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ABSTRACT

PHYSICAL BASED ANALYSIS AND MODEL
REDUCTION OF ENGINEERING SYSTEMS

There is a need for obtaining low order approximations of high order models
of physical systems as low order models result in several advantages including the
reduction of computational complexity and improved understanding of the original
system structure. Different methods have been suggested in literature for obtaining
suitable low order approximations, but these approaches do not feﬂect the relation

between the mathematical model and the physical components of a system.

In this thesis, some new approaches are provided for model reduction in the
physical domain. The approaches that are presented use the idea of decomposition
of physical systems which is useful for the identification of dominant components or
subsystems. The procedures are applied to the physical systems that are represented by
bond graphs as they lead to better understanding of the system structure. One of the
proposed methodologies exploits the idea of decomposition of physical systems. The
proposed decomposition and model reduction procedures are directly implemented on
the model providing a better perception of the physical model reduction and a better
design point of view. As a second methodology, the determination of subsystems and/or
components that influence a given eigenvalue of the overall system has been explored.
A set of theorems and definitions are proposed that lead to an efficient procedure for
this aim. After the calculation of eigenvectors, “effect” matrices are produced that
indicate the relative importance of physical parameters in a selected eigenvalue. Using
these matrices, an efficient physical model reduction procedure is constructed. The

advantages of the presented approaches over existing methodologies are emphasized

through several examples.
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OZET

 MUHENDISLIK SISTEMLERININ FiZiKSEL TEMELLI
ANALiZi VE MODEL iNDIRGEMESi

Fiziksel sistemlerin yiiksek dereceli modellerinin diisiik dereceli yaklagikliklarini
elde etmek icin artan ihtiyag vardir. Diigiik dereceli modellerin kullanimi, hesaplama,
- karmagikhgini azaltmay: ve orijinal sistem yapisinin anlagiimasini artirmay1 da iceren
birgok avantaj ile sonuclanmaktadir. Literatiirde, diigitk mertebeden modellerin elde
edilebilmesi icin deisik yontemler sunulmaktadir, ancak bu yéntemler matematiksel

model ile sistemin fiziksel bilegenleri arasindaki iligkiyi verememektedirler.

Bu tezde, ﬁzik;s.el alanda model indirgenmesi igin bazi yeni yaklagimlar sunul-
maktadir. Sunulan yaklagimlar, baskin bilesenlerin veya alt sistemlerin belirlenme-
sine yarayan fiziksel sistemlerin ayristirilmas: fikrini kullanmaktadirlar. Yontemler
sistem yapisimi daha iyi anlamaya yarayan bag cizgesi ile ifade edilmis olan fiziksel
sistemlere uygulanmigtir. Sunulan yontemlerden biri, baskin alt sistemlerin belirlen-
mesine uygun olan fiziksel sistemlerin aynstirilmas: fikrini kullanmaktadir. Aciklanan
indirgeme yontemleri model {izerine dogrudan uygulanmakta ve boylece fiziksel model
indirgemesi ve tasarim icin daha iyi bir anlayig saglamaktadir. Ikinci bir yontem
olarak, biitiin sistemden segilen bir 6zdegere etki eden alt sistem ve/veya bilesenlerin
belirlenmesi konusu aragtirilmigtir. Bu amag i¢in etkili bir yontemi olugturan bir seri
teorem ve tamim suﬁulmugtur. Oz vektorlerin hesaplanmasindan sonra, secilmis bir
ozdegere etki eden fiziksel parametrelerin goreceli olarak dnemini veren “etki” matris-
leri iiretilmektedir. Bu matrisler kullanilarak etkili bir fiziksel model indirgeme yontemi

kurulmustur. Sunulan yéntemlerin mevcut ySntemlere gore avantajlar cesitli 6rnekler

kullanilarak aragtirilmstir.
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1. INTRODUCTION

1.1. Motivation

The rising importance of multi energy domain dynamic systems has motivated in-
tensive research activities on modeling methodologies. A multi energy domain dynamic
system may include mechanical, electrical, fluidic and / or thermal components / sub-
systems. A multi energy domain system usually contains many of these components.
With the growing system complexity, the simulation, analysis and synthesis procedures

depend increasingly on accurate and compact models, which in turn calls for system-
| atic modeling procedures. As a result of decades of significant research effort, detailed
models for complex systems can now be built efficiently with various computer software

packages such as Matlab and Simulink! , Easy5 and 20Sim 1,2, 3,4,H5].

While complex models can be very accurate, they may also be difficult to handle.
Not all of the components of a system make significant contribution to the system
dynamic behavior. Therefore, a vital step in modeling is to reduce the model to a more
manageable size. Low order models possess some advantages including the reduction
of computational difficulty and understanding of the physics of the original system in

a simpler way.

It is often desired to approximate the high order model by a reduced low Qrder
model in such a way that the relevant dynamics are preserved. Mathematically, this is
usually done by the minimization of a suitable norm. A reduced order model should be
used instead of the full order one in the control désign, and still meet the performance
objectives for the controlled physical system. If tlﬁs is true, then the reduced order
, model,s which is computationally less demanding and possibly numerically more reliable,

can be used in controller design and later in the analysis.

The model reduction and the control problem are not independent of each other [6,

. MATLAB and SIMULINK are registered trademarks of The MathWorks, Inc.



7]. Although this being the case, in the literature two different concepts exist: model
reduction and controller reduction. These are based on different strategies, but they
point to the same result, which is to obtain a low order controller. The difference in

these two approaches can be summarized as follows:

o Model reduction is based mainly on open loop considerations. First, the high

order model is reduced. Then, this reduced order model is used in the design of

low order controller.

e Controller reduction is related mainly to the closed loop aspects, such as preserv-

ing the closed loop stability and performance.

In addition to these two approaches, there is also control oriented model reduc-
tion [8, 9], but since the aim of this thesis is to provide means for physical model

reduction and not directly control related reduction problems, this topic will not be

explored.

As a result, the main reasons for using reduced order models can be summarized

as follows:

e Using low order models simplifies the understanding of the full system. This is
because they focus on the most dominant modes of the system.

e The design of the controller is numerically more efficient.

e Computational-complexity is reduced and numerical drawbacks can be avoided
to a certain extent.

e Irom the controller point of view, as the éontrol laws become simpler, the hard-

ware requirements are also reduced.
This thesis concentrates on physical model reduction of causal linear time invari-
ant (LTI) lumped parameter systems. Specifically, the study focuses on understanding

of the relation between system dynamics and system parameters and/or structure.

From the theoretical perspective, this thesis gives a fundamental framework for



a systematic model reduction in the physical domain. Past researches on physical
domain model reduction methods are reconsidered. Advantages and restrictions of
some of the past work are reviewed and new concepts and solutions are proposed.
From the practical point of view, the approaches in this thesis can be applied to both

single-input single-output (SISO) and multi-input multi-output (MIMO) systems.
1.2. Background

The topic of model reduction has been studied for many years now, and many
methods have been suggested for obtaining suitable low order approximations. Most
of the techniques in the literature take into account a criterion for the ‘goodness’ of
the reduced model. For example, the balancing approach [10] uses coordinate transfor-
mations to convert the system to a special balanced form from which a reduced model
can be obtained. The techniques based on balancing aim at reducing the order of the
transfer matrix between the input and output by targeting at the worst-case scenarios.
Therefore the error bound of the reduced model is guaranteed. However, transfer ma-
trices and their realizations do not contain the information about the internal structure
of the system. Therefore, in general, these procedurés may not be directly applied to

the modelling and reduction of systems in the physical domain.

There exist several time and frequency domain methods that generally provide
good approximations. Some of the well-known time domain methods are the approxi-
mate moment matching method [11] that utilizes the elimination of some time moments
with the employment of a singular-value decomposition approximation, and the least
squares model reduction method [12] that uses the power of curve fitting by calculating
a low order autoregressive moving average (ARMA) predictor equation. A number of
the principle frequen"cy domain methods are the followings: the component cost anal-
ysis for model reduction [13] that uses a quadratic cost measure for eliminating the
modes, Padé approximations [14] and continued fraction methods [15] that employ the
continued fraction expansion and inversion processes with a generalized matrix Routh
algorithm to expand a matrix transfer function into the matrix continued fraction of

matrix Cauer forms. Additionally, balance and truncate type of approaches [16] that



exploit the balancing idea are present in which the drawbacks of [10] are eliminated via
projections defined in terms of arbitrary bases for the left and right eigenspaces asso-

ciated with the large eigenvalues of the product of the observability and controllability

gramians.

In addition to the purely ‘numerical’ procedures above, a useful type of reduced
model is obtained by removing some physical components from the original model.
This approach is known as model reduction in physical domain. In these methods
either the components associated with small power flow are eliminated as they have
small contribution to the dynamic behavior of a system [17, 18] or singular perturbation
method is used to reduce the dimension of the system by considering only one part,

namely the slow or fast part, depending on the frequency domain of interest [19, 20].

The power method uses various time averages of the power flow associated with
a component to measure the corresponding power level [18] or energy level [17]. The
model reduction approaches in [18] and [17] are conceptually similar to each other.
These are established on power/energy criteria and consist of the following three major
steps, (i) Calculating the system’s time response under certain input with numerical
simulation, (ii) Measuring the power flow in and out of a component, and (111) Removing
the components associated with low power flow level. Specifically, Rosenberg and
Zhou [18] used bond graph for measuring the power response to determine a simplified
model for controller design, parameter optimization and to gain insight into the model
behavior. The power responses are obtained by applying a step input for a given time
interval and calculating the power on all bonds of the bond graph. Then, a root mean
square (RMS) average of each power is calculated. Finally, the bonds with low average
values are eliminated from the bond graph model. Louca et al. [17] preferred to employ
energy as a metric instead of power because energy being the time integral of power
it is more advantageous for use throughout the simulation time in case there are time
varying elements in the system. The authors claimed that the RMS power metric might
also provide false information due to heavy weighing of peak responses. Hence they
defined an energy based ‘element activity index’ which is calculated as the ratio of the

energy flowing through an element to the total system energy. Then the bonds that are



deemed unnecessary are eliminated from the bond graph model by removing the low
activity elements according to a chosen appropriate threshold value. The attractive
advantage of the method is that by utilizing the sinusoidal excitation input the most
appropriate reduced‘m‘odel can be obtained as a function of a predefined frequency
range of interest. Although the authors claimed that the method could be applied for
model reduction of non-linear systems, they acknowledged the need of further study
for the applicatioﬁ of the method to non-linear models. The methods [17, 18] are not
strictly proven mathematically but they have of course clear physical interpretations for
model reduction. They eliminate elements that are considered unnecessary according
to power or energy .level information without indicating which subsystems to retain or

remove in a systemic perspective view as it is done in the methods explained in this

thesis.

Another physical based model reduction technique developed in [19] makes use of
the singular perturbation method. The fast and slow dynamics of bond graph models
are estimated by the determination of causal loop gains and by utilizing reciprocal sys-
tems. In this method, when the dynamic subsystems are well separated, the resulting

reduced model is very near to the one deduced from the singular perturbation method.

In this thesis, some new approaches for physical domain model reduction are
developed and assessed. One of the approaches that is presented uses the idea of
decomposition of physical systems which is useful for the identification of dominant
components or subsystems. The presented approaches are applied on the systems’
bond graph representation. In addition to the proposed procedures, a relationship is
indicated between the numerical and physical approaches. This adds a new under-
standing of the numerical methods, and can be used to produce physical reduced order

models with using numerical procedures.
The contribution of this thesis can be summarized as follows:

o Theoretical explanation of physical domain model reduction based on eigenvalue

distribution is provided. Based on this explanation, a comparison between this



method and commonly used power (or energy) based methods is discussed. The
effectiveness and advantages of the presented method in such cases is also pointed
out. ‘

~e A brief example on the effects of different inputs on the selection of reduced order
physical models is‘presented.

e The Hankel Singular Values’ (HSV) relation to partial fraction éxpansion (PFE)
residues and thus the relation between balanced truncation method and the phys-
ical based model reduction is provided.

e It is shown that, “effect” matrices based on the physical representation of the
system can be formed that give the relative contribution of system components’

on the eigenvalues of the system.

-1.3. Thesis Outline

The outline of the thesis is as follows:

Chapter 2 presents a brief survey on the current model reduction methodoldgies
and tools that are used for model reduction, including the basics of bond graphs.
In addition to the basics, a relationship between Hankel singular values (HSV) and
partial fraction expansion residues is presented. This relationship provides clues for the

explanation of the eigenvalues obtained from balanced truncation type of approaches.

Chapter 3 gives the methods used for obtaining eigenvalue distribution of physical
linear dynamic systems and presents a procedure for physical domain model reduction.
In this chapter, several physical examples are pyesented to illustrate the efficiency of

decomposition procedures.

Chapter 4 prov.ides several examples on the application of the physical domain
model reduction procedure that is given in Chapter 3 including multi energy domain
systems. In this chapter, additionally, one of the shortcomings of the power and energy
method is presented. Via a simple physical example, the effectiveness of using the

decomposition procedures is shown.



7

In Chapter 5, “effect” matrices are introduced. Based on the physical represen-
tation of the system, effect matrices are formed that give the relative contribution of
system components’ on the eigenvalues of the system. Furthermore, a physical based
model reduction method based on effect matrices ar‘e provided. Several examples are

given to illustrate the results.

Chapter 6 summarizes the contribution of the thesis and makes recommendations

for further research.



2. A SURVEY ON CURRENT MODEL REDUCTION
METHODOLOGIES AND TOOLS FOR MODEL
REDUCTION

During modeling of a system, determining a suitable order for the model is very
important. It is often easy to find a too complex model, and the issue of reducing the
model without removing the important features of it, at least for a given frequency
range of interest, becomes important. In recent years attempts have been made to
address these issues [17, 18], by looking at the power or the energy of the whole system
and the lumped parameter elements, and then to decide whether to keep an element in

the system. These approaches are still not complete and are still being investigated [17].

In this thesis, before answering the above type of questions, the tools for model re-

duction and some of the most commonly used and effective model reduction procedures

will be reviewed.

The organization of this chapter is as follows: Section 2.1 gives the commonly used
mathematical background in model reduction. Section 2.2 gives brief information on
bond graphs. Section 2.3 presents the frequently used model reduction methodologies.
One of the most popular methods used is the balanced truncation approach, and in
this section it will briefly be explained. Then, the power and energy based methods

which are physically based approaches, are reviewed.
2.1. Some Basic Tools for Model Reduction

In this section a brief explanation of basic mathematical tools for model reduction
are given for completeness of the thesis. For this purpose, the following concepts are
stated: controllability and observability matrices, Hankel singular values, error norms,

partial fraction expansion, and residues.



2.1.1. Controllability and Observability Matrices
Consider a linear time invariant (LTT) system given by:

X = Ax+Bu , % =xo (2.1)

y = Cx+Du (2.2)

where A, B, C, D, are the time invariant matrices of compatible sizes. Also, x € R",
y € R™, and u € RP where n, m and p are the order, the number of outputs and
the number of inputs of the system respectively. This representation might also be a
linearization of a nonlinear system which is only a reasonable approximation within a

specific region around the operating point.

It is very well known that, from this representation, a transfer function matrix,

G(s) can be obtained by:

G(s)=C(sI-A)'B+D (2.3)

For the rest of this discussion assume that D = 0.
If G(s) is related to A, B and C by Equation (2.3), then A is minimal in
dimension if and only if (A, B) is completely controllable and (A, C) is completely

observable. Then the (A, B, C) is called a minimal realization of G(s).

For a given system, the controllability and observability matrices can be expressed

as follows:

W, (r)2[B AB --- A"!B] (2.4)
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a| CA (2.5)

CA-r—l

where T represents the length of the horizon on which the controllability and the

observability of a ’system are checked. Then, depending on the value of 7 we have the

following matrices [21]:

e When 7 = n, the controllability and observability matrices of the system are

obtained,

e When co > 7 > n, the finite controllability and observability matrices are ob-

tained, and

e When 7 = 00, the infinite controllability and observability matrices are obtained.
Note that, besides the complete uncontrollable/unonservable states, there could ex-

ist some weakly controllable/observable states. The existence of these states can be

justified by a bad conditional number of these matrices [7, 21].

2.1.1.1. Gramian Matrices. A robust way of analyzing the controllability and observ-

ability of a system is to look at the singular values of the gramian matrices. This
provides some insight about the system. For instance, the number of small (compared
to the rest) singular values of the controllability gramian will indicate the number of
weakly controllable states in the system [7]. Some important properties of the gramians

are indicated in the following discussion.

The controllability gramian, P, of a system given by Equations (2.1) and (2.2)

1s:

= / ABBTA™ dt (2.6)
0
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and the observability gramian, Q is:
A &0 AT
Q= / e tCTCe dt (2.7)
0 .
The gramians can also be computed from the Lyapunov equations [7, 21):

AP +PAT+BBT = 0

2.8
ATQ+QA+CTC = 0 (28)

Note that, if the system is asymptotically stable, the Lyapunov equation has a unique

solution, and if the system is minimal, P and Q are nonsingular.
The positive definite character of the gramians involves some important aspects:

e P> 0 <= (A,B) is completely controllable,
e Q>0 <= (A,CQC) is completely observable.

The above implications give a more reliable way to test the controllability and observ-
ability of a system. Basically, a zero eigenvalue in the controllability gramian P implies
that (A, B) is uncontrollable, while a zero eigenvalue of the observability gramian Q

implies that (A, C) is unobservable.

There is also a physical interpretation of the gramians, which will not be discussed
here in great detail, but for completeness one important point needs to be given: It
has been stated in the literature {7, 22] that, 't‘he controllability gramian P helps to
represent a measure of the energy necessary to transport a system from state xo to x;
(two different states). In this case, to assure that the energy quantities are finite, it is
assumed that the input signal u(t) and the output signal y(t) are square-integrable.
Then,

min{ /0 u” (t)u(t) dt } = (%, — %) TP (x1 — xo) | (2.9)

—00
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Also, an eigenvalue of P is an expression of the controllability of the system in the
direction of the corresponding eigenvector. A large eigenvalue of P indicates that in
the direction of the corresponding eigenvector, little energy is needed to transport the
system in that direction. On the other hand, similarly, the observability gramian Q is

related to the energy transmitted to the output [7, 22).
2.1.2. Hankel Singular Values

The Hankel singular values of a transfer function matrix G(s) are defined as the

square roots of the eigenvalues, A;, of the product of controllability and observability

gramians (PQ):

{G} 2 VNPQ) , i=1,...,n (2.10)

The gramians are positive definite matrices, hence the eigenvalues of (PQ) are strictly
positive, o; > 0. They are usually ordered as ¢y > 03 > -++ > 0, > 0. From the
definition of (2.10), one can observe that the Hankel singular values give a measure of

the importance of the states in the overall system transfer function matrix.

For the k’th Hankel singular value, aik represents the power needed to drive the
k’th state from 0 to 1 (two different state values). Also, the power from k’th state as
seen at the output of the system is 0. So if oy is, let’s say, 10 times greater than oy,
then the k’th state is 10 times more observable and controllable than (k + 1)’th state.
Thus the ratio between any adjacent Hankel singular values can be compared to a user
specified tolerance & [22, 23],

Ok

——>l , k=12,...,n—-1
Og+1 €

and by this way the states can be ordered according to their relative importance.

It should be noted that, the name Hankel singular values comes from the fact

that they are the singular values of the corresponding Hankel matrix. More details on
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Hankel matrices can'be found in the literature [7, 16, 21, 24, 25].

2.1.3. Error Norms

When a stable high order system with a transfer function matrix G(s), such that

G(s) € C™", is to be approximated by a low order transfer function matrix G.(s),

the error transfer function is given by

E(s) = G(s) — G.(s) (2.11)
where E(s) is the Laplace transform of e(t). Note that, in the reduced model, r
denotes the reduced model order, but the size of G(s) and G.(s) remains the same,
which indicates that they have the same number of inputs and outputs.

Some of the most commonly used error norms are:

e H, norm:

-

oo P 2
A :
1Bl = [ (Ui(E(]w)))zdw} (2.12)
=00 j=1
where p = min{m, n}.
e H_, norm:
IEllco 2 sup 7{E(jw)} sﬁp: the least upper bound (2.13)

where &, represents the largest singular value.

o Hankel norm:

IEllzr = omax{E(8)} = vV Amex(PQ) (2.14)

where Opmax reﬁresents the largest Hankel singular value. It is noted that the
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Hankel norm gives the Ly-gain from past inputs to future outputs [6, 24].

As a last note, the smallest error is achieved by the Hankel norm, in other words,

1Nz < |Elleo, [7]-
2.1.4. Partial Fraction Expansion and Residues

Consider the single-input single-output (SISO) proper rational function,
G(s) = E2— (2.15)

where a, = 1 and n > m.

n

Suppose the denominator polynomial equation, Zaisi = 0, has n; roots equal
i=0

T
to —p1, me roots equal to —ps, ... , N, roots equal to —p,, where Zni =n. Then,
i=1

n T
Z a,-si = H(S + pi)n" (216)
i=0 i=1

and G(s) can be written as,

> s
Gs) = —=2—— (2.17)

H(S + p;)™

i=1

The partial fraction expansion representation of the rational function G(s) is then,

G(s) = bn+22§%y | (2.18)

i=1 k=1
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where b, = 0 unless m = n and coefficients are given by? ,

(2.19)

§==pi

e = i { sl 4 GO}

Here the particular coefficients ci1, 4 = 1,2,...,r, are called the residues of G(s) at

—-pi, t=1,2,...,T.
Some important properties of residues are:

e A residue c;; at pole —p; corresponds to a transient term in the time domain,
cﬂe(_”it), so the significance of the residue is that its magnitude is the initial size
of the transient corresponding to the pole.

e If a zero is close to a pole, the residue at that pole tends to be small, so the
transient is probably small. '

e If the zero coincides with the pole, it cancels it, and the transient term is zero.

The same idea of residues can also be extended to multi-input multi-output

(MIMO) case [26] as. follows:

Consider the linear time-invariant, multivariable system described by

%E:i) — Ax(t) + Bu(t) (2.20)
v(t) = Ox() (2.21)

where x(t) € R™ is the state vector, u(t) € R™ is the control signal, and y(t) € R?
is the vector of output measurements. The transfer function matrix of the dynamic

system is

G(s)=C(sI,—A)"'B (2.22)

2 This is a direct computation of coefficients, and the roots of the denominator polynomial can
be real, repeated or complex.
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where (sI — A)_l, called the resolvent matrix, is an n x n matrix, each element of

which is a scalar transfer function, i.e. a ratio of two scalar polynomials.

It is often necessary to find the matrix residues of the partial fraction expansion
(PFE) of scalar transfer function matrices (sI, — A)™ and C(sI, — A)~'B. There

are several well-known methods available, namely:

i. by computing the adj (sI, — A)_1 by minors or the Leverrier-Faddeeva algorithm
and then performing a PFE on the result,

ii. by the use of the modal matrix, taking into consideration the particular nature

of the Jordan form of A, and
iii. by the use of the function of a matrix [27, 28, 29, 30].
There are also other less known methods available;
i. using the Lagrange-Sylvester interpolation fofmula,
ii. using the Cayley-Hamilton theorem, and

iii. using Krylov’s matrix (31, 32, 33, 34].

The procedure given here only uses a set of arithmetic operations, and it is

particularly suitable for systems with repeated eigenvalues [35].

9.1.4.1. Partial Fraction Expansion of the Resolvent Matrix. The resolvent matrix can

be written in two equivalent forms:

1 Bis" 4B+ 4+ Bus+Ba _ B(s)
1 1 2 n-—1 n

= 2.23
(SIn A) ™+ Sn—l +.-o 4 dn—-13 + dn d(S) ( )

n—1 n—2 Ve B._ Bn
= Bis +m]?28 il ma T P01 +ma (2-24)
(S—Al) (S—>\2) "'(S—Aa)

o
where B; € R™" ), is an eigenvalue of A and m; its multiplicity, such that n = Z m;,
_ i=1

" and the subscript ¢ is the number of distinct eigenvalues.
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A third form is obtained by expanding into PFE:

ij:&_ (2.25)

i=1 j=1

where the coefficients F;; € C*" are to be determined.

The representation given in Equation (2.23) can also be expressed in polynomial
form as d(s)I, = B(s) (sI, — A), where matrix polynomials of order n are obtained
on both sides. By comparing the coefficients of the matrix polynomials, the following

expression is obtained:

; [ 1, o, 0, | r
B, | " I, |
B il A
=l . _ (2.26)
] N :
| B~ | A
Polaets o oab 5 :

where B; are the matrix coefficients of the numerator polynomial of Equation (2.23).

To this end, recall the following well-known definition of Kronecker products:

Definition 1 Let X be an n x m matriz and Y be a p x ¢ matriz. Then the np X mq

matriz

XuY -+ XimY

XeY=| ~ (2.27)

LXmY oo XomY

is called the Kronecker product of X andY . It is easily verified from the above definition
that (X @ Y)(T ® S) = (XT ® YS) when compatibility exists, (see [27, 36])

Thus, Equation (2.26) is equivalent to the following Kronecker product represen-
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tation:

B, | [ 1, |

B A

“l=DeL)| (2.28)
Bn An-—l

where D is a lower Toeplitz matrix that contains the coefficients of d(s).

- The following formula for the matrix residues was derived in [37], which links

Equations (2.23) and (2.25):

Fi, | B,
F B

P l=(viDieL)| (2.29)
Fnl Bn

where on the left-hand side are the desired matrix residues, and the matrix V ié the
Vandermonde matrix formed from the eigenvalues of A. For nonrepeated eigenvalues,

this matrix is given by:

11 1]
)\1 Ag NN )\n
)Y AREDY S V'
ve | MM L (2.30)
)\111-1 )\g—l . Xg—l

The coefficients Fy; of Equation (2.25) are obtained by combining Equations (2.28)



19

and (2.29); thus, it is seen that

[ Fn W [ I, ]
F A
Tl=(vien)| (2.31)
| Fr | | A"

which is the desired result for obtaining the matrix residues of PFE of the resolvent

matrix (sI, — A)™"

For the multiple root case, the Vandermonde matrix in Equation (2.30) is changed

to the generalized Vandermonde matrix, defined as follows for an eigenvalue A; with

multiplicity m;:

[ 1 1 0 0 0 1]
) VRPN W 1 0 0 D
DL TRt 2); 1 0 e A2
V =
| T T (N e RTINS

The result given in Equation (2.31) shows that the residues are a linear combi-
nation of the powers of A, if V7! = €; theﬁ, the combination for the i’th residue

is:

Fi = wil, + wipA + - +win A" (2.32)

9.1.4.2. Partial Fraction Expansion of Transfer Function Matrices. The matrix residues

for the PFE of the transfer function matrix (Equation (2.22)) can now be obtained by
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pre and post multiplication of Equation (2.25) by C and B, i.e. the residues Fy;

s, —A)Y "B= 2.33
C( ) Z;E; /\ )g | (2.33)
i=1 j=
then the residues in Equation (2.33) become
R'il = wﬂCB -+ wich.B + -+ winCAn—lB (234)
The above relation shows that the matrix residues are a linear combination of

the Markov parameters [29], i.e., h; = CA™'B up to order i = 1,...,n

The expression given in Equation (2.34) can be expressed in closed form as

. ]
Ry, CB |
R, CAB .
U l=(vieL) , (2.35)
R L CA™'B
or equivalently by:
[ Ry, B |
R | AB
P l=(vrec)| (2.36)
| B L A™B ]

In Equation (2.36), the last matrix on the right hand side is the same as the finite con-
trollability matrix W, in column form. A rigorous proof which is completely different
from the approach shown above can be obtained from the block observability realiza-
tion as given in [35], or by the use of the well-known Leverrier-Faddeeva algorithm and

the formula for PFE of matrix transfer functions [38].



21

As a result, the three steps for computing the residues of the PFE of G(s) can

be stated as follows:

1. Determine the set of eigenvalues of A with multiplicities m; for i = 1,2,...,0.
2. Construct the Vandermonde matrix (or the generalized Vandermonde matrix) V
using the structure given in Equation (2.30).

3. Use formula of Equation (2.35) or (2.36) to calculate the matrix residues.

2.1.4.3. Numerical Example. Consider the 37 order multi-input multi-output (MIMO)

system described by

(1 -1 0 1 2

dx(t

—d(%—) = |3 —4 1|{x@®)+ |0 3 |u® (2.37)
|5 —6 1 10
(150

y(t) = x(t) (2.38)
41 2 |

Here, det(sI — A) = s(s + 1 & 1¢); therefore, the three eigenvalues are distinct with
two complex conjugates. Then the matrix residues will be complex for the complex
eigenvalues. The Vandermonde matrix has its simplest form (Equation (2.30), and
upon applying the formula in Equation (2.36), the matrix coefficients of the PFE can
be obtained from
-1
Gn 11 1 B
' 150
_G21 - 0 —1+'i —1—1 ® AB

41 2
G 0 -2 2 A’B
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Carrying out the multiplication gives the expansion as

3.0000 21.0000
3.5000 24.5000

L] |

—1.0000 —2.0000
1.2500 —6.7500

—9.5000 17.5000
—11.2500 19.7500

| 2o )

Gls) = s + s+1—1d
10000 ~2.0000 | | —-9.5000 17.5000
1.2500 —6.7500 ~11.2500 19.7500
+ ' s+1+1

This concludes the example.

Using the Kronecker algebra calculation® of the controllability gramian, observ-

ability gramian and the cross gramian* can be written as

vec(P) = —[I® A+ A ®I] 'vec(BB”) (2.39)
vec(Q) = —[I® AT + AT @] tvec(CTC) (2.40)
vece(Wy,) = —[I® A+ AT @ I tvec(BC) (2.41)

The calculation of the cross gramian for a second order stable system with real and

distinct eigenvalues in Jordan form reveals the following resuit:

A second order system with real and distinct eigenvalues has the following state-

space representation:

3 More information on Kronecker algebra is given in Appendix A.

4 See [39] for its definition.

[ A, O
! (2.42)
0 X
1
(2.43)
1
R, Rz] (2.44)
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where A\; and A are the eigenvalues and R; and R, are the corresponding residues, re-

spectively. As A = AT, the calculation of the cross-gramian W, as in Equation (2.41)

is as follows:

vec(Wy) = —[I® A+ AT @ I "vee(BC) (2.45)
= —(A®A)vec(BC) (2.46)

—o 0 0 0 Ry

1

— 0 PYESY 0 0 Rl (2.47)

0 0 - Anluxz 0 Ry

i 0 0 0 —ﬁ Ry

_R __Ry
W. = 2A1 At+A2 (2 48)
“ __ R _R '
A1tz 22

It is observed that
2 R
2 — }
X trace g N (2 49)

which is the DC gain of the system. Additionally the eigenvalues of W, gives the
Hankel singular values of the system (with a corresponding sign). It should be indicated
that, without this sign the argument of Ei.(Hankel singular values) = |DC|/2 will

become erroneous.
Additionally, a-careful analysis of the cross gramian gives some insight on the
sign of the corresponding Hankel singular values of the system. Thus for the special

case of second order systems with real and distinct eigenvalues the following holds:

sign (Hankel singular value), = sign(—%)i (2.50)
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An example of this calculation is as follows:

Consider the simple second order system with the transfer function of

' s+ 1
(s) = s>+ 5546 (2.51)
This system has the following Jordan form:
-3 0
A= (2.52)
0 -2
1
B = (2.53)
1
C = [ 2 1 ] (2.54)

The calculation of Hankel singular values using the cross-grammian gives 0.1129, and
—0.0295 respectively. With these values, it is verified that Equation (2.50) holds.
Additionally the DC gain of the system is calculated as [0.1129+(—0.0295)]/2 = 0.1667

which is the correct value.

2.2. Bond Graphs

Modeling and analysis of dynamic system behavior is the key to successful con-
trol of complex engineering systems. The bond graph modeling language developed
by Paynter provides a systematic framework for compositional modeling of dynamic
physical systems from physical principles [40, 41, 42, 43]. This modeling technique
facilitates the explanation of causal interactions and temporal relations between pa-

- rameters by drawing upon fundamental laws of energy conservation and continuity. In
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this section brief information on bond graphs is given.

2.2.1. Bond Graph Elements

The bond graphs were originally developed by Paynter [40]. The idea was further
developed by Karnopp and Rosenberg in their textbooks [41, 42, 43, 44], such that it
could be used in practice [45, 46]. By means of the formulation by Breedveld [47, 48]

of a framework based on thermodynamics, bond-graph model description evolved to a

systems theory.

Bond graphs are a domain-independent graphical description tool for dynamic
behavior of physical systems. This means that systems from different domains (such
as electrical, mechaﬁical, hydraulic, acoustical, thermodynamic, material) can be de-
scribed in the same manner. Bond graphs are based on energy and energy exchange.
Analogies between domains are more than just equations being analogous: the used

physical concepts are analogous [43].

Bond graph modeling is a powerful tool for modeling engineering systems, es-
pecially when different physical domains are involved. Furthermore, bond graph sub-
models can be reused elegantly, because bond-graph models are non-causal. The sub-
models can be seen as objects, thus bond graph modeling is a form of object-oriented

physical systems modeling.

Bond graphs are labelled and directed graphs, in which the vertices represent sub-
models and the edges represent an ideal energy connection between power ports. The
vertices are idealized descriptions of physical phenomena: they are concepts, denoting
the relevant (i.e. dominant and usually interesting) aspects of the dynamic behavior

of the system.

To introduce bond graphs, consider the simple RLC circuit of the electrical do-

main as shown in Figure 2.1.

&> Bofezigi l'l‘niversites.i Kataphanesi €
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I:L

1

S.:V@) —™1 ™ C:C

}

R:R

Figure 2.1. Simple RLC circuit

In electrical networks, the port variables of the bond graph elements are the
electrical voltage over the element port and electrical current through the element
port. Note that a port is an interface of an element to other elements, thus it is the
connection point of the bonds. The power being exchanged by a port with the rest of

the system is the product of voltage and current: P = Vi. The equations of a resistor,

capacitor and inductor are:

Vr = iR (2.55)
Ve = —~ / idt (2.56)
Vi, = L— or Ip = / Vdt (2.57)

In order to facilitate the conversion to bond graphs, the different elements of the
electrical system are drawn in such a way that their ports become visible. To this port,
a power bond (or bond for short) is connected: This bond denotes the energy exchange
between the elements. A bond is drawn as an edge with half an arrow. The direction of
this half arrow denotes the positive direction of the energy (power) flow. In principle,
the voltage source delivers power and the other elements absorb this power. For this
simple RLC circuit, it can be seen that the voltage over the elements are different and
through all elements flows the same current. The current is indicated with ¢ and the
bonds of all elements are connected with this current. Changing the electrical symbols
into corresponding bond graph mnemonics, result in the bond graph of the electrical
~ circuit as shown in Figure 2.1. The common % is changed to a ‘1’, a so-called 1-junction.

Writing the specific variables along the bonds makes the bond graph an electrical bond
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graph. The voltage is mapped into the domain-independent effort variable and the
current maps onto the domain-independent flow variable (the current always on the
side of the arrow). The 1-junction means that the current (flow) through all connected
bonds is the same, and that the voltages (efforts) sum to zero, considering the sign.

This sign is related to the power direction (i.e. direction of the half arrow) of the bond.

This summing equation is the Kirchhoff’s voltage law.

Parallel connections, on the other hand, in which the voltage over all connected
elements is the same, are denoted by a V in the port-symbol network. The bond
graph mnemonic is a ‘0’, the so-called 0-junction. A 0-junction means that the voltage
(effort) over all connected bonds is the same, and that the currents (flows) add up to

zero, considering the sign. The summing equation is the Kirchhoff’s current law.

Using similar arguments, analogies between different domains can be drawn. For

example, the following analogies exist between mechanical and electrical elements:

A damper is analogous to an electrical resistor.

A spring is analogous to a capacitor; the mechanical compliance corresponds to

the electrical capacity.

e A mass is analogous to an inductor.

A force source is analogous to a voltage source.

A common velocity is analogous to a loop current.

Through the presented RLC example, we have indicated most bond graph sym-
bols and showed how in two physical domains the elements are transformed into bond
graph mnemonics. There is one more group of bond graph elements that has not yet
been introduced, namely, the transducers. To represent ideal scalings or transforma-
tions, bond graphs have two ideal basic elements, transformers and gyrators. They
both have two power ports and they are power continuous, i.e., at any instant the
power coming in fro.\'m one of the two ports is equal to the power going out of the
~ other port. For a transformer, the transformation cﬁn be within the same domain

(toothed wheel, lever) or between different domains (electromotor, winch). Through a
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transformer, efforts are transduced to efforts and flows to flows. On the other hand, a
gyrator is used for domain transformation. Examples for gyrators are electromotors ,
pumps and turbines. Detailed information on these elements will be skipped for sim-
plicity. In conclusion, the most important elementé of bond graphs are as shown in

Table 2.1.

Table 2.1. Important bond graph elements

storage element for a generalized displacement-type variable, e.g. ca-

pacitor (stores charge), spring (stores displacement)

storage element for a generalized momentum-type variable, e.g. in-

ductor (stores flux linkage), mass (stores momentum)

R resistor dissipating free energy, e.g. electrical resistor, mechanical friction

sources, e.g. electrical mains (voltage source), gravity (force source),

Se, S¢

pump (flow source)

TF | transformer, e.g. an electrical transformer, toothed wheels, lever

GY | gyrator, e.g. electromotor, centrifugal pump

0,1 | 0- and 1-junctions, for connecting two or more elements

Once an ideal physical model, i.e. the bond graph elements and power directions
are identified, a systematic procedure can be employed to derive a bond graph model.
This procedure consists of the identification of the domains and basic elements, the
generatidn of the connection structure (called the junction structure), the placement
of the elements, and possibly simplifying the graph. The procedure is different for the
mechanical domain compared to the other domains. In the procedure below, Ehese
differences are indicated by the statements between the parenthesis. This is because
the elements need to be connected to difference variables or across variables. The across
variables are the efforts in the non-mechanical domains and the velocities (flows) in
the mechanical domains. The eight step procedure for constructing the bond graph of

a physical system is as follows:

" 1. Determine which physical domains exist in the system and identify all basic el-
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ements like C, I, R, S, Sf, TF and GY. Give every element a unique name to
distinguish them from each other.

2. Indicate a reference effort (reference velocity with positive direction for the me-
chanical domain).in the physical model. Note that only the references in the

mechanical domains have a direction.

3. Identify all othgr efforts (mechanical domains: velocities) and give them unique
names. .'

4. Draw these efforts (mechanical: velocities), and not the references, graphically
by 0-junctions (mechanical: 1-junctions). Keep if possible, the same layout as
the ideal physical model.

5. Identify all effort differences (mechanical: velocity (= flow) differences) needed to
connect the ports of all elements enumerated in Step 1 to the junction structure.
Give these differences a unique name, preferably showing the difference nature.
As an example, the difference between e; and e, can be indicated by ejs.

6. Construct the effort differences using a 1-junction (mechanical: flow differences
with a 0-junction). The junction structure is now ready and the elements can be
connected. |

7. Connect the port of all elements found at Step 1 with the 0-junctions of the
corresponding efforts or effort differences (mechanical: 1-junctions of the corre-
sponding flows or flow differences).

8. Simplify the resulting graph by applying the following rules:

e A junction between two bonds can be skipped, if the bonds have a ‘ﬁhrough’
power direction (one bond incoming, the other outgoing).

e A bond between two of the sare junctions can be skipped, and the junctions
can join into one junction.

e Two separately constructed identical effort or flow differences can join into

one effort or flow difference.

In this procedure, Steps 1 and 2 concern the identification of the domains and elements
and Steps 3 through 6 describe the generation of the connection structure (called the

_junction structure).
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The procedure above is not the only method for deriving bond graphs from phys-
ical models. Another one is the so-called inspection method, where parts of the ideal
physical model are recognized that can be represented by one junction [43]. An exam-
ple is a series connection in an electrical network, which is drawn as one 1-junction.

Although the inspection method is shorter than the systematic method, it may be error

prone [47].

Once the bond graph model is obtained, the next important step is the causality

assignment, which is also called as the causal analysis [43, 47].

2.2.2. Causal Analysis

Causal analysis is the determination of the signal direction of the bonds [43].
The energetic connection (bond) is now interpreted as a bi-directional signal flow.
The result is a causal bond graph, which can be viewed as a compact block diagram.
Besides derivation of equations, causal analysis can give insight in the correctness and

competency of the model. These issues especially motivate the discussion of causal

analysis in this section.

Depending on the kind of equations of the elements, the element ports can impose

constraints on the connected bonds. There are four different causality constraints [4]:

i. Fized causality. Fixed causality is the case, when the equations only allow one
of the two port variables to be the outgoing variable. This occurs at sources:
an effort source (S.) has by definition always its effort variable as signal output,
and has the causal stroke outwards. This causality is called effort-out causality
or effort causality. A flow source (Sy) clearly has a flow-out causality or flow
causality. Another situation where fixed causality occurs is at nonlinear elements,
where the equations for that port cannot be inverted (for example, division by
zero). This is possible at R, GY, TF, C and I elements. Thus, there are two
reasons to impose a fixed causality: |

e There is no relation between the port variables.
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e The equations are not invertible (‘singular’).

ii. Constrained causality. At TF, GY, 0- and 1-junction, relations exist between
the causalities of the different ports of the element. These relations are causal
constraints, siﬁCe the causality of a particulaf port imposes the causality of the
other ports. In a TF, one of the ports has effort-out causality and the other has
flow-out causality. In a GY, both ports have either effort-out causality or flow-out
causality. At a O-junction, where all efforts are the same, exactly one bond must
bring in the effort. This implies that O-junctions always have exactly one causal
stroke at the side of the junction. The causal condition at a 1l-junction is the
dual form of the 0-junction. All flows are equal, thus exactly one bond will bring
in the flow, implying that exactly one bond has the causal stroke away from the
1-junction.

iii. Preferred " causality. At the storage elements, the causality determines whether

"an integration or differentiation with respect to time will be the case. Integration
~ has preference above a differentiation. At the integrating form, an initial condi-
tion must be specified [43]. Besides, integration With respect to time is a process,
which can be realized physically. Numerical differentiation is not physically re-
alizable, since information at future time points is needed. Another drawback
of differentiation occurs when the input contains a step function: the output
will then become infinite. Therefore, integrating causality is seen as the preferred
causality. This implies that a C-element has effort-out causality and an I -element
has flow-out causality at its preference.
iv. Indifferent causality. Indifferent causality is used, when there are no causal con- -
straints. As an example, at a linear R, it does not matter which of the port

variables is the output. ¢

Therefore we have the following: The S, and Sy have a fixed causality, the C and
I have a preferred causality, the TF, GY, 0 and 1 have constrained causality, and the
R has an indifferent causality (provided that the equations of these basic elements all

are invertible).

The procedure for assigning causality on a bond graph starts with those elements
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that have the strongest causality constraint namely fixed causality (deviation of the
causality condition cannot be granted by rewriting the equations, since rewriting is not
possible). Via the bonds in the graph, one causality assignment can cause other causal-
ities to be assigned. This effect is called causality propagation: after one assignment,

the causality propagates through the bend graph due to the causal constraints.
The three step causality assignment procedure is as follows [43]:

1. i Choose a fixed causality of a source element, assign its causality, and prop-
agate this assignment through the graph using the causal constraints. Go
on until all sources have their causalities assigned.

ii. Choose an unassigned causal port with fixed causality (nen—invertible equa-
tions), assign its causality, and propagate this assignment through the graph |
using the causal constraints. Go on until all ports with fixed causality have
their causalities assigned. ;

2. Choose an unassigned causal port with preferred causality (storage elements),

* assign its causality, and propagate this assignment through the graph using the
causal constraints. Go on until all ports with preferred causality have their causal-
ities assigned.

3. Choose a not yet causal port with indifferent causality, assign its causality, and

propagate this assignment through the graph using the causal constraints. Con-

tinue until all ports with indifferent causality have their causalities assigned.

Often, the bond graph is completely causal after Step 2, without any causal conflict
(all causal conditions are satisfied). If this is not the case, then the place on the bond

graph where a conflict occurs can give insight in the correctness and competence of the
model [43].

2.2.3. Generation of Equations

A causal bond graph contains all the information to derive the system equations.

The model is made up of either a set of ordinary first-order differential equations,
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ODEs, when the model is explicit (no causal conflicts), or a set of differential and
algebraic equations, DAEs, when the model is implicit (a causal conflict in Step 2 or

Step 3 of the causality assignment procedure is necessary).

The procedure to derive the equations is covered by available bond graph software
such as Enport [1], MS1 [2], CAMP (3] and 20 - SIM [4, 5]. Therefore, in practice,
generation of equations need not be done by hand. However, we shall discuss the

generation of equations for the sake of completeness.
The following procedure is used to generate equations [43, 47):

i. The set of mixed differential and algebraic equations are written. These are the
constitutive relations of all elements in computational form, or causal form. This
comprises of 2n equations of a bond graph having n bonds. n equations compute
an effort and n equations compute a flow, or derivatives of them.

ii. The algebraic equations are eliminated. This elimination process can be done by
first eliminating the identities coming from the sources and junctions. Thereafter,
the multiplications with a parameter, stemming from resistors and transducers
(TF, GY) are substituted. At last, the summation equations of the junctions
into the differential equations of the storage elements are substituted. During
this process, it is efficient to mark the state variables. In principle, the state
variables are the contents of the storage elements. However, if the constitutive
relations of storage elements are written as one differential equation, the efforts
at C-elements and flows at I-elements can also be used. The different choices of

state variables are shown in Table 2.2.

If the equations are going to be generated by hand, the first elimination step can
be taken into account while formulating the equations at the sources by directly using
the signal function at the bond. Furthermore, the variable determining the junction
along all bonds connected to that junction can be written. The variable determining

the junction is the variable that gets assigned to bond variables of all the other bonds

connected to that junction via the identities of the junction equations. At a 0-junction,



34

Table 2.2. Choice of state variables

Chosen variables

Given name

efforts and flows. Power variables

generalized displécements and momenta Energy variables (also called as

Hamiltonian state variables)

flows and generalized displacements Lagrange’s state variables

efforts and generalized momenta Complementary Lagrange variables

this is the effort of the only bond with its causal stroke towards the 0-junction. At

a 1-junction, this is the flow of the only bond with its causal stroke away from the

1-junction.

In case of dependent storage elements, special care should be given not to elim-
inate the accompanying state variable. These are the so-called semi state variables.
When the state variables are marked, including the semi state variables in this situa-
tion, on beforehand, the wrong variable can be prevented from being eliminatéd. In
case of algebraic loops, implicit equations will be encountered. One of the variables
in these loops is chosen as algebraic loop breaker and that variable becomes a semi
state variable. The equation consisting of the semi state variable of a storage element
is eliminated at the second elimination step: it is a multiplication. The semi state

variable itself must not be substituted.

This concludes’the information on bond graphs. In the next section some of the

commonly used model reduction methods Will‘be briefly given.
2.3. Commonly Used Model Reduction Methods
In this section, two of the most commonly used model reduction methodologies

are reviewed. These are balanced truncation method, and power and energy methods

for model reduction.
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2.3.1. Balanced Truncation Model Reduction

Balanced truncation type of approaches, introduced by Moore [10], are based
on the singular valug decompositions and have the balanced realization as a starting
point. This realization is characterized by certain symmetries between controllability
and observability of the system. The reduced order model is obtained by discarding

those states that are identified to have little effect on the input-output behavior of the
system [10, 16, 22, 49, 50, 51, 52].

In this thesis full theory will not be given but a quick review is presented for

completeness of the subject.

A balanced realization (A;, By, Cy, D) is defined as a realization where control-

lability, P, and observability, Q, gramians are equal and diagonal matrices,

P=Q=%X (2.58)
where
oo 0 0 O 1
0 o0 0 O
Y= ? (2.59)
0o 0 . 0
0 04 0 o,
with o;, i = 1,...,n are the Hankel singular values as defined earlier. The balanced

realization can be obtained by a similarity transformation (x, = Tx), such as,

Ay, = TAT!
B, = TB
b 1 \ (2.60)
Cc, = CT™
D, =D )

with T being the nonsingular similarity transformation matrix. In order to find this
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transformation matrix, one can refer to the following procedure [6]:

Procedure for obtaining the nonsingular transformation matrix, T:

. A B
In the special case where C D ] is a minimal realization, a balanced re-

alization can be obtained by:

i. Compute P >0 and Q > 0, |
. Find a matriz R such that P = RTR,
ii. Diagonalize RQRT to get RQRT = UR?UT,

. Let T-1 = RTUS™ 2. Then TPTT = TT_IQT‘1 = ¥ and consequently

TAT! TB] .
cT-! ' p | @ balanced.

Note that two other closely related realizations are called “input normal realiza-
tion” with P = I and Q = X%, and “output normal realization” with P = X? and
Q = I [6]. Additionally, in MATLAB, balanced realization functions use a slightly
different transformation in the form of x = Zx; where Z is just the inverse of the T

matrix given here.

Then the basic idea of balance and truncate model reduction can be put in words

as,

e Transform the system to an internally balanced realization,
e Neglect all the states that correspond to oy, i > r, where 7 is chosen to obtain
an acceptable approximation. Typically r is selected somewhere where there is a

gap, i.e. o, >> Ory1.

This method of truncation gives a bound on the difference in frequency response

between that of the original system and the reduced order system such that [24, 51],

IG~Grllw<2 D o (2:61)
i=r+1
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Here, an important note should be made. Davidson [53], introduced a new mea-
sure made up of Hankel singular values, because the usual method of balance and

truncate can, sometimes, eliminate the states which are in fact the most important

ones. Here is a short summary of his comments [53]: °
Counsider the system impulse response norm
viE= [ yya (2.62)
with y(t) = CeA*B. Then,
o0
llyll2 = trace/ yy? dt = trace(CTCP) = trace(BBTQ) (2.63)
0

and we know that P = Q = diag(oy,...,0,). If this is evaluated for an SISO system

in balanced form (A, By, Cy) where By = [by, by, -+« bp,|T and Cp = [co, b, "+ Cbnl,

n n n n .
||y||§ = chiﬂi = Zbiiai = Z :beicbiai = zdl (264)
i=1 i=1 i=1 i=1
with d; being the new measure,
di = Clz,idi = bgzO'z (2.65)

This new measure, basically, helps to reorder the balanced states according to their
importance. It is noted that for MIMO systems d; will be the diagonal elements of
(CTCyP).

There has been many successful applications of this method and there were at-

tempts to make it even better in the literature [54, 55].
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2.3.2. Power and Energy Methods for Model Reduction

In the past decade, an active research area for model reduction in the physical
domain was the development of procedures based on power criteria [17, 18, 56, 57, 58].
The underlying intuition of the power criteria is the conjecture that components asso-
ciated with small power flow makes small contribution to a system’s dynamic behavior.

The existing model reduction approaches based on power criteria are composed of the

following three major steps,

i. Calculate system’s time response under certain input with numerical simulation,
ii. Use various indices to measure the power flow into and/or out of a component,

iii. Remove the components associated with low power flow level.

The idea is to evaluate the individual energy elements of generalized inertance,
capacitance and resistance of a full model under a stereotypic set of input and initial
conditions. One of the major indices used for the measure of power flow is the use of
activity. The activity for each element in the model is calculated by computing the

absolute value time integral of the element power over some characteristic time,

T
Activity = / |Pu()|dt (2.66)
I

Louca et. al. [17] utilized bond graphs for representing the models of the system.
While strictly speaking, the bond graphs are not required by their technique, they
clearly are a natural choice due to their explicit representation of the system power
topography. In addition, the bond graph junétion structure automatically preserves

the system configuration or structure.

However, despite of more than ten years of research, no strict mathematical proof

has been presented for this approach.
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3. INFORMATION FROM PHYSICAL DOMAIN

Obtaining infor‘mation from physical domain is the most important part in phys-
ical domain model reduction procedures. In this chapter the decomposition of linear
dynamics will be presented, and a procedure for physical domain model reduction will
be given. The decomposition procedures are used to identify fast-slow dynamics, high-
low frequency oscillation modes, and heavily-lightly damped dynamic subsystems for
the purpose of physical model reduction. Then, these subsystems are associat\ed to
the partial fraction expansion residues and eigenvalues of the system. As a last step
the relevant physical subsystems are retained by considering the absolute values of the

residues (norm in MIMO case) of the full model for obtaining a reduced order model.
3.1. Relation of Eigenvalues to Physical Parameters

The eigenvalues of a given linear system are the most essential dynamic feature in
the analysis and design considerations. From the design point of view, the eigenvalues
determine the open-loop system behavior and contribute to the performance limits of
feedback systems. In the analysis process, the eigenvalues can be easily computed by
existing softwares. However, for the purpose of design and physical model reduction,
these numerical values do not indicate any possible improvement toward better sys-
tem performance unless by a huge number of trial-and-error iterations as it is almost
impossible to build a direct connection between the eigenvalues and the physical pa-
rameters of a system. Therefore, it is important to build this direct relation between
the components and the system eigenvalues in order to perform a systematic model

reduction procedure.

It is known that the symbolic solutions for the eigenvalues of high order systems
are not available. Specifically, it is theoretically impossible to symbolically represent
eigenvalues of a system of order six or more. Even if the exact solutions exist, they
may be too complicated, and therefore do not point out useful directions. So, instead

of using the exact solutions, the use of the approximations (or the bounds) of the
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eigenvalues may be feasible. If they can be found by simple computations, the influences
of the system components would be shown effectively. In the literature, efforts have
been made to find the numerical bounds of the eigenvalues [59]. In addition, a variety
of matrix theories h@ye been proposed to find the bounds of the eigenvalues in terms
of the matrix components [60]. A method has been p.roposed by [61] to obtain the
formulas of the eigenvalues for a class of systems with uniform parameters® . However,

in many cases, these approaches still do not provide a satisfactory result.

In this chapter, the difficulty of directly using the existing approaches for build-
ing a direct relation between eigénvalues and the physical system is examined. Several
decomposition procedures are presented to improve the results. These procedures iden-
tify the physical components which influence certain eigenvalues. Using the available
matrix theories and other existing approaches, the bounds of each eigenvalue group
can be represented 1n terms of the component parameters [62]. Additionally, physical

domain based model reduction schemes can use these results.

In Section 3.2, currently available methods are examined. In this section, Sﬁbsec-
tion 3.2.1 describes the decomposition procedure for fast-slow dynamics. Section 3.3
shows the decomposition procedure for high-low frequency oscillation modes. Section
3.4 shows the decomposition procedure for the heavily damped modes and the lightly
damped modes. The eigenvalue estimations for general systems are discussed in Sec-
tion 3.5. Several examples are shown in Section 3.6. In Section 3.7, a physical domain
model reduction procedure based on decompositions and partial fraction expansion

residues is given. The conclusions are stated in Section 3.8.
3.2. Currently Available Methods
The currently available methods for eigenvalue estimation can be divided into

two main categories: One of these main categories is the use of the matrix theories

such as the Gersgorin’s theorem and its altered versions [60]. These approaches give a -

5 A system has uniform parameters if all the inertance elements, capacitance elements and
dissipation elements in the system have the same numeric parameter values respectively.
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simple estimate of the bounds in terms of matrix components. As an example, given a

complex n X n matrix A,

a1 Qg v .o Qin
A=|ay ap - - jn (3.1)
Anl Qpg =+ - Ann

a set of Gersgorin discs D;(A) can be formed on the s-plane by choosing the diagonal

terms as the center and the absolute sum of the off-diagonal terms in each row as the
radius [60],

D;(A) = {z €C:lz—a; < }:Iajgl}, forj=1,2,...,n (3.2)

J#e

The Gersgorin theorem further proves that each eig'envalue of A lies in some Gersgorin’s
disc of A.

Although this theorem is easy to apply, it cannot be directly used for system
design or for model reduction. One obvious reason is that since the physical system
parameters are real numbers, the A matrices of the state equations are real. In this
case, the center of the Gersgorin’s discs will be real. If the system possesses complex
eigenvalues, the radii of some discs have to be very large to include the eigenvalues in
these discs. Therefore, the bounds will bé too conservative. To solve this problem, the
A matrices need to be pre-conditioned so that the diagonal terms contain more of the

system parﬁmeters that affect the characteristics as explained in [63].

The second category of eigenvalue estimation approaches assume that the system
has uniform parameters. In that case, it is easier to obtain the eigenmodes of the
physical systems. Then the eigenvalues can be easily calculated and simple symbolic
expressions can be formed. To explain this concept consider the following example.

Figure 3.1 shows the first oscillation mode of a mass-spring system. Since the system



42

has uniform parameters, there must be a node at exactly the center of the system.
Therefore, the eigenvalue of this mode can be determined by either one of the subsys-
tems separated by the node. Similarly, the highest frequency oscillation mode of the
same system is shown in Figure 3.2. In this case, there is a node in the middle of each
adjacent mass pair. The eigenvalue of each subsystem should be the same and equal to
the eigenvalue of this mode. So the exact positions of the nodes can be easily identified

and an expression for the eigenvalue of this mode can be obtained.

Figure 3.1. The first oscillation mode of a mass-spring system

Figure 3.2. The highest frequency oscillation mode of a mass-spring system

However, for general systems with non-uniform parameters, the only result this
method can provide is certain bounds on the eigenvalues [62]. These bounds are ob-
tained by forming systems with the uniform parameters which generate the largest and
the smallest possible eigenvalues. It is apparent that if the elements of a system has

sparse parametric values, these bounds would be very large.

Therefore, to obtain meaningful bounds for the eigenvalues, the physical systems
should be decomposed in a way that each subsystem represents a compact group of
eigenvalues, if possible. Then, certain methods can be used to estimate the eigenvalues.
~ Since these bounds are closely related to the characteristics of physical elements, the

estimated eigenvalues can be directly used in physical model reduction processes.
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In the following sections, three decomposition procedures are presented individ-

ually for certain categories of dynamic systems. Then, the considerations for general

systems will follow.
3.2.1. Decomposit‘ion of Fast-Slow Dynamics

One common technique in the application of eigenvalues is the decomposition of
fast-slow dynamics. When a system contains fast and slow dynamics, the slow dynamics
dominate the system behavior. Therefore, the eigenvalues corresponding to the fast
dynamics can be safely ignored in further analysis. However, this process cannot be
related to the identification of physical elements which contribute to the fast and slow
dynamics. If a design or model reduction task needs to modify the eigenvalues of the

dominant (or important) dynamics, such a numerical decomposition does not help and

a physical decomposition is necessary.
3.2.2. Singular Perturbation Theory

According to the singular perturbation theory [64], if a system has dynamics with

different time scales, the state equations can be decomposed as follows,

: A A X
x=Ax= | b= 0" ), <1 (3.3)
€Xy Ay Ay X2

where x; is the state vector of the slow dynamics, X is the state vector of the fast
dynamics, and ¢ is a normalization factor. In this representation, all the components

in the A matrix have the values with the same order of magnitude.

From the fast dynamics point of view, the states of the slow dynamics are quasi-

static. Therefore, the fast dynamics can be represented as

6)'(2 = A22X2 (34)
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Since the fast dynamics has much faster transient response, the slow dynamics will

evolve with the states x; at equilibrium status, i.e. X = 0. So the slow dynamics can

be derived as

X =[Ap — A12A§21A21]X1 (3.5)

With this approach, if the computation can be carried out with symbolic descriptions,
the system elements which contribute to the fast and slow dynamics can be identi-

fied individually. However, this method fails to explore the influence of the system’s

structure to the eigenvalues.
3.2.3. Decomposition in the Physical Domain

To include the system structure information and obtain useful results the decom-
position.should be carried out in the physical domain. Namely, this decomposition
should be performed directly on a system model such as bond graph models. For a
class of systems, this is particularly easy. If the system contains only R, C elements
or R, I elements, the eigenvalues will always be real. Thus, the elements that are
involved with the fast dynamics or the slow dynamics can be identified as in [19], i.e.
the system can be decomposed into two time scales. This identification is carried out
using reciprocal bond graphs and by decomposing the system into fast reduced and
slow reduced bond graphs using the local loop gain concept. Local loops are the loops

between the physical components of a bond graph that have a causal relationship.

As and example consider a simple R - C circuit and its corresponding bond
graph as s};own in Figures 3.3 and 3.4. In this model, the element C; imposes effort
to the zero junction, then through the one junction to the element R;. The element
R, imposes flow to the one junction and through the zero junction to the element C;.
Therefore, a causal ibop is formed between these two elements. Local loop gains are
calculated as follows: For an I — R loop, the loop gain is equal to %, foran R—-C
loop, the loop gain is equal to 7, and for an I —C loop, the loop gain is equal to 5.

The I — R or R— C loop gains represent the energy dissipation rates in the local loops
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Figure 3.3. An R — C circuit
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Figure 3.4. The bond graph model of an R — C system

for the corresponding energy storage elements. On the other hand, the square roots
of the I — C loop gains represent the energy exchange rates in the local loops. Thus,
the loop gain of the above causal path is computed as —Rl%f‘ Similarly, a causal loop is
formed between the elements R; and Cs, Cs and Ra, R and Cs, C3 and R3. Now, the
information for the two time scales can be extracted as follows: Suppose the element
O, has a particularly small value, then the loop gains 7115'3 and E;,I_CZ will become much
larger than the others. This means that the energy stored in the capacitance Co will
be dissipated by the_‘ resistances R; and Ry very quickly. Therefore, the elements Rj,
C, and R; together vﬁth the junctions that the causal loops pass through represent the
fast dynarriics as shown in Figure 3.5. Once the fast dynamics reaches its equilibrium
status (¢z = 0), the element Cp plays no role in the slow dynamics. Replacing the
element C, with a flow source of zero value can realize this condition [62]. Thus, the

model shown in Figure 3.6 represents the slow dynamics.

T

Figure 3.5. The bond graph model of the fast dynamics
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C:C, R:R S,:0 R:R, C:C

AR

S, 0 —™1 |—~0 —~
Figurg 3.6. The bond gréph model of the slow dynamics

—™ 0 —™| R:R,

It is important to note that, if the equations are derived according to the models
in Figures 3.5 and 3.6, they will be exactly the same as those derived from perturbation
theory. The inverse of the matrix A,; in Equation (3.5) is automatically solved by the
manipulation of the causality [62]. With this approach, the physical elements and the
system structures that are responsible for the fast and the slow dynamics can be clearly

identified.

Furthermore, if this method is applied to electrical circuits, it provides identical
solutions as the well-known ‘open-circuit’, ‘closed-circuit’ manipulations. As an ex-
ample, if a local loop is isolated, the subsystems that do not belong to this loop are
‘open-circuited’. As indicated in Figure 3.7, the local loop is formed when Ry, C’2 are
isolated. Also, when an inertance element is replaced by an effort source with zero value,
it is equivalent to the case where the two ends of this element are ‘short-circuited’ [62]
as shown in Figure 3.8.

Rl R2 R3
—— MWW —— MW M —MWWW—

O
|
||

Figure 3.7. An isolated R — C loop

In [62] it is noted that, using this method, even if the system becomes large, the
number of loop gains which need to be examined will not grow fast and become difficult

to handle. This is because, for each energy storage element, only the elements which
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Figure 3.8. A short-circuited I element

are directly casually related to it form local loops. Thus, if the system contains, say,
N elements, the number of loop gains which need to be examined will be kN, where
k is a positive constant, and not N? or CY. The last expression is the number of all

possible combinations of any two elements in the system.

3.2.4. A Numerical Example

To verify the results of this decomposition, the state equations corresponding
to the fast and slow dynamics of the above R — C circuit are derived as follows (see

Figures 3.5 and 3.6):

Ry + Ry
.t Re 3.6
= T O (RRy) (3:9)
: 1 1
0\ _| amm  GEmiR o (3.7)
. 1 _ Rit+Ra+Rs
as Ci1(R1+R2) C3R3(Rz+R3) a

If the system parameters are assumed to be C; = C3 =1, Co = 0.1 and R, = Ry =

Rs = 1, the numerical A matrix of the slow dynamics becomes

—-0.5 0.5
A= (3.8)
0.5 —-1.5
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The eigenvalue of the fast dynamics is —20. The bounds obtained by the Gersgorin’s
theorem is shown in Figure 3.9. This result shows that although the decomposed sys-
tems represent only the approximations of the eigenvalues, the bounds provide a good
estimation on the influences of the physical elements. The symbolic bounds obtained
from Equation (3.7) and the approxirﬁated eigenvalue obtained from Equation (3.6)
can be directly used for either system design or model reduction. In fact for a fast and -

simple physical model reduction this decomposition may be used [19].

Center: —0.5

Radius: 0.5
—20,, /7%\
Center: —1.5 7

Radius: 0.5

Figure 3.9. The bounds of the eigenvalues

3.3. Decomposition of High-Low Frequency Oscillation Modes

If a system contains only energy storage elements, i.e. inertial I elements and
capacitance C elements, all of the eigenvalues of the system will be on the imaginary
axis, and the system will exhibit pure oscillations. In this case, the singular pertur-
bation theory fails to provide any conclusion. In this case, as an I — C network can
be transformed into 5 fictitious R — C or R — I network [62], the the decomposition
explained to obtain fast and slow dynamics could be extended to [ — C systems with-
out any modification. Thus, the subsystems that are responsible for the high and
low frequency oscillation modes can be identified if the system contains well separated
eigenvalues. For completeness of this subject, the auxiliary transformation of [62] is

given below.
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3.3.1. An Auxiliary Transformation

The state equations of an J —C system can always be represented in the following

general form if they are derived from a bond graph model [62],

= (3.9)

where e is the state vector representing the efforts associated with the C elements, f is
the state vector representing the flows associated with the I elements, C is a submatrix
containing the parameters associated with C elements, and I is a submatrix containing
the parameters associated with I elements. This set of state equations can also be

represented as the following alternative forms
é=Cle or f=ICf (3.10)

Note that from this representation, it is clear that the nontrivial eigenvalues of Equa-

tion (3.9) will be the square roots of the eigenvalues of matrices CI or matrix IC.

For the general I — C systems, if all the I elements are replaced by R elements
with the same parameters, the following equations can be derived from the bond graph

model in a similar manner:

é 0 C e

= | (3.11)
f R 0 f
The state equations can then be represented as
é = CRe (3.12)

Note that the matrix CR will be exactly the same as the matrix CI of the original
system [62].
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Similarly, if all the C elements are replaced by R elements with the same param-

eters, the following equations can be derived from the bond graph model:

e 10 R e
= (3.13)
f 10 f
The state equations can be represented as
f =IRf (3.14)

Once more, note that the IR will be exactly the same as the matrix IC of the original

system.

By the above derivations, it can be concluded that if the eigenvalues of matrix
CR (or equivalently CI) can be separated into two groups representing fast and slow
dynamics, the eigenvalues of Equation (3.9) can be separated into two groups which
are responéible for the high and low frequency oscillation modes. Similarly, if the
eigenvalues of matrix IR (or equivalently IC) can be separated into two groups which
represent fast-slow dynamics, the eigenvalues of Equation (3.9) can be separated into
two groups which are responsible for the high-low oscillation modes. This transforma-
tion procedure simply replaces all the I or C elements in an J—C system by R elements
with the same parameters. The effect of such a transformation can be visualized by
Figure 3.10. This transformation brings the eigenvalues of the original systems from
the imaginary axis to the real axis by a one-on-one mapping. Note that in the actual
implementations, such a derivation or transformation is not necessary. Since this trans-
formation is always possible, the application of the decomposition procedure discussed

in the previous section is extended to I — C' systems without any modification.
3.3.2. Physical Interpretations

By applying the decomposition procedure, the elements and structures that are

responsible for the high-low frequency oscillation modes can be identified in a system-
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I —C networks ——>» fictitious R—C or R—1I networks

Figure 3.10. The effects of the auxiliary transformation

atic way. These results have physical interpretations, which cannot be obtained by a
routine analysis of systems’ characteristics. In the following, two examples are used to

illustrate the physical interpretations of the decomposition results [62].

A simple casca"ded’ rriass—spring system is shown in Figure 3.11. For this system
two cases may be examined: In the first case, suppose that the element C, has a
much smaller value, i.e. this Spring is much stiffer than others, and the other elements
have values with the same order of magnitude. By examining the local loop gains,
it will be found that the loop gain associated with elements Cs, I (ﬁz—) and the
one associated with Ca, I (—1) are much larger than the others (#—, 532-, 53;) The
decomposition procedure indicates that the subsystem shown in Figure 3.12 represents
the high frequency oscillation mode, and the subsystem shown in Figure 3.13 represents
the low frequency oscillation mode. In the low frequency oscillation mode, since the
elements I; and I, are directly casually connected, these elements can be grouped
and represented by an equivalent I element as shown in Figure 3.14. The physical
interpretation of this decomposition is that in the high frequency oscillation mode, the
soft springs have only minor effects on the syétem behavior. Therefore, they do not
appear in the model. However, the stiff spring behaves like a rigid link in the low
frequency oscillation mode. The effects of elements I; and I, are therefore difficult to

distinguish.

As a second case, assume that the mass my has a much smaller value than the

other two masses, and the other elements have values with the same order of magnitude.
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Figure 3.12. High frequency oscillation mode of case 1

c:c 1

:

Figure 3.13. Low frequency oscillation mode of case 1

1, §,:0 I, C:G
10 F—™>1F>0—™ I,

Sfl_-_‘ '_“

Figure 3.14. Low frequency oscillation mode of case 1 with equivalent I element
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Figure 3.15. High frequency oscillation mode of case 2

I:1 S,:0 C:C,
IR
FE0 N1 10 —™ ],

Figﬁfe 3.16. Low frequency oscillation mode of case 2

In this case, since the loop gams and - are much smaller than . ,-7’912-, and —3— , the
subsystem representing the high frequency oscillation mode will be as shown in Fig-
ure 3.15. Consequently, the subsystem representing the low frequency oscillation mode
is formed by replacing I with an effort source of zero value as shown in Figure 3.16.
In this subsystem, since the elements C; and Cs are directly casually connected, they
can be grouped into and equivalent C element as shown in Figure 3.17. The physical
interpretation of this decomposition is that in the high frequency oscillation mode, the
large inertance elements behave like rigid boundaries. On the other hand, the small

mass has almost no effect on the dynamics in the low frequency oscillation mode. Thus,

it does not appear in the model.

c:c, I:I. C:C,

P

—

Figure 3.17. Low frequency oscillation mode of case 2 with equivalent C' element
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3.4. Decomposition of Heavily-damped and Lightly-damped Dynamics

In the previous sections, it is shown that for R — C, R — I or I — C networks,
a simple procedure can be employed to decompose the physical systems according to
their eigenvalue distributions. For general systems, I, R, C elements will be present
at the same time. However, under certain assumptions, the presented decomposition
procedure can be reasonably applied. For example, if a system contains very little
dissipation, the eigenvalues will be very close to the imaginary axis. Therefore, the
system can be legitimately considered as an I — C network and given procedure can be
applied. On the other hand, if a system contains very large dissipation everywhere, the
eigenvalues will be separated into two groups on the real axis. One group represents the
faster dynamics. The physical system behaves like an I — R network. The C elements
contribute very litth to these modes. Another group will be close to the origin and
the physical system behaves like an R — C network. Since this dynamics is slow, the
I elements have no obvious effect. For example, in the case of simple second order
system, mi + bz + kz = 0, the two roots approach to 2 and £ when b gets large. For

each group, the presented procedure can be applied.

In this section, the decomposition procedure is extended for the systems which
contain both light and heavy dissipations [62, 65]. The eigenvalue distribution of such
systems is shown in Figure 3.18. The eigenvalues will be either close to the imaginary
axis or to the real axis. The purpose of this decomposition is to identify the subsystems

that are responsible for these two groups of eigenvalues.

3.4.1. The Decomposition Procedure

The decomposition procedure is still based on the local loop gains as discussed
before. Additionally, for each energy storage element, instead of a single loop gain,
the local damping ratios should also be calculated as that become dominant. For each
directly casually related I — C' pair in the system (with R elements casually connected

" to either I or C or both elements), the local damping ratios are calculated as ZG—\—/%%

and ~CBL_ for the C and I elements respectively. In these formulae, Gc¢ represents
2VGre
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Figure 3.18. The eigenvalue distribution of the systems with both light and heavy

dissipations

the I — C loop gain, Grc represents the sum of the R — C loop gains of R — C pairs,
and Ggy represents the sum of the R — I loop gains of R — I pairs. Notice that this
calculation is equivalent to determining the damping ratio of a second order system.
In the following, two procedures are presented to decompose the physical system into
a subsystem H, which represents the heavily damped eigenmodes and a subsystem L,

which represents the lightly damped eigenmodes.
3.4.2. Identification of Heavily Damped Subsystems

The identification of heavily damped subsystems consists of the following ten

steps:

1. Replace all the C elements by flow sources with zero value, identify the remaining
R — I pairs which are directly casually related. Denote these R — I elements and
and the involved junctions as part of the subsystem H.

2. Restore the C elements which are replaced in the previous step. Identify the C
elements whichvare direcﬂy casually related to the above I elements. If VGic >
Gr, then replace the C elements by flow sources with zero value. Denote these
flow sources as part of the subsystem H. If the inequality is reversed, neglect the
identified C elements.

* 3. Identify the I elements that become dependent due to the causalities imposed by
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the above sources, and denote these I elements as part of the subsystem .
Replace all the I elements by effort sources with zero value, identify the remaining

R — C pairs which are directly casually related. Denote these R — C elements

and the involved junctions as part of the subsystem .

5. Restore the I elements that are replaced in the previous step, identify the I
elements which are directly causally related to the above C elements. If /Gr¢ >
Gre, then replace the I elements by effort sources with zero value and denote
these effort sources as part of the subsystem H. If the inequality is reversed,
neglect the identified I elements.

6. Identify the C elements that become dependent due to the causalities imposed
by the above sources; denote these C elements as part of the subsystem H.

7. Identify the resistances, which are involved in heavily damped local loops (loops
with very large local damping ratios). Denote these R elements and the involved
I — C pairs and junctions as part of the subsystem H.

8. Identify the C elements that are not involved in Step 7, but are directly causally
related to the above I elements. If \/G¢ > Gir, replace the C elements by’vﬂow
sources with zero value and denote these flow sources and the involved junctions
as part of the subsystem H. If the inequality is reversed, heglect the identified C
elements.

9. Identify the I elements that are not involved in Step 7, buf are directly causally
related to the above C elements. If v/Gic > Gre, replace the I elements by effort
sources with zero value. Denote these effort sources as part of the subsystem H.
If the inequality is reversed, neglect the identified I elements.

10. Remove the elements that are not denoted as part of the subsystem H. The

remaining subsystem is the heavily damped subsystem .

In the above procedure, Step 1 identifies the R and I elements that are responsible
for the heavily damped modes given that they affect the dynamics even if all of the
capacitances are disabled. Step 2 and Step 3 identify the I elements that are involved
in the heavily damped modes by the power transmission through I — C loops. Step 4 to
~ Step 6 repeat the sarﬁe procedure for R—C elements. Step 7 includes the over-damped

subsystems. Steps 8 and 9 identify the I or C elements that affect the heavily damped
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modes by the power transmission through other I — C loops.

Similarly, the decomposition procedure for the identification of lightly damped

subsystems is explaiﬁed in the following section.
3.4.3. Identification of Lightly Damped Subsystems

The identification of lightly damped subsystems consists of the following four
steps:

1. Identify the I — C pairs, which are involved in lightly damped local loops (loops
with small local damping ratios), denote these I — C elements as part of >the
subsystem L.

2. Identify the R elements which are noﬁ involved in Step 1, but are directly causally
related to the above I or C elements. If v/Gic < Grr or vVGrc < Grge, replace
the resistive R elements by flow sources with zero value and conductive R elements
by effort sources with zero value, denote these sources as part of the subsystern
L.

3. Identify the energy storage elements which become dependent due to the causali- .
ties imposed by the above sources; denote these elements as part of the subsystem
L.

4. Rémove the elements that are not denoted as part of the subsystem L. The

remaining subsystem is the lightly damped subsystem L.

In this procedure, Step 1 detects the lightly damped subsystems. Step 2 and
Step 3 identify the I or C' elements that are involved in the lightly damped modes by

considering the power transmission through other I — R loops.

It should be noted that, if multiple paths connect two elements casually, then the
effective loop gain is different from the sum of the loop gains corresponding to each
" individual path. In the 1atter case, the coupling between the multiple paths is not taken

into account. Otherwise, implementation of these procedures remains unchanged.
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3.4.4. Example on Identification of Heavily-Lightly Damped Dynamics

Consider the system shown in Figure 3.19. The bond graph representation is
shown in Figure 3.20. By applying Steps 1 and 4 of the procedure for heavily damped
subsystems, it is found out that there are no remaining R — I or R — C pairs that are

directly casually related. Therefore, only Step 7 to Step 9 need to be considered for

this example.

Figure 3.19. A simple mass-spring-damper system

R:R C:C, R:R, C:C,  R:R

NN NS

5, "1 I, 1
L >0 —™1 >0 —™ 10— I:],

Figure 3.20. The corresponding bond graph model

Suppose that in this system, Ry has a large value, and R; and Rj are very small.
Furthermore, the other elements has the values with the same order of magnitude. In
this case, the I — C pairs which are casually related to the element Ry are involved in
the heavily damped modes. Since the natural motion of the lightly damped subsystems
is oscillatory, their effects on the heavily daml;)ed modes are negligible unless the loop
gains of the elements I — C1 and Iz — C5 are particularly large. Thus, the subsystem

shown in Figure 3.21 represents the heavily damped dynamics.

On the other hand, when the system is dominated by the oscillation modes, the
subsystem associated with the resistance Ry cannot follow the motion easily since its
natural motion is heavily damped. As a result, this part of system behaves like a

rigid mass in the oscillation modes. This constraint can be represented by replacing
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Figure 3.21. The bond graph model representing the heavily damped modes

the resistance Ry with a flow source with a zero value as shown in the second step
of procedure for lightly damped modes. The resulting model is shown in Figure 3.22.
The model can also be represented as Figure 3.23, since the element C, plays no role
in this system. Accofding to Step 2 of procedure for lightly damped subsystems, if the
subsystem associated with the resistance Rs has a large damping ratio due to large Rs

and almost negligible Cs, the model representing the oscillation modes becomes two

separate subsystems as shown in Figure 3.24.

C:C, R:R C:C, S;:0 C:Gy R:R,

11174

[ 0 —™1 >0 —™1 >0 —™ I:],

Figure 3.22. The bond graph model representing the lightly damped modes

1 I

2 3

| C:C R, C:C, R:R,

N

- Figure 3.23. The eqﬁivaleht bond graph model representing the lightly damped modes
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Ci%»;& C:C,  R:R,
‘ I:1, ‘\'1\/

1 I:1,
L0 —™1 10 —™ 11,

Figure 3.24. The bond graph model representing the lightly damped modes

3.4.5. A Numerical Example

As discussed before, the results from the decomposition procedures are approx-
imations. To demonstrate the accuracy of such approximations, a numerical example
is presented in the fdllowing. Note that, the purpose of the decomposition is to obtain

approximation of the eigenvalues and to use them for physical based model reduction

and for system design.

Suppose that in the system of Figure 3.19, m; = my = mz = mq = lkg, and
ki=kyo=k3=1 % Under this assumption, all of the I — C pairs have the same loop
gains. Additionally there are only three different damping ratios; G = N——TRnl—l—k—; (from
the local loops formed by Ri, Iy and C4, I as can be seen in Figure 3.20), or 2—%2_6’

— R — R —
G2 = 2\/mzzkz - 2\/77123k2’ and (3 =

distribution of two cases: case 1 with ¢; = (3 = 0.25 and (3 = 0.7 and case 2 with

1= (s = 0.25 and Cz = 1.4.

Rz _ _R . .
5 \/ﬁ"‘aka =3 \/ﬁiks' Figure 3.25 shows the eigenvalue

Note that in the first case, the imaginary parts of the estimated eigenvalues with
heavier damping ratio are off about 70%. This is because the damping ratio (s is not
large enough. As a result, the coupling of these eigenvalues is not negligible. In the
second case, the distribution of the eigenvalues shows the pattern as Figure 3.18, and

the estimations are much closer to the true eigenvalues.
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Figure 3.25. The decomposition results for {, = 0.7 and {; = 1.4
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3.5. Eigenvalue Estimation for General Systems

The presented decomposition procedures can be schematized as in Figure 3.26.
If all the local damping ratios are large, the system can be decomposed into an R — C
and an R — I network® . The procedure described in Section 3.2.1 can be applied to
both networks. On the other hand, if all the local damping ratios are small, the system
can be treated as an I — C network. The procedure in Section 3.3 can be applied.
If the system contains both large and small local damping ratios, the procedure in
Section 3.4 can be applied. Also, the decomposed heavily damped subsystems can be

decomposed further into R — C and R — I networks and be processed by the procedure
in Section 3.2.1.

General linear
dynamic systems

High freq. modes £ >> :
Heavily damped\ J J
Low freq. modes

| Figure 3.26. A summary of the presented decomposition procedures

[-R-C systems

By applying these procedures, it is possible.to extract only a few eigenvalues out of

a large system. In this case, whether the results provide useful information depends on
the system characteristics. If the extracted eigenvalues are the dominant eigenvalues,
the system’s performance can be improved by only modifying the characteristics of very
few elements which are strongly related to the dominant eigenvalues and an efficient

reduced order model can be obtained. On the contrary, if the extracted eigenvalues are

6 This includes the case where only one type of energy storage elements appear in part of the
system. In that case, the corresponding local damping ratios would be infinitely large. -
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far from the origin, the result would provide only a limited model reduction.

3.5.1. Undecomposable Systems

A missing linkin dealing with the general systems is the following: if a system
contains subsystems with local damping ratios around 0.5, none of the presented pro-
cedures would directly apply. However, this does not mean that a decomposition is
impossible for systems with moderate local damping ratios. For example, if the sys-
tem eigenvalues have the distribution shown in Figure 3.27, it can be processed by a

modified procedure from the results of the previous sections [62]. On the other hand,

A

Y

Figure 3.27. A decomposable distribution of eigenvalues

it is almost impossible to provide a decomposition for the distribution in Figure 3.28.

In this case, some physical elements may have significant influences in more than one

(SN

Figure 3.28. An undecomposable distribution of eigenvalues
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Figure 3.29. The eigenvalue distribution of a Butterworth type filter

group of eigenvalues. As a result, almost all the physical elements are important in
every eigenmode. None of the subsystems can be considered individually responsible
for a certain eigenmode. For such systems a numerical procedure is provided in Chap-
ter 5. This situation indicates that for such kinds of systems, it is not easy to change
the dynamic behavior by modifying only a few elements or subsystems. It may only
be possible to move the whole group of eigenvalues by modifying the characteristics
of all the energy storage elements or all the dissipative elements. As shown by the
eigenvalue distribution of Figure 3.29, Butterworth type of filters are examples of such
undecomposable systems. For this category of systems, the best information that can
be obtained for model reduction and design is the effects of individual components on

the eigenvalues. This issue will be investigated in Chapter 5.

3.6. Examples of Decomposition Procedures

To illustrate the effectiveness of the presented procedures, several numerical ex-

amples are given in this section.
3.6.1. A Mechanical Structure

Consider the mechanical system and its bond graph representation shown in

Figures 3.30 and 3.31.
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Figure 3.30. A mechanical structure

C:lfk,  R:b C:lfk, R:b, C:Uk, R:b,
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C:1k, &1 \;/ 1 —™ C:1/k;
b
R:b, _L R:bs
I:m

Figure‘ 3.31. The corresponding bond graph model

There are ten independent energy storage elements in integral causality, hence,
the order of the system is ten. Assume that in this system, m; = mg = mg = my =
ms = 1 kg, and the other parameters are as shown on Figure 3.30 with springs having
the unit of % and dampers having the unit of ﬁ;% It is noted that the local damping
ratio (3_4 = 2\/—%273 = 1.581 is much larger than the others (maximum (5_3 = 0.01581,
minimum (,_5 = 1.581 x 1073). This suggests that the system can be decomposed into
two subsystems representing the heavily damped modes and the lightly damped modes
as shown in Figure 3.32. Additionally, in the lightly damped subsystem (as shown

in Figure 3.32(b), the local loop gain ;’fl—"-s- = 1000 % is much larger than the others
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(maximum ;’ E‘— = —‘- = 100 ;:c‘i, minimum % = =10 sr;c‘ﬁ) Thus, this subsystem
can be decomposed into two subsystems, namely, hlgh frequency and low frequency
oscillation modes. as shown in Figure 3.33. Finally, as mentioned before, the two roots
“of a second order system mi + bz + kz = 0 app;‘oach to % and % when b is large.
Therefore, the heavily damped subsystem consisting of m;, k3, by and my can further

be decomposed into fast and slow dynamical subsystems as shown in Figure 3.34.

k, =20 )

k, =100

—10 b 01

.=
MWAWW m,
—— 1
b,=0.1 bs=0.1

(a) | (b)
Figure 3.32. The decomposition of heavily damped (a) and lightly damped (b) modes

k, =1000

=
| =Y.

b, =0.1

(2 o (b)

Figure 3.33. The decomposition of high (a) -low (b) frequency oscillation modes

The decomposed subsystems and the numerical eigenvalues are shown in Fig-
ure 3.35. One remarks the closeness of these values indicating the effectiveness of the
decomposition technique used in the model reduction method. It is possible to quantify
the closeness by selecting a norm based on eigenvalues or on the full and reduced order

model responses. Suppose that for a design task, the focus is only on the dominant
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b, =10 b, =10

— ./

(a) (b)

Figure 3.34. The decomposition of fast (a) -slow (b) dynamics

dynamics as encircled in Figure 3.35. The considered physical system should include

the low frequency oscillation mode, subsystem 1, and the slow dynamics, subsystem

4. As a result, the complex system in Figure 3.30 can be simplified into the system in

Figure 3.36. Since the simplified model reasonably approximates the behavior of the

original system, further analysis can be performed on it.

X : exact solutions

V : approximations -0.18+45.49i Xp - 0.1+44.72i

subsystem 1

subsystem 2

-1~

e AN
VWWW . .

u - 0.1+;'f2.32i % -O-X+12.49i

:] - 0.4544.80i W - 0.77}4.90i
18 -\ -1.094 /
V% —% a
"20 \\\\\ "1 ”/,I
subsystem 3 subsystem 4

Figure 3.35. The estimated eigenvalues from the decomposed subsystems

As discussed in Section 3.3, the state equations of an I —C system can be written
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Figure 3.36. The physical subsystems representing the dominant dynamics

in the form of Equation 3.9. In this case, the A matrix of subsystem 1 in Figure 3.35

can be written as [62):

0 0 = 0
Ao 0 0 - 1
A= 0 |0 0 0 (3.15)
ki —(ka+ks)| O 0 0
| 0 (katks) | O 0 0 |

Let my = mg+ms, my = mg+my, kb = ky+ ks and b, = by + bs. Then the eigenvalues

of this matrix will be the square roots of the eigenvalues of the matrix

-k 0
1 _1 ! ko _ky LY
my mh ky —ké — m1 mh 'm'z (3.16)
k k!
0o L -1 L. -
m, © Mg 0 k! 2 m; M3

By applying the Gersgorin’s theorem, the bounds of the eigenvalues are calculated and
they are shown in Figure 3.37. Examining the symbolic bounds, it can be concluded
that the most efficient way to increase the lower bound of the oscillation frequency is to
increase the value of element k. On the other hand, the most efficient way to tighten
the upper bound is to reducé the value of k;. However, when k7, becomes too large and
k: becomes too small, their roles switch. Note that k3 and b3 have very little effect on
the oscillation modes. They are mostly responsible for the overdamped mode. This

kind of phySical information can only be obtained by the physical examination of the



69

system.
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Figure 3.37. The oscillation modes for the dominant dynamics

3.6.2. An Arm Prosthesis

A schematic of a simple arm prosthesis mechanism [66] is shown in Figure 3.38.
It can be observed that this system is a multi energy domain system. The input of this
system is the current to the motor and the output is the angular velocity of the arm
prosthesis. The bond graph of the arm prosthesis is shown in Figure 3.39. Note that

due to kinematic relations, the model contains a junction loop [62, 66]. The A matrix

of this system is shown below:

[ 0 ___(TL1+7%_2) 1 |
I InT
1,1 Rm+Zk+R
A= (T1+T2) __( " E:2% 1) Rm (317)
Cy If Im
N Ry _Bnp
| CpyT1 Iy Im

The eigenvalue locations of this system are in a pattern shown in Figure 3.40, assuming

that the dissipations are reasonably small [62].
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+o

inertial — wrelative arm

Figure 3.38. The schematic of an arm prosthesis

R:R, R:R;

C:C, R:R
E Motor G i lwrelative Tl 1 1 T2 1 a)arm

S, b—=G =1 —~TF|—>0 —~ 1 —™TF 1 —~1:1,
e ' J- belt & pulley gear

[:] |a—( = S, : gravity

inertial

Figure 3.39. The bond graph of an arm prosthesis

A

X

X
Y

Figure 3.40. The eigenvalue distribution of the arm prosthesis

Although this is only a 37 order system, there is no simple way to address the
influence of the system parameters to its eigenvalues. On the other hand, the decompo-
sition procedures discussed in this chapter can be employed to provide a useful insight

about the relation between the system parameters / structures and the eigenvalues.

First of all, by examining the causal relations, it can be found that the capacitance
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Cp has multiple causal paths leading to the inertance I 7. This does not change the fact
that local loop gains serve as a guide line for decompositions. In this case, the effective
loop gain associated with the multiple‘ causal paths must be calculated. Such a loop
gain associated with Cj and Iy is (7 =+ 7) 5517 as indicated by the dashed loop shown
in Figure 3.41. Note that this gain is not just the sum of the loop gains associated with

each single causal path: (-Tllg + Tl;)c—:g The coupling between the two causal paths

should also be considered.

_______________________________________

b mmmcem e e ; ' belt & pulley

I:1, [a— = S, : gravity

inertial

Figure 3.41. The local loop of Cj, If

On the other hand, since the capacitance Cj is also casually related to the iner-
tance I, (the loop gain is 75 C I as indicated by the dashed loop shown in Figure 3.42),
the elements Cy, I, and I s are all responsible for an oscillation eigenmode unless the

dissipations are extremely large. If I;, is much larger than I; or T3 is particularly small,

R:R, EC:C,,E R:R, R:R,
E Motor G I: 1wrelative I'[ I: i 1 T2 1 COarm
LS, =G T TR 0 T S TF —~{ 1 —~ [1],
e e N i ! belt & pulley gear
:rI—:_};,“i:-_J— 0 4 \ - S, :gravity

inertial .

Figure 3.42. The local loop of Cp, I,

the Cj, I loop will dominate. In this case, the frequency of the oscillation mode would

be close to \ﬂ + T2)2 Cz, 7 . On the contrary, if I is particularly large, the frequency
would be close to , /T2 o  On the other hand, if the loop gains concerning Cy, Iy
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and Cp, I, are about the same order of magnitude, the coupling between these three

elements can not be neglected.

Figure 3.43 shows the bond graph model corr‘esponding to the pure oscillation
eigenmode by removing the dissipations and the inputs. Note that, from the properties
of bond graphs, the subsystem enclosed by the dashed line can be represented by an

equivalent inertance. Figure 3.44 shows the revised model. From this model, the

' Tati . 11 1 1ye 1 .
frequency of the oscillation mode is calculated to be \/ T2 Colm + (T1 + Tz)LCT,ﬁ' Since
this is only an approximation, the exact value would be smaller due to dissipation.
However, this expression is already useful in determining the oscillation and in designing

the parameters to increase or decrease the frequency of the oscillation mode.

LT T, j_ """"" T,

W2
II-—"I.‘.Fl-—‘ﬂ——‘lTF 1—1:1

Figure 3.43. The bond graph model representing the pure oscillation eigenmode

C:C,

— o

~
~
|

HeTTT
LI ‘1T,
\L+T,

Figure 3.44. The equivalent bond graph model representing the pure oscillation

eigenmode

The system under consideration is a 374 order system. Therefore, the last eigen-
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value must be a real number. In Section 3.4, it is shown that a system with lightly
damped and heavily damped modes can be effectively decomposed. A single real eigen-
value can be treated as an extreme case of heavily damped modes. Also, in this arm
prosthesis model, there is no dissipative elements directly casually connected to the
capacitance Cp. So this real eigenvalue must be from the R and I elements. Assuming
all the R elements are reasonably small, by applying Step 1 to 3 of the first procedure
in Section 3.4, this real mode can be represented by replacing the capacitance using a
flow source with zero value. This model is shown in Figure 3.45. From the causality, it
can be concluded that this system has only one eigenvalue. The model can be simpli-

fied step by step as shown from Figure 3.46 to Figure 3.49. Finally, from Figure 3.49,

Run+RiTE+RyT2TZ

the eigenvalue can be obtained as A = a5 T T

R:R, R:R;

S,:0 R:R,
i Motor G ! j_w,e,a,,.ve T, 1 1 T, lw"""

S; =G =1 TR0 —~ 1 —~TF —~{1 —~ [:];
! ' belt & pulley gear

I:], A—Q - S, :gravity

inertial

Figure 3.45. The bond graph model corresponding to the real eigenvalue

R:R, R:RT! R:RT'T}

IV 1
LS, =G A1 1~ [T}

1:1, a— 0<2—TF S, :mgT\T,

Figure 3.46. A simplified bond graph model

To evaluate the accuracy of the above approximations, several numerical calcu-
lations are presentec‘l' in Table 3.1. In these calculations, the errors of the oscillation
frequencies increase when the local damping ratios increase. However, if the values of

the dissipative elements are held the same, the approximated oscillation frequencies



R:R,+RT} +R,T’T;

!

1 —~1:1,T'T}
IT,
I1:1, -—9 < TF

Figure 3.47. A simplified bond graph model

R:R,+RT’+R,T'T;

1

1 —™ I, T'T}

]

I:1, 4—TF:1+T7T,

Figure 3.48. A simplified bond graph model

to the original model with these values.

R:R,+RT}+R;TT;

!

1

'

1:1 (+TTL,) +1,T°T;

Figﬁre 3.49. A bond graph model representing the real eigenmode
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are roughly proportional to the true frequencies. On the other hand, the approximated
real eigenvalues are very close to the true values when the values of R’s are within a

range. These results consequently means that a reduced order model will be very close

Note that, using the decomposition procedures the influence of the element char-
acteristi_cs such as the transformer parameters 77 and T on the eigenvalues are effec-
tively shown by the symbolic approximate eigenvalue expressions. The result shows

that T; and T are coupled with other elements in particular ways for different group
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Table 3.1. Numerical evaluations of the approximated eigenmode models

It | Im | O || T2 | B | Ri| By Eigerlr‘f\l::lues Agipgr;;(\i/:;izzd
0.2]01[005| 2 |1.5[01]0.1{0.2|—1.0775+13.5096i | +13.6423;
| —0.5672 —0.6775
02]0.1|005| 2 |15(04|06]04|-3.7386:13.0002i | +13.6423i
" —1.8562 ~1.8824
02{01]01|2[15[04[06]|04]| —3.7355+8.8612i |  +9.6465¢
~1.8624 ~1.8824
1010 1.0 | 2 |15]|04]06|04| —0.6263+£1.1034i | +£1.2693i
~0.2140 —0.2560

of eigenvalues. Also, it is shown that Cj, has very little influence on the eigenvalue on

the real axis. These are very useful guidelines for the reduction and future design of

this system, which cannot be obtained by other approaches.

3.7. Physical Domain Model Reduction Procedure

Based on the decomposition procedures explained in the previous sections, a

physical domain model reduction method is established of four steps as follows:

1.

4.

Obtain the linear lumped parameter model of the system and then draw the bond
graph model.

Identify the major subsystems of the model using the decomposition procedures
described above and calculate their eigénvalues.

Tt is well known from basic control theory that the residues and the eigenvalues are
the parameters to assess in order to find the dominant modes of a linear system.
The largest residue and the eigenvalue nearest to the imaginary axis contribute
most to the dominant part of the time domain response of a linear system. Hence,
in Step 3 the eigenvalues and the partial fraction expansion residues of the full

order model are computed.

Match the eigenvalues that must be retained according to Step 3 together with
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2, and consequently determine the subsystems to be retained and eliminated.

In the resulting reduced order model, there can be a DC gain discrepancy between
‘the reduced and the full order models that can be corrected easily. The DC gain differ-
ence may occur in caées where some parameters are eliminated without compensating
their effects on the system. This is related to the various sensitivities of the system
with respect to each of the parameters [67]. As an example consider that the DC gain
of the full order model of a given system is DC gy = @102 and that a; = 1, az = 10.
If the model reduction leads to the elimination of a; = 1, then the DC gains of the
full and reduced order models would be unchanged as DC gy =DC gy = 10. If the
model reduction had led to the elimination of ag = 10, then there would be a DC gain
discrepancy of order 10 between the DC gy = @102 =10 and DC gy = a1 = 1. It
should also be noted that if the output were chosen as a flow variable such as velocity
in a mechanical system that would have a zero steady-state value for a stable system
then the reduced model would not have any DC gain error. A physical interpretation

of steady-state considerations is given in Appendix B for completeness.
3.8. Conclusion

In this chapter, several decomposition procedures are discussed to identify the
physical elements or structures which are responsible for separate groups of eigenvalues.
For a category of systems, the bounds of the estimated eigenvalues are improved by the
decomposition results. Since these bounds are represented by the physical parameters,
they can directly contribute to the error of the reduced models and to the design of

physical systems. Several examples are presented to illustrate the use of the procedures.

In addition to the decomposition procedures, a physical domain model reduction
procedure is presented that utilizes the decomposition procedures. In the next chapter,

implementation of this model reduction procedure will be illustrated.
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4. MODEL REDUCTION IMPLEMENTATIONS

In this chapter, several examples of physical decomposition based model reduc-
tion procedure will be presented. There will be examples for both SISO and MIMO
systems. In these examples, it will also be indicated , where appropriate, how other
reduction techniques, such as balanced realizations may benefit from physical analysis.

Additionally, use of the model reduction procedure in multi energy domain or unstable

systems is noted as necessary.

4.1. A 5th Order SISO System

Consider the system shown in Figure 4.1 and its bond graph representation shown
in Figure 4.2. The system is of order 4. However, considering the bond graph modelling
method it has five energy storage elements in integral causality. Hence, the system is
of order 5 having one state in excess. The excess state is due to the structure of the
system since the spring ks does not generate an independent state. In this éxample
the following values are chosen for the parameters: m; = mg = 1 kg, ki1 = k3 =
1 %, ko = 15 %, by = b3 = 0.2 %, by =1 —N—;ﬂ Defining the power variables
X = [Fyy, F,, Fry, ©1,22]7 where Fy, etc. represents the force in the ¢’th spring, and

u = F as the input to the system then the state-space equations become:

% X

Figure 4.1. A 5th order physical system
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C:1/k, R:b,
C:fk, s,cF 1 C:1/k,

Figure 4.2. Bond graph representation of the 5th order system

[ R, 0 0 0 k0 |[A ) [o]
; F, 0 0 0 ke  —ks Fi, 0
| Fe | = 0 0 0 0 ks F., |+ 0 | F (41)
) L0 &% m ow —UK Lol
A B

If one is interested in the force Fy, as the output variable then the output equation

becomes:

( i, \

F,
y=[1 000 o] F, (4.2)
E I

The model reduction procedure is applied as follows:

Step 1) Modelling: The bond graph model of the system is displayed in Fig-
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ure 4.2.

Step 2) Decomposition: To perform the decomposition, the following local

damping ratios and significant loop gains are calculated: Local damping ratios are

b = _b —_ b : . .
sy = v = 0-1 and s = 2\/552@ = 0.1291, and in this case the most

important local loop gains are calculated as £z = k2 = 15 rad 5nq ki — ks | rad
my meo sec? m me sec?

(these values also show the symmetry of the system).

It is noted that the local damping ratios are fairly close to each other. Thus,
it is not possible to immediately divide the system into two subsystems as a heavily
damped and a lightly damped subsystem. However, it is possible to identify the high
frequency and low frequency oscillation modes. The decomposition results into the
two subsystems shown in Figure 4.3. In this figure subsystem 1 represents the low

frequency oscillation mode, and subsystem 2 represents the high frequency oscillation

mode.

(a) Subsystem 1 (b) Subsystem 2

Figure 4.3. Subsystems of the 5th order system

Step 3) Relevant modes: The calculated residues, their absolute values (i.e.
magnitudes) and the corresponding eigenvalues of the full order system are shown in
Table 4.1. The largest residue indicates the mode that contributes most to the dynamics
of the system. Therefore, the eigenvalues that correspond to the bold-slanted residues

should be retained in the reduced model of order 2.

Step 4) Matching modes to subsystems: Now, the subsystems to be retained
have to be identified. To this end, one computes the eigenvalues of subsystem 1 as

A2 = —0.1 £ 0.9950¢, and the eigenvalues of subsystem 2 as Az4 = —1 % 5.3852i,
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Table 4.1. Residues and eigenvalues of the 5th order system

Original system Subsystems
. Absol !
Residues solute Eigenvalues Eigenvalues
values
—0.0000 F 0.2513: 0.2513 —0.1000 £ 0.9950¢ | —0.1000 = 0.9950i
—0.0000 ¥ 0.0458: 0.0458 —1.1000 + 5.45807 | —1.0000 == 5.3852i, 0
—0.0000 0.0000 0.0000

As = 0, which are shown in Table 4.1. We conclude that for a second order reduced
model, the subsystem 1 should be retained and the subsystem 2 should be eliminated.

Therefore, the subsystem 1 is selected as the reduced second order model.

The time and vf.requency domain responses of the full order and reduced order
models and their errofs are shown in Figures 4.4 and 4.5. These plots indicate that
the patterns are in good agreement. In Figure 4.4(a) it is seen that the time domain
responses have a very small absolute error of 0.0161 at steady-state which can be
eliminated by a constant calibration factor. The frequency response plot shown in
Figure 4.4(b) indicates that the mode at w 2 5.46 rad/sec is eliminated from the

two-mode full order model that justifies the proposed model reduction method.

For this example, it will also be shown how to incorporate the decomposition
ideas into existing methodologies, such as balanced trun\cation approaches’ . As it is
discussed earlier, if 1t is desired to use balance and truncate approaches, the first thing
that needs to be done is to calculate the Hankel singular values. For this example, the
Hankel singular values are calculated as 1.3945, 1.1407, 0.2897, 0.0534, 0. These values
suggest that, a reduced order model of order 2, 3 or 4 can be obtained. Choosing
an order of 3 will have a smaller error than order of 2 as discussed earlier, but the -
resulting reduced order model will not have any resemblance to the full order system

eigenvalues. Simulations for 2nd, 3rd and 4th order reduced models were performed

7 For this example, balance and truncate approach was used with the modified criterion.
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and the following eigenvalues were obtaineds :

e For a 2nd order reduction — —0.1030 % 0.9939;.
* For a 3rd order reduction —» —0.1040 % 0.9847;, —1.7193.
e For a 4th order reduction — —0.1000 =+ 0.99507, —1.1000 == 5.4580:.

The results support the discussion above. It should be emphasized once more
that if the new measure had not been used, the results would be even worse, meaning

that the usual balance and truncate approach would miss the important states.

In this thesis, it is observed that by looking at the absolute values of the residues
of the original system’s eigenvalues, one can obtain similar information about the re-
duced model order as obtained by the Hankel singular values. Additionally, if one uses
the modified criterion that was explained in Section 2.3.1, he/she can have reliable
information about the resulting reduced order system and its eigenvalues. Because of
balancing the resulting eigenvalues may not be exacﬂy the same as the original system
(or a subset of the original system or the subsystems), but they will be reasonably close.
It is also found out that, this approach works if the absolute value of the residues have
a significant value change (gap) similar to the Hankel singular value case. If there is
no significant gap between the values, it means that the corresponding eigenvalues are

equally important.

Additionally, the information from the decomposition procedure discussed above
can be incorporated.to improve the reduction of balance and truncate methods. For
this purpose, one can first look at the residues, and the corresponding eigenvalues, then
the matching subsystem eigenvalues and consequently decide on the reduced model
order, as it is done before. After that, the reduction can be performed by truncation
and the reduced order model that retains the same subsystem as discussed before is
obtained. Obviously, the calculated eigenvalues will be modified because of balancing.

One advantage of this approach is that, the resulting error is known beforehand.

8 As the system is in fact of order 4, 4th order reduced model matches exactly.
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One can see the comparison of simulations for this system with a 2nd order
reduced model using balance and truncate method with the above modifications in
Figures 4.6 and 4.7. As one can see the results are in good match and the error is

acceptable. Notice‘ that, the new model reduction procedure has a better error in

frequency domain (especially in phase).
4.2. A 10th Order SISO System

Now, consider the system in Figure 4.8. The bond graph representation of this
system is shown in Figure 4.9. As one can see, there are 10 independent energy storage

elements in integral causality, so the order of this system is 10.

ling _
k, =20 ’

k, =100 T k, =10
b =0.1 k, =1000— k, =10 b, =10
| s T—

b, =0.1 b, =0.1

Figure 4.8. A 10th order physical system

Suppose that a 2nd order reduced model is desired. Table 4.2 shows the residues,
absolute values of the residues and the corresponding eigenvalues of this 10th order
system? , and Table 4.3 shows the eigenvalues of the subsystems obtained in Chapter

3 Section 3.6.1 and shown in Figure 4.10.

This analysis indicates that subsystems 1 and 2 together have the most important
features of this system as their poles have the most significant effect in the time response

according to the residues. Hence, the absolute values of the residues suggest that the

9 n this example there are two zero eigenvalues with zero residue, so the real order of the system
is 8.
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C:l/k,  R:b, C:Vk,

N

R:b, C:1/k,  R:b,

N

Im2 1m3

Figure 4.9. Bond graph representation of the 10th order physical system

Table 4.2. Residues and eigenvalues of the 10th order system

Residue Absolute value of the residue Eigenvalue
0.0028 F 0.0309: 0.0310 —0.1789 4= 45.4882¢
0.0006 + 0.00007 0.0006 —18.2310
0.0045 F 3.75744 3.7574 —0.1088 £ 12.3218¢
0.0450 F 0.47274 0.4749 —0.4498 +4- 4.88811

—0.0051 + 0.0000: 0.0051 —1.0941
—0.0000 — 0.0000: 0.0000 0.0000
—0.0000 — 0.0000: 0.0000 0.0000

eigenvalues corresponding to bold-slanted residues in Table 4.2 should be preserved in
the reduced order model. Although this is the case, as a 2nd order reduced model
is desired, a further decomposition is necessary. The extended decomposition reveals

that the subsystem éhown in Figure 4.11 should be the reduced order model.

The resulting time and frequency responses of the full order and the 2nd order

reduced model can be seen in Figure 4.12. As it can be seen from these plots the
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(c) Subsystem 2. (d) Subsystem 4.

Figure 4.10. Subsystems of the 10th order mechanical structure

Table 4.3. Eigenvalues of the subsystems of the 10th order system

Eigenvalue Subsystem Number

—0.1000 =+ 44.7212; 1
0 1

—0.0979 £ 12.48754 2
0 2

—0.0771 £ 4.90314 2
—20 3

-1 4

responses are in good match.

This analysis indicates that a useful procedure to obtain detailed information

about the physical system and its reduced order model is determined. But this ap-

proach is mainly useful for linear systems, and for systems with residues in some kind
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Figure 4.11. 2nd order reduced model of 10th order mechanical structure
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of separated blocks as mentioned before. It is also applicable to linear MIMO systems

and this will be presented in the next section.

4.3. A 7th Order MIMO System

A MIMO system can be seen in Figure 4.13, and its bond graph representation

is shown in Figure 4.14. The system has seven independent energy storage elements in

integral causality, thus it is of order seven. The system also has two inputs.

Using the power state variables, and representing force in spring i as Fy,, the

following state-space representation is obtained:
x = Ax+ Bu

where x, A, B, and u, are given by

i ) “m omom 000

Fk3 —'ks 0 k3 0 0 0

. by+b 1 b

T3 71:135 —mLs _21:71 m3 r_nz;? 0
x=| F, , A= 0 0 -k 0 ko 0

. by+b

L2 0 0 ;blzz- —mLz - 7:2 rr}.z

Fy, 0 0 0 0 —ky 0

& ) 00 0 0o A -1

(4.4)
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Figure 4.13. A 7th order physical system

C:1/k, C:1/k,

o A e
LT S S S
L"“

Figure 4.14. Bond graph representation of the 7th order physical system

and

1
I

0o X

my
0 0
0 O

F
B=| 0 o0 , u=
0 0
0 0
L0
L My n

Assuming the velocities £; and @, of masses m; and my are of interest, the output

vector equation is given by:

y =Cx (4.6)

91

(4.5)
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where C is,

000000 1
0000100

C= (4.7)

b3
(a) Subsystem 1 (b) Subsystem 2
b3
Subsystem 3 (d) Subsystem 4

(e) Subsystem 5
Figure 4.15. Subsystems of the 7th order MIMO system
This subsystems shown in Figure 4.15 are obtained using the decomposition pro-
cedure described earlier. Assuming that m; = m, = mg =my = 1kg, kj = 4 —11%,
ky =2 %, ks = 8 %, by =1 %, by = 2 ﬂ%, and b3 = 4 —A—’ﬂ the necessary loop

gains and local damping ratios are calculated as; ﬁ =8 —gred by _ k9 rad

ma sec?? ma ms3 sec2?
ﬁa— = _kiL —_ &d by — by — — —
mg my sec?) 2\/kimy 2vkima = 0. 25a 2\/k2_m— 2\/-,‘% 0. 707 k3

ﬁﬁ = 0.707. The subsystems 4 and 5 are obtained from the subsystem 1. The

eigenvalues of the subsystems are shown in Table 4.4.

The eigenvalues of the overall system, their corresponding residues and the 2-
norms are listed in Table 4.5. Notice that any norm could have been used in the model
reduction process. The norms of the residues suggest that the eigenvalues correspond-
~ ing to the bold-slanted residues in Table 4.5 should be retained in the reduced order

model.
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Table 4.4. Eigenvalues of the subsystems of the 7th order MIMO system

Eigenvalue Subsystem Number
—1.5775 4 2.0860¢ 1
.—0.9225 £ 1.2199; 1
0 | 1
—4 2
—4 2
-8 3
—1.0000 = 1.00004 4
—1.0000 = 2.6458: 5

Table 4.5. Residues and eigenvalues of the 7th order MIMO system

Residue 2-Norm Eigenvalue
0.0005 -0.0146
—-0.0075  0.2223
0.1969  0.0927¢  0.1073 £ 0.1259¢
—0.3039 = 0.0763: —0.0047 F 0.2381%
0.1849 £ 0.2314¢ —0.2175 F 0.1794¢
0.2082 + 0.0515¢ —0.2040 = 0.0073:

0.2229 —7.14291

0.4792 | —1.53813 £ 2.33283¢

0.5049 | —0.795996 £ 1.20974:

0.25 0.25
0.5 0
0.25 0.25
—0.0140 -0.0150 0.0778 —2.18884

—0.0512 —0.0548

The analysis shows that the subsystem 1 is the dominant one. Thus, the first
subsystem is chosen as the reduced order model. Time and frequency responses of
this system and its réduced order model and their errors can be seen in Figures 4.16

and 4.17. These results show that there is a good agreement between the full and the
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reduced order models in the MIMO case as well!® .

It should be noted that, while discussing SISO model reduction examples, it was
indicated that the results of balance and truncate approaches can be improved by using

physical information. Same improvement holds for MIMO systems.

Until this point only single domain physical systems have been analyzed. In the
next sections, examples on multi energy domain dynamic systems, unstable systems,
and advantages of decomposition based physical model reduction method over power

and energy based model reduction procedures will be presented.

4.4. Example 4 - An Arm Prosthesis System

Consider the arm prosthesis example of Chapter 3. Using the parameter set of;
If=I,=01C,=0051T =2 T, =15, and R, = Rs =04, R; = 0.6, Table 4.6
can be constructed.

Table 4.6. Residues and eigenvalues of the arm prosthesis

Residue Absolute value of the residue Eigenvalue
0.7652 F 0.3656: 0.8481 —6.2639 F 16.81841
8.4696 8.4696 —2.1388

Thus, by looking at the residues, it is concluded that the real root is the most
dominant one. Thus, the obtained reduced order model of the arm prosthesis is as

shown in Figure 4.18.

Time and frequency responses of this system and its reduced order model can be
seen in Figure 4.19. As one can see, the results are in good match and the errors are

acceptable.

10 This is a MIMO system. So in the frequency domain the singular values are considered.
Consequently, the error in the maximum amplification (maximum singular value) is given.
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R:R, +RT?+R T T}

11,0+, +1,T7°T?

Figure 4.18. Reduced order model of the arm prosthesis system

4.5. Application of the Model Reduction Procedure to Unstable Systems

Most of the methods in literature have problems while dealing with unstable
systems. For example, Hankel singular value based methods, can only deal with such
problems if their stable and unstable counterparts are separated. Then it is applied
to the stable part. In our case, the decomposition procedure to obtain the eigenvalues
from physical parameters can still be used, and therefore an approximation to the
stable and unstable parts of a system may be obtained. Obviously, afterwards, the
residue information can be checked, and the reduced order model can be obtained
accordingly. It should be noted that the unstable part of a system usually provides the
characteristic behavior of that system and thus‘should not be eliminated in a reduced
order model. Ounly the stable part should be reduced. A simple example is given for

unstable systems.

Consider a 5th order inherently unstable system and its bond graph as shown in
Figures 4.20 and 4.21 respectively. This system is unstable as the first spring, k;, is

chosen to be negative one.

Assuming that m; =mg=m3 =1 kg, k; = -2 %, ke=1 %, by =3 N—;ff, and
by =1 %, it is calculated that the system has the following eigenvalues: —7.0891,

0.5914, —0.7512 =+ 0.9310¢, and 0.

"This system can be decomposed into two subsystems, namely, (my, ms, by, k;) that

| gives the eigenvalues (—6.6056, 0.6056, 0) and (mz, m3, by, ko) that gives the eigenvalues
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Figure 4.20. A 5th order unstable system

C:1/k, R:b C:1/k, R:b,

NSNS

I:m, 1

11

St F —W1 20 —™1 >0 —N]:m,

Figure 4.21. Bond graph representation of the 5tk order unstable system

(=1 £14,0). The residue information indicates that the first subsystem should be

retained in a possible reduced order model. This part is in fact the unstable part as

suggested above.

The results of model reduction using the selected first subsystem is seen in Fig-
ure 4.22. One concludes the following: although gain plots are almost the same, there
is a difference in the phase plots. But the results indicate that the reduced order model

continues to portray the system behavior.

4.6. Effects of Different Inputs

In this section the effect of different inputs (especially sinusoidal) will be investi-
gated on an example. If a specific input is applied to a system, only one of the modes of
the system may be triggered. Thus, the reduced order model that needs to be selected
changes depending on the triggered mode, i.e. this mode should be selected as the

reduced order model:

As an example, consider the fifth order physical system of Figure 4.1. Assume
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Figure 4.22. Comparison of Bode plots of full order and reduced order models

obtained by the decomposition method

that the input to the system is exactly at the second mode’s frequency which is

w = 5.45802 22 je. u(t) = sin(5.45802t).

Using the same values for the component parameters, the simulation results for
the original system and the selected reduced order model that consists of (my, ma, ki,
ks, by, bs) for the given input is as shown in Figure 4.23. The figure indicates that the
time and frequency responses are in good match and the reduced order model portrays

the behavior of the full order model with its triggered second mode.
4.7. Comparison with Power and Energy Based Model Reduction

As explained previously, in the area of model reduction in the physical domain,
one family of procedures are based on power criteria. The basic intuitive idea of the
power criteria is that, a component associated with small power flow makes small contri-
bution to a system’s dynamic behavior. In this section by setting up a simple example,

it is shown that the use of power criteria may lead to erroneous results. Further-
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more, the advantages of the model reduction based on the decomposition procedures

presented in this thesis is indicated as appropriate.

As explained in Chapter 2, thevpower criteria uses various time averages of the
power flow associated with a component to measure the corresponding power level. As
pointed out in reference [18] the power flow of a component is in general a function
of time. For example, if the current going through a resistant R is a sinusoid, sin(z),
then the power flow into the resistant is P = R 42 = Rsin®(t). It is indicated in
literature [17, 18] that various time averages can be used as the measurements for the
power flow level associated with a component. For this purpose two different indices
have been used in the literature [17, 18, 56, 57, 58]. One of these indices is the RMS

metric [18], which is the square root of the time average of the square of the power

flow. Specifically, RMS metric is defined as,

1 (T
P; T/o PA(t)dt

where P;(t) is the power associated with bond . The other index is the activity

index [17] defined as,

[ 1o

n T
> / |Py(t) dt

AL =

where n is the total number of bonds in a bond graph model. Activity index is basically

the normalized time average of the absolute value of power flow.

Now, consider the simple electric circuit in Figure 4.24. This physical system is
composed of a voltage source; a resistance, a capacitance and an inductance. Suppose
that the output of the system is selected as the flow associated with the 1 junction,
which is the current flowing in the circuit. Assume that R = 0.05 Q, L = 1 H and
C =1 F. Additionally, let the initial conditions be taken as zero. Then the system’s
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dynamic equation can be written as,

di’(t)  Rdi(t) 1 | 1 dsin(t)
@& TTa TigW=1"g (4.8)

With the given numerical values, i() can be solved as:

R=0.058
—— WWA— I:L
| o 1@
V., =sin(?) Ci) ___C=1F S,:Vv.) —™1=2>cC:C
e @
L Y Y Y |
L=1H R:R

Figure 4.24. A simple electric circuit

i(t) = 20sin(t) — 20.0062e%9%* 5in(0.9997¢) (4.9)

Additionally, in order to calculate the power flow associated with each component, the
voltage across the inductance V7, the capacitance V¢ and the resistance Vg need to be

calculated. These are given as:

di(t)
Vo= L=
t
Vo = / i(T)dr
=0
Ve = Ri(t)

It is known that the power flow associated virith each component is the multiplication
of the current and the voltage associated with that component. The power responses
of the components are calculated and are shown in Figure 4.25. The RMS of the power
associated with the bonds 1, 2, 3, 4 are calculated as Py = 5.1216 W, P = 29.6866 W,
P = 29.7308 W, and Py = 2.6454 W respectively. Here, it can be observed that
P, and P; are greater than P; which is understandable as this lightly damped second

order system has a resonant behavior. The system’s damping coefficient is ¢ = 0.025.
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Furthermore, the system has a natural frequency of w, = 1 rad

=1%%, and a damped natural

frequency of wy = 0.9997 224 A the damping ratio is small, a very high resonant peak
is expected. Additionally, the inpiit frequency is very close to the damped natural
frequency which drives the system very close to resonant peak. If a lightly damped
system is excited close to its resonant frequency, the time average of power associated

with energy storage elements can be greater than the power input to the system.

100 ,

! 1 T T T L

— Power flow of bond 1 : . : : :

P POWerﬂoWofbondZ .‘..E ............ 3 ............ E ............ E ............ E ......... ) .. -
— - Power flow of bond 3 : : . :

- — - Power flow of bond 4

80_

Power Flows [W]

-20

EYIEED P S 1

5 10 15 20 25 30 35 40
Time (sec}

Figure 4.25. Power responses of the bonds

On the other hand, clearly, P, is significantly smaller than others. Thus, ac-
cording to the RMS index, bond 4 and therefore R element can be removed. In or-
der to make a comparison, the activity indices can be calculated as A} = 0.0777,
AL, = 0.4429, Al - 0.4436, and AI, = 0.0358. The activity index of bond 4 is
again the smallest and is signiﬁcéntly smaller than all of the others. So the activ-
ity indices also indicate that bond 4 can be removed. Figure 4.26 shows the current
(flow) of the original model and that of the reduced model. From this figure, the effect
of damping on the period of the system can also be seen. The period of the origi-
nal system is longer than that of the reduced model. For comparison, in Figure 4.26

at t = 39.4sec, for the original model (39.4 sec) = 12.4013 A, and for the reduced
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model %(39.4 sec) = 19.5173 A. The error of 57.3808% between these values is signifi-

cant. Therefore, the R element is relevant to the flow associated with the 1 junction.
"The physical meaning of this result can be interpreted as follows: In the time interval
[20 sec, 40 sec], the R element dissipates about half of the power supplied by the source.
Eliminating the R element signiﬁcahtly changes the rate of increase of the energy in
the system. Therefore with the increase of time the error increases slowly but steadily.

This result indicates that the R element in fact should not be removed from the system.

20 — ;

T — Original model |-« feeerennnn.. e ............ ...... ’\ ......... [
— - Reduced model : : : : :

Current [A]

5 10 15 20 25 30 35 40
Time [sec]

Figure 4.26. Current in the electric circuit (flow of 1 junction)

In the light of this discussion, the use of the model decomposition procedures
described in this thesis is given as follows: With the given parameters, the system
described above can be easily decomposed into two subsystems using the decomposition
procedures, namely a damping part consisting of L and R elements, and an oscillatory
part consisting of L-and C elements. Notice that the removal of the R element is
computed in a straightforward way by the local loop gains. Furthermore, the damping
part introduces a new eigenvalue of (0.5) which only gives information on the damping

‘factor of the system. If it is desired to find a reduced order model, it is concluded
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that a suitable one cannot be found. The reason for this conclusion is that, for this

system the only possible reduced order model is itself. If the oscillatory part is used

and damping is eliminated (thus the R term), a large error in time response will result

as indicated previously. This result also suggests that a typical second order system
should not be further reduced.

4.8. Conclusion

In this chapter several examples are given to illustrate the effectiveness of the
model reduction procedure described in Chapter 3. The results indicate that the model
reduction procedure is indeed effective for linear dynamic systems. As discussed in
Chapter 3, decomposition procedures may fail to identify relevant components when
the system has uniform parameters or when the loop gains can not be distinguished.

In order to overcome these problems two different procedures will be introduced in the

next chapter.
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5. EIGENVALUE SENSITIVITY AND EFFECT MATRIX

As discussed ’throughout this thesis, in industry and academia, the identification
of subsystems and / or components that is related to a given eigenvalue of the overall
system is a challenging and important topic. This chapter proposes a set of theorems
and definitions that lead to an efficient procedure for this purpose. The basic procedure
is based upon the calculation of sensitivity of eigenvalues. A so called “effect” matrix
is produced that indicates the relative importance of physical parameters on a selected
eigenvalue. In addition to the relative importance, the effect matrix is used for an
efficient physical model reduction procedure. Furthermore, reasons of different dynamic
behavior of a system can be explained. Within the chapter, the improvement of the

physical model reduction method based on decomposition procedures will also be given.
5.1. Introduction

Sensitivity of a dynamic system to its physical parameters is often of interest.
In this context, eigenvalue and eigenvector derivatives have been useful for determin-
ing the sensitivity of dynamic response to system parameter variations. For example,
knowledge of the eigenvector derivatives with respect to physical parameters can be
used to optimize a structural design or minimize its sensitivity to parameters. Such
information can be used regularly for structural optimization, and for the improvement
of the agreement between analytical and experimental results [68, 69]. Furthermore,
eigen derivatives can be directly applied to system identification and robust perfor-
mance tests for structural control systems [68, 69]. On the other hand, the eigenvalue
sensitivity with respect to a physical parameter gives an estimate of the eigenvalue

shift when such parameter is changed.

Several methods have been proposed to analyze the connection between a system
variable and its modes [68, 69, 70]. The participation factor approach has been ex-
tensively used for the analysis of power systems [70, 71]. Dynamic systems with large

number of state variables, such as power systems, are often too complex to be ana-
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lyzed. The physical knowledge of the system might be utilized to simplify the model:

knowing that the system presents an oscillatory behavior, the interest might be focused

on a particular system eigenvalue (mode), by looking for the physical state variables

most involved in the oscillation. In such cases, the participation factors might be use-

ful in exploring the state variables that are relevant in the evolution of a particular

eigenvalue [72].

Since the participation factors can be used to detect the states that are most
involved in an eigenvalue, it is clear that once the eigenvalues of interest are identified,
participation factors)’might help to obtain a reduced order model which still conserves
the most relevant dynamics of the system. In particular, the most important problem

is the identification of subsystems / components that affect a given eigenvalue.

In this chapter, a solution to the problem of sensitivity of a physical system with
respect to its parameters is provided. For this purpose, in addition to a general analysis
of participation factors and its relation to residues and eigenvalues, the use of eigenvalue
sensitivity using special state-space descriptions has been investigated. The use of
system matrices with certain structures lead to clearer and simpler results. Analyzing
the procedures for obtaining system matrices using bond graphs leads to a very efficient
solution. Thus in the following sections, the state-space representation discussed above
will be briefly summarized. Then, the calculation 6f eigenvalue sensitivities using
eigenvectors and their relationship to participation factors will be analyzed. Based on
this analysis an “effect” matrix is introduced that indicates the relative importance of
physical parameters on a selected eigenvalue. The effect matrices given in this chapter
not only identify the irrelevant components but also give a relative measure of their

contribution to the eigenvalue.
5.2. Structured Representation of LTI Systems Using Bond Graphs
A linear physical system can be characterized with matrices that identify the

components and that define the structure of a system [73, 74]. The parameters of

the components can be described by two matrices, one for independent energy stor-
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age elements and one for dissipation elements. The energy storage elements can be

represented by the matrix S, defined as

z=5x - (5.1)

where x is the generalized momentum / displacement vector and z is the correspond-
ing flow / effort vector. In these vectors, z; is the generalized momentum / displace-
ment associated with the i’th independent energy storage element (state) and z; is the
flow / effort as ‘?he causal output of that element. For an LTI system with all of the
independent energy storage elements of a total number of n are one port, S is a diag-
onal matrix of the form diag[sy, ss,. .., s}, with s;’s as the parameters of the energy
storage elements. From a computation point of view, if the i'th independent energy

storage element is a capacitance or an inertance, then s; = 51.— or s; = %, respectively.
1 1

On the other hand, the dissipation elements can be represented by the matrix L,
which contains the parameter values as follows: dyy; = Ldin, where din; and dpy; stand
for the causal input and causal output of the j'th dissipation element, respectively.
Again, for an LTI system with m one port dissipation elements, L is diagonal and of
the form diagfly,lg,-..,lm]). When the j’th dissipation component has a flow or an
effort as the causal input and an effort or a flow as the causal output, then l; = R; or

lj= i}} respectively.
Then, the structure of a system is described by [74]:

x = Jssz+Jspdow +JIsyu (5.2)
din = Jrsz+Jrrdow +Jivu (5.3)

where, J;; represents the connectivity matrix between the outputs of j elements to
inputs of ¢ elements. In this representation L, 5 and U refers to dissipation, energy

storage and input variables, respectively.



As a result, the system’s state space equation can be rearranged as,

% = Ax + Bu

where

A = [Jss + JSLL(I - JLLL)_IJLs] S=1JS
B = Jou+JstL(I—J L) Iy

5.3. Calculation of Eigenvalue Sensitivities

Consider the LTI continuous time system

x = Ax
where x € R™ and A € R™*",

Using modal decomposition matrix A can be written as:

A = UAV
N 0O - ()T V{W
[ ] 0 )\2 0 Vg
- u ...un .
drte 0 0 . 0
Y T
LO 0 fet )\n— Lvn-
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(5.4)

(5.5)
(5.6)

(5.7)

(5.8)

where U and V are the right and left eigenvector matrices, and A is a diagonal eigen-

value matrix. It should be noted that the eigenvectors u; and v; can always be chosen

so that ulv; = 1, or similarly in matrix form, UV = VU = 1. Furthermore, in

this representation, the A matrix is assumed to have only distinct eigenvalues. This

assumption is used throughout this chapter.
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Using the modal decomposition with a given initial condition vector x(0), the
solution of Equation (5.7) is given as:

x(t) = Z e’\"tu,-v?x(O) | | (5.9)

From this equation, one can write the kth state as follows:

xk(t) = Ze’\ fufvIx(0)
. Ze’\tuk [V <k (0) + Z v{xj(O)] (5.10)

=L,

= z:e’\tp;Cz 0)+Ze’\t|;z Puix’ (0 j|

j=1,j7k

where

participation factor
(5.11)
vl  generalized participation factor

The concept of participation factor was developed in [71] to measure the degree of
participation of a state variable in a mode. Therefore, participation factor py; can be
interpreted as the Wéight of the participation of i-th mode in the k-th state component.
Simply, the participation factors can be seen as right eigenvectors weighted by left

eigenvectors [71].

Using the participation values, a participation matrix can be formed as [71]:

P11 P12 ' Pin W
o | P P2 P (5.12)
. Pni DPn2 **° Dnn i

.For matrix H, and for generalized participation values, the following properties
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can be identified [72]:

n

i Zpki =1.
i=1
n

ii. Zpki = 1.
k=1

n
iii. Y Puij = 0.
i=1

In addition to the above basic properties, the following theorems can be stated

and proved:

Theorem 1 The generalized participation values are considered as the sensitivities of

the eigenvalues of the matriz A:

O\

Prij = Ban
j

(5.13)

where ajy, represents the jk-th element of matriz A [72].

Proof:
V;—TAlLi = )\iV?Ui = )\i

Then,

8 )\i 0 (VTAUi)

% 1 (Au)
dq byl dq

Tﬂ.“: a i
VAL <8—Auz + A—u—)

9q_ o aaq

ov: TaA T u;
2V el A

- ’\laqu‘ﬂﬁ 8qu+ “—~ 0q
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0 T
SIS R

oq Jq :
= vfgéui + )"i a(vz uz)

9q 0Oq

S———
=0asviuy=1
— VTEJ)_*A& '
13 aq ul

If the parameter g is the element aj, of the matrix A, then gﬁ is a matrix whose
)

elements are all zero and the element in j-th row and k-th column is one. Thus, one

can write,

oA

—_— == e.e
aajk: Ivk

where e; and ey are the j-th and &-th column of an identity matrix I,xn, respectively.

As a result,

O _

hadcl oTu = viuk = P...
Bax i €€ Wi = ViU = Py
j

U1 End of proof.

It should be noted that this proof directly leads to the result that participation

factors are the sensitivities of the diagonal terms of A, i.e.:

o
 Oagy,

DPki

From the descr“i'ptions above the following theorem can also be deduced:

Theorem 2 The entries of the system matriz A can be expressed as a linear combi-

nation of the eigenvalues with the coefficients being the participation values [72].
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Proof:

The A matrix can be written as:

: n
— E T
i=1

utilizing the dyadic form. Then,

ar; = efAej

j

n Vi
~ =
= Z /\1; efui v;?"ej
i=1
uf
= ) APy
i=]
Specifically, for the diagonal elements,
k= Y APk
i=1
is obtained. 0O End of proof.

Furthermore, the following lemma can be written.

Lemma 1 The following relation between the participation values (Pyi;) and partial

fraction expansion residues (R;) holds:

A T
Prij = ey Rie;

Proof:

As one can write,
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SI—A—1= I{L
( ) S'—')\i

i=1

and

At
eAt = QUAVE _ Aty

n
— At
= Ze i uinT = Ri=uiv:-f
i=1
then the participation values can be written as:

A Lk

= e wv! e;
——

R;
A T
= Pkij = € Riej

O End of proof.

The above definitions and theorems lead to a better understanding of the rela-

tionship between states and physical parameters.
5.4. Effect Matrices
In the previous:vsections the follqwing state-space representation has been derived:
X = Ax (5.14)
where

A= (JSS + JSLL(I - JLLL)_IJLs)S =JS (5.15)
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Using this special form of the state-space equations, two equations based on
eigenvalue sensitivity can be formed.

Lemma 2 The following relation is valid for the partial derivative of an eigenvalue

with respect to an energy storage element when the structural state-space equation is

used:

O\ T T
55, = v; (Jt;je5e; )w; (5.16)

where t; is a multiplication factor.

Proof:
O r0A
dg g
— = A —ui
BSj ‘ aSj
T@(Jss+J5LL(I—JLLL)‘1JLS)S .
= V; u; or simply
8sj
— = VW
st 83_7'
0J . .
as — =0 i.e., is constant with respect to s;,
8sj
Ok _ viTJ?Eui and
aSj aSj
o\
—a;; = vatheje"jrui

where s stands for energy storage elements as defined before.

O End of proof.

It should be noted that the partial derivative is taken as eje] as the matrix

'S is diagonal. It is apparent that the multiplication factor t; can be calculated in
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a straightforward way. The multiplication factor depends on the form of the energy

storage element as explained in Section 5.2. Table 5.1 gives a list of these multiplication

factors.

Similarly, a second equation is formed as follows:

Lemma 3 The following relation is valid for the partial derivative of an eigenvalue

with respect to an energy dissipation element when the structural state-space equation

18 used:

0\
El_- = viT(JSszeje?JLsS)ui . (5.17)
J

where z; s again a multiplication factor.

Proof:

o _ r0A,

8¢  "oq "

O% _ oA,
ol ol |
Ta(Jss + JSLL(I — JLLL)—lJLs)S
- al; “"

j

g?i = vI (JSL-ZTL(I —JrrL) ' JpsS 4+ JsL(I - JLLL)_zJLLJLSS> U
j J '

if Jo. =0 ie., no causal connection between dissipation elements,

- = vlJg=—J1sSu; and
3lj V; SL,alj LS

ox _ vIJspziee] JosSu
ol;

where [ stands for energy dissipation elements as defined before.

0 End of proof.
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Table 5.1. A list of multiplication factors for effect matrices

Domain of interest. R z; =98 I t. =2l C t. = 2C
element| 7~ 2 | element | 7~ 9 element | ° 9%
Mechanical translation b 1 L —~L k 1
m m?2
Mechanical i 1 1
echanical rotation c 1 3 ) k 1
H li 1 L
ydraulic R 1 l ~4 é -4
. 1 1 1
Electrical R 1 T ~ 1z 5 —é
Here, for simplicity, it is assumed that J rr = 0, ie. none of the dissipation

elements are directly casually related. This is not a critical assumption as this is a com-
mon case in structures. With this assumption A becomes as A = (Jss+ JsrLdys) S.
Similar to the energy storage case the partial derivative on the right hand side of this
equation is simply eje;‘r since the matrix L is diagonal. Once again, a multiplication

factor, z; may be generated depending on the form of the dissipation element, see

Table 5.1.

Using the eigenvalue sensitivities we can form and define two “effect” matrices,
namely, one for energy storage, E;c, and one for energy dissipation elements, Eg. The
following six step procedure can be employed to form these matrices that will portray

the relative contribution of physical elements on a selected eigenvalue:

1. After forming the bond graph of the system, calculate the system matrices S,
Jss, L, Jsp, Jrs, Jrr and A.

2. Form the state matrix of the system as A = JS where J is defined as Equa-
tion (5.15).

3. Calculate the left and right eigenvector matrices of the state matrix A, i.e. V

and U matrices respectively.
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4. For each eigenvalue calculate the following physical parameter sensitivities,

O\

2t T

aSj = Vz- thejefui v

oN vT (JSL—"’L(I—J L)1 .68 + Jg L(I 2

al, i al; LL LsS+JstL(X - J L) JLLJLSS) u;

where ¢ = 1,. T Additionally j = 1,...,r for energy storage elements, and

J = 1,...,m for dissipation elements.

5. Take the absolute value of the results, i.e. calculate \g—’\i’ and
55

o
ol;

6. Form the E;c and E matrices using the eigenvalue sensitivity values such that
each row corresponds to one eigenvalue, and each column corresponds to one

energy storage or energy dissipation element, respectively, i.e.

ds1 Oso Osr ol aly lm
s 2,
E[C — 1 So Sy and ER — aly dla Olm
| | 051 9so Osr | | | Ly ala Olm |

It is important to note that the introduction of the effect matrix, E;c constitutes
the superset of a method developed in [73]. In [73] a procedure was outlined for the
identification of components that are irrelevant to a given eigenvalue, in which both
eigenvectors of ); needs to be looked at separately. On contrast, the effect matrices
given in this chapter not only identify the irrelevant components but also give a relative
measure of their contribution to the selected eigenvalue. In-the next section a sub-
procedure for physical model reduction method based on decomposition procedures

will be given. This sub-procedure uses the idea of [73], also see [75].

. This section concludes the introduction of effect matrices. In the next section one
of the applications of these matrices, namely physical based model reduction procedures

will be explained.
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5.4.1. Physical Model Reduction

For complex dynamic systems, it is often useful to find simplified model for
purposes such as controller design, parameter optimization, design assessment under
uncertainty, and to'get better insight into the system behavior. In recent years, physical
based model reduction procedures have been developed as explained previously. For
example, in chapter 3, a physical based model reduction procedure is developed and is
assessed in chapter 4. The method leads to an appropriate reduced order model while
retaining a physical relevance to the full order model. The proposed methodology in
chapter 3 exploits the concept of decomposition of physical systems suitable for the
identification of dominant subsystems. Although this procedure is efficient, when a
system has uniform parameters or has numerically identical loop gains, it may fail to

identify all of the modes of the system. In such cases the following three step sub-

procedure improves the results:

1. First, the component that is irrelevant to a given mode is identified [73]. (This
given mode is the mode that the decomposition procedure identifies as a candidate
for a subsystem.)

2. Then the causal paths with this component and the rest of the system is examined
on the bond graph.

3. The irrelevant component and the components that have a causal relation to it

are placed in a separate subsystem.

Once the subsystems are identified the rest of the physical domain model reduc-
tion technique can be applied without any change, i.e. the residue information is used

to select the physical reduced order model.

Although the above improved procedure is very effective, one needs to observe
exact “zero” components in the eigenvectors. Alternatively, the effect matrices intro-
duced in this chapter can be utilized to obtain a more efficient procedure. The use
of effect matrices adds additional flexibility to the step of obtaining subsystems, i.e.

depending on the relationship using the bond graph causality assignment, the physical
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parameters that do not affect an eigenvalue of interest can be removed. Furthermore,

the physical elements can be put in subsystems that define their specific behavior.

The physical domain model reduction procedure based on effect matrices is per-
formed using the fdllowing five steps:-

1. Calculate the E;¢ and Eg matrices.

Calculate the residues of the system using R; = w;v7 and indicate the eigenvalues
that are more important, i.e. have the most contribution to the response and thus

will be retained in a reduced order model.

3. Identify relevant or most effective energy storage elements for the selected eigen-
value in Step 2.

4. Identify the energy dissipation elements whose inputs are linear combinations of
the outputs of the energy storage elements identified in Step 3.

5. Collect the elements identified in Steps 3 and 4. These elements constitute sub-

system that generates the selected behavior and thus provide the reduced order

model for the given system.
The identification of the energy dissipation elements of Step 4 is completed as follows:

e For each of the dissipation elements, follow the causal path initiated at its output,
until all branches of the causal path reach an energy storage element.

. ‘The’ input to the dissipation element is a linear combination of the identified
energy storage elements, if every energy storage element reached by the branches

of the causal path is the energy storage element identified in Step 3.

In the physical model reduction procedure the relevancy of energy dissipation
elements to eigenvalues is determined in Step 4. The proof of this statement is accom-

plished by adopting a theorem given in [73]:

Theorem 3 A dissipation element has the greatest contribution on the i’th eigenvalue

N, if its causal input is a linear combination of the outputs of the energy storage
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elements that have the highest contribution on ).

Proof:

Assume that a dissipation element R; with the parameter l; is given. As
X =Js52 + Jsrdow + Jspu

the parameter of the dissipation element enters the state matrix A via the output of

the element dyy;. If the causal input of Rj is a linear combination of the energy storage

elements, one has,

doutj = lj : Z QSEXg (518)

where o4 are real numbers. Now suppose ); changes when l; is set to be Bl; where

is a real number not equal to unity, i.e. 8 # 1. This means that ); changes when

doutj = (ﬁl]) : Zz=r+1 QpSEXg

(5.19)
= lj . ZZ=T+1 ak(ﬂSk)Xk

This means that changing [; to l; while keeping all s;, constant is equivalent to chang-
ing all s’s (k € [r + 1, n]) to Bs, while keeping I; constant. Thus, if A; changes when
l; changes, it must be true that ); changes when s;’s change. Therefore it can be

concluded that:

e The dissipation elements that have larger numerical values in effect matrix Eg
and have causal connection to the energy storage elements with larger numerical
values in effect matrix E;c contribute more to A;.

o The dissipation elements that have zero values in effect matrix Er and has causal
connection to the energy storage elements with zero values in effect matrix E;¢

are irrelevant to A; [73].

U End of proof.
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5.5. Implementation Examples

In this section three examples Will be given: The first two examples are given
to illustrate the construction of effect matrices for obtaining the relationship between
eigenvalues and phyéical parameters, and the last one shows the use of the procedure
for model reduction. The first example is a mass-spring-damper system. The second
example is a standard bond graph example that can easily be found in electrical or
mechanical systems, but it gives repeated eigenvalues. The example chosen for the
repeated eigenvalue case is taken and adopted from (73], whereas the example for the

modell reduction sub-procedure is taken and adopted from chapter 4.

5.5.1. A Mass-Spring-Damper System

In this section, the eigenvalue sensitivity method will be applied to a mass-spring-
damper system shown in Figure 5.1. The bond graph representation of this system is
seen in Figure 5.2. This system is of order six, but with the states chosen in bond graph
representation it possesses three excess states. The numerical values of the physical
parameters are given as: my = mg =mg = 1kg, ky =4 N/m, ko = k3 = ky = 1 N/m,
ks = 25N/m, k¢ = 5N/m, and by = 1.5N sec/m, by = b3 = 0.5N sec/m, by =
1 N sec/m, bs = 0.4 N sec/m, bs = 0.2 N sec/m.

For this system, the following matrices can be constructed:

(L 0 0000 0 0 O]
00X 000000 0
0 0 X 0000 00
0 0 0 kL 0 0 0 0 0
S=|0 0 0 0 k 0 0 0 0 (5.20)
0 0 0 0 0 ks 0 0 0
0 0 0 0 0 0 k 0 0
0 0 0 0 0 0 0 K O
00 000 00 0 k|
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Figure 5.1. A mass-spring-damper system

(5.21)

0 -1 -1

0

1

0

Jss =

(5.22)

Jrr = Ogxe

diag[ by by by by bs bs]

L=
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Iim|4— 1 |4—S :F
LN
C:1/k, R:b,

Figure 5.2. Bond graph representation of the mass-spring-damper system

(-1 0 0 -1 -1 0]
0 -1 0 1 0 -1
0 0 -1 0 1 1
0 0 0 0 0 0
Js=10 0 0 0 0 0 (5.23)
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
| 0 0 0 0 0 0 |
(1 0 000000 0]
01 0 000000
Tpem 00 1 000000 (5.24)
1 -1 0 000000
1 0 -100000 0
001 -1000000 |




With these matrices the dynamic A matrix of the system is obtained as:

[ (bitbatbs)

by
my ma
ba __ (ba+ba-t-bs)
my my
s be
my ma
1
mi 0
0 1
m2
0 0
1 -1
my my
1
mi 0
0 L

b5
m3

Jbs
m3

_ (ba+b5+bg)

m3

[
&
<

—
o O o o O O O O

Lo
%)

o O O O o o o

—0.7292 + 3.5448;
—1.7433 £ 2.26744
—0.3774 £ 1.2456¢

0 —ky —ks
0 ke O
—ks 0 ks
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
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0
—kg
ke

o O o o o o

(5.25)

Additionally, with the calculation of eigenvectors, the effect matrices are formed

as:

Eic =

[ 0.1005
0.1005
1.3926
1.3926
0.1064
i 0.1064

0.6548
0.6548
0.4001
0.4001
0.3048
0.3048

1.0945
1.0945
0.0176
0.0176
0.2720
0.2720

0.0077
0.0077
0.1702
0.1702
0.0628
0.0628

0.0500
0.0500
0.0489
0.0489
0.1799
0.1799

0.0836
0.0836
0.0022
0.0022
0.1606
0.1606

0.0185
0.0185
0.4009
0.4009
0.0308
0.0308

0.1416
0.1416
0.2091
0.2091
0.0227
0.0227

0.2626
0.2626
0.0309
0.0309
0.0008

0.0008
(5.26)
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and

0.0278 0.1809 0.3024 0.0671 0.5125 0.9504
0.0278 0.1809 0.3024 0.0671 0.5125 0.9504
Ep — 0.4869 0.1399 -0.0062 1.1466 0.5980 0.0885
0.4869 0.1399 0.0062 1.1466 0.5980 0.0885
0.0818 0.2342 0.2090 0.0400 0.0295 0.0010
| 0.0818 0.2342 0.2090 0.0400 0.0295 0.0010

(5.27)

Here, in matrix E;¢ each column corresponds to one energy storage element, in
the same order as that of matrix S, and each row corresponds to one eigenvalue. For
example the values E.rcm and Ejc,, of 1.3926 give the relative weights of m; on eigen-
values A3 4 = —1.7433 & 2.26743. Similarly, in matrix Eg each column corresponds to
one energy dissipation element in the samé order of matrix L, and each row corresponds
to one eigenvalue. From the effect matrices, one can observe that the parameters mao,
mg3, k¢ and bg (shown in bold case) have the most effect on A1,2 values. This result in-
dicates that these physical parameters influence that eigenvalue. As these parameters
are directly casually related in the bond graph, they can be put in a subsystem that
portrays the behavior of the first complex-conjugate eigenvalue. This result is impor-
tant, as it directly helps in identifying the relevant parameters for a selected eigenvalue,

and also allows the user to select the parameters to obtain a predefined eigenvalue.
5.5.2. A Simple Example with Repeated Roots

Consider the system given by the bond gfaph in Figure 5.3, [73]. All parameter

values except « are shown on the figure. For this example oo =1 is chosen.

For this system, using the same approach as in the first example the following



128

Cil =1 seof, >0 —Cy1
Ji

2

Figure 5.3. A simple system

system matrices can be constructed:

r 0 0 0 0 -1 0 0
0 2 0 o0 1 0 0 0
S = G J= (5.28)
00 £ 0 00 0 1
2
_000515_ |1 0 -10|

0 - 0 0
L0 0 0
A=JS=| D& (5.29)
0 0 o
r 0 i 0

This system produces the symbolic eigenvalues as: 4/ +%-4, and + net With
the chosen parameter values the numerical eigenvalues are calculated as: =34, 44, which
indicates that there are two repeated roots. Thus, generalized eigenvectors have to be
calculated. As a resﬁlt, the right and left eigenvector matrices for this A matrix are
computed. as:

U = [ W ow Uz g ] (5.30)
] (5.31)

V = [Vl Vo V3 V4



where
u; =
Uz =
and
Vi =
V3 =

0
0
~0.2500;
0.2500

0.25004
0.2500

—1.0000
—2.0000:
2.0000

0
1.0000
2.0000:

2.0000

y V4 =

0.5000

1 —0.5000:

0

—0.2500:

[ 0.5000
0.50004

0

0.2500¢ |

1.0000
—1.0000%
0
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As this system has repeated eigenvalues the eigenvectors are the generalized eigenvec-

tors. But as explained before, this does not alter the given derivations. Since there are

no dissipation elements in this system, Er = 0, and Ej¢ is calculated to be:
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( 0 0  0.5000 0.5000-

0.5000 0.5000 0 0
. Eic=

0 0 0.5000 0.5000
| 0.5000 0.5000 0 0

(5.32)

For this system the eigenvalues are in order of 1,1, —, —i. The effect matrix indicates

that all the elements have the same effect op eigenvalues. It can be observed that

these results are expected. It can also be observed that only I — C, affect one set

of eigenvalues, and I, — C, affect the other. This is consistent with the symbolic
calculation.

9.5.3. A SISO Physical Example

In this subsection, the use of the sub-procedure for model reduction for a single-

input single-output (SISO) physical system is presented.

Consider the system shown in Figure 5.4. The bond graph representation of this

system is displayed in Figure 5.5.

Figure 5.4. A SISO physical system

Let’s assume that the system has uniform parameters, i.e. m; = my, = 1kg,
ky = ky = k3 = 2N/m, by = by = b3 = 1 Nsec/m. For this set of parameters the

physical model reduction method described in Chapter 3, Section 3.7 is not efficient.
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C:1/k, R:b,
sz/
C:1/k, S,:F 1 - C:1/k,
Nyl s

Figure 5.5. Bond graph representation of the SISO physical system

"This is because the local damping ratios and loop gains are numerically exactly the
same, and the sum of loop gains are approximately the same. Thus, for model reduction

the sub-procedure explained in this chapter will be applied.

For this system, the following system matrices can be constructed:

(L 0 0 0 0]
0 L 0 0 0
S=10 0 k 0 0 (5.33)
0 0 0 k 0
[ 00 0 0 k|
[0 0 -1 -1 0 ]
00 0 1 -1
Jss=|1 0 0 0 0 (5.34)
1 10 0 0
001 0 0 0|
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by 0 0 000
L=10 8 o Joz=100 0 (5.35)
0 0 b 1000
-1 -1 ]
0 1 -1 1 0 000
Jse=10 0 0| Js=|1 21000 (5.36)
' 0 0 o 0 1 000
0 0 o0
With these matrices the dynamic A matrix of the system is obtained as:
—-anj—lbl ;—% k1 —ky O
b ba+b
A=| L 0 0 0 0 (5.37)
1 - 0 0
mi m2
0 L 0 0 0
L my A

The eigenvalues, and the right and left eigenvector matrices of matrix A are

computed as:

A2 = -—1.5000 - 1.9365;
Azq4 = —0.5000 % 1.3229;
A =0
U = [ U Uy Uz uy uj ] (538)

vV = [vl Vs Vs Vg v5] (5.39)



where
[ ~0.4193 4 0.3060; [ —0.4193 — 0.3960: ]
© 0.4193 - 0.39691 " 0.4193 + 0.3060;
M= 02329400361 |Lu= | 0.2320 - 0,031
0.4658 + 00722 0.4658 — 0.0722i
| ~0.2329 - 0.0361; | —02329.+0.0361i
[ 0.3906 + 0.4252; | [ 0.3906 — 0.425; | [ o0 ]
0.3906 -+ 0.4252 0.3906 — 0.4252; 0
Us = | 0.1836 —0.3646i | ,us= | 0.1836+0.3646; | ,u5 = | —0.5774
0 0 0.5774
| 0.1836 ~ 0.3646; | | 0.1836 +0.3646 | 05774 |
and
[ —0.0838 + 0.5413; | [ —0.0838 — 0.5413; |
0.0838 — 0.5413; 0.0838 -+ 0.5413;
vi=| 0.3075+0.3248 |,va=| 0.3075— 0.3248;
0.6149 -+ 0.6495 0.6149 — 0.6495;
| —0.3075 - 0.3248i | | —0.3075+0.3248;
[ 0.4135 + 0.208% | [ 0.4135 - 0.2082; | [ 0 ]
0.4135 + 0.2082i 0.4135 — 0.2082i 0
Va= | 0.4821 - 0.4420; | ,va= | 0.4821+0.4420; | ,vs= | —05774
0 0 0.5774
0.4821 — 0.44294 | 0.4821+0.442; | 0.5774

133
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Additionally, the effect matrices are calculated as:

[ 0.7746 0.7746 0.1291 0.5164 0.1291
0.7746 0.7746 0.1291 0.5164 0.1291
Erc.= 1 0.3780 03780 0.1800 0.0000 0.1890 (5.40)
0.3780 0.3780 0.1890 0.0000 0.1890
| 0.0000 0.0000 0.0000 0.0000 0.0000

and

03162 1.2649 0.3162 ]
0.3162 1.2649 0.3162
Er= 02673 0.0000 0.2673 (5.41)
0.2673 0.0000 0.2673
| 0.0000 0.0000 0.0000

Upon examination of the effect matrices, one can immediately see that the physi-
cal parameters ky and b, has no influence on Az4 = —0.500041.3229; as their values are
exactly zero. These values are shown in bold case in the matrices. The application of
the sub-procedure outlined in Section 5.4.1 produces the two subsystems of Figure 5.6.

It is also noted that the effect matrices indicate the symmetry of the system.

(a) Subsystem 1 (b) Subsystem 2

Figure 5.6. Subsystems of the SISO physical system

From this point, if the physical domain model reduction given in Section 3.7 is
worked out as usual, the simulated results are as shown in Figure 5.7. In this type of

| physical model reduction procedures there can be a DC gain discrepancy between the
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Figure 5.7. Comparison of full order and reduced order model with uniform

parameters
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reduced and the ful }order models that can be corrected easily. The DC gain difference
may occur in cases where some barameters are eliminated without compensating their
effects on the system as described previously. As it can be seen from these figures,

the results are acceptable and the reduced order model provides a good approximation
with this modification of gain, »

5.6. Conclusions

In this chapter, a set of theorems and definitions that lead to an efficient procedﬁre
for the identification of subsystems and / or components that determine a given eigen-
value of the overa]l system is proposed. In the procedure, a special type of state-space
description obtained"from bond graphs is utilized. After the calculation of eigenvectors
and the defined effect matrices, the relative importance of physical parameters in a
selec'ged eigenvalue is readily obtained. Furthermore two physical based model reduc-
tion procedures are explained: a sub-procedure is given to improve the decomposition
based physical model reduction method, and one new procedure is given that utilizes

the effect matrices. Three examples are given to illustrate the results.
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6. DISCUSSION » CONCLUSIONS AND
RECOMMENDATION S FOR FUTURE WORK

Establishing relations between the physical components of a, system and its dy-
namic behavior is an interesting and important topic. With the understanding of such a

relation, desirable dynamic behavior of a system can be achieved by appropriate choices

of its parameters and structures. Additionally, simplified models of the systems having

several advantages including the reduction of computational complexity and improved
understanding of the original system structure can be obtained. Thus, this thesis is
concerned with obtaining physical based low order approximations of linear physical
systems. For this purpose several methodologies are presented in order to provide

useful information about the physical systems and appropriate physical reduced order
models.

The thesis has presented a fundamental framework for a systematic modél reduc-
tion in the physical domain. For this purpose, the relationship between the components
of the system in bond graph representation is explored. Based on this exploration, ex-
isting decomposition procedures are utilized to identify different behavior of dynamic
systems. In addition, past researches on physical domain model reduction methods are
reconsidered. Advantages and restrictions of some of the past work are reviewed and
new concepts are proposed. For example, a relation between partial fraction expansion
residues émd Hankel singular values is presented. This relationship indicates that the
presented physical domain model reduction procedure based on partial fraction expan-
sion residues and balanced truncation methods are in fact very -close to each other,
as residues and HSVs provide similar results. This leads to the explanation of the

eigenvalues obtained from balanced truncation t)/pe of approaches.

The approaches in this thesis can be applied to both SISO and MIMO systems.
Furthermore, as an approximate eigenvalue distribution is obtained by using the exiting

- decomposition procedures, a suitable reduced order model for specific inputs (with
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specific frequency content) can be selected in a straightforward way. This reduces
the computational effort that occurs in purely numerical techniques. In numerical
techniques such as the balanced truncation type of approaches, the reduced order model
needs to be calculated from the beglnmng for different inputs. On:the contrary, the
decomposition procedures explained in this thesis enable the user to directly select the

appropriate reduced order mode] by looking at the partial fraction expansion residue

information and the corresponding subsystems.

One of the proposed methodologies exploits the idea of decomposition of physical
systems suitable for the identification of dominant subsystems. Most of the previous
model reduction techniques use numerical approaches and the resulting reduced order
model does not have g physical relevance to the original system. Physical based model
reduction methods making use of the bond graphs and power and energy level infor-
mation eliminate elements that are considered unnecessary without indicating which
subsystems to remove in g systemic perspective view. In contrast, the proposed model
reduction procedures are directly implemented on the model providing a better per-
ception of the physical model reduction and a better design point of view. In addition
to this feature, the simple and the extended decomposition procedures in the literature
that are used to identify, i) fast-slow dynamics, ii) high-low frequency oscillation modes
and, iii) heavily-lightly damped dynamic subsystems are utilized to obtain a system-
atic physical model reduction procedure. The additional use of type (ii) and type (iii)
dynamlc subsystems in conjunction with the residues and eigenvalues information for
model reduction constitutes the main contribution of this first approach. The relevant
physical subsystems are retained by assessmg the magnitude of the residues of the full

model.

Although this approach of physical model reduction is efficient, when a system
has uniform parameters or has numerically same loop gains, it may fail to identify all
of the eigenvalues (modes) of the system. For such cases a, sub-procedure that utilizes a
previous work on identifying irrelevant components for a given eigenvalue is presented.
The sub-procedure relies on the computation of exact ‘zero’ components in the eigen-

vectors which is considered as the shortcoming of the approach. This shortcoming of
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the procedure led to:a detailed research on the computation of eigenvalues and eigen-
vectors from state-space equations and their relationship to eigenvalue sensitivity. This

analysis provided the background for a second methodology of physical domain model

reduction.

Thus, as a second methodology, the identification of subsystems and / or com-
ponents that determine g given eigenvalue of the overa]] system has been explored and
the effect matrix method has been produced. In the thesis a set of theorems and def-
initions are given that lead to an efficient procedure for this aim. In this procedure,
a specific bond graph state-space representation of dynamic systems is utilized as it
led to better understanding of the system structure. In fact, the use of this special
form of state-space representation that is obtained directly from bond graphs enabled
the identification of relative importance of components to a selected eigenvalue. This
is accomplished by the calculation of eigenvectors and then constructing two ‘effect’
matrices, namely one for energy storage elements and one for energy dissipation ele-

ments. Furthermore, an efficient physical domain model reduction procedure is given

that utilizes these effect matrices.

Several examples have been presented which include real engineering systems,
such as the multi-energy domain arm-prosthesis system. Through the presented ex-
amples the advantages of using the physical domain mode] reduction procedures are
explained. Additionally, their usefulness in identifying the subsystems and then helping
the céntrol engineer to modify the system dynamics to eliminate undesirable behavior

is presented.

For future research one of the areas is the nonlinear systems. For this purpose,
existing analogies between nonlinear components relating total system variables and
linearized models relating incremental system variables can be explored. As bond
graphs can also be used to model nonlinear systems, physically reduced nonlinear
systems may be obtained. Thus, different set of procedures for the decomposition of

nonlinear systems may be constructed following the framework of this thesis.
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As a second research topic, the robust performance analysis of physically reduced
uncertain systems may be studied. The coefficients of physically based models are often
only known within certain bounds. Such parameter uncertainty complicates the control
design problem. As eliminating all uncertainty is not a realistic option, formulating the
model in such a way that its behavior over key freqﬁency ranges can be determined,
becomes important, Beginning with the work of Kharitonov, a large body of theory
concerning interval polynomials has been developed. With a model expressed in the
form of a ratio of interval polynomials, robust controllers can be designed and system
performance information such as the bounds of Nyquist plots and bounds of Bode plots
can be readily obtained. Although this is the case, there is little work that has been
done for the analysis of reduced order uncertain models. Thus by somehow combining
the decomposition procedures and/or the effect matrices introduced in this thesis with
the interval plant models of the physically reduced uncertain systems, this problem

may be addressed.
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APPENDIX A: KRONECKER ALGEBRA IN SYSTEM
THEORY

In this appendix the 1 Xn unit matrix is denoted as I.. The kth row of a matrix

such as A will be denoted Ay, and the kth column will be denoted as A . The ik

element of A will be denoted as Q.

The Kronecker product of A (pxgq) and B (m x n)

is denoted A®B is a pm x qn
matrix defined by

!_ a11B algB v aqu
B
AgBA | ™ (A1)
| anB a, B |

Additionally, the Kronecker sum [27] of N (n x 1) and M (m x m) is defined by

(A.2)
An important vector valued function of g matrix was defined by Neudecker [76] as
[ A,
A
vec(A) & _‘2 (A.3)
(pgx1) D
| Aa |

Table A.1 gives some important theorems on the algebra of Kronecker products. The

dimensions of matrices and vectors used in this table is as follows:

A(p x q) B(s x t) C(r x 1) D(g x s)
H(p x q) M(mxm) N(n x n) R(s x t)
z(zx1)

G(t x u)
W(s x p)



Table A.1. Some theorems on algebra of Kronecker products

Theorems References
(A®B)®C=A®(BgC) 27]
(A+H)®(B+R)=A®B+A®R+H®B+H®R [27]
(A®B)T = AT @ BT [27]
(A®B)(D ®G)=AD®BG [27]
(N®M)™! = N-1 g M-! [27]
det(N ® M) = (det(N))m(det(M))" [27]
trace(N ® M) = trace(N Jtrace(M) [27]
In®N)M®L,)=(Me L)(I» ® N) [76]
exp(N ® M) = exp(N) ® exp(M) [76]
vec(ADB) = (BT ® A)vec(D) [77]
N ® M is positive definite if N ,» M are symmetric and sign
definite of the same sigﬁ. N ® M is negative definite if N ,
M are sign definite of opposite sign.
N and M are symmetric and sign definite of the same sign
then N ® M is also sign definite of that sign.
LRz2A=A®z
A, ®zT) = A®2T
vec(A + H) = vec(A) + vec(H)
AR — A Q Ak [27]
(AD)* = A*D* [27]
vec(AD) = (I, ® A)vec(D)

= (DT ®I,)vec(A) [27]

= (DT ® A)vec(l,)
trace(ADW) = (vec(AT))T(I, ® D)vec(W) [77]
trace(ATH) = (vec(AT))vec(H) [77]
vec(AD) = i(DT).k ® Ak [77] |

. —
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APPENDIX B: STEADY-STATE CONSIDERATIONS

Steady-state rgSponse is the behavior of the system outputs as time approaches

infinity. The steady-state solution of dynamic systems with constant inputs is also

often of interest,.

As discussed in Chapter 3, when the decomposition based physical model reduc-
tion procedure is used, there might be a steady-state error (DC gain difference), if
Some components are eliminated without adding their effects to elsewhere (or combin-
ing them with other parameters/components appropriately). In this appendix, bond

graphs are employed to obtain information about steady-state [65].
B.1. Calbulating Steady-State Error from Bond Graphs

It is well known that, one way of calculating the steady-state values is the use of

algebra. Namely, at steady-state, x = 0, then

X =Ax+ Bu (B.1)
= X5 = —A"'Bu,, (B.2)

and!!
y=Cx = Yss = sts (B3)

When A is singular, x,, cannot be calculated by Equation (B.2). As a result,

parameters that are responsible for the steady-state solution cannot be detected.

1! Here, u,, is the constant value of the input at steady-state, i.e. if the input is a step, then this
step value will be ug;,.
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In order to eliminate such problems and to get more information from the system
structure, one can use a procedure on bond graphs to get the steady-state solution,
Just by solving a set of algebraic equations [78]. In this appendix, a slightly different
algorithm than [78] will be presented to obtain the steady-state solution [65]:

i. Complete causality assignment on the bond graph,
ii. Remove energy'storage elements with derivative causality,

iii. Replace remaining energy storage elements by sources with the same causality

(ie. C— S, and I — §),
iv. Write down new junction equations,

v. Set output of newly added sources to zero and solve for their inputs. These values

will be the steady-state values of their corresponding states!? .

Now we will briefly go over the 5th order physical system of Chapter 4, while

keeping in mind the discussion above.

B.2. A 5th Order Physical System

In Chapter 4 of this thesis, it is indicated that, for the 5th order physical system
we have a very small steady-state error (DC gain difference). Basically, this error can

be compensated by one of the three approaches:

1. By 'adding a gain to the reduced order model with a numerical value of E%;’

2. By increasing the order of the reduced order system (with increasing the number
of subsystems retained),

3. By computing the steady-state error, and thén modifying the reduced order model

accordingly [79)].

Note that, in the first approach, adding a gain may lead to incorrect results in the

transient region of the simulation.

12 This algorithm is similar to setting the derivatives of the states to zero, in order to calculate
the steady-state values.
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Here, for this 5th order system, the first approach will be presented. The com-

pensated simulation results with the modified DC gain and the same parameters as

before can be seen in Figure B.1.

09 Comparison of step responses (with modified DC gain)
<09 T T T T T T T T

Comparison of Frequency Responses (with modified gain)
50 T T T T

Y and Yred

: : : : Original system
oall i | Rdsceddermoge

1 i } " L i i 1 )
[} 5 10 15 20 25 30 35 40 45 50
Time [sec]

10
Frequency [rad/sec]

(a) Comparison of step responses (b) Comparison of Bode plots
Figure B.1. Comparison of full order and reduced order model of the 5th order

physical system with modified DC gain

Now, let’s calculate the steady-state values from the bond graph. The modified

bond graph representation of this physical system with the discussion on steady-state

can be seen in Figuré B.2.

Sty R:b,y

R3b3
Sguy S¢iug

Figure B.2. Modified bond graph representation of the 5th order system
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In this figure, u;, us, us, uy and us are the extra inputs!® . Then the steady-state
calculations are;

F* = F, —u; — bjug — uy — ba(us — us)
F* = ug+ by(ug — us) — uz — baus
Y = Uy (B.4)
Yo = Usg—Us
Ys = us

By setting F* = F** = y; = ¢ = y3 = 0 and solving for u;’s one gets:

Uy = Fu — Uy = Fk1_,s = Fu — Fk%s
U = U3 = szss = Fkass (BS)

Uy =us; =0 = .’1.3135=£.52”=0

Furthermore, if desired, one can calculate the steady-state values of the positions

by replacing forces on springs by their equations (force = spring constant x position):

Fu = klxlss + k;2(mlss - xzss)
ka(21,, — 22,,) = ksza, (B.6)
_ kptkg _ ko Fy
= Ty, = F0T,, and 1, Tt o) (et Ra) =2

Notice that, this solution reveals important information about the system struc-
ture. For example, it is observed that Fy, = Fy,,, no matter what values one picks for
ko and k3. This kind of information can easily be used in future designs and analyzes

of this physical system.

13Keep in mind that u1,us,us,us and us will give the steady-state values of Fryy Fry, Fryy 1
and g, respectively.
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APPENDIX C: MIMO RESIDUE METHOD FOR MODEL
REDUCTION

The model approximation idea is to preserve all of the important modes of the
‘truth’ model in the low-frequency region. The neglected dynamics will be taken care
of in the description of the modeling uncertainty. The stability robustness of the

reduced-order design will be guaranteed by singular value inequalities.

The MIMO residue method offers a straightforward and powerful method for
model simplification [80]. The idea behind the MIMO residual method for model

reduction is simple and is outlined here:

Consider the state-space description of a ‘square’ linear time-invariant system

with the same number of inputs and outputs,

x(t) = Ax(t)+Bu(t)
y(t) = Cx(t) (C.1)

with x(t) € R™, u(t) € R? and y(t) € RP.
Let \; (i =1,2,...,n) be the distinct eigenvalues of A, u; the corresponding right

eigenvector (column vector), and v7 the corresponding left eigenvector (row vector).

Thus, fori=1,2,...,n,

1 12
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In the frequency domain, the system of Equation (C.1) is represented by the p x p

transfer function matrix G(s) so that

y(s) = G(s)u(s) - (C.3)
where
G(s)=C(sI-A)"'B | (C.4)

Under the assumption of distinct eigenvalues (poles of G(s)), the MIMO partial fraction

expansion is

_v_ R < Ri/A
6= T = L -1 ()

i=1 i=1

The p x p (complex-valued) matrix R; is called the residue matrix at pole s = \;
i =1,2,...,n. Theresidue matrices can be readily calculated from the time-domain de-

scription (Equation (C.1)) and the left and right eigenvectors defined in Equation (C.2)

as follows:

R; = Cu,vIB (C.6)

For s = jw, Equation (C.5) reduces to

G(jw) = ; W (C.7)

The magnitude of each residue matrix provides a measure of the importance of the con-

tribution of the corresponding pole in the MIMO input/output system description [80].

- Using the MIMO residues a straightforward model simplification method can be

performed as follows [80]:
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The choice of the poles to be retained and the poles to be neglected should
be made in accordance of the magnitude of the residue matrix and of the pole loca-
tion (freQuency) relafive to the bandwidth specifications. For example, a pole that has
a ‘large’ residue matrix may be neglected if its frequency is much higher than the de-
sired crossover frequenéy. A pole within the desired bandwidth may also be neglected
provided that its residue matrix is ‘small’, a characteristic of approximate MIMO pole-

zero cancellation. A step-by-step model reduction method explained in [80] will be

presented here:

Assume that the reduced model G,(s) of order r is of the form

N-
~~
-
N
[

Fz(t) + Gu(t) | (C.8)
y(t) = Ha(t)+ Du(t) (C.9)

with z(t) € R", u(t) € R? and y(t) € R?, r > n, and

z(t) = Kx(t) (C.10)

where K is an 7 Xn constant matrix. Note that the physical significance and dimensions

of the control u(t) and output y(t) have been retained. The five step model reduction

method is as follows [80]:

1. Write the systé}n transfer function matrix in the residue matrix sum as in Equa-
tion (C.7) and find the magnitude of the residue matrices (any norm can be used).
According to the crossover specifications a.nd the magnitude of the residues, decide
which poles will be eliminated. Suppose that the reduced model has as eigenvalues
the subset of the A matrix eigenvalues [A1(A), ..., A.(A)], suitably arranged.

2. Define the matrix

T= | (C.11)
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where

1 for each distinct real eigenvalue that is retained,
Ty, = 1/2 —j/2 : ,
for each complex pair of eigenvalues retained.
/2 j/2
J
and Z = dim(T}) = r.

k=1
- Calculate the matrix K in Equation (C.10) by

vi
K=(T)1] : (C.12)
\a
and the matrix M by
M= (uy,...,u,)T (C.13)

with the u; and v; defined in Equation (C.2).

- The matrices in the reduced-state space model (Equations (C.8) and (C.9)) are
computed by

F = KAM (C.14)
G = KB (C.15)
H = CcM (C.16)
~ R;
D = L (C.17)
i——;l (=)
where (Ar41,. .., An) are the neglected eigenvalues. Note that the transfer function

of the reduced model G, (s), given by (Equations (C.8) and (C.9)) is

G (s)=H(I-F)!G+D (C.18)
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and that
_v_R/A & R
0= w1t 2 g (.19

Thus, the original model and the reduced model agree at DC (s = 0).
5. Plot the singular values versus frequency of both the original and reduced systems.

If the differences are significant go to Step 1 and redefine the eigenvalue set to be

retained.

C.1. An Example

The results of this model reduction procedure will be illustrated by an example.

A Jordan form system is selected to give a concise argument.

Consider the MIMO system,

-

-1 0 0 10
X = 0 =92 O0(x+]0 1 ]|u=Ax+Bu (C.20)
0 0 -10 20
(100
z = x=Cx (C.21)
011

The eigenvectors are given by u; = €, Vi = €, 1 = 1,2,3, with e; the ith column of

the 3 x 3 identity matrix. Thus, the transfer function is given by the partial fraction

expansion
_ R R, Rj3
&) =it i T (C.22)
with
10 0 0 00 ’
Rl = 3 R2 = ) R3 = (C.23)



152

To find the reduced order system that retains the poles at A = —1 and A = —2, define

10
10 1 00
T = , K= N M=|0 1 (C.24)
0.1 010
and compute the approximate system
[ 1 0 10
'z = z + u=Fz+ Gu (C.25)
0 -2 01
-
10 00
y = z+ u=Hz+ Du (C.26)
01 0.2 0
This has a transfer function of
R, R,
G,(s) = D 27
(5) s+1 s+2 + : (C.27)

Singular value plots of the original plant (Equations (C.20) and (C.21)) and the reduced
order approximation (Equations (C.25) and (C.26)) are shown in Figure C.1.

Singular Values

10

0 ......................................

B 11] SEETERERPSPRPI SRR SIS Aes SR o S S S
=)
=, =20 e e e NG L S TN
v
E
<
> 30k i
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%" —gof...| T Orginalsystemo ) 1 c TN

—— Original system S in

.~.. Reduced system 6
max | .,

... Reduced systemo . :
min

10° 10' 10°
Frequency [rad/sec]

Figure C.1. Singular value plots of the original and reduced order systems
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