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ABSTRACT

INFINITE ELEMENTS IN FINITE ELEMENT METHOD

It is natural and common to idealize stress or field problems into finite element
models with rigid boundaries remote from the area of interest. However, the degree of
accuracy of solutions may be significantly increased, if infinite elements extending to

infinity are used all along the rigid boundaries.

Infinite elements are introduced and also the history and development of these
elements are discussed in detail. The classification of the infinite elements is made as, a)
Mapped infinite elements, and b) Decay function infinite elements. Firstly, uni-
dimensional infinite elements are described and after the geometric and field variable
interpolation of these elements are expressed; the strain matrix and the stiffness matrix are
explicitly obtained. In this presentation, a total of 23 different types of 1-D (5), 2-D (13),
and 3-D (5) infinite elements have been investigated. Their geometrical configurations,
coordinate mapping and field variable mapping functions are presented explicitly in a

systematic fashion.

In order to emphasize the high performance and accuracy of the infinite elements,
four distinct case studies have been presented. Firstly, the deflection and stress analyses of
a point load and a circular uniform distributed load acting on a semi-infinite axi-
symmetrical medium have been presented with and without infinite elements. The results
have been compared with the exact solution by Boussinesq. Secondly, a square plate
loading on the axi-symmetric half space has been analyzed by using solid finite and 3-D
dynamic infinite elements. Thirdly, the calculation of the vertical vibration of a square
rigid plate resting on a semi-infinite half-space has been given. Finally, for the Boussinesq
problem, a sensitivity analysis is performed using not only various mesh sizes but also
springs all along the truncated boundaries and the results are compared. It is amply
demonstrated that the use of infinite elements provides unprecedented high degree of

accuracy.
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OZET

SONLU ELEMANLAR YONTEMINDE SONSUZ ELEMANLAR

Sonlu elemanlar yonteminde, gerilme problemlerinin ya da tabiatta karsilastigimiz
bazi problemlerin modellenmesinde; ilgilenilen bolgeden uzakta, sonsuza uzanan sinirlarin
sabitlenmesi c¢ok sik olarak kullanilmaktadir. Ancak, bu problemlerin sonsuza uzanan
siirlarinda sonsuz elemanlar kullanilmast durumunda, daha gerg¢ek¢i ve dogru sonuglar

elde edilebilmektedir.

Once sonsuz elemanlarin genel bir tamimi verilmis, daha sonra bu elemanlarin
bulunusu ve tarihsel gelisiminden detayli olarak bahsedilmistir. Yine bu elemanlarin,
a) Haritalanan sonsuz elemanlar ve b) Azalan fonksiyonlu sonsuz elemanlar olarak
smiflandirilmast yapilmistir. Oncelikle, bir boyutlu sonsuz elemanlar tarif edilmistir. Daha
sonra geometrik ve bilinmeyen degisken interpolasyonunun tanimlanmasinin ardindan,
gerilme ve stifnes matrisleri olusturulmustur. Bu tezde, toplam 23 farkli sonsuz eleman tipi
1 Boyutlu (5), 2 Boyutlu (13), ve 3 Boyutlu (5) incelenmistir. Bu elemanlarin geometrik ve
bilinmeyen degisken interpolasyon fonksiyonlar1 son derece sistematik ve anlasilir bir

bicimde sunulmustur.

Sonsuz elemanlarin son derece yiiksek performans ve dogru sonuglar verdiklerini
gdsterebilmek amaciyla, dort degisik drnek ¢alisma verilmistir. i1k olarak, yari1 sonsuz aksi-
simetrik ortama etkiyen tekil ylik ve dairesel diizgiin yayil yiik analizleri sonsuz elemanlar
kullanilarak ve kullanilmadan yapilmistir. Sonuglar, Boussinesq’in kesin ¢oziimii ile
karsilagtirmali olarak sunulmustur. Daha sonra, {i¢ boyutlu sonlu ve ii¢ boyutlu sonsuz
elemanlar kullanilarak, yar1 sonsuz ortamdaki kare bir plagin analizi verilmistir. Daha
sonra, yart sonsuz ortamdaki kare bir plagin diisey titresimi verilmistir. Son olarak,
Boussinesq problemi i¢in hassaslik analizi yapilmistir. Ayrica, problemin sonsuza giden
sinirlarinda yaylar kullanilmistir ve sonuglar irdelenmistir. Ornekler gostermistir ki, sadece
sonlu elemanlar kullanildiginda sonuglar, problemin kesin ¢oziimiine uzak kalirken; sonsuz

elemanlarin kullanilmasi ile kesin ¢oziime ¢ok yakin degerler elde edilmektedir.
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1. FINITE ELEMENTS IN ENGINEERING

1.1. Basic Concept of Finite Element Method

Many physical phenomena in engineering and science are described in terms of
partial differential equations. In general, solving these equations by classical analytical
methods for arbitrary shapes is almost impossible. The finite element method however, is a
numerical approach by which these partial differential equations are solved approximately.
From an engineering standpoint, the finite element method is a numerical approach for
solving a variety of engineering problems, such as stress analysis, heat transfer, fluid flow

and electromagnetics by computer simulation.

Millions of engineers and scientists wordwide use the finite element method to
predict the behavior of structural, mechanical, thermal, electrical and chemical systems for
both design and performance analyses. Its popularity can be gleaned by the fact that over
$1 billion is spent annually in the United States on finite element method software and
computer time. A 1991 bibliography (Noor, 1991) lists nearly 400 finite element books in
English and other languages. A web search in 2006 for the phrase “finite element” using
the Google search engine yielded over 14 million pages of results. Mackerle
(http://ohio.ikp.liu.se/fe) lists 578 finite element books published between 1967 and 2005.
(Fish and Belytschko, 2007)

The basic idea behind the finite element method is to divide the body into finite
elements, often just called elements, connected to each other at their nodes, and obtain an
approximate solution. The same basic approach is used in other types of problems. In stress
analysis, the field variables are the displacements; in chemical systems, the field variables
are material concentrations; in electromagnetics, the potential field. In fluid mechanics
problems, the nodal unknowns may, for instance, be fluid pressures due to fluid fluxes
(Logan, 2002). The same type of mesh is used to represent the geometry of the structure or
component and to develop the finite element equations, and for a linear system, the nodal
values are obtained by solving large systems (from 10° to 10° equations are common today,

and in special applications, 10°) of linear algebraic equations.



For problems involving complicated geometries, loadings, material properties, it is
generally not possible to obtain analytical mathematical solutions. Analytical solutions are
those given by a mathematical expression that yields the values of the desired unknown
quantities at any location in body and are thus valid for an infinite number of locations in
the body. These analytical solutions generally require the solution of ordinary or partial
differential equations, which, because of the complicated geometries, loadings, and
material properties, are not usually obtainable. Hence, the numerical methods are needed,
such as the finite element method, for acceptable solutions. The finite element formulation
of the problem results in a system of simultaneous algebraic equations for solution, rather
than requiring the solution of differential equations. These numerical methods yield
approximate values of the unknowns at discrete numbers of points in the continuum.
Hence, this process of modeling a body by dividing it into an equivalent system of smaller
bodies or units named finite elements interconnected at points common to two or more
elements (nodal points or nodes) and/or boundary lines and/or surfaces is called
discretization. In the finite element method, instead of solving the problem for the entire
body in one operation, equations are formulated and combined to obtain the solution of the

whole body.

An example of how a finite element model represents a complex geometrical shape is
shown in Figure 1.1. It is very difficult to find the exact response (stresses and
displacements) of the machine under any specified loading condition; this structure is
approximated as composed of several pieces as shown in Figure 1.1 in the finite element
method. In each piece or element, a convenient approximate solution is assumed and the
conditions of overall equilibrium of the structure are derived. The satisfaction of these
conditions will yield an approximate solution for the displacements and stresses (Rao,
1989).



Figure 1.1. Representation of finite elements (Courtesy of Rao, 1989)

1.2. Brief History and Development of Finite Element Method

Advances in aircraft engineering lead to originate the basic idea of finite element
method. The modern development of the finite element method began as early as in the
1940s in the field of structural engineering with the pioneering work by Hrennikoff (1941).
Hrennikoff presented a solution of elasticity problems using the ‘frame work’ method. A
rectangular finite element model is modeled by means of uni-dimensional lattice bars as
originally introduced by Hrennikoff. A typical Hrennikoff lattice cell contains four uni-
dimensional flexural bars rigidly connected to each other at the corners. They can carry
torsional moments also. The two diagonal bars, however, can only transfer bending

moments at their ends.

McHenry (1943) used a lattice of one-dimensional elements for the solution of
stresses in continuous solids. He published in a paper in 1943 but not widely recognized
for many years. Courant (1943) proposed setting up the solution of stresses in a variational
form. Then he introduced piecewise interpolation (or shape) functions over triangular sub-
regions making up the whole region as a method to obtain approximate numerical solutions
(Logan, 2002).



The general finite element method was developed in the 1950s in the aerospace
industry. The major players were Boeing and Bell Aerospace in the United States and
Rolls Royce in the United Kingdom. M. J. Turner, R. W. Clough, H. C. Martin and L. J.
Top published one of the first papers that laid out the major ideas in 1956 (Turner et al.,
1956). They derived stiffness matrices for truss elements, beam elements, and two
dimensional triangular and rectangular elements in plane stress and outlined the procedure
commonly known as the direct stiffness method for obtaining the total structure stiffness
matrix. Along with the development of the high-speed digital computer in early 1950s, the
work of Turner et al. prompted further development of finite element stiffness equations
expressed in matrix notation. The phrase ‘finite element’ was first introduced by Clough

(1960) when both triangular and rectangular elements were used for plane stress analysis.

Several capable researchers recognized the finite element method’s potential early,
most notably O. C. Zienkiewicz and R. H. Gallagher (at Cornel). O. C. Zienkiewicz built a
renowned group at Swansea in Wales that included B. Irons, R. Owen and many others
who pioneered concepts like the isometric element and nonlinear analysis methods. Other

important early contributors were J. H. Argyris and J. T. Oden.

Engineers used the method for approximate solution of problems in stress analysis,
fluid flow, heat transfer, and other areas in early 1960s. Field problems such as
determination of the torsion of a shaft, fluid flow, and heat conduction were solved by
Zienkiewicz and Cheung (1965). In the late 1960s and early 1970s, the finite element
analysis was applied to nonlinear problems and large deformations.

The finite element method is rapidly becoming an essential and integral part for the
solution of medical problems, such as orthopedics, dentistry, etc. Finite element
technology consists of a library of element models, a process for combining these models
into a mathematical model of an engineering system, and a set of algorithms for numerical
solution of equations. This method supported by computer software and by knowledge
based on application experiences. The real application of finite element methods requires
not only the superiority of the theory but also a significant computer programming effort
(Harmandar, 2002).



1.3. Applications of Finite Elements

The range of applications of finite elements is too large to list, but to provide an idea

of its versatility, following may be listed:

e Stress and thermal analyses of industrial parts such as electronic chips, electric
devices, valves, pipes, pressure vessels, automotive engines and aircraft;

e Seismic analysis of dams, power plants, cities and high-rise buildings;

e Crash analysis of cars, trains and aircraft;

e Fluid flow analysis of coolant ponds, pollutants and contaminants, and air in
ventilation systems;

o Electromagnetic analysis of antennas, transistors and aircraft signatures;

e Analysis of surgical procedures such as plastic surgery, jaw reconstruction,

correction of scoliosis and many others.

The finite element method was developed for the analysis of aircraft structures as
stated earlier. This method is applicable to a wide variety of boundary value problem in
engineering. A boundary value problem is one in which a solution required in the domain
of a body subject to the satisfaction of prescribed boundary conditions on the dependent
variables or their derivatives. A general list of fields of applications of finite element
method is given in Table. For each field of application the problem is formulated in anyone
of the following types:

e Equilibrium problems
e Eigenvalue problems

e Propagation or transient problems

In an equilibrium problem, it is necessary to find the steady state displacement or
stress distribution if it is a solid mechanics problem; the temperature or heat flux
distribution if it is a heat transfer problem; and finally the pressure or velocity distribution
if it is a fluid mechanics problem.



Eigenvalue problems are sometimes called characteristic value problems and occur
in the analysis of homogeneous differential equations. Time will not appear explicitly in
eigenvalue problems. These problems can be considered as extensions of equilibrium
problems in which critical values of certain constraints are to be determined in addition to
the corresponding steady state configurations. The natural frequencies or buckling loads
and mode shapes are determined for the solid mechanics or structures problem; the
stability of laminar flows for the fluid mechanics problem; and the resonance
characteristics for the electrical circuit problem.

The propagation or transient problems are time dependent. The response of a body
under time varying force in the area of solid mechanics and under sudden heating or
cooling in the field of heat transfer comprise this type of problems (Harmandar, 2002).



Table 1.1. Fields of applications of the finite element method

Area of Study

Equilibrium Problems

Eigenvalue Problems

Propagation Problems

Civil Engineering
Structures

o Static analysis of
trusses, frames, folded
plates, shell roofs, shear
walls, bridges and
prestressed concrete
structures

o Natural frequencies
and modes of structures

o Stability of structures

o Propagation of stress
waves

 Response of structures
to aperiodic loads

Aircraft Structures

o Static analysis of
aircraft wings,
fuselages, fins, rockets,
spacecraft and missile
structures

o Natural frequencies,
flutters, and stability of
aircraft, rocket,
spacecraft and missile
structures

¢ Response of aircraft
structures to random
loads, dynamic response
of aircraft and
spacecraft to aperiodic
loads

Heat Conduction

o Steady state
temperature distribution
in solids and fluids

e Transient heat flow in
rocket nozzles, internal
combustion engines,
turbine blades, fins and
building structures

Geomechanics

e Analysis of
excavations,
underground openings,
rock joints and soil
structure interaction
problems.

e Stress analysis in
soils, dams, layered
piles and machine
foundations

o Natural frequencies
and modes of dam
reservoir systems and
soil-structure interaction
problems

¢ Time-dependent soil-
structure interaction
problems.

¢ Transient seepage in
soils and rocks.

o Stress wave
propagation in soils and
rocks

Hydrodynamics

o Analysis of hydraulic
structures and dams

e Sloshing of liquids in
rigid and flexible
containers

o Rarefied gas dynamics

e Magneto
hydrodynamic flows

Biomedical
Engineering

o Stress analysis of
eyeballs, bones and
teeth

e Mechanics of heart
valves

o Impact analysis of
skull

¢ Dynamics of
anatomical structures

Nuclear Engineering

o Analysis of nuclear
pressure vessels and
containment structures

o Steady state
temperature distribution
in reactor components

o Natural frequencies
and stability of
containment structures

e Neutron flux
distribution

¢ Response of reactor
containment structures
to dynamic loads

e Unsteady temperature
distribution in reactor
components




2. HISTORY OF INFINITE ELEMENTS

2.1. Introduction to Infinite Elements

In several fields of engineering and science, a large number of problems have
domains that are assumed to extend to infinity. The analysis extends to large distances in

one or more directions to represent the far field domain.

Such an unbounded medium appears in a wide variety of practical engineering
problems, such as soil-structure interaction, consolidation and settlement of soils, ground
freezing problems, seepage and ground water flow, contaminant or pollutant diffusion,
sediment transport and fluid flow, wave diffraction and refraction, wave propagation,
hydrodynamic pressure on dams and off-shore structures, underground structures and

thermal transient problems.

Some examples are water waves behind a breakwater, an airplane wing moving
through air, diffraction of water waves around an island, a building or dam supported by
the ground, aerofoil in flowing water and some of which can be seen in Figure 2.1 through

2.5.

Breakwater

Yo 7

Figure 2.1. Water waves behind a breakwater



Airflow

Figure 2.2. Depiction of airflow over a wing

Water Flow

Island

!

Figure 2.3. Diffraction of water waves around an island

One solution to these problems is to truncate the domain of analysis at large but finite
distances from the place of load application. In traditional finite element analysis, these
problems are analyzed by extending the conventional finite element mesh outward to a
point where the influence of the place of load application is small enough to be neglected,

and applying either fixed or movable displacement or constant stress boundary conditions
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there. This approach generally requires experimentation with several grid sizes and
assumed boundary conditions. The disadvantage in such schemes is that a very large
number of node points may be involved simply in modeling the remote region where the
perturbation in the stress or displacement field is virtually zero and the method is not

suitable for many dynamic analyses.

—— e e e e ‘

Figure 2.4. Aerofoil in flowing water

To analyze such problems efficiently by the finite element method, infinite elements
are introduced to be used combined with the finite elements in order to discretize the
domain of analysis. One of the purposes of an infinite element is to model an unbounded
domain economically. Reciprocal form of shape functions are introduced over infinite
elements which then decays to zero at infinity. Several types of element shape functions

which extend to infinity are utilized to generate infinite elements.
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Figure 2.5. A dam supported by the ground

2.2. Origin of Infinite Elements

It is easy to classify infinite elements as static type or dynamic type, as the methods
needed for the two types are quite different. Here, the static type and dynamic type will be
discussed, although some static types can be used for some dynamic problems. In addition,

the infinite elements will be classified as mapped or decay function type.

The first infinite element produced was that of Ungless and Anderson, in 1973. They
called their element an infinite finite element. The idea behind the infinite element of

Ungless and Anderson was the use of a shape function which varied as 1/(1+r) in the

radial or r direction. As they remark, this is sufficiently simple for most of the
manipulations to be handled analytically. Their infinite finite element is three dimensional
and has a triangular base, which is defined to be in the local xy plane, and is extended from
this base to infinity. It is therefore approximately a triangular prism in shape, with the z
direction (which is defined as being perpendicular to the base) being infinite. The element
is sketched in Figure 2.6. As Ungless and Anderson (1973) point out, the simple shape

function chosen can lead to incompatibilities between adjacent elements, if the bases of
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adjacent elements are not parallel. The edges of the elements, in the infinite direction are
defined as radiating from some pole. The element matrices are formed using analytical
integration in the Xy plane and numerical integration in the z direction. The integration
scheme used is a trapezoidal rule scheme, in which the integral is first mapped onto the
range [-o0,0]. The element was tested on the familiar Boussinesq point load on a half space
problem, with a hemispherical region around the load removed, to avoid problems with the
singularity under the load. Good results were obtained for loads parallel to the free surface

and normal to it. Some are shown in Figure 2.7.

Figure 2.6. Geometry of Ungless and Anderson (1973) infinite element
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Undeformed boundary
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Deformed boundary

Exact solution
® |nfinite element solution

Figure 2.7. Displacements due to a vertical point load on elastic half space obtained by

Ungless and Anderson (1973)

The second published work on infinite elements was a paper, by Zienkiewicz and
Bettess, in 1975. The original formulation of infinite elements by Bettess is quite different.
It is described in the two papers by Bettess in 1977 and 1980. The element domain is
extended to infinity, using as a basis any original finite element. The shape function is then
multiplied by a decay function which is appropriate for the particular problem type. The

arrangement is as shown in Figure 2.8.

In this type of infinite element the shape function is multiplied by a decay function,
so that the desired behavior at infinity is obtained. The first decay functions used by
Bettess were of an exponential type, and typical terms in the infinite element matrices thus
had the form of a polynomial multiplied by an exp (-r) term. These types of integrals can
be found analytically, and so infinite elements of a rectangular form, which extended to
infinity in one or more directions were developed. They were first applied to some simple
one dimensional examples and then they were applied to more complicated two

dimensional and axi-symmetric problems.
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Figure 2.8. Geometry of typical decay function infinite elements (Bettess, 1980)

Bettess (1977) applied the technique to a simple two-dimensional viscous flow
problem, that of a cylinder rotating in an infinite viscous liquid. The cylinder has a unit
radius. The element mesh for flow around a cylinder can be seen in Figure 2.9. The results
for element velocities in the x and y directions along various sections through the quadrant

are shown in Figure 2.10 with comparisons with the exact solution.
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Figure 2.9. Element mesh for flow around a cylinder (Bettess, 1977)
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Figure 2.10. Velocities around a cylinder: u and v are velocities in the X and y directions

(Bettess, 1977)
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Although the necessary integrations can be carried out analytically, it is also possible

to use numerical integration methods, which lead to the possibility of parametric elements.

2.3. Infinite Element Classification

Infinite element formulations are constructed following two main lines of
development. Although detailed discussion will be made in chapter 3, these are briefly
explained here: A) Decay Function Infinite Elements: These are produced by the help of
decay functions in conjunction with the ordinary finite element shape functions. These use
standard shape functions for geometry and “decay shape functions” for the field variables
(e.g. displacement components), so that the element remains of finite size while the field
variables decay. B) Mapped Infinite Elements: These consist of mapping of the element
from finite to infinite domain. Many mappings are possible, and the first is that of Beer and
Meek (1981). Opinions vary, but the Zienkiewicz mapping is seen by Bettees as the best
available, because of its simplicity and theoretical advantages. These use standard shape
functions for the field variables but “growth shape functions” for the geometry. The latter

grow without bound as a natural coordinate approaches a certain value.

Somewhere in between these approaches is the idea of using a series of the form
1/r, 1/r*,1/r°, etc. This idea, taken to the first term by Ungless and Anderson, is implicit
in the method of Wood (1976). All these methods have their attractive features and it is

always possible to choose a problem for which a given method will give the best answer.
2.4. Studies and Development of Infinite Elements
By using a specially devised mapping, Beer and Meek (1981) analyzed several
sample problems for openings in infinite media with comparisons with either theoretical or

boundary element solutions which include the infinite boundary in their solution technique.

The geometry of the element is described by conformal mapping of the element

including the infinite portion on to the usual, non-dimensional square or cube.

X = N. X. (2.1)
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where, X; is the current point and N, are the shape functions. Beer and Meek applied their

new element to the determination of the stresses and displacements induced by an
excavation in a pre-stressed medium. They considered two types of openings: circular and
rectangular. The stresses and displacements necessary to give a traction-free excavation
surface are then determined. They obtained excellent agreement between their results and

the analytical solution of the problem.

Beer and Meek (1981) also dealt with spherical opening in an elastic solid. They
applied these elements to the elasto-plastic analysis of tabular ore body extraction at the
Mount Isa mine in Australia. They have since developed alternative methods which

involve linking finite elements to boundary integrals.

Chow and Smith (1981) developed serendipity infinite elements to analyze static and
periodic problems in geomechanics. Askar and Lynn (1984) developed infinite elements
with proper decaying shape functions for ground freezing problems in different spatial

domains:

a 4 n-l1 0_9
N =|— ! 2.2
' (rj H 6 -0 2)

The use of the infinite elements for ground freezing problems resulted in a
considerable savings in the number of elements and nodes used in the mesh; consequently
savings also resulted in the computer storage and cost. Damjani¢ and Owen (1984) used
mapped infinite elements for modeling unbounded thermal transient problems. They
solved three problems, namely 1) Linear infinite strip with prescribed boundary
temperature, 2) Buried cable problem, 3) Spherical cavity problem. They saved substantial

computational time with accurate results.

Simoni and Schrefler (1987) applied mapped infinite elements in two consolidation
problems and they achieved excellent agreement between infinite elements and analytical
solutions. Zhao and Valliappan (1993) presented a time-dependent infinite element which

can be used to simulate transient seepage problems in infinite media. In order to examine
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the accuracy and efficiency of the infinite elements, they solved both a one-dimensional
transient seepage problem in a semi-infinite medium and a two-dimensional transient

seepage problem in a full plane using the finite and infinite element technique.

Medina (1981) used an axisymmetric infinite element in order to analyze the
Boussinesq and Cerruti problems which deal with vertical and horizontal point loading on
an elastic half space. His shape functions in the infinite direction were similar to those of
Ungless. He used Gauss-Laguerre numerical integration, in the problem co-ordinates, over
an infinite domain, and paid particular attention to the number of integration points needed.
Medina also obtained results for a vertically loaded rigid circular plate on an elastic half
space, and they compared well with the exact solution. The problem geometry, mesh used

and resulting displacements are shown in Figure 2.11.

¢

a) Circular mesh b) Rectangular mesh
with infinite element with infinite elements

T 10

g P,

a ——

" [ Exact
a ' solution
oy W

i os | :

=N Numerical solutions

g2 oElastic FFB , mesh(a)

o = ®Rigid FFB . mesh(a) o

J OElastic FFB , mesh (b) .

‘5.-, 0 | 1 1

0.5 1.0 1.5 2.0
Distance from z-axis , r/o

(c) surface (plane z = 0) vertical displacement solution

Figure 2.11. Vertically loaded rigid circular plate by Medina (1981)
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Bettess and et al. (1982) developed some useful techniques for testing infinite
elements. They devised simple one-dimensional test problems in order to test and evaluate
infinite element formulations. The crux of the method is that a one dimensional problem is
posed which is made artificially to contain decay of the solution. The first results, obtained
using the Zienkiewicz form of mapped infinite elements, were published by Zienkiewicz

and et al (1983).

Also, Lynn and Hadid (1981) built up a series of infinite elements, which combined
terms of the form 1/ r" in the shape functions, and applied them to several unbounded

elasticity problems. They solved the case of a circular load on an elastic half space and a
ring load. They compared their results with those of the exact solution and excellent
performances of the element are obtained. Figure 2.12 shows the non-dimensional surface
deflection of an elastic half-space under a ring load using infinite elements, compared with

the exact solution.

0.0

o1k Ring load

02}

Exact solution
03
04

05
A Fine mesh (6x10)
O Coarse mesh (4x6)

w / [Er, /(P(1-v2))]

0.6

0.7

08

Figure 2.12. Surface deflection of elastic half-space due to a ring load

A Static Infinite Element which classes the decay function and mapped infinite
elements as descent and ascent shape functions respectively was described by Curnier
(1983), and Curnier showed that they can be made equivalent under certain conditions. For
the Flamant problem of a line load acting on an elastic half space and the Boussinesq
problem, Curnier gave some results. Good agreement is obtained with analytical solutions
of both line load and point load, even that for the plane problem, which has the logarithmic

behavior.
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Kumar gave static infinite element formulation in 1985 and he used infinite elements

in the analysis of underground openings in 1986.
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3. CLASSES OF INFINITE ELEMENTS

Infinite elements are actually the same as finite elements that have one or more
dimensions of infinite extent in physical space. Informally one can say that some nodes of
these elements “go to infinity”. Many physical problems deal with an unbounded medium.
The main application of these elements is obviously the treatment of media of infinite
extent, where “infinite” in practice means that the domain that influences the solution (the
influence domain) is much larger than the domain of interest. These are collectively called

unbounded domain problems.

In all these problems a conventional finite element mesh (the computational domain)
must be terminated somewhere short of infinity. For many static problems simple
truncation at a rigid boundary may work satisfactorily, but it may be unclear where such
truncation should take place. A computational compromise is often at work in these
situations, as follows: If the truncation boundary is placed too near to the area of interest,
the computational effort is saved but the solution accuracy can suffer; if the truncation
boundary is placed far away from the area of interest, the solution accuracy is improved

but the computation expense may become excessive.

In dynamic problems a rigid boundary reflects a wave, regardless of the size of the
mesh; therefore, the model actually misrepresents the reality. Various techniques have
been used to treat unbounded problems, both static and dynamic, with various degrees of
sophistication. An example of single load P on axially symmetric body of infinite extent
can be seen in Figure 3.1 (a). The crudest model is the rigid boundary mesh truncation
illustrated in Figure 3.1 (b). Infinite elements can be used in the model as seen in Figure
3.1 (c) and they produce very accurate results in static problems with rather small
computational expense. In other words, infinite elements permit satisfactory results to be

obtained from fewer elements than would be otherwise required.
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Rigid Boundary < Infinite Elements

(a) Real Domain (b) Bounded Domain (c) Unbounded Domain

Figure 3.1. (a) Load P on axially symmetric body of infinite extent, (b) Large mesh of

conventional finite elements, (c) Smaller mesh bounded by infinite elements

In static stress analysis, infinite elements are analogous to elastic foundations in the
sense that they provide approximately correct support conditions for the domain of interest
that is modeled by conventional finite elements. Infinite elastic elements based on the
standard total potential energy principle have been constructed with two alternate

techniques as follows:

3.1. Mapped Infinite Elements

Mapped infinite elements use completely different shape functions in the infinite
direction. This type of infinite element almost always involves a mapping, if only to obtain
a numerical integration formula. Sometimes two mappings are needed, one for the shape
function and one for the integration formula. For conciseness these methods will all be
called mapped infinite elements. Many of the infinite elements proposed have used the idea

of mapping, or can be cast in that form. (Bettess, 1992)

Mapping of the element from finite to infinite domain is performed. Standard shape
functions are used for the field variables and growth shape functions are used for the
geometry. The latter grow without bound as a natural coordinate approaches a certain

value.
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Figure 3.2. Standard shape functions of four-node line element for field variables

In order to illustrate field variable interpolation of four-node line element, standard
shape functions are sketched in Figure 3.2. Growth shape functions are pictured to

demonstrate geometry interpolation of four-node line element in Figure 3.3.
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Figure 3.3. Growth shape functions of four-node line element for the geometry
3.2. Decay Function Infinite Elements

In the last decades, many special elements have been introduced to extend the scope
of the finite element method to infinite elements. The main idea of the decay function
infinite element approach is that the finite element shape function is multiplied by a decay
function. The finite shape functions will not be appropriate to describe the behavior of the
field variables, towards infinity, and so decay functions are introduced, which modify the
finite element shape functions. Decay function ensures that the behavior of the element at
infinity is a reasonable reflection of the problem. This usually means that the field variable
must tend monotonically to its far field value. If the parent finite element shape function is

written as P, =(§,77) where & and nare local coordinates and the decay function is

f. =(&77), where the subscript denotes the node number then:

N;(&,n) =P (&) f,(Sn) (3.1)

(no summation on i)
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The decay function f,(&,7) must be unity at its own node, that is:

fi(&im) =1 (3.2)

In addition N; must tend to the far field value at infinity. There is no requirement that the
decay function takes any special value at other nodes. Whatever f is, the required

derivatives of the element shape function can easily be established using the chain rule:

0§ 0¢ o¢ on  0n
for decay only in the & direction, and
N P pdi gpg N Ry pdh (3.4)
o 0 o¢ on  on on

for decay in both & and 7 directions. Similar considerations apply in three dimensions.
Second derivatives can also be found if required. The & coordinate would normally be in
the radial direction, away from the domain of interest, and is usually simply a constant
multiplied by r, the radial coordinate. It is therefore simple to match & to 1/r or other

known forms of decay.
3.2.1. Exponential Decay Functions

An obvious choice for the decay function, and the first to be used, is the function
exp(-x). This has the advantage that it decays to zero faster than any polynomial and so
dominates the polynomial behavior as x is large and ensures convergence towards zero as x
increases. It is also almost as easy to manipulate mathematically as a polynomial. The

more precise expression for the decay function is:

N (£)=exp| (& -¢)/L] (£>4) (35)
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for decay only in the positive & direction. The inclusion of &, ensures that equation (3.2)

holds. For decay in both & and 7 directions the equation (3.5) becomes:

N (&m)=exp[ (& +m-&-n)/L] (3.6)

Here L is a length which determines the severity of the decay. It is also possible to set L to
unity and to set the severity of the decay by the distance between the nodes. It is a trivial

matter, if required, to cause the decay to be in the negative & direction, in which case

equation (3.5) becomes:
N (¢)=exp[(¢-&)/L] (¢<&) (3.7)

It is also possible to define the exponential decay in the global co-ordinates of the
problem. In this case the dominant part of the decay function is exp(— r/L), where L is

again decay length and r is the radius from some origin.

For instance, a set of shape functions based on Lagrange polynomials multiplied by
exponential decay terms may be written using the equation (3.8). The shape functions for
n=3 and L=1 are sketched in Figure 3.4. How the shape functions decay at infinity is

seen easily.

n-1
X. —X
Ni — (XI_X)/LLi :e(x,—x)/L | I [XJ . J (38)

Please note e is present only when x> x; .
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0 1 2 3

Figure 3.4. Typical decay shape functions (Bettess, 1977)
3.2.2. Reciprocal Decay Functions

The procedure is simple. A reciprocal decay function is taken of the form:

é:'_é:o |
N. =230 3.9
) (5—&} 49

where &, is some origin point. This point must be outside the infinite element, i.e. it will

be on the opposite side to that which extends to infinity. Usually, if the decay is in the

positive & direction then &, < —1. This avoids a singularity within the infinite element and
n is selected to be greater than the highest power of & encountered in P,. This ensures that
as & tends to infinity the shape function, N,, tends to 0. There is no necessity for n to be

an integer. For instance, if 3 points are considered, the first two points having finite co-
ordinates and the 3" point being infinitely distant, shape function for the 2" node may be

sketched in Figure 3.5.
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Recirocal decay function N, (£)=[(&-&)/(¢-&)]
|\|2 Example, N, =[1/(£+2)]" (n>2)

1 / ffffffff 1

Oe------- -® ® ®
0 1 2 3

§=-2 =-1 =0 E=+1

Figure 3.5. Reciprocal shape function for the 2" node

As in the case of exponential decay, the decay function can be generalized to two

directions, for example:

Ni(g,n)=(§i_§°]l[’7‘_"°]m (3.10)

$-% =1

Decay in the negative & direction can also be dealt with

%Eo_égi ”
N. =20 _>i 3.11

where now &, must be > 1. It is also possible to have a decay in the global coordinate.

This makes little difference to the theory. The decay function is written as

mo-(42) (4 @12

where the last term dictates the decay in global coordinates.
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4. UNI-DIMENSIONAL INFINITE ELEMENTS

The theoretical derivations for uni-dimensional infinite elements will be discussed in

this chapter.
4.1. Uni-dimensional Two-node Mapped Infinite Element

As shown in Figure 4.1, a uni-dimensional two-node mapped infinite element will be
studied. For geometry interpolation, the mapping function for a linear uni-dimensional

element is

N, = (4.1)

2
I-¢

The satisfactory performance of this mapping function can be easily shown. Let the co-

ordinate of the left hand of the infinite element be x,. Then the geometry interpolant can be

written as seen in equation (4.2).

x=x, N, (4.2)
£=—1 E=0 £=1
X r
%d—»‘ 1 2
0 1 2
N
X; I-¢ 4
X 1 / ,,,,,,,,,,,,,
X, = 0
(a) Physical space (b) Natural coordinate space

Figure 4.1. Uni-dimensional two-node mapped infinite element
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The shape functions for field variables, u(x)=u(&), can be written by the use of Lagrange

functions for the element as following and can be seen in Figure 4.2.

d
wi=1L L) { dl} (43)
1
L, =5(1—§) (4.4)
L,= %(1 +¢) (4.5)

In general coordinates, using & =—1 at node 1, and & =+1 at node 2 the shape function

L. becomes;
(4.6)

L =%(1+§§i)

I &

Figure 4.2. Shape functions of two-node line element for field variables

As an example of axially loaded two-node line element, let u be axial displacement

and let node 2 be fixed. The generic displacement vector of the element:
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{5 154

The strain component of the element can be written as

-fEge ufl2ls A e

From Figure 4.1, it is seen that, x, = a and derivative of L, with respect to x

d_dds (an)1 (1) | __10-¢) @9)
dc  déde \dé)dx \ 2) 2a 2 24 '
N

Derivative of L, can be obtain in the same fashion but it is not needed here. The axial

strain is

{gx}z{fl—i}{cé}z—j—;% (4.10)

We see that for a two-node line element of physical length 2a between nodes 1 and

2, axial strain decays parabolically from & =-d,/a at end £=-1 to ¢, =0 at end
& =+1, rather than being constant value &, =—d,/2a throughout as would be the case for

a standard two node element of length 2a.
4.2. Zienkiewicz Uni-dimensional Three-node Mapped Infinite Element

Zienkiewicz uni-dimensional three-node mapped infinite element will be defined.

The element extends from point x, through x, to x,, which is at infinity as seen in Figure

4.3. This element is mapped onto the finite domain —1< & <1 by the mapping expression
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x=x,N, +x,N, (4.11)
where
N, =% N, =L (4.12)
1- 1-¢&
X r E=— &=0 &=1
a a
1 2 3
o 1 2 3
X
X
X,
X3 =0
N, = i
1-¢
(a) physical space (b) natural coordinate space

Figure 4.3. Zienkiewicz uni-dimensional three-node mapped infinite element

At & =-1 x=x,05+x,05=x, (4.13)
At £=0 x=x,0+x,1=x, (4.14)
At & =1 X = X,00 + X,00 =00 (4.15)

Although, the point at & =—1 is the mid-point between X, and X, , it is possible to chose

X, anywhere in the interval X to X, by writing:

x, =yx, +(1-y)x, (4.16)
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The theory is worked out here for the case y =1/2.
An important feature of this mapping is the condition that
N,+N, =1 (4.17)

Otherwise the mapping will be affected by any change in the origin of the coordinate

system. Thus a shift in the origin by Ax leads to the new coordinates
xX,'=x, +Ax (4.18)
X,'=x, +Ax (4.19)
If these values are inserted in the equation (4.11) then:
x+Ax = (x, + Ax)N, + (x, + Ax)N, (4.20)
Ax = Ax(N, + N,) (4.21)
This is only true if equation (4.17) is satisfied. The next step is to see what form
polynomials in the finite, &, domain are transformed into in the unbounded x domain.
Consider a polynomial P,

P=a,+a,E+a,E* +a,E +.. (4.22)

which is typical of those used in finite element methods. The & to x mapping already

obtained is

(4.23)
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and its inverse is

I —— (4.24)
X=X,
And where r = x — x,, these can be written as
r= 2% and e=1-24 (4.25)
1-¢& r

On substitution into the general polynomial, P, a new polynomial in inverse powers of 7 is

obtained.

P:ﬂo-i-ﬁlé-i-ﬂzfz +ﬂ3§3 +. (4.26)
r r r

where the f. can be determined from the «’s and a. If the polynomial is required to

decay to zero at infinity then S, =0 (Zienkiewicz et al., 1983).

A generic field variable is interpolated over the infinite element by the standard

shape functions of the 3-node line element.

dl
Wwi={L, L, L,}1d, (4.27)
d3
where
L==2eli-¢), Li=1-, L= &+¢) 4.28)

and they are shown in Figure 4.4.
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H
N
w

Figure 4.4. Shape functions of three-node line element for field variables

4.3. Uni-dimensional Three-node Mapped Infinite Element

In order to illustrate the concepts and procedures, a uni-dimensional three-node
mapped infinite element will be studied as shown in Figure 4.5. The distance a between
nodes 1 and 2 may be considered a characteristic length of the element. Figure 4.5 also
shows a point labeled 0 at a distance a from 1. This point is not a node but a pole, whose

significance is explained subsequently.
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X - E=-1 =0 &=1
a a
1 2 3
0 1 2 3
Xg
X; 1
X,
0
Xy = ©
No= 2| .
1 1_ 5
(a) Physical space (b) Natural coordinate space

Figure 4.5. Uni-dimensional three-node mapped infinite element
4.3.1. Geometry Interpolation

The element geometry is interpolated according to two mapping functions, N; and,

N> which are rational in the natural coordinate & .

(x}={N, N,) {"} (4.29)

in which,

Y N, =1te (4.30)

Note that x=x,and x=x, for £=-1 and{ =0, respectively. However, x -, for
& =1. Thus, the mapping in equation (4.29) automatically places the node 3 at infinity;

consequently the node 3 need not be explicitly present in the geometry interpolant as seen

in equation (4.31).

X, zlcfinll_zéxll—'— (ig+§)x2 - (431)
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Consider the set of natural co-ordinates &£, 77 and a corresponding set of global co-
ordinates x, y. By the usual rules of partial differentiation, the & derivative can be written

as

ON, _aN, &x  oN, &

el (4.32)
0F  ox 0 oy OF

Performing the same differentiation with respect to the other natural coordinate 7

and writing in the matrix form:

ON,| [ax oy [eN, oN,
o | o of || ax o
_ =[/] (4.33)
AR A R
on) lon onll oy y

In the above, the left-hand side can be evaluated as the functions N; are specified in
natural co-ordinates. Further as x, y are explicitly given, the matrix [J ], can be found

explicitly in terms of the natural co-ordinates. The matrix is known as the Jacobian matrix.

To find now the global derivatives, [J] is inverted:

oN, N, o _o|[aN,
o N T
=[] =5 (4.34)
av| v | PV e e o,
oy on L On  0¢ [{On
The global derivative for a one-dimensional problem becomes:
N _ J! N, (4.35)

x| o8



38

The Jacobian matrix for this uni-dimensional infinite element (same as its
determinant because it is a scalar) is

dg  dg dg

It is seen from Figure 4.5 that x, =a, x, =2a and the derivatives of the shape functions
N, and N, are as follows:

v, ____2 . (4.37)
¢ (1-¢)
an, __2 . (4.38)
¢ (1-¢)

The Jacobian for this element may then be written as

Y - (4.39)
ag”ag v ae (=9

and goes to +o0 as ¢ — 1.

4.3.2. Interpolation of Field Variables

A generic field variable is interpolated over the infinite element by the standard
shape functions of the 3-node line element.

d
{up={L, L, L} {4, (4.40)
d

%)

where
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le—%g(l—g), L=1-&, L3:%§(1+§). (4.41)

and they are shown Figure 4.4. The above expressions have been written in accordance

with Lagrangian Shape Functions for the 3-node line element. In fact,
—re-g)
N(x)= ! (4.42)
:!/;)[ (51 - 5 j )
i#]

In static analysis d; is typically set to a prescribed value, usually zero as a boundary

condition. The x derivative of u is obtained in the usual fashion as ¢ _:

dl

{g}:ﬂ:{% dL, %} J (4.43)
Y dx dx dx dx a’2
3

Since the shape functions are dependent on the natural coordinates ¢ and 77,

differentiation of them with respect to x and y will be obtained through the Jacobi
transformation. If the shape functions are differentiated, following equations can be

written:

dLy _ yadly_ o
—=J E J(-1/2+¢) (4.44)
dL, _ ,dL, _ .
—o=J T J(-2¢) (4.45)
ALy _ jr sy (1/2+¢) (4.46)

dx dé
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2
where J™ =(l;—§). When equations (4.44), (4.45) and (4.46) are substituted in equation
a

(4.43), equation (4.47) is obtained.

dl
{ef=[al{u} =[al{e}{a} = [Gd} = {(-V/2+¢) (-26) (V2+8)f {dy( (447)
d3
here, the strain matrix [G] of the element can be written as
G- (29 0200 (a9
The stress component of the element is formulated obtaining stress matrix [S ]
to}=[plie}= Ete}= ElG}d} = [s]id] (4.49)

where [D] is the material matrix which is Elastic Modulus of the element here.

Variation of {u} by & can be written by the help of equations (4.40) and (4.41) as:

) (4.50)

To show the representation of u in terms of the physical coordinates x, let us solve
for ¢ from the geometry interpolant. The equation (4.29) is rewritten as equation (4.51) as

follows:

_)_ 28 1+gl|
{x}—{ Iz l—foz} (4.51)
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If equation (4.51) is solved for & and x, =x, +a, x, =x,+2a, and r=x—x,

relations are substituted, equation (4.52) is obtained.

f=—— 72 122 (4.52)

If equation (4.52) is substituted in equation (4.50), equation (4.53) is obtained.

2

u=dy+(~d, +4d, —3d,) = +2(d, - 2d, +d; )~ (4.53)
r r

It is seen that as r — o, u—d, which is set to zero (d, =0) as a boundary
condition. If d, =d, =d, = C, the constant value u = C prevalils, rigid body movement as

expected. Linear variations of u# with » are not represented. In general, the two parenthetic
expressions in equation (4.53) do not vanish, so u becomes infinite at point 0 because » = ()
at point (. Point 0 is therefore a pole or singular point about which field quantity u# decays.
This suggests that in a problem such as that of Figure 3.1 (c), in which there is indeed a

singularity at » = (), one should use d = e. The presence of the decay functions is noted.
1
- = (4.54)
r

The coefficients of these terms are generally nonzero. It is also seen that as r —> a,

u—>d, and r—>2a, u—>d, as it is expected (d, =0 for static analysis). Strain

component can be obtained by differentiating equation (4.53) with respect to x:
a

3

du _ du dr —(d, —4d, +3d, )= - 4(d, - 2d, +d3)r

=" _ i 4.55
dx dr dx r ( )

in which ﬂ =1.
dx

The stiffness matrix of the infinite element can be given by the usual expression
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[K]- j (6] [plclar (4.56)

Vv

where [D]= E and dV = Adx = AJd&

[K]= :fEA[G]T [G]udé (4.57)
a0 [CY2eE)
K-ra[ GEN (o) 158 ey (20) s s
12|

After the integration, the stiffness matrix of an infinite bar element as shown in Figure 4.5

(a) is obtained as

46/15 —-52/15  2/5
[K] _tA —52/15  64/15 —4/5 (4.59)
2a
2/5 -4/5  2/5

4.4. Uni-dimensional Four-node Mapped Infinite Element

The element geometry is interpolated according to three mapping functions, N;, N>

and, N; which are rational in the natural coordinate & :
{x}={N, N, N,}qx, (4.60)

where,
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_—1+9¢&7 N _4-8£-12¢7 N _1+4&£+43¢7

=" _— 2 4.61
B e () b
The element and the mapping functions can be seen in Figure 4.6.
N - E=-1 E=-1/3 E=1/3 E=1
1 2 3 4

(a) Physical space (b) Natural coordinate space

Figure 4.6. Uni-dimensional four-node mapped infinite element

Lagrange shape functions for field variable interpolation over the element are used

for four-node line element.

X

S

{“}:{Ll L, L, L4} (4.62)

Y

S

where

I R S-S NS
1_16( 9+9+§ 5) (4.63)
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L =%(1—3§—§2 +38°) (4.64)
9 2 3
L3=E(1+3§—/§ -3¢£°) (4.65)
9( 1 ¢ o 3j
=—|-——=—=4+&°4+ 4.66
4 16( g gt te (4.66)
and can be seen in Figure 4.7.
1 2 3 4
E=-1 E=-1/3 &=+1/3 & =+1
9 1
| e I I
W

L —i(

= —(1-3¢-£+3¢°)
m

9 2 3
L3:E(1+3§—(§ -3&) 4

Figure 4.7. Shape functions of four-node line element for field variables
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4.5. Uni-dimensional Two-node Decay Infinite Element

Dynamic axi-symmetric infinite elements are developed for the soil structure
interaction problems, whose domains extend to infinity. Element can include additional
wave components in its shape functions by introducing nodeless variables. The additional
shape functions corresponding to the nodeless variables are constructed by considering the

conditions under which the shape functions have zero values at other nodes.

I

T
7 2 .
=0 1%00
Ry
1 c=0
g
Y o
V4

Figure 4.8. Global and local co-ordinate system of uni-dimensional two-node decay
infinite element

The element can be seen in Figure 4.8 and the geometrical mapping of the infinite
elements from the local coordinates (5,77) to the global coordinates (r,z) can be defined

as:

r:ZM(f)Lj(n)rj - M(&)R, (4.67)

where M (zf) is the mapping function for the infinite direction seen in Figure 4.9 and

defined as
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M(&)=(1+¢) (0<&E<w) (4.68)

(LA
[l
S
v &

|

1+&

Figure 4.9. Mapping function of a bar element

The elastodynamic problems often produce displacement fields in which wave components
propagate. In such problems, a typical displacement component may be expressed for the

uni-dimensional two-node decay infinite element as
u=[N]{d,}=e")"g, (4.69)

where « is a positive constant (a - 0) , d is the element nodal point co-ordinate, and &,

is the wave propagation number, defined as

k, =— (4.70)

such that @ and V, are the vibration frequency and propagation velocity, respectively, of

the wave traveling through the element. (Yong and Yun, 1992)
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4.6. Solution of a Differential Equation Using Decay Shape Functions of Uni-

dimensional Three-node Decay Infinite Element

In choosing shape function for an element which extends to infinity there are two
requirements to satisfy. Firstly, the shape function should be realistic, secondly, it should

lead to integrations over the element which are finite.

A set of shape functions based on Lagrange polynomials multiplied by exponential
decay terms is used in order to model an element extending from x =1 to infinity. A set of

shape functions N, is defined for i =1 to n—1.

n—1
X.—X
N, = e(x,—x>/LH£xf_x ] (4.71)

L is an arbitrary distance giving a measure of the severity of the exponential decay.

Consider the differential equation

du 2
dx2 :? (472)

subjected to the boundary conditions that u (1) =1, and u (O) =o. The analytical solution

is easily seen to be u =1/x. The variational form of the equation can be presented using

the functional

jF dxzﬂlﬂj +4—?} dx (4.73)
dx X

The Euler-Lagrange equation obtained by varying u is

oF _dJorl_y (4.74)
ou dx |ou
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which can be written

4 _i{@} ~0 (4.75)
x> dx | dx
and hence
d*u 2
“r_= 4.76
d* X ( )

the same as equation (4.72). This equation is modeled using an element extending from
x =1 to infinity and having one internal node at x =2 and one variable associated with

that node. Take

u=N+N,u, (4.77)

where u, is the value of u at x =2, and

N = [ X, =X Je(xl—x)/L _ (2 _x)e(l—x)/L (4.78)
Xy =X

v, :( X —x ]e(xz_x)/L ~ (x—1)el (4.79)
xl x2

It can be seen that the equation (4.77) satisfies the boundary conditions for any value of

u,. dN,/dx and dN,/dx can easily be found, and the equation (4.73) for the functional
can be evaluated. A variation of the functional with respect to u, yields an equation with

one unknown
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0 o0 2 0

ﬂ%dx+uz (szj dx + 2]\3/2 dx=0 (4.80)
dx dx dx X

1 1 1

This can be solved for u,. The analytical value of for u, is 1/2. The numerical value
obtained in this method depends on the choice of L. u, =0.49 for L =2 and u, =0.59 for

L =2. The results show that the method reasonably effective in solving problems of this
nature. The form of the element solution depends on the value of the exponential decay

length, L. (Bettess, 1977)



50

5. TWO-DIMENSIONAL INFINITE ELEMENTS

5.1. Shape Functions of 2-D Infinite Elements

Based on direction of infinity, type being mapped of decay, two-dimensional infinite

elements are presented in a summary chart in Table 5.1. Then; geometrical configuration,

coordinate mapping, and field variable mapping functions of two-dimensional infinite

elements are one by one presented in a tabular and explicit manner in Tables 5.2 through

5.14.

In order to describe the infinite elements in Chapters 5 and 6, information to keys of

the code for infinite element is given in Figure 5.1.

-

M

Coordinates

by Growth Functions
Field Variables

by Lagrange

M

or

D

Coordinates

by Lagrange or
Growth Functions,
Field Variables

by Decay Functions

M

D

2D 11 C2 F4
ction

Infinite in One Dk 4-Node Field Variables

2-D Infinite Element 2-Node Coordinates

Figure 5.1. Information to keys of the code for infinite elements

()

()

For growth functions seeTable 5.12.

For exponential and reciprocal decay functions see Article 3.1.
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Infinite o
o Type Code Description Reference
Direction
Mapped, 2-dimensional, 1-infinite
1 Mapped | M2D-11/C2-F4 o o Bettess, P., 1977
direction, 4-node, infinite element
Mapped, 2-dimensional, 1-infinite Cook, R. D.,
1 Mapped | M2D-11/C4-F6 o ) ) D. S. Malkus, and
direction, 6-node, infinite element M. E. Plesha, 1989
Mapped, 2-dimensional, 1-infinite
1 Mapped | M2D-11/C5-F8 o o Bettess, P., 1977
direction, 8-node, infinite element
Mapped, 2-dimensional, 1-infinite Beer, G. and
1 Mapped | M2D-11/C6-F8 o o
direction, 8-node, infinite element J. L. Meek, 1981
Mapped, 2-dimensional, 1-infinite
1 Mapped | M2D-11/C6-F9 o o Bettess, P., 1977
direction, 9-node, infinite element
Mapped, 2-dimensional, 1-infinite Zienkiewicz, 0. C.,
1 Mapped | M2D-11/C6-F9 o ) ) C. Emson and
direction, 9-node, infinite element P. Bettess, 1983
Decay, 2-dimensional, 1-infinite Chuhan Z. and
1 Decay D2D-11I/C5-F3 o o _
direction, 7-node, infinite element Z. Chongbin, 1987
Decay, 2-dimensional, 1-infinite Yang, S. C., and
1 Decay D2D-11/C6-F9 o o
direction, 5-node, infinite element C.B. Yun, 1992
Decay, 2-dimensional, 1-infinite Chow Y. K., and
1 Decay D2D-11/C-F4 o o )
direction, 6-node, infinite element L. M. Smith, 1981
Mapped, 2-dimensional, 2-infinite
2 Mapped | M2D-2I/C1-F3 o oo Bettess, P., 1977
direction, 3-node, infinite element
Mapped, 2-dimensional, 2-infinite
2 Mapped | M2D-2I/C3-F5 o oo Bettess, P., 1977
direction, 5-node, infinite element
Mapped, 2-dimensional, 2-infinite
2 Mapped | M2D-21/C4-F6 o oo Bettess, P., 1977
direction, 6-node, infinite element
Decay, 2-dimensional, 2-infinite Chow Y. K., and
2 Decay D2D-21/C4-F6

direction, 6-node, infinite element

I. M. Smith, 1981
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Table 5.2. Mapped, 2-dimensional, 1-infinite direction, 4-node, infinite element

Mapped, 2-Dimensional, 1-infinite direction, 4-node, Infinite Element

Geometrical Configuration M2D-11/C2-F4
A 77
&
4
g
®
2
&
E=+1
1 1
M) | e ; ;o |
E=-1 E=0 E=+1 n=-1 n=0 n
M; :(G )(Lk) 1
l L =5(1—77)
2! 6= lm
=g 2l L 1-¢
Vst IW
{ J




Table 5.2 (Contd)
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Mapped, 2-Dimensional, 1-infinite direction, 4-node, Infinite Element

(contd)
Field Variable Mapping M2D-11/C2-F4
{uf =[Ni J{di}
M) | L 2] ;
£=-1 £=0 E=+1 n=-1 n=0 n=+1
1
MRl L=2(1-¢) L-1(1-n)




Table 5.3. Mapped, 2-dimensional, 1-infinite direction, 6-node, infinite element
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Mapped, 2-Dimensional, 1-infinite direction, 6-node, Infinite Element

M2D-11/C4-F6

Geometrical Configuration
n
77:+1.2 2 6.
g
3
n=-1 g 3 n=-lem ° "o
. ° g=-1  &=0 g=+1
- £20 0
E=+1
Coordinate Mapping
{xp =[Mi J{x )
1
Mi=(G) (L) | 4 : 3 . ¢
§=- £E=0 E=+1 n=- n=0 n=+1
2 1 1
M1=é5(1—77) Wﬂ\h\. o Clem
e G/
G,:% ( 1 :
2¢£ 1
M2:1__§E(1+77>
ot 1
) ml !
_l+e 1
M4_1—§ 2(1+77)
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Mapped, 2-Dimensional, 1-infinite direction, 6-node, Infinite Element

(contd)

Field Variable Mapping M2D-11/C4-F6
{ut=[N; J{di}
Ni =(LJ§) (Lkﬂ)
1 1 1 2 3 _1 2
Ny =—2&(1=¢) S(1=n) | e== B R p=-1 1=0 n=+
1
1 1 L=-—¢(1-¢)
N2=—E§(1—§)5(1+77) ! 2 leé(lfry)
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Table 5.4. Mapped, 2-dimensional, 1-infinite direction, 8-node, infinite element

Mapped, 2-Dimensional, 1-infinite direction, 8-node, Infinite Element

Geometrical Configuration

M2D-11/C5-F8

|
—_—
L
|
i
|
iy
S
J’_
=
o
SN—
I
— | —
‘+
e (W

L=(-n")




Table 5.4 (Contd)

(contd)
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Mapped, 2-Dimensional, 1-infinite direction, 8-node, Infinite Element
M2D-11/C5-F8

Field Variable Mapping

{u} =[N; J{di}
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Table 5.5. Mapped, 2-dimensional, 1-infinite direction, 8-node, infinite element

Mapped, 2-Dimensional, 1-infinite direction, 8-node, Infinite Element

Geometrical Configuration M2D-11/C6-F8
n
®
6 5
g
19
2 3
®
E=0 E=+1
{xd =M J{x}
l 2 3
= =0 n=+
Mi:(Gj)(Lk) n=-1 n 7=+1
1
L=——n(l-
Gj:1+§j+(1+2§j)§ lm 1 2’7( 7)
for &£<o0
and 2 1
G =" L=—(1-
iz (=)
1
142& )&
Gj:1+§j+% lm
for &£>0
G,=1+¢
‘1
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Table 5.5 (Contd)

Mapped, 2-Dimensional, 1-infinite direction, 8-node, Infinite Element
(contd)

Field Variable Mapping M2D-11/C6-F8

L=-Ln(1-n)
J(~Jati-n G e
ol | e
=F|L 1 1+
. [jzn( n)
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Table 5.6. Mapped, 2-dimensional, 1-infinite direction, 9-node, infinite element

Mapped, 2-Dimensional, 1-infinite direction, 9-node, Infinite Element

Geometrical Configuration M2D-11/C6-F9

n
.8 9.
5 6
e @ ¢
2 3
L @
£=0 g=+1

Coordinate Mapping
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Table 5.6 (Contd)

Mapped, 2-Dimensional, 1-infinite direction, 9-node, Infinite Element

(contd)
Field Variable Mapping M2D-11/C6-F9
{uf =[N J{di}
N; = (Lie) (L)
1 1
N =3 £(1-8) (<5 | 1-n)
M= (1-8) (3 | L2 3 o2 3
E=-1 £=0 £=+1 n=-1 n=0 0=+
1 1
N3—E§(1+§) (—5}7(1—77) 1|H L1=—%§(1—§) . le—%n(l—n)
N, =-6(1-¢) (1-7°)
L=(1-¢) L =(1-7")
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Table 5.7. Mapped, 2-dimensional, 1-infinite direction, 9-node, infinite element

Mapped, 2-Dimensional, 1-infinite direction, 9-node, Infinite Element

Geometrical Configuration

M2D-11/C6-F9

n=+1@
n=0@4
1 2 3
n=-1¢ ® ®
§=-1 £=0 g=+1
Coordinate Mapping
1 2 3 1 2 3
g=-1 £=0 E—+1 y=-1 =0 gt

{X}=[LG, LG, LG, LG, LG, LG,]

{y}:[LlGO Lle LZGO Lsz L3G0 L3Gz]

2¥5 =Y




Table 5.7 (Contd)
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Mapped, 2-Dimensional, 1-infinite direction, 9-node, Infinite Element (contd)

Field Variable Mapping

M2D-11/C6-F9

{u} =[N; J{di}
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Table 5.8. Decay, 2-dimensional, 1-infinite direction, 7-node, infinite element

Decay, 2-Dimensional, 1-infinite direction, 7-node, Infinite Element
D2D-11/C5-F3

Geometrical Configuration
i”l l’?
n=+l1e3 o 7® S o 7P
2 2
n=06e - & n=06@ ~-&
P B 4 6 I B 4 6
n=-1¢ ® ® n=-1¢ ® ®
€=0 £=1 E=o0 £=0 E=1 E=+1
Coordinate Mapping
{xp =M Jox}
Mi=(Lie) (L) 1 2 1 2 3
| £=0 £=+1 n=-1 n=0 n=-+l
Mlz(l_f)g(l_ﬂ)
H L=(1-¢) [[ L =5(=m)
M, =0 1 1
M; = (1-£) 3 (1+7)
| Lz:ﬁf LZZ%(1+T7)
I\/I4—§5(1—;7) 1 Ml
I\/I5—§—(1+77)
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Table 5.8 (Contd)

Decay, 2-Dimensional, 1-infinite direction, 7-node, Infinite Element (contd)

Field Variable Mapping D2D-11/C5-F3




Table 5.9. Decay, 2-dimensional, 1-infinite direction, 5-node, infinite element
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Decay, 2-Dimensional, 1-infinite direction, 5-node, Infinite Element

Geometrical Configuration D2D-11/C6-F9
B
Z Z.
n=-11 ! :
" E
_ 3
Upper Layers n=1 ;' n
Underlying R,
Half Space
n=-1g41
n=0g>
n=1«73
n
y
V4
Coordinate Mapping
For horizontal infinite elements
3
r= E M) L;m)r;
- 1 2 1 2 3
° ° ® ° °
3 £=0 E=w =-1 n=0 n=+1
Z= L:(m)z; 1
E iz . L, =—577(1—n)
=l M=1+¢&
For radiational infinite elements L= (1 - 772)
2 ' ,wm,
r= E M) L;(m)r;
1
j=1 = — l—
L= n(1-n) .
3
2= E M (&)L, ()2,
j=1
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Table 5.9 (Contd)

Decay, 2-Dimensional, 1-infinite direction, 7-node, Infinite Element (contd)

Field Variable Mapping D2D-11/C6-F9
l . 2 ! 2 3
> =0 g=+1  g-o p=-1 q=0  g=+
U(r)=ZL,-(f7)F(r) |
= L L =—5’7(1—77)
F (r) —e —(a+ikR))¢

F(r) :e—(a+i kRy)&

My st




Table 5.10. Decay, 2-dimensional, 1-infinite direction, 6-node, infinite element
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Decay, 2-Dimensional, 1-infinite direction, 6-node, Infinite Element

D2D-11/C4-F4

Geometrical Configuration

l’?
=16~ o: -® > o -9
2
1=0@ - & n=0@ =5
_ 1 4 6 3 1 4 5
n=-1¢g ° ° n=-1¢g ° ®
£=0 =1 g=oo =0 t-1 g=oo
Coordinate Mapping
X =[M; J{x}
1 4 1 2 3
Mi:(Lj)(Lk) _: ° s P _:
£E=0 E=+1 n=-1 n=0 n=-+1
1
M, =(1-¢&) —(1- 1
=(=6)30-n) L =1-¢ L=1a-m
lﬂm}m, lﬂm}m,
M, =0
My =(1-&) L1+ L=La+n)
3 =(1-8) S (1+n) L =& =y
Ml
M, =& S (1-
4 5 '7)
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Table 5.10 (Contd)

Decay, 2-Dimensional, 1-infinite direction, 6-node, Infinite Element (contd)
D2D-11/C4-F4

Field Variable Mapping

——
[y
——'
Il
|
=z
| I—
—_—
o
——
[S5Y
S
@ —
[ 1)
[ 18]

=
Il
—_
=
Il
o
=

+1

0 3

|_—(1

N, =0
L —71(1+ )
3T, n




70

Table 5.11. Mapped, 2-dimensional, 2-infinite direction, 3-node, infinite element

Mapped, 2-Dimensional, 2-infinite direction, 3-node, Infinite Element

M2D-21/C1-F3

Geometrical Configuration
n L1
n=+19, 1=+l =
O £ ® g
1 2 1 2
n=-1¢ ® n=-1¢ ®
E=-1 E=+1 £=-1 E=+1
Coordinate Mapping
} L A2 } L ‘2
{x}=[M; [{%} =0 Q;O E=+1 =-1 n;O =+1
M; =(G;) (Gk)
G- 2 G- 2
Moo 2 2 N 1-n
==
1-¢& 1-n
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Table 5.11 (Contd)

Mapped, 2-Dimensional, 2-infinite direction, 3-node, Infinite Element
(contd)
M2D-21/C1-F3

Field Variable Mapping

1 1
N, == (1+&) (1-7) 1
20 2 L =50+ L=+
.wﬂjjml .w‘jﬂjjml
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Table 5.12. Mapped, 2-dimensional, 2-infinite direction, 5-node, infinite element

Mapped, 2-Dimensional, 2-infinite direction, 5-node, Infinite Element

Geometrical Configuration M2D-21/C3-F5
n L
n=-+1 ?5 n=+1 .5
@4 & ®4 -3
1 2 3 1 2 3
1= g —— ¢ n=-1¢ ® ®
&=-1 g=+I E=-1 E=+1
Coordinate Mapping (serendipity)
{xp=[M; Jix}
M; :(Gj)(Gk)
_—A(1+&+7)
C(1=9)(1-n)




Table 5.12 (Contd)
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(contd)

Mapped, 2-Dimensional, 2-infinite direction, 5-node, Infinite Element

M2D-21/C3-F5

Field Variable Mapping

fup =[Ni J{di}
N =(Lse ) (L) . 2 2
g=-1 £=0 =
N, =—%e§(1—§) [—%)n(l—n) . '-1=—%§(1—§)
L, =(1-¢%)

+1

[ @

=
— PN
oW

1
I
Il
|
o |
=
—_
—
|
S
~
|

—

o
=
|
+
—_
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Table 5.13. Mapped, 2-dimensional, 2-infinite direction, 6-node, infinite element

Mapped, 2-Dimensional, 2-infinite direction, 6-node, Infinite Element

Geometrical Configuration M2D-21/C4-F6
Wi n
n=-+1 ?6 n=-+l1 .6
+ 5 5
4 ® - @94 -
1 2 3 1 2 3
1= g ———g n=-1¢ ® ®
£=-1 g=+1 £=-1 E=+1
Coordinate Mapping (serendipity)
X =[Mi Jx}
M; =(G;) (G)
w2222
1-&)(1-7




Table 5.13 (Contd)
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(contd)

Mapped, 2-Dimensional, 2-infinite direction, 6-node, Infinite Element

Field Variable Mapping

M2D-21/C4-F6

ll @
|| [ 18]
H [ 1%

|B] —75(1 ¢)

%

L, —5(1+§)m|

| @
1

=

—

I &

+
—_

_.
=
N‘_. T TS

—
©

It
—~~

—
|
=S

N

i

n(+7) ﬂ
m]]ﬂ]]ﬂm




Table 5.14. Decay, 2-dimensional, 2-infinite direction, 6-node, infinite element
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Decay, 2-Dimensional, 2-infinite direction, 6-node, Infinite Element

D2D-21/C4-F6

Geometrical Configuration

i’?
=< . ;
2 5 1=l 3 5
n=1@ ® =] n=1@ [
_ 4 6 _, I 4 6
=0 ¢ ® o ~: =0 ¢ ® & ~:
=0 g=1 g=o0 £=0 E=1 g=o0
Coordinate Mapping
X =[Mi Jx}
1 4 1 2
[ . [ L
Mi = (L ) (L) §=0 §=+1 n=0 n=+1
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Table 5.14 (Contd)

Decay, 2-Dimensional, 2-infinite direction, 6-node, Infinite Element (contd)
Field Variable Mapping D2D-21/C4-F6

{uf =[Ni J{di} 1 4 1 2
='+1 n ='0 n ='+1
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5.2. Derivation of Properties of Infinite Elements

The equilibrium equation of a finite element is expressed as
MY} [C]d) (KT =P} = [0, +{tr )+ (1), +(F) 1), ] 6D

where; {d} = nodal displacements, [M] = consistent mass matrix, [C] = consistent

damping matrix, [K] = stiffness matrix, {P} = nodal loads, { f} = body forces at nodes,

{ f } , = edge loads at nodes, { f } ~ =nodal loads due to initial strains, { f } = nodal loads
€0 0]

due to initial stresses, {f} = temperature change loads, {f} = known displacement

loads.

[M]:pI[N]T[N]dV (52)
[C]:COI[N]T[N]dV (5.3)
[K]:I[G]T[D][G]dv (5.4)

{f}xz—j[N]T x; av (5.5)

P,
{f}5=—I[N]T p,+ ds (5.6)

S P, Js
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(), { e va[01 (¢}, 6)

v

{t}, =“[G]Tdv]{a}o (5.8)

(f} =-o ATU [G] dv ]{D}T (5.9)

'

{1 =[KNd} o (5.10)

and generic displacements, strains and [A][N] can be expressed as:

up= [N}d}  {e}=[aliup  [A][N]=[G] (5.11)

in which, [A] is the operator matrix to differentiate the shape function matrix [N] and,

te}=1[Glld} {o}=[p][G]{d} (5.12)

in which [G],[D] and [S]are the strain matrix, elasticity matrix and stress matrix,

respectively. Interpolation for geometry and field variables for infinite elements may be

written in the compact matrix form as follows:

N
N, (5.13)
N
N
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In order the obtain the derivatives of shape functions with respect to global

coordinates, Jacobi transformation is needed

le -1 Nl
e

where,

_ 1 -
[9] lzm[—y; ij Det[d|=x. y,-V.X, (5-15)
517 >

For the numerical integration, dV is converted and Gaussian Quadrature integration

scheme or Gaussian-Laguerre Quadrature integration scheme is used.
dv =tdA=t|J|d.d, (5.16)

+1 +1 +1 +1

[M]zptII[N]T[N]|J|d§d77=J.J.f(§,n)d§dn=ZH:Zm:AAjf(§,ni) (5.17)

+1 +1 +1 +1 n

[C]:potjj[N]T[N]|J|d§d77:-“J‘f(f,n)dédn:ZZm:AAjf(fi,ni) (5.18)

v i=1

n

[K]:t:fj‘l[G]T[D][G]|J|d§dn=.+fjff(5,77)dgdn=z _m AAf(&.m) (5.19)

i=1

Ijxae‘xf(é,n)dédﬂ=ZZAAjf(§i,m) (5.20)

i=1
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6. THREE-DIMENSIONAL INFINITE ELEMENTS

A brief summary of a three-dimensional, 6-node triangular prism infinite element as

introduced by Ungless and Anderson (1973) is presented herein.

6.1. Six-node Triangular Prism Infinite Element

Instead of dealing with an imposed rigid or free boundary, a flexible boundary
formed by the infinite elements has been introduced. The element model as introduced by
Ungless and Anderson is shown in Figure 6.1. The geometry of the element and the two

right hand cartesian coordinate systems; global (X, Y, Z) and local (X, y, z) can be seen.

Y

(x15 y1; 21)

Y
(1y; Mmy; ny) ds

Figure 6.1. A three dimensional infinite element by Ungless and Anderson
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Direction cosines of z-axis are found by the cross product of side 1-3 (v, ;) and side

1-2 (v,):

(U =V s)x(V,) =V, (6.1)

Ly =y =) + (= %) +(z -2 62)
Lo=(%=%)/Ls, m=(vs-w)/ls, N =(2-2)/L, (6.3)
Lo =y %)+ () + (2 -2 (64)

|172 :(Xz _Xl)/Ll—Z » M, :(yz - yl)/Ll—Z » N, :(Zz _Zl)/l-yz (6.5)
(*1_3)><(~1_2)=(:1-3 21-3 :1-3j=|j+mz]+nzlz (6.6)
(*Z)x(*x)z(lz Z ZJ=|yr+myi+ny|Z (6.7)

Decaying shape functions of the infinite element by Ungless and Anderson is seen in

Figure 6.2 and also the decay function of this element is in equation (6.8).



Figure 6.2. Decaying shape functions

N =L, P(2)
where
1
P(z)=—
(2) 1+z
and

L1:§' L2:771 Lazé/

The displacement vector can be expressed as following:
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(6.8)

(6.9)

(6.10)



Py

1
1+z

o ™y O
o3 o
3 o o
o o Wy
o o

Uj=qv=[NJdj

o O
v O O
o O3

In order to obtain strains, strain matrix [G] should be obtained:

tey=[AJ{U}=[A][N]{d}=[G]{d]

i 0 O

OX
c 0 i 0
x oy
gZ

0 O ﬁ u
&y _ 0z v
Vel |0 @

Z 200 W
V2 8y OX
Y Xy i 0 i

0z OX

g 2 9

L 0z oy |

Derivatives of &, 77, and & with respect to X, y, and z are as follows:

o _b on_b
ox 2A’

o¢ _ by
ox 2A

o O

™

w N L

I

fee] ~ (2]

Q_Q.Q.Q_mQ_Q.Q.Q.O_

©
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(6.11)

(6.12)

(6.13)

(6.13)

(6.14)



85

where A is the area of triangle, a, =X, a,=X,, a,=x, and b =y,, b,=y,, b, =y, .

When [A]and [N]matrices are multiplied, [G]matrix is obtained as follows with the

multiplier of h= (LJ(LJ
1+z )\ 2A

b, 0 0 b, 0 0 b, 0 0
0 a 0 0 a, 0 0 a, 0
0o o 2 o o M o o 2K
1+z 1+z 1+z
[G]=| a b 0 a b 0 a, b, o |h(6.15)
2R 0 o M0 oy 2Ry
1+z 1+z 1+z
—2AS —2Ay —2AC
0 a 0
i 1+z % 1+z ? 1+7 % |

Material matrix is:

1 A H 0 0 0
1-u4 1-u
T Y . 0 0 0
1-u 1-u
lL lL 1 0 0 0
) Gl R L 12 (6.16)
L+u)-24) 0 o 0 H 0 0
2(1—,u)
0 0 0 0 1-2u 0
2(1—,u)
0 0 0 0 0 1-2u
I 2(1-p) |

Stiffness matrix is obtained as
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.
[k]zJ-[G] [D][G]dV (6.17)
\Y
Direction cosines matrix of the xyz-axes can be written as

IX
[t]=|1, m, n (6.18)

1,

Stiffness matrix in global directions is obtained through a congruent transformation;
T
[kl =[T] [K][T] (6.19)

As a numerical example, semi-infinite solid loaded with a point load perpendicular to the
free surface is selected. The quarter surface of the hemispherical bowl on which the point
load is acting forms the base plane for the infinite elements. This surface is subdivided into

a mesh as seen in Figure 6.3.
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Figure 6.3. Finite element mesh of hemispherical bowl with one quarter symmetry

Figure 6.4 compares the results obtained from the infinite finite element analysis
with the exact elasticity solution. The infinite element results are found to vary by 4% on
the average from the exact solution. Directly beneath the load, agreement within 2% is
achieved.



88

P=1
R=1 -
- X
Undeformed Boundary
Deformed Boundary
—— Exact solution
Y o Infinite element solution

Figure 6.4. Deflections of hemispherical boundary loaded perpendicular to surface

6.2. Three-dimensional Infinite Element Geometrical Configurations

Based on direction of infinity, type of infinite element being mapped or decay, three-
dimensional infinite elements are summarized in Table 6.1. Geometrical configuration,
coordinate mapping, and field variable mapping functions of three-dimensional infinite

elements are presented in a tabular manner in Tables 6.2 through 6.6.



Table 6.1. Three-dimensional infinite element summary chart

89

Infinite o
o Type Code Description Reference
Direction
Mapped, 3-Dimensional, 1-infinite
1 Mapped | M3D-11/C4-F8 . o Bettess, P., 1977
direction, 8-node, infinite element
Mapped, 3-Dimensional, 1-infinite Beer. G. and
1 Mapped | M3D-11/C10-F6 | TV S een =
direction, 10-node, infinite element J. L. Meek, 1981
Mapped, 3-Dimensional, 1-infinite | Zenkiewicz.0.C.
1 Mapped | M3D-11/C8-F8 o o C. Emson and
direction, 8-node, infinite element P. Bettess, 1983
Mapped, 3-Dimensional, 2-infinite
2 Mapped | M3D-21/C2-F8 . Lo Bettess, P., 1977
direction, 6-node, infinite element
Mapped, 3-Dimensional, 3-infinite
3 Mapped | M3D-3I/C1-F8 Bettess, P., 1977

direction, 4-node, infinite element
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Table 6.2. Mapped, 3-Dimensional, 1-infinite direction, 8-node, infinite element

Mapped, 3-Dimensional, 1-infinite direction, 8-node, Infinite Element

Geometrical Configuration M3D-11/C4-F8
6 {=+1
® ©
8
® ©
2 - {=-1
———————————————————— @ oo —
4
®
£=+1

Coordinate Mapping




Table 6.2 (Contd)
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Mapped, 3-Dimensional, 1-infinite direction, 8-node, Infinite Element

(contd)
Field Variable Mapping M3D-11/C4-F8
{ut=[N; {di}
le(l‘ié)(l‘kﬂ)(l‘zg)
1
N =2 (1-¢) S (1+n) S(1-¢)
1
N2—2(1+5) (1+’7) S(1-¢) | 4 2 3 1 2 3 1 2 3
&=-1 £=0 E=+1 n=- n=0 n=+l1 = =0 {=+1
tasataoantao _1 1, L
Ny=q (-8 (mglze) | L300 P LAl
No=5(1+6) 20 20-¢) | L-tao 1 L-taso)
2 2 2Ty L2:5(1+17) 2
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Table 6.3. Mapped, 3-Dimensional, 1-infinite direction, 10-node, infinite element

Mapped, 3-Dimensional, 1-infinite direction, 10-node, Infinite Element

Geometrical Configuration

M3D-11/C10-F6

L=0-&)

§(1+§) U

*(1 )

ﬂmﬂﬂﬂm

1 3
=1 n=0 n=+1
1
Gl=—77
Glzi
-
) K

m 1+

QQ
*r——

1 2 3
¢=-1 =0 C=+1
1
—Z(1-
L=50-0)
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Table 6.3 (Contd)

Mapped, 2-Dimensional, 1-infinite direction, 8-node, Infinite Element

(contd)

Field Variable Mapping

M3D-11/C10-F6

L=20+0)

1
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Table 6.4. Mapped, 3-Dimensional, 1-infinite direction, 8-node, infinite element

Mapped, 3-Dimensional, 1-infinite direction, 8-node, Infinite Element

Geometrical Configuration M3D-11/C4-F8

n=+1

Coordinate Mapping

1 2 3 1 2 3 1 2 3
g=-1 £=0 g=+1  p=-1 n=0 n=+ g=-1 £=0 ¢ =+1
1
-~(1-
L=50-0)
1
1
L=50+0)

{X} = [Lln |—1§Go Ly, |—1§Gz Ly, L1§Go Ly, ngc‘z Ly, ngGo Ly, ngGz Ly, |—2§Go Ly, ngc‘z]

{y}and {z} can be obtained similarly




Table 6.4 (Contd)
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Mapped, 3-Dimensional, 1-infinite direction, 8-node, Infinite Element (contd)

Field Variable Mapping M3D-11/C4-F8
{ut=[N; J{di}
le(L15)<Lkﬂ)(LZ§)
1
N =2 (1-¢) 5 (+n) S(1-¢)
1 2 3 1 2 3 1 2 3
L=30-2) L=t L=50-0)
1 1 1 IH]]]]]]]]]IED}, 'H]]]]]ID]:I.L. !
Ny =2(1-¢) 5(1-n) 5 (1~¢)
L=5@+9) L-Larn L=,@+0)
1 1 ' ' )
N =3(1+£) 20-1) 20-¢)
1
N =>(1-¢) 5 (1+7) (1+<)
1 1
N =E(1+ &) E(1+ n) =(1+¢)
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Table 6.5. Mapped, 3-Dimensional, 2-infinite direction, 6-node, infinite element

Mapped, 3-Dimensional, 2-infinite direction, 6-node, Infinite Element

Geometrical Configuration M3D-21/C2-F8

® ©
é (=-1
n=-+1
4
® ©
E=+1

Coordinate Mapping




Table 6.5 (Contd)
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Mapped, 3-Dimensional, 2-infinite direction, 6-node, Infinite Element

(contd)
Field Variable Mapping M3D-21/C2-F8
{uf =[N J{di}
Ni :(Lié) (Lkﬂ) (ng)
1 1 1
Ny =2 (1-¢) 5(1+n) 5(1—€)
1 1 1
N, :E(“f) 5(1“7) 5(1—§)
1 2 3 1 2 3 1 2 3
=-1 &=0 E=+1 n=-1 n=0 n=+l1 (=-1 =0 ¢ =+1
1 1 1
No =5 (1-8) 5 1-n) 5(1-¢)
B [ L=50-9) [ L-20-9) | L-20-9)
1 1 1
Ny =5(L+8) 5(1-n) 5(0-¢)
2 2 2 1 1 1
L=7 L=> L=7

Ny =5 (1) 5 (1+m) 5 (1+)
N =%(1+5) %(1“7) %(l—kg)

N, = 2(1-6) 5 (1-n) 3{1+<)

N |-

N, :%(1+§) %(1_;7) %(l+g)
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Table 6.6. Mapped, 3-Dimensional, 3-infinite direction, 4-node, infinite element

Mapped, 3-Dimensional, 3-infinite direction, 4-node, Infinite Element

Geometrical Configuration M3D-31/C1-F8

®
£=+1

Coordinate Mapping
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Table 6.6 (Contd)
Mapped, 3-Dimensional, 3-infinite direction, 4-node, Infinite Element
(contd)
Field Variable Mapping M3D-31/C1-F8
{ut=[N; {di}
Ni =(Li§) (Lkﬂ) (ng)
1
N =2 (1-¢) S (1+n) S(1-¢)
N, =2 (1+6) S (L+n) S (1-¢)
1 2 3 1 2 3 1 2 3
1 1 g=-1 £=0 E=+1 n=-1 n=0 n=+1 ¢=-1 =0 ¢ =+1
Ny ==(1-&) =(1-75) =(1-
3=5(1-¢) 5 (1-n) 5(1~¢) leé(l—g) L-ta-) L-ta-g
N =5 (1+6) 5(1-n) 3(1-) 1 1
4 2 L=50+9) leg(ug) L=20+8)

1

1
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6.3. A Dynamic Infinite Element for 3-D Infinite Domain Wave Problems

6.3.1. Introduction

P-waves, S-waves and R-waves in the foundation can be simulated simultaneously in
the present infinite element domain. The good accuracy is obtained using the present
infinite element and finite element coupling model to simulate foundation wave problems
has been proven by comparing the current numerical results with previous analytical

results.

The simulation of the infinite medium in the numerical method is a very important
topic in dynamic soil-structure interaction problems. This topic arose from numerous
practical problems such as the numerical simulation of building structure foundations,
offshore structure foundations, dam foundations, nuclear power station foundations and so
forth. The study of this topic becomes more important when the structure is large and the
effects of earthquakes are considered. Due to the importance of the problem, much work
has been done by researchers in the past. The general method for treating this problem is to
divide the infinite medium into the near field, which includes the geometric irregularity as
well as the non-homogeneity of the foundation, and the far field, which is simplified as an
isotropic homogeneous elastic medium. The near field is modeled using finite elements
and the far field is treated by adding some special artificial boundaries or connecting some
special elements on the truncated boundary, which is a part of the representation of the
finite elements. It has been proven that these special artificial boundaries work well for the
wave radiation problems in which the vibration source acts on the interior region of the
near field. However, for seismic structural analysis, which, in fact, is a typical wave
scattering problem in the near field, these artificial boundaries are not satisfactory due to
the earthquake wave which is incident from the far field. In such a case, some special
elements known as infinite elements and boundary elements can still handle this problem
even when an incident earthquake wave is presented. Although the boundary element
method is a very effective way to simulate wave scattering problems in the homogeneous
medium due to the great reduction in the number of degrees of freedom of the system, the

infinite element is better for simulating wave scattering problems in the non-homogeneous
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medium due to the banded and symmetrical nature of the global stiffness and mass

matrices (Zhao and Valliappan, 1993).

The concept of infinite elements was presented by Bettess and Ungless in the 1970s.
Further work has been done by some other authors to apply the infinite elements to the
solution of static problems in engineering practice. The fundamental idea to construct a
static infinite element is to derive a special element displacement shape function, which is
the product of the Lagrange interpolation function and the so-called decay function, or to
use some special mapping techniques to map the infinite element into a finite one. The
same ideas have also been employed to develop the dynamic infinite elements. However,
owing to the quite complicated mechanism of wave propagation in the infinite medium, the
decay function in the static infinite element was replaced by the wave propagation function
in its dynamic counterparts. For the dynamic infinite elements used in solid media, Chow
and Smith (1981), Medina (1983) as well as Zhao et al. (1987) have presented the
corresponding element models which differ from the selection of the wave propagation

function in the dynamic infinite elements.

Different type of waves such as R-wave, SH-wave, SV-wave and P wave must be
separately considered in the analysis. That is to say, for a given incident earthquake wave,
one must separate this wave into R-wave, SH-wave, SV-wave and P-wave components and
then use the wave number of each wave component to calculate the infinite element
stiffness and mass matrices. Consequently, the stiffness and the mass matrices for an
infinite element need to be calculated at least four times since the previous 3-D dynamic

infinite element can exactly represent only one wave number each time.

6.3.2. Derivation of 3-D Infinite Element

Based on the above considerations, a 3-D dynamic infinite element is discussed
below. Since the wave numbers of the R-wave, SH-wave, SV-wave and P-wave are
simultaneously used in the present infinite element, it is more economical to use this
element to simulate the earthquake wave propagation mechanism in the infinite foundation.
In addition, due to the use of a mapping technique, it is feasible to use this element to

model arch-dam-foundations in a rectangular co-ordinate system.
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Assuming that the foundation is subjected to harmonic loading and the medium of
the natural foundation exhibits hysteresis damping, the governing equation of the wave
motion of the system can be written as

oy o o’w

G*VU+(A*+G*)| —+ +
OX~ oxoy oxoz

j+fxzp(j

(6.20)

2 2 2
G*VV+(1*+G*) ou  ov aw]+ , =PV

+——t

oxoy oy- oyoz

o'u  ov  o°w
+ +

oxor oyor or°

G*Viw+(1*+G*) J+ f, = pW

G*=G(L+in,) (6.21)
%= A (L+in,) (6.22)

where, G is the shear modulus, A is the Lame constant, 7, is the hysteresis damping

coefficient of the medium, f_,

X

f,, f, are the unit body forces in x, y, z directions,

respectively, p is the material density and V? is the second-order 3-D Laplace operator.

For instance,

o°u o’u du
2 + 2 + 2

ox® oy® oz

V= (6.23)

Using the Euler’s theorem and ignoring body forces in equation (1.1), the discretized

equation of motion of the system can be derived as

—*[M{d}+(1+in, )[K]{d} = {F,) (6.24)
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where {d} is the unknown nodal displacement vector, wis the exciting circular frequency,

[M]and [K]are global mass and stiffness matrices of the system, respectively, {F,} is the

amplitude vector of the applied harmonic load. By Code Number Technique, (Tezcan,

1963), [M]and [K]matrices as well as {F,}can be assembled from the element

submatrices and subvectors which have the following form:

w7 = [[] v7 e ey

(KT :”L[B]T [D][B]av (6.25)
(7o) =[] INT {sjannT {2}

where V and A express the volume and area of the element, {X,} and {ISO} are amplitude
vectors of boundary traction and concentrated loads, respectively, [D]is the element

constitutive matrix, [B] and [N ]are the strain matrix and the shape function matrix of the

element. It is noted that equation (1.6) holds for both finite and infinite elements. Since the
derivation of a 3-D solid finite element is well known, only the necessary formulations of a

3-D dynamic infinite element are given here.
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6.3.3. A Seismic 3-D Infinite Element

13
B,

16
&

Figure 6.5. A 3-D dynamic infinite element

For the 3-D dynamic infinite element shown in Figure 6.5, since the sides of the
element in the infinite direction can be represented by straight lines, only eight nodes are
sufficient to describe exactly the geometry of the seismic infinite element in the global co-
ordinate system. Therefore, the mapping relationship between the global co-ordinate
system and the local co-ordinate system for this element can be defined as

X XX X5 || M,
Y=Y Yo o Ve |y (6.26)
z Z, 7, Zg || M,

where M, is the mapping function of the element and it can be expressed as

M, = (1) (L+7)(1+¢)

M, = (1-)(L+n)(1=¢)

M, =3 (1-¢)(1-n)(1-¢)
M, = S(1-&)(1-7)(1+) (6.27)

4
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M, =%§(l+77)(1+§)
M, =3 £(L+n)(1-¢)
M, =3 ¢(1-n)(1-¢)

My = 2&(1-7)(1+6)

It is noted that since the mapping functions of the element are different from the
displacement functions of the element, the present infinite element is not an isoparametric

element. It is a subparametric element.

Considering the compatibility condition of displacement on the connected interface
between the finite and infinite element, the displacement field for this 3-D dynamic infinite

element can be described as

u u1 u2 u12 Nl
V=V, vV, ooV, |9 (6.28)
W Wl WZ W12 N12

where N, (i =1,2,...,12) are displacement shape functions of the element and can be

expressed as

Ny=N, =N, =R (5)[%(1_77)(1_4)} (6.29)
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P(&)=e (cle’iﬂlf +c,e e e ) (6.30)

In which « is a nominal decay coefficient, which is used to express the attenuation of
wave amplitude due to the dissipation of wave energy in the material and the geometric
divergence of the medium, g (i=12,3) are three nominal wave numbers in
correspondence to the R-wave, S-wave and P-wave in 3-D domains and these nominal
wave numbers are used to express the phase characteristics of the wave during propagation

in the medium, ¢, (i =1,2,3) are the constants to be determined to match the displacement

field of the domain.

In order to determine the constants c,, ¢, and c,, equation (6.28) should be used.
Letting the nodal displacements in any infinite side of the element in the & direction equal

the displacements expressed by equation (6.28), these constants can be determined. For
instance, taking account of one side of the element with node 1, 5 and 9 (see Figure 6.5)

the following relationships exist:

u 1 1 1 c c

1 1 1

u, b =| e W) _g-Waisk) _p W2)(a+is) ¢, r=[C]{c, (6.31)

U, e—(a+iﬂ1) e—(a+i/;’2) e—(a+iﬂ3) C, C,

and therefore,

Cl ul
c, r=[E]qus (6.32)
C3 u9

where [E]is the inverse matrix of [C]. If equation (6.29) is considered

P (&) (i=1 2,...,12) can be further expressed as

P (é) — Elle_(a+iﬂl)§ + E21e_(a+iﬁ2)§ + ESlef(‘Z*iﬂS)f (l :1’ 2’3’ 4)
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P (5) _ Elze—(aﬂ/fl)éf + Ezzef(aJri/?z)?f + E32e—(a+iﬁ3)§ (l _ 5, 6, 7,8) (633)

Pi (éf) = E13e_(a+iﬂl)§ + Ezse—(a+iﬂz)§ + E33e*(a+i/33)§ (I _ 9’10,11,12)

where

_ 1 wasatipin) (o128 _ o~i2)5,
By =~e (e —e )
E, - ie—(l/Z)(3a+iﬂl+iﬂ3) (e—(i/z)ﬂl _e—(i/z)/}3) (6.34)

E31 :ie—(J/Z)(SaJriﬂﬁiﬁz) (e—(i/z)ﬂz _e—(i/z)ﬂl)

E, = ie‘“ (e —e™)

E,, = %e‘“ (e —e™) (6.35)

_ 1w
By = (

D

{128 _ g (i2)4 ) (6.36)

_ 1 w2 (25 28
E, = ~e (e -e )

where the A =the determinant value of E matrix

A (320 [e—(i/z)(ﬂﬁﬂa) (V2% 02 ) 4 g U2HAA) (g l120 -t

e 28 (e—(vzm _e /28 )} (6.37)
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It is noted that a sufficient condition for the existence of P (¢)(i=12,..,12) in the

infinite element is that g, 4, and g, are three different constants. This can be easily

satisfied in the infinite-foundation wave problems since the R-wave, S-wave and P-wave

have three different wave numbers.

Using the element described above and equation (6.25), it is straightforward to get
the mass matrix for the 3-D dynamic infinite element as follows

T = [ [ Jin pingplozena

o 1 1

K] :jjj[B]T [D][B]|3|dédnde (6.38)

where |J| is the Jacobian determinant which can be determined from the mapping

relationship of the element in equations (6.26) and (6.27). Substituting equations (6.27) and
(6.29) and related expressions into equation (6.38), the following generalized integral will

be encountered in the evaluation of the mass and stiffness matrices of the infinite element:

00

| = J F(&)e P Ak de (1=1,2,3 k=1,2,3) (6.39)

0
This generalized integral can be calculated using numerical integration technique.

Consider the set of natural co-ordinates &, 77, £ and a corresponding set of global co-
ordinates X, y, z. By the usual rules of partial differentiation, the £ derivative can be

written as

oN. oN. ox  oN, oy N, oz
=—t — ¢+ 1 L4 —

Sl (6.40)
8F X OF Oy OF o1 OF
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Performing the same differentiation with respect to the other two co-ordinates and

writing in the matrix form:

oN; | [ ox
o | |oc
oN, | | ox
on| |on
oN,; OX
o) |a¢

g

¥
on
o

e

oz |
0¢
0z
on
a

g |

oN

OX
OoN

oy
ON
0z

(6.41)

In the above, the left-hand side can be evaluated as the functions N; are specified in

natural co-ordinates. Further as X, y, z are explicitly given, the matrix[J], can be found

explicitly in terms of the natural co-ordinates. This matrix is known as the Jacobian matrix.
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7. CASE STUDIES

As it was mentioned earlier in Chapter 2, a difficulty is often encountered in finite
element analysis in the treatment of an unbounded domain, for which the use of infinite
elements offers the most powerful and effective solutions. In the process of developing the
stiffness properties of infinite elements, the conventional finite elements are modified to
contain some nodes and element boundaries, which model the domain stretching to

infinity.
7.1. Boussinesq Problem

In order to compare the predictive capabilities of infinite elements with closed form
solutions of the Boussinesq problem, axisymmetric analyses are performed due to the
rotational symmetry. A slice of semi-infinite medium, with one (7) radian central angle is

considered for analysis. A sample mesh suitable for analysis is seen in Figure 7.1.

1 radian = (@ degreesj

T

Figure 7.1. Singular load on axi-symmetric semi-infinite medium and a slice taken from it

for analysis
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In the Finite Element modeling of this Boussinesq problem”, a 5 by 5 axi-symmetric
mesh consisting of eight-node high order quadrilateral elements is generated as shown in
Figure 7.2. The computer package program GeoStudio SIGMA/W (GeoStudio Analysis
Reference and Tutorials, 2004) is used for this purpose. Along the axis of symmetry,
coinciding with the vertical truncation boundary, a boundary condition of zero horizontal
displacement is imposed throughout. The horizontal truncation boundary at the bottom
edge has zero vertical displacements throughout. In fact, typical movable hinge supports

are assumed all along the three mutually perpendicular boundary lines.

P =3000kN
A B
\ <|
I3 o
[ <
[P al
[ ol
s < 3.00m
[ <|
I o
[ <
[P al
Ly 3 L 3 T pal
c, 75D E =2 000 MPa
3.00m v =0.40

Figure 7.2. Mesh of axi-symmetric body with rigid truncation boundaries

For the purpose of introducing infinite elements at the truncation lines CD and BD, a
second model is generated by attaching a corridor of eight-node high order quadrilateral
infinite elements to the already existing mesh all along the two truncation boundaries CD
and BD as shown in Figure 7.3. The infinite elements are indicated by an arrow head

specifying a direction to infinity.

“ A complete treatment of Boussinesq problem is given in Appendix A
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The material is assumed to be linear and isotropic with Young’s Modulus £ = 2 000
MPa and Poisson’s ratio v = 0.40. The point load acting vertically at the center of a three

dimensional elastic half space is P = 3 000 kN.

The vertical displacements have been calculated by three distinct methods as follows:

e Finite element modeling with 5 by 5 mesh, using GeoStudio SIGMA/W package
program;

e The exact formulations by Boussinesq (Jumikis, A. R., 1969);

¢ Finite element modeling with 5 by 5 mesh with infinite elements attached to the

bottom and right-hand side truncation boundaries.

P =3000kN
A B
‘ T
[ |
«
[ }
| |
- 3.00 m
| |
[
| |
|
[ D |
C N T A D
E=2000MPa
v=0.40
3.00 m

Figure 7.3. Mesh of axi-symmetric body with infinite elements along the truncation

boundaries

The vertical displacements calculated by these three methods, all along the two
vertical axes at r =0 mand r = 0.6 m, and also along the horizontal line at z = 1.20 m, are

given in Tables 7.1 through 7.3, respectively.
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The vertical displacements calculated by these three methods are also illustrated
graphically in a comparative fashion, together with the percentages of errors in each case,
all along the two vertical and one horizontal lines, as described above, in Figures 7.4
through 7.9, respectively.

Table 7.1. Vertical displacements along the vertical lineatr =0

. -4
Depth(in) Displacements (m) (10™)
Finite Elements Theory Infinite Elements
0 55.97 N/A 58.27
0.3 31.82 24.51 34.14
0.6 12.07 12.25 14.40
0.9 6.31 8.17 8.62
1.2 3.61 6.13 5.91
15 2.70 4.90 4.97
18 1.96 4.08 4.21
2.1 1.25 3.50 3.48
2.4 0.74 3.06 2.97
2.7 0.35 2.72 2.01
3 0.00 2.45

Table 7.2. Vertical displacements along the vertical lineatr=0.6 m

. -4
Depth(m) Displacements (m) (10™)
Finite Elements Theory Infinite Elements
0 5.58 6.68 7.86
0.3 5.36 6.98 7.66
0.6 3.56 6.70 5.86
0.9 3.41 5.85 5.70
1.2 2.81 4.98 5.08
1.5 2.03 4.27 4.26
1.8 1.43 3.70 3.64
2.1 1.00 3.25 3.18
2.4 0.63 2.89 2.80
2.7 0.30 2.60 1.96
3 0.00 2.36
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Table 7.3. Vertical displacements along the horizontal line atz=1.20 m

- -4
Depth(m) Displacements (m) (107™)
Finite Elements Theory Infinite Elements
0 3.61 6.13 5.91
0.3 3.41 5.79 5.70
0.6 2.81 4,98 5.08
0.9 1.80 4.10 4.03
1.2 1.26 3.35 3.44
1.5 0.67 2.77 2.79
1.8 0.31 2.33 2.35
2.1 0.07 2.00 2.02
2.4 -0.07 1.74 1.79
2.7 -0.16 154 1.03
3 -0.18 1.38

7.2. Evaluation of the Results of Boussinesq Problem

Superior degree of accuracy attained by the use of infinite elements is demonstrated
clearly when the finite element solutions are compared with those of the exact solution.

The solutions by infinite element modeling show a remarkable improvement.

For instance, the vertical displacements obtained by three different methods along
the r = 0 axis are illustrated in Figure 7.4. Very good agreements exist with the exact
solution when quadratic infinite elements are used. The accuracies improve with larger
depths. If we examine the displacement error percentages along this vertical line at r = 0 m
in Figure 7.5, it is seen that the errors increase near to the point load due to the effect of
singularity of the point load.

Table 7.1 also shows that the displacement values obtained when infinite elements
are employed are almost the same as those of the closed form solutions, whereas the pure
finite element solutions are relatively very far from the exact theory.

When the displacements along the vertical line at r = 0.6 m and along the horizontal

line at z = 1.2 m are examined as shown in Figures 7.6 and 7.8 respectively. It is clearly
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seen that the infinite element solutions are in a very good agreement with those of the exact
solution. Displacement error percentages given in Figure 7.7 and Figure 7.9 also confirm
this conclusion. It is important to recall however that due to stress concentrations in the
vicinity of the point load, the accuracy of the numerical solution even with infinite

elements may differ slightly from the exact solutions.

In general, the regular finite element solutions underestimate the displacements. The
situation is greatly improved however by the introduction of the infinite elements. It is thus
proven that the use of infinite elements, provide a significant degree of accuracy at only

very little extra computational effort.



Depth (m)

Truncated Finite
05 Elements
/ ¢
\ - ] -.- - _
1 PR
R P =3 000 kN
,“ Aly r B
‘ —
4 I+ |
15 Exact Theory \
V4 [
7 > |
N \
J/ 2 3.00m
2 / ..
. Infinite Elements !
I
|
|
I
|
25 ' C wf _ _ D ‘
/
[ ] 3.00m
/ 12
3 & | | |
0.00E+00 2.00E-04 4.00E-04 6.00E-04 8.00E-04 1.00E-03 1.20E-03 1.40E-03

Displacement (m)

Figure 7.4. Displacements along the vertical lineatr =0

1.60E-03

9Tt



Depth (m)

P =3 000 kN
Y i B
0.5 - |
| |
|
1]
|
1 Truncated Finite I } 3.00m
Infinite Elements Elements \
M
|
15 N » D }
1= - |
~——3.00m
\
5 - z
2.5
N
0.00 20.00 40.00 60.00 80.00 100.00

Error Percentages (%)

Figure 7.5. Displacement error percentages along the vertical lineatr =0

LTT



Depth (m)

Truncated Finite
0 Elements F ®
- “' '
05- =TT
\ J & ()
|
. Exact Theory
1 ) . A} )/ |
b \ / P = 3000 kN
e w A r B
. - I3 -—
”
1.5 i & — I
7 Infinite Elements I
< I
2 e X - 3.00m
" b4
/ | o
. ' e
2.5 ) C D
,' 3.00m
:/ Z
3 N ] 1
0.00E+00 1.00E-04 2.00E-04 3.00E-04 4.00E-04 5.00E-04 6.00E-04 7.00E-04 8.00E-04 9.00E-04

Displacements (m)

Figure 7.6. Displacements along the vertical line at r = 0.6 m

8TT



Depth (m)

0
| |
P =3 000 kN
0.5
I
I
Truncated Finite ™
Elements 4
1 1 Infinite Elements v 3.00 m
|1
/ g |
I !
15 c M D i
I
-~ 300m —4
z
2 |
2.5
3
0.00 20.00 40.00 60.00 80.00 100.00

Error Percentages (%)

Figure 7.7. Displacement error percentages along the vertical line at r = 0.6 m

6TT



Dispalcement (m)

7.00E-04

|
P =3 000 kN
A v r B
6.00E-04 g |
|t
|
5.00E-04 - Exact Theory L
> 3.00
|
4.00E-04 - nfinite Elements I
>
B u I D
. C ‘
3.00E-04 .
“u -~ 300m
z
Truncated Finite
2.00E-04 - AR Elements \‘\‘\
L
T- ~. / \
-y
1.00E-04 - ~..
g
— - ' . .
0.00E+00 T .
| E—— -
(0]{0] 5 1.0 1.5 210 215
-1.00E-04

Distance (m)

Figure 7.8. Displacements along the horizontal lineatz=1.2 m

0cT



Error Percentages (%)

120.00

100.00 -

Truncated Finite

Elements P =3000 kN
y r B
80.00 - | - | \
I |
\
\
\
: |
60.00 e
| 3.00m
| \
\
I |
— = .
40.00 Infinite Elements !
[
\
e WDJ |
. m
20.00 ) 3.00
VA
0.00 ?\’ ‘_‘-\‘g‘———ﬁ'—__‘
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

Distance (m)

Figure 7.9. Displacement error percentages along the horizontal lineatz=1.2m

1¢T



122

7.3. Circular Uniform Distributed Loading

Uniformly loaded circular foundations are frequently encountered in soil
engineering. As a second case study, circular tank on the ground is studied. The tank is
2a=10 m in diameter; the applied pressure on the ground when the tank is full is 40 kPa.
The soil is assumed to be linear and isotropic with Young’s Modulus £ = 4 000 kPa and
Poisson’s ratio v = 0.40. Since the problem is rotationally symmetrical about the vertical
center-line of the tank, the required finite element grid extends out from the tank center-
line and axisymmetric analyses are performed. Figure 7.10 shows schematic diagram of the

problem including the foundation region considered in the analysis.

Circular Tank Pressure = 40 kPa

- assm = Truncated
Boundary

\

Soil

20m

E = 4000 kPa, v =0.3

15m

Figure 7.10. Tank on the ground

In the Finite Element modeling of the problem, a 3 by 4 axi-symmetric coarse mesh
and 6 by 8 axi-symmetric fine mesh consisting of eight-node high order quadrilateral
elements are generated as shown in Figure 7.11 and 7.12. The numerical analyses
associated with the problem are carried out using the computer package program
GeoStudio SIGMA/W (GeoStudio Analysis Reference and Tutorials, 2004). Along the axis



123

of symmetry, coinciding with the vertical truncation boundary, a boundary condition of
zero horizontal displacement is imposed throughout. The horizontal truncation boundary at
the bottom edge has zero vertical displacements throughout. In fact, typical movable hinge

supports are assumed all along the three mutually perpendicular boundary lines.

p =40 kPa
AJIIVLT 4B
I 4|
> <
[ <]
\ < 20m
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¢t E = 4000 kP
l%lSm% - a
v =04
Z

Figure 7.11. Coarse mesh of axi-symmetric body with rigid truncation boundaries
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Figure 7.12. Fine mesh of axi-symmetric body with rigid truncation boundaries



124

For the purpose of introducing infinite elements at the truncation lines CD and BD, a
third and fourth models are generated by attaching a corridor of eight-node high order
quadrilateral infinite elements to the already existing 3 by 4 coarse mesh and 6 by 8 fine
mesh all along the two truncation boundaries CD and BD as shown in Figures 7.13 and

7.14. The infinite elements are indicated by an arrow head specifying a direction to

infinity.
p =40 kPa
AJIIYLr | B
s :
| :
s ‘
\ ‘ 20m
8 ‘
\ 1
s w
,,,,,,,,,,,,,,, S
c D E—4000kpPa

— 0.4
lkwm% Y
zZ

Figure 7.13. Coarse mesh of axi-symmetric body with infinite elements along the

truncation boundaries
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Figure 7.14. Fine mesh of axi-symmetric body with infinite elements along the truncation

boundaries

The vertical stresses and the vertical displacements along the vertical, central axis

through the center of the circular area have been calculated by three distinct methods as

follows:

e Two finite element modelings with 3 by 4 coarse mesh and 6 by 8 fine mesh using

GeoStudio SIGMA/W package program;

o The exact formulations (Poulos and Davis, 1974);

e Finite element modeling with 3 by 4 coarse mesh and 6 by 8 fine mesh with

infinite elements along the bottom and right-hand side truncation boundaries.

According to analytical solution, the vertical stress and the vertical displacement

along the vertical, central axis through the center of the circular area are given in Equations

(7.1) and (7.2) respectively.
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3/2
1

~ Zpa(l—vz)
——

w

+(z/a) —z/a || 1+ Z/a 2
(1(/) /)12(1—1/) 1+(z/a)’ "2

where p is the uniformly distributed loading over the circular bearing area, a is the radius
of the circular bearing area, z is the depth, v is the Poisson’s ratio of the medium, and E is

the modulus of elasticity of the medium.

The vertical stresses and displacements calculated by these three methods, along the
vertical, central axis through the center of the circular area are given in Tables 7.4 and 7.5,
respectively and also illustrated graphically in a comparative fashion, for each case in
Figures 7.15 and 7.16.

Table 7.4. Vertical stresses along the vertical central axis

Stresses (kPa)
Depth (m) Finite Elements Infinite Elements
: : Theory
Coarse Fine Coarse Fine

0.00 55.82 39.36 55.81 39.35 40.00
1.25 39.07 39.09 39.43
2.50 39.18 37.06 39.39 37.13 36.42
3.75 31.60 31.71 31.36
5.00 25.04 27.03 25.33 27.19 25.86
6.25 21.55 21.69 20.95
7.50 19.31 17.06 19.85 17.17 16.96
8.75 14,51 14.52 13.82
10.00 11.53 11.85 12.13 11.76 11.38
11.25 10.34 10.08 9.48
12.50 9.40 8.82 9.43 8.40 7.98
13.75 8.01 7.37 6.80
15.00 7.06 7.17 7.50 6.31 5.85
16.25 6.77 5.66 5.08
17.50 6.63 6.35 4.22 5.43 4.44
18.75 6.23 2.61 3.92
20.00 5.95 6.10 0.03 -0.66 3.48




Table 7.5. Vertical displacements along the vertical central axis

Displacement (m) (10%)
Depth (m) | Finite Elements Infinite Elements
Theory
Coarse Fine Coarse Fine
0.00 7.12 7.35 9.71 9.27 9.10
1.25 6.61 8.54 8.34
2.50 5.54 5.69 8.15 7.63 7.42
3.75 4,78 6.73 6.50
5.00 4.20 3.92 6.79 5.87 5.67
6.25 3.22 5.16 4.97
7.50 2.74 2.65 5.28 457 4.39
8.75 2.17 4.07 3.92
10.00 1.80 1.77 4,25 3.66 3.52
11.25 1.44 3.31 3.19
12.50 1.18 1.16 3.56 3.02 2.91
13.75 0.92 2.77 2.68
15.00 0.72 0.71 3.06 2.55 2.48
16.25 0.51 2.36 2.30
17.50 0.34 0.34 2.28 2.19 2.15
18.75 0.17 2.02
20.00 0.00 0.00 1.90

7.4. Evaluation of the Results of Circular Uniform Distributed Loading
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Even for a relatively coarse mesh (3 by 4) as shown in Figure 7.13, the improvement

of results over a similar analysis but without infinite elements is evident which can be seen

from the displacement values along the vertical central axis in Figure 7.16. When fine

mesh (6 by 8) is employed, almost no change takes place in the displacements on the other

hand the same mesh with infinite elements along the bottom and right-hand side truncation

boundaries gives perfect performance as seen in Figure 7.16.

In the case of the stresses, as secondary dependant variables, although the

convergence with mesh refinement is observed, no significant improvement of results is

seen when employing meshes containing infinite elements as illustrated in Figure 7.15.

However, even slightly, the results are still observed to be better when infinite elements are

used.
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7.5. First Case Study for 3-D Seismic Infinite Element

This numerical example for verifying the 3-D dynamic infinite element is that the
calculation of the compliances of a square massless rigid plate resting on an isotropic
homogeneous elastic half-space. Figure 7.15 shows the discretization of a plate on the half-
space, in which only a quarter of the plate and the half-space is modeled by finite and
infinite elements due to the symmetry of the problem. It needs to be mentioned that the
symmetry boundary condition is added on the xz and yz planes since the case was vertical
vibration of the plate. In order to compare current numerical results with the previous
results, the same assumptions as in the References of Hamidzadeh-Eraghi and Grootenhuis
1981 and Wong and Luco 1976 are adopted and the parameters seen in Table 7.1 are used

in the analysis.
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Figure 7.17. Discretization of a plate on the half-space
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Table 7.6. Material properties

Plate Rock Soil
E, =24x10%kPa | E, =24x10°kPa V, =3872m/sec a =0.028
B=10m 4 =0.333 V, =1936m/sec G, = Shear Modulus
t=1m 7. = 24kN /m® V., =1804m/sec P, = Dynamic Load

In the calculation, the plate is modeled by either thick plate elements or a
combination of thick plate elements and plane stress elements. The near field of the
foundation is modeled by 3-D solid finite elements and the far field of the foundation is
modeled by 3-D dynamic infinite elements. From the wave velocities and the harmonic

wave frequency of the foundation, the wave numbers £ (i=1, 2, 3) in the infinite element

can be evaluated. Besides, the numerical results are expressed as

Cy=2X(GB), C,="2(GB) (L1)
PO PO

where C,, C, are the dimensionless compliances due to the dynamic load of the plate P,
in X and z directions, A,, A, are the corresponding complex displacements in x and z
directions, G is the shear modulus of the rock medium, a, = @B/V; is the dimensionless

frequency in which V; is the S-wave velocity of the rock.
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Figure 7.18. Comparison of the current results with the previous results

Figure 7.16 shows a comparison between the current results and the previous results
(Hamidzadeh-Eraghi and Grootenhuis 1981 and Wong and Luco 1976) where the solid line
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and dashed line for C, and C, are sited from Reference of Wong and Luco, 1976. The

solid dot and circle are the numerical results from the present infinite element model in
which the plate is modeled using the combination of thick plate elements and plane stress
elements. It is noted from Figure 7.16 that there is a very good comparison when the plate
is modeled by the combination of thick plate elements and plane stress elements. This
demonstrates that accurate results can be obtained from the present finite and infinite
element coupling model. Therefore, it is recommended in the seismic analysis of a plate
subjected to horizontal earthquakes, shell elements or a combination of thick plate

elements and plane stress elements be used in the analysis.
7.6. Second Case Study for 3-D Seismic Infinite Element
This numerical example for verifying the 3-D dynamic infinite element is the

calculation of the vertical vibration of a square massless rigid plate resting on a viscoelastic

layered foundation, which, in fact, wave propagation problem in the non-homogeneous

|

| B I

foundation.

Ay
/ H21

E,H

Y

E; =o Solid Rock

Figure 7.19. Vertical vibration of a rigid plate on a layered foundation
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Figure 7.17 shows the discretized model, where only a quarter of the plate and the
foundation is considered due to the symmetry of the problem. The selection of the
parameters and the considerations are similar as that in the first example, except for the
layered foundation is considered resting on a rigid base and the ratio of the layered depth to

the plate width is chosen as 2.

A comparison between the current results and the previous results (Chow Y. K.,
1987) is shown in Figure 7.18 where K and C are the damping stiffness coefficient and
damping coefficient of the plate, respectively, the solid line expresses the previous results
(Chow Y. K., 1987) and the solid circle denotes the current results. It is observed that there
exists a good agreement between the current results and previous results. This illustrate
that accurate results can be achieved using finite and infinite element coupling model to

solve 3-D layered-foundation wave problems.

K = Dynamic Stiflness Coeflicient C = Damping Coefficient
1.00 1.00
0.75. : 7% PRSRER SE R R ] R R
0.50]. 5 0.50]
0.25 : 0.25
0.00] : 5 5 0.00 ] : :
T T T T T B | T T T a
0 1 2 3 i SR 1 2 3 1%

Figure 7.20. Comparison of the current results with the previous results

Thorough the comparison of the numerical results from the present finite and infinite
coupling model with previous results for a massless, smooth rigid square plate on a
homogeneous elastic half-space or viscoelastic layered foundation, it is demonstrated that
accurate results can be obtained using this coupling model to solve 3-D foundation wave

problems.
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7.7. Sensitivity Analysis of Finite Element Modeling

In order to see the effect of enlargement of domain used in finite element modeling
and the effect of springs used all along the truncation boundaries of unbounded domain

problems, axisymmetric analyses are performed for Boussinesq problem.

The material is assumed to be linear and isotropic with Young’s Modulus £ = 2 000
MPa and Poisson’s ratio v = (0.40. The point load acting vertically at the center of a three
dimensional elastic half space is P = 3 000 kN. The computer package program GeoStudio
SIGMA/W (GeoStudio Analysis Reference and Tutorials, 2004) is used for this purpose.

The vertical displacements, beneath the point load, have been calculated by five
distinct finite element modeling, using the same size finite elements and exact formulation

as follows:

¢ Finite element modeling with 5 by 5 mesh (3m x 3m),

¢ Finite element modeling with 25 by 25 mesh (15m x 15m),

¢ Finite element modeling with 50 by 50 mesh (30m x 30m),

¢ Finite element modeling with 5 by 5 mesh, using springs along the truncated
boundaries,

¢ Finite element modeling with 5 by 5 mesh with infinite elements attached to the
bottom and right-hand side of truncated boundaries,

e The exact formulations by Boussinesq (Jumikis, A. R., 1969).

Meshes used for these finite element models may be seen in Figures 7.21 through 7.23.
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P =3000kN P =3 000 kN P =3 000 kN
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Figure 7.21. Meshes of axi-symmetric body (5 by 5)

P =3000kN
15 m
15m

Figure 7.22. Truncated mesh of axi-symmetric body (25 by 25)



P =3000kN

30m

30m

Figure 7.23. Truncated mesh of axi-symmetric body (50 by 50)
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The vertical displacements calculated by these six methods, along the vertical axis at

r = 0 m are given in Tables 7.7 and illustrated graphically in a comparative fashion in

Figure 7.24.
Table 7.7. Vertical displacements along the vertical central axis
Displacements (m)
Depth(m)

5x5 25x25 50x50 | Spring (5x5) | Infinite(5x5) exact
0 1.21E-03 | 1.39E-03 | 1.41E-03 1.50E-03 1.44E-03 1.23E-03
0.6 3.61E-04 | 5.46E-04 | 5.69E-04 | 6.54E-04 5.91E-04 | 6.13E-04
1.2 2.70E-04 | 4.54E-04 | 4.77E-04 | 5.58E-04 4.97E-04 | 4.90E-04
1.5 1.96E-04 | 3.80E-04 | 4.03E-04 | 4.81E-04 421E-04 | 4.08E-04
1.8 7.38E-05 | 2.60E-04 | 2.83E-04 3.45E-04 2.97E-04 3.06E-04
2.4 0.00E+00 | 2.00E-04 | 2.23E-04 | 2.16E-04 2.45E-04
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The coarse mesh of 5 by 5 with infinite elements along the truncated boundaries
gives consistently the best results, compared with the results of other meshes of 5 by 5,
25 by 25 and 50 by 50 with truncated boundaries. When springs are employed in order to
represent the soil conditions all along the truncated boundaries, the results are better than
those of the coarse or fine meshes with truncated boundaries. The results of coarse mesh
with infinite elements however are the most accurate and closest to the exact solution

among all other cases.



05 Exact Theory
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Figure 7.24. Vertical displacements along the vertical central axis
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8. CONCLUSIONS

In this Thesis, infinite elements are introduced including a discussion of history and
development, fields of application, and their chief merits. Basic classification of infinite
elements is given as mapped infinite elements and decay infinite elements with some
detailed discussions. General formulations of 1-D, 2-D and 3-D infinite elements are
discussed. A comprehensive set of coordinate and field variable mapping functions of 2-D
and 3-D infinite elements are presented in practical and explicit fashion. Numerical
examples are also supplied to illustrate the use of infinite elements in a variety of
problems. Based on the results of the case studies contained herein certain concluding

remarks may be stated as follows:

1) The stiffness matrices and all other properties of an infinite element may be
formulated in a manner similar to that used for the conventional finite elements. This fact
is explicitly demonstrated for the formulation of 1-D, three-node infinite element. In fact,
when appropriate isoparametric shape functions are selected for both coordinates and field
variables, the derivation of matrix properties of infinite elements of any size and shape
becomes a straightforward routine operation.

2) The adaptation of an infinite element into a standard finite element package
program does not introduce any special difficulty, simply because the infinite elements
retain the narrow band width nature of the master stiffness matrix, and require relatively

smaller memory space.

3) The infinite elements provide systematically a very high degree of accuracy even
with relatively coarse mesh sizes in unbounded continuum problems. Therefore, the use of
infinite elements is indispensable in these categories of problems including the load
analysis on semi-infinite medium, soil-structure interaction, seepage and ground water

flow, wave propagation, off-shore structures, etc.

4) In order to investigate the relative accuracy supplied by the infinite elements, a

sensitivity analysis is performed for the deflections produced by a point load acting on a
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semi-infinite elastic half-space. The accuracy of the deflections in the near field is
increased steadily if the geometrical size of the finite element modeling of the field is
increased. For instance, the error percentage for the vertical deflection at 1.2m depth below
surface was 45% when only a 5 by 5 coarse mesh is used. The error is only reduced to
2.7% when a 50 by 50 fine mesh is used 10 times greater field size and 100 times greater
number of finite elements. When infinite elements are used however, with only 5 by 5
mesh size, the error is a mere 1.4%. The economy and efficiency gained in computation

time and effort, by using infinite elements, are thus unmistakenly proven.

5) Although, the use of equivalent springs all along the truncated boundary provides
considerable accuracy compared with cases of enlarged field and mesh size, the use infinite

elements gives always superior results.

6) The use of finer mesh size and higher number of finite elements does not increase
the accuracy of results as efficiently and drastically as the use of infinite elements. For
instance, the vertical deflection at the surface of a semi-infinite medium under a circular
loading is 91.0mm by the exact theory. The errors are 21.7% and 19.2% for the 3 by 4
coarse mesh and 6 by 8 fine mesh sizes, respectively. When infinite elements with only 3

by 4 coarse mesh size are used however, the error is drastically reduced to 6.7%.

7) Further research is recommended using 2-D and 3-D infinite elements in a variety
of unbounded continuum problems in order to discover the immense versatility of infinite

elements.
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APPENDIX A: STRESS DISTRIBUTION IN SOILS

Here, stresses and displacements in the soil due to the point load on it will be given.
One of the principal problems of soil mechanics relative to the founding of structures is the
study of the relationships between the following factors: load, loading area, depth of

foundation, settlement, and duration of loading (Jumikis, 1962).

Because of the great diversity in soil properties, and the many variables involved in
the stability problems of soil and structure, the relationships between these factors are very
complex indeed; and in theoretical studies one is forced in many instances to assume
idealized conditions and simplifications, or to study soil mechanics problems
experimentally.

A.1l. Contact Stresses
The stresses in soil are caused by two principal factors, namely:

1)  Self-weight of the soil,

o, =yH (A.1)

where, o5 = stress in soil at depth H, and

y = unit weight of soil,
2)  The stress from the structural load applied to the soil.
A.2. Boussinesq’s Theory
Boussinesq’s stress distribution theory is based on the results given by the
mathematical theory of elasticity for the simplest case of loading of a solid, homogeneous,

elastic-isotropic, semi-infinite medium: namely, the case of a single, vertical, point load

applied at a point on the horizontal boundary surface (ground surface).
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A semi-infinite body is one bounded from one side with a horizontal boundary plane.

In the case of soil, the horizontal boundary plane would be the ground surface, and semi-

infinite medium is the mass of soil below the ground surface.

Point loads in soil mechanics are single, concentrated loads, and uniformly

distributed loads over symmetric polygonal, or circular areas when stresses in soil are

considered only at depths greater than threefold diameter of the loaded area. In deriving his

stress distribution theory for a single, concentrated load, following assumptions are made:

1)

2)

3)

4)

5)
6)
7)

The soil medium is an elastic, homogeneous, isotropic, semi-infinite medium
which extends infinitely in all directions from a level surface and which obeys
Hooke’s law.

The soil is weightless.

Originally, before the application of the single concentrated load, the soil is
not subjected to any other stress, the soil is stress-less or unstressed.

The stress distribution from the applied, concentrated load is independent of the
type of material of which the homogeneous, elastic-isotropic body is made.
Relative to soil the change in volume upon the application of stress to the soil is
neglected.

The stress-strain relationship is assumed to be linear.

There exists a continuity of stress.

In such a system the stresses are distributed symmetrically with respect to the z-

axis.

The limitations of the theory based on the above assumptions restrict it to the

proportionality between stress and deformation. The principles of derivation of

Boussinesq’s equations are: there are six unknown quantities in the stress distribution

problem, seen in Figures Al and A2 and namely:

the normal stresses: oy, 0, 0oz ;

the shear stresses: 7, and
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displacements: s; (radial component) and

sy (vertical component).

Hence, the solution requires 6 independent equations. The equilibrium condition of an
elementary material prism renders 2 equations for the axi-symmetrical stress condition.
The relationship between stress and strain and the continuity conditions render the other

four equations.
A.3. System
In applying Boussinesq’s theory to soil, imagine the following system, Figure A.1,

the ground surface is the (z = 0)-plane (plane H, — H,); it is the horizontal boundary of a

semi-infinite medium, the medium of soil.
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Figure A.1. Orthogonal stresses (Jumikis, 1962)

A single concentrated load, P, is acting on this plane at the point of origin of coordinates,
0, along the z-axis. The positive direction of the z-axis is here, for the sake of convenience,
directed downwards into the body of the semi-infinite medium to suit the contents of the

matter under discussion. The positive branch of the y-axis is directed horizontally 90°
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counter-clockwise from the z-axis. The positive x-axis is directed orthogonally to the y-

and z-axes. The +x direction is then toward the viewer when viewing the (z-y)-plane.

~
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gp= Polar siress

oy =Horizontal tangentiat
stress

g, = Radial stress

oy = Vertical stress

Figure A.2. Loads and stresses in a cylindrical coordinate system (Jumikis, 1962)

In Figure A.1 are shown the orthogonal stresses at point, N(x, y; z), which are the
normal and the shear stresses. In Figure A.2 are shown at point N(R; f) the polar stress, og;
or else, using the cylindrical coordinate system, there is shown the vertical stress, o;; the
horizontal radial stress, o,; and the horizontal tangential stress, o; in the R, z, r, and
tangential directions. Here R is a radius-vector from O to N, making an angle, £, with the
positive direction of the z-axis. The angle, S, is a directed angle and is measured from the
+z-axis to the radius-vector, R, connecting the stressed point, V, with the point of origin of
coordinates, O. The angle, f, is positive when it is followed counterclockwise. The

horizontal distance from the z-axis to an arbitrary point, V, is designated by r.
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A.4. Designation of Stresses

The stressed condition of soil at any point is characterized by the stresses acting at
that point along the coordinate axis. In the orthogonal coordinate system, the stressed
condition of an elementary cube of soil, the faces of which are parallel to the planes of

coordinates is characterized by the following stresses Figure A.1 b.

a) Normal Stresses:
o, vertical stress
o, horizontal normal stress acting along or parallel to the x-axis of coordinates

o, horizontal normal stress acting along or parallel to the y-axis of coordinates.

b)  Shear Stresses
7y, and 7,, shear stresses acting in the planes of a cube, planes which are parallel
to the z-axis of coordinates. These two shear stresses are acting in mutually
perpendicular directions.
7. and 7, shear stresses acting in the planes parallel to the x-axis

7. and 7. shear stresses acting in the planes parallel to the y-axis

Another mnemonic device for memorizing the shear stress designation is as follows:
of the two subscripts to the shear stress symbol, z, the first one indicates the direction of the
plane in which the shear stresses, 7, acts whereas the second subscript indicates the

direction in which 7 acts.

In the cylindrical coordinate system, the stresses o., o,, and o, are normal stresses.
The shearing stresses are designated by 7. Because of symmetry of the state of stress with
respect to the z-axis, the shear stresses in the vertical, radial planes, such as the plane

ON,NO’, as shown in Figure A.2 are of zero magnitude.

According to the Boussinesq’s Theory, the various stresses caused in the semi-

infinite medium by a single, concentrated load have the functions summarized as follows:
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Pl.x*z m=2( x*-y? 2z
o, =—|32- b A (A2)
27| R m \Rr*(R+z) Rr
P|.yz m=-2( y’-x° x’z
o, =—]3=— + A3
g 24 R®  m (RrZ(R+r) R’r’ (A.3)
Pz 3P
TR 2w .
2 —
Gr:i?’rsz_m 2[R ZZJ (A.5)
27| R m Rr
P \m-2(1 z z
o =L Sz A6
' 27z{ m [rz R’ erﬂ (8.6)
r,=1,=0 (A7)
- _3pPrz (A.8)
" 27T R’ '
S (A9)
* 21 R '
. _3PZy (A.10)
Y 2T R '

In the semi-infinite medium by a single, concentrated load, according to the

Boussinesq’s Theory, horizontal and vertical displacements are also obtained as follows:

1 3
g = 1= NP [Z(rz ) R L +22)‘z} (A.11)
27Er 1-2v
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w:ﬁ[(brv)z (r +z )2+2(1—V Xr +z )2} (A.12)

The stresses in soil at any point N(R; f) in polar coordinates are:

3P

o, = cos’ A.13
by B (A.13)
o, = Pz 3sin2ﬂcosﬂ—m_2 ! (A.14)
27R m l+cospf

o, :_m_—2 P2 cosﬂ—; (A.15)

m  27R l+cosf
Form=2, o, =0 (A.16)

3P . >

T= sin 3 cos A.17
SR pcos” f (A.17)

A volume-stable soil is characterized by Poisson’s coefficient of m = 2, in which the
cubal deformation is proportional to (m - 2). With m = 2, Poisson’s ratio is m=

1/m = 0.5.

Engineers are mostly interested in the vertical, normal, compressive stress, O,
particularly as it pertains to the bearing capacity of soil at different depths and on different
types of soil layer below the ground surface, and to consolidation settlement analysis of
foundation soils. For the same reasons, the derivation of the equation of the 0, stress for

m = 2 will now be presented.

A.5. Derivation of g, Stress

Deformation: Assume point N(R; ) in the mass of soil, Figure A.3, and an
elementary area m — n at N, and thereby L R. The problem is to express algebraically the
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magnitude of the polar stress, Og, acting L to the area, m — n, and then to find an equation

for O..

Consider that point N, is now translocated at point N;, by an amount of dR. Through
points N and N;, two hemispheres can be drawn, the radii of which are R, and R + dR,
respectively. The change in length of radius is, thus, dR. Note that the farther the point, N,
is spaced, along radius from the concentrated load, P, the less is its displacement. The
displacement is thought to take place because of the radially distributed stress in the soil.
Besides, considering point N translocating along the circle whose radius is R, note that
when £ = 0, displacement of point N is larger than at § > 0. At f = 90°, displacement of

point N approaches to the value of zero.

P
Horizontal boundary surface
GS y 9
VAN AN AN AN /AN 7N ,{\V NN/ N +Y
Elastic, homogeneous, B | T CRTIT
semi-infinite medium R S

I

|

lz

{ //\
|

|

|

~
-
Hemispherical — -
surface

Figure A.3. State of stress at a point (Jumikis, 1962)

Designating displacement by the symbol, s, and noting from the above discussion
that displacement is inversely proportional to R, and that displacement for a constant, R, is

largest when g = 0, then displacement, s, can be written as
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s=closs (A.18)

where C = coefficient of proportionality. At constant, R, when = 90°, s =0.

Assume now that point N is displaced at point N;. Displacement, analogous to

equation (A.18), is written as

5 =S8 (A.19)
R+dR

Strain, &, or relative deformation, J/dR, relative to length, dR, where ¢ is absolute

deformation, is

o0 _s—s,_Ccosfp  Ccosf

E=—= , (A.20)
dR  dR  RdR (R+dR)dR
&= ?C—OS'B (A.21)
R° +RdR

Stress and Strain: Neglecting in the denominator of equation (A.21) the quantity (R

dR) which is small as compared with R%, obtain radial compressive strain

o Ccosf

27 (A.22)
By Hooke’s Law, it can be assumed that stress is proportional to strain
o,=F¢ (A.23)

where E = modulus of elastisity, then the algebraic expression for polar stress is
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ECcos
B :—zﬂ (A.24)
R
Equilibrium: The coefficients, a and C, in equation (A.24), and consequently the
polar compressive stress, Og, can be determined from the equilibrium condition between
the single, concentrated load, P, acting normally to the horizontal, semi-infinite plane
along the z-axis, and the system of the vertical projections of the upward-directed, polar,
compressive stresses (equation A.24), acting with uniform distribution over the

hemispherical surface with a radius of R, through point N, for example.

>F,=0
A
P= IO oy cos f dA (A.25)

where dA=27Rdh =27 R(Rdp)sin B =27 R*sin fdf (A.26)

is the curved surface of the spherical zone, n;nmm;, bounded by two parallel planes (nn;

and mm), Figure A.4.

+z

Figure A.4. Equilibrium conditions

Equation (A.25) is now rewritten as
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P= ZERZI:/Z o, sin fcos Bdf (A.27)
or, after integration,
P:%zEc, (A.28)
EC =%(P/7Z') and C :2?;—’;? . (A.29)
P

Figure A.5. Relation of vertical stresses to polar stresses

Polar Stress: Substituting equation (A.29) into equation (A.24), obtain the

expression for polar stress

_3Pcosp
27 R

(A.30)

R

This equation reads that the polar stress, Oz, varies inversely as the square of the distance,

R’, from the point of application of the concentrated load, P, at the ground surface.
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Vertical Normal Stress: In foundation engineering engineers are interested more in
the vertical, normal, compressive stress, 0., acting on a horizontal area rather than in the
polar stress. To find the vertical, normal, compressive stress, 0., Figure A.5, use is now

made of Mohr’s graphical stress circle, Figure A.6. By means of this construction,

o.=0,c08 f (A31)

Note from Figure A.6 that angle § determines the magnitude of o, ; oy is here known from

equation A.30.

o =

ar* aﬁcnszﬁ =AD

Figure A.6. Finding vertical stresses 6, , from Mohr’s circle (Jumikis, 1962)
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Figure A.7. Coordinates of point N, the point of application of 6, (Jumikis, 1962)

Because cos 8 =z/R,

o, =0, [—j (A.32)

o =217 (A.33)

With  R?> =z +r?, and with »* = x> + y*, where x, y, and z are the coordinates of point

N, Figure A.7, the vertical, normal, compressive stress, o, is calculated as

o, = (A.34)
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or

o.=K— (A.35)

where

K=" _ (A.36)

1s the Boussinesq vertical stress coefficient.

Thus, equation (A.1) permits the calculation of the vertical, normal, compressive
stress, O, caused by concentrated load, P, at any point N, below the boundary surface, H,-

H, of a semi-infinite medium.

When point N is on the z-axis, on the line of action of P, then f = 0, » = 0, and 0, has

a maximum value of

3P P
= =10.478)—
9 27 z? ( )22

(A.37)

Note that Boussinesq’s equations give the stresses in a semi infinite medium caused
by the surface loads only and the medium is weightless and the load P is a concentrated

point load.
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APPENDIX B: NUMERICAL INTEGRATION FORMULAS

Table B.1. The Gaussian quadrature formulas for constant weight function (Krylov, 1962)

[ s = 3 4 sy
—1 k=1

{n)
’*}cﬂ] 4
n =2
0.57735 02691 89625 76451 1.00000 00000 Q0000 00000
n =3
0.77459 66692 41483 37704 (,55555 55555 55555 55556
0.00000 GO000 00000 00000 0.88888 B8888 88888 88889
n =4
0.86113 63115 94052 57522 0.34785 48451 37453 85737
0.33998 10435 84856 26480 0.65214 51548 62546 14263
n =5
0.90617 98459 38663 99280 0.23692 68850 56189 08751
0.53846 93101 05683 (09104 0.47862 86704 99366 46804
0,00000 00000 0QO0OOD GO000 0.56888 88888 88888 88889
n==6
0.93246 95142 03152 02781 0.17132 44923 79170 34504
0.66120 93864 66264 51366 0.36076 15730 48138 60757
0.23861 91860 83196 90863 0.46791 39345 72691 04739
n=17
0.94910 79123 42758 52453 0.12948 49661 68869 69327
0.74153 11855 99394 43986 0,27970 53914 89276 66790
0.40584 51513 77397 16691 0.38183 00505 05118 94495
0.00000 00000 00000 00000 0.41795 91836 73469 38776
n=28
0.96028 98564 97536 23168 0.10122 85362 90376 25915
0.79666 64774 13626 73959 0.22238 10344 53374 47054
0,52553 24099 16328 93582 0.31370 66458 77887 28734
0.18343 46424 95640 80494 0.36268 37833 78361 98297
n=29
0.26816 02395 07626 (08984 0,08127 43883 61574 41197
0.83603 11073 26635 79430 0.18064 8le06 94857 40406
0.61337 14327 00590 39731 0.2606]1 06964 (02935 46232
0.32425 34234 03808 92904 0,31234 70770 40002 84007

0.00000 00000 00000 00000 0.33023 93550 0125% 76316



Table B.2. The Gaussian Laguerre quadrature formulas (Krylov, 1962)

F

(n)
g
1.00000 00000 00

0.58578 64376 27
3.41421 35623 73

0.41577 45567 83
2.,29428 03602 79
6.28994 50829 37

x%€* f(x) dx = Z AE:‘] f(x':;:”})

k=1

0.32254 76896 19392 312

1.74576 11011 58
4.53662 02969 21
9.39507 09123 01

0.26356 03197 18
1.41340 30591 07
3.59642 57710 41
7.08581 00058 59
12.64080 08442 76

0.22284 66041 79
1,18893 21016 73
2.99273 63260 59
5.77514 35691 05
9,83746 74183 83
15.98287 39806 02

0.19304 36765 60
1.02666 48953 39
2.56787 67449 51
4.90035 30845 26
8,18215 34445 63
12.73418 02917 98
19.39572 78622 63

n=4
346 58
127 o8
133 13
n=2>5
n==6
n="17
n=2§

0.17027 96323 05101 000
0.90370 17767 99379 912
2,25108 66298 66130 69
4,26670 01702 87658 79
7.04590 54023 93465 70
10,75851 60101 80995 2
15.74067 86412 78004 6
22.86313 17368 89264 1

{n}
Ak
1.00000 60000 00

0.85355 33905 93
0.14644 66094 07

0.71109 30099 29
0.27851 77335 69
(~1)0.10389 25650 16

0.60315 41043 41633 602
0.35741 86924 37799 687
(-1) 0.38887 90851 50053 843
(—3) 0.53929 47055 61327 450

0.52175 56105 83
0.39866 68110 83
(~1)0.75942 44968 17
(~2)0.36117 58679 92
(—4)0.23369 97238 58

0.45896 46739 50
0.41700 08307 72
0.11337 33820 74
(~1)0.10399 19745 31
(—3)0.26101 72028 15
(—6) 0.89854 79064 30

0.40931 89517 01
0.42183 12778 62
0.14712 63486 58
(—~1)0.20633 51446 87
(—-2)0.10740 10143 28
(—4)0.15865 46434 86
(—7)0.31703 15479 00

0.36918 85893 41637 530
0.41878 67808 14342 956
0.17579 49866 37171 806
(~1)0.33343 49226 12156 515
(—2)0.27945 36235 22567 252
(—4)0.90765 08773 35821 310
(—6)0.84857 46716 27253 154
(—8)0.10480 01174 87151 038
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