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ABSTRACT

GENERAL UNITARY QUANTUM GROUPS AND
GENERALIZED FERMION ALGEBRAS

Since the middle of the twentieth century, physicists have concentrated on find-
ing quantum counterparts of classical systems. When a classical system is quantized its
invariance group may still be a classical group. In the nineteen-eighties it was shown
that when some classical systems are quantized, their classical group becomes a quan-
tum group so that the system is invariant under a quantum group. So quantum groups

play an important role in carrying physical properties to the quantum world.

In this thesis, after presenting structure of Hopf algebra as a quantum group,
structure of matrix quantum groups are investigated using inhomogeneous quantum
groups, fermionic inhomogeneous orthogonal quantum invariance groups FI0O, and
bosonic inhomogeneous symplectic quantum invariance groups BI1.Sp. Then using in-
variance quantum groups of orthofermion algebra a general structure for unitary quan-
tum groups are constructed in chapter three. Commuting fermion algebra is defined
using the Heisenberg spin algebra and its inhomogeneous quantum group is defined in

chapter four. Chapter three and chapter four of the thesis is based on original research.



OZET

GENEL UNITER KUANTUM GRUPLARI VE
GENELLESTIRILMIiS FERMION CEBRI

Yirminci ytizyilin ortalarindan itibaren fizikgiler klasik sistemlerin kuantum kar-
siliginin bulunmasina yogunlasmislardir. Bir klasik sistem kuantize oldugu zaman onun
degismezlik grubu hala bir klasik grup olabilir. 1980’lerde gosterildi ki, bazi klasik
sistemler kuantize oldugu zaman onlarin klasik grubu bir kuantum grubuna doniistir.
Hem de sistem kuantum grubu altinda degismezdir. Demek ki kuantum gruplari fiziksel

ozellikleri kuantum diinyasina tasimakta 6nemli bir rol oynarlar.

Bu tezde, bir Kuantum Grup olarak Hopf Cebri yapisi sunulduktan sonra, ho-
mojen olmayan Kuantum Gruplar1 fermionik homojen olmayan degismezlik Kuantum
Grubu, F'IO ve bozonik homojen olmayan degismezlik Kuantum Grubu, BISp kul-
lanilarak matris Kuantum Gruplarinin yapisi incelenmistir. Daha sonra Ortofermiyon
cebrinin degismezlik Kuantum Grubu kullanilarak iiniter Kuantum Gruplar icin genel
bir yapisi ii¢iinc tinitede insa edilmistir. Degismeli fermiyon cebri Heisenberg spin cebri
kullanilarak tanimlanmis ve degismeli fermiyon cebrinin homojen olmayan degismezlik
Kuantum Grubu dérdiincii tinitede tammlanmstir.  Unite ii¢ ve dért tezin orjinal

arastirmaya dayali kisimlaridir.
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1. INTRODUCTION

Symmetry transformations based on Lie groups and Lie algebras are most known
in all areas of physics. Symmetry transformations are algebraic objects and they con-
tain Lie groups and Lie algebras as special cases. Theory of quantum integrable systems
has initiated a new type of symmetry and mathematical objects called quantum groups.
The quantum groups are related to usual Lie groups as quantum mechanics is related

to its classical limit[1].

Quantum groups or in other words Hopf Algebras are generalization of group
concept. They have rich mathematical structure and numerous roles in situations
where ordinary groups are not adequate. What is a quantum group basically? To give
an answer to this question first one should explain what a group is. Basically a group
is a collection of invertible transformations. This is the role of symmetry. Invertible
transformation means that every individual element of transformation is invertible. For
the quantum groups instead of inverse there is a weaker statement which is antipode
S. In the definition of antipode every individual elements does not have an inverse but

the linear combinations of the elements are invertible[2].

Construction of quantum groups are based on different approaches. One is Drin-
feld’s approach[3], which is based on deformation of a Lie group. In Drinfeld’s ap-
proach, quantum groups arise as Hopf algebras depending on an auxiliary parameter
q or h, which become universal enveloping algebras of a certain Lie algebra, frequently
semisimple or affine, when ¢ = 1 or h = 0. Distinct but related objects, also called
quantum groups, are deformations of the algebra of functions on a semisimple algebraic

group or a compact Lie group.

Another approach is Woronowicz’s[4]. His approach is completely different from
Drinfeld’s approach and this approach is the theory of quantum groups of matrix type.
These are called matrix quantum groups and they generalize the idea of groups whose

elements are matrices. Matrix quantum groups are abstract structures on which the



“continuous functions” on the structure are given by elements of a C* algebra. The ge-
ometry of a matrix quantum group is a special case of a noncommutative geometry. The
general idea of noncommutative geometry arose in the early half of this century with
an important theorem of I. Gel’fand and M.A. Naimark. The origin of Woronowicz’s
approach is Connes’s general considerations of non-commutative geometry[5]. Gel’fand-
Naimark theorem, which has been inspiration to quantum matrix groups, shows that
every commutative C*-algebra with a norm is necessarily the algebra of continuous
functions on some topological space. The most common example of C* algebra is alge-
bra of n x n matrices and hermitian conjugates are defined with —* operation. Given
any space V we can consider the algebra of functions on it, and work directly with
this algebra in place of V itself (so the dual quantum groups in this chapter are in
this setting). The algebra is necessarily commutative because if f, g are two functions,
then (fg)(z) = f(x)g(z) = g(x)f(z) = (9f)(x). Every element has a norm and, over
C there is a *x structure. A noncommutative version of the Gel’fand-Naimark theorem

does not exist. However this idea has been a motivation for Hopf algebras.

Both Drinfeld’s and Woronowicz’s approaches are unified in Hopf algebra. Hopf
algebras have constructed before quantum groups. The notion of Hopf algebra was
constructed first in [6], and also in [7]. A striking feature of quantum group theory
is the surprising connections with many, sometimes at first glance unrelated, branches
of mathematics and physics. There are links with mathematical fields such as Lie
groups, Lie algebras and their representations, special functions, operator algebras
and noncommutative geometry[8]. Also quantum groups are used in various fields of
physics, such as conformal field theory[9], quantum gravity[10] solvable lattice models

in statistical physics[11].



2. QUANTUM GROUPS

The theory of quantum integrable systems has initiated a new type of symme-
try and this mathematical object is called “quantum groups”. A ring of polynomial
functions on an affine algebraic group G is a bialgebra with an antipode. This bial-
gebra is commutative. Dropping this condition of commutativity, we get the general
notion of a Hopf algebra, which is a formalization of the intuitive notion of a quan-
tum group[12]. For mathematical language of quantum groups Hopf algebra structure

should be investigated.
2.1. Hopf Algebras
A Hopf algebra H is a bialgebra with an antipode S. A morphism of Hopf algebras
is a morphism between the underlying bialgebras commuting with the antipodes. A
bialgebra B carries both algebra and coalgebra structures in a compatible way. An
algebra is given by a triple (A, u, ) where A is vector space, u is multiplication map

i A®A — A and 7 is unit map n : K — A . They satisfy the following relations.

po(id®pu) =po (p®id) associativity, (2.1)

po(id®n) =po(n®id) =id existence of unit . (2.2)

A coalgebra is a triple (C, A, €) where C is a vector space, A is comultiplication

(coproduct) map A : C — C ® C where they satisfy the following relations

(A®id)o A= (id® A) oA coassociativity, (2.3)

This property can also be iterated by defining,

Ap = Ao (id®A) = Ao (A®id), (2.4)



so that one has
A = Ao (id ® Ap)) = Ao (Ap) ®@id), (2.5)
in general
Apy = Ao (id® Ap-1)) = Ao (Ap_1) ® id) (2.6)

In Sweedler’s notation, the coproduct for h € C is the formal sum of the elements of

algebra

Ay(h) =) i @hy @+ @ hniy (2.7)
h

and € is counit map € : C - K
(ild®e)oA=(e®id) oA =1id existence of counit, (2.8)
so that

D e(ha)hy = hie(hg) = h (2.9)
h h
The concept of coalgebra is the dual to the concept of an algebra. Also the dual
vector space of a finite dimensional algebra has coalgebra structure. The duality is
represented by the symbol *. For example the dual of the multiplication map is the
comultiplication (coproduct) map: p* = A. Using the equations (2.1, 2.2, 2.3, 2.8)
a bialgebra structure is defined. Bialgebra structure B(u, A, 7, €) is obtained by
introducing the coalgebra and algebra on the same vector space in a “compatible” way.

This is called the connecting axiom. The connecting axiom is:

Aop=p®po(AxA) (2.10)



In addition to these structures there are three more bialgebra structures. These
are BOP, B€°P and BOP> “OP which are obtained from B by taking the opposite of either
the algebra or coalgebra structure or of both of them. That is B°P has the opposite
multiplication map pger and the comultiplication of B, B“P has the multiplication
of B and the opposite comultiplication Agcop, and BOP: “OP carries the opposite

multiplication pger and opposite comultiplication Agcop.
A bialgebra does not necessarily have an antipode. For a Hopf algebra, a bialgebra
B has to have an antipode. It is proved to be an antihomomorphism. The antipode
satisfies following axiom
(1x8)=(S*1):=po(id®S)oA=po(S®id)oA=noe. (2.11)
The equation 2.11 can be written as
Z S(aqy)ap) = €(a)l = Zals(GQ). (2.12)

The antipode of a Hopf algebra is unique and obeys

S(xy) = S(y)S(=), (2.13)

~— —

Y2225 (Ye)T ) (2.14)

= > e(z)e(ym) Sy @) = S(y).

There are four type Hopf algebras which are generated from B, BYP, B¢P and
BOP:COP | They are shown as H, H°P, HP and HOP-¢OP,



2.2. Dual Pairing Of Hopf Algebras

The axioms of a Hopf algebra are self-dual by reversing arrows and interchanging
A, e with p, n gives the same set of axioms. A coalgebra A defines an algebra on the
dual linear space and in the finite dimensional case an algebra defines a coalgebra on
the dual. Thus, every finite dimensonal Hopf algebra has a dual Hopf algebra. For a
finite dimensional Hopf algebra H the dual vector space H' is an algebra with respect

to the multiplication

fo(a) == (f @ g)Aa) = > flaq))g(as). (2.15)

For f € H' a functional is defined A(f) € (H®H) by A(f)(a®b) := (fou)(a®b) =
f(ab) where a, b € H. The algebra H' equipped with the comultiplication A becomes
a Hopf algebra. The antipode, the counit and unit element of this Hopf algebra H' are
given by (Sf)(a) = f(S(a)), e (f) = f(1) and 1z (a) = €(a). So the Hopf algebra H’
is obtained by “dualizing” the structure maps of the Hopf algebra H. A dual pairing

of two bialgebras B and B’ is a bilinear mapping

(AB(f), a1 ® az) = (f, a1a2), (2.16)
(fifo,a) = (fr @ fo, Ap(a)), (2.17)
(1,a) = e(a), (2.18)
e(f1) = (f1,1), (2.19)

(Sfi,a) = (f1, Sa). (2.20)



A x— vector space means that a vector space C over the field K endowed with
mapping a — a* called an involution and denoted by *. The properties of involution is:
(v + Bw)* = aw* + fw* and (v*)* = v where v and w € C and o, 8 € K. Recall that
a *— algebra is an associative algebra A (with unit)together with a mapping a — a*

such that A becomes a x-vector space and (ab)* = b*a* for all a, b € A.

A coalgebra C* is called a - coalgebra if C* is equipped with an involution * such
that C* is a x-vector space. For a * coalgebra the property is so obvious, A(a*) = A(a)*

for a € C*, the involution of C* ® C* is defined by (a ® b)* = a* ® b*.

A x- bialgebra is a bialgebra B with an involution for which B is both a x-algebra
and a x-coalgebra. A Hopf algebra which is a - bialgebra is called a Hopf *-algebra.

2.3. Universal Enveloping Algebra As An Example of Hopf Algebra

The universal enveloping algebra U(g) is defined as the quotient algebra of the
tensor algebra T'(g) of a vector space g by the two sided ideal J, where g is a Lie
algebra. Universal enveloping algebra carries a cocommutative and noncommutative

Hopf algebra. Tensor algebra is defined as;
inf
T(g)=1Pe°k=10gd (g0g) & (2.21)
k=1
The tensor algebra ignores the Lie algebra structure of the vector space g and the
universal enveloping algebra U(g) is generated by the relations

Therefore U(g) is the subalgebra of T'(g) generated by the two sided ideal J generated
by the elements of type (2.22). This is denoted by U(g) = T(g)/J. The universal



enveloping algebra carries a natural Hopf algebra structure. The coproduct is
AX)=X®1+1®X. (2.23)
The coproduct is an algebra morphism and
A(X:, X)) =1 [ X, X+ (X, X @ L (2.24)
The other Hopf algebra structure maps are ¢(X;) = 0, and S(X;) = —X.
2.4. F10(2d) and BISp(2d)

The most important example for matrix quantum group is the inhomogeneous
quantum invariance group of particle algebras. For fermion algebra this quantum group
is called as the fermionic inhomogeneous orthogonal quantum group, F10(2d)[13, 14].
Also for bosons it is called, the bosonic inhomogeneous symplectic quantum group,
BISp(2d). The operators of fermion(boson) algebra are considered as module algebras
over a Hopf algebra. Now the module algebra should be defined. Since there are two
types of modules which are left and right modules. The left A module algebra is an
algebra x which is as a left A module such that u: xy ® x — x and n : K — x are left
A module homomorphisms. If a a > x denotes the action of a € A on z € Y, the two

latter conditions mean that

at> (xy) = Z(ai > x)(as > y), (2.25)

and

a1 =e(a)l. (2.26)



Likewise an algebra y is called a right A module algebra if it is a right A module with

action, denoted by <1, such that

(zy) <a=> (z<tald))(y<as), (2.27)

and
1<a=¢(a)l (2.28)

We should give the definiton of left and right modules. The vector pace V is called a left
A module if there exists a linear mapping ¢ : A®V — V| written as ¢(a®@v) = a>wv,
such that (ab)>v =a> (b>wv)and 1>v = v for all a,b € A and v € V. Then ¢
is called left action of A on V. A right A module is a vector space V with a linear
mapping ¢ : V®A — V, called right action of A on V' and written an ¢(v®a) = v<a,
such that v < (ab) = (v<a)<band v =v <1 for all a,b € A and v € V. By assuming
some relations among the elements of the matrix Quantum Groups, one looks for the
consistency conditions that yield a Hopf algebra structure. Also, the matrix Quantum

Groups introduced here do not contain deformation parameter.
The boson(fermion) algebra is defined via creation and annihilation operators
cinc;], = 16y, (2.29)
and

iy cily = 0. (2.30)

Now, we make an inhomogeneous linear transformation on creation and annihi-



10

lation operators.

C; o Bk Vi Ck
g =1 Br o w [®] a | (2.31)
1 0 0 1 1

G = @+ PR+ 1,

&= ah,Rci+ 6L+ @1, i, k=1,2---d. (2.32)

The creation and annihilation operators belong to algebra A. We want that the ele-
ments of the transformation oy, G and ~; belong to Hopf algebra H. The transfor-

mation matrix can be written in terms of block matrices.

ik Bik | Vi
M\|T
T= e Q|| T ’ (2.33)
011
0 0|1

where M is homogeneous part of transformation matrix 7" and I' is inhomogeneous
part. Using transformed operators in the algebra one can get the relation between the

elements of transformation. For example;

[c;,cﬂi = [(aa®@ca+Bik®@c+7%m®1), (i@ +Bi@c +v,@1)],
= Qp @ 0 £ Qi @ ey,
BixBj @ cpei £ B @ cf ¢y,
ik @ cxe] £ B, @ ¢k (2.34)

Bivaji @ cpep + afie @ cieg + [V, 7]+ ® 1

+ o+ o+ o+

{1Birs Vil + [vis Bkl } ® ¢ + {levi, vil+ + i, o] £} ® e

From equation (2.34) it can be seen that

[aik,ajl] = O, (235)
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[iBp] = 0, (2.36)

[Bir, Bl =0, (2.37)

[, ], = 0, (2.38)
[Biksvile = 0. (2.39)

aikﬁjk + @'kajk + [% ’Yj]i =0. (2-40)

Using the transformed operators in equation (2.30) the relation between the elements

of transformation can be found. The relations are,

i, ] =0, (2.41)
laaBi] = 0, (2.42)
[Bir 5] = 0, (2.43)
[, vl = 0, (2.44)

(2.45)

To summarize one can write, the set a;;, 5, «;, (;; commute with each other but

they commute(anti-commute) with the set 7;, v for bosons(fermions). The relation

between inhomogeneous elements

[V, ”Yj]i = —aiBjk F Bk, (2.47)

[%'7 ’Y;]i =01 — OéikOé;k + @kﬁ;k- (2.48)

In order to show the transformation is a quantum group the transformation has to

satisfy Hopf algebra relations. The coproduct of the matrix elements is found by
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matrix multiplication rule

A(T) =T&T. (2.49)

The coproducts for the elements of T" can be written

A(Mi) = My, @ My, (2.50)
k=1
AT) =Y My@Tp+Ii®1 (2.51)
k

Coproduct of the relations between the elements of transformation matrix has to remain
unchanged. Indeed, it can be easily seen that the coproduct of relations are satisfied.

Counit is

«(T) =1, (2.52)

the antipode is inverse of transformation matrix,

S(T)=T""' = M7 M (2.53)
Lo 1 ’ '

since all elements of homogeneous part M, commutes among themselves the inverse

can be found using ordinary matrix inverse rule.
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3. GENERAL UNITARY QUANTUM GROUPS

Mishra and Rajasekharan [15] have demonstrated that one can construct consis-
tently a quantum-mechanical system of spin % particles, which satisfies a new exclusion
principle that is more restrictive than Pauli’s principle: It allows the occupation of a
single particle (either spin up or down) in any orbital state, but forbids the appearance
of both spin up and down particles in the same orbital state. This means that for a
system of particles, obeying this new exclusion principle, the antisymmetry under the

simultaneous exchange of orbital and spin coordinates in the state vector is broken [16].

This new symmetry of the state vector leads to a quantum statistics, which is
called orthofermi statistics. The particles obeying the orthofermi statistics are called
orthofermions. The orthofermion statistics is particularly suitable for the strongly cor-
related electron systems, described by the Hubbard model in the limit U — oo [16].
The Hubbard model is very important in condensed matter physics for it describes
strongly correlated electron systems. It describes electrons that can hop between near-
est neighbor sites of the chain and interact if two of them on the same site have opposite
spins[17]. Orthofermi statistics is a generalization of Fermi-statistics in the sense that

an orbital state cannot contain more than one particle regardless of its spin [18].

The orthofermion algebra is defined [19] as

N
aia; + 51']' Z alak = 151']‘, (31)
k=1

&L —

a;a; =0, a a; = 0. (3.2)
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Then an explicit realization of a; can be written [18] in terms of (N + 1) x (N + 1)

matrices as

[ai]jk :5j,05k,i7 7= ]_,"',N, j,k‘:(),,N (33)

*
79

In orthofermion algebra linearly independent terms are a;, a;, aja; and 1. If one

defines the matrix algebra My 1(C),

eijer = Ojkeil, (3.4)

e%j:e]'ia Z'ajak?l:()?“.’N (35)

)

then a;, af and a}a; can be expressed through matrices e;; in the following way:

eoi = a, (3.6)
e = a, (3.7)
e; = a;a;, (3.8)
ep = 1— Z ayag. (3.9)

k

Using these relations one can show that relations (3.1) and (3.2) directly follow from

(3.4), (3.5) and vice versa. But the matrices e;; can be transformed as
€ij = UpUj @ €p, (3.10)
where u}; and uj are elements of unitary matrix U, UUT = UTU = I, namely

k

k
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Observe that we do not require here that elements u;, and ufj should be commu-
tative. The elements u;; and uj; are the elements of Hopf algebra H. Also note that

the elements e;; are the elements of algebra My_;(C)

Now the question arises: what are requirements on the transformations (3.10) in
order that transformed matrices e;; enjoy the same properties (3.4). Thus, to verify

that e;jer; = d;xe; holds, one evaluates

U Ui @ €, (uzpulr ® ep) = Orip Uiy Wi Uy Uty & Cnye (3.13)
= 0jpUp, Uy @ ey (3.14)
— Guén (3.15)

Similarly, to check % = ¢;i, one shows that

e = UWjug @ ey (3.16)
= u;luik & ek (3.17)
= €j. (3.18)

Consequently, the transformation (3.10) does not change the algebra My 1(C).

Now let us look at the property of comultiplication:

A(uig) = i @ g, (3.19)
Aluy) =D ul, @ uly. (3.20)

By using these comultiplication relations together with their complex conjugates, one

can verify that coproducts in (3.19) and (3.20) are consistent with equations (3.11).
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Also one can easily check that all Hopf algebra axioms are satisfied with the coinverse

Jt

and the counit

Since a Hopf algebra is a quantum group we get a new quantum group and we

may call this quantum group Ug(2)[20], general unitary quantum group.

Now we should explain our results for an explicit example. For one particle case

the algebra becomes;

€00€00 = €00; €00€01 = €01, €ooc1o = 0, epoe11 = 0,

eoreoo = 0, eoreor = 0,  €p1€10 = €00, €o1€11 = €1,
(3.23)

€10€00 = €10, €10€01 = €11, €10€10 = 0, eroe1n = 0,

erego = 0, enneor =0, ejeip = e, enen = ej.

* _ * _ * _ * _
€00 = €00, €p1 = €10,€19 = €01,€11 = €11- (3'24)
Now the transformed operators are;
- * * * *

€00 = UgoUoo & ego 1+ UpoUO1 & eog1 + Un1 Uo0 & e + UpqUo1 ® e11, (325)

e * * * *
€01 = UgoU10 X ego + UpoU11 X ep1 + Ug1UL0 & e + UprU11 & e, (326)
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* * * *
€10 = UjpUgo & €op + UjgUo1 ® €g1 + U U ® €19 + Uy Ue1 & €11, (3.27)

* * * *
€11 = UppU10 @ €gp + UpplU11 & €g1 + U U0 & €10 + Uy U1 &K €11, (3.28)

we should look at whether transformed operators satisfy the relations (3.23) and (3.24)

and then the transformation should satisfy Hopf algebra axioms.

Obviously €g1” = €10, €0” = €go and e11” = en1.

Now let us look at some examples from the equation (3.23),

eoreio = [Udytio ® ego + UpUin ® o1 + ufuip @ €19 + uf U1 @ e (3.29)

* * * *
[1}0Uo0 ® €go + WipUor ® €o1 + Ui U @ €19 + Ui um @ e11]

€01€10 =  UpyU10UToUoo @ €00Coo + UgyU10U]gUo1 & €no€ol (3.30)
UU10UT 1 U00 @ €0o€10 + UgyU10U] U1 @ €oeil
UgoU11U U0 & €100 T UgoU11UTplo1 @ €01€01
UgoU11UT Upo & €o1€10 + UgoU11UT U1 & €o1€11
Up; U10UTpU0o @ €10€00 + Uy U10UT U1 @ €10€01
UG UL0UT Uoo @ €10€10 + Ug U1oUT U1 @ €10€11

* * * *
Uy U11U U0 Q) €11€00 + Uy U11UTHUE1 @ €11€01

+ O+ o+ 4+ o+ o+ o+

* * * *
U U11UT Uoo K €11€10 + Ug U11UT Uo1 K €11€17.
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Using equation (3.23) the equality becomes,

o * * * * * *
€01€10 — uoo(uloulo + unun)uoo & egg + Upo (Ulguw + unun)um & ep1 (331)

* * * * * *
+ ugy (u10uiy + ur1uly oo @ ero + ugy (U0l + uniui;)uor @ e

Then using (3.11), it can be easily seen that ege190 = egp. Now let us look at another

example

€01€01 — [Uéoulo ® €oo + USOUH & €01 + u[’glulo &® €1 + U61U11 & 611] (332)

* * * *
[uooum X €oo + UgoU11 X €o1 + Up1UL0 X e10 + U UL & 611]

€01€01 =  UpyUipUgglio @ €opCoo + UgyU1oUoyUil & €o€ot (3.33)
UGU10UG U10 @ €ooe10 + UgyU1oUp U1l @ €oerl
UpoU11 UG W10 @ €01€00 + UgyU11UGULT @ €01€01
UgoU11UH UL @ €110 + UgoUi1 Uy U1 @ €p1€11
Uy U10UGUL0 @ €10€00 T Upy UoUgpU11 @ €10€01
UG UL0UY U10 D €10€10 + Ug UtoUp U1 @ €10€11

* * * *
Uy U11UgeU10 @ €11€00 + Up U11UgeU11 &K €11€01

+ o+ o+ o+ + o+ o+

* * * *
U U11 UG U10 @ €11€10 + Ugy U11Ug U11 K €11€17.

Again using equation (3.23) one can see that

eoteor = Uy (uougy + urtgy)uio @ oo + ugg(uiotigy + UniUgy Jun @ o1 (3.34)

+ud; (u1ougy + uniug; ) uio ® exo + ug; (Uioudy + w1 ug +)ur ® eqr.

With the help of (3.11) one can see that egeq; = 0.
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The coproduct of the elements of the transformation can be written as,

A(ugo) = oo @ Ugo + U1 @ uio, (3.35)
Aluor) = ugo ® uor + uor @ un, (3.36)
A(uig) = w10 ® ugo + un1 ® wio, (3.37)
Aluir) = 1 ® ugr + un @ uny (3.38)
also
Alugy) = ugo ® ugy + U @ ulp, (3.39)
Alug) = ugo ® ugy + ug @ uiy, (3.40)
A(ufp) = ujy® ug + uj; ® ujp, (3.41)
Auyy) = ujp ® ug + ujy ® ugy. (3.42)

The coproduct of equations (3.11) and (3.12) should be satisfied using the co-
products of the elements of transformation. As an example let us look at A(ugoug, +

u1ug;) = A(1)

A(ugougy + Uortg;) = A(ugo) Alugy) + Auor) Aug,) (3.43)
= [uoo ® oo + uo1 @ o) [ugy @ ugy + up; @ ujy]

+ [uoo ® o1 + ugr ® w1 [ugy ® ugy + ug @ uiy].

* *
A(Uoouoo + umuOl) = UOUUSD X UO()UEK)O + Uooual X 'Lboouio (344)
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+  unugy @ w0y + Uity @ Uiglyg
+  uooUgy @ U1ty + UooUpy @ Uo1Uyy

* * * *
+ U1 Ugy @ UL UG T+ Up1Up; @ U1UYT -

Now by arranging the terms one can get

* * . * * * * * *
A(uooug + uotug) = Uooty @ (Uootfo + Uo1uiy) + uoougy ® (uoouin + uorui;)
+ U01U60 & (Ulougo + ullu(";l) + umu("ﬂl ® (Ulo’w{o + ullu’fl),

(3.45)

using equation (3.11)one can get

Augougy + uorug,) = A(1L). (3.46)

Now we look at another example which comes from (3.12),

A(ug ugo + uy i) = A(ugy ) Augo) + A(uiy Auro) (3.47)
= [ugo ® upy + ug; ® uiy] [uoo @ ugo + uor @ U]

+ [ufy @ udy +ul; @ ufy] [ure @ ugo + Ui @ ug] -

* * _ * * * *
A(umuoo + 'U,Hulo) = UgoUoo & Ug1 U0 + UgoUo1 & Up1U10 (348)

_|_

* * * *
U1 U00 ® U11U00 + U1 Uo1 ® Uq1U10

+

* * * *
U U0 & UpyUeo + UTgU11 @ Ugy Ut

_|_

* * * *
U U0 & UpqUeo + U U11 @ Upp Ut
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By arranging the terms,

* * . * * * * * *
A(ug uoo + ui ui) = (Ugoloo + uigUio) ® ug oo + (Uggtior + Uiplir) @ Uy uio
* * * * * *
+ (u01uO0 —+ Ullulo) & UlluOo + (U01UO1U11U11+> & ullum

(3.49)

using equation (3.12)one can get

A(u;luOo + Uilulo) =1 X (UsluOo + UTlulo) + 1 X (u[')‘lulo + UTluOo) (350)

= 1®0+1®0=0.

All g-deformed unitary groups are quantum subgroups of Ug(2). To give an example

let us examine SU,(2)

a b

=
I

: (3.51)

ES

_qflb* a

where M € SU,(2) and the relations between the elements of matrix M are given as[4]

ab = qba , ab* = qb*a, bb* = b*b, (3.52)
aa* +bb* =1, a*a+q b =1. (3.53)
The elements of matrix M can be written as u;; = a, w12 = b, us; = —q 'b* and

ugy = b*. By using equation (3.11) one gets equations (3.52) and (3.53). So, one
concludes that SU,(2) is a quantum subgroup of Ug(2). Following the same procedure
one can derive that Ug(2) D U,4(2) D Uyq(2) D SU,(2). Here U, 4(2), where pq is
real, is the two parameter deformed unitary quantum group [21] and U, 4(2) is the two

parameter deformed unitary quantum group for p = g [22].

Although all known unitary quantum groups are quantum subgroups of Ug(n), we

do not introduce any ¢ parameter in Ug(n). In the classical limit the matrix elements
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commute and Ug(n) becomes the ordinary unitary group U(2).

Orthofermions form a system of particles, which are governed by a rule, more
restrictive than Pauli’s exclusion principle. The definition of orthofermions and explicit
realization of orthofermion operators are given. Moreover, the matrix algebra of this
explicit realization of orthofermions is defined. Unitary transformations, which do not

change the matrix algebra, have been presented and shown to form a quantum group.
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4. THE INHOMOGENEOUS QUANTUM INVARIANCE
GROUP OF COMMUTING FERMION ALGEBRA

One of the fundamental systems in quantum physics is the fermion algebra. Nor-
mally the creation (or annihilation) operators for two different fermion states are taken
to be anticommuting. However this is not necessary. As long as a single fermion cre-
ation (or annihilation) operator is taken to satisfy ¢ = ¢&” = 0 the Pauli exclusion

principle is satisfied.

There is a simple relation between Heisenberg spin algebra and commuting fermions

as;

%
Y

= —i(c; — ¢

0, ol =cd — e (4.1)

ol =citc, o ;
Heisenberg spin algebra for the local spin operator ¢™ associated with the m — th

lattice is written as,

[a;”, oﬂ = 20€pg Omn0, (4.2)

In order to define spin operators at different sites, we should define creation and an-
nihilation operators acting at these different sites. This necessity gives us discrete
degrees of freedom and in this case fermions can be taken to be commuting. We should
note that commuting fermion algebra can not be defined for continuous degrees of free-
dom, because it prevents the construction of a proper field theory. The operators of

commuting fermion algebra is defined as,

d—1i
,—/ﬁ
G=1® - ®crl®---a1. (4.3)
N———

We will show that there is an invariance quantum group for commuting fermions.

We note that integrable closed spin 1/2 XXZ model is invariant under the quantum
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group U,(sl(2)) and open spin 1/2 XXZ model is invariant under the quantum group
U,(su(2)) [23, 24]. These quantum groups are used to solve these integrable models.

Fermions can be described in terms of creation and annihilation operators.

CiCj + 0ijCiC; = 0, (44)
CZ'C; + O'ijC;Ci = 16” Z,j = 1, 2, ceey d. (45)
d—1

[P —
¢ =1® - ®c®l®---®1 are called commuting fermions. For standard fermions
—_——

i
0i; = 1, whereas for commuting fermions:

1 i=j,
1 i#j

When i = j in (44) ¢Z =0, ¢}

1

=0.

Quantum groups are generalizations of the fundamental symmetry concepts of
classical Lie groups and Lie algebras [1]. So quantum groups play an important role to
carry classical properties to the quantum structure. The standard fermion algebra has
an inhomogeneous invariant group FIO(2d,R), the fermionic inhomogeneous orthogo-
nal quantum group [13, 14]. Therefore it is natural to ask the question if there exists

an inhomogeneous invariance quantum group for commuting fermions.

For the single fermion, d=1 case, a general inhomogeneous linear quantum trans-

formation is defined by:

& =18 o v | @ & (4.7)
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Where «, 3,7 and their hermitian conjugates belong to a Hopf Algebra H whose

coproduct is given by the matrix multiplication rule [27].

For d> 1

d d
¢ = Zaij@’cj‘i‘Zﬁzj@C;‘i‘%@L
j=1 j=1

d d
¢, = Zafj®c;+26fj®cj+ﬁ®l.
j=1 j=1

here d is number of commuting fermions. When we use (4.8) and (4.9) in Equations

(4.4) and (4.5) we get the relations:

0771877)
Qi Qg
;i B
i O
Qi Vk
iV,
Bij Bri
Bii Bra
Bij Vi

Bij Vi

Then the constraints:

ViVt T

Yivj + oi; i

= Oik0j10k Q45 ,

_ *

= OikOj%Qij,

= 0051,
*

= Uz‘kszﬁkzaij;

= TOikVkQj,

_ *

= TOTp%i,

= 0w01Bubij,
*

= Uikszﬁkzﬁij,

= —Uik’Ykﬁija

= —ouYDBij-

- Zszﬁ]k Zﬁzka’jka
Z iy — Z Bkl -

(4.20)

(4.21)

Also, hermitian conjugates of the relations and the constraints are valid. We look for a

Hopf algebra such that under this transformation commuting fermion algebra remains
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invariant. In order to do this one should first check the coproduct.

The transformation matrix T is given in terms of sub-matrices by

Q Y
AT
T | g o o |- (4.22)
0 1
0 0 1
(6]
A= g (4.23)
/8* a*
r—| 7 |. (4.24)
,y*

Here the matrices a = (ay;), o = (af;), 8 = (Bi), 8 = (5j;) are dxd, A
is 2dx2d, v = (), 7v* = (7f) are dx1 and T' is 2dx1. We want the elements of
the matrix T to belong to a Hopf algebra H where coproduct is given by a matrix

multiplication

A(T) =T&T. (4.25)
Alay) = Y 0 ®@an+ > Bin® B, (4.26)
Alagy) = Y o5, @an+ > B & By, (4.27)
A(Biy) = Z Qin @ Bnj + Z Bin @ o, (4.28)
ABG) = Y an @B+ > B ® o, (4.29)
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A = D B@m+ Y 0, @7+ ®1, (4.31)

A1) = 1®1. (4.32)

The coproduct should preserve the relations (4.10-4.19) and the constraints (4.20-4.21).

Now we show coproduct of some relations as an example.

Alajar) =3, [tm ® anj + Bin @ ﬁ;:j} S [Ckm @ it + Bem @ B
= Zm,n [ainakm ® COnjQmi + ainﬂkm & anjﬁ:;ml] (433)
+ Zm,n [6m05km ® B:L]’Oéml + 6m6km & 6;(”6;”] .

Then using equations (4.10), (4.12) and (4.16) one can easily see that

A(aijakl) - Zm,n [Uikanmanmajl (akmain ® Q] Olpj + ﬁkmain & B:nlanj)]
+ me [O-iko-nmo-nmo-jl (akmﬁzn ® amlﬁ;j + ﬁkmﬁin ® B;:zlﬁqtj)}

= 0ik03ji Zm [akm & Qpy + ﬁkm X ﬂ:nl] Zn [ain X Qnj + ﬁzn X ﬁ;j} ;
(4.34)

A(aijakl) = Uikale(aklaij)-

Another example is

A(Bijve) = 2on [in ® Brj 4 Bin @ ;] D2, [0km © Yim + Biem @ iy + 76 @ 1]
= me [ainakm ® ﬁn]’ym + Oéinﬁkm & 671]7; + Qi Vi ® ﬂn]]

+ Zm,n [ﬂmakm ® O‘;ijme + 6mﬂkm ® O‘;kljf)/:q + Bmf}/k‘ ® Oé;kzj} .
(4.35)
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Then using equations (4.10), (4.12), (4.14), (4.15), (4.16), (4.18) and (4.19) one can

easily see that

A(ﬁl]/yk) - Zn,m [Uikanm(_anm)akmain ® Vmﬁnj + Uikanm<_anm)ﬁkmain & 'an/gn]]

- -

me [(_Uik)r)/kain X ﬁnj + O-iko-nm(_o-nm)akmﬂin ® %1042]1
Zn,m [O—iko_nm(_o—nm)ﬁkmﬁin & 7;104;’;]' + (_Uzk)’}/k’ﬁzn ® Oé;’;j}

(4.36)

A(Bijk) = =0 A(Bij).

The most difficult example is coproduct of equation (4.20). We should check the

coproduct.

Ay + 0ivivi) = D00 [Qin @ Yo+ Bin @ 5 + 7 @ 1]
2 [jm @ Y+ Bjm @ Y5+ @]
055 D [ @ Y + Bjm @ Y, + 75 @ 1]
>0 [Cin ®@ Yo+ Bin @ 1 + 7 © 1]
= > [Ainjm @ TYm + QinBim © Vi + QinYj © Tl
T2 nm BinQjm @ Y Yim + BinBjm @ Vv, + Bin Vi @ 73]
+ 2 nm [Vim ® Y + YiBim ® Y, + viv; ® 1]
+0i5 D anm [Qimin @ Ym¥n + QjmBin @ Ym Yy + Am Vi ® Y]
035 2 m BimCin @ Y ¥n + BimBin ® V¥ + Bim¥i © Vi)

045 D pm [Vi%in @ Yo + Vi Bin ® ¥ + 77 © 1]
(4.37)
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Then using necessary relations one can get

A(yiv; + i) = Do [@inim @ Y Ym + QinBim @ YoV + XinV; @ Vul
2 m Bin®im @ Y vm + BinBim @ Vi + BinVj © 3]
+ 3 nm [Vi%m ® Y + ViBjm @ Y, + iy @ 1]
05 D nm [5i0mn (Qinm @ YV + BinQjm @ YmV3)]
+0ij D nm
+0i5 D onm [05iTmn (QinBim @ VYo + BinBim @ Vi)l

+04j Zn,m (— UZJ)CVm% ® Yn + (_Uz‘j)ﬁin’)’j ® Yp + ViV @ 1],
(4.38)

[
[(=0ji)Vittm @ Y + (—0ij)ViBjm @ Y]
[
[

AWy +0i7%) = 2 [Qinm @ (YaYm + TpmYimVn)]
+ 2 nm [QinBim & (Vi + Tnm Vi )]
+ 2 nm Binm @ (Yn¥m + TumYm V)] (4.39)
+ 2 nm BinBim @ (¥ + Tnm Vi)
+(vv; + 0i77) ® 1.

Using equations (4.20), (4.21) and their complex conjugates, one can get

Ay + i) = D nm [Qinim © 32 (=Bt — Brimi)]
+ 2 [QinBim @ (Gnm — 22 (i, + b))
+ 2 m [Bin@m @ (pm — 22 (ar 0 + BryBmt))] (4.40)
+2, m [+BinBim @ 324 (=B — Brcin)]
+(= 20 @inBin — D2, Bintjn) @ 1.

By arranging the terms it can be written as

Ay + 03577 = = 20,1 [@in @ a4 Bin @ Bry] 3o, 1 [0jm @ Bt + Bjm ® o]

- Zn,l (i ® B + Bin ® ay] Zm,l [tjm @ i + Bjm @ Bry] -
(4.41)
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and finally
A(viv; + 0i7%) = A(— Z B — Z Buar).
1 1

The counit is

e(T)=1 (4.42)
and antipode is
S =71 (4.43)
. A-Y AT
T = ) (4.44)
0 1

However as all the elements of matrix A do not commute with each other, ordinary
inverse and determinant rules can not be used. In order to find A~!, we should first

state the determinant rule of matrix A. The determinant rule is given by [25]

Det(A) =) 1T (—0iyin) (=050 ) | AlLAZ . AP (4.45)

a<p, ig<ia, jg<ja

This determinant can also be found by starting from the determinant rule which has
been constructed to calculate the determinant in GL, ,(d) [28]. In ordinary determinant
rule the sign factor is € tensor. Instead of € tensor we use [, _4 i <iees J5<ia (= Cisia)(—0js4a)
term as a sign factor in equation (4.45). Here j refers to a column and i refers to a
row. The indices iy, 79, ..., 794 and j1, Ja, ..., jog are permutations of 1,2, ....2d. We take

i1, 12, ..., 1oq to be fixed whereas the summation runs over all permutations ji, jo, ..., Joq.

The indices o, 7, and j, should be written modulo d. The o- symbol is the same as in

(4.6).
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Let us explain the term which is in the square bracket. As the square brackets
comes from permutation we call it the permutation factor. For example set d=2,
=1, i =2, i3 = 3 and iy = 4. For every a < [ case there is not any ig < i4.
Therefore the term which is in the square bracket is 1. If we take iy =3, 19 =2, i3 =1
and i4 = 4 for d=2, for « = 1 and § = 2, iy = 2 < iy = 3 the factor (—oy;) appears.
Then for « = 1 and § = 3, i3 = 1 < i; = 3 the factor (—oy;) appears. Moreover a = 2
and § = 3, i3 = 1 < iy = 2, the factor (—o12) appears. We have to be careful about

the indices of ¢, because indices should be written modulo d.

The proof that equation (4.45) is indeed the correct determinant is the calculation
of the inverse by using this determinant. Using the determinant rule (4.45) the inverse

of A can be found.

A1l Azl e A21d
1 AP AP A
A 4.4
ap Ay
Then A/ can be defined as
A =C) 11 (=0ipia) (=050 ) | AL.APY (4.47)

C¥<,8, i5<ia7 ]B<,]oz

The sign factor C can be written as

C= [ (-ounid(=0;) (4.48)

ta<t, ja<j

Here the index o« = 2,3, ..,2d. As with the usual determinant rule the summa-
tion in (4.47) is over the indices ja, j3... jog # j which are all different. The indices

i, 13 ... 1oq # © which again are all different, are all kept fixed.
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As the elements of the matrix T belong to a Hopf algebra, coproduct, counit
and antipode satisfy Hopf algebra axioms. Since a Hopf algebra is a quantum group
we get a new quantum group. We may call this quantum group CoFI(2d,R)[29], the

commuting fermion inhomogeneous quantum group.

In order to know whether the construction of CoFI(2d,R) has any meaning one
should look at its representations. To find the representations of CoFI(2d), representa-
tions of Clifford Algebra which generate spinor representation of SO(d + 1)[31] should

be discussed. The generators of the Clifford Algebra satisfy anticommutation relations:

{Fi7 F]} = 257;]‘, for Z,j =1tod+ 1. (449)
Above equation means that F? =1 and I;I'; = —I';I';. Note that one can also write
Fil—‘j = aijf‘jf‘i, (450)

(45

which is useful for our situation. As is well known the I'; can be represented by 2 X

215 matrices. Using the spinor representations one can write the representations of

CoFI(2d) as:

Qi = AUFZ & Fj, (451)
Bij = Byl @ Ty, (4.52)

Here the coefficients, A;;, B;;, C;, are complex numbers. They should satisfy the

relations:

20;C; = —AuBjir — BiAjy, (4.54)
QCzUJ = (5@' - AzkA_gk - Bz’kB_jka (4'55)
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so that (4.20,4.21)are also satisfied in addition to (4.10-4.19) which are satisfied due to

(4.50). To check the representations we should give some examples. For eqution (4.10)

left hand side can be written:

o = Ayl @ T (Auly @ 1),

now by arranging the terms one can get

ajjog = Ay ATy @ Ti1,

then using equation (4.50) it can be seen that

o = 003 ALy @ T (AT @ 1Y),

then one can see that equation (4.10) is satisfied.

Another example is equation (4.12):

;B = Al @ T (Bul'y @ 1),

by following the previous steps it can be seen that

;B = 0oy Buly @ I (Al @ 1)

Oéijﬁz = UZ'kUjlﬁkzOéij-

In the next example we check the equation (4.14).

aijve = Ayl @ Ty (Chl'e @ Taga)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)
(4.61)

(4.62)
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using I';I'y.1 = —I'y41['; and our usual procedure one can get
e = —0ipCpl'y @ Laga (451 @ 1) (4.63)
Qi Ve = — Ok VkNik- (4.64)

Now we should explain our results for an explicit example. Taking d = 1 we look
at the commutation relations, coproduct, determinant, inverse and representations.

For d = 1 case the transformed creation and annihilation operators are;

d = a®c+RcF+7®1, (4.65)

= AR+ R+ 1. (4.66)

The transformation matrix is

a G v
T= ot oyt | (4.67)

0 0 1

The commutation relations are:

ad® = o’q, (4.68)
aff = pfa, (4.69)
af* = [a, (4.70)
ay = —ya, (4.71)
ay' = —'a, (4.72)
88" = BB (4.73)
Py = =B, (4.74)
(4.75)
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and their hermitean conjugates. The constraints can be written as:

YW+ Yy = 1—aa” + 867, (4.76)

v = —af. (4.77)

Now we should look at the coproduct of the relations and the constraints. The

coproduct of «, B and « should be found. For this example the coproducts are;

Ala) = a®a+®[", (4.78)
Ale®) = a*®a"+ 8 ® B, (4.79)
AB) = a®B+B®a", (4.80)
AB) = a8 +8 @a, (4.81)
A7) a®y+8®Y +7®1, (4.82)
A(YY) ARV +[FRY+Y R, (4.83)
A1) = 1®1. (4.84)

The coproduct must satisfy the relations and the constraints. To show this we

look at the coproduct of some relations as an example.

Alaa®) = [a®a+8®pF] 0" ®a" + 5 ®f (4.85)

= ad*@aa” +af* Raf+ fa’ @ [a* + 8" @ (4 (4.86)

using the commutation relations one can get the following equality;

Alaa™) = ad"a®a’a+ a® pfa+a"@a™ [+ B [BE* (4.87)

= [@@a'+3 @fle®a+ [, (4.88)



and finally it can be easily seen that

Alaa™) = Ala*a).

Another example:

Alaf) = [a®@a+ [ [a"® 8"+ 0" R

= ad" R@af" +af @ aa+ fa’ QL6+ LR

Alaf") = aa®fa+fa®aa+a’B® 06 + 50 af”

= [0+ ®adla®a+ 867,

then

Alaf?) = A(B ).

The last example is about the coproduct of the constraints.

AR = [a@7+ 807 +7®1][a®y+ 807 +7®1]

= aa @YY+ af XV +ayRv+ faRYy+ 68y

+ YRV +7a @y +v8RY +yy®1,

then using the commutation relations and the constraints one can write

A(YY) = —aa®af—af®aa’ —aB® BB — 52 ®a’ s

= —[a®a+8®3|a®f+ 0o

36

(4.89)
(4.90)

(4.91)

(4.92)

(4.97)
(4.98)
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and finally

A(Y?) = —A(ap).

Now we should look at the antipode. From equation (4.45) we can find the

determinant.
Det(A) = Aj A} + (—011)ATA] = aa® — B5*.
Now cofactor terms
Al =CA3, (4.99)
and the sign factor can be found from equation (4.48) as C'= 1. Finally A! = o*.
AP =CAy = (—on)5, (4.100)
then A2 = —3*.
A} =CA? = (—o11)B, (4.101)
so A} = —f3. Then the final cofactor is:
A) =CAl = a. (4.102)

The inverse can be written as:

1 All AZI

Al =
Det(A) A2 A2

(4.103)
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Then

R o«

“ I |y . (4.104)

Since all elements of the matrix A is commute among themselves the matrix inverse

can also be found via ordinary inverse rule.

The last point is representations. In our example one can write the representations

like

o = AF1 & Pl, (4105)
p=Blh®lh, (4.106)
7 =CT1®@Th. (4.107)

Where A, B and C are complex numbers satisfying

20C = 1—- AA— BB, (4.108)
C? = —AB. (4.109)

Also one can compare our transformation matrix T with the color supergroup
structure[25, 26]. It can be seen that the structure of homogeneous part A of the
transformation matrix T is the same as the color supergroup structure. Thus this
generalizes that of [25, 26] by including an inhomogeneous part for the transformation
matrix T. However although the homogeneous part of T has color supergroup structure

our transformation matrix T is a quantum group.

The color supergroup is a case of generalization of Lie group. In that case the

parameters of group are commuting and anticommuting parameters. They satisty,

00(, meﬁ, n <_1)(ﬁ’ a)eﬁ, nea, m = 07 (4110)
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where 0, ., is group parameter and «, [ are grading vectors. The scalar product

(o, ) can be symmetric or anti-symmetric. For example symmetric Z5 case,

(o, B) = a1 + azfs. (4.111)

For antisymmetric Z; case,

(o, B) = a1f2 — 21 (4.112)

Generally color supergroups are built by product of two Z,, graded matrices. It
is easy to see that the relations between the elements of homogeneous part of trans-
formation matrix has color group structure because their elements has commuting and

anticommuting structure.
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5. CONCLUSIONS

While the physicists and mathematicians was looking for a new type symmetries
which has more general structure than group structure, an algebraic structure was
introduced. This structure was called quantum groups. This name comes from Drin-
feld’s approach. In Drinfeld’s approach a quantum group can be constructed from a
usual Lie group by defining a deformation parameter. The procedure is very similar to

quantization of a classical system.

Since quantum groups are generalization of group concept they have algebraic
structure. The algebraic structure is Hopf algebra. Although quantum groups were
discovered in the middle of eighties Hopf algebra structure was constructed in the
begining of forties. Mathematically a Hopf algebra is a bialgebra with an antipode.
Bialgebra is combination of algebra and coalgebra structure. The term antipode is the

inverse of certain linear combinations of elements of bialgebra.

Since a quantum group is a Hopf algebra basically, the algebraic structures which
satisfy Hopf algebra axioms can be a quantum group. From this fact Drinfeld’s ap-
proach is not the only way to get a quantum group. Another technique is Woronowicz’s
approach. His technique is basically a generalization of matrix groups and it is called
matrix quantum groups. A symmetry transformation can have group structure, start-
ing from this point, one can write a transformation matrix which the elements satisfy
Hopf algebra axioms and it has an antipode. So, this transformation is a matrix quan-

tum group.

The first physical example of matrix quantum groups are the quantum groups
FIO and BISp. These are the fermionic inhomogeneous orthogonal quantum group
and the bosonic inhomogeneous symplectic quantum group respectively. The detailed

consideration has been done in chapter two.
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In chapter three, orthofermion algebra was defined as a new interpretation of
fermion algebra and starting from the representation of orthofermion algebra a unitary
quantum group has been defined. This quantum group was called general unitary quan-

tum group, Ug, since all unitary quantum groups can be derived from this quantum

group.

In chapter four, using the Heisenberg spin algebra, the fermion algebra can be
written so that creation and annihilation operators for fermions in different states
commute. This fermion algebra is called the commuting fermion algebra. Making a
transformation on commuting fermion algebra a quantum group has been introduced

and it is called the commuting fermionic inhomogeneous quantum group, CoF'I.
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