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ABSTRACT

HYSTERETIC BEHAVIOUR OF A SIMPLE CHARGE
DENSITY WAVE SYSTEM

In this thesis, the hysteretic behaviour in a simple 1D Charge Density Wave
(CDW) system is investigeted. Such systems can be represented as elastically coupled
particles in a periodic potential with a random phase-offset in the presence of a uniform
external force. CDWs are models for depinning transitions: for a force smaller then
a threshold force, all configurations are static, while a sliding dynamic behavior is
obtained when the threshold force is exceeded. The systems we consider have two
unique and distinct threshold configurations, corresponding to reaching the threshold
via positive and negative force increments. We study how hysteresis occurs in between
these two threshold configurations. For a fixed system size, there is a finite number
of pinned states that can be obtained by arbitrarily varying the external force while
keeping the system in the pinned configuration. We find a power law relation between
system size L and the total number of reachable states which are the configurations
that can be reached from the threshold configurations by sequence of increasing or

decreasing forces. We also observe that our model has the return-point memory effect.



OZET

BASIT BIR YUK YOGUNLUGU DALGA MODELININ
HISTERESIS DAVRANISI

Bu tezde, bir boyutlu Yiik Yogunlugu Dalga modelinde histeresis davraniglar
aragtirildi. Bu tiir sistemler periodik potansiyel icinde birbirleriyle elastik etkilesimde
bulunan ve rastgele faza sahip parcgaciklar ile temsil edilirler. Bu sistemler ayrica her
parcacik iizerine ayni ektide bulunan bir dig kuvvet ile striiliirler. Yiik Yogunlugu Dal-
galar1 statik durumdan dinamik duruma gecis modelleridir. Esik kuvvetinden kiiciik
kuvvetler icin biutiin konfigiirasyonlar statiktir ve bu egik kuvvetinden biiyiik kuvet-
tlerde dinamik davranig elde edilir. Bizim inceledigimiz sistemler sadece iki tane esik
konfigiirasyonuna sahiptir. Bu iki egik konfiglirasyonu pozitif ve negatif kuvvet uygula-
narak elde edilir. Burada bu konfigiirasyonlar arasindaki histeresis davraniglarinin nasil
olugtugu incelendi. Sabit bir sistem boyutu i¢in kuvveti degistirerek elde edilebile-
cek sonlu sayida statik konfigiirasyon vardir. FEsik kuvvetinden baglayarak bir dizi
kuvvet uygulayip erisilebilinen konfigiirasyonlar erisilebilinir konfigiirasyonlardir. Sis-
temin boyutu L ve erigilebilinir konfigiirasyonlar arasinda bir kuvvet yasasi bulduk.

Ayrica modelimizde doniis noktasi hafizasi 6zelligi gozlemledik.
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1. INTRODUCTION

Charge Density Waves (CDW) are elastic media that are driven by an external
force in the presence of random impurities. CDWs exhibit a depinning transition which
occurs when the applied force exceeds a threshold force. Once the threshold force is
exceeded, the CDW system starts to slide. Fisher has argued that the deppining
transition exhibited by CDW sis a dynamical critical phenomenon [3,4]. In other
words, the deppinning transition is a phase transition in which the external force is
the control parameter. Fisher has also shown that the threshold behaviour has similar
features of a second order phase transition such as the breakdown of perturbation
theory, existence of scaling laws and critical exponents near threshold. This is the

reason why such transitions are referred to as a dynamical critical phenomenon.

The deppining transition allows us to observe both a static and dynamic regime.
Using the Fukuyam-Lee-Rice Hamiltonian as a simple CDW model, [5,6], work has been
done both for the dynamic and pinned behaviour of CDWs. For example, Fisher and
Middleton used the Fukuyama-Lee-Rice Hamiltonian in order to study the threshold
behaviour, as approached from both the pinnned and sliding state [1,3,4]. The FLR

Hamiltonian is given by,
1 L
P ¢ — . 2 J— . — . — .
H = 3 E (yj —vyi)" —h E cos(y; — a;) — F(t) ;:1 Vi, (1.1)

where y; are the phases that lie on the linear, square or cubic lattice and «; are the
random impurities. The first sum in Equation 1.1 is over nearest neighbours that gives
the elastic forces between sites. The second term represents the pinnig effect of the
random impurity phases on the CDW. Middleton and Fisher have also shown that the
threshold field is unique and that the threshold configuration is almost always unique.
They use a key property of their model, the no-passing rule, in order to prove the
uniqueness of the threshold. The no-passing rule states that if one configuration is

"greater” than a second one in the sense that the phase of the first configuration is



greater than the corresponding phase of the second configuration at each site, it will

always remain greater [1].

History dependent behaviour of a physical system is called hysteresis. This occurs
for example if some external effect changes the state, shape or some other physical
properties of a system and this change can not be fully recovered by the removal of
that external effect. Therefore, the system remembers the change even after the removal
of the external effect. We are interested in the static behaviour of CDW systems in

this thesis.

Fisher has shown for the CDW systems that below the threshold there exists a
large number of metastable stationary states and their selection depends of the function
F(t), which depends on history [4]. Middleton and Fisher also observed hysteretic

behaviour in CDW systems via numerical simulations.
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Figure 1.1. The plot of an hysteresis loop of a two dimensional CDW model with size
64%. The hysteresis loop starts from the negative threshold field and the system is
driven to the positive threshold field and then back to the negative threshold field [1].

When a sufficiently large driving force is exerted, the CDW can transit into a

nearby metastable state. After the removal of the driving force the system does not



necessarily transit back into its initial configuration. Middleton and Fisher have also
numerically obtained the hysteresis loop in the sub-threshold region [1]. Figure 1.1

shows such a hysteresis loop (from [1]).

Some hysteresis loops have the return-point memory effect: A system returns
to its initial state after a proper evolution or a hysteresis loop, if it has return-point
memory property. In other words, the system has a memory of its previous states.
The states of the system that show return-point memory effect also form hierarchies
in between them: This means that information of history can be saved only for bigger
hysteresis loops. When the system is driven out of that hysteresis loop it also erases
the memory of it. Sethna et al. [2] have shown that the zero temperature random-field
Ising model exhibits a return-point memory effect. The return-point memory effect is
demonstrated in Figure 1.2. The system returns to the same state after a hysteresis
loop. The return-point memory effect allows the system to behave history dependent.
As is seen in Figure 1.2, when we increase the applied magnetic field the system goes
from A to B through a. If the applied magnetic field is decreased when the system is at
B it goes down to C passing through b. If we continue to apply appropriate sequence
of magnetization we end up at D. The return-point memory effect states that if the
system is at D and we increase the magnetization, the system transits exactly to B.
In other words, all states on the hysteresis loop that contain B and C and all states in
that loop have a memory of B. Each state in this hysteresis loop, must pass through

B if the system is driven out of this loop.

Let us give a very common example for a system that does not have the return-
point memory effect: bending a metal beam. If we apply a force such that bends a
metal beam to yield, it can not recover its initial shape after the removal of the force.
We should apply a force opposite to the first one in order for the beam to recover its
initial shape. This is how hysteresis can be observed in metal beams. However if we
repeat this process many times the beam eventually fractures due to fatigue. On the
other hand, systems that have hysteresis loops with return-point memory property can

undergo the same hysteresis loops infinitely many times.
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Figure 1.2. Figure taken from [2]. This loop shows the return-point memory effect for

a random field Ising model with system size 30%. See text for details.

Sethna et al. have shown [2] that the return-point memory effect can be explained
by using the no passing rule that was introduced by Middleton and Fisher [1]: A system
exhibits return-point memory effect if it has a partial ordering among its states, the

no-passing property and evolves adiabatically.

If one solution of a system is greater than some other solution for all times we
can say that this system is partially ordered. Landsberg and Friedman discussed the
dynamical effects of partial ordering and they show [7] that CDW system are partially

ordered.

This thesis is organized as follows. In Chapter 2 we introduce a toy model for
a CDW system and discuss its evolution from the negative to the positive thresh-
old configuration. This evolution process occurs by transitions through intermediate
configuration via avalanches. In Chapter 3 we derive an exact expression for the distri-
bution of the number of intermediate states, or equivalently, the number of avalanches
triggered, during the evolution from one threshold configuration to the other. In Chap-
ter 4 we consider the hysteretic behaviour of our toy model. We conclude this thesis
with a discussion of our results. We have compiled material relevant to Chapter 3 in

an Appendix.



2. THE MODEL

Our model consists of elastically coupled particles in a periodic potential with
random phase offset. We drive the system with an external force F'. The Hamiltonian
of our model is a simplified version of the Fukuyama Lee Rice Hamiltonian [5, 6],

Equation 1.1, but with a different potential written as,

1

H{yih) = 305 (0 —vi2)” +V (4 — i) — Fy (2.1)

We require the pinning potential V' (z) to be periodic V(z) = V(z + 1) and choose it
as

Vie) = 3o~ [a])? (2.2)

where A is the pinning strength and [x] is the nearest integer to x. Figure 2.1 is a plot

of V(x).

A V(x)

Figure 2.1. The piece-wise parabolic pinning potential, Equation 2.2. The unit cell
extends from z = —1/2 to z = 1/2.

The «; are random impurity phases and we assume that they are uniform i.:.d.
on (—%, %) In addition we impose periodic boundary conditions, y; = y;., where L

is the system size.



The static behaviour of this model was investigated by Kaspar and Mungan in [8].

Static Solutions of Equation 2.2 correspond to {y;} which satisfy

OH
H o9, (2.3)
for all 7. So we can write,
0=yis1 — 20 + Y1 + Myi — i — [Mys — i) + F. (2.4)

Let us introduce the well numbers , m;, and well coordinates, y;,
m; = [y — o] and §; = yi — o — my, (2.5)

where the well number, m; indexes the well in which the i* particle is located, while
the well coordinates, y;, gives the relative coordinate of that particle with respect to

the bottom of the potential well y; = 0, ¢f. Figure 2.1. Therefore, m; is an integer and
. 11

e l—=2).
e (3)

The solution of Equation 2.4,is given by,

i = 1‘”22 I (0 4 my 4 FYN). (2.6)

1+n

where the sum over n for all integer values, n = {0, 41, £2 +3...}. The nL term comes
from the periodic boundary condition. We choose L is large so that 7"l terms can be

neglected. Therefore, y; is given by

1 —
Y = 1+ZZT)Z May +mj+ F/N). (2.7)



where
1
—+n=24+A (2.8)
n
and
0<n<l (2.9)
is the smaller root of Equation 2.8.

Note that

1—mn j
e =1. 2.10
anj:n (2.10)

Equation 2.7 can be rewritten using the well coordinates, y;, as

B = S _7’772 ST Aay + Amy) + F/A. (2.11)
J

Thus given the random impurities, «;, and well numbers, m;, we can determine
the well coordinates from Equation 2.11. However, we require a self-consistency condi-
tion, namely, the set of well numbers, m; and the external force F' must be such that

the well coordinates resulting from Equation 2.11 satisfy

Ui € (—% %) : (2.12)

With this restriction, the well numbers m; and the force F' together specify a static

solution for our model.

One simple configuration can be found readily. Set m; = 0 and F' = 0 and suppose



this is a static configuration, that is, a solution of Equation 2.5. The compatibility
condition Equation 2.12 restricts the admissible values of . For m; = 0 we have

y; = y; — a; Using Equation 2.7, we write,

—2n 1—7) |
s — = E =il g, 2.13
Y 1+n 1+77H£277 ( )

which should satisfy Equation 2.12,

1 1
L <yi—ay < -, 2.14
2<y Q <2 ( )
and thus
1_ = il i~
— ¢ <—. 2.15
2° 1+77 HnZn @ (2.15)

Let us choose «; in order to make y maximum:

—1if 1=
o = (2.16)

1 otherwise.

and we find

77<§ & A> - (2.17)

We therefore see that given any «;, we have a solution m; = 0 and F' = 0, if n
satisfy Equation 2.17. For the sake of simplicity we will assume that Equation 2.17 is
satisfied.

We investigate next the behaviour of our system under increase and decrease of
the driving force, F'. We assume that the dynamics of the particles is purely relaxational

and that the force changes are sufficiently slow. As a result, the system can be assumed



to be in equilibrium configurations throughout the process.

What happens when we increase the force? At first, all particles translate uni-

formly,
Ui — Ui + F/ (2.18)
This conutinues until until a particle k reaches the cusp of the potential, g, = 1/2

and thus the condition on the well coordinates, Equation 2.12, is violated. The first

particle k to reach the cusp is the one that has maximum initial well coordinate,
k = arg max ;. (2.19)

If we increase the force further by an infinitesimally small amount, particle £ jumps in

to the the next well,
my — my + 1. (2.20)
The Laplacians of well numbers change accordingly,

Amy, — Amy, — 2 and Ampg; — Amyy + 1. (221)

Therefore, change in the coordinates of particles due to the jump of particle k

becomes,

L—mn

7=kl 2.22
Ty (2.22)

Ui = Yj — Okj +

One can easily see that the effect of the jump of particle k£ on the other particles j

decreases exponentially with the distance |k — j| from that particle.
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Since the jump of a particle advances the well-coordinates of its neighbouring
particles, this can cause other particles to jump as well: after the jump of particle £k,
the well-coordinates of all other particles j are updated according to Equation 2.22. If
the well coordinate of any one of them exceeds %, we must repeat the update process
and an avalanche occurs. More precisely, an avalanche is the sequence of jumps of
one or more particles which is triggered by the inital jump of a particle. Our system

transits into another static configuration by avalanches.

When we continue to increase the force, new configurations are obtained by the
triggering of avalanches. After a finite number of avalanches we reach a threshold
configuration: this is the configuration with the property that if we increase the force by
an additional infinitesimal amount, the resulting avalanche forces all particles translate

by one well. We say that in this case the configuration has depinned.

Note that from Equation 2.10, it is clear that the jump of all particles is equivalent

to a rigid translation by one well, y; — ;.

As Kaspar and Mungan showed in [8], this model has both reversible and irre-
versible behaviour. All particles translate uniformly with the external driving force. If
none of them changes wells, our system behaves reversibly. But if at least one of the
particles changes wells, our system behaves irreversibly. When we increases the force
and let a particle jump, this can trigger an avalanche. At any rate, the system goes
into another static configuration that satisfies Equation 2.11. It can be shown that if

we decrease the force back to zero, none of the particles jumps back.
We therefore see that irriversibility give rise to two important behaviours:
(i) It causes hysteretic behaviour of the system.
(ii) It enables us to write every static configuration in terms of an equivalent config-

uration with zero force, F' = 0.

From (ii) we see that every configuration can be written in a way that differs only
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by a rigid translation of its well number from an equivalent configuration with F' = 0,

i.e. the well coordinates for both configurations are the same.

Using this equivalence, we can without loss of generality restrict ourselves to the
F = 0 versions of the configurations. In this case Kaspar and Mungan have shown
that the evolution towards threshold under increasing driving force, can be represented

interms of the equivalent Zero-Force (ZF) configurations via the zero force algorithm,

ZFA:

(i) Find k = arg max;y; and set ¥mae = Uk
(ii) Let my — my + 1
(iii) Calculate new g;, using Equation 2.22

If there is any g; such that y; > @maqe, set & = j and go step 2.

For any static configuration this algorithm finds the sequence of static configuration

that our system takes on as the driving force is increased.
2.1. The Toy Model
Kaspar and Mungan, [8] also introduced a toy model which is the small n (large
A) limit of the full model. In the toy model, we neglect the O(n?) terms so the well
coordinates, Equation 2.11 can be written as,

Ui = n(Aa; + Amy), (2.23)

in their equivalent zero force representation. The effect of the jump of one particle,

Equation 2.22, in this limit now becomes, assuming that k jumps,

Uk — Ur — 21, (2.24)

Ukl = Yrt1 + 17 (2.25)



12

If we rescale the well coordinates as,

Equation 2.11 is given by,

and we can rewrite Equation 2.24 and Equation 2.25 as,

Zr — 2L — 2 and 2kl —7 Zk41 T 1, (2.28)

where adding and subtracting of indices is mod L due to the periodic boundary condi-

tion such that z; = z;, 1.

Hence, the zero force algorithm for the toy model becomes,

(i) Find k = arg max;z; and set zpa: = 2

(ii) Let my — my + 1, and calculate the new z; using Equation 2.28
2 — 2 — 2
Zgt1 = 2kt T 1

(iii) If there is any z; such that z; > 2., set k = j and go to step (ii)

2.1.1. Threshold Configurations

Kaspar and Mungan also showed in [8] that, for given «;, the threshold config-
uration can be found directly, i.e. without using ZFA: it turns out that finding the
threshold configuration and solving the variational problem min,, max;z; are equiva-

lent. If we choose Am; = —[Aq;] then Equation 2.27, z; becomes,

2 = Aa; — [Aay]. (2.29)
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We know that m; are integers for all i, so that Am; must have the following properties,

> Am; = 0, (2.30)

> iAm; = 0 (mod L), (2.31)

i

we will refer to the second condition as the divisibility condition. However, Am; =
—[Acq;] does not necessarily satisfy Equation 2.30 and Equation 2.31. Therefore, we

must modify the solution as follows:
and Equation 2.30 and Equation 2.31 imply that,

Z—[[Aoéi]]+% =0 (2.33)

7

Zi(—[[Aai]]jL%-) = 0 (mod L). (2.34)

i

The choice of «; must be such as to yield min,, max; z;.

Define
L—1
S=> [Aai]. (2.35)
i=0
Then given S, the positive threshold configuration can be written as,
where J is determined as follows:

(i) For S > 0, J =1 for the S + 1 different i where Aa; — [Aq;] have smallest

value,
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(ii) For S <0, J;" = —1 for |S| — 1 different ¢ where Aq; — [Aq;] have largest value.

And we add —1 to another site, k*, which is calculated by the divisibility condition,

Equation 2.34, as

kt = i i(—[Acy] + J;)(modL). (2.37)

=0

Notice that the system has also a negative threshold configuration m; that is
obtained by decreasing F'. This configuration is obtained as a solution to the varia-
tional problem max,, min; z;, whose solution can be related to the postive threshold

configuration of a system with phases o; — —a; with S as defined above. We find
where J; is determined as follows:

(i) For S > 0, J; =1 for the S — 1 different i where Aa; — [A«;] have smallest

value,

(ii) For S <0, J; = —1 for |S| + 1 different ¢ where Aa; — [A«;] have largest value.

We add another +1 to the site, k=, which is calculated by the divisibility condition,
Equation 2.34, as
L—1

k- =Y i(=[Aa] + J;)(modL). (2.39)

=0

2.1.2. Threshold to Threshold Evolution of the Toy Model with S =1

Consider the case S = 1. The positive threshold configuration can be found as



(i) JF =1 for S+ 1 = 2 different i values where Aa; — [Aq;] is smallest,
(i) Add —1 to site k™, where k7 is given in Equation 2.37.

The negative threshold configuration is calculated as

(i) J; =1 for S —1 =0 different 7 value so J;" = 0 for all 4,
(ii) Add 1 to site £, where £~ is given by Equation 2.39

k™= Zz’(—[[Aai]])modL).
i=0
Therefore we can write the negative threshold configuration for the S =1 as
m; = —[Aw] + 0k,
and z; becomes,
z; = Aoy — [Aa;] + 0 g
Let us also define

From the definition it follows that

c 11
Wi T ava |
2°2

15

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

and the well coordinates of the negative threshold configuration in the case S = 1, can

be written as,

ZZ-_ = w; + 51'7]?_.

(2.45)
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Let us start out with the negative threshold configuration and increase the force
F. From the ZFA, we see that the first site that will jump is k~. Therefore in step (i)
of the ZFA z,.« = z,-. Let particle k= jump, after the jump we add —2 to site £~ and
1 to sites k= £ 1 for the step (ii). The well coordinates become

Zi = Wi — 51'7]?— + 51'7]?—:&1. (246)

Now check whether z,-4, is greater than z,,,,. We know that z,-4+; = wp-411 + 1 and
Zmaz = Wg— + 1, so we need to check if wy-41 is greater than wy-. If wy-_; is greater
than wy- then particle £~ — 1 jumps. Likewise, if wj-,1 is greater than wy- then
k™ + 1 jumps as well. Next, suppose that both of them jump. Then we update the

well coordinates as

Zp-—1 = Z——1 — 2,
Zp- — 2p- + 1,
Zh-—2 = Zp-—2 + 1,
k41 = 241 — 2,
Zp- — 2p- + 1,

Zh—41 — Zp—41t+ 1.

Therefore, the well coordinates become

Z; = w; + 5@',k— - 52‘,]9—71 - 5i,k—+1 + 5@',k—72 + 5i,k—+2- (2-47)
One can see that z,- = 2., again, so it jumps again, and well coordinates becomes
% = Wi — O~ + Ojp——2 + 0 k2. (2.48)

After the jump of k7, we need to check whether zy- o or z;-_5 is greater than zp.y.
As one can see, the sequence of jumps will spread to both left and right until it reaches

a site ¢ such that w; < wi-. We call these sites termination sites and refer to the
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corresponding sequence of jumps as an avalanche wave. Suppose that our termination
sites are i;, and ig. These are the left and right ends of our first avalanche wave,
respectively.
2.1.3. The Rank Representation of a Configuration

Before proceeding further let us introduce the rank diagrams. Observe that we
actually do not need to real values of w;. The relative ranking of the w; is enough to
determine sequence of jumps of the avalanche processes.

As we mentioned above, given any realization of random phases, the minimum
and maximum elements of w; differ by less than one and we know that the minimum

change that can be applied to a well coordinates during an avalanche is 1. Therefore

wj+1>w; and w; — 1 < w; for all ¢ and j. (2.49)

Thus all we need to know is the ranking o of w;, i.e.

Wa(0) < We (1) < ... < Wo(L-1)5

where o gives the permutation of the indices that orders w;. As before, the negative

threshold configuration can be written as,

z; = wi+ ik, (2.50)

while the corresponding positive threshold configuration is given as,

2 =w + i,0(0) T+ Oio(1) — Oi it (2.51)

i =

where 0(0) and o(1) are the lowest ranking sites. The site kT is determined by using
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divisibility condition, Equation 2.31,

kt=0(0)+o(1) — k™. (2.52)

The ZFA changes the well numbers, m;, in a way that the conditions on the Am;,

Equation 2.30 and Equation 2.31, are always satisfied.

We can simplify our notation by labeling sites by their integer rank and using

over and under bar to denote additions by +1. In this notation,

Zo(i) = Wo(i) 1
Zo(i) = Wo(s) T IREY]

25(i) = Wo@) — 1 > 1

Let us proceed with an example. Suppose the rank diagram of a negative threshold

configuration is given by

4213039 1210 14 8 5 6 1 7 1L (2.53)
Here our system consists of L = 15 sites and k= = ¢(10).
With this notation, we can rewrite the ZFA as follows:
(i) Find the greatest integer that has a bar on it, let us say that this site has rank t.
(ii) Decrease this site’s well coordinate by —2, this means that the site will acquire a

negative defect,

(2.54)

1

(iii) Increase the well coordinates of its nearest neighbours by 1, meaning that if the

neighbouring site has no defect, it will get a positive defect, and if it has negative
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defect, the underbar will be removed,

if it has no defect o(t) £ 1 — o(t) £ 1,

if it has negative defect o(t) £ 1 — o(t) £ 1. (2.55)

(iv) If any of the new coordinates have positive defect and have rank greater than ¢,
go to step 2. Repeat this process until all particles that have a bar on it have

smaller ranking than ¢.
2.1.4. Example: Threshold to Threshold Evolution
We will first investigate how a negative threshold configuration evolves into the

positive threshold configuration, under the ZFA. To illustrate this let us again return

to our previous example. Here

42 13 03 9 12 10 14 8 5 6 1 7 11, (2.56)

is the negative threshold configuration and

4 21303 9 12 10 14 8 5 6 1 7 11.
(2.57)

is the positive threshold configuration that we intende to reach under repeated appli-

cations of the ZFA.

Let us go through the first avalanche starting from the negative threshold config-

uration 2.56.

421303912710 148 56 1 7 11, (2.58)

From the ZFA, the site an overbar and highest rank is 10. Therefore, the first avalanche
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is triggered by the rank 10 site. From the step (ii) and (iii) of the ZFA,

10 — 10, (2.59)
12 — 12, (2.60)
14 — 14. (2.61)
Our configuration becomes
4 2 13 03 9 12 10 14 8 5 6 1 7 11, (2.62)

From the step (iv) of the ZFA for the rank diagram, the well coordinates of the rank
12 and 14 sites are greater than that of 10 so our first avalanche wave spreads further

with 12 and 14 jumping as well, The effect of these jumps results in

12 — 12, (2.63)

10 — 10, (2.64)

9 — 0. (2.65)

14 — 14, (2.66)

10 — 10, (2.67)

8 — 8. (2.68)

and the new state becomes,

4 2 13 0 3 9 12 10 14 8 5 6 1 7 11, (2.69)

This first avalanche wave does not spread further because the sites ranked 9 and 8 does
not jump. Therefore this is the first avalanche wave. Next, the rank 10 site jumps

again, since it still has the largest well coordinate, z,(10). From steps (ii) and (iii) of
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the ZFA we find

10 — 10, (2.70)
12 — 12, (2.71)
14 — 14 (2.72)
and our state now becomes
4 2 1303 9 12 10 14 8 5 6 1 7 11. (2.73)

In the first avalanche wave 12, 14 and 10 jumped and in the second avalanche wave only
10 jumped. Note that the rank 10 will not jump again. The avalanche waves initiated
at this site therefore terminate and the avalanche quiesces. The configuration 2.73 is
a new configuration. In fact it can be readily shown [8] that the left and right extents
of the avalanche waves decrease by one each time they are triggered. This sequence
of waves terminates when the extent of one of the waves becomes zero. Thus in the
avalanche example given, we started with an avalanche wave of left and right extent 1.
The extents of the second wave were therefore each 0 and the the avalanche terminated

after the second wave.

We do not need to work out all intermediate steps of the ZFA as in the previous
example. We can determine the configuration reached after avalanche without having
to resolve it into individual avalanche waves. An avalanche upon its first wave spreads
as far to the left and right until it hits a negative defect site or a site that has a rank
smaller than that of the initiating sites. Subsequent avalanche waves decrement theses
initial left and right extents until one of the extends becomes zero. This allows us to

resolve an avalanche process in a single step as follows [8]:

(i) Find the greatest integer that has a bar on it, suppose this is the site with rank
t.

(ii) Find the left and right end of the avalanche, j; and jg respectively, where the j



22

is the first site on the left that has an underbar or rank smaller than ¢. Likewise,
find jg.
(iii) Then, update the following four sites,
ot —t,
e if j; (jr) has a under bar, jp — jr (jr — jr),
e if j; (jr) has no defect, j;, — jr (jr — Jr),
o k— k.

(iv) Where site k is calculated by divisibility condition, Equation 2.34,

Proceeding with the evolution, the next avalanche is triggered by the rank 9
site and extends on the left and right to the rank 3 and 10 sites, respectively. Thus
i = jr = 2 The avalanche will therefore terminate after two avalanche waves and we

reach the configuration:

4213039 1210 14 8 56 1 7 1L (2.75)

The next avalanche is triggered by the rank 8 site with j;, = 4 and jr = 3 and

we reach the following configuration:

42 13039 12 10 14 8 5 6 1 7 11. (2.76)

This is the positive threshold configuration 2.57. Let us see what happens if we
applied the ZFA to this. The next avalanche would be triggered by the rank 1 site.
Noting the periodic boundary conditions, the right and left extents both terminate at
the rank 0 site. This means that the first avalanche wave will reach this site from both

the left and right, and thus it will be forced to jump. As a result all sites have jumped
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and the configuration is depinned.
2.1.5. ZFA Evolution and the Rank Representation for General S

The considerations so far applied to the case when S = 1, Equation 2.35. It turns

out the case of general S is entirely analoguous, as we show now.

1 1
Let us define (; = w; + J; so that (; € (—5 + a, 3 + a) where a is some real

number that depends on J;. The difference between the maximum and minimum
elements of (; is still less than 1. Let 7 therefore denote the permutation that orders

the CZ',

Cr(0) < Cr() < vov < Cr(r—1) (2.77)

Then, any negative threshold configuration can be written as,
Z; = CZ + 5i,k_7 (278)
while the positive threshold configuration is given by

Z;r = (i — Oipy + 0in(0) + i r1)- (2.79)

Comparing with the corresponding threshold configurations, Equation 2.50 and
Equation 2.51, we see that in terms of the rank representation, the ZFA proceeds as in

the case of 5 = 1.
2.1.6. The Active Region

As we have seen in the S = 1 threshold to threshold evolution example, no

avalanche can spread beyond the interval bounded by the rank 0 and 1 and containing
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the site k~. We will refer to the interior of this interval, i.e. excluding the rank 0 and
1 sites, as the active region. The sites outside of this interval are inactive, since none

of these particles will jump, unless the configuration is depinned.

In our example of Subsection 2.1.4 the active region is

39 12 10 14 8 5 6, (2.80)

and we denote its lenght by ¢, so that ¢ = 8 for our example.



25

3. THE DISTRIBUTION OF THE NUMBER OF
AVALANCHES IN THE THRESHOLD TO THRESHOLD
EVOLUTION

Our aim in this Chapter is to the find the probability distribution for the number
of avalanches in the threshold to threshold evolution, P,(N). In order to do so we
will have to enumerate all possible configurations that will give rise to a given number
of avalanches. Since the threshold to threshold evolution can be represented in terms
of the rank diagram, this is equivalent to enumerating the number of permutations
compatible with a given number of avalanches. Mungan and Kaspar have shown [§]
that as a result of the statistical properties of the random phases «;, these permutations
are all equally likely. Thus a calculation of the distribution of the number of avalanches

reduces to a count of compatible permutations 7.

As we have seen in the previous Chapter, in the course of threshold to threshold
evolution, only sites that are in the active region jump. We are only interested in these
sites and the relative ranking of them. Let ¢ denote the length of the active region. If

we return to the example of the previous Chapter, the negative and positive threshold

configurations are,

42 13 03 9 12 10 14 8 5 6 1 7 11, (3.1)

42 13039 12 10 14 8 5 6 1 7 11. (3.2)

As we have seen, the sites that jump in the course of the threshold to threshold

evolution are,

39 12 10 14 8 5 6. (3.3)
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L =15 but ¢ = 8. If we re-rank these sites, we obtain the following representation,

04657312 (3.4)

Thus configurations 3.1, 3.3 and 3.4 are three equivalent representation as far as evo-

lution in the subthreshold regime is concerned.
We know the probability distribution of ¢ for given L,

: ¢ it1<i<L—-2

P(|L) = S(L - 1) | (3.5)
17 if £ =0.

Therefore if we can find P(N|{) for each ¢, we can determine the P(N),

L-2

PL(N) = _pL(t)P(N]0). (3.6)

=0

For a given ¢, there are ¢! x ¢ different negative threshold configurations. The /¢!
term comes from the different permutations of sites and the ¢ factor comes from the
different places where to put an overbar. All these different configurations contribute

equally to Pr(N).

When we look at the threshold to threshold evolution of any configuration, we can
easily see that avalanches terminate at the sites that have smaller rank than 7(k™).
Therefore, the number of avalanches in the evolution depends only on the relative
location of the site (k™) and the location of the sites that have rank smaller than
7(k™). These sites are the records of the (;,i € [iy,ir]. The connection between our

threshold to threshold evolution and the records statistics is explained in the Appendix.

We can simplify our calculation further by partitioning the possible configurations

into groups that have different 7(k~). We have ¢ groups because 7(k~) can take values
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{0,1,...,¢ — 1} and the contribution from all 7(k~) is equal. Write,

P(N|t) = P(r(E7)|O)P(N|m(k7), £), (3.7)

where P(m(k™)[() = §.

Also note that for given w(k~), the P(N|n(k™),¢) is independent of ¢, and it
only depends on the relative distribution of the sites {7 (0),7(1),...,7(k™)}, because
any site that has a greater rank than the avalanche trigger site cannot be a avalanche
initiator k. All avalanche triggers, except the first one, 7(k™), are the termination
sites of one of the earlier avalanches and any avalanche in the threshold to threshold

evolution ends with site that has smaller rank. Therefore,

P(N|r(k™), ) = P(N|x(k™)). (3.8)

Let us return to our example. We have already shown that the following two
configurations are equivalent when we look at the number of avalanches in the threshold

to threshold evolution.

4213039 1210 14 8 5 6 1 7 11, (3.9)

0465731 2 (3.10)

We now show that these configurations are also equivalent to a reduced configuration,
as far as the number of avalanches are conserved. The reduced configuration is the
configuration that only contains sites in the active region that have rank equal or

smaller than m(k™).

04531 2 (3.11)
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Let us next introduce the level, i, which is the location of w(k~) in the reduced
configuration. In our example level © = 3. For any reduced configuration we have:

1 <i<m(k™)+ 1. We can also show that for given 7(k~), the contribution from all

the levels is equal so that P(i|m(k™)) = W We can therefore write,
m(k™)+1
P(N|n(k7)) = Z P(i|m(k™))P(N|i,m(k7)). (3.12)

1=0

We next obtain the probability distribution for the number of avalanches in
the threshold to threshold evolution, for given 7(k~) and ¢, which we donote by
P(Nli,m(k7)).

L—2 -1 m(k™)+1
PyN) = > pull) P(r(k7)[0) P(iln (k7)) P(Ni,m(k7))| . (3.13)
=0 m(k=)=0 i=1

3.1. Determining P(N|i,7(k™))

We will determine P(N|i,w(k™)) for any level i, recursively starting with i = 1.

Any configurations that has level 1 has the following structure,

7T<]€7) ay Az az ... Qp(k—), (314)

where a; = 0,1,2,...,m(k7) — 1, for m(k~) > j > 1. We show that the number of
avalanches in the threshold to threshold evolution depends only on the location of sites

that have rank smaller than w(k™).

After the first avalanche our configuration becomes;

m(k™) @ ax az ... Qg

(3.15)
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As we mentioned above, the location of the negative defect does not change the to-
tal number of avalanches in the threshold to threshold evolution, so we can use this

notation without loss of generality.

If we look at the last configuration, we can see that our system will have all
further avalanches to the right. After the first avalanche wave a; definitely gets an
overbar, because it is smaller than 7(k~) and there is no site between 7(k~) and a4
that has smaller rank than 7(k~). So our first avalanche should be terminated at the
site a;. The above configuration acts as a level one configuration that has 7/(k~) = a;
where a; € {0,1,2,...,(7(k7) — 1)}. Again, a; can have all these values with equal

probability.

As we explain in the Appendix, the probability of having k records in the sequence
of n numbers is given by Equation A.8. In the Appendix we also show that in the
reduced negative threshold configuration the threshold to threshold evolution after the
first avalanche is goverened by a record process. So mw(k_) sites remain available for

N — 1 records, so that including the last one there is total N records, i.e. avalanches.

Thus, the probability of having N avalanches for a level one configuration is given

as

P(N|i = 1, (k™)) = Wi)! U\f’f” (3.16)

This result is important, because we will be able to write the probability distribution

of avalanches for any other level in terms of this.

The level i configuration can be written as,

ay az asg ... a;—1 7T(k‘_) a; ... aﬂ(k—). (317)
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After the first avalanche our configuration becomes;
ay az agz ... a;—q aﬂ(k—) a; ... CLﬂ.(k—) (318)

As we discussed in the Appendix, after the first avalanche our system acts as two

independent level one systems. The subsystem that is on the left is,

a; ag as ... Q;—q1 aw(k—) (319)

while the subsystem that is on the right is,

aw(k—) a; ... aw(k—). (320)

When we re-rank these two configuration as two separate configuration, the first one
is a level 1 system that has 7'(k~) = i — 1. The second subsystem will have 7" (k™) =
m(k~)—i+1 and again level one. However, their first avalanche is common. Therefore,
when the first subsystem has s avalanches, the second system must have N —(s—1) in
order for our total system to have N avalanches. We can hence write the probability

distribution of avalanches for any level as

S Nooo1oTri—i 1 (k™) —i+1
P(Nli,m(k )):Z(i—l)!{s—l] (W(k)_z.ﬂ)![ ( ]\2_5 ] (3.21)

s=1

[i_l} is the probabil-

where the sum is over all possible s values. In this equation a1

1
(i—1)!

ity distribution of having s avalanches in the left direction and the

term is the probability of having N — (s — 1) avalanches in the right direction. Together

with the common first avalanche the total number of avalanches is N.

1 [t
) —ig DIt N

]
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3.2. Determining P (N)

For given 7(k~) and level, we have found the probability for the number of
avalanches in the threshold to threshold evolution. Therefore when we substitute this

result, Equation 3.21, into into Equation 3.13 find:

L-2 -1
PL(N) = pi(0) P(r(k)|0)
£=0 7 (k=)=0
. A T | 1 o) —i+ 1
’ 2 Hr ));(i—l)![s—l] (W(k‘)—i+1)![ ( N)_s } - (3.22)

2
—O0N - 2
+ L(sN’O (3.23)

" [zN: (i —1 1)! K: ﬂ (k™) 1— i+1)! r(k;v) - Z: 1}

In order to simplify this further let us make the following change of variables:

{—k,
(k™) —j—1

Exchanging the order of the i sum, Equation 3.23 becomes,

Equation 3.24 by itself is not very useful for computational calculations or in
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order to understand this result. Therefore, we should simplify Equation 3.24 further.

Using the Equation A.15 given in the Appendix, we can write,

i (i - 1) [;: ﬂ (J - i)! H_—ﬂ e - ] H_—ﬂ (Jj__f)' (3:25)

i=1

So Equation 3.24 becomes,

k .
1 1 j—1 N —1 2
- —IN0- 3.27
Zj(j—1)!{N—J;<s—1)+LN’O (3:27)
Here the binomial coefficient sum is over all none-zero terms and thus will give us,

> ({Z:f) = 2N 1, (3.28)

Equation 3.27 then becomes,

oN L2

k .
1[j—1] 2
) _[N—1}+Z5N70' (3.29)

il
k=1 j=1 J:

Now, let us exchange the order of the two sums so all variables are independent of &

and thus

oN L2 g7l
PyN) = — 2 ‘_[J }Z+—5N70, (3.30)
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Figure 3.1. Lines correspond to Equation 3.32 for five different system size L. The
dots give the distribution of the total number of steps in the threshold to threshold
evolution obtained from numerical simulations. The number of realizations is given in

parentheses next to their corresponding L.
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Finally doing the sum over k,

L-2

Pu(N) = 2N Z (L= 9_1 {j_l] +%5N,0. (3.31)

N -1

J=1

This result can be simplified further and after the simplification we end up with the

following equation

oN Ll 11 1
PL(N) =~ > { ) }+55N,0. (3.32)
" t=N+1

Intermediate steps can be found in the Appendix.

3.2.1. Comparison with Numerical results

Equation 3.32 gives the exact probability distribution of steps in the threshold

to threshold evolution. Figure 3.1 shows that our result fit perfectly to results that we

obtain from numerical simulations.
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3.2.2. Determining EN

EN can be calculated by using the generating function for P (V). Let us write

down the generating function.

g(z) = T 2N L_ll lL - 1} + 1 (3.33)

Moving t sum to the left and changing the place of the two sums,

L—2 t—1
2N [L—1] 1
= —. .34
L' + 7 (3.34)
t=1 N=0
If we do the sum over N,
L2,
1 L—-1 1
= ,Z 1_22 [ }—FE. (3.35)
t=1

Equation 3.35 can be written as

90 = 5 ng[ } l%mf(zz)tvt_lh%. (3.36)

Using the identities Equation A.16 and Equation A.17 for the first and the second

term in Equation 3.36, respectively,

1 1
A e T vy A e

2225+ D@ 42z 4 LD} + 7. (337)

From the normalization condition on the probability distribution Py (V), Equation 3.37
must satisfy g(1) = 1. Indeed,
1 1 1 1 L

= oL Aogn R DR L)+ = ‘Z*E*% — 1 (3.38)
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The mean value of the number of avalanches in the threshold to threshold evolu-

tion is given by,

(3.39)

If we take the derivative of Equation 3.37 with respect to z,

8%22) T - Zz)% (- Szm 12222 4 1)(22 4 2)..-22 + L = 2))

- m[{QQZ +1)(22 +2)..(22 + L — 2)}

+{22(2)(22+2)...22+ L —2)} + {22(22 + 1)(2)(22 + 3)...(22 + L — 2)}

+.{22(22+ 1)(22 + 2)...(2z + L — 3)(2)}]. (3.40)

The third term in Equation 3.40 can be written as a sum,

0g(2) 2 2
o = EEED A 22)2L'{22(22 +1)(2242)...(22+ L —2)}
2 jﬁi“ 22(22 + 1)(22 +2)...(22 + L — 2) (3.41)
(1—2z)L! = J S
Let us calculate Equation 3.41 at z =1,
=L
0g(2) 2 2 — L!

= _94 = —. 42

0z |,_, L +L!j;j (342)

Therefore, the mean value of the number of avalanches in the threshold to thresh-

old evolution becomes,

=L 2 5 P
EN =2 (1 ) R D P 3.43
< +Zz> + 7 ;j + 7 (3.43)



It can be written as

EN = 2H;, — 4+ =,

L

where H; = g — is a harmonic number.

=17

36

(3.44)
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4. HYSTERESIS BEHAVIOUR

As we discussed in the second Chapter, our system exhibits irreversible behaviour.
This irreversible behaviour occurs if the external force F' is increased decreased such
that this causes a jump of one or more particles. As Kaspar and Mungan have shown,
when the applied force is returned back to zero none of the particles jump. Actually

this behaviour enables us to use the equivalent configurations with zero force (ZF),

F=0.

4.1. Force Cycles and Hysteresis Loops

We can ask what happens when we start with a configuration, change the force
in one direction until one or more avalanches occurs, then change the force in the
opposited direction until again particles jump and finally return the force to its initial
value. We will call such a sequence of force increments and decrements a force cycle.
In general, under a force cycle a static configuration will not to its original form, even

though the force has been brought back to its original value.
In terms of the equivalent ZFA configurations, the action of a force cycle is as
follows. We apply the ZFA, one or more times in one direction, making sure that the

configurations remain stable and then reverse the direcion of the ZFA.

To illustrate this, consider the following configuration

4213039 1271 14856 1 7 11,
apply the ZFA in the positive in the positive direction,
(i) Find the greatest integer that has a bar on it is 10,

(ii) The left end of the avalanche is i, = 9 and the right end of the avalanche is

in=S8,
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(iii) Make the following jumps
e 10 — 10,
e 9= 9and8 — 8,

e 10 — 10.

Our configuration becomes,

42 13039 12 10 14 8 5 6 1 7 11. (4.1)

When we next apply the ZFA once in the negative direction, it causes the following

changes,

e 10 — 10,
e 12—~ 12 and 14 — 14,
e 10 — 10.

Then our system transits into

42130309 1271 14856 1 7 11 (4.2)

Comparing configuration 4.1 with the above configuration, we see that our system

does not return to its initial configuration.

By application of force cycles we can construct a hysteresis loops. In hysteresis
loops, under the application of an appropriate force cycle, we strat from one configu-
ration, transit into another one by a sequence of avalanches in one direction and then
come back to the initial configuration by another sequence of avalanches in the opposite

direction.

There are two special configurations that allow us to construct such a loop. These
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are the threshold configurations, since we know that every configuration transits into
a threshold configuration by a finite number of avalanches in either one of the two
possible directions.

Let us give an example of a hysteresis loop that contains both the negative and

the positive threshold configuration. Consider a negative threshold configuration with

an active region given by

51623047 (4.3)

If the ZFA is applied first in the positive direction, the configuration 4.3 transits into

51623047 (4.4)

After applying the ZFA once more in the positive direction, the following configuration

is found:

51623047 (4.5)

This is the positive threshold configuration. Let us next repeatedly apply the ZFA in

the negative direction until we reach the negative threshold configuration:

\]
—~
=
~J
~—

516 23047

51623047 (4.8)

The evolutions of states constituting the hysteresis loop is shown schematically in
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Figure 4.1. The representation of the hysteresis loop that contains the negative and
the positive threshold configurations. In the figure every circle represents a distinct
state such that 1,2,3,4 and 5 represents the configurations 4.3, 4.5, 4.4, 4.6 and 4.7,

respectively. The black and the red arrows represent transitions.

Figure 4.1.
4.2. The Reachable states

The reachable states are the set of all states that can be reached from either of the
two threshold configurations by a sequence of increasing and decreasing forces. We are
interested in the relation between the system size L and the total number of reachable

states. In order to obtain this relations, we have performed numerical simulations.

Each configuration can transits into two different static configurations: by either
increasing the force or decrease it. The only exceptions are the positive and negative
threshold configurations, that can transit only into a single static configuration, by a
decrease or increase of the driving force, resepctively. A negative (positive) threshold
configuration can not transits into a static configuration via force decrease (increase)
because when the ZFA is applied to a negative (positive) threshold configuration in the

negative (positive) direction our system depins and starts to slide.



41

4.3. Description of the Numerical Algorithm

We next describe the numerical algorithm that we used to list all reachable states,
for a given system size L and realization of random phases a;. We use the ZFA is
used in order to transits between static configurations and maintain a pointer vector.
The pointer vector contains all information about the connections between reachable
configurations. Initially, the pointer vector contains only the negative and positive
threshold configurations because they can be found directly, from the phases «;, as

shown before.

Let us illustrate this algorithm, on the example of the previous section, (the
negative threshold configuration 4.3) to find all reachable states. The initial state of
the pointer vector is given Table 4.1. We put the negative threshold configuration in the
first row and the positive threshold configuration in the second row. The first column
of each row specifies a unique ID for the corresponding configuration. The second
and the third row specify the configuration we reach when we apply the ZFA in the
positive and negative directions, respectively. X represents the forbidden transitions
which are those into the sliding state. Only the threshold configurations have forbidden
transitions because these two configuration are essentially unique, and thus the system
can transit into the dynamic regime only from these two configurations. 7 represents
the transitions that have not been determined yet. The aim of our algorithm is o
resolve all transitions, while keeping track whether the states reached in this way have

already occured or are new.
We start from one of the 7 and resolve it by applying the ZFA. If we transit into a
configuration such that our pointer vector does not contain it, we add this configuration

as a new row and put 7s to in the second and third colums.

Once we have resolved all 7, we have obtained all reachable states along with

their connections. We can represent the pointer vector as a reachability graph.

In Table 4.1 every row corresponds to a different configuration. The first column
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Table 4.1. This is the initial state of our pointer vector.
11?2 |/X|5 16 2 3 0 47

21 X715 16 2 3 047

Table 4.2. This table shows the final state of our algorithm. It contains all reachable

states and the transitions between them.
113 [X||I5 16 2 3 047
2| X 16 2 3 0 4 7
3121615 1 6 2 3 0 4 7
417|515 1 6 2 3 0 4 7
508 (115 1 6 2 3 0 4 7
6131915 1 6 2 3 0 4 7
7121405 16 2 3 0 4 7
871515 1 6 2 3 0 4 7
916 |1 {5 1 6 2 3 0 4 7

provides a unique id for the configuration i.e. 1,2,3,4..., while the second and third
columns specify the ids of the configurations we reach when we apply the ZFA in the
positive and negative direction. The last column is a rank-diagram representation of
the configuration. A 7 means that we have not yet determined the outcome of the

corresponding transition. An X indicates that the transition is forbidden.

Table 4.2 shows the pointer table after all reachable states and the transitions

between them have been identified. Note that as a result, it does not contain any ?

anymore.

Using Table 4.2 we can draw the the reachability graph, Figure 4.2.

4.4. Numerical Results

We apply the algorithm outlined in the previous section, for various system sizes

L = 16, 32,64, 128,256 using more than 10000 realizations of random phases. Plot-

ting the the total number of reachable state averaged over the realizations, against
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Figure 4.2. The reachability graph of our example showing all reachable states and

the transitions between them. The red (black) arrows indicate transitions under

applying the ZFA once in the positive (negative) direction.

the system size, we find power law behaviour with an exponent of 3/2, as shown in

Figure 4.4.

Every static configuration that satisfies the integer Equation 2.30 and divisibility
Equation 2.31 conditions on Am; is a static condition. As a result the number of
configurations satisfying these conditions increases exponentially with the system size.
From the power law relation that we obtain, we conclude that only a small fractionof
these static configurations are reachable states, i.e. states that can be reached from th
the positive or negative threshold configuration by a sequence of force increments and

decrements.

Let us next give an example of a reachability graph for a bigger system. Figure 4.4

shows the reachability graph for a system system of size L = 32.

From the Figure 4.4 it can be seen that there are hysteresis loops emebedded
into larger loops. Some of these subloops acts as a reachability graph of a smaller
system. For example the configurations 6 and 24 act as a threshold configuration for
this subloop, since every configuration between 6 and 24 must transit into 6 or 24

before going to any state outside of this loop. We can see that there are many sub
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Figure 4.3. Numerically obtained relation between the system size and the average of
the total number of reachable states on a log-log scale (blue data points). The red

line is a power-law with exponent 3/2.

10 7

Average number of reachable states

10| b

10°

System Size

loops that have this property. Thus there is a hierarchy between reachable states in

embedded loops.

4.4.1. Partial Ordering and Hierarchies

Kaspar and Mungan, [8], have shown that the toy model obey the no-passing rule
of Middleton and Fisher [1]. This rule states that if for each site the well number of one
configuration is greater or equal to the well numbers of the other configuration, and
moreover the maximum of the well coordinate of the first configuration is greater than
the maximum well coordinate of the second configuration, then the second configuration

can not cross the first one as a result of avalanches in the positive direction.

The existence of hysteresis loops implies that the toy model exhibits the return-
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Figure 4.4. The reachability graph for a system of size L = 32.

point memory effect described by Sethna et al. [2]. Sethna et al. have shown that if the
set of reachable configurations has partial ordering, the transitions obey the no-passing
rule and the system is driven adiabatically, the return point memory effect will occur.
This is rather remarkable, since the jumps of the particles release energy and thus the
response of our system to force avalanches is not adiabatic, while on the other hand
the toy model does exhibit partial ordering of reachable states and the no-passin rule.
Thus the requirement of adiabaticity while sufficient does not seem to be necessary for

return point memory.



46

5. CONCLUSION

We have investigated the properties of a simple charge density wave system in
the subthreshold regime focusing on a toy model that was introduced by Kaspar and

Mungan [8].

We determined analytically the probability distribution of the number of steps
between the two threshold configurations. We obtained this result by noting that every
configuration can be represented by a rank diagram. In particular, each configuration
is determeined by a set of integers and distribution of bars. As we have seen, only
a subset of sites is active in the static regime. Moreover, it turned out that only
sites that have ranking greater or equal to sites (k™) play a role in determining the
intermediate configuration for the evolution from the negative to positive threshold.
We used these observations to enumerate the configurations and thus the number of
avalanches. As was shown by Kaspar and Mungan, the threshold to threshold evolution
is governed by a record-breaking process. The probability distribution of the number of
record is related to the Stirling numbers of the first kind. This allowed us to determine
the probability distribution of the number of avalanches in the threshold to threshold
evolution. We also checked our analytical result against numerical simulations and

found excellent aggreement.

We then investigated the hysteretic behaviour of the toy model and found a
hierarchical structure among reachable static configurations. We devised a numerical
algorithm to enumerate all reachable states and used this to determine the relation
between the system size L and the total number of reachable states. The number
of all metastable states is expected to increasese exponentially with the system size.
However, we observed a power law relation between the total number of reachable states
and the system size and found an exponent 3/2. This result shows that one cannot
reach all static configuration starting from the threshold configurations. Instead, we

can only transit into a small part of all static configurations.
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APPENDIX A: RECORD STATISTICS AND STIRLING
NUMBERS

As Kaspar and Mungan [8] showed, the number of avalanches in the threshold
to threshold evolution can be thought as a record process. This is a consequence of
the fact that the avalanches are terminated at sites that have smaller rank than the
trigger site of the avalanche. Therefore, as the system evolves from the negative to the
positive threshold, it seeks to lower the records until it hits the lowest two sites, 7(0)

and 7(1), to the left and the right.

Every negative threshold configuration can be written as a distribution of integers
which represent the ranking of coordinates of sites and a overbar which represents the
positive defect on the site (k™). We also showed that in the threshold to threshold
evolution only sites that have ranking m(k~) or smaller than 7 (k™) are important.
When we increase the force starting from the negative threshold configuration, we
observe two distinct record processes. Thes two record processes start from the site

7(k_) and proceed to its left and right.

Let us consider the example in Chapter 2 again. The negative threshold config-

uration is,

42 13039 12 10 14 8 5 6 1 7 11, (A1)
and we showed that the following configuration is equivalent to configuration A.1 in

the sense of the evolution from the negative to positive threshold configuration. The

reduced configuration of configuration A.1

045312 (A.2)

After the first avalanche in the positive direction, our system transits into the config-
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uration

04531 2 (A.3)

where the first avalanche terminated at the sites ranked 4 and 3. In this process, the
places of negative defects do not change the number of avalanches in the threshold to
threshold evolution so we can put an underbar on 5. We only need to keep track of the
sites that have equal or smaller rank than site 7(k~), because the avalanche waves in
the evolution from negative to positive threshold configurations can only be terminated
at these sites. Also, as we mentioned previously, in the reduced configuration the first
avalanche must be terminated at nearest neighbours of site 7(k~). Let us keep applying

force in the positive direction. After the second avalanche our system transits into

045312 (A.4)
If we apply the ZFA to this configuration A.4, it next transits into

0 45312 (A.5)
After the fourth avalanche, the record process for the right part terminates.

04531 2 (A.6)

Finally, with the last avalanche the record process for the left part also terminates and

the system has reached the positive threshold configuration,

As one can see from this example we have two separate record processes. One

of them is in the left of site 7(k~) and the other one is to its right. These two record



49

processes are independent.

The probability of having k£ records in a sequence of n exchangeable random
variables is given by [9],

Pran(bl) = 2 1. (A8

Statistically, exchangeability means that the joint distribution remains the same under
any permutation of these n random variables. The bracketed expression m denotes an
unsigned stirling numbers, which count the number of permutations of n objects that
contain precisely k cycles. A cycle is a subset of these elements that remains invariant
under the permutation. Thus a cyclic permutation on n elements is a permuation with

a single cycle, necessarily containing all elements.

As discussed before, the threshold to threshold evolution is governed by two
record processes. In terms of the reduced representation of the negative threshold
configuration with level 7, one has i — 1 sites that are to the left of w(k~) and the other
has w(k~) — i + 1 sites that are to its right. Therefore, using Equation A.8, we can
write the probability for going from the negative to positive threshold configuration in
N steps given that the negative threshold configuration corresponds to w(k~) and has

level 17,

PNt =3 =

> s 1 {w(k—) —it 1]. (49)

5—1](7r(k)—i+1)! N—s

This is Equation 3.21.

We can find the Equation A.8 by using the definition of the stirling numbers. Let

us consider the system that has ¢ = 1. The negative threshold can then be written as

7T(/{77) ar Gz ... Qpg-)- (AIO)
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Configuration A.10 transits by an avalanche into the following configuration,

w(k™) @i az ... Grge-) (A.11)

The evolution from this configuration to the positive threshold configuration is a record
process. In every record process the first object is a record. The number of avalanches
in the threshold to threshold evolution is equal to the number of lower records in the
sequence of {ay, ay, ..., arx-)} plus one. The plus one comes from the last avalanche.

Therefore, N — 1 elements of the sequence are records.

Now let us write this records as cycles. The number of permutations of n elements
that contains k cycles is given by the Stirling numbers. A given permutation can be
represented in many ways. We therefore have to find a canonical representation of
permutations with k& cycles so that each such permuation can be written in a unique
way and thus each representation corresponds to a distinct permutation. This can be
done as follows. Firstly, let us write every cycle in a way that the smallest element of it
is located at the left of all other elements of that cycle. Then we order this cycles with
their left most elements and put all of them next to each other in the same way of their
ordering. Therefore, the cycle that is located at the left most place has the greatest left
most element. In this way, the number of the records and the cycles are equal. Thus,
the number of avalanches in the threshold to threshold evolution is equal to the cycles
that are chosen from (k™) elements plus one. The number of different configurations
that have an N step evolution for given w(k~) and ¢ = 1 is then given by the unsigned
Stirling numbers of the first kind [75\([]:)}. The number of all possible level 1 reduced
configurations with given 7(k~) is w(k™)!. Therefore, the probability distribution of

the number of avalanches in the threshold to threshold evolution is given as

P(N|i = 1, x(k™)) = Wi)! U\f’f” (A.12)

Thus, we recover the result in Chapter 3, Equation 3.16.
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A.1. Some Useful Identities Involving Stirling Numbers

We use some identities of stirling numbers. First of all, the basic identity that

we use is the recurrence relation. It is given in [10] as
n n—1 n—1
=n-1 . A13

The second identity that we use is also given in [10]

n]-sal

k=0

The third identity is given in [10] as
kl[n—k l
S TG L) e
- l m [+m [+m l

The fourth identity is,

Y m = nl. (A.16)

The fifth identity is,

Oxk m =2z +1)(x+2)..(x+n—1). (A.17)

k=

Let us prove identities Equation A.15, Equation A.14. We can simply show
Equation A.14 by using the recurrence relation Equation A.13. Let us take the left
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hand side of Equation A.14 and expand using Equation A.13,

1 n+1 n n 1|n
ﬂmﬂ}—a[mﬂ]*ﬂm} (A.18)

Again, use recurrence relation Equation A.13 to expand the first term in Equation A.18

1[”“}:M{"”%ﬁ{"—l%i{n}- (A.19)

nl|lm-+1 n! m+ 1 nl|l m nl|{m

If we repeatedly repeat expand the first term n times we find

n!

1 [n + 1} n(n—1)..1 [n - n}

m—+1| n! m+ 1

110 1(1 1 n—1 1|n

— — — . (A2
O!{m}+1!{m}+ +(n—l)!{ m ]+n!{m] (4.20)

The first term on the right hand side vanishes, if we choose m # —1 and we find

+

Equation A.14
1 1 1k
B e (A.21)
n!'|lm+1 p E!'|lm

A.2. Intermediate Steps leading from Equation A.24 to Equation 3.32

In Chapter 2 we found the following, Equation A.24,

PL(N) = 2z ~(L—izl) [j_l] +25N,0- (A.22)

Thus we obtained an expression that contains only one sum. Nevertheless, deter-
mining the result of this sum for given NV and L is still not so easy, because it involves
multiplication of a Stirling number and a factorial. We can simplify this expression fur-

ther by using some identities involving Stirling numbers. First, we write Equation 3.32
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as,

j ') [N —1

PL(N) = L(L27]i1) L_j <(L ol Dy i) [j } 1} + %M,O. (A.23)

<

Write Equation A.23 as the part that in the bracket as separately

oV X (L-1)[j—1
L(L-1) i g! N —1
ov 2 [j—l] 2
+ , + —dno, (A.24)
L(L—l)jzl(j—l)!N—l L
Let us rewrite this expression as,
2
PL<N) == 21 — 22 + z(sz, <A25)

where,

We can easily calculate Yo by using the identity Equation A.14. Therefore, we can

write,

L2 []_1] L—3l[ 1 ]
j:l(j_l)!N_l k:Ok:!N—l
1 L—2
= (L—3)![ N ] (A.26)
So Y5 becomes,
2N 1 L—2
Yo = ) A2
? L(L—1)(L—3)![ N} (A.27)



Now, let us determine ;. With the following change of variables,

j—=k+1,
N—1—m,
L—3—n,

Y1 becomes

2m+1 n

. 1Tk
1—n+3k:0 (k+ 1) m]

Use the recurrence relation Equation A.13 to obtain

HECI A ]

With this identity >3, is written as

ol 1 k+1 k
Y= g —k .
! n+3k:0(/€+1)!<{m+1} [m—l—l])

Add and subtract [m]il} to the terms in brackets in Equation A.30,

. =§T;§<kil>! (Vfﬁﬂ _(Hl){milh{milb'

1
Write ¥, as three separate sums:

gmt+l [ 1 k+1
o= -
! n+3<;(k+1)!{m+l}

i) el
—klm+1] = (k+ 1D m+1

o4

(A.28)

(A.29)

(A.30)

(A.31)
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Make change of variable in the first term, t = k + 1,

1] ¢ 1t 0 0 1t 0
251 IS D o IR R AR I PO 5 1 U K
thm+1 —tlm+1 m+ 1 m+ 1 it m+1 m+ 1

Use identity, Equation A.14, for both the first and second term in parentheses of

HMJ,-

Equation A.32. Now X; becomes,

o 2™ 1 [n+2 0 1 [n+1
T3\ (n+ D) m+2 m+ 1 (n)! m + 2

T 1]). (A33)

Then, applying the recurrence relation Equation A.13, we have

1 [n+2]_(ni{n+l}:[n+1} (A.34)

(n+1)!m+2 N m+2 m+1

Therefore, we can write ¥, as,

2= 3?13 ((nil)! [:ﬁﬂ a {miJ +ZO (k;il)! {miJ) ' (A.35)

If we look at the difference between Equation A.28 and Equation A.35, we see that,

n n

Sl L Sl ] e

If we use Equation A.36 to expand the last term in the same equation we find

Zﬁm - <ni1>! [Ziﬂ - lmH

+ﬁmiﬂ - {mom] +kz"; (k:+11)! {miQ}' (4.37)

Let us repeat this process p times until the last term in the equation vanishes. It will

vanish if all terms in the sum vanishes. Therefore, m + p must be greater than the
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maximum value that k can take which is n. After repeating this process p =n—m+1

times, our expression becomes,

n

> il - 2 o

= KD D A AR ET

With this identity, >; can be written as,

2m+1 n—m+1 1 n+ 1 n—m+1 0
N = S : A.39
! n+3<; (n+1)! [m+p} pz [m+p} ( )

=1

Change the variables back to their initial versions,

k—j—1,
m— N —1,
n— L—3.

Therefore, >; becomes,

(S AL S L)) e

p=1 p=1

Also change the p variable, p -t — N + 1,

™= % (;Z; (L i 2)] [L ' 2} N t: m> ' (A.41)

Now, let us substitute X; and Y5, Equation A.41 and Equation A.27, into Equa-

tion A.25,
ro=7 (Ll ]2 1)
L(EN 1) (L : 3)! {LJ; 2} %5No (A42)
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Let us arrange the terms as follow

PL(N) = 2N( z;v{ ’| - —2>{L]§2D
E S [ e

We can find a simplified version of expression A in Equation A.43. First write A as
L—2 L—2 L—2
A= L—2 — (L -2 . A.44
S o T R

Next use recurrence relation, Equation A.13 for the first term in Equation A.44

o 1) R RS

=N t=N

~+

and regroup the sums

P R

t=

h
m

i
=2

All terms in the second sum vanish except for the two terms below:

-2
L—1 L—2 L—2 L—2
— — (L -2 . A4
A e e R o A
Use the recurrence relation, Equation A.13, again for the last two term and noting that

e

>
Il
h

I
e

™~
)

>
I

)[R .

i
=



o8

where Equation A.48 can be written as

A= il [L t_ 1} (A.49)

oN Llorp 11 oV K201 2
" t=N+1 t=N

Finally note that [2] =0 for k > 0 and [8} =1 and N > 0, thus the second sum gives

a non-zero contribution only when N = 0. Therefore,

oN LUt 1] 90 9
P,(N) = — Z [ :|—de,0+55N,0>

L ¢
t=N+1
oN L7t {L—q 1
- 2 Z + —6n - (A.51)
L= Lt L

Equation A.51 gives the probability distribution of number of avalanches in the thresh-

old to threshold evolution.
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