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ABSTRACT

CHANNEL POLARIZATION WITH HIGHER-ORDER
MEMORY

Channel coding is one of the most fundamental problems regarding the nature
of communication. Polar codes, developed by Arikan, were the first demonstration
of practical channel codes that provably achieve theoretical limits in a wide range of
communication scenarios. Based on simple channel transformations which are called
channel combining and splitting, Arikan developed the idea of channel polarization
which resulted in polar codes. In this dissertation we focus on the unique properties
of polar codes and channel polarization. First, we investigate the channel-specific
construction of polar codes, a point which discriminates polar codes from Reed-Muller
(RM) codes. We obtain results showing the inherent effect of the underlying channel
on the construction of polar codes and provide a bridge between polar and RM codes.
Our results easily extend to obtaining a characterization for the rate of polarization as
well. Next, we consider practical uses of polar codes for fading channels. We design a
bit-interleaved polar-coded modulation scheme (BIPCM) by deriving a low complexity
code-construction method and designing a lower complexity successive cancellation list
decoder (SCLD). We compare the resultant BIPCM system with the existing solutions
and show that it provides significant performance advantages. Finally, we generalize
the channel polarization idea by changing channel combining and splitting operations.
By introducing a memory order in the channel combining process we obtain a class of
codes, including the original ones, that are parametrized by the memory order. We
show that the new family of polar codes achieve the theoretical limits as well and
they can also be used with lower complexity by increasing the memory order. We
thereby complement Arikan’s conjecture that channel polarization is in fact a general

phenomenon.



OZET

YUKSEL DERECELI KANAL KUTUPSALLASTIRMA

Kanal kodlama, dogasi geregi haberlesmenin en temel problemlerinden biridir.
Arikan’in gelistirdigi kutupsal kodlar, bir¢ok haberlegme senaryosunda Shannon’in be-
lirledigi teorik limitlere ulastigi matematiksel olarak gosterilmis ilk kanal kodlaridir.
Arikan, kanal kutuplagma yontemini kanal birlestirme ve kanal ayirma adinda iki basit
dontisiim kullanarak gelistirmis ve bu da kutupsal kodlarin bulunmasyila sonuglanmigtir.
Kutupsal kodlarin bagarisinin bir kismi da bu basitliginden ve kanal kodlamanin neden
igse yaradigini agiklayan yapisindan kaynaklanmaktadir. Bu tezde kutupsal kodlara has
ozellikler iizerinde odaklandik. Tlk olarak, kutupsal kodlar1 Reed-Muller (RM) kodlar-
dan ayiran 6zelligi olan haberlesme kanalina bagh tasarlanmasini inceledik. Haberlesme
sisteminin gerceklendigi kanalin kutupsal kodlarin tasarimini nasil degistirdigini gosteren
sonuclar elde ettik; boylelikle, kutupsal kodlar ve RM kodlar1 arasinda bir kopri
sagladik. Elde ettigimiz sonuclar, kanal kutuplagsma hizini belirlemek icin de kul-
lanilabilir. Buna ek olarak, kutupsal kodlarin, soniimlii kanallarda pratik kullanimini
inceledik. Diigiik karmagikli bir kod olusturma yontemi gelistirerek ve yine diigiik
karmagikli bir listeli ardigik ¢oziimleme yontemi kullanarak bit-serpigtirmeli kutupsal-
kodlamali kipleme sistemi tasarladik. Bu sistemin varolan diger ¢oziimlerle perfor-
mans kiyaslamasini yaptik ve onerilen sistemin 6nemli performans kazanci sagladigini
gosterdik. Son olarak, kutupsal kodlarin temel yapitas: olan kanal birlegtirme ve kanal
ayirma yontemlerini degigtirerek kutupsal kodlar1 genellestirdik. Kanal birlestirme
iglemi igerisine bir hafiza derecesi ekleyerek, asil kodlarin da i¢inde oldugu bir kod ailesi
elde ettik. Bu kod ailesinin de teorik limitlere erigtigini ve hafiza derecesini arttirarak
daha diigiik karmasiklikla kullanilabilecegini gosterdik. Boylelikle, Arikan’in, kanal

kutupsallagmasinin aslinda daha genel bir olgu oldugu varsayimini desteklemis olduk.
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1. INTRODUCTION

1.1. The Problem of Reliable Communication

The communication problem can be described as finding efficient methods to send
information from a source to a destination (sink) through a physical medium (channel).
However, any physical medium, by nature, has some sort of uncertainty in itself and
this undermines the act of communication. In order to provide reliable communication
between the source and the sink, one needs to combat this uncertainty. Let us consider
a simple scenario where a source transmits symbols, x € X, through a channel, W,
but, due to the uncertainties in the channel, the transmitted symbols are received at
the sink as, y € Y. In order to understand the communication problem, even in this
basic setting, we need to quantify a rate R € [0, 1] which is the fraction of symbols

x € X that can be understood from the received ones, y € ).

’Source %Channel}—“ Sink ’

Figure 1.1. The basic communication problem where symbols x € X are transmitted

from a source but they received as y € Y due to the uncertainties in the channel, .

The area of modern communication starts with the seminal work of Shannon [1]
where he formulates the problem of reliable communication in this basic setting and
shows that for any channel, W, there exists a capacity, I(W), such that for rates
R < I(W) reliable communication between the source and the sink is possible and for
R > I(W) one can not communicate reliably. This result implies that if the source
needs to convey information through symbols, x € X', then it needs to send a group of
them, xy = (x1,x9,...,2y), and looking through the received symbols, the sink can
recover RN, R < I[(W), of them correctly. Moreover, the sink and the source need to
agree a on a protocol beforehand such that first, the sink creates an information vector
uy, k/N = R; next, by adding redundancy to uy the source generates and transmits x
and from the received symbols, y,, the sink can recover uy reliably. Channel coding

deals with the problem of finding such protocols.



’ Source %Eneoder’ﬂﬂ(]hannel’m Decoder’—ﬁq Sink ’
. /

V
Channel Coding Problem

Figure 1.2. Channel coding problem.
The channel coding problem is illustrated in the above figure where the source uses
an encoder to add redundancy to an information vector, u, to generate a vector of
encoded symbols, x. After transmission through the channel the sink uses a decoder

on the received symbols, y,, to obtain the estimate, Gy, of ug.

1.2. The History of Channel Coding

Channel coding problem arises with Shannon [1] in 1948 where he introduces and
formulates the channel capacity and shows the existence of channel coding schemes
that achieve this capacity. After the introduction of the channel coding problem the
initial research was algebraic in nature where the main focus was to find encoders
such that the minimum distance between the information vectors, ug, when they are
encoded as xy is maximized. On the receiver side a decoder with hard decisions was
usually the preferred method. In decoding with hard decision, the decoder first maps
the received symbols, y € ), to the most likely transmitted ones, x € X, and obtains an
estimate, Xy, on xy. Next, it employs maximum likelihood (ML) decoding by trying
every uy to find the most likely one that will result in X, hoping that the minimum
distance between different x, will help recovery. Many different coding schemes such
as Hamming [2], Golay, [3], Reed-Muller (RM) [4] and Reed-Solomon (RS) [5] are the
results of this approach. The performance of this codes are not optimal as they can
only be used with small code-lengths, N, because the decoder needs to employ ML

decoding whose complexity increases exponentially in V.

Decoding with soft decisions was the next milestone for the channel coding prob-
lem. While employing soft decisions the decoder does not initially maps the received
symbols, y € Y, to the most likely transmitted ones, x € X', but it uses ML decod-

ing to estimate a group of symbols whose size is determined with a constraint length.



Viterbi [6] and BCJR [7] algorithms are the most famous of such decoding schemes
that are shown to provide good performance with convolution codes, a class of codes
whose encoding operation is performed by convolving the information vector, ug, with
a fixed vector to obtain xy. Unfortunately, the complexity of such decoding schemes

also increase exponentially in the constraint length.

Another class of decoding algorithms that are known as sequential decoding had
a similar problem. When used with convolution codes these decoding algorithms are
shown to have a bounded decoding complexity if the transmission rate, R, is below a
critical rate and have exponential complexity above it. This critical rate is mathemat-
ically formulated and known, in the literature, as the “cut-off rate” [8]. Fano [9] and
Wozencraft [8] are the well known pioneers of these class of decoding algorithms that
draw attention due to having bounded complexity although not being able to provide

near capacity operation.

Next major breakthrough in the history of channel coding comes with the intro-
duction of Turbo codes [10] by Berrou, Glavieux and Thitimajshime in 1993. Turbo
codes was the first example of channel codes that operate near capacity with complexity
linear in the code-length. The demonstration of turbo codes broke the paradigm that
operation above cut-off rate was difficult and provided hope and direction for future

research on the channel coding problem.

In 2001, with the re-discovery of Gallager’s low-density parity check (LDPC)
codes, it was possible to approach the capacity of Gaussian channels within 0.0045db
[11] with linear complexity. As it turns out, Gallager introduced LDPC codes in 1962
[12] and provided a low complexity decoding algorithm but could not demonstrate
its operation due to lack of computational resources. LDPC codes provided the first
example of channel codes operating at the channel capacity with linear complexity.
But, it was the introduction of polar codes by Arikan [13] in 2008 that provided the
first example of a channel code that provably achieves the capacity of a wide range of

communication channels with linear complexity in the code-length.



1.3. Polar Codes

In 2006 Arikan proposed a channel transformation method based on channel com-
bining and splitting [14]. This transformation took two uses of an arbitrary binary-
input discrete output channel (BDMC), W, as an argument and output two synthesized
channels, W’ and W”, such that the sum cut-off rate of W’ and W” was larger than
that of two W channels combined. This attempt was motivated by solving the cut-off
phenomena that exists in the sequential decoding because these decoding algorithms
have unbounded complexity above the cut-off rate. Later on, in 2008, Arikan general-
ized the channel combining and splitting idea via recursive operations and this resulted
in the channel polarization [13]. With channel polarization, it was possible to obtain
code-sequences, {C, : n > 1} , called polar codes, having code-length N = 2" and
complexity O(Nlog N). Arikan showed that {C, : n > 1} achieves the capacity of
arbitrary BDMCs. With polar codes, 60 years after the introduction of the channel
coding problem we finally had a rigorous solution along with a practical code that will

allow reliable communication.

Interestingly, polar codes have the same encoding structure of a class of RM
codes which are known and used for over 50 years [15]. Different from RM codes, polar
codes have a channel-specific construction and can achieve the capacity of arbitrary
BDMCs with a sub-optimal decoders such as successive cancellation decoder (SCD).

These unique properties resulted in the popularity of polar codes.

1.4. Contribution of This Dissertation

Most of this dissertation focuses on the theoretical aspects of polar codes and
channel polarization but, for the sake of completeness, we consider some practical uses
of polar codes as well. Our contributions in the area of polar coding can be classified

in three categorizes

(i) We investigate the channel-specific construction of polar codes and obtain asymp-

totic results which explain the inherent effect of the underlying channel on the



construction of polar codes. Our results bring lights on the constructional sim-
ilarities and differences between polar and RM codes and they easily extend to
provide a characterization for the asymptotic polarization performance of polar
codes. These results are presented in Chapter 3.

(ii) We consider practical uses of polar codes for fading channels. By providing an
easy construction method, we design a high performance and low complexity bit-
interleaved polar-coding (BIPCM) scheme. We compare the performance of the
proposed scheme with the existing ones and show that BIPCM provides significant
performance advantages. This is explained in Chapter 4.

(iii)) We generalize the channel polarization idea by introducing higher order mem-
ory in the channel combining and splitting operations. The newly introduced
memory parameter allows us to control the speed of polarization as well as the
speed of code-length. Channel polarization with higher order memory results
in a new family of polar codes {G,(lm) :n > 1,m > 1} with code-length O(¢") ,
¢ € (1,2], and memory parameter m. We prove that {G%m)} achieves the capacity
of arbitrary BDMCs for any fixed m and we obtain bounds on its asymptotic po-
larization performance as scaled with m. When m = 1, {e;’")} coincides with the
polar codes presented by Arikan and as m increases the encoding and decoding
complexities of {(22”)} decrease. {eﬁlm)} is the first example of a new family of po-
lar codes that require lower complexity compared to the original codes presented

by Arikan. Our results are presented in Chapter 5.
1.5. Organization of This Dissertation

In Chapter 2 we overview polar codes and channel polarization. Chapters 3,
4 and 5 are devoted to explaining our contributions in the area of polar coding, as
summarized in the previous section. In Chapter 6 we conclude the dissertation and

provide some future research directions. .



1.6. Preliminaries

Let W(y|x), v € X = {0,1}, y € Y, denote the transition probabilities of W,
where X is the binary-input alphabet and ) is an arbitrary discrete output alphabet.
Throughout this dissertation we assume that x is uniformly distributed in X, and use

base-2 logarithm. The symmetric capacity, I(WW), of W is

A 1 W (ylz)
(W) = yezyx;ﬁvv(y\x) log T GI0) + IV (T (1.1)

The Bhattacharyya parameter, Z (W), of W provides an upper bound on the proba-

bility of error for maximum likelihood (ML) decoding over W and is defined as

ZW) 23" VW oW (yl1). (1.2)

yey

The symmetric cut-off rate, J(W), of W is [13]

2

J(W) £ log Tz

(1.3)
As Arikan shows in [13, Prop. 1] Z(W) = 1 implies (W) = 0 and Z(W) = 0 implies
I(W) = 1. By using this fact and from (1.3) we see that if J(W) = 0 then I(W) =0
holds and J(W) = 1 indicates I(W) = 1.

Let W’ and W” be two B-DMCs with inputs x1,2, € X and outputs y; € M
and yo € J», respectively. Channel polarization is based on a single-step channel
transformation where one first combines the inputs of W’ and W” to obtain a vector

channel
W(?/l; yz|$1,$2) = Wl(Ql’xl S 332)W”(92’9€2)7 (1-4)

where @ is the XOR operation. Next, by choosing a channel ordering, one splits the

vector channel to obtain two new binary-input channels, W~ : X — ), x )5 and



Wt . X — X x Y X )y, with transition probabilities

1
W= (y1, y2|z1) = Z §W/<yl|$1 & 22) W (y2|z2), (1.5)
x2
1
W+(?/1, Yo, T1|T2) = EW/(?/1|951 D 12) W (ya|22), (1.6)

We use the following short-hand notations for the transforms in (1.5) and (1.6), re-

spectively.

W =waw, (1.7)
Wt =Ww'Bw" (1.8)

The polarization transforms preserve the symmetric capacity as

IW)+ (W) =T(W") + I(W"), (1.9)

and they help polarization by creating disparities in I(W™) and I(W ™) such that

I(W) > max{I(W"), [(W")}, (1.10)
[(W™) < min{I(W'), [(W")}, (1.11)

where the above inequalities are strict as long as I(W') € (0,1) and I(W”) € (0,1).
This polarization effect quantitatively observed in the Bhattacharyya parameters as

they take the form

Z(WH) = Z(W)Z(W"), (1.12)
ZW™) < Z(W') + Z(W") — Z(W)Z(W"), (1.13)

where the equality in (1.13) is achieved if Z(W') € {0,1} or Z(W") € {0, 1}, or if W’

and W are binary erasure channels (BECs).



Equations (1.9)-(1.13) are proved in [13] when W’ is identical to W”. Their
generalizations for the case W/ and W are different channels are straightforward and

omitted. The proposition below will be crucial in the sequel.

Proposition 1.1.
JW)+ J(WH) > JW') + J(W"),

where equality is achieved only if J(W') € {0,1} or J(W") € {0,1}.

Proof. We have J(W™) = % and J(WT) = —2%—~. By using (1.13) and (1.12)

1+Z(W 1+zZ(W+)-

we obtain

2
T+ 2wz

JWH) + J(W™) >

log

2
0g 1+ Z(W’) I Z(W”) _ Z(W’)Z(W”)
2
= log HZ(WHZ(W) + w(W, W) Z(W)Z(W")

1 (1.14)

where w(W',W") = Z(W') + Z(W") — Z(W") Z(W") < 1 indicating

JWH)y+J(W~)>1log

+log (1.15)

2 2
1+ Z(W") 14+ Z(W")

= J(W') + J(W").

In order to have J(W*) + J(W™) = J(W') + J(W"), the equalities in (1.14) and
(1.15) must be achieved. From (1.13) we know that the equality in (1.14) is achieved
only if Z(W’) € {0,1} or Z(W") € {0,1} or if W' and W” are BECs. When
(ZW"), Z(W")) € (0,1)* we have w(W',WW") < 1 and the inequality in (1.15) is
always strict, whether or not W’ and W” being BECs. Consider the case Z(W’) =
1 or Z(W") = 1, then we have w(W',W”) = 1 and the equalities in (1.14) and
(1.15) are achieved. When Z(W') = 0 we have J(W') = 1, w(W',W") = 0 and
JWH)+ JW™) =JW') 4+ J(W"), and the case J(W') = 1 follows from the symme-
try in (1.14) and (1.15). Hence the equalities in (1.14) and (1.15) are both achieved



only if Z(W’) € {0,1} or Z(W") € {0,1}, or alternatively only if J(W') € {0,1} or
J(W") € {0,1}. O

The above proposition indicates that one can obtain a coding gain by applying
channel combining and splitting operation as long as the symmetric cut-off rate of W’
and W are in (0, 1), where the coding gain manifests itself as an increase in the sum
cut-off rate of channels W~ and W~ compared to W’ and W*. We use the parameters
J(W) and I (W) together to show that {C%m)} achieves I (W) of an arbitrary W, whereas

the parameter Z(W) will be used to characterize polarization performance of {G%m)}.

Notation: We use uppercase letter A, B for random variables and lower cases
a,b for their realizations taking values from sets A, B, where the sets have sizes |A|
and |B| respectively. Pr(a) denotes the probability of the event A = a. We write
a, = (a1, as,...,a,) to denote a vector and (a,,b,,) to denote the concatenation of a,
and b,,. We use standard Landau notation o(n), O(NN) to denote the limiting values of

functions.
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2. POLAR CODES

In this chapter we overview the construction, encoding and decoding of Arikan’s
polar codes. We investigate the probabilistic model used for explaining the channel
polarization phenomena and by using this model we characterize the asymptotic po-

larization performance of polar codes. The results in this chapter are mostly based on

the works of Arikan in [13].
2.1. Channel Combining

Consider a BDMC, W (y|z), with binary-input z € X = {0,1} and arbitrary
discrete output y € Y. Let W(y;|x;) denote the ith use of the channel W. Channel
combining phase consists of generating a vector channel W, : XY — YN N = 27,
n=1,2,.... Clearly, there are N different binary-input channels in the vector channel

W, to transmit information. In order to refer to these, let us define
Wr(f) 2 ith binary-input channel in W,

and

EY

ulY = Binary-input of W,

The vector channel W, is obtained by combining the inputs of W,_; and W,_; where

W, _1 denotes an independent realization of W, _; and channel combining recursion

starts with Wy = W. The input combining is performed as

(i

where we use the notation ﬂn)_l to denote the binary-input of W,_;. This combining

process is demonstrated in Fig. 2.1. Let uy = (u1, ug, ..., uy) denote the information



Figure 2.1. Channel combining operation at level n.

vector so that uq, us, ..., uy are transmitted through the inputs of W}Ll), WT(?), ..

(1) -
ngl) () I/Vn—l n w Y
2 (2)
w2 ® w7, To - Y2
/2 w2 TNy Yn/2
% w
VV;L—l
- a
”/7(LN/2+1) wéjl TN/2+1 W YN/2+1
WN/2+2) w® N YN/2+2
w
V) 77/ (N/2) T YN
IVn IVn—l N w
Wi

Wy

11
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respectively. We can formulate the encoding operation which maps the information

vector, uy, to encoded bits, Xy, as

where G,, is an N x N, N = 2" encoding matrix and encoding operation is performed

in GF(2). Inspecting Fig. 2.1 we see that G,,, in particular, is of the form

where F = G = |

1
1

G, =

9] and ® denotes the Kronecker product. We can alternatively

|

xy = unGy,

Gn—l

anl anl

0

respresent G, as G, = F®F® ... F = F®".
—_—

n times

i| - F®Gn—17

(2.1)



12

2.2. Channel Splitting

Channel splitting is the operation of separating W, : XV — YV N = 2", and
obtaining N synthesized binary-input channels. In order to split W,, we need to define
a splitting order m, : {1,2,..., N} — {1,2,..., N} which we explain in the following

definition.

Definition 2.1. Bit-reversed Order: Let m, : {1,2,...,N} — {1,2,...,N} and let
B(i) = (b1,bo,....by)2+ 1, ¢ = 1,2,..., N, denote the n-bit binary expansion of i
where b, is taken as the most significant bit. The mapping m, is obtained in terms of

increasing B(i) values such that if B(i) > B(j) then m,(i) > m,(j).

The mapping m, is the so-called bit-reversed order presented by Arikan [13]. The
binary-input channels AR W,, are split in increasing 7, values so that each W is
of the form W,\” : X — YN x xm(O-1 The transition probabilities of W channels

are explained with the following proposition.

Proposition 2.1. For n > 1 the transition probabilities associated with W,,E") can be

recursively calculated as

W:f)l El W:jl,

W
| - i=12,...,N/2 (2.2)
W = W@ W

n—1

where Wy = W is the underlying channel.

Proof. For n > 1, let B(i) = (by,b2,...,by_1)2, i = 1,2,...,N/2. We have B(i) =
(b1,ba,...,b,-1,0)2 and B(i + N/2) = (b1,bs,...,b,_1,1)s. Therefore, W, precedes

WA iy terms of the bit-reversed order m,. Since uY) = US)—l ® aﬁj)_l and uli TV =
ES)_l holds by the channel combining procedure, induction through stages 1,2,...,n

indicates that W, = W, 8w and W™ = w® @W, hold.
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2.3. Code Construction

In order to use polar codes one has to fix a code parameter vector (W, N, K, A),
where W is the underlying B-DMC, N is the code-length, K is the dimensionality of
the code, and A C {1,2,..., N} is the set of information carrying symbols. We have
|A| = K and K/N = R, where R € [0, 1] is the rate of the code.

Let Zr(f) denote the Bhattacharyya parameter of WS) channel. Code construction
problem is choosing the set A such that

, A
minimize Z ZW subject to %
icA

~R (2.3)

This problem can be analytically solved only when W is a BEC since for this
case the W,\") channels are also BECs [13] and the Bhattacharyya terms, fo), can be
calculated in closed form. In this case, in the light of (1.12)-(1.13) and Proposition 2.1,

7 terms can be recursively calculated as

i=1,2,...,N/2. (2.4)

No other recursive calculation are known for channels other than BEC. This brings
a code construction problem for polar codes because calculating a suitable reliability
metric for channel W\ : X — PN x X™®-1 has complexity exponential in the
code-length. This results from the fact that the output alphabet size of W,Ei) ie.
|VN x x™®O=1| increases exponentially in the code-length N. This problem is well-
studied in the literature, where one approximates a suitable reliability measure for W
channels and uses this measure to choose the set A. We refer the reader to [16] for an

overview.

After choosing the set A one only uses W) channels with i € A while the

remaining channel are not used for transmission and their inputs are kept frozen and
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known to the decoder. Let uy = (u; : i € A) and uge = (u; : i € A°) denote the vector
of information and frozen bits, respectively. The encoding operation, in particular, is

of the form

xy = unyGy,

= uAGn(A) @ uACGn(AC)’

where G,,(A) is the matrix obtained by choosing the rows of G,, with indices in A.
The above encoding structure is the same as a class of RM codes, known for 50 years.
The distinction being for RM codes the set A is selected as

Al

maximizeZHT(f), s.t. %
ieA

=R (2.5)
where H.” denotes the Hamming weight of the ¢th row of G,,. The distinction be-
tween polar and RM codes lies in the selection of the set A in the sense that RM
codes are constructed independently of the underlying channel whereas polar codes are

channel-specific codes. This results from the fact that Z8 terms depend on the under-

lying channel. However, one expects HY to have some effect on Z4) as well because,
from coding perspective, choosing large HY results in a larger minimum distance on
codewords. We bring some light on this discussion in Chapter 3 by showing that the
Hamming weights, Hff), also have some effect on Z.” because, as it turns out, asymp-

totically some Z,(f) depend more on the corresponding H,si) and the fraction of those

7 increases in I (W).
2.4. Decoding
The default decoding algorithm for polar codes, as Arikan suggests in [13], is the

successive cancellation decoding (SCD). SCD directly follows from the channel splitting

procedure and the recursive formulation of the transition probabilities of W,Ei) channels,
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as given by Proposition 2.1. In order to explain SCD let us define

W9 () 2 The posterior probability of transmitting z € X' from the input of W (",

n

Likelihood ratio (LR), Lff), for the input of the channel, W,gi), is defined as

Representing the transition probabilities of Wéi) recursively via H and H transforms, as
in Proposition 2.1, allows us to recursively calculate LR relations as well. This results
from the fact that the effect of H and H on LR relations can be formulated in closed
form [13, Eqgs. 74-75]. By using this fact we obtain

LY+ LY, i=1,2,...,N/2, (2.6)

where L% . is the LR of V_V,Sf) channel and ﬁﬁf) denotes the estimate of ug). SCD

n—1
algorithm for polar codes is based on calculating LY values recursively with the above

relations, in the order 7,(i) = 1,2,..., N, and deciding on the estimates ald by using

0 if LY >1,
al?) = (2.7)

1 otherwise,

(4)

where only the decisions on ul @

, i € A, are made since the remaining u,,’ are fixed at

the encoder side and known at the decoder.
2.5. Probabilistic Model

Recursive formulation of the transition probabilities of W,gi) also allows one to

obtain a probabilistic model for their evolution. In order to explain this let us define
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Wi =w___
Wi =w__
W:’EZ) =Wy
w = w_
Wi —w_
W2(2> =W_y
B, = — WY =W,
o P o
Wi —w,_
WPEES) =Wi_4
Wl(Q) =Wy
Wi =w,
W Zw,,
Wég) = Wit

Figure 2.2. Probabilistic model for the evolution of W channels.

a random channel process {K,, : n > 1} where K,, = Wy, p, .5, Bi € {+,—},
i=1,2,...,n,and Pr(B; = +) = Pr(B; = —) = 1/2. As Arikan shows in [13], we can
view {K,} as a tree process where its realizations correspond to WY channels where
each different realization occurs with probability 1/2" = 1/N. This is illustrated
in Fig. 2.5 By using Proposition 2.1 and the definition of the bit-reversed order in
Definition 2.1 the process { K, } can be formulated as

Kn—l = Kn—la if Bn =
K, = (2.8)

Kn—l B Kn—la if Bn =+,

where Ky = W is the underlying channel. Next, define the process {Z,, : n > 1} where
Z, = Z(K,) is the Bhattacharyya parameter of K,. By using the above recursive

formulation and (1.12)-(1.13) we can formulate Z,, as

<27, —2Z2,, i B,=-,
Zn (2.9)

where Zy = Z(W).
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2.5.1. Polarization

We define the process {I,, : n > 1}, where I,, = I(K,) is the symmetric capacity
of K,,. From the fact that HH and H transforms preserves the symmetric capacity and

from the random channel model in (2.8) we obtain
1
E[L] = §(In—1 + Io1) = In-1. (2.10)

Therefore, the process {I,,} is martingale. Continuing the above recursion we notice
that E[I,,] = Iy = I(W). Since I, is bounded in [0,1] the Martingale convergence
theorem states that it must converge to a random variable I, with probability 1. A
similar treatment applies to the process {Z,} since from (2.9) we have

EZ,) < =221 — 22+ Z2_)) = Zn, (2.11)

DO | —

indicating {Z,} is also a martingale and it must converge to a random variable Z,
with probability 1. Next, we see that

E[Z?

ElZy — Zy1] > B|Z> | — Zus] = E[Zu (1 — Zu_1)] (2.12)

1
2
Since convergence in probability implies convergence in expectation we must have
E[Z, — Z, 1] — 0 as n — oo. By using this fact in the above relation we obtain
ElZ+«(1 — Zs) = 0 which, in turn, means Z,, € {0,1}. This result also indicates
I € {0,1} ( [13, Prop. 1]) and having E[l,] = I(W) results in Pr(l,, = 1) = I(W)
and Pr(I = 0) = 1—I(W). Therefore, I(W) fraction of the realizations of the process

I,, converges to 1.

The above result have the following implications for the WS) channels. It ensures
that, as n gets large, for I(W) fractions of W the corresponding symmetric capacities
will be arbitrarily close to 1. This result brings a different meaning to the channel

capacity in the sense that for polar codes I(WW) is the fraction of synthesized binary-
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input channels WS), by using which, one can transmit binary information reliably.
2.5.2. Rate of Polarization

In the previous section we showed that, as n gets large, W, channels polarize in
the sense their symmetric capacities get close to 1 or 0. A crucial point is analyzing
the rate of this polarization as it will bring light on the performance of polar codes. In
Arikan and Telater [17] characterizes the rate of polarization by providing probabilistic

bounds on the process {Z,} as given below

Theorem 2.1. When n is large, for § < %
Pr(Z, <27 > 1(W), (2.13)
conversely, for [ > %,

Pr(Z, > 2V =1. (2.14)

The above theorem has the following implications on polar codes. Notice that
each realization of the process {Z,,} occurs with probability 1/N and it corresponds to
the Bhattacharyya parameters, Z,(f), of W channels. Therefore, for I(WW) fractions of
W the corresponding Bhattacharyya parameters will be bounded as A <27V B, for
f < 1/2. Since Bhattacharyya parameter is an upper bound on the probability error,
Pe(f})l, of channel W,\" , we also have Pe(?l < 27N Let P, denote the block-decoding

error probability of polar codes with code-length N = 2". We have

P <> PY <y 27V = N2V = (27 (2.15)

en
=1 =1

for 5 < 1/2. This is an achievable result on the error probability of polar codes. Next,
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by using the converse part of the above theorem we see that
P. > max{Z®} > 27’ (2.16)

holds for § > 1/2. The term f is called the exponent of polar codes as it shows how
fast the block-decoding error probability scales exponentially in the code-length.

2.6. Complexity

Let us consider a single core processor where we are interested in the time com-
plexity of the encoding operation. Let xZ denote the encoding complexity at channel
combining and splitting level n. Investigating Fiig. 2.1 and by taking the complexity of

@ operation as 1 unit we can formulate Y2 as

Xf = QXEA +N/2

= N/2+...4+ N/2
ntivmes

= O(NlogN),

where we have used x¥ =1 and x& = 0.

Next, we let x2 to denote the decoding complexity where we consider SCD as
the decoding method and LR relations in (2.6) are used for calculating the transition
probabilities of W,". Investigating (2.6) we see that the problem of calculating N
LRs of level n can be accomplished if the LRs of level n — 1 are ready. If we take the

combining operation of two LRs coming from previous stage as 1 unit, we can formulate
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X, as

er? = QXTZL)A + N

=N+...+N
—_—

n—+1 times

= O(NlogN),
where we used y& = 1.

The above results indicate that the encoding and decoding operation of polar

codes have complexities O(N log N) which is linear in the code-length.
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3. ON THE CHANNEL-SPECIFIC CONSTRUCTION OF
POLAR CODES

Recall from Section 2.3 that polar codes and RM codes have the same encoding

structure as

xy = unyGy,

=u4G,(A) ©uyG,(A°),

where the main distinction was the selection of the set A. For polar codes one choses the
set A by minimizing >, , 7" whereas, for RM codes one maximizes Y oiea HY. This
fact results in polar codes to be channel-specific because the Bhattacharyya parameters,
Z,gf), depend on the underlying channel, W. However, the Hamming weights, H,(f), of
G,,, are independent of the channel.

In this chapter we consider a relationship between the Hamming weights, Hff),
and the Bhattacharyya parameters, 7. We obtain upper and lower bounds on Z
by using HY and the symmetric capacity, I(W), of the underlying channel W. These
bounds, which are asymptotically tight in H,(f), demonstrate the effect of W and H”
on 2% , and provide insight on the channel-specific construction of polar codes, com-
plementing [15]. Our analysis, thereby, shows that both the underlying channel and
the Hamming weights have effect on the construction of polar codes. This observation
provides a bridge between polar and RM codes. The bounds derived in this chapter
can be extended to obtain the exponent, (3, of polar codes alternative to the analysis
of Arikan and Telatar in [17] where the inherent effect of Hamming weights on the

exponent, 3, of polar codes becomes evident as well.
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3.1. Probabilistic Model

Recall from Section 2.5 that we have defined a random channel process {K,, : n >

1} where K,, = Wg, B, . B,, Pr(B; = +) = Pr(B; = —) = 1/2, and the realizations of

K, are viewed as the binary-input channel W, We have also defined a Bhattacharyya
process {Z, : n > 1} for the corresponding channel process {K, : n > 1} by letting
Zn, = Z(K,) where the realization of Z,, are the Bhattacharyya parameter, Z,(f), of
Wéi) channels. Now, we extend this probabilistic model by defining a Hamming process
{H,}, H, € {1,2,2% ...,2"}, such that the realization of H, will correspond to the

Hamming weights, vaf), of the rows of G,,. This process is of the form [18]

9H, ,. i B, =1,
H, = (3.1)

Hy -, if B, =0,

where Hy = 1. Our aim is to investigate the processes {Z,} and {H,} jointly, where

process {Z,}, as explained in Section 2.5, is of the form

<27, -72, i B,=-,
Z, (3.2)

Examining {7, } and {H,} as given by (3.2) and (3.1), respectively, we observe
that the recursive natures of {Z,} and {H,} have some similarities. When B,, = 1 the
value of Z,, is the square of Z,_; and the value of H,, doubles with respect to H,_;
implying that Z,, < Z,,_; holds if H, > H,_;. On the other hand, when B, = 0, Z,
increases compared to Z,_; but the value of H, does not change over H,, ;. Let us
fix Y " | B; and H, = 92 i=1Bi Then the largest realization for Z, occurs if all of the
Is in {B,} come after the 0s. Similarly, the smallest realization of {Z,} occurs if all
of the 1s in {B,} come before the 0s. Therefore, both the position and the number
of 1s in {B,} have an effect on Z,. This observation was also made in [18], where

authors propose a coding scheme {C%: « € [0, 1]} which smoothly interpolates between
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polar and RM codes. The interpolation between polar codes and RM codes is based
on the fact that, as @ — 0, Z,, depends more on >  B;, and thus H,, rather than
the position of 1s in {B,}.

3.2. Effect of Hamming Weights on the Construction of Polar Codes

We consider a polar code used for transmission over a BDMC, W, whose sym-
metric capacity and Bhattacharyya parameter are (W) € (0,1) and Z(W) € (0, 1),
respectively. The receiver employs SCD for a polar code with length N = 2", which
we assume to be fixed. We seek a relationship between the Hamming weights, Hq(f), of
the rows of the generator matrix Gy and the Bhattacharyya parameters, Z,(f), of the

synthesized binary-input channels, WY, We define w(i), w(z) € {0,1,...,n}, as
w(i) =Y b, B(i) = (b, by, ... by)2 + L.
j=1
Investigating the recursive formulation of G,,

we notice that HY = 2%® holds [19]. We fix w(i) = w, w € {0,1,...,n}, and define
a type class H}Y as

HY={HD . HD =2% i=1,2,... N}.

n n

The cardinality of HY is |HY| = ( ) With the following theorem we provide bounds

on Z) by using HY € HY and I(W).
Theorem 3.1. For any ¢ € (0,1), there exists a fited N = 2" so that, for some

fu=0 (1 j*{(“) as HY — N, and for I(W) — € fraction of HY € HY, we have
og Hy,

(1—e—fpg)

20 < o= . (3.3)

n
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Conversely, for all 1Y e HY and independent of the underlying channel W,

(I+fm)

Z() > o=(m (3.4)

Proof. In order to prove (3.3) we consider another process {Z,} so that for i =

1,2,...,m, m < n, we have Z; = Z; and for i > m, Z; obeys

. Z2 . if B, =1,
Z; = (3.5)

22,y — 22, if B, =0.

Comparing (2.9) and (3.5) one observes that the process {Z,} is stochastically domi-
nated by {Z,} in the sense that for some g, € (0,1) we have Pr(Z, < g,) > Pr(Z, <
gn). Letting ¢ € (0,1) and v € (0, 1), we define

Do(€) 2 {Zm < ¢,
G () 2 {u > 7},
n—m

and observe that D,,,(¢) and G}, (7) are independent events. The next lemma, which

simplifies the bootstrapping technique of [17], is proved in the Appendix A.

Lemma 3.1. For some ¢,v € (0,1),

A _9(v—e)(n—ng) n
Zn§2 2 ( ’ ’ DnO(C)mGnU(V)

Let A= 3", B; so that H, =24 The event G (v) is always valid if we take

v = —;1:20. Using this fact in Lemma 1, we obtain
0

A(17 nQan)

Z, <277 . Du(Q) N {H, =2} (3.6)

The convergence of Z,, to Z,, = 0 with probability Pr(Z, = 0) = I(W) implies that
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there exists a fixed ng, ng < n, so that

Pr(Dy,(¢)) 2 I(W) — €.

In (3.6) observe that for any fixed N, N = 2", we have "% = O <1og21Hn> +eas

A — n. Combining the above results gives

I%(anzﬁﬁlemm;%o)zjuy)—g
which completes the proof of (3.3).
For the proof of (3.4) we consider another process {Z,} which is of the form
72

n—1»

if B, =1,

:Nz
I

(3.7)

Zn—la if B, = 07

where Z, = Z,. By using the recursion in (3.7), we obtain

logg logo (1/Zg)
_ _2A(1+ 2 )

Since Zy € (0,1) is a constant, we have w =0 <log21Hn> as A — n, and thus,

1+0 ﬁ
Pr (Zn > 2*Hfg (e D) > 1.

The proof follows by comparing (2.9) and (3.7), and observing that {Z,} is stochasti-
cally dominated by {Z,,} in the sense that for some g,, € (0,1), we have Pr(Z, > g,) >
Pr(Zn > Gn)- O

Let us interpret Theorem 3.1. Observe that the upper bound on Z](\j) is only
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valid for I(W) — e fraction of H](\Z}) € HY, whereas the lower bound on Z%) holds for
all H](\?) € HY and is independent of the underlying channel, W. The gap between
the upper and lower bounds in (3.3) and (3.4) decreases with increasing H](\? so that

bounds become asymptotically tight in HY.

The upper and lower bounds together
indicate that, within each type class H,’, the corresponding Zy(f) values concentrate
around 2-7% in the sense that for L(I(W) —€) ()] elements of H¥, one observes

n
w

(I+fH)

; (1—e—fg)
o~ (H) "

<70 < o—(H{")

For the remaining 1 — I(WW) + € fraction of HY% one can only infer that

2_(H7(Li))(1+fH) < Zq(j) <1
Therefore, we can consider (V) as a correlation parameter between 7 e Hy and
2 where increasing its value will make A depend more on HY € H rather than
the underlying channel. The above analysis complements [15] by showing the inherent

play between HS” and W on Z\, where the effect of W is manifested by the I (W)

term.

Now we investigate the Z terms when the corresponding HY values are large
so that the bounds in Theorem 1 are tight. We consider two such type classes, H*

and H!"?, where 1 <w; <wg <n. The cardinalities of H** and H? are (U’fl) and (”),

w2

respectively. Let ¢ and j correspond to the indices of the members of two type classes
such that Hﬁi) € Ht and Hflj ) e H»2, with corresponding Bhattacharyya parameters
Z and Z{ respectively. Under these assumptions there exist L(I (W) —e€) x (u’;)J
distinct ¢ and L(I (W) —¢€) x (J;)J distinct j such that Z{ < Z{ holds. Consequently,
if we increase (W), more 78 values will depend on the corresponding HY in the sense
that a larger Hr(f) will correspond to a smaller fo). As I(W) — 1, Zr(f) terms depend

entirely on HY for which the bounds in Theorem 1 are tight.

The above implications of Theorem 1 also complement [18, Prop. 1], where the
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authors prove that a polar code designed for a BEC with erasure probability ¢ tends to
an RM code as e — 0. In our set-up, a BEC having ¢ — 0 corresponds to (W) — 1,
and our analysis shows that, in this case, Z](é) terms depend entirely on H](é), so long

as the latter are large enough.
3.3. Effect of Hamming Weights on the Exponent of Polar Codes

In this section we obtain bounds on the exponent, 3, of polar codes with a simple
application of Theorem 3.1. Our analysis is based on the following lemma, whose proof

easily follows from the Method of Types [20] and is omitted.

Lemma 3.2. For any € € (0, 1) there exists a sufficiently large N, N = 2", so that for

1 — € fraction of i we have

H%)EH%, Lg—egwgg—l—e]

The above Lemma states that among HY%, w € {1,2,...,n}, one typically ob-
serves the ones with L% —e<w< g+ eJ. Recall that Theorem 3.1 is a general result
because it relates Z](\? to all H](\Z}) € HY%. But the above lemma indicates that as N gets
large, one typically observes N/2-¢ < H](\Z,') < NV2*¢ except for a vanishing fraction
of . This fact, when used together with Theorem 1, implies that for I(1¥') — e fraction

of 1,

Conversely, for 1 — € fraction of i,

Z{) > 9N (3.9)

Equation (3.8) implies that the block error probability, P,, of polar codes obeys P, <
SN ZW = 02N for B < 1/2, and from (3.9), one sces that P, > max; Z\) = 2~V
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holds for § > 1/2. We have thereby unified (2.15) and (2.16) by using Theorem
1, providing an easier alternative to [17] where the inherent effect of the Hamming

weights on the exponent, (3, of polar codes becomes visible.
3.4. Discussion

We have obtained bounds on the Bhattacharyya parameters, A , of the synthetic
binary-input channels, W,(f), by using the Hamming weights, Hff), of the rows of the
generator matrix, G, and the symmetric capacity, (1), of the underlying channel, W.
These bounds provide insight on the channel-specific construction of polar codes and
complement the results in [15]. We have shown that the Bhattacharyya parameters A
depend more on Hr(f) than the underlying channel, W, with increasing I(W), which
complements the results in [18]. The analysis presented in this paper simplifies the
bootstrapping technique of Arikand and Telatar in [17] and extends it to providing a
characterization for the exponent, [, of polar codes, where the inherent effect of HY on
B becomes visible. Future work should investigate the effect of the Hamming weights
on the Bhattacharyya parameters and the exponent of polar codes obtained from ¢ x ¢,
¢ > 2, arbitrary polarization kernel, K, where the generator matrix takes the form,
G, = K¥", N = (" and it is possible to have exponents exceeding 1/2 by using larger
kernels [21].
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4. BIT-INTERLEAVED POLAR-CODED MODULATION

In this chapter, we develop a bit-interleaved polar-coded modulation (BIPCM)
architecture for communication over fading channels. In particular, we present a low-
complexity code construction approach that is based on the adaptation of Arikan’s
heuristic method in [15] to BICM. We also propose a numerically robust and lower-
complexity version of the successive cancellation list decoder (SCLD) of [22], employing
cyclic-redundancy check (CRC). The above-mentioned methods are employed in the
design of a BIPCM system using 16-ary quadrature-amplitude modulation (16-QAM)
with gray labeling (GL) and mapping by set partitioning (SP), and its performance
is compared to existing high-performance BICM systems for moderate block lengths.

Simulation results illustrate that BIPCM provides significant performance benefits over

BICM with other codes.

4.1. Introduction

In [23], Zehavi proposed a method to increase the code diversity over fading
channels. His observation was to replace the symbol-wise interleaver in Ungerboeck’s
trellis-coded modulation system [24] with a bit-wise interleaver and to perform inde-
pendent binary encoding and decoding in channels, obtained by applying a binary de-
composition to the underlying non-binary input channel. The resulting bit-interleaved
coded modulation (BICM) system provides excellent performance gains at high signal-
to-noise ratio (SNR) with low implementation complexity despite being suboptimal
due to independence assumptions of the so-called bit channels. A comprehensive study

of BICM can be found in [25].

The construction of BICM is investigated in conjunction with convolutional codes
in [26], low-density parity check codes (LDPC) in [27] and repeat accumulate codes
(RA) in [28]. Because coding and modulation are viewed as a single entity, perfor-
mance optimization of BICM usually depends on the underlying coding and modulation

schemes. In addition, iterative methods are proposed for BICM in [26] to compensate
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for the performance degradation due to the independence assumption.

4.2. Channel Model

We consider a fading additive white Gaussian noise (AWGN) channel with dis-
crete input signal z € X', with cardinality |X'| = 2%, and continuous output y € ). The
input symbols are assumed to be uniformly distributed over the alphabet X. For flat

fading, a single use of the channel can be described as

y=hx+n

where h is the complex channel fading coefficient with E[|h|?] = 1 and n is circularly
symmetric additive white Gaussian noise (AWGN) with zero mean and variance o?.
Such a channel can be represented by the channel transition probability density function
W (y|z, h), and its capacity with perfect channel state information (CSI) at the receiver

is given by

W(ylz, h)
2o Wylz, h)2= ]

[CSI(W) = Ez,y,h 1Og2

When the fading channel is memoryless, N successive uses of the channel is

described as

N

W(ynlhy,xn) = HW(%VM,%) (4.1)

=1

If the fading information is not available at the receiver, the channel can not
be considered memoryless [25]. However, with ideal interleaving, an average channel

transition probability can be calculated as

W(ylz) = En W (ylz, h)],
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and the channel capacity without CSI then becomes

W (ylx)

Ino,CSI(W) - Em,y logQ Z W(y|l’>2_q

(4.2)

In classical BICM, the input symbol z is represented by a binary labeling p: {0,1}4 —
X. Then each labeling position ¢U)(x),j € {1,2,...,q}, is used to transmit binary
information independently. Gray labeling is usually preferred for non-iterative BICM,
since it ensures a large Euclidean distance between constellation points [25]. However,
depending on the constellation, it may not always be possible to implement Gray
labeling. Set partitioning is opted for in iterative BICM, because it provides good
Euclidean distance with ideal feedback [28]. Labeling effectively transforms the 29-ary
input channel into ¢ binary channels. This transformation allows binary encoding and
decoding implementation which can be implemented easier than coding on non-binary
alphabet. As Zehavi notes in [23], code diversity also increases when binary coding is

applied. These properties account for the popularity of BICM.

Since z is assumed to be uniform in X', the induced probabilities at each labeling
position /) (z) are identical so that ¢VU)(z) = B(1/2), where B(1/2) is a Bernoulli
random variable with parameter 1/2. The conditional probability of y given (V) (z)

can be written as

Wl (z),h) = > Wiyle,h)2" @,
z£00) (z)

The resulting bit channel can be viewed as a binary channel with input £9)(z) € {0,1}

and output y. We will use the short hand notation
WO 21 ()¢9 (), h),

to refer to the bit channel seen by (U)(x).
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Figure 4.1. BIPCM system model.
4.3. Polar-Coded Modulation
Let ut) = [ugj),ugj), o ,u%)], Jj € {1,2,...,q}, denote the information vector

with length N transmitted on channel W), The BIPCM system acting on u®
is demonstrated in Fig. 1. We append a CRC prior to encoding. After encod-
ing, the bit stream is interleaved with a randomly constructed inter-leaver denoted
by m. Then a symbol mapper p is used to select the modulated symbol based on
(U)(x),5 € {1,2,...,q}. After modulation and transmission through the channel, the
demodulator calculates the channel transition probabilities for each £¢)(z) and passes
them to the corresponding decoder following de-interleaving by the block 7=!. Next,
SCLD is used to obtain a list of L most probable codewords. Finally, CRC is applied
to select the most probable CRC-valid codeword and obtain the estimated vector, a,
CRC and encoding operations prior to interleaving and the decoding operation after
de-interleaving are generic for all vectors ul). Therefore, in BIPCM one designs ¢ polar

codes with SCLD for transmission through W), j € {1,2,...,¢}, channels.

In BIPCM, depending on the rate RY) on channel W only a subset of u®¥ is
used to send information while the remaining indices are kept frozen and their true
values are revealed to the decoder before transmission. Let AW c {1,2,..., N} denote
the set of information indices and ufj()i) and ugg,(j) denote the set of information and

frozen bits, respectively. Encoding is performed via

x) = ui{()j)Gn(A(j)) D ufjc),(j>Gn(Ac’(j))7

where Gy (A) is formed by selecting the rows of Gy with indices in A and @& denotes

the modulo-2 sum. A polar code is completely characterized by the parameter vector
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(N, K@, A0 u)) where K = |AY)] is the code dimension and R@ = K@ /N is the

code rate on BY). The total transmission rate is

> RY = Rpow.

Jj=1

Before transmission one has to fix the set AY) which is the code construction problem.
4.3.1. Code Construction

Let us use Wéi’j), ie{l,2,...,.N}, N=2" j € {1,2,...,q} to denote the ith
synthesized binary-input channel obtained from N = 2" use of channel W), Let Z9)
denote the Bhattacharyya parameter of this channel. The code construction problem

for the considered coding scheme can be formalized as

Minimize i Z A

J=14icA®

subject to Z RY = Rppeum.

Although the construction problem is well-defined, as we have explained in Sec-
tion 2.3, no explicit construction formulas are available to exactly calculate 789 terms
except for BECs. To solve this problem we resort to Arikan’s heuristic code construc-
tion method [15], which can be implemented with complexity O(N). This heuristic
method is performed as follows. Given an arbitrary channel, W, with capacity I(W),
assume that the Bhattacharyya parameter of this channel to be 1 — I(W). After this
assumption use the recursive formulas (2.4) to calculate the Bhattacharyya parameters
of binary-input input channels synthesized from N uses of W assuming the underlying
channel to be BEC. Our numerical analysis indicates that Arikan’s code construction
method performs almost the same as [29] and [16] for binary symmetric channels, albeit
with less complexity. Our solution is as follows. We first calculate the capacity of each

W [(W@) by using (4.2). Then, we use (2.4) by assuming Z, = 1 — I(W) and
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underlying channel, W), to be BEC.

Our approach can be viewed as a simple generalization of Arikan’s code construction
method to parallel independent channels with a joint rate constraint. As we show
in Section IV, even with this simple construction method, BIPCM offers performance

advantages compared to some existing codes, for moderate code-lengths.
4.3.2. Successive Cancellation List Decoding

In [22], the authors propose a list decoding version of SCD, called successive
cancellation list decoding (SCLD), to reach the ML decoding performance of polar
codes. In SCLD, hard decisions on the inputs of W\" are avoided and WS)(O) and
Wi (1) are both considered by creating a decision tree, where W) (), x € X ={0,1},
denotes the posterior probability of transmitting the symbol = from the input of W,
Because the number of paths in the tree increases exponentially, only the best L of
them are preserved while the rest of them are pruned. Thus L denotes the list size.
SCLD can be implemented with complexity O(LN log N), increasing the original SCD
complexity only linearly with the list size. In the original implementation of SCLD the
path probabilities are calculated by using Wéi)(O) and Wéi)(l). As n increases those
probabilities become arbitrarily small and create numerical underflow. Since there
are N such probabilities at each level of decoding, one needs to normalize N log N
probabilities for a stable algorithm. Hence the complexity of normalization unit is

O(Nlog N).

One is limited by precision and has to put enough resources for a stable hardware
implementation to avoid numerical underflow. We present an alternative solution to
overcome this problem. We use the LLR (log likelihood ration) relationships as given

below, instead of the LR relations in (2.6), to calculate the posterior probabilities of
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Figure 4.2. Tree formation for SCLD.
bit channels.

4 L(i) I i
LY = 2tanh™" (tanh( 2=1) tanh( ”_1)),
2 2 i=1,2,...,N/2  (43)

LS\i]JFN/?) _ L(i)—l + (_1)21255)1_;(1')

n n—1»

Then, we create and expand the decision tree by using W,S“(o) / Wygi)(l). An example
with L = 2 is shown in Fig. 2, where the decoding of the first three bits ugl), ugl), ug) of
u is shown. The bit ugl) shows a frozen bit with value of 0; thus, without expanding
the tree, ugl) = 0 path is selected. Bits ugl) and uél) are information bits, and hence the

decision on ugl) is split into two paths. The four resultant paths at level 3 are pruned to

(1)

two paths by selecting the most probable ones. After expanding the tree for all u;’, at
the decoder output L candidate codewords are obtained. The most likely one is chosen
as the decoded codeword. Observe that at most L paths are preserved at every level
of the tree. Because there are n =log N levels on the decision tree, one only needs to
normalize L log N probabilities. With our approach, although the complexity of SCLD
is still O(LN log N), the complexity of normalization unit is O(Llog V), which is an

improvement over O(N log V).

As suggested in [22], CRC can be employed to further improve the performance
of polar codes. When employing CRC, fcrc more bits are transmitted, where fcrce
denotes the lengh of the CRC. In order to preserve Rpiom, the size KU of each set
AU) is incremented by lcre so that the effective code rate stays the same. The final

decision on L candidate codewords is made in accordance with their probabilities and
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Figure 4.3. Bit error rate performance of BIPCM with different mappings.

CRCs. Since some of the unused bit channels still have some capacity left, CRC
takes advantages of the residual capacity of those bit channels, providing improved
performance beyond ML decoding. The residual capacity in unpolarized channels is
discussed in [30]. We note that there are other methods to increase the performance
of polar codes, e.g., applying an outer code (as an example see [31]). However, those
methods increase the decoding complexity significantly. Indeed, SCLD with CRC offers

a nice complexity versus performance trade-off.

4.4. Simulation Results

In this section, we present the bit-error rate (BER) simulation results for com-
paring the performance of the proposed scheme with those of some well-known high-
performance BICM approaches. BIPCM system is simulated with 16-QAM alphabets.
Code-length is set to 2048 for each W channel and the total rate of BICM is set to
Rpipem = 0.5 (2 bits/channel use for 16-QAM). Prior to encoding, a CRC with length
16 (CCITT CRC-16) with generator polynomial g(z) = x'% + z'2 + 2° + 1 is appended
to each information stream. SCLD is used with L = 32. Performances of GL and SP

are investigated for AWGN and Rayleigh channels.
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Figure 4.4. Achievable rates of different mappings for 16-QAM.

Bit error rates of the two labeling methods are shown in Fig. 4.3. The plot
indicates that GL provides better performance than SP. This is expected because the
capacity of SP with non-iterative BICM is strictly less than that of 16-QAM. This is
demonstrated in Fig. 4.4, where the capacities of SP, GL and 16-QAM are plotted for
AWGN and Rayleigh channels. As seen in the figure, the GL capacity is very close to
16-QAM capacity. At 1 x 107* BER levels, BIPCM with GL performs 2.1 dB away
from the AWGN capacity and for Rayleigh channels the gap is around 2.2 dB for the
block-length 2048 bits.

The performance of BIPCM is compared with the results for systematic RA
code-based and LDPC-based BICM presented in [28]. These codes have block length
N = 2000, rate R = 0.5 and use GL as mapping and are randomly constructed with
constant column and row weight 3. For decoding belief propagation algorithm with

maximum iteration number 100 is adopted.

Investigating Fig. 4.5 we observe that the performance of RA-based BICM is
slightly better than LDPC-based BICM. However, RA-based BICM shows an error
floor just above 121075 and LDPC-based BICM seems to be free of error floor for the
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Figure 4.5. Performance of RA and LDPC based BIPCM. Curves are taken from [28].

considered bit-error probability range.

Table I gives a performance comparison between BIPCM and the results presented
in [28], where FEj,/N, values needed to reach a BER = 1 x 10™* are given for different
codes. Table I clearly shows the performance advantage of BIPCM for the proposed
set-up. In AWGN channel, the performance improvement of BIPCM is 0.2 dB and
0.6 dB compared to RA- and LDPC-based BICM, respectively. In Rayleigh channel,
BIPCM outperforms RA- and LDPC-based BICM by 0.4 dB and 0.8 dB, respectively.

4.5. Discussion

A polar coding scheme for BICM is proposed. A low complexity code construction
method which is based on a generalization of Arikan’s heuristic method in [15] is
adopted. To get the best performance from polar codes, SCLD with CRC is employed.
A lower complexity and robust implementation of SCLD is explained. Performance of
BIPCM is compared to some existing codes such as LDPC, and it is shown that polar
codes provide significant performance benefits in conjunction with BICM for moderate

block lengths.

We note that no mathematical formulations exist on how to choose the CRC or



Table 4.1. Performance of BICM with different codes.

Ey/No [dB] at BER = 1 x 1074

Polar | RA LDPC
AWGN 4.1 | 4.3 4.7
Rayleigh | 6.2 | 6.6 7.0
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its size in SCLD. Obtaining them or having design guidelines for CRC choice is an

important open problem.
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5. POLAR CODES WITH HIGHER ORDER MEMORY

In this chapter, we explain the design of a set of code sequences {C%m) n>1,m>
1}, with memory order m and code-length N = O(¢"), where ¢ € (1,2] is the largest
real root of the polynomial equation F(m, p) = p™ —p™ ' —1 and ¢ is decreasing in m.
{€I™Y is based on the channel polarization idea, where {€4"} coincides with the polar
codes presented by Arikan. We show that {G%m)} also achieves the symmetric capacity,
I(W), of an arbitrary BDMC, W, for any fixed m and therefore we complement Arikan’s
conjecture that channel polarization is in fact a general phenomenon. We show that
{G%m)} offers complexity benefits compared to the original codes as its encoding and
decoding complexities decrease with growing m. We obtain an achievable bound on
the probability of block-decoding error, P,, of {G%m)} and showed that P, = O(2~"")
is achievable for § < —2-1

I+m(¢—1)"

5.1. Motivation

Recalling Arikan’s polar codes in Chapter 2, consider the vector channel, W,, :
XN — YN N = 2" n > 1, obtained at channel combining level n. The vector
channel, W,,, is obtained from W,_; in a recursive manner where one first injects an
independent realization of W,_;, denoted as W,,_;, and then combines the input of
W,_1 and W,,_; to obtain W,,, where the recursion starts with W, = W. The injection
of W,_1, in a way, creates N/2 diversity paths for the N/2 inputs of W,_;, and this
allows polarization which one sees in the synthesized binary-input channels obtained
by splitting W,,. Consequently, at each combining level the code-length doubles with

respect to the previous step scaling as N = 2.

With higher order memory in channel polarization, let us write N = N(n,m) to
denote the code-length at channel combining level n and memory parameter m, m > 1,
which we assume to be fixed. The vector channel, W,,, is obtained by combining the
inputs of W,_; with W,_,,, where one chooses Wy = W_; = ... = W;_,, = W to

initiate the recursion. The number of binary-inputs in W,_; and W,_,, are N(n — 1)
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and N(n — m), respectively. In turn, with the controlled memory parameter, m, and
at channel combining level n, one only injects N(n — m) new diversity paths with
W —m, for the N(n —1) inputs of W,,_1, to obtain W,,. Because N(n —m) gets smaller
compared to N(n — 1) as m increases, it is possible to slow the speed at which one
inject new channels to provide polarization. At first glance, it seems that increasing m
will decrease the polarization effect obtained after each combining and splitting stage,

however it will also allow the code-length to increase less rapidly in n. In order to see

this consider the code-length obeying the recursion
N=Nn—-1)4+Nn—-m), n>1m>1, (5.1)
with initial conditions
NO)=N(-1)=...=N{1-m)=1, m>1. (5.2)
As will be explained in the sequel, the code-length takes the form
N=0("), n>1 (5.3)
where ¢ € (1, 2] is the largest real root of the m-th order polynomial equation
F(m,p)=p™—p" ' —1, (5.4)
and ¢ decreases with increasing m. Therefore, if we increase m, it will take more
channel combining and splitting stages to reach a pre-defined code-length, where the
ratio of injected diversity paths to existing paths in each combining stage will also
decrease. The aim of this chapter is to understand the effects of this trade-off on the
polarization performance one can obtain at a fixed code-length N, as well as on the

complexities of encoding and decoding.

In [21] Korada et al. generalize the channel polarization idea where ¢ > 2 inde-
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pendent uses of W,,_; are arbitrarily combined to obtain W,, and code-length scales
as N = (". Although the channel combining mechanism is generalized to combining
arbitrary numbers of W,,_; to obtain W,,, this setup has also first order memory in the
channel combining. The authors express the combining mechanism by an ¢ x ¢ polar-
ization kernel K. With an arbitrary K, the encoding matrix takes the form G,, = K®".
The asymptotic polarization performance is characterized by the distance properties of
the rows of K. Our work differs from [21] in the sense that by introducing higher order
memory we modify the channel combining process. Moreover the encoding matrix of
polar codes with memory m > 1 can not be obtained by applying Kronecker power
to an arbitrary polarization kernel. As a result, one needs new mathematical tools to

investigate 3.
5.2. Recursive Channel Transformations
5.2.1. Channel Combining

Consider an arbitrary B-DMC, W, where its N independent uses take the form
W(ynlxn) = [T, W(yilz:), xv € XN, yx € YV, Let uy € XN be the binary
information vector that needs to be transmitted over N uses of W. Channel combining

phase creates a vector channel W, : XY — YV of the form

Wa(ywlux) = [ W (i),

i=1

where xy = uyGy. Gy is an N x N encoding matrix where encoding takes place in

GF(2).

Let N, ={1,2,..., N}, N = O(¢"), denote the set of the indices at the channel
combining level n. There are N binary-input channels in W,, to transmit information.
We index those channels as Wéi), 1 € N,, and demonstrate the channel combining
operations in Fig 5.1. Inspecting this figure observe that we index the topmost binary-

input channel of W,, as WT(LD and index i of W,(f) increases as one move downwards.



43

The vector channel W, is obtained by combining W,_; with W,_,,. To accomplish
this combining we apply XOR operations on the binary-inputs of W,, and transmit the
resultant bits through the inputs of W,,_; and W,,_,,. By continuing the same recursion
within W,_; and W,,_,,, the encoded bits are transmitted through independent uses of
W channels because we start the combining recursion by choosing Wy =W_; = ... =

Wi_,, = W. If we use the binary-input channels Wﬁl), Wéz), cee WéN) to transmit the

symbols uq, us, . .., uy, respectively, the encoding matrix G,, can be expressed as
Gn—m
anl
01 anm
where Gp = G_; = ... = G;_,, = [1], and 0; and 03 are N(n —m) x N(n — 1) and

(N(n—1)=N(n—m)) x N(n—m) all zero matrices, respectively. Observe that when
m = 1, 0 matrix vanishes and G,, can be represented as G,, = (FT)®", where F = [} {]
is the Kernel used by Arikan in [13]. However, when m > 1, G,, can not be represented

via Kronecker power.
5.2.2. Channel Ordering

After performing channel combining operation we have to define an order to split
the vector W, : XY — YV and obtain N binary-input channels. This ordering is
carried out with the help of a permutation 7, : N,, = N,,. The W,Ei) channels in W,, are
split in increasing , (i) values (from 1 to N) so that each W\" channel is of the form
W,,Ei) : X — YV x X"@-1 In order to explain this operation we associate a unique

state vector s\ with each W\ channel, which has the form

where
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Figure 5.1. Recursive construction of the vector channel W,, from W,,_; and Wn,m.

s,(j) terms will be referred as a “state” and we use +, —, % symbols to track down
the channel transformations that W,.” channels undergo as n = 1,2, .... States +, —
will correspond to the polarization transforms B and H, as defined in (1.5) and (1.6),

respectively; whereas state % will correspond to a non-polarizing transform. We let
S, ={s":ieN,} (5.6)

to be the set of all possible state vectors at level n. Since each s e S, is unique
(as we will show shortly) we have |S,| = N and S, C {+,—, %}". The vectors,
sg) € S, are assigned recursively from s,(le € S,,_1, with a state assigning procedure

On + Sp—1 — Sp. The operation of ¢, is explained in the following definition.
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Figure 5.2. State labeling procedure ¢, : S,,_1 — S,,. State vectors sgf) €S, are

obtained by appending a new state {+, —, %}, to the vectors sfjll €S, 1.

Definition 5.1. (State Vector Assigning Procedure) Let sgll € S,_1 be the state

vector of Wéi)l The state vectors s\ € S,, associated with WD take the form

SS—I—N(n—l)) _ (S(JZ17 _),
9 = (s, %), J € Numa \ N (58)

Investigating the above definition, as also demonstrated in Fig. 5.2, we observe

that ¢, appends a new state, {+, —, %}, to sﬁfll € §,,_1 in order to construct s e S,.
5{21 to obtain s’ and s "), respectively.

For j € N,,_1 \ N,,_», ¥, appends % to sﬁfll in order to construct sg). Because of

For j € N, _,,,, ¢, appends + and — to s

the inherent memory in the combining procedure, it is difficult to obtain closed form

expressions for SS), for any ¢+ and m. Nevertheless, with the above definition one can
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recursively obtain sg), by applying ©1, @9, ..., v,. With the following proposition, we

give the formal structure of the possible state vector, s ), and thus the set S,,.

Proposition 5.1. Let s, s, € S, be a valid state vector one can obtain after applying
©1,02, 9. Only the transitions between s, and sxy1, k = 1,2,...,n, that are
shown in the state transition diagram of Fig. 5.8 are possible, where the imposed

initial condition is s; € {+,—}.

Proof. Proof follows as a direct consequence of the channel combining and state

vector assigning procedure, ¢,, and it can be verified by induction through stages

D1, 02,5« + s Pn. L]

Proposition 5.2. The state vector s e S,, 1 € N, assigned to each W e W, s

unique.

Proof. See Appendix. n

The above proposition will be crucial for the ongoing analysis as it states that

cach W, is uniquely addressable by s, We will use this fact to obtain the ordering 7,,.

Before accomplishing this, we obtain binary vectors bl = (bgi), bg), e ,bg)), b,(f) e X,

k=1,2,...,n, from sg), which will allows us to sort and provide an order. The

mapping between s,(f) and bgf) is obtained as

0 if s e{— %},

bl = | k=1,2,...,n. (5.9)
1if s =+,
We notice that although both SS) = — and SS) = % are mapped as b,(j) = 0, the

b,(f) vectors will also be unique for each i because every state — in sg) is followed by

m — 1 occurrences of state v, and the distinction between different sg ) is hidden in the
location of + states in s\. The following definition uses this uniqueness property to
obtain the ordering, m,. It is an adaptation of the bit-reversed order of Arikan in [13]

to the proposed coding scheme.
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Figure 5.3. Possible state transitions observed between s; and si11, k =1,2,...,n.

Definition 5.2. (Bit-Reversed Order) Let (b)), denote value of b in Mod-2 as
(b(li), bgi), e ,bﬁf))g where bgi) is the most significant bit. The uniqueness of bff) for each
1 ensures the existence of a permutation m, : N, — N,,, so that for some i,j € N, we

have m,(i) < 7, (5) if (B7)y < (BY)),.

Therefore the bit-reversed order , is obtained in terms of increasing (bff))g val-
ues. Notice that the binary input channels Wéj_)m, j € N,,_,, of Fig. 5.1 have no
effect in the recursive state assigning procedure, ¢,,, and thus in the bit-reversed order.
Their sole purpose is to provide auxiliary channels for the combining process. In fact,

the N(n — m) inputs of W,_,, can be combined with the N(n — 1) inputs of W,,_; in

N(n—1)!

N(n—m)! different ways. However, we deliberately align the inputs of W, _; and Wom

so that the first N(n — m) inputs of W,,_; are combined, respectively, with the the
first N(n —m) inputs of W,,_,, as shown in Fig. 5.1. This alignment in the combining
process will be crucial in the next section when we investigate the evolution of binary-
input channels in a probabilistic setting, because the channel pairs, Wéj_) ; and W,Ej,)m,

share the same state history as explained in the following proposition.

Proposition 5.3. Let sfljll = (51,82,...,5,-1) € Sp_1 be the state vector of Wéj_)l
Channel W((ilm) shares the same state history with W((ill), through combining stages

1,2,...,n—m, in the sense that its state vector is sglm = (81,52, Sn—m) € Sn—m-

Proof. See Appendix. n
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5.2.3. Channel Splitting

We assume a genie-aided decoding mechanism where the W channels are de-
coded successively in increasing , (i) values, from 1 to N, and the genie provides the
true values of already decoded bits. The decoder has no knowledge of the future bits
that it will decode. With these assumptions W, is the effective bit-channel that this

genie-aided decoder faces while trying to decode its next bit. Let us define ul € X as
uY = binary input of the channel W9,
and for 7,57 € N, let

ul)2 (uf) : 7,(j) < 1)), (5.10)
NOES (u 7) . 7o (§) > ma(i)).

u@b and u,(f)a are the information vectors that are decoded, by the genie-aided decoder,

n
before and after u’ ), respectively. The length of u'” s m,(7) — 1 and the length of u'?,
n,b )
is N — m,(i) so that us’)b e x™0-1 and ul), € XN The following definition

formalizes the transition probabilities of the W channels.

WTgi) 2 ZPT <YN7 uw(li,)m US,)bWS)) : (5.11)
(i)

Un a

The above definition indicates that W," is the posterior probability of an arbitrary
B-DMC obtained at channel combining and splitting level n. The genie-aided decoder

has no knowledge of ugf,)a, therefore it averages the joint probability of all outputs and
all inputs over usf)a and takes y, and ugi)b as the effective output (observation) of

the combined channels. Hence each W\ has input u) € X and output (yu, u,(i)b) €

yN % Xﬂ—n(i)_l.
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Figure 5.4. Transition probabilities of W channels after combining and splitting

Wn—l and Wn—m‘

Proposition 5.4. The transition probabilities of W channels take the following forms

Wi =wP swY,,

WT(LJJFNTHO = an—m B Wn]flv
WT(L]) = "}/(TL)WT(LJ_)D ] c anl \anmv (513)
where y(n) = Pr(Ynm-1)+1, UN(n—1)42, - - - Yn) and Wo =W_1 = ... =W, = W.

In order to provide a proof for the above proposition and explain the underly-
ing idea behind the bit-reversed order we make the following analysis. Investigating
Fig. 5.4, we see that the overall effect of XOR operations, after channel splitting, is to
provide diversity paths for the N (n —m) inputs of W,,_; in the sense that for j € N,,_,,
we have W) = Wéj_)m H Wé& Therefore the input of W is transmitted through
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both Wﬁj_)m and Wéj_)m Notice that in order to provide this diversity, the inputs of

N1 st be decoded, by the genie-aided decoder, before the inputs of W
indicating 7, (j) > m,(j + N(n — 1)) must hold. Thanks to the bit-reversed order, as
explained in Definition. 5.2, this requirement can be easily accomplished. To see this

consider the state vectors sgf;)l of WT(LZ) , to which one appends + and — in order to con-

struct s and sy VY ), respectively. After this operation, the mapping between s
and b as given by (5.9), indicates that bl = (b(j) 1) and bUTN=1) — (bﬁjll,())

n o n—1»

holds. Therefore

and by Definition 5.2, m,(j) > m,(j+ N(n—1)) holds for all n > 1. On the other hand,
in order to decode W,/ tVr=1) correctly, the inputs of WS_) ; and W,(L],)m must be decoded
correctly indicating we must have WUTN=L) - Wéj_)m = I/I/}(f_)1 The above analysis,
by induction through combining and splitting stages 1,2, ..., n proves (5.12). In order
to prove (5.13), we inspect that for j € N,,_; \ N,,_,, the channel W is as good as
w9

o, in the sense that the genie-aided decoder can always decode W,EJ_)l instead of

W Inspecting Fig. 5.4 we notice that the binary-input of WY is not transmitted
through the inputs of W,,_,,. Therefore, the combining of W,,_,, with W,,_; does not
provide any new information regarding the input of W This, in turn, indicates that

W is the same as Wflj_)l except for a scaling factor v(n), as in (5.13).

5.2.4. Effects of Channel Combining and Splitting on the Symmetric Ca-
pacity

Let us define I\ = I (W}EZ)) and analyze the implications of Proposition 5.4.
Equation (5.12) states that the channel pairs, W,&j_)m and WY

1y 7 € Nyjy_p, undergo a
polarization transform, H and H, from which two new channels, ) and WY +N”*1),
emerge. In the light of (1.10) we have

1y *fn—mJ>
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Therefore, the injection of W,(LJ_)m allows W to be superior channel compared to W,(LJ_)m
and WTEJ_)l This comes with the expense that now W N s an inferior channel

compared to WT(LJ_)m and W,E]_)l because, from (1.11), one has
[N < min{ 19 193, j € Ny, (5.15)

Although I and 1™V move away from [7921 and I,(lj_)m, the transformations

preserve the symmetric capacity because, as indicated by (1.9), we have
[O) 4 [0HNn=) = [0 D) e N, . (5.16)

The remaining channels Wy ), j € N,_1\N,,_,,, in Equation (5.13), do not see any polar-
ization transforms as their transition probabilities are scaled by Pr(yn@—1)41,---,YUn)
with respect to Wr(i)l This scaling, in turn, results in

IO =19 e Ny1\ Nym. (5.17)

n

All in all, the combining and splitting of W,,_; and W,,_,, preserves the sum

symmetric capacity as

Sri= S 1+ S 1, (5.18)

€Ny, JEN, 1 k€N, —m

5.3. Decoding

We will take successive cancellation decoding (SCD) of [13] as the default de-
coding method for {eﬁ{")}. The genie-aided decoder that we have explained in the
previous section and the definition of Wéi) as given by (5.11) already provide us a
guideline for SCD. The only difference is, during the calculation of (5.11), SCD uses

its own estimates for the vector uff )b
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Likelihood ratios (LRs) should be preferred in SCD so that one can eliminate the
P(yn, 41, YN, _1+1,- - -, Yn, ) term in (5.13). The LR for the channel W is defined as

’L) A Z (2) Pr <YN7una7 nb|0>

L(
Z @, Pr (yN>una> nbll)

By using the LR relations given in [13] for H and H transformations and from Propo-

sition 5.4 we obtain

LEL]) = Lg—l<f’g—m)l 2 (J+N” 1>7
G) 70 €Ny, 5.19
Lg+Nn—1) _ Lnfan—jn'"i_l7 J ( )
Lnjfl + Lnj—m
LY =LY §EN, 1\ N, (5.20)

Therefore, while decoding W one only needs to calculate 2N (n —m) LRs as given by
(5.19) while the remaining N — N(n —m) LRs for (5.20) are the same as the previous
level. This fact can be exploited to avoid unnecessary decoding complexity in hardware

implementation.

5.4. Code-Length

Recall that the code-length N = N(n,m) obeys the recursion in (5.1) with initial

conditions of (5.2). It is easy to show that N can be calculated as

N=> clp)", (5.21)
i=1
where each p;, i = 1,2,...,m, is a root of the mth order polynomial equation
F(m,p)=p"—p™ -1, (5.22)

and constants, ¢;, are calculated by using the initial conditions in (5.2) together with

(5.21).
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Proposition 5.5. Form > 1, let ¢ € (1,2] be a real root of F(m, p).

(1) ¢ is unique, i.e., there is only one real root in € (1,2].
(ii) If p; # ¢ we have \/pipf/P < 1 indicating ¢ is the the largest magnitude root of
EF(m, p).

(111) ¢ is decreasing in increasing m.

Proof. See Appendix. O

Part 4 of the above proposition indicates that, as n gets large, the summation in
(5.21) will be dominated by ¢" term therefore the code-length will scale as N = k¢" =
O(¢™) where £ > 0 is the constant scaler of ¢™ in (5.21). Part i of Proposition 5.5
implies that as m increases the code-length increases less rapidly in n which we have

mentioned in the beginning of the paper.
5.5. Code Construction

The following proposition is a generalization of [13, Prop. 5| and it’s proof is

omitted.

Proposition 5.6. If W is a BEC then W channels, obeying the transition probabil-

ities as given by Proposition 5.4, are also BECs.

In order to use {G%m)} one has to fix a code parameter vector (W, N, K, A),
where W is the underlying B-DMC, N is the code-length, K is the dimensionality of

the code, and A C N,, is the set of information carrying symbols. We have |A| = K
and K/N = R, where R € [0, 1] is the rate of the code.

Let Pe(fy)“ 1 € N,,, denote the bit-error probability of W,(f) with SCD. Code con-
struction problem is choosing the set A so that )., Pe(?l is minimum. This problem
can be analytically solved only when W is a BEC [13] since for this case the Wi chan-
nels are also BECs (Proposition 5.6) and the Bhattacharyya parameters, Zq(f), obey
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P = Z%. In this case, in the light of (1.12)-(1.13) and Proposition 5.4, Z terms
can be recursively calculated as

Z(j) _ Z(j) Z(j)

n n—1“n—m»

A . . ‘ A J € Ny,
Z7(LJ+Nn71) _ 27(1121 + Z,(f,)m . Z7(ZJ_)1 + Zr(zjzm7
Z9 = Zq(v,jzl JEN 1\ N1

5.6. Channel Polarization

Channel polarization should be investigated by observing the evolution of the set
{an‘) .1 € N, } as n increases. To track this evolution we use the state vectors s e 8,

assigned to WY because each W is uniquely addressable by its s,

5.6.1. Probabilistic Model for Channel Evolution

We define a random process {S,,} and a random vector S, = (S1,Ss,...,5,)
obtained from the process {S,} where the state vectors, s, = (s1,82,...,8,), Sp € Sy,
are the realizations of S,,. The process {5, } can be regarded as a tree process where
s, form the branches of the tree where we illustrate it in Fig 5.5 for the case m = 2.
Since |S,,| = N = N(n), there are N(n) different branches at tree level n. The process
{S,} starts with the initial conditions Sy € {4, —}. At tree level n, N(n) new branches
emerge from N(n— 1) branches of level n — 1. We assume that each branch is observed

with identical probability

Pr(S, =s,) = : (5.23)

This, in turn, implies that each valid state transition of Fig. 5.3, between s,_; and
Sn, has probability N(n —1)/N(n). Investigating this figure, consider the case m = 1,
which coincides with Arikan’s setup in [13], where there are two possible states as

S, € {+,—} and |S,| = N(n) = 2". Since transitions between S,_; and S, are
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n=>0
n=1
n =2
n=3

Figure 5.5. Illustration of the evolution of {S,} as a tree for the case m = 2, where

each branch is a state vector s,, € S,,.

valid if S, € {+,—} and S,_; € {+,—}, each possible transition has probability
N(n —1)/N(n) = 1/2. Consequently, the process {5, } is composed of independent
realizations of Bernoulli(1/2) random variables as Pr(S, = +) = Pr(S, = —) = 1/2.
On the other hand, when m > 1, there exists a memory in the state transition model as
depicted in Fig. 5.3. Therefore, the process {S,} can be modeled as a Markov process

with order m — 1 in the sense that
]P)(Sn|sn—l) = ]P)(Sn|5n—1a Sn—27 sy Snf(mfl))-

Throughout the paper we find it easier to work with the random vector S,, keeping in

mind the Markovian property of the process {S,,}.

We define a random channel process { K, }, driven by {S,}, as K,, = Ws, 5,...5,-

The realizations of K, are k, = W, 4, . and they correspond to the binary-input

n

channels, Wé"), with state vectors s, = (s1,$S2,...,5,) € Sp.

In order to obtain a characterization for the process { K, } we fix (s1,s2,...,S,-1)
to be the state vector associated with Wéj,)l, j €N, and let £, = Wygﬂ)l In the
light of Proposition 5.3, we know that the state vector of Wé@m is (S1,82,- -+, Sn—m)
indicating k,_,, = WT(LJ_)m Investigating the operation of ¢, : S,_1 — S, in Fig. 5.2,
we observe that the state vectors of WY and W, V=) are (s1,82,.-.,8,-1,+) and

(81,82,...,8,-1, —), respectively. From Proposition 5.4 we notice that W = W,&J,)m H
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., and W (=) W,EJ_)m = W,(L{)l holds. These observations, in turn, indicate

k, = k,_1Hk,_,, holds when s, = 4+, and k,, = k,_1 Bk, _,, holds when s,, = —. Next,

W(j)

we fix (81, S2,...,8,-1) to be the state vector associated with Wéj_)l, JeEN, 1\ N

and hence k,,_; = Wl

n—1-

From the operation of ¢, : §,_1 — S, we know that the state
vector of W) is (s1,8 ...,8n-1,%) and Proposition 5.4 tells us ) = v(n)W,(L{)l
Combining these facts tells us k, = vy(n)k,_1 holds if s,, = %. The above analysis
relates k, to k,_; and k,_,, for all s, € {+, —, %}, which we formally present with the

below recursion.

(

Kym &8 K, if Sn =+,

Kn=3K, .BK,, if S,=-, (5.24)

v(n)K,_1 otherwise,

\

where K, =W forn < 1.
5.6.2. Polarization

We define the processes {I,, : n > 1} and {J,, : n > 1} where I,, = I(K,,) € [0, 1]
and J, = J(K,) € [0,1]. In [13] Arikan shows that I, converges to a random variable
I as Pr(lo = 1) = I(W) and Pr(lo, = 0) = 1 — I(W). This result indicates that
the synthesized binary-input channels, W,gi), either become error-free or useless. We
will show that the same holds for polar codes with higher order memory as well. This

result is presented with the following theorem.

Theorem 5.1. For any fized m > 1 and for some § € (0,1) as n tends to infinity, the
probability of I, € (1 — §,1] goes to I(W) and the probability of having I,, € [0,6) goes
to 1 —I(W).

Proof. We investigate the polarization of {J,} towards 0 and 1 as it will imply the
polarization of {I,,} as well. We write E[J,] = &>, o5 Ja to denote the expected
value of J, and {F[J,] : n > 1} to denote the deterministic sequences obtained from

E[J,]. The following lemma will be crucial for the proof.
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Lemma 5.1.

ElJ,] = pE[Jpa] + (1 = p) E[Jn-nl, (5.25)

where p = N(n — 1)/N(n) and the above equality is achieved only if J,—1 € {0,1} or
Jn—m € {0,1} holds for all S, € {+,—}

Proof. See Appendix. n

We apply a decimation operation on the sequence {E|[J,]} and obtain a subse-
quence {E[Jy] : k = 1,2,...,|n/m]}, where the decimation operation is performed

as

ElJ)= min {E[Jmi}. (5.26)

i€{0,1,....m—1}

The elements of { E[Jy]} are obtained by choosing the minimum of m consecutive and

non-overlapping elements of {E[.J,,]}.

Lemma 5.2. The sequence {E[J]} is monotonically increasing in the sense that

ElJ,] > E[Js_].

Proof. See Appendix. n

We know that E[J;] is bounded in [0,1] and since {E[J;]} is monotonically in-
creasing, from the monotone convergence theorem [32, p. 21.] we conclude that there

exists a unique limit for {E[J;]} in the sense that

lim E[J,] = sup{E[Ji]}. (5.27)

k—o0
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Next, we let n = km — ¢ in Lemma 5.1 to obtain
ElJkm—i] 2 pE[Jkm—a+0)] + (1 = 1) E[Jge—1ym—i]. (5.28)

We fix ¢ such that E[Jg,—] = E[jk] is satisfied. For any choice of ¢ observe that
ElJge—1ym—i) > ElJe_1] and E[Jym_s1y] > min{E[Ji], E[Jy_1]} > E[Jy_1] hold. Us-
ing these results in (5.28) gives

Bl > pEli] + (1 — ) ElJu1] > ElJi1] (5.29)

Therefore, the monotonic increase in E[J;] will continue until the inequality in Lemma
5.1 is achieved with equality. This fact, together with the convergence of [jk], indi-
cates that conditioned on the event {5, : S, € {+, —}} either lim,, . J,,—1 € {0,1} or
lim,, o0 Jnm € {0,1} holds, indicating

lim J, € {0,1}, S, e{+,-} (5.30)

Investigating the operation of ¢, : S,,_1 — S, in Figure 5.2 we see that

2N(n —m) >0

Pr(S, € {+,-}) = Nm) =

(5.31)

which implies that the event {S, : S,—1 € {+,—}} occurs infinitely many times as

n — oo and Y Pr(S,-1 € {+,—}) diverges. Consequently, and by using the first

n—oo

Borel Contelli lemma [33, p. 36] we conclude that
lim Pr(J, € {0,1}) = 1.
n—oo

One to one correspondence between J,, and I,, implies

lim Pr(7, € {0,1}) =1,
n—oo
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and having E[I,] = [(W) results in

lim Pr(I, =1) = I(W),

n—oo

and

lim Pr(f, =0)=1—-1(W).

n—o0

which completes the proof. O]
5.6.3. A Typicality Result

In this section we use the Method of Types to investigate the state vectors, s,,
obtained from the realizations of the process {S,}. We let s € {4, —, %} and write

Ps(i), Ps(;f) € [0, 1], to denote the type (frequency) of s in s, as

Ps(j) = #(snls)/n,

where #(s,|s) denotes the number times the symbol s occurs in s,,. Investigating the
state transition diagram of Fig. 5.3 we inspect that, as n gets large, Ps(:) = (m— 1)Ps(n_)
holds because each — state in s, is followed by m — 1 occurrences of state %. As
the remaining states in s, will be 4+, we must have PS(ZF )= 1- mPs(n_ ) indicating
P e [0, 1], P e [0,1], and P™ e [0, 2=1]. As it tuns out, depending on s(f), not
all realizations of {S,} are observed with the same probability. This is explained with

the following theorem.

Theorem 5.2. As n gets large, except for a vanishing fraction of s, € S,, and for

some € € (0,1) we have
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é—1

e T pX=(m—1Dp andpt=1—-mp~.

where p~ =

Therefore we can consider p*, p~ and p* as the frequencies of states +, —, and

%, in s,, respectively, that one typically observes as n gets large.
Proof. The proof is based on the Method of Types [20]. We let ¢ € [0,1/m] and define
T = {s*: PL) = ¢}. (5.32)

T is a type class and it consists of s, having ng € [0,n/m] occurrences of state —.
For all m > 1, there are at most n+ 1 different such type classes. However, the number
of all possible s, |S,|, increases exponentially in n as |S,| = N = O(¢™). The Method
of Types ensures the existence of a type class with exponentially many elements. Our
aim is to find this type class. Recalling that each s, is observed with probability 1/N,

the probability of observing a given s,, in T s

7]
Pr(s, € T)") = N
Lemma 5.3.
’7;71’ < 2n(G(m,q)+0(1)). (533)

where

Glomsa) = (1= n = V)t (=),

1—(m—1)q

and H s the binary entropy function.

Proof. See Appendix. O

Investigating G(m, q) we observe that it is a concave function of ¢ € [0,1/m]. We
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0G(m,q)
dq

establish a similarity between and F'(m,p) in (5.22). The following lemma is a

direct consequence of this result.

Lemma 5.4. The function G(m,q) attains its mazimum when ¢ = p~ and its maxi-

mum value s

G(m,p~) =log¢.

Proof. See Appendix. n

Consequently, for every 79 with lg — p~| > 0 there exists a D(g,p~) > 0 such
that

A

D(q,p~) = G(m,p~) — G(m,q),

= log ¢ — G(m, q).
Using the above fact in (5.33) results in
1T@| < ¢n2n(—D(qﬁp‘)+0(1))'
From the above result and the fact that N = O(¢") we obtain
Pr(s, € T@) < 2 "(Par o), (5.34)
The above result shows that depending on D(q,p~), and in turn ¢, the probabilities

of some type classes decay exponentially in n. The following proposition results from

this fact.

Proposition 5.7. As n tends to infinity D(q,p~) converges to 0 with probability 1.

Proof. See Appendix. n
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The above proposition implies the convergence of ¢ to p~ as well, because D(q,p~)
is 0 only if ¢ = p~. Therefore among all T,sq), one observes the ones with |[¢ — p~| <€

with probability 1.

5.6.4. Rate of Polarization

We define the Bhattacharyya process {Z,} where Z, = Z(K,) is the Bhat-
tacharyya parameter of the random channel K,,. By using the channel evolution model

in (5.24), this process can be expressed as

(

=Zn-1Zn-m if S, = -+,
Zn 4 <Zna+Zn-m—ZnZpm itS,= ) (535)
= Zn_1 otherwise,
\

where Z, = Z(W) for n < 1.

Theorem 5.3. For any € € (0,1) there exists an n such that for < p™ we have

Pr (Zn < Q—W) > I(W) — e (5.36)

Proof. We consider another process {Zn}, driven by {S,}, so that for i = 1,2,...,ny,

ng < n, we have Z = Z; and for i > ny, ZZ obeys

Ai_lei_m lf Sn - +7
Zi = Zirvt Ziw—ZirZiy it S, = ) (5.37)
Zi,l otherwise.

Comparing (5.35) and (5.37) we observe that Z, is stochastically dominated by Z, in
the sense that for some f,, € (0,1), Pr(Z, < f,) > Pr(Zn < fn). For the proof it will
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suffice to show that Pr(Z, < f,,) > I(W) — ¢ holds for f, =27¢"" and 8 < p,.
With Lemma 3.1 we derived an upper bound on Zn, for the case m = 1, by
using the frequency of state + in the realizations of {S,+1, Sng+2, - - -, 9n} and the fact

that Z,, gets arbitrarily close to 0, with probability (W), when ny is large enough.

Following lemma is a generalization of this approach for arbitrary m > 1.

Lemma 5.5. For some ¢ € (0,1) and v € (0,1) define the events

Cno (O = {Zno < C}?
Dy (7) = {#((Sngt1, -+ Su)| +) = v(n—no)}.

We have

Zn S 2_(;5(7—6)(”—710), Ono (C) m _DZ;LO (/y)

Proof. See Appendix. n

From the convergence of Z,, to Z., with probability Pr(Z,, = 0) = I(W) we know
that for any e € (0,1) there exist a fixed ng such that

Pr(Cn, (€)) =2 I(W) —e.
Next, from Theorem 5.2, we infer that when m < n — ng
Pr(Dp (7)) > 1—¢ y>p"—e (5.38)

holds. This results from the fact that the probability of observing + in {S, 41, .-, Sng

approaches to p™ when n — ng is much larger than the memory, m, of the process {S,}.
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Choosing nyg = ne and using the above results in lemma 5.5 gives

v

Pr (Zn < 2—¢"“’+‘2”“‘”> (1— ) (I(W) —e)

>I(W)—e
Since € € (0,1) can be chosen arbtirarily close to 0, the above result indicates that
Pr (Zn < 2—¢"B> > [(W) —e
holds for 5 < p™. ]

Let us analyze the implications of Theorem 5.3 on the block-decoding error prob-
ability, P., of {G%m)}. It states that for I(W) — € fraction of WD the corresponding
Bhattacharyya parameters will be bounded as Z\) < 279" for 8 < p*. We have
P. < Zf\il Z < N2 = O(27¢""). Since the code-length of {G%m)} scales as
N = O(¢") we also see that P, = O(2N") holds for 5 < p*.

The term p* is plotted in Fig. 5.6 as a m increases from 1 to 50. Investigating
this figure we see that p™ equals to 0.5 when m = 1 which coincides with the bound for
the exponent of polar codes presented by Arikan and Telatar in [17]. As m increases
from 1 to 50, p* and thus the achievable exponent decreases. The decrease is more

steep for small values of m and it becomes more monotone as m increases.

In order to fully characterize the asymptotic performance of {C%m)} one needs
to provide a converse bound on [ which may be a difficult task. We believe that
for the case m > 1, the achievable § for {G%m) } may show a dependency on the
rate, R € [0, 1], chosen for the code; a phenomenon that does not exist when m =
1 (see [34]). In order explain our conjecture, consider the process {Z,} in (5.37)
which we use to obtain an achievable bound on 3 as 5 < p*. Our proof is based
on the observation that once the realizations of Zno are sufficiently close to 0, which

happens with probability 7(1/), the scaling of Z,, is mostly determined by the number
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Figure 5.6. Achievable exponent, 8 < p™, as scaled with m.

of occurrences of state + in {Sp,+1, Sng+2; - - -, Sn}. From Theorem 5.2 we know that
one typically observes (n —ng)p™ occurrences of + in {S,,+1, Sng+2, - - - » Sn }, therefore
the value of log Z,, decreases (n —ng)p' times with the same speed as the code-length,
log Zn = log Zn_l + log Zn_m, scaling as log Z,, = —¢("_"0)p+ = —¢"(1_E)p+. This result
in the achievable exponent 8 < p*. However, when m > 1 the value of log Zn may also
decrease with a faster rate compared to that of the code-length. To see this, consider
the case (Sp—1,9-2,.- -, —(m-1)) = (K, %,...,%)} and S, = +, where we have
ZAn,l = Zn,g =...= ZAn,(m,l) and log Zn = log Zn,1+log ZAn,m = log 22_1. Therefore,
there may be times where log Z,, decreases with a faster rate as log Z, = log 72,
instead of log Zn = log Tt + log Zn—m and this may result in a higher achievable (.
In order to quantify this we need to know not only the number of times state 4+ occurs in
{S,}, but also the number of times a state + in {5, } is preceded by % states. Therefore,
we need to refine Theorem 5.2 in terms of the number of transitions between states +,
— and ¥, as well. This might be a difficult nevertheless an important problem whose
solution will provide a full characterization on the asymptotic polarization performance

of {€} and we leave it as a future work.

We want to emphasize that the exponent, 3, only provides an asymptotic char-

acterization for the polarization performance. Therefore, it is not a good indicator
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Figure 5.7. Upper bounds on P, of {G%m)} where transmission takes place over a BEC
with capacity 0.5. Code-lengths are 1024 and 987 for m = 2 and m = 1, respectively.

of performance for practical code-lengths. This result from the fact that the expo-
nent measures the polarization performance assuming one is operation very close to
channel capacity, which requires arbitrarily large code-length. However, for practi-
cal code-lengths one operates strictly below capacity. In order to demonstrate the
error correction capabilities of {G,(Im)} we considered a BEC with Bhattacharyya pa-
rameter ¢ = 0.5 and symmetric capacity 0.5. We have plotted the upper bounds on
block-decoding error probability, P,, in Fig. 5.7, by calculating the Bhattacharyya pa-
rameters, Z, and using the fact P, < Y iea 7" |A|/N = R. The figure shows that
a lower P, can be achieved when m = 1 compared to the case m = 2. Therefore, for
the considered case original polar codes performs slightly better than the polar codes
with memory order 2. However, as we explain in the following section, one can obtain
a benefit in terms of complexity by taking m = 2 because the encoding and decoding
complexities of {e&m)} are decreasing in m. Notice that Fig. 5.7 is just a demonstra-
tion of the performance of {G%m)} on BEC for the case m = 1 and m = 2. In order
to provide a full performance evaluation, we need to consider different channels and

values for m, which we leave as a future work.
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5.7. Complexity and Sparsity
5.7.1. Encoding and Decoding Complexity

We consider a single core processor with random access memory and investigate
the time complexity of encoding and decoding of { G%m)}. Let xZ denote the complexity
for encoding the information vector uy to encoded bits x. We take complexity of

each XOR operation as 1 unit. By inspection of Fig 5.1, we have
Xy =X X+ N mym > 1, (5.39)
where P =1 and x§ =x%, =...=xF,, =0.

Similarly, let x2 denote the complexity for decoding the inputs of W) channels,
where SCD is the decoding method. We take the complexity of computing the LR.
relations in (5.19) as 1 unit. We observe that one does not make any operations to
calculate the LR in (5.20). By inspection of Fig 5.1, we have

Xr? = Xr?—l + Xalf?—m + 2Ny n,m > 1, (540)

where Y’ = x?, =...=x",, =0.

The recursions in (5.39) and (5.40) are cumbersome to deal with. To observe the

scaling behavior of xZ and x? in m, we define

X5
Nlog N’

E
Xn D

E —_—
NlogN®

Ui

I
>

(5.41)

and demonstrate the scaling of n* and n” in Fig .5.8, where we have numerically
calculated yZ and x2 as in (5.39) and (5.40) by choosing N = O(¢") to be the code-
length closest to 10* and 10°. From Fig. 5.8 we observe that, there exist a decrease
in nZ and n? as m increases, where the decrease is more steep for small values of m

and it becomes more monotone as m increases. This decrease in complexity, although
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Figure 5.8. Scaling of encoding and decoding complexities as m increases where NV is

chosen to be the code-length closest to 1 x 104, 1 x 106.

not being orders of magnitude, is promising in showing the existence of polar codes
requiring lower complexity. For example, from Fig. 5.8 we observe that n2 is around
1/2 when m = 12. This indicates that the decoding complexity of {87(112)} is reduced

by half compared to {eﬁf)} which is the polar code presented by Arikan in [13].
5.7.2. Sparsity

As we have explained at the beginning of the chapter, there exist a sparsity in
the channel combining process in the sense that at each combining level, the vector
channel W, is obtained by combining W,,_; and W,,_,, which are obtained from N (n—1)
and N(n — m) uses of underlying B-DMC, W, respectively. From Proposition 5.4 we
observe that the overall effect of channel combining and splitting is that, at each level
n, there exist N(n — m) bit-channel pairs that participate in B and B transforms. As
m increases N(n — m) decreases with respect to N(n — 1) implying the fraction of
bit-channels participating in HH and H transforms also decreases. On the other hand,
as m increases, the code-length increases less rapidly in n because N = O(¢") and ¢
is decreasing in m, thus one can fit more channel combining and splitting levels within

fixed code-length. A natural question is to understand the overall effect of increasing



69

m on the total number of B and H transforms that one can obtain when the number
of uses of W channels is fixed. The importance of x” in (5.40) comes to play at
this point because it gives us the total number of HH and H transformation that are
recursively applied to independent uses of W channels to obtain the bit-channels in
W,. Consequently, one can view 7np as a packing ratio in the sense that one can pack
nPNlog N recursive applications of B and B transformation to N independent uses
of W. Inspecting the scaling of np in Fig. 5.8 we observe that this packing ratio is 1
when m = 1 and it decreases with increasing m, and this decrease manifests itself as a

reduction in the decoding complexity of {65{”)}.
5.8. Discussion

We have introduced a method to design a class of code sequences {G%m);n >
1,m > 1} to achieve the symmetric capacity of a B-DCM, W, where m is a an arbi-
trary and fixed memory parameter in the channel combining phase. With the newly
introduced memory parameter m, we have generalized the channel combining phase in
Arikan’s polar codes so that the vector channel W, is obtained by combining W,,_; and
Wp—m, where taking m = 1 results with Arikan’s setup. By defining a splitting order
which is based on a generalization of Arikan’s bit-reversed order we have split the the
vector channel W, to obtain a set of synthesized binary-input channels {W,&i);@' eN,}.
We showed that W\" channels polarize with arbitrary m as well, thus complementing
Arikan’s conjecture that channel polarization is in fact a general phenomenon. We
have obtained an achievable bound on the asymptotic polarization of performance of
{Gq(mm) } as scaled with m and showed that the encoding and decoding complexities of

{ G%m)} decrease with increasing m. Future work will include a rate dependent analysis

and a converse result on the asymptotic polarization performance of {G,(lm)}.
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6. CONCLUSION

In this dissertation we considered theoretical and practical aspects of polar coding.
In Chapters 3,4, and 5 we have explained our contributions in the fields of polar coding.
Before concluding the dissertation we want to summarize our main results and mention

some open problems that we could not cover.

In Chapter 3, we have obtained bounds on the Bhattacharyya parameters, fo),
by using the Hamming weights, H,(f), of the rows of the encoding matrix, G,,, and the
symmetric capacity, (W), of the underling channel W. We show that as I(W) in-
creases more Z\) terms concentrate around 9—H; provided that HY are large enough.
This fact indicates that the channel manifests its effect via the symmetric capacity,
I(W), and as I(W) increases the effect of the channel decreases in the sense that
Z,(f) depend more on Hff) rather than the underlying channel, W. Our analysis, in
this chapter was for Arikan’s polar codes where the encoding matrix was of the form
G, = F®" F = [19]. By using our results, it would be interesting to generalize our

analysis for polar codes obtained from arbitrary ¢ x ¢, ¢ > 2 kernels, K, where the

encoding matrix takes the form, G, = K®".

In Chapter 4, we have designed a BIPCM system where SCLD with CRC used
as the decoding method. In order to design the code for fading channels, we derived a
low complexity code-construction method which is based on generalization of Arikan’s
heuristic code-construction method to parallel channels having a joint rate constraint.
We have also presented a lower complexity and robust implementation of SCLD al-
gorithm. We have compared the performance of resultant BIPCM system to RA and
LDPC based counterparts and showed that it provides significant performance advan-
tages. Although the proposed system outperforms the existing methods it would be
nice to obtain results on choosing the appropriate CRC when SCLD is used for decod-
ing. Formulating the effect of CRC together with the construction of polar codes may
allow further performance gains and optimization guidelines for the proposed BIPCM

system.
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In Chapter 5, we have generalized the polar coding idea by introducing a memory
parameter in the combining process. This resulted in a new family of polar codes,
{Gf(lm) :n > 1,m > 1}, with memory parameter m, where the case m = 1 is the the
original polar codes. The new family of codes allows one to apply channel polarization
in a controlled fashion by choosing the memory order m = 1. We have provided an
information theoretic analysis for {G;m)} and showed that it achieves the symmetric
capacity of arbitrary BDMCs for any choice of m. We have also obtained an achievable
bound on the exponent, 3, of {Cq(zm)} as scaled with m. The new code family offers some
complexity benefits because the its encoding and decoding complexities decrease with
increasing m. {G%m)} is the first demonstration for the existence of polar codes that
achieve capacity and require lower complexity compared to the original codes proposed
by Arikan. Although we have provided an achievable region for the exponent, 3, of
the proposed codes family, our results indicate that the achievable g decreases with
increasing m. In order to fully characterize the performance of {@;m)} a converse result
on [ is needed. As we have explained in Section 5.6.4, we believe that for m > 1,
{G;m)} may achieve larger values for § depending on the rate, R, chosen for {G,(lm)}.

For us, the solution of this conjecture is an important future goal.
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APPENDIX A: PROOFS

A.1. Proof of Lemma 3.1

Conditioned on the event G () there exists at least (n —m)y occurrences of 1 in
{Bm+1Bm+2 ... Bn}. Inlight of (3.5), we have Zn < Zn_ywhen B, =1and Z,, > Z, 4
when B, = 0. Moreover, Zn is increasing in Zn_l regardless of B,. Consequently, if
we fix Zm, the largest value of Zn will occur if {By,411Bmi2 - .. Bp} has the following

realization

(n—m)(1—~) times
Q0. QL. 1.
—

(n—m)~y times

During consecutive runs of 1, the value of log, Zi, doubles with respect to log, Z-,l,

which happens (n — m)~y times. We thus have
logy Zy, = 27" log, Zy, (A1)

where k = m+(n—m)(1—+). During consecutive runs of 0, Z; obeys 1—Z; = (1—Z2 ).

This recursion occurs (n —m)(1 — «y) times resulting in

1— Zk =(1— Zm)Q(n—m)(1—7)7

Zp=1-— (1-— Zm)2("*m)(1*7).
We next employ the inequality logz <z — 1, x € [0, 1], by letting z = 7, to obtain

logy Zy < —(1 — Z,,)?nm =7, (A.2)



7

Using (A.2) in (A.1) gives

log, Z, < —210=m) (1 — 7, )2(n=m)(1=)

Y

< _9y=€)(n—m) ((1 _ Zm)22€>n_m_

Choose ¢ € (0,1) so that ¢ < 1 — 27 holds. Conditioned on D,,(¢), we have (1 —

Z)?2¢ > 1, resulting in

logy Z, < —20790=m) " D_(¢) N GI(7),

which proves the lemma.
A.2. Proof of Proposition 5.2

From the operation of ¢,, in Defn. 5.1 we obtain &; = {+, —} such that Sgl) = (+)

(1 )

and s§2) = (—), indicating s; ) and 552 are unique. Proof is by induction, assume that

sfjll € §,1 are unique. Let j € N,,_,, and consider sq(le to whom by appending
+ and — one obtains st and sﬁi*N("‘”), respectively, indicating sV and s

are different from each other. Next, let j € N,_; \ N,,_,,, then ng ) are obtained by
(4)

appending % to s,”; which, by assumption, are unique. Combining the result we see

that for all j € N,, the vectors s,(f ) ¢ S,, are different from each other.

A.3. Proof of Proposition 5.3

Investigating Fig 5.2 consider the operation of ¢,,_; where s,(f_)g = (81,52, -, Sn—2),

k € N,_o, holds at level n — 1. Next, consider the operation of ¢, 5 where one has

sgi)g = (51, 52,...,5n—3) for k € N,_3. In turn and by induction through ¢, 2, Y3, ..., Pn—(m-1)
we conclude that s,(fzm = (51,82, Sn—m), J € Npy_p.
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A.4. Proof of Proposition 5.5

i) For m > 1 we have F(m,1) = —1 < 0 and F(m,2) = 2"! —1 > 0 so that
there exists at least one real root in (1,2]. Proof is by contradiction, let py, p2 € (1,2]

be two real roots of F'(m, p) then from (5.22) we have

P = 1) =1, (A.3)

oy (py = 1) = 1. (A4)

m—1

Let p1 < pa, then pi ™' > p" P and po — 1 > p; — 1 > 0 implying py* *(p2 — 1) > 1 if
P (py — 1) = 1 which contradicts (A.4), carrying a similar analysis for p; < py also

contradicts (A.4), which indicates p; = ps = ¢.

ii) Assume that p is a complex root of F(m,p), with \/pp* = o > 1 where x*
denotes the conjugate operation. Since the coefficients of F'(m, p) are real, its complex

roots must be in conjugate pairs. From (5.22)

PP —1) =1,

p*m—l(p* . 1) - 1.
Multiplying the above equations we obtain

X V(g% — 2Re(p) + 1) = 1,

XMV (g? — 200 +1) =1, (A.5)

where 0 < a < 1. In turn for any p, 0 must be a root of

glo,0) = ™ V(2 — 200+ 1) — 1, (A.6)
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Observe that when o is fixed g(o, «) is decreasing in «. We also have

9g(o, a)

=2(m — 1)a*™ V" 1o? — 200 + 1)
Oo

+ o220 — 2a)

From (A.5) observe that (62 —2ca+1) > 0, and since (20 —2a) > 0 for o > 1 we have

dg(o,a)

5.~ > 0. This indicates that g(c, ) is increasing with o. But ¢ is a root of g(o, @)

with a = 1 and thus g(¢,1) = 0. Since g(o, @) is decreasing in o we have g(¢,a) > 0

and g(o, ) = 0 is only achieved if o < ¢ because g(o, ) is increasing with o.

OF (m,p)

g, > 0 so that F(m,p) is

iii) Observe that for some p € (1,2] we have
increasing in p and when p is fixed F(m,p) is also increasing in m. Assume that
p1, p2 € (1,2] are real roots of F(my, p) and F(ma, p), respectively, where my, my > 1.
Then f(mq, p1) < f(ma, p1) holds if my > my and f(mq, p1) = f(ma, p2) = 0 is satisfied

only if p; < ps.
A.5. Proof of Lemma 5.1

Let Ji = J (Wy(f)) denote symmetric cut-off rate of W7, From Proposition 5.4
we know that for j € N,_,,, we have W) = WY BwY = and w0 —wb 5
Wi,

JP 4 ggtNe=D) > J,(j_)l + J,Sj_)l where the equality is achieved only if J,Sj_)l € {0,1}
or JY(L]_)m € {0,1} holds. For j € N,_; \ N,,_,,, from Proposition 5.4, we have J9 =

Proposition 1.1 indicates that these transforms increase the sum cut-off rate as

fy(n)Jéj_) , which implies J9 = Jo 1. Combining the above results gives

n

ZJS)Z Z J9 4 Z JH)

iENn jENn—l kENn—m,
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where the equality is achieved only of if JY, € {0,1} or J?, € {0,1} holds for all

j € N,,_,,. In the probabilistic domain of Section5.6 the above result is equivalent to

Z Jn Z Z Jnfl + Z Jnfm7

Sn€ESn Sp—1€Sn—1 Sn—-mESn—m

where the equality is achieved only of if J,—; € {0,1} or J,_,, € {0,1} holds for
all S, € {+,—}. Dividing both sides of the above inequality by 1/N(n) and using
E[J,] = ﬁ > s, cs, Jn We obtain

N(n—1) N(n—m)
ElJ,] > ElJ,- ———F|Jn—ml
Noticing N]EZ;)I) = u(n) and le(;;n) =1 — p(n) completes the proof.

A.6. Proof of Lemma 5.2
From (5.25) we have

E[Jn] > NE[Jnfl] + (1 - ,U) E[Jnme

> min{ E[Jp1], E[Jn-m]}, (A7)
Let us define the set
ET™ £ (B, Bom—t, -+ Brm—m-1)}-
By definition in (5.26) we have we have E[J;] = min S,Em). Proof is by induction. We
use (A.7) to upper bound the elements of E,Em) with respect to min 5,572 — E[Je_1]. Let

n=km — (m — 1) and use (A.7) to obtain

Em—(m-1) = Min{ Eg_1ym: Ege—1ym—(m-1) }5

> min 5,573
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Fori=2,3,...,m — 1 assume
Ejm—(m-iy = min 5,573
holds. Next, let n =km — (m — (i+ 1)) in (A.7) to write
Eym—(m—(i+1)) = M B (m—i), E(k—1)m—(m—(i+1)) }-

By assumption Ejy,—(m—s) = min S,S_ni and by definition E_1)m—(m—(i+1)) = min 5,572

holds, indicating

Combining the above results tells us for+ = 1,2,..., m we have Ej,,_(n—; > min 5182 =

E|[Jy,_1] which indicates E[J;] > E[Jy_1].
A.7. Proof of Lemma 5.3

In order to bound |Ti?| we decompose T? it into two different sets

7;(“"1) {Sn : PS(;) =q, s, = +} ;

{Snips(i)zq,sn#+}

Il

7;l(b,q)

and we have T, = 7,%? U 7,%9 . Recall that each state — in s,, is followed by m — 1

Q)

occurrences of state . In turn, E(a consists of s, having k = ng, 0 < k < n/m,

occurrences of the vector a = (—, %, %, ..., %) and n — km occurrences of state +.
—_——

m—1 times
By combinatorial analysis we have

@ [P (m—1)k
I
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729 consists of k — 1 occurrences of the vector a, an occurrence of b = (—,0,0,...,0),
——

p times

1 <p<m-—1,and n — mk — (p+ 1) occurrences of state +. The vector b can only
occur in the last p 4+ 1 entries in s,, and it will be completed to a vector a if we had

prolonged the channel combining operation m — 1 — p < m more levels. Therefore

T < (n +m—(m— l)kz)

For some ¢ € Z and d € Z with ¢ < d we have (i) = d%c(dfl) < d(dil), using this fact

Cc C

we obtain

<n+m—k§m—1)kz) S(n+m><n+(m—1

Then we have

17301 = 9] + 1709,
— - 1)k
<(1+(n+m)m)<n <”Z )),
— — 1)k
<(1+(n+m))m<n <n; ))7
—(m—1)k
("), (A8)
where B(m,n) = w = 0(1). Next, we use the upper bound (Z) < Qnd(k/n)

n—(m—1)k

k )as

in [20] to upper bound (

(n - (TZ - 1)k> < on(=Om=1)(/m) H (= ¥ty

= gnd(ma), (A.9)



83

Combining (A.8) and (A.9)we obtain the desired bound as |T\?| < 2n(G(ma)+Bmmn) —
on(Glma) +o(1))

A.8. Proof of Lemma 5.4

We have

Glonaa) = (1 (= D)t (D).

We know that, for ¢ € [0,1/m)], H(m) is concave in ¢ and (1 — (m —1)q) is linear

in ¢ indicating G(m, q) is concave in q. Let ¢x denote the maximizer of G(m,q). The

maximum of H (m) occurs when T’_l)q = 3 or equivalently when ¢ = ﬁ and
since (1 — (m —1)q) is decreasing in ¢, we have ¢x € [0, ~15]. We next evaluate %
0G(m, q
L) (o= 1) og(1 — (m — 1))
+log g — mlog(1 — mq).
setting 260" q) |g=g« = 0 gives
(m —1)log(l — (m — 1)q*) Hog ¢ = mlog(l — mgq"). (A.10)
Re-arranging the above equation we obtain
1 _ _ 1 * *
mlog( 1(m )a") + log Ep—— q
- ma - ma (A.11)
1-— —1)q* ‘
~log (1—(m—1)q")
1 —mg*

Let us use the following substitutions

1—(m—1)q q*

pum— —1:
g 1—mg* "’ 1
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For ¢+ € [0, m+r1] we have ) € [1,2]. Using the above substitutions in (A.11) we obtain

mlogn + log(n — 1) = logn,

or alternatively

n"m—1)=n.

Dividing both sides of the above relation by 7 and re-arranging the terms we obtain

-t —1=0. (A.12)

But the above polynomial is same as 5.22. Consequently from part ¢ of Proposition. 5.5

we conclude that n = ¢ which indicates that I_I(TT_ql*)q* = ¢ and hence ¢* = m =
p~. Next we evaluate the maximum of G(m,q) attained at ¢ = ¢*.
G(m,q*) = —q"log q—*+
1—(m—1)g*
1 —mgqg*
*—1)log ————— A.13
(g’ = Dlog = (A13)
Re-arranging (A.10) we observe that
1 T log M9
og ———— =mlo
g1—(m—1)q* gl—(m—l)q*
Using the above relation in (A.13) gives
1-— —1)q*
G(m,q") = log 1om-D log ¢.

1 — mg*
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A.9. Proof of Proposition 5.7
We define a typical set T2 a5
7199 = {s,: Pt) = ¢, D(g,p7) < e}
The probability that 7;1((1) is not typical is

L-PTO) = 3 Pa(T)

Pr(D(g,p~)>¢)

< S 2Pl rE ),
Pr(D(g,p™)>¢)

Z 2—n(e+B’(m,n))’

Pr(D(q,p~)>¢)

IN

b !
S (n + 1>2—n(e—B (m,n))j

_ 27n(efB"(m,n)) <A14)

J

mlog(1+n+m)—log k+log(n+1)
n

where B"(m,n) = . In the above derivation (a) follows from
(5.34) and (b) follows from the fact that there exist at most n+ 1 different type classes
having Pr(D(q,s_) > €). The above result indicates that > . Pr(D(q,s-) > e)
converges, thus the expected number of the occurrences of the event D(q,s_) > € for
all n is finite. By using the first Borel Cantelli Lemma [33, p. 59] we conclude that

D(q, s_) converges to 0 with probability 1.
A.10. Proof of Lemma 5.5

Conditioned on the event D (7) = #((Sng41s---,82)| +) = v(n — ng) there
exists at least y(n —ng) occurrences of state + in {S,, 11, Sng+2, - - - » Sn }. Investigating
(5.37), we have Zn < Zn_1 when S, = + and Z, > Z,_; when S, # +. Moreover, Z,

is increasing in Z,,_; when S, is fixed. Consequently, if we fix Zpm, the largest value of
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Z,, will occur if {Sno+1 Sng+2, - - - S} has the following realization

(1—7v)(n—ng)/m times
{a,a,...,a+,+,...,+}.
—_———

v(n—ng) times

where a = (—, %, %,...,%). In order to upper bound Z, we assume that the above
—_——
m—1 times
realization has occured for {S,,11, Sngs2,--- Sn}. During consecutive runs of +, the

value of log Z, increases with the same recursion as the code-length in (5.1) as log Zy =
log Z,—1 +10g Zy_m. This recursion happens v(n —m) times and since the code-legth

obeying the same recursion scales as ¢7"~™) ¢ € (1,2], we have
log Z, = ¢ ) log Z,, (A.15)

where k = ng + (1 — 7)(n — m). During consecutive runs of a the value of Z; does

not change with respect to Zi—l when S; = % and it increases as ZZ = Zi—l + Zi_m —

Zn-1Zi—m when S; = —. By construction of {Sno+1s Sng+2, - - - Sn} each state — is pre-
ceed by m — 1 occurances of % therefore if S; = — we have (S;_1, Si—2, ..., Si—(m-1)) =
(%, %, ..., %) indicating Jin="lig=. B = Zi_(m_l). Therefore during each occu-

rance of state — in a we see the recursion Zi—l + Zi_m - Z}_lzy_m = QZi_l — ZAZ@ or
equvalently 1 — Z; = (1 — 21(1))2 This recursion occurs (1 —7)(n — ng) times resulting
inl— 2, = (1= 2,000 and Z, = 1 — (1 — Z,,)20-"=m0)  Next, employ the

inequality logz < x — 1, z € [0, 1], by letting x = 7, to obtain
log Zy < —(1 — Zp, )t n=mo), (A.16)
Using (A.16) in (A.15) gives

log Zn — —¢7(”_”0)(1 _ Zn0)2(1_7)(n_”°),

S _qb'y(nfng)(l . Zn0>2(nfn0)

= =) (1= Z,,)2) 7.
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Choose ¢ € (0,1) so that ¢ <1 — ¢= holds. Conditioned on Cp,,(¢) = {Z,, < ¢} we

have (1 — Z,,)%¢° > 1, resulting in
logy Z, < =9 € (¢) N Dy (),

which proves the lemma.





