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ABSTRACT

MODULAR REPRESENTATIONS OF GL(2,p)

In this thesis, we investigate representations of GLp2, pq by using indecomposable

projective modules for GLp2, pq. Actually, this is pure module theoretic approach in

parallel with [1] since we do not refer any character theoretic study. We follow [2] to

obtain the structures of indecomposable projective modules. Then, we try to apply

our results coming from indecomposable projectives to the blocks of GLp2, pq. Finally,

we give the structure of Brauer tree algebras.
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ÖZET

GL(2,p)’NİN MODÜLER TEMSİLLERİ

Bu savda, eleman sayısı p olan sonlu cisim üzerindeki genel lineer grubun modüler

temsillerini araştıracağız ve bu çalışmada ayrışmaz projektif modüller esas aracımız

olacak. Aslında bu çalışmadaki yaklaşım [1] ile paralel olarak karakter teorik bir

yaklaşımın aksine tamamen modül teorik bir yaklaşım. Ayrışmaz projektif modüller

için gerekli bilgiyi topladıktan sonra GLp2, pq nin bloklarını belirlemeye çalışacağız.

Son olarak da, Brauer ağaç cebirlerinden bahsedeceğiz.
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1. INTRODUCTION

1.1. Notations

Throughout this text we denote by k an algebraically closed field with character-

istic p where p is a prime number. Moreover, we denote kG as a group algebra where

G is a finite group and we assume that all the kG-modules are finitely generated.

1.2. Preliminaries

To understand modular representations of GLp2, pq we need some knowledge on

module theory (representation theory) and block theory. In this section, firstly we deal

with simple algebras then we reach most important tool in our study: Indecomposable

projective modules and their properties. In introduction part we follow [1].

1.2.1. Semisimple Modules

Simple modules are basic tools in module theory due to playing an important

role to characterize other modules and algebras. In this section, we give the basic

facts of the simple modules and simple algebras. Then we shall state the famous

Artin-Wedderburn Theorem for the characterization of semisimple algebras.

Definition 1.1. Let A be an algebra over k. An A-module U is called simple if it has

no non-zero proper A-submodule. Semisimple A-modules are defined as direct sum of

simple modules.

Definition 1.2. The radical of a ring A, denoted by radpAq, is the smallest submodule

of A such that quotient of A by radA is semisimple. The radical of the A-module U is

denoted by radU and it is equal to radpAqU .
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We can take consecutive radicals to form radical series of the A-module U ,

U “ rad0pUq Ě rad1pUq Ě rad2pUq ¨ ¨ ¨ (1.1)

where

radipUq “ radpradi´1pUqq (1.2)

Definition 1.3. The largest semisimple submodule of the A-module U is called socle

of U and denoted by socU

Moreover, if the algebra A has zero radical then A is semisimple. Next theorems

in this section are very important in terms of classification of semisimple modules and

algebras. We shall skip the proofs of these theorems since they can be found in lots of

representation theory books.

Theorem 1.1 (Artin-Wedderburn). Let A be a finite dimensional algebra over a field

k with the property that every finite dimensional module is semisimple. Then A is a

direct sum of matrix algebras over division rings.

Now we shall pass from arbitrary algebra A to the specific algebra which is called

group algebra to mention finite group representations.

Definition 1.4. The group algebra kG is defined as the formal sums of the form

#

ÿ

gPG

agg : ag P k

+

(1.3)

with operations

´

ÿ

agg
¯

`

´

ÿ

bgg
¯

“

´

ÿ

pag ` bgqg
¯

(1.4)
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and

´

ÿ

agg
¯´

ÿ

bhh
¯

“
ÿ

g,h

pagbhqgh (1.5)

For given group algebra, it is important to determine whether it is semisimple or

not. Next theorem determines when the group algebra is semisimple.

Theorem 1.2 (Maschke). The algebra kG is semisimple if and only if p ffl |G|.

As it is expected we may not study with the semisimple group algebras due to

Maschke’s theorem. However, we can determine number of simple modules in modular

case similar to ordinary case. For this purpose, we take into consideration p-regular

elements of the given group G which are elements whose order not divisible by p.

Lemma 1.1. The number of the isomorphism classes of simple kG-modules equals to

the number of the conjugacy classes of p-regular elements of G.

As a corollary, we can state that if G is a p-group then the trivial kG-module k

is the only simple module.

If H is a subgroup of the group G and U is a kG-module then the restriction of

U to H is denoted by UH . Cllifford’s Lemma states when we choose normal subgroup

of the given group G, semisimplicity is preserved.

Lemma 1.2 (Clifford). If U is a semisimple kG-module and N is a normal subgroup

of the group G then UN is semisimple.

In modular representation theory, classifying indecomposable modules is one of

the biggest and hardest problems. However, there are some modules which are easy

to handle in many ways. One of them is called uniserial and they have following

requirements.
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Let U be an A-module for a given algebra A. If U satisfies the following equivalent

conditions then U is called uniserial.

(i) U has a unique composition series.

(ii) The successive quotients of the radical series of U are simple.

As an example, if G is cyclic then all the indecomposable kG-modules are unise-

rial.

Since we deal with characteristic p case, we may obtain modules for a given

algebra which is not semisimple. To analyze non-semisimple cases we need other tools

such as projective modules. We see that after this section if the algebra A is semisimple

then all the A-modules are semisimple hence projective. In modular representation

theory, for a given structure (module, algebra) it is important to determine how this

structure differs from being semisimple and to achieve these projective modules have

significant effect. We begin with the definition of the projective modules and the other

equivalent conditions. Then we mention indecomposable projective modules which are

keystone of this study.

1.2.2. Projective Modules

Lemma 1.3. If U is an A-module then the following are equivalent

(i) U is a direct summand of a free module.

(ii) If ϕ is a surjective homomorphism of the A-module V to the A-module W and ψ

is a homomorphism of U to W then there exists an A-module homomorphism ρ

of U to V such that ϕρ = ψ.

(iii) The following short exact sequence of A-modules splits

0 Ñ W
ι
ÝÑ V

ρ
ÝÑ U Ñ 0 (1.6)

for any A-modules W and V .
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If U satisfies above statements then U is called a projective A-module.

Now we give one of the important correspondences in representation theory then

we shall mention the dimensions of projective modules.

Lemma 1.4. There is a one-to-one correspondence between the isomorphism classes of

indecomposable projective A-modules and the isomorphism classes of simple A-modules,

given by,

P Ñ P {rad P (1.7)

Lemma 1.5. If a Sylow p-subgroup of G has order pa then every projective kG-module

has dimension divisible by pa.

Now we turn back to uniserial modules. Next two corollaries provide some im-

portant data which we use later.

Corollary 1.1. If G is cyclic of order pae, p ffl e, then kG is the direct sum of e

uniserial modules of dimension pa.

Corollary 1.2. If R is a cyclic normal Sylow p-subgroup of G then each indecompos-

able projective kG-module is uniserial (hence all the indecomposable kG-modules are).

Moreover, there exists one dimensional simple kG-module W which gives us the com-

position factors of each indecomoposable projective kG-module. For instance, if S is

the simple kG-module corresponding to indecomposable projective kG-module P then

P {radpPq – S, radP {rad2
pPq – S bW, rad2pP q{rad3

pPq – S bW bW, ¨ ¨ ¨ (1.8)

Now we have adequate background to study indecomposable projective modules

for kGLp2, pq



6

2. STRUCTURE OF THE INDECOMPOSABLE

PROJECTIVES

In this chapter we analyze the structure of the indecomposable projective modules

for GLp2, pq and this is going to be the main target of our study. Before starting the

projective indecomposables, we have to determine simple kGLp2, pq-modules so we have

to determine the conjugacy classes of p-regular elements of GLp2, pq. In this chapter

we generally follow [2].

Throughout this chapter, G denotes the group GLp2, pq and S denotes the group

SLp2, pq. Later on, we use specific one dimensional kG-module Dj which acts as j-th

power of the determinant of the given group element.

2.1. Simple Modules

Remark 2.1. Conjugacy Classes of GLp2, pq There are four types of conjugacy classes

and three of them correspond to conjugacy classes of p-regular elements.

(i) First type of conjugacy classes consist of the elements of the form

»

–

a 0

0 b

fi

fl

where a ‰ b. Hence, diagonalizable matrices with distinct eigenvalues form

these conjugacy classes. Since a ‰ b, these elements are p-regular and there

are pp´1qpp´2q
2

such conjugacy classes of this form.

(ii) Second type of conjugacy classes of G have representative of the form

»

–

a 0

0 a

fi

fl
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where a ‰ 0. So, these are just diagonalizable matrices with one eigenvalue and

obviously they have order divisible by p.

(iii) Third type of conjugacy classes of G consists of matrices which are not diagonal-

izable, they have eigenvalues in Fp. So these matrices have repeated eigenvalue

and their representative is of the form

»

–

a 1

0 a

fi

fl

where a ‰ 0 and they are p-regular. There are p´ 1 such conjugacy classes.

(iv) Finally, consider elements of G with eigenvalues in the quadratic extension Fp2

of Fp. There are ppp´1q
2

such conjugacy classes and these elements are p-regular.

Hence there are

pp´ 1qpp´ 2q

2
` pp´ 1q `

ppp´ 1q

2
“ ppp´ 1q (2.1)

conjugacy classes of p-regular elements.

Corollary 2.1. There are ppp´ 1q isomorphism classes of simple kG-modules.

Now our next aim is to determine these ppp´ 1q simple modules.

Let V be the polynomial algebra in variables X and Y over k. Let Vm be the

subspace of homogeneous polynomials of degree m ´ 1. Vm has a basis consisting of

the monomials Xm´1, Xm´2Y, ¨ ¨ ¨ , Y m´1, so it has dimension m. Besides, each Vm is a

kG-module by the action

»

–

a b

c d

fi

flX “ aX ` cY
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»

–

a b

c d

fi

flY “ bX ` dY

where

»

–

a 1

0 a

fi

fl P G

So each g P G induces k-algebra endomorphism of V .

Proposition 2.1. The restriction of the kG-module Vm to S, pVmqS, is a simple kG-

module for 1 ď m ď p.

Proof. Let g “

»

–

1 0

1 1

fi

fl P P where P is a Sylow-p subgroup of G, so g generates P .

Let gm be the matrix corresponding to the action of g on Vm (considering the given

basis of Vm). Hence gX “ X ` Y and gY “ Y . Therefore, we obtain a matrix

»

—

—

—

—

—

—

—

—

—

–

1 0 0 ¨ ¨ ¨ 0

pm´ 1q 1 0 ¨ ¨ ¨ 0
`

m´1
2

˘

pm´ 2q 1 ¨ ¨ ¨ 0

˚
...

. . .
...

1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

Then, gm -Im has rank m ´ 1 so its nullspace is one dimensional and this nullspace

gives us the fixed points under the action of g. Since P is cyclic p-group, all the simple

kP -modules are one dimensional and P acts trivially on them. This means that

nullpgm ´ Imq “ socppVmqP q (2.2)

and clearly socppVmqP q “ă Y m´1 ą. Since socle is one dimensional, ppVmqP q is inde-

composable, otherwise dimension of the socle would be bigger than one. Therefore,

ppVmqP q is uniserial since all the indecomposables for cyclic groups are uniserial. We
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have the following composition series of ppVmqP q

pV1qP “ă Y m´1
ąĎ ¨ ¨ ¨ Ďă Xm´1, Xm´2Y, ¨ ¨ ¨ , Y m´1

ą (2.3)

and this composition series is unique since ppVmqP q is uniserial. This means that every

nonzero submodule of ppVmqP q contains Y m´1 but no proper submodule can contain

Xm´1.

Now, let

»

–

1 1

0 1

fi

fl and we can do the same process using h instead of g since h is

also generator of the Sylow-p subgroup P. Then we obtain that socppVmqP q=xX
m´1y.

So, if W is submodule of ppVmqP q then W must both contain Xm´1 and Y m´1 so W

can not be proper. Hence, ppVmqP q is simple. Consequently, ppVmqSq is also simple so

this completes the proof.

Now, we shall generalize the above proposition for bigger m’s.

Proposition 2.2. For m ě 1 write m=np+r with 0 ď r ď p´ 1. Then ppVmqP q is the

direct sum of ppVrqP q and n copies of kP.

Proof. Let gm be defined as in the previous proposition. Since the entries of the gm

are in Fp, this time, we have a representative matrix consist of n p by p blocks and

for each one we can imitate the previous proposition. Hence, for each p by p block we

have one dimensional fixed point space. Thus gm - Im has rank pnp ` rq ´ pn ` 1q if

r ě 0 and pnp` rq ´ n if r=0.

Now, consider the subspace U of pVmqP generated by first np basis element. So,

this np-dimensional submodule has fixed point space of dimension n. Thus, U is the

direct sum of at most n indecomposables, each of dimension at most p. Hence, U is

exactly the direct sum of n indecomposables each of dimension p since the dimension
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of indecomposable can not exceed p. So

U “ kP ‘ ¨ ¨ ¨ ‘ kP
looooooomooooooon

n-times

(2.4)

Besides, if r ě 0 then remaining r basis element also induce one dimensional fixed

point space. Thus, this submodule is also indecomposable and obviously isomorphic

to pVrqP . Hence

U “ kP ‘ ¨ ¨ ¨ ‘ kP
looooooomooooooon

n-times

‘pVrqP (2.5)

Corollary 2.2. If p � m then Vm is projective and if p ffl m then Vm is a direct sum of

projective module and a nonprojective indecomposable module.

Proof. Clearly, by previous proposition, if p � m then, pVmqP is projective and we know

that Vm is relatively P-projective, which means that Vm � ppVmqP q
G and a module which

is induced from a projective module is also projective. Hence, Vm is projective. On

the other hand, if p ffl m then Vm is not projective otherwise its restriction would

be projective. If Vm had more than one nonprojective indecomposable summand,

then, so would their restrictions to P. As a result, Vm has exactly one nonprojective

summand.

Now, we shall give the details of local subgroups of G, i. e, Sylow-p subgroup

P and its normalizer NGpP q “ L. In G, L corresponds to lower triangular matrices.

Moreover, L is generated by P and elements of the form

»

–

a 0

0 1

fi

fl and

»

–

1 0

0 a

fi

fl where

a is nonzero element of Fp so, obviously basis elements of Vm appear as eigenvalue for

these two matrices. In particular xY m´1y is a kL-submodule of pVmqL.
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Since L consists of the matrices of the form

»

–

a 0

c d

fi

fl there naturally exist two

simple kL-module Ai and Bj via actions gx “ cix and gy “ djy where g P L, x P Ai

and y P Bj. Also, Ai b Bj – Ak b Bl if and only if i ” kp mod p ´ 1q and j ” lp

mod p´ 1q. Particularly, xY m´1y as a kL-module isomorphic to Bm´1 thus, ă Y p´1 ą

is a submodule of pVpqL isomorphic to pV1qL since the action becomes trivial. Therefore,

pVpqL b Ai b Bj has a submodule isomorphic with Ai b Bj. As ppVpqL b Ai b BjqP =

pVpqP (since the restriction of both Ai and Bj are trival kP-modules) pVpqL b A
i bBj

is indecomposable and we know that L contains cyclic normal Sylow-p subgroup P

hence, pVpqL bA
i bBj is uniserial. This means that, this module has unique minimal

submodule AibBj so, pVpqLbA
ibBj is the indecomposable projective corresponding

to AibBj. As the sum of dimensions of pVpqLbA
ibBj’s where i, j P t0, 1, 2, ¨ ¨ ¨ , p´2u

, is equal to ppp´ 1q2 which is the order of L. Hence,

kL “
à

i,j

pVpqL b A
i
bBj (2.6)

.

Since all the indecomposable kL-modules are uniserial, they appear in the com-

position series of one of the indecomposable projectives pVpqL bA
i bBj. Hence, there

are at most ppp´ 1q2 isomorphism classes of indecomposable kL-modules.

Actually, there are exactly pp ´ 1q2 isomorphism classes of indecomposable kL-

modules. Indeed, pVrqLbA
ibBj where 1 ď r ď p, are all indecomposables since their

restrictions to P are uniserial. Therefore, we obtain following result.

Corollary 2.3. Every indecomposable kL-module is isomorphic to pVrqLbA
ibBj for

1 ď r ď p and i, j P {0, 1, 2, . . . , p-2}.

Proposition 2.3. For m ě 1, let m “ np` r with 0 ď r ď p´ 1 . Then

pVmqL – pVrqL bB
n
n´1
à

l“0

ppVpqL b A
n`r´1´l

bBl
q (2.7)
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Proof. For each l P t0, 1, ..., n´1u let Ul`1 denotes the first ppl`1q elements of the basis

of Vm and define U0=0, Un`1=pVmqL. So, clearly U1, U2, ¨ ¨ ¨ , Un are kP-modules and

they are isomorphic to pVpqP , pV2pqP , ¨ ¨ ¨ , pVnpqP respectively. Moreover, U1, U2, ¨ ¨ ¨ , Un

are kL-modules since the actions of

»

–

a 0

0 1

fi

fl and

»

–

1 0

0 a

fi

fl are well defined. Additionally,

since pU1qP , ¨ ¨ ¨ , pUnqP are projective, so are U1, U2, ¨ ¨ ¨ , Un. Also, we know that we

have series of kL-modules

0 “ U0 Ď U1 Ď ¨ ¨ ¨ Ď Un Ď Un`1 “ pVmqL (2.8)

Hence

pVmqL –
n
à

l“0

pUl`1{Ul q (2.9)

In this decompositon each Ul`1{Ul has an simple submodule xXm´1´lpY lp`Uly.

Now, let g=

»

–

a 0

c d

fi

fl hence, obviously gpXm´1´lpY lpq ´ Xm´1´lpY lp P Ul so this one

dimensional submodule is isomorphic to Am´1´lpbBlp and since m´1´lp ” n`r´1´lp

mod p´ 1q we have

Am´1´lp bBlp
– An`r´1´l bBl (2.10)

Also, pVmqL is exactly the direct sum of n+1 modules; otherwise pVmqP has more or less

direct sum factors which is impossible by proposition 2. 2. Hence the decomposition

pVmqL –
n
À

l“0

pUl`1{Ulq is unrefinable. Therefore,

Ul`1{Ul – ppVpqL b A
n`r´1´l

bBl
q (2.11)
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since each indecomposable kL-module is identified by its dimension and its socle.

There only remains

Ul`1{Ul – pVrqL bB
n (2.12)

so this completes the proof.

2.2. Exact Sequences

In this section we shall analyze some exact sequences to derive information about

projective indecomposables and finally we will reach their structures. As in the previous

section, we again adhere to Glover’s article( [2]).

Next theorem will be the most important tool in this section.

Theorem 2.1. For all m,n ě 1, there exists an exact sequence

0 Ñ Vm b Vn
θ
ÝÑ Vm`1 b Vn`1

ϕ
ÝÑ Vm`n`1 Ñ 0 (2.13)

Proof. Let ϕ be defined as ϕpu b vq “ uv where u and v are basis elements of Vm`1

and Vn`1, respectively. Since

gpϕpub vqq “ gpuvq

“ gpuqgpvq

“ ϕpgub gvq

“ ϕpgpub vqq

where g P G, so the action of G is preserved and clearly ϕ is surjective.
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Secondly, define θ as θpubvbwq “ puXbvY q´puY bvXq. Now, let g=

»

–

a b

c d

fi

fl

P G. Then,

gθpub v b wq “ gppuX b vY q ´ puY b vXq

“ guX b gvY ´ guY b gvX

“ gupaX ` cY q b gvpbX ` dY q ´ gupbX ` dY q b gvpaX ` cY q

“ paguX ` cguY q b bgvX ` dgvY ´ pbguX ` dguY q b pagvX ` cgvY q

“ pad´ bcqpguX b gvY q ` pbc´ daqpguY b gvXq

“ detgpgppuxb vY q ´ puY b vXqqq

“ detgpθpgub gv b wqq

“ θpgub gv b wq

“ θpgpub v b wqq

so, θ is a kG homomorphism. Since the algebra V has no zero divisors, if we choose

an element of Vm b Vn bD such as

ÿ

Xm´iY i´1
b vi b w (2.14)

where Xm´iY i´1 and w are basis elements of Vm and D, respectively and vi is uniquely

determined element of Vi with respect to given basis elements of Vm and D so, if

this element in kerθ then, obviously, all the vi’s must be zero. Hence, θ is injective.

Therefore, the sequence is exact.

Next lemma gives us an idea when the above sequence splits.

Lemma 2.1. If p ffl m then Vm b V2 – pVm´1 bDq ‘ Vm`1.

Proof. We need a convention that V0=0 especially for m=1. Then it is obviously valid

for this case. Let m ě 1, by the previous theorem we have an exact sequence, by taking
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m´ 1 instead m and n=1,

0 Ñ Vm bD
θ
ÝÑ Vm b V2

ϕ
ÝÑ Vm`1 Ñ 0. (2.15)

So, if there exists ψ : Vm`1 Ñ VmbV2 such that ϕψ “ IdVm`1 then the sequence splits.

For this reason define δm : Vm`1 Ñ Vm b V2 as

δmpX
lY m´l

q “ lpX l´1Y m´ l bXq ` pm´ lqpX lY m´l´1
b Y q (2.16)

Hence, ϕδm “ mIdVm`1 . So, it remains to show that δm is a kG homomorphism for

all m. Then, choose ψ = 1
m
δm to complete the proof. Let g P G, then we need to

show that for each monomial w P Vm`1, and for all m δmpgwq “ gpδmpwqq. Now, let

u “ XjY i´j P Vi`1 v “ XkY m´i´k P vm´i`1. So, by using the exact sequence showed

in theorem 2.1 and taking m=i , n= m´ i, we obtain

δmpX
k`jY m´j´k

q “ pk ` jqpXk`j´1Y m´j´k
bXq ` pm´ j ´ kqpXk`jY m´j´k´1

b Y q

“ pXjY i´j
b pkpXk´1Y m´i´k

bXqq

` pm´ i´ kqpXk´1Y m´i´k´1
b Y q

` pXkY m´i´k
b pjpXj´1Y i´j

bXqq ` pi´ jqpXj´1Y i´j´1
b Y q

“ pXjY i´j
b kXk´1Y m´i´k

bXq

`XjY i´j
b pm´ i´ kqpXk´1Y m´k´1

b Y q

“ pϕpuq b δm´ipvqq ` pϕpvq b δipuqq

On the other hand, for m=1 δ1 sends X to 1 b X and sends Y to 1 b Y so it is

clear. For m >1, suppose that the monomial w “ ϕpu b vq since ϕ is surjective it is

plausible for u P Vi`1 and v P Vm´i`1. By the induction hypothesis δiandδm´i are kG
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homomorphisms. Therefore,

δmpgwq “ δmpgpϕpub vqqq

“ δmpϕpgub gvqq

“ pϕpguq b δm´ipgvq ` pϕpgvq b δipguq

“ pgϕpuq b gδm´ipvq ` pgϕpvq b gδipuq

“ gpϕpuq b δm´ipvq ` ϕpvq b δipuqq

“ gδmϕpub vq

“ gδmpwq

Lemma 2.2. Vm b Vp – Vmp for all m.

Proof. Consider Frobenius homomorphism β from Vm`1 into Vmp`1 which sends u to

up, hence,

Vm`1
β
ÝÑ Vmp`1

δmp
ÝÝÑ Vmp b V2 (2.17)

For m=1 it is trivial. Let m >1 and replace m by m ` 1. Then we have another

sequence

Vm`1 b Vp
βbIdp
ÝÝÝÝÑ Vmp`1 b Vp

ϕ
ÝÑ Vpm`1qp (2.18)

Now, take the monomials X lY l´m P Vm`1 and X iY p´1´i P Vp. Obviously, ϕpβ b Idpq

is surjective. By comparing dimensions we can deduce that

Vm`1 b Vp – Vpm`1qp (2.19)



17

Corollary 2.4. If p ffl m and pk is any power of p we have

V2 b Vmpk – pVpm´1qpk bDq ‘ Vpm`1qpk (2.20)

Proof. By using theorem 2.1 and lemma 2.1 we can deduce

V2 b Vmpk – V2 b Vm b Vpk

– ppVm´1 bDq ‘ Vm`1q b Vpk

– pVm´1 bD b Vpkq ‘ Vpm`1qpk

– pVpm´1qpk bDq ‘ Vpm`1qpk

Hence we are almost ready to determine indecomposable projective modules and

their structures. However, we need a couple of theorems before identify these strucu-

tures and these theorems as stated in the Glover’s article not only about the action of

GLp2, pq but the group M which is 2 by 2 matrices over Fp. Giving all the details of

the group M and its actions are out of scope of this thesis so we shall skip these proofs.

Theorem 2.2. For r P t1, 2, ¨ ¨ ¨ , p´ 2u Vp`r is indecomposable and

radpVp`rq “ socpVp`rq – pVr´1 bDq ‘ Vr`1 (2.21)

and

pVp`rq{radpVp`rq – Vp´r bD
r (2.22)

Following theorem provides us to construct indecomposable projective modules.
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Theorem 2.3. Let Xm be the span of the pm´ 1qst powers of the elements of V2 and

suppose that 1 ď k ď p. Then

(i) radpXpk`1qpq – Vp´2 bD
k and Xpk`1qp{radpXpk`1qpq b Vk`1 with Xp “ Vp

(ii) There is a submodule Uk in Vpk`1qp containing Xpk`1qp for which Vpk`1qp – Uk ‘

Vpk´1qp bD, so with the convention that U0 “ Vp we have

Vpk`1qp –
rk{2s
à

m“0

pUk´2mq bD
m (2.23)

(iii) rad2pUkq “ socpUkq – Uk{radpUkq – Vp´k bD
k while

radpUkq{socpUkq – pVk´1 ‘Dq ‘ Vk`1 (2.24)

Actually if k ă p´1 U is the indecomposable projective corresponding to Vp´kbD
k and

if k “ p´ 1 then it is the direct sum of Vp and indecomposable projective corresponding

to V1.

Now let 1 ď m ď p and 0 ď n ď p ´ 2. Let Pm,n denote the indecomposable

projective corresponding to simple module Vm bD
n. Next theorem is the main result

of this thesis.

Theorem 2.4. Let Pm,n is as defined above. Then

radpP1,nq{socpP1,nq – Vp´2 bD
n`1 (2.25)

radpPm,nq{socpPm,nq – pVp´1´m bD
m`n

q ‘ pVp`1´m bD
m`n´1

q (2.26)

when 1 ă m ă p

Pp,n “ Vp bD
n (2.27)
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Proof. Since VpbD
n is simple and projective it is the indecomposable projective Pp,n.

For 1 ď m ă p by theorem 2.3 Pm,p´m is as claimed. Moreover, Pm,p´m b Dn`m´1 is

clerly projective and Vm bDn is a homomorphic image of this module. Indeed, there

is a surjective map from Pm,p´m bD
n`m´1 to Vm bD

p´m bDm`n´1 – Vm bD
n. Also

there is a bijection between the submodules of Pm,p´m bD
n`m´1 and those of Pm,p´m

since

pPm,p´m bD
n`m´1

q bD2p´m´n´1
– Pm,n. (2.28)

By this correspondence Pm,p´m b Dn`m´1 is indecomposable so it is isomorphic to

Pm,n.

We know that Vm bDn are simple. Actually, next corollary says that these are

all the simple modules.

Corollary 2.5. Any simple kG-module is isomorphic to Vm b Dn for some m P

t1, 2, ¨ ¨ ¨ , pu and n P t0, 1, ¨ ¨ ¨ , p´ 2u.

In the light of previous information we shall give an example of indecomposable

projective modules for kGLp2, pq. We take p=7 for this example since it contains

enough data in what ways the composition factors appear.

2.3. Structure of the indecomposable projective kG-modules for p=7

Since there are ppp´ 1q indecomposable projective modules (up to isomorphism)

in case p=7 we have 42 modules. Now, we shall describe these modules.
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Figure 2.1. Projective Indecomposable Modules for m “ 1 and m “ 2
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Figure 2.2. Projective Indecomposable Modules for m “ 3 and m “ 4
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Figure 2.3. Projective Indecomposable Modules for m “ 5 and m “ 6
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3. BLOCK THEORY

Let A be again a k-algebra. We shall state that algebra A can be decomposed

into its subalgebras (ideals) in a unique way. Then, we shall apply this idea to the

group algebra kG and then we are going to investigate how the simple kG-modules

characterizes these summands, i.e, blocks of kG.

Before defining block we shall introduce idempotent elements of A.

3.1. Idempotents

We use [4] to get information about idempotents.

Definition 3.1. An element e P A is called an idempotent if e2 “ e where e ‰ 0.

Two idempotents e1 and e2 of A are called orthogonal if e1e2=e2e1 = 0. In this

case, if e1, e2¨ ¨ ¨ en are orthogonal then e1+¨ ¨ ¨ +en is also an idempotent of A. An

idempotent e P A is called primitive if it can not be written as a sum of two orthogonal

idempotents. Lastly, if the idempotent e is in the center of A then it is called central

idempotent of A.

Remark 3.1. By an idempotent decomposition of the idempotent e we mean the de-

composition

e “ e1 ` e2 ` ¨ ¨ ¨ ` en (3.1)

into sum of orthogonal idempotents ei.

Theorem 3.1. Let e be an idempotent of A. If e=e1+¨ ¨ ¨ +en is an idempotent de-

composition of e , then

Ae “ Ae1 ‘ Ae2 ‘ ¨ ¨ ¨ ‘ Aen (3.2)
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Conversely, if Ae is a direct sum of left ideals,

Ae “ I1 ‘ I2 ‘ ¨ ¨ ¨ ‘ In (3.3)

then there is an idempotent decomposition e=e1+¨ ¨ ¨ +en such that Ii=eiA.

Proof. Let e=e1+¨ ¨ ¨ +en be an idempotent decompositon of the idempotent e. Thus

eie=ei since all the idempotents in the decomposition are orthogonal. Hence, Aei P Ae,

since the left ideal generated by ei is Aei. But this leads us to have, Ae “
n
ř

i“1

Aei since

ae “ ae1` ae2` ¨ ¨ ¨ ` aen P
n
ř

i“1

Aei for all a P A. Moreover, this sum is direct: indeed,

if ae=
n
ř

i“1

aiei then aei=aeei=aiei hence the expression is unique. Now assume Ae is a

direct sum of left ideals as stated above, and e=e1+¨ ¨ ¨ +en where ei P Ii. Then for

any ai P Ii P Ae, so ai “ aie. Indeed, if ai “ ae for some a P A then aie “ ae, hence

ai “ aie.

Theorem 3.2. Let I “ Ae “ eA be a two-sided ideal of A generated by a central

idempotent e, then we have a correspondence between central idempotent decomposition

of e and the direct sum decomposition of Ae into two-sided ideals of A.

Proof. Since ei is central we have Aei=eiA is two-sided. Then, by the previous theorem

Ae “ Ae1 ‘ Ae2 ‘ ¨ ¨ ¨ ‘ Aen (3.4)

If Ae “ I1 ‘ I2 ‘ ¨ ¨ ¨ ‘ In where each Ii is an two-sided ideal of A, then e=e1+¨ ¨ ¨

+en and Ii=Aei by the previous theorem. Since ae=ea for all a P A, it follows that

ae1`ae2`¨ ¨ ¨`aen= e1a`e2a`¨ ¨ ¨`ena. This means that aei=eia since the expression

is unique. Therefore, ei is central.

Let A “ A1 ‘A2 ‘ ¨ ¨ ¨ ‘An be a direct sum decomposition of ideals of A. Then

each Ai is called block of A. Moreover, this decomposition is unique.
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Definition 3.2. Let A “ A1 ‘A2 ‘ ¨ ¨ ¨ ‘An be the decomposition of A into blocks. If

M is an A-module with AiM=M and AjM=0 for all j ‰ i , then we say that M lies

in the block Ai.

So if M lies in the block Ai and 1=e1 ` e2 ` ¨ ¨ ¨ ` en where ei’s are orthogonal

idempotents (in particular they are unit elements of the blocks of A) , then eiM=M

and ejM=0 for j ‰ i.

Conversely, if eiM=M and ejM=0 for j ‰ i then M lies in Ai since AM = AeiM=

AiM and AjM=AjejM.

If Mi and Mj lie in the blocks Ai and Aj respectively and ϕ P HomApMi,Mjq

then ϕpeimq “ eiϕpmq “ 0 for m PMi so ϕ “ 0. Consequently, HomApMi,Mjq “ 0.

From now on, A has block decomposition A1 ` A2 ` ¨ ¨ ¨ ` An.

Proposition 3.1. Let M be an A-module lying in the block Ai. Then each composition

factor of M also lies in the block Ai. Conversely, if all the composition factors of M

lies in Ai then M also lies in Ai.

Proof. If S is a composition factor of M then

Ml{Ml`1 – S (3.5)

for some submodules Ml and Ml`1 of M. Clearly, submodules of M also lie in the same

block. Hence

eipm`Ml`1q “ m`Ml`1 (3.6)

where m PMl. Moreover, ej annihilates m`Ml`1 so, S lies in Ai.
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On the other hand, suppose that M has a composition series

M “M0 ĚM1 ĚM2 Ě ¨ ¨ ¨ ĚMk “ 0 (3.7)

and each composition factor Ml{Ml`1 lies in Ai. So Mk´1{Mk – Mk lies in Ai, then

since Mk´2{Mk´1 lies in in Ai

eipm`Mk´1q “ eim`Mk´1

then

eim´m “ m
1

for some m
1

PMk´1

eim´ eim “ eim
1

“ m
1

“ 0

so

eim “ m

Consequently Mk´2 lies in Ai. So the same process apllies the other factors inductively.

Finally, we obtain that M lies in Ai.

As a result, we can say that the simple modules characterizes the blocks and the

following theorem gives a way of determining blocks. Besides, this theorem is going to

be very important tool in our study in order to determine the blocks of GLp2, pq.
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Theorem 3.3. Let S and T be simple A-mdoules. S and T lie in the same block if and

only if there are simple A-modules S “ S1, ¨ ¨ ¨ , Sn “ T such that Si, Si`1 , 1 ď i ď n ,

are composition factors of an indecomposable projective A-module. Equivalently, S and

T lie in the same block if and only if there are simple A-modules S “ S1, ¨ ¨ ¨ , Sn “ T

such that Si, Si`1 , 1 ď i ď n are equal or there is a non-split extension obtained by

these two modules.

We shall skip the proof of this theorem and it can be found in [1].

Corollary 3.1. If P is a projective simple A-module lying in block B then P is the only

simple lying in B. As a consequence, blocks which contains projective simple module

are the matrix algebra summands of the algebra A.
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(i) (SL(2, p)) Since the simple kSlp2, pq-modules of odd index can be linked via the

non-split exact sequences so, they lie in the same block. However, this is also true

for the simples of even index; hence we have two blocks. Apart from these simples

we have only one projective simple module Vp and this module also determines a

block. Thus,

kSlp2, pq “ B1 ‘ B2 ‘B3 (3.8)

where B1 denotes the block of the simple modules of odd index , B2 denotes

the block of the simple modules of even index and lastly B3 denotes the block

containing projective simple Vp. In this case B3 has defect zero and the other two

blocks are of full defect since Slp2, pq has cyclic Sylow-p subgroup of order p.

(ii) (Gl(2, p)) Glp2, pq has similar block structure with Slp2, pq since it also has cyclic

Sylow-p subgroup of order p. However, it is slightly more complicated as expected

since it has more simples and determining its structure using local techniques such

as Green correspondence is more challenging. However, after drawing the pictures

of the indecomposable projectives as in section? we can deduce that GLp2, pq has

block decompositon

kGLp2, pq “ A1‘A2‘¨ ¨ ¨‘A p´1
2
‘B1‘B2‘¨ ¨ ¨B p´1

2
‘C1‘C2‘¨ ¨ ¨Cp´1 (3.9)

where Ai’s containing simple modules of odd indices and Bi’s containing of simple

modules of even indices and lastly Ci’s are the blocks corresponding to projective

simples. Now we shall see these block structures of GLp2, pq in detail, and in the

next chapter we shall give the Brauer tree algebra structure of these subalgebras.

Remark 3.2. Remember that GLp2, pq has ppp ´ 1q simple modules (isomorphism

classes) and they are of the form Vi bDj where 1 ď i ď p, 0 ď j ď p ´ 2. Moreover,

Pi,j denotes the indecomposable projective corresponding to the simple module VibD
j.

Then

radPi,j{socPi,j – pVp´1´i bD
i`j
q ‘ pVp`1´i bD

i`j´1
q (3.10)
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and for i=1

radPi,j{socPi,j – Vp´2 bD
j`1 (3.11)

Hence, after careful tracking of the compositon factors of the projective indecom-

posables we can obtain sequences of simple modules as seen in the following

V1´Vp´2bD
1
´V3bD

p´2
´Vp´4bD

2
´V5bD

p´3
´Vp´6bD

3
´V7bD

p´4
´V8bD

4
´¨ ¨ ¨

(3.12)

V1 bD
1
p– Dp

q ´ Vp´2 bD
2
´ V3 bD

0
p– Dp´1

q ´ Vp´4 bD
3
´ V5 bD

p´2
´ ¨ ¨ ¨ (3.13)

Now we shall pass from the arbitrary algebra A to the group algebra kG and its

blocks. To achieve this, we shall see the group algebra kG as a krG ˆ Gs-module via

the action given by

pg1, g2qx “ g1xg
´1
2 (3.14)

where g1 and g2 P G and x P kG.

Hence, the submodules of kG as a krGˆGs-module are the ideals of kG. Thus,

we have the block decompositon of kG.

From now on B is assumed to be the block of kG unless otherwise stated.

Now we shall introduce the defect group of the given block of kG.

Definition 3.3. Let B be a block of the group algebra kG. Then a p-subgroup of G

is called a defect group of B, if δD is a vertex of B as a krG ˆ Gs-module where δ:G

Ñ GˆG is a group homomorphism which sends group element g to (g,g). Also defect
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groups of B are conjugate since the vertices are conjugate. If the order of the defect

group D is pl then it is said that B has defect l.

It can be stated that D is one of the largest p-subgroups of G in the sense that

it contains every normal p-subgroups of G and any kG-module lying in B has a vertex

contained in D.

Corollary 3.2. If the trivial kG-module lying in the block B then defect groups of B

are Sylow-p subgroups of G since the vertex of the trivial kG-module is Sylow-p subgroup

of G.

Corollary 3.3. Block B is semisimple algebra if and only if it has defect zero.

Proof. Assume that block B is semisimple then all the B-modules are semisimple so

B-module B has trivial group as a defect group.

On the other hand, if B has defect 0 then all the B-modules have trivial group as

a vertex. Hence all the B-modules are projective. Thus all the short exact sequences

of B-modules split which means that all the B-modules are semisimple so is B.

3.2. Block induction, Brauer correspondence

Definition 3.4. Let H be a subgroup of G. If b is the block of H and as a krH ˆHs-

module is a summand of the BHˆH then it is said that B corresponds to b and it is

denoted by B “ bG. Moreover it is required that B is unique with this property. So ,

bG is not always defined. However, if the centralizer of a defect group of b, namely D,

is in H then bG is always defined. Consequently, if we choose NGD then for any block

of NGD, bG is defined since CGD Ď NGD.

By the above definition we have a map from the blocks of H to the blocks of G. To

obtain the opposite direction of this map now, we shall state the Brauer correspondence.
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Even though we state that this correspondence for only the normalizer of the given

defect group it can be also generalized to any subgroup which contains the normalizer

of the given defect group and it is called the first main theorem of Brauer.

Theorem 3.4. If D is a p-subgroup of G then there is a one-to-one correspondence

between the blocks of NGD with defect group D and the blocks of G with defect group

D via

b ÞÝÑ bG (3.15)

3.3. Brauer Tree Algebras

As a conclusion, we shall give the some special structure of the blocks with cyclic

defect group. Before this section we determined indecomposable projective modules

of kGLp2, pq due to some graphs of them(radical series). This time we try to describe

blocks of kGlp2, pq by drawing some graphs which are called Brauer trees. Brauer

tree defined as a finite, connected, undirected graph without loops, so this makes it a

tree. Brauer tree has a circular ordering of the edges with an assignment of a positive

integer to one of the vertices which is called exceptional vertex. We shall give the

related examples later. Before this, in the manner of representation theory, we give the

definition of Brauer tree algebra, which is an algebra and its indecomposable projective

modules can be described by using Brauer tree. Moreover, there is a bijection between

indecomposable projective modules of this algebra or its simple modules and the edges

of the Brauer tree. If S is a simple module for this algebra and PS is the indecomposable

projective corresponding to S then this structure requires that radpPSq{socpPSq is the

direct sum of two uniserial modules.

Now we shall give some examples of Brauer tree algebras. First example is the

most basic example of the Brauer tree algebras.
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Suppose that A is a Brauer tree algebra with the Brauer tree

where the multiplicity m. The blackened circle indicates that it is exceptional vertex.

Since there is one edge A has one simple module, namely S. So considering indecom-

posable projective PS ,corresponding to S, it has the following structure

S

S

S

Here S appears in the composition series of radpPSq{socpPSq as m ´ 1 times and PS

has radical length m` 1. If G is a cyclic p-group of order pn then kG is a Brauer tree

algebra with above Brauer tree.

Next example is about the group G with cyclic normal Sylow p-subgroup P .

So as we mentioned in section 1.2.2 corollary 1.3 there is a one dimensional simple

module which leads us to determine all the other composition factors of given any

indecomposable projective kG-module. To deduce Brauer tree algebra structure for

this group we need a following remark.

Remark 3.3. Suppose that a finite group G has a cyclic normal Sylow-p subgroup P

of order pn. Then simple kG-modules S and T lie in the same block if and only if

T – S bW bW ¨ ¨ ¨ bW for some number of factors W . Indeed, when we consider

indecomposable projective kG-module corresponding to trivial kG-module k, we have

k – W b W b ¨ ¨ ¨ b W for some numbers of W . So if T – S b W ¨ ¨ ¨ b W for

enough number of W ’s, we deduce that we can link S and T via some indecomposable

projectives. So if S1, ¨ ¨ ¨ , Sr simples that lie in the block B then we can list them as

Si bW – Si`1, 1 ď i ă r and Sr bW – S.
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Consequently, B is a Brauer tree algebra for a star with r edges and exceptional

vertex in the center with multiplicity pn´1
r

and the picture is as the following

S2

S1

Sr

Our next example is SLp2, pq and we deduced the block decomposition of this

algebra before. Then the Brauer tree algebra structure of the blocks of nonzero defect

as following

V1 Vp´1 V3

Vp´1 V2 Vp´3

So far, all the given examples containing cyclic p-groups and then we mention

their Brauer tree structure. As stated in [1] this is not a coincidence due to the fol-

lowing theorem and this theorem can be regarded as the main theorem of the cyclic

blocks(blocks with (cyclic defect groups). To state this theorem we need a little prepa-

ration and this is our final statement. Let B be a block of the group G with defect

group D cyclic of order pn. Let b be the Brauer correspondant of the block B so it is

block of NGpDq. If N is a normal subgroup of G then the conjugation action of G over

the blocks of N gives an algebra automorphism of kN and more precisely this action

permutes the blocks of N . In our case, obviously the subgroup DCGpDq is normal in

NGpDq and if we take a block β of DCGpDq covered by b then we can consider its

stabilizer in NGpDq. Let e “ |stabpβq : DCGpDq|. Then
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Theorem 3.5. The block B is a Brauer tree algebra for a tree with e edges and mul-

tiplicity pn´1
r

.

Proof of this theorem is covered throughout the last chapter of [1] and we do not

need techniques which used in that proof since the blocks of GLp2, pq have either cyclic

defect or of defect zero. So if the block of kGLp2, pq is not of defect zero then it is

Brauer tree algebra with p´ 1 edges and multiplicity p´1
p´1

= 1. Consequently blocks of

GLp2, pq has similar Brauer tree structure with those of SLp2, pq and have the following

pictures (for the two blocks).

V1 Vp´2 bD V3 bD
p´2

V1 bD Vp´2 bD
2 V3
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4. CONCLUSION

In this thesis, we try to determine indecomposable projective kGLp2, pq-modules

and with respect to the distribution of these modules we determine blocks of kGLp2, pq.

As a corollary, we mention Brauer tree algebras of related blocks with cyclic defect

group.
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