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ABSTRACT

AN ANALYSIS ON DIMENSIONALITY AND
ARCHITECTURE ON GENERATIVE MODELS

Deep generative models are powerful class of machine learning models. How-
ever, a significant amount of computing power and technical knowledge is required to
conduct the training process. Even searching for hyperparameters requires a high com-
putational cost. Moreover, there is still ongoing research on methods for evaluating
generative models, and owing to the lack of a robust and consistent metric, there are
limited comparisons between generative model architectures and algorithms. In this
study, we attempted to compare two types of generative model architectures, Gener-
ative Adversarial Networks (GANs) and Real-valued Non-Volume-Preserving (NVP)
flows, with synthetic datasets as well as with a well known image dataset MNIST. We
evaluate their data capturing ability according to data dimensionality and variability.
We propose an Minimum Description Length (MDL) based metric to examine the ef-
fect of model complexity which is measured as model’s parameter count. We provide

estimated Kullback-Leibler (KL) divergence and propsed MDL-based metric results.

Our findings indicate that NVP models have the capability to encode more data
variability while utilizing fewer parameters when contrasted with GANs for lower di-
mensional datasets. The proposed MDL-based metric, facilitates selecting suitable
architecture in terms of model complexity for a given dataset considering its variability

and dimensionality:.

Keywords: Generative Models, Generative Adversarial Networks, RealNVP, Deep

Learning
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OZET

URETKEN MODELLERDE BOYUTSALLIK VE MIMARI
UZERINE ANALIZ

Derin tiretici modeller, giiclii bir makine 6grenme modeli simifidir. Ancak egitim
siirecini yiiriitmek igin bile 6nemli bir hesaplama giicii ve teknik bilgi gerekmektedir.
Hiperparametreleri aramak dahi yiiksek bir hesaplama maliyetini gerektirir. Dahasi,
iretici modelleri degerlendirmek icin hala devam eden aragtirmalar bulunmakta ve
saglam ve tutarli bir metrik eksikligi nedeniyle iiretici model mimarileri ve algoritmalari
arasinda sinirh karsilagtirmalar bulunmaktadir. Bu ¢alismada iki tiir iiretici model mi-
marisini -Uretken Karsit Aglar ve Gercgel Degerli Hacim Korumayan akig modelleri-
sentetik veri kiimeleri ve iyi bilinen bir gortinti veri kiimesi olan MNIST’i kullanarak
kargilagtirmaya caligtik. Veri boyutlulugu ve degiskenligine gore veri yakalama yetenek-
lerini degerlendirdik. Model karmagikliginin -modelin parametre sayisi olarak ol¢iildigi
durumda- etkisini incelemek i¢in Minimum Tanim Uzunlugu (MDL) tabanl bir metrik
oneriyoruz. Tahmini Kullback-Leibler (KL) sapma ve 6nerilen MDL tabanh metrik

sonuglar1 sunuyoruz.

Bulgularimiz, NVP modellerinin, daha diigiik boyutlu veri kiimeleri i¢cin GAN’larla
karsilagtirildiginda daha az parametre kullanarak daha fazla veri degiskenligi kod-
lama yetenegine sahip oldugunu gostermektedir. Onerilen MDL tabanh metrik, veri
degigkenligi ve boyutlulugunu dikkate alarak belirli bir veri kiimesi i¢in model karmagiklig

acisindan uygun mimariyi se¢gmeyi kolaylagtirir.

Anahtar Kelimeler: Uretken Modeller, Uretken Karsit Aglar, RealNVP, Sinir

Aglar1, Derin Ogrenme
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1. INTRODUCTION

Deep generative models are powerful class of machine learning models that have
revolutionized various domains, including computer vision and natural language pro-
cessing. These models leverage the capabilities of deep neural networks to generate new
data closely resembled the training data distribution. Deep generative models are based
on unsupervised learning, which enables models to learn from unlabeled data without
explicit guidance. Their taxonomy can be simplified into four groups: autoregressive,
flow-based, latent variable, and energy-based [1]. Each model architecture offers unique
advantages in addressing the challenges that arise within unsupervised learning. They
have received considerable attention because of their capabilities in learning complex
and high-dimensional distributions. To achieve this, deep generative models require
extensive computing resources and technical expertise. Moreover, evaluation methods
of trained models are an ongoing research area, and numerous metrics and estimates
are used in this manner [2]. A metric should encapsulate information about the quality,
diversity, and generalization of generative models [3]. Currently, there is no metric that
captures all properties, and most studies visually inspect generated samples to assess

models.

There are proposed measures, such as Inception Score (IS) [4] and Fréchet Incep-
tion Distance (FID) [5] which have shown promising results for practical applications.
In particular, FID has been shown to be robust to image corruption, it correlates well
with the visual fidelity of the samples, and can be computed using unlabeled data.
Since they yield a one-dimensional score, they are unable to distinguish between dif-
ferent failure cases. It is also shown that most of the aforementioned metrics fail to
capture the memorization property of model training [6]. Moreover, there is not many

metrics that focus on generalization property of the models [2].

While these models achieve compelling results in specific domains, there is still no

clear consensus on which architectures perform objectively better than others. There is



no criteria to assess which architecture to choose based on your specific dataset needs
like variability, dimensionality and sharpness. This is partially due to the lack of robust
and consistent metric, as well as limited comparisons which put all algorithms on equal
footage, including the computational budget required to search for all hyperparameters
[7]. We think this as a major blocking factor in this area of research. Due to its
diverse use cases and advantages practicioners should be able to choose on generative
architecture and complexity based on datasets’ dimensionality and variability. It also

makes novel architectures hard to assess.

In this work, we attempted to evaluate and compare model architectures on dif-
ferent datasets with different variabilities and dimensionalities to better understand
the underlying advantages and assumptions of generative models, and propose a rec-
ommendation for which generative model to choose based on specific dataset settings.
The main comparisons were performed with Generative Adversarial Networks (GANS)
and Real-valued Non-Volume-Preserving (NVP) flow models with respect to the KL
divergence and estimated Minimum Description Length (MDL) metric scores. We pro-
vide results for changing dimensionality and variability of different datasets to evaluate
the model performance against complexity, which is measured as parameter count in

our proposed MDL-based metric.

The remainder of this thesis is organized as follows. In Chapter 2, background
and literature survey is presented. The background of generative models and those
precisely used in this study are introduced and discussed in Section 2.1. In Section 2.2,
we discuss how the evaluation of generative models is conducted with different metrics
and how difficult it is to come up with a metric that can fit all problems. In Chapter
3, we present our methodology and explain the experimental settings and methods
used. We continue with our experiments and results in Chapter 4. Finally, Chapter 5
concludes our findings and proposes future directions for this area of research, along

with the limitations of the proposed MDL-based metric.



2. BACKGROUND

2.1. Generative Models

A generative model can be defined as a joint probability distribution for a random
variate X. There are several types of generative models with different architectures.
They can be mainly divided into two subcategories namely ”classical” probabilistic
graphical models (PGM) and deep generative models (DGM) [3]. In this study, we are
interested in DGMs because they are becoming a leading direction in Al development.
Their progressive interest stems from the development of Artifical Neural Networks

(ANNs) and their increased computational power to model complex distributions.

Generative models, namely, modeling the underlying data distribution, can be
used for various tasks and purposes. If we are to mention a few, they could be used
for density estimation, imputation, generation, and structure discovery. Density esti-
mation is vital for weighting data against the model probability distribution and has
applications in outlier detection, data compression, and model comparison. It would
also help assess uncertainty and contribute to discriminative models. Imputation is
the process of dealing with missing values. Generative models can be used to pre-
dict missing values more accurately than other methods such as statistical imputation
using mean or mode values. Another major factor contributing to the popularity of
generative models is data generation. After capturing the underlying data distribution,
generative models can be used to sample before unseen data. They are used in various
tasks, such as text, audio, image, and video generation, as mentioned previously. A
major instance of this phenomenon is deep fake, and research has focused on ways to
circumvent it [8]. Generative models can also be used to discover underlying latent
structures behind the data-generating distribution. Data representation is vital for the
success of machine learning algorithms; therefore, learning latent representations is a

major contributor to DGM adaptability [9].



The use of generative models has received increasing attention in recent years
due to their versatility in performing diverse tasks such as text generation, image gen-
eration, video generation, image-to-image translation, captioning, and text-to-image
generation [1]. The enhanced capabilities of generative models have resulted in sig-
nificant interest from both academia and industry. Generative models are capable of
semantic understanding, which is a critical aspect in decision-making as discriminative
models lack this capability. The underlying criteria that create objects of interest are of
greater interest to generative models than discriminative models, which primarily focus
on finding a discriminative criterion to classify objects [10]. Although there is ongoing
debate regarding the architecture and methods of generative models, they require vast
computational resources and expertise to train. They have a wide range of applica-
tions but also face significant challenges, particularly in dealing with high-dimensional
and complex data dependencies. Deep generative models can be categorized into four
groups based on their architectures: autoregressive, flow-based, latent-variable, and
energy-based. Each model architecture is based on different assumptions and has its
own loss function and approach to modeling the underlying data distribution. There-
fore, different criteria are considered during their training. The choice of generative
model architecture is also influenced by factors such as the likelihood approach backed
by Probability Theory or a distance-based metric backed by Information Theory, as

well as the training behavior and sampling speed of the generative models.

In this investigation, we focus on two distinct types of generative models, namely
GANs and NVPs. Specifically, we compare flow-based NVPs with vanilla GANs, which
are both latent models that exhibit high sampling speeds but differ in the dimension-
ality of their latent spaces and their training approach. GANs are capable of utilizing
lower-dimensional latent spaces and are trained using JS divergence, while NVPs re-
quire the latent space to have the same dimensionality as the data space in order to

enforce bijective behavior and are trained using a likelihood approach.



2.1.1. Generative Adverserial Networks

Generative Adverserial Networks (GANs) introduced by Goodfellow [11] in 2014,
train in an adverserial game theoretic manner that trains a discriminator and generator
network jointly to capture the data distribution. The introduction proves that this
algorithm converges to a local optimum through the Nash equilibrium. Conventional
artificial neural network architectures are trained by optimizing a loss function using
gradient descent. On the other hand, adverserial training plays a min-max game that
involves more than one function for optimization and can result in collapse. Although
gaining widely used in image generation, video generation, and image translation GANs

have many caveats.

GANs have several caveats. They are difficult to train because their training
is not stable [12,13]. Secondly, because of the use of Jensen Shannon divergence as
their loss function, they have the possibility of mode collapse [14]. Several solutions
have been proposed to stabilize GAN training, such as using different learning rates
for discriminator and generator networks and using different loss functions and regu-
larization [5,15-18]. Their introduction led to greater adaptability of GANs in various
domains and different image-related tasks [19-22]. Their probability distributions are
implicit; therefore, it is difficult to compare model performance with respect to the
target distribution using likelihood based methods. They can learn any probability
distribution from the samples if their architecture is correctly chosen and the train-
ing is stabilized [23]. Therefore, it is crucial to select the correct architecture for the

problem at hand.

GAN training involves the challenge of discovering a Nash equilibrium within a
complex, nonconvex game characterized by continuous and high-dimensional param-
eters. Traditional GAN training relies on gradient descent methods, primarily aimed
at minimizing a cost function rather than specifically targeting the Nash equilibrium
of the game. As previously mentioned, GAN training may encounter difficulties in

achieving convergence [4]. Several different architectures in GANs have been proposed



to eliminate these problems, such as divergence-based GANSs, which use the Wasser-
stein distance [24] rather than a trained discriminator to stabilize the training process.
Other techniques include regularization, projections, and the use of multiple generators,
discriminators, or both. The WGAN replaces the trained discriminator model with a
critic function that calculates the Earth Mover distance between the data and sample
distributions. Additionally, architectures such as VEEGAN [25] have been proposed
to eliminate mode collapse by forcing an inverse mapping from the data distribution to
the latent distribution, similar to flow-based models. However, detecting mode collapse
in GANSs is difficult and requires visual inspection. Currently, there is no unanimous
agreement on which GAN algorithms are definitively superior to others. This lack of
consensus is partly due to the lack of reliable and consistent metrics for assessing their
performance, and there are limited comparisons that ensure similar settings for all al-
gorithms, considering factors such as the computational resources required to explore

various hyperparameters.

Generative Adverserial Nets’ loss function is the discriminator’s ability to separate
syntetic data from training data, and the generator’s ability to fool the discriminator.

GAN loss function can be expressed as:

Lean(G, D) = Eorpy,i, () [l0g(D(2))] + Bz, () [log(1 — D(G(2)))]. (2.1)
In this expression, log(D(x)) is log probability that x came from the data rather than

pg. G(z;0,) is the differentiable function represented by a multilayer perceptron with

parameters 0,,.

Several architectures and methods have been proposed for training Generative
Adversarial Networks (GANs) on statistical samples. Some variants, such as mul-
timodal GANs [26] and GMM GANs [27-29], have been developed to address the
increased variability in GANs. Convolutional networks, such as StyleGAN [30] and
BigGAN [31], are utilized for image data or even models in higher dimensional RGB
images. In this study, we chose to implement the vanilla GAN due to its simplified

structure.



In summary, Generative Adversarial Networks (GANs) have been developed to

address various limitations associated with other generative models [32].

e GANs can generate samples in parallel, thereby avoiding the need for runtime
proportional to the dimensionality of the data. This is a distinct advantage over
the autoregressive models.

e The design of the generator function in a GANs is relatively unconstrained. This
flexibility contrasts with flow-based models, where the generator must be invert-
ible, and the latent code (z) must match the dimensionality of the data samples.

e GANSs do not require the imposition of variational bounds, and specific model
families compatible with the GAN framework are already recognized as universal

approximators. Consequently, GANs are asymptotically consistent.

However, it is important to note that GANs have also introduced a new challenge; their
training involves finding the Nash equilibrium of a game, which is a more complex
problem than optimizing a conventional objective function. Therefore, selecting the

correct architecture is vital for the problem under consideration [32].

2.1.2. Flow Based Models

Real-valued non-volume-preserving models [33] are flow-based models that use
latent distributions and convert them to data samples with invertible functions. Real
NVP constitutes the basis for current state-of-the-art flow-based models, such as GLOW
[34]. Latent variable models are likelihood-based trained models that can directly pa-
rameterize probability distributions. On the other hand, Real NVP attempts to learn
the mapping from the latent domain z to the data domain with invertible transforma-
tion; hence, the invertibility property ensures the prevention of mode collapse. There-
fore, they can capture the variability of the distribution. However, measuring sample
diversity in generative models is a difficult problem and is currently intractable [35,36].
The NVP introduces a class of bijective functions that can be used to evaluate density

estimation in a tractable manner. It utilizes the power of change of the variable formula



to compute the log-likelihood of continuous data. One caveat that differs from other
generative models is that the use of invertible transformation flow models requires la-
tent and data dimensions to be of the same degree. Second, the Jacobian determinant

computation should be efficiently calculated and differentiable.

Real NVP model function can be expressed as:

(%)

In this expression, g¢(z) is the generative network that maps latent space z to data

-1

Px(T) = ps(2) (2.2)

space x. Because g is bijective, the model can be trained directly using the likelihood
using the change of variable formula. The problem is then to find a class of bijective
functions that have an easily computable Jacobian. Real NVP paper proposes of a

method for coming up with such function as can be seen in Figure 2.1.
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Figure 2.1. Computational graphs for forward and inverse propagation.

This figure can be expressed as
Y1 = 1. (2.3)
Ys = Tg.e5@) 4 t(z1). (2.4)
In this equation x; and x5 are the inputs of the networks and y; and y, are the

outputs of the networks which will be the inputs for the next layers. This formulation



enables for easy calculation of determinant of the Jacobians. We can express this
aforementioned formulation as

a [ u o -
T . . . * .
ox agif;ﬁp diag(exp[s(z1.q)]

In this equation, the Jacobian is independent of the choice of s() and t() therefore
enables to capture complexity in these networks contrary to its simple nature in com-

putation graph.

There are several architectures for the flow-based models. Models such as Integer
Discrete Flows [37] were used for image modeling. In this study, we implemented Real-
NVP, which uses neural networks as scale and transition functions, while maintaining
invertibility and tractability. We maintained RealNVP for all datasets and conducted

all tests on the same architecture.
In summary, flow based models are characterized by the following attributes:

e The generation of samples can occur at a pace that is comparable to GANs, which
allows for the efficient use of data.

e The latent space must have the same dimensionality as the data space, but it can
be used for lossless compression since it provides an exact likelihood value.

e NVPs require a family of bijective functions for transformation, which can limit

the choice of architecture.
2.2. Comparing Generative Models

A formal evaluation of the generative model architectures is of utmost impor-
tance. However, this task is not as straightforward as it may seem. The availability of
an explicit probability distribution for the model depends on the architecture used, and
in some cases, the underlying data distribution may not be present. For instance, in
image or video generation tasks, the data manifold is high-dimensional and continuous,

making it challenging to evaluate. In image-generation tasks, the performance of the
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model is mostly evaluated by visually inspecting samples, and the task is to generate
realistic samples. It is also crucial to capture the sample diversity and generalization
properties of the model to generate diverse samples from a given distribution. Addi-
tionally, it is crucial to compare the same measures, such as in MNIST, which is an
essential dataset in image generation tasks and consists of handwritten digits, which
are grayscale, according to choice of the authors, some treat pixels as points in real
vector space, others normalize it to 0-1 scale and some center it around the mean value
of 0 and use this as a threshold for the pixel intensity [38]. Therefore, this might make

the comparison harder to evaluate.

In evaluating generative models, determining a consistent and robust metric is
crucial. We need a metric that can encompass the sample diversity, sample quality,
and generalization capacity. Although no single metric exists that can fully meet these
requirements [3], various metrics have been proposed for this purpose, each with its
own strengths and weaknesses. One key consideration when comparing generative
models is selecting the appropriate criteria to evaluate the models based on the data
at hand. This differs greatly between domains; for instance, in image generation,
FID and IS are used to compare and validate models; however, detection is mostly
performed by visual inspection because divergence comparisons are difficult to conduct
in multidimensional data, and ratio or distance metrics do not correctly represent the
perception of generated data, such as blurry images. Additionally, likelihood-based
comparisons may not accurately reflect human perception due to the informational
value of background pixels being less important than other pixels, although they occur
more frequently in the data. Another example of this phenomenon is the adversarial
method, which has been proposed for image generation tasks and involves injecting a
noise vector into image data that does not affect human perception but significantly
reduces the discriminator’s evaluation of the image [39]. Unfortunately, generative
models can also be used to trade sample quality for spread using memorization. This
behavior is mostly observed in GANs as mode collapse.Furthermore, it is also shown
that most of the aforementioned metrics fail to capture the memorization property of

the model training [6].
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In addition to the aforementioned evaluation methods, certain studies have em-
ployed other methods to evaluate generative models, such as precision and recall met-
rics, statistical tests, and pretrained classifiers. Statistical tests have a longstanding
history in determining whether two sets of samples originate from the same distri-
bution, known as two-sample tests. These tests involve calculating a statistic from
the data and comparing it to a predefined threshold. In the context of assessing im-
plicit generative models, such as GANs; various statistics relying on classifiers [40] and

Maximum Mean Discrepancy (MMD) [41] have been utilized.

However, it is important to note that, like other evaluation metrics for generative
models, statistical tests have their own set of advantages and disadvantages. These
tests tend to be computationally intensive and are not typically suitable for real-time
monitoring of training progress [3]. Instead, they are more suitable for comparison
with fully trained models. In contrast, the MMD estimate was used to train the

MMDGAN [16] to replace the discriminator network.

Another approach for assessing generative models involves human evaluations.
This entails presenting samples generated by the model alongside samples from the
actual data distribution, and soliciting judgments from human assessors who compare
the quality of these samples. Platforms, such as Amazon Mechanical Turk, are com-
monly used for this purpose. Human evaluation is a suitable metric, especially when
the model’s output is intended for artistic or human display purposes or when ob-
taining reliable automated metrics is challenging. However, human evaluation can be
challenging to standardize, tough to automate, and entail significant costs or logistical

complexities during setup.

A significant proportion of the aforementioned metrics concentrate on evaluating
the quality and diversity of the generated samples but are inadequate in quantifying
the overfitting of the model to the training data. In order to address this issue, a
typical approach is to inspect the results visually. Specifically, a collection of samples

is generated by the model, and for each sample, the K-nearest neighbors in the feature
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space are identified using a pretrained classifier on the dataset. Although this method
involves manual evaluation of samples, it offers a straightforward means of determining
whether the model is merely memorizing the training data. Moreover, in order to
measure the diversity of the generated samples, one approach is to approximate the
range of the learned distribution by searching for similar samples within a large pool
of samples. However, this method can be resource-intensive and often requires human

judgement [42].

In this section, we present the aforementioned metrics in detail. KL divergence,
which serves as the foundation of the GAN loss function, is utilized to measure the
similarity between given probability distributions. The use of KL divergence is justified
as it is an effective method for evaluating loss in cases where there are multiple feasible
solutions to a given problem [32]. FID and IS are image-related metrics that require
the use of a pretrained Inception Model for calculation. Finally, we introduce Occam’s
principle and MDL-based metrics, which evaluate the complexity of the model with

respect to loss.
2.2.1. KL Divergence

Kullback-Leibler (KL) divergence, also known as relative entropy, is a measure of
the dissimilarity between two probability distributions. It quantifies the information

lost when one distribution is used to approximate another distribution. For two discrete

probability distributions P and ), Kullback-Leibler (KL) divergence is defined as:

D (P | Q) = 3 P()log (PE)) . (2.6

Qi)

The summation is switched to ingtegration for density functions. KL divergence has
several properties that make it a useful tool in various fields such as information theory,

machine learning, and statistics.

e Non-Negativity: The KL divergence is always non-negative, and it equals zero if

and only if the two distributions are identical; that is, P(i) = Q(i) for all 7.



13

e Lack of Symmetry: KL divergence is not a true distance metric, because it is
not symmetric. This property arises from the information gain perspective of KL
divergence.

e Invariance: KL divergence is not invariant under changes in the probability scale.
In other words, if P and @) are probability distributions, Dk, (P || @) # Dxw(aP ||
a@) for any scalar a # 1.

e Additivity: For independent events, the KL divergence of the joint distribution

factorizes into the sum of the individual KL divergences.

KL divergence has a wide range of applications in various fields, including statis-
tical modeling, information retrieval, and generative models. It is commonly utilized
as a loss function or measure of dissimilarity to compare probability distributions and
evaluate the difference between model predictions and actual data. KL divergence pro-
vides a quantitative measure of disparity between probability distributions. However, it
should be noted that KL divergence is not a distance, as it is asymmetric, and therefore
cannot be used to measure the actual physical distance between two points. Addition-
ally, calculating KL divergence can be challenging in high-dimensional data and is often
impossible if the underlying distribution is not known. As a result, estimates of KL

divergence are commonly used.

2.2.2. Frechet Inception Distance (FID) and Inception Score (IS)

The Frechet Inception Distance (FID) measures the similarity between the gener-
ated and real images based on their feature representations extracted from a pretrained
Inception Network. It is calculated as the Wasserstein-2 distance between the multi-
variate Gaussian distributions formed by the means and covariances of the real and

generated image features. The FID metric can be expressed as
FID(Preala Pgen) - ”,ureal - ,ugen||2 + Tr(zreal + Egen - 2(Zwrealzlgen)lﬂ)a (27)

where fireal and figen are the mean feature vectors, and Y., and Yy, are the covari-
ance matrices of the real and generated image features, respectively. FID provides a

quantitative measure of the quality and diversity of the generated images. A lower FID
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value indicates a better similarity between the generated and real images. Therefore,

the lower the FID score the better the model quality.

The Inception Score (IS) evaluates the quality of the generated images based on
their diversity and how well they are classified by a pretrained Inception Network. It
measures the quality and diversity of the generated samples by calculating the aver-
age entropy of class probabilities and their marginal entropy. The Inception score is

expressed as
IS(Fyen) = exp(Eanp,e, [Dxu(p(ylz) [p(1))])- (2.8)

In this expression p(y|x) represents the class probabilities of the generated images and
p(y) is the marginal class distribution.A higher IS value indicates a better diversity

and quality of the generated images.

Both FID and IS have been widely adopted in the evaluation of generative models
in computer vision tasks. They provide valuable insights into the quality, diversity, and
similarity of generated images compared with real images. Frechet Inception Distance
(FID) and Inception Score (IS) are two important metrics for evaluating the perfor-
mance of generative models in computer vision. They provide quantitative measures
of the similarity, quality, and diversity of generated images, aiding the assessment and

comparison of different generative models.

2.2.3. Minimum Description Length (MDL) and Overfitting

Occam’s Razor, a principle formulated by William of Occam, advocates for the
utilization of the most straightforward model that can account for a given dataset,
among compatible hypotheses, as it provides a more aesthetically pleasing and em-
pirical solution [43]. This principle is based on the notion that simpler models tend
to provide more precise predictions that effectively capture the relevant data space
around observed data points. Moreover, the utilization of complex models, which are
dispersed thinly around the data space, increases the risk of overfitting. The applica-

tion of this principle also aids practitioners in evaluating the likelihood of overfitting in
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model selection. It additionally tends to exhibit a preference for models characterized

by a greater diversity of samples.

Occam’s Razor is not a rigid rule, but rather a heuristic, practical guideline
for making decisions when faced with uncertainty. While simplicity is valued, it is
important to balance it with the explanatory power of the hypothesis. Sometimes, a
more complex model is required to account for all nuances of a phenomenon. Therefore,
the explanatory power of a model and its related errors should be included in the process

of model selection.

The Minimum Description Length (MDL) Principle is a relatively recent method
for inductive inference that provides a generic solutions to the model selection problem.
MDL is based on the following insights that any regularity in the data can be used to
compress the data, i.e. to describe it using fewer symbols than the number required to

describe the data.

The Neural Network Divergence metric is a key measurement used in the evalu-
ation of neural network-based models, particularly in the realm of generative models.
This metric assesses the dissimilarity or discrepancy between the data distribution and
the distribution of generated samples produced by the neural network. It provides valu-
able insights into how well the model has learned to capture the underlying patterns
and structures within the data. Lower divergence values indicate that the generated
samples closely resemble the real data distribution, reflecting a higher quality and more
faithful representation by the model. This metric plays a pivotal role in optimizing and
fine-tuning neural-network architectures to enhance their generative capabilities and
overall performance. However, this metric calculation requires a seperate neural net-
work to be trained to estimate the divergence behaviour between generated samples
and training samples. Moreover, it incorporates an additional test set for comparative
analysis with the training set to comprehensively assess the potential presence of biases

and overfitting in the model’s performance.
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In study [6], it is argued that divergence-based metrics fail to capture the overfit-
ting phenomenon because we fail to capture the distribution, the likelihood is mostly
intractable, and the measure is estimated via sampling, and therefore lacks an overfit-

ting measure. To overcome this problem, they introduced a fix to the NND metric [44].

The Minimum Description Length (MDL) principle is a fundamental tool in ma-
chine learning that is concerned with the problem of overfitting. It minimizes the
difference between the model complexity and the amount of information required to
explain the training data. The MDL principle has been applied to the problem of ar-
chitecture optimization in artificial neural networks in a heuristic manner, as evidenced
by its successful application in [45]. This approach can be used to guide the selection

of model architecture.
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3. METHODOLOGY

Deep generative models have gained significant attention and play a pivotal role in
various machine-learning applications, including computer vision and natural language
processing. In this study, we performed a comprehensive analysis of deep generative
models, focusing on their architecture and complexity. The results and insights ob-
tained from this study shed light on several critical aspects of these models, which can

guide future developments and applications in the field.

In this chapter, we will describe the problem that our study and proposed MDL-
based metric aim to address. Following this, we will delve into the details of the models
being compared, including their hyperparameters. We will then discuss the datasets
used for this study, finalizing this chapter with a description of the metrics used to

compare models and introduce our proposed MDL-based metric.

3.1. Motivation and Problem Definition

Generative model architectures have varying assumptions and, consequently, dif-
fer in their performance when applied to different datasets. Basic models, such as
probabilistic PCA [46], are easier to employ for capturing linear dependencies among
data distributions. Additionally, methods like expectation maximization [47] can be
more practical to utilize for capturing data distributions like GMM with very few pa-
rameters and computing resources. However, deep generative models have been used to
capture more complex dependencies. GANs are commonly used for generating realistic
images, videos, and translating images. Flow-based models can capture both mixed
and multivariate distributions. Thus, it is essential to select the appropriate architec-
ture and model based on the specific data at hand. Training deep generative models
requires significant computational resources and expertise, and there is currently a lack
of consistent and robust performance metrics for these models. Furthermore, there are

limited comparisons that evaluate models under equal computational conditions and
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compare their performance. Therefore, we aim this study to form a basis for model

complexity and data dimensionality comparison.

We categorize our contributions into research and practical implications. The

research implications of this study are:

e We provide background on Generative Models and metrics for evaluating perfor-
mance of Generative Models.

e We propose a MDL-based metric that encodes model quality with respect to
model complexity.

e We provide the implementation of the proposed MDL-based metric for the eval-
uation and comparison of two types of generative models, namely GANs and
RealNVPs based on their performance on their architecture and complexity with

respect to variability and dimensionality of different datasets.

The practical implications of this study are as follows:

e We provide a method to help practitioners choose between different architectures
and share comparisons of generative models based on the proposed MDL-based
metric and KL divergences.

e We provide a method to guide practitioners to select generative models and model
architectures taking into account variability and dimensionality of their datasets.

e We provide estimated KL results for performance of two types of generative mod-

els with different datasets.

3.2. Models

In this study, we utilized flow-based architectures (NVP) and Vanilla GANs to
compare and contrast the impact of architecture and complexity on generative models,
similar to the approach taken for VAE and GANs [40]. We searched for hyperparam-

eters, such as learning rate and model architecture, based on the literature and used
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them for the GANs and flow-based models for similar data-learning tasks. We also

implemented different learning rate ratios for GAN training.

We experiment a set of generator learning rates in the interval 0.05 and 0.0001.
For each value of the generator learning rate we varied the discriminator learning
rate. All possible values , which are the cartesian product of a set of generator and
discriminator learning rates, are experimented for each dataset. The model complexity
is varied by experimenting different depths and for each depth varying the number of

nodes.

The learning rate of the Real NVP model was searched within the range of 0.01
and 0.0001. Furthermore, the complexity of the NVP model was evaluated by varying
the width of the coupling layer and the number of coupling layers, which subsequently

impacted the number of trainable parameters for each dataset.

3.3. Datasets

We conducted an evaluation of the generative model’s performance with respect
to dimensionality and variability of datasets utilizing synthetic generated data distri-
butions as well as MNIST image data. For synthetic data distributions dimensionality
is experimented with only two dimensional and four dimensional datasets. This lim-
itation stems from computational burden of the experiments. We theorized that the
aforementioned model architectures can be categorized based on their performance in
handling dimensionality and variability of the datasets. To test the capturability of

the data, we utilized synthetic multivariate, mixed, and probabilistic distributions.

Generated datasets are formed by varying variability and noiseness measures.
Ten distinct 2D datasets were employed, including Gaussian mixture models,clustered
data, synthetic nonlinear data, and t-distribution. The datasets were selected based

on similar studies [33,48].
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Our datasets consist of the following:

e Gaussian Mixture Model (GMM) Dataset: This dataset encompasses two multi-
variate Gaussians with mean vectors located at [-1,-1] and [1,0]. The respective
covariance matrices are [0.05, 0], [0, 0.15], and [0.1, 0.2]. Additionally, an alter-
native version with increased variance is included, achieved by multiplying the
covariance matrix by 5. The mixing probability values for the two Gaussians are
0.4 and 0.6.

e Blobs Dataset: Comprising three Isotropic Gaussians, this dataset is bounded
within the range of [-10,-10] and [10,10]. An augmented more variable version is
available, featuring Gaussian noise with a standard deviation of 0.5 to introduce
higher variability.

e No Structure Dataset: This dataset is uniformly distributed within the rectan-
gular area defined by the points [0,0] and [1,1].

e Noisy Circles Dataset: Characterized by large circles with an embedded smaller
circle in a two-dimensional space, this dataset is further augmented with Gaussian
noise featuring a standard deviation of 0.5 for increased variability.

e Noisy Moons Dataset: Comprising two interleaving half circles, this dataset is
enhanced with Gaussian noise of standard deviation 0.5, providing increased vari-
ability in the dataset.

e T-Distribution Dataset: Featuring two multivariate T-distributions, this dataset

is bounded within the range of [200,200] and [-200,-200].

Scipy python library was used to generate blobs,circles and moons datasets. We im-

plemented Gaussian mixtures and t distribution in PyTorch.

The 2D datasets used in our study are presented in Figure 3.1 and Table 3.1
provides a summary of the datasets and their contributing variance factor, as well as

the scale of each contributing factor.
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Table 3.1. Characteristics of 2D datasets.

Dataset Variance Factor | Variance Ratio
GMM low variance Covariance 1
GMM high variance Covariance 5
blobs Gaussian Noise 1
blobs high std Gaussian Noise 5
no structure No Noise 0
noisy circles Gaussian Noise 1
noisy circles high noise | Gaussian Noise 5
noisy moons Gaussian Noise 1
noisy moons high noise | Gaussian Noise 5
t mixture Covariance 1

Next, we expanded these 2D datasets to 4D by using nonlinear projections. Non-
linear projections were made by taking the inner product of the data vector with itself
and the matrix product with a positive definite matrix as xAz” where A is a positive
definite matrix and x is the 2D data vector. Positive definite matrix A is generated by
taking the inner product of any 2x2 matrix with a covariance matrix to make it strictly
positive definite. This ensures positive definiteness of the transformation matrix A.
The fourth dimension is added using the exponential of the square root of the inner
product which is the third dimension as explained by prior. However, the nonlinear
transformations resulted in increased variability of the t distribution, and we were un-
able to include it in the 4D dataset due to numerical instability. We increased the
degree of freedom to reduce variability, but this still produced numerical instability for
KL estimation. Further increasing the degree of freedom would lessen the characteristic

of the t distribution.

We created a training dataset consisting of 10,000 samples for each of the ten 2D
and 9 4D datasets. Additionally, we utilized a test dataset comprising of 2,000 samples
for each of these 2D and 4D datasets respectively.
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Figure 3.1. Our dataset.

We then added the MNIST dataset to compare the model performance in the
image domain. The MNIST dataset comprises 28x28 grayscale handwritten digits,
with 60,000 training samples and 10,000 test samples. To ensure consistency with
other datasets, we normalized the pixel values, ranging from 0 to 255, to a range of
-1 to 1. Additionally to evaluate the effect of dimensionality, we utilized a cropped
variant of this dataset, 16x16, similar to the previous generated datasets. Therefore
we conducted 2 tests on MNIST dataset, one with 28x28 images and the other with

16x16 images corresponding to high and low dimensionality respectively.
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3.4. Metrics

We propose that Minimum Description Length (MDL)-based metric can be con-
sidered as a suitable tool for evaluating the intricacy of generative models in relation
to the dimensionality of the data. This metric may prove to be a valuable asset to
practitioners when selecting the most efficient architecture and complexity level for

datasets of diverse dimensions.

We compared the performance of the model with the empirical KL implementa-

tion from [49]. The KL divergence between two distributions is defined as

D (PIQ) = [ o) log (%) dr, (3.1)

in which probability distributions are defined as p(x) and q(x) respectively. Moreover,

oo

a kNN proposed estimator for KL is defined in [50] as

~ d Vi
Dxu(PQ) = + > log — +log

—, (3.2)

in which ¢; is the distance between x; and it’s kth nearest neighbour in its own dataset,
v; is the distance between x; and it’s kth nearest neighbour in comparison dataset,
d is the dimension and N and M are the sample counts of datasets respectively. KL
is a ratio based metric that captures two distributions resemblence but due to being
asymmetric it is not referred as a distance. To eliminate the effects of changing data

dimensionalities, we utilized a ratio-based divergence estimator.

We used the MDL-based metric implementation for the ANNs based on [51] this

metric is defined as
L =nDlog, E + log, P+ 0.5(P) log, n, (3.3)

in which E is the estimated KL divergence between the model samples and data sam-
ples, n is the sample size, D is the dimension and P is the parameter count. The
original implementation had number of neurons and connections respectively which is
switched to parameter count in our implementation. We used the number of parame-
ters as the complexity measure and estimated KL divergence as the error rate for the

Deep Generative Models.
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It is important to note that both the MDL-based metric and the KL score are
measured on a scale such that a lower value indicates a better outcome. Specifically,
the MDL-based metric has a range from negative infinity to positive infinity due to
its logarithmic definition, while the KL score is always positive and may occasionally
result in minimal negative values due to numerical instability. The implementation we
used is an estimate of KL therefore sometimes the estimate resulted in negative values
which is outside of the range of KL which always non-negative. This was seen in too
close divergence scores between generated and data samples. We took the absolute

value for such cases to calculate MDL-based metric scores.
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4. EXPERIMENTS AND RESULTS

We utilized synthetic generated data distributions and MNIST image data to
evaluate the performance of the generative model with respect to dimensionality and
variability by employing empirical KL divergence and MDL-based metrics [49, 50].
Our architecture is based on state-of-the-art architectures commonly used to train toy

models.

We utilized PyTorch as our development environment, which is commonly utilized
for academic research on deep neural networks. The models were trained on NVIDIA
3060 TI GPUs. The model architecture was trained and evaluated separately for each

dataset, and compared against other architectures to ensure optimal performance.

In this chapter, we will describe the experimental setup that was utilized in our
research. Following this, we will present the results of our investigations, commencing
with the results pertaining to the 2D datasets and subsequently proceeding to the 4D
datasets. Finally, we will share the results obtained from both the MNIST datasets

and lastly provide an analysis of our findings.

4.1. Experimental Setup

We began our training with 2D datasets and subsequently proceeded to 4D
datasets, eventually moving on to the MNIST dataset. Empirical KL results and
MDL-based metrics are presented in the tables, and visual plots for the data and
model-generated data are provided in the plots. We chose not to include plots for
the MNIST data due to its higher dimensionality. We present only test scores for all

datasets.

The hyperparameters and model architectures used for training GANs in our

study are presented in Tables 4.1 and 4.2. 15 generator to discriminator learning rate
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ratios are experimented which are shown in Table 4.1. Three generator learning rate
levels are experimented(0.01,0.001,0.0001). For each value of the learning rate level all
possible learning rate ratios are test resulting in 45 different training setting for a given
architecture for each dataset. For each learning rate level we first set the generator
learning rate and create the different discriminator learning rates utilizing the learning
rate ratio. For instance, if the learning rate level is 0.01 and generator to discriminator
learning rate ratio is 2:3 the generator learning rate is 2 times 0.01 which equals 0.02

and discriminator learning rate is 3 times 0.01 which equal 0.03.

The model complexity in the GANs was also tested for different layer widths and
depths as can be seen in Table 4.2, which changed the number of trainable parameters.
In Table 4.2 Gen. layers presents layer sizes used in generator network whereas disc.
layers presents the sizes utilized in the discriminator network. There were 11 different
architectural settings in GANs. The total number of settings tested are cartesian
product of all possible hyperparameter and architectural settings which resulted in 495

different training settings overall for each dataset.

The learning rate of the Real NVP model takes three distinct values (0.01,0.001
and 0.0001). Furthermore, the complexity of the NVP model was evaluated by varying
the width of the coupling layer and the number of coupling layers, which subsequently
impacted the number of trainable parameters. Similarly to GANs, all hyperparameters
were tested using a cartesian product of all possible settings, resulting in the exami-

nation of 24 settings for each dataset for NVP models. The architectural settings are

shown in Table 4.3.

The effect of learning rate on KL and MDL metric scores are not found to be
significant as demonstrated by the Table A.1. Therefore we present the best mod-
els. We presented the results for best(lowest MDL score) models for each dataset
and model architecture but all of our models and datasets can be accessed from the
link https://gitlab.com/aemreg/dgm-analysis/-/tree/main. We presented the results

of lowest five complexity architectures for 2D and 4D datasets and moved on to higher
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complexity of highest five complexities for MNIST datasets.We presented the models
that are trained for 5000 epochs. In total we have conducted 10.899 trainings, GANs
4950 for 2D trainings which comes from 495 tested architectures for 10 datasets, 240
trainings for NVPs for 2D datasets which comes from 24 settings tested against 10
datasets, 4D trainings are 4455 trainings for GANs which is 495 tested settings against
9 datasets.990 MNIST trainings were conducted for GANs and 48 were conducted for

RealNVP. Each training setting takes approximately 1 hour.

Table 4.1. Generator to discriminator learning rate ratios for GANSs.

Generator to Discriminator Learning Rate Ratio

1:1

1:2
1:3
1:4
1:5
2:2
2:3
2:4
2:5
3:3
3:4
3:5
4:4
4:5
2:5

All of the learning rate ratios mention in the Table 4.1 were implemented using a
recursive loop and tested for every learning rate level. The results of these different
learning rate ratios and their relative effects on KL divergence and MDL based metric

are presented for low variability GMM dataset in Table A.1



Table 4.2. Architectures for GANSs.

Gen. Layers | Disc. Layers | Network Depth | Parameter Size
7,13 11,29 4 955
14,26 22,58 4 3547
35,65 55,145 4 21163
70,130 110,290 4 83323

105,165 165,435 4 180153
256,512,1024 | 1024,512,256 6 2631171
3,5,7,13 5,7,11,29 8 1292
6,10,14,26 10,14,22,58 8 4869
15,25,35,65 25,35,55,145 8 29328
30,50,70,130 | 50,70,110,290 8 115853
45,75,105,195 | 75,105,165,435 8 259578

28

Table 4.3. Architecture for NVP.

Model Width | Coupling Layer | Parameter Size

2 4 156

5 8 1224

10 16 8048

20 32 57696

40 64 435392

50 80 840240

60 96 1440288

70 112 2273936

4.2. Results for 2D Data

We conducted experiments using both GANs and NVP models to evaluate their
performance in capturing the dimensionality and variability of 2D datasets. The results,

presented in Figures 4.1 and 4.2 comes from the best(lowest) MDL score having models
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with respect to all architectures and all hyperparameters. They indicate that NVP
models are better suited to capturing the diversity of the data space, as represented
by the red dots, while GANs are more effective in capturing the mode and centroids
of the data. However, when we assessed the models using the MDL-based metric, we
found that although the higher complexity NVP models resulted in lower KL estimate
scores (as shown in Tables 4.4 and 4.6), they exhibited higher MDL-based metric
scores compared to lower sized models (as seen in Tables 4.5, 4.7). This implies that

low complexity models are preffered for 2D datasets in general.

Table 4.4. 2D KL results for GANSs.

Number of Parameters

Dataset 1289 | 4863 | 29313 | 115823 | 259533
GMM low variance 4.8075 | 0.3698 | 1.3443 | 6.2880 | 3.0758
GMM high variance 3.5409 | 0.1776 | 0.6500 | 0.3918 | 0.4178

blobs 8.9693 | 7.0576 | 8.9776 | 8.9549 | 8.8740
blobs high std 4.6665 | 0.4817 | 0.3997 | 0.4043 | 8.6174
no structure 4.8121 | 3.2452 | 5.9935 | 4.6154 | 9.4772
noisy circles 2.3288 | 1.3612 | 4.3552 | 5.6686 | 4.7792

noisy circles high noise | 4.5013 | 3.5925 | 1.5086 | 2.6296 | 2.1970

noisy moons 3.9605 | 5.1847 | 6.7564 | 6.0880 | 5.7235

noisy moons high noise | 4.2442 | 0.8125 | 1.0895 | 0.4090 | 3.9754
t mixture 1.6346 | 0.5941 | 2.7224 | 0.7070 | 3.3497

The lower parameter sizes result in lower MDL metric scores for 2D datasets,
but different settings have the highest scores for specific datasets. An investigation
into MDL metric scores for 2D datasets revealed that lower parameter sizes correspond
to lower MDL scores. However, a detailed analysis showed that optimal performance
is achieved with specific parameter configurations for each dataset. This behavior is
further investigated through an inspection of generated samples obtained from models

possessing the most favorable Minimum Description Length (MDL) metric scores.



Table 4.5. 2D MDL metric results for GANSs.

Number of Parameters

Dataset 1289 | 4863 | 29313 | 115823 | 259533
GMM low variance 16155 | 20966 | 162524 | 645836 | 1429739
GMM high variance 14390 | 16736 | 158331 | 629818 | 1418219
blobs 19754 | 39374 | 173482 | 647877 | 1435854
blobs high std 15983 | 22493 | 155524 | 630000 | 1435685
no structure 16160 | 33501 | 171150 | 644052 | 1436233
noisy circles 11972 | 28488 | 169308 | 645238 | 1432283
noisy circles high noise | 15775 | 34088 | 163189 | 640805 | 1427798
noisy moons 15036 | 37733 | 166142 | 645650 | 1431220
noisy moons high noise | 15436 | 25510 | 161312 | 630067 | 1431220
t mixture 9929 | 23703 | 166596 | 633225 | 1430232
Table 4.6. 2D KL results for NVP.
Number of Parameters
Dataset 156 1224 | 8048 | 57696 | 435392
GMM low variance 6.7264 | 6.9698 | 7.0071 | 7.0022 | 6.9939
GMM high variance 3.2831 | 3.0676 | 2.7542 | 3.1593 | 2.9532
blobs 6.4655 | 2.3169 | 0.3724 | 0.0080 | 0.0391
blobs high std 4.7558 | 0.2581 | 0.0513 | 0.0322 | 0.0237
no structure 0.6475 | 0.1404 | 0.0270 | 0.1020 | 0.0268
noisy circles 0.4198 | 0.3673 | 0.1452 | 0.0855 | 0.0896
noisy circles high noise | 0.0093 | 0.0017 | 0.0038 | 0.0778 | 0.0224
noisy moons 1.2629 | 0.8420 | 0.1756 | 0.1543 | 0.1513
noisy moons high noise | 0.0008 | 0.0215 | 0.0279 | 0.0138 | 0.0241
t mixture 0.2290 | 0.0189 | 0.0111 | 0.0067 | 0.0076
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Table 4.7. 2D MDL metric results for NVPs.

Number of Parameters
Dataset 156 1224 8048 | 57696 | 435392
GMM low variance 56040 64164 | 109659 | 439496 | 2948822
GMM high variance 35345 40484 | 82715 | 416532 | 2923945
blobs 54899 32893 | 24977 | 244127 | 2799153
blobs high std 46037 | -30935 | -32204 | 284186 | 2784664
no structure -11497 | -48499 | -50683 | 317463 | 2788218
noisy circles -23999 | -20760 | -2192 | 312375 | 2823088
noisy circles high noise | -134015 | -176655 | -44223 | 222723 | 2783091
noisy moons T -18584 3297 | 329414 | 2838211
noisy moons high noise | -206117 | -102689 | -50124 | 280113 | 2785225
t mixture -41489 | -16168 | -76268 | 238731 | 2751885

An examination of the MDL metric scores for 2D datasets disclosed that smaller
parameter sizes lead to lower MDL scores which is intuitive. However, it was discovered
as mentioned before that the best performance for each dataset is attained through
different architecture settings, rather than just lower sizes as demonstrated in Table

4.7. These findings emphasize the importance of carefully tailoring model settings.

This comprehensive analysis uncovered that, in comparison to Generative Adver-
sarial Networks (GANs), Real-valued Non-Volume-Preserving (NVP) models exhibit
a superior capacity to capture a greater amount of information and variability across
a majority of datasets, a characteristic attributed to their inherent structure; partic-
ularly noteworthy is the observation that distributions with increased diversity, such
as the t-distribution, necessitate a higher number of parameters for accurate encod-
ing. These insights emphasize the intricate interplay between dataset characteristics,
model structures, and parameter sizes, the role of the underlying distributional prop-
erties in determining the optimal model complexity for effective data encoding and

representation.
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Figure 4.1. Best MDL 2D GAN model compared with test data. Red dots syntetic
data, blue dots test data.

As depicted in Figure 4.1, GAN models tend to generate synthetic data that
is predominantly situated around the centroids of the distributions, and oftentimes
fail to recognize sparsity. Conversely, as illustrated in Figure 4.2, NVP models are
more capable of accurately capturing diverse data compared to GANs. This outcome
stems from the enforced bijective behavior ingrained within their training process, a
distinctive characteristic that ensures a one-to-one mapping between input and output,
thereby contributing to the model’s heightened capability and effectiveness in capturing

diverse data distributions.
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Figure 4.2. Best MDL 2D NVP model compared with test data. Red dots syntetic
data, blue dots test data.

Our findings can be summarized as:

e NVP models outperform GANs on 7 out of 10 of our 2D datasets.
e Higher variability datasets like t-distribution requires more parameter complexity
compared to other datasets.

e GANS have similar performance on most of the datasets in terms of MDL metric

scores.
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e NVP models have negative MDL scores in 7 datasets, which is a significantly
lower value compared to GANS.
e GAN models are unable to capture the sparsity of the data, as evidenced by the

visual inspection of generated samples.

4.3. Results for 4D Data

In our experimentation with the 4D nonlinearly transformed data, the settings
were similar to 2D. We evaluated the KL divergence and MDL scores of the two models
against different parameter sizes, which are presented in Tables 4.8, 4.9, 4.10, 4.11.
We also visually inspected the sample diversity in Figures 4.3 and 4.4. These figures
are also from best(lowest) MDL score models. The figures present first two dimensions
for being able to compare performance with respect to 2D datasets, the other two

dimensions are computed from these first two dimensions as explained in Chapter 3.

The increased dimensionality resulted in NVP and GAN models’ divergence scores
becoming closer. Nevertheless, the smaller parameter size of the NVP enabled it to
encapsulate more variability than the GANSs, leading to better MDL metric scores.
Conversely, their performance in comparison to 2D datasets has not been compara-
ble. Both models exhibited higher MDL scores due to the incorporation of increased

variability and nonlinearity.

A notable observation has been made in the Generative Adversarial Networks
(GANS): as the parameter count of a GAN rises, there is a corresponding decrease
in the divergence between the generated data and the actual data. Although this be-
haviour is intuitive, it is crucial to note that this phenomenon does not inherently re-
flect a similar enhancement in the performance of Real-valued Non-Volume-Preserving
(NVP) models, as GANs increased performance can be affected by the intricacies of
their potentially unstable training process. Therefore, it can be asserted that Non
Volume Preserving (NVP) models derive greater advantages from an augmentation in

parameter count in contrast to Generative Adversarial Networks (GANS).
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Table 4.8. 4D KL results for GAN.

Number of Parameters

Dataset 1310 4903 29410 | 116015 | 259820
GMM low variance 14.3060 | 14.4919 | 12.4332 | 11.6702 | 14.1737
GMM high variance 14.6079 | 12.8326 | 10.7207 | 10.7393 | 11.1305

blobs 27.1171 | 27.1160 | 27.1167 | 27.1165 | 27.1154
blobs high std 22.2728 | 22.2177 | 21.7148 | 21.5520 | 21.3928
no structure 20.0396 | 16.2933 | 14.0117 | 17.0768 | 14.2613
noisy circles 17.4766 | 14.0204 | 14.2782 | 13.8085 | 14.2798

noisy circles high noise | 14.7359 | 12.4069 | 11.1141 | 10.1064 | 13.5165

noisy moons 19.7922 | 16.9080 | 16.9080 | 13.6204 | 13.2963

noisy moons high noise | 16.0164 | 15.3354 | 13.1021 | 9.5474 | 9.9194

Table 4.9. 4D MDL metric results for GAN.

Number of Parameters

Dataset 1310 | 4903 | 29410 | 116015 | 259820
GMM low variance 37901 | 57752 | 190355 | 664472 | 1455184
GMM high variance 38142 | 56348 | 188645 | 663513 | 1452394

blobs 45281 | 64983 | 171930 | 674203 | 1462671

blobs high std 43010 | 62683 | 196791 | 671552 | 1459935

no structure 41791 | 59104 | 191735 | 668866 | 1455255
noisy circles 40211 | 57370 | 191952 | 666414 | 1455270
noisy circles high noise | 38243 | 55959 | 189061 | 662812 | 1454636
noisy moons 41647 | 59531 | 192815 | 666256 | 1454446

noisy moons high noise | 39204 | 58405 | 190960 | 662155 | 1451065

It has been previously noted that although the increase in number of parameters
in GANS results in lower divergence scores, the magnitude of decrease is not significant
enough to offset the magnitude of increase in parameters, leading to higher MDL metric

scores.



Table 4.10. 4D KL results for NVP.

Number of Parameters
Dataset 196 1400 8720 | 60320 | 445760
2D GMM low variance | 11.8100 | 7.8933 | 2.7143 | 2.6835 | 2.7622
2D GMM high variance | 10.4531 | 8.9180 | 5.4641 | 3.8307 | 2.5694
blobs 27.0959 | 27.0983 | 27.0882 | 19.9618 | 4.6368
blobs high std 22.0769 | 22.1734 | 21.9028 | 11.8410 | 7.8969
no structure 9.1541 | 4.1409 | 2.4330 | 2.6361 | 5.4983
noisy circles 10.4411 | 7.4726 | 3.4346 | 4.0471 | 4.5822
noisy circles high noise | 7.8454 | 7.2402 | 2.7887 | 1.7190 | 1.7736
noisy moons 11.8752 | 7.4966 | 3.6697 | 3.8606 | 12.2058
noisy moons high noise | 8.1899 | 5.3561 | 2.8291 | 1.8407 | 2.3583
Table 4.11. 4D MDL metric results for NVP.
Number of Parameters

Dataset 196 | 1400 | 8720 | 60320 | 445760

2D GMM low variance | 29577 | 31531 | 59348 | 342136 | 2455799

2D GMM high variance | 28169 | 32940 | 67423 | 346244 | 2454964

blobs 39162 | 45767 | 85900 | 365297 | 2461777

blobs high std 36797 | 43452 | 83448 | 359269 | 2467923

no structure 26637 | 24086 | 58085 | 341931 | 2463744

noisy circles 28155 | 30899 | 62065 | 346879 | 2461641

noisy circles high noise | 24857 | 30534 | 59660 | 336996 | 2450686

noisy moons 29641 | 30936 | 62829 | 346334 | 2472948

noisy moons high noise | 25353 | 27056 | 59826 | 337785 | 2453974

It has been observed that as the dimensionality and variability of the data in-
creased, the KL divergence and MDL metric scores of NVP models also increased.
However, the KL divergence scores of NVP models showed a greater loss compared to

GANSs, with an increase in the number of parameters.
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Figure 4.3. Trained 4D GAN model compared with test data. Red dots syntetic data,

blue dots training data.

As depicted in Figure 4.3, it is evident that GAN models are incapable of accu-
rately capturing sparsity in the majority of datasets. Conversely, as shown in Figure
4.4, NVP models are more proficient at capturing diversity in the noisy circles and
noisy moons datasets. It can be observed that, as the dimensionality increased, the
t-distribution exhibited a greater degree of variability, leading to the failure of both
models to accurately capture the distribution. Therefore t-distribution was excluded
from the comparative analysis, as previously expounded, and is absent from the result

tables presented.
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Figure 4.4. Trained 4D NVP model compared with test data. Red dots syntetic data,

blue dots training data.

Our findings for 4D datasets can be summarized as:

e NVP models outperformed GANs on all ten of our 4D datasets, with the notable
exception of performance degradation compared to 2D datasets.

e Both models MDL scores get closer to each other especially for the first two lowest
parameter architectures, as well as their overall performance.

e GANS still have similar performance on most of the datasets in terms of MDL

metric scores.
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e GAN models continued to struggle with capturing the sparsity of the data as
observed in the generated samples.
e Increased dimensionality and variability resulted in increased KL divergence and

MDL metrics scores for both models.

4.4. Results for MNIST
In our experimentation with the MNIST, the settings were similar to prior datasets.
We evaluated the KL divergence and MDL scores of the two models against different

parameter sizes, which are presented in Tables 4.12, 4.13 and Tables 4.14, 4.15.

Table 4.12. MNIST KL results for GAN.

Number of Parameters

Dataset 9943 41632 | 140207 | 295982 | 2953745

MNIST16 | 346.7324 | 335.5670 | 319.8336 | 364.4218 | 247.3807
MNIST28 | 841.3870 | 832.7110 | 730.7866 | 617.1454 | 619.1794

Table 4.13. MNIST MDL results for GAN.

Number of Parameters

Dataset 9943 41632 140207 295982 2953745
MNIST16 | 129681668 | 129207842 | 128926039 | 133054417 | 141147971
MNIST28 | 456516815 | 457572303 | 4575723034 | 437487883 | 459700954

An intiutive observation emerged, indicating that with the escalation of data di-
mensionality, there was a proclivity towards favoring larger models in both Real-valued
Non-Volume-Preserving (NVP) and Generative Adversarial Networks (GANs); never-
theless, the simultaneous increase in dimensionality and data size correspondingly led
to a substantial elevation in Minimum Description Length (MDL) scores. This result
is similarly seen in elevated Kullback-Leibler (KL) divergence scores, underscoring the

consistency of the observed pattern across both evaluation metrics. An in-depth explo-
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ration of this behavior is undertaken through the examination of the cropped variant

of the MNIST dataset.

Table 4.14. MNIST KL results for NVP.

Number of Parameters

Dataset 93392 | 390944 | 1752128 | 2892560 | 4390752
MNIST16 | 160.0127 | 121.6242 | 63.9740 54.8563 45.1414
MNIST28 | 392.1704 | 272.4014 | 161.4538 | 152.9371 | 138.7165

Table 4.15. MNIST MDL metric results for NVP.

Number of Parameters

Dataset 93392 390944 1752128 | 2892560 | 4390752
MNIST16 | 113207787 | 109490439 | 106056492 | 111700058 | 119270894
MNIST28 | 407414619 | 389134790 | 380665813 | 398174302 | 418258452

Our findings for MNIST datasets can be summarized as:

e High capacity models were favoured for both GAN and NVP models.

e Increased dimensionality and data sizes lead to greater MDL and KL scores for
both models.

e The architecture advised is the same for both MNIST28 and MNIST 16 datasets.

4.5. Discussion

One of the primary objectives of this study is to compare two prominent types
of generative model architectures. NVP models were able to outperform GANs for
almost all datasets with respect to KL and MDL-based metric scores. GANs had un-
stable behaviour which is attributed to GAN training as explained in Chapter 2. GAN
models generally require a large sample size for effective training due to their implicit

nature. Conversely, the NVP models displayed decreased KL scores for increased model
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complexity across all training settings. This phenamenon is attributed to their stable

training stemming from their loss function.

A crucial factor in our investigation was data dimensionality and variability, which
significantly impacts the performance and scalability of the generative models evalu-
ated. We analyzed the dimensionality of the datasets at two levels due to computa-
tional limition. We observed that increased variability and dimensionality resulted in
elevated MDL and KL scores for both models. Furthermore, as the dataset variabil-
ity increased, both models required greater variability to accommodate the additional
complexity, as reflected in the KL and MDL based metric scores. NVP models were
capable of capturing more variability compared to GANs as can be seen inspecting our

low-dimensional datasets visually.

We conducted an evaluation of the abovementioned models and architecture set-
tings utilizing various datasets with respect to KL and MDL-based metric scores. The
KL estimate scores were employed to assess the data capturing ability of generative
models. Furthermore, we introduced the MDL-based metric to evaluate the relation-
ship between model complexity and data capturing ability. As stated in the literature,
many existing metrics fail to capture the memorization property of model training, and
there is not many metrics that focus on the generalization property of models. There-
fore, our proposed MDL-based metric can resolve these issues. Our results demonstrate
that our proposed MDL-based metric can serve to further investigate the architectural
setting of generative models. Additionally, our findings suggest that our proposed
MDL-based metric is consistent with the intuition that greater variability and dimen-

sionality requires greater complexity.

The findings of this study have several practical implications for researchers and
practitioners in the field of deep generative modeling. First, the choice between GANs
and NVP flows should be made considering data dimensionality and variability. Sec-
ond, the introduced MDL-based metric can serve as a valuable aid in model selection

and hyperparameter tuning. By doing so, it encourages and facilitates the enhance-
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ment of model development processes, making them more proficient in achieving their

objectives.

In conclusion, this study contributes to our understanding of deep generative
models and their applicability across diverse scenarios. By considering the model
architecture and data dimensionality and variability factors, we provide insights for
making more informed choices in designing and deploying generative models. In our
study, we furnish methodologies to facilitate the comparison of the encoding efficiency
among various deep generative models, offering valuable insights into their respective

capacities for representing information and data patterns.
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5. CONCLUSION

In this study, we investigate the architecture and performance of Deep Genera-
tive Models (GANs) and flow-based models. We compared their performance against
synthetic datasets and the MNIST image dataset, considering the data dimensional-
ity and variability with respect to their architectural complexity. We introduced an
MDL-based metric to measure model performance with respect to model complexity.
We performed several tests on two levels of data dimensionality and variability. The
proposed MDL metric was tested using these datasets. Our experiments show that
this metric can be used to estimate the generalization capacities with respect to the
divergence behavior of generative models and can also aid practitioners in model se-
lection. According to our results, NVP models perform better than GANs in encoding
the variability of low-dimensional synthetic datasets with fewer parameters. Increased
dimensionality of syntetic datasets from 2D to 4D makes both model’s performance

with respect to KL and MDL-based metric scores closer.

This study’s findings have several research implications. We present information
on Generative Models and metrics used to evaluate the performance of Generative
Models. We introduce a metric based on Minimum Description Length (MDL) that
assesses the performance of a model in relation to its complexity. We provide an
implementation of the proposed MDL-based metric to compare and evaluate the per-
formance of two types of generative models, namely GANs and RealNVPs, based on
their architecture and complexity in relation to the variability and dimensionality of

various datasets.

This study has several practical implications for practitioners. We provide a
method that can assist practitioners in selecting between various architectures, by
comparing generative models based on the proposed MDL-based metric and KL diver-
gences. The method can also aid practitioners in choosing suitable generative models

and model architectures that are well-suited for their datasets, considering the vari-
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ability and dimensionality of their data. Additionally, we provide estimated KL results

for the performance of two different types of generative models using various datasets.

The effect of dimensionality on capturing ability of models is investigated on only
at two levels and for a specific type of nonlinear transformation. This is a limitation
that requires further exploration in order to assess the effect of data dimensionality
on the proposed MDL-based metric. Moreover, the model architecture and types of

generative models utilized require further exploration.

We aim to improve the capability of the metric against different datasets and
models. The current metric does not incorporate sample diversity. We also want to
increase the model architectures included in the comparison and compare them with
Generative Forests, which also have a low parameter size and can capture variabil-
ity. The proposed MDL-based metric and MDL framework can be used to investigate

dimensionality and overfitting behavior in Deep Generative Models.
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APPENDIX A: TABLES

The presented results are for the GAN architecture with depth 4 and parameter
size of 955. For instance G0.01D0.01 stands for the generator learning rate of 0.01 and
discriminator learning rate of 0.01 all settings follow the same design respectively. All

presented models are trained against 2D GMM high variance dataset.

Table A.1. KL & MDL results for different learning rates for a GAN.

Learning Rates | KL MDL
G0.01Do0.01 7.4222 | 64191
G0.01D0.02 6.1992 | 58996
G0.01D0.03 8.9568 | 69614
G0.01D0.04 7.0606 | 62750
G0.01D0.05 7.5893 | 64834
G0.02D0.02 9.1110 | 70107
G0.02D0.03 7.9361 | 66123
G0.02D0.04 8.0710 | 66609
G0.02D0.05 8.2307 | 69144
G0.03D0.03 7.3932 | 67459
G0.03D0.04 6.6637 | 61081
G0.03D0.05 5.7949 | 57050
G0.04D0.04 5.9660 | 57890
G0.04D0.05 7.9562 | 66196
G0.05D0.05 5.3813 | 54913
G0.001D0.001 7.4272 | 64211
G0.001D0.002 7.1731 | 63206
G0.001D0.003 7.2116 | 63361
G0.001D0.004 7.2708 | 63597
G0.001D0.005 7.4708 | 64380




Table A.1. KL & MDL results for different learning rates for a GAN (cont.).

Learning Rates

KL

MDL

G0.002D0.002

7.0076

62533

G0.002D0.003

7.5312

64612

G0.002D0.004

7.4416

64267

G0.002D0.005

7.5995

64872

G0.003D0.003

7.4382

64254

G0.003D0.004

7.6969

65240

G0.003D0.005

7.3586

63943

G0.004D0.004

6.7789

61575

G0.004D0.005

7.6560

65086

G0.005D0.005

7.4601

64338

G0.0001D0.0001

7.7191

65323

G0.0001D0.0002

7.2411

63478

G0.0001D0.0003

7.0184

62577

G0.0001D0.0004

7.1381

63065

G0.0001D0.0005

7.0402

62666

G0.0002D0.0002

7.1993

63311

G0.0002D0.0003

7.1349

63052

G0.0002D0.0004

6.7452

61432

G0.0002D0.0005

7.0926

62880

G0.0003D0.0003

7.2162

63379

G0.0003D0.0004

7.1565

63139

G0.0003D0.0005

6.9609

62340

G0.0004D0.0004

7.2442

63491

G0.0004D0.0005

7.2616

63560

G0.0005D0.0005

7.4601

64338

G0.0001D0.0001

7.7191

65323

G0.0001D0.0002

7.2411

63478
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Table A.1. KL & MDL results for different learning rates for a GAN (cont.).

Learning Rates | KL MDL

G0.0001D0.0003 | 7.0184 | 62577

G0.0001D0.0004 | 7.1381 | 63065

G0.0001D0.0005 | 7.0402 | 62666

G0.0002D0.0002 | 7.1993 | 63311

G0.0002D0.0003 | 7.1349 | 63052

G0.0002D0.0004 | 6.7452 | 61432

G0.0002D0.0005 | 7.0926 | 62880

G0.0003D0.0003 | 7.2162 | 63379

G0.0003D0.0004 | 7.1565 | 63139

G0.0003D0.0005 | 6.9609 | 62340

G0.0004D0.0004 | 7.2442 | 63491

G0.0004D0.0005 | 7.2616 | 63560

G0.0005D0.0005 | 7.4601 | 64338




