup is a normal subgroup of D8, it is clear that, the

function field

Fq
(
x,

√
−(x− 1)2 +

2

c

)
= Fq

(
x,

√
c− w
c

)
= Fq

(
x,

√
w

w − c

)
= Fq(x,w′)

is a cyclic Galois extension of the field Fq(w,w′). Thus applying the Corollary 3.7,

for a place P of Fq(w) which is inert in the extension Fq(t)/Fq(w) and splits in the

extension Fq(w,w′)/Fq(w), we say that P is inert in Fq(x)/Fq(w). Lets say Q is a

place of Fq(t) lying over P. To continue iteratively, we need that the place Q splits

in the extension Fq(t, t′) where t′ is a root of the polynomial T 2 − t
t−c over Fq(t).
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In general Fq(t, t′) will be a different function field from Fq(t, w′). Let us deter-

mine when Fq(t, t′) = Fq(t, w′) is satisfied.

For doing this we use the irreducible polynomial of w′ over Fq(w) and the

relations w = c(t− 1)2, (t′2) = t
c−t . Then we obtain that

T 2 − w

c− w
= T 2 − ((c− 1)(t′)2 − 1)2

((t′)2 + 1)2 − ((c− 1)(t′)2 − 1)2
.

If this polynomial is reducible over Fq(t′) we say that w′ ∈ Fq(t, t′) = Fq(t′), i.e.,

Fq(t, w′) ⊆ Fq(t, t′). This is possible if the constant term is a square in Fq(t′). Since

the numerator is already a square in Fq(t′) we should just consider the denominator.

This element is a square in Fq(t′) if and only if c((2− c)t′2 +2) is a square in Fq(t′).

Since it is a polynomial in t′ of degree 2, it would be a square if and only if its

discriminant 8c2(c− 2) is equal to 0 which is satisfied for c = 2 or c = 0.The latter

gives a contradiction. Thus w′ ∈ Fq(t, t′), i.e., Fq(t, w′) ⊆ Fq(t, t′).

Now assuming c = 2, we will also show that t′ ∈ Fq(t, w′). Observe that

w =
2w′

1 + w′2
= 2(t− 1)2 ⇒ (w′)2 =

(t− 1)2

t(2− t)
.

Consider (w′+ w′

t−1)2− t
2−t substituting previous relation, we obtain that it is equal to

zero which means w′+ w′

t−1 satisfies the irreducible polynomial of t′ over Fq(t), i.e.,

t′ = w′+ w′

t−1 (or its conjugate which does not change anything). Thus t′ ∈ Fq(t, w′).

We conclude that Fq(t′) = Fq(t, w′) if and only if c = 2. With similar calculations

we also obtain Fq(x′) = Fq(x,w′) for c = 2.
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Fq(w)

Fq(t)Fq(w,w′) = Fq(w′)

Fq(x) Fq(t, w′)

Fq
(
x,
√
−(x− 1)2 + 2

c

)
= Fq(x,w′)

w = 2(t− 1)2

w = 2(w′)2

1+(w′)2

t = 2(x− 1)2

This makes the case c = 2 special also in general: to have an element w′ of

degree 2 over Fq(x0) such that the Galois closure of the extension Fq(xi+2)/Fq(xi)

is given by Fq(xi+2, w
′) for all i. Then we can shift the tower

Fq(x0) ⊆ Fq(x1) ⊆ · · · ⊆ Fq(xn) ⊆ · · ·

to the new tower

Fq(x0, w′) ⊆ Fq(x1, w′) ⊆ · · · ⊆ Fq(xn, w′) ⊆ · · ·

with the property that Fq(xi+2, w
′)/Fq(xi, w′) has Galois group C4.

Let us rephrase this result in terms of the coefficients of the corresponding

irreducible polynomial, say f, to the place P of Fq(w) of degree n. Let α be any

of its root in Fqn . By Theorem 3.1 2(t − 1)2 − α is irreducible over Fq(α) = Fqn

if and only if P is inert in the extension Fq(t)/Fq(w). Considering that, we obtain

2(t− 1)2−α = 2t2− 4t+ (2−α) is irreducible over Fq(α) = Fqn if and only if its

discriminant is a non-square in Fq(α). Then the discriminant, 8α, is a non-square in

Fq(α) = Fqn if and only if 2α is a non-square in Fqn if and only if (2α)
qn−1

2 = −1

in Fqn . Observe that, (2α)
qn−1

2 = ((2α)q
n−1+···q+1)

q−1
2 ) = (2n(−1)nf(0))

q−1
2 . That

is, 2α is a non-square in Fqn if and only if 2n(−1)nf(0) is a non-square in Fq.
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Following a similar argumentation, we can also see that 2(w′)2−α(1+(w′)2)

splits in Fq(α) if and only if the place P splits in the extension Fq(w′)/Fq(w). Then

consider the following: 2(w′)2 − α(1 + (w′)2) = (2− α)(w′)2− α splits in

Fq(α) = Fqn if and only if α
2−α is a square in Fq(α) if and only if ( α

2−α)
qn−1

2 = 1 in

Fq(α). Again observe that, ( α
2−α)

qn−1
2 = ( (−1)

nf(0)
f(2)

)
q−1
2 , since

(2− α)q
n−1+···q+1 =

n−1∏
i=0

(2− α)q
i

=
n−1∏
i=0

(2− αqi) = f(2).

Thus α
2−α is a square in Fq(α) = Fqn if and only if (−1)nf(0)

f(2)
is a square in Fq. If we

assume (−1)n2nf(0) and 2nf(2) are a non-square in Fq then (−1)nf(0)
f(2)

= (−1)n2nf(0)
2nf(2)

is already a square in Fq. Therefore we obtain the following result:

Theorem 3.26. Let f(T ) 6= T be an irreducible polynomial of degree n > 1 over

Fq. Suppose the elements (−1)n2nf(0) and 2nf(2) are non-squares in Fq. Define

G0(T ) = f(T ), Gk(T ) = Gk−1(2(T − 1)2), k > 1. Then for all k > 1, Gk(T ) is an

irreducible polynomial over Fq of degree n2k.

Proof. The condition f(T ) 6= T guarantees that we will not start with a ramified

place. Following the above considerations we obtain the result by Corollary 3.7.

3.3.1.1. An example of Kyuregyan. This special case corresponds to a result of

Kyuregyan in [41] and it works even with weaker conditions, so we obtain a gener-

alization of it. Let us recall this result of Kyuregyan from [41].

Theorem 3.27 ( [41], Theorem 6). Let r, h ∈ F∗q. Let f(T ) 6= T be an irreducible

polynomial of degree n > 1 over Fq. Suppose the elements f(0), hn, (2r)n are

squares and f(2h
r

) is non-square in Fq. Define f0(T ) = f(T ),

fk(T ) =
((rT + 2h)2

4h

)deg fk−1

fk−1

( (4h)2T

(rT + 2h)2

)
, k > 1.

Then for all k > 0, fk(T ) is an irreducible polynomial over Fq.

We can obtain this easily by using our previous method, even with weaker

conditions:
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Let σ =

2h −4h

r 0

 ∈ GL2(Fq) with h, r 6= 0 and consider its action on the

extension that we define above as Fq(w) ⊆ Fq(t) and Fq(w) ⊆ Fq(w′). Then

we obtain after some calculations σ(w) = (4h)2σ(t)
(rσ(t)+2h)2

. Notice that, it is just the

transformation in the Theorem 3.27. Using the irreducible polynomial of w′ over

Fq(w) we obtain

Irr(σ(w′),Fq(σ(w))) = T 2 − σ−1(σ(w))

2− σ−1(σ(w))
= T 2 − 2h

−rσ(w)
.

This splits modulo the place Pf over Fq(σ(w)) if and only if 2h
−rα is a square in Fqn

if and only if (2h)n

rnf(0)
is square in Fq. This is equal to (2n)2hn

(2r)nf(0)
which is already square

in Fq with the conditions in Theorem 3.27.

In a similar way, we have

Irr(σ(t),Fq(σ(w))) = T 2 − 2T +
2− σ−1(σ(w))

2
= T 2 − 2T +

σ(w)

−σ(w) + 2h
r

.

Its reduction modulo the place Pf is irreducible over Fq(σ(w)) if and only if the

discriminant 4
(

2h
r

−α+ 2h
r

)
is a non-square in Fqn if and only if

(
2h
r

−α+ 2h
r

)
is non-square

in Fqn if and only if
(

( 2h
r
)n

f( 2h
r
)

)
is non-square in Fq which is already satisfied with the

conditions in Theorem 3.27. Then, by using Corollary 3.7 we can easily obtain the

Kyuregyan’s result in Theorem 3.27.

3.3.2. Other Cases for c 6= 2

Now we will also consider the case c 6= 2, in the transformation c(T − 1)2. In

this situation, there does not exists a single element x′0 which lifts the tower to have

the property that any two levels extension are cyclic of order 4. Nevertheless we

can still determine some proper conditions for the initial place of the first function

field of the tower to go on being inert in the above extensions. To do this we again

start by considering just two steps as above. Recall Fq(w) ⊆ Fq(t) ⊆ Fq(x), with

t = c(x − 1)2 and w = c(t − 1)2, c ∈ F∗q with the Galois closure Fq(x,∆) where

∆ =
√

1− w
c

=
√
−(x− 1)2 + 2

c
with Galois group D8. Let P be an unramified

place of Fq(w) in the extension Fq(x)/Fq(w) and inert in Fq(t)/Fq(w) and Q be
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a place of Fq(t) lying over P. We try to understand the splitting behaviour of Q in

Fq(x)/Fq(t) which is just determined by the splitting behaviour of P in the extension

Fq(w,
√
∆)/Fq(w). This comes from the subgroup lattice of D8 and the associated

fixed fields extensions which are given below. It is clear that since Fq(x)/Fq(w) is

not Galois, Fq(x) is the fixed field of a non-normal subgroup of D8 of order 2. If

we present the group D8 as D8 = 〈r, s|r4 = e = s2, rsr−1 = s〉, without loss of

generality we can assume that the non-normal subgroup of order 2 is given by 〈s〉.

Since the resolvent cubic splits over Fq(w,
√
∆), this field is the fixed field of the

subgroup of D8 which is isomorphic to the Klein-4 group not intersecting with the

group 〈s〉, that is equal to 〈rs, r2〉.

D8

〈s, r2〉 〈r〉 〈rs, r2〉

〈s〉 〈r2s〉 〈r2〉 〈rs〉 〈r3s〉

{e}

Fq(x,
√
∆)

Fq(x) Fq(t,
√
∆) • • •

Fq(t) Fq(w,
√

w
c−w ) Fq(w,

√
∆)

Fq(w)

Let Q′ be a place of Fq(x,
√
∆) lying over P (that is also over Q). Since P

is inert in Fq(t)/Fq(w), the inertia group I(Q′|P ) is a non-trivial subgroup of D8.
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Since the constant field is a finite field, I(Q′|P ) has to be cyclic. Hence I(Q′|P ) can

be equal to 〈s〉, 〈r2s〉, 〈r〉, 〈r2〉, 〈rs〉 or 〈r3s〉. Using these we determine the inertia

degree of the restriction of Q′ on the fixed fields as follows:

Fq(x,
√
∆)

Fq(x)

2

•

1

•

1

•

1

•

1

Fq(t)

1 2 2

•

1

Fq(w,
√
∆)

1 1 1

Fq(w)

1 2 2

Fq(x,
√
∆)

Fq(x)

1

•

2

•

1

•

1

•

1

Fq(t)

2 1 2

•

1

Fq(w,
√
∆)

1 1 1

Fq(w)

1 2 2

Fq(x,
√
∆)

Fq(x)

1

•

1

•

2

•

1

•

1

Fq(t)

2 2 1

•

1

Fq(w,
√
∆)

1 2 2

Fq(w)

1 1 1

Fq(x,
√
∆)

Fq(x)

1

•

1

•

1

•

2

•

1

Fq(t)

1 1 1

•

1

Fq(w,
√
∆)

2 1 2

Fq(w)

2 2 1

Fq(x,
√
∆)

Fq(x)

1

•

1

•

1

•

1

•

2

Fq(t)

1 1 1

•

1

Fq(w,
√
∆)

2 2 1

Fq(w)

2 2 1

Fq(x,
√
∆)

Fq(x)

1

•

1

•

2

•

1

•

1

Fq(t)

2 2 1

•

2

Fq(w,
√
∆)

1 2 2

Fq(w)

2 1 2

The first three of the diagrams are not for the inert P in the extension

Fq(t)/Fq(w) since their inertia degree is not equal to 2. For the others, clearly

P is inert in Fq(t)/Fq(w) and the splitting behaviour of Q in Fq(x)/Fq(t) is the
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same as the splitting behaviour of P in Fq(w,
√
∆)/Fq(w). Notice that ∆ is just the

norm with respect to the extension Fq(t)/Fq(w) of the discriminant of the minimal

polynomial of x over Fq(t). Then we obtain the following lemma:

Lemma 3.28. Let q be an odd prime power and Fq(w) ⊆ Fq(t) ⊆ Fq(x), with

t = c(x − 1)2 and w = c(t − 1)2, c ∈ F∗q be a function field tower and ∆′ be the

discriminant of the minimal polynomial of x over Fq(t). Let ∆ = NFq(t)/Fq(w)(∆
′)

and Q be a place of Fq(t) with the restriction P in Fq(w). Assume P is unramified

in Fq(x)/Fq(w) and inert in Fq(t)/Fq(w). Then Q is inert in Fq(x)/Fq(t) if and

only if P is inert in Fq(w,
√
∆)/Fq(w).

If we continue to consider this situation iteratively we must check for the same

in each two level of the tower. As doing this ∆ will change at each time. That is,

for the tower Fq(x0) ⊆ Fq(x1) ⊆ · · · ⊆ Fq(xn) ⊆ · · · where xn = c(xn+1 − 1)2

for all n > 1, let P be an unramified place in Fq(xn)/Fq(x0), for all n > 1 and

inert in Fq(x1)/Fq(x0). According to our method above, P is inert in the extensions

Fq(xn,
√
∆n)/Fq(xn) with ∆n = (16

c2
)(−1

c
)(xn − c) for all n > 0 if and only if P is

inert in Fq(xn)/Fq(x0) for all n > 1 by the iteration. To consider all of ∆n, we will

find a recursive relation among them.

Say p(T ) = −1
c
(T − c) and set the sequence (α(n))n>0 in F∗q ∪{∞} such that

α(0) = c and α(n+ 1) = c(α(n)− 1)2 for n > 0. Notice that (α(n))n>0 is periodic

since Fq is finite. Define the polynomials pr(T ) = −1
c
(T − α(r)) then (pr(T ))r>0

is also periodic with p0(T ) = p(T ) = −1
c
(T − c). We will observe for the sequence

of polynomials that NFq(xn)/Fq(xn−r)(p(xn)) is equal to pr(xn−r), up to a square in

Fq for any 0 6 r 6 n. First compute that,

NFq(xn)/Fq(xn−1)(p(xn)) =
(
−1

c

)2
(xn − c)(−xn + 2− c)(

−1

c

)2
p1(xn−1),
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NFq(xn−1)/Fq(xn−2)

((
−1

c

)2
p1(xn−1)

)
=
(
−1

c

)22+2

p2(xn−2).

Doing these iteratively we obtain that,

NFq(xn)/Fq(xn−r)

((
−1

c

)2k
pr+1(xn−r−1)

)
=
(
−1

c

)2k′
pr(xn−r), k, k

′ ∈ Z.

By the transitivity of the norm map, we have

NFq(xn)/Fq(xn−r)(p(xn)) =
(
−1

c

)2s
pr(xn−r), s ∈ Z.

Also notice that, because of this equality, NFq(xn)/Fq(xn−r)(p(xn)) is not a square in

Fq(xn−r) for any 0 6 r 6 n.

Now we also guarantee that we do not choose a ramified place in the extension

Fq(xn)/Fq(x0) for any n > 1 at the beginning.

Lemma 3.29. Let P be a place of Fq(x0) which is not a pole at x0. If x0(P ) is not

in the sequence (α(n))n>0 then P is not ramified in Fq(xn)/Fq(x0) for any n > 1.

Proof. In the extension Fq(xn+1)/Fq(xn) we know that xn and 1
xn

ramified and the

latter is the pole of xn. If we compute the restriction of these places on Fq(x0) we

obtain that x0 − α(n) and 1
x0
, respectively.

Let us now consider the extensions Fq
(
x0,
√
pn(x0)

)
/Fq(x0) for n ≥ 0.

Since the sequence (pn(T ))n>0 is periodic, there are finitely many such extensions.

Define Mq := min
{
s | α(s) = ±α(r) for some 0 ≤ r < s)

}
. For any

i, j such that 0 6 i 6= j 6 Mq, pi(T ) and pj(T ) do not have a common root, so

the extensions Fq
(
x0,
√
pi(x0)

)
/Fq(x0) and Fq

(
x0,
√
pj(x0)

)
/Fq(x0) are disjoint.

Thus we obtain the following result:

Theorem 3.30. Let P be a place of Fq(x0) which is not a pole of x0 and x0(P ) is

not in (α(n))n≥0. Suppose that P is inert in the extensions Fq(x1)/Fq(x0) and

Fq
(
x0,
√
pn(x0)

)
/Fq(x0), for all 0 ≤ n ≤ Mq. Then P is inert in Fq(xn)/Fq(x0)

for all n ≥ 1.
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Proof. We will give the proof by induction on n. For the initial step n = 1, the

place P is already given as inert in Fq(x1)/Fq(x0). Now, assume that it is true for

n, i.e., P is inert in Fq(xn)/Fq(x0). Let Qn be the place of Fq(xn) lying over P and

for 0 ≤ r ≤ n, Qr be its restriction in Fq(xr). By assumption P is unramified in

Fq(xn+1)/Fq(x0).

Irr(xn+1,Fq(xn)) = T 2 − 2T + 1 − xn
c

and with discriminant, say ∆′, is equal

to 4
c
xn and NFq(xn)/Fq(xn−1)(∆

′) = (4
c
)2xn(−xn + 2) = 16

c2
(1 − xn−1

c
) which is

not a square in Fq(xn−1), then by Lemma 3.28 Qn is inert in Fq(xn+1)/Fq(xn) if

and only if Qn−1 is inert in Fq(xn−1,NFq(xn)/Fq(xn−1)(∆
′))/Fq(xn−1). If we repeat

this, we obtain that Qn is inert in Fq(xn+1)/Fq(xn) if and only if Pn−2 is inert

in Fq(xn−2,NFq(xn)/Fq(xn−2)(∆
′))/Fq(xn−2). Continuing repeatedly, we see that the

latter condition is equivalent to saying that the place P is inert in

Fq(x0,NFq(xn)/Fq(x0)(∆
′))/Fq(x0). The norm NFq(xn)/Fq(x0)(∆

′) is equal to pn(x0)

up to a square in Fq. Thus this condition is equivalent P being inert in

Fq(x0,
√
pn(x0))/Fq(x0) which is given in the assumptions. Therefore P is inert in

the extension Fq(xn+1)/Fq(xn), so is intert in Fq(xn+1)/Fq(x0).

We want to express the statement of this theorem in terms of the coefficients

of the initial irreducible polynomial associated to the place P of Fq(x0). Let f(T ) ∈

Fq[T ] be an irreducible polynomial of degree d and f(α(n)) 6= 0 for all n > 0. To

guarantee that we can make a choice so that deg f > 2 or f(T ) 6= T −α(n) for any

n. Let γ be a root of f in Fq. Observe that

Fq
(
x0,
√
p0(x0)

)
= Fq

(
x0,

√
−1

c
(x0 − c)

)
.

Then P is inert in Fq
(
x0,
√
p0(x0)

)
= Fq(x0) if and only if −1

c
(γ − c) is not

a square in Fq(γ) by Kummer’s theorem. Since the norm map is multiplicative,

it preserves being a square. That is, if −1
c
(γ − c) is a non-square in Fq(γ), then

NFq(γ)/Fq(−1
c
(γ − c)) cannot be a square in Fq. Let us determine the norm of this

element. Notice that the minimal polynomial of the element −1
c
(γ − c) over Fq is
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given by f(−cT + c), where the leading coefficient is (−c)d times the leading coef-

ficient of f, and f(c) is the constant term. Hence

NFq(γ)/Fq

(
−1

c
(γ − c)

)
=

(−1)df(c)

lc(f)(−c)d
=

f(c)

lc(f)cd
.

Thus P is inert in the extension Fq
(
x0,
√
p0(x0)

)
/Fq(x0) if and only if f(c)/lc(f)cd

is a non-square in Fq. In a similar way, for n > 1 we want P to be inert in

Fq
(
x0,
√
pn(x0)

)
/Fq(x0), that is −1

c
(γ − α(n)) is a non-square in Fq. Then the

minimal polynomial of the element −1
c
(γ − α(n)) is just f(−cT + α(n)) with the

leading coefficient (−c)d times the leading coefficient of f and the constant term

(−1)df(α(n)). Thus P is inert in Fq
(
x0,
√
pn(x0)

)
/Fq(x0) if and only if f(α(n))

lc(f)cd
is

not a square in Fq.

For the other assumption, namely, the assumption that P is inert in

Fq(x1)/Fq(x0) again by Kummer’s Theorem we require that T 2 − 2T + 1 − γ
c

is

irreducible over Fq(γ) which is satisfied if and only if its discriminant 4γ
c

is not a

square in Fq(γ). Omitting the square factors we want γ
c

to be a non-square in Fq(γ).

Again using the multiplicativity of the norm map we see that γ
c

is a non-square in

Fq(γ) if and only if

NFq(γ)/Fq

(γ
c

)
= (

1

c
)d NFq(γ)/Fq(γ) = (

1

c
)d(−1)df(0)/lc(f)

is a non-square in Fq, where lc(f) is the leading coefficient of the polynomial f.

Hence we have that P is inert in Fq(x1)/Fq(x0) if and only if (−1)d
lc(f)cd

f(0) is a non-

square in Fq. Therefore we rephrase the above theorem as follows:

Theorem 3.31. Let f(T ) be an irreducible polynomial over Fq of degree d with

the leading coefficient lc(f) such that f(α(n)) 6= 0 for n > 0 with f(σ.∞) 6= 0.

Suppose that (−1)d
lc(f)cd

f(0) and f(α(n))
lc(f)cd

are non-square elements of Fq, for 0 6 n 6Mq.

Define the sequence of polynomials

f0(T ) = f(T ) and fk(T ) = fk−1(c(T − 1)2), k > 1.

Then fk(T ) is an irreducible polynomials over Fq of degree d2k for all k > 0. Other

direction of the statement is also true.
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We can construct a more general result as well.

Theorem 3.32. Let σ =

a b

d e

 ∈ GL2(Fq) and f(T ) ∈ Fq[T ] be an irreducible

polynomial of deg f > 1 with the leading coefficient lc(f) over Fq satisfying that

f(σ.∞) 6= 0 and f(α(n)) 6= 0 for n > 0. Suppose that, for e 6= 0 and dα(n)+e 6= 0

for all n > 0, the elements
(
− e
c

)deg f
1

lc(f)
f
(
b
e

)
and

(
dα(n)+e

c

)deg f
1

lc(f)
f
(
aα(n)+b
dα(n)+e

)
are non-square elements in Fq for 0 6 n 6 Mq. Define, f0(T ) = f(T ) and

the polynomials fk(T ) = Pσ−1 ◦ Sc,(T−1)2 ◦ Pσ(fk−1)(T ), k > 1, where the map,

Sc,(T−1)2 : Fq[T ] → Fq[T ], is defined as Sc,(T−1)2(g)(T ) = g(c(T − 1)2), for any

polynomial g ∈ Fq[T ]. Then for all k > 0, fk(T ) is an irreducible polynomial over

Fq. The converse is true as well.

Proof. Just observe that we should consider the transformation, for the initial poly-

nomial Pσ−1(g)(T ) = g(σ−1(T )).(−dT+a)deg g := f(T ) where g(T ) ∈ Fq[T ] is an

initial polynomial like in Theorem 3.31, now. So we have the modified conditions

so that,
(
−1
c

)deg g
1

lc(g)
g(0) =

(
−1
c

)deg f
1

lc(f)
edeg ff

(
b
e

)
and

1
lc(g)

g(α(n))
cdeg g

= 1
cdeg f

1
lc(f)

(dα(n) + e)deg ff
(
aα(n)+b
dα(n)+e

)
are non-squares in Fq.

Remark 3.33. The above result can be improved also for the cases e = 0,

dα(n) + e = 0. Let e = 0 and f(T ) = asT
s + · · ·+ a1T + a0 over Fq. Observe that

esf( b
e
) = asb

s+ · · ·+a1be
s−1 +a0e

s = asb
s. Thus, if

(
−1
c

)s
asb

s is a non-square in

Fq the result follows. Similarly for the case dα(n) + e = 0, if
(

1
c

)s
as(aα(n) + b)s

is a non-square in Fq the result follows.

3.3.3. A Corollary: the Result of Jones and Boston

Another remarkable result about the construction of irreducible polynomials

is given by Jones and Boston in [37] with a correction in [38]. Here one iterates

quadratic polynomials over a finite field. We can summarize the part of their results

which are of interested as follows:
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Lemma 3.34. [37, Lemma 2.5] Let q be an odd prime power and

g(T ) = a1T
2 + a2T + a3 ∈ Fq[T ] with the unique critical point γ = − a2

2a1
. Sup-

pose f(T ) ∈ Fq[T ] is an irreducible polynomial with leading coefficient lc(f) and

deg f > 1. Then f(gn) is irreducible over Fq for all n > 1 if and only if the set

{(−a1)deg f lc(f)f(g(γ))} ∪ {adeg f1 lc(f)f(gk(γ)) : i = 2, 3, · · · }

does not contain a square element in Fq.

Using our approach given in Theorem 3.31, we can give a brief proof for this

result. First, observe that any quadratic polynomial g(T ) = a1T
2+a2T+a3 ∈ Fq[T ]

with the unique critical point γ = − a2
2a1

can be written as g(T ) = a1

(
T + a2

2a1

)2
.

Then, with a Möbius twist using the element

− a2
2a1

0

0 1

 ∈ GL2(Fq), we obtain

that Pσ−1 ◦ S−a2
2
,(T−1)2 ◦ Pσ(f)(T ) = f

(
a1

(
T + a2

2a1

)2)
. That is, taking the con-

stant as c = −a2
2
, we see that the transformation T 7→ a1

(
T + a2

2a1

)2
is equivalent

to the transformation T 7→ −a2
2

(T − 1)2 under the action of PGL2(Fq) on the set

Fq ∪ {∞}. As we have shown before, that for each c ∈ F∗q , there is only one trans-

formation, T 7→ c(T − 1)2 in the corresponding orbit. Thus

T 7→ −a2
2

(T − 1)2 is the same transformation with T 7→ a1

(
T + a2

2a1

)2
under this

action, i.e., in fact

1 0

0 1

 , is nothing but the unit linear fractional map. Then

we can apply Theorem 3.31 to see that, for any irreducible polynomial f over Fq of

deg f > 1 with the leading coefficient lc(f) satisfying f(α(n)) 6= 0 for n > 0 where

α(0) = −a2
2

and α(n+1) = −a2
2

(α(n)−1)2. If the elements
(
− 1

(−a2
2
)

)deg f
1

lc(f)
f(0)

and
(

1
(−a2

2
)

)deg f
1

lc(f)
f(α(n)), n > 0 are non-squares in Fq. Notice that these ele-

ments are just the squares, lc(f)2
(
a2
2

)2 deg f
and lc(f)2

(
−a2

2

)2 deg f
, n > 0, multi-

plied by the elements in the set given in Theorem 3.34, respectively. Therefore, this

theorem can be seen as a corollary of Theorem 3.31.
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3.4. The Transformations of the Form c
(
T−A
T−B

)2
For the last case of our classification we will again use the same method.

Recall that in this case we consider ramified places not staying the same in each level

of the tower. In this case the transformation is given by c
(
T−A
T−B

)2
with c, A ∈ F∗q.We

will take A = 1 to make the calculations easier, as in the second case. So, B cannot

be equal to 1 from now on. At first we again consider two iterations to understand

the behaviour of the places. Set the extension as Fq(w) ⊆ Fq(t) ⊆ Fq(x), where

t = c
(
x−1
x−B

)2
and w = c

(
t−1
t−B

)2
with the ramified places of Fq(w) in the extensions

Fq(t)/Fq(w) is (w = 0) and (w = ∞) with (t = 1) and (t = B) lying above them

respectively in Fq(t).

Fq(w)

Fq(t)

Fq(x)

w = c
(
t−1
t−B

)2
t = c

(
x−1
x−B

)2

0

1

*

∞

B 6= 1

*

Let Fq(w0) ⊆ Fq(t0) ⊆ Fq(x0), with t0 = c0

(
x0−1
x0−B

)2
and w0 = c0

(
t0−1
t0−B

)2
for some c0 ∈ F∗q be another tower in this case. Assume that there is a Möbius

transformation which is given by an element σ =

a b

c′ d

 ∈ GL2(Fq) between

these two towers such that σ(w0) = w, σ(t0) = t and σ(x0) = x fixing the points

0, 1 and ∞. It will be of the form σ = k

1 0

0 1

 with k 6= 0. Consider that

w = c
(
t−1
t−B

)2
= w0 = c0

(
t0−1
t0−B

)2
. Then this equality is satisfied if and only if

c = c0 implying that the towers are the same.

This means that, under the action of PGL2(Fq) on the projective line P1(Fq),

such extensions are equivalent if and only if the scalars of the transformations are

the same.
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Let us consider such extensions Galois theoretically. Recall that we did this in

the previous case while considering the element∆ which is the norm with respect to

the extension Fq(t)/Fq(w) of the discriminant of the minimal polynomial of x over

Fq(t).

Since t = c
(
x−1
x−B

)2
we have Irr(x,Fq(t)) = T 2 − 2

(
c−Bt
c−t

)
T +

(
c−B2t
c−t

)
with the discriminant ∆′ =

(
4(B−1)2ct
(c−t)2

)
. Then the norm of ∆′ with respect to the

extension Fq(t)/Fq(w) is equal to (w − c)(w − c
B2 ) up to a square in Fq(t) or is

equal to t((B + 1)t− 2B)(2t− (B + 1)) in terms of t again up to a square in Fq(t).

If we work in even characteristic or B = −1 in any characteristic, ∆ is a square in

Fq(w) and in this situation the extension Fq(x)/Fq(w) is Galois with Galois group

V , the Klein-4 group. As we observed before we are not interested in this case.

Otherwise the extension is not Galois with Galois closure Fq(x,
√
∆) and its Galois

group is D8. In a similar way, with the help of the subgroup diagram of D8 and the

Galois correspondence with the fixed subfields extensions of Fq(x)/Fq(w) we have

the following:

For an unramified place P of Fq(w) in the extension Fq(x)/Fq(w) which is

inert in Fq(t)/Fq(w) is inert in the extension Fq(x)/Fq(t) if and only if it is inert in

Fq(w,
√
∆)/Fq(w) as in Lemma 3.28.

Let us do this iteratively for the tower Fq(x0) ⊆ Fq(x1) ⊆ · · · ⊆ Fq(xn) ⊆ · · ·

where xn = c
(
xn+1−1
xn+1−B

)2
, B 6= ±1, c ∈ F∗q for all n > 0. Let P be an unramified

place in Fq(xn)/Fq(x0), for all n > 1 and inert in Fq(x1)/Fq(x0). Then P is inert

in the extensions Fq(xn,
√
∆)/Fq(xn) for all n > 0 if and only if P is inert in

Fq(xn)/Fq(x0) for all n > 1.

Set the recursive relations

α(0) = c, α(n+ 1) = c
( α(n)− 1

α(n)−B

)2
and β(0) =

c

B2
, β(n+ 1) = c

( β(n)− 1

β(n)−B

)2
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and define the polynomials

pn(T ) = (T − α(n))(T − β(n)) with p0(T ) = p(T ) := (T − c)(T − c

B2
).

The relation between the polynomials pn(T ), n > 0 is given again using the norm

map such that NFq(xn)/Fq(xn−r) = kpr(xn−r), for some square k ∈ Fq, thus any

of them is not a square in Fq(xn−r). Notice also that (pn(T ))n>0 is periodic. To

guarantee starting with an unramified place we have to take P which is not a pole of

x0 and x0(P ) is not in the sequences (α(n))n>0 and (β(n))n>0.

Remark 3.35. The sequences (α(n))n>0 and (β(n))n>0 can have common elements,

so the polynomials pr(T ) may have common roots, for some r. But we must have

that α(n) 6= β(n) for all n.

Theorem 3.36. Let P be a place of Fq(x0) which is not a pole of x0 and x0(P ) is not

in (α(n))n≥0 and (β(n))n≥0. Suppose that P is inert in the extensions Fq(x1)/Fq(x0)

and Fq(x0,
√
pn(x0))/Fq(x0), for all 0 ≤ n ≤Mq. Then P is inert in Fq(xn)/Fq(x0)

for all n ≥ 1.

The proof is just the analogous of the proof of the Theorem 3.30.

Now let f(T ) be the irreducible polynomial associated to the place P of

Fq(x0) of degree d over Fq with a root γ ∈ Fqd . Observe that,

Fq
(
x0,
√
p0(x0)

)
= Fq

(
x0,

√
(x0 − c)(x0 −

c

B2
)
)

= Fq
(
x0,

√
x0 − c
x0 − c

B2

)
.

P is inert in Fq(x0,
√
p0(x0))/Fq(x0) if and only if γ−c

γ− c
B2

is not a square in Fq(γ),

equivalently if and only if NFq(γ)/Fq

(
γ−c
γ− c

B2

)
is not a square in Fq. The minimal

polynomial of the element γ−c
γ− c

B2
over Fq is (−T + 1)df

(
− c
B2 T+c

−T+1

)
with the leading

coefficient (−1)df( c
B2 ) and the constant term (−1)df(c). Then

NFq(γ)/Fq

( γ − c
γ − c

B2

)
=

f(c)

f(c/B2)
.

For n > 1, P is inert in Fq(x0,
√
p0(x0))/Fq(x0), i.e., γ−α(n)

γ−β(n) is not a square in Fq(γ)

or equivalently NFq(γ)/Fq

(
γ−α(n)
γ−β(n)

)
= f(α(n))

f(β(n))
is not a square in Fq.
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For the other assumption that P is inert in Fq(x1)/Fq(x0) by using Kummer’s

Theorem we require that T 2−2( c−Bγ
c−γ )T+( c−B

2γ
c−γ ) is irreducible over Fq(γ) which is

satisfied if and only if the non-square factor of its discriminant cγ is not a non-square

in Fq(γ) which is equivalent to say that NFq(γ)/Fq(cγ) = (−c)d f(0)
lc(f)

is a non-square

in Fq. Hence we have P is inert in Fq(x1)/Fq(x0) if and only if (−c)d 1
lc(f)

f(0) is a

non-square in Fq.

Theorem 3.37. Let f(T ) be an irreducible polynomial over Fq of degree d such

that f(α(n)) 6= 0, f(β(n)) 6= 0 for n > 0 and α(n) 6= β(n) for all n. Assume

(−c)d 1
lc(f)

f(0) and f(α(n))
f(β(n))

are non-square elements of Fq for n > 0. Define the

sequences of polynomial f0(T ) = f(T ) and

fk(T ) = ((T −B)2)dfk−1

(
c
( T − 1

T −B

)2)
, k > 1.

Then fk(T ) is an irreducible polynomial over Fq of degree d2k for all k > 0. The

converse of the statement is true as well.

We can state a more general result like Theorem 3.32 as follows:

Theorem 3.38. Let σ =

a b

d e

 ∈ GL2(Fq), α(n) 6= β(n), ∀n and f(T ) ∈ Fq[T ]

be an irreducible polynomial of deg f > 1 with the leading coefficient lc(f) over

Fq satisfying that f(σ.∞) 6= 0, f(α(n)) 6= 0 and f(β(n)) 6= 0 for n > 0. Suppose

that, for e 6= 0, dβ(n) + e 6= 0 and dα(n) + e 6= 0 for all n > 0, the elements(
− e
c

)deg f
1

lc(f)
f
(
b
e

)
and

(
dα(n)+e
dβ(n)+e

)deg f(f( aα(n)+bdα(n)+e

)
f

(
aβ(n)+b
dβ(n)+e

)) are non-square elements in

Fq for n > 0. Define,

f0(T ) = f(T ) and fk(T ) = Pσ−1 ◦ Sc,( T−1
T−B )2 ◦ Pσ(fk−1)(T ), k > 1,

where the map, Sc,( T−1
T−B )2 : Fq[T ]→ Fq[T ], is defined as

Sc,( T−1
T−B )2(g)(T ) = ((T −B)2)deg gg

(
c
( T − 1

T −B

)2)
,

for any polynomial g ∈ Fq[T ]. Then for all k > 0, fk(T ) is an irreducible polyno-

mial over Fq. The converse is also true as well.

58



3.4.1. Q-Transform

The well-known Q-transformation, T →
(
T 2+1
T

)
, is an example of the third

case which is special because of its role in obtaining self-reciprocal polynomials. As

we have mentioned in the introduction, this transform was considered in characteris-

tic 2 by Varshamov-Garakov in [19] and [20], Wiedemann in [21], Meyn in [10] and

Kyuregyan in [22], explicitly. Recall that we have the following result in the Theo-

rem 1.2: Suppose q = 2r and f(T ) = T n + an−1T
n−1 + · · ·+ a1T + a0 ∈ Fq[T ] is

an irreducible polynomial with TrFq/F2(an−1) = 1 and TrFq/F2(
a1
a0

) = 1. Define

f0 = f and fk(T ) = T deg fk−1fk−1

(T 2 + 1

T

)
= fQk−1(T ),

for all k > 1. Then fk is an irreducible polynomial over Fq, for all k > 0.

Moreover, Kyuregyan showed in [23] that the Q-transform gives asequence of

N-polynomials in characteristic 2:

Theorem 3.39. [23, Theorem] For q = 2s, let f0(T ) =
∑n

i=0 ciT
i, be an N -

polynomial of degree n over Fq whose coefficients satisfy the conditions
s−1∑
i=0

(c1
c0

)2i
= 1,

s−1∑
i=0

(cn−1
cn

)2i
= 1. (3.2)

Then (fk(T ))k>0 recursively defined by fk+1(T ) = T n2
k
fk(T + T−1), k > 0, is a

sequence of N -polynomials Fq with fk of degree 2kn.

In addition to the works of Gao [24], Scheerhorn [25], Schwartz [26] and

Kyuregyan [27], recently, Alizadeh and Mehrabi [44] gave a new explicit construc-

tion of a sequence of normal polynomials over F2s .

Theorem 3.40. [44, Theorem 4.1] LetG0(T ) =
∑n

i=0 diT
i 6= T be anN -polynomial

of degree n over F2s such that G0(T + 1) is a self-reciprocal polynomial over F2s .

Define

Gk+1(T ) = T n2
k+1

Gk

(T 2 + T + 1

T 2

)
, k > 0.
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Then
(
Gk(T )

)
k>0

and
(
Gk(T + 1)

)
k>0

are sequences of N -polynomials and self-

reciprocal N -polynomials of degree n2k over F2s , respectively, if and only if

TrF2s/F2

(G′0(1)

G0(1)

)
= TrF2s/F2

(dn−1
dn

+ n
)

= 1, (3.3)

where G′0(1) is the formal derivative of G0(T ) evaluated at 1.

We show that this new construction is in fact just the Q-transform in disguise.

We give a simpler and more conceptual proof of Theorem 3.40 as follows: First, let

us remind a lemma of Jungnickel in [45] about the normality of polynomials.

Lemma 3.41. [45, Proposition 3.1] Let α ∈ Fqn be normal over Fq and a, b ele-

ments of Fq with a 6= 0. Then γ = aα + b is a normal element of Fqn over Fq if and

only TrFqn/Fq(α) 6= −n b
a
.

We will show that Theorem 3.40 is an immediate consequence of Theorem

3.39 and Lemma 3.41 and generalize it. Let F0(T ) =
∑n

ν=0 cνT
ν , be a self-

reciprocal N -polynomial of degree n over F2s whose coefficients satisfy the con-

ditions in (3.2), that is, TrF2s/F2(
c1
c0

) = 1 and TrF2s/F2(
cn−1

cn
) = 1. Define

Fk+1(T ) = FQ
k (T ) for k > 0.

Notice that, by the definition of the Q-transform, substituting 1
T

in place of T and

multiplying by T n2k both sides of this equation, we obtain

T n2
k

.Fk+1(
1

T
) = T n2

k

(
1

T
)n2

k

Fk

( 1

T
+ T

)
= T n2

k

Fk

( 1

T
+ T

)
= Fk+1(T ),

i.e., Fk(T ) is a self-reciprocal polynomial for all k > 0. Then by Theorem 3.39,

Fk(T ) ∈ F2s [T ] is a self-reciprocal N -polynomial of degree n2k for k > 0. Let αk

be a root of Fk(T ). Since Fk(T ) is a self-reciprocal N -polynomial, 1
αk

is also a root

of Fk(T ) and a normal element in F
2sn2k

over F2s . We have

TrF
2sn2

k /F2s

( 1

αk

)
= TrF

2sn2
k /F2s

(αk)

= αk + α2s

k + · · ·+ α2s(n2
k−1)

k
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= (αk + α2sn2
k−1

k ) + (α2s

k + α2sn2
k−1+1

k ) + · · ·

· · ·+ (α2s(n2
k−1−1)

k + α
2s(n2

k−1)
k )

=
(
αk +

1

αk

)
+
(
αk +

1

αk

)2s
+ · · ·+

(
αk +

1

αk

)2s(n2k−1−1)

= αk−1 + (αk−1)
2s + · · ·+ (αk−1)

2s(n2
k−1−1)

= TrF
2sn2

k−1 /F2s
(αk−1).

Note that the equation αk + 1
αk

= αk−1 just comes from the definition of the Q-

transform. Continuing this way, we obtain

TrF
2sn2

k /F2s
(αk) = TrF

2sn2
k−1 /F2s

(αk−1) = · · · = TrF2sn/F2s
(α0) =

cn−1
cn

.

Since by (3.2) we have TrF2s/F2(TrF2sn/F2s
(α0)) = TrF2s/F2

(
cn−1

cn

)
= 1, we see that

TrF2sn/F2s
(α0) is not equal to 0. Thus, by Lemma 3.41 with a = b = 1 and by using

the self-reciprocity of Fk(T ) for all k > 0, the polynomials

Gk(T ) = (T + 1)n2
k

Fk

( 1

T + 1

)
, k > 0

are N -polynomials of degree n2k over F2s . Then T n2kGk

(
T+1
T

)
= Fk(T ). One

verifies that

T n2
k+1

Gk+1

(T + 1

T

)
= Fk+1(T ) = T n2

k

Fk

(
T +

1

T

)
= T n2

k
(
T +

1

T

)n2k
Gk

((T + 1
T

) + 1

T + 1
T

)
= (T 2 + 1)n2

k

Gk

(T 2 + T + 1

T 2 + 1

)

Substituting 1
T+1

in place of T , one obtains

( 1

T + 1

)n2k+1

Gk+1

( 1
T+1

+ 1
1

T+1

)
=

(
(

1

T + 1
)2 + 1

)n2k
Gk

(( 1
T+1

)2 + ( 1
T+1

) + 1

( 1
T+1

)2 + 1

)
⇒ Gk+1(T ) = (

T

T + 1
)n2

k+1

(T + 1)n2
k+1

Gk

(T 2 + T + 1

T 2

)
⇒ Gk+1(T ) = (T 2)n2

k

Gk

(T 2 + T + 1

T 2

)
for k > 0.
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We recover the sequence from Theorem 3.40. The polynomial

G0(T ) = (T + 1)nF0

( 1

T + 1

)
is the initial polynomial in Theorem 3.40 and

T nG0

(T + 1

T

)
= F0(T )

is a self-reciprocal polynomial by assumption, i.e.,

T nG0

(T + 1

T

)
= T n

( 1

T

)n
G0

( 1
T

+ 1
1
T

)
= G0(T + 1)

is self-reciprocal, as in the initial assumptions of Theorem 3.40. This implies that

all members of the sequence (Gk(T + 1))k>0 are also self-reciprocal. The condition

(3.3) in Theorem 3.40 corresponds to the condition (3.2) in Theorem 3.39:

As G0(T + 1) = F0(T ), we have G0(1) = F0(0) = c0, G′0(1) = F ′0(0) = c1,

cn = dn and cn−1 = dn−1 + ndn. Then TrF2s/F2

(
G′0(1)

G0(1)

)
= TrF2s/F2(

c1
c0

) and

TrF2s/F2

(
dn−1

dn
+ n
)

= TrF2s/F2

(
cn−1

cn

)
.

We can obtain a more general result for the construction of sequences of N -

polynomials in even characteristic as an immediate consequence of Theorem 3.39

and Lemma 3.41:

Theorem 3.42. Let Fq be a finite field with q elements of even characteristic.

(i) Let H0(T ) =
∑n

i=0 aiT
i be an N -polynomial of degree n over Fq such that

H0(aT+b) is a self-reciprocal polynomial over Fq with elements a 6= 0, b ∈ Fq
and nban + an−1 6= 0. Define

Hk+1(T ) = (T + b)n2
k ·Hk

(T 2 + bT + a2

T + b

)
, k > 0.

Then
(
Hk(T )

)
k>0

and
(
Hk(aT + b)

)
k>0

are sequences of N -polynomials and

self-reciprocal N -polynomials of degree n2k over Fq, respectively, if and only

if

TrFq/F2

(aH ′0(b)
H0(b)

)
= TrFq/F2

(an−1
aan

+
b

a
n
)

= 1, (3.4)
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(ii) Let S0(T ) =
∑n

i=0 biT
i be an N -polynomial of degree n over Fq such that

S0(
eT+f
T

)(T
f

)n is a self-reciprocal polynomial over Fq with elements f 6= 0,

e ∈ Fq and nebn + bn−1 6= 0. Define

Sk+1(T ) = (T 2 + f 2 + e2)n2
k · Sk

(eT 2 + f 2T + e3

T 2 + f 2 + e2

)
, k > 0.

Then
(
Sk(T )

)
k>0

and
(
(T
f

)nSk(
eT+f
T

)
)
k>0

are sequences of N -polynomials

and self-reciprocal N -polynomials of degree n2k over Fq, respectively, if and

only if

TrFq/F2

(fS ′0(e)
S0(e)

)
= TrFq/F2

(bn−1
fbn

+
e

f
n
)

= 1, (3.5)

Proof. (i) Let F0(T ) =
∑n

i=0 ciT
i be an N -polynomial in Fq[T ] and define

Fk+1(T ) = FQ
k (T ) for k > 0. Set Hk(T ) = Fk(

T+b
a

) for all k. Let

H0(T ) =
∑n

i=0 aiT
i. Then consider that

Hk+1(T ) = Fk+1

(T + b

a

)
⇒ Hk+1(aT + b) = Fk+1(T ) = T n2

k

Fk

(
T +

1

T

)
= T n2

k

Hk

(
a
(
T +

1

T

)
+ b
)

= T n2
k

Hk

(aT 2 + bT + a

T

)
.

Substituting T+b
a

in place of T , we obtain

Hk+1(T ) =
(T + b

a

)n2k
Hk

(a(T+b
a

)2 + b(T+b
a

) + a
T+b
a

)
=

(T + b

a

)n2k
Hk

(T 2 + bT + a2

T + b

)
.

That is,

Hk+1(T ) =
(T + b

a

)n2k
Hk

(T 2 + bT + a2

T + b

)
, k > 0.

Since H0(aT + b) = F0(T ) we can easily see that the coefficients satisfying

cn = anan, cn−1 = an−1(nban + an−1), c1 = F ′0(0) = aH ′0(b) and
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c0 = F0(0) = H0(b) which recover the conditions in (3.4) by Lemma 3.41

and Theorem 3.39.

(ii) Similar as in (i) let F0(T ) =
∑n

i=0 ciT
i be an N -polynomial in Fq[T ] and

define Fk+1(T ) = FQ
k (T ) for k > 0. Set Sk(T ) = (T + e)n2

k
Fk(

f
T+e

) for all

k. Let S0(T ) =
∑n

i=0 biT
i. Then consider that

Sk+1(T ) = (T + e)n2
k+1

Fk+1

( f

T + e

)
⇒
(T
f

)n2k+1

Sk+1

(eT + f

T

)
= Fk+1(T )

= T n2
k

Fk

(
T +

1

T

)
= T n2

k
(T + 1

T

f

)n2k
Sk

(e(T + 1
T

) + f

T + 1
T

)
⇒ Sk+1

(eT + f

T

)
=

(f(T 2 + 1))n2
k

T n2k+1 Sk

(eT 2 + fT + e

T 2 + 1

)
.

Substituting f
T+e

in place of T , we obtain

Sk+1(T ) =
(T 2 + e2 + f 2

f

)n2k
Sk

(eT 2 + f 2T + e3

T 2 + e2 + f 2

)
, k > 0.

Notice that

(T
f

)n
S0

(eT + f

T

)
= F0(T ) (3.6)

Since F0(T ) is self-reciprocal, i.e., F0(T ) = T nF0 = ( 1
T

), substituting 1
T

in

place of T and multiplying both sides by T n of (3.6), we have( 1

f

)n
S0(e+ fT ) = T nF0(

1

T
) = F0(T ).

Then, the rest of the proof is the same with part (i) for a = f, b = e and

ai = bi
fn

for all i, giving the conditions in (3.5).
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Notice that, taking e = f = 1 in the second part of the theorem, we recover

Theorem 3.40.

On the other hand, Meyn gave some results in [10] for odd characteristic as

well. Let us recall the irreducibility of the Q-transform of an irreducible polynomial

which is given in Theorem 1.3: Let q be an odd prime power. lf f is an irreducible

polynomial of degree n over Fq then fQ is irreducible if and only if the element

f(2)f(−2) is a non-square in Fq. There are some incomplete results for the iter-

ations in this paper as well. In [28], Bassa and Menares also gave more explicit

statements about the irreducibility of more than one iterations of this transforma-

tion. In our work, the Q-transform is just an specific example of Theorem 3.38 with

the constant c = −27, B = 9 and σ =

2 −6

1 3

 ∈ GL2(Fq), in the sense that if

w = −27
(
t−1
t−9

)2
then σ(w) = σ(t)2+1

σ(t)
. That is, the given results about Q-transform

in odd characteristic can be obtained as a corollary of Theorem 3.38. In particular

we consider the condition in Theorem 1.3 just for one iteration with our approach as

follows: Let f(T ) = anT
n+an−1T

n−1+· · ·+a1T+a0 be an irreducible polynomial

in Fq. The leading coefficient of f , an, is the constant term of its reciprocal,

T nf
( 1

T

)
= an + an−1T + · · ·+ a0T

n.

That is, for the linear fractional map given by the element δ =

0 1

1 0

 ∈ GL2(Fq),

we have that

Pδ(f) = T nf(δ(T )) = T nf
( 1

T

)
,

then an = Pδ(f)(0). Thus we obtain the element, in the condition of Theorem 3.38

for the irreducibility of the first iteration so that(
− 3

−27

)deg f 1

Pσ·δ(f)(0)
f
(−6

3

)
=
( 1

32

)deg f f(−2)

f(2)

which is a non-square in Fq if and only if f(−2)f(2) is a non-square in Fq.
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4. DYNAMICAL BELYI MAPS

In this chapter, we give a joint work with Jacqueline Anderson, Irene Bouw,

Ozlem Ejder, Valentijn Karemaker, and Michelle Manes which was started at the

Women in Numbers Europe II workshop at the Lorentz Centre in Leiden, and re-

sulted in the paper [39] that was already carried out during this doctorate process.

We study the dynamical properties of a large class of rational maps with exactly

three ramification points. By constructing families of such maps, we obtain in-

finitely many conservative maps of degree d; this answers a question of Silverman.

Rather precise results on the reduction of these maps yield strong information on the

rational dynamics. Due to the relation of the iterative constructions of irreducible

polynomials over finite fields with the arithmetical dynamical systems, it gives an

extra motivation to investigate and explain their algebraic structure explicitly using

the same number theoretical tools.

A Belyi map is a finite cover f : X → P1 of smooth projective curves defined

over C that is branched exactly at 0, 1,∞. Belyi maps can be described topologically

as dessins d’enfants or combinatorially in terms of generating systems.

Definition 4.1. Fix an integer d > 1. A generating system of degree d is a triple

ρ = (ρ1, ρ2, ρ3) of permutations ρi ∈ Sd that satisfy

• ρ1ρ2ρ3 = 1,

• G := 〈ρ1, ρ2, ρ3〉 ⊂ Sd acts transitively on {1, 2, . . . , d}.

The combinatorial type of ρ is a tuple C := (d;C(ρ1), C(ρ2), C(ρ3)), where d is

the degree and C(ρi) is the conjugacy class of ρi in Sd.

Two generating systems ρ and ρ′ are equivalent if there exists a permutation

τ ∈ Sd such that ρ′i = τρiτ
−1 for i = 1, 2, 3. Furthermore, two Belyi maps
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fi : Xi → P1 are isomorphic if there exists an isomorphism ι : X1 → X2 mak-

ing

X1

f1

  

ι // X2

f2

~~
P1

commutative. In particular, the fi have the same branch locus. Riemann’s Existence

Theorem ( [46, Theorem 2.13]) yields a bijection between equivalence classes of

generating systems and isomorphism classes of Belyi maps f : X → P1.

Let ρ be a generating system. The conjugacy class Ci := C(ρi) of Sd corre-

sponds to a partition
∑ri

j=1 nj = d of d. The length ri = r(Ci) of Ci is the number

of cycles of the elements of Ci. Note that we include the 1-cycles. The nonnegative

integer g := (d+ 2− r1− r2− r3)/2 is called the genus of the generating system. If

f : X → P1 is the Belyi map corresponding to ρ then g = g(X) and ri = |f−1(ti)|

is the cardinality of the inverse image of the ith branch point ti.

We only consider the case that g = g(X) = 0. We write

f : P1
x → P1

t , x 7→ t = f(x);

the subscript indicates the coordinate of the corresponding projective line. Note that

we write f both for the rational function f(x) ∈ C(x) and the cover defined by it.

We restrict, moreover, to the case that Ci is the conjugacy class of a single

cycle, i.e. for each i ∈ {1, 2, 3} the partition
∑

j nj corresponding to Ci contains

a unique part nj different from 1. We denote this part by ei. Formulated differ-

ently, the corresponding Belyi map f has a unique ramification point above ti, with

ramification index ei. The assumption that g = g(X) = 0 translates to the condition

2d+ 1 = e1 + e2 + e3.

We call this situation the genus-0 single-cycle case, and we write (d; e1, e2, e3) for
67



the combinatorial type of f . More generally, given four integers d, e1, e2, e3 satis-

fying 2 ≤ ei ≤ d and 2d + 1 = e1 + e2 + e3, we call (d; e1, e2, e3) an abstract

combinatorial type of genus 0.

We say that a genus-0 single-cycle Belyi map f is normalized if its ramifica-

tion points are 0, 1, and∞, and if, moreover,

f(0) = 0, f(1) = 1, f(∞) =∞.

Since f has three ramification points, every isomorphism class of covers contains a

unique normalized Belyi map.

The following proposition states that the triple of conjugacy classes corre-

sponding to the combinatorial type (d; e1, e2, e3) is rigid and rational.

Proposition 4.2. Let C := (d; e1, e2, e3) be an abstract combinatorial type of genus

0. Then there exists a unique normalized Belyi map f : P1
C → P1

C of combinatorial

type C. Moreover, the rational map f may be defined over Q.

Remark 4.3. Let f : P1
x → P1

t be a normalized Belyi map of combinatorial type

C = (d; e1, e2, e3), i.e. a genus-0 single-cycle map. The coordinates x and t are

completely determined by the normalization of the ramification and branch points.

Proposition 4.2 states that the (unique) rational function defining the Belyi map f

satisfies f(x) ∈ Q(x).

Normalized Belyi maps are examples of conservative rational maps, i.e. ra-

tional maps f : P1 → P1 such that every ramification point is fixed. In [47, top of p.

110], Silverman asked if the number of PGL2-equivalence classes of conservative

maps P1 → P1 of degree d in Q[z] or Q(z) may be bounded independently of d. We

use Proposition 4.2 to answer this question.

Definition 4.4. Two rational functions f, g : P1
K → P1

K are linearly conjugate over

a field K if there is a φ ∈ Aut(P1
K) ∼= PGL2(K) such that fφ := φ−1fφ = g.
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Note that linear conjugacy respects iteration; that is, if fφ = g, then

(fn)φ =
(
fφ
)n

= gn. Note also that for normalized genus-0 single-cycle Belyi

maps Proposition 4.2 implies that linear conjugacy over C is the same as linear

conjugacy over Q, so we may omit the mention of the field.

Lemma 4.5. Let f : P1
C → P1

C be a normalized Belyi map of combinatorial

type (d; e1, e2, e3) and let g be a normalized Belyi map with combinatorial type

(d; e′1, e
′
2, e
′
3). Then f and g are linearly conjugate over C if and only if there is

some permutation σ ∈ S3 such that ei = e′σ(i) for i = 1, 2, 3.

Proof. The ramification index of a point is a dynamical invariant in the following

sense: for a non-constant function f : P1 → P1, any point α ∈ P1, and any φ ∈

PGL2, the ramification indices satisfy eα(f) = eφ−1(α)(f
φ).

In the case of normalized Belyi maps, the only points of P1 with ramification

index greater than one are t1 = 0, t2 = 1, and t3 = ∞. Assume that f and g are

normalized Belyi maps with fφ = g for some φ ∈ PGL2. Then we may define a

permutation σ ∈ S3 by

ei = ramification index of f at ti = ramification index of g at φ−1(ti) = e′σ(i).

Conversely, given a permutation σ ∈ S3 and a normalized Belyi map g of com-

binatorial type (d; eσ(1), eσ(2), eσ(3)), there exists a unique φ ∈ PGL2 satisfying

φ(ti) = tσ(i) for i = 1, 2, 3. Proposition 4.2 implies that g = fφ, since both normal-

ized Belyi maps have the same combinatorial type.

Lemma 4.5, together with the rationality result from Proposition 4.2, answers

Silverman’s question in the negative.

Corollary 4.6. The number of PGL2-conjugacy classes of conservative polynomi-

als in Q[z] of degree d ≥ 3 is at least
⌊
d−1
2

⌋
. The number of PGL2-conjugacy

classes of non-polynomial conservative rational maps in Q(z) of degree d ≥ 4 is at

least
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b d−1
3 c∑
i=1

⌊
d+ 1− 3i

2

⌋
. (4.1)

Proof. We count the number of PGL2-conjugacy classes of genus-0 single-cycle

normalized Belyi maps in degree d, which serves as a lower bound for all conserva-

tive rational maps in the given degree, up to linear conjugacy. By Lemma 4.5, this

equals the number of partitions of 2d+ 1 into exactly three parts such that each part

is at least 2 and none exceed d. The number of partitions equals the cardinality of

{2 ≤ e1 ≤ e2 ≤ e3 ≤ d | e1 + e2 + e3 = 2d+ 1}. (4.2)

If f is a polynomial of degree d, then the ramification index e3 = e∞(f) = d. Hence,

it is enough to count pairs (e1, e2) such that 2 ≤ e1 ≤ e2 ≤ d−1 and e1+e2 = d+1.

We see that e1 can take on
⌊
d−1
2

⌋
distinct values, and e2 is determined by e1.

To count nonpolynomial maps, we use the same strategy for every possible

value of e3 ≤ d− 1. Fixing e3 = d− i, we count pairs (e1, e2) such that

2 ≤ e1 ≤ e2 ≤ d− i and e1 + e2 = d+ i+ 1.

These constraints give that 2i+ 1 ≤ e1 ≤ bd+i+1
2
c, yielding bd+1−3i

2
c distinct possi-

bilities.

Finally, the constraints in (4.2) require that d − 1 ≥ e3 ≥
⌈
2d+1
3

⌉
. Writing

e3 = d− i gives 1 ≤ i ≤ bd−1
3
c, and the result follows.

4.1. Families of Dynamical Belyi Maps

In this section we determine some families of normalized dynamical Belyi

maps explicitly. These results yield infinitely many explicit maps to which we can

apply the dynamical system results from Section 4.4.
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Proposition 4.7. If a normalized Belyi map f has combinatorial type

(d; d− k, k + 1, d), then f(x) is given by

f(x) = cxd−k(a0x
k + . . .+ ak−1x+ ak),

where

ai :=
(−1)k−i

(d− i)

(
k

i

)
and c =

1

k!

k∏
j=0

(d− j).

Proof. It is clear that the ramification index e3 is d, since f is a polynomial, and that

e1 is d−k. We need to show that the ramification index of e2 is k+1. The derivative

of f is given by

f ′(x) = c
k∑
i=0

(−1)k−i

(d− i)

(
k

i

)
(d− i)xd−i−1

= cxd−k−1
k∑
i=0

(−1)k−i
(
k

i

)
xk−i

= (−1)kcxd−k−1(x− 1)k.

Hence the only ramification points of f are 0, 1 and∞ and the ramification index e2

is equal to k + 1. We are left to show that f(1) = 1 which is equivalent to showing

that

k∑
i=0

(
ai

k∏
j=0

(d− j)

)
=

k∑
i=0

(−1)k−i
(
k

i

) k∏
j=0
j 6=i

(d− j)

 = k!.

We first show that in the above sum, the coefficients of dl for each 1 ≤ l ≤ k are

0 and the constant term is k!. Notice that the coefficient of dk is
∑k

i=0 (−1)k−i
(
k
i

)
,

which is 0 since this is the binomial expansion of (x− 1)k evaluated at 1. Similarly,

for the other terms dl for l ≥ 1, we obtain a sum
∑k

i=0 (−1)k−i
(
k
i

)
p(i) where p(x) is

a polynomial of degree less than k. This sum is also zero. The constant coefficient

is
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k∑
i=0

(−1)i
(
k

i

) k∏
j=0
j 6=i

(j)

 =

(
k

0

)
k! = k!.

Remark 4.8. We now provide an alternative proof of Proposition 4.7. A variant

of this proof can be found in the unpublished master’s thesis of Michael Eskin; his

PhD-thesis [48, Proposition 5.1.2] contains a slightly weaker version of the result.

To have the correct ramification at 0, 1, and∞, we see that f must be of the form

f(x) = xd−kf1(x) (4.3)

for some f1(x) =
∑k

i=0 ci(x− 1)i, such that

f ′(x) = (−1)kcxd−k−1(x− 1)k

for some c ∈ C×. This implies that

c(x−1)k = (d−k)f1+xf
′
1 = ckd(x−1)k+

k−1∑
i=0

((d− k + i)ci + (i+ 1)ci+1) (x−1)i.

This yields a recursive formula for the ci, from which it follows that

ci = (−1)i
(
d− k + i− 1

i

)
for all i = 0, . . . , k, and

c =

(
d− 1

k

)
d.

Substituting these values for ci and c back into Equation (4.3), the reader may check

we obtain the claimed result.

Example 4.9. The unique normalized Belyi map f of combinatorial type

(d; d− 1, 2, d) is given by
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f(x) = −(d− 1)xd + dxd−1.

Proposition 4.10. The unique normalized Belyi map f of combinatorial type

(d; d− k, 2k + 1, d− k) is given by

f(x) = xd−k
(
a0x

k − a1xk−1 + . . .+ (−1)kak
(−1)kakxk + . . .− a1x+ a0

)
,

where

ai :=

(
k

i

) ∏
k+i+1≤j≤2k

(d− j)
∏

0≤j≤i−1

(d− j) = k!

(
d

i

)(
d− k − i− 1

k − i

)
.

Proof. The combinatorial type (d; d− k, 2k + 1, d− k) is characterized by the fact

that the ramification at x = 0,∞ is given by the same conjugacy class in the sense

of Definition 4.1. This implies that the Belyi map f admits an automorphism in

the following sense: Write ψ(x) = 1/x. Then fψ = ψ−1 ◦ f ◦ ψ has the same

combinatorial type as f . By Proposition 4.2, f is the unique normalized Belyi map

of the given type, so ψ−1 ◦ f ◦ ψ = f .

From this, it immediately follows that we may write

f = xd−kf1/f2, with f2(x) = xkf1(1/x).

Let f = g/h with

g(x) = xd−k
k∑
i=0

(−1)k−iak−ix
i and h(x) =

k∑
j=0

(−1)jajx
j,

where the ai are as in the statement of the proposition. It is clear that the ramification

at x = 0,∞ is as required. Moreover, we see that 0, 1, and∞ are fixed points of f .

It therefore remains to determine the ramification at x = 1. More precisely,

we need to show that the derivative satisfies

f ′(x) =
cxd−k−1(x− 1)2k

h(x)2
, (4.4)
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for some non-vanishing constant c. Write g′h− gh′ = xd−k−1
∑

l clx
l. We have

cl = (−1)k+l
l∑

j=0

(d− k + l − 2j)ak−l+jaj.

Here we have used the convention that ai = 0 if i > k or i < 0. Equation (4.4) on

the ai therefore translates to

c = c2k = (−1)k(d− k)a0ak,

cl = (−1)lc

(
2k

l

)
= (−1)k+l

(
2k

l

)
(d− k)a0ak, l = 0, . . . , 2k.

(4.5)

Hence, to prove (4.5) it suffices to prove the following:

l∑
j=0

(d− k + l − 2j)ak−l+jaj =

(
2k

l

)
(d− k)aka0 (4.6)

for every l ≤ k. (In fact, l runs from 0 to 2k, but by symmetry it suffices to look at

l ≤ k.)

Here and for the rest of the proof, we use the convention that
(
n
m

)
= 0 if

m ≤ 0 or m ≥ n. Hence, the right hand side of (4.6) translates to

(
2k

l

)
(d− k)aka0 =

(
2k

l

)
(d− k)k!

(
d

k

)
k!

(
d− k − 1

k

)
= d(k!)2

(
2k

l

)(
d− 1

2k

)(
2k

k

)
.

We write d− k + l− 2j as the difference of d− k + l− j and j. Then the left hand

side of (4.6) becomes

d(k!)2
l∑

j=0

((
d

j

)(
d− 1

k − l + j

)
−
(
d− 1

j − 1

)(
d

k − l + j

))(
d− 2k + l − j − 1

l − j

)
(
d− k − j − 1

k − j

)
.
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Hence, dividing both sides of (4.6) by d(k!)2, we find that we need to prove that

the following equation holds for all integers d, k and l such that d ≥ 2k + 1 and

l ≤ k:

l∑
j=0

((
d

j

)(
d− 1

k − l + j

)
−
(
d− 1

j − 1

)(
d

k − l + j

))
(
d− 2k + l − j − 1

l − j

)(
d− k − j − 1

k − j

)
=

(
2k

l

)(
d− 1

2k

)(
2k

k

)
.

(4.7)

We fix k, l such that l ≤ k and define Fk,l(d, j) as the quotient of the jth term in the

sum on the left hand side of Equation (4.7) by
(
2k
k

)(
d−1
2k

)(
2k
l

)
.

Note that Fk,l(d, j) = 0 when j > l; this allows us to restate Equation (4.7) in the

following form:

∞∑
j=0

Fk,l(d, j) = 1. (4.8)

To prove that Equation (4.7), or equivalently (4.8), holds for every value of

d ≥ 2k + 1, we first prove it for d = 2k + 1, and then show that
∞∑
j=0

Fk,l(d+ 1, j) =
∞∑
j=0

Fk,l(d, j)

for any d ≥ 2k + 1.

So first suppose that d = 2k + 1. Then Equation (4.7) holds, since

l∑
j=0

((
2k + 1

j

)(
2k

k − l + j

)
−
(

2k

j − 1

)(
2k + 1

k − l + j

))

=
l∑

j=0

(
2k

j

)(
2k

k − l + j

)
−

l−1∑
j=0

(
2k

j

)(
2k

k − l + j

)
=

(
2k

l

)(
2k

k

)
.

Next, to show that
∑∞

j=0 Fk,l(d+ 1, j) =
∑∞

j=0 Fk,l(d, j), we write
∞∑
j=0

(Fk,l(d+ 1, j)− Fk,l(d, j))
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as a telescoping series. More explicitly, running this algorithm in Maple produces

an explicit function Gk,l(d, j) which satisfies

Fk,l(d+ 1, j)− Fk,l(d, j) = Gk,l(d, j + 1)−Gk,l(d, j).

One may check that Gk,l(d, 0) = 0. Moreover, Gk,l(d, j) = 0 for all j > l since the

same is true for Fk,l(d, j). Hence,
∑∞

j=0(Fk,l(d+ 1, j)− Fk,l(d, j)) equals
∞∑
j=0

(Gk,l(d, j + 1)−Gk,l(d, j)) = Gk,l(d, l + 1)−Gk,l(d, 0) = 0.

Example 4.11. If a normalized Belyi map f has combinatorial type

(d; d− 1, 3, d− 1), then f(x) is given by

f(x) = xd−1
(d− 2)x− d
−dx+ (d− 2)

.

(Note that necessarily d ≥ 3 in this case.)

Example 4.12. If a normalized Belyi map f has combinatorial type

(d; d− 2, 5, d− 2), then f(x) is given by

f(x) = xd−2
(

(d− 3)(d− 4)x2 − 2d(d− 4)x+ d(d− 1)

d(d− 1)x2 − 2d(d− 4)x+ (d− 3)(d− 4)

)
.

(Note that necessarily d ≥ 5 in this case.)

4.2. Reduction Properties of Normalized Belyi Maps

Let

f : P1
x → P1

t , x 7→ f(x) := t

be a normalized Belyi map of combinatorial type C := (d; e1, e2, e3). Proposition

4.2 implies that f(x) ∈ Q(x) is a rational function with coefficients in Q. We

start by defining the reduction of f at a rational prime p. Since we assume that the

rational function f is normalized, we may write

f(x) =
f1(x)

f2(x)
,
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where f1, f2 ∈ Q[x] are polynomials that are relatively prime. Multiplying nu-

merator and denominator by a common constant c ∈ Q>0, we may assume that

f1, f2 ∈ Z[x].

For k = 1, 2, write

fk = ckf̃k, with f̃k ∈ Z[x] a polynomial of content 1 (4.9)

Let c = c1/c2. The assumption that f(1) = 1 translates to

f̃2(1) = cf̃1(1) ∈ Z.

Note that f̃(x) := f̃1(x)

f̃2(x)
need no longer be normalized. The ramification points of f̃

are still 0, 1,∞ but f̃(1) need not be 1. Nonetheless, it makes sense to consider the

reduction of f̃ modulo p. We denote the reduction of f̃k by fk and put

f =
f 1

f 2

, fk ∈ Fp[x].

The definition of f̃ implies that f 6= 0. We claim that in our situation f is not a

constant. The proof below is inspired by a remark in [49, Section 4]; note however

that Osserman works only with maps in characteristic p, while we consider reduction

to characteristic p of maps in characteristic zero.

Proposition 4.13. Let f be a normalized Belyi map of combinatorial type

C := (d; e1, e2, e3).

(1) The reduction f is nonconstant.

(2) We have f(0) = 0 and f(∞) =∞.

(3) We have f(1) 6= 0,∞.

Proof. Define f̃1 and f̃2 as in Equation (4.9). Let i (resp. j) be maximal such that

the coefficient of xi in f̃1 (resp. of xj in f̃2) is a p-adic unit. Note that the reduction

f of f is constant if and only if f̃1 ≡ af̃2 (mod p) or af̃1 ≡ f̃2 (mod p) for some

constant a. It follows that if f is constant, then i = j.
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The definition of the combinatorial type implies that

e1 ≤ i ≤ d = deg(f̃1), 0 ≤ j ≤ d− e3 = deg(f̃2).

Since e2 is a ramification index, we have that

e2 = 2d+ 1− (e1 + e3) ≤ d.

This implies that e1 + e3 − d > 0. It follows that

i ≥ e1 > d− e3 ≥ j. (4.10)

This implies that f is nonconstant, and (1) is proved.

Equation (4.10) also implies that

deg(f 1) = i > j = deg(f 2).

This implies that f(∞) =∞.

Applying the same argument to the minimal i′ (resp. j′) such that the coeffi-

cient of xi′ in f̃1 (resp. the coefficient of xj′ in f̃2) is a p-adic unit shows that

ord0(f 1) = i′ > j′ = ord0(f 2).

We conclude that f(0) = 0, thus proving (2).

It remains to show that µ := f(1) 6= 0,∞. We have

ord0(f 1) ≥ e1, ord1(f 1) ≥ e2.

We assume that µ = 0, i.e. f(0) = f(1) = 0. This implies that

e1 + e2 ≤ deg(f 1) ≤ deg(f1) = d.

This yields a contradiction with e3 = 2d + 1 − (e1 + e2) ≤ d. We conclude that

µ 6= 0. Similarly, we conclude that µ 6=∞. This finishes the proof of (3).

The following example shows that the reduction of f may be a constant if we

omit the assumption on the combinatorial type of f .
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Example 4.14. We consider the rational function

f(x) =
px4 + x2

x2 + p
.

The corresponding cover f : P1 → P1 is ramified at 6 points, each with ramification

degree 2, so it is not a Belyi map as considered in this paper. Moreover, x = 1 is not

a ramification point. Both the numerator and the denominator of f have content 1.

Therefore with our definition of the reduction we obtain

f =
x2

x2
= 1.

Remark 4.15. In [50, Section 2.3] Silverman gives a different definition of the re-

duction of f . The difference between Silverman’s definition and ours is (roughly

speaking) that he does not divide f by the constant c before reducing, as we do in

passing from f to f̃ . Instead, Silverman only multiplies f1 and f2 by a common

constant to assume that at least one of the polynomials f1 or f2 has content 1.

We claim that in the case of a normalized Belyi map of ramification type

(d; e1, e2, e3), Silverman’s definition agrees with ours. To see this, let p be a prime.

Recall that

1 = f(1) = cf̃(1) = c
f̃1(1)

f̃2(1)
.

Then Proposition 4.13.(3) implies that f̃1(1) and f̃2(1) have the same p-adic valua-

tion, so f̃(1) is a p-adic unit. Hence, c = 1/f̃(1) is a p-adic unit, as well.

Note that c = c1/c2, where ci is the content of the polynomial fi, so in partic-

ular c is positive. We conclude that c ∈ Q>0 is a p-adic unit for all primes p, and

hence that c = 1.

Let g ∈ Fp(x) be a rational function. We say that the map P1 → P1 defined

by g is (in)separable if g is (in)separable. Recall that g ∈ Fp(x) is inseparable if

and only if it is contained in Fp(xp).
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Definition 4.16. Let f : P1 → P1 have combinatorial type (d; e1, e2, e3). Let p be a

prime. We say that f has good reduction if the reduction f also has degree d. If f

is additionally (in)separable, we say that f has good (in)separable reduction. If f

does not have good reduction, we say it has bad reduction.

In Corollary 4.18 we show that if f has bad reduction, then f is inseparable.

In particular, we do not have to consider the case of bad separable reduction.

Definition 4.16 is the definition of good reduction used in the theory of arith-

metic dynamics. From the point of view of Galois theory, one usually defines “good

reduction” to mean good and separable reduction. In our terminology f has bad

reduction if and only if deg(f) < deg(f).

Proposition 4.17. Let f : P1
Q → P1

Q be a normalized Belyi map of combinatorial

type C := (d; e1, e2, e3). Assume that the reduction f of f to characteristic p is

separable. Then

(a) f has good reduction (i.e., d = d), and

(b) p - ei for all i.

Proof. Our definition of the reduction of f , together with the assumption that f

is normalized, implies that the points x = 0, 1,∞ on the source P1
Q specialize to

pairwise distinct points of P1
Fp (by Proposition 4.13.(2,3)). In particular, multiplying

f by a constant (if necessary), we may assume that f is also normalized.

We write f = f1/f2 and d1 = deg(f1), d2 = deg(f2). We denote the degree

of f i by di, and define d = deg(f). The polynomials f 1 and f 2 are not necessarily

relatively prime. Put g = gcd(f 1, f 2) and δ = deg(g).

Let ei be the ramification indices of f at x = 0, 1,∞, respectively. Our first

goal is to compare these to the ramification indices ei of f . We start by considering
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what happens at x = 0. For this we write

f i = ghi, i = 1, 2.

Since gcd(h1, h2) = 1 it follows that

e1 = ord0(f) = ord0(h1).

The definition of the reduction implies that

ord0(f 1) = ord0(g) + ord0(h1) ≥ ord0(f1) = e1.

For the right-most equality we have used that gcd(f1, f2) = 1. Defining

ε1 := ord0(g) we obtain

e1 + ε1 ≥ e1. (4.11)

Interchanging the roles of x = 0 and x = 1, we similarly obtain

e2 + ε2 ≥ e2, (4.12)

where ε2 := ord1(g). Note that interchanging the roles of x = 0 and x = 1

corresponds to conjugating f by ϕ(x) = 1 − x. From the definitions it follows

immediately that

ε1 + ε2 ≤ δ. (4.13)

The definition of the reduction of f and our normalization implies that

d = d1 ≥ d1 = d+ δ. (4.14)

Finally, for the ramification index e3 of f at∞ we have

d− e3 = d2 ≥ d2 = d1 − e3 = d+ δ − e3. (4.15)
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Since we assume that f is separable, the Riemann–Hurwitz formula applied to f ,

together with the inequalities (4.11), (4.12), (4.13), (4.14), and (4.15), yields

−2 ≥ −2d+ (e1 − 1) + (e2 − 1) + (e3 − 1)

= (e1 + ε1 − 1) + (e2 + ε2 − 1) + (e3 − d− δ − 1) + (δ − ε1 − ε2) + (−d)

≥ −2d+ (e1 − 1) + (e2 − 1) + (e3 − 1) = −2.

(4.16)

It follows that both inequalities are equalities. The fact that the last inequality is an

equality implies that d = d, and that the inequalities (4.11), (4.12), (4.13), (4.14),

and (4.15) are also equalities. This proves Statement (a).

The first inequality in (4.16) is an equality if and only if all ramification of

f is tame. Hence we have p - ei for all i. The statement d = d implies that

ε1 = ε2 = δ = 0. Hence ei = ei for all i. Statement (b) follows.

The following is an immediate consequence of Lemma 4.17.

Corollary 4.18. Let f : P1
Q → P1

Q be a normalized Belyi map of combinatorial type

C := (d; e1, e2, e3). Assume that f has bad reduction to characteristic p. Then the

reduction f is inseparable.

4.3. Good Inseparable Monomial Reduction

In Section 4.4 we determine the dynamical behavior of separable covers f

of degree d (of a given combinatorial type), whose reduction modulo p satisfies

f(x) = xd. Since 1 is a ramification point of f , it follows that f is inseparable, and

hence that p | d. If this happens, we say that f has good (inseparable) monomial

reduction to characteristic p. In Theorem 4.23 we prove necessary and sufficient

conditions for this to occur.

82



Definition 4.19. (i) A rational map ψ of degree d in characteristic p can be writ-

ten uniquely as ψ = ψ′ ◦ φn, where φ is the p-Frobenius map and ψ′ is sep-

arable. Suppose that ψ′ is a normalized Belyi map of combinatorial type

(d′; e′1, e
′
2, e
′
3). Then we call the ei = pne′i for i = 1, 2, 3 the generalized

ramification indices of ψ; we allow d′ and each of the e′i to be trivial.

(ii) Let C = (d; e1, e2, e3) be a combinatorial type such that e1 +e2 +e3 = 2d+1.

Then we define

SC,p := {ψ : P1
Fp → P1

Fp | ψ satisfies the following combinatorial conditions}

(a) deg(ψ) := d ≤ d, and

(b) there exist ε1, ε2, δ ≥ 0 such that

ε1 + ε2 ≤ δ ≤ d− d

and the generalized ramification indices ei (i = 1, 2, 3) of ψ satisfy

e1 ≥ e1 − ε1,

e2 ≥ e2 − ε2,

e3 ≥ e3 − (d− d− δ).

The set SC,p may be considered as a characteristic-p analog of the set of nor-

malized Belyi maps of combinatorial type C. Lemma 4.20 and Proposition 4.21 be-

low imply that this set consists of one element. Moreover, it follows that ψ ∈ SC,p
is the reduction (in the sense of §4.2) of the (unique) normalized Belyi map of type

C in characteristic zero. In particular, it follows that ψ ∈ SC,p may be defined over

Fp.

Lemma 4.20. Let f : P1 → P1 be a normalized cover in characteristic zero of

combinatorial type C = (d; e1, e2, e3). Its reduction f modulo p lies in SC,p.

Proof. If f has good reduction at p, choose ε1 = ε2 = δ = 0 and the result is

immediate. If f has bad reduction, the result follows immediately from the proof of

Proposition 4.17, for δ and εi (i = 1, 2) as in that proof.
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The following proposition is a reformulation in our terminology of a result of

Osserman.

Proposition 4.21. [49, Theorem 4.2.(i)] For any combinatorial type C and prime

number p, we have |SC,p| = 1.

We sketch the idea of Osserman’s approach in his proof of Proposition 4.21.

For details we refer to [49] Osserman interprets a rational map f : P1
K → P1

K

(up to automorphisms of the image) of degree d over a field K as a linear series

by associating with the rational map f = f1/f2 the 2-dimensional vector subspace

V := 〈f1, f2〉 of the polynomials of degree less than or equal to d. This linear

series may be considered as a point on the Grasmannian G(1, d). The condition that

the map has ramification index at least ei at the point Pi defines a Schubert cycle

Σei−1(Pi) on G(1, d). Base points of the linear series correspond to common zeros

of f1 and f2.

Consider an arbitrary linear series in positive characteristic, which we denote

by 〈ψ1, ψ2〉. The inequalities (a) and (b) in Definition 4.19 may be interpreted as

conditions on the linear series. Note that we do not require the polynomials ψi to be

relatively prime. The zeros of g := gcd(ψ1, ψ2) are base points of the linear series.

(Compare to the proof of Proposition 4.17, where we denoted the orders of these

zeros at 0, 1 by ε1, ε2, respectively.)

Assume that 〈ψ1, ψ2〉 is a linear series satisfying the inequalities (a) and (b)

from Definition 4.19. The Riemann–Hurwitz formula, together with the condition

that 2d + 1 = e1 + e2 + e3, implies that the linear series 〈ψ1, ψ2〉 does not have

base points if ψ = ψ1/ψ2 is separable. (This follows as in the proof of Proposition

4.17.) However, the linear series associated with the reduction of a normalized Belyi

map (as defined above) may have base points. Moreover, the base-point divisor

D := ε1[0] + ε2[1] − δ[∞] need not be unique. (See Example 4.22 below for an

example.)
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Our Proposition 4.2 states that in characteristic zero the intersection of the

three Schubert cycles Σe1−1(0) ∩ Σe2−1(1) ∩ Σe3−1(∞) has dimension 0 and the

intersection product is 1. In other words, the intersection consists of one point.

Osserman gives an intersection-theoretic argument to prove the same statement in

arbitrary characteristic. More precisely, he proves that the intersection product of

the three Schubert cycles in positive characteristic is scheme-theoretically a point.

The underlying point is the unique map ψ ∈ SC,p.

In this work, we are mainly interested in the case of good inseparable reduc-

tion. In this case we have ε1 = ε2 = δ = 0, hence the base-point divisor is unique

in this situation.

We give an example of a combinatorial type C for which the reduction of the

normalized dynamical Belyi map of this type has base points. Moreover, we will

see in that in this case the linear series satisfying the inequalities (a) and (b) is not

unique, even though the underlying rational function is.

Example 4.22. This example is taken from Osserman [49, §2] (two paragraphs

above Proposition 2.1). Let p be a prime and C = (d; e1, e2, e3) be a type such that

d > p and ei < p for i = 1, 2, 3. Then

xp ∈ SC,p

as one may verify directly.

We therefore have that d = p = ei for all i. The inequalities (a) and (b) from

Definition 4.19 become

ε1 ≥ 0, ε2 ≥ 0, δ ≤ d− e3, ε1 + ε2 ≤ δ.

We conclude that for a given combinatorial type C and prime p the base-point divi-

sor D = ε1[0] + ε2[1] − δ[∞] need not be unique. The linear series corresponding

to a solution (ε1, ε2, δ) of the inequalities is

〈xpg, g〉, with g = xε1(x− 1)ε2 .
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Dynamical Belyi maps as considered in this example do exist. Here is a concrete

instance. Choose p ≥ 7 and d with p < d < 3(p − 1)/2 and k such that d −

p < k < (p − 1)/2. Let C = (d; d − k, 2k + 1, d − k). The normalized Belyi

map of this combinatorial type is given in Proposition 4.10. The expression for the

coefficients ai in that lemma shows both that p|ai for d − p + 1 ≤ i ≤ d, and that

ai ≡ (−1)kad−p−i mod p for 0 ≤ i ≤ d − p (these are non-zero modulo p). From

this it follows that

f = xp.

Moreover, it follows that

g = gcd(f 1, f 2) = (−1)d−pad−px
d−p + · · ·+ a0 ∈ Fp[x]

has degree d − p. The roots of the polynomial g correspond to base points of the

linear series.

Theorem 4.23. Suppose that f : P1 → P1 is a normalized dynamical Belyi map of

combinatorial type C = (d = pnd′; e1, e2, e3), where p - d′. Then the reduction f of

f modulo p satisfies f(x) = xd if and only if e2 ≤ pn.

Proof. In the good monomial reduction case, i.e. where f(x) = xd, we have d = d,

and the generalized ramification indices are e1 = e3 = d, and e2 = pn. Hence,

e2 ≤ pn is a necessary condition for good inseparable monomial reduction.

Conversely, let f be of combinatorial type C = (d = pnd′, e1, e2, e3) as in

the statement of the theorem, and assume that e2 ≤ pn. We claim that the map

g(x) = xd lies in SC,p.

As before, we write ψ as the composition of the purely inseparable map of

degree pn and the separable map ψ′(x) = xd
′ , and we write e′1, e

′
2, e
′
3 for the ramifi-

cation indices of ψ′ at x = 0, 1,∞, respectively. Clearly, deg(ψ) =: d = d satisfies
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d ≤ d. Moreover, the ramification indices ei of g satisfy

e1 := pne′1 = d ≥ e1,

e2 := pn ≥ e2, (by assumption),

e3 := pne′3 = d ≥ e3.

Choosing ε1 = ε2 = δ = 0, we see that ψ satisfies the combinatorial conditions

in Definition 4.19, so indeed ψ ∈ SC,p. By Lemma 4.20 and Proposition 4.21, we

obtain that f = g, i.e., that f has good inseparable monomial reduction modulo

p.

Example 4.24. Consider the combinatorial type C = (d = 15; e1, e2, e3 = d = 15).

The equation for the associated cover is given in [48, Proposition 5.1.2], and can

alternatively be determined from Proposition 4.7. Computing the reduction of f

modulo the primes p = 2, 3, 5, and 7 yields the following table. We immediately see

that the results of the table are in accordance with Theorem 4.23.
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e2 f(x) at p = 2 Reduction Type

2 x14 bad

3 x15 + x14 + x13 good separable

4 x12 bad

5 x15 + x12 + x11 good separable

6 x14 + x12 + x10 bad

7 x15 + x14 + x13 + x12 + x11 + x10 + x9 good separable

8 x8 bad

9 x15 + x8 + x7 good separable

10 x14 + x8 + x6 bad

11 x15 + x14 + x13 + x8 + x7 + x6 + x5 good separable

12 x12 + x8 + x4 bad

13 x15 + x12 + x11 + x8 + x7 + x4 + x3 good separable

14 x14 + x12 + x10 + x8 + x6 + x4 + x2 bad

e2 f(x) at p = 3 Reduction Type

e2 ≤ p = 3 x15 good inseparable

p = 3 < e2 ≤ 2p = 6 2x15 + 2x12 good inseparable

2p = 6 < e2 ≤ 3p = 9 x9 bad

3p = 9 < e2 ≤ 4p = 12 2x15 + x9 + x6 good inseparable

4p = 12 < e2 < 5p = d = 15 x15 + x12 + x9 + 2x6 + 2x3 good inseparable

e2 f(x) at p = 5 Reduction Type

e2 ≤ p = 5 x15 good inseparable

p = 5 < e2 ≤ 2p = 10 3x15 + 3x10 good inseparable

2p = 10 < e2 < 3p = d = 15 x15 + 2x10 + 3x5 good inseparable

e2 f(x) at p = 7 Reduction Type

e2 ≤ 7 x14 bad

e2 = 8 5x15 + x14 + 2x8 good separable

8 < e2 ≤ 14 6x14 + 2x7 bad
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4.4. Dynamics

Let f : P1 → P1 be a rational map and let fn denote the nth iterate of f .

The (forward) orbit of a point P under f is the set Of (P ) = {fn(P ) : n ≥ 0}.

The backward orbit of a point P under f is the set
⋃∞
n=1{Q ∈ P1 : fn(Q) = P}.

We say a point P ∈ P1 is periodic if fn(P ) = P for some positive integer n. The

smallest such n is called the exact period of P . For a point P of exact period n, we

define the multiplier of f at P to be the nth derivative of f evaluated at P , denoted

by λP (f). A point P is preperiodic if fn(P ) = fm(P ) for some positive integers

n 6= m. If P is preperiodic but not periodic, we say it is strictly preperiodic. Let

PrePer(f,Q) denote the set of all rational preperiodic points for f . Our goal is to

determine PrePer(f,Q) for an interesting class of Belyi maps.

Theorem 4.25. Let f be a normalized Belyi map of combinatorial type (d; e1, e2, e3),

where d satisfies at least one of the following conditions:

(i) p = 2 is a divisor of d with valuation ` = ν2(d),

(ii) p = 3 is a divisor of d with valuation ` = ν3(d),

(iii) d = p` for some prime p.

Assume that e2 ≤ p`. Then PrePer(f,Q) consists entirely of all rational fixed points

for f and their rational preimages.

Recall that the condition e2 ≤ p` implies that f has good monomial reduction

modulo p (Theorem 4.23). To prove Theorem 4.25, we will use the following well-

known theorem.

Theorem 4.26. [50, Theorem 2.21] Let f : P1
K → P1

K be a rational function of

degree d ≥ 2 defined over a local field K with residue field k of characteristic p.
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Assume that f has good reduction and that P ∈ P1(K) is a periodic point for f

of exact period n. Let m denote the exact period of P under the reduced map f ,

and let r denote the order of the multiplier λf (P ) in k∗. Then one of the following

holds: n = m, n = mr and n = mrpe, e ∈ Z, e > 0.

Proof of Theorem 4.25. Let p be a prime in one of the three cases of the statement.

To apply Theorem 4.26, we consider f as element of Qp(x).

First suppose that d = p`. When we reduce f modulo p, we get f(x) = xd.

All points in P1(Fp) are fixed points for f . Moreover, they are all critical points

because the derivative of f is identically zero, so the multiplier of any point in Fp is

zero. In the language of Theorem 4.26, for any α ∈ Q that is periodic under f , we

have m = 1 and r =∞. Therefore, n = 1, so any rational periodic point for f must

be a fixed point.

If 2 | d, reduce f modulo 2 to get f(x) = xd. All points in P1(F2) are fixed

and critical, so Theorem 4.26 implies that any periodic point for f in Q must also

be fixed.

Now assume that 3 | d. In the case that d is even, the points in P1(F3) are all

fixed under the reduction f of f modulo 3. In the case that d is odd, the points 0, 1,∞

are fixed and f(−1) = 1. This implies that −1 is strictly preperiodic. In either case,

the only periodic points for f are fixed and critical, so once again Theorem 4.26

implies that all rational periodic points for f must also be fixed points.

In all cases, the only periodic rational points for f are fixed points. Thus,

PrePer(f,Q) consists solely of rational fixed points and their rational preimages.
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Remark 4.27. Each of the three conditions on primes dividing d in Theorem 4.25

ensures that all periodic points for the reduced map f are fixed points. This is not

always true for arbitrary d and p. For example, if d = 35 and we reduce modulo

5, the resulting map f(x) = x35 on F5 contains a periodic cycle of length two:

f(2) = 3 and f(3) = 2. If we instead reduce modulo 7, we see that f on F7 also has

a 2-cycle: f(2) = 4 and f(4) = 2. Thus in this case, we cannot use Theorem 4.26

to deduce a statement analogous to that of Theorem 4.25 because it is possible that

f contains a rational periodic point of exact period 2.

The following proposition gives a slightly stronger statement than Theorem

4.25 in the first case of that theorem.

Proposition 4.28. Let f be the unique normalized Belyi map of combinatorial type

(d; d − k, k + 1, d). Write ν := ν2(d) for the 2-adic valuation of d. Assume that

k + 1 ≤ 2ν . Then the only fixed points of f in P1(Q) are x = 0, 1,∞.

Proof. Recall from Theorem 4.23 that the condition k + 1 ≤ 2ν implies that f has

good monomial reduction to characteristic 2. As in Remark 4.8, we write

f(x) = xd−k

(
k∑
i=0

ci(x− 1)i

)
, with ci = (−1)i

(
d− k + i− 1

i

)
.

In particular, c0 = 1. One easily checks that

h(x) :=
f(x)− x
x(x− 1)

=

(
d−k−2∑
i=0

xi + xd−k−1
k−1∑
i=0

ci+1(x− 1)i

)
.

Since f is branched at 3 points, we have that d− k ≥ 2. It follows that

h(0) ≡ 1 (mod 2), h(1) = d− k − 1−
(
d− k

1

)
≡ 1 (mod 2).

Therefore the reduction h(x) of h(x) modulo 2 does not have any roots in F2, and

hence h does not have any roots in Q. Here we have used that h has good reduction

to characteristic 2, i.e. deg(h) = deg(h). This implies that h does not have any

rational roots that specialize to∞ when reduced modulo 2.
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We will now look at one particular family of normalized Belyi maps and use

Theorem 4.25 to determine PrePer(f,Q). Let d ≥ 3 be the degree of f . Consider

the following family:

f(x) = −(d− 1)xd + dxd−1. (4.17)

Recall from Example 4.9 that this is the unique normalized Belyi map of combina-

torial type (d; d− 1, 2, d).

Proposition 4.29. Let f be defined as in Equation (4.17). Then:

(i) The only fixed points for f in P1(Q) are 0, 1 and ∞ (for all d) and 1
2

(for

d = 3).

(ii) The only additional rational points in the backward orbits of these fixed points

are d
d−1 (for all d) and −1

2
(for d = 3).

Proof. (i) The fixed points of f are the roots of f(x)−x = −(d−1)xd+dxd−1−x,

which factors as follows:

f(x)− x = x(x− 1)(−(d− 1)xd−2 + xd−3 + xd−4 + . . .+ x+ 1).

By the rational root theorem, any nonzero rational zero of the above polyno-

mial is of the form 1
b
, where b divides d− 1. If 1

b
is a root of f(x)− x, then b

satisfies:

bd−1 − 1

b− 1
= bd−2 + bd−3 + . . .+ b+ 1 = d. (4.18)

Claim: Equation (4.18) does not have any integer solutions for d ≥ 4.

Statement (1) immediately follows from the claim.

By inspection, it follows that b /∈ {0,±1}, so we may assume |b| ≥ 2. Note

that we must have b ≤ −2 because if b > 1, the left hand side of Equa-

tion (4.18) is strictly greater than d. Moreover, since b is negative, d must be

even, since the left hand side of Equation (4.18) is positive. Since d ≥ 4 and
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b ≤ −2, we have:
d−2∑
i=0

bi > bd−2 + bd−3 = (−b)d−3(−b+ 1) ≥ 3 · 2d−3 > d.

The claim follows.

(ii) We have the following by direct calculation:

f−1(0) =

{
0,

d

d− 1

}
.

If d = 3, f−1(1) = {1,−1
2
}. Otherwise, if d > 3, an argument similar to

that in Part 1 shows that f−1(1)
⋂
Q = {1}: Suppose that f(1

b
) = 1, where

b ∈ Z. (By the rational root theorem, any such rational preimage is of this

form.) Then, f(1
b
) − 1 = 0, which, after factoring (x − 1) from the left hand

side, gives the following equation:
d−1∑
i=0

bi = d.

Note that b = 1 is one solution to this equation. Any other solution for bwould

require b < 0 and in particular, b ≤ −2. Therefore, d must be odd for the sum

to be positive. If d ≥ 5, we have the following:
d−1∑
i=0

bi ≥ bd−1 + bd−2 ≥ |b|d−2 ≥ 2d−2 > d.

Thus, f−1(1)
⋂

Q = {1}.

A direct calculation also shows that if d = 3, then −1
2

has no rational preim-

ages, and 1
2

has no rational preimages except itself. It remains to show that
d
d−1 has no rational preimages. Suppose f(a

b
) = d

d−1 for some relatively prime

integers a and b. The rational root theorem implies that a|d and b|(d − 1)2.

After clearing denominators, we have the following equation:

− (d− 1)2ad + d(d− 1)ad−1b− dbd = 0. (4.19)

Reducing modulo d − 1 yields −bd ≡ 0, so (d − 1)|bd. Reducing modulo

d yields −ad ≡ 0, so d|ad. Let p be a prime dividing d. Suppose that the

valuation νp(d) = k ≥ 1 and νp(a) = `, for 1 ≤ ` ≤ k. Then

νp(−(d − 1)2ad + d(d − 1)ad−1b − dbd) = k because νp(db
d) = k and
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νp(−(d− 1)2ad + d(d− 1)ad−1b) ≥ max{`d, k+ `d−1} > k. This contradicts

Equation (4.19).

Corollary 4.30. Let f be the polynomial of degree d in the family defined in Equa-

tion (4.17), where either 2 | d, 3 | d, or d = p` for some prime p. Then:

(i) PrePer(f,Q) = {0, 1, 3
2
, 1
2
,−1

2
,∞} if d = 3.

(ii) PrePer(f,Q) =
{

0, 1, d
d−1 ,∞

}
if d 6= 3.

Proof. Theorem 4.25 states that PrePer(f,Q) consists solely of fixed points for f

and their rational preimages. Proposition 4.29 then completely describes all rational

preperiodic points for f .

Remark 4.31. The statement of Proposition 4.29.(2) may be partially generalized.

For simplicity we restrict to the case that f is the unique normalized Belyi map of

combinatorial type (d; d− k, k+ 1, d). An explicit formula for f was determined in

Proposition 4.7. We use the terminology of that result.

In the proof of Proposition 4.7 we showed that the derivative of f satisfies

f ′(x) = (−1)kcxd−k−1(x− 1)k, with c > 0.

Distinguishing 4 cases depending on whether k and d are even or odd and consid-

ering the sign of f ′ yields the following statement for the real elements in the fibers

f−1(0) and f−1(1).

(i) Suppose that d and k are both even. Then f−1(0) ∩ R = {0} and

f−1(1) ∩ R = {1, β} for some β < 0.

(ii) Suppose that d is odd and k is even. Then f−1(0) ∩ R = {0} and

f−1(1) ∩ R = {1}.

(iii) Suppose that d is even and k is odd. Then f−1(0)∩R = {0, γ} for some γ > 1

and f−1(1) ∩ R = {1}.
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(iv) Suppose that d and k are both odd. Then f−1(0)∩R = {0, γ} for some γ > 1

and f−1(1) ∩ R = {1, β} for some β < 0.

In particular, this determines the rational values in f−1(0) and f−1(1) in the case

that d is odd and k is even. In the other cases, in principle it is possible to analyze

when the real roots β, γ are rational, similarly to the proof of Proposition 4.29. In

Proposition 4.7 we showed that the leading coefficient of f(x) is

ca0 = (−1)k
(
d−1
k

)
. It follows that if β < 0 is a rational root of f(x) − 1, then we

have

β =
−1

b
with b ∈ N such that b |

(
d− 1

k

)
.

Similarly, assume that γ > 1 is a rational root of f(x). We use the expression

f(x) = xd−k
∑k

i=0 ci(x− 1)i from Remark 4.8. Since c0 = 1 and ck = ±
(
d−1
k

)
, we

find

γ = 1 +
1

c
with c ∈ N such that c |

(
d− 1

k

)
.
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5. CONCLUSION

In this thesis, we classify and normalize the rational transformations of degree

2 using the behaviour of the ramified places in the corresponding rational func-

tion field extensions over the finite field Fq. Then we investigate the explicit con-

structions of irreducible polynomials over Fq using Galois theory and some basic

observations in group theory. This approach helps to better understand the iterative

constructions and gives various generalisations of them. It also enables to determine

the requirements put on the initial polynomials.
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