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ABSTRACT

PROBABILISTIC TENSOR FACTORIZATION FOR LINK
PREDICTION

Link prediction is the problem of inferring the presence, absence or strength of a
link between two entities, based on properties of the other observed links. In the liter-
ature, two related types of link prediction problems are considered: (i) missing and (ii)
temporal. In both cases, latent variable models have been studied for link prediction
tasks that consider link prediction as a noisy matrix and tensor completion problem.
By using a low-rank structure of a dataset, it is possible to recover missing entries for
matrices and higher-order tensors. In this thesis, we use several approaches based on
probabilistic interpretation of tensor factorizations: Probabilistic Latent Tensor Fac-
torization that can realize any arbitrary tensor factorization structure on datasets in
the form of single tensor and Generalised Coupled Tensor factorization that can simul-
taneously fit to higher-order tensors/matrices with common latent factors. We present
full Bayesian inference via variational Bayes, then we derive variational inference al-
gorithm for Bayesian coupled tensor factorization to improve the reconstruction over
Bayesian factorization of single data tensor and form update equations for these mod-
els that handle simultaneous tensor factorizations where multiple observations tensors
are available. Previous studies on factorization of heterogeneous data focus on either
a single loss function or a specific tensor model of interest. However, one of the main
challenges in analyzing heterogeneous data is to find the right tensor model and loss
function. So, we consider different tensor models and loss functions for the link pre-
diction. Numerical experiments on synthetic and real datasets demonstrate that joint
analysis of data from multiple sources via coupled factorization and variational Bayes
approach improves the link prediction performance and the selection of the right loss

function and tensor model is crucial for accurate prediction of unobserved links.



OZET

BAGLANTI TAHMINI ICIN OLASILIKSAL TENSOR
AYRISIMI

Baglant1 tahmini gézlemlenen baglantilarin 6zniteliklerine gore iki varlik arasinda
bir baglantinin varhg veya yoklugu sonucuna varilmasi problemidir. Literatiirde, (i)
gozlemlenmeyen ve (ii) zamansal olmak tizere iki tip baglanti tahmini problemi bulun-
maktadir. Her iki problem ic¢in de, baglant1 tahminini bir matris ve tensor tamamlama
problemi olarak degerlendiren sakli ozellik tabanli modeller {izerinde caligilmaktadir.
Bu tezde, baglant1 tahmini i¢in tensor ayrigim modellerinin olasiliksal yorumlanmasina
dayali gesitli yaklagimlar kullanmaktayiz. Ik olarak veri kiimelerini herhangi bir ten-
sor ayrigim modeli ile analiz edebilen Olasiliksal Sakli Tensor Ayrigimi ile tanimlanmisg,
daha sonra ortak tensorler iceren modellerin egzamanli ayrigimi ile ortak sakli faktorler
gikarabilen bir algoritmik cerceve olan Genellestirilmis Baglagimli Tensor Ayrigimi
dahilinde tanimlanmig farkli ayrisim modelleri 6nermekteyiz. Tensor ayrigim metod-
larinda varyasyonel Bayes yoluyla tam Bayesci ¢ikarim sunmakta, daha sonra ¢ikarimi
geligtirmek i¢in baglasimh tensér ayrigimi i¢in varyasyonel Bayesci gikarim algorit-
masi tiretmekteyiz. Ek olarak, birden fazla gozlem tensorii mevcut oldugu durumlar-
daki modeller i¢in egzamanli tensor ayrigimini gergeklestirebilen giincelleme denklemleri
olugturmaktayiz. Heterojen verilerin ayrigiminda kullanilan 6nceki caligmalar ya tek bir
iraksaya veya belirli bir tensor ayrisim modeline odaklanmaktadir. Ancak, heterojen
veri analizinde temel zorluklardan biri dogru tensor modelini ve iraksay1 bulmaktir. Bu
nedenle, bu ¢aligmada farkh tensor modelleri ve 1raksaylari ele almaktayiz.Sentetik ve
gercek veri kiimeleri tizerinde gergeklestirdigimiz deneyler birden fazla kaynaktan gelen
verilerin baglagimli tensor ayrigim yontemi ile ortak analizinin ve varyasyonel Bayesci
yaklagiminin baglant1 tahmin performansini artirmakta oldugunu ve dogru iraksay ve

tensor model se¢iminin 6nemini gostermektedir.
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1. INTRODUCTION

Links can be considered as relationships between objects in different applications
such as social networks, recommender systems and web analysis [1]. Link prediction
is described as a task to predict the existence of a link between an arbitrary pair of
entities, based on properties of the objects and other observed links [2]. Many im-
portant applications can be cast as link prediction problems: predicting friendships
among people in social networks [3], predicting potential links between users and items
in recommender systems [4] or predicting users’ future behaviors such as clicking ad-

vertisements for marketing [5].

In the literature, the link prediction problem fall into two categories: (i) missing,
where the input is a partially observed set of links and the goal is to predict the status
(presence or absence) of missing connections between pairs of entities, and (ii) temporal,
where we have snapshots of the fully observed set of links up to time ¢ as input and the
goal is to predict the links at the next time step t + 1. While missing link prediction
aims to predict the missing connections in the overall data without temporal aspect,
temporal link prediction aims to predict the future structure of the links by analyzing
the current structure of the links [6]. This problem has been recognized in various
content [7,8]. For instance, collaborative filtering is closely related to the problem of
link prediction, where the input is a partially observed matrix of (user, item) preference
scores, and the goal is to recommend new items to a user [4]. In this thesis, we consider

both the problem of missing link prediction and temporal link prediction.

Many real world link prediction datasets are characterized by excessive imbalance:
the number of links known to be absent is often significantly more than the number of
links known to exist [5]. For example, in recommender system applications, a majority
of users only rate very a few items. As a result, numerous items are only rated a
few times. Such datasets, whilst large in dimension, are already very sparse [1] and
potentially represent only a very incomplete picture of the reality [9]. Many researchers

[10, 11] pointed out that one of the major difficulties in building statistical models for



link prediction is that the prior probability of a link is typically quite small. In this
case, both model evaluation and quantifying the level of confidence in the predictions

have difficulties [1].

Data fusion, therefore, is a viable candidate for addressing the challenging link
prediction problem. Many studies have proposed to exploit multi-relational nature of
the data and showed improved link prediction performance by incorporating related
sources of information in their modeling framework. For analysis of multi-relational
data, Singh and Gordon [12] as well as Long et al. [13] introduce collective matrix
factorization. Matrix factorization-based techniques have proved useful in terms of
capturing the underlying patterns in data, e.g., in recommender systems [4], and joint
analysis of matrices has been widely applied in numerous disciplines including sig-
nal processing [14] and bioinformatics [15]. Recent studies extend collective matrix
factorization to coupled analysis of multi-relational data in the form of matrices and
higher-order tensors [16,17] since in many disciplines, relations can be defined among
more than two entities, e.g., when a user engages in an activity at a certain location,
a relation can be defined over user, activity and location entities. Banerjee et al. [17]
introduced a multi-way clustering approach for relational and multi-relational data
where coupled analysis of heterogeneous data was studied using minimum Bregman
information. Lin et al. [18] also discussed coupled matrix and tensor factorizations
using KL-divergence (will be described in Chapter 2) modeling higher-order tensors by
fitting a CANDECOMP /PARAFAC (CP) tensor factorization model (will also be de-
scribed in Chapter 2). While these studies use alternating algorithms, Acar et al. [19]

proposed an all-at-once optimization approach for coupled analysis.

Several approaches define a single probabilistic model over the entire links. These
approaches perform probabilistic inference to make prediction about the links and to
capture the correlations among the links. For instance, Taskar et al. [20] use rela-
tional Markov networks that model links between entities as well as their attributes.
Popescul and Ungan [21] extract relational features to learn the existence of links. In
addition, Getoor et al. [22] describe several approaches for handling link uncertainty

in probabilistic relational models.



Tensor factorizations are multi-linear generalizations of matrix factorizations that
analyze multi-dimensional datasets by capturing the underlying patterns [23]. Missing
link prediction is also closely related to matrix and tensor completion studies. By
using a low-rank structure of a dataset, it is possible to recover missing entries for
matrices [24] and higher-order tensors [25,26]. In addition, tensor factorizations have
been studied to address the temporal link prediction problem, e.g., Acar et al. [27]
combine tensor factorizations with time series analysis to predict future links, Chi
and Zhu [28] use the probabilistic interpretation of tensor factorizations to derive a
nonnegative tensor factorization algorithm, which can incorporate temporal trends by

fixing the factor matrices.

In this thesis, we address link prediction problem by using tensor based methods.

The main contributions of this thesis can be summarized as follows:

e We propose to use an approach for link prediction problem based on proba-
bilistic interpretation of tensor factorization models, i.e PLTF framework that
enables one to incorporate domain specific information to any arbitrary factor-
ization model and provides the update rules for multiplicative gradient descent
and expectation-maximization algorithms using different loss functions.

e We present a variational Bayes procedure for making inference on the PLTF
framework. Exact characterization of the approximating distribution and full
conditionals are observed as a product of multinomial distributions, leading to a
richer approximation distribution than a naive mean field.

e We describe the computation of a variational lower bound for estimation of
marginal likelihood of a tensor factorization model and construct a model se-
lection framework for arbitrary nonnegative tensor factorization model for KL
cost with the variational bound.

e We present coupled tensor factorization method as an approach to incorporating
side information into collaborative prediction, where multiple data tensors and
matrices are jointly decomposed, with some factor matrices shared over interre-
lated factorizations. We consider different tensor models, i.e., CP [29-31] and

Tucker [32], and loss functions, i.e., KL-divergence, IS-divergence and Euclidean



distance, for joint analysis of heterogeneous data.

e We introduce variational Bayesian coupled tensor factorization for jointly decom-
posing multiple data tensors and matrices in Bayesian setting.

e Using synthetic and real datasets, we demonstrate that coupled tensor factoriza-
tions outperform low-rank approximations of a single tensor in terms of missing
link prediction and the selection of the tensor model as well as the loss function
is significant in terms of link prediction performance.

e We also demonstrate that variational Bayesian approach increases the prediction
performance of the both single and coupled models used for both temporal and
missing link prediction applications.

e We also demonstrate that it is possible to address the cold-start problem in link

prediction using the proposed models.

The rest of the thesis is organized as follows: in Chapter 2, we provide the neces-
sary background information for recalling the main concepts this thesis is based on. In
Chapter 3, we introduce PLTF framework [33] used for our link prediction methods.
In Chapter 4, we describe variational inference procedure for making inference on the
PLTF [34] and Bayesian model selection for tensor factorization models. In Chap-
ter 5, we discuss GCTF framework [35] for coupled factorization of several tensors and
matrices; and also we introduce variational Bayesian coupled tensor factorization. In
Chapter 6, we present the link prediction models and in Chapter 7, we demonstrate
the related experiments of link prediction models described in the previous chapter.

Finally, Chapter 8 concludes this thesis.



2. BACKGROUND

In this chapter we provide the necessary background information that would be
needed to understand the methods developed in the next chapters. Those concepts
include Extraction of Meaningful Information via Factorization, NMF, Multiway Data
Modeling via Tensors, Tensor Factorization, Learning the Factors, Bregman Divergence

and Bayesian Model Selection.
2.1. Extraction of Meaningful Information via Factorization

Factorization based data modelling has become popular together with the ad-
vances in the computational power. Matrix factorization (MF) model is one of the
most fundamental factorization models in machine learning, data mining, and other
areas of computational science and engineering [36]. The matrix factorization captures
latent structure in the data that consists of two entities. Notationally, given a par-
ticular matrix factorization model, the objective is to estimate a set of latent factor

matrices A and B

minimize D(X || X) s.t. X% =Y A"B" (2.1)

r

where i, j are observed indices, r is latent index and D(X || X ) is appropriate cost

function.
2.1.1. Nonnegative Matrix Factorization

Recently, nonnegative matrix factorization (NMF) emerged as a useful factor-
ization method. NMF was earlier introduced by Paatero and Tapper [37] as positive
matrix factorization and subsequently popularized with a seminal paper by Lee and Se-
ung [38]. A distinguishing feature of NMF is the requirement of nonnegativity: NMF

is considered for high-dimensional and large scale data in which the representation



of each element is inherently nonnegative, and it seek low-rank factor matrices that
are constrained to have only nonnegative elements [36]. There are many examples of
data with nonnegative representation: a text document is represented as a vector of
nonnegative numbers in a standard term-frequency encoding [39], digital images are
represented by pixel intensities which can be only nonnegative in image processing
and chemical concentrations or gene expression levels are nonnegatively represented in

sclences.

To introduce the main idea of NMF, let us consider a matrix X € R¥*M in
which the rows represent features and the columns represent data items. Suppose a

low-rank approximation of X is given by two factor matrices W and H such that:

X ~WH (2.2)

NMF can be applied to the statistical analysis of multivariate data in the following
manner [34]. Given a set of of multivariate N-dimensional data vectors, the vectors
are placed in the columns of an N x M matrix X where M is the number of examples
in the data set. This matrix is then approximately factorized into an N x R matrix W
and an R X M matrix H. Usually R is chosen to be smaller than N or M, so that W
and H are smaller than the original matrix X. This results in a compressed version of

the original data matrix.

Now, for X € R¥*M that contain only nonnegative elements, such as text doc-
uments or images with pixel intensities, a key idea of NMF is to take advantage of
the inherent nonnegativity by enforcing that low-rank factor matrices are themselves
nonnegative [23]. The fact that W and H are element-wise nonnegative enables natural
interpretations of the approximation model in Equation 2.2. First, the nonnegativity of
basis factor W enforces that each basis component, which is a column of W, is a phys-
ically meaningful instance of original data type. If w, contains a nonnegative element,
it does not represent a text document or a digital image any more. In addition, the

nonnegativity of H implies that each data item can be explained by an additive linear



combination of basis components, as opposed to an additive and subtractive combina-
tion. The additive combination naturally represents the actual interaction of real-world
objects, in which a subtraction does not have a direct interpretation. Combining the
two advantages, Lee and Seung [38] reported that a part-based representation can be
discovered with NMF'. The nonnegativity of W ensures that its column is a meaningful
data type, that can be interpreted as a part. The nonnegativity of H ensures that the

parts can only be combined additively without subtractions.

2.2. Multiway Data Modeling via Tensors

Tensors, appear as a natural generalization of the notion of scalars, vectors, and
matrices, provide a mathematical and algorithmic framework for analyzing multi-scale,
multi-dimensional data and extracting meaningful information from them. Indeed we
could collapse all multiway datasets to matrices but important structural information
might get lost. Instead, we use a method for factorization of these multiway datasets
that respects the multi-linear structure of data which includes more than two seman-
tically meaningful dimensions [40]. However, since there are many natural ways to
factorize a multiway dataset, there exist related models with distinct names, such as
CANDECOMP/PARAFAC (CP) and TUCKER. We review some of the most com-
mon tensor factorization models that will be used in the next chapters (see the tutorial

reviews in [40,41] for a comprehensive list of tensor factorization models).

2.2.1. Tensor Factorization

Tensor decompositions originated with Hitchcock in 1927 [31], and the idea of
a multi-way model is attributed to Cattell in 1944 [42]. Later it is popularized in
the field of psychometrics in 1966 by Tucker [32] and in 1970 by Carroll, Chang and
Harshman [29,43]. In addition to psychometrics, over time many applications have
emerged in various fields such as chemometrics for analysis of fluorescence emission
spectra, signal processing for audio applications, and biomedical for analysis of EEG

data.



The factorization models emerged over the years have close relationship with each
other. Going back to Hitchcock [31] in 1927, he proposed expressing a tensor as sum

of finite number of rank-one tensors (simply outer product of vectors) as
X = Z Up1 O Upg... O Upy, (2.3)
T
an example for n = 3, i.e. a 3-way tensor, it can be expressed as

ik = §° pir pirchr (2.4)

_X m“ i“ |....+N X o~ 4 (&

(a) CP factorization (b) Tucker factorization

Figure 2.1. Two widely used low rank tensor factorizations: CP factorization and

Tucker factorization.

This special decomposition is discovered and named by many researchers indepen-
dently such as CANDECOMP (canonical decomposition) [43] and PARAFAC (parallel
factors) [29] where Kiers simply named them as CP [44]. In 1963, Tucker introduced
a factorization which resembled high order PCA or SVD for the tensors [32]. It sum-
marizes given tensor X using a core tensor GG considered to be a compressed version
of X. These two factorization methods are illustrated in Figure 2.1. Then, for each
mode (simply the dimensions) there is a factor matrix interacting with the rest of the

factors as follows

Xbik Z GPar ABP BIa ke (2.5)

p?q?r



2.2.2. Learning the Factors

Error minimization between the observation X and the model output X is one of
the significant methods used for computation of the factors. After computation, this
error is distributed back proportionally to the factors and they are adjusted accordingly
in an iterative update schema [34]. We use various cost functions denoted by D(X || X)
to quantify the quality of the approximation. The iterative algorithm, then, optimizes

the factors in the direction of the minimum error

X* = argminD(X || X) (2.6)
X

Squared Euclidean cost is the most common choice of available cost functions

DX || X) =[]l X = X |P= ) (X" - XW)? (2.7)

i?-j

while another is the Kullback-Leibler divergence defined as

DX || X) = ZXZ

— X X (2.8)

In addition, KL becomes relative entropy when X and X are normalized probability

distributions. Finally, the Itakura-Saito divergence is defined as

s X X
DX [|X)=> “— —log=———1 (2.9)
iy X Xiid

2.2.3. Bregman Divergence as Generalization of Cost Functions

Seperate optimization effort and time is required to obtain inference algorithms
for the factors with various cost functions [34]. For instance, the authors obtained
two different versions of update equations for Fuclidean and KL cost functions by a

separate development [38] for NMF. On the other hand, Bregman divergence provides
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us to express large class of cost functions in the same expression [45]. Assuming ¢ is a
convex function, the Bregman divergence Dy(X || X) for matrix arguments is defined

as

8¢>EX)

X (X5 — X) (2.10)

Dy(X || X) = ZMm $(X") -

The Bregman divergence is a nonnegative quantity as Dg(X || X) > 0. It is
zero if and only if X = X. Major class of the cost functions can be generated by
the Bregman divergence by applying appropriate functions ¢(.). For example, squared
Euclidean distance is obtained by the function ¢(z) = 12* while the KL divergence
and the IS divergence are generated by the functions ¢(z) = zlogx and ¢(x) = —logz

respectively [45].
2.2.4. Bayesian Model Selection

We encounter with a model selection problem that deals with choosing the model
order, i.e. the cardinality of the latent index r for matrix factorization given in Equa-
tion 2.1 as X/ = S A" BJ". On the other hand, selection of the right genera-
tive model and determination of the cardinality of the latent indices through many
options are difficult tasks, so model selection is more complex for tensor factoriza-
tion problem. As an example, given an observation X®/*

propose a CP generative model as Xk — > At BirCkr - or a TUCKER model
i,k i, i, k,r ,q,T
X4k = ZWNA P BIHACHTGPOT,

with three indices one can

Bayesian model selection handles the determination of the correct number of the
latent factors and their structural relations as well as cardinality of latent indices. We
associate a factorization model with a random variable m interacting with the observed
data x simply as p(m|x) o p(z|m)p(m). Then, we choose the model having the highest
posterior probability such that m+ = argmax,,p(m|z). Assuming the model priors

p(m) are equal the quantity p(z|m) becomes important since comparing p(m|x) is the
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same as comparing p(x|m). The quantity p(z|m) is called marginal likelihood [46] and

it is the average over the parameter space as:

plafm) = / d6p(16, m)p(6]m) (2.11)

Then comparing two models m; and msy for the observation x we use the ratio of the

marginal likelihoods:

p(xlmy) _ fdglp(xwl,ml)p(eﬂml)
p(x|ma) fd@gp($]927m2)p(92|m2)

(2.12)

where this ratio is known as Bayes Factors [46]. Computation of the integral for the
marginal likelihood is itself a difficult task that requires averaging on parameter space,
so several approximation methods such as sampling or deterministic approximations
are used for this task. Bounding the log marginal likelihood with variational inference
[46,47] is one of the approximation methods, where an approximating distribution g is
introduced into the log marginal likelihood equation as:

(z, 6|m)

p(xlmy) > B = /d@q(@) logp ) (2.13)

In Chapter 4 we study a nonnegative tensor factorization model selection frame-
work with KL error by lower bounding the marginal likelihood via a factorized varia-
tional Bayes approximation. The bound equations are generic in nature such that they
are capable of computing the bound for any arbitrary tensor factorization model with

and without missing values.
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3. PROBABILISTIC LATENT TENSOR FACTORIZATION

In this chapter we first review a probabilistic framework for multiway analysis
of high dimensional datasets [33]. By exploiting a link between graphical models and
tensor factorization models, any arbitrary tensor factorization structure with various
cost functions such as Kullback-Leibler (KL), Euclidean (EU) or Itakura-Saito (IS)
can be realized with this framework. Then, we describe the details of the maximum
likelihood (ML) estimation based on expectation maximization (EM) solution, i.e. fixed

point update equations for latent factors.
3.1. Latent Tensor Factorization (TF) Model

We define a tensor A as a multiway array with an index set V = 11, is, ..., iy Where
each index i, = 1...]i,,| for n = 1...N. Here, |i,,| denotes the cardinality of the index i,
An element of the tensor A is a scalar that we denote by A(éy, 42, ..., in) OF Aj 4y..ix OF
as a shorthand notation by A(v). Here, v will be a particular configuration from the
product space of all indices in V. For our purposes, it will be convenient to define a
collection of tensors, Z1.y = Z, for a = 1...N, sharing a set of indices V. Here, each

tensor Z, has a corresponding index set V, such that UéVZIVa =).

Then, v, denotes a particular configuration of the indices for Z, while v, denotes

a configuration of the compliment V, = V/V,.

A tensor contraction or marginalization is simply adding the elements of a tensor
over a given index set, i.e., for two tensors A and X with index sets V and V, we write
X(vg) = > 5, Av) or X(vg) = > 5, Mo, ). To clarify our notation, we present the

following matrix factorization example:

X(i,j) ~ X(i,§) =Y Zi(i, k) Za(k, ). (3.1)
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which is a tensor contraction operation. Although never done in practical computation,
formally we can define A(1, 5, k) = Z;(i, k) Z3(k, j) and sum over the index k to find the
result. In our formalism, we define V =i, j, k, where Vy = 1,7, V1 =,k and Vy, =k, j.

Hence V, = k and we write X (vy) = > sy Z1(v1) Za(v2).

A tensor factorization (TF) model is the product of a collection of tensors Z;.ny =
Zy for a = 1...N each defined on the corresponding index set V,, collapsed over a set
of indices V. Given a particular TF model, the latent TF problem is to estimate a set

of latent tensors Z;.x
minimize D(X || X) s.t.X(vy) = ZHZQ(UQ) (3.2)
Vo «

where X is an observed tensor and X is the ‘prediction’. Here, both objects are defined
over the same index set V, and are compared elementwise. The function D(. || .) > 0 is
a cost function. For example, the TUCKERS3 factorization aims to find Z,, fora =1...4

that solves the following optimization problem:

minimize D(X || X) s.t. X" = ZZf’ng’qu’TZf’q’T (3.3)

p1q7r

The probabilistic Latent Tensor Factorization framework (PLTF) enables one to
incorporate domain specific information to any arbitrary factorization model and pro-
vides the update rules for multiplicative gradient descent and expectation-maximization

algorithms.

The PLTF framework is defined as a natural extension of the matrix factorization

model that is given in Equation 3.1:
X(vo) = X(v0) = Y _ ] Za(va), (3.4)
Vo o

where a = 1, ... K denotes the factor index. In this framework, the goal is to compute
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an approximate factorization of a given higher-order tensor, i.e., a multiway array, X
in terms of a product of individual factors Z,. Here, we define V as the set of all
indices in a model, V; as the set of visible indices, V,, as the set of indices in Z,, and
V, =V —V, as the set of all indices not in Z,. We use small letters as v, to refer to
a particular setting of indices in V,. Since the product [], Z.(vs) is collapsed over a

set of indices, the factorization is latent.

In Section 3.2, we review a probabilistic model where the minimization problem
is turned to an equivalent maximum likelihood estimation problem, i.e., solving the
TF problem in Equation 3.2 will be equivalent to maximization of log p(X|Z;.y) with
respect to Z,.

3.2. Probability Model

The usual approach to estimate the factors Z, is trying to find the optimal
Zi. = argming _ d(X ||X), where d(.) is a divergence typically taken as Euclidean,
Kullback-Leibler or Itakura-Saito divergences. Since the analytical solution for this

problem is intractable, one should refer to iterative or approximate inference methods.

Figure 3.1. The generative model of the PLTF framework as a Bayesian network.
The directed acyclic graph describes the dependency structure of the variables: the
full joint distribution can be written as p(X, S, Z1.x) = p(X|S)p(S|Z1.x) [ [, p(Za).

The graphical model for the PLTF framework is depicted in Figure 3.1 and the



overall probabilistic model is defined as follows:

N

A(v) = H Za(Va)

«

S() ~ PO(S; A(v))
S(v) ~ N(S; A(v), 1)
S(v) ~ N(S:0,A(v))
X(v) = Y 5()

X() = 3 Aw)

0 X(vo) is missing
M(vo) =

1 otherwise.

15

(intensity)

(KL-cost)
(EU-cost)
(IS-cost)

)

(observation

(parameter)

(mask array)

Here, A(v) the product of the factors is intensity or latent intensity field, S(v)

is latent source, and X(vg) is augmented data. There is a probability distribution

associated with S(v). Note that due to reproductivity property of Poisson and Gaussian

distributions [48] the observation X (vg) has the same type of distribution as S(v).

Moreover, missing data is handled smoothly as in the likelihood [49, 50].

p(X, 812) = [ [ (0(X (0)IS(0))p(S(v)|A(v))) "

(2

3.3. PLTFk; Fixed Point Update Equation

The log likelihood Lk, is given as:

Licr =) M(vo) (S(v)log A(v) = A(v) —log S(v)))

subject to the constraint X(vg) = »_; S(v) whenever M(vy) = 1.

(3.5)

(3.6)

We can easily

optimise Ly for Z, by an EM algorithm. In the E-step we calculate the posterior
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expectation (S(v)|X (vg)) by identifying the posterior p(S|X, Z) as a multinomial dis-
tribution [50]. In the M-step we solve the optimization problem 0Lk /0Z,(v,) = 0 to

get the fixed point update:

225y M(00)(S(v)[ X (o))
Zo(Vo) = 0 — 38
() = S T (3.8)
with the following equalities:
OA(v) B B
070~ O] = a];[a Ty N©) = Za(02)0a(v) (3.9)

After substituting Equation 3.7 and Equation 3.8, and noting that Z,(v,) being
independent of the sum Z@a we obtain the following multiplicative fixed point iteration

for Z,:

(3.10)

We define the tensor valued function A,(A) : R4l — RIZel (associated with Z,)

as

AL(A) =

> (A@) 11 Za,(va,)>] (3.11)

VEVq alZa

A,(A) is an object the same size of Z,. We also use the notation Ay (A) especially
when Z, are assigned distinct letters. A,(A)(v,) refers to a particular element of

A,(A). Using this new definition, we rewrite Equation 3.10 more compactly as

Zo = Zoo Ao(M o X/X)/Ao(M) (3.12)
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where o and / stand for elementwise multiplication (Hadamard product) and division
respectively. Hence the key observation is that the A, function is just computing a
tensor product and collapses this product over indices not appearing in Z,, which is

algebraically equivalent to computing a marginal sum.
3.4. PLTFgy Fixed Point Update Equation

The derivation follows closely Section 3.4 where we merely replace the Poisson

likelihood with that of a Gauissian. The complete data log-likelihood becomes
Lov =Y Mw) (3 log(2) — 5(S(0) - A(v)) (3.13)
v 2 2

subject to the constraint X(vg) = ) ; S(v) whenever M(vy) = 1. The sufficient

statistics of the Gaussian posterior p(S|Z, X) are available in closed form as
(S(0)[X (vo)) = A(v) = —=(X (o) — X (vo)) (3.14)

where K is the cardinality of unobserved configurations, i.e. the number of all possible
configurations of 7y and hence K = |gy|. Then, the solution of the M step after plugging

Equation 3.13 in % and by setting it to zero

0L gy

0Zu(va) Z M (vg) ((X(Uo) — X(Uo))aa/\(v)> = Aa(MoX)—Ay(MoX)=0

(3.15)

The solution of this fixed point equation leads to iterative schemata: multiplica-

tive updates (MUR).
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3.4.1. PLTFgy Multiplicative Update Rules (MUR)

This method is indeed gradient ascent similar to [38] by setting
N(Va) = Za(Va)/Aa(M o X)(Ua) as

oL
Zo(Va)  Zo(va) + n(ya)az EEUU) (3.16)
Then the update rule becomes simply
Zo 4= Zoo Ao(M o X)/Ag(M o0 X) (3.17)

In this study, we use nonnegative variants of the two most widely-used low-rank
tensor factorization models, i.e., Tucker model given in Equation 2.5 and the more
restricted CP model given in Equation 2.4, as baseline methods. These models can be
defined in the PLTF notation as follows. Given a three-way tensor X, its CP model is
defined as:

X(i,j, k)~ X(i,j.k) = Zi(i,r) Zo(j, 7) Z3(k, ) (3.18)

where the index sets V' = {i,j, k,r}, Vo = {i,5,k}, Vi = {i,r}, Vo = {j,r} and
Vs = {k,r}. A Tucker model of X is defined in the PLTF notation as follows:

X(i,5.k) = X (i, k) =Y Z1(i,p) Z2(j, 0) Zs(k, 1) Za(p, q.7) (3.19)

p7q7/r

where the index sets V' = {iajakap7%r}> ‘/O = {iaja k}? Vi = {iap}a ‘/2 = {j7Q}7
Vs ={k,r}and V;, = {p,q,7}.

The update equation for non-negative generalized tensor factorization can be used
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for both models given in Equation 3.18 and Equation 3.19 and is expressed as:

AQ(MOX_Z)OX)

Lo Ly 0 =
Ay (M o X1-1)

s.t. Za(vg) > 0. (3.20)

where M is a 0 — 1 mask array with M(vy) = 1 (M(vg) = 0) if X (vg) is observed
(missing). Here p determines the cost function, i.e., p = {0,1,2} correspond to the
p-divergence [23] that unifies Euclidean, Kullback-Leibler, and Itakura-Saito cost func-

tions, respectively.

This update rule can be used iteratively for all non-negative Z, and converges to
a local minimum provided we start from some non-negative initial values. For updating
Z, we need to compute the A function twice for arguments A = M, o X;p o X, and
A= M,o )A(l}_p. It is easy to verify that update equations for the KL-NMF (non-
negative matrix factorization) problem (for p = 1) are obtained as a special case of

Equation 3.20.

As an example, we show the multiplicative update rule for CP model in Equa-
tion 3.18 is generated by PLT Fi . The model estimate and the fixed point equation

for Z, are as

Zj,k(M<i7j7 k)X<Z7.]7 k)/X(Zvjv k))Z2<ja T)ZS(k7 ’I")

Zy(i,1) = Zy(i,7) Sk M (i, 5, k) Za(g,7) Zs (e, )

(3.21)

As a further example, this rule specializes for the update of Z; factor in the Tucker

model in Equation 3.19 to

A

Zz’,j,k Z1(i,p) Z2(J, q) Zs(k,r) M (i, j, k)X (i, 5, k) / X (4, j, k)
Zi,j,k Z1(i,p)Z2(J, q) Z3(k,r)M (i, j, k)

Z4(p7 q, ’I“) < Z4(p7 q, T)

(3.22)

Other factor updates are similar. Note that these updates also respect the sparsity
pattern of the data X as specified by the mask M and can be efficiently implemented
on large-but-sparse data (See Chapter A for more detail).
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In this chapter, we have reviewed a probabilistic framework [33] for multiway
analysis of high dimensional datasets. We use this framework for analysis of real
datasets for both missing and temporal link prediction problems and show the results

in Chapter 7.
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4. VARIATIONAL INFERENCE AND MODEL
SELECTION FOR PROBABILISTIC TENSOR
FACTORIZATION

This chapter constructs a model selection framework for arbitrary nonnegative
tensor factorization model for KL cost via a variational bound on the marginal likeli-
hood [46,51]. In this chapter, we explicitly focus on using the KL divergence and non-
negative factorizations while the treatment in this chapter can be extended for other
error measures and divergences noting that we already outline the general equations
for model selection. Our probabilistic treatment generalizes the statistical treatment

of NMF models described in [50,52].

This chapter is organized as follows. Section 4.1 introduces Bayesian model selec-
tion and model selection with Variational methods. It also describes variation methods
for PLT F1, models. Section 4.2 is about computing a lower bound for marginal like-
lihood. Finally, Section 4.3 deals with the implementation issues followed by various

experiments.
4.1. Model Selection for PLT Fy; Models

For matrix factorization models the model selection problem becomes choosing
the model order, i.e. the cardinality of the latent index, whereas for tensor factorization
models selecting the right generative model among many alternatives can be a difficult
task. The difficulty is due to the fact that it is not clear how to choose i) the cardinality
of the latent indices, ii) the actual structure of the factorization. For example, given
an observation X®* with three indices one can propose a CP generative model as
Xiik = S 77" Z5", or a TUCKER model X'k = S Z3P 721707 7847 or

some arbitrary model as X*/* =37 7P 7230 73,

For a Bayesian point of view, a model is associated with a random variable
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© and interacts with the observed data X simply as p(©|X) « p(X|©)p(©). The
quantity p(X|©) is called marginal likelihood [46] and it is average over the space of

the parameters, in our case, S and Z as [50].

p(x18) = [ 423 p(X15,2.00(5. 210) (1.1

On the other hand, computation of this integral is itself a difficult task that re-
quires averaging on several models and parameters. There are several approximation
methods such as sampling or deterministic approximations such as Gaussian approx-
imation. Another approximation method is to bound the log marginal likelihood by
using variational inference [46,47,50] where an approximating distribution ¢ is intro-

duced into the log marginal likelihood equation:

p(X, S, Z|0)

(5. 2) (4.2)

log p(X|0©) > / 2y " q(S|Z)log
z s

where the bound attains its maximum and becomes equal to the log marginal likeli-
hood whenever ¢(S, Z) is set as p(S, Z| X, ©), that is the exact posterior distribution.
However, the posterior is usually intractable, and rather, inducing the approximating
distribution becomes easier. Here, the approximating distribution ¢ is chosen such
that it assumes no coupling between the hidden variables such that it factorizes into
independent distributions as ¢(S, Z) = ¢(S)q(Z). As exact computation is intractable,
we will resort to standard variational Bayes approximations [46,47]. The interesting
result is that we get a belief propagation algorithm for marginal intensity fields rather

than marginal probabilities.
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4.1.1. Fixed Point Update Equation for PLT Fixp,

Here, we introduce the generative Probabilistic Latent Tensor Factorization KL

model (PLTFKL)

Za(Va) ~ G(Za(Va); Aa(Va), Ba(Va)/Aa(va)) (4.3)

with the following fixed point iterative update equation for the component Z, obtained

via EM as:

N

(Aa(va) = 1) + Za(va) . M(vo)ggzg) oz Zos(Ver)
Aq(va
Bagﬂa; + Zﬁa M(UO) Hal#a Za/(va,)

Zo(Va) (4.4)

where X (vg) is the model estimate defined as earlier X (vy) = Yo 1o Zalva). We
note that the gamma hyperparameters A, (v,) and By (vs)/Aq(va) are chosen for com-
putational convenience for sparseness representation such that the distribution has a
mean B, (v,) and standard deviation B, (va)/\/Aa(vs) and for small A,(v,) most of
the parameters are forced to be around 0 favoring for a sparse representation [50]. So,

Equation 4.4 can be approximated as:

>0 M(00) 5 Tt Zor (V)

v0)

. (
Za(va) < Zﬂa M (vg) Ha/;&a Zey(Var)

4.1.1.1. Tensor forms via A function. We make use of A function to make the notation

shorter and implementation friendly. A tensor valued AZ(Q) function associated with

component Z, is defined as follows:

AZ(Q) = [Z (@(m) 11 Za(w))] (4.6)

Vv al#a

Recall that AZ(Q) is an object the same size of Z, while AZ(Q)(v,) refers to a par-

ticular element of AZ(Q). Now, Equation 4.5 can be written into a form that by use
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of AZ(.) as:

Zo = Za o No(M o X/X)/Au(M) (4.7)

where as usual o and / stand for elementwise multiplication(Hadamard product) and
division respectively. We use update Equation 4.7 in the following chapters for PLTF-
EM method to compare with the PLTF-VB method.

4.1.2. Variational Update Equations for PLT F,
Here, we formulate the fixed point update equation for the update of the factor Z,
as an expectation of the approximated posterior distribution [34]. Approximation for

posterior distribution ¢(Z) is identified as the gamma distribution with the following

parameters:

Za(Va) ~ G(Za(Va); Ca(Va), Da(va)) (4.8)

where the shape and scale parameters are:

Calva) = Aa(va) + Y X () I]Za(va) (4.9)

Do XL(U()) a

Do(n) = (% ST <Za,<vw>>) (4.10)

Voy a/;éoz

Hence the expectation of the factor Z, is identified as the mean of the gamma dis-
tribution and given in the iterative fixed point update equation obtained via variational

Bayes:

(Za(va)) = Ca(va) Da(va) (4.11)

B Aa(va> + L, (Ua) Z{;a )i(zjjg) Ha/;éa La/<va/) (4 12)

Aa(va
Bagva; + Zf;a Ha/;éa Ea/(%u)
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E,(vy) and L, (v,) (L due to ‘Log’) are two forms of expectations of Z,(v,) while
Xp(vo) and X, (vg) are model outputs generated by the components E, (v,) and Lq (vy)-
While X is not being used in Equation 4.12 we define it here, in addition to X L, (and
use it later on) since X £ has the same shape as X 1. Indeed X 5 and X 1, can be regarded
as different ‘views’ of X since they have the same shape (dimensions) as X and their

computations are done via the same matrix primitives as X. Here:

Eo(va) = (Za(va)) = Ca(va) Da(va) (4.13)
La(va) = exp ((log Za(va))) = exp (¥ (Co(va))) Da(va) (4.14)
XE(UO) = Z H Eq(va) (4.15)

Xp(vo) = Z I Za(va) (4.16)

Note that the Variational Bayesian (VB) version of the update equation given in
Equation 4.12 closely resembles the E'M version given in Equation 4.4. Indeed when
the observed values are large, digamma function becomes lim, ., ¥ (z)/log(x) = 1,

and this, in turn, gives Lo (va) =~ Ea(va) and X7, (vg) ~ Xg(vp).
4.2. Variational Bound and Sufficient Statistics

The marginal likelihood of the observed data under a tensor factorization model
p(X) is often necessary for certain problems such as model selection. We lower bound
the marginal likelihood for any arbitrary PLT Fk model based on variational Bayes;
while clearly other Bayesian model selection such as MCMC [50, 53] can also be used.
To bound the marginal log-likelihood, an approximating distribution ¢(S, Z) over the
hidden structure S and Z is introduced as:

(X,5,7]9)

L(©) = logp(X|O) > / 2y " q(S, Z) log 2 15.2) (4.17)
Z S )

= (log p(X, S, Z|©))q(s,z) + H [4(S, Z)] = By 5ld] (4.18)
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The bound is tight whenever ¢ equals to the posterior as ¢(S, Z) = p(S, Z|X, ©)
but computing the posterior p(S, Z| X, ©) is intractable. At this point variational Bayes
suggests approximating ¢q. The simplest selection for ¢ from the family of approximating
distribution is the one which poses no coupling for the members of the hidden structure

S, Z. That is, we take a factorized approximation ¢(S, Z) = ¢(5)q(Z) such that:

q(5,7) = (HQ(S(’Uou))> (HHQ(Za(va))> (4.19)

a v

where : symbol in S(vp,:) is used to indicate the slice of the array. That is S(vp, :) is
the slice of the latent tensor S as the observed variables in configurations vy are being

fixed. Then, we have:

qfé}jol,?) o exp <<10gp(X , S, Z[©)) g /qs(uo,:) (4.20)
afia)) o< exp ({1og p(X, 8, Z10)) s, . ) (4.21)

where the superscript (n) indicates the iteration index. This iteration monotonically
improves the individual factors of the ¢ distribution, that is, B[¢"™] < B[¢"*V] for

n =1,2,... given an initialization ¢(?.

First, we start with formulating the approximating distribution ¢(S). When we

expand the log and drop log P(Z|©) and all other irrelevant S terms gg(u,,.) we end up

with:
stany % oxp ({10g p(X1S) + 108 p(S12)g/asc ) (4.22)
X exp (Z <S(v)<log H Zo(va)) —logT(S(v) + 1)) +logd <X(v0) — Z S(v)))
(4.23)

X exp (Z (S(v) > 10g(Za(va)) —log T(S(v) + 1))) +4 (X(UO) -y 5@))

Vo
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Exactly, the slice S(vy, :) is distributed with the multinomial distribution as X (vy)
is the total number of observations. Here, s is a vector of a priori independent Poisson
random variables s;. A is intensity vector conditioned on the sum z = ¥;s; and z is
multinomial distributed with cell probabilities p = A/3;\;. The joint posterior density
of s is denoted by M(s; z,p). Finally we obtain the approximating distribution as:

qS(vo,) ~ M(S(vo,:), X (vo), P(vo, 1)) (4.25)

Then, the cell probabilities and sufficient statistics for gg,,.) are:

exp(Xa(log Za(va)))

) S (5 (08 Ze)) 20
(5(0)) = X(w) P(v) (427
The cell probabilities P(v) can be further transformed into compact form as:
__exp(Ba(log Za(va)))
) = 5 exp(Daflog Zo (va))) 2
_ 1, exp({log Za(va)))
= S IL, exp((108 Zo(vc)] 20
1L, La(vo) (4.30)

" S [ L La(va)

Now, we turn to formulating ¢(Z). The distribution ¢z, (,) is obtained similarly.

After we expand the log and drop irrelevant terms, it becomes proportional to:

Wty 5 (08 p(S12) +10g P Z10)) /s, ) (431)

o log Zu(v,) (Aa(va) -1+ Z<S(U)>>

— Za(va) (22(&) +3 T1 (Za,(va,») (4.32)

Vo od#a
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which is the distribution

UZa(we) ~ G(Ca(va), Da(vs)) (4.33)

where the shape and scale parameters for gz, () are given in Equation 4.9 and Equa-

tion 4.10.

Finally, we reach sufficient statistics are obtained by the definition of the gamma

distribution as given in Equation 4.13 and Equation 4.14.
4.2.1. Handling Missing Data

Here, slight modifications are needed in the VB-based update equation. We start
with the modification on the full joint. Priors are not part of the observation model so

they are not affected. The first two terms of (logp(X, S, Z|0))4s,z) become:

> M(vo) <10g5 (X(vo) - Z 5@)) >

+3 M(w) (<s<v>> <1ogH za<va>> — [T(Zatv)) — (g T(S(0) + 1)>> - (430

«

and this results in the following:

(2, (Va) < 10g({Za(va)) <Aa(va) -1+ Z M(vo)<5(v)>)

~ oG + 3 M(w) T Zatva) (4.35)
alra Ta al#a
x G(Co(va), Da(va)) (4.36)

This modifies the gamma parameters for ¢(Z) given in Equation 4.9 and Equa-
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tion 4.10 to include the mask M (vg) as follows:

Co(va) = A(va) + Z M (v0){S(v)) (4.37)

D) = (;‘E; £ M) [ <Za,<vw>>> (4.38)

al#a

The other terms are not affected since mask matrix is already in the definition of
Cy(vy) and Dg(v,). Xg and X are already defined in terms of Cy(v,) and Dy (v,).-

Moreover, A,(v,) and B, (v,) are priors and not part of the observation model.

Now, for C,(v,), we need to find out X5, (S(v)), which can be written as:

S50 = X2 Xawo(e) = 3 T 2o (4.39

Vo Vo [o%

X Vo
N La(va) Z XL((UO))

I Zo(va) (4.40)

alFa

After consideration of the missing data for our approach, C, and D, can be

written using the AZ(.) and AZL(.) as:

Cy=Aaq+ Loo AL(M o X/X}) (4.41)
A 71
D, = (B—a + Af(M)) (4.42)

that, in turn, since (Z,) is Cy0D,, E, and L, the sufficient statistics for ¢(Z,) become:

o Aot Lao AL(M o X/ X))

7o) = E,,
Za) g+ AE(M)

(4.43)

exp(log(Z,)) = Lo < exp(¢(Cy)) o Dy (4.44)
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After straightforward substitutions, we obtain the variational probabilistic latent

tensor factorization algorithm, that can compactly be expressed as in Figure 4.1.

Algorithm 1 Variational Inference for PLTF (PLTF-VB)
Input: X (observation), M (mask array), A and B (priors)

Output: E (expected value of factors), and B (bound)
Here N = |o|
for a =1...N do
Lo ~ G(Aq, Bo/As)
Eq ~ G(Aq, Ba/Aa)
end for
Main loop
for epoch = 1.. MAXITER do
Compute XL and XE
X1 (o) = 324, [T, La(va)
Computation for X is similar and is omitted
for a =1...N do
Co = Agq+ Lo o AL(M o X/X})
Dy = 1/((Aa/Ba) + AE(M)
E,=C,0oD,
end for
for « =1...N do
Lo = exp(1(Ca)) © Da
end for

end for

Figure 4.1. Variational inference for PLTF (PLTF-VB).

4.3. Experiments

In this section, we demonstrate the use of the proposed variational Bayesian
PLTF (PLTF-VB) for model selection. First, we study model selection on synthetic
datasets and show that the proposed approach can accurately determine the number
of components in a CP model. We also show the performance of PLTF-VB for model

selection on real datasets, i.e., the UCLAF and Digg datasets will be described in
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detail in Chapter 6. For variational bound computation, we use the equation given in
Equation 4.18. Then, we show the effect of hyperparameter adaptation on prediction
performance by comparing the performances with several number of different values
for hyperparameters. We once again use both synthetic and real datasets, i.e., DBLP

dataset will be described in Chapter 6.

4.3.1. Model Selection

Using both synthetic and real dataset, we assess the performance of our approach
in a model selection context where the goal is to determine the cardinality of the latent
index r of the CP model X% = %~ At BirCkr . We denote the cardinality of an
index i as |i|. |r| is set to be from 2 to 10 (ignoring 1) incremented by 1 at each run. In
the experiments, the iteration number is set to 2000, the shape parameter A and the
scale parameter B of the gamma priors are set to be 0.5 and 10. As an initialization,
a number of random initializations, i.e., 10, are used and the best performing one is

picked.

Third-order tensors of different sizes following a CP model are generated. The
cardinality of the observed indices i x j X k (i.e., the size of the data) are set to
50 x 50 x 50 and 500 x 500 x 500. The cardinality of the latent index r is set to 7 as the
true model order. Each run is repeated 10 times and average bound score is plotted in
the figures as model order is on the x-axis while bound score given in Equation 4.17

on the y-axis.

In the first experiment we use the dataset with the size of 50 x 50 x 50 to test
model selection process when 40%, 60% and 80% of data is unobserved respectively.
What we expect to see on top right of Figure 4.2 is simply that at around true model
order of |r| = 7 the bound to be the highest to demonstrate that PLTF-VB can find

the true model order correctly in all cases of the presence of missing data.

In the second experiment, to illustrate the model order selection performance

under missing data case of our model with real data, we use UCLAF dataset. As
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Figure 4.2. Model order selection using variational bound for CP generated data.

for the experiment settings, the gamma hyperparameters are set to 0.5 for scale and
10 for shape for all the components and |r| is set to be from 1 to 20. We can see
the performance of our model with 40%, 60% and 80% missing data at top right of
Figure 4.2.

In the third experiment, we use Digg dataset. As for the experiment settings, the
gamma hyperparameters are set to 0.5 for scale and 10 for shape for all the components
and |r| is set to be from 1 to 20. Bottom of Figure 4.2 shows the performance of our

model with 40%, 80% and 90% missing data.

We observe that model order selection experiments give consistent results on both

synthetic and real data. We also can see from experiments with real data, when the
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amount of missing data increases the best model order decreases.

4.3.2. Hyperparameter Selection

In this section, we also extend our analysis to empirical Bayes scenarios where
hyperparameters are also learned from data. We observe that hyperparameter adap-
tation is crucial for obtaining good prediction performance. In our simulations, results
for PLTF-VB without hyperparameter adaptation were occasionally poorer than the
PLTF-EM estimates. We set both shape A and scale B hyperparameters same for
all components Z;.3. We tried different values for hyperparameters to obtain the best
prediction results under missing data case. In this section, we evaluate the results in
terms of the Area Under Receiver Operating Characteristic Curve (AUC) that will be

defined in Chapter 7. Figure 4.3 show the comparison of three different hyperparame-

= CP,40% Missing, A=0.5 B=10: 0.981, Bound: -4325 = CP,80% Missing, A=0.5 B=10: 0.961, Bound: -162§
= = = CP,40% Missing, A=10 B=10:0.961, Bound: -6657 = = = CP,80% Missing, A=10 B=10 : 0.904, Bound: -3105
= CP,40% Missing, A=100 B=1 : 0.860, Bound: -10390 = CP,80% Missing, A=100 B=1 : 0.796, Bound: -673§
Random classifier Random classifier
ROC curve ROC curve
1 1 .

o

True positive rate
o o o
(5,
2

True positive rate
o o o
o

0.1 0.1
00 0.2 0.4 0.6 0.8 1 0O 0.2 0.4 0.6 0.8 1
False positive rate False positive rate
(a) 40% missing (b) 80% missing
Figure 4.3. Effect of hyperparameter selection on UCLAF dataset with CP model
when R=2.

ter settings; A =0.5,B =10, A=10,B =10 and A = 100, B = 1 on UCLAF datasets
in terms of link prediction performance. As we can see, we obtain best result when
initialising the shape hyperparameter A = 0.5 and scale hyperparameter B = 10 for
all settings of missing data. So, we use these values of hyperparameter A and B for
the following experiments in Section 7. In addition, we obtain that when we set A < 1

and B > 10, we get better results.
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5. COUPLED MODELS

Recent technological advances, such as the Internet, multi-media devices or social
networks provide abundance of relational data. For instance, in retail recommender
systems, in addition to retail data showing who has bought which items, we may also
have access to customers’ social networks, i.e., who is friends with whom. In such
complex problems, jointly analyzing data from multiple sources has great potential to

increase our ability for capturing the underlying structure in data.

In this chapter, first, we review Generalized Coupled Tensor factorization (GCTF)
framework [35] for coupled factorization of multiple tensors and matrices. Then, we
introduce a variational Bayes procedure for making inference on coupled tensor factor-
ization models that provides more powerful modelling and allows more sophisticated

inference.
5.1. Generalized Coupled Tensor factorization

GCTF framework is a generalisation of the Probabilistic Latent Tensor factor-
ization (PLTF) [33], which is described in Chapter 3, to coupled factorization. PLTF

tries to solve the following approximation problem given in Equation 3.4 as

X(vg) =~ X(vo) = Z H Zo(va)

The Generalised Coupled Tensor factorization model takes the PLTF model one
step further where, in this case, we have multiple observed tensors X, that are supposed

to be factorised simultaneously:

XI/(UO,I/) ~ XV(UO,V) = Z H Za(va)RV’a (51)

V0,0 «Q
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where v =1, ...|v| and R is a coupling matriz that is defined as follows:

1 if X, and Z, connected
RV = : (5.2)
0 otherwise

Note that, as distinct from the PLTF model, there are multiple visible index sets (V4 ,)

in the GCTF model, each specifying the attributes of the observed tensor X,,.
5.1.1. Inference

The inference, i.e., estimation of the shared latent factors Z,, can be achieved
via iterative optimisation (see [35]). For nonnegative data and factors, one can obtain
the following compact fixed point equation where each Z, is updated in an alternating

fashion fixing the other factors Z,, for a/ # «

>, RN, (M, 0 X;p oX,)

Lo Ly 0 —
Yo, RvA, (M, 0 X))

(5.3)

where o is the Hadamard product and M, is a 0 — 1 mask array with M, (vp,) = 1
(M, (vg,) = 0) if X, (vg,) is observed (missing). Here p, as in Equation 3.20, determines
the cost function, i.e., p = {0,1,2} corresponds to Euclidean, Kullback-Leibler, and
Itakura-Saito cost functions, respectively. In this iteration, the key quantity is the A, ,

function that is defined as follows:

DA = | S Awon) 3 T Zewwa)™” (5.4)

0,0 NVa V0NV &' £

Update rules for different values of p are summarised in Table 5.1.
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Table 5.1. Update rules for different p values.

p | Cost Function Multiplicative Update Rule

. ZV RV’aAa,U(MVOXV)
0 Euclidean Lo = Ly © S R ey (MyoKo)

v, oXto
1| Kullback-Leibler | Z, « 7, o Zuirqealter, o=

. >, RV Aq 1 (MyoX, 20X,)
2 | Itakura-Saito | Z, + Z, o0 e A (o T )

5.2. Variational Update Equation for Coupled Tensor Factorization for KL
Cost

In this section, we present a variational Bayesian method to make inference on the
coupled tensor factorization models and to derive update equations for these models
that handles the simultaneous tensor factorizations where multiple observations ten-
sors are available. We present variational Bayesian coupled tensor factorization as an
approach to exploiting side information, i.e., each decomposition is coupled by sharing
some factor matrices. We use this method to improve the performance of PLTF-VB

algorithm defined in Figure 4.1 by incorporating knowledge in the additional matrices.

In the same way as Section 5.1, we address the problem when multiple observed
tensors X, for v = 1...|v| are factorised simultaneously. Each observed tensor X, now
has a corresponding index set Vj, and a particular configuration will be denoted by
Vo, = u,. And, we also define the |v| X || coupling matrix R. Finally, we define

another particular configuration for index set of S, will be denoted by |J, _; va =7,

In Chapter 4, we obtain the approximating distributions as:

qs(vo) ~ M(S(vo,:), X (vo), P(vo, )
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where the cell probabilities and sufficient statistics for gg(.,,:) are:

Ha La(va)
PO =5 1T Laton)

(S(v)) = X(vo) P(v)

For the coupled factorization, we get the following expression of the cell proba-

bilities P,(r,) here as:

~exp(Xa(log Za(va)))
P,(r,) = Ya, exp(Ta(log Z4(va))) 59)
[ 1, exp({log Za(va))) (5.6)

~ 3, I exp({10g Za(va)))
B 1. La(va)
= S, IL La(v) o0

= == 8
(X0 o
Then the sufficient statistics (S, (r,)) turns to
Xo(uy)
Sy(r)y = X, (u,)Py(r,) = —/———— L, (v, .
(1) = Xl Pu(r) = S T] Lo 59)

Now we turn to formulating ¢(Z). The distribution gz, (.,) is obtained similarly

as after we expand the log and drop irrelevant terms it becomes proportional to

Wzat0a) % exp ({108 p(S12) + 108 p(Z1O)) /0, ., ) (5.10)

tos 2l (Anl) 1+ 5 2 500

Vo

— Za(va) (éi(éji > re Y]] <Zw<vw>>R”’a> (5.11)

Vo ocl;éa
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which is the distribution

qza(vu) ~ g(Ca(UQ), Da(vcx))

where the shape and scale parameters for gz, (.,) are

Co(Va o(va) +ZR”“Z (r, )y (5.12)

o (Va *ZRMZ HL v) " (5.13)
Do(va) = (gaé ZRMZH wr(Var)) ) (5.14)

Vo al#a

After consideration of the missing data for our approach, C, and D, can be

written using the AZ(.) and AZ(.) as
Co=Ao+ > R"LooAL(M,0X,/(XL),) (5.15)
y -1
_ o v,a A E
D, = (B_a + ) ROAL (M,,)) (5.16)

that, in turn, since (Z,) is Cy0D,, E, and L, the sufficient statistics for ¢(Z,) become:

Ao+, R Lo o AL(M, 0 X, /(X1),)
22+ 3, RveAE(M,)

(Za) = By < (5.17)

exp(log(Z,)) = Lo < exp(¢(Cy)) o Dy (5.18)

After straightforward substitutions, we obtain the variational generalized coupled

tensor factorization algorithm, that can compactly be expressed as in Figure 5.1.
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Algorithm 2 Variational Inference for coupled tensor factorization (CTF-VB)

Input: X, (observation), M (mask array), A and B (priors)
Output: E (expected value of factors), and B (bound)
Here M = |v|
for v=1..M do
Here N = |o
for a =1...N do
Lo ~ G(Aq, Ba/AL)
E, ~ G(A4, Bo/AL)
end for
Main loop
for epoch = 1.. MAXITER do
for v=1..M do
Compute (X;), and (Xz),
Ku)ult) = S, Tl Lalva)™
Computation for (Xp), is similar and is omitted
for a =1...N do
Co=Aa+ 3, R*Lyo AE(M, 0 X,/(X1),)
Do =1/((Aa/Ba) + 32, B¥AL(M,))
E,=C,0oD,
end for
end for
end for
for a =1...N do
Lo = exp(1(Ca)) © Da
end for

end for

Figure 5.1. Variational inference for CTF (CTF-VB) for KL cost.
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6. LINK PREDICTION

In this chapter, we propose several tensor factorization models and different loss
functions for the solution of both missing and temporal link prediction problems. First,
we deal temporal link prediction task by using arbitrary tensor factorization models.
Then, we use coupled tensor factorization models for the solution of missing link pre-
diction tasks. Finally, we use the variational Bayesian approach described in Chapter 4

for both of the problems.

6.1. Link Prediction with PLTF

In this section, by using the PLTF framework, we propose a solution for temporal
link prediction task with arbitrary tensor model and different loss functions. In our
approach, we capture temporal trends within a tensor where time is represented as a

separate dimension.

As we are not restricted in using a standard model topology such as CP or
Tucker, we are able to design application specific models easily. So, we describe the
datasets first; then we define the particular factorization model that is convenient for

the application.

6.1.1. DBLP

In the DBLP data [6], the entity sets are authors and conferences, and each
time ¢t = 1, ..., T corresponded to one year of data. It contains publications from 1959
through the end of 2008. Since, most of the publications (~ 94% of the whole data)

are in later than 1990, we consider publications between 1991 and 2008.

In order to evaluate the precision of our link prediction algorithm we need to split
the observed data into a training set, which is used as input for the tensor analysis,

and a test set, which is compared against the estimated results. So, we divide the data
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into eight training/test sets, such that each training set contains 7" = 10 years and the
corresponding test set contains the following 11** year. We only keep those authors
that have at least 20 publications in the training data, and each test set contains only
the authors and conferences available in the corresponding training set. Then, the
data is organized as a third-order tensor X of size I x J x T. We let X (i, j,t) denote
the total number of papers by author ¢ at conference j in year t. However, we aim to
predict whether the iy, author is going to publish at the j;, conference during the test
year. Therefore, each nonzero entry in the test set is treated as 1, i.e., a positive link,
regardless of the actual number of publications; otherwise, it is 0 indicating that there
is no link between the corresponding author-conference pair. As a result, we have a
three-way observation tensor X with elements 0 and 1, where 0 denotes a known absent

link and 1 denotes a known present link.

In this section, we present a tensor factorization model for temporal link predic-
tion on DBLP dataset. In our model, we use Euclidean distance and KL divergence
as cost functions and we apply the hierarchical factorization approach to a CP-style

tensor decomposition model. This gives us the following model:

X(4,4,t ZA i,7)B(j,7m)C(t, 1) (6.1)

In our model, we hierarchically factorize the factor matrix C' in order to encapsu-
late the harmonic structure. The basic idea behind factorizing the factor matrix C' is
to capture the linear trend in the data and form a harmonic basis for the prediction of

test year. After replacing C' with the decomposed version, we get the following model:

(i,7,t ZA i) r)D(t,m)E(m,r) (6.3)

After obtaining the latent factors, we employ exponential smoothing to extrapo-
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late future points in time based on the latent temporal trends retrieved by the tensor
factorization. Exponential smoothing is a useful method in statistics that can be ap-
plied to time series data, either to produce smoothed data for presentation, or to make
forecasts [54]. In exponential smoothing, time series data are a sequence of observa-
tions. In addition, the raw data sequence is often represented by x; and the output of
the exponential smoothing algorithm is commonly written as s;. This output can be
regarded as our best estimate of x in the next time sequence. The expression of expo-
nential smoothing is given as below, when we assume that the sequence of observations

begins at time ¢t = 0:

S1 = 2o (64)
Ser1 = axg + (1 —a)sy (6.5)
=az;+a(l —a)r,1 +all —a) s o+ ...+ (1 —a)ag (6.6)

where « is the smoothing factor (0 < a < 1), which assigns exponentially decreasing

weights over time.

In our method, we use the exponential smoothing to estimate the t+1 frontal slice
of tensor X. First, we predict vector D(t+1,:), which can be derived from the temporal
trend captured in the columns of factor matrix D. The exponential smoothing for each

entry of vector D(t + 1,:) can be shown as:
Diyr.=aD;. +a(l —a)Dy . +a(l —a)*D; g, + ...+ (1 —a)' Dy, (6.7)
Then, by using the vector D, ., we can calculate the missing slice as:

X(i,j,t+1) ZA i) r)D(t + 1,m)E(m,r) (6.8)
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6.1.2. Network Traffic Data

In this section, we address the problem of recovering missing entries of a tensor
which is very related to the missing link prediction problem by using both CP 3.18
and Tucker 3.19 tensor factorization models, and also by using the same model (Equa-
tion 6.3) described in Section 6.1.1. One application domain where this problem is

frequently encountered is computer network traffic analysis.

For this link prediction task, we use the Géant data [55] in [25]. This data
includes the network traffic matrices exchanged between 23 routers over a period of 4
months collected using 15-minute intervals. The traffic matrices consist of the amount
of network data exchanged between source (computers) and destination (routers) pairs.
Since the content of the traffic matrices evolve over time, this dataset can be used to
form a third-order tensor with source routers, destination routers and time modes where
each entry indicates the amount of traffic sent from a source to a destination during a
particular time interval. In this dataset, missing data arises due to the expense of the

data collection process.

In our study, we stored the Géant data as a third-order tensor X of size I x J xT
where I and J is equal to 23 and T is equal to 2756. We let X (i, j,t) denote the the

amount of traffic sent from a source i to a destination j at time ¢.

6.2. Link Prediction with Coupled Tensor Factorization

In this section, by using the GCTF framework, we propose a solution for link
prediction task with different coupled models and loss functions. In the same way
as Section 6.2, we are not restricted in using a standard model topology, we are able
to design application specific models easily. While the coupled models are in princi-
ple applicable generally, the choice of a particular factorization is strongly guided by
the needs of the application so we first describe the datasets then give the suitable

factorization model.
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Figure 6.1. A third-order tensor coupled with two matrices in two different modes

(UCLAF dataset).

6.2.1. UCLAF Dataset

UCLAF dataset [56] is extracted from the GPS data that include information of
three types of entities: user, location and activity (See Figure 6.1 for an illustration
of the data). The relations between the user-location-activity triplets are used to con-
struct a three-way tensor X;. In tensor X7, an entry X; (4, j, k) indicates the frequency
of a user ¢ visiting location j and doing activity k there; otherwise, it is 0. Since we
address the link prediction problem in this study, we define the user-location-activity

tensor X as:

o 1 if user ¢ visits location j and performs activity k there
Xl (Za Js k) =

0 otherwise

To construct the dataset, raw GPS points were clustered into 168 meaningful
locations and the user comments attached to the GPS data were manually parsed
into activity annotations for the 168 locations. Consequently, the data consists of 164
users, 168 locations and 5 different types of activities, i.e., ‘Food and Drink’, ‘Shopping’,

‘Movies and Shows’, ‘Sports and Exercise’, and ‘Tourism and Amusement’.

Additionally, the collected data includes additional side information: the location
features from the POI (points of interest) database and the user-location preferences
from the GPS trajectory data, represented as the matrix Xy and X3 respectively. In

our model the user-location preferences matrix has entries X5 (i, m) of size I x J, where
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I is the number of users and .J is the number of locations. We use a separate index m
for the location index in X5 instead of 7. In order to relax the model as the entries in
X; and X, are measuring distinct quantities: X,(i,m) represents the frequency of a
user ¢ visiting location m and stayed there over a time threshold while X; only indicates
an activity by a specific user ¢ at location j. The relation between the location entries
j and m in X; and X, are coupled via a common factor over the users. Finally, we
represent the location-feature values with matrix X3 of size J x N, where J is the
number of locations, that has the same location type in X, and N is the number of
features. In particular, an entry X3(j, n) represents the number of different POIs given
a location j. Using the location features, we could gain information about location

similarities based on their feature values.

In this dataset, 18 users have no location and activity information. Therefore, we
have used the data from the remaining 146 users. Moreover, to decrease the effect of
outliers for both EUC and KL cost functions, location-feature matrix is preprocessed

as follows:

14 log(Xs(5,m))  Xs(j,12) >0

0 otherwise

X3(j7n) =

In our experiments, number of users is [ = 146, number of locations J = 168, number

of activities K = 5 and number of location features N = 14.

We have a three-way observation tensor X; with elements 0 and 1, where 0 denotes
a known absent link and 1 denotes a known present link, and two auxiliary matrices
X5 and X3 that provide side information. Our aim is to restore the missing links in
X;. This is a difficult link prediction problem since X; contains less than 1% of all
possible links or an entire slice of X; may be missing. Using low-rank factorization
of a tensor to estimate missing entries will be ineffective, in particular, in the case of

structured missing data such as missing slices.

We form two coupled models in order to fill in the missing links in tensor Xj.
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For both models, we use KL divergence and Euclidean as cost functions in our non-
negative decomposition problems. In the first model, we applied the coupled approach
to a CP-style tensor decomposition model by analysing the tensor X; jointly with the
additional matrices X5 and X3 in order to solve the sparsity problem in X effectively.

This gives us the following model:

(i,7,k ZA (i,7) r)C(k,r) (6.9)
m) =Y A(i,r)D(m,r) (6.10)
=Y B(j,r)E(n,r) (6.11)

Here, we have three observed tensors, that share common factors; therefore, we
have a coupled tensor factorization problem. The coupling matrix R with |a| =

|v| = 3 for this model is defined as follows:

11100 X, =Y A'B'C'DE°
R=110010 with X, = ST A'B°COD'E° . (6.12)
01001 X3 = A°B'C°D°E!

Note that, X; and X, share the common factor matrix A with entries A(i,7); we
can interpret each row of A(i,:) as user i’s latent position in a |r| dimensional prefer-
ences space. The factor matrix B with entries B(j,r) represents the latent position
of the location j in the same preferences space. A user i at location j tends to make
the activity k& where the weight A(i,7)B(j,r) is large for at least one r, i.e., there is a
match between the users preference and what the location ‘has to offer’. The location

specific factor B is also influenced by the location-feature matrix Xs .

Here we show the computation for A, i.e. for Z;, which is the common factor of
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X1 and XQI
A5,(Q) = | DS QUHBITCH) | = Qu(BOY (6.13)
L j,k
A%2(Q) = ZQ"’""‘(D"”)EI = QD¢ (6.14)
A Ao QBO+OD (6.15)

X, ?(BC) + X;7D

and the computation for B, i.e. for Z5, which is the common factor of X; and Xj:

A5 (Q) = | > QUHATCH | = Qi(AC) (6.16)
L ik
A5H(Q) = | > QME")| = QFE (6.17)

Be po QAC+OE (6.18)

X, P(AC) + X;7E

Following the same line of thought, we applied the coupled approach using a

Tucker decomposition to form our second model. Consequently, we get the following:

(1,7, k ZA i,p)B(4,q)C(k,r)D(p,q,r) (6.19)
> A ) Bl (620
= Bl.a)F(n.q) (6.21)

In this case, we have the following R matrix with |o| =6, |v| =3

111100 X, =Y A'B'C'D'E°F"
R=1100010 with X, = 3" A'BCODOEFO (6.22)
010001 X3 =Y A°BICODEOF!
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In this model, once again, the factor A is shared by X; and X5, while the factor B
is shared by X; and X3. In contrast to the coupled CP model sketched in Equation 6.9,
this model assumes that a user ¢ at location j tends to make the activity & with the
weight ZM A(i,p)B(j,q9)D(p,q,7). Here, a latent preference space interpretation is

less intuitive but the model has more freedom to represent the dependence.

6.2.2. Digg Dataset

We also address another link prediction task to demonstrate the utility of cou-
pled tensor factorization models. Digg is a social news resource that allows users to
submit, digg and comment on news stories. Also, users can create social networks by
designating other users as friends’ activities [18]. Lin et al. have collected data from a
large set of user actions from Digg The dataset is a subset of data scrapped from Digg
by Munmun De Choudnury during January 2009 [57]. It includes stories, users and
their actions (submit, digg, comment and reply) with respect to the stories, as well as
the explicit friendship (contact) relation among these users. It also includes the topics

of the stories and extract keywords from the stories’ titles.

R2: contact

R4: digg

comment

Figure 6.2. Entities and relations included in Digg dataset!.

In this dataset, there are five types of entities: user, story, comment, keyword and
topic and six relationships among them. The relations are summarized in Figure 6.2
and Table 6.1 [18]. In addition, the total number of tuples in each tensor sequence

per relation is listed in Table 6.1. Except for the contact relation, all relations have

1Figure 6.2 is taken from [18].
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timestamps. So, they assume the contact relation is static and consider the other
relations are dynamic. For dynamic relations, they extract tuples with timestamps
ranging from August 1 to August 27, 2008. To study the data evolution, they segment
the data duration into nine time slots (i.e. every three days), and construct a sequence
of data tensors for each dynamic relation. However, in our work, we will not use the
segmented data. We integrate the nine segment together and evaluate missing link
prediction tasks on this integrated data. The prediction results are compared with the

actual diggs and comments as ground truth.

Table 6.1. Summary of the relations in Digg dataset?.

Relation Tensor # Tuples

R1 (content) | dynamic (story, keyword, topic) | 151.779
R2 (contact) static (user, user) 56.440
R3 (submit) dynamic (user, story) 44.005
R4 (digg) dynamic (user, story) 1.157.529
R5 (comment) | dynamic (user, story, comment) | 241.800

R6 (reply) dynamic (user, comment) 94.551

Based on the Digg scenario, we design two prediction tasks on Digg dataset:
(i) comment prediction - what stories a user will comment on, and

(ii) digg prediction - what stories a user will digg.

For the first prediction task, we have a three-way observation tensor X; with
elements 0 and 1 and an auxiliary tensor X, that provide side information. Our aim
is to restore the missing links in X; (See Figure 6.3a for an illustration of the modeled
data). This time, X; contains less than 0.07% of all possible links. To increase the
correctness of prediction, we design another model and use one more auxiliary matrix

X3, for the comment prediction.

For the second prediction task, likewise, we have an observation matrix X; with

2Table 6.1 is taken from [18].
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elements 0 and 1 and an auxiliary tensor X, that provide side information. Our aim
is to restore the missing links in X; (See Figure 6.3b for an illustration of the modeled

data). This is also a difficult link prediction problem since X; contains less than 0.008%

of all possible links.

& o
Qo N
& by NS
%
é\é\
S
X5
2 >
%‘ § X 1 X 2
2 X, 17
keyword
user user keyword
(a) A third-order tensor coupled an- (b) A third-order tensor coupled with
other third-order tensor in one mode. a matrix in one mode.

Figure 6.3. Digg Dataset, Comment Prediction Model and Digg Prediction Model.

6.2.2.1. Comment Prediction. For comment prediction, the relation between the user-

story-comment (R5) is used to construct the tensor X; of size I x J x K where [ is the
number of users, J is the number of stories and K is the number of comments. In X,
an entry X;(i, 7, k) indicates that a user ¢ comment on news stories j with comment k;
otherwise, it is 0. Since we address the link prediction problem in this study, we define

the user-story matrix X; as:

o 1 if user ©+ comment on news stories j with comment &
Xl (Za .7) =
0  otherwise

Additionally, the data includes the topics of the stories and extracted keywords
from the stories’ titles. We represented this data as the three-way tensor X,. In our
model the story-keyword-topic tensor has entries Xs(j,m, n) of size J x M x N, where

J is the number of stories, K is the number of keywords and M is the number of topics.

We form two coupled models in order to fill in the missing links in matrix Xj.
For both models, we use Euclidean distance, KL. divergence and IS divergence as cost

functions in our nonnegative decomposition problems. In the first model, we applied
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the coupled approach to a CP-style tensor decomposition model by analysing the tensor
X jointly with the additional tensor X5 in order to solve the sparsity problem in X;

effectively. This gives us the following model:

(1,7, k ZA i,m)B(j,r)C(k,7) (6.23)

2(3,m,n) ZB J,r)D(m,r)E(n,r) (6.24)

Here, we have two observed tensors, that share common factors; therefore, we
have a coupled tensor factorization problem. The coupling matrix R with |a| = 5,

|v| = 2 for this model is defined as follows:

11100 X, =3 A'B'C'DE°
R= with

. (6.25)
01011 X, =Y A°B'COD'E!

Note that, X; and X, share the common factor matrix B with entries B(j,7); we
can interpret each row of B(j,:) as story j’s latent position in a |r| dimensional prefer-
ences space. The factor matrix A with entries A(7,r) represents the latent position of
the user 7 in the same preferences space. A user i tends to comment the story j with
comment k where the weight A(i,r)B(j,7)C(k,r) is large for at least one r, i.e., there

is a match between the users preference and what the story ‘has to offer’.

Then, we applied the coupled approach using a Tucker decomposition to form

our second model. Consequently, we get the following:

(i,7,k ZA i,p)B(4,q)C(k,r)D(p,q,r) (6.26)

Dsqsr

2(4,m,n) ZB (7,9)E(m, q)F(n,q) (6.27)



52

In this case, we have the following R matrix with |o| =6, |v| =2

111100 X, =3 A'B'C'D'E°F"
R= with . (6.28)
010011 X, =S A°B'CODE'F!

where the factor B is shared by X; and X5. In contrast to the coupled CP model
sketched in Equation 6.23, this model assumes that a user ¢ tends to comment the

story j with comment &, with the weight > A(i,p)B(j, ¢)C(k,r)D(p,q,7).

For comment prediction, we evaluate the prediction performance over different
relational contexts. We observe that different combinations of the relations affect the
prediction performance. We incorporate the digg relation R4 with R1 and R5: the
relation between the user-story-comment triplets (R5) is used to construct the tensor
X, the relation between story-keyword-topic triplets (R1) is used to construct the

tensor X5 and the relation between user-story (R4) is used to construct the matrix Xs.

In our model the user-story-comment tensor has entries X (i, j, k). However,
in our model we use a separate index t for the story index in X3 instead of j. The
rationale behind this choice is to relax the model as the entries in X; and X, are
measuring distinct quantities: X (i, j, k) represents whether the user i make comment
on story j with comment k, while X3 only indicates a vote (i.e. digg) by a specific user
1 on story t. The relation between the story entries 7 and ¢t in X; and X3 are coupled

via a common factor over the users.

Finally, we form two coupled models in order to fill in the missing links in tensor
X;. For both models, we use Euclidean distance, KL divergence and IS divergence
as cost functions in our nonnegative decomposition problems. In the first model, we
applied the coupled approach to a CP-style tensor decomposition model by analysing
the tensor X; jointly with the additional tensor X5 and X3 in order to solve the sparsity
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problem in X, effectively. This gives us the following model:

(1,7, k ZA i) )C(k,r) (6.29)
2(4,m,n) ZB (5,7)D(m,r)E(n,r) (6.30)

t)=> A@i,r)F(tr) (6.31)

Here, we have three observed tensors, that share common factors; therefore, we
have a coupled tensor factorization problem. The coupling matrix R with |a| = 6,

|v| = 3 for this model is defined as follows:

111000 X, =Y A'B'C'DYE°F©
R=1010110 with X, = 3T A°BICOD'E'FO . (6.32)
100001 X3 =3 A'B°CODE°F!

Note that, X7, X3 share the common factor matrix A with entries A(i,7); we can
interpret each row of A(i,:) as user i’s latent position in a |r| dimensional preferences

space.

Likewise, we applied the coupled approach using a Tucker decomposition to form

our second model. Consequently, we get the following:

(i,7,k ZA i,p)B(4,q)C(k,r)D(p,q,r) (6.33)
2(4,m,n) ZB J,q)E(m,q)F(n,q) (6.34)

= Z A(i, p)G(t, p) (6.35)
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6.2.2.2. Digg Prediction. Similarly, for digg prediction, the relation between the user-

story (R4) is used to construct the matrix X; of size I x J where [ is the number of
users and J is the number of stories. In matrix X, an entry X; (7, 7) indicates that a
user i vote (i.e. digg) on news stories j; otherwise, it is 0. Since we address the link

prediction problem in this study, we define the user-story matrix X; as:

o 1 if user i vote (i.e. digg) on news stories j
Xl (27]) =
0 otherwise

Additionally, the data includes the topics of the stories and extracted keywords
from the stories’ titles. We represented this data as the three-way tensor Xs. In our
model the story-keyword-topic tensor has entries X5(7, k,m) of size J x K x M, where

J is the number of stories, K is the number of keywords and M is the number of topics.

Once again, we form two coupled models in order to fill in the missing links
in matrix X;. For both models, we use Euclidean distance, KL divergence and IS
divergence as cost functions in our nonnegative decomposition problems. In the first
model, we applied the coupled approach based on CP-style tensor decomposition model
by analysing the matrix X; jointly with the additional tensor X5 in order to solve the
sparsity problem in X effectively. This gives us the following model:

:Zﬂ@mm@ (6.36)

Xs(j, k,m) = Eyw, rYD(m,r) (6.37)

The coupling matrix R with |a| = 4, |v| = 2 for this model is defined as follows:

1100 X, =Y A'B'CODO
R= with . (6.38)

~

01 1 1 X, =Y A°B'C D!
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Here, X; and X5 share the common factor matrix B with entries B(j,7); we can
interpret each row of B(j,:) as story j’s latent position in a |r| dimensional preferences
space. The factor matrix A with entries A(,7) represents the latent position of the
user ¢ in the same preferences space. A user ¢ tends to vote the story j where the
weight A(i,r)B(j,7) is large for at least one r, i.e., there is a match between the users

preference and what the story ‘has to offer’.

Then we use Tucker decomposition for the coupled approach and get:

Xi(i,5) = > Ali,p)B(j,p) (6.39)
Xa(j, kom) = > B(j,p)C(k, q)D(m,r)E(p, g, 7) (6.40)

6.3. Link Prediction with Variational Inference

In this section, we use the tensor factorization models proposed in Section 6.1
and Section 6.2 to demonstrate the usage of the proposed variational Bayesian PLTF
(PLTF-VB) algorithm and variational Bayesian CTF (CTF-VB) algorithm for both

missing link prediction and temporal link prediction problems.

More specifically, by using the models proposed above with variational approach,
we show that a variational Bayesian method involves regularization effect even when
the prior is non-informative, which is intrinsically different from the maximum a poste-
riori (MAP) approach. Previous studies on non-identifiable models showed that, when
combined with full Bayesian estimation, regularization effect is significantly stronger
than the MAP method [58,59]. We also show that variational Bayesian method avoids
overfitting (or in some cases this might cause underfitting) even when non-informative

priors are provided by means of the regularization effect.

First, on the DBLP dataset, we study the temporal link prediction problem.
We compare the performance of the proposed variational Bayesian PLTF (PLTF-VB)
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with the standard PLTF (PLTF-EM) in terms of temporal link prediction. For this

prediction task, we use the model given in Equation 6.3.

Then, on the single tensor X; of UCLAF dataset [56], we compare the perfor-
mance of the proposed variational Bayesian PLTF (PLTF-VB) with the classical PLTF
(PLTF-EM) in terms of missing link prediction recovery. We use standart CP tensor
decomposition model given in Equation 3.18 and Tucker tensor decomposition model

given in Equation 3.19 for this prediction task.

Finally, on the Digg dataset [18], we study missing link prediction problem by
using proposed variational Bayesian CTF (CTF-VB) and GCTF for both comment
prediction and digg prediction tasks. We use CP model and Tucker model for com-
ment prediction task whereas we use CP model and Tucker model for digg prediction
task. We also use the models given in Equation 6.29 and Equation 6.33 for comment

prediction task which includes relation (R4) as side information.

We use the algorithms that implements variational fixed point update equation
given in Figure 4.1 and Figure 5.1 to demonstrate the performances of the models given
throughout this section. We use the equation given in Equation 4.18 for variational

bound computation.

This chapter verifies that by using the tensor factorization frameworks defined
in previous chapters, we can easily propose a solution for link prediction task with
different models and loss functions. We are not restricted in using a standard model
topology, we are able to design application specific models which is guided by the needs

of the application.

In Chapter 7, with comprehensive experiments we will assess the performance of
various alternative tensor models, given throughout this section, and loss functions in
terms of link prediction. In addition, we will compare the performances of EM and VB

approaches.
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7. EXPERIMENTS

In this section, we conduct experiments on several datasets in order to evaluate

the performance of the tensor factorization models proposed in Chapter 6.

First, we design experiments to evaluate the performance of our model given in
Section 6.1 in terms of capturing the temporal profiles in the time factor matrix. Our
aim is to demonstrate that, this model can handle the temporal link prediction problem
on a single tensor by using PLTF framework. In addition, we want to compare the
performances of different cost functions on this application to indicate the importance

of using the right loss function for accurate prediction.

Then, we compare the performances of low-rank approximation of a single tensor
and coupled tensor factorizations in terms of missing link prediction problem by using
different loss functions. We use the models given in Section 6.2 . We expect to see that
coupled tensor factorizations outperform low-rank approximations of a single tensor
especially when the fraction of unobserved elements is high. In addition, we want to

show the effect of loss function selection to prediction of missing links.

Finally, we use both single and coupled tensor factorization models that are used
in previous experiments with variational Bayesian approach to compare our variational
algorithms with the classical ones. As we explained in Section 6.3, variational Bayesian
method involves self-regularization effect, so it avoids overfitting. Consequently, we
expect that variational Bayesian approach will increase the prediction performance of

the models used for both temporal and missing link prediction applications.

Table 7.1 summarizes the experimental settings of this section. This table lists
the datasets used throughout this section and the corresponding experiments’ sections.

It also shows the tensor factorization methods and algorithms used for the each dataset.

All experiments were performed using MATLAB 2010b on 2.4GHz Core i5 520M
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Table 7.1. Overview of the Experimental Setting.

Dataset Factorization Method | Link Prediction Type Section
Network Traffic (Géant) Single TF (PLTF) Temporal Section 7.1.2
Single TF (PLTF) Temporal Section 7.1.3
DBLP
Single TF (PLTF-VB) Temporal Section 7.3.1
Coupled TF (GCTF) Missing Section 7.2.1
UCLAF
Coupled TF (CTF-VB) Missing Section7.3.2
Coupled TF (GCTF) Missing Section 7.2.2
Digg
Coupled TF (CTF-VB) Missing Section 7.3.3

processor and 4GB RAM. Timings were performed using MATLAB’s tic and toc func-

tions.

FEvaluation Metrics. In our experiments, as evaluation metrics, we use Area
Under the Receiver Operating Characteristic Curve (AUC), PQK (the precision of the
top K results) for link prediction results and Relative Error (RE) for tensor completion

results.

AUC. ROC curve, is a graphical plot which illustrates the performance of a
binary classifier system as its discrimination threshold is varied [60].In a ROC curve
the true positive rate (Sensitivity) is plotted in function of the false positive rate (100-
Specificity) for different cut-off points of a parameter. Each point on the ROC curve
represents a sensitivity /specificity pair corresponding to a particular decision threshold.
Therefore, the closer the ROC curve is to the upper left corner, the higher the overall
accuracy of the test. The area under the ROC curve (AUC) is a measure of how well a
parameter can distinguish between two groups. When using normalized units, AUC is
equal to the probability that a classifier will rank a randomly chosen positive instance
higher than a randomly chosen negative one (assuming ’positive’ ranks higher than

‘negative’).

Link prediction datasets are characterized by extreme imbalance, i.e., the number
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of links known to be present is often significantly less than the number of edges known
to be absent. This issue motivates the use of AUC as a performance measure since

AUC is viewed as a robust measure in the presence of imbalance [61].

P@K. Precision at k (PQK) measures the precision at a fixed number of retrieved
items (i.e., top K) of the ordered list r/ and the unordered list r [62]. Assume TopK

and TopK' are the retrieved items of r and r/ respectively, then the PQK is defined as

_ |[TopKNTopK/|
PQK = TerKnTopk]

We use PQK to measure the performance of prediction. As might be expected,
the accuracy of link prediction also varies according to the precision measure chosen.
Due to its robustness PQK is a frequently used measure in the domain of information
retrieval (IR) and machine learning (ML) [54]. For example, we compute the precision
based on the top 10 stories retrieved for each user on Digg dataset. The overall P@Q10
for the set of users is computed by taking the mean of P@Q10 per user. We use P@Q1000
that computes how many correct links (true positives) are in the first top 1000 scores

on DBLP dataset to understand the behavior of different set-ups better.

RE. As an evaluation metric for tensor completion performance, we use the
Relative FError metric, which is usually employed to express accuracy of an estimate.

Formally, the relative error between an exact value X and an estimated value X is

X —X]|
X1

given by

The following results show the average link prediction performance of 10 inde-

pendent runs in terms of AUC and PQK.

7.1. Performance of PLTF

In this section, we assess the performance of the tensor factorization models on

a single tensor in terms of both missing and temporal link prediction problem. We
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present results of experiments involving link prediction for multiple time steps. First,
we use synthetic data which includes several different periodic patterns to explore the
ramifications of temporal predictions. Then, we design experiments to evaluate the
performance of our models on Network Traffic Data (for missing link prediction) and

DBLP dataset (for temporal link prediction).

7.1.1. Synthetic Dataset

7.1.1.1. Experimental Setting. We design experiments to evaluate the performance of

our temporal link prediction method defined in Section 6.1 in terms of capturing the
temporal profiles in the time factor matrix. Different components may have different
trends, for example, they may have increasing, decreasing, or steady profiles. Our aim

is to use the periodic information, predicting even further out in time.

We generate simulated data that shows connections between two sets of entities
over time. In our simulated example, we assume that each time t corresponds to one
day and that the temporal profiles correspond roughly to a seven-day period (L = 7).
We assume that our data can be modeled by R = 3 components. We assume we have
P periods of training data, so that we have T'= LP time observations to train on. In
our tests, we use L =7 and P = 9. We also assume that we have 1 period of testing
data. We add white Gaussian noise to the data after creating noise-free versions of the

training and testing tensors.

7.1.1.2. Results. The aim of this study is to predict the entries in testing data. So, we

replace all nonzeros in the test tensor with ones (i.e., positive links) and leave the rest
as zeros (i.e., no link). Since the data is noisy, the fit of the model to the data is not
perfect. Figure 7.1 shows the three different temporal patterns in the data. The dotted
line is the original data, the first portion of which is used to generate the training data.
The crossed line is the pattern that is extracted via the model defined in Equation 6.3.
Note that it is generally a good fit to the true data shown as dotted. Finally, the last
segment (t = 64 — 70) of the crossed line is the prediction using the pattern extracted
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by our model.

o 10 20 30 40 50 60 70

(c)r=3
Figure 7.1. Temporal patterns: the dotted line is the true data, the crossed line is the

temporal pattern that is computed by model given in Equation 6.3, the last segment

(t = 64 — 70) of the crossed line is the prediction of the test period.

This experiment shows that the method given in Section 6.1 performs well even
when a large percentage of the strongest signals (i.e., link information) in the training
data is missing. Such robustness is crucial for applications where noise or missing data

is common, for example, analysis of computer network traffic.
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7.1.2. Network Traffic Data

7.1.2.1. Experimental Setting. We design experiments to evaluate the performance

of our models in terms of recovering missing entries of a tensor. By setting different
amounts of data to missing in source-destination-time tensor X, we compare (i)CP
model, (ii) Tucker model and (iii) Model given in Equation 6.3 on X using both KL-

divergence and the Euclidean as cost functions.

In all experiments, we use randomly missing entries. We set number of compo-

nents R to 2 and number of linear trends T to 3.

7.1.2.2. Results. First, we show that model given in Equation 6.3 with R = 2 and

M = 3 fits the data well but not perfectly and there is some unexplained variation left

in the residuals. We can see the three temporal patterns in Figure 7.2.

j WWWWWWMW

2000 2500 300 0 500 1000

1500 1500 2000 2500 3000 0 500 1000 2000 2500 3000
Time Intervals Time Intervals

1500
Time Intervals

(a) m=1 (b) m =2 (¢c)m=3
Figure 7.2. Temporal patterns captured by model in Equation 6.3.

Then, in order to demonstrate the power of our model in Equation 6.3, we com-
pared the missing entry recovery performances of standard CP and Tucker models
with model in Equation 6.3 using EUC and KL cost functions at different amounts,
i.e., {20,50,80,90,98,99}, of randomly unobserved elements. For both of the cost
functions, model in Equation 6.3 outperforms the standard models. Figure 7.3 shows
the comparison of CP, Tucker and model in Equation 6.3 with different cost functions
for different amounts of missing data amounts for Géant data. As we can see, relative

error is lower for model in Equation 6.3 than the standard models.
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Figure 7.3. Tensor completion score of CP, Tucker and Model in Equation 6.3 for

different amounts of missing data amounts for Géant data.

In order to assess the performance of our models in terms of recovering missing
data, randomly chosen entries of X are set to missing. Then, the extracted factor
matrices are used to reconstruct the data and fill in the missing entries. These recov-
ered values are compared with the actual values based on the relative error (RE). We
observe that the average ME is around 0.29 for model in Equation 6.3 and 0.33 for
CP and TUCKER models when there is little missing data and increases very slowly
as we increase the amount of missing data. The average ME is only slightly higher,
approximately 0.31 for model in Equation 6.3 and 0.40 for CP and TUCKER models,
even when 95% of the entries are missing. However, the average ME increases sharply

when the amount of missing data is 99%.

7.1.3. DBLP Dataset

7.1.3.1. Experimental Setting. We design experiments to evaluate the performance of

our model given in Equation 6.3 in terms of temporal link prediction problem on DBLP
dataset. We compare the performances of Euclidean distance, KL divergence and IS

divergence by using this model.

7.1.3.2. Results. First, we demonstrate the effect of the cost function modeling the

data. Figure 7.4 illustrates the performance of Euclidean distance, KL divergence and
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IS divergence for proposed model and it clearly shows that KL cost function seems

to perform better than EUC and IS. Then, we compare our method with the existing
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Figure 7.4. Average prediction result Figure 7.5. Average prediction result
of new links in the test sets. of several algorithms on DBLP data.

methods that are used for temporal link prediction problem described in [6]. Figure 7.5
shows that, the other methods outperforms our method in terms of AUC metric. In all
the experiments, we take the value of smoothing factor a as 0.5. However, we will show
in Section 7.3.1, our model in Equation 6.3 outperforms these methods when we use
variational inference. In addition, we compute how many correct links (true positives)
are in the first top 1000 scores for every test set and cost function. We will show these
results in Table 7.4 as well as the variational Bayes’s results. Finally, we compare the
average timings of the algorithms. PLTF-EM takes ~1550 sec. and PLTF-VB takes
~2099 sec. across all training sets in average while CP takes ~1304 sec [6]. The CP
and PLTF-EM methods are quite faster than PLTF-VB.

7.2. Performance of Coupled Models

In this section, we assess the performance of the coupled models proposed in

Section 6.2.1 and Section 6.2.2 in terms of missing link prediction.
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7.2.1. UCLAF Dataset

First, we demonstrate that coupled tensor factorizations outperform low-rank
approximations of a single tensor in terms of missing link prediction. Then we compare
different tensor models and loss functions and show that selection of the tensor model
and loss function is significant in terms of link prediction performance, especially when
the data is sparse. Furthermore, we study the case with completely missing slices, which
corresponds to the cold-start problem in our link prediction setting and demonstrate
that it is still possible to predict missing links using the proposed coupled models

whereas low-rank approximations of a single tensor would fail to do so.

7.2.1.1. Experimental Setting. We design experiments to evaluate the performance of

our models given in Section 6.2.1. By setting different amounts of data to missing
in user-location-activity tensor X;, we compare the following models using both KL-

divergence and the Euclidean as cost functions:

e Low-rank approzimations of a single tensor: (i) CP and (ii) Tucker factorization
of user-location-activity tensor Xi,

e Coupled tensor factorizations: (i) CP factorization of X; coupled with factor-
ization of user-location matrix X, and location-feature matrix X3 (ii) Tucker

factorization of X; coupled with factorization of X, and Xj.
We use two patterns of missing data: (i) randomly missing entries and (ii) ran-

domly missing slices. In all experiments, number of components, i.e., number of

columns in each factor matrix, Z;, is set to 2.

7.2.1.2. Results. In order to demonstrate the power of coupled analysis, we compared

the link prediction performance of standard CP and Tucker models with coupled ones
using EUC and KL cost functions at different amounts, i.e., {40,60,80,90,95}, of
randomly unobserved elements. For all cases, coupled models outperform the standard

models clearly. Figure 7.6 shows the comparison of CP and coupled CP models with
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different cost functions when 80% of the data is missing. As we can see, the coupled
models that try to use as much additional information as possible to help alleviate the
data sparsity issue perform better than the standard models; in particular, when the
percentage of missing data is high. When the fraction of missing data was more than

80%, the standard models could not find a solution.
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(a) EUC with 80% missing (b) KL with 80% missing
Figure 7.6. Comparison of CP and Coupled(CP) models.

In order to demonstrate the effect of the cost function modeling the data, we
have also carried out experiments on both coupled CP and Tucker models at different
missing data fractions. For all cases, the KL cost function seems to perform better than
EUC, especially when the fraction of missing entries is high. Figure 7.7 illustrates the
performance of Euclidean distance and Kullback-Leibler divergence for both coupled

CP and Tucker models when 90% of the data is unobserved.

Finally, Figure 7.8 shows the comparison of coupled CP and Tucker models in
order to illustrate the tensor model modeling the data best. We can see that Tucker
model outperforms the CP model; because Tucker model is more flexible due to the
full core tensor which is helpful for us to explore the structural information embedded

in the data.

We also study the missing slice problem, which is particularly important in link
prediction because we may often have new users starting to use an application, e.g.,

a location-activity recommender system. Since they are new users, they will have no



= =1 EUC-90% :0.813
= KL-90% : 0.869
Random classifier

ROC curve

09 iy

X /.-

0.8 -

Rl
Lo

0.7 o
@ 4
© 4
S 06 !
2 e’
B 05Hr
8 {
8 L
2 04
=

0.3

0.2

0.1

0

0 0.2 0.4 0.6 0.8

False positive rate

(a) Coupled (CP) Model

True positive rate

67

== EUC-90% : 0.867
= KL-90% : 0.908
Random classifier

ROC curve

0.2

0.1

0 0.2 0.4 0.6 0.8 1
False positive rate

(b) Coupled (Tucker) Model

Figure 7.7. Comparison of EUC distance and KL divergence with 90% missing data.
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Figure 7.8. Comparison of Coupled CP and Tucker models with KL.

entry in X7, i.e., a completely missing slice. It is not possible to reconstruct a missing

slice of a tensor using its low-rank approximation. A similar argument is valid in the

case of matrices for completely missing rows/columns [24]. In such cases, additional

sources of information will be useful [63] to make recommendations to new users. We

observe that our coupled models could predict the links when there is no information

about a user in tensor Xj, by utilizing the additional sources of information. We

test this case by setting randomly missing slices in X;. Figure 7.9 demonstrates the

performance of coupled models with KL divergence when 10 users’ data and 50 users’

data are missing. Also note that Tucker is superior to CP as the amount of missing

data increases.
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7.2.2. Digg Dataset
In this section, we compare different tensor models and loss functions and show

that selection of the tensor model and loss function is significant in terms of link

prediction performance, especially when the fraction of unobserved elements is high.

7.2.2.1. Experimental Setting. We design experiments to evaluate the performance of

our models given in Section 6.2.2 in terms of missing link prediction on Digg dataset.
Based on the Digg scenario, we have two prediction tasks on Digg dataset: (i) comment

prediction and (ii) digg prediction that are explained in Section 6.2.2

For the first prediction task, by setting different amounts of data to missing
in user-story-comment tensor X, we compare the following models using Euclidean

distance, KLL and IS divergences as cost functions:

e Low-rank approximations of a single tensor: (i) CP and (ii) Tucker factorization
of user-story-comment tensor X7,

o Coupled tensor factorizations: (i) CP factorization of X; coupled with factoriza-
tion of story-keyword-topic tensor X5 (ii) Tucker factorization of X; coupled with
factorization of X5,

e Coupled tensor factorizations: (i) CP factorization of X; coupled with factoriza-
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tion of X3, and user-story matrix X3 (ii) Tucker factorization of X; coupled with

factorization of X5 and Xj.

For the second prediction task, by setting different amounts of data to missing in
user-story matrix X;, we compare the following models using Euclidean distance, KL

and IS divergences as cost functions:
e Coupled tensor factorizations: (i) Matrix factorization of X; coupled with CP
factorization of story-keyword-topic tensor X, (ii) Matrix factorization of X,

coupled with Tucker factorization of Xs.

In all experiments, we use randomly missing entries and we set number of com-

ponents, i.e., number of columns in each factor matrix, Z;, to 5.

7.2.2.2. Results. In order to demonstrate the power of coupled analysis, we compared

the link prediction performance of standard CP and Tucker models with coupled ones
using EUC, KL and IS cost functions at different amounts, i.e., {40, 80,90}, of randomly
unobserved elements. Here, we show results of the experiments on both comment and
digg prediction tasks. For all cases, coupled models outperform the standard models
clearly. Figure 7.10 shows the comparison of CP and coupled CP models with different
cost functions when 40% and 80% of the data are missing. As we can see, the coupled
models that try to use as much additional information as possible to help alleviate the
data sparsity issue perform better than the standard models; in particular, when the
percentage of missing data is high. When the fraction of missing data was more than

80%, the standard models could not find a solution.

In order to demonstrate the effect of the cost function modeling the data, we
have also carried out experiments on both coupled CP and Tucker models at different
missing data fractions. For all cases, the IS cost function seems to perform better than
EUC and KL for both of the prediction tasks, especially when the fraction of missing

entries is high. Figure 7.11 and Figure 7.12 illustrates the performance of Fuclidean
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distance, KL divergence and IS divergence for both coupled CP and Tucker models

when 40% and 90% of the data is unobserved respectively. When the missing data rate

become higher, the difference between performances of cost functions become clearer.

Then, we show the comparison of coupled CP and Tucker models in order to

illustrate the tensor model that models the data best in Figure 7.13 and Figure 7.14.

We can see that CP model outperforms the Tucker model in exploring the structural

information embedded in the data. In addition, we compare the average timings of the

two models. CP requires ~568 sec. and TUCKER requires ~2654 sec. for comment

prediction while CP requires ~260 sec. and TUCKER requires ~1435 sec. for digg

prediction in average.
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Figure 7.11. Comparison of EUC, KL and IS on comment prediction.

Afterwards, in order to demonstrate the effect of various relational context on

comment prediction, we carried out experiments with different relational contexts. We

observe that different combinations of the relations affect the prediction performance.

Model of one of these combinations is given in Section 6.2.2. In this model, we incor-

porate the relation R4 with R1 and R5 to increase prediction performance on users’

comment activities. Figure 7.15 shows the comparison of models given in Equation 6.23

and Equation 6.29 when 40% and 90% of the data is unobserved respectively.

Finally, we compare the prediction performances of our models in Equation 6.23

and Equation 6.23 under 40% and 90% missing data with the prediction performance
of Metafac (MFT) methods proposed by Lin et al. [18] in terms of P@10 metric. The

results of digg and comment predictions are given in Table 7.2. We observe that our
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Figure 7.13. Comparison of Coupled CP and Tucker models with EUC on comment

prediction.



True positive rate

(a) CP vs Tucker - 40% missing

True positive rate

(a) Model Comparison, IS - 40% missing

S ©9 9 © o o o o o
o o M w AR o N ® © =

S ©9 9 © o o o o o
o - M W R OO N ® © =

= =1 CP, EUC, AUC = 0.855
TUCKER, EUC, AUC = 0.831
Random classifier

Comment Prediction

o

0.2 0.4 0.6 0.8
False positive rate

v GP, 1S, AUC = 0.901
m— CP(with R4), IS, AUC = 0.946
Random classifier

Comment Prediction

o

0.2 0.4 0.6 0.8
False positive rate

Figure 7.15. Comparison of coupled models with different relations and EUC cost.

True positive rate

(b) CP vs Tucker - 90% missing
Figure 7.14. Comparison of Coupled CP and Tucker models with EUC on digg

prediction.

True positive rate

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2

0.1

= =1 CP, EUC, AUC = 0.817
TUCKER, EUC, AUC = 0.780
Random classifier

Comment Prediction

0.2 0.4 0.6 0.8
False positive rate

v CP, IS, AUC = 0.882
m—— CP(with R4), IS, AUC = 0.923

Random classifier

Comment Prediction

0.9

0.8}
07f

0.6
0.5
0.4
0.3
0.2

0.1

0.2 0.4 0.6 0.8
False positive rate

73

(b) Model Comparison, IS - 90% missing

model significantly outperforms the MFT approach, which have outperformed many

link prediction methods in [18]. Because, apart from their work, we use the integrated

Digg dataset instead of the segmented data and we deal with missing link prediction

problem.

7.3. Performance of Variational Bayesian Approach

In this section, we assess the performance of PLTF-VB and CTF-VB for both

missing link prediction and temporal link prediction problem. We both use low-rank

and coupled tensor factorization models in our experiments.
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Table 7.2. The average prediction performance for digg and comment prediction,

evaluated by P@10 values, with model in Equation 6.23 and Equation 6.36.

Digg Prediction | Comment Prediction
40% 90% 40% 90%
GCTF-EUC | 0.7154 | 0.6615 | 0.3632 0.3241
GCTF-KL 0.7414 | 0.6865 | 0.3751 0.3383
GCTF-IS | 0.7858 | 0.7479 | 0.4075 0.3846

Table 7.3. The average prediction performance for digg and comment prediction,

evaluated by P@10 values, with MF'T.

Digg Prediction | Comment Prediction

MFT [18] | 0.543 + 0.007 0.135 + 0.001

7.3.1. DBLP Dataset

We study the temporal link prediction problem on the DBLP dataset. This time,
we compare the performance of the proposed variational Bayesian PLTF (PLTF-VB)
with the standard PLTF (PLTF-EM) in terms of temporal link prediction. For this

prediction task, we use the model given in Equation 6.3.

7.3.1.1. Results. We compare the performance of standard and variational approaches

of PLTF on proposed model given in Equation 6.3. Figure 7.16 shows that variational

approach outperforms the standard approach clearly.

Then, we compare our method with the existing methods that are given in Sec-
tion 7.1.3.2. Figure 7.17 shows that, our model with variational inference outperforms

the other methods in terms of AUC.

Finally, in order to compare our method with the existing methods [6] (i.e. TSVD-
CWT, TKatz-CWT, CP ...) and to understand the behavior of different link predictors

better, we also compute how many correct links (true positives) are in the first top 1000



+vo EM, AUC = 0.845
= VB, AUC = 0.895
Random classifier

ROC curve
1

09
08
07

€ o6t
o .

= B
Z 05
g 05
g |
2 04

2
0.3
02
0.1

0

0 0.2 0.4 0.6 0.8 1
False positive rate

Figure 7.16. Comparison of PLTF-EM
and PLTF-VB on DBLP dataset.

True positive rate
o o
o = -

I~
~

o
N

0

0

Our Model, AUC = 0.895

‘1100 P, AUC = 0.867
- = T-SVD, AUC = 0.874

TKatz-CWT, AUC = 0.880

Random

ROC curve

0.2 0.4

0.6 0.8

False positive rate

1

Figure 7.17. Average prediction result

of several algorithms on DBLP data.

Table 7.4. The average prediction performance evaluated by P@1000 values.

2001 | 2002 | 2003 | 2004 | 2005 | 2006 | 2007
VB-EUC 0.131 | 0.148 | 0.138 | 0.135 | 0.135 | 0.139 | 0.148
VB-KL 0.129 | 0.148 | 0.135 | 0.132 | 0.134 | 0.131 | 0.144
EM-EUC 0.098 | 0.106 | 0.095 | 0.101 | 0.094 | 0.089 | 0.111
EM-KL 0.094 | 0.095 | 0.097 | 0.094 | 0.091 | 0.086 | 0.115
CP [6] 0.087 | 0.097 | 0.078 | 0.099 | 0.116 | 0.091 | 0.093
TSVD [§] 0.104 | 0.124 | 096 | 0.105 | 0.117 | 0.110 | 0.95
TKatz-CWT [64] | 0.107 | 0.124 | 0.102 | 0.105 | 0.117 | 0.109 | 0.99
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scores when we aim to predict previously unseen links. We use seven of the eight test

sets for this experiment because in [6], they use these seven sets. Table 7.4 shows

these results for every test set and cost function: As we can see from the Table 7.4,

variational approach gives the best result.

7.3.2. UCLAF Dataset

We study the missing link prediction problem and compare the performance of

the proposed variational Bayesian PLTF (PLTF-VB) with the standard PLTF (PLTF-

EM) in terms of missing link prediction recovery on the UCLAF dataset. We use a
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standard CP tensor decomposition model and Tucker tensor decomposition model for

this prediction task.

We now compare the standard PLTF, i.e., PLTF-EM, with the proposed varia-

tional method, i.e., PLTF-VB, on a missing link prediction task.

7.3.2.1. Results. We compare the performance of standard and variational approaches

of PLTF on both CP and Tucker tensor factorization models at different amounts, i.e.,
{40,60, 80}, of randomly unobserved elements. In these experiments, the incomplete
tensor is factorized using either a CP or a Tucker model and the extracted factor
matrices are used to construct the full tensor and estimate scores for missing links. For
all cases, variational approach outperforms the standard approach clearly. Figure 7.18
and Figure 7.19 show the comparison of PLTF-VB and PLTF-EM methods for the CP
model given in Equation 2.4 and the Tucker model given in Equation 2.5, respectively,
when {40, 60,80} of the data is missing. As we can see, the variational methods due
to implicit self-regularization effect [65], perform better than the standard methods;
in particular, when the percentage of missing data is high. Furthermore, note that
the Tucker model outperforms the CP model; because Tucker model is more flexible
due to the full core tensor which is helpful for us to explore the structural information

embedded in the data.
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Figure 7.18. Comparison of PLTF-EM and PLTF-VB methods under missing data

case with CP model.

Moreover, we study the performance of PLTF-EM and PLTF-VB in terms of
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Figure 7.19. Comparison of PLTF-EM and PLTF-VB methods under missing data

case with Tucker model.

robustness to model order selection. As model order increases, the prediction perfor-
mance of PLTF-EM drops. This is as expected since PLTF-EM is prone to overfitting
and the increase in model order causes an increase in the number of free parameters
that, in turn, enlarges penalty term in PLTF-EM. On the other hand, the prediction
performance of the variational approach is not very sensitive to the model order and
is immune to overfitting since Bayesian approach alleviates over-fitting by integrating
out all model parameters [50]. We compare the prediction performances of PLTF-EM
and PLTF-VB methods for the CP tensor model when the component number R is
equal to 2 and 20 and for different amounts of missing data, i.e., {40, 60,80} of the
data is missing. Figure 7.20 and Figure 7.21 demonstrate that when the model or-
der increases, the prediction performance of PLTF-VB approach stays almost same;

however, the prediction performance of PLTF-EM approach declines as expected.

7.3.3. Digg Dataset

We study the missing link prediction problem and compare the performance of
the proposed variational Bayesian CTF (CTF-VB) with the standard Generalized Cou-
pled Tensor Factorization with KL cost (named as CTF-EM) in terms of missing link
prediction recovery on the Digg dataset. We use models given in Equation 6.23, Equa-

tion 6.29 and Equation 6.36 for this prediction tasks.
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Figure 7.20. Effect of model order on the performance of PLTF-VB approach for CP

model for different amounts of missing data with R = 2 and R = 20.
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Figure 7.21. Effect of model order on the performance of PLTF-EM approach for CP

model for different amounts of missing data with R = 2 and R = 20.

7.3.3.1. Results. We compare the performance of standard and variational approaches

of coupled tensor factorizations on proposed models at different amounts, i.e., {40, 60, 80,90},

of randomly unobserved elements. In these experiments, the incomplete tensor is factor-

ized using the proposed models and the extracted factor matrices are used to construct

the full tensor and estimate scores for missing links. For all cases, variational approach

outperforms the standard approach clearly. Figure 7.22, Figure 7.23 and Figure 7.24

show the comparison of CTF-VB and CTF-EM methods for the models given in Equa-

tion 6.23, Equation 6.29 and Equation 6.36, respectively, when {40,90} of the data is

missing.
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Figure 7.23. Comparison of CTF-EM and CTF-VB methods under missing data case
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8. CONCLUSIONS AND FUTURE WORK

In this study, we presented and compared several tensor based factorization mod-
els for link prediction problem. We deal with both the missing link prediction problem:
the problem of predicting the existence of missing connections between entities of in-
terest and temporal link prediction problem: where we have given a sequence of link
data at various time steps as input, and our goal is to predict the links at the next
time step. We use approaches which enable us to investigate alternative tensor models

and cost functions for both single and coupled analysis of heterogeneous data.

First, we used an approach for link prediction problem based on probabilistic
interpretation of tensor factorization models that enables one to incorporate domain
specific information to any arbitrary factorization model and provides the update rules
for multiplicative gradient descent and expectation-maximization algorithms using dif-

ferent loss functions.

Then, we have studied link prediction problem using coupled analysis of relational
data sets represented as data sets in the form of matrices and higher-order tensors. The
problem is formulated as simultaneous factorization of higher-order tensors/matrices
extracting common latent factors from the shared modes. While most existing studies
on coupled analysis have been developed to fit a specific type of a tensor model using a
particular loss function, we have used GCTF framework, which enables us to develop
coupled models for joint analysis of multiple data sets in a compact way using various
tensor models and cost functions. In our coupled analysis for the link prediction prob-
lem, we have studied KL-divergence, IS-divergence and Euclidean distance-based cost
functions as well as different tensor models. Our numerical results on both synthetic
and real datasets demonstrate that selection of the tensor model and the loss function

is important in terms of link prediction performance.

Furthermore, we have investigated variational inference for PLTF framework with

KL cost from a full Bayesian perspective that also handles the missing data naturally.
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In addition, we develop a practical way without incurring much additional computa-
tional cost to PLTF-EM approach for computing the approximation distribution and
full conditionals; then, we estimate the model order in terms of marginal likelihood. By
maximizing the bound on marginal likelihood, we have a method where all the hyper-
parameters can be estimated from data. Our experiments suggest that the variational
bound seems to be reasonable approximation to the marginal likelihood and can guide
model selection for PLTF. Afterwards, we extend our variational method in order to be
able to make inference on coupled tensor factorization models where multiple observed
tensors (X7, ..., Xk ) can share a set of factors [35]. Factorization of multiple observed
tensors simultaneously, alleviates the overfitting better than the standard variational

Bayesian matrix factorization [66].

Through extensive experiments on both synthetic and real datasets, we assess the
performance of various alternative tensor models and loss functions for the link predic-
tion problem. Numerical experiments clearly demonstrate that not only joint analysis
of data from multiple sources via coupled factorization improves the link prediction
performance but also the selection of right loss function and tensor model is crucial for

accurately predicting missing links.

As a next step of this work, we aim to extend our study in some directions listed

below.

e Tensor factorization via MCMC inference: Markov Chain Monte Carlo is also a
viable alternative for inference [67].

e Generalization of the model selection for arbitrary cost functions: The main
limitation of our model selection and variational Bayesian approach is that we use
only the KL cost. Although we sketch the outline for the general cost functions,
we did not extract the expectation of the posterior distribution for each cost
function.

e Symmetric Factorizations: In this thesis, we can estimate a set of different latent
factor matrices in a particular factorization model such as X ~ Z;Z,. However,

there is certainly a need for carrying out a symmetric factorization model such
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as X ~ Z, Z7.

e Combination of different models: We use one latent structure model to represent
a multidimensional data, i.e. CP and TUCKER, in this thesis. However, it would
be interesting and useful to model the multidimensional data with combination
of more than one (both using CP and TUCKER) latent structure such as X =
Cy + Cy where C}7* ~ 32 Z0" 25" 25" and Oy =~ S Z0P 7y 78T 70T

p7q7’r
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APPENDIX A: APPENDIX

A.1. Sparse Implementation

If a large number of entries is missing, then mask tensor M is sparse. In this case,
there is no need to allocate storage for every entry of the tensor X. Instead, we can
store and work with just the known values, making the method efficient in both storage
and time. All of our algorithms can scale to sparse, large-scale data using specialized
sparse data structures, significantly reducing the storage and computation costs. The
time complexity of each iteration is roughly O(N), which is linear in terms of the total

number of non-missing entries V.

We consider two situations for the experiments: (i) 500 x 500 x 500 with 99%
missing data (1.25 million known values), and (ii) 1000 x 1000 x 1000 with 98% missing
data (20 million known values). Figure A.1 shows that, in the 500 x 500 x 500 case, all
ten problems were solved with an Root Mean Square Error (RMSE) score greater than
0.20, with solve times ranging between 400 and 500 seconds and in the 1000x 1000x 1000
case, all ten problems were solved with an RMSE score greater than 0.20. The solve
times ranged from 8000 to 12000 seconds, approximately 20 times slower than the

500 x 500 x 500 case, which had 16 times more non-missing entries.



85

x 10
550 ‘ ‘ ‘ ‘ ‘ ‘ ‘ 12 ‘ ‘ ‘ ‘ ‘ ‘
50 o o 1 o —
8 O o o 3 o—=C
T 450 d 2 4 ° B
2 o o 2 © o
E E
400 g " o9t d
350 ‘ ‘ ‘ ‘ ‘ ‘ ‘ 08 ‘ ‘ ‘ ‘ ‘ ‘
3 4 5 6 7 8 9 10 1 2 3 4 5 6 10
TestID TestID
021 ‘ ‘ ‘ ‘ ‘ ‘ ‘ 02
0.2 b 0.19F 1
) ° %
A\
E E = 1S
0.19 g 018} g
0.8 ‘ ‘ ‘ ‘ ‘ ‘ ‘ 047 ‘ ‘ ‘ ‘ ‘ ‘
) 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 10
Test ID Test ID
(a) 40% missing (b) 80% missing

Figure A.1. Results of PLTF-EM algorithm for large-scale problems with 95%
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