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ABSTRACT

ON GENERALIZATIONS OF THE MCKAY CONJECTURE

McKay Conjecture asserts the existence of a one-to-one correspondence between
sets of certain irreducible characters of any group and that of its local subgroups. In this
thesis, we mainly study two generalizations of this conjecture, known as Isaacs-Navarro
and Galois-McKay conjectures, along with their reductions to finite simple groups. The
former considers the original conjecture via considering equivalence classes in mod p
whereas the other takes into account a particular action of a Galois group. Also, we

construct some new H-triples following [1].



OZET

MCKAY SANISININ GENELLEMELERI UZERINE

McKay sanis1 herhangi bir grubun belli indirgenemez karakterlerinin kiimesi ile
bu grubun bazi lokal altgruplarinin ayni sekilde kurulmusg kiimeleri arasinda birebir ve
orten bir fonksiyon oldugunu soyler. Bu tezde, bu saninin Isaacs-Navarro ve Galois-
McKay sanilar1 olarak adlandirilan iki genellemesini sonlu basit gruplara indirgen-
mesiyle birlikte ¢alisacagiz. Bunlardan ilki 6zgiin saniy1 mod p’deki denklik simiflarini
dikkate alirken digeri belli bir Galois grubunun etkisiyle diigiinerek geneller. Ayrica [1]

makalesini takip ederek bazi yeni H-tigliileri insa edecegiz.
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1. INTRODUCTION

In representation theory, it is of great importance to determine some information
about the characters of a group from its local subgroups. These studies lead to Global-
Local counting conjectures. Among them, John McKay conjectured, in 1972, that there
exists a bijection between the set of irreducible characters of 2’-degree of any group G
and that of some local subgroups of (G. Indeed, the conjecture states that for a finite
group G of even order and P € Syl,(G), the number of irreducible characters of G of
degree not divisible by 2 is the same as that of Ng(P). (See [2], for instance.) Since
the announcement of this conjecture, some generalizations are made. Firstly, the same
setting is claimed to hold for every prime and it is still named the McKay conjecture.
In fact, letting Irr, (G) to denote the set of irreducible characters of G of degree not

divisible by some prime p, the McKay conjecture states the existence of a bijection
Q2 : Irry(G) — Irry (Ne(P)), (1.1)

where P is any Sylow p-subgroup of G and Ng(P) is the normalizer subgroup of P
in G. Since then, some partial cases are checked to satisfy (1.1). As it is mentioned
in [3], whenever G is a solvable or p-solvable group, then the assertion is true. In
the beginnings of this century, a reduction of the McKay conjecture to non-abelian
finite simple groups is published in [4]. Now, by appealing to CFSG, certain conditions
for all non-abelian finite simple groups need to be checked. Also, it is proven in [1]
that these conditions on simple groups imply more than the McKay conjecture. As of
today, the cases p = 2 and p = 3 are completed. (See [5,6].) Therefore an affirmative
answer to the conjecture is given and the original assertion made by John McKay is

accomplished.

This conjecture has some other refinements appeared in [7]. For instance, it is

asserted that the bijection (1.1) satisfies
2(6)(1) = £0(1) (mod p) (1.2)

for every 6 € Irr,, (G). Moreover, considering the Galois actions on characters, the map



in (1.1) does not commute with an action of G = Gal(Q*/Q), as any automorphism in
this group fixes rational-valued characters and the number of rational-valued characters
in Irr,y(G) and in Irry (Ng(P)) are not always the same. However, if # is the subset
of G containing the automorphisms o in G such that o(§) = fpk for some fixed k, for
every root of unity £ of order not divisible by p, then it is asserted that the bijection
in (1.1) is ‘H-equivariant. Recently, a reduction of this is given in [8]. Also, by using
this reduction, it is checked in [9] that this conjecture is true for p = 2. In this thesis,

we mainly study these two generalizations and their reduction theorems.

In Chapter 2, we review the basics of ordinary complex representations and char-
acter theory, and we give the essential results which we need later. Also we discuss
group and Galois actions on characters. In Chapter 3, we study projective representa-
tions and character triples. Then we construct projective representations having entries
in Q® that are associated with characters. In Chapter 4, we work on H-triples that are
constructed in [8]. Then we build new such triples analogous to the character triples
in [1]. In Chapter 5, we give a proof of a reduction of the Isaacs-Navarro conjecture,
by following [3]. Note that this is also done in [10]. Finally, we mention the reduction

of the Galois-McKay conjecture.

Throughout the thesis, every group is finite, by assumption. Also G always

denotes a finite group.



2. ORDINARY REPRESENTATIONS

In this chapter, we follow [3], except otherwise noted.

Definition 2.1. A map p : G — GL,(C) is called a (complex) representation of G if
p 1S a group homomorphism. Then the complex valued map
x:G—C

g — tr(p(g))
is said to be a (complex) character of G, afforded by p, where tr(p(g)) denotes the trace

(2.1)

of p(g). The dimension of the representation equals n = x(1) and it is called the degree

of the character.

Note that the homomorphism p : G — GL1(C), given by g — 1 defines a

representation, affording the trivial character 15(g) = 1, for all g € G.

Remark 2.2. Characters are constant on conjugacy classes, since for every x, g € G,

we have
tr (p(a™"gx)) = tr (p(x) "' plg)p(x))) = tr (p(g))- (2:2)

Definition 2.3. Let p and p' be two representation of G with equal dimensions. If

there exists an invertible matriz A for which

Al p(9)A =0/ (9) (2.3)
for every g € G, then p and p' are called similar representations. Moreover if p is

similar to a representation of the form

* 0
5 (2.4)

0 =
then p is called reducible; otherwise, it’s called irreducible. Then the irreducibility of
a character is defined to be the irreducibility of a representation, which affords the

character.



By the following result, we determine the matrices commuting with representa-

tions.

Lemma 2.4 (Schur’s Lemma). Assume p is an irreducible representation of G of
dimension n. If there exists an n x n matriz A with entries in C such that for every

g € G, we have

Ap(g) = p(9)A, (2.5)

then A 1s scalar.

Notation 2.5. We denote the set of

(i) representations of G, by Rep(G);

(i1) characters of G, by Char(G);
(111) irreducible characters of G, by Irr(G);
(iv) irreducible characters of G with degree not divisible by p, by Irry (G);

(v) conjugacy classes in G, by CI(G);
(vi) complex-valued functions that are constant on conjugacy classes of G, which are

called class functions, by cf(G).

Remark 2.6. (i) Irr(G) and the set of characteristic functions of CI(G) constitute
bases for the vector space cf(G), so that |Irr(G)| = |CUG)|. In particular,
| Irr(G)| is always finite. Also, if G is abelian, then we have |G| = |Irr(G)|.

(it) Let x € Char(G). Set

X(9) = x(9), (2.6)

where x(g) is the complex conjugate of x(g). Then X is also a character of G,
because if p affords x, then p is a representation, affording Y, where p(g) is defined
to be the matriz obtained by taking complex conjugate of each entry of the matrix
p(g), forall g € G.

(111) If p is a representation, then p(g) is similar to a diagonal matriz with roots of
unity values in the diagonal. Therefore for any x € Char(G), we have that x(g)
is a sum of roots of unity, for every g € G. In particular, X(g) = x(g7!).

(iv) By using algebraic integers (which we omit) degrees of irreducible characters divide

the order of the group. Moreover, we have the following generalization.



Theorem 2.7. Let N QG and assume N is abelian. Then for every x € Irr(G), we
have x(1) divides |G : NJ|.

Definition 2.8. Let x, 1 € Char(G). Set

1 —
b vl =15 D x(9)vlo). (2.7)
Gl =
Then [—, —| defines a Hermitian inner product on the vector space cf(G).

There are two important orthogonality relations on this inner product, due to

Schur.

Theorem 2.9 (Schur’s Orthogonality Relations). Let v, ¢ € Irr(G) and g, h € G.

Then we have

1 if x =,
[, ] = fo=w (2.8)

0 otherwise,

and

- C if g and h are conjugate,
S (o)X - 1Calg)l ifg jugat 29)

xelrr(G) 0 otherwise.
Moreover, if x € Char(G) with [x, x] = 1, then x is irreducible.
Remark 2.10. (i) By taking g = h = 1 above, we have |G| = Z x(1)%.

XEIrr(G)
(ii) For every x, ¥ € Char(G), [x, ¥] is always a non-negative integer.

(11i) If x € Char(G), then x = Z X, ¥] ¥, as Irr(G) is a basis for cf(G) and
Pelrr(G)
Char(G) C cf(G).
Proposition 2.11. Let x, ¥ € Char(G) be afforded by p, p) € Rep(G), respectively.
Write m = x(1) and n = (1). Set
®p : G— GLy,(C
pRp (€) (2.10)
g—p(9)®0'(9)

where p(g) ® p'(g) is the usual Kronecker product of p(g) and p'(g). Then p @ p' is a

representation of G affording xv. In particular, the product of two characters is still

a character.



Definition 2.12 ( [11]). For a group G, set G' =[G, G| = (z7 'y~ lzy : x,y € G).
Then G’ is called the derived subgroup of G.

Note that G <G and in fact, it is the minimal normal subgroup of G with abelian

quotient.

Definition 2.13. Let p € Irr(G). If p(1) = 1, then p is called a linear character.
Also, we set Lin(G) = {p € Irr(G) : p(l) = 1}.

Theorem 2.14. For any finite group G, Lin(G) = G/G’.

The product of an irreducible character with a linear character is always irre-

ducible, because

Dxws xu] =[x, x] =1, (2.11)

for all x € Irr(G) and p € Lin(G). However, the product of two non-linear irreducible
characters need not be irreducible. For example, the non-linear irreducible character
¥ of the dihedral group of order 8 has degree 2. Then 1 has degree 4 and is not an

irreducible character of this group.

When G can be written as a direct product of n groups, we describe the irreducible

characters of G as follows:

Theorem 2.15. Let G be the direct product of its subgroups K1, K, ..., K,. Then

there is a bijection
Ier(Ky ) x Te(K) - - - x Ire(J,) — Trr(G)
(Y1, Y2, ooy n) = 1 X P X oo X Yy,
where (Y1 X Yo X - X U,) (T120 - Tpy) = 1 (1) Yo(w2) - -+ Y(y), for every x; € K;.

(2.12)

Note that since G is the direct product of K;’s, we have K; N (H K;) =1 for
i

every 1 < j < n, and therefore the definition 1, X 15 X --- X 1), makes sense. After



defining central products of groups, we give a quite similar construction for irreducible

characters of central products of groups.

2.1. Operations on Characters and Correspondences

Definition 2.16. Let x € Char(G). Then the kernel of x is defined to be the set
kerx ={g € G: x(9) =x(1)} (2.13)

Definition 2.17. (i) (Inflation) Let N < G and let ¥ € Char(G/N). Define

x:G—C
(2.14)
9 — X(Ng)
Then x is a character of G, called the inflation/lift of X to G.
(ii) (Restriction) Let H < G and x € Char(G). Then
H—C
X (2.15)
h — X(h)
15 a character of H, called the restriction of x to H.
(iii) (Induction) Let H < G and 6 € Char(H). For any x € G, set
. O(z) ifweH,
0(x) = (2.16)
0 otheruwise,
and define
1 .
0% (z) = — Z 0(gzg™t). (2.17)
|H| 2=

Then 0% is a character of G, called the induction of 6.

Note that inflation of characters preserve irreducibility. However, restriction and
induction of characters need not preserve irreducibility. In the setting of Part (i) of the
above definition, observe that N C ker . Morcover, a bijection between Irr(G/N) and
the set of irreducible characters of G containing N in its kernel can be constructed,
easily. Therefore, from now on, we’ll not distinguish between these two sets and some-

times view Irr(G/N) = {x € Irr(G) : N C ker x}. In the setting of Part (iii), we can



write
1
0% (z) = T Z O(grg™t) = Z O(twt; ) (2.18)
|| geC 1<i<n
grg~leH tiwt; LeH
where {t1, ..., t,} is a right transversal (that is, a complete set of right coset repre-

sentatives) of H in G.

Remark 2.18. Let H be a normal subgroup of G and let x € Char(G). For any x € G,

we have

15

X% (@) = ) gt (2.19)

0 otherwise.

G
In particular, x%(1) = ﬁx(l).

Definition 2.19. Let x € Char(G). The characters ¢ € Irr(G) for which [x, ] # 0
are said to be the irreducible constituents of x, and the set of such irreducible characters
is denoted by Irr(x). Also if 0 € Irr(vy) for some ¢ € Irr(G), set

(G 6) = {x € (G) : [xw, 6] 0}, (2.20)

and write Char(G |0) = { Z cx 1 c € Zzo}- We’ll also write Rep(G | 0) for
x€lrr(G | 6)
representations of G having characters in Char(G | ).

Definition 2.20. Let N < G and 0 € Irr(N). Then 0 is said to extend to G if there
is x € Irr(G) such that xny = 6.

Theorem 2.21 (Frobenius Reciprocity Principle). Let N < G, 6 € cf(N) and x €
cf(G). Then

Dxw, 0] =[x, 6°]. (2.21)
Remark 2.22. By using Frobenius Reciprocity Principle, Irr(G | 0) = Trr(69).

Theorem 2.23. Let N <G, 0 € cf(N) and g € G. Define

09: N — C
(2.22)
n+— 0(gng™').

Then 09 € cf(N). Moreover, 8 € Char(G) <= 09 € Char(G) and [0, 0] = [09, 69].



Definition 2.24. Let N <G, 6 € Char(N) and g € G. Then 69 is called a G-conjugate
of 0. If 09(n) = 0(n) for alln € N, then 0 is said to be fized/stabilized by g. If every
g € G stabilizes 0, we call 0 to be G-invariant. Set Gg = {g € G : 69 = 0}, called the
stabilizer of 0 in G.

If N = GG in the above definition, then Gy = G, as characters are class func-
tions. Notice that 8" = 0 for all n € N, so that N C Gy. Also if x, y € Gy, then
for every n € N, 0*(n) = 6(n), therefore 6(n) = 0@ ) (n), so that ' € Gy and also
0" (n) = 0¥(n) = 6(n), so that xy € Gy. Thus Gy is a subgroup of G.

Theorem 2.25 (Clifford). Let N QG, 0 € Irr(N) and x € Irr(G | 0). Then

xv =[x, 0] 6", (2.23)

teT
where T C G is such that {6" : t € T} is a complete list of different G-conjugates of 6.

By this theorem, x(1) = [xn, 0]|T]60(1), because we have /(1) = 6(1) for all
t € T. Thus the degree of x is divisible by 6(1). Also, whenever 6 is G-invariant, we

have

Theorem 2.26 (Mackey’s Formula). Let H, N < G and § € cf(H). Let T be a subset
of G for which G = |_| HtN. Then

teT
69y = Z((Qt)Hme)N- (2.25)
teT
In particular, if N QG and G = NH (that is, |T| = 1), then
(09)n = (Ounn)™. (2.26)

Next, we record some significant character correspondences which we’ll need later.
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Theorem 2.27 (The Clifford Correspondence). Let N < G and 6 € Irr(N). Then

there exists a well defined bijection
Irr(Gy | 0) — Irr(G | 0)

(2.27)
X — x©

Note that if p is a prime with p { |G : Gy, then this bijection maps Irr, (Gy|0)
onto Irry (G 6), as x¢(1) = |G : Galx(1).

Theorem 2.28 (The Gallagher Correspondence). Let N I G and assume that 6 €
Irr(N) extends to x € Irr(G). Then there is a bijection

Irr(G/N) — Irr(G | 6)

(2.28)
Y — XY
Notice that if the order of G / N is a power of a prime p, then we have
Irry (G6) = {xA : A € Lin(G/N)}. (2.29)

Theorem 2.29. Let N A G, H < G and suppose that G = NH and 0 € Irr(N)
is G-invariant. Then the map Irr(G|0) — Irv(H |Onng) given by x — xu 1S a

bijection.

2.2. Groups Acting on Char(G)

In this section, we first recall group actions and then review groups acting on

characters.

Definition 2.30. Let H and G be groups. We say that H acts on G if there is a map
f HxG—G

(2.30)
(h, z) — 2"

satisfying 1" = h and f(W', (h, x)) = (M) = 2" = f(W'h, x) for every h, h' € H and

r € G. Additionally, if x"y" = (xy)* for all h € H and x, y € G, then the action is
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said to be by automorphisms. Also
Co(H)={g€ G : g"=g for every h € H} (2.31)

is a subgroup of G, called the set of fixed points of this action.

Set
o : H— Aut(G)
h— o,: G—G (2.32)
r — "
Then H acts on G by automorphisms if and only if ¢ is a group homomorphism. Now,
assume that H acts on G' by automorphisms, then we construct G x H = {(x, h) :

x € G, h € H} and define an operation on this set by
(z, h)- (', W) = (x(z")"", hi). (2.33)

Then Gx H becomes a group, called the semi-direct product of G and H, and GIG x H.

In the above setting, if § € Trr(G), then 8"(2") := 0(z) defines another irreducible
character of G. Extending this linearly to Char(G), H acts on Char(G) as

H x Char(G) — Char(G)
(2.34)
(h, X) — X"

Whenever " = x € Irr(G) for all h € H, we shall write y € Irry(G).

By using the next theorem, we’ll no longer distinguish between the characters of

isomorphic groups.

Theorem 2.31. Let f : G — G be a group isomorphism. Then there exists a
bijection
Irr(G) — Trr(G)
!
where Y1 (x) = Y(zf™") = W(fNx)) for every x € G. Also this bijection can be

extended linearly to a bijection between Char(G) and Char(G).

(2.35)
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When a p-group P acts on a p/-group K, by automorphisms, there is a nice

correspondence between Irrp(K) and Irr(Ck (P)), given below.

Theorem 2.32 (Glauberman Correspondence). Assume that P is a p-group acting on
a p'-group K, by automorphisms. If x € Irrp(K), then Xc,(p) has a unique irreducible
constituent x' with p'-multiplicity. Moreover we have that [xc,(p), X'] = £1 (mod p).
In fact, the map

" Iirp(K) — Irr(Ck (P))

/

(2.36)
X X

defines a bijection. In this construction, \' is called the P-Glauberman correspondent

of x.

Definition 2.33. Suppose a group H acts on the sets S and T'. If there is a subset R
of S such that r* € R for allx € H and r € R, then R is said to be H-invariant or
that H normalizes R. If there is a bijection f : S — T commuting with the action of

H, then f is said to be H-equivariant.

Theorem 2.34. Consider the setting of the previous theorem. If a group N acts by
automorphisms on K x P with normalizing P, then N acts on Irrp(K) and the action

of N commutes with the P-Glauberman correspondence.

2.3. Galois Action on Char(G)

In this section we follow Chapter 3 of [3] together with [8]. Let Q% be the smallest
subfield of C containing Q and all roots of unity. Also let G = Gal(Q® / Q) be the set
of automorphisms of Q% fixing Q clement-wise and let # € Char(H). If o € G, define

07 : H — Q%
(2.37)
g+—0(9)” =0 (0(9))
Then the map
f: G x Char(H) — Char(H) (2.38)

(0,0) — 0°
defines an action of G on Char(H). Moreover 0 is irreducible <= 67 is irreducible,

because we have [07, 7] = [0, 0] = [0, 0].
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Theorem 2.35. This action commutes with inflation, restriction and induction of

characters.

Proof. Let o € G. Tt is obvious that if K < H, (k)7 = (07) for every § € H and
ce€G If K<IHand#f ¢ Irr(H /K) lifts to x in H, x?(z) = 0°(Kx) for all z € H.

Also whenever H < G,

(69)"(x) = ﬁ S O(gag ) :|—]§| S 0 (gag) = (0°)°(x). (2:39)
gflGGH gzggflGGH

O

Finally, by combining group and Galois actions on characters, we have that if

0 € Char(H), 0 € G and K is a group acting H by automorphisms, then set
097 (29) := 0(x)° (2.40)

for any g € K, x € H, where by 697, we mean (09)°. This defines an action on Char(H)

and

0elr(H) < 0% € Irr(H). (2.41)
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3. PROJECTIVE REPRESENTATIONS AND
CHARACTER TRIPLES

In this chapter, first, we study the basics of projective representations. After
defining character triples, we define some ordering relations on them. Finally, we give
the construction of projective representations over Q% extending characters. Through-

out this chapter, we mainly follow [3], except otherwise stated.

3.1. Projective Representations

Definition 3.1. A map P : G — GL,(C) is called a projective representation of G if

there is a function o : G x G — C* such that

P(x)P(y) = a(z, y)P(zy) (3.1)

for every x, y € G. Also, the degree of P is defined to be n (in [12] for instance).

If P is a projective representation of GG with factor set «, then as the multiplication

in GL,(C) is associative, we obtain
a(z, yz)aly, z) = alzy, 2)a(z, y), (3.2)
for every x, y, z € G.

Definition 3.2. The function a given above is called a factor set of P. Also any

function o : G x G — C* satisfying (3.2) is called a 2-cocycle.

Notation 3.3. We write Proj(G) to denote the set of projective representations of G.

The following theorem can be found in [12].

Theorem 3.4. If o is a 2-cocycle of G, then G has a projective representation with

factor set a.

Notation 3.5. We’'ll write Proj(G |«) to denote the set of projective representations

of G with factor set a.
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Definition 3.6. Let P : G — GL,(C) and P' : G — GL,(C) be projective

representations of G.

(i) They are called similar if there exists A € GL,,(C) for which
P'(z) = A7'P(x)A, (3.3)

for every x € G. In that case, we write P ~ P’.

(i1) If P is similar to a projective representation of the form

* 0
0 =*

: (3.4)

then P is said to be reducible. Otherwise, P is irreducible.

Remark 3.7. e Let P € Proj(G|a) be of degree n. If P’ € Proj(GQ) is similar to
P, then the factor set of P’ is also a. If v : G — C* is any function, then
vP : G — GL,(C)

(3.5)
x— v(x)P(x)
defines a projective representation of G with factor set va, where
Va(x, y> — V($)V(y)@($7 y), (36)

v(zy)
for every x, y € G.

e Suppose that a group H acts on G, by automorphisms. Then H acts on Proj(G)
by setting
H x Proj(G) — Proj(G)
(h, P) — P"
where Ph(zh) := P(x), for all x € G.

(3.7)

By the following result, we may assume that isomorphic groups have the same

projective representations.

Theorem 3.8. Assume G and G are finite groups and f : G — G is a group
isomorphism. If P € Proj(G | «) is of degree n, define
Pl G — GL,(C)

(3.8)
x— Pzl ).
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Then P! € Proj(G | af), where of (x, y) = a(z!™", y/™"), for all x, y € G. Moreover,
there exists a bijection
Proj(G | ) — Proj(G | af
(G ) — Proj(G o) o)
P —s Pl

that preserves similarity and irreducibility.

For any g € G, the map ¢, : G — G given by conjugation is an automorphism
of G. Then we write P? in place of P to denote the projective representation obtained

in the above theorem.
3.2. Character Triples

Definition 3.9. Let N < G and 0 € Irr(N). If 0 is G-invariant, then (G, N, 0) is
called a character triple.

Definition 3.10 (Character Triple Isomorphism). Let (G, N, 6) and (G, N, ) be

character triples. Suppose that

(i) there is an isomorphism ™~ : G/N — G/N Let N < K < G be such that
l/{\/ﬁ = f(/N and set i) € Irr(f(/N) by the image of ¢ € Irr(K /N) under the
1somorphism,

(ii) for every N < K < G, there is a bijection f : Irr(K |0) — Irr(K | 0) such that
for any x € Irr(K | 0)

o [ commutes with restriction, that is, (x1)’ = (x!)r for every N < L < K,
o (xt) = X7 for every 1 € Irr(K/N).

Then the character triples (G, N, 6) and (G, N, 0) are said to be isomorphic.

Remark 3.11. Suppose (G, N, 6) and (G, N, 6) are isomorphic character triples.

(i) Isomorphism of character triples define an equivalence relation on the set of char-

acter triples.
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(ii) There ezists a bijection Irr(G |6) — Irr(G | 6).
(i11) Let f, K, x be as in Definition 3.10. Then by using Clifford’s Theorem, we have

X(1) _ x(1)
ORI (3.10)

() Induction of characters commute with f.

By the following theorem, if (G, N, 0) is a character triple, we may assume that

N < Z(G) and that 6 is linear.

Theorem 3.12. Let (G, N, 0) be a character triple. Then there is a character triple
(G, N, 0) isomorphic to (G, N, 8) such that N < Z(G), kerf = {1}, and 6(1) = 1.

The following Proposition is Theorem 5.12 in [3].

x (1
Proposition 3.13. Let K <G, § € Irr(K) and x € Irr(G |6). Then % divides the
index of K in G.

Proof. By hypothesis, (Gy, K, 0) is a character triple. By Theorem 2.27, there exists
¢ € Irr(Gy | 0) for which ¢ = x, so that (1) = 2 Then by Theorem 3.12, we

T 1G:Gyl”
can assume that K is central in Gy, so it is abelian, and that 6 is lincar. By Theorem
1
2.7, p(1) = % divides |Gy : K|. Then we obtain x(1)||G : K]. O

3.3. Projective Representations Associated with Characters

Definition 3.14. Let P € Proj(G |«), N <G and 0 € Irr(N). Suppose that

(i) Pn is an ordinary representation of N which affords 0,

(i) P(xy) = P(x)P(y) and P(yx) = P(y)P(z) for every x € G, y € N.

Then P is said to be associated with 6.



18

Note that (ii) in the definition is equivalent to state that the factor set o of P
satisfies
alz,y)=aly, z) =1 (3.11)

for every v € G, y € N.

In Section 3.6, we give a similar construction to the next theorem, by taking the

field Q" instead of C.

Theorem 3.15. If (G, N, 0) is a character triple, then there exists P € Proj(Q)

associated with 6.

Remark 3.16. If (G, N, 0) is a character triple and P € Proj(G|«) is associated
with 0, then for every ¢ € Ce(N) and n € N, we have
P(c)P(n) = P(cn) = P(nc) = P(n)P(c). (3.12)

Then by Schur’s Lemma, P(c) is a scalar matriz, so P(c) = pelpny, for some non-zero

constant p.. This defines a function

o Cg(N) — C~ (3.13)
¢ fl
Lemma 3.17. Assume (G, N, 0) is a character triple. Let P € Proj(G |a) be associ-
ated with 6. Then
algn, g'n) = a(g, ¢) (3.14)

for every g, ¢ € G, n,n’ € N.

Under the setting of the above lemma, we note that a(n, n') = 1 for alln, n’ € N.

Lemma 3.18. Let (G, N, 0) be a character triple and P € Proj(G | ) be associated
with 6.

(1) P(xznz=t) = P(x)P(n)P(x)~t for every x € G, n € N.
(ii) Q € Proj(Q) is associated with 6 if and only if @ ~ VP for some unique function

v . G — C* constant on N-cosets and v(1) = 1.
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Proof. These follow from Lemma 10.10 in [3] and Remark 1.3 in [8]. O

3.4. Construction of Projective Representations

As for ordinary representations, we describe the product of projective represen-
tations. Let P € Proj(G | «) and Q € Proj(G | 8) be of degrees m and n, respectively.
Define

P®RQ :G— GLyu,(C)
x+— Px) ® Q(z)

(3.15)

Then for any z, y € G,
(P®Q)(r)- (P®Q)(y) = (P(x) ® Qx)) (P(y) ® Qy))
=P(x)P(y) ® Qx)Q(y) (3.16)
a(z, y)B(z, y)(Pry) ® Qay)).

Thus P ® Q € Proj(G | af3), where

af(x, y) = alz, y)Bz, y). (3.17)
Also, notice that if Q@ € Proj(G|a™!), where a™(z, y) = a(z, y)™', for all z, y € G,
then P ® Q € Rep(G).
Theorem 3.19. Let (G, N, 0) be a character triple and assume that P € Proj(G | a)
15 associated with 6. Then there exists an injective function
¢ : Proj(G/N|a™') — Rep(G |0),
Q— QP

preserving similarity and irreducibility. Moreover, if 1 € Char(G | 6), then there exists

Q € Proj(G/N |a™) such that $(Q) affords .

(3.18)

Now, we describe restriction, inflation and induction of projective representations.
In order to obtain a suitable result, in the setting of induction, we consider character

triples.
Definition 3.20. (i) Let P € Proj(G | ) and H < G. Then Py (h) := P(h) defines

a projective representation of H with factor set ay«p, called the restriction of P

to H.
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(ii) Let N 9 G and P € Proj(G/N|a). Then P(g) := P(Ng) gives a projective
representation of G with factor set a(g, g') = a(Ng, Ng'), called the lift of P to
G.

Considering the inflation of projective representations, a bijection between the
set S = {P € Proj(G|a) : P(ng) = P(g) foralln € N, g € G} and Proj(G/N |a)
can easily be constructed. Thus, from now on, we’ll not distinguish between these two
sets and write P € Proj(G/N |a) to mean that P € S. Moreover, when (G, N, ) is
a character triple, we have & = {P € Proj(G'|«a) : P(n) = P(1) for all n € N'}.

The following proposition can be found in p.712 of [13].

Proposition 3.21. Let NG, H < G such that G = NH and let M = NNH. Assume
(G, N, 0) and (H, M, ) are character triples with o = 0. Let P € Proj(H |«) be
associated with ¢. Let T = {t; =1, ta, ..., t,} be a right transversal of H in G. For

every x € G, set

. Ptxt:Y) iftwt;t € H,
Pij(x) = tirty’) ’ (3.19)
0 otherwise,
and define
7511(13) 7512(«70) e 751T(x)

PC(x) = 7321'(:1:) 7322'(93) PQT.(QJ) (3.20)

Pua(z) Puo(z) -+ Prlz)
Then PY becomes a projective representation of G associated with 0, with factor set

uniquely described by o.

Proof. By construction, T is also a right transversal of M in N, so that 7 C N.
Note that for every x € (G, there exists precisely one non-zero block in each row and
column in P%(z). Since if Py (z) and Py(z) are nonzero, then we have t;zt; ! € H and
tixtl_l € H and therefore (tixtlzl)_l(tixtl_l) € NN H = M, so that ¢, = ¢;. Similarly,

it is true for columns.
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Define 5 : G x G — C* by B(x,y) = a(tixt;l, tiyt, '), where t;, t;, t, € T
satisty tixtj_l € H and tjyt,;l € H. Actually, by the above argument, ¢; determines t;
and t;, uniquely. If ti/xtj_,l and tj/yt,z,l are also in H, then

a(tiwt; !, tiyt') = altyaty', tyty'), (3.21)
because (tyzt; ') (tyxt;') € NN H = M and (t;yt,; ')~ (tyty ') € M and the result
follows by Lemma 3.17. Thus ( is well defined. Then for any x, y € GG, the ij-th entry
of

P ()P (y) (3.22)

is either 0 or is equal to P(taty, ) P(tryt; ') = a(tat, ', tyyt; )P (tizyt; ') if there is a
k for which tixt,;l € H and tkytj’l € H. Therefore

PE()P(y) = Az, y)PC (). (3.23)

This shows that P¢ € Proj(G | 8).

Note that, if z € N, then we have

) P(tixtjl) if twt;l € HN N (since T C N),
Pyila) = (3.24)

0 otherwise.
Therefore (P%)y = (Py)Y. As P is associated with ¢ and Py, is a representation
of M affording ¢, we have (P%)y affords 6. Let g € G and n € N. Then for some
ti, tj, t € T with t,gt,' € H and tmt;l € H, we have 3(g, n) = a(tigt; ", tmt;l) =1,
by noting that tkntj’l € M. Similarly, 8(n, g) = 1. Then we obtain
P (g)P%(n) = P(gn) and PYn)P%(g) = P(ng) (3.25)

for every n € N, g € G. Hence PC is associated with 6. O
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In the above construction, observe that Syxy = « and that if x € H N Cg(N)

and P(z) = M) for some constant A, then P%(z) = M.

Definition 3.22. In the setting of Proposition 3.21, P€ is called the induced projective

representation.

3.5. Orderings on Character Triples

First, we define an ordering on character triples as follows:

Definition 3.23. Assume (G, N, 0) and (H, M, ¢) are character triples. If

(i) G=NH, M =NnNH, and
(11) there exist P € Proj(G | «), P’ € Proj(H | ') which are associated with 6 and e,

respectively, and agyxg = o/,

then we shall write (G, N, 0) > (H, M, ¢). In this case, we say that (P, P') is asso-
ciated with (G, N, 0) > (H, M, ).

Lemma 3.24. If (P, P') is associated with (G, N, 0) > (H, M, ¢) and N < K <G,
then (Px, Plap) s associated with (K, N, 0) > (K N H, M, ¢).

Therefore this ordering is compatible with restriction of projective representa-

tions.

Suppose now that (P, P’) is associated with (G, N, 0) > (H, M, ¢) and let
N < K < @ be an intermediate subgroup. Then (Pg, Pjy) is associated with
(K, N,0) > (KNH, M, ). Let ¢ € Char(K | 6). By Theorem 3.19, there exists some
Q € Proj(K/N | aj ) such that Q ® Pk affords 1, because Pk is associated with 6.
Then as & pyx (xniy = Y rnmyx(xnmy: We have that Qrnp @ Py is a representation
of KNH. By the isomorphism, f : G/N — H/M, Nz — Mz, z € G, and Theorem
3.8, @ € Proj(K N H/M | (g’ ;)?). Considering the construction of f, Qf = Qxnp.
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Then as Py is associated with ¢, Qxng ® Py € Rep(K N H | ). Define
Tk - Char(K |¢) — Char(K N H | ).
= tr(Q & Pk) — tr(Qrnu © Piap)
Now, let x € Char(K |6) and write x = tr(R ® Px) for some R € Proj(K/N | aj’ )
Then

(3.26)

X = ;<= Q® Pk and R ® Pk are similar
; <= Q and R are similar
<= O = Qgny and R = Ry are similar (3.27)
; <= Qrni ® Py and Riay ® Plny are similar
;= Tr(x) = & (¥),
by using Theorem 3.8 and Theorem 3.19. Thus 7x is well-defined and injective. We
observe that
1 is irreducible; <= Q ® Pk € Rep(K | 0) is irreducible
; &= Q € Proj(K/N | aj} ) is irreducible
;<= O = Qrnp € Proj(K/N | a KHH)X(KOH)) is irreducible
; <= OQrni @ Prag € Rep(K N H | ) is irreducible

; <= Tk () is irreducible.
(3.28)

Thus 7x (Irr(K |6)) € Irr(K N H | ). Next, if we let x € Char(K N H |y),
then x = tr(R @ Pjpp) for some R € Proj ((K N H)/M|(« (KmH)X(KmH))). Then

R/ € Proj (K/N| KmH) (KﬂH))f_
a Yz, y), for all z, y € K, we have

). By noting that ( KmH) (KHH))f_l(!L", y) =

R @ Pk € Rep(G | 0) (3.29)

such that TK(tr(Rf ® PK)) = x. Thus 7g is onto and hence it is a bijection sending

irreducible characters onto irreducible characters.

Now, let N < .J < K. Then

() = 1,(tr(Qs ® Py)) = tr(Qine ® Phng) = (T (V) snm- (3.30)
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Moreover, if ¥ € Irr(K |6) and p € Rep(K) affords ¢, then
T (0);= 7i (tr(p ® (Q ® P))) i (tr((p ® Q) ® Pr))

=t ((p® Q)knm @ Pkn) (3.31)
= VrnuTi (V).
Also, for any h € H, " = tr(Q" @ (P")gr) € Trr(K" | 0). Then with some effort,
Tien (V") = 11 ((Q") rem @ (P)")onrnr) = 7w ()" (3.32)

Hence this proves:

Theorem 3.25 ( [3] and [14)). If (G, N, 0) > (H, M, @), then the character triples
(G, N, 0) and (H, M, @) are isomorphic by the function Tk constructed above, in the
sense of Definition 3.10. Moreover Tin (V") = 1 ()" for allh € H, N < K < G and
Y e Irr(K|0). d

Definition 3.26. Let (G, N, 0) and (H, M, ) be character triples. Suppose

(i) (P, P') is associated with (G, N, 8) > (H, M, ),
(iii) for every c € Cg(N), P(c) = pelpy and P'(c) = pu(c)lyqy for some constant jic.

Then we write (G, N, 8) >. (H, M, ¢) and say that (P, P’) is associated with this

(central) ordering.

Notice that restriction is also compatible with this ordering, as in Lemma 3.24.
The following constructions will be needed in Chapter 5 and their proofs can be found

in [3].

Lemma 3.27. Assume (P, P’') is associated with (G, N, 0) >. (H, M, ¢). Then for
any N < K <G and ¢ € Irr(K | 6), we have

(e (vy) = Tre(7ic (V) e () (3.33)

where Tx s as given in Theorem 3.25.
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Lemma 3.28. Suppose that (G, N, 0) >. (H, M, ¢) and let K C kerf N ker ¢.
If Ca/yx(N/K) = Co(N)K /K, then (G/K, N/K,g) >. (H/K, M/K, §), where

0(Kn) =0(n) and p(Km) = p(m), for everyn € N, m € M.

3.6. Constructing Projective Representations over Q®

First, we introduce new notations to ease writing.

Notation 3.29. We shall denote the set of ordinary representations of a group G over
the field Q™, by Repgas (G). Similarly, we write Projga(G) for the set of projective

representations of G with entries in Q. Also Projgu. (G | @) can be defined analogously.

By the following theorem from [8], we may assume that entries of projective

representations associated with characters are in Q®.

Theorem 3.30. Suppose (G, N, 0) is a character triple and P € Proj(G | «a) is asso-
ciated with 0. Then there ezists Q € Projgu(G) similar to P, associated with 6, whose
factor set only takes roots of unity values. In that case, there exists some positive

integer k for which Q(g)* = Iy, for every g € G.

We'll give a construction of such a projective representation, by changing the field
in Chapter 5 of [3]. Proofs of the results follow almost the same lines of that and we

write some of them to illustrate the construction. We first need a lemma.

Lemma 3.31 ( [15]). Let F be a field of characteristic 0. Two representations with

entries in F are similar if and only if they afford the same character.

Theorem 3.32. Suppose (G, N, 0) is a character triple with G/N = (Nzx) for some
€ G. If p € Repga (N) affords 0, then there exists T € Repgas (G) such that Ty = p.

Proof. Construct a representation p® : N — GLy1)(Q®) of N by setting p*(n) =
p(znz~'). As x stabilizes 6, tr(p®) = 6 and therefore p* = ApA~!, for some A €
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GLy1)(Q*), by Lemma 3.31. Write r = |G : N|. Since 2" € N, we have

ATp(n)A™" = p(a"nz™") = p* (n) = p(a")p(n)p(z") ", (3.34)

Then by Schur’s Lemma,

for some Q®-valued function \. Set

k
e

7(na®) = A" p(n) AF, (3.36)

for every n € N, 0 < k < r. This defines a representation of G whose entries are in

Q%, extending p. (I

Theorem 3.33. Let (G, N, 0) be a character triple and assume p € Repga (N) affords
0. For all x € G, set

R(z) == 15(2), (3.37)

where 7, is an extension of p to (N, x) given by Theorem 3.32. Then R € Projgu(G)
and it’s associated with 6. Moreover, the factor set of R only takes roots of unity

values.

Proof. This follows from Theorem 5.5 of [3], by using the preceding result. O

In the proof of the next theorem, we follow the construction given in the proof of

Theorem 8.16 in [16].

Theorem 3.34. Suppose (G, N, 0) is a character triple and P € Projgu (G |a) is
associated with 6. Let N < K < G and ¢ € Irr(K |6). Considering Theorem 5.19,
there exists Q € Proj(K /N | oy i) such that Q® Py is an ordinary representation of
K that affords 1. As the map ¢ in Theorem 3.19 preserves similarity, we can assume
that the entries of Q, and so of Q ® Pk, are in Q%, by using Theorem 3.30. Assume
K QGy. Then there exists R € PrOanb(G¢) such that R = Q@ P and R=8S R P
for some S € Proj(Gy) with Sk = Q.

Proof. As (Gy, K, v) is a character triple, there exists R € Projg.(Gy) such that
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R = Q®Pxk. Since 6 is G-invariant, by Clifford’s Theorem, ¥ = m# with m = Qg—
Note that R(n) = Lp ® P(n), for all n € N and write

Rll(l') s le(l‘)
R(z) = : : (3.38)
Rui(z) -+ Rpm(z)
for all z € Gy. As P*(n) = P(z)P(n)P(z)~* and (I @ P*(n))R(zx) = R(z)(I ® P(n)),

for every x € Gy, n € N, where I =1 10 is the identity matrix, we obtain

P(n)P(x)""Rij(x). (3.39)

By Schur’s lemma, as Py is an ordinary irreducible representation of NV,

P(z) ' Rij(z)P(n

for some \;;(z) € Q% (as the entries of R and P are in Q). Set
M@)o M)
S(z) = : : . (3.41)

Am1(T) o Apm(z)
Then S is a projective representation of G, and R =S ® P. Since R = Sk @ Pi =
Q ® Pk, we have S = Q. 0
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4. H-TRIPLES

Until Section 4.2, we mainly follow [8], except otherwise stated. Recall that by
G, we denote the group Gal(Q® /Q), where Q is the smallest subfield of C containing
Q and all roots of unity. For any group G, we write go € G X G to mean that g € G
and o € G.

Theorem 4.1. Let 0 € G and suppose that P € Projou (G| «). Then
P (x) :=P(x)” = o(P(x)), (4.1)
where o is applied to each entry, defines a projective representation of G with entries

in Q® and with factor set a°(x, y) = a(x, y)° = o(a(x, y)) for dl z,y € G. In
particular, G acts on Proj(G).

Definition 4.2. Fiz a prime p. Let H C G be the set of automorphisms in G that
maps every root of unity & of order not divisible by p to fpk for some fixed but arbitrary
integer k. If 6 € Trr(G), we denote by 0" = {07 : o € H}, the H orbit of 0. Let
N <G and § € rr(N). Set Ggn :={g € G : 09 =07 for some o € H}. Then this is
the set of stabilizer of 0" in G.

Definition 4.3. Let N <G and 0 € Irr(N). If Ggu = G, then (G, N, 0)y is said to

be an H-triple.

Remark 4.4. (i) Every character triple is also an H-triple, as Gy < Ggn < G.
However, the converse is not always true.
(ii) Gy is a normal subgroup of Ggn, because Gy = Gy for every o € G.

(i1i) If (G, N, 0)y is an H-triple, then so is (G, N, 07)y for any o € H.
Proposition 4.5. Let K I G, ¢ € Iir(K), go € (G x G),. Assume that P €
Projgu (G, | @) is associated with o, then

P (z) = Plgzg™')” = 0(P(gzg ")) (42)

is a projective representation of G, with entries in Q®, where o is applied entry-
wise, with factor set f(x, y) := a(gzg™, gyg™1)° (for all z,y € G,), and P is also

associated with ¢.
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Proof. For any z, y € G, we have

P (x)P(y) = Plgzg ") Plgyg ") = (Plgzg " P(gyg™ "))’ (4.3)

= (algzg™, gyg " P(gzg ' gyg™"))" = B(z, y) P (zy). (4.4)

Therefore P97 € Projga (G | 8). Since K <G and Px € Rep(K) affords ¢, we have
that (P97)x = (Pk)9% is a representation of K, affording ¢97 = ¢. Also f(k, z) =
a(gkg™, grg ) =17 =1 and B(x, k) = 1 for every k € K, © € G,. Thus P9 is

associated with (. O

Lemma 4.6. Assume the hypothesis of the preceding Proposition. Then there is a
unique function vy, 1 G, — C such that P97 ~ v, P with vy, being constant on

K -cosets and vy,(1) = 1.

Proof. The result follows from Lemma 3.18, as P97 and P are associated with . [

4.1. An Order Relation on H-triples

Definition 4.7. Assume (G, N, 0)y, and (H, M, )y are H-triples. We shall write
(G, N, 0)y >. (H, M, ¢)y if the following group theoretical and structural conditions
hold:

(i) G=NH, M=NnH and Co(N) < H,

(i) (H X H)g = (H X H),,

1i) there exist P € Projgw (Gy|a) and P' € Projgw (H, | o) such that
Q Q @

e P is associated with 0 and P’ is associated with ¢,

/

e a and o' only take roots of unity values and o|p,xu, = o,

o for every ¢ € Cg(N), P(c) = p(c)lgqy and P'(c) = p(c)lyqy for some
function p : Cq(N) — C*,

w) for any ho € (H xH)g, consider the functions vy, and v,  satisfying P" ~ v, P
ho
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and (P")h ~ v P' as in Lemma 4.6, then

VhU’H,P = V}/w-- (45)

We also say that (P, P’) is associated with (G, N, 0)y >. (H, M, p)y.

Notice that if (H xH)y = (HxH),, then Hy = H,. Since Cg,(N) = C(N), Part
3 of Definition 4.7 is equivalent to state that (P, P’) is associated with (Gy, N, 0) >,

(H,, M, ¢), with entries in Q* and with factor sets only taking roots of unity values.

The following lemma will be quite useful in the proof of Proposition 4.10.
Lemma 4.8. It suffices to check (iv) for a transversal of Hy in (H X H).

Lemma 4.9. Suppose (G, N, 0)y >. (H, M, o)y. If N < K < Gy, then consider the
map i - Iir(K |0) — Irr(K N H | ) in Theorem 3.25. Then Tk is (Ng(K) x H)p-

equivariant.

4.2. Construction of New H-triples

In this section, we prove some new results on H-triples that are refinements from
character triples. See [1] and [13] for the following facts on character triples. We

actually implement the proofs in these articles to H-triples.

Proposition 4.10. Let G be a finite group, N< G, H< G, G <G, M =NNH,
L=LNG for any L < G and that § € Trr(N) and ¢ € Trr(M) such that = 6N and
o = M are irreducible characters of N and M, respectively. Suppose that G = NH,
H=HM, Cg(N) < H, that (G, N, é)H >, (H, M, @)y, and that there are bijections
Irr(K | 6%) — Trr(K | 6%) Irr(K N H | M) — Ter(K NV H | o)

Wb s P 9 —s YENH

for all N < K < G. Then we have

(4.6)

(G, N, 9)7.[ Zc (H, ]\47 90)7-[ (47)
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G

QN/ \é
L
~.

Proof. First note that G = NH = NMH = NH.

oM

Step 1: (G, N, 0)y and (H, M, p)y are H-triples.

By hypothesis, we have that C:’g;{ = G and ﬁ[w = H, and it suffices to check
Gon = G and Hyn = H. Let g € G and write g = nx for some n € N and x € H.

Since éé% = G, there exists some o € H for which #* = . Then

0 = (%) = (%) = (F)" = ()" = (BV) =67, (48)
by noting that ¢ commutes with induction of characters and that N < G. Therefore

g € Gyn. In a similar manner, we obtain Hzn = H.
Step 2: (H x H)g = (H X H),.

We have (H x H); = (H x H); and induction of characters gives a bijection
between {67 : o € H} and {6 : o € H}, by assumption. Now, let ho € (H x H)g and

write h = mz for some m € M and z € H. Then
éN — )= eha — pro — (éN)a:a _ (éza)N’ (49)

because N < G, by using the above bijection. Since é’gH = @G, there exists 7 € H for
which 6% = 07, so that §77 = §*° = 0. Therefore zo € (H x H);. Then

= (@) = (@) = ()M =, (4.10)

o= ¥ =
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because M < H. Therefore ho € (H x H),. Conversely, by using the facts H= E[@H
and the bijection between {¢7 : 0 € H} and {¢? : 0 € H} given by induction (in the
hypothesis), we obtain that (H x H), C (H x H),.

Now, suppose that there are projective representations P € Proj@ab(ég~ | @) and

P e Proj@ab(ﬁf¢ | o) such that (P, P’) is associated with (G, N, )y, >. (H, M, &)y
Step 3: (P, (P")°) is associated with (G, N, 0)y > (H, M, ©).
We first check some group theoretical identities in order to use Proposition 3.21.

o Gy = NGy : If v € Gy, then 6° = (OV)* = (6*)N =0, as N <G, 50z € Gy. If
x € Gy, write = ny for some n € N and y € H, then 6N = = g™ = (IV)¥ =
(0¥)N. Since Ggn = G, there exists ¢ € H for which 0¥ = 7. Since there is
a bijection from {67 : o € H} onto {67 : o € H}, given by induction, we have
6Y =0, so that y € ég. Therefore x € Né'é, as desired.

e NN Gé — N : Since N N G’(; <NNG=Nandf e cf (), the equality follows.

Similarly, we also obtain H, = M lfI@ and M N lfI@ = M.

Define Q@ = P% and Q' = (P")!¢ as in Proposition 3.21. Write 3 and /3’ for their
factor sets, respectively. Then S and S’ only take roots of unity values and the entries
of Q and @ are in Q, by construction. Letting z = az’ € H, and y = by’ € H,, for
some ', Yy € FI¢ and a, b € M, we have

Bz, y) = B’ y) = ald, ) = o'(a', y) = B2, o) = B'(=, v), (4.11)
since Q is associated with 6 and ay_, 5 = . Therefore Su,wn, = 0', as Hp = H,
and H; = Hy. We claim that Co(N) € Cg(N). Let ¢ € Cg(N). Then by Theorem
3.32, = 6V extends to some y € Irr((N, ¢)|0). Since ¢ € Z((N, ¢)), x(c) # 0.
By hypothesis, induction of characters constructs a bijection Irr((N, ¢) N G | %) —
Irr((N, ¢) |0%), so there exists some n € Irr((N, ¢) N G| 6*) such that y = n™9.

By the definition of character induction, there must exist some x € (N, ¢) such that
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cx™' € (N, ¢) NG and n(zez™) # 0, as x(c) # 0. However, since ¢ € Z((N, ¢)),
zer™t = c € (N,c)NG, for all z € (N, ¢) soc € G. Thus ¢ € Cs(N). Finally,
if ¢ € Cg(N), P(c) and P’'(c) are scalar matrices, associated to the same scalar, by
hypothesis. Then by the remark below Proposition 3.21, P%?(c) and (P")!¢(c) are also

associated to the same scalar.

Now, let ho € (H x H)y and write Q"7 ~ 1,,Q and (Q)" ~ v} Q' for some
unique functions vy, : Gy — C*, v;+ H, — C*, as in Lemma 4.6. Then as the final

step, we need to check that
Vholt, = Vholm, (4.12)
for every ho € (H X H)g = (H x H),.

Step 4: It suffices to check vio|pg, = vy,|j, for every ro € (H x H)g, in order to
obtain (4.12).

Let ho € (H x H)g. By Lemma 4.6, v, is constant on N-cosets, v} is constant
on M-cosets and v, (1) = v},(1) = 1. By Lemma 4.8, it suffices to check (4.12) for a
transversal of H, in (H x H),. Let R be a complete set of coset representatives of H.,

in H, then R is also a complete set of coset representatives of IjI¢ in H, because
H/H,=MH/MH; = H/(MH;NH)=H/H,, (4.13)
where I%, = Mﬁ@;ﬂf], because if x € ]\/f]i;ﬁﬁ, then x = my for somem € M,y € I;f@,
and asy € H, we haven € HNM = M. Notice that if ho = aro € (H xH),, for some
x € Hy, and r € R, then " = ¢, so that ro € (R x H),. Also if ro € (R x H),,
then zro € (H x H),, for every x € H,. Therefore a transversal of H, in (H x H),

can be viewed as a subset of (R x H),. Now, if ro € (R x H),, then r € H as R C H.
Then

Pl ==y = (") = (¢")", (4.14)
since M < H. As induction defines a bijection Irr(M | %) — Irr(M | ¢™), we have
that ¢"° = $, because ¢" = @” for some 7 € H by using the equality H = lfI@.

Therefore ro € (H x H)s. Finally, since v, and v, are constant on M-cosets, the
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result follows.

. ] B A
Step 5: For all ro € (H x H)g, we have vio|g, = v,|q,

Let ro € (H x H);. Since (P, P') gives (G, N, 8)y >, (H, M, ¢), there exist
unique functions ., : éé — C* and p,,, : FI¢ — C* constant on N and M cosets,
respectively and 1i,,(1) = ul (1) = 1 such that P ~ u,,P, (P)° ~ u. P and
trolg, = Hrgla,- Set T = {t1 = 1,12, ..., ty} to be a right transversal of N in N.

Then t;r = r(r~t;r) = rity for some 7; € N, ts € T. For any z € PNI@,

Pi(rar) Pulrar)7 - Pu(rar—)°
07 () = PO ()7 — Por(rar™1)7  Pog(rar=)7 o Py, (rar—t)° |
7‘3,11(7’:107'*1)" 7'3”2(7%7“*1)" Pnn(rm'*l)"
(4.15)
where
) Pltrar—;D7 if tirar— Yt € G,
Pij(rer—t) = ( i) ! K
0 otherwise,
> (4.16)

~ a1y SRS R “lx-1,.—1 & A
Pro(itpaty, g ) i tirer = = riytyat, 0y e € Gy,

0 otherwise.

\

Then as P € PI‘Oanb(Gé) is associated with 6,

P (ngtuaty iy ) = P (g )P (tuat, )P (), (4.17)
whenever ntyat;'n; ' € G5, by noting that P (n;)~! = Pro(n;t), as P7|g is an
ordinary representation of N. If we write

Pro(ny) 0 0 --- 0

0 Pofy) 0 --- 0
. ‘(HZ) ‘ , (4.18)
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then
Pro(tyatyt) Pro(tpatyt) - PO(tpatt)
Pro(tyxty,)) Pro(tyatyt) - Pro(tyatt
0 () = A (2. ) (2. o) (2. o) A (4.19)
Pro(tuatyt) Pro(tuatyt) - PO(tuatt)
where
. Pro(tyxtst) if rtgat;r~t e G,
Pr(tat') = ! ! ’ (4.20)

0 otherwise.
Notice that A is independent of x and only depends on r and also that the conjugated

matrix in (4.19) is similar to

Pro(tatyt) Pro(tiztyt) <o PrO(tyatt)
?TU(t?xtll) ?T”(t%xtf) . ?T”(t?xtrl) (21)
Pro(tyatyt) Pro(tatyl) oo PO(tath)

Now, if tzt;" and txat; ' are elements of G, then (tiwt; ") (teat; ') € NN G; = N.
Since pi, is constant on N-cosets, we obtain oo (text; ) = pro(z), for any ty, t; € T

with tpat; ! € Gy As P (twt ") ~ po (tiwt; ') P(tiat; "), we have

Pro(tyatyt) Pro(tytyt) - PrO(tyatlh)
Q7 (x) ~ ' e
Pro(t,atyt) Pro(tatyt) oo PO(tath)
Pltat;)) Phaty') - Pt ) (4.22)
~ fhro () : : ' :
Pltyxty") Pltaty') - Pltat ")
~ piro () Q(2).
Similarly, (Q")"(x) ~ ul ()Q'(x). Then by the uniqueness of v, and v, , we
get Vpo () = pyo(z) = il (x) = v (x), as desired. O

Proposition 4.11. Let N G, H < G, M = NN H and assume G = NH. Let
K < M be a normal subgroup of G and let n € Irry (N) be (H x H)-invariant with
nk € Irr(K). Suppose (G/K, N/K, )y > (H/K, M/K, P)u- If 0 and @ are the
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lifts of @ and @ to N and M, respectively, then we have

(Ga N7 077)7'[ Zc (H7 M? SDHM)H (423)

Proof. As G = NH, we have that n is G x H-invariant. For every g € G, there exists
o € H for which #9(n) = 0(gng™") = 0(Kgng™") = gKg(Kn) = O(Kn)? = 6(n)° for
every n € N and (0n)? = 6919 = 67y = 6°n° = (0n)°, since (G/K)y = G/K and 7
is G x H-invariant. Therefore (G, N, 0n)y is an H-triple. Similarly, (H, M, onur)y is
also an H-triple. As Co(N)K/K < Cq/x(N/K) < H/K, we obtain Cg(N) < H.

Claim: (H x H)oy = (H X H)ppy,

Let ho € (H x H)g, and write h = Kh. As Gallagher’s Theorem gives a bijection
Irr(N/K) — Irr(N |5k ),  — 67, we obtain 9"” — 9. Then " = 3, since we have
(H x H)z = (H x H)5, by hypothesis. Again by Gallagher Correspondence, there
is a bijection Irr(M/K) — Irtr(M | nk), @ — @nu. Therefore ho € (H X H)ep,, -

Similarly, the converse follows.

By hypothesis, there exists a pair of projective representations (P, 7_7I) associated
with (G/K, N/K, 0 > (H/K, M/K, ©). Suppose that the factor sets of P and
P’ are @ and o, respectively. Note that since (Gy, N, 1) is a character triple, there
exists @ € Projgu(Gy|3), for some factor set § only taking roots of unity values,

associated with 7.

Claim: (P ® Q, P' ® Qu,) is associated with (G, N, 0n)y >. (H, M, o)y,
where P and P’ are the lifts of P and P’, respectively. .

Write o and o' for the factor sets of P and P’, respectively. By Gallagher Cor-
respondence, there exists a bijection Irr(N/K) — Irr(N | ng), 0 — 0 and g € Gy if
and only if n = 69y = (6n)? . Therefore Gy, = Gy and similarly, H,,,, = H,. Since
P and Q are projective representations of Gy, we have P @ Q € Proj(Gy|af), also
the entries of P ® Q are in Q®. Then similarly P’ ® Qp,_ € Projgw(H, |« B, xm,)-
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Since (P® Q)y = (Py® Qn) and (P'® Qn,)m = Py ® Qur, they afford 0y and oy,
respectively. For any n € N, g € Gy,
(@B)(g: n) = alg, n)B(g, n) =1 (4.24)

and (Ba)(n, g) = 1, since P lifts P and Q is associated with 7. Also

(0B) Hy, x Hy = Hyx Hy B, xH, = ' BH, xH,- (4.25)
For any ¢ € Cg(N), K¢ € Cg/i(N/K), and since P(Kc), P (Ke), (P® Q)(c) =
P(Kc) ® Q(c) and (P’ @ Qu,)(c) = P (Kc) ® Q(c) are scalar matrices, so is Q(c).
Since P(Kc¢), P (Kc) are associated to the same scalar, by hypothesis, it follows that
(P ® Q)(c) and (P’ ® Qp,)(c) are also associated to the same scalar.

Now, let ho € (H x H)gy, = (H X H)yp,, and = € H, = Hy. By Lemma 4.6 and
hypothesis, there exists unique functions v,: G — C* and v} : H, — C* such
that P ~ v),,P and (P')" ~ v}, P’ satistying vie|my = Vhy|m,. Also, there exists a

unique function pi, : Gg — C* for which Q" ~ 1;,,Q. Then
(P® Q)" =P" @ Q" ~ Uy jine (P ® Q) (4.26)
and
(73/ X Qm,)ht7 = (P’)hg & (QHJ’W ~ V;,w,uha|H¢ (77’ & QH¢)7 (4-27)
by noting that H, < H. Since Vje|g, = Vp,|H,, We obtain
(Vho Hiho )1, = Vig a1, - (4.28)

Hence, this completes the proof of (G, N, 0n)y >. (H, M, onu)x. O

Notice that, by taking n = 1y in the above theorem, we get (G, N, 0)y >.
(H, M, ¢), under the same setting.

Except in the last part of the proof of the next result, we do not need the as-

sumption that ¢ extends # and until there, we give a general proof.

Proposition 4.12. Suppose (G, N, 0)y, > (H, M, ¢)y. For any N < K < Gy, let
T Irr(K |0) — Irr(K N H | @) be the (Ny(K) x H)g-equivariant bijection given by
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Lemma 4.9. Assume ¢ € Irr(K |0) extends 0, then

(Ne(K)yn, K, )y 2 (Na(K)yn, KN H, 7 (4))3. (4.29)

Proof. By assumption, we have G = NH, M = NNH and C(N) < H. We first check
that Ng(K)yn = KNy (K)yn, that KN Ny(K)yx = KN H and that CNa(K) 1 (K) <
Nu(K)yn. If g € No(K)yn, then g = nh for some n € N and h € H. By noting that
K = K™ = K" and that = ¢" = ¢™" = 47 for some o € H, we have nh € KNy (K ).
On the other hand, as ¢ € cf(K), we have K C Ng(K)yn and Ny (K)yn C Ng(K)yn.
Therefore Ng(K)yn = KNy (K)yn. Naturally K N Ny(K)yn € KN H. Conversely,
KNH C Ng(K)and if v € KNH, then ¢* =, as ¢ € cf(K). Thus KN Ny (K)yn =
KNH. As Cg4(N) < H,

CNG(K)@/,H (K) < CNG(K)U)’H (N) <HN NG(K) = NH(K) (4'30)

Next, we check the equality (Ng(K)yn X H)y = (Nu(K)prn X H)rew). Let
ho € (Ny(K)yn x H)y. By Clifford’s Theorem, we have 6" = 6, because ho fixes ¢
and the unique irreducible constituent of ¢ is 6. Therefore ho € (Ny(K)yn x H)g.
Since 7k is (Ng(K) x H)g-equivariant, 75 ()" = 75 (¢") = 7%(p). Thus ho €
(Nu(K) x M) 7 (p)- On the other hand, if ho € (N (K) x H);p(y), then since Hy = H,
by assumption, we have ¢ is K N H-invariant. Then by an application of Clifford’s
Theorem, ¢" = ¢, and since (H x H)g = (H x H),, we get ho € (Ng(K) x H)g. As
i is (Nu(K) x H)p-equivariant, it follows that ho € (Ng(K)yn X H)y.

Note that Ng(K)y = Ng,(K)y, because if x € Ng(K)y, then by Clifford’s The-
orem, x stabilizes 6. In particular, Ny (K ), = Ny, (K)y.

Suppose now that (P, P’) gives (G, N, 0)y > (H, M, ¢)3;, and write «, o' for
their factor sets, respectively. Then there exists Q € Projgu (K /N | oy ) for which
Q ® Py affords ¥ and Qxny ® Py affords 7x(¢). By Theorem 3.34, there is R €
Projga (Na(K)y | B) such that R = Q @ P and R = S ® Pk, for some S €
Proj(Ng(K)y | 7v), where 8 = va;é(K)waG(K)w. Set R' = Sny (), ® Py, (), Then
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R’ € Proj(Nu(K)y | 8'), where ' = YNy (k) xNu(K), (O/)]_VL(K)VXNH(KL/;' We claim
that (R, R') gives

(Ng(K)wH, K, @D)H Zc (NH(K)wH, Kn H, TK(d}))H (431)

As the entries of R, P and P’ are in Q%, so are the entries of S and R'. Also as
a, o and 8 only take roots of unity values, so do v and (. Since R is associated with

¥, we note that R’ = Sgnu @ Pyng = Qrna ® Py affords 7x (1) and that

B'(h, k) = y(h, k) (h, k)" = y(h, k)a(h, k)™ = B(h, k) =1, (4.32)
for every h € Ny (K)y, k € K N H, similarly, 5'(k, h) = 1. Therefore R’ is associated
with 7k (¢). By noting Ny (K), C Hy, we have
=(z, y)o'(z, y) =" = (2, ), (4.33)

for every z, y € Ny (K)y. That is, By k), xNu(x), = B'- Next, let ¢ € CNG(K)¢H (K) C
Ce(N). By hypothesis, P(c) and P’(c) are scalar matrices and R(c) and R'(c) are also

B(CL', y) = 7(*% y)O&(l‘, y)il

scalar. Thus S(c) is scalar. As P(c) and P’(c) are associated to the same scalar, by

hypothesis, so are R(c) and R'(c).

Now, as ¥)(1) = 6(1), by assumption, S can be seen as a function Ng(K),, — Q.
Let ho € (Nu(K)yn x H)y. Since ho stabilizes 6, by Clifford’s theorem, we have
Pho ~ 1P as well as (P) ~ v} _P’, for some Q*-valued functions v and /. Also

VholHy = V3plm,- Then

RY(x) = 8" (x) & P"(x) ~ npo(x) (S(2) @ P())

(4.34)
(R () = 8" (x) @ (P (2) ~ 1, () (S(z) @ P'(x))
where 7, () ;};Z(é)) and 7}, (z) = ;Z‘;((i)) Then we have
77’W|NH(K)w - 77;w|NH(K)w7 (4.35)

: /
SINCE Vo |Hy = Vha|He and NH(K)w g Hg.
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5. GENERALIZATIONS OF THE MCKAY CONJECTURE

In this chapter, we first review some group theoretical facts. Then we implement
the proof of the reduction of the McKay conjecture given in [3] to the Isaacs-Navarro
conjecture. Note that this is actually established in [10], without using character
triples. We’ll use character triples to ease the notation and make some small changes

in arguments. Finally, we discuss the Galois-McKay Conjecture.

5.1. Auxiliary Results for Reduction Theorems

First, we record a well known theorem, called the Frattini argument.

Theorem 5.1 (Frattini argument, [11]). Let N <G and let p be a prime dividing |N|.
If P € Syl (N), then G = NNg(P).

Definition 5.2 ( [3]). A group G with order divisible by a prime p is said to be p-

solvable if there is a sequence
{1} =Gy <G, <4--- <G, =G (5.1)

such that GHl/Gi has p' or p-power order, for all 0 < i < n.

Lemma 5.3. Let N I G with p{ |N| and assume that NP G for some P € Syl (G).
Then G is p-solvable.

Proof. Note that {1} <N I NP <G is a sequence with desired properties. O

All the following results in this section are taken from [3], except otherwise noted.

5.1.1. Central Products of Groups

In this subsection we define central products of groups and describe irreducible

characters of them as the product of irreducible characters of these groups.
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Definition 5.4. Let Ky, K, ..., K, be a collection of subgroups of G with [K;, K;] =1
for every 1 < i # 57 < n and n > 2. Suppose that G = K| K5---K, and that

K;n HK@- = ﬂ Ky for all j. Then G 1is said to be the central product of K;’s.

i£] i=1

n
Write Z = mKt’ then for any z € Z and g = 1 -z, € G, where z; € K;, we
i=1
have g7'zg = 2, as [K;, K;] = 1 and z € K; for every 1 < i < n. Next, we describe

Irr(G | 9) for any ¢ € Irr(Z).

Theorem 5.5. Let ¥ € Irr(Z) and assume that G = K, --- K,, is the central product

of K;’s. Then there exists a bijection

Irr (K | 9) X Irr (K [ 9) X -+ x Trr(K, | 9) — Irr (G| 9)

(5.2)
(¢1a 1/)27 SR wn)'—>¢1‘¢2'~"¢m
where Py - g - ... -y, 1S given by
(wl g wn)(lﬂb o lCn) = ¢1($1)¢2(9{32) T wn(ﬂfn)
for every x; € K;. Moreover, i - 1y - ... -, is the unique irreducible character of G

for which

for every 1 <1 <mn.

The following corollary discusses n = 2 case of the above theorem, with one

subgroup being central.

Corollary 5.6. Let N < Z(G), H < G such that G = NH, and let § € Irr(N). Set
M = NN H, then the map

Irr(G|6) — Irr(H | Our) (5.3)
X = XH

is a bijection. Also we can write any x € Irr(G|0) as x =0 - xu.



42

5.1.2. Simple Groups
Definition 5.7. Let H be a finite group.

(i) If H= H', then H is called perfect.
(i) If H is perfect and H/Z(H) 18 simple, then H s called quasisimple.

Theorem 5.8 (CFSG). Any finite simple group belongs to precisely one of the following

sets:

Cyclic groups of prime order,

Alternating groups, A, with n >5,

Sporadic simple groups (there are 26 of them),

Simple groups of Lie type.

Theorem 5.9 ( [11]). Assume H is a minimal normal subgroup of a finite group G,

then H = S™ for some simple group S and n > 1.

Definition 5.10. (i) A pair (H, ) is said to be a central extension of a group S if
m: H— S is a surjection and kerm C Z(H).
(ii) A map [ : (H,n) — (K, ') is called a morphism of central extensions if
[ H— K is a group homomorphism, (H, 7) and (K, 7') are central extensions
of a group S and 7’ o f = 7.
(i1i) Let (H, w) be a central extension of S. Suppose that for any central extension
(K, ') of S, there is a unique morphism f : (H, ) — (K, ©’). Then (H, )
is called a universal (central) extension of S. In that case, H is said to be a

universal covering (group) of S.

Theorem 5.11. Let S be a finite perfect group with a universal covering group H.

Then H is also perfect. If S is non-abelian simple, then H is quasisimple.

Notation 5.12. If H < G, then Aut(G)y denotes the set of automorphisms of G

fizing H setwise.

Theorem 5.13. Let N be a perfect group and N/Z(N) >~ S™ for some finite non-

abelian simple group S and n > 1. If H is a universal covering of S, then H" is a
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universal covering of N.

5.1.3. Action of S,, on Product of Groups

If 1 # G is a finite group, then S, acts on G" by setting
Sp x G" — G
(5.4)
(o, (91, -5 9n)) = (Go101)> - > Go1(m))-

Lemma 5.14. Let G be a finite quasisimple group, H < G and n > 1.

(1) Aut(G™) = Aut(G)" x S,.
(i) Aut(G™)gn = (Aut(G) )™ X S,.
(11i)) Whenever G < N < G™ x Aut(G™) and Z C Z(G") is N-invariant, then
Cnyz(G"/Z) = 2(G") /2.

5.2. The Isaacs-Navarro Conjecture

In this section, first, we study some of the proved cases of the Isaacs-Navarro
Conjecture. A reduction of this conjecture to non-abelian simple groups is actually
established in [10], without using character triple orderings. We shall use the ideas
in [3], in order to write a similar proof of that, with using character triple orderings.
Notation 5.15. For a prime p diving |G| with P € Syl (G), we write

Irrl, (G) = {x € Ity (G) : x(1) = £k (modp)}, (5.5)
for any 1 < k < p. Also if H acts by automorphisms on G, then we denote by
Irrh, 1 (G), the set I}, (G) N Irry (G).

Conjecture 5.16 (The Isaacs-Navarro Conjecture, [3]). Let p be a prime dividing |G|
and let P € Syl,(G). Then
| Irrk (G)| = | Il (N (P))], (5.6)

for every 1 < k < p.
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Whenever GG has a normal p-complement (that is, there exist N <G, p 1 |N| and
P € Syl,(G) such that G = NP) or G is p-solvable, for some prime p dividing |G|,
this conjecture is true. We’ll prove the case that G has a normal p-complement, by

following the ideas in [3]. First, we need a lemma.

Lemma 5.17 (Corollary 6.3 in [3]). Suppose N < G with (|N|, |G : N|) = 1, then

every G-invariant irreducible character of N extends to G.

Theorem 5.18. Let p be a prime dividing |G| and P € Syl,(G). Suppose N IG with
ptIN| and G = NP. Then |Irt),(G)| = |Irrh (Na(P))|, for every 1 < k < p.

Proof. Fix some k and ¢ € Irr}, (G). By Proposition 3.13, if 6 € Irr(¢y), then %11))
divides |P|, so that 1y = 6 € Irrly(N). Also 6 is P-invariant, as so is ¢). Then by
Gallagher Correspondence, there is a bijection Irr(G/N) — Irr(G ), A — M.
Therefore Irr (G10)={\ : X € Lin(G/N)}. As vy is irreducible, it follows that
ok (G) = || Imh(G|9). (5.7)
0€Irrk, p(N)

Also Irr (G']0) is non-empty for any 6 € 111" , p(N), by Lemma 5.17, and in fact, such
a 6 extends to G. Thus

112G = Coers, )| {00 = A € Lin(G/N)}

. (5.8)
= |Irrp,,P(N)| - | Lin(P)]
where 1y is an extension of § to G and we use G / N = P. Similarly,
| Lrryy (Ne(P)] = | I (C(P))] - | Lin(P)), (5.9)

because Ng(P) = Cn(P) x P in this setting. As P-Glauberman correspondence maps

Irr];,’ p(IN) onto Irr /(Cn(P)), the result follows. O

The following theorem from [17] proves the Isaacs-Navarro Conjecture in p-

solvable case. This result will be very useful in the proof of Theorem 5.29.

Theorem 5.19. Let p be a prime dividing |G|. If G p-solvable and P € Syl (G), then
there exist bijections Irr];,(G) — Irr ((Ng(P)) for every 1 < k < p.
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The following theorem is just a refinement of Theorem 10.17 in [3].

Theorem 5.20. Let p be a prime, Z C Z(G), ¢ € Irr(Z) and assume that (G, N, 0) >,
(H, M, ¢). Suppose that p does not divide 0(1) and ¢(1), and that 6 and ¢ lie over

Czrne- Then for every 1 < k < p, there exists a bijection

Irrl;,(G |C-0) — Irré,(H |C- ), (5.10)
(L)

where | = o) (mod p).

Proof. By Theorem 10.17 in [3], there is a bijection Irr, (G |( - 0) — Irry (H | C - ),
D) _ reli)l)

6(1) p(l)

(1) = £k (mod p) if and only if 7¢(¢)(1) = ik% (mod p). O

Theorem 5.21 ( [3] and [14]). Suppose that (G, N, 0) >. (H, M, ¢) and let ¢, :

given by ¢ — 74(1)), where 7¢ is as in Theorem 3.25, and

N — N, n— g 'ng, where g € G. Also let G be a finite group such that N < G.
Define € : G — Aut(N) and é : G — Aut(N), by g — c,. If €(G) = é(G), then

(G, N, 0) 2 (67" (e(H)), M, ). (5.11)

The following definition is a generalization of Definition 10.23 in [3]. Also this

can be found in [10].

Definition 5.22. Let p be a prime and let S be a non-abelian simple group. Also let
P be a Sylow p-subgroup of a universal covering group G of S. We say that S satisfies
iINp if

(1) there exists an Aut(G)p-invariant subgroup Ng(P) < M < G,
(i1) there exist Aut(Q) p-equivariant bijections
2 Irr];,(G) — Irr';,(]W) (5.12)
for every 1 < k < p, and
(iii) (G x (Awt(G)p)g, G, 0) > (M x (Aut(G)p)g, M, 24(0)) for every 6 € Irrh (G)
and 1 < k < p.
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Note that whenever P < G, M can be taken to be G. However, in this case,
the result is trivial and we omit it. Also we disregard this situation in the case of
the Galois-McKay Conjecture. Also Part (ii) of this definition is equivalent to say
that there is an Aut(G)p-equivariant bijection 2 : Irr,(G) — Irry, (M) such that
2(0)(1) = £6(1)(modp) for all 6 € Irr,y (G). Also, in (iii), we'll consider {2 instead of
.

Theorem 5.23 ( [3]). Let H < G and A < Aut(G)y. Suppose that 2 : Irry (G) —
Irryy (H) is an A-equivariant bijection and that (G x Ag, G, 0) >. (H x Ay, H, £2(0))
for every 6 € Irryy (G). Let B = A" x S,,. Then there exists a B-equivariant bijection

2" ey (G") — ey (H™) (5.13)
X = X1 X X X = 2(xa) X X 2(xa)

and (G x By, G, X) 2. (H" x By, H", 2°(x)) for every x € Iy (G).

Notice that if we also assume £2(6)(1) = £6(1)(modp) for every 0 € Irr, (G),
then £2™(x)(1) = £x(1)(modp) for every x € Irr, (G"), by construction.

5.3. A Reduction Theorem for the Isaacs-Navarro Conjecture

For reducing the conjecture to a question on non-abelian simple groups, we first
investigate the case where GG is perfect. The results below are just refinements of
the proofs of Theorem 10.25 and Theorem 10.26 of [3] and we give their proofs for

completeness. We first need a lemma.

Lemma 5.24. Fiz a prime p. Let G be a perfect group with p||G| and G/Z(G) =~ gn
for some non-abelian simple group S and n > 1. For a universal covering H of S,
let Q € Syl,(H). As H™ is a universal covering group of G (by using Theorem 5.13),
there exists a surjective map m : H" — G with K = kermw C Z(H™). Suppose that
S satisfies i1INp, with the Malle intermediate subgroup Npy(Q) C N < H. Then there

exists an Aut(H")gn i -equivariant bijection

A Iy (H"/K) — Irryy (N"/K) (5.14)
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such that A(0)(1) = +6(1) (mod p) and

(H"/K x (Aut(H")gn K)o, H" /K, 0) >. (N" /K x (Aut(H™)gn, k)o, N" /K, A(f))
(5.15)
for every 6 € Irr,y (H™ /K), where Aut(H™)gn, i is the set containing automorphisms
in Aut(H™)on fizing K setwise.

Proof. As S satisfies iINp, there exists an Aut(H)g-equivariant bijection
Q2 Irry(H) — Ity (N) (5.16)
such that 2(0)(1) = £6(1) (mod p) and
(H » (Aut(H)g)e, H, 0) >. (N x (Aut(H)g)e, N, £2(0)) (5.17)

for every 6 € Irr,(H). Since N is Aut(H )g-invariant, by hypothesis, we have that
Aut(H)g C Aut(H)y. Then by Theorem 5.23, there is a one-to-one correspondence

o ey (H") — Irry (NT) (5.18)
which is (Aut(H)g)" x S, = Aut(H")gr-equivariant (since H is quasisimple) and
2"(0)(1) = £0(1) (mod p) and

(H"™ % (Aut(H")gn)o, H", 0) Zc (N X (Aut(H")gn)o, N™, £2(6)) (5.19)
for every 0 € Irr,y (H™). In particular, as (Aut(H")gn k)o < (Aut(H")gn)e,
(H" x (Aut(H")gn K)o, H", 0) >, (N™ x (Aut(H")gn, i )e, N", £2"(0)) (5.20)

for every 6 € Irr,y (H™). Then since Irr(0z(gny) = Irr(£2"(0) z(any), by using Lemma 3.27
and the relation K C Z(H"), we obtain that K C ker if and only if K C ker £2"(9).
Thus 2" induces a bijection

ATy () — oy (N K),

0 — 2(0)

by viewing § € Irr,,(H"/K) as 6 € Irr,y(H") with K C ker§. Notice that A(6)(1) =
+6(1) (mod p). Finally, since K C kerf N ker A(9) for every 6 € Irr,y(H"/K) and
Cl im0 (H™/K) = Z(H™) /K = Chingaus(iimyon 1o (H")/ K, we obtain

(5.21)

(H"/K “ (Aut(H")Qn,K)% [—["/K’7 0) > (N”/K X (Aut(H")Qn,K)G, N"/K, /1((9))7
(5.22)
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for every 0 € Irrp/(H”/K), by applying Lemma 3.28 to (5.20). Note that we identify
(H™ x (Aut(H")gn, i )o) /K by H" /K x (Aut(H")gn, i )o, as K = K x 1. O

Theorem 5.25. Fix a prime p. Let G < A be finite groups with pHG\, G =G" and
G/Z(G) = S™ for some non-abelian simple group S and n > 1. Let R € Syl (G).
Suppose that S satisfies iINp. Then there exists an N a(R)-invariant subgroup Ng(R) C
M < G and an Na(R)-equivariant bijection
Q2 Trry(G) — Irry (M) (5.23)
such that 2(0)(1) = £6(1) (mod p) and
(As, G, 0) >0 (NA(M) oy, M, 2(0)) (5.24)

for all 0 € Irry (G).

Proof. Let H be a universal covering group of S and let (H™, 7) be a universal central

extension of G, by using Theorem 5.13. Set K = ker 7. This gives an isomorphism
v:G— H"/K. (5.25)

Since R € Syl,(G), we have v(R) € Syl (H"/K). Write v(R) = Q"K /K for some Q €

Syl,(H). As S satisfies iINp, there exists an Aut(H)g-invariant subgroup Ny (Q) C

N < H. Then by using Lemma 5.24, there exists an Aut(H")gn x-equivariant bijection
A Try(H"/K) — Irryy (N"/K) (5.26)
such that for every 6 € Irry (H"/K), we have A(6)(1) = £6(1) (mod p) and

(H" /K x (Aut(H")gn. i)g, H" /K, 0) >, (N"/K » (Aut(H") g x)g, N" /K, A(0)).
(5.27)

Note that Aut(H")gr x and Aut(H”/K) are isomorphic by the map o — &,

QK /K
with 6(Kz) := Ko(z) and that both of these groups act on any Aut(H™)gn, g-invariant
subgroup of H" /K in the same way. As a result, H" /K x (Aut(H")gn x)o = H" /K x
(Aut(H”/K)QnK/K)g and Nn/K X (Aut(H”)Qn.K)g = Nn/K X (Aut(H”/K)QnK/K)g

and (5.27) turns out to be
(H"/K x Iy, H"/K, 0) >. (N"/K x I}, N" /K, A(9)), (5.28)

where I' = Aut(H" / K)gnr k-
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Notice that as N is Aut(H)g-invariant, N™ is (Aut(H)g)" x S, = Aut(H")gn-
invariant (the equality holds since H is quasisimple) and therefore N / K is invariant
under the action of Aut(H")gn . Thus M := v~ (N"/K) is Aut(G)g-equivariant.
Also since K C Z(H™), we have

N (@K /K) = Ny(Q)" /I € N"/K. (5.20)

and v(Ng(R)) € N"/K, so that M D Ng(R). Then considering the preimages of v

and the bijection A, there is an Aut(G)g-equivariant bijection
Q2 Ity (G) — Irry (M) (5.30)
such that for every 6 € Irr, (G), we have 2(0)(1) = +6(1) (mod p) and
(G % (Aut(G)Rr)e, G, 0) >. (M x (Aut(G)r)g, M, £2(0)). (5.31)

Set A := G x Aut(G)g. Then N;(M) = No(M) x Aut(G)gr = M x Aut(G)g, by the

Frattini argument. Then (5.31) can be re-written as

(Ag, G, 0) > (N4(M)y, M, £2(0)). (5.32)
Define homomorphisms
e : A— Aut(G), ¢ : A — Aut(G)
, (5.33)
Xr— Cp T Cy

A

where ¢, is the conjugation map. Then ¢(G) = é(G), so that e(A) = ¢(GNa(R)) C €(A).
Finally, the result follows, by applying the argument in the last part of the proof of

Theorem 10.25 in [3]. Also sce the proof of Theorem 5.38 for a similar construction. [

Lemma 5.26 (Lemma 9.3 in [3]). Let p be a prime dividing |G|. If P € Syl,(G),
N <G and x € Ity (G), then xn has a P-invariant irreducible constituent. Moreover,

if 0 and 1 are such constituents, then there exists x € Ng(P) for which 6% = 1.

Lemma 5.27. Assume N = HZ <G with H QG and Z < Z(G). Let p € Irr(Z) and
P € Syl,(G). If S is a transversal of the action of Ng(P) on Irry p(H | prnz), then

Ireh (G| p) = |_| Ireh (G | - 0), (5.34)
9es

for every1 <k <p-—1.
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Proof. Note that, by Corollary 5.6, we have Irr(N |p) = {p-0 : 0 € Irr(H | punz)}-
Let x € Irry (G| p), then xn has a P-invariant irreducible constituent and any two
such constituents are Ng(P)-conjugate, by Lemma 5.26. Also, as u is G-invariant, all
the irreducible constituents of xx lie over p. Therefore

XN =p-01 4+ +p-0, (5.35)
for some 6; € Irryy (H | ipnz), as all 6;’s have the same degree. Since p is G-invariant
and (p - 0)* = u® - 6%, for any x € G, we have that all 6;’s are Ng(P)-conjugate, by
Lemma 5.26. Since some 6; is P-invariant, if §; = 67 for some x € Ng(P), then for any

y€P,0) =0 = plrT) — go — 6;. Thus it follows that all 6,’s are P-invariant.

On the other hand, if x € Irr,y (G| - ), then x € Irr,y (G | ), by noting p - 0 lies
over pu. Moreover, if x € Irry (G| p - 0) N Irry (G| p - ) for some 6, ¢ € S, then by
the above argument, # is Ng(P)-conjugate to ¢» and therefore §# = ). Then the result
follows. ]

Definition 5.28 ( [3]). Suppose that S is a simple group with S = H/N for some
N<H <G. Then S is said to be involved in G.

Theorem 5.29. Let p be a prime dividing |G|, Z <G and P € Syl,(G). Assume that
p € Irry p(Z) and that every non-abelian simple group S involved in G/Z satisfies the
tINp. Then

| Treh (G )| = [ Irel (NG (P)Z | o) (5.36)

for every 1 < k < p.

Proof. We’'ll proceed by induction on the index of Z in G.
Step 1: We can assume G = G, Z < Ng(P) and p is linear.

As P C (Ng(P)Z), C G, by Clifford correspondence, we obtain

| Trey (G | )] = |Trry, (G )| and | Tre (Ng(P)Z) | )| = [ Trrgy (Na(P)Z | ),
(5.37)
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where [ = k|G : G| (mod p) and m = k|[(Ng(P)Z) : (Na(P)Z),| (mod p). Note that
[Ne(P)Z| _ [Na(P) : Ng,(P)|

|(Na(P)Z)ul  INa(P)NZ : Ng,(P)N Z|

since if € Ng(P) N Z, then x € G, as 1 is a class function of Z. Also we have

= |Ne(P) = Ng, (P, (5.38)

|G : Ng(P)| = |Gy : Ng,(P)| = 1(modp), (5.39)

so that { = m (mod p). Therefore we may assume that p is G-invariant.

By Theorem 3.12, there exists a character triple (G, Z, ji) isomorphic to (G, Z, 1)
such that Z < Z(G) and ji(1) = 1. Let ~: G|Z — G/Z be the map as in Definition
3.10. Then Ng(P)Z/Z = Na(P)/Z and there exist bijections

mod p

Irr (G p) — Irr“(l) (G| ) (5.40)

and

mod p

Ity (No(P)Z) | 1) — Irrm (N&(P) | 1), (5.41)

by noting that p t (1) and f is linear. Thus we can assume that Z < Z(G) < Ng(P)

and that p is linear.

Now, let N/Z be a minimal normal subgroup of G/Z. By Theorem 5.9, N/Z = S™

for some simple group S and n > 1.
Step 2: We have PN = NP <@.

As N 9 G, Ng(P) acts on Irryy p(N | i), then set T to be a transversal of this
action. If x € Irry (G| p), xnv has an irreducible constituent 6 € Irry p(N |p), by
Lemma 5.26 and Clifford’s Theorem. Therefore x € Irr, (G| 6). Also again by Lemma
5.26, if ¢ € Irry p(N | p) N Irr(xn), then ¢ = 6% for some x € Ng(P). On the other
hand, if x € Irr, (G| 0) for some § € T, then we have x € Irr, (G | 1), as 0 lies over p.

Thus we obtain

Irr (G| ) |_| Irr (G|0) (5.42)
0T
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and similarly

Il (Ng(P)N | ) = | | Trefy (Na(P)N [ 6), (5.43)
0T
for every 1 < k < p. Notice now that if S is involved in G / N, that is there exist

subgtoups A/N < B/N < G/N for which § = B/N [A/N = B/A, then A/7 <
B/Z <G/Z and S = B/Z/A/Z and therefore S is involved in G/Z. As |G : N| <
|G : Z|, by induction, we have

| Irel (G| 0)| = | Irel (N (P)N | 6)], (5.44)
for every 1 < k < p — 1. Then combining the above equations, we get

| Trry (G| )] = [ Trry (NG(P)N | )] (5.45)
since the unions in (5.42) and (5.43) arc disjoint. Now, if S is involved in Ng(P)N/Z,
then so is in G/Z. As [Ng(P)N : Z| < |G : Z|, by induction, we have

|t} (N (P)N | )| = |Irh (Ne(P) | p)| (5.46)

for every 1 < k < p—1, and the result establishes. Hence we can assume Ng(P)N = G,
that is, PN < G.

Step 3: We can assume N /Z is non-abelian and p { |N/Z|.

If N/Z is abelian, not a p-group and p| IN/Z|, then N /Z has a proper charac-
teristic Sylow p-subgroup and it follows that N / Z cannot be minimal. Thus we can
assume N / Z is a p-group. Then the sequence of subgroups

ZP/ZSNP/ZSG/Z (5.47)

implies that ZP = NP, because ZP/Z € Syl ,(G/Z). Therefore No(P) = G, as P is
a characteristic subgroup of ZP. If p{ |N / Z|, then G becomes p-solvable, by Lemma
5.3, and this case is established in Theorem 5.19.

Final Step: If N/Z > S™ for some non-abelian simple group S with pHS! and

n > 1, then the result follows.

As N/Z =~ §" we have that N/Z is perfect. Therefore N’Z/Z = N/Z and
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N'Z = N. Write H = N’ and notice H < G. As Z < Z(G), [H, Z] = 1 and therefore
N is the central product of H and Z. Since Z(H) / H N Z is an abelian normal subgroup
of H/HNZ and N/Z =HZ/Z = H/HNZ = S", we have that Z(H) = HN Z and
that H / Z(H) is also perfect. By repeating the same argument, H'Z(H) = H and
H'Z = N. Also N/H' is abelian. Since N’ is the minimal normal subgroup of N with
abelian quotient, H < H’ and therefore H is perfect. Note that R := HNP € Syl,(H).
Then for any x € Ng(P), we have x 'Rz = x " 'HzNz"'Pr = R as H <G. Therefore
Ng(P) € Ng(R). By the Frattini argument, G = HNg(R) = HNg(P).

If x € ler(NV | p), then xg € Irr(H | pizay) and x = g - xm, by using Corollary
5.6. Also conversely, if § € Irr(H | pz(m)), then p- 60 € Irr(N | p). Thus we have
Irr(N | p) = {p-0 : 0 €Irr(H | pzmy)}- (5.48)

Let S be a transversal of the action of Ng(P) on Irry p(H | piz¢my). Then by appealing

to Lemma 5.27, we have

el (G| p) = |_| Irrl (G| - 6) (5.49)
bes

for every 1 < k < p. Then by Theorem 5.25, there is an Ng(R)-invariant subgroup
Ng(R) < M < H and an Ng(R)-equivariant bijection

2 Irry(H) — Irry (M) (5.50)

such that £2(0)(1) = £6(1) (mod p) and

(Go, H, 0) = (NG(M)Q(Q)a M, £2(0)) (5.51)
for every 0 € Irr,y(H). Then by Theorem 5.20, there are bijections
,9(9)1<1) mod
ek (G | o 0) — Trry, ™ " (NG (M) gy | 1+ £2(6)) (5.52)

for every 0 € Irry (H | pizmy) and 1 < k < p.

Because of Ng(P) C Ng(R), M is Ng(P)-invariant and (2 is Ng(P)-equivariant.
By the Frattini argument, Ng(M) = M Ng(R) = M Ng(P). Then for any 6 € Irr, (H)
and z = my € Ng(M) g, with m € M, y € Ng(R), we have

Q20" = 2(0) = Q(6¥) = 2(6%), (5.53)
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since {2 is Ng(R)-equivariant. Since (2 is a bijection, we get Ng(M) g = Na(M),.

Next, we claim that 2(S) = {£2(0) : 6 € S} is a transversal of the action of
Ng(P) on Irry p(M | pamnz). Note that by Lemma 3.27, Irr(0zqy) = Irr(£2(0) zam)

and in particular we have Irr(6ynz) = Irr(£2(0) pnz), for every 6 € S. Therefore
0 € Irry p(H | ppynz) <= 200) € Irry p(M | pirnz), - (5.54)

by recalling that {2 is Ng(P)-equivariant. Notice then that 2(6,) = 2(62) € 2(S) if

and only if 6; = 6, € S. Hence our claim follows, and then by Lemma 5.27, we obtain

It (Ng = | | Trel (Na(M) | - £2(6)), (5.55)
0eS

since MZ < Ng(M), Z C Z(Ng(M)) and Ny, ) (P) = Na(P).

Next, combining the above equalities and using the Clifford Correspondence,
[ Trry (G| )| = Ypes | Trrp (G | - 0)]

:Zeesuﬂ (Go|p-0)]

= pes | Irrkl( olp-0)|
=Y pes |2 (NG (M) ) | 1+ 2(6)))] (5.56)
=Y pes | (NG (M), o) | 12+ £2(9))]

= Yges | Tmp (N (M) | 1o 9( )]

= |Trny? (Na(M) | o)

where
k= _k (mod p)
|G : Gy
ky =k Qé?g ) (mod p) (5.57)
ks = ko[Ng(M) : Na(M),| (mod p)
and we note that Na(M), o) = Na(M)gq = Na(M), and G,.9 = Gp. Also notice
that

200)(1) |Gy : Ng,(M)]
(1) |G : Ne(M)]
. _ X - G:Nqg(P _

since 2()(1) = +60(1) (modp) and |G : Ng(M)| = ‘NG(%:NQ <3L)<P>| = 1(modp)

and similarly |Gy : Ng,(M)| =1 (mod p). Thus it suffices to establish

| Trely (No(M) | )| = | Teeky (NG (P) | ). (5.59)

/‘ngk

k (mod p), (5.58)
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By noting that M N Ng(P) O HNNg(P), as HNNg(P) < Ny(R) C M < H, we have
INa(M) : Ng(P)| < |[HNg(P) @ Ng(P)| < |G : Ng(P)|. Therefore No(M) < G.
Also note that for any S involved in Ng(M) / Z, S is involved in G / Z. Finally, by
using induction, as |[Ng(M) : Z| < |G : Z|, we obtain the result. O

By using the main result in [1], this conjecture can be generalized as follows:
Conjecture 5.30. Let H I G be finite groups and R € Syl (H). There exists an
Ng(R)-invariant subgroup Ny(R) C M < H and an Ng(R)-equivariant bijection

Q2 Irry(H) — Irry (M) (5.60)
satisfying for every 6 € Irr,y (H), that £2(0)(1) = £6(1) (mod p) and that

(Go, H. 0) >, (Na(M)g, M, 2(6)). (5.61)

The following Corollary follows from Theorem 5.21, Theorem 5.29 and the main

result in [1].

Corollary 5.31. If Conjecture 5.30 is true for every universal covering of simple

groups, then it is also true for every finite group.

5.4. A Reduction of the Galois-McKay Conjecture

Conjecture 5.32 (The Galois-McKay Conjecture, [8]). If p is a prime dividing |G|
and P € Syl (G), then there is an H-equivariant bijection Irr, (G) — Irry (Ng(P)).

Definition 5.33 ( [8]). We shall write Irrls' (G'|0) for the set {x € Irry(G|0) : p ¢

(1)
GORE

Definition 5.34 ( [8]). For any non-abelian simple group S with order divisible by a
prime p, let P be a Sylow p-subgroup of a universal covering group G of S. Suppose
that

(i) there exists an Aut(G)p-invariant subgroup Ng(P) < M < G,
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(ii) there exists an Aut(G)p x H-equivariant bijection

Q2 Irry(G) — Ity (M), (5.62)
and
(111) (G x (Aut(G)p)on, G, )y >. (M x (Aut(G)p)gn, M, £2(0))y for every 0 €
Irry (G).

Then S is said to satisfy iGMp.

Note that taking Z = 1 in the next theorem, we recover the Galois-McKay

Conjecture.

Theorem 5.35 ( [8]). Fiz a prime p which divides |G|. Let P € Syl,(G), Z QG and
p € Irrp(Z). Suppose that every non-abelian simple group S involved in G/Z satisfies
iGMp. Then there is a bijection

Il (G | ) — Il (NG (P)Z | ) (5.63)

pl

which commutes with the action of H.

The proof of this theorem can be found in [8]. It follows a similar idea as that of
Theorem 5.29. However, as character triple isomorphisms are not appropriate anymore,
new constructions are used and the steps of the proof is adapted to the set Irr;ﬁl(G | 10).
Therefore this conjecture reduces to checking the conditions in Definition 5.34 for every

universal covering of simple groups. We generalize this conjecture, inspired by [1].

Conjecture 5.36. Let H < G be finite groups, R € Syl,(H). There is an Ng(R)-
invariant subgroup Ng(R) C M < H and an Ng(R) X H-equivariant bijection

2 Irry(H) — Irry (M) (5.64)
satisfying for every 0 € Irr, (H) that

<G0H> H7 (9)7-[ > (NG’(M)GHJ M7 ‘Q(QDH (565)
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Next lemma is Theorem 2.9 in [8] and it is rewritten by following its proof. This

will be useful in the proof of Theorem 5.38.

Lemma 5.37. Suppose (G, N, 0)y >. (H, M, ¢)y and let €, € and G be as in Theorem
5.21. If MCx(N) C H < G and é(H) = e(H), then

(G, N, 0)3 >. (H, M, ¢)y. (5.66)

A similar result to the next theorem is proven at the end of the proof of Theorem

3.3 in [8]. We give a complete proof for that.

Theorem 5.38. Conjecture 5.36 is true for every H < G if and only if it is true for
H < H x Aut(H)g.

Proof. Suppose the conjecture is true with respect to H < H x Aut(H)g and let G be

a group with H < G. Define homomorphisms
€ : HxAut(H)p — Aut(H), ¢ : G— Aut(H) (5.67)

by conjugation. By hypothesis, there exists an Npau(m) - (R)-invariant subgroup M
and an Ny au(m), (R) X H-equivariant bijection 2. Notice that e(H) = é(H) and

€(G) = €(HNg(R)) C e(H x Aut(H)g), (5.68)
as €(Ng(R)) C Aut(H)g and € is a homomorphism. Let x € Ng(R), then there exists
some y € H x Aut(H )g for which

e =€) = €(y) = ¢y (5.69)
As x and y act in the same way on any subgroup of H and on their characters, M is

Ng(R)-invariant and §2 is Ng(R) x H-equivariant. Note also that z and y act on 6%

in the same manner, because if 8 = 07 for some o € H, then naturally Y = 0°.

Now, suppose that for any 6 € Irr, (H) we have
(H x (Aut(H)g)on, H, 0)y >c (Nuxausr)z (M )on, M, £2(0))x. (5.70)

Set B = {zr € Hx Aut(H)r : e(x) = é(y) for some y € Gyn}. Note that by the
above argument and its construction, €(B) = é(Ggn). As B C (H X Aut(H)g)gn =
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H x (Aut(H)g)gn, we have
(B7 H7 0)7—[ Ze (NB(M)9H> Ma 9(9»715 (571)
Finally, observe that

€(z) € e(Np(M)gn) <= there exists y € Gyn normalizing M with e(z) = é(y)

> é(y) € é(Ng(M)gn)
(5.72)

As MCg,,, (H) € Ng(M)gn, it follows by Lemma 5.37, that

(Gon, H, 0)3y >¢ (Na(M)gr, M, £2(0))y. (5.73)
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6. CONCLUSION

In this thesis, we studied Isaacs-Navarro and Galois-McKay conjectures, with
their reductions to finite simple groups. We reproved a reduction theorem of the Isaacs-
Navarro conjecture, by using character triples as in [3], with considering the necessary
Malle intermediate subgroups. Then, inspired by [1], we generalized the concept of
the Galois-McKay Conjecture to include a certain H-triple ordering. We believe that
the same conditions on simple groups imply this generalization. Also, by proceeding
as in [1], we proved some H-triple relations in Chapter 4. These will be necessary to
construct a similar proof for the above claim. For a future study, we plan to work on a
proof of this. The challenge in this construction is mainly studying actions on H-orbits

of characters and checking Condition (iv) in Definition 4.7.
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