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ABSTRACT

THE COMPOSITION FACTORS OF THE 2-BISET
FUNCTOR OF KERNEL OF THE MONOMIAL
LINEARIZATION MAP

In this thesis, we find the composition factors of the 2-biset functor of kernel of the
monomial linearization map. We prove that it is equivalent to finding the composition
factors of C*-fibered 2-biset functor S¢, 11,1 as a 2-biset functor over C. We show that
there is no composition factor of the form Sy unless H is a cyclic group or Cy x Cam.

Moreover, we classify all composition factors of the form Sc,,, v.



OZET

LINEERLESME FONKSIYONUNUN CEKIRDEGININ
2-IKUME IZLECI OLARAK BILESKE CARPANLARI

Bu tezde, tekil linearlesme fonksiyonunun cekirdeginin 2-ikiime izleci olarak
bileske carpanlarim bulduk. Bunun ashinda C*-fiberli ikiime izleci olan S, 11,1'in 2-
ikiime olarak bilegke carpanlarina denk oldugunu ispatladik. H’in bir devirli grup ya da
Cy x Cym’e esit olmadigl durumda, Sy y'nin Se, 11,1 icin bileske carpani olmayacagini

gosterdik.
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1. INTRODUCTION

Monomial linearization map at any finite group G is a map from monomial Burn-
side ring CB® (@), see [1] to complex character ring CR¢(G), see [2]. It is known that
this map is surjective, see Brauer’s Induction Theorem in [3]. The description of the
kernel of the monomial linearization map at any finite group G has already been made
topologically and can be found in [4]. We determine the structure of the kernel of the
mononomial linearization map for finite 2-groups, and in future we aim to do this for
finite p-groups. We make an important observation that the kernel of the monomial
linearization map at a finite 2-group G is equivalent to the evaluation of G at the

Cr-fibered biset functor Sc, 1,17,1)- We will use the fibered biset functor structure of

Scu,1,1),1]-

Fibered bisets were introduced by Boltje and Cogkun in [5]. These objects are
the combination of fibered sets which are introduced by Dress in [1], in a more general
setting, and bisets which are introduced by Bouc in [6]. By constructing a category
whose morphsims are fibered set or bisets, we switch our approach a more categorical
point of view. This approach leads to the theory of biset functors by Bouc in [6] and
it was successfully used by Bouc and Thevenaz in the determination of the structure

of Dade group in [7].

One important question in mathematics is the classification of simple object of
any mathematical structure. The simple A-fibered biset functors over any field have
already been determined and classified by Boltje and Cogkun in [5]. On the other hand,
the structure of any simple functor is not easy to determine because its evaluation at
any reasonable choice of finite group contains informations which have not been fully
studied. Also, any fibered biset functor can be seen as a biset functor and this approach
suggests us to find the composition factors of any simple fibered biset functors as biset

functor which were studied in detail before, see [§].



We study the simple C*-fibered 2-biset functor S¢, [1,1],1) ( here we mean A-fibered
2-biset functor over C is the same as a A-fibered biset functor except the objects are
restricted to 2-groups) . It turns out that this 2-biset functor is the same as the kernel
of the monomial linearization map (which we will introduce in Chapter 3) and it is
closely linked to the primitive idempotents of the Monomial Burnside Ring, see [9]. We
prove that the composition factors of the kernel of the monomial linearization map as
a 2-biset functor are of the form Sc,,, v or Sc,xcym w Where V' € Irr(C Out(Com)) and

W € Irr(C Out(Com x Cy)).

In Chapter 2, we give some preliminary results, introduce some notations and
explain the method which we use in Chapter 3. We give the definiton of a biset
functor, give some results about biset functors from [8]. Subsequently, we give a very
detailed overview of A-fibered bisets from [5]. Here, we only prove some results where

the proof left as an exercise in [5].

After a detailed overview of fibered biset functors, in Chapter 3 we give the
definition of C*-fibered biset functor S;. At the same time, we give an overview of
some results regarding monomial Burnside rings from [10] and [9]. Also, we give the
definiton of monomial linearization map and state two theorems which will be essential
in our composition work. We also recall primitive idempotents of monomial Burnside
rings and the actions of standard bisets on primitive idempotents from [9] and [10]. At
the end of Chapter 3, we briefly explain our tools to determine the composition factors

of Sg.

In Chapter 4, we determine some composition factors as a 2-biset functor of Sy
and also we prove that there is no composition factor of the form Sg 1 in some specific

cases.

In Chapter 5, we restated the main aim of the Thesis see 5.1. We also noted
that the other cases will appear in the future studies which will follow from the same

constructions that we did in this thesis.



2. PRELIMINARIES

2.1. Bisets

We give a brief overview of bisets and biset functors. The details in the theory
of biset functor can be found in [8]. We start with the definition of a G-set. We give

an overview of biset functor which is needed for the rest of the thesis via following [8].

Definition 2.1. A non-empty set X is called a G-set if thereisamap - : G x X — X
given by (g,x) — g -z satisfies 1 - © = z and (g192) - & = g1 - (g2 - x) for all z € X and

g1, 92 S G

A G-set X is called transitive G-set if there is only one G-orbit, i.e for any x,y €
X, we can find g € G such that g-x = y. Moreover, there is a bijective correspondence
between the isomorphism classes of transitive G-sets and the G-conjugacy classes of

subgroups of G.

Definition 2.2. A left (G, H)-biset X is a left G x HP-set.

Note that a (G, H)-biset X is called transitive if for any z,y € X, there exists
g € G and h € H such that g-x-h = y. Similarly to G-sets, there is an bijective
correspondence between the G' x H-conjugacy classes of subgroups of G x H and

the isomorphism classes of transitive (G, H)-bisets.

With respect to the disjoint union of (G, H)-bisets, we define a group B(G, H)
which is called Grothendieck group. Note that the transitive (G, H)-bisets forms a
Z-basis for B(G, H). Extending the scalar to any commutative ring R, we obtain a

R-module RB(G,H) = R®, B(G, H).

We construct a multiplication which looks like a composition in a category. Let

X be a (G, H)-biset and Y be a (H, K)-biset. We consider the cartesian product



X x Y and there is a natural H-action on X x Y via h(z,y) = (zh™!, hy). The set of
H-orbits of X x Y is denoted by X xg Y and we define a G x K action on this set as
(g,k)[z,y] = [gz,yk™"]. We obtain a (G, K)-biset. The multiplication is distributive
over disjoint unions and therefore a general formula for the multiplication can be found
by looking for a formula for transitive bisets. Next result which answers this problem
is called Mackey’s Formula and its fibered biset version will also be included in this
thesis. Note that the fibered biset version of Mackey’s formula is the generalization of

the following result.

Theorem 2.1. Let G, H and K be finite groups and U < G x H, V < H x K. Then
there is an isomorphism of G x K bisets

(G x HIU) xyg (Hx K|V) U (G x K/(U % &V, (2.1)
hep2(U)/H\p1(V)

The definitions of py, p; and U %V will be given in the A-fibered biset section and

it can be found on [8]. We construct an R-linear category RD as follows:

The objects are finite groups and the morphisms are being R-linear extensions of
isomorphism classes of bisets, i.e for any groups G, H; Morp(G, H) = RB(H,G) and
the composition of any two morphisms is an R-linear extension of the multiplication
that we have defined above. Notice that it is an R-linear category. We are ready to

give the definition of a biset functor over R.

Definition 2.3. An R-linear functor F' : RD — R — mod is called biset functor over

R.

We can construct another category RH where the objects are biset functors over R
and the morphims are natural transformations. This category is abelian and therefore
we can talk about simple objects, quotient and any other constructions which are

attributed to the module structure of an object.



The simple biset functors over R is any biset functor over R which is simple in
the category RH. The classification of such simple objects are done and the following

is due to Bouc, see [8].

Theorem 2.2. Given any pair (H,V') where H is a finite group and V' is an irreducible
ROut(H)-module. There is a simple biset functor Sy associated to the pair (H,V).
Two such pairs (H,V) and (H',V') are equivalent if H = H' and an isomorphism
¢: H— H transports V to V'. There is a bijective correspondence (H, V) +— Suyv
between the equivalence classes of pairs (H, V) and the isomorphism classes of simple
biset functors Sy . Two biset functors Syyv and Sk w are equivalent if Sy y (K) = W

The construction of Sy y is discussed in A-fibered biset functor section. We
introduce the 2-biset functor and we finish this section. Following the construction
on [8], the classification theorems for 2-biset functors over any field are identical as in

biset functor case.

Definition 2.4. Full subcategory of the category RD consists of finite p-groups as
objects is denoted by RD,. A p-biset functor over R is a R-linear category from RD,

to R-modules.

2.2. A-Fibered Bisets

Throughout this chapter, G and H denote finite groups. Moreover, k£ denotes any
commutative ring with unity and *H denotes the set {x~'hx : h € H}. Any k[H]—
module M can be seen as a k[*H| -module via extending the action “h.m = h.m k-
linearly to k[*H] . Moreover, any group homomorphism ¢ : H — A provides a group

homomorphism “¢ : “H — A where A is an abelian group.



2.2.1. Definition of A-fibered (G, H)-Bisets

There are two ways to let two groups act on a set X which is important in
representation theory of finite groups. Firstly, two finite groups G and H act on a set
X from right and left in a commuting way where we can view a set X as a left G-set
and a right H-set. In this case, we call X a (G, H)-biset. This case is already studied

in Bisets section and in more detail in [8].

Secondly, a group G can act on the A-orbits of a set X where A is an abelian
group acting on the set X freely and X has finitely many A-orbits. In this case, we call
X as a A-fibered G-set. Specifically, A-fibered G-set is a set X where G is permuting
the A-orbits of X and each orbit is a copy of A as a set. A morphism between two
A-fibered G-set is an A x G-equivariant map. Denote Set” the category of A-fibered
G-sets.

Note that any left G-set X can be seen as a right G-set X via defining the action
r.g = g 'x for any g € G and x € X. Using this result, an A-fibered (G, H)-biset is
defined to be a A-fibered (G x H)-set. This follows from the correspondence between
the (G, H)-bisets and (G x H)-sets. More specifically, an A-fibered (G, H)-biset X is
a set X in which there are finitely many A-orbits with free A-action such that G acts
on left on the A-orbits of X and H acts on the right on the A-orbits of X with each

action commuting.

2.2.1.1. The Set Mg = M*(G). This set consists of pairs (H, ¢) where H < G and
¢ € H* = Hom(H,A). We can define a partial ordering on M4 as follows: We
say that (M,p) = (L,A) iff M < L and )\‘M = p. Also, note that G acts on My

via conjugation and the conjugation respects the partial order structure on M,. We
denote the G-orbit of the pair (M, u) by [M, u)c. Let H be another finite group. We
define the set M4(G x H)) = Mgxu={(U,¢) : U <G x H,¢ € U*}.



Let p1 : G x H — G and py : G x H — H be usual projection maps. Let
(U,¢) € Mexn and for such a pair, we define the following subgroups of G and
H as p1(U) = {g € G : there exists h € H such that (g,h) € U}, po(U) = {h € H :
there exists g € G such that (g,h) € U}, k1(U) = {g € G : (9,1) € U} and ky(U) =
{he H:(1,h) € U}.

Definition 2.5. We define the subgroup k(U) = ki (U)xk2(U) to be largest rectangular

subgroup of U.

Note that for any ¢ € (k(U))*, we can write it as ¢ = ¢1 X ¢o where ¢y € ky(U)*
and ¢ € ko(U)*. For the notational reasons for the future use, we will customarily
write ¢ = ¢ x ¢, '. Start with ¢ € U*, restrict it to k(U) and we can write its restriction
as Gy = ¢1 X @5 . This allows us to associate two triples [(U, ¢) = (p1(U), k1(U), ¢1)
and r(U, ¢) = (p2(U), ko(U), ¢2) to the pair (U, ¢). Call them left and right invariants
of (U, ¢). The following proposition is quite useful and gives the relation between these

two triples. It is sometimes called Goursat’s Theorem.

Lemma 2.1. Let (U, ¢) € Mgxg and set (P, K, k) = (U, ¢) and (Q, L, \) = r(U, ¢).
Also set, IA(:ker/f, K=KPnNnK andfzker)\, L= EQ/DL. We have K <K<
K<Pad L<L<L<Q.

(a) I?,f( and K are normal in P and Z,I: and L are normal in Q.

(b) K/K is central in P/K and L/L is central in Q/L.

(c) One has group isomorphisms P/K = U/(K x L) = Q/L defined by the relation
nu : Q/L — P/K such that ny(qL) = pK if and only if (p,q) € U.

(d) One has group isomorphism K |K =2 ker(qﬁme)/([A{ x L) = L/L induced by the
projection maps on K x L such that p(IL) = kK if and only if (k) = A(1).

(e) If K =1,K = K,P = G,then |G| < |H]|.

Proof. For part (a), We only prove the claims regarding [(U, ¢), the second one fol-
lows similarly. It is trivial to check subgroup conditions so we only check normal-

ity conditions. Let & € K and p € P, then (k,1) € U and (p,h) € U, then



(p,h)"Y(k,1)(p, k) = (p~'kp,1) € U which implies K < P . Let k € K and p € P,
then p~'kp € K and w(p~'kp) = ¢(p~'kp, 1) = (6(p, 1)) 'o(k, )o(p, 1) = ¢(k,1) = 1
hence p~'kp € K. This proves that K < P. K < P follows from the facts that
product of two normal subgroups is normal, commutator of a group is always normal
in that group and intersection of two normal subgroups is again normal. For the part
(b), notice that since the range is an abelian group A, then the result follows auto-
matically. Part (c) is just a standard result in Group Theory. It just says that any
subgroup U of G x H is characterized by the quintuple (P, K,n,Q, L). Proof of (d)
can be found on [5] Part (e) follows from using part (c¢) and part (d), i.e we have

_IKLQ _ 2Ll < [Q]
Gl =T = e = 3 s QL= 1AL .

2.2.1.2. Parametrization of Transitive A-Fibered Bisets. We have defined a set Mgy g

and we see that it plays an important role in the parametrization of transitive A-fibered
bisets. Let X be an A-fibered (G, H)-biset. Let us denote the A-orbit of x € X by [z].
By the definition, G X H acts on the A-orbits of X via (g, h)[z] = [(g, h)z] = [gzh™}].
Let S, denote the stabilizer of [z] in G x H. Let us take any (g,h) € S, then
(g,h)[z] = [z] that means that (g,h)z € [z], hence there exists a € A such that
(g, h)x = a.x. Therefore, given any (g, h) € S, there is an associated element a, ) € A
such that (g, h)x = agpx. This allows us to define a map ¢, : S, — A such that
$2((g,h)) = any if and only if (g, h)x = a(ynx. Note that this is a group homomor-
phism which follows directly from group action axioms. Thereby, we obtain a map
X — Mg,y such that @ — (S;, ¢,). This pair (S, ¢,) is called stabilizing pair of
x. Considering (¢, )(s,), we obtain two group homomorphisms ¢, : ki(S;) — A
and ¢o, @ ko(S;) — A given by ¢;,(9)r = g.x and ¢y ,(h)r = xh. Note that the
maps don’t depend on the choice of A-orbits of x and notice that this map is constant
on the orbit of z € X. This allows us to define a new map A/X — Mgyy and

observe that this map is a G x H-equivariant map which follows from the fact that

(S(QJL)I? Cb(g,h)z) = (g’h)(Sxy ¢a:)



2.2.1.3. Transitive A-Fibered Bisets. It is clear that an A-fibered (G, H)-biset X is

transitive as a A X G x H-set if and only if G x H acts on the A-orbits of X transitively.
Therefore, we call a A-fibered (G, H)-biset X a transitive A-fibered (G, H)-biset if it
is a transitive A x G x H-set, equivalently the action of G x H on the A-orbits of X

1s transitive.

Let X be any transitive A-fibered (G, H)-biset, then for any x € X, we associate
X to the pair (S,, ¢,). Conversely, given any pair (U, ¢) € Mg« g, we define a transitive
A-fibered (G, H)-biset A x G x H/Ug where Uy = {(¢(u™),u) : u € U}. It is easy to
check that the set A x G x H/Uy is a transitive A-fibered (G, H)-biset. Thereby, we
can associate any pair (U, ¢) to a transitive A-fibered (G, H)-biset A x G x H/Uy,. It
is a standard task to see that the G' x H-conjugacy classes of Mgy g is in one-to-one
correspondence between the isomorphism classes of transitive A-fibered (G, H)-bisets.
From the definition of transitive A-fibered bisets, it is clear that any A-fibered (G, H)-
biset can be written as a union of transitive A-fibered (G, H)-bisets. This gives us the

following Theorem.

Theorem 2.3 (Classification of A-fibered bisets). There is a one-to-one correspon-
dence between the G x H-conjugacy classes of the set Mgxy and the isomorphism
classes of transitive A-fibered (G, H)-bisets. Furthermore, any transitive A-fibered
(G, H)-biset X is isomorphic to (A x G x H)/U, for some (U,¢) € Mexu. We

denote this transitive fibered biset as (GUXf) The isomorphism class of this fibered
biset is denoted by [GUX¢ ].

2.2.1.4. Basis of A-Fibered Bisets as an Abelian Group. Let X and Y be two A-fibered
(G, H)-bisets. We denote the disjoint union of X and Y by X LY as the categori-

cal coproduct of X and Y. Also, let [X] denote the isomorphism classes of X. In
that setting, we define an addition on the isomorphism classes of A-fibered bisets by
[X]+ [Y] = [X UY]. With respect to this operation, the isomorphism classes of A-
fibered (G, H)-bisets induces a monoid structure and the Grothendieck group induced
by this monoid is an abelian group and denoted by BA(G, H). It is easy to see that

elements [GUX;I] where [U, ¢] € G x H/ Mgy form a Z-basis for BA(G, H). The group




BA(G, H) is called the Burnside group of A-fibered (G, H)-bisets.

2.2.2. Tensor Products of A-Fibered Bisets

In biset theory, we know that two biset can be composed or in other words, we
can multiply two bisets in a suitable manner. However, this product doesn’t work
in the fibered biset case because the biset product may produce some A-orbits which
are not free. To fix this problem, we define the product of two A-fibered biset as
follows: Let G, H and K be finite groups and let X € ,Sets and Y € ySet? then
the Cartesian product X x Y becomes a A x H-set and we consider the set X X5 Y
which is the set of A x H-orbits of X x Y. A acts on the set X X4y Y via alz,y|ayg =
l[ax,ylag = [z, ay]lag and we also have [xh,y|ayg = [z, hy|ay. Taking free A-orbits of
the set X x4p Y, we define a G x K action on the A-orbits of the set X x,p Y via
(9,k)[x,ylam = gz, yk~ | ag. Tt is easy to show that G x K action on the set X X a5V
permutes the free A-orbits and thereby the union of free A-orbits of X x4z Y is a

A-fibered (G, K)-biset. Denote a free orbit [x,y|ay via T @4y y.

Definition 2.6. Let X be A-fibered (G, H)-biset and Y be (H, K)-biset. Tensor
product of X and Y, denoted by X ®p Y, is defined to be the union of all free
A-orbits of the set X x5 Y.

We will give some properties of tensor product. It is important to note that these
properties imply that our constructions are functorial so that it is reasonable to study

the objects in a categorical setting.

e The tensor product is functorial in X and Y, i.e we have two functors
— ®@an Y : gsety — gsete, X — X @ap Y (2.2)
and we apply X from left, we obtain another functor
X @ — 1 gsete — gsetpY = X @apY. (2.3)

e For any X, X’ € gsetyh and V.Y’ € psetyt, we have that (X U X') @5 Y =
(X@ap Y)U (X' ®@apgY)and X @4y (YUY Z (X @ Y)U (X ®@ang Y').
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o For X € gsetp)Y € gsetyt and Z € jeset? we have that X ®@ap (Y ®@ax Z) =
(X ®@anY)®ax Z as A-fibered (G, L)-sets.

Using the results above, it is enough to investigate the transitive A-fibered bisets
to derive a formula for the tensor product of two A-fibered bisets. Yet, we have to
determine which A-orbits remain free under the A-action on X X 45 Y. For this and

an exact formula for the tensor product, we need the following notations and results.

2.2.2.1. Free A-Orbits and Mackey Formula. Let G, H and K be finite groups and
UL GxH V<HxK, ¢ € U and ¢ € V*. Assume that (¢2)k,w)nm ) =

(1) ks (ks (v)- We define the star product of U and V as

UxV ={(g9,k) € G x K : There exists h € H such that (g,h) € U and (h,k) € V }.

(2.4)
Also we define the star product of ¢ and ¢ as (¢ * ¢)(g,k) = ¢(g,h) - @(h, k) for
some h € H where (g,k) € U V. Notice that due to the assumption, this map is
independent of the choice of h and produces a group homomorphism. The following
proposition gives us a parametrization for the set of free A-orbits of X x5 Y . Using

the previous results, it is enough to do this for two transitive A-fibered bisets.

Proposition 2.1. Let X be a transitive A-fibered (G, H)-biset and Y be a transitive
A-fibered (H, K)-biset, let x € X andy € Y. Set (Sy, ¢,) and (Sy, ¢,) be corresponding
stabilizing pairs of x and y respectively. Also, set H, = pa(S;) and Hy, = p1(Sy). Then

we have:

(a) Any element [, Blag € X Xap Y is in the same A x G x K-orbit as [x, hy|ag
for some h € H.

(b) Let t,t' € H, then [z, hylag and [x,h'ylag are in the same A x G x K-orbit of
X xap Y if and only if H,tH, = H,t'H,.

(c) Let t € H. The stabilizer of [x,tylag in A is trivial if and only if (¢z2)H, =
"Gyaim, where Hy = ky(S;) N 'k1(S,).

(d) The elements [x, hy|ag where h runs through the set of representative of doubles



11

cosets H,\H/H, satisfying (c) forms a set of representatives of A x G x K -orbit
of X ®an Y. For an element h € H, the stabilizing pair of [x, hylam is equal to
(So % B1S,, ¢y % Vo).

Proof. 1t can be found on [5]. O

Using the above Proposition, one can easily compute the X ® 45 Y and this for-
mula is called Mackey’s formula. Also, it is easy to see that it is indeed a generalization
of the product of two biset functors where we take the fiber set to be A = {1} and ¢ = ¢

where i is the trivial group homomorphism for any choice of A and ¢ € Hom(U, A).

Theorem 2.4 (Mackey’s formula). Let (U, ¢) € Mgy and (V,p) € Mpyxk, then

(GU>,<¢H> Han (HVT¢K> = U <U * “vg;‘;jf* <t,1><p> (2:5)

teH,/H\H,

such that (¢2)m, = (¢1)n, where Hy = ko(U) Nk (V).

2.2.2.2. Standard A-Fibered Bisets. As in case of bisets, there are special A-fibered

bisets, namely restriction, inflation, deflation and induction. Similar to bisets, one

may wish to write any transitive A-fibered biset as a tensor product of these standard

A-fibered bisets. Let us define the standard A-fibered bisets.

Definition 2.7. Let H; < Hy < G and N <4 G, f: HA — H, and consider Ay H; =
{(h,f(h)) che Hl} < H; x HQ, fAHl = {(f(h),h) che Hl} < H, x Hy. Then if
f is the inclusion map, just write A(H;). The standard A-fibered bisets are defined as

follows:

e For H < @, Induction is defined as Ind$, = (-3,

A(H),1
e For H < G, Restriction is defined as Res$ = (%)Gl)
e For N < G, Inflation is defined as InfS N = (Z(XG—G){}\{) where 7 is the canonical
surjection.
e For N < G, Deflation is defined as DefS N = (%) where 7 is the canonical

surjection.
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Theorem 2.5. Let (U, ¢) € Maxn, set (P, K,k) = (p1(U),k1(U),¢1) and (Q,L,\) =
(p2(U), ko(U), ¢3), also set K = ker(x) and L = ker(\). Any transitive A-fibered
(G, H)-biset (GXH> can be written as a tensor product of standard A-fibered bisets as

U7¢
GxH\ . P 0 .
( U7¢ ) = [ndp ®aAp ]nfp/% ®AP/KX®AQ/ﬁ DefQ/L ®AQ R@sQ (26)
~ (P/ExQ L
where X = <—U/f<x2 ) .

2.2.3. A-Fibered Biset Functors

To study the A-fibered bisets, it is enough to study the category whose morphisms
are A-fibered bisets since the tensor product provides a composition of two A-fibered
bisets. Let C/* = C denote the category whose objects are finite groups. For two finite
group G and H, let us define Morc(G, H) = k ®z BA(H,G). Also, the composition is
defined as

where the product denotes the k-linear extension of the tensor product of A-fibered
bisets. To illustrate the composition, let us take k = R and G, H and K be any finite
groups with (U, ¢) € Mgxy and (V,p) € Mpyxk, then for any real numbers a,b € R,
we compute a - [GX—H] b [HXK} =ab- ([GXH} Ran [fo]) Note that the identity

U, Vie Ug v,

element for each finite group G in this composition is IndS = ResS = [

GXG]
AG|"
Definition 2.8. An A-fibered biset functor over k is a k-linear functor(See [8] for

Definition) from the k-linear category C to k-mod.

Let F = F#* denote the category whose objects are A-fibered biset functors over
k and the morphisms are natural transformations between two A-fibered biset functors.
Since the target category in each fibered biset functor F' is an abelian category, namely
k-mod, the category which equips with the objects which are functors satisfying this
property is an abelian category. Therefore, it allows us to consider simple functors,
quotient functors and other constructions which are available on abelian categories.

Our aim in the remaining section is to classify all simple objects in the category F.
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Let f: A — A’ be any group homomorphism, then any A-fibered biset can be

viewed as a A'-fibered biset. If (GUXf ) is any transitive A-fibered biset, then ¢ = fog

leads us to define a transitive A-fibered biset (GXH ) Extending it linearly to k-

U’
vector space B (G, H), we obtain a k-vector space map B{ (G, H) — B (G, H). This

produces a k-linear functor Cf — C{" and this gives us a k-linear functor F* — F{V'.
More precisely, let us consider ¢ : torA — A be inclusion map. Since the morphisms
¢ : U — A have torsion image, this implies that any element in F{* can be found on
FlerA. Therefore, we conclude that Fi! = Ftor4. Tt is enough to work with the torsion

part of the abelian group A to determine the simple objects in F{'.

2.2.3.1. Classification of Simple A-Fibered Biset Functors. We will use the same con-

struction as in Chapter 4, [8]. Let G be a finite group and consider the Grothendieck
group B(G,G) = Eg. Note that it becomes a k-algebra with multiplication induced
by the tensor product. Let F': C — k-mod be any fibered biset functor. Then its evalu-
ation at GG is endowed with a Eg-module structure such that for any X € Eg, the action
of X on F(G) is determined by the map F(X) : F(G) — F(G), i.e X.m = F(X)(m)
where m € F(G). Therefore, we have a functor &g : F — Eg-mod given by the evalua-
tion of the functor F' at G. Given any Fg module V, let’s consider the following functor
Ly : C — k-mod such that H — B{}(H,G)®p, V and any morphism X € B{*(H, K)
is sent to the k-module homomorphism Ly (X) : B{{(H,G)®g.V — BHK,G)®p,V
given by Y ®@p, v to (X @4y Y) @, v for any Y @p, v € B{{(H,G) ®g,. V. Note that

that construction allows us to define a functor
La_: Eq—mod — F (2.8)

such that V' — Lgy and any k-mod homomorphism ¢ : V' — W corresponds to a
natural transformation Lg, @ Lgy — Lgw such that for each object H, we have a
family of morphisms (Lg4)g in k-mod such that for any f: H — K in Mor(C), i.e
f =X € B{(K, H), the following diagram commutes:

(Lo,s)
Lay(H) =228 Loy(H)
EG,V(f)l lﬁc,v/(f) (2'9)
(Los)
Lov(K) =225 Lovi(K)
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Using a similar argument in [8], notice that the functor L _ is a left adjoint
to the evaluation functor &;. In general, it is hard to describe the structure of the
k-module Lg v (H) for any V' € Eg and for any finite group H. Specifically, we don’t
know the ring structure of E; and therefore it is quite difficult to tell something about
this k-module. However, when V' is a simple Eg-module, then the module structure of

Lev(H) is relatively easy. The following is from Chapter 3, [5].

Lemma 2.2. Let V be a simple Eg-module. The A-fibered biset functor Loy has a
unique maximal subfunctor Jg v which is computed at a finite group H as follows:
Jav(H) = {Zwl ®p, Vi € B,f(H, G)®p, V:ye B,f(G,H);Z(y S 0}.
(2.10)

Moreover, simple head Sy = Layv/Jayv is a simple A-fibered biset functor and

Sev(G) =V as a Eg-module.

If we show that any simple functor F' € F is of the form Sg y, then it will be
quite essential to study the ring structure of Eg. One interesting ideal of Eg which will
play an important role on the classification of simple biset functors is the following;:
Definition 2.9. For a finite group G, we set Ic = Y. Bi(G,H) - B{(H,G) where

|H|<|G]
the dot - refers to the composition of two morphism in the category C. The sum runs

over all finite groups H whose order is smaller than G.

Note that it is trivial to check that I C Eg and I is an ideal of Eg thereby has a
k-algebra structure. The factor k-algebra Fe = Eg /I is called essential algebra of G.
The following theorem answers the question that any simple functor F' € F is of the

form S v .

Theorem 2.6. (a) Let S € F be a simple functor and let G be a finite group such
that S(G) # {0}. Then V is a simple Eg-module and Sgy = S in F.

(b) Let S € F be a simple functor and let G be a group of smallest order such that

V = S(G) # {0}. Then the simple Eg-module S(G) is annihilated by I, i.e

S(G) is an Eg-module. In particular, every simple functor S € F is isomorphic



15

to Sgv for some finite group G and a Eg-module V' such that V = S(G) which
15 annihilated by Iq.

(c) Let G be a finite group and V is an Eg-module which is annihilated by Ig. Then
G is a minimal group for Sq,v, that is G is the group of smallest order such that
Sa,yv(H) # {0}

(d) For finite groups G and H and simple Eg-module V' and simple Ey-module W,
we have that Sqy = Syw as elements in F if and only if Sqv(H) = Syw(H)

as an Eg-module if and only if Sqv(G) = Syw(G) as an Eg-module.

Proof. The proof of part (a) follows from a similar argument as in [6]. For the part
(b), let S be a simple functor and G be a finite group of smallest order satisfying
S(G) # {0}. Let us show that S(G) is annihilated by I, equivalently for any x € I
and y € S(G), then y-x = 0. Let [GUX;{} [HVX@G] be any basis element in I5. Then, for

any y € S(G), we know that S = S¢ () therefore we can view y as an element in the

quotient of L¢ g(c). Notice that S(H) = 0 and the element [I{/—f] -y can be seen as

an element in the coset of Loy (H) in Jgyv(H). Using the associativity of the tensor

product, we get that ([%] [HV_X;?}) Ly = [G(fo]([H‘;@G} ).

Furthermore, we have ([HVXSOG} y) € Sev(H) = S(H) # {0} , hence ( Hv_xf y) €

Jav(H) , therefore by the definition, we immediately obtain that ([%} HV—Xf )y =
0, hence I annihilates S(G) that means S(G) can be viewed as a Eg-module. Due to
the simple condition, the functor S is non-zero and therefore there must be a minimal
group G for S and by the above fact, such group G satisfies S(G) # {0} such that
S(G) is annihilated by Ig. For part (c), Let V' be a simple Eg-module such that V' is
annihilated by I5. Assume that |H| < |G|. Then for any z ®g, v € Bi(H,G) ®g, V
and for any y € Bi{(G, H), y -z € I and therefore (y - x) - v = 0 by assumption. This
implies that © ®pg, v € Jgv(H). Hence, Sgy(H) = 0. Thus, Sy v(G) # {0} implies

|H| = |G|

For part (d) Assume Sgv = Spw, then Sgv(H) = Spw(H) = W as Ey-

modules. Other if part also follows similarly. Conversely, asssume that Sg v (H) = W =
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Suw(H) then by part (a), notice that Sy (H) # {0}, thereby Sgv = Spyv = Suw
where V' = S¢ v (H) and that is isomorphic to W, which finishes the proof. ]

Observe that we don’t know nothing about the structure of S on large groups, yet
we know exactly how we can evaluate the small groups on this functor. Later, we will
develop a way to understand the structure of biset functors and this will be a reason

why we want to view a fibered biset functor as a biset functor.
2.2.4. Idempotents in Fg

By theorem in the last section, some modules of the k-algebra F; parametrizes
the simple functors S € F such that G appears to be a minimal set for this simple
functor. It could be very useful to study the ring structure of Eg and thereby looking
for primitive central idempotents is particularly important. In this section, we will
provide a set of idempotents which provide us a decomposition of the k-algebra FEg.
Recall that G acts on M via conjugation and let us classify the pairs (K, ) which is
fixed by the conjugation action of GG. The following result is an easy consequence and

classifies fixed points of Mg.

Lemma 2.3. The fized points of M¢ are the pairs (K, k) such that K = K for
all g € G and the map K 1is fivred on the conjugacy classes of K on the action of G.
Equivalently, pairs (K, k) such that K < G and k is fized on the conjugacy classes of K
on the action G are the fized points of M¢. The set of fixed points in Mg are denoted
by ME.

Let (U, ¢) € Maxy with pi(U) = G, then the pair ly(U, ¢) = (k1 (U), ¢1) € ME.
By a symmetric argument, note that if po(U) = H, then r(U, ¢) = (ko(U), ¢2) € ME.

Elements of M& parametrize an idempotents of Eg. We define such idempotents.

Definition 2.10. For (K,x) € M&, we define a transitive A-fibered (G, G)-biset as
Bk ) = (vié%) where Vi (G) = {(g1,92) € GxG : g1 K = 9K} = (Kx{1})-(G)
and for any (g1, g2) € Vk(G), the map ¢.(g1,92) = (g1 - g2 ).
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In this definition, the fact that 7 (G) is a subgroup of G x G follows from the
fact that K <G and homomorphism property of the map ¢, follows from the fact that
k is constant on the conjugacy classes of K on G. As the next proposition suggests,
not only such A-fibered bisets are primitive idempotents of Eg but also tensor product

of any such fibered biset is relatively easy. This next result is from [5].

Proposition 2.2. Let (K, k), (K', k') € MG and (U,$) € Mgy such that [(U, ¢) =
(G, K',K).

(a) l(VK(G)7¢n) = (G7 K, I{) = (VK(G)7¢H)
(b) One has E(x ) @ac (GUX—(;{> = (&%) when K

is equal to &. More precisely, Egr) @ac By = B ) 0 case K

¥

~

! .
=K , otherwise
|K|"1K’ |KﬁK’

‘KHK’

K otherwise it is equal to &.
’KHK’

¢) Assume that (K, r) < (K',K'), then we have that Ex ) @aq () = (G2,
(K k) U

in particular we have E(k ) @ac By = Egr -
op
(d) Assume that po(U) = H, then (GUXf> ®an <GUXf>
(6) E(Kﬁ) &= (E(KVH))OP.

12

E(K’,H/)'

Proof. The proof of part (a) is just an easy verification and the other parts follow easily

from the Mackey’s formula. O]

Let us define ek ) = [Ex.x] € Bi*(G,G) = Eg for any (K, k) € M. Using part
(c) and part (e) of previous proposition, we have that ek ) - e(xx) = €k and for
any two (K, k), (K' k') € M$ , one has EKmE(K W) = C(KK ') = E(I i EER) =
and notice that e;; = [ ndg = 1p, thus we obtain a commutative k-subalgebra

@D  k.ewxr - However, there may exist (K, k), (L, \) € M& such that e(x e, ) #
(K,/{)GMg
0 so the set of such elements cannot provide a set of orthogonal set of primitive idempo-

tents. To look for such idempotents in the commutative k-subalgebra @  k.e(x ),
(K,n)e./\/lg
we define the following idempotents:



18

Definition 2.11. Let ,u(ﬁK (L) denote the Mobius coefficient of the two G-fixed pairs
(K, k), (L, \) with respect to the poset structure on M&. We define a set of elements

in @ k.exy as follows:
(K,/{)GMg

f(Kyfi) = Z M(S]KJ.C),(L’)\) * €L (211)
(LX) =(K k)

Note that elements f(x ) are idempotent elements and by using Mobius inversion

formula, ef ,, = > fwx so that the set {fixx) : (K, k) € ME} forms a k-basis
(LA)>(K, k)
for the commutative subalgebra @  k.ek ) with eq 1y = > fixx)- The
(K k)eME, (K,k)eEME,

next proposition shows us that the set of elements f(x ) does form a central primitive

orthogonal basis for the commutative k-subalgebra €5 k.e(k x) and tensor product
(K,r)EME
of this elements is even easier to compute.

Proposition 2.3. For (K, k), (L,\) € M&, one has the followings:

(a) ey - fiony = fan -ewn) = fiony if (K k) < (L, X\) , otherwise it is equal to 0.
(0) fixw - fany = fucw) if (K k) = (L, ) , otherwise it is 0.

2.2.5. Linkage

Definition 2.12. Let G and H be finite groups. We call pairs (K, k) ¢ and
(L,\) € M linked if there exists (U, ¢) € Mgxy such that [(U,¢) = (G, K, k) and
r(U,¢) = (H,L,)\). In particular, if G = H, then two linked pairs (K, ) and (K', &)
are called G-linked. We write { K, k}¢ for the G-linkage classes of (K, k).

It is easy to see that it is an equivalence relation. Also, we observe that if (K, k)
and (K', k') are G-linked, then |K| = |K'|. Partial ordering on M§ can be reformulated
to a partial ordering on the G-linkage classes. We say that { K, k} < {L, A} if and only
if there exists (K',x') € {K,x} and (L', \) € {L,\} such that (K, &) < (L', \).
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Verification of the partial ordering can be easily shown. Let (K, k) € ME, let us define

e{K,K}G = Z e(K/7E’)andf{K’,{}G = Z f(K/,N/)' (212)

(K’ ) e{(K r)} (K" w5 e{(K k)}

For such elements in B{(G, G), we have the following:

Lemma 2.4. Let (K, k), (L,\) € MG, then

(1) etk rie - froaye =0 unless {K,k} < {L,\}.
e{k it - fiiare = firaye otherwise.
(1) firwye - fraaye =0 if {K, s} # {L, A}
(i) frma fiema = fixme:

Proof. See [5]. O

2.2.6. Structure of E¢(G)

We have already shown that the classification of simple A-fibered biset functors
is closely related to the irreducible Eg-modules. Since the structure of Eg seems to
be complicated and we have nothing to classify it, therefore we look for a classification
for Eq. The exact classification of Eg is already made and can be found on [5]. We
record some important notions and some theorems regarding the structure of E¢ which

appears to be a subalgebra of E¢ which covers Ec.

Definition 2.13. We define Ef, to be the C-subalgebra of Eg = BE (G, G) generated
by the transitive C*-fibered bisets [GUXf] where U has full projections, i.e p;(U) =

Notice that when we have such two pairs (U, ¢) and (V, ¢), then the star product
(UxV,¢=*¢) has full projections. Hence, we conclude that the subgroup E, is actually
a C-subalgebra. We show that the subalgebra Ef actually covers Eg ( that means

we can find a map from Eg to Eg that sends E¢ isomorphically to Eg). Moreover,
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the essential algebra F¢ is isomorphic to direct product of matrix algebras over certain
group algebras. Along with some definitions, we record some results which are essential

to the classification of E,.

Lemma 2.5. (i) We call a pair (U, $) € Meaxu covering if p1(U) = G and po(U) =
H. Note that if we have two pairs (U, ¢) € Maxu and (V,p) € Mpyxx both are
covering such that ro(U, ¢) = lo(V, ¢) = (K, k), then we have that (U *V,px*p) €
Mexk

(ii) We have e ), €1k}, fkw)s frrmy € EG for any (K, k) € ME.

(iii) Let G be a finite group and (K, k) € M&. Then, we define k.G KR to be set

of all standard basis elements [GXG] where lo(U, ¢) = ro(U, ¢) = (K, k). This set

is a group with respect to the multiplication of fibered bisets. The identity element
in this set is ek ) and the inverse of any element is equal to its opposite fibered
biset.

(iv) Assume that (K,k) € MG, (L, \) € M. We set

G x H
@rnl ey = {7 ; | 1w, 0) = (@ K. w),ro(U,0) = (L, 0} (213)

This set is non-empty if and only if (G,K,k) ~ (H,L,\). Also, even if this

set 1s non-empty, the set doesn’t have a natural group structure induced by the

multiplication of fibered bisets.

Assuming that (G,K,k) ~ (H,L,)), then the set ([, becomes a
(I'tG, K k), L (1,00 )-biset. where the actions are given by left and right multiplication

of bisets. We prove that the action of both groups are free and transitive.

Lemma 2.6. Groups I'q k) and I (g, act freely and transitively on (G7K7K,)F(H,L7)\)'

Proof. It is enough to prove these results for the action of I k) on (QK,H)F (H,L)-

We start by showing that this action is free.

Let [GVLS} € I'la kx and [U¢>] € (¢ kx)l (0 such that [GVTG] . [ }

[GXH ] By Mackey’s formula, we have V « U = U and we will prove that /5 (G) =

U
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Let (g1,92) € V, then there exists (g2, h), (g1,h) € U. Hence, (g1.9;",1) € U hence
g1.95 " € K, therefore (g1, g2) € Vi (G). Thereby, V < i (G). Conversely, let us take
(91,92) € Vi (G). By definition, we have g9, € K so (1,¢195") € V and (go,a) € V
for some a € G with (a,b) € U for some b € H. So these relations imply gsa™! € K
and thereby (1,g0a7') € V with (g2,a)(1,g2a7") = (ga,92) € V. Moreover, we have
that (g1.95 ", 1)(g2,92) = (g1,92) € V. Consequently, we conclude that /g (G) < V.
Hence, Vi (G) =V.

Next we prove that ¢, = ¢. Let (g1, 92) € Vk(G). Therefore, we can find g € G
such that (g2,9) € V and (g1,9) € V. Hence, ¢(g1,9) = ¢(g91,92)P(g2,9) so that
©0(g1,92) = d(g1-95",1) = K(g195 ") which concludes that ¢ = ¢,. Hence, the action is

free.

Next, we prove that the action is transitive. Let us take any two element

op op
[—GXH], [GXH] € G.rcm (1,10 Wehave that [GXH} [GXH] € I,k x) and [GXH}

U Vie Vie U,
[%] = ey, which give us the fact that [%} : [ } : [GXH] = [GUXf] Thus,
the action is transitive. H

Observe that being free and transitive as left G-set and right H-set imply that
we can view this set as a transitive (G, H)-biset. Also, as a I'(g k )-set, (¢, kx) and
. kx) L (1,0,\) are isomorphic. Also, by the same reasoning, we can see that as a

I'tg,p0-set, g 1,y and @, Kﬁ)F (#,L,)) are isomorphic. We obtain the following result:

Lemma 2.7. There exists a group isomorphism v between Iy 1y and I'g k. given

op .
by y — [GUX;I} ‘HY "H [GUXf] for some [GUXqﬂ € rml Ly Moreover, if
[gfxf] € .xm ! (L), then the resulting isomorphism v satisfies ¥ = ¢, oy where

z =

GxH | GxH
U | Ue

| where c, is an conjugation isomorphism of I ik x)-

Notice that since @, K,n)F (a,L,\) is transitive as a left I'q g .)-set and transitive

as a right Iy, -set with this isomorphism on these groups, we observe that

I'a,xm)y X T, ]

(@xml LN = [ N (2.14)

o~
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where A, := {(7(y),y) : ¥ € I{m,r,n}- This induces a canonical bijection
II‘I‘(k’F(I_LL’)\)) — II'I'(]{?F(G,KW)) (215)

and therefore we conclude that two linked pairs have an isomorphic I'-groups and the
corresponding group algebras have isomorphic irreducible modules. This will be used
when we construct our irreducible fibered biset functor. We see that the elements
Jix's are the elements which parametrize the C-subalgebra E. To prove the main
theorem regarding the structure of E¢, we record some results there whose proofs can
be found in [5]. The following two theorems are very important for the parametrization

we aim to make.
Theorem 2.7. (a) Let (U,¢) € MS, o and let (K, k), (L,\) € M&. If

GxG
Firmy - [ U>,<¢ ] fray #0 (2.16)

, then {K,rk}q ={L, \}¢.
(b) The elements fix .y where {K,k}e € ME/ ~ are mutually orthogonal central
idempotents of E¢ and their sum is equal to 1. One has a decomposition

Eb= P fikmaE (2.17)
{K,k}eME/~

of E¢ into two-sided ideals.

(¢c) We have another decomposition of E¢, into C-submodules which is given by

E,= P B (2.18)

{K,K}EMG /~

where EE{K"{} is generated by the transitive C*-fibered bisets [G[fo} € M¢q
where lo(U, ¢) € {K, k}q.

(d) Let (K,k) € MG, (U,¢) € M, with ro(U,¢) = (K, k) and let (L, \) with
(K,k) £ (L,\). Then [GUXf} “fan =0.

(e) One has the following decomposition

c,{L,\ c
P EGM = P E&fioaye- (2.19)
(K R}<{LAYEME /~ (K R}<{LAYEME [~

(f) The projection map which is from ESY™™ to B& fix e

w: EGY 5 BE fime (2.20)

given by b — bf{x k) s an isomorphism of k-modules whose inverse is the pro-
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jection map with respect to the decomposition K¢ = b EE{K’F"}.
{K,k}eME/~
(9) Enumerating the elements of {K,k}q as (Ki,k1), ..., (Ky, kn), the isomorphism

w s the direct sum of k-module isomorphisms
Wij * (G ko) LG8 = im B s w5 big = Foaconnbis fg mpy- - (2:21)

(h) Let i,5,l,m € {1,..,n},b;; € C(G,Kz-,m)F(G,Kj»Hj) and by, € C(G,KI,NZ)F(G,Km,Hm)'
If 3 = Lithen bijbim € C ¢ k, v L (G Kmwm)- In any case, one has the following

Wil(bi'blm)a ij = la
Wi (big )Wim (bim) = ’ (2.22)

0, otherwise.

(i) The map k[IG krx] — Gxml G K gwen by a = fkrafxs) is an k-algebra

1somorphism.

Theorem 2.8 (Structure of E¢). There exists a C-algebra isomorphism

&b Mat| (03| (CTlG.x.0) = B (2.23)
{KR}<{LAYeMG/~

with the following property:

For every (K,rx) € M&, writing {K,k} = {(K1, k1), ..., (Kn, kn)}, the element

f(kiy) 05 mapped to the diagonal idempotent matrices e; € Mat |k 1| (CLG k)

We see that using this theorem along with Morita equivalances, irreducible Eg-
modules are characterized by the irreducible CI' ¢ g )-modules. We need to understand
the structure of I'g k). We see that it is heavily dependent on the group structure of

the quotient group G/K. Under some conditions, we have the following theorem.

Theorem 2.9 (Structure of I\ x)). Let (K, k) € ME and assume that k is faithful.

One has a short exact sequence

1 = (G/K)* = Faxr — Out®(G/K) — 1 (2.24)

where ¢ = (G/K)* = Ig,xx) given by 6 — [Ai(XGG) 5} with 0(gk, g) = k(k)0(gK) and

7 D rr) — Out®(G/K) such that [%}:g] — 1 —=nlnn(G/K).
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2.2.7. Reduced Pairs and the Simple E;-Modules

A special subset of M$ plays a central role in the classification of ES. It occurs
as a parametrizing set for £¢, when we decompose it as a C-algebra. Let us define this

set and give some results regarding this set.

Definition 2.14. We define the subset Rg = R} (G) by
RG = {(Ka ’Li) c nge(K,n) ¢ IG} (225)

We call (K, k) € Mg reduced pair if (K, k) € Rg.

Let us record some easy but very useful results on reduced pairs. The first
lemma says that partial order respects the being reduced and the second lemma will
be particularly important for the description of the generators of I in terms of the set

Re.

Lemma 2.8. (a) Assume that (K, ) and (K',x") are G-linked. Then (K, k) is re-
duced if and only if (K', K') is reduced. Hence, the equivalence relation on M

18 tnherited to Rg.

(b) Assume that (K,k) < (K', k') € Rg implies (K, k) € Re.

Proof. Suppose (K, k') € Rg , let (K,k) ~ (K',x') and (K,k) € Rg. Then there

exists (U,¢) € M, o with lo(U,¢) = (K,k) and 7o(U,¢) = (K',x). We have
op op

e ) € lon then cucny = |GE] - [92)7 = |9E] e |SE] T € Lo which

leads a contradiction. For the second part, if (K, k) € R¢, then ek ) € Ig therefore

e(Kr)-€(K' ) = €k’ w') € LG This is a contradiction. O

Lemma 2.9. The ideal I of Eg is generated as a C-module by the standard basis

elements [GUXd)G} with (U, ¢) satisfying

pn(U) #G (2.26)

or in case that we have p;(U) = G, we should have

lo(U, ¢) & Re:- (2.27)
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Proof. See [5] for the proof. O

Since I is stable under the map (=) : E¢ — Eg, the above conditions can be
replaced by pa(U) # G or po(U) = G and 14(U, ¢) € Rg. Now we find a parametrizing

set for Fg. Detailed proof of the next theorem can be found on [5].

Theorem 2.10. (a) One has Eg is the sum of E¢ and I and we have decomposition

ESNIg = & fiemoBS (2.28)

{K»H}GEMg/N»(Kﬁ)gRG

where second summand ranges over a set of elements which is an equivalence class
and their representative is not in Rg.

(b) The canonical epimorphism Eg — Eg maps the subalgebra

D fumeFe (2.29)
{K.ktcERG/~
of E¢ isomorphically onto Eg.
(c) For each (K, k) € R¢, the map
Clicxm) = FrmyEal k@ = [l xr (2.30)

is a C-algebra isomorphism.

2.2.8. Classfication of Simple Fibered Biset Functors

In this subsection, we will parametrize the simple C-fibered biset functors. We

start by introducing some notations.

Definition 2.15. Set S¢ = {((K,r), [V])|(K,k) € R, [V] € Irr(Clg k) ) Call
two elements ((K,k),[V]), ((K',x),[V']) € S¢ equivalent if (K, ) and (K',x") are

G-linked and [V] corresponds to [V'] via the canonical bijection

Irr(Clg g ) = Iir(Clg k) (2.31)

We note that the equivalence relation on pairs and isomorphism classes of the

irreducible modules of group algebras Clg k) give rise to an equivalence relation
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on Si. The next result provides a classification of simple Eg-modules. The proof of
this result can also be found on [5] which follows from the previous theorems we have
stated and the Morita equivalence of matrix ring M, (R) and a ring R. Also, the above

theorem tells us the importance of the quotient algebra Fg.

Theorem 2.11 (Classification of Irr(Eg)). The map Sg — Irr(Eg) given by
(K, 5),[V]) = V = E_G'T(K,n) Okl V (2.32)

induces a bijection between the set of equivalence classes of Sg and Irr(Eg).

The above theorem tells us that if we are able to find reduced pairs for any finite
group G, then we classify all fibered biset functors. This is a very hard task and there
is a classification of reduced pairs(see [5]) when the fiber is a nice group. The next
proposition gives us a necessary condition and a sufficient condition for a pair to be

reduced.

Proposition 2.4. Let (K, k) € M&

(1) If (K, k) € Rg,then k is faithful and K < Z(G).
(i) If K < G and k is faithful, then (K, ) € Re.

Proof. For the first part, assume (K, k) € Rg. Thus, (Vk(G),¢s) € Maxe and we
have a decomposition into standard bisets as
GxG
[VK(G)> o
Since ek ) € I, we must have G = ) = P and also K = {id}. Hence, Ker(r) = {id}.

} >~ Ind$ ®Ap]nf£/[? Qap/g X Oug/i Defg/i ®AQR638. (2.33)

This shows that s is faithful. By Goursat’s Lemma, we know that K/ K is central in

P/K . In our situation, it is equivalent to the fact that K is central in G, i.c K < Z(G).

For the second part, assume « is faithful and K < G'. Assume that ek.r) € la,
then ek ) occurs as a summand of the multiplication of two transitive fibered bisets

[%] and [HW—XE} with |H| < |G|. Hence, there exists [VI{/,XE,} with e(x ) = |:GV><<£Ii| :

[HXG] and therefore 7 (G), ¢, is equal to (VW' , o). We have p, (VW) < py (V)

W
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hence we conclude that p (V) = G and Io(V « W' px ') < Io(V, @) so that (K, k") <

(K, k) where (K', k') = lo(V,¢) . Let’s consider the product ek - [vaf] = [‘G/,Xg]

where the pair (V' ¢') satisfying Io(V', ¢') = (G, K, k) and using the Goursat’s Lemma,

we conclude that |G| < |H|, a contradiction. O

We give an equivalent condition of being reduced which seems to be impractical
for the computational purposes because it requires to check so many cases for a pair
to be reduced. Despite its complication on calculations, it does imply that the reduced

pairs are independent of the choice of k.

Theorem 2.12. For (K, ) € MS, the following are equivalent.

(i) (K, k) € Ra.
(ii) There exists a finite group H with |H| < |G| and (L,\) € M such that
(G, K, k) ~ (H,L,\).

2.2.9. Classification of Simple A-Fibered Biset Functors

Section 9 in [5] gives a full classification of simple A-fibered biset functors. We

need few results which are important in the remaining of the thesis.

Theorem 2.13. w: (K, k), [V]) = V := E_G;(Kﬁ) Ok V induces a bijection

w : g — II‘I‘(.F), [G, K, K, [V]] — [S(G,K,R,V)]' (234)

This theorem gives us the full classification of simple A-fibered biset functors. In
the remaining of the thesis, we are mainly interested with the C*-fibered biset functor
Seya1py- Since (1,1) € Rg as 1 < G and 1 is a faithful map with [1] being irreducible

trivial CI ¢ k x))-module, then such simple A-fibered biset functor exists.

Since C* is a divisible group, the Hypothesis 10.1 on [1] holds for the rest of the

thesis. Hence, the only reduced pair of Mg, is (1,1). Using theorems, S¢, 11,1(G) is
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equal to simple head L, +(G)/J ¢, 7)(G). Note that V is equal to f,,Fc, QCI11) L
where 1 denotes the irreducible trivial CI (¢,1,n-module. Note that in this case, we have
that E_c2 = Cliga,1) and 7(1,1) = €(1,1) which is the identity element in E_C2 Hence, the
irreducible trivial CI{g 1,1)-module 1 is the same as the irreducible trivial E_Cz—module.

Thus, V = Eg, ®E7C2T >~ 1. Hence, we investigate the simple C*-fibered biset functor

Se, 1
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3. C*-FIBERED 2-BISET FUNCTOR S,

In the last chapter, we investigated the simple A-fibered biset functors. We note
that we don’t use anything specific regarding the objects in the category Cj!. For that
reason, if we restrict the objects of this category to p-groups, all results that we have
stated will hold for C,. Here C, is the full subcategory of the C{! whose objects are
finite p-groups.

A Cr-fibered p-biset functor is a C-linear functor from C, to the category of
C-vector spaces. In this case, the morphisms in C, are C-linear extension of the C*-
fibered bisets of the p-groups. Also, the classification theorem for simple A-fibered
biset functors holds for simple A-fibered p-biset functors because the proofs and the
statements are independent of the choice of the groups. We choose A to be C* and note
that Hypothesis 10.1 in [5] holds for this choice. The aim of this thesis is to decompose
the simple C*-fibered 2-biset functor S(c,,1,1,1)) as a 2-biset functor. We denote it by
S.

In this section, we give some preliminary results regarding this 2-biset functor. We
start with the following from [11]. From now on, Sy ) denotes a simple biset functor
parametrized by the pair (H,V) where H is a finite group and V' is an irreducible
C Out(H)-module.

Lemma 3.1. Let H be a group of even order such that p | |H| for some odd prime p.
Also let G be a finite 2-group. Then we have

Sty (G) = {0} (3.1)

Proof. See [11] for the notation we use in proof. By Theorem 4.3 in [11], one can easily
deduce that B(G, H) = {0} because there is no subquotient of G’ which is isomorphic
to H. Otherwise, we must have that |H| | |G| which implies p | |G|, a contradiction.
By Proposition 4.4(b) in [11], we immediately deduce that Sy (G) = {0}. O
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Notice that it is quite hard to describe simple fibered biset functors in general.
Therefore it is difficult to view it as a biset functor. The following result is quite useful

in a way that gives us a sense of how we should approach the composition problem.

Lemma 3.2. Let S (resp. S) be a simple biset functor(resp. A-fibered biset functor)
such that S(G) # {0} (resp. S(G) # {0}) . Then S is generated by S(G) (resp. S is
generated by S(G)), that is, S(X) = kB(X, H)S(G) (resp. for S) for all finite groups
X. More precisely, we have that if 0 # uw € S(G), then S(X) = B(X,G) - u.

Proof. The proof is immediate from the definition of simple functor once we define a

subfunctor S'(X) = B(X,G) - u which is a subfunctor of S. O

Therefore, it is reasonable to take a look at the actions of standard bisets on
the elements of So(G). Notice that as an A-fibered biset functor, it is simple and for
any non-zero element u € Sy(G), the action of standard bisets on the element u will

produce the set So(G). It is a good place to give the definition of a composition factor.

Definition 3.1. Let L be a biset functor. We call a simple biset functor Syy a
composition factor of L if there exist subfunctors F C F' C L such that F’ JF = Syy.

If Sp v is a composition factor, we write this relation by Sy | L.

The classification of simple biset functors (resp. simple fibered biset functors) are
done via finding the minimal groups G. By using the same reasoning, we want to find
the composition factors by determining the minimal group G that they appear. On the
other hand , we don’t know at which finite group G' a composition factor Sy appears,
i.e for which minimal group G, the module Sy (G) is a summand of Sy(G). Luckily,
the minimal group approach is useful because if such a composition factor exists, then

it must occur first at itself.

Theorem 3.1. A simple biset functor Smv) is a composition factor of Sy if and only

if Scvy(H) is a direct summand of So(H) as Eg-module.
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Proof. The proof makes use of a theorem from an unpublished article, [12] so we skip

the proof. 0

Note that the remaining of the thesis relies on this result because we will look
for the composition factors Siuy) in Sp(H). Using the above theorem, all we need
is to determine the summands of Sy(H) as a EFy-module for each finite 2-group H.
However, we don’t know how to decompose it as a sum of simple biset functors as
using the transitive C*-fibered (H,C5)-bisets, we have no information about Out(H)-

structure of elements B(H, Cy) - u for any 0 # u € S,.

We need to find basis elements of So(H) which has Out(H)-module structures.
For this, we need to introduce some notation which are central in the remaining of the

thesis. We introduce the primitive idempotents of the monomial Burnside ring.

3.1. Primitive Idempotents of Monomial Burnside Rings.

In this section, we follow the notations in [13] but mainly rely on the results in [9)].
Let C' be an abelian group and G be a finite group. A C-fibered G-set X is a C-free
C' x G-set with finitely many C-orbits. Any C-fibered (G, H)-biset X can be seen as
a C-fibered G x H-set. Let [C'X] denote the isomorphism class of C-fibered G-set
CX. For two C-fibered G-set CX and CY, we define their tensor product to be the
C-orbits of CX x C'Y under the C-action given by c(z,y) = (cx,c 'y). Note that with
respect to the C-orbits of CX x C'Y', C-action is given by ¢ (x Xcy) = (cx X¢y) and
G-action is given by the diagonal action. We denote the tensor product by CX @ CY

and any element with x ® y.

We consider the disjoint union of two C-fibered G-sets which has an obvious C-
fibered G-set structure and denote it by C'X U C'Y. Monomial Burnside ring for G
with the fiber group C*, denoted by B (G), is defined to be the ring, generated by the
isomorphism classes of the finite C*-fibered G-sets with the multiplication and addition

given by [C*X][C*Y] = [C*X ® C*Y] and [C*X] + [C*Y] = [C*X U C*Y].



32

We call a C*-fibered G-set C*X transitive if and only if the action of G on the
C*-orbits of C*X is transitive. For a transitive C*-fibered G-set C* X, let [z] denote
any C*-orbit and consider U = Stabs([z]). The C-fiber structure gives rise to a group
homomorphism p : U — C* given by p(u) = c if and only if uz = cx. Conversely,
any pair (U, ) gives rise to a transitive C*-fibered G-set [U, M:|G given by the coset
representatives of the subgroup {(u(u™'),u):u € U} in C* x G.

Such pair (U, p) is called a C*-subcharacter of G and C*-subcharacters of G admit
a G-action given by the conjugation g - (U, u) = (YU,%u). It is easy to observe that
there is a bijective correspondence between the G-conjugacy classes of C*-subcharacters

of G and the isomorphism classes of transitive C*-fibered G-sets. We denote the set

C*-subcharacters of G by ch(C*,G) ={(U,pn) : U < G,u € Hom(U,C)}.

For subgroups V,W < G and the linear characters v : V — C*,w : W — C* |
we define a C*-linear character of VN W viav-w : VNW — C* given by v - w(u) =
v(u) - w(u). With respect to the above notation, we have

[V,V]G.[W,w}(;: Z [VﬂgI/V,u-ng (3.2)

where the summation runs over the set of all double coset representatives of V' and W

in G.

As a conseqeunce, BY (G) = &P Z[V, V} where ch(C*, G)s denotes
(Vv)ech(C*,G)g G
the G-conjugacy classes of ch(C*,G). We may extend the scalars to any field K, i.e

KB (G) = K®z B (G). As K-vector spaces, we have
KB® (G) = vy .
(@) P KV ) (3.3)
(Viv)ech(C*,G)a
Let O(G) denote the intersection of kernels of all homomorphisms p : G — C*. G/O(G)
is the largest abelian quotient whose exponent divides the order of C*, see [9]. Since

/

C* has infinite order, then O(G) = G .

We define a set el(C*,G) = {(H,h) : H < G,hH € H/H'} whose elements are
called C*-subelements of G. Similar to C*-subcharacters of G, G acts on el(C*, G)
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via conjugation. Note that for any H < G, we have |H/H'| = |Hom(H,C*)|, see [9].
This observation immediately leads us to conclude that |el(C*, G)| = |ch(C*,G)|. By
Lemma 3.3 in [9], we immediately get that |el(C*,G)/G| = |ch(C*,G)/G|.

We already note that isomorphism classes of transitive C*-fibered G-sets are
parametrized by G-conjugacy classes of the set ch(C*, G). Later, we see that the G-
conjugacy classes of the set cl(C*, ) is a parametrization for the primitive idempotents
in CB® (G). Now we introduce notations which are required for the construction of
primitive idempotents in monomial Burnside ring. The following construction can be

found in [9].

Let S be a proposition. The Kronecker value of a S is the rational integer

1,if S holds,
5] = (3.4)
0,if S fails.

Consider a finite poset P. The incidence function of P is defined to be the function
¢ : P x P — Zsuch that ((z,y) = |z <y] for all z,y € P. For an integer n > —2, we
define a function ¢, : Px P — Z such that c_s(z,y) = |y = 2|, c_1(x,y) = |y < x| and

if n > 0, then ¢,(y, x) is the number of chains in the form y < zy < z; < .. < z, < .

The Mobiiis function of P is defined to be the function p: P x P — Z such that

[e.e]

wly.x) = > (=D euly, 2). (3.5)

n=-—2

This sum is finite so such a function is possible. Next, we discuss the Principle of

Mobius inversion.

Let A be an abelian group and 6, ¢ be functions P — A. We define the totient

equation and the inversion equation to be, respectively,

0y) =Y _ o(x)¢(x,y) (3.6)

zeP
and changing the role of y and x and functions,

oly) =Y 0)ulz,y). (3.7)

yeP
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We obtain a Mobius inversion principle which states that the totient equation holds for
all y € P if and only if the inversion equation holds for all x € P. Assume that P is a
G-poset and we can generalize the incidence and the Mobius function to the G-orbits

of P by G-invariant functions

Calw,y) = > (@ y)paley) = Y pa',y), (3.8)

=g =g’

These functions are mutual inverses and since C* contains all n'*-roots of unity,
we define monomial incidence function and monomial Mobius function respectively
as ¢ : el(C*,G) x ch(C*,G) — C where ((H,h;V,v) = v(h)((V,H) and we define
p i ch(C*,G) x el(C*,G) — C where pu(V,v;H,h) = v=Y(V N hO(H))u(V,H)/|V|
where v~ is the inverse of v in V and

v VNhOH) = > vl(a). (3.9)

2€VNhO(H)

Similarly, we define G-invariant functions (g(H, h;V,v)

C(H i V,v)y= > ((H,h;V,v) (3.10)
(th):G(Hlvh/)

and we also define G-invariant function ug(V,v; H, h) as

ua(Vivy Hyh) = Z nw(V', V' H,h) (3.11)
(Vvl’):G(V/ﬂ/)

where =¢ denotes a G-conjugate pairs of el(C*,G) and ch(C*,G). Now we are ready

to give a set of primitive idempotents. For the details, see [9].

Theorem 3.2 (Idempotent Formula). Recall that C satisfies the being sufficiently large

condition. There is a bijective correspondence e%h «— [H, hl¢ between the primitive

idempotents of CB® (G) and the G-conjugacy classes of el(C*,G). We have
No(HWleGr = > Via(VivsH )|V (3.12)
(V,v)€gch(C*),G

3.2. Kernel of Monomial Linearization Map

In this section, we introduce the monomial linearization map. We prove that

So(G) is equal to kernel of monomial linearization map at finite 2-group G.
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Furthermore, we prove that kernel of monomial linearization map at any finite
2-group G is generated by the primitive idempotents egﬁh where H # (h) which is

defined in the last subsection. Let us define the monomial linearization map.

Definition 3.2. The map ling : CBY (G) — CR¢(G) given by the linear extension of

[V, V} — Ind\G/ v is called monomial linearization map associated to the group G.
a

This map is a ring homomorphism. The argument which discusses the proof of
this fact can be found in [9]. The next result shows that So(G) can be seen as a subset

of B (G). We use the Remark 4.2 in [13].

Theorem 3.3. For any 2- group G, Sc,1(G) can be embedded to BE (G).

Proof. Using Remark 4.2 in [13], there exists a short exact sequence
0— Sc,1 — BY — S11 — 0. (3.13)
Inserting G to the exact sequence, we obtain a short exact sequence of C-modules
0 — Se,1(G) = B (G) — S1.1(G) — 0. (3.14)

This implies that S¢, ;(G) — B (G). O

Our next result shows that S¢, ;1 is equal to Kerlin for any finite group G. Note

that it is not true for any finite group G.

Theorem 3.4. Sy5(G) = Kerlin(G) when we work over p-groups.

Proof. 1t follows from the short exact sequence given in Remark 4.2 in [13]. When we

work over p-groups, Sy becomes C character ring Re(G). O

Now, we prove that the kernel of linearization map for any group G is generated
by the primitive idempotents e%yh where H # (h). For this purpose, we recall some

results from [1]. We introduce some notation.
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Definition 3.3. Let K be a field. K-algebra maps KB® (G) — K are called species.

These maps can be used to determine the primitive idempotents of KB®" (G).
Using a similar approach, we will determine the primitive idempotents of KR¢(G)
using such algebra maps. We construct algebra maps which are in one-to-one corre-
spondence with the primitive idempotents of CR¢(G). Consider SgG : CRc(G) = C
given by x — x(g). By construction, it is a C-algebra map. Let’s determine the

primitive idempotents of CR¢(G). Consider 5 =@ G‘ > x(¢7Yx. Using the inner
x€ Irr(G)
product property, this element is mapped to 1. It is indeed an element which can be a

primitive idempotent, see [2] for the details of idempotents formulas for more general
representation rings. Moreover, it is an idempotent of CRc+(G), see [2]. Next, we

prove the following:

0, if g and h are not conjugate,
Lemma 3.3. S§(ef) =

|Cc(g)|, otherwise.

Proof. By direct computation, we observe that this is equal to
1

@ 2 XX (3.15)
x€lrr(G)
and we conclude the result by the second orthogonality relation. O]

This result implies that idempotents of CR¢(G) are of the form egG up to G-
conjugacy classes of g. We have determined the primitive idempotents on CB® (G),

yet we haven’t described the species in detail. We follow the notation of Barker in [9].

Let C*X be a fibered C*-set and (H,h) be a C*-subelement of G. Given any
fiber C*x stabilized by H, we have a group homomorphism ¢, : H — C* defined by
¢z (h) = cif and only if h -z = cz. Corresponding to C*-subelement (H, k), we define

a species to be the linear map

SialCX] = Z¢m (3.16)
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where the sum runs over all fibers in C' X which are stabilized by H
The following theorem is due to Dress, see [1] but we state a special case which
is due to Barker, see [9].

Lemma 3.4. Given C*-subelements (H, h) and (I,1) of G, then S, = Sf, if and only
if (H,h) =q (I,1). Every species of CBY (G) is of the form Sg’h and the species span
the dual space of CB® (Q).

This result also implies that idempotents of CB® (G) are of the form ef ,. Our

aim is to compute the kernel of the linearization map. For this purpose, consider

CB%(G) —2¢— CRe(G

\SG lsc

and we claim that this map commutes.
Lemma 3.5. The diagram

(CBC* ) hnG CRC
SG l
SG

commutes.

Proof. We evaluate ling and S o ling at each C-basis element [H , y} o

S& o linG([H, 1/] G) = Ind% v(g) = m > v(tT'gt) . Now we compute
teGt—lgteH

S¢ ([H : Vi| ). For this, we make some observations.
(9)-9 a
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Recall that any C*-fiber of [H , Vi| o is parametrized by [1, k] H, where k runs over
all coset representatives of H in G. Moreover a C*-fiber [1, k|H,, is stabilized by (g) if
and only if C*-fiber [1, k]|H,, is stabilized by g if and only if (g) < *H.

Among such coset representatives k, the corresponding group homomorphism is
a restriction of ¢ry so g - [1,k] = *v(g) = *v(k~tgk). Therefore, ng([H, Vi| ) is
’ a
equal to > v(k~'gk). S§ oling( [H, 1/] ) is equal to Sg> ol [H, Vi| ) because
kEG\H k—'gkeH G ’ G

at each coset representative, there are |H|-many elements so we immediately get the

result. O

Theorem 3.5. For any 2-group G, we have

Kerling = @ Cefi (3.17)
(H,h)€el(C*,G),(h)£H

Proof. 1t is enough to compute the ling for idempotents eIC_"Lh since

CBY (@) = b cf,. (3.18)
H,he G/el(C*,G)

Note that a ring homomorphism sends idempotents to idempotents. Given g € G and
the idempotent 6(%,97 we have S<Gg>7g(e<Gg>7g) = 1 so by commuting diagram, we have

ling eg%g # 0.

Assume ling (e ;) = eff where k and h are not G-conjugate and K # (k) , then we
have that Sffw n(exr) = 0but Soling(e ;) = 1, a contradiction. Assume ling(e% ;) =
e$, then S<C,’;> w(exk) = 0 but ST oling(ef ;) = 1, a contradiction. Therefore we must

have ling(e ) = 0 in case K # (k). O

3.3. Actions of Standard Bisets on Primitive Idempotents

The actions of standard bisets Res,Ind, Def, Inf are already computed in [10]
and [13]. In the remaining of the thesis, we will be mainly dealing with the deflation
formula because the C Out(H )-modules appears in the primitive idempotents e has

already been in Sy (K') and such idempotents will naturally provide a C Out (K )-module
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structure once they have already had a C Out(H )-module structure. The proof of the

next results can be found in [10] and in [13].

Proposition 3.1 (Restriction formula for primitive idempotents). Given ' < G

and a C-subelement (H, h) of G, then
Res%(e$ Z €y (3.19)

where (J, j) runs over representatives of the F—classes of C-subelements of F' such that

(J,7) is G-conjugate to (H, h).

As a result of this proposition, for any subgroup H < G, we have Res% ea,q = 0.

Hence, we will neglect the computation of Resg €G.q-

Proposition 3.2 (Induction formula for primitive idempotents). Given F' < G

and a C-subelement (J, ) of F,then

ndS e, = |Na(J,5) : Ne(J, j)Ie§,. (3.20)

Proposition 3.3 (Isogation and Inflation formulas ). (i) Let ¢ : G — G’ be a group

isomorphism. We define ther isogation formula for primitive idempotent as

/

is0¢ & eﬁg = 62’75/ (3.21)
where ¢(G) = G and ¢(g) =
(ii) Let N 4 G and (F, f) € el(C,G/N) ,then

Infg/N eG/;V = Z €S- (3.22)
(J»j)eGel(Cva):(JW)j:m( (F)?)

We give the deflation formula of a primitive idempotent which is central in our

work. For this, we need to introduce deflation number mg n 4.

Definition 3.4. A number 7 is called a deflation number if there exists a finite group

G/N

€G/NgN- In

G and a normal subgroup N of G and g € GG such that Defg/N 6879 =

this case, we denote v by mg n 4.
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Theorem 3.6 (Deflation formula for the primitive idempotents). Let N < G

then, we define the deflation formula for primitive idempotent
G/N
DefGy €6g = MaNg€G N gn (3.23)

and the number mg n 4 s equal to

= ' . 24
moNg = N o] VoGV, G) (3.24)

For specific cases, deflation numbers can be calculated in a more efficient way.

We give such results when it is necessary. We also omit the proofs of the special cases.
3.4. Method of Finding Composition Factors of S,

In this section, we develop a method which is our main tool to determine the
composition factors. Firstly, recall that S, is generated by eg’h where H is a finite
p-group and (h) # H . In order to find the composition factors of the form S ) we
consider the elements o € S,(G) such that Res$ o = Def& /v a=0forany H <G and
N < G. The reason for such choice is that if it has a non-zero restriction or deflation,
it already appears on So(H) where H is a group whose order is smaller than G which
will already be in Sy(G) with a composition factor of the form Sy if it has such

composition factor.

Once, for all subgroups H < GG and normal subgroups N <G we determine a which
belongs to the kernel of all restrictions and deflations, then among such «a, we will try to
construct C Out(G)-module structures using this elements. More precisely, we already
know that Res% ea,g = 0 and if we define a C-vector space K = spanc NQG KerDefGG/N,

then we will try to construct a COut(G)-module structure on K. The irreducible

C Out(G)-modules that appears in K will corresponds to the simple biset functors
Suv(G).
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4. COMPOSITION FACTORS OF S;

Note that A-fibered 2-biset functor S, can be viewed as a 2-biset functor and a
simple A-fibered 2-biset functor may not remain as a simple 2-biset functor. In this

chapter, we find the composition factors of Ss.

Firstly, we show that there exists no composition factor of S, of the form Sy v
where H is a non-abelian group. Before proving this, we must determine the 2-groups
G for which Sy(G) is non-zero. Interestingly, for any 2-group G , we have So(G) # {0}.
Then, the next result guarantees the non-existence of a composition factor of the form
Sa,v of So where GG is a non-abelian 2-group. Hence, we will restrict our attention to

abelian groups.

Theorem 4.1. Let H be a non-trivial finite 2-group. Then we have

Sa2(H) # {0} (4.1)
Proof. Since Sy(H) = Kerling and for any non-trivial group H, we have eg’l €
Kerling. Therefore, we conclude that So(H) # {0}. O

Theorem 4.2. Let G be a non-abelian 2-group. Then Ss contains no composition

factor of the form Sqy where V is any C Out(G)-module.

Proof. If there exists a composition factor of the form Sgy, then such composition
factor is generated by the primitive idempotents eq 4 where GG, g denotes a G-conjugacy

class of C*-subelement of G. We show that Def% 1o €Gg F Defg I €a,y for any distinct

{G,9},{G,g} € G/el(C*, Q).

For p-groups, G is always contained in &(G) and this implies that Mooy =

! !
oG 1 _ 1G] _ 1
|GG e

Hence, Defg/G/ €Gg = Defg/G, eqy if and only if eq o o =

e/ g ¢ if and only if kg (g)ted.



42

This shows us that {G,g} =¢ {G,g'}. We can write any a € KerDefg/G, in

the form o« = ) ageqy, so the above fact implies that oy = 0. We conclude that
{G.g}
KerDe fg/ o = 10}. There is no composition factor of the form Sg . O

We reduce our problem to composition factors Sgy where G is abelian. It is a
good time to determine the G-conjugacy classes of el(C*, G) when G is abelian. Note
that G' = 1 for any abelian group G and two pairs (H, h) and (H', k") belong to same
G-conjugacy class if and only if there exists g € G such that /(H,h) = (H', 1) if and
only if YH = H and b = A’ if and only H = H and h = h'. Therefore, each pair
(H,h) where H < G and h € H gives rise to a distinct idempotents e, of CB®'(G).

We start with the elementary abelian case.

Proposition 4.1. The evaluation of Sy at (Co)™ where (C2)" = Cy x Cy X ... X Cy is
equal to Scy 1(CF) ® Scyxcy1(CF) as Ecyyn-module.

Proof. To ease the notation, write G = (C3)". Then ef ; € S3(G). The set S =
spanc{eg, ;} is isomorphic to S, 1(G) as an COut(G)-module. Therefore, S, has a

composition factor of the form S¢, ;.

Now, we show the following result So(Co X Cy) = Sc, 1(Cox C2) D Se,xcy.1(Cax Co)
when we view it as a E¢,w«c,-module. Since S, has a composition factor of the form
Sy, then Se, 1(Cy x Cy) C Sy(Cy x Cy). Our aim is to find the 2-biset structure of
So(Cq x C3)/Sc,1(Cy x C). We evaluate C-vector space dimensions of Sy(Cy x Cy)
and Sc, 1(Cy x Cs). We have

SQ(OQ X 02) — Spa’n(c{eA,la eB,la 60,17 602)(02,1’ 602>(CQ,0L7 eCQXCQ,b’ GCQXCQ,CLb} (42)

as a C-vector space. Hence dim¢ Sy(Cy x Cy) = 7. Using Theorem 1 in [14], we have
dime S¢, 1 (Cax Cy) = 6. We claim that S¢,« ¢, 1(Ca x Cs) has an isomorphic copy in the
vector space decomposition of So(Cy x Cy). If we prove this, then we prove our claim.
If such a summand occurs, the intersection of kernels of restriction maps and deflations

maps is non-zero. Moreover, such a summand appears as a simple C Out(G)-submodule



43

of (| KerRes$%)N( N KerDef$). We evaluate the kernels of restriction maps. For
H<G N<«G
eg 4 Res% eg, = 0 for any H < G. Therefore, spanc{ed , : (9) # G} C HﬂG Ker Res$.
<

Let us take ef;, where H < G, then Resfe§;, = ef,. If o € () Ker Res$; and we

H<G
write o« = ) O‘(H,h)elql,h» then Res% a # 0 if a contains a non-zero summand of the
(H.h)
form ef}, where H < G. This proves that [ Ker Res$ = spanc{eg , : (9) # G}.

H<G

Next we find the intersection of the kernels of the deflation maps as a subset of
span(c{eg’ s {9) # G} . G has 3 non-trivial proper subgroups which are cyclic group
of order 2. Notice that there is no need to check the deflation number of 1 because it
will always be equal to _71 For the other elements other than 1, we can represent the

deflation numbers which will be very important for calculations as the table below.

Table 4.1. Deflation table.

ma Ng a|b|ab
G / {a) 3 (0] 0
G / (b) 0120
G/{aby | 0]0] 3

Let x = ay1-eg1+as-egatas-ecptas-eca € [ Ker Defg/<g>, then we have
that a;—as =0,a1—a3=0and a1 —ays =0 . Therefo;;leég;r?y element in this intersection
must be of the form x = k-eq1+k-eqq+k-eqp+ k- eqa So the dimension of this
vector space is 1 and also observe that any outer automorphism of Cs x Cs fixes this
subspace so the subspace generated by this element must be isomorphic to the trivial
C Out(Cy x Cy)-module. Hence, the summand Se,xc,1(Ce X Cy) must occur in the

decomposition of So(Cy x Cy). The rest of the proof lies on a counting argument using

Theorem 1 in [14]. We evaluate dimg¢(Se,.1)((C2)") and dime(Seyxcy,1)((C2)™).

By using Theorem 1 in [14], the number dim¢(Se, 1)((C2)") is equal to the number
of sections T'/S in (Cy)™ where T is 2-elementary and 7'/S = Cy. Since any subgroup
of (Cy)" is of the form Cy x ... x Cy | there is no harm to remove the 2-elementary

condition. We only count the sections 7'/S where |T : S| = 2. Moreover, any subgroup
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of (Cy)™ is a vector space over Fy and to count the number of sections |T" : S|, we
may count the number of i-dimensional subspaces of (Cs)™( which give us the number
of subgroups of (Cy)™ of order 2') and number of (i — 1)-dimensional subspaces of i-
dimensional vector space over Fy. Observe that the number of i-dimensional subspaces
of (Cy)™ is equal to the number of i-dimensional subspaces of n dimensional vector

space over [Fs.

For the sake of easing the notation, we denote the number of 7 dimensional sub-
spaces of a n-dimensional vector space by C(i,n). Then notice that the number of
sections T'/S such that |T : S| = 2 and |T'| = 2" is equal to C(i,n)-C(i—1, ) where first
we find the ¢ dimensional subspaces and then for each 2 dimensional subspaces, we look
for the sections 7'/S in which there are C'(i — 1,4) many choices for each T. Therefore,
doing this for each 0 < i < n, we obtain that Zn:lC’(i, n)C(i—1,1) = dime(Se,.1)((C2)™).

Next, we find the dime¢(Se,xc,,1)((C2)"). Note that this number is equal to
the number of conjugacy classes of non-cyclic subgroups of (C5)"(See Theorem 1
in [14]). Equivalently, we may count the number of subspaces of (Cy)" having a di-

n
mension greater or equal to 2. As already noted, it is equal to > C(i,n). Hence,

=2
n

dime(Seyxe,1)((C2)") = ZZ:Q C(i,n).

Let us determine dim¢ Sy((C2)™). Note that as a C-vector space, it is generated
by the idempotents ef;, where H < G and h € H such that (h) # H. When a
subgroup is a 2 or larger dimensional Fy-vector space, then it is non-cyclic and each
element contributes to the dimension. When, a subspace is 1-dimensional, then it is
cyclic of order 2 and there is only 1 element which will contribute to the dimension.
Hence, the dimension of Sy((Cy)™) is equal to i 2!C(i,m) + C(1,n). Notice we have

1=2

following equation

dimec(Se, 1) ((C2)™)+dime(Seyxey1)((C2)") = ZC(i,n)C(z’—l,z’)+Z C(i,n) (4.3)
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Moreover, we have the following equalities

n

Z C(i,n)C(i — 1,i) + Z C(i,n) = ZC(i,n)(T —1)+> C(i,n) (44)

— iC(i,n) 2"+ C(1,n)C(0,1)  (4.5)

= dime So((Co)"). (4.6)

where the equalities follows from the results that we have proved in this proof. In

particular, both composition factor have only zero as a common element, this concludes

us that Sy((C2)") = Scy1((C2)™) @ Seyxcya ((Co)™). o

Also, note that the above proposition tells us that when the group is of elementary
abelian of rank greater than 2 (i.e as a vector space of dimension greater than 2), then
we don’t have any new composition factors. Our next aim is to find all composition
factors when we deal with a cyclic 2-group. Luckily, like in the elementary abelian

case, we find all the composition factors.

Let G = Cyn be a cyclic group of order 2". Note that the value dimc Sy v (G) is
known when V' is the trivial C Out(H)-module (see [6]). In general, it is quite hard
to find the number dime Sy (G) for arbitrary groups H, G and arbitrary irreducible
C Out(H)-module V. The next result answers this case when both H and G are cyclic

2-groups and V' is any irreducible C Out(H )-module.

Proposition 4.2. For any irreducible C Out(Can )-module V', we have that

dimg¢ SCQny(Cgm) = dim¢ SCQnJ(CQ’"L) =m—-—n+1. (47)

Proof. We prove the result by using the techniques in [11]. Define C-vector space
CB(X, H) which consists of C-linear extensions of (X, H)-bisets. Define CI(X,H) =
S>> CB(X,J)B(J,H) and consider CB(X, H) = CB(X,H)/CI(X, H). For any finite
gl?gup H, we have CB(H,H)/CI(H, H) = COut(H) and we have a natural surjection

map v : CB(H,H) — COut(H) . For any simple C Out(H )-module V', we also have
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map [T : COut(H) — End(V') where each element is sent to the its action on V. Also,
given any ¢ € End(V), considering its matrix representative, it is natural to consider

its trace 7. Using these maps, we obtain a bilinear form on CB(X, H) via
(—,—)x :CB(X,H) x CB(X,H) - C,(X,Y) = (tro Il oy)(X.Y) (4.8)

for any X,Y € CB(X, H).

It has been proven that, when we take V' as a simple C Out(H)-module, H and
G be finite groups, we have dimc Sy v (G) = %(See [11]). Since we have that
Out(Cym) = Cy X Com-2, so that any simple C Out(Cym)-module is 1-dimensional.

Thus, we only need to find the rank of this bilinear form.

To do that, we start by finding a basis for B(G, H). Recall that CB(G, H) is
generated by the transitive (G, H)-bisets U and write U = Ind§ inf? iso, Def Resff/K
where S/T is a section of G and J/K is a section of H such that o : J/K — S/T is a
group isomorphism. If S < H, then U = 0 because restriction will not be zero and the
section S/T will be a subqoutient of H. Hence we must have S = H for a non-zero
element U in CB(G, H). Similarly if S # J, then S/T will be a subqoutient of H,
that means again U = 0. Hence, these two facts imply that H = S/T and Def Res is
nothing but an isomorphism between H and S/T. Therefore, any non-zero transitive
element U in CB(G, H) must be of the form Indinf(s;/T iso, where o : S/T — H is a

group isomorphism.

In our case, we look for the all sections S/T" such that S/T" = Cym where the
sections are in Cyn. Notice that there are n —m + 1 many such sections. Let us denote
the basis by {Indinfg/T iso, : (S,T) is a section of G and ¢ : H — S/T}. The size of
this set is (m —n +1).]Out(H)|=2""(m —n+1) .

Next, we evaluate the bilinear form on basis elements. For this purpose , we
need to create an index on basis elements so that the matrix representation of the
bilinear form will become something whose rank is quite easy to compute. Put the

basis elements Indinfg/T iso, earlier if |S| is smaller and among the basis elements
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Indinfg/T iso, having same section, define Out(H) = {0y, ..0,,} and the basis element

Indinfg/T iso,, will appear before the basis element Indinfg/T is0y; if and only if 7 < j.

Let o = Indinfg/T iso, and 8 = Indinf%K iso, ,then using the result in [11], the
bilinear form (a, 8)¢ is non-zero if and only if the sections S/T" and J/K are linked.
(See the definition of linked in [15]) . Thus we must have (SNJ)T =S, (SNJ)K = J
and SN K =TnNJ. Since S is a cyclic group, then (SN J)T = S holds if and only
itSNJ=SorT=S5. Since S > T, then latter cannot hold. Therefore, SNJ =5,
then S C J, hence |S| < |J|. So we obtain |S| < |J|. Using a similar argument,
(SN J)K = J implies |J| < |S|. Therefore, |S| = |J|, since there is unique subgroup
of order 2™, that implies S = J. Hence, the bilinear form («a, §)¢ is non-zero if and

onlyif S=Jand T = K.

To find the matrix representative of this bilinear form, all we need to do is to

compute (Indinfg/T iso,, Indinfg/T .is0,). We evaluate the (H, H)-biset

iso,—1 Def Resg/T Indinfg/T iso, . (4.9)

Using the relations on standard bisets, we notice that this product is equal to
the [G : S]iso,-1., and its image with respect to the canonical surjection B(H, H) —

B(H, H) because the elements of B(H, H) is generated by the transitive bisets [%]

where o : H — H is any automorphism of H. Thus, B(H,H) = Spanc{[—éff(ﬁ)}

o € Out(H)} . Thus the composition map defined by CB(H, H) — CB(H,H) —
COut(H) — Endc(V) corresponds an element iso,-1 Def Resg/T Indinfg/T iso, to the

character value of the [G : S]o™!p , [G: S]xv (o 'p).

The values
(Indinfg/T iso,, Indinfg/T .is0,), <Indinf§/K iso,, Indinfg/K .1s0,) (4.10)
changes up to a constant multiple of % Let us assume that there are [ many

sections S/T of G such that S/T = H where G and H are cyclic 2-groups(in our case,

[ = m —n+1). The matrix representation of the bilinear form with respect to the
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sorted basis(see basis choice) is characterized as follows:

Let Hy = (") where (¢) = Cym and define Hy, = ("), Then the sections

appear on the basis element are of the form H, ;/H; where 0 < i < m —n.

(i) The |Out(H)| x | Out(H )|-submatrices appears as a block matrices in the repre-
sentations. The first ¢, j-entries where 1 <4, j <|Out(H)| are provided by
(Indinff; ,p, is0,,, Indinff; /4 . iso,, ) (4.11)

where it will correspond to the (i, j)""-entry of the matrix.

(ii) The next block matrix appear on the entries a;; where |Out(H)| < ¢,j <

2| Out(H)| and entries are provided by the values
<Indinf§n+1 /H, 1804, Indinfgn+1 /i, - 1500;) (4.12)

which will corresponds to the (| Out(H)| + i, | Out(H)| + j)"-entry.

(iii) The block matrices appears on the (i,7)"-entries where s|Out(H)| < 4,5 <
(s+1)]Out(H)| and s € {0,1,...,m—n} and the (s| Out(H)|+4, s| Out(H)|+75)™"-
entry where 1 < 4,5 <|Out(H)| is given by

<Indinf§n+s/Hs 1504, IndinffIHS/Hs i80g,). (4.13)

(iv) The other entries of the matrix is 0.

Hence M is a block matrix with blocks M, .., M,,_,+1. The matrix looks like
My

M,
M = (4.14)
Mp—n

Mm—n+1
and the rank(M) = rank(M); + .. +rank(M),,_,+1. We compute the rank of each M;.
We will show that the rank of M; is 1. The (jk)"-entry of M; is given by

(Indinff,nH/Hi is0,, , Indinfﬁn“/m i805,) = xv (0 .ok) (4.15)
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and the (mk)-entry of M; is given by
<Indinf§n+i/Hi iso,, Indinfgn+i/Hi L1804, ) = xv (0, .0%) (4.16)

and since yy is a linear character so that (mk)"-entry and (jk)"-entries change only

by a scalar multiple % . Using this observation, we conclude that m!*-row of
J

M; is only a %—mul‘ciple of j-th row of M;. Hence, the rank of each M; is 1
and this leads us to conclude that rank(M) =1 = m —n + 1 = dimc(Sc,, ,)(Com) =
dim(c(SCQny)(Cgm). ]

Next, we try to find composition factors of So(Com) for any m € N. Equivalently,
we would like to find the composition factors S, v(Can) which appears as a direct
summand in Sy(Cyn). Note that if Sc,, v appears as a summand in Sy(Csn), then
for each m > n, the evaluation of Cym at Sy(Can) has S¢,, v as a summand which is

evaluated at Com.

We first show that the kernel of the deflation maps is non-zero and there exists an
element in the kernel of the deflation maps which becomes an irreducible C Out(Can)-
module. Before proving these results, we introduce some notations and prove some

preliminary results.

Let G = H,, = Con = (¢) and we put H, = (b)) = (") for 0 < [ < n and define

Aml) ={¢: Aut(H;) — C*}. For any ¢ € A@l), we define the elements:
€G717¢ = Z qb(ail)eg,a(hl)' (4'17)
acAut(H))

Regarding such elements, we have a series of results. These results will be used in

consecutive lemmas and they are important to reach our final result.

Lemma 4.1. For any o € Aut(H,), we have o(h;) € H; with o(hy) & H;—.

Proof. An automorphism sends a generator to another generator, therefore |a(h;)| =

|hi| and we have |h;| > |H;—1|. These two observation directly prove the result. O
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Lemma 4.2. Given any element 6879C where |z| = 2! appears exactly |HTZ|

many times
as a summand in the elements eq 4. Moreover, eq , occurs as a non-zero summand of

eako f and only if k= 1.

Proof. Given any ¢ € Amz), we define egyp = >, dla)ed a(hy- Since x| =
a€Aut(H))

2!, there exists a unique o € Aut(H;) such that a(h;) = x provided that ¢p(a~!) # 0
which follows from the fact that the irreducible characters of abelian groups take non-
zero values on each element. Thus, x appears in each summand eq ;4. Since H; is a
cyclic group of order 2!, the automorphism group is isomorphic to Cy x Cy—2> which
has exactly 27! elements. If j # [, then any automorphism in H; sends an element
of order 27 to an element of order 2/ which means that an element of the form eg,

doesn’t occur as a summand in eg .. This proves the result. O]

Let {ci,..co1} be the set of elements in Cy having the order 2'. Then by the
above result, for any ¢ € Aut(H,), eq,,, is the linear combination of e¢ .,’s where each

ea,; appears on each summand. The following result is quite important.

Lemma 4.3. spanc{eq,, : ¢ € Aml)} = spanc{eg,, : 1 < i < 271} where the

elements ¢; are as above.

Proof. Notice that the set {eg., : 1 < i < 27!} is linearly indepedent, therefore
dime spang{eg,, : 1 < i < 271} = 2171 Also, | Aut(H;)| = 2!7! and there are 2!~!
many irreducible characters of Aut(H;) . If we prove that {eq;, : ¢ € A@l)} is lin-
early independent, then we will prove that spanc{eq,, : ¢ € A@l)} = spanc{egy; :
1 <4 < 271} because we already have spanc{eg,, : ¢ € AE(\HZ)} C spang{eg, : 1 <
i < 2!71}. With respect to the basis {eg,, : 1 < 27!} | the set {eg 1, : ¢ € Aut(Hl)}
has a matrix representation which corresponds to the character table of Aut(Hl) and

—

since any character table is invertible, we conclude that the set {eq,, : ¢ € Aut(H;)}

O

is linearly independent. Thus, we finish the proof.
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Lemma 4.3 says that intersection of kernel of the restriction maps to the group
Cy is generated by the set {eq,, : 1 <i < 27!}, In other words, this result paves the
way of the next theorem which will give us a basis for é4S,.

—

Lemma 4.4. The set Dg = {eg,,:0<1<n—1,¢ € Aut(H;)} is a basis for €&S,.

Proof. €&S,(G) consists of elements which belong to the intersection of kernel of re-

striction maps. The result becomes obvious with this observation. O

Now, we calculate the deflation of the basis elements in Dg. Let A be the unique
subgroup of G = Ca» of order 2. Since it is the minimal subgroup and Def is a transitive

map, it is enough to determine the kernel of the map Defg /A-

Firstly, for any x € G, we have that Defg/A eGy = %eg/A,xA. We determine
a,a’ € Aut(H,) such that o(h;)A = o' (h;)A. Notice that a(h;)c®" " = o (hy) since
is completely determined by h; and a,a’ being distinct implies that a(h;) # o ().
Hence, this observation leads to the following result:

Lemma 4.5. Defg/A €Ga(h) = Defg/A €Gol () if and only if « = & "o if and only if

!

« = .
|Hz—1 }Hl_l

Proof. Let © € H;_y, then z = (h)*" where m is any integer. Then, a(z) =
a((m)*™) = a(h)™ = (o' ()" )™ = o/ (hf™) = o (x) O

We have that Aut(H;) = Cy x Cyu-—2 = (a) x (b) and notice that above result
holds for a,a’ € Aut(H,) if and only if o = (1, g) implies &' = (a,g) or a = (a, )
implies o' = (1,g) for some g € Cy-2. Using this result, we determine the kernel of
the deflation map Defg /4 Where A is the minimal subgroup of GG. Before, we introduce

an automorphism & € Aut(H)).
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Definition 4.1. Let Aut(H;) = (a) x (b) where (a) = Cy and (b) = Cy-2. Then we

define an automorphism &; of H; given by
& H — H (4.18)
such that  — x - a where (a) = A is the minimal subgroup of G.

I4pE) "
2

Lemma 4.6. Defg/A ey = €G/AI-1,0 . Hence, eq,, € Ker Defg/A if and

Hj_y

only if the map & : Hy — H; satisfies p(§) = —1. If ¢(§) = 1, then we have that

G ~
Def( 4 €up = €Gi-1,6 where ¢ = W}Hl,l'

Proof. Using the above result, the coefficient of eg/4,a(n)a in 2 - Defg/A ea, e is equal
to p(a™) +¢((@) ") = pla™) + o((a&) ™" = pla™) + pla™)p(g ). Hence, from
this relation, the if and only if part can be easily shown. Hence, eq;, € Ker Defg/A
if and only if the map & : H; — H, satisfies p(§;) = —1 and the deflation formula also
automatically follows from checking the coefficients of primitive idempotents eq a(n,)-
Using the deflation formula, when ¢(&;) = 1, we have that

Defg/A e iy = Z laMecaa(m)A (4.19)

acAut(Hy)

and notice that eg/4,a(n)a 18 the same as egqmn, ,) and any automorphism remains

fixed in smaller subgroups, so we conclude that Defg JA€G Ly = €Gi-1,p . O
Hy_q

Hence, kernel of the deflation is non-zero. The next fact we are going to prove is

that the kernel of deflation is generated by eq, ., where p(§) = —1.

Proposition 4.3. We have Ker Defg/A = spanc{eqg e - 9(§) = —1}.

Proof. We are going to show that if eg,m is in the kernel of the deflation, then it is

a linear combination of elements in spanc{ec;, : ¢(§) = —1}. Note that we can
write e, = Y. ay€q, where |z] = 2. Then its deflation is zero when each
peAut(H))

element in its summand is in the kernel of the deflation. Notice that if there exists an
summand eg, with non-zero coefficient such that Defg /A €G,lp 18 mon-zero, then the

deflation contains an element of the form € -1, and then due to linear independence
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of elements eq;—1,4, we will obtain a contradiction because the remaining elements will
be different from eg; , ;. Thus, only summands having zero deflation will occur and

this proves the result. O

We know that the dimension of Ker Def§ /4 1s equal to <z ‘H”>+1 using a

1=2
straightforward argument. We determine which e, € Ker Defg /4 can be viewed as
a C Out(Cyn)-module. Indeed, each element in the span of the kernel of the deflation

generates an irreducible Out(Con)-module.

Lemma 4.7. Let Aut(G) act on the lines Ceg ., via

/B : €G7lv<p = Z sp(a_l)eG,(ﬁOOé)(hl) (420)

acAut(H))

for any € Aut(G). Then each line Ceg,, becomes C Aut(G) = C Out(G)-module.

Proof. Define v = o, so when « runs through Aut(H;),then v runs through Aut(H,)

as well. Let’s calculate the action.

/8 ’ erlﬁp = (IO eG BOO&)(hl) (4.21)
EAut(Hz

- Z pla™)eaqm) (4.22)

vyoB—leAut(H;)

= Y e Heam (4.23)

yoB~LeAut(H;)

= . eBep(r Neaam (4.24)
~yoB~teAut(H;)
= p(Bec e (4.25)
Hence each line Ceg,, is an C Out(G)-module. O

Also, distinct e, 's produces distinct irreducible C Out(G)-modules because

notice that the Out(G)-action is characterized by the character

X : Out(G) — C* (4.26)
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such that 5 — ¢(f) so it is completely determined by ¢. As a result of consecutive

theorems that we have shown above, we have proved the following theorem:

Theorem 4.3. Let G be a cyclic group of order 2". Then:

(1) dimg KerDefg/A = %.

(11) Ker Defg/A = spanc{eq o|where ¢ sends & : Aut(H;) — Aut(H;) to -1}.

(i1i) For any n € N and any m > n, the C-vector space So(Com) contains a summand
Scyn .y in the C-vector space decomposition where V' is an irreducible C Out(Can )-
module isomorphic to Ceg, for some (I, ) where 0 <1 < n and ¢ € Aml).
In particular, for each n € N, Ker Defgzz/A 18 mon-zero.

(iv) So(Com) = @ Sc,; v:(Cam). where the direct sum ranges over all pairs (Cyi, V;)
where © < 7(732;‘7/;21 Vi is an irreducible C Out(Cyi)-module which is isomorphic to
Ceg, i € Ker Defgzz/A.

(v) There are 2™~ many C Out(Cym)-submodule in Sy(Com).

Proof. Each of these facts follow from the previous theorems and verification of the

dimensions can be made from the fact that dime(Se,, v)(Com) = m —n + 1. O

Now we will show that in Sy, there is no composition factor of the form S¢ 1 where
G = Cony X Cyng X ... X Cony, with n; > 2,k > 2 and V is an irreducible C Out(G)-module.
Equivalently, we will show that the intersection of kernel of deflation maps De fg /A is
zero where A< G. Let G =2 Cyny X Cong X ... X Cgny, with n; > 2 for each 1 < i < k and
k > 2. We start by computing the deflation number m¢g 4 4 for any g € G and A< G

where A is minimal.

Any minimal subgroup of G is of order 2. Moreover, the Frattini subgroup @(G)
is isomorphic to Cyny-1 X Cgny—1 X ... X Cyny—1 and therefore Frattini subgroup contains
every minimal subgroup of GG, so every maximal subgroup of G' contains every minimal
subgroup of GG. As a result, for any minimal subgroup A of G, N - A = G for some
N < G if and only if N = (. Using 3.6, the deflation number m¢ 4 4 is always equal
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to % Let E denote the largest elementary abelian subgroup of G. Then we have
E = (Cy)* | ie E consists of all elements of order 2 in G with identity element. We

immediately observe the following results.

Lemma 4.8. Let A = (a) be any minimal group of order 2 with g,h € G and g # h.
Then Defg/<a> egyg = Defg/<a> egﬁ if and only if g = ha.

Proof. Tt follows from the computation of deflation number and the fact that gA = hA
if and only if g = ha. O]

Lemma 4.9. Let g,h € G. Then gE = hE if and only if gA = hA for some minimal

group A in G.

Proof. Let us assume gF = hFE, then ge = h for some e € E and E is elementary
abelian so |e|] = 2. Hence A = (e) is a minimal group with gA = hA. Conversely,

gA = hA implies (JA)E = (hA)E implies gE = hE. ]

Let S denote the set of all minimal subgroups of G whose largest elementary
abelian subgroup has rank k. Then S has exactly 2¥ — 1 many elements which are

generated by elements of order 2. Assume that o € () Ker Def /a- Let egy be a

Aes

non-zero summand of a. Then, since o € () Ker Def$ /4, S0 the elements e 4, where
Ace

|{(a)| = |A| = 2 must be in the summand of «. Thus, a must contain the summand

Y eG.ag - By this observation, if we prove that there is no element in Aﬂ Ker Defg /A
acE €6
of the form ) a,eq qq, then no such a exists.

aceE

Theorem 4.4. If G is a group satisfying the conditions above, then we have

K = ) KerDefg , = {0}. (4.27)
AeS

Proof. Using the above observation, it is enough to prove that an element of the form

> Qa€Gag 1s not in the set I for any g € G. Assume that > aseqqy € K, then for
a€l acl
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any e € '\ {id}, this gives rise to the set of equations

Aoy + Qe = 0, (4.28)

Qey + Qeye = 0, (4.29)

Qeg + Qe = 0 (4.30)

o (4.31)

s (4.32)

046%1 + ae@e =0 (4.33)

which produces @ many equations with |E| many variables c,, where e; € E. Since

any minimal subgroup is in one-to-one correspondence with the elements in E, so an

LE]

5 many equations with |E| where

element » a,eqq € K gives rise to (|E] — 1) -
ack

the zero vector satisfies the set of equations. If we show that the matrix M whose

rows associated to the equations produced by > asecq., € K has rank |E|, then

acl
we conclude that such element must be 0. Label the rows as follows: Let us write
|
E ={ei,..,eig}. Given any g € G, we write the element « as ) a.,eq ge,- Then the
i=1
first row is associated with the equation
ey + Qey =0 (4.34)

and let us associate the ith row where 1 <i < |F| — 1 with the equation

ael + a€i+1 = O (435)

and let us associate the |E|™ row with the equation

ey + ey =0 (4.36)

and first |E| x |E|-entries of the associated matrix is of the form

110 ---0
101 --- 0
A=t 10 (4.37)
100 - 1
o11---0

where deleting the first column and the last row, we obtain an identity submatrix.
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Firstly, subtract the first row from the each row except the last one. Then add the last
row to the second row. We will obtain 2 in the (2,3)"-entry of the submatrix A and
divide this row by 2. Subtracting the second row from the last row and then adding
the last row to (|E| — 1)"-row we obtain a permutation matrix of rank |E|. Hence, the
rank of the actual matrix is at least |F| and it should be |E|. Therefore, the system
must have a unique solution which is the zero vector. Therefore, we conclude that

K = KerDefg,, = {0}. O
AeS

The last result indeed suggests that there are few composition factors of the form
Sav. Notice that when G has at least 2 factors with no Cs-factor, then there is no
composition factor of the form Sg . Indeed, the next result shows that even though
G has a Cs-factor, if G has rank at least 3, then there is no composition factor of the
form S¢ . Idea of the proof is similar to the previous result. Note that the proof of

the previous result and this result also hold in case of any odd prime p.

Theorem 4.5. There is no composition factor of Sy of the form Sqyv where G has

finite rank of at least 3.

Proof. We will show that IC = () Ker Defg/A = {0}. Let o € K, then we have shown
AeS
that if e ;, appears to be a non-zero summand of «, then we have a system of equations

MG G/T,g * Vg + MG .G/Teg * Veg = 0 (438)

for any e € E with (e) = T where E is the largest elementary subgroup of G, i.e the
set consisting of all elements of order 2. We can write G as G = H x K where H
contains no Cy factor and K only contains Cs factors. We set H = H; X ... x H; and
let K be elementary abelian group of rank k. Let E = Soc(G) be largest elementary
abelian subgroup of G. Then G is a finite abelian group of rank k + [ with Frattini
group of rank [. To solve the above equations; we need the deflation number mg /74
for any g € G and any minimal group 7T'. For this, we have the following results given

in [10] and [13].
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Lemma 4.10. Let P be a p-group and N be a normal subgroup of P. Then

(i) Mp/N,.Pg = Mp /N aP).Pg where N or g denotes the image of a element or a sub-

group of P under the canonical group homomorphism
II:P— P/P(P) (4.39)

(it) Let P = C} and N = C, then we have

]lj l#geN
Mppy =L~ g=1 (4.40)
1_’;_2 otherwise

Proof. The proof can be found in [10]. Note that the proofs are still valid in our case

since we take our fiber to be C* which contains all n*-roots of unity. [

However, we need one more lemma which is useful in deflation number calculation.

Define the monomial S-numbers by

d—1
Byp(c,d) = pdl_c- H(l —p') (4.41)

and f,(d,d) = 1 for any integers 0 < ¢ < d.

Lemma 4.11. Let P = C’z‘f and N = Cg*‘: then we have

(

Bp(@ d) g = 1
Mpp, =3 Bylc—1,d—1) g&N (4.42)
ﬁp(cvd_l)
Proof. See [10]. O

Using these results, we can now compute the deflation numbers. Let G be as

above and let e € E and (e) =T
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Lemma 4.12. Assume that T < &(G), then

1
me.G/rg = 3 (4.43)

Proof. Notice that for any abelian group G, the quotient G/®(G) is an elementary

abelian group of rank 1 and using Lemma 4.5, we have that mg g/, = mg 6 GG =

1 1
MG 3Gg — The@)] l=3 o

Lemma 4.13. Assume that T £ &(G), then
(

s(1=2817) g e d(G)

Mac/ry = 4 21— 2M2)  gd(G) € TH(Q) (4.44)

gP(G) € TP(G)/P(G) and g ¢ P(G)

N[ —=

Proof. Notice that G is of rank k + [ and the quotient group G/®(G) is elementary
abelian group of rank k + [ and the quotient T?(G)/®(G) is elementary abelian group
of rank 1. Therefore, the formula in Lemma 4.10 is used with d = k+l and ¢ = k+1—1.
Notice that P = G/®(G) so g = 1 condition is equivalent to g € ¢(G). The condition
g € N is equivalent to g&(G) ¢ T®(G) and the last observation is also obvious. O

Let G be a finite abelian 2-group of rank at least 3. Then G contains a Cy x Cy
copy. Hence, we can choose elements t1,t, € G which are distinct such that [t;] =
|ta] = 2 . Define t3 = t1t5. Then tq,t9,t3 € E . Let a € K , and let us take a non-zero
summand agzeq 4 in a. We must have three equations, the first equation is given by

MGG/ ().0) * X9 T GG/ (1) hg)  Vtrg = 0 (4.45)
the second equation is given by
M(G,G/{t2),t19) * Ctrg T M(G.G/(t2) tg) * Qtag = 0 (4.46)
and the third equation is given by
M(G,G/ta).g) " O T MGG/ ta) tag) " Ctag = 0- (4.47)

Note that the above equations has a trivial solution, i.e ay = v,y = ay,g = 0. If the
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matrix M defined by

MGG/ (h)g) GG/ () tg) 0
0 M(G,G/(ta)tg)  TYG,G/(ta) ts0)

MGG/ (t3).9) 0 MGG/ (t3),t59)

has a non-zero determinant, then we can only have a trivial solution to the system of

equations. We compute the determinant and we find out that det(A/) is equal to

M(G,G/(t1),9) THG,G/(t2)t19) TNG,G/ (t3),tsg) TTNG,G/(t1) t19) GG/ {ts).) UGG/ (t2) tsg) - (4:48)

To ease the notation, let mG.a/uy).g) = A M@a/t)ng = B, WGa/i)mg = C.
Moreover, we let Mc.a/u)ng) = Dy M(@,6/is)g = £ and Mg g/ -Also, we let
(t;) = T;. The rest of the proof investigates each possible cases and we conclude that
in each case, determinant is non-zero which leads us to conclude that such a non-zero
« is not possible. The cases are done because the deflation numbers vary by each cases.

Note that, in each case we use the fact that k +1 > 2.

(i) Assume that ty,%5,t3 € @(G). Given any g € G, we have mg g/, = 5 since

1
2

T; < &(G). Then det M = } # 0 and that implies o, = 0, a contradiction.
(ii) Assume that t1,ts,t3 € P(G)

(a) Assume g&(G) = t,(G) and g&(G) = t,@(G), then g = 1" and g = tog"
where t',t" € &(G). Thus, ¢ = tsg”, i.e we have t3 € #(G) and we obtain a
contradiction.

In general, if t,0(G) = t;@(G), then we obtain a contradiction.

(b) Assume that g@(G) = t:12(G) , gP(G) # t2@(G) and gP(G) # t3P(G) . In

this case, the deflation numbers become

_ok+1—-2 _ok+1—2 _ok+l—1 _ok+1-2
A_l,lez ,Czl2 D:12 E:12 F =

1
2 2 2 ) 2 ) 2 ’ 2

and det(M) is a positive number.
(c¢) Assume that g@(G) = t2,®(G) , gP(G) # t;P(G) and gP(G) # t3P(G) . In

this case, the deflation numbers become

ok+4l-2 ok+4l-2 ok+4l-2 ok41-2 ok+4i—2
A:1 22 7‘le 22 761:1 22 7D:1 22 7E:1 2
_2k+l72

1
F= 5
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and det(M) is a negative number.
(d) Assume that g@(G) = t39(G) , gP(G) # t1P(G) and gP(G) # t2®P(G) . In
this case, the deflation numbers become

o 1_2k+l72 1 o 1_2k+171 o 1_2k+l7 1 o 1_2k+171
A=12M2 g1 o120 E=1 F=1=222

and det(M) is a positive number.
(e) Assume that t,0(G) # g@(G). If g € &(G), then deflation numbers become

o 1_2k+l—1 o 1_2k+l—2 1 1 o 1_2k+l—1 o 1_2k+l—2
A= ;D= 2 ’C_§7D_§7E_ 7 ' = 2

and det(M) is a positive number. If g € &(G),

then deflation numbers become

o 172k+l—2 o 172k+l—2 o 172k+l—2 - 172k+l—2 - 172k+l—2
A - 2 7B - 2 ’ C 2 ’D 2 ’E o 2 ’
_2k+lf2

1
F= 5

and det(M) is a negative number.
(iii) Assume that t; € ¢(G) and to,t3 & O(G).
(a) The cases t,2(G) = g®(G) for all ¢; and t,P(G) = t,2(G) for i € {2,3} are
not possible.
(b) Assume t;9(G) = g&(G), i.e g € P(G). Hence gP(G) # t,0(G) for i €
{2,3}. The deflation numbers become
A=1lp=12""0 c-1p=1p= 12271

-2 2

1
29
and det(M) is a negative number.

(c) Assume t;@(G) # gP(G). The deflation numbers become

1 o 1_2k:+l—2 o 1_2k+l—2 1 o 1_2k+l—2 o 1_2k+l—2
A_i’B_ 2 70_ 2 7D_§7E_ P) 7F_

and det(M) is a positive number.
(d) Assume t;9(G) # gP(G) , t2@(G) = gP(G) and t39(G) = gP(G), then the
deflation numbers become

_ 1 _ 1 _ 1—9k+i-1 _ 1 _ 1—2k+i=2 _ 1
A=1B=1C= D=1FE= ,F=1

-2 2 2

and det(M) is a negative number.
(e) Assume t;2(G) # gP(G) , t2@(G) # gP(G) and t30(G) = gP(G), then the
deflation numbers become

_ok+l-1
A=Lip=Lc=12""p=

o 1_2k+l71
=3 5 F =

1
27 2

B =

Y

N[ =

and det(M) is a negative number.

(f) Assume t1P(G) # gP(G) , t2P(G) = gP(G) and t39(G) # gP(G), then the
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deflation numbers become

1 o 172k+172 o 172k+l72 1 o 172k+l72 o 172k+l72
Ai?’Bi 2 ’Ci 2 ’D72’E7 2 ’Fﬁ 2

and det(M) is a positive number.
(iv) Assume that t, € @(G) and t,t3 € D(G)
(a) The cases t,9(G) = g@(G) for all t; and t,9(G) = t,(G) for i € {1,3} are
not possible.
(b) Assume t,@(G) = gP(G), i.e g € (G). Hence gP(G) # t;9(G) for i €
{1,3}. The deflation numbers become
_okti-1

_ 1—2k+i-1 1 1 1 1
A=12"0nB C=LiD=1ip=122"—

7 o B=350=3 F=

1
2
and det(M) is a negative number.

(¢) Assume t;9(G) # g@(G). The deflation numbers become
A=1B=1cCc=1Dp=1E=1F=

1 1
27 2

and det(M) = 1/4 is a positive number.
(d) Assume t2@(G) # gP(G) , t1P(G) = gP(G) and t39(G) = gP(G), then the
deflation numbers become

_1p_1 _ 1kt _ _ 1
Aiﬁ?B*§>C* 2 7D* 7E*§7

and det(M) is a negative number.
(e) Assume t,@(G) # g@(G) , th1P(G) # gP(G) and t3P(G) = gP(G), then the
deflation numbers become

_ok+1-2 _ok+i—1 _ok+1-2

2 ’ 2

and det(M) is a positive number.
(f) Assume t,®(G) # gP(G) , t1P(G) = gP(G) and t3P(G) # gP(G), then the

deflation numbers become

1 1 o 1_2k+l—2 o 1_2k+l—1 o 1_2k+l—2 1
A_27B_27C_ 2 ’D— 2 7E_ 2 7F_2

and det(M) which is a non-zero number.
(v) Assume that t3 € &(G) and t1,ty & P(G)
(a) The cases t,0(G) = g®(G) for all t; and t,9(G) = t,(G) for i € {1,3} are
not possible.
(b) Assume t30(G) = g&(G), i.e g € (G). Hence g&(G) # ;@(G) for i €
{1,2}. The deflation numbers become

o 1_2k+l—1 1 1 o
A=2 g1 oc_1p=
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and det(M) is a negative number.
(c¢) Assume t;@(G) # g@(G). The deflation numbers become

o 172k+l—2 o 172k+l—2 1 o 172k+l—2 1 o 172k:+l—2
A— 2 ,B— 2 ,C—i,D— 2 7E—§7F—T

and det(M) is a positive number.
(d) Assume t30(G) # gP(G) , t1P(G) = gP(G) and t,P(G) = gP(G), then the
deflation numbers become

_ok+1-1 _9ok+4l-1 _ok+1-2
A_I,B:12 761:%7_D:12 E:12 ,F:

-2 2 2 J 2

D
and det(M) is a non-zero number.

(e) Assume t30(G) # g@(G) , H1P(G) # gP(G) and t,P(G) = gP(G), then the
deflation numbers become

. 1_2k+l72 o 1_2k+l72 o
A=L22 g 1o2it? o

and det(M) is a positive number.
(f) Assume t30(G) # gP(G) , t2@(G) # gP(G) and t,P(G) = gP(G), then the
deflation numbers become

_9k+1-1
A=1p—1=2 O =

-2 2

1
27 2

and det(M) is a non-zero number.

In each case, the determinant is non-zero , thus a;, = 0 for all g € G. Hence, an element

in the intersection of kernel of deflation map is zero. n
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5. CONCLUSION

Hence, there is no composition factor of the form Sgy of So when G is a finite
abelian group of rank at least 3. Using previous results, we conclude the following.

This theorem summarizes what have been done in this thesis.

Theorem 5.1 (Composition factors of S,). The composition factors Sgv of the

C*-fibered 2-biset functor Sy are given as follows:

(i) For each cyclic 2-group Con = G, simple biset functors Sc,, v appears as a
composition factor of Sy if V' is an irreducible C Out(G)-module that is isomor-
phic to Ceq,, € Ker Defg/A where A is the minimal group of G. For each
Ceg,,p € Ker Defg/A =V, viewed as a COut(G)-module, there is a composition
factor in Sy of the form Sq.v,

(i1) Simple biset functors Sc,1 and Scyxcy1 appears as a composition factor of Ss.

(111) There is no composition factor of the form Sg, where G is finite abelian 2-group
having at least 3 factors.

(iv) When G is a non-abelian finite 2-group, the simple biset functors Sg doesn’t
appear as a composition factor in Sy

(v) When G = Cy x Com, the simple biset functor Sg v can appear as a composition

factor of So when we view it as a 2-biset functor.

The composition factors of the form Se,, xc,, v were studied and the complete
composition factors will be described in the future studies. In a similar manner, fol-
lowing similar ideas appears on the thesis, one tries to find the composition factors of
the kernel of the monomial linearization map at any finite p-group. This question is

the central one which will appear in the future studies.
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