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ABSTRACT

DISTRIBUTED CONTROL OF STRINGS OF VEHICLES
IN AUTOMATED HIGHWAY SYSTEMS

In this thesis, distributed control of vehicular arrays is studied. The main ap-
proach is to design distributed controllers, where the vehicle interconnections repeated
in the controllers. The spatially distributed nature of the vehicular array, and the
presence of interconnections make the sharing of feedback information necessary and
challenging. This factor has motivated new research direction to distributed control
for strings of vehicles. The main objective of this thesis is to attenuate disturbance
signals, which is imposed by the leader, in the spatial direction. The uniqueness of
our design is the communication channel between controllers similar to the idea in
distributed control. Well-posedness, stability and dissipativity conditions of intercon-
nected systems are given in terms of LMIs. The controllers are designed such that
the Lo-gain of the closed loop system minimized. Also a method for the construction
of node by node distributed controllers presented, similar to LPV control synthesis.
We designed identical controllers for all interior vehicles, and two different controllers
placed at boundaries. And, our simulation results show that the resulting controllers

could attenuate disturbance signals in the spatial direction, successfully.



OZET

OTOMATIK OTOYOL SISTEMLERINDE ARAC
DIZILERININ DAGITILMIS DENETIMI

Bu tezde arag dizileri i¢in dagitilmig denetleyiciler incelenmistir. Bu tezdeki genel
yaklagim, araclardaki baglantilar1 denetleyicilerde tekrar ederek dagitilmis denetleyici-
lerin tasarlamansidir. Dizilerdeki araclarin birbirine bagimliligi denetleyicilerin de bir-
birine baglanmasini gerekli kiliyor ve problemi ilgi ¢ekici bir hale getiriyor. Arag dizisin-
deki bu bagimlilik bizi dagitilmig denetleyicilerin tasarlanmasina dogru yoneltmistir.
Burdaki temel amag, lider ara¢ tarafindan sisteme giren bozan etkenin sistemde denet-
leyici tarafindan bastirilmasidir. Buradaki tasarimin onceki tasarimlardan temel fark:
parcalanmig denetleyiciler arasinda bir haberlesme kanalinin varhigidir. Bagimli sis-
temlerin iyi sorulmusluk, kararlilik ve disipatiflik kogullar1 dogrusal matris esitsizlikleri
olarak verildi. Denetlenen sistemin £y kazanci asgariye indirildi. Dagitilmig denetleyi-
cilerin diigiim diigiim sentezi gosterildi. Sonugta arag dizisi i¢in 6zdes denetleyiciler
tasarlandi, ek olarak simir kogullar igin farkli iki denetleyici daha tasarlandi. Elde
edilen denetleyicilerin simiilasyon sonuclari, denetleyicilerin arag dizisi boyunca aralik

hatalarim bastirmakta bagarili oldugu gorildii.
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1. INTRODUCTION

1.1. Problem Statement and Literature Review

Longitudinal control of platoons of vehicles has attracted much attention over the
past decades. Automated or Intelligent highway systems (A/IHS) are still an active
area of research in systems and controls area. The attention is focused on developing
methods to allow strings of vehicles to automatically move at a desired velocity with a
specified safe separation distance between vehicles. Over the past years, there has been
a renewed interest in distributed control of large scale systems, which is applicable to
the vehicular string problem. The overall complex dynamical behavior is dictated by
the dynamic interactions between agents. The presence of interconnections between

agents makes the controller synthesis challenging.

e
1 2 ___ | N-1 N
(ONO) (ONO) (OO (OO

Figure 1.1. Vehicle String

In Figure 1.1, N vehicles are placed on a line and form a vehicle array to maximize
traffic throughtput and to reduce traffic congestion. It is easy to see that inter vehicle
spacing errors are dependent on both preceding and succeeding vehicle dynamics for the
corresponding unit. Hence, spacing errors create a dynamic interaction between each
unit. In order to avoid collision, inter vehicle spacing errors are required to be small and
inter vehicle spacing errors should decrease along the platoon. We try to accomplish
a constant spacing policy where the desired inter vehicular spacing is independent of

the velocity.

Earlier work, in vehicular string problem, used optimal centralized control to
regulate a small string of vehicles in [1] and [2]. In these works, the objective is to

find an optimal controller that all agents controlled by a centralized controller. In this



method, computation of controller gets harder, and the size communication system
increases enormously as the number of agents increase. Additionally, this method
leads to a burdensome data handling problem and increased network requirements. A
decentralized control is necessary for simple controllers and for a simple communication

system.

For this purpose, a simple decentralized control method proposed which is known
as reference cell scheme in [3] by Wilkie. Each controller decides its action by only
looking its absolute position which is called moving cell reference. In this method,
road serves as a reference for all vehicles. But this method is unsafe because it does
not take into account the relative position of vehicle with the preceding one. Relative

position information is required because vehicles could be able to avoid collision.

Vehicular string problem can be investigated by two methods. One is to eliminate
spatial variable by using Z—transform and study the resulting differential equation in
Z to t to conclude the stability. The other approach is to eliminate time using I/0O
properties and study the resulting difference equation in the vehicle index to examine

the stability of vehicle of string.

Chu proposes Z—transform in order to eliminate the dependence on the vehicle
index in [4]. Then they study the resulting differential equation. This method sim-
plifies the problem considerably. In this method, absolute positions of vehicles are
available. Every vehicle has the absolute position information of itself and the preced-
ing one. By using this method Chu also showed that constant spacing policy cannot

be accomplished under any choice of identical linear controllers.

A variable spacing policy is adopted by Ioannou and Chien in [5] for constant
time headway policy in vehicular strings. They showed that constant time headway
policy can be accomplished by static feedback controllers. Also, they mentioned slinky
effect in constant spacing policy. Slinky-type phenomenon is a consequence of lack of
feedforward information (the lead vehicle information), in case for the constant spacing

policy.



The second approach is used by Hedrick and Swaroop in [6]. They used relative
positions of vehicles. They do not used road as a reference, instead they choose a
controller scheme that each vehicles reference is its predecessor. They show that the
constant spacing policy cannot be accomplished by using identical linear controllers by
employing the difference equations between errors. They show that the lead vehicle
information is required in order to suppress disturbance signal effectively. Moreover,
alternative methods are presented such as using the preceding vehicle acceleration
information, building an observer in order to estimate lead vehicle information. By
this way, they try to eliminate the dependance on lead vehicle information in both
[7] and [6]. They also show disturbance propagation in vehicular strings, by imitating
difference relation to complementary sensitivity function in [8]. They again state that
the lead vehicle information is essential. Their work gave us the idea of some degree
of extra information required such as lead vehicle information, acceleration or control
input information preceding vehicle to be able to employ a semi autonomous control

strategy.

Similar to [6], in [9] it is shown that identical PID controllers cannot suppress
disturbance along the platoon. They use relative spacing values, and implement iden-
tical PID controllers with proper PID gains. They show that the errors are amplified
downstream along the platoon. This violates stability in the spatial direction, since
the vehicle index goes to infinity the spacing error becomes unbounded. To overcome
this problem, PID gains should be tuned as the vehicle index changes. And, it is
shown that updating PID gains will prevent amplification of errors further into vehicle
platoon. However, this method requires that every vehicle should know its position
(index) in the platoon. Hence, controllers should be able to communicate [9]. The
idea of scheduling gains via a communication channel along the platoon becomes more

apparent.

In [10], a robot formation problem is solved. They used bidirectional controllers
with weights as a measure to sensitivity to disturbances. By using bidirectional control
law, they alleviate penetration of the disturbance signals into the platoon. And they

showed that there is conflicting objectives of stability in the spatial domain (propaga-



tion of signals as the vehicle index increases) and disturbance attenuation in the time

domain.

A new control design perspective for spatially interconnected systems is presented
in [11]. This approach use Z—transforms similarly as in [4]. Two sided spatial fourier
transform is employed to eliminate spatial variables. Then, they study the resulting

equations for all frequencies to conclude stability of whole system.

For our problem, we want that injected disturbance should decrease downstream
along the vehicle array. If the disturbance signal further penetrates into the vehicle
string, we say that there is an instability in the spatial direction. What we require is
that the disturbance signal should be attenuated along the vehicle platoon. From the
earlier literature, it is shown that decentralized identical controllers cannot attenuate
disturbance along the spatial domain, although they are very good in the time scale. We
need non identical controllers such that the gains are varied as the vehicle index changes
as in [9]. At this point, we have noticed that, this problem requires smarter controller.
Thus we can get better performance in attenuation of the disturbance signal along the
vehicle string. From this point, we focused our attention to distributed controllers,
because their inherent structure allows more flexible communication structure. Also,
they provide tractable solutions to vehicular string problem. We know that, if we
want to use spacing error information, the plant dynamics are interconnected. Then,
it would be wise to put interconnected controllers which has the same structure as the

plant structure.

Now, we should illustrate the fundamental difference between centralized, decen-
tralized and distributed controllers. Centralized controllers are regular controllers for
whole system, a large interconnected system is controlled by a large controller. That
is to say centralized control approach leads models with large number of states, input
and outputs. Central controller decides all actions of the interconnected system, as can
be seen in Figure 1.2. Their disadvantages are obvious like computational complexity,
commination network requirements and most importantly implementation problem of

controllers.
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Figure 1.2. Centralized Control

On the other hand, decentralized controllers are a kind of constrained controllers,
in which controllers have constrained information to control subsystems independently.
Their actions are based on the measurements of individual units and there is no in-
formation exchange through controllers. The objective is to design controllers at each

node separately as an be seen in Figure 1.3 .

. M prv. % Py
v ! v v !
K, Ky

Ky

Ky

Figure 1.3. Decentralized Control

If we allow an information exchange in controllers through a spatial intercon-
nection channel, we can get distributed controllers. In Figure 1.4, interconnection
channel between controllers can be seen easily. Also, different units could be linked to
each other arbitrarily by this approach. Hence, incorporation of different units allowed
in this framework. The approach is to design simple linked controllers at each node

separately.

p S r NPy Y Py
Py o1 v 1
K S K N Y Ky Ky

Figure 1.4. Distributed Control

Distributed control approach is fairly new idea with respect to decentralized con-

trol. The idea goes back to [12], it is shown that when the underlying dynamics of



the system are spatially invariant, then optimal controllers will necessarily have a spa-
tially invariant structure. The optimal controllers have a certain degree of inherent
decentralization for such problems. Main advantage is that, one need only design the
controller for a single actuator. In [11] and [13], it is shown that such systems could be
diagonalized into a decoupled form. The essential idea is, rather than a highly com-
plex centralized controller with information from all the distributed array, it would be
desirable to have distributed intelligence, where each actuator runs a local algorithm

with information from the neighboring sensors.

These ideas are further exploited in [14] and [15]. In [14], spatially invariant
systems are diagonalized by a fourier transform over the spatial domain, the control
design problem with quadratic criteria can be decoupled over spatial frequency. The
control input u(t,s) for each node is a state feedback control, based on the state
information about itself and its direct neighbors. In [15], homogeneous interconnected
systems are studied using the Z—transform analysis. Furthermore, it is shown that
many homogeneous large-scale systems can be reasonably approximated by an infinite

number of coupled identical subsystems.

A LMI approach is presented in [16], for decentralized control of distributed pa-
rameter systems. They showed that, in order for any optimal control technique to be
successful, the structure of the system must be exploited in order to obtain tractable
algorithms. The control design problem is generalized to a H,, optimization problem
by repeating the interconnection structure in the controllers. The ideas are further
developed in [17] and [18] for the distributed control design for interconnected sys-
tems. In [17], a state space approach with highly structured interconnection topology
through spatial variables is presented. Also, implementation of the distributed con-
trol strategy explicitly given for spatially invariant systems. For such systems stability,
well-posedness and contractiveness conditions are shown in terms of LMIs. These ideas
are further exploited and developed in [19], [20], [21], [22] and [23] and also in several
articles and proceedings. In [19] and [20], it is shown that framework can be extended to
heterogeneous interconnected systems over arbitrary graphs and also quadratic supply

rates are defined for the interconnection variables. In [22], integral quadratic con-



straints are used to model interconnections between subsystems. In [23], the problem
transformed into a LPV problem in which subsystems could have parametric uncer-
tainty and online measurement of these variables as in the case gain scheduling. The
similarities between LPV control and distributed control are investigated. In a novel
paper for gain scheduling, it is shown that each linear fractional parameter must be re-
peated in the controller analogous to the fact that in H, control in [24]. This approach

allows us to treat gain-scheduled controllers for LPV systems.

1.2. Proposed Method

Our motivation is to design controllers for the strings of vehicles in which con-
trollers can schedule their gains via controller communication channel. This approach
is called distributed control approach in which interconnected plants are controlled
by interconnected controllers. The main idea is to put controllers whose dynamics is
similar to the dynamics of the plant. For instance, controller state dimension can be
taken to be equal to the plant state dimension. Also, this new communication channel
allows us to use more information in the control synthesis, this will bring us more
flexible design approach. Hence, by allowing the controller to use extra information
channel, we can formulate convexr conditions for the existence of output feedback con-
trollers. Notice that this is equivalent to the online measurement of parameters in LPV
controller synthesis. This is the main difference of distributed controllers compared to
the decentralized controllers. This method is closely related to IQCs analysis meth-
ods, dissipativity theory to large scale systems, in which interconnection supply rates

parameterized by IQCs.

Every vehicle must have sensing, actuating, and limited communication capability
for distributed control strategy. In our case, we assume that we have identical vehicles
which have the sensing, actuating, and limited communication capability. After these
assumptions, we can the exploit interconnection structure of the vehicle array and struc-
tured interconnections, in order to obtain tractable algorithms. Then, it can be solved
similar to LPV synthesis problem, if we capture vehicle interconnections via LFT frame-

work. Moreover, equivalent LMI condition, can be found, and it can be used for the



search of the desirable controllers. In short, we can design distributed controllers which
has the same interconnection structure as controlled plants.(Interconnection structure
of the subsystems should be repeated in the controllers.) By doing this, we allowed to
repeat the interconnection structure in the controllers similar to the fact H,, control.

This is actually sort of gain-scheduled control through interconnection channel.

To sum up, in this work we are trying to implement a distributed control strategy
to the vehicular string problem instead of decentralized control. The main objective is

to prevent disturbance amplification along the vehicle platoon.

1.3. Notation

We use standard notation, for a real symmetric matrix M is “positive definite”
if pPMp = 0 for all p # 0. We will use this condition as M > 0. For “positive
semi definite” matrix operators (>-) can be replaced by (>=). We denote the number of
positive, negative, and zero eigenvalues of a real symmetric matrix M as n,, n_, and
ng, respectively. Then inertia triplet can be defined as in(M) = (ny,n_,ng) . Also,
we denote composition of null spaces of the matrix M " as M. Equivalently, image of

M spans the kernel of M7,

A|B
C|D

represents the realization, where A € R™*"™ is state, B € R™*" is input, C € RP*™ ig

The notation is fairly standard in control theory. The LTI system P :=

output and D € RP*" is the feed-through matrix. In shorthand, we can write transfer

function of the system as

P(s)=C(sI — A)'B+ D.

Since we will be dealing assembly of finite number of subsystems, one can con-



catenate system matrices diagonally as

Ay 0 0

0 A 0
diag(A;) := e (1.1)
k<i<l 0

0 0 A;

Similarly, we can also concatenate vectors vertically as

Tk
Lh+1
kcﬁagl(xi) o : ' (1.2)
x

Additionally, we need to define p and ¢ as interconnection variables between
subsystems, since we will be explicitly using them in state space equations. We will

construct stability and well-posedness concepts based on these internal variables.

In certain places where the content of a matrix is obvious, we use a star ()

instead of the actual content for compactness reasons.

1.4. Organization of Thesis

The thesis outline is as follows: in Chapter 1, we provide a brief discussion of
literature and then introduce the proposed method and notations used throughout the
thesis. In chapter 2, we present spatially interconnected systems and give some ex-
amples of such systems. In Chapter 3, we show that vehicular string is a spatially
interconnected system. Also, we give spatially interconnected vehicle models. In chap-
ter 4, we analyze interconnected systems via integral quadratic constraints. Also, we
will define internal supply rates for each subsystem. Chapter 5 presents controller syn-

thesis methods and resulting LMIs node by node. In Chapter 6, we present a vehicle
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string model and synthesized distributed controllers. Also, we provide simulations of
resulting controllers and we will compare them with decentralized controllers. Finally

in Chapter 7, we give a summary of the overall study and we present our conclusions.
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2. INTERCONNECTED SYSTEMS

2.1. Arbitrarily Interconnected Systems

We can consider a large global system in which assembly of subsystems connected
arbitrarily as in Figure 2.1. In the global system, disturbance to the system d and
performance output z can be thought as a composition of vectors. Each sub-system
can affect the dynamics of others through interconnection variables. From Figure 2.1,
it can be seen that an interconnected system can be interpreted as a large multi input

multi output control problem.

P

Figure 2.1. Interconnected system

The global system in Figure 2.1 consists of an assembly of L subsystems which
are connected arbitrarily. However, if we focus inside composite plant, we can further
divide system with interconnections. Here our interpretation is that the whole system
can be viewed as a composite system. The interconnected system contains finitely
many subsystems P; which are interacting between themselves as can be seen in Figure

2.2.
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Figure 2.2. Interconnected system focused on internal variables

In Figure 2.2, we are focusing inside the large interconnected plant. Interaction
between them are explicitly drawn in Figure 2.2. The interaction between the sub-
plants are not restricted, so every sub-plant can affect the dynamics of any sub-plant
including itself. How can we formulate these internal variables explicitly? And how
can we pull out interconnection terms between units? We begin with writing the sub-
system dynamics first, including the interconnection terms. We identify these internal
variables as p; and ¢; respectively internal input and internal output of i*" sub-system.

Sub-unit system dynamics can be written as

G = Agri + Aggpi + Cid,

By this approach, we decoupled the sub-system equations. Now, we can write
sub-systems equations independently. Actually, we opened a new channel for the inter-

connection variables between sub-plants, since we know that the plants are interacting.
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We call ¢; as the internal output signal, and p; as the internal input signal at node
. These signals can further divided into elements by indexing where they came from
and where they routed. We call g;; as the output signal from ¢ and directed towards
to j™ element, also we call p;; as the internal input signal to the i® element which is
directed from ;' subsystem. From Figure 2.2, one can see that g;; can be related to

pi; by non-ideal communication channel Aj; as
pij = Djigji-

Given non-ideal channel, Aj;, can represent dynamic interconnections which include
loss or delays in the interconnection link [23]. The overall interconnection map between

p and ¢ can be defined as

A := P diag (diag(Aji)) :

1<i<L \1<j<L

where P is any suitable permutation matrix. Hence, we can represent overall intercon-

nection map as
q:= Ap,

where p and ¢ are defined as

1<i<L \1<j<L 1<i<L \1<j<L

pim et ((gat () and = et ((cat )

We constructed the relation between p and ¢, we can pullout these variables

outside the whole plant. Overall LE'T representation can be seen in Figure 2.3.
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Figure 2.3. Overall system LFT representation

The whole system equations can be written as

CatlgiSL (ZL’Z)
cati<i<y (QZ)

cati<i<r (%)

diaggz‘gL(AiTT) diaggigL (AiTs) diaglgigL (BZT> cati<i<r, (7;)
= diaglgigL (AiST> diag1gz‘§L (Afgs) diaglgigL (Bf9> cati<i<r, ()
diag1gigL (C%) diaglgigL (Cfs) diaglgigL (DZ) cati<i<r, (d;)

Or, more compactly,

T Aprr Ars Br z
q | = | Asr Ass Bg D (2.1)
z Cr Cg¢ D d

with obvious definitions.

Since, we used block diagonal matrices, we can always decompose system equa-
tions node by node. Actually, we have L equations in the form (2.2) for all i = 1: L.
We can write them separately, since we can decompose all equations. However, sub-
systems are still connected by our special state space representation. We call p; as
interconnection input vector composed of signals from other units. More mathemati-

cally, we can define p; = cat;<;<.(p;;), if we assume that all plants are connected to
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each other. If there is no signal between some units, we can skip those signals. Also,
output of i unit can be defined as ¢; = cati<;<1(g;;) where ¢;; output signal from i

to ;' unit.

qi = ng é‘s ch; Di (2-2)
2 Ci  Ci D d;

In Figure 2.4, we can see subsystem representations.

W |~

Py A?T A?S B, 0
t—® | Asr Ass  Bg >

Figure 2.4. Subsystem

The i*® subsystem realization can be seen in the Figure 2.5. The first channel is

for the internal variables, the second channel is the performance channel.

Di

> L > G
. I
i —

—— Z3

Figure 2.5. Subsystem realization

We will stick to this notation, because we can distinguish state variables, inter-
connection variables and performance variables easily. Most importantly, we can easily

represent sub-system independently as in Equation 2.2.

It will be more clear, when we show a 3 by 3 trivial example. If we consider that

we have three subsystems and all interconnections are exist and ideal. First subsystem
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has 6 interconnection elements 3 of them as input: one is from itself and the the other

two is from other elements, other 3 of them as output: one is to itself and the the

other two is to other elements. Same is true for other elements. Actually we have %
unique signals because all signals are counted 2 times because we used ideal channels

as p;; = ¢ji- We can write interconnection signals as

Pi1 P1
Di =1 Dpi2 and p=1| p,
Pi3 P3

Same applies to gq. After all, we can relate p = (PI)g where P is any suitable permu-

tation matrix for ideal channels. More precisely, p = Aq can be given as

i 700000000 P
. 000700000 ]| pe
(13 000000100 D1z
o 010000000/ pm
¢=| @ |={ 000070000 p|=Pp
(o3 00 0:000,0710 D3
g1 007000000/ pm
g3 ooofoozfooo P32
33 0000000001 P33

At subsystem basis, we have 3 equations in the form of Equation (2.2), or we have the

whole system equation in the form in Equation (2.1) and the relation between p and g.

For example, one can consider the following composite system where three sys-

tems dynamics are connected to each other

i‘l = —x + 011’2 + 02373 + Uy (23&)

L'Ug = —1.55(?3 + 02%1 + 05%2 + us (23C)
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We can rewrite system dynamics simply by adding interconnection channels.

T = —x1 + 0.1p12 + 0.2]913 + uy (24&
q12 = X1 (2.4b
Q13 = 11 (2.4c

Tog = —1.229 4+ 0.3pa1 + 0.4pa3 + us (24d

(o3 = T 2.4f
x3 = —1.523 + 0.2p37 + 0.5p32 + us (2‘4g
431 = I3 (2.4h

)

)

)

)

gor = T2 (2.4e)
(2.41)

)

)

)

q32 = T3 (2.4i

In this trivial example, we allowed an interconnection structure through spatial chan-
nel. By doing so, we are able to write systems of equations independently for each
subsystem. This will allow us to design controllers independently which has the same
interconnection structure. If the interconnection is ideal p;; = g;;, we can relate ¢ to p

by simple permutation matrix which actually defines the interconnection structure.
2.2. Spatially Interconnected Systems

Spatially interconnected systems have a fixed interconnection structure in which
units takes information from their direct neighbors in a spatial manner. All vehicles
are indexed based on their spatial location. For instance, if we assume that " unit is
incorporating with only its local neighbors (i — 2)%, (i — 1)™ (i + 1) and (i + 2)®

units. This type of interconnection is a fixed structure.

In this situation, incoming interconnection signal to i element p; can be written



18

as

Dii—2
Pii—1

pi = : (2.5)
Pii+1

Pii+2

Same holds for interconnection output signal ¢; from i*" element. Also different spatial
interconnections can be defined further by increasing the number of agents which are
incorporating. We can also expand these type of interconnection structure to more

spatial variables.

2.2.1. Spatially Invariant Interconnected System

Since our main problem is closely related distributed control synthesis of spatially
invariant interconnected system, we should show similarities between our approach and
the approach between [17]. Actually, we are using the same approach, however we
are not using spatial shift operators which is dependent on bilateral discrete fourier
transformation on the spatial domain. Hence, we are not dealing with infinite number
of agents. In [17], by defining spatial shift operators infinite dimensional stability can
be reduced to finite sized LMI problem. In [17], spatially invariant structure of the
distributed system exploited. In [17], a hybrid stability condition is presented, which
guarantees both continuous stability for temporal variables and also discrete stability

for spatial variables. For such systems dynamics at node ¢ can be written as

i = Abpwy + Arsps

q; = AiSTSCi + Agspi.

Due to spatial invariance, we can write ¢; = p;+1. Hence, the problem becomes a hybrid

stability problem whose dynamics are given by

i = Al + Apgps
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Pit1 = qu:rl'i + Ag'spi-

After discrete to continuous transformation in the spatial domain, system dynamics
are all converted to continuous state variables. Then one could design controllers for
the resulting continuous model. Details for the control synthesis for such systems can

be found in [17].

We want to focus on periodic ideal interconnections, we can always represent
spatial shift operators by a simple permutation matrix. We can show that ¢ and p are
coupled to each other. This permutation matrix is similar to the shift operators used
in [17]. For infinite case and more abstract ideas we can refer to [25]. We observe that
infinite dimensional shift operator shifts each signal in the backward direction. We can

also define forward shifts in a similar manner. Details can be found in [25] and [17].

943 = P34

P43 = 4934

P14 = 941
P41 = 414 P23 = 432

P32 = 4923

912 = P21

P12 = 921

Figure 2.6. Finite Periodic Interconnection

By exploiting the ideal interconnection structure in Figure 2.6, we can write following
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relation between p and ¢ as

Pia 0000'00'0 1 i
P1o 0 07 0:0 0:0 0 s
o - - -1l - -1 _ __ 1 _ ___ o
Pa1 0 7,0 0,0 0,00 G421
| | |
p23 OO:O O:I 0:00 QQ3
Das 000 7:0 000 .
| | |
P34 00:0 O:O O:IO g34
- 07 R e Y - 0T
P43 OO:O O:O [:00 443
Pai I 0,0 0,0 0,0 0 4u

This permutation matrix represents the graph structure or interconnection map of the

whole system. Hence, we show that for ideal channels p and ¢ can be related as

q = Pp.

2.2.2. Spring Mass Damper system

For clarity, we can investigate the following spring mass damper system as an
example of interconnected system. Let a set of spring mass dampers are ordered such
that in Figure 2.7 to form an array. It is obvious that the plant dynamics are intercon-
nected. How can we write system of equations in our description and interconnection

structure? We will give a clear example of an interconnected spatially invariant array.

Dii—1 qii+1
REES i 41|
Gi,i—1 Di,i+1

Figure 2.7. Spring mass dampers
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The dynamics of subsystem indexed at ¢ is both dependent to its direct neighbors
i —1 and i + 1, and obviously itself. The equation of motion for the i*" subsystem can

be written as

miZ; = k(xig — ;) + k(zio1 — 2;) + c(Ti1 — &) + (-1 — &;). (2.6)

For simplicity, we can take m = 1, k = 1 and ¢ = 1. The equation (2.6) further reduces

to
IZ = Ti+1 + X1 — 2ZEZ + «7.52'-',-1 + l“i—l - 2ZEZ (27)
From the Equation in (2.7), we see that the dynamics are coupled. In order to represent

dynamics of i*" subsystem, position and velocity information is required from its direct

neighbors. We can write system of equations at node 7 just by calling

Ti—1 X

Dii—1 Ti—1 qii—1 Z;

pi=| 10 =[- 7| and a=| """ — |-~
Dii+1 Tit1 qii+1 Z;

Tit1 T

By allowing this information structure, we allow that i*" subsystem takes position
and velocity information as input from its direct neighbors and sends its position and

velocity information to its direct neighbors.

It is clear that, at node i, we can write the following relation

i 0 10000 @
7 —2 —231111 @
N I 30 000 v | 28)
i 0 1'0000 i1
i 1000000 || @
i; 0 1]0000 i
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more compactly as

= e N (2.9)
q; ASTjAZSS Di

2.2.3. Two Dimensional Heat Equation

For further discussion, we can consider heat equation in two dimensional plate.
Heat equation is an important partial differential equation which describes the distri-
bution of heat (or variation in temperature) in a given region over time. For a function
u(z,y,t) of two spatial variables (z,y) and the time variable ¢, the heat equation can

be described as

=K 82_U+82_U _|_Q
S\ 022 02 '

For the mathematical treatment, it is sufficient to consider the case kK = 1. We try to
represent this system as interconnected system in a similar manner in [17]. A similar

example and a more detailed discussion can be found in [26].

We can discretize the governing PDE as

PU  Ulx+h,y) + Ul — hy,y) —20(z,y)

8$2 N hl
PU _, Uz + hy,y) + Ulx,y — hy) = 2U(2,y)
dy? h ’

by gridding the two dimensional plate and treating nodes as individual subsystems, we
can employ a distributed control strategy. However, the main point is that each node
has sensing and actuating capability. And also, we need limited communication capa-

bility between controllers. Assume that A; = 1 and hy, = 1 for simplicity. Dynamics at
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node (s1, $2) can be written as

Ul(t,s1,80) = —4U(t, s1, S2)

+ U(t7 S1 + ]-7 82) + U(ta S1 — 17 82) + U(ta S1, 82) + U(tu S1, 82) + Q(t7 S1, 82)7

where U (t, s1, s2) is temperature of at that node (s1, s9) and time ¢ and the related 2-D

grid is shown in Figure 2.8 .

S1,82 + 1
@ — @
sp— 1,82 S1, S2 s1+ 1,82
@ L 4 @
S1,80 — 1
4 — @

Figure 2.8. Two Dimensional Heat Grid

System dynamics at node (sg, $2) can be given as

—4'1 11 1'1
B el e et el

. 1100000

U(ta81732) : : U<t’81732)

———————— 1:0000,0 A

q(t,s1,82) | = | | p(t,s1,8) |- (2.10)

——(—————)— 1'0000'0 Q(iﬁ)

Ul(t,s1,s | ! l,s1,s

b 17000000 b

1:0000,0
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where p and ¢ are defined as

t,s1+ 1,589

t,Sl — 1,82

q(t, s1,82) = and  p(t, s1,82) =

-

t, 51,89 + 1

/N /N /N
~+
VA
—
I’
DN
— N N~
~~ o~
~—  ~— N~ =

t,Sl,SQ —1

At last, we have showed that one can easily represent spatially interconnected
systems by this approach. Also, we have showed that discretized approximations of
partial differential equations are well suited to this framework. Now, we are ready to

build interconnected models of vehicle platoons.
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3. VEHICLE PLATOONS AS INTERCONNECTED
SYSTEMS

Vehicle platoons can be seen as an example of interconnected system, since the
relative spacing error is dependent both on absolute position of the vehicle itself and
the preceding vehicle. Hence, we can say the dynamics of each subsystem are coupled.
Similar to the spring mass damper example in the previous chapter, we can represent

system of equations at each node independently.

The vehicles are placed on a line and form an array. Hence, when we say strings
of vehicles, we refer an array of units lined up sequentially. Here s represents the
vehicle index and t stands for time. Hence, when we call z4(t), we refer ¢ as time
and s as vehicle index. We need to define errors based on the definitions of absolute
positions. The vehicles in the string are unmanned so their actions solely depend on
controller actions, except than the lead vehicle. The main point is the leader imposes
some spacing error due to an unexpected velocity variation in the lead vehicle. We

may index the lead vehicle as zero zo(t).

-
-

xsfl(t

ZES(t) (L'S+1zt)
Lead 1 |- s—1 s s+1|--- N
(OO (OO (OO (OO (OO O O

~—

Figure 3.1. Vehicle Platoon

Here our aim is to decide control actions at each unit as us(t). Acceleration of
cach unit, Z(t), is controlled by us(t) as in the double integrator case. We assumed
that m = 1 for simplicity and we use us(t) and a,(t) interchangeable. One can always

choose to work with m # 1 by defining the relation us(t) = mi,(t).
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3.1. One Directional Models

Our original idea is to build interconnected vehicle models, then design controllers
similar to plant structure. At first, one directional models are built. We define spacing

error and take derivative of it, as can be seen in (3.1).

es(t) == w5_1(t) — xs(t) — Ls,,, (3.1a)
= 6,(t) = Fs_1(t) — @(¢) (3.1b)
= E4(t) = Ts_1(t) — T4(t) (3.1¢)

It is obvious that the vehicle dynamics are coupled, if we consider spacing error as a

state variable.

3.1.1. Control Inputs Transferred/Incorporated

We can build one directional models with input variable transfer through spatial

variable. We have the following spacing error definition and its derivative relations as

es(t) == x5 1(t) — 24(t) — Ls,,,
= é4(t) = T5_1(t) — @4(t)
= E5(t) = Ts_1(t) — T5(1)

= us_l(t) — us(t).

We defined state and interconnection variables as

r(t) = (fs(ﬂ (3.2a)
és(t)
ps(t) == us1(t) (3.2b)

qs(t) = us(t). (3.2¢)
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The resulting dynamics at node s can be given compactly as

0 010 0 es(1)

, %SEQ = ,Q,QL{Lj} , . ,éf(é), . (3.3)
sl 00,00 L ] weal®)

ys(t) 101010 us (t)

This formulation shows us inputs are coupled. Hence, we have a spatially intercon-
nected model in which preceding vehicle acceleration information required in order to

represent subsystem dynamics.

3.1.2. Absolute Velocity Transferred/Incorporated

Also, another formulation brings us absolute positions coupled. In this model, we
required the absolute velocity transfer through spatial channel. We have the following

spacing error definition and its derivative relation as

es(t) = xs_1(t) —xs(t) — L

Sdes

= 6y (t) = iy (1) — (1),

We defined state and interconnection variables as

ety = | @0 (3.40)

vs(t)
ps(t) := &s-1(t) (3.4D)
qs(t) := @5(1). (3.4c)
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The resulting dynamics at node s can be given as

éo(t) 0 —1'1" e (1)
an | o oon || ae | .
Fa(t) 0L 00 ] Eeal®)
ys(t) 101010 us(t)

This formulation shows us vehicle array can be modeled as spatially interconnected

system, if we transfer absolute velocity through spatial channel.

3.2. Two Directional Models

Also bilateral models can be built by introducing two sided error formulation.
Here, we need to define spacing errors slight differently. We defined e,, as forward

spacing error and e, as backward spacing error in (3.6).

es;(t) = 25 1(t) — 24(t) — Laes (3.6a)
es, (1) = xsy1(t) — 25(t) + Laes (3.6b)

We can define combined spacing error as and its derivative relation in (3.7). Then, we
can combine these errors by introducing a factor o between (0,1). For simplicity, we

assumed that desired inter spacings are equal.

es(t) = ae,, (1) + (1 — a)ey,(t) (3.7a)
= axs1(t) + (1 — @)zs41(t) — zs(t) (3.7b)
= é4(t) = avs_1(t) + (1 — a)vg1(t) — vs(t) (3.7¢)

We can select o = % By taking derivative of combined spacing error, we can get the

following relations in (3.8).

L i) 4 Lz (1) — () (3.82)

es(t) =5 2



= 6,() = goa(t) + gveea(t) — va(0)
= 6.() = 5001 () + g (h) — 0.0

3.2.1. Control Inputs Transferred /Incorporated
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(3.8b)

(3.8¢)

We can build two sided models, as we did in one directional case. We defined the

interconnection variables as

qs(t) == ol
US(t)

pty= [ 0
Us+1 (t)

01'00'0
es(t es(t
Q 001 Li1 (t)
és(t) S b é,(t)
7777({77 =]lo0000 1 77%37
qs(t | | ps(t
,,,,,E;, 000 01 ——23—
ys=¢es(t) /| " vy~ Ug(t
1 0,0 0,0

where the inputs coupled.

3.2.2. Absolute Velocities Transferred /Incorporated

(3.9)

Also, absolute velocity information could be exploited through spatial channel.

We defined state and interconnection variables as

vs(t)

vs(t)

qs(t) ==
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'Usfl(t)
Us—l—l(t)

ps(t) =

Two sided interconnected model of the each vehicle in the string can be given as

é4(t) ’ _13% %30 es(t)
0 000t
O 0 1!00'0 RAVN S (3.10)
e 0 110 000 slt)
R U R TATY A

We modeled identical vehicles which are incorporating with their direct neighbors, in
order to ensure stability and attenuation of disturbance along the platoon. A slightly
different two sided vehicular string model can be found in [21]. By this way, we can

represent each vehicle independently.
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4. SYSTEM ANALYSIS VIA 1IQCs

We have L subunits connected to each other, we try to analyze stability, well-

posedness and dissipativity for such systems.

4.1. Composite System Equations

In order to represent subunits and interconnection elements, we can write system

equations of i subsystem as

¢ | = | Asr Ass By pi |

where p; is the input interconnection signal to the i'" subsystem, ¢, is the output of
interconnection signal to the i*" subsystem on the spatial channel, d; is disturbance to

the " subsystem and z; is the output of the i subsystem on performance channel.

Throughout this chapter, we will be using block diagonal system matrices which
are constructed by diagonally concatenating sub-system matrices. Also, vectors are
concatenated vertically to form z, d, z, p and ¢q. By using this notation, we can

compactly write interconnected system as

T App Arps Br z
qg | = | Asr Ass Bs P
z CT CS D d

By this approach, we can always write decoupled system equations compactly.
Whole system can be represented as follows in Figure 4.1, where P composed of sub

units P; and 7 varies between 1 and L. A includes both interconnection map, loss and
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delays in the commination network and also linear parameter changes in the i*" node

throughout A;; for all ¢ from 1 to L.

P

Ay Ajj
Pii Qii Djj 44
qij Dji
Iz P;
Dij dji J
Aji
—> —> —> —>
di Zi dj Zj

Figure 4.2. Non-ideal arbitrary interconnection between ¢ and j

For non-ideal interconnection structure in Figure 4.2 [23], we can always relate p

and g as

p = Aq.

And by suitable permutation of variables in p and ¢, we can always define A such that

self supply variables and interconnection variables decomposed as

p=:Ag,
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where

- A, 0
A
0 Ag

Here, we defined A, as

which is similar to uncertainty block in LPV control, A;; actually represents the linear
parameter changes in corresponding subsystem, and 4, is the unusual variable which
represents the interconnection structure. In case for ideal channels with no paramet-

ric uncertainty. A reduces to a certainty block which represents the interconnection

topology.
I —
P ij " Pii P.
) J
Dij In” qji
— L > —» L
d; Zi dj Zj

Figure 4.3. Ideal arbitrary interconnection between arbitrary units ¢ and j

From the Figure 4.3, we can say that

Pij = Qji-

For spatially interconnected periodic systems, it is more like a permutation matrix. If

the interconnection is ideal, we can relate p and ¢, by a certain block Aq as

p = Aoq.

Here ideal interconnections constitute the permutation Ay, and the whole problem can
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be cast as seen in Figure 4.4.

P

Figure 4.4. LPV like representation with fixed interconnection A

4.2. Interconnection Supply Rates

Previously, we defined interconnection vectors as

p= cat (p;)= cat (cat (p,-j))

1<i<L 1<i<L \ 1<j<L

and

g= cat (¢;) = cat <cat (qij)).

1<i<L 1<i<L \ 1<j§<L

Most generally, we can define the interconnection supply rate P as a function of inter-

connection variables p and g as

P :=P(p,q).

4.2.1. Quadratic Supply Rates

In particular, a quadratic interconnection supply rate is defined in [22] as

T
P Q S P

ST R q
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This definition will be useful in the analysis of interconnected systems. We will be
using quadratic supply rates. And we will call then interconnection supply rate. Next,
we will switch to proper subclass of these supply rates and we will call them node by

node supply rates in which matrix variables are constrained to be block diagonal.
4.2.2. Quadratic Supply Rates Node by Node

Let P; a supply rate function at node . We can constraint P as the sum of all

supply rates at each node. Then, P can be written as

And also we can further constraint internal supply rates signal by signal P; as the sum

of all supply rates for each signal as

L
Pi(pis ¢;) = Zpij<pij7 Gij)-
j=1
We will be using these as interconnection supply according to the definitions above.
Depending on the situation, we will be using node by node supply rates or signal by
signal supply rates. For decomposition of sub-systems node by node supply rates are
satisfactory. Since, we are especially interested in quadratic supply rates node by node

basis. We can define P as quadratic interconnection supply rates as

T

L
Di Qi S; Di

P(p.q) ==Y .
i=1 qi Si R; qi

Similarly, quadratic supply rates can be defined signal by signal as

T

L
Dij Qij  Sij Dij

Pi(pi, i) == Z T

j=1 \ ij S@']’ R;; dij
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However, this particular choice will put a heavy constraint on system and not required

for decomposition purposes.

We used node by node supply rates in which the sum of all P; constitutes the
overall P. Based on the block diagonal structure of @), S and R, we can get rid of

summation over ¢ as

T
i Qi Si i
Pp.a) =) .
i=1 i S; R 4
T
[P Q@ S p
q ST R q

Here, we restricted IQCs node by node basis. Actually, we designed 1QCs are ordered
in subsystem basis. IQCs for different sub-systems are not interrelated. Since we used

block diagonal IQCs, we can directly decouple whole system to a node by node basis.

One can choose to work with full block multipliers. In that case, analysis condi-
tions whole system cannot decoupled to individual units. Hence, whole system of LMIs
should be solved simultaneously which will bring us a computational cost similar to
centralized control computational cost. Actually, solving whole system equations and

synthesizing controllers will lead to large centralized controllers.

To be clear about the internal energy supplies, we must repeat the following

multiplier definitions which we used in particularly for node by node basis supplies as

1<i<L

R = diag(R;)
1<i<L

S = diag(S;).

1<4<L
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4.3. Analysis via IQCs

In this section, we provide an analysis test that is based on finding constant
quadratic Lyapunov function and suitable quadratic supply rate, in order to guaran-
tee well-posedness of the linear fractional transformation, stability and performance,

specified as quadratic performance for the system given in (4.1).

T Aprr Ars Br z
q | = Asr Ass Bs P (4.1a)
z CT CS D d

p = Ag. (4.1b)

Theorem 4.1. [23] The system given in (4.1) is well-posed, stable, and dissipative, if

there exists

Xp=XE =0,
R,=R] =0,
and Q = QT, S, R = R such that
T
A Q S A
Pa = =0 VAGA,

I ST R I
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and
T ! |
I 0 0 0 Xz'0 0'0 0 I 0 0
| |
ATT ATS Br Xr 0 : 0 0 : 0 0 ATT ATS Br
o I 0 0 0.,Q S 0 0 o I 0
J = w \ < 0.
AST ASS BS 0 0 : ST R : 0 0 AST ASS BS
,,,,,,,,,,,,,,,,,,, SRS S I - A
0 0 I 0 010 0'Q, S 0o 0 I
Cr Cs D 0 0.0 0,8 R, Cr Cs D

Proof. We give the proof in three steps. [21]

(i) Well-posedness: The system given in equation (4.1), d — z admits the alter-
native representation by using the relation in (4.1b), and suppose there exist positive
internal supply rates Q = Q7, S and R = R” such that Po = 0 for all A € A and
J < 0. Apply upper LFT to the overall system in (4.1a). We have dynamical system

as function of A.

Arr + ATSA(I — AgsA)_lAST Br + ATsA(I — ASSA)_lBS
Cr+ CsA(] — AssA)flAST D+ CsA(I — ASSA)ilBS

The function above is continuous on A if

(I — AssA) (4.2)
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I A
is invertible VA € A. Thus we need show is nonsingular VA € A.

ASS I
By introducing the concept of topological separator, the feedback system can be said

S
well-posed if there exists @ such that Pa = 0 for all A € A and

ST R
T
I S I
? =< 0. (4.3)
Ass ST R Ass

Since J < 0 particularly for z(0) = 0, and d(¢) = 0 implies inequality (4.4).
T
I O S I

+CLR,Cs <0 (4.4)
Ags ST R Ags

We use the fact R, > 0, then (4.3) satisfied. This completes the proof of well-posedness.

(ii) Stability: Suppose the interconnection is well-posed and suppose there exists
Xr = XL = 0. We have two set of equations for the unforced dynamics of the system.

The first equation J < 0 implies that if we pre and post multiply by a nonzero vector

X

p | and its transpose

0

0 Xy 0 0.0 0 I 0
| |
Xp 010 010 0 Aprr Arg
,,,,,,, e R
0 0 S, 0 0 0 I
0> 7 57 Q5 v
0 0, ;S" R,0 0 Asr Ass p
,,,,,,, et R B Pl
0 010 0'Q, S, 0 0
0 0.0 0,8 R, Cr Cs
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0 Xr'0 0 z
|
Xr 0.0 O T
S I o +2TR, <0
0o 0, Q@ S P
0 0.5" R q
Alternatively, we have
T T ‘
v I 0 0 Xr'0 0 I 0 v
0 T ATT ATS XT 0 : 0 0 ATT ATS T
b --1 1--------1 1------- --—-—==-11--=-=--=--- - - -
P 0 I 0o 0,Q S 0 I P
q Asr  Ass 0 0.5 R Ast  Ass q
T
X CT T
+ B, (cr os)
p Cs p
T
A S A
=o' Xpi + &7 Xz + g7 © q+ zTsz
1 ST R 1

Since, we know P, is positive VA € A, and R, > 0, the above equation reduces to

= o' Xpi + &7 Xqpx < 0.

This completes the stability part.

(iii) Performance: Finally, when a disturbance applied as d, we pre and post

T

multiply J by | p | and its transpose.



We have the following inequality as

0 X' 0 0'0
| |
Xr 0:0 0:0
0 0, S0
0 54T 4T @ 5
0 0'ST R'O
,,,,,,, 2t
0 010 01Q,
0 0,0 0,87
0 X' 0 0'0 0
X7 030 030 0
1 0 0@ sio0 o0
— % | |
0 0'!'ST R'0 0
,,,,,,, S
0 010 0'Q S
0 0.0 0.5 R,

8

QIR B s

ST

1 0 0
Arr Ars Br
0 I 0
Ast Ass Bs
0 0 I
Cr Cs D
s, \ [ d
R, z

If there exists multipliers Q@ = Q7, S and R = R” such that

or equal to zero on

o Xopi + &7 Xpx + dTde + dTszi + zTS;;Fd + zTRpZ <0

Then, we can guarantee that sum of potential rate and supply rate is negative. Now

. Then, we use the fact P = 0 VA € A, we get

ST R

we have proved performance part.(Similar to KYP Lemma)

Remark 4.1. Special cases for quadratic performance index [27].
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is positive

(4.5)



42

(1) Select performance index P, as

P Qp Sy _ —~I 0

P T 1
S, Ry 0 ;I
guarantees that the L£o-gain of the whole system d + z is smaller than ~.

(ii) Select performance index P, as

b (@ s\ (o1
o\ ST R, I o

guarantees dissipativity of the system d — z, generalizing positive realness.

(iii) We can always prove contractiveness by choosing performance index P, as

Q, S, 10
ST R, 0 I

Decomposition of whole system LMIs could be done by exploiting the succeeding
observation. The following inequality holds

X 0
0 X,

> 0,

if and only if

X >0

Xo>=0

hold.
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For example, we can always reduce the following LMI

T ‘
I 0 0 0'X, 0 I 0
0 I 0 0.0 X, 0 I
777777777777 - - ----1 =<0
A 0 X, 00 0 A 0
0 A2 0 X1 0 0 0 A2
to a smaller set of LMIs as
I 0 X I
<0
Al X: 0 Al
I 0 X5 I
<0
A2 X, 0 A2

Since, we used block diagonal matrix variables. Using the fact above, we can decompose

the whole LMIs from i =1: L as

T ‘ ‘
I 0 0 0 Xi'0 0! 0 0 I 0 0
. , \ | '
Abn Ay Bi X; 0010 010 0 Ab A Bi
o I 0 0 0.:Q S0 0 0o I 0
| w w | <0
Asr Ass By 0 0,8 R0 0 Asr Ass By
,,,,,,,,,,,,,,,,,,, RO B A
0o 0 I 0 010 0'Q, S, 0o 0 I
ci. Ci D 0 0.0 0.5 R, ci. Ci D
Proposition 4.1. [19] Let the quadratic form P be defined on RY x RN by
L
Pp.q) = Zpi<pia qi) (4.6)
i=1

then P vanishes on the interconnection subspace Sz which is defined as

St = {(p,Q)ERNXRNiqzj:pij Vi,j=1:L} (47)
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for ideal connections.

So by the use of Preposition 4.1, we can always guarantee that the quadratic
supply of interconnection channel is always zero or positive on 87 and negative on Si

which is defined as
S =1 (p,q) e RN xRV : Plesy vi=1:1V,

also equivalently

I
SB =im . (48)
Ass

Remark 4.2. For ideal channels A is a permutation matrix. By the use of Preposition

A
4.1, we can say that the interconnection subspace Sz defined on P - q
q 1
p I :
and Sp defined on = p. By using the above arguments, we can argue
q Ass

that Sz and Sp topologically separated. We know that Preposition 4.1, P vanishes on

the interconnection subspace [19]. This result implies that
SrNSp = {0}.
This result is useful for both stability, cause it proves that quadratic supply for inter-

connection variables is always greater than or equal to 0, and well-posedness from the

view of topological separation.

For the perfect interconnection case, we have p;; = g;; we can relate p = Aggq by

simple permutation matrix Ay. We can write quadratic supply for the interconnection
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signals more explicitly as
T

D Z Z Pij Qi;  Sij Pij

T
1<i<L 1<5<L qij Sz‘j Rij Qij

Using the symmetry, we can further put constraints to our system.

D Z Z Dij ' Qij + Rji  Sij + 5], Dij
1<i<L i>j \ ij 55 +S5 Rij + Qs Qij
We can choose @), S and R such that
Qij + Rji =0
and
Sij + 55 =0.

With this specific parametrization, we can always guarantee P = 0. By this approach,
we can provide neutral interconnection for ideal interconnections. Hence, this con-

straint imposes (); and R; are coupled to each other. And S;; is skew symmetric [22].

Remark 4.3. For neutral (ideal) channels, we can restrict P as

T

AV Q S Ay
I ST R 1

=0.

. . . T
Hence, we can use the following interconnection supply Q;; + R;; = 0 and Sj; +.55; = 0
[22].  We must notice this particular choice will certainly introduces conservatism.
However, in this particular choice, we do not need to solve interconnection relation

which is imposed by the interconnection map.
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4.4. An Example With Two Subsystems

We can give an example with two subsystems. Lets consider that we have two
subsystems that are interconnected via an ideal channel, and each subsystem has linear
parameter changes as can be seen in Figure 4.5. This particular example will increase

our understanding for such systems.

qi,1 qz,2

\ J gi,2 = P21 v
-

A1l P > Py A2
P12 = Q2,1

b1 D22

Figure 4.5. Two by Two example

We defined internal supply rate for whole system as follows

T

D Q S P

(4.9)
q ST R q

If we restrict our supply choice as we did in signal by signal basis such that @); =
diag;(Q;;). For both i = 1,2 We have the following interconnection supplies. First

consider the element at node ¢ = 1, we have the following supply P; as

T |
Pu Qu 0 Sy 0 Pu
|
0 0 S
b 0 @i 05 2o (4.10)
q11 Sﬂ 0 : R11 0 qd11

q12 0 SIT2} 0 Ry q12
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Now consider the element at node ¢ = 2, we have the following supplies P as

qi11
q12
q21

T ‘
D21 Qan 0 Sy 0
|
D22 O QQQ | O 522
7777777 + —_— e — — — — -
421 Sng 0 : Ryy 0
|
G22 0 SQTQ | 0 Ry
We can write sum of the supplies as
T ‘
P11 Qu 0 0 0 S: 0 0
|
D12 0 Qi O 0 | 0 S 0
D21 0 0 Qau O : 0 0 Sy
|
D22 0 0 0 QQQ : 0 0 0
q11 Sfl 0 0 0 : Rll 0 0
|
q12 0 SL 0 0,0 Ry O
|
G21 0 0 S3; 0'0 0 Ry
(22 0o 0 0 SLio0 0 0
Use the interconnection relation as
p=Aq,
and particularly as
P11 Ay; 00 0
P12 0 0 I 0
Do1 0O I 0 0
P22 0 0 0 AQQ

We require that

q22

ATQA + SA+ATST + R0

P11
P12
P21

D22

q11
q12
q21

q22

(4.11)

= 0. (4.12)

(4.13)

(4.14)
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This constraint yields the following inequality

AT QuAy 0 0 0 'ATS, 0 0 0 4
0 Q21 0 0 i 0 0 Si2 0 q12
0 0 Q2 0 .0 So1 0 0 21
ol 000 AMQaAml 0 0 0 ALSa |l |
STAL 0 0 0 Ru 00 0 an
0 0 S 0 0 R, 0 0 Q1o
0 S0 0 i 0 0 Rxn 0 421
0 0 0 SLAn 1 0 0 0 Ry (22
(4.15)

If we select @@, S, and R such that

Qij+ Rji=0 Vi#j
Sij+55=0 Vi#j.

By choosing above parametrization, we can always guarantee P > 0. Only by solving

T T
Ay 0 Qu 0 Ay 0 N Ay 0 S 0
0 Ay 0 Qo 0 Ay 0 Ay 0 Sa
T
S 0 S 0 Ry O
+ =0 VA € Aqq,Ag € Ags.
0 322 0 522 0 R22

We explicitly show that @);; is related to Rj; for ¢ # j . By this particular choice we
can directly get rid of interconnection variables and reduce the problem to the LPV
problem. However, this approach introduces certain level of conservatism in expense

of computational convenience.
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5. DISTRIBUTED CONTROL OF INTERCONNECTED
SYSTEMS VIA IQCs

In the control synthesis procedure, our objective is to find an interconnected
dynamic controller such that the closed loop system should satisfy the LMIs given
in Theorem 4.1. Our synthesis method solely depend on feasibility of LMIs and the
controllers are synthesized by using linear matrix variables. We will be extracting
controllers similar to LPV control synthesis. Details can be found in [28]. A more close

approach can be found in [23].

We restricted our matrix variables as block diagonal, so we can always decompose
system. Decoupled LMIs are used, in order to synthesize controllers separately. One
might choose to work with full matrix variables for whole system equations to synthesize
controllers. This will bring a computational complexity and will lead to centralized
controllers. However, the search for such stable controllers will be certainly in a larger
set. Hence, by restricting matrix variables to be block diagonal, we avoid computational
complexity and we are searching controllers in a smaller set. We are trying to find
simple controllers which can be implemented to each vehicle separately node by node

basis.

5.1. Closed Loop

Plant P has the following dynamics

ATT ATS BT BTU

q b
Astr | Ass Bs Bsy

z = d |,
Cpr|Cps D E

y u

Cr | Cs F 0

where y represents the measurement and u represent the control input.
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The controller K has the same structure as the plant

Abr | As Bly
- A@T A]qu Béy . (5.1)
ck | ¢t pr

Controller decides the control actions u based on the measured output y. The controller
communication channel uses p* and ¢* as spatial controller variables. The relation be-
tween p* and ¢* is a replica of the relation between p and ¢. This leads to a distributed
controller which shares its interconnection topology similar to the plant interconnec-

tions. The relation between them could be written as

p=24q
Pk = Ak’qk-
| A <
p q
L .

d P Lz
U y
9k Ak Dk
L K .

Figure 5.1. Open Loop Plant and Controller structure

The controller relates measured output y to the control input u. By adding the con-

troller dynamics, we can write closed loop equations as

Tz, Arr Ars Br T,
@ | = | Ast Ass Bs Pe |- (5.2)
z CT CS D d
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where
p
Te 1= , Pei= and q.:=

After applying a lower LFT to representation given in Figure 5.1 ; we can get the closed
loop system P,;, which depends on both plant and controller dynamics as can be seen

in Figure 5.2.

De AC:|:§ 0 -I qdc

Py(P K)

Figure 5.2. Closed Loop Plant

After simple algebraic operations, we could give closed loop system as follows

ATT O‘ATS O:BT

|
ATT:-ATSlBT 0 0: 0 0: 0
=== |------ N |
Ast ! Ass 'Bs | = | Asr 0 ' Ass 0, Bg
777777777777 | |
Cr  Cs 1 D 0 010 0'0
S A i

0 0 Bry
I 0 0 Ak Ak Bk, 0 I 0 00
+| 0 0 By Ak, Ak, Bk, 0 0 0 I 0
01 0 ck ck Dk Cr 0 Cg 0 F
00 E
=: Uy +UpKUgc.

The closed loop system should satisfy the requirements in Theorem 4.1. Here, the

only unknown is the controller K. The variables Uy, Ug and Ug is dependent only
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plant dynamics. By eliminating the dependance on K, we could apply Theorem 4.1
for the closed loop system. We should use parameter elimination lemma, in order to
eliminate the dependance on K. This can be done by pre-and post multiplying (UZ), .
Then transpose of closed loop, pre-and-post multiplied by (Ug), in order to get dual

equation. Details can be found in [28].

Theorem 5.1. [28] The following statements are equivalent:
(i) There exists a controller (5.1) such that the closed loop system (5.2) admits a

symmetric X¢ > 0, and a symmetric multipliers c e =0 on ‘ for all

ST R, I
A € A, that satisfy the LMI

T ‘
./47’7’ »ATS Bt 0 0 0 :X € 0 0 ATT ./47’5 Bt
|
Ast Ass Bs 0 R O : 0 (Se)T 0 Ast Ass Bs
Cr Cs D 0 0 Rei 0 0 (ST Cr Cs D .
————————————————————— o mmm— T = - == =-—-=-—--1 < U.
1 0 0 xXe 0 0,0 0 0 I 0 0
|
0 I 0 0 s 0 0 Q° 0 0 1 0
0o 0 I 0 0 S0 0 QO 0 0 I
} | | - S Q S
(i1) There exists symmetric X, and Yr and multipliers , and o
ST R ST R
with
T
A S A
Q . 0
I ST R I
and
T ~ ~
I S I
N o

|
>
S
n
S
myl
|
>
S
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for all A € A, that satisfy the LMIs

0 X7'0 0'0 0 I 0 0
| |
Xr 010 010 0 Arr Ars Br
0 0.Q Si0 0 0 I 0
e :Q : v <0,
0 0'S R'0 0 Asr Ass Bg
,,,,,,, P S S I e e
0 010 0'Q, S 0 0 I
0 0.0 0.5 R, Cpr Cps D
0 YT: 0 0: U A%T (AET CIZ;T
| |
Yr O | 0 0: 0 0 1 0 0
777777 L~ o~ T T oS- - T T T
0 0'ST R'0 0 0 I 0
,,,,,, S N
0 010 0'Q S -BL  —-BL DT
0 0,0 08 R, 0 0 I
and
X 1
‘ -~ 0.
I Y7
where ® and ¥ are defined as
BTU C%:
®:=| By and V= [ C¥
E FT
1 1

Proof and more detailed treatment can be found in [28].
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5.2. Closed Loop Subsystem

We can decompose the composite system into the subunits, since we restricted
linear matrix variables to be block diagonal. Then synthesize distributed controllers

at each node separately. Plant dynamics at node i, as P,

; A Abg By Biy Li
4% | Ay Ass By By Di
2| | ¢y iy DB d;
Yi C. CiL F' 0 U

where y; represents the local measurement at node i and wu; represent the local control

input for the ¢ subsystem. Controller K* has the same structure at node i as

a:f (AiTT)k (Agrs)k (B%er 375
qzk = (Ang)k (Afs*s)k (Bgy)k pf (5.3)
uj (CR)F (CyF (DY) Yi

Hence, we know relation between u; and y;, we can give the closed loop dynamics at

node 7 as
Ay 0] Apg 0] By
ArrArs' BP0 000 000
Asr' 1 Ass ' Bs' | =| Al 0] Ass 0By
’1251*5;*]755’ 0 03 0 03 0
Chy 01Chs 01D
0 0 Biy,
I 0 0 (A7)t (Arg)®  (Bpy)" 0O 7 0 0 0
+1 0 0 By (Asr)® (Age)™ (Biy)" 00 0 I 0
01 0 (Ci)F (Ci)k (D) Ci 0 CL 0 F
00 E

= UY + UsK'UL..
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We want to further emphasize some points regarding variables p¥ := cat;<;< L(pfj)
and ¢f := cati<j<;(¢};) in the spatial controller channel. Controller communication
channel has the same structure as the plant interconnection. That is to say, if there
exists an interconnection signal between ¢ and j, such that p;; = A;;q;;. That intercon-
nection signal is repeated in the controllers between ¢ and j, such that pfj = (Ay) kqu
Hence, when the plant dynamics of i*" unit affected by the j* unit, same interconnec-

tion is repeated between controller units ¢ and j.
5.3. Solvability Conditions and Controller Construction

We can decompose the overall LMIs in Theorem 5.1 into the smaller LMIs at

each node, since we restricted linear matrix variables to be block diagonal.

Corollary 5.1. /23] There exists a distributed controller defined by (5.3) which achieves
quadratic performance for the closed loop system, if there exists Xp = X1 = diag,;_;.; (X%),
Yr = Vi = diag,_,.,(Y{), Q = QT — diag,_,;(Q)), § — diag,_,.,(S;) and R — RT —
diag, ;.. (R;) such that Pa = 0 for all A € A and

0 X:2'0 0'0 0 I 0 0
. I I .
K 070 070 0 Arr Aps Br
| |
g 000 @ S 00 : [ " <o, (5.4a)
0 0'ST R'0 0 A, AL, Bi
,,,,,,, BocH RN ) <t -
0 010 0:Q, S, 0 0 I
0 010 0.5 R, Ciy Chg D
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0 Yz, 0 0,0 0 —(App)t —(Asp)” —(Chp)"
) | |
Y 0 | 0 0 | 0 0 1 0 0
****** bl I B ittt
LT 0 0 :C?z ~z: 0 0 (Arg)T —(Abe)” —(Che)" B, > 0,
0 0'87 R'0 0 0 I 0
777777 (I - - - - - - - - - - - - - - - - -=-
0 010 001G, S || —mT —myT 0y
0 0.0 0,5 R, 0 0 I
(5.4b)
XiT |
| -0 Vi=1:L, (5.4c)
I v
By (Cp)"
where @ and V' are defined as ® := | Bi, and U := | (CL)T Vi=1:L.
i T
E N (F") .

We give Corollary 5.1 as an extension of Theorem 5.1 by exploiting the block
diagonal structure. If the above decomposed LMIs solvable from ¢ = 1 : L, we say there
exists distributed controllers K; at each node. Solving these inequalities in Corollary
5.1 is equivalent to search stable controllers for the corresponding unit. Then, we can

construct controllers node by node.

We can construct controller in the same way as in LPV control. Construction
of the controllers node by node can be found in [23], also more detailed and general

discussion can be found in [28].

We want that the resulting closed system should satisfy the LMI in (5.5) for all



7 from 1 to L.

0 0 0 'Xs 0 0 Arr' Ars' Br

|
0 R 010 (S)" 0 Ast' Ass  Bs
0 0 R, 0 0 (ST Cr  Cs D

*T ,,,,,,,, Illi,,,,,,,,g,pl),, ,,,T,,,,S ,,,,,, <0

X0 0'0 0 0 I 0 0

|
0 S 010 @ 0 0 I 0
0 0 S°,0 0 e 0 0o I

S7

(5.5)

The construction of the controller is straight forward and includes some manipu-

lation of the variables. After having solved the all LMIs form 1 to L, the only unknown

remaining is the controller. We can construct the controllers directly by following the

procedure below.

e We simplify the inequality in (5.5) as

T
Uy + UsK'U, ; Uy +ULK'U, 0
e <
I 1

e Open up the above the inequality as
K'UL Up Uy, [ Uy Uy KU 0
. =< 0.

I 0o I 0 I 1
e Define I'? as
I Up U, Up U,

o 1 /) "\ o I

(5.7)
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Then the inequality in (5.7) reduces to

T
KUs\ [ KU

1 I

< 0.

e By using the inertia arguments in [28]. We can write the dual inequality as, in

order to put K* terms outside,

T
I - I
N ()~ R Rl (5:8)
—(Ug)" (K" —(U)" (K"
T T
I I 0 (1 o I
N | | () | ] =0
(KT 0 —(U&)" 0 —(Ue)" (K"
(5.9)
e Define A’ as
T
(1 o 1o
A= ' - '
0 —(Ue)" 0 —(Us)"
Now, we can simplify (5.9) to
T
1 , 1
' A* A = 0. (5.10)
(K" (K"

In the inequality (5.10), the only unknown is the K* term. The objective is to
find a proper K for the given condition.

e Hence solving the inequality

I N
(K" (K"

will result a stable controller.
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%
e Then, take positive eigenspace of A as !
Va
T
Vi W
A =0 (5.11)
Va Va

Then, K* = (Vj(V{)™1)T is one possible choice for the controller matrix for the

i™ unit.

At the end of this section, we provided a clear method which can be used in node
by node basis control synthesis. Now, we are ready to design distributed controllers

for the vehicle platoon models given in Chapter 3.
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6. DISTRIBUTED CONTROL OF VEHICLE PLATOONS

6.1. Resulting LMIs and Actual controllers

6.1.1. Finite Interconnected Vehicle Array Representative model

We are interested in the idealized problem in which injected disturbance should
be suppressed along the platoon. There is no disturbance on agents, the only source of
disturbance is lead vehicle. We can model all interior vehicles as shown in the Figure
6.1. It is assumed that all interior vehicles are identical, and we want to design identical
controllers for all interior vehicles. However, we need to model the first vehicle(follower
of the lead) and the last vehicle independently. Hence, boundaries of the vehicle string

should be designed separately.

Pi—1,i = Gii—1 Piit1 = Git1,i
-+ [ S—
fffffff P P, Py [
™ —>
Qi—1,i = Piyi—1 Qiit1 = Pit1,i
Yi—1 Uj—1 Yi U Yi+1 Wit1
k k
Pi_1,: =9 k —_ .k
i-1 i-1 Piit1 = g1,
-+ [ E—
fffffff Ko K, K [~
k. _ .k k. _ . F
9i—1,i = Piji—1 9iiv1 = Piy1,i

Figure 6.1. Stability problem with control no disturbance:interior vehicles

In Figure 6.2 a representative model is given. First vehicle represents the follower of the
leader, second vehicle represents all interior vehicles and 3rd vehicle represents the last
vehicle in the vehicle string. Disturbance d enters the first vehicle and the performance
output z from the third vehicle. Since, we are interested in the idealized problem. As
shown Figure 6.2, we model all interior vehicles as a single vehicle. The main reason is
obviously the implementation problem, we want to design identical controllers for all
interior vehicles. By this way we can employ same strategy along the vehicle platoon
for all vehicles. The key point is [QCs are constrained such that, no matter how many
interior vehicles are in the string, the stability analysis is still valid by exploiting the

interconnection structure for all interior vehicles as in Figure 6.1.



61

P1,2 = q2,1 P2,3 = q3,2
— > P b P —
z
q1,2 = P21 42,3 = P3,2
Y1 u1 Y2 U2 Y3 u3
k k
P12 =43 P33 =432
K K5 K;
J—— E _ .k
d12 = P21 433 = P32

Figure 6.2. Representative Model

The representative model given in Figure 6.2 can be transformed to LPV like model

as in Figure 6.3.

d —» P —»
Ay
D
K

Figure 6.3. LPV like model Representative Model

In this problem, we have fixed interconnections, and there is no loss or delay in the

transferred signal. By using the relation p;; = ¢;;, we can write A as

e (000
P21 B IEO 030 g21
| 010 00 |
D32 0;0 —7;0 q32

Since, we identified the interconnection map between p and ¢ as Ay. We can repeat

that interconnection map between p* and ¢*, as A in the controllers. We could design
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distributed controllers for the given 3 subsystems given in Figure 6.2 based on the

Corollary 5.1.

At this stage we want to give the three vehicle model explicitly. Model for the

first vehicle could be given as

| | | el
€1 0 —175,5,0
R U1
U1 0O 0001 | |-"7-7--
****** = |-ttt P12 = V2 , (61)
G2 =1 0 11000 ||-=5--=
T T T R dl—UO
Y1 = €1 1 0.0:0:0 /) |\-~-7"----
‘ uy

if we select disturbance as d = vy(t). From the first vehicle model, we can see that
a velocity change in the leader will introduce a spacing error throughout the vehicle
platoon. A local measurement of spacing error is satisfactory in order to decide the

control action at that node.

Model for the second vehicle can be given as

€2 0 —175 5,0 €2
By 0 010 011 Vs
,,,,,,,,,,,, 1 - 1 _ - - -
2,1 = U2 = 0 1 :0 010 P21 =101 (62)
| |
Q23 = V2 0 110070 [ pes=vs
Yo = €3 1 0.0 0.0 Us

which represents the all interior vehicles. The second vehicle adjust its velocity by
looking its direct neighbors and its absolute velocity, and local spacing error measure-

ment.

The last vehicle will not have a backward spacing error, then the local measure-

ment error for the last vehicle is defined similar to the one directional case. Model for
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the last vehicle could be given as

é 0 —1'1'0
o €3

U3 0 0101
,,,,,,,,,,,, 11 V3
32 = U3 = 0 1:0:0 ””””” (63)
********* T T p3’2—U3

2 1000 | |-
T T T us
Ys = €3 1 0 0.0

The last vehicle adjust its speed by only looking preceding vehicle velocity and its

velocity and local spacing error defined for the last vehicle.

In this model velocity of the zeroth vehicle leader is the source of disturbance

and our performance output is the local spacing error of last vehicle z = e3.

6.1.2. Three Vehicle Representative Model:Resulting LMIs

After giving the exact vehicle models, now we are ready to build decomposed
LMIs for the each subsystem. We used the Theorem 5.1 and its extension Corollary

5.1 for block diagonal matrix variables.

The first subsystem has no performance output, then we cropped corresponding
rows and columns for performance output. As can be seen from (6.4), the resulting
LMIs are the same LMIs presented in (5.4). For the first agent at left boundary in

Figure 6.2, resulting LMIs are given in equations (6.4).

0 XL'0 0'0 I 0 0
XL 010 010 A, Ay Bi
,,,,,,, | - — — — — 1 — -
x5 T 0 0,0Q; Si,0 0 I 0 v, <0, (6.4a)
| |
O 0SB0 ) A Ass B
0 0.0 0.Q, 0 0 I
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0 Yy, 0 0,0 —(App)" —(Agsp)"
YA 000 010 I 0
,,,,,, 1 - - - 1 - _ e e -
0 00 S0 —(AL)T —(AL)T | @1 =0 (6.4b)
I o
0 0 'S/ RO 0 I
0 0.0 0.0, —(BL)T  —(BLT
and
XL o1
>~ 0, (6.4c)
I Y}
where ¥, and ®; are defined as
C«l T
(Cr) Bl
\I’l = (Cé)T and q)l =
By
(Fl)T 1
1

The middle vehicle has no disturbance and performance output. We can get the
resulting LMIs just by cropping the performance rows and columns in Equation (5.4).
In this set of LMIs the fundamental difference is the internal supply rates (Q2, Sa, Rs
are constrained such that Sy = 0 and ()2 = —Rs, since we want that adding an extra
identical interior vehicle will not effect the analysis conditions. For the middle vehicle

in Figure 6.2, the resulting LMIs are given in Equations (6.5).

T '
I 0 0 X2'0 0 I 0
A2 A2 X2 0,0 0 A2 A2
(0,)7 |- 27 S R R AR N TS 1w, <0, (6.5a)
0 I 0 0'Qy 0 0 I
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0 Yz, 0 0 —(A7p)" —(A%p)T
Y2 0.0 0 I 0
B I By - 0 (6.5b)
0 0,Q O —(A75)" —(A%g)"
0 0.0 —-Q 0 I
and
X2 I
- 0, (6.5¢)
I

where W,y and @4 are defined as

€1

We used identical internal supply rates for mid vehicle. () is constrained as follows
since there two incoming signals to the ¢*" unit from units i — 1 and ¢ + 1. We define

()2 and R, on a signal by signal basis as

Q' 0 R0
Qo = ' and Ry = .
0 @ 0 R

There is always permutation between these variables, we can guarantee that supply

rate P; is equal to 0 for all interior vehicles by the particular choice such as

Q' Oi 0 0
@ 0\ [0 @ 0 o0
0 ) |0 0@ o

0 010 -Q

This particular choice guarantees that middle model can represent all interior vehicles.
For a detailed discussion one can look Appendix C. Since we put same variables on

these vehicles, we can synthesize identical distributed controllers for all interior vehicles.
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At the end of string, there is no disturbance, however there is a performance

output z. Again, we crop the corresponding rows and columns. Then, the resulting

LMIs are given in equations (6.6).

0 X3'0 0'0 I 0
X3 0.0 010 Aby Abg
,,,,,,, |- - — — — 1 - — = - - - - =
50 0 1Q; S0 0o I |¥3=<0,
| |
0008 R 0| Ay Agg
0 0.0 0 R, 3, O3
0 Y3 0 0,0 (A7r)" —(Ap)" —(CPp)"
Y2 010 010 I 0
,,,,,, l— — — — — 1 - — _ e e
x|l 0 0 1Qs S50 0 —(A)" —(A%)"T —(Chs)"
I o
0 0'Sy Ry' 0 0 I
0 0.0 0.R, 0 0
and
X3 T
T =0
I Y3
where U3 and @3 are defined as
3
()" P
Vs = and ®3=| B,
(e
1 E3

1

(6.6a)

(1)3>-O,

(6.6b)

(6.6¢)

As a quadratic performance we select @, as —I, and R, as y~'I. In our synthesis we

select v = 1.

Additionally, we need to find Q = Q7, S and R = RT such that Pn = 0. More
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T
A S A

Py — 0 Q@ o,
1 ST R I

where A defined as p = Aygq, particularly

6.2. Numerical Results
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All controller conditions have been expressed in terms of LMIs. Efficient commer-

cial and free LMI solvers are available to find a feasible solution. We use the MATLAB

toolbox, YALMIP as parser and SeDuMi as solver for our calculations.

distributed controllers have the following numerical values

—2.8822 0.9848 ' 2.5898 ' —13.5460

-k | | k
Ty | | Ty
L 1.0970  —2.2716 | —2.6310 | 14.3097 L
k = | ---"-"—-—"-—"=-—=—=—=- == = - == = = + - === = - k
d12 P1o
2 ~0.0653 02805 ' 0.0083 ' —0.6461 | |-->-
L) | TPees st | D008, —0.6461

! _0.5846  0.5284 1 0.4994 | —3.9245

. ~3.0152  1.0785 | 2.6017  2.6928 ' —18.8216
Ty

i 2.0999 —2.3834 1 —2.7335 —2.7340 1 19.8834

| |
| |

k- _-_-________ L ______ Lo __
421 | |

=1 —0.0333 0.2015 , 0.0074  0.0073 |, —0.6419

q | |
R —0.0312 0.1925 ' 0.0065 0.0064 ' —0.6118

—0.4528 0.4426  0.3825  0.3827 | —4.1444

Resulting

(6.7a)

(6.7h)
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—3.3662 2.2311 ! 6.5566 ' —34.3457

-k | | k
L3 \ \ L3
- 3.3063  —4.2487 1 —9.3005 1 49.2642 -
pl§2 i b oo oo Pl§2 (67C)
i —0.0986 0.3136 : 0.0142 : —0.8310 -
L T A C T Ty T T T T 3

—0.8698 0.8922 | 1.9638 | —12.0167

Linear models of the vehicle string for various platoon sizes extracted by using
linmod command in MATLAB. Bode magnitude plots disturbance to last spacing error
are plotted for various string sizes in Figure 6.4. Also, bode magnitude plots distur-
bance to spacing errors are plotted for fixed string sizes (N = 6) in Figure 6.5. Also,
various disturbance profiles applied to resulting closed loop, then spacing error values

plotted in Figures 6.7, 6.8, and 6.9.

We see that the disturbance is attenuated from d to z bode magnitude plots for
various platoon sizes for N = 3, N =6, N =9, N = 12 and N = 18 vehicles in
Figure 6.4. We see that the peak of the bode plot does not changed as the string size
increased. From this figure we see that adding an extra interior vehicle does not change

frequency response characteristic of the overall system.

Bode Diagram
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Figure 6.4. Bode magnitude plots d to z for various platoon sizes
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Bode magnitude plots disturbance to spacing error eq, es, e3, e4, €5, and eg are
plotted. In Figure 6.5, we see that the designed controllers could attenuate all spacing
errors in a fixed string size N = 6 closed loop model. From this figure, we see that the
designed controllers are effective to suppress errors for low and high frequency signals.

However, the signals with w = 0.1 rad/sec are more critical.

Bode Diagram

T
dtoel

|
i
o
<]

-150

-200

Magnitude (dB)

-250

-300
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400 6 2 0 2
10 10" 10 10 10 10"
Frequency (rad/sec)

Figure 6.5. Bode magnitude plots d to ey, e, €3, €4, €5, €6

Now, we can switch to time domain responses of the closed loop system. For
computational purposes, we fixed our vehicle string model as N = 9, since our aim is
to observe general trend in the spacing errors along the platoon. First, we consider

the scenario where the lead vehicle changes the its absolute velocity as can be seen in

Figure 6.6.
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Figure 6.6. Input profile:Velocity variation of the leader

We applied a velocity variation in the leader as disturbance in Figure 6.6. Then,
we plotted all spacing errors except ey, since its definition is different than the previous
ones. The spacing errors are all attenuated as can be seen in Figure 6.7. Furthermore,
we want to point out that the spacing errors along the platoon has a decreasing trend.
Hence, we see that as vehicle index increases spacing errors are not amplified in the
spatial domain. We conclude that the designed controllers shows excellent properties

in handling velocity variations of lead vehicle in Figure 6.6.

0.3 T
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2 o0
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i
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5
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Figure 6.7. Spacing errors versus time in response to Figure 6.6
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Now consider a the second scenario in which leader moves at a constant velocity
then stops at 10 seconds later. If we apply a pulse for 10 seconds as disturbance. The
response of the controlled system can be seen in Figure 6.8. The controllers could
attenuate errors effectively. Also spacing errors along the platoon still has a decreasing
trend. However, as the pulse time increases our performance characteristics regarding
the spacing errors along the platoon derogates. This is simply due to the fact that the
disturbance suppression along the platoon is vulnerable to frequency content of the

disturbance.

0.6

Spacing Error(Meters)

-0.8 ‘ ‘ ‘
0 50 100 150 200

Time(Seconds)

Figure 6.8. Spacing errors versus time in response to 10sec pulse

If a constant disturbance introduced by the leader vehicle, the closed loop system
is still stable. However system acts like a lightly damped system. Spacing errors can
not penetrate further into the vehicle platoon along the spatial direction. The response
of the controlled system can be seen in Figure 6.9. Maximum spacing error is still in
the first vehicle. Our interpretation for the degraded performance is the frequency

content of the step input.
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Figure 6.9. Spacing errors versus time when step input applied

When a persistent step input disturbance applied to the system, response of
system is not good as the above simulation results. It takes considerable amount of
time in order to reach stability for the overall system. The closed loop system damping
is very low. We previously saw, from our bode plots, that overall closed loop systems
low frequency attenuation is not as good as high frequency attenuation. Hence, low
frequency disturbance signals reduces the closed loop system performance. In order to
support our claim, we applied pure sinusoid signals as disturbance to our closed loop

system. The responses can be seen in Figures 6.10 and 6.11.
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Figure 6.10. Spacing errors in response to d(t) = sin(10¢t)
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First, high frequency disturbance injected to our vehicle string. We see distur-

bance signal attenuated along the platoon as we expected.(See Figure 6.10.)

Spacing Error(Meters)
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Figure 6.11. Spacing errors in response to d(t) = sin(0.1¢)
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Low frequency disturbance injected to our vehicle string. Spacing error plots show
a complex behavior and oscillations along the platoon. Spatial disturbance attenuation

is worse as compared to high frequency disturbance.(See Figure 6.11.)

At this point, we may define a translation mode as desired velocity vy of the whole
vehicle array, and we may refer vy to the actual velocity of the leader. We can always
define vy as vy := v, —vy, by this approach we avoid from the lower frequency content of
the signal. This approach is kind of shifting velocity origin to a desired velocity for the
all vehicles. This will eliminate the low frequency content of the disturbance. In this
scenario, we assumed that the vehicular arrray is moving at a desired velocity, due to
the some reasons the leaders to velocity has changed to vy, around v, , this will certainly
impose a spacing error from leader to end. Our controller scheme excellently handles
this kind of scenario. Also, if we model disturbance at the lead vehicle as zero mean
white noise we can always suppress this kind of spacing errors due to disturbance.
Hence, vehicle string absorbs these kind of spacing errors on bort time domain and

spatial domain.

6.3. Variations

We could change the mass of the vehicles. In previous models, we used a unit
mass for the vehicle. Now we changed mass m = 1000 and repeated the controller
synthesis. Bode magnitude plots of disturbance to spacing error are plotted for various
string sizes. The bode magnitude plots showed similar characteristics as can be seen

in Figure 6.12.
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Bode Diagram
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Figure 6.12. Mass Change m = 1 and m = 100

Also, we can change our model such as defining controlled output as

Then, we can synthesize controllers accordingly. We see that the resulting controllers

have similar properties with respect to the previous results. From bode magnitude plot
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€1

in Figure 6.13, we can see that the the controllers, obtained for z = e and z = | ¢,

€3
show quite similar responses in simulations.

Bode Diagram
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Figure 6.13. Bode plots d to last spacing error for various platoon sizes

More detailed interconnected models can be build. By adding a damping term
which is can be seen as resistance forces during operation, under the assumption that
resistive forces linearly varies with absolute velocity, we can approximate resistive forces
as damping. Then these forces can be added to the model. Also external forces
as wind gust or road grade can be seen as disturbance to each sub unit. Non-ideal
interconnection channels can be built for more realistic models. Also, an uncertainty
in the agent can be modeled similar to the actual LPV synthesis problem by the
online measurement of variables. Our approach can cover up all these variations in the

problem. However, we left these questions open for future studies.
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7. CONCLUSION

In this thesis, we designed spatially invariant and interconnected controllers. The
motivation of this study is the fact that constant spacing policy cannot accomplished
by identical static feedback controllers. The uniqueness of our design allows us a
communication channel between controllers similar to the idea in distributed control.
The communication channel between controllers makes the main difference with respect
to decentralized identical controllers. Similarly, we designed identical controllers for
all interior vehicles, however the fundamental point is that the communication links
between controllers make all actions unique. Hence, these links somewhat schedules the
gains uniquely. Our simulation results show that employing an extra communication
channel between controllers enhances the stability properties in the spatial direction.
Since, disturbance signal cannot penetrate further into the vehicle string. Equivalently,
we can say that the spacing errors are not amplified as the spatial index increases. Also,
we should state that the high frequency disturbance signals excellently attenuated in
the spatial domain because each closed loop sub-system acts like a low pass filter. Also,
we could design wide variety of controller depending upon the proposed model. Here,
our fundamental goal is to show the distributed control design procedure for vehicular

string problems.

The advantages of distributed control are obvious. The controllers which are
designed in distributed control fashion are well suited to H,, framework. In addition,
another advantage of our proposed model is, the interconnection structure of the vehicle
array can be exploited further, if we allow working on LPV control design framework.
By this approach, one can get tractable solutions to the interconnected systems easily
by using the similarities between LPV framework and distributed control. We also try
to show the fundamental similarities distributed control and LPV control and try to
make a link between them. By doing so, we also show that by opening self-scheduling
channels, we can make control designs which is robust to bounded parameter changes

by allowing online measurement of variables.
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APPENDIX A: LMIs in CONTROL

We used Linear Matrix Inequalities (LMIs) extensively to derive well-posedness,

stability and dissipativity. A linear matrix inequality can be expressed as
F(z)=F+xo1FA+...+2,F, <0 (A.1)
where
(i) z = (x1, o, x3, ..., x,) are the decision variables.
(ii) Fo,F1,...,F, are real symmetric matrices.
(iii) The inequality < 0 is equivalent to say that maximum eigenvalue of F(x) is less
than zero.
The condition
F(z) <0
defines a convex constraint on z. Details can be found in [27].
A.1. Stability Problem with LMIs
Many control problems could be transformed to a LMI feasibility problem. For

simplicity, we can investigate stability properties of an autonomy system. We want to

analyze stability of the following autonomous system

&= Az (A.2)

where A € R"*" by using LMIs [27].

For such system above we can formulate stability by a quadratic Lyapunov func-

tion candidates. The first thing is to define a quadratic function candidate. this
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quadratic function can be related to potential energy of the system. The potential
change rate should be less than zero, so in this way by decaying of the potential the
system eventually reaches equilibrium in time. Let V(z) be a candidate Lyapunov

funtion.[27]

V(r) =2"X2 =0 (A.3)

We can take the time derivative of Lyapunov function we get

Viz)=aTATXz + 2" X Az < 0 (A4)

Thus, we are able to transform standard stability problem to a standard LMI feasibility
problem by combining the equations (A.3) and (A.4) as

—-X 0

=< 0. (A.5)
0 ATX+ XA

Many other problems such as p analysis, singular value minimization, state feedback
problems, KYP lemma, bounded real lemma can be transformed to standard LMI
problems. Details can be found. [27] Here we want to show how useful LMIs in control

theory.

Next, we want to show dissipativity in linear systems since we used systems with
input and output. We can consider the following system with input p and output ¢

given in equation (A.6).

&= Ax+ Bp (A.6a)
q=Cxz+ Dp (A.6b)

The system described in (A.6) is said to be dissipative if there exists X = X7 > 0
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such that
T |
I 0 0 X'0 0 I 0
A B X 0,0 0 A B
,,,,,,,,,, - - -----1=0. (A7)
0 I 0 0'Q S 0 I
C D 0 0.57 R C D

The system admits V(z) = 27 Xz as quadratic storage. Also, quadratic storage rate

can be written as

T T
T I 0 0 X I 0\ [ =z

D A B X 0 A B P

Also, we could define quadratic supply rate as

T T
x 0 I Q S 0 I x

s(p,q) = s(p,Cx + Dp) =
P C D ST R C D P

The idea behind the proof is simple, we require that the sum of quadratic storage rate
and quadratic supply rate should be less than zero. By choosing suitable matrices for
the unknowns @), S and R we can state different stability criterions, such as bounded
real lemma, positive real lemma only by changing supply rate function. Details can be

found [27]. These results will be useful in the analysis section.
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APPENDIX B: Parameter Elimination Lemma

Lemma B.1. [28] Given the following matrices A € R™*™ B € R"*? C € R™™, and

P = PT ¢ ROvm)x(4m) gych that in(P) = (m,n,0). There erists an unstructured

K € RP*" such that
-
I I
P <0 (B.1)
A+ BKC A+ BKC

iof and only if

chH1 P ! (CT)L <0 (B.2)

T -1 A
(B)) P B0 (B.3)

hold true.
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APPENDIX C: Neutral Interconnection for Interior Vehicles

We only consider analysis and synthesis the most general case. At this stage, we

need to give particular example and an application of our approach.

Let assume that we have ideal channels and exclude self supply channels. How

to select internal supply rates are positive or equal to zero for all interior vehicles?

T
A diag(Q) diag(s) \ (A1)
I diag(ST) diag(R; I/
We can rewrite the above inequality as
ATQA + ATS+STA+R >0 (C.1)

where @); defined with dimension n,,(size of the internal input to the corresponding
unit). Note this matrices are infinite dimensional. In particular A represents the

infinite dimensional systems topology.

For our particular interconnection structure, our certainty block can be given as

o O N O
S O O N~
~N O O O
O N O O

We can select supply rates for neutral interconnection similar in [22]. Since, we

know the structure of the certainty block which represents the interconnection map.
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We could give the following relation for the interior vehicles as

AFQAY+ALS +S5TAG+R=0 (C.2)
We can define
Qi1 0
Qi =
0 Qi it1

and ;-1 = Q;i+1 from the assumption of identical sub-units. By restricting @), S and
R as in [22]. We do not need to worry about the internal supply rates for all interior

vehicles.

T

Ao Q S Ao
I ST R I

=0

where A\ is defined as p = Agq. Explicitly, we restricted () and R such that

Q" 0 0 0
0 Q 0 0
Q= .
0 0 @ 0
0 0 0 @
and
R0 0 0
0 R 0 0
R = .
0 0 R O
0 0 0 R
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Since all elements are identical. And they all restricted, ) = diag(diag(Q;;)) and
R = diag(diag(R;;)) such that Q;; = Q" and R;; = Q° for all i and j. Furthermore,
we select S = 0, the Equation given in (C.2) reduces the Equation (C.3).

AFQA+R=0 (C.3)

We choose @); such that overall ) will not affected by permutation of the variables
imposed by ATQAy . One must notice that ATQAy = Q. Also, the equation C.3

imposes () = —R for the interior vehicles.

This will lead to a more conservative solution. However this will reduce the
computational effort considerably. By this way infinite sized platoon problem can be
transformed to a finite sized problem. So, by this approach we do not need to solve

overall system, all we need to solve a representative subsystem and synthesize identical

controllers.
Q" 0 0 0
i S i 0 0 () 0
SiT R; 0 —Q; 0 0 —-@ 0

We use identical internal supply rates as shown in the Equation (C.4) for interior
vehicles with only communication between its closest left and right neighbor. This will

guarantee the internal supply is always equal to zero.
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Ultimately for representative solution for interior cars in the platoon, we restricted

the resulting LMIs accordingly. The primal LMI can be given as

T |
I 0 0 Xi'0 0 I 0
. | .
A Al X500 00 0 A A
(| A Ars || XE 0000 N
0o I 0 0'Q 0 0 I
. . | . .

We can divide interconnection signals that comes from left and right separately. Hence,

we could further divide system as follows

0 Xi'0 00 0 I 0 0
X 000050 0 ] Ay A A
o] 000 Q00 0 0 I U
0000 =@ 0 0 A Aser Assin
0 010 0 1Q 0 0 0 I
0 0.0 010 —Q An Abnn Algnn
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APPENDIX D: Disturbance Propagation along the Vehicle
String:Decentralized

Control Approach

We can design decentralized controllers with only measurement of spacing error

e; for the vehicle platoon. First, we need to define spacing error as

ei(t) :=x;(t) — xi—1(t) — Laes,

and also we need to define &; as

The system dynamics at the i*" unit can be expressed as in Equation (D.1)

& = A+ Blu; — u;) (D.1)

We applied a decentralized control law as in Equation (D.2) based on the measure local

spacing error values.

More clearly we can express €; as in Equation (D.3).

Ui — Uj—1 — ez = —/{:vez — kpel- + k’véi,1 -+ kpei,1 (D3)
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We can get close loop by using the relation in Equation (D.3). One must notice the

interconnection between units ¢ and 7 — 1.

Shortly, we can write closed loop equations as,

5@' = Azfz - Ai—lfi—l

If we assume k, and k, are positive, eigenvalues of A; will be negative. Only
source of instability is A; i, the dependance to the previous vehicle. This coupling

term, A; 1, may cause instability for the composite system.

We can give the relation between lead and its follower, and derivative relations

as follows
€1 ‘= I —Jfo—f—Ll
= é1 =11 — Iy
= él - j‘l - SCO
We can relate second derivative of the spacing error as

ul—u(]:'él.

Since, we do not have control over ug, we take u.qq as disturbance. Applying ueqq will

result a change in the velocity of leader.

Uy = —k‘véi — k‘pei
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The dynamics of the first vehicle could be given as

. - ) - Ulead-
€1 — ]{in — k’ui €1

We applied a disturbance u, as can be seen in Figure D.1.

0.8r

0.6

0.4r

0.2

u ead(Newton)
o
[

0 5 10 15 20 25 30 35 40
Time(Seconds)

Figure D.1. Input profile:uy applied to the closed loop

Each vehicle’s reference is its predecessor. Identical controllers used with relative
position and relative velocity information similar to the controllers in [6]. Apply a
disturbance as in the Figure D.1. The response of the closed loop can be seen in
Figure D.2. Although the closed loop system is stable, as the spatial index increases
the spacing errors are amplified along the platoon. This is so called “string instability”

phenomenon in the vehicle strings.
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Figure D.2. Identical Decentralized Controllers

Similarly, we can design non-identical controllers. Each vehicle’s reference is
its predecessor. Non-identical controllers uses relative position and relative velocity
information. Static PD controller are designed similar to [9]. Controller gains are
tuned as vehicle index changes. Response of the closed loop can be seen in Figure D.3.
We see that by tuning gains along the platoon, we can prevent disturbance propagation

in the vehicle platoon.
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Figure D.3. Non-Identical Decentralized Controllers
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Also, we could design decentralized controllers with bidirectional measurement
of spacing error e; := x(t,i — 1) — x(t,1) — Lges for the vehicle platoon similar to [10].

Bidirectional control law can be given as

u; = —B(kp,ei + ky,€:) + (1 = B)(kp,€iv1 + ku,€it1).

The case where § = 1 is the same as forward spacing error control. And also the case,
where 8 = 0, is equivalent to backward spacing error control. However, this control
strategy does not take into account forward spacing errors due to the velocity change in
the leader. Larger § means that controller is more reactive to disturbances. Conversely,
smaller $ means that the controller is less concerned about the disturbances. However,

controller is more concerned about the backward errors.

Identical controllers with weights on forward (e;) and backward (e;;1) errors are
designed similar to [10]. From Figures D.4 , D.5 and D.6, it is seen that controllers
have sluggish performance as § decreasing. Also, in Figures D.4 and D.5, we can see
the amplification trend in spacing errors as the vehicle index increase. The case where
£ = 0.7 in Figure D.6 did not show an amplification trend in spacing errors, however

the overall system response is very slow.
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Figure D.4. Bidirectional Identical Decentralized Controllers g = 0.7
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Figure D.5. Bidirectional Identical Decentralized Controllers g = 0.5
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Figure D.6. Bidirectional Identical Decentralized Controllers g = 0.3
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