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ABSTRACT

LMI FORMULATIONS FOR A CLASS OF NONCONVEX
QUADRATIC PROGRAMMING PROBLEMS

Finding the optimal value of a polynomial function over a region determined
by a finite number of polynomial constraints and determining the emptiness of such
a region constitute major problems encountered in control theory and other branches
of engineering. In general, such problems are known to be hard, and hence, it is very
unlikely that efficient algorithms will developed for their solution. A general approach
employed in the literature to overcome this difficulty is to develop approximations that
can be computed efficiently or to identify special subproblems which can be solved
easily due to their special structure. In this thesis, we follow the second approach
and derive linear matrix inequality (LMI) formulations for some nonconvex quadratic
optimization problems. To be more specific, we develop two related results. First,
it is shown that the convex hull of a region determined by two quadratic inequality
constraints is an LMI set and an algorithm producing the LMI description of the convex
hull is obtained. By this way, it becomes possible to find the optimal value of a linear
objective function over such a region efficiently and exactly. Second, we show that in
R? the convex hull of a region determined by a finite number of quadratic constraints
is LMI set. However, this time the proof developed is not constructive, and hence, an

algorithm for attaining the convex hull could not be derived.



OZET

BAZI iIKINCI DERECE POLINOM ENIYILEME
PROBLEMLERI ICIN DOGRUSAL MATRIS ESITSIZLIGI
FORMULASYONLARI

Bir polinom fonksiyonun polinom kisitlarla belirlenen bir bolge tizerindeki en
iyi degerinin bulunmasi ve bu tip bir bolgenin bos olup olmadiginin belirlenmesi kon-
trol kuraminda ve diger miithendislik alanlarinda 6énemli bir problem tegkil etmektedir.
Genelede bu tip problemlerin ¢éziimiiniin zor oldugu bilinmekte ve bu nedenle de makul
bir stirede makul miktarda kaynaklar kullanan bir ¢oziim yonteminin geligtirilebilmesi
miimkiin goriilmemektedir. Bu sorunun iistesinden gelebilmek i¢in izlenebilecek iki yol
vardir: ya yaklasik bir ¢ozlimle yetinip bu ¢oziimi tiretebilecek bir algoritma geligtirmek
yada tam olarak ¢oziilebilecek 6zel alt problemleri belirlemek ve bunlar1 ¢ozmektir. Bu
tezde ikinci yontem izlenmis ve bir takim ikinci derece polinom eniyileme problem-
leri igin dogrusal matris esitsizligi (DME) formiilasyonlar1 geligtirilmistir. Ik olarak
iki adet ikinci derce polinom esitsizligi tarafindan belirlenen bir bolgenin digbiikey
zarfimm DME ifadesi elde edilmistir. Bu sayede dogrusal bir fonksiyonun bu tip bir
bolge tizerindeki en iyi degerini kolayca hesaplamak miimkiin olmustur. Ikinci olarak
iki boyutlu bir uzayda sonlu sayida polinom esitsizligi tarafindan belirlenen bir bolgenin
digbiikey zarfinin da DME olarak ifade edilebilecegi gosterilmisg, fakat bu sefer DME

ifadeyi bulan bir algoritma geligtirilememistir.
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1. INTRODUCTION

In the last five decades, there has been a shift in the paradigm employed for
design and analysis of modern control systems. In the old classical methods, the pre-
ferred approach was to find elegant closed form analytical solutions to a given problem.
However, the experience shows that this could be achieved for systems having certain
structure such as linearity, time-invariance, etc., while it usually turns out to be an
intractable task for more complicated system. Starting from the 1940s, some works ap-
peared which show that it is possible to formulate a certain class of previously unsolved
control problems as linear matrix inequalities (LMIs). Although LMIs cannot be solved
analytically as well, they can be solved efficiently using numerical algorithms due to
their convexity. This encouraged researchers to attack problems considered as hard

previously from this perspective, which constitutes an active area of research today.

The S-procedure [1] and the SDP relaxation [2, 3] constitutes one of the funda-
mental tools that have been utilized for converting control problems into LMIs. Let’s

describe this briefly. Consider the set

pi(x) >0, i=1:m,
S=qzeR" ¢(x) >0, j=1:my ¢,
te(z) =0, k=1:my

where p;, ¢;, t; are (multivariate) polynomials. Several questions in control theory can
be cast as the following type of questions, which we refer to as polynomial system

solving problems (PSP).

1. Is & empty? If not, how can we find a point of it?

2. How can we find an optimal solution of

inf  po(z)
s.t. xes8,



where pg is a polynomial as well?

These problems are closely related with each other and from computational com-
plexity theory, we know that they are decidable but NP-hard. This means there exists
an algorithm that always returns the correct answer in finite time using a finite amount
of resources. However, in general, they are so complex that the time required by any
algorithm that can solve an arbitrary PSP is expected to grow exponentially with the
problem size, which renders large problems intractable in practice. In this regard, what
the S-procedure and the SDP relaxation provide is to obtain approximations or suf-
ficient conditions in terms of LMIs that can be computed efficiently [4, 3]. Although
an exact result is not guaranteed by these methods, at least one can obtain a partial

answer in a reasonable amount of time.

As described above, the S-procedure and SDP relaxation, in general, only give
sufficient conditions or approximations. However, there are some special occasions in
which they turn out to be exact. An example of this is given by Yakubovich in [1], where
it is proven that S-procedure is necessary and sufficient for showing emptiness of a set
determined by two quadratic inequalities. Encouraged with this fact, researchers tried
to generalize this result to more complicated problems for several years. An overview
of such generalizations can be found in the recent survey paper [5]. As can be inferred
from this reference, these efforts have not been very fruitful since the S-procedure is

not powerful enough to tackle even a slightly bit more complicated problems.

Based on the preceding discussion, it can be seen that the S-procedure and the
SDP relaxation are very conservative methods. The main reason behind this is the
fact that they approach to problem in an over-simplistic manner. For example, when
a feasibility problem is considered, S-procedure employs valid constraints that can
be attained by taking linear combinations of the ones defining S in order to prove
infeasibility. However, one of the fundamental results of real algebraic geometry, Posi-
tivstellensatz, states that a necessary and sufficient condition can be obtained by using
multipliers which are polynomials and sum of squares (SOS) of polynomials instead of

real numbers [6, 7]. This constitutes a very strong result and converts the problem of



determining emptiness of § into an equivalent problem of searching for SOS multipliers

leading to an infeasible valid constraint.

The original proof of Positivstellensatz given by Stengle [7] was not constructive.
Therefore, this result has not been employed for a long time in practice. Recently,
Parrilo and Lasserre realized almost simultaneously that by fixing their degrees, the
search of SOS polynomials can be cast as an LMI problem [8, 9, 10]. Hence, using
this approach, it would be possible to develop relaxations that can be computed ef-
ficiently. Moreover, the quality of these relaxations could be improved by increasing
the degrees of polynomial multipliers. This allows one to choose between accuracy and

computational effort, which is a very desirable property.

Our first contribution in this thesis is to show that if § is a feasible region of
two quadratic inequality constraints, its convex hull, co(S), is an LMI set. The proof
is constructive, and hence, gives an algorithm that produces the convex hull. Since
optimizing a linear objective over S is equivalent to optimizing it over co(S), we
convert such problems into a semidefinite program (SDP). Neither the S-procedure and
SDP relaxation nor its extensions can solve this problem exactly. In order to obtain
an exact result, one can try to employ SOS-based relaxation techniques since they
lead to better results as described above. However, we show that for some instances
of the problem considered (most probably ones having an unbounded feasible region)
obtaining an accurate solution with these methods would be computationally expensive.
Moreover, theoretically, still they are not guaranteed to give the exact solution for SOS
polynomials having a finite degree. Available proofs guarantee convergence only in
the limit (i.e. degrees of SOS polynomials do not have to be bounded) [11, 12]. The
difficulty of obtaining finite degree bounds was also emphasized in [13]. Even worse,
when § is unbounded, which may happen in our problem, convergence even in the limit
is not guaranteed. As a corollary of our result, we also give a necessary and sufficient
condition showing when the SDP relaxation gives the co(.S) exactly. This gives insight

into capabilities of this method.

Encouraged by the preceding result, we also asked if the convex hull of a region



determined by more than two quadratic constraints is an LMI set. Unfortunately,
in general, the answer is not affirmative as one can easily show by counterexamples.
However, we showed that the LMI representation exists if we restrict ourselves to R2.
But the proof is not constructive and an algorithm computing the LMI description of

the convex hull could not be obtained.

The thesis is organized as follows. In Section 2, some examples of control problems
that can be cast as PSPs are given to motivate the need for studying PSPs. The
aim of Section 3 is to give some background material on convex analysis and LMIs.
The S-procedure and the SDP relaxation are described in Section 4. In Section 5,
SOS polynomials, Positivstellensatz and the moment relaxations are described, which
constitutes powerful tools for dealing with PSPs. Our first contribution is introduced in
Section 6, which provides a method to construct the convex hull of a region determined
by two quadratic constraints. Our second contribution about convex hull of the region
determined by more than two quadratic constraints is given in Section 7. The last

section is conclusions where the outcomes of our work are discussed.



2. SOME CONTROL PROBLEMS THAT CAN BE
EXPRESSED AS POLYNOMIAL OPTIMIZATION
PROBLEMS

There are several important problems in systems and control literature that can
be cast as PSPs. Absolute stability analysis, static output feedback control, fixed
order controller design, u-K,, synthesis and optimal control of system governed by
polynomial dynamics are just to name a few. In below, we describe absolute stability
analysis and static output feedback controller design briefly. Here, our goal is to just
motivate studying PSPs. Therefore, although we will deal with the solution of PSPs in

the following chapters, we will not attempt to solve all PSPs derived in this chapter.

2.1. Absolute Stability

The notion of absolute stability was developed to study the stability of linear

systems having nonlinearities and/or uncertainty as the feedback connection [4, 14].

Consider the single-input single-output (SISO) linear time-invariant system

T = Ax + Bw
(2.1)

y=~Cx

where z(t) € R" and w(t),y(t) € R. This system is subject to a feedback intercon-
nection with an uncertainty block A between the output y and input w as shown in
Figure 2.1.a. Due to the uncertainty, for a given y, w is not determined precisely but it
is known to take certain set of values. Therefore, A is not a function but it constitutes
a relation between w and y. In standard absolute stability analysis, this relation is

assumed to be determined by a quadratic form as given by

A= {(w,y) € B (By — w)(w — ay) > 0}, (2.2)



where o and 3 are real numbers. This relation is said to be a sector and it is a region
between two lines w = ay and w = [y as depicted in Figure 2.1.b. Notice that if
x = 0, then y = 0, and hence, according to (2.2) w = 0 is the only value of w it can
take. This means the origin is an equilibrium point of the closed loop system (in fact
it is the only equilibrium point) and the goal of the absolute stability analysis is to

determine whether this is a stable equilibrium point.

w=0y
. w:¢(y7t) \\\
r=Ax+ Bw| RSN
y — Ox T \\\
w—ay‘/\\\\\* N
= y
A \\\\
a) b)

Figure 2.1. a) A linear system having a nonlinear feedback connection; b) sector

determined by the relation A

The most straightforward approach that can be followed to show absolute stability

is to use a positive definite quadratic function

V(z) = 2" P,

where P >~ 0. If we can show V' is a Lyapunov function, we can ensure the stability of
the system. Note that in general a system admitting a quadratic Lyapunov function
is said to be quadratically stable. Clearly, showing quadratic stability is a conserva-
tive approach because even if it does not hold true, there may exist a non-quadratic

Lyapunov function showing the stability.

In order to determine when V' constitutes a Lyapunov function we need to find

the conditions under which its time derivative is negative semidefinite along the system



trajectories. The time derivative of V' can be obtained as

V(zr) =aTPi+ iTPx
= 2"P(Az + Bw) + (Az + Bw)" Px

=2T(PA+ ATP)x + 2" PBw + w" BT Px (2.3)
T
T PA+ ATP PB T
= = qo,
w BTP 0 w

which is a quadratic function of x and w. Since (w,y) € A, in above w and x are not

free but they are related with the constraint

¢ = (Cx —w)(w —aCx) >0

which is obtained by using the substitution y = C'x in the inequality defining A. From
this, we can deduce that the closed loop system is quadratically stable if and only if

there exist a P > 0 such that

—qo(w,z) > 0 for every (w, z) satisfying ¢;(w,x) > 0 (2.4)

Clearly, this condition leads to the following proposition.

Proposition 2.1.1 ([4, 14]). The system (2.1) subject to (2.2) is quadratically stable

if and only if there exists a P >~ 0 for which the constraints

Qo(w,z) >0, q(w,z) >0 (2.5)

do not have a feasible solution.

This result shows that for a given Lyapunov function candidate, equivalently P,
one can prove absolutely stability of the closed loop system by showing infeasibility of

(2.5), which is nothing but a PSP problem.



Although the method described above is developed for the system depicted in
Figure 2.1 which has a feedback uncertainty, it can also employed to show stability
when the uncertain connection A is replaced by a possibly time-varying nonlinear
feedback law w = (y,t) satisfying ¢ (0,t) = 0 for every t € R. Here the idea is to
obtain a sector as in Figure 2.1.b that contains the graph of ¥ (y, t) for every ¢. In this
case, if (2.4) holds true for the sector of choice, then one can ensure the stability of
the closed loop nonlinear system since absolute stability implies the stability for every
kind of input out pairs (w, y) residing in the sector. Clearly, this introduce some extra
conservatism since we show the stability not only for the inputs and outputs satisfying

the nonlinear relation w = v (y,t) but also for other ones lying in the sector.

Example 2.1.2. Consider the system depicted in Figure 2.2.a. The state space real-

ization of the feedforward transfer function is

T=—T+w

y=x

This system has a feedback connection with saturation nonlinearity which can be ex-

pressed as

-y, |y| S ]-7
w=Y(y) =
—sgn(y), |yl >1.

As shown in Figure 2.2.b., this nonlinear function lies in the sector determined by the

constraint

—(y+whw >0

which is obtained by choosing o =0 and f = —1.

Let us choose the Lyapunov function candidate as V(x) = z* (i.e. P=1). Due

to Proposition 2.1.1, the closed loop system is stable if there does not exist a point



T Wt
s+1 *.‘7”1 w = 0
w Y | 1 y
w=Y(y) -
a) b)

Figure 2.2. a) A linear system with nonlinear feedback connection; b) the nonlinear

feedback function 1 and the sector containing it

satisfying

qo(w, x) = —22% + 23w > 0,

G (w,z) = —(z+w)w > 0.

The first inequality implies xw > x* while the second implies —w? > xw. This means
—w? > 22, which is a contradiction. Therefore the above given constraints are infeasi-

ble, and hence, the closed loop system is stable.

Notice that in the preceding example we could check infeasibility of (2.5) by hand
because the system considered was simple. In general, however, this is not an easy
task. Fortunately, there are two methods that can be employed for more complicated
problems. The first one is the circle criterion which is a graphical method based on the
Nyquist plot of the feedforward transfer function. Since we are not interested with this
method, the reader is referred to [14] for further information. The second approach is
to use S-Procedure which gives a necessary and sufficient LMI condition for feasibility

of a pair quadratic constraints. This method will be explained in Chapter 4 in detail.

So far, we have established absolute stability when there is a single feedback

connection. This method can be generalized to the systems having multiple feedback
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= Axr + Bw
y=Cx

A

Ap,

Figure 2.3. A system with multiple uncertain feedback connections

connections as well. Consider the system

T = Ax + Bw
(2.6)

y=Cx
where z(t) € R™ and this time w(t),y(t) € R™ (i.e. there are m inputs and outputs).

Each output y; is fed back to the corresponding input w; through an uncertain channel

A; as shown in Figure 2.3. These connections are governed by the relations

A; = {(w,y) € R} By —w)(w —azy) >0}, i=1:m (2.7)

having separate parameters «;, 3; € R.

The the conditions for absolute stability of the MIMO described above system can
be obtained by following the steps we describe previously for the SISO system. Clearly,
the time derivative of V' will be the same, and hence, we use the same quadratic function
go defined in (2.3) except that the variable w appearing there is an m dimensional
vector instead of a scalar. Moreover, each element of w is related with the state vector

x through the constraints

¢ = (6iCr —w)(w—;Cx) >0,1=1:m.
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Putting these facts together, we can infer that the closed loop system defined by (2.6)
and (2.7) is quadratically stable if and only if there exists a P > 0 such that

—qo(w, ) > 0 for every (w, z) satisfying ¢;(w,x) > 0,i=1:m,

which leads to the following result.

Proposition 2.1.3 ([4, 14]). The system (2.6) subject to (2.7) is quadratically stable

if and only if there exists a P = 0 for which the constraints

QO(wax) > 0; Ql(wax) >0,i=1:m

do not have a feasible solution.

Again, for a given Lyapunov function candidate, we converted the problem of
checking quadratic stability into the question of infeasibility of a system of quadratic
constraints, which is a PSP. This time, however, there are more than two constraints as
opposed to the SISO case. As we will see this leads to serious complications since there
does not exist an efficient method that is guaranteed to solve infeasibility problem when
there are more than two constraints. Indeed, as mentioned in [4], absolute stability
analysis with diagonal uncertainties, which is a special case of the problem considered
here, is NP-Hard. In this regard, one thing that can be done to deal with this difficulty
is to use sufficient conditions provided by the S-Procedure and the relaxation methods
described in the following chapters to obtain certificates. Although such an approach
is not guaranteed to solve the problem, at least we will have an efficient method that

may work for some problems.

2.2. Static Output Feedback Controller Design

Another important problem that can be converted into PSP is the static output

feedback problem. In this problem, we are given an LTI system with the state space
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realization

T = Az + Bu
(2.8)

y = Cu,

where x € R", u € R™ and y € RP. This system is subject to a static linear output
feedback law

u=—-Ky+w (2.9)

as shown in Figure 2.4, where K € R™*? and w € R is the external input. The state

equation of the closed loop configuration composed of (2.8) and (2.9) is obtained as
&= (A— BKC)x + Bw. (2.10)

The goal of static output feedback design is to find a feedback matrix K that makes
(2.10) stable if it is possible.

C u | ©= Az + Bu
R y=Cx ’

v

K

Figure 2.4. An LTI system subject to static linear output feedback

To this end, let’s denote the transfer function corresponding to the state space

realization (2.8) as G. That is

G(s)=C(sI — A)'B.

The following lemma states that under mild assumptions of stabilizability and de-
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tectability, an equivalent condition for the internal stability of the system depicted in

Figure 2.4 can be obtained in terms of the transfer function G.

Lemma 2.2.1 ([15]). Assume the state space model given in (2.8) is stabilizable and
detectable. Then, the closed loop autonomous system (2.10) is stable if and only if all

roots of the characteristic polynomial

det[ ] + KG(s)]

lies on the open left hand plane.

This lemma constitutes a special case of the Lemma 5.5 given in [15] and a
proof can be found in this reference. As a consequence of this result, in order to
determine the internal stability, we can apply the Routh-Hurwitz test to the polynomial
det[ I + KG(s)]. Since the coefficients of it are polynomial functions of the elements of
K, we obtain a set of polynomial constraints in these elements which is feasible if and
only if the system in hand is stablizable with the static output feedback and a feasible

solution gives the controller achieving the stability.

Example 2.2.2. Assume the feedforward system depicted in Figure 2.4 has a transfer

function matriz

which is known to arise from a stabilizable and detectable realization. Under static
output feedback with the controller matriz K = [ky ko], the characteristic equation

corresponding to the closed loop system can be obtained as

1+ KG(s) = 8 4 (k1 + ko — 2)s* + (2 + ky — 2ky)s + 2k = 0.

By applying the Routh-Hurtiwz test, we can see that K stabilizes the system if and only
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iof the following set of constraints has a solution

l{1—|—]€2—2>0
ko >0
]{7%—2]€%—l€1]€2+4k2—4>0.

As can be verified easily, the point K = [5 1] satisfies these constraints and constitutes

a stabilizing controller.

In the preceding example obtaining the feasible solution was easy since the sys-
tem considered was very simple. For more complicated system finding the stabilizing
controller (if it exists) by hand turns out to be an intractable task. Therefore, one

needs to develop a systematic method for dealing with PSPs.

2.3. Summary

In this section, we described two sample control problems, namely absolute sta-
bility analysis and static output feedback design, which can be cast as PSP. This shows
us importance of solving PSPs in control theory. In order the explain the main idea, the
examples were kept simple, and hence, could be solved by hand. However, in general,
the PSPs arising from such problems cannot be solved in this manner. One needs to
develop systematic methods. In the following chapters, we investigate such methods
but we will not try to solve all problems investigated in this chapters completely. Here,

our goal was to just show importance of studying PSPs.
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3. CONVEX ANALYSIS AND LINEAR MATRIX
INEQUALITIES

The aim of this chapter is to provide some background material that will be
utilized through the thesis. First we will introduce some fundamental results from the
convex analysis. Then, linear matrix inequalities and semidefinite programming will

be investigated briefly.

3.1. Convex Analysis

In what follows, § is a subset of R™.

Definition 3.1.1. S is said to be convex if for any x,y € S, (1 —Nx+ Ay € S for
every A € [0, 1].

In other words, § is convex if and only if the line segments connecting any pair of
points lying in S is a subset of this set. This is depicted in Figure 3.1.a and Figure 3.1.b

for convex and nonconvex sets respectively.

Definition 3.1.2. Consider a function f : R" — R defined over a domain S. f is
said to be convex if S is convexr and f((1 — Nz + Ay) < (1 = N)f(z) + Af(y) for every
z,y €S and X € [0,1].

Convexity plays a critical role in optimization theory. This is because usually the

a) b)

Figure 3.1. a) Convex set; b) nonconvex set
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problem of optimization a convex function over a convex set can be solved efficiently

using iterative algorithms.

There are some operations under which convexity is preserved. In below, we give
two of them, which will be used in our developments. For a more complete list, the

reader is referred to [16, 17].

Proposition 3.1.3 ([17]). If S is convex, then its projection on to the m dimensional

space

Ps :={x € R™| Jy € R"™™ such that (z,y) € S}

18 also conver.

Proposition 3.1.4 ([17]). Intersection of a collection of convex sets is convex.

Another notion that we will make use of is convex hull. Due to the preceding
proposition, the intersection of all convex sets containing a possibly nonconvex set &

is also convex. Clearly, this intersection set is the smallest convex set containing S.

Definition 3.1.5. Convex hull of S, co(S), is defined as the smallest convez set con-

taining S.

Surprisingly, the closure of the convex hull can be characterized using intersection

of halfspaces instead of arbitrary convex sets.

Proposition 3.1.6 ([17]). The intersection of all closed halfspaces containing S is
co(S).

There is also another version of this result in terms of supporting halfspaces.

Definition 3.1.7. Consider a hyperplane T C R"™. 7T is said to be a supporting
hyperplane of S if it has a common point with the boundary of S and one of the closed
halfspaces determined by T contains S. The closed halfspace containing S is defined
as a supporting halfspace of S.



17

Proposition 3.1.8 ([17]). The intersection of all supporting halfspaces of S is co(S).

Another characterization of convex hull that will be utilized in the thesis is given

by Carathéodory’s theorem.

Theorem 3.1.9 ([17]).

co(S) = {:c e R"

n+1 n+1

=1 i=1

Apart from its theoretical importance, the notion of convex hull provides an
insight that helps us to develop practical solutions to nonconvex optimization problems.
Indeed, one of the main approaches in nonconvex global optimization, convex outer
approximation (or relaxation) techniques [18], is based on this insight. Let us describe

this briefly.

Consider the optimization problem

(3.2)
s.t. xes8,

where ¢ : R" — R is a linear function. In general, solving this kind of a problem would
be hard when § is not convex. In order to alleviate this difficulty, one may employ a

set C C R™ which is convex and satisfies S C C and deal with the optimization problem

*i= inf ¢
pri= inf ) (3.3)
s.t. xzel.

Since the preceding problem is convex, it can be solved efficiently if one can obtain
a suitable description of C. However, because optimization is performed over a larger
set, clearly, p* constitutes a lower bound on v* which may not turn out to be exact.
The convex problem (3.3) is said to be a convex relaxation of (3.2) and the difference

between v* and p* is called the relaxation gap. At this point one can naturally ask if
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c)

Figure 3.2. a) S; b) convex hull of S; ¢) a convex relaxation for S

constructing relaxations constitutes a good approach for solving nonconvex problems.
The following proposition shows that, in principle, the relaxation gap can be made

arbitrarily small and it provides a geometric criterion for obtaining good lower bounds.

Proposition 3.1.10. The following holds true

7= inf /{(x)
s.t. x € co(S).

As can be inferred from the proposition, infimizing a linear function over § is
equivalent to optimizing it over co(S). This is illustrated in Figure 3.2.a and b. Based
on this fact, it can be inferred that v* can be approximated by p* as much as desired
by choosing C close enough to co(S) (see Figure 3.2.c). However, in general, although
solving the relaxed problem itself is an easy task, constructing a useful description of C
which closely approximates co(S) usually turns out to be intractable. In this regard,
the most valuable advantage of relaxation method is that it offers a trade off between

the computational efficiency and accuracy.
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3.2. Linear Matrix Inequalities and Semidefinite Programming

Let us denote the set of all symmetric matrices of order m as $™. Consider a

linear matrix valued function F' : R*» — §™

F(z):=Fy+ Fiz1+ -+ + FLzy,

where F; € §™, 4 =0 :n. A linear matrix inequality problem is to find an z € R™ such

that F'(z) is positive semidefinite, that is

F(z) = 0. (3.4)

On the other hand, a semidefinite program is defined as the optimization problem

v = inf ()

(3.5)
s.t. F(z) =0,

where ¢ = 01z + - -- + £, x,, is a linear real valued function.

Using the definitions introduced in the previous section, it is easy to see that LMIs
and SDPs are convex problems. Indeed, if F(z;) = 0 and F(x2) = 0 for 1,25 € R,

then

for every A € [0,1]. Therefore, the feasible region of an LMI is a convex set. The
convexity of SDP follows from this in addition to the fact that a linear function is
always convex. Due to the convexity property, LMIs can be solved efficiently using

interior point methods [16].

Notice that in above, we used only a single matrix inequality to define LMI and

SDP problems. This is because multiple matrix inequalities can be cast as a single
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matrix inequality using diagonalization. For instance, two constraints Fi(z) > 0,

Fy(x) = 0 are equivalent to

0 Fy(z)

A direct consequence of the diagonalization is the fact that LMIs and SDP subsumes
linear programming problems as a special case since multiple linear inequalities can be
converted into an LMI using this idea. Moreover, it is also known that quadratically

constrained convex quadratic programming also constitutes special a case of SDP [19].

The LMI problem of finding an x € R" satisfying (3.4) has an associated dual
problem of finding a W € §™ such that

tr(WFE;)=0,i=1:m,
W =0,

which can be obtained using Lagrange duality. Due to convexity, these problems are
strong dual of each other. Therefore, under a mild constraint qualification assumption
(see [16]) (3.4) is feasible if and only if (3.6) is infeasible. Similarly, the SDP problem
(3.5) has the dual problem

¢*:= sup tr(WF)
W = 0.

Under a similar constraint qualification assumption there is no relaxation gap between

the primal and the dual problems, and hence, v* = (*.

Lastly, let us mention about a method that is employed to convert a class of

nonlinear matrix inequalities into LMIs.

Proposition 3.2.1 ([16]). The following holds true
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A B
=0 (3.7)
BT C
if and only if
A=0,C—B'A'B > 0; (3.8)
i)
A B
- (3.9)
BT C
if and only iof
A=0, (I -AAY)B =0, C—-B"A*B =0, (3.10)

where AT is the Moore-Penrose inverse of A.

The identities given in the preceding proposition is known as Schur formula. Sup-
pose that A, B and C are linear matrix valued functions. Clearly, the constraints (3.8)
and (3.10) are quadratic matrix inequalities, and hence, they are nonconvex. However,

using Schur formula, they can be converted into LMIs (3.7) and (3.9), respectively.

3.3. Summary

The goal of this chapter was to introduce some basic concepts from convex analy-
sis and optimization. The notions of convexity and convex hull are first defined and a
number of different characterizations of the convex hull of a set are given which will
be heavily used in the following chapters. Moreover, the concept of convex relaxation

and its relation with the convex hull are described. Then, LMIs and SDP, which will
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be utilized to develop convex relaxations, are formally defined and their important
properties are presented. Lastly, Schur formula is introduced which will be employed

to convert some nonconvex constraints into LMIs in the subsequent chapters.
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4. S-PROCEDURE AND THE SDP RELAXATION

In this section, we will describe the S-procedure and the SDP relaxation. The
goal of these methods is to get some answers to following questions, which are PSPs.

Consider the set

pi(z) >0, i=1:my,
Si=qzeR"| ¢(x)>0,j=1:my, ¢ (4.1)
te(z) =0, k=1:my

where p;, g;, tx : R" — R are quadratic functions that can be expressed as

T — —_
x x .
Di = P’L 9 t=1: mp7
1 1
T - -
x x )
q; = Qz 5 J= 1: my,
1 1
T
x
tk = 7_'1 s k=1: my,
1 1
using the symmetric matrices P;, Q;, T} € $"*.
1. Feasibility: Is S empty?
2. Optimization: How can we solve
inf  po(z)
st. ve8?

Since, these problem are hard as we mention earlier, in general, one should not expect to
obtain an exact solution efficiently. Instead, LMI-based results will be obtained which

are conservative but can be computed efficiently. However, there are some special
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instances of these problems for which the S-procedure and the SDP relaxation turn

out to be exact. We will also give such results available in the literature.
4.1. S-Procedure

The origin of S-procedure, at least in the realm of control theory, dates back to
the works of Lure in 1940’s. It was extensively utilized by him and the followers in
absolute stability analysis and related problems [4]. Later on, it also found applications
in other areas of engineering [20, 21, 22, 23]. This method basically gives certificates
(sufficient conditions) that can be utilized to check emptiness of S defined in (4.1).

The main idea of the S-procedure is based on the classical Lagrange duality.

Consider the whole collection of constraints
i=1 j=1 k=1

which can be obtained using multiplier vectors A € R, u € R™, £ € R™ such
that A >0, u > 0, u # 0. It is straightforward to verify that all of these constraints
are satisfied for every x € §. Therefore, if we can show that at least one of them is
infeasible, this automatically implies the emptiness of S. However, if the collection
(4.2) does not contain an infeasible constraint, we cannot conclude anything. Hence,

this constitutes a sufficient condition, which is a weak duality.

Now, we ask how we can find a nonegative multipliers certificating the emptiness

of § as described above if they exist. Clearly, infeasibility of (4.2) is equivalent to
Z Aipi () + ZMij(l') + katk(x) <0,Vx € R™
i=1 j=1 k=1

The function on the left hand side of the above given inequality is quadratic and it can
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be explicitly written as

T

(Zp: A+ ZquQj + thka> f <0 VzeR™
i=1 j=1 k=1

It is a well known fact that a quadratic function is negative semidefinite if and only if

the associated matrix is so. This leads to the inequality

Z/\lpz + Zuij + Z&ka = 0.
i=1 j=1 k=1

Therefore, S is empty if there exist A > 0, p > 0, p # 0 and £ € R™ satisfying above
given inequality. As a result we obtained an LMI certificate for infeasibility. This is

the S-procedure and it is stated in the following proposition formally.

Proposition 4.1.1 (S-procedure [3]). S is empty if the following LMI has a feasible

solution

A>0, p=0, pu#0

mp Mq my (4.3)
Yo NP+ Y Qi+ Y- & Tk 2 0.
i=1 j=1 k=1
Remark 4.1.2. Due to the inequation p # 0, one may object that (4.3) is an LMI.
Howewver, the two conditions p > 0, p # 0 is equivalent to the pair of inequalities pn > 0,

w; > 0. Hence, (4.3) is an LMI.
=1

Remark 4.1.3. The preceding proposition is derived for the description given in (4.1)
assuming that it has at least one nonstrict inequality, one strict inequality and one
equality constraints. However, the description of S may not include all these types of
constraints in some applications. In this case, one can add one or more of the following

trivial identities into (4.1) without altering S

which can be obtained by choosing p1 = 0, g1 = 1 and t; = 0, respectively. By substi-



26

tuting the matrices associated with these polynomials into (4.3), one comes up with the

desired relazation.
Example 4.1.4. Suppose we would like to check if the set of constraints
p=a>—y*—4>0

pp=4—41"—y* >0 (4.4)
tyh =22 —-2y=0

is infeasible. Let us add the trivial inequality 1 > 0 to this system in order to apply
Proposition 4.1.1. From (4.3), it can be seen that these constraints is infeasible if there

exists A\, Ao >0, g >0 and & € R such that

+m |00 0| +&

Clearly, this is satisfied for \y =2, o =1, uy = 1, & = 0. Hence, it can be inferred
that (4.4) is infeasible.

Example 4.1.5. Now suppose S is determined by the constraints
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Using the S-procedure one can obtain

A>0, p >0,
-1 0 0 -1 0 0
Ml O =1 0]|+X| 0 10
0O 0 4 0 01
0 0 O 0 0 1
+X3 10 0 -1 |+m|[0O0 1 =0
0 -1 0 1 1 -3

Unfortunately, although S =), the above given LMI turns out to be infeasible. Hence,
we cannot prove the emptiness of S with this method. This shows conservatism of the

S-procedure.

The second use of the S-procedure is computing lower bounds on the optimal

value of the optimization problem

= inf x
v po(x) (4.5)
st. zeS8,
where v* denotes the optimal objective value. Let us describe this briefly.
Trivially, the following identity holds true
= sup t
! P (4.6)

st. po(x)—t>0 Vreld.

Notice that the constraint of this new problem is the nonnegativity of the quadratic

function
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over §. This nonnegativity condition is satisfied if and only if the set

S:

Sn{z € R"po(z) —t < 0}
= {zeR"p(x)>0,i=1:my, gj(x)>0,j=1:m,, (4.7)
t —po(z) > 0,tk(z) =0,k =1:m}

is empty. Hence, using S-procedure, we can replace it with a sufficient LMI condition

and obtain the following relaxation.

Proposition 4.1.6. Consider the SDP

py = sup t
mp mgq me 0 O
st Po= > NE+ >0 Q5+ >0 &k + (4.8)
i=1 j=1 k=1 0 ¢
A >0,

Py gives a lower bound on v*. That is, pj < v*.

Proof. Due to Proposition 4.1.1, S = () if there exists A > 0, (u, 1) > 0, (u, 1) # 0,
t € R such that

mp Mg 00 mi
Z&H-FZ/MQ;"H] - FK +Z§kaﬁ0-
i=1 j=1 0 ¢ k=1

By choosing i = 1 and replacing the constraint of (4.6) with the resulting LMI, (4.8) is
attained. Since the constraint of (4.6) is replaced with a sufficient condition, we have

Py <" [

Example 4.1.7. Consider the optimization problem

v* = inf —2x; — 219
s.t. 4—a—22>0
—?+2i+1>0

—21'2 Z 0
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The corresponding relazation is

s. t. 0 X+ N\ g — 1 = 0.
—1 A3 —1 —4X\ — Xy —t

Solving this SDP the lower bound is found to be p;; = —3.1623 whereas the global optimal

solution s v* = —2. Therefore, the relaxation is not exact.

Remark 4.1.8. As can be seen from the foregoing examples the S-procedure and the
associated relaxation developed for optimization problems lead to conservative results

n general.

Before finishing this section let us mention about a drawback of the S-procedure.
It is a dual method, and thus, it does not produce a solution vector in the primal space
at all. For instance, the decision variables of (4.8) are ¢ and the multipliers A\, p and
&. Therefore, even if we obtain an exact result, we cannot recover the point z* € S
leading to this solution since the multipliers are in the dual space. The only thing
we have the optimal objective value. This may lead to difficulties for the problems in

which the the optimal solution vector x* of (4.5) is required.

4.2. SDP Relaxation

SDP relaxation provides an alternative perspective to deal with the questions
invoked at the beginning of this chapter. Its main idea is to manipulate the objective
and constraints in hand in order to obtain a new problem in a higher dimensional space,
called the lifted problem. This lifted problem is an SDP or an LMI which produces a

bound or a certificate that can be computed efficiently just as in the S-procedure.

Since it will be more convenient, we will start describing the SDP relaxation on
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the optimization problem

7= inf po(x)

s.t. pi(x) >0, 1 =1:m,,

The relaxation simply follows from the following two observations. First, trivially, the

matrix inequality

is satisfied for all x € R". Hence, if it is used as an additional constraint in (4.9), the
problem is not affected. Second, consider a quadratic polynomial p with the associated

matrix P. Employing the trace operator, it can be equivalently expressed as

T
x x
p =tr P
1 1
x
. [xT 1] (4.10)
1
ral x
=tr| P ,
|

where we used the fact that, for two matrices A and B, tr(AB) = tr(BA). Based on
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these facts, it is easy to see that the following is equivalent to (4.9)

Y =«
v = inf tr| R
|
Y «=x
s.t. tr | B >0, t=1:m,,

|
Y =z ‘

tr | Q; >0, j=1:my,
2T 1

(4.11)

Y =z

tr | T =0, k=1:my,
2T 1
Y =z

=0,

2T 1
Y = zat,

where Y € §”. As one can anticipate, the above given problem is nonconvex and not

easier than the original one due to the nonlinear constraint ¥ = za”

. However, if
this constraint is removed, one attains an SDP problem whose optimal value has to be
smaller than v* since the optimization is performed over a larger set. This is the SDP

relaxation.
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Proposition 4.2.1 (SDP relaxation [2]). The optimal value of the SDP relazation

p, = inf ftr| R

s.t. tr >0, i=1:m,,

Y

x2r 1
Y
LT

27 1 (4.12)

tr Tk :07 k:]-:mh

Y =«
tr(Qj >0, j=1:m,,

gives a lower bound on the optimal value of (4.9), that is, Pp <"

Keep in mind that, in general, the bound provided by the SDP relaxation is very

conservative just like the S-procedure.

It remains to derive the SDP relaxation for feasibility problems, which is an
infeasibility certificate. In fact, this certificate has already obtained in above. It is

simply the constraints of (4.12).
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Proposition 4.2.2. § is empty if

>0, 1=1:m,,

(4.13)

:O, k:1:mt,

Y =z
tr Qj >O, jzl:mq

1s infeasible.

Proof. Suppose there exists an & € S and (4.13) is infeasible. It is immediate to check
that z = 7 and Y = 77 satisfies (4.13), which contradicts with the infeasibility of the

relaxation. n

4.3. Relation between the S-procedure and the SDP Relaxation

So far we have seen that both the S-procedure and the SDP relaxation provides
sufficient conditions and bounds. Although, these methods look different in appear-
ance, they, in fact, lead to the same result. In other words, the lower bound and
infeasibility certificates provided by them are the same. This is due to the fact that
they are related with strong duality. Therefore, one is not better than the other. Let
us show this fact for the optimization problem using SDP duality.

Proposition 4.3.1. Assume that there ezists a strictly feasible solution of (4.12). The
systems (4.8) and (4.12) are SDP dual of each other. Hence, pjy = py =: p*.
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Proof. We can rewrite (4.12) as

inf tr(PyZ)
st. tr(PZ)>0, i=1:m,,
tr(Q;Z) >0, j=1:m,,
tr (TxZ) >0, k=1:my,

Z =0,

Zn+1,n+1 =1

The Lagrangian corresponding to this problem is

L(Z7 A?ﬂaga t? W) = tl"(PoZ) - i )\1 tr<PZZ) - i g tr(QJZ)
i=1 j=1
S Gt Z) — te(WZ) +1 | 1—tr Z
k=1

= tr {Po =2 NP = >0 i@ — > &k T
i=1 j=1 k=1

00
W —t Z |+t
01

Based on the Lagrangian, the dual problem sup irzlfL(Z, A i, €, W) can be ob-
A€t W
tained as

sup ¢

I
S

s.t. Po — Z )\,B — Z ,U,ij — Z §ka —1
=1 j=1 k=1

Apz0, p#0, W=,

which clearly equivalent to the relaxation (4.8), which is based on the S-procedure.

The equivalence p; = pj follows from convexity and Lagrange duality. O

A similar argument applies to the feasibility problem. The infeasibility certifi-
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cate of the SDP relaxation and the S-procedure are the same as stated in the next

proposition.

Proposition 4.3.2. The SDP relaxation (4.13) is infeasible if and only if (4.3) is
feasible.

The proof can be obtained using Lagrange duality as for the optimization prob-

lem.

4.4. Additional Properties of the SDP Relaxation

In the foregoing discussion it is shown that the S-procedure and the SDP relax-
ation produces the same result for a given problem, and thus, they can be considered to
be equivalent. However, the latter has some advantages over the former since it works
in the primal space. It gives an insight about the geometry of the problem and has a
number of features which would be useful in some applications. These are explained

next.

We start by describing the geometric relation between the SDP relaxation and
S. To this end, we denote the feasible set of the constraints (4.13) as R. Clearly,
R is composed of pairs of the form (z,Y) € R™ x $". Therefore, it is a subset of a
(n? 4 3n)/2 dimensional space, and thus, it lies in a higher dimensional space than R™
containing §. Moreover, R is always a convex unlike §. Despite these differences, there
is a certain relation between these sets induced by the projection operation. Consider

the orthonormal projection of R

Pr :={z € R"|JY € S" such that (z,Y) € R}.

Since convexity is preserved under projection, Px is also a convex set. Moreover, S is a
subset of Pr. Indeed, if T € S, then (z,Y) = (z,7z") satisfies (4.13). Hence, 7 € Pg,
which implies § C Pgr because T is an arbitrary element of S. Consequently, we can

deduce the following important property.
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Proposition 4.4.1. Projection of R, Pr, is a convex set and contains S.

Example 4.4.2. Suppose that S is determined by the constraints

pr(z)=4—22—22>0
po(z) = =229 >0
ps(z) =—af+23+1>0.

From (4.13), the LMI description of the relazed set R is obtained as

4—y11—y2 >0,
—2x9 > 0,
—yn +yn+12>0,
Y Y2 T1
Yi2 Y2 o | =0

I i) 1

The set S is depicted in Figure 4.1.a while the projection set Pr is shown in Fig-

ure 4.1.b. As can be seen from the figure, Pr is convex and contains S.

2

1.5

1

0.5

Figure 4.1. a) Feasible set S; b) projection of the relaxation, Pr

Based on the foregoing result, one may naturally employ P to obtain a con-
vex outer approximation technique as described in Section 3.1. However, the resulting
relaxation, in fact, happens to be equivalent to the SDP relaxation as shown by the
following proposition. Therefore, SDP relaxation itself constitutes a convex outer ap-

proximation method.
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Proposition 4.4.3. If py is a linear function, the optimal solution of the SDP relaz-

ation (4.12), py, is equivalent to the optimal solution of

inf  po(zx)
s.t. = € Pg.

The proof is trivial and left to the reader.

This result gives us a geometric criterion to determine the exactness of the SDP
relaxation. Due to Proposition 3.1.10, when Pr = co(S), the SDP relaxation is guaran-
teed to produce the global optimal solution for any linear objective function. However,
this constitutes a sufficient condition for the exactness. Even if co(S) is a proper sub-
set of Pr, the exact solution can be obtained if the optimal solution of the relaxation

occurs at a point of where the boundaries of Pr and co(S) coincide.

Example 4.4.4. Suppose we would like to minimize the objective function py = —2x1—
2x9 over § determined by the constraints given in FExample 4.4.2. This problem was
already investigated in Example 4.1.7 and the the bound was found to be p;; = —3.1623
whereas the global optimal solution is v* = —2. The convex hull of S and the set
Pr are depicted in Figure 4.2.a. As can be seen from the figure, since the boundaries
of co(S) and Pr does not coincide along the normal of the contours of the objective
function, the SDP relaxation only gives a lower bound. This explains the reason behind
the occurrence of relaxation gap in Example 4.1.7. On the other hand, if the objective
was pg = —x1 the gap would vanish and the exact solution could be recovered by the

SDP relazation even if Pr does not give co(S) as depicted in Figure 4.2.b.

There are some other aspects of the SDP relaxation which makes it attractive in
practice. First, based on the geometric insight provided by the preceding proposition,
if (z,Y") is a solution of (4.13), it appears to be reasonable to check if the projection of
the solution, which is x, belongs §. If this happens, we can detect the nonemptiness of
S, and hence, we obtain a feasibility certificate in addition to the infeasibility certificate

provided by Proposition 4.2.2. Moreover, a point of S can be attained by this way,
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Figure 4.2. a) Problem with a relaxation gap; b) problem without a relaxation gap

which was not possible with the S-procedure as described earlier. Note that chance of

finding such a point increases as Pr gets smaller.

Second, if the objective pg is linear and the projection of the optimal solution
of (4.12) lies in S, we can infer that this solution gives the global optimal solution as

shown by the following proposition.

Proposition 4.4.5. Suppose pg is linear. Then, if (z*,Y™) is the optimal solution of
(4.12) and x* € S, then x* is the global optimal solution of (4.9) (i.e. v* = po(z*) =

Py)-

Proof. We already know that p; < ~*. On the other hand, since z* € S

V= iggpo(x) < po(z*) =tr | P . = Py (4.14)
where the first equality follows from the fact that Py can be partitioned as

0 b

e

Py =

and hence, Y* does not contribute to the objective function of the SDP relaxation.

Consequently, v* = p; and x* is a global optimizer. O
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In the above given proof, the fact that the nth order leading principle submatrix of
Py is zero was crucial for the exactness result. If this did not hold true, the first equality
of (4.14) would not be satisfied due to the contribution of the term corresponding to
Y*. Consequently, this result does not extend to the case in which the objective is
not linear. In this case, however, one can use the following sufficient rank condition to

detect global optimality and recover the optimal solution vector.

Proposition 4.4.6. If (z*,Y™*) is the optimal solution of (4.12) and
x
rank =1, (4.15)
then py =~*, * € S and x* is a global optimizer of (4.9).

Proof. Trivially, if the rank condition is satisfied, we can infer

Y* x* x*
T 1 1

By substituting this decomposition in (4.12) and following (4.10) in the reverse order

one can see that

pi(z*) >0, i =1:m,,
¢;(z*) >0, j=1:my,
tk(.’ﬂo) = O, k=1: my.

Hence, x* € §. Applying the same reasoning to the objective of the SDP relaxation
we can also infer po(2*) = p;. Since * is an element of S, this means v* < p5. From
Proposition 4.2.1, we also know that p; < ~v*. Therefore, p; = 7* and z* is a global
optimizer of (4.9). O

The last property of the SDP relaxation that we would like to introduce is an

alternative characterization of the projection set Pr that can be obtained when S
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defined by only nonstrict inequalities. This result was developed by Kojima, et al.

[24].
Let us partition P; as

P, = ,
bZT C;

where A; € §", b; € R"™ and ¢; € R. Define the collection of multipliers

Q:= {)\ERmP

A>0, ) AN=1) NA; = o}.
i=1 i=1
Proposition 4.4.7 ([24]). Consider the set
S={zreR"p(x)>0,i=1:m,}.

The following holds true

PQ:{ZEERH

> Aipi(x) >0, VA € Q}
=1

This result shows that Pr can be described as the set of points satisfying all con-
cave constraints that can be obtained by taking convex combinations of the inequalities
defining S. A special case of this proposition will be employed in the later chapters to

establish a relation between our findings and the SDP relaxation.
4.5. Exactness Results

The S-Procedure and the SDP Relaxation only give sufficient conditions or bounds.
However, there are some special problems for which they turn out to be exact. In this
case, these methods are said to be lossless. Here, we present some of the losslessness

results available in the literature. Note that, however, we only give the ones related
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with our work, and hence, the exposition of the material is not complete. For more

complete review of the subject, the reader is referred to the survey paper [5].

Losslessness results on the S-procedure has its roots on the works about the sign
definiteness of the matrix pencils, a survey of which can be found in [25]. However,
the fist such result which has profound effect on the control community is due to
Yakubovich. In [1, 26], he showed that the S-procedure is necessary and sufficient
to prove the nonnegativity of a quadratic polynomial over a domain determined by
a quadratic inequality constraint. In below, we present this result in feasibility form
and in a slightly more general settling which may involve both strict and nonstrict

inequalities.

Suppose

8 = {fL’ S Rn|p1(x) >1 07 pQ(x) B2 0}7

where >; € {>,>},47 = 1: 2. Assume that if there exist nonstrict inequality /inequalities

in the definition of S at least for one of them is satisfied strictly for an z € R"™.

Lemma 4.5.1 (S-Lemma, [26]). The set S is empty if and only if

i) there exists a strict inequality in the definition of S and there exists a A € R? such
that

A0, A£0
MP+ P X0,

where \; > 0 if >; is the only strict inequality appearing in the definition of S, or

i) both inequalities defining S are monstrict and there exists a A € R? and a p € R
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such that

A>0, >0
0 0

MNP+ Mo Py + =< 0.
0 p

The preceding result initiated an interest in the losslessness studies and it is

followed by some extensions. A remarkable one is given by Polyak.

Lemma 4.5.2 ([20]). Consider the set

S ={z € R"pi(z) >0, pa(x) >0, q:1(x) > O}.

Assume there exits p € R? such that puy Py + s Py > 0. Then, S = 0 if and only if there
exists A € R? such that

MPL+ P +0Q1 =20, A>0.

Keep in mind that the assumption made above about the existence of a positive

definite linear combination of P; and P, is fairly restrictive.

A more recent extension is due to Sturm and Zhang.

Lemma 4.5.3 ([27]). Consider the set

S={zeR"\q(x)>0, ti(z) =0}.

Assume q is a strictly concave function and q;(z) = 0 for an & € R™. Then, S is

empty if and only if there exists £ € R such that

Q1+ &1 =X0.

Remark 4.5.4. The losslessness results introduced so far are given for the S-procedure.
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However, since this method is coupled with the SDP relaxation via strong duality, they
also apply to the SDP relaxation. In other words, the corresponding SDP relazations

also lead to the exact solution.

Remark 4.5.5. The losslessness of the S-procedure also implies the exactness of the
associated relazation (4.8). To be more specific, if the set S defined in (4.7) satisfies
conditions of one of the foregoing propositions, then the corresponding relazation (4.8)
leads to the global optimal solution v* since the LMI utilized in it constitutes a necessary

and sufficient condition for the emptiness of S instead of just a sufficient condition.

Another losslessness is developed for the SDP relaxation (4.12).

Lemma 4.5.6 ([28]). Consider the optimization problem

*

v = inf po(x)

(4.16)
s.t. pi(z) >0, pa(z) >0

and the corresponding relaxation

*=inf tr| P v 4.17
p, =inf tr | P o (4.17a)
) >0, i=1:2, (4.17b)

=0 (4.17¢)

having an optimal solution (x*,Y™*). If at least one of the scalar constraints in (4.17b)

is strictly positive for (x,Y) = (2*,Y™) (i.e. not binding at optimality), then v* = pj.

The assumption being not binding at optimality may not hold for various prob-
lems, which restricts validity of this extension seriously. Similar to the preceding lem-

mas, due to strong duality, this result also implies the exactness of the corresponding
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S-procedure based relaxation (4.8) when there are two constraints under the stated
condition. However, in order to see if this condition hold true one has to solve the SDP
relaxation and check if its constraints are binding at the optimal solution. Therefore,

in order to determine losslessness one has to use the SDP relaxation.

The last result we will present does not show the losslessness of the original SDP
relaxation. Instead, it gives a modified form of the relaxation which yield to the exact

result for another special instance of (4.9).

Theorem 4.5.7 ([27]). Consider (4.16). Assume py is a concave function and py =
[T 1]a, where a € R™™, a # 0, is an affine function. Then optimal solution of (4.16)

15 equal to that of

Y =z
v =inf tr | R (4.18a)
|
Y «x
st tr [P >0 (4.18b)
|
Y «x
D1 al =0 (4.18c¢)
xT 1
Y = 0. (4.18d)

Notice that the above given problem has mixture of LMIs and a concave quadratic
constraint. This type of problems can be solved using available software such as Se-
DuMi. Alternatively, one can convert the constraint (4.18¢) into an LMI as described
in [19] and solved an SDP problem. However, the first approach is easier and better
from computational point of view. Another aspect of this relaxation is the fact that it
is not the original SDP relaxation as mentioned above. Therefore, it does not imply

the losslessness of the S-procedure under the assumptions made about the polynomials

p1 and pa.
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Before finishing this section, we would like to emphasize that, in general, the S-
procedure and the SDP relaxation are extremely conservative methods as evident from
the exactness results presented above which are limited with at most three polynomials.
This fact further supported with a counter example given in [29] which shows that

achieving the losslessness for even four constraints is hopeless.

4.6. A Control Application

A classical application of the S-procedure is the absolute stability analysis, which
is first established by Yakubovich in [1]. Recall that in Section 2.1 the question of
quadratic stability was converted into a PSP problem but a method for the solution
of this type of a PSP was not given. Yakubovich showed that this problem can be

resolved using the S-procedure as described in below.

From Proposition 2.1.1, we known that the system (2.1) subject to (2.2) is

quadratically stable if and only if there exists a P > 0 such that the constraints

— - T —
x PA+4+ ATP PB x
po(z,w) = > 0, (4.19a)
w BTP 0 w
— - T —
x —apCTC O‘TWC’T x
pi(z,w) = >0 (4.19b)
w #C’ -1 w

do not have a feasible solution. By applying Lemma 4.5.1 to (4.19), it can be inferred
that the system is quadratically stable if and only if there exists a P € $" and A\ € R?

satisfying

P=0, A >0, A >0, (4.20a)

PA+ ATP PB —apCTC 8T
A\ + Ao < 0. (4.20Db)
BTP 0 oo ~1
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The above given system constitutes and LMI in A but not in both P and A\. However,
this difficulty can be alleviated. To this end, define 6 := \y/A; and divide both sides
of (4.20b) by A;. From this, it can be seen that quadratic stability is equivalent to the
feasibility of

P>0, 0>0, (4.21a)

PA+ ATP — 0apCTC 9%4ECT

=< 0. (4.21b)
=) —0

Clearly, this is an LMI both in # and P and it is feasible if and only if the the sys-
tem considered is quadratically stable. Hence, the problem of determining quadratic

stability can be solved efficiently by determining the feasibility of the LMI.

The approach described above can also be employed when there are multiple
feedback connections as in (2.6) and (2.7). In this case, one can obtain a similar LMI
using the S-procedure. However, this time there will be more than two constraints,
and hence, S-procedure will not be lossless. Therefore, only a sufficient LMI condition
for quadratic stability can be obtained unlike the previous case for which (4.21) gives a
necessary and sufficient condition. Note that we already expect this since when there
are multiple feedback connections determining quadratic stability becomes NP-hard as

mentioned before.
4.7. Summary

In this chapter, we introduced the S-procedure and the SDP-relaxation. These
methods are fundamentally equivalent and can be employed to find efficiently com-
putable feasibility /infeasibility certificates for feasibility problem or lower bound for
optimization problems. We described basic properties of these methods, which shows
that the SDP-relaxation has certain advantages over the S-procedure since it works
in the primal space. Although, S-procedure and the SDP-relaxation give sufficient
conditions or approximation bounds in general, there are some results showing that

they turn out to be exact for some specific problems. A list of such results are also
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given, which will constitute a basis for demonstrating the advantages of our findings
described in the subsequent chapters. Lastly, some simple control applications of the

S-procedure are presented.
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5. POSITIVSTELLENSATZ AND THE SOS
RELAXATIONS

In the previous chapter, we investigated the S-procedure and the SDP relaxation.
Although, these methods are used extensively in the literature, they only give sufficient
conditions or approximation which turn out be very conservative in general. The main
reason behind this conservatism is the fact the underlying approach is over-simplistic
since it employs real multipliers to create infeasibility certificates. However, a funda-
mental result from real algebraic geometry, Positivstellensatz, states that a necessary
and sufficient condition can be obtained not only for quadratic programming problems
but also for more general polynomial problems by utilizing sum of squares (SOS) of
polynomials as the multipliers. In this chapter, our goal is to describe this result and
explain how it can be employed to solve feasibility and optimization problems. To this
end, first we will describe SOS polynomials and their characterization based on positive
semidefinite matrices. Then, we will give Positivstellensatz and explain how the search
for SOS multipliers can be converted into an LMI problem to attain certificates of
infeasibility. Lastly, it will be shown that how some special forms of Positivstellensatz
can be utilized to attain convergent lower bounds for global optimization problems

involving polynomial functions.

5.1. Notation

Before proceeding further, we need to introduce some notation and definitions
that will be employed not only in this chapter but also in the following ones. The set
of nonnegative integers is denoted as Z,. If a € Z%, then |a] == oy + -+ + a5, A
monomial is defined as a finite product of nonnegative integer powers of a given set
of variables. In particular, if the variables of interest are xq,---,z, a monomial is

represented as
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using an appropriate vector o € Z'. The degree of a monomial 2* is defined as |a|. A
polynomial p in R™ is a finite linear combination of monomials and can be expressed

as

p= Z paxa7

o€y,

where p, are real numbers indexed by the elements of 7, C Z’ which is a finite set of
nonnegative vectors corresponding to the monomials appearing in p. The degree of a
polynomial, deg (p), is defined as the largest of degrees of the monomials appearing in
p which have a nonzero coefficient. Lastly, we denote the collection of all polynomials

in n variables having real coefficients as Rlxy, -+ ,z,]. Clearly, R[zy, - ,x,] is a ring.
5.2. SOS Polynomials

Definition 5.2.1. An s € Rlxy,- - ,x,] is said to be an SOS polynomial if there exists

a positive integer r and f; € Rlxy, -+ ,x,], 1 =1 : 7 such that

T
2
=y
i=1

In what follows, the collection of all SOS polynomials will be denoted as X..

SOS polynomials constitute an important subject in mathematics. This is be-
cause they are closely related with the notions of positive semidefiniteness and feasibil-
ity. Indeed, trivially, an SOS polynomial always takes nonnegative values. Therefore,
given a multivariate polynomial p € R[zy, - - ,xz,], if one needs to prove that p(x) > 0

for every x € R™ or equivalently that
S ={z e R"p(x) <0} =0,

it suffices to show that p is SOS. Notice that this problem looks like a special instance



20

of the feasibility question investigated in the previous chapter except an important
difference that p is an arbitrary polynomial instead of a quadratic function, which
renders the situation considerably difficult. Indeed, this simple looking problem is

known to be NP-hard [30].

Since every SOS polynomial is positive semidefinite as mentioned above, one can
naturally ask if the inverse holds true. That is, is every positive semidefinite polynomial
SOS? In other words, are SOS polynomials powerful enough to characterize all positive
semidefinite polynomials? This question is investigated by Hilbert in 1933 and he
showed that the answer is negative. In his proof, he used a contradictive argument and
did not give a counter example. The first explicit examples are due to Motzkin, one of

which is
m(z,y,2) = (2° + y* — 32%)2y* + 2°.

This function always takes nonnegative values but it is not SOS [31]. Moreover, today
it is well known that the class of such functions is considerably large, and hence, SOS
polynomials are not powerful enough to directly characterize positive semidefiniteness

[32]. However, there is a remedy for this as we will see.

Based on the preceding facts, one can at least try to use SOS polynomials as
certificates of positive semidefiniteness or feasibility. To this end, we should have a
method to determine if a given polynomial is SOS or not. Fortunately, the necessary
and sufficient condition for this exists and the SOS decomposition can be obtained

efficiently, which is described next.

Before we proceed further, let us mention some facts about SOS polynomials.

Consider

s = fo. (5.1)
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Clearly, deg(s) = Izlelcii}ri{Q deg(fi)}. This is because squares of monomials having the
largest degrees in f;, i = 1 : r will also have the largest degree in f? i =1 : r and
their coefficient will be positive. Therefore, they do not cancel out in (5.1) and the
ones having the maximum degree will determine the degree of s. Consequently, we can
deduce that an SOS polynomial always has an even degree. That is, deg(s) = 2d for a

d € Z.. Moreover, we have deg(f;) <d,i=1:r.

Now, consider an s € R[xq,--- ,x,] with deg(s) = 2d, d € Z,. Suppose that u
is a vector composed of all monomials having degree at most d. For example, if d = 3

and n =1

1, x, 22, xS]T

whileif d =2 and n =2

2 T

1, z, y, 2%, 2y, ¥*]".

Let’s denote the length of u as £. The next proposition gives a necessary and sufficient
condition for s to be SOS.

Proposition 5.2.2 ([33]). s € X if and only if there exists a W € S°, W = 0 such that

s =u'Wu.

Proof. Let us start with the if part. If W > 0 and rank(W) = r, there exists a matrix
V € R™* such that W = VTV. Define f := Vu. Clearly, elements of f, fi, i =1:r,

are polynomials. Thus, we can infer that

s=u"Wu=u"V'Vuy= fo = fo,

=1

which implies s is SOS.
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Conversely, if s is SOS, then
s=) fi=1"F. (5.2)
i=1

Since deg(f;) < d,i=1:r and u involves all monomials having degree up to d, f can
be expressed as t = Vu for an appropriate constant matrix V' € R™*¢. By substituting
this into (5.2), we can infer that s = u” VI Vu = uTWu. Clearly, since W = VIV W

is positive semidefinite. Il

The above given proposition is introduced by Powers in [33]. However, it was
Parrilo [9] who first realized that it may be used to convert the SOS problem into
an LMI problem which can be solved efficiently by interior point methods. Indeed,
suppose we want to check if a polynomial s of degree 2d is SOS. Simply construct
the monomial vector v and perform the matrix multiplication u’ Wu to obtain the
polynomial whose coefficients have to be linear functions of the elements of W (W;;).
By equating coefficients of this polynomial to that of s we obtain a number of linear
equality constraints in W;;. If these constraints are satisfied for a W = 0 we conclude
s is SOS. Otherwise, s is not SOS. Clearly, the existence of such a W can be easily
verified by solving an LMI problem. Moreover, if s is SOS, the SOS decomposition
can be extracted from W as follows. Using an appropriate numerical methods such as
Cholesky decomposition obtain a matrix V' € R"™ ¢ such that W = VTV. From the
proof of Proposition 5.2.2 it follows that the polynomials f; = (Vu);, i = 1 : r satisfies

the relation

Example 5.2.3. Suppose we want to check if
s = ba’y? — dx?y — day® + 22° + y? — day + 22 + 10 (5.3)

is SOS. Since deg(s) = 4 we need to employ a monomial vector u composed of all
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monomials having degree up to two. Hence, s = uTWu is given by

- 2T - - -
1 Wi Wi Wis Wiy Wis Wig 1
X Wia Waa Was Way Was Wayg X
Yy Wis Was Wiz Wiy Wiy Wsg Yy

s = (5.4)

72 Wis Wa Way Wy Wy Wee z?
xry Wis Was Wias Wiy Wis Wee xry

i ?JQ i | Wie Wa Wias Wis Wie Wiee 1L ?/2 |

By equating the coefficient of the monomials belonging to polynomials appearing in (5.3)

and (5.4), one obtains the following set of linear constraints

Wi =10, 2Win=2, 2Wi3=0, Wiy +2Wi =2,
WWis + 2Was = —4, 2Wig+ Wi =1, 2Way =0,
MWy + 2Way = —4,  2Wag + 2Was = —4, 2Ws6 = 0,
Wi =0, 2Wi=0, Ws+2Wss=5, 2Ws5=0, Wes =D0.

Therefore, s is SOS if and only if there exists a W = 0 satisfying these constraints.
This is an LMI and it can be verified that the matriz

10 1 0 0 =3 0

1 2 1 0 -2 0

0 1 1 0 -2 0
W =

0 0 0O 0 0 O

-3 -2 =2 0 5 0

O 0o 0 0 0 O

constitutes a feasible solution. Moreover, it can be decomposed as W = VTV | where

1 100 0 O
V=1-3000 1 0
0 1 10 =220
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From this SOS representation of s can be obtained as

s=(x+1)°+ (vy = 3)° + (v +y — 22y)*.

5.3. Positivstellensatz

After showing every positive semidefinite polynomial cannot be expressed as sum
of squares, Hilbert asked if such functions admit a representation as a ratio of SOS
polynomials. That is, given a positive semidefinite polynomial p, do there exist sq, s9 €
Y such that s;p = s9? This was one of his famous twenty three problems (the 17th
problem) that he introduced in 1900 in Paris congress. In 1927, Emil Artin answered
it affirmatively by developing the theory of real closed fields [34]. This result showed
the importance of SOS polynomials for characterizing positive semidefiniteness and
feasibility. Moreover, it constitutes the basis of a more general theorem that we will
investigate in this section, namely the Positivstellensatz which is developed by Stengle

in 1974 [7).

Positivstellensatz is one of the fundamental theorems of real algebraic geometry.
Basically, it gives a necessary and sufficient condition for determining feasibility of a

system of polynomial constrains. To be more specific, consider the set

pi(x) >0, i=1:m,
S=qzeR"| rj(x)#£0, j=1:m, ¢,
te(z) =0, k=1:my
where p;, 7, tp € Rlxy, -+, 2,]). We would like to determine if & = (). Positivstellen-

satz answers this question completely. Notice that unlike (4.1), the description of S
given above does not include strict inequalities explicitly. However, it subsumes such
constraints since a strict inequality such as f(z) > 0 can be easily expressed by using

a non-strict inequality and an inequation as f(x) > 0, f(z) # 0.



25

The main idea of Positivstellensatz is similar to that of the S-procedure, and in
fact, constitutes a serious generalization of this method. Recall that the underlying
approach of the S-procedure is to look for the new constraints which are generated from
the ones defining S and satisfied for every point of S. Such constraints are called valid
constraints. Trivially, if a valid constraint turns out to be infeasible, it automatically
implies emptiness of S, and hence, gives a sufficient condition for infeasibility. Because
the S-procedure employs only linear combinations for this purpose, it rarely turns out
to be necessary. On the other hand, Positivstellensatz shows that a necessary and
sufficient condition can be obtained by employing a much more richer collection of
valid constraints which can be obtained using SOS multipliers, polynomial multipliers

and product of polynomials defining S.

Let’s describe this briefly. Define the index set B := {0,1}"" (i.e. set of vectors

of length m, composed of zeros and ones). Consider the collection of constraints

> sp@)p (@) py? (@) + (! (2) v (2)” + ) hel@)tul@) >0, (5.5)
BeB k=1
where sz € 3, f € B; ¢ € Z7" and hy € Rlzy, -+ ,2,), K =1 : my. Realize that the

elements of this collection are generated by multipliers which are SOS polynomials sg
and arbitrary real polynomials hy. Moreover, products of the polynomials defining S
are also employed. Clearly, this collection is much more richer than the one generated
in the S-procedure, (4.2), which is composed of only nonnegative linear combination
of the constraints defining S. Now, we claim that all inequalities of the form (5.5)
are satisfied over §. Indeed, the SOS polynomials always take nonnegative values and

pi(z) > 0 for every x € S. Therefore,

Z sp(x)pit (x) - - -pfn";‘”(x) >0 Vres.
BseB

Similarly, since i, kK = 1 : m,. are nonzero over S, we have

K)ol (1) £0 Vo eS
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for any ¢ € Z’". Lastly, it can also be inferred that

D hp()te(x) =0 VzeS.
k=1

Putting all together, validity of (5.5) for every point of S can be verified immediately.
As as result, if we can show that a constraint of the form (5.5) is infeasible, we au-

tomatically prove the emptiness of §. Clearly, a sufficient condition for this is the

existence of sz € ¥, B € B; ( € Z" and hy, € Rlzy,--+ ,z,], K =1:m, such that
ﬁmp m S —
Z Sgph - P + (15 S )? 4 Z hiti = 0. (5.6)
peB k=1

That is, the above given summation adds up identically to the zero polynomial . Indeed,
if S is not empty, (5.5) must hold true for an z € S, which clearly cannot happen if
(5.6) is satisfied. Therefore, we can conclude that S = () if (5.6) holds true.

Example 5.3.1 ([6]). We ask if the constraints

(z—y)?>0 2°—4>=0, 2=0

have a feasible solution. By replacing the strict inequality given above with an inequa-

tion, the following equivalent system is obtained

ri(z,y) = (v —y)* #0,
t1<I,y) - x?) - y3 - 07
to(z,y) =2 =0.
By choosing ¢ = 2, hy =y and hy = x® — 32y + 6xy* — 443, it can be seen that

((z —y)*)?* 4+ y(@® — y°) — (2° — 32%y + 6zy® — 4y*)z = 0.

Hence, the system investigated is infeasible.
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Surprisingly, the sufficient condition described above also constitutes a necessary
condition. This fact is a fundamental theorem of real algebraic geometry and its proof

is nontrivial.

Theorem 5.3.2 (Positivstellensatz |7, 35]). S is empty if and only if there exist sg € X,
peB;eZ and hy € Rlzy, -+ ,x,], k=1:my such that

mg
BWL
Z Sgph - P + (15 - S )? 4 Z hity = 0. (5.7)
pseB k=1

Positivstellensatz constitutes a very strong theorem since it answers the question
of emptiness completely. However, the proof given by Stengle in [7] is nonconstructive.
Therefore, it does not lead to an algorithm that produces the multiplies sg and hy
for which (5.7) holds true. It only ensures the existence of such polynomials when
S = (). Due to this very reason, Positivstellensatz did not find a considerable practical
application until recently. In 2000, Parrilo realized that among the multipliers sg and
hy having fixed degrees, one can search for the ones satisfying (5.7) by solving an LMI

problem. If such an LMI turns out to be feasible, emptiness of § is ensured.

The approach of Parrilo is based on a very simple idea. Basically, the aim is
to search for s3 € ¥ and hy € Rzy, -, z,] satisfying (5.7). However, since ¥ and
R[zy,- -+ ,x,] are infinite dimensional spaces this constitutes an intractable task. In
order to alleviate this difficulty, he proposed to perform a search over a finite dimen-
sional subspace of multipliers composed of the polynomials having bounded degrees.

Let’s describe this in detail.

Let N be a nonnegative integer satisfying

2N > max{deg(p:), --- , deg(pm,), deg(t1), -, deg(tm,)}-
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Define the index set
T ={ac Zﬁ||a\ < 2N}.

In (5.7), instead of arbitrary SOS multipliers, we will employ sg € ¥ whose degrees are

bounded as

deg(ssp? - po?) < 2N, B € B.

Here, if deg(pf1 e pf{';”) > 2N, the multiplier ss is chosen as sz = 0. Moreover, recall

that a nonzero sz admits the parametrization
Sg = U§W5Ug, ﬁ € B,
where W3 = 0 is the parameter matrix and ug are the vectors composed of all mono-
mials having degrees up to deg(sg)/2. Similarly, the degrees of the multipliers ¢ will
be bounded such that
deg(hktk) S 2N, k=1": my.

Under this condition, they can be expressed as

he= Y (h)ax®, k=1:m,

aGI}Lk

where
Ip, ={a € Z%||la| <deg(ty)}, k=1:my.
Lastly, we employ the decomposition

() =) raea®, (5.8)

a€cl
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where || < N is an integer vector. Here, the coefficient r, are obtained from the
coeflicients of the polynomials r; through (5.8). We did not give this relation since 7,
are not parameters. They are just constants that can be obtained from the polynomials

Tj.

We are ready to derive equivalent LMI conditions for the existence of multipliers
satisfying (5.7) which are subject to degree bounds imposed above. To this end, define

Cop, @ € Z, B € B as the real symmetric matrices resulting from the decomposition

Bm
uﬁugpfl o 'pmpp = anﬁxa? peB,
a€l
where we could use the index set Z since the degrees of the monomials appearing in
above are not larger than 2N as one can easily verify. Using this decomposition, one

can obtain identities

B B
sopy’ e Pyt = whWaugpl' - puy?
B
= tr(Waugubp," - - phmy?) (5.9)
= Z tl"(WgCaﬁ)Ia, 0 e B.

a€el

Moreover, it is immediate to verify that

hktk = Z ( Z (hk)51 (tk)§2> l’a, k=1": my.

a€l \&{1+&e=a

Substituting the last two equalities and (5.8) into (5.7), it can be seen that the poly-

nomial appearing on the left hand side of (5.7) can be expressed as

2 (Z tr(WsCap) +7ac + ) (hk)gl(tk)£2> . (5.10)

a€Z \pBeB &1+&e=a

Keeping in mind that Wjs = 0, we obtain the following sufficient condition for emptiness

of S.
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Proposition 5.3.3. S is empty if the LMI

Yo tr(WsCag) +rac+ > (i) (tr)e, =0, a€Z,
BeB &itéa=a (5.11)

Ws=0, peB

with variables Wg and hy, has a feasible solution.

Proof. In the light of Theorem 5.3.2, the result can be obtained by equating coefficients
of (5.10) zero. O

Keep in mind that the approach described above only gives sufficient conditions.
Therefore, if (5.11) turns out to be infeasible, we cannot conclude nonemptiness of S.
The main reason is the fact that to be able to obtain the LMI (5.11) we fixed the
relaxation order N, and hence, the exponent vector ¢ and degrees of sg and hj. How-
ever, there would be multipliers having higher degrees which satisfies (5.7), and hence,
S would be empty. In order to alleviate this difficulty, one should have a knowledge
about bounds on the degrees of the multipliers appearing in Positivstellensatz. More
specifically, consider a function that gives an N depending on the dimension n and the
maximum of the degrees of the polynomials defining S for which Positivstellensatz is
satisfied when S = ). Obviously, if such a function exists, we can obtain a necessary
and sufficient condition from (5.11) by setting N accordingly. Unfortunately, such a
result does not exists to the best of our knowledge. However, a similar result exists
for Nullstellensatz, which constitutes a counterpart of Positivstellensatz developed for
complex solution of system of polynomial equality constraints [36]. Therefore, it is

reasonable to expect finding degree bounds for Positivstellensatz.

Note that the certificate (5.11) subsumes the S-procedure as a special case and, in
general, its leads to much more better results than the S-procedure as NNV is increased.
However, we should note that the size of this LMI increases very rapidly along with
N. Therefore, obtaining better certificates become computationally intensive for even

problems of moderate size.



61

5.4. Solving Optimization Problems

As in the previous chapter, we also want to develop relaxations for optimization
problems. In order to keep the technical details at the minimum level and to be in line
with the works in the literature, this time we will concentrate to the set determined

by only nonstrict inequalities

S ={rxeR"pi(x) >0, i=1:m,}

where p; € Rlzy,- - ,2,], ¢ = 1:m,. The goal is to find approximation bounds on the

optimization problem

*

7= inf po(z)
st. z eS8,

(5.12)

where py € Rz, -+ ,2,]. In below, we describe two related approaches that can
utilized for this purpose, which are generalizations of the S-procedure based relaxation

and SDP relaxation.

The first approach that will be investigated is based on Positivstellensatz. Re-
member that (5.12) is equivalent to
= sup t

(5.13)
st. po(z)—t>0 VeSS,

the constraint of which is nonnegativity of the function py—t over S. Because p;(z) > 0
for every x € S and s; are positive semidefinite polynomials, this constraint is satisfied

if the representation
Mp
po—t= Z SiPis (5.14)
i=1

is attained for some s; € 3, ¢ =1 : m,. As can be anticipated, this constitutes a weaker
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form of Positivstellensatz. Therefore, it gives a sufficient condition for nonnegativity
of po — t over S. Hence, if we replace the constraint of (5.13) with it, we attain the

relaxed problem

sup t
Mp
st. po—t=>_ sipi, (5.15)
i=1
Sp € >,

the optimal solution of which gives lower bound on ~*. However, as will be shown
below, (5.15) yields to the exact solution when certain assumptions are satisfied. Note
that in above we used (5.14) instead of the original Positivstellensatz since the former

leads to an LMI while the latter does not for the optimization problem considered.
Clearly, (5.15) is again an infinite dimensional optimization problem, and hence,
it is hard to solve in practice. In order to alleviate this difficultly, we employ the same

trick demonstrated earlier by restricting the degrees of the SOS polynomials. To this

end, let N be the order of the relaxation, which is a positive integer such that

2N Z maX{deg(p()), e udeg(pmp>}

We employ the SOS polynomials s; € ¥, ¢« = 0 : m,, with the following restriction on

their degrees. Choose

deg(sg) = 2N (5.16)

and deg(s;), i = 1: m, as the largest even integers satisfying

deg(s;pi) < 2N, i=1:m,. (5.17)

The vectors u;, ¢ = 0 : m, are composed of all monomials having degrees up to
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deg(s;)/2. Define C,; as the matrices in the decompositions

ugud = > Chox®
= (5.18)
wulp; =Y Copz®, i=1:m,.
acl

Proposition 5.4.1. The optimal solution of the SDP

Py(N) = sup (po)o — ;tr(mCOi)
s. t. i tr(W;Coi) = pa, @« #0, a €T (5.19)
=1

)

Wi=0, 1=1:m,.

satisfies pi(N) < ~v*.

Proof. Using the multipliers degrees of which are constrained as above, (5.14) can be

expressed as

mp
S (po)ar® —t = ulWoug + > ul Wup;
acl i=1

= tr(Wououd) + > tr(Wiwul p;)

i=1

> (mZ tr(vvicaa) o,

acZ \1=0

By equating the coefficients of the polynomials on the both sides of the preceding

equation, it can be seen that if there exist W; = 0, i = 1 : m,, such that

t=(po)o — ) tr(W;Cy,),
i=0

S tr(WiCoi) = pos @ £ 0, a € T,
=0

then (5.14) is satisfied for s; = ugWsug € X. Replacing the constraint of (5.15) with
the above given system, (5.19) is attained. Since the constraint of (5.15) is replaced

with a sufficient condition, it can be inferred that pj(N) < ~*. O
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The second approach that will be developed is related with the theory of moments
and can be considered as an extension of the SDP relaxation. It is proposed by Lasserre

in [8]. Let’s describe the underlying idea.
Clearly, the matrix inequalities
ug(x)ul () =0, i=0:m,

hold true for every x € R". Therefore, it is easy to see that (5.12) is equivalent to
v = inf po(x)
st ug(z)ul (z) =0, (5.20)

wi(z)ui(z) pi(x) = 0, i =1:m,,.

Using (5.18), this can be written as

v = inf > (po)ar®
el (5.21)
st. Y, Cinz® =0, i=0:m,.
o€l

Defining the new variables y, := z¢, the following relaxation is obtained.

Proposition 5.4.2. The SDP

pp(N) == inf > (po)aya
el (5.22)
s.t. Y CialYa =0, i =0:my,.
ol

satisfies py(IN) < "

Proof. 1f (5.21) is infeasible, there is nothing to prove. Therefore, suppose z* is an
optimal solution of (5.21). Then, trivially, y, = (z*)® is a feasible point of (5.22) with
the objective value v*, which leads to the desired result. O]
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The relaxation introduced above is called the moment relaxation. Notice that
if p; are nonconstant quadratic polynomials and N = 1, it can be inferred that uy =

Tand w; = 1,47 = 1: m, due to the degree bounds (5.16) and (5.17),

[17 Ty, 7xn]
respectively. From this, it is easy to see that the first order moment relaxation just

gives the SDP relaxation (4.12).

Note that (5.19) and (5.22) in fact lead to the same result just like in the S-

procedure and the SDP relaxation. This is justified by the next proposition

Proposition 5.4.3. Assume there exist a strictly feasible solution of (5.19). The
relazations (5.19) and (5.22) are SDP dual of each other, and hence, py(N) = pi3(N) =:

p*(N).
Proof. This follows from standard SDP duality. [

The approaches described above produce a sequence of lower bounds p*(NV) such
that the next element in this sequence is never worse than the previous one. That
is, p*(N) < p*(N 4 1). This can be verified using any of these methods. For in-
stance, the set of SOS multipliers s; employed to construct the Nth order relaxation
Proposition 5.4.1 constitute a subset of the ones employed in N + 1th order relaxation.
Hence, the bound provided by the latter cannot be smaller than that of the former.
Based on this fact one naturally expects to get better approximations by increasing
N. The following theorem shows that this expectation holds true under a moderate

assumption.

Theorem 5.4.4 (Putinar, [11]). Assume there exists polynomials 5, € ¥, i = 0 : m,,

{IGR”

is compact. If p(z) > 0, where p € Rlxy,- -, x,], for every x € S, there exist s; € X,

such that the set

50(z) + Z 5:(x)pi(z) >0 }
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i =0:m, such that

p=s0+ Y sipi
=1

Remark 5.4.5. The assumption of the theorem does not restrict the problem seriously.
For example, if we known S is bounded with the radius R, which would be available for
many physical applications, then simply adding the inequality p,,, = R* —xz"x > 0 will

ensure that the assumption will be satisfied for 5, =0, 1 =0:m, —1 and 5,,, = 1.

The following is a direct consequence of the theorem.

Corollary 5.4.6. If the assumption of the preceding theorem hold true,

v = lim p*(N).

N—oo

Proof. Suppose t is strictly smaller than +* and arbitrarily close to v*. Because t <
v*, po — t is positive over S, and hence, due to the above given theorem there exist
multipliers §;, i = 0 : m,, of certain degrees such that (5.14) is satisfied. Choose N such
that deg(sg) > deg(55), i = 1 : my,. This ensures that v* — p*(IV) < * — ¢ since the
multipliers 53 are contained in the Nth order relaxation. Because ¢ is arbitrarily close

to v*, we are done. O]

The foregoing corollary shows that the global optimal solution can be approxi-
mated as much as desired by increasing the order of the relaxation. Clearly, this is
a very desirable property. However, it does not ensure to obtain the exact result for
a finite N. It only ensures convergence in the limit. Moreover, as in the previous
section, as IV increases, the complexity of the relaxation grows very rapidly. Hence,
in general, obtaining an accurate result would be computationally intensive. This is
supported with the fact that a degree bound does not exist as function of the degrees

of the polynomials defining the problem [13].
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The useful features of the SDP relaxation described in Section 4.4 also extend
to the moment relaxation. With some abuse of notation, let us denote the feasible
region of (5.22) as R(IV) and its projection on the n dimensional space of the variables
(Y100, ** * 5 Yo-.01) as Pr(N). From (5.20) and (5.21), it is easy to see that if z € S then
Uo = % € R(N), o € Z, which implies (%10..0, -, Jo--01) = T € Pr(N). Therefore,
Pr(N) is a convex set containing S. Moreover, as in Proposition 4.4.3, it can be shown
that optimizing a linear function p, over Pr(N) is equivalent to optimizing it over
R(N). Hence, moment relaxation constitutes a convex outer approximation technique
just like the SDP relaxation. In fact, the former subsumes the later as a special case
(clearly, R(1) gives us the feasible set of the SDP relaxation) and Pxr(N) converges
to the convex hull as the order N is increased. Intuitively, the convergence follows
from Corollary 5.4.6 because for any linear objective function the relaxation gap can

be made arbitrarily small by choosing N large enough.

Example 5.4.7. Consider the optimization problem investigate in Example 4.1.7 and
Example 4.4.4. The first order relazation corresponding to this problem just gives the

SDP relazation, which turned out to be non-exact. The second order primal relazation

(5.22) is

p*(2) = inf —2y;0 — 240

4Yy20 — Ya0 — Y22 4Yu — Ys1 — Y1z 410 — Yso — Y12

8. t. Ay —ys1 — Y13 4yoo — yo2 — You 4Yor — Ya1 —Yo3 | =0
410 — Y30 — Y12 4Yo1 — Y21 — Yoz 4 — Y20 — Yo2

—Ya0 + Y22 + Y20 —Y31 + Y13+ Y11 —Y30 T Y12 + Y10
—ys1 + Y13 + Y1l —voo +Yoa + Yoo —Y21 +Yos+ym | =0

—Y30 + Y12 + Y10 —Yo1 T Yo3 + Yo  —Y20 + Yoz + 1

Y21 Y12 Yn
—2 Y12 Yoz Yoz =0
Y11 Yo2 Yo1
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The optimal solution of this relaxation is p*(2) = v* = —2, and hence, it gives the
global optimal solution of the original problem. Moreover, it can be verified that, in
fact, Pr(2) = co(S). Therefore, the second order relazation yields to the exact result

for optimizing any linear objective function over the feasible set considered.

The global optimality tests described in Section 4.4 extends to moment relax-
ations as well. Suppose y*, a € 7 is an optimal solution of (5.22). If the objective py is
linear and the projection z* := (y{y..0, - ** » Yo..01) Satisfies z* € S, then z* constitutes
a global optimal solution of (5.12), the proof of which is a simple generalization of that

of Proposition 4.4.5. In case pg is not linear, one can check the rank condition

rank (Z Ciaya> =1, 1=0:m,.

acl

If it is satisfied, * = (Y550, - ** , Yo..01) € S and x* is a global optimal solution, which

is a simple extension of Proposition 4.4.6.
5.5. Summary

In this chapter we introduced two fundamental concepts. One is Positivstellensatz
which gives necessary and sufficient conditions for feasibility of a system of polynomial
constraints. The other is a class of relaxation methods which are based on Positivstel-
lensatz and developed by Parrilo [9] and Lasserre [8]. Although the Positivstellensatz
gives necessary and sufficient conditions, the relaxations only provide certificates of
feasibility or lower bounds. However, the bounds produced can be improved succes-
sively and they are guaranteed to converge to the global optimal solution in the limit
under some mild assumptions. Therefore, they can be employed to approximate the
global optimal solution of a polynomial optimization problem as much as desired. But
as the order of relaxation increased the corresponding LMIs gets complicated rapidly.
Thus, in practice, one may employ these methods to obtain crude approximations of
complicated problems. Note that the relaxation methods introduced subsumes the

S-procedure and SDP relaxation as special cases and share some common geometric
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properties. In particular, the moment relaxation produces outer approximations of the
convex hull of the feasible region, which converges to the convex hull as the relaxation

order is increased.
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6. CONVEX HULL OF THE REGION DETERMINED BY
TWO QUADRATIC CONSTRAINTS IN R"

In this chapter, we introduce one of our main contributions. Consider the set

S :={z e R"q(z) >0, g(x) > 0}, (6.1)

where py, ps : R® — R are quadratic polynomials. It is shown that, except for some
cases having trivial solutions, co(S) is the intersection of two quadratic constraints
which are the convex combinations of the ones defining & itself. The proof is construc-
tive and leads to an algorithm for computing the quadratic description, which does not
have to be composed of concave constraints. However, we propose a method to replace

them with LMIs, and hence, show that co(S) admits an LMI representation.

An important consequence of the results described above is the fact that the
problem of finding the optimal value of a linear function over S given in (6.1) can
be cast as an SDP and solved exactly and efficiently. As will be shown through this
chapter, in general, none of the relaxation methods described in preceding chapters is
guaranteed to solve this specific problem exactly. Moreover, they also behave worse

than our approach in terms of computational complexity.

6.1. Preliminaries

Recall that

I
O
SN

~

I

—
no

q;
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where Q1,Q2 € $""1. When deemed necessary, the following expression will also be

utilized

G =2 Ax+ 2]+, i=1:2,

where A; € §", b; € R™ and ¢; € R arises from the partitioning

0 Ai b 1.9
i , =114
bZT C;

We frequently make use of the pencil of quadratics

A = (1 =A@ + Ago,

which is a parameterized family of quadratic functions, and the associated symmetric

matrix pencil

Qx = (1 = A)Q1 + AQ2.

Moreover, the parameterized family of the sets

Syi={z e R"qx\(z) >0}, Xe]0,1]

will be employed to characterize co(S). The following is a standing assumption through

this chapter.

Assumption 6.1.1. S is not empty or, equivalently, there does not exists a X € [0, 1]

such that Qy = 0. Trivially, the latter condition is a direct consequence of Lemma 4.5.1.

It is a well known fact that for a pencil Q,, rank(Q,) is a constant function of
the parameter A\ € C except at a finite number of points where rank drops [37]. The
points at which this happens are defined as the generalized eigenvalues (GEV) of the

pencil. Note that although eigenvalues of a symmetric matrix are always real, GEVs
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of a symmetric matrix pencil may take complex values. In what follows, the ascending
sequence of numbers «a; € R, i = 1 : ng will be utilized to denote the real GEVs of
Q) lying in [0,1] interval. Note that a GEV is assumed to appear in this sequence
as many times as its algebraic multiplicity. For a formal definition of multiplicity of
a GEV see [37, 38, 39]. An equivalent definition that will be utilized in the thesis is
given in Remark A.2.4. For the sake of notational simplicity, we also define o := 0

and oy, 41 = 1.

The number of positive eigenvalues of a matrix A is denoted as 7(A). Consider

the set

A={re0,1] | m(Qy) =1}, (6.2)

This set constitutes an important object in our study. Main reason for this is the fact
that for any A € A, S, possesses a nice geometric property. It is either a convex set
or union of two disjoint convex sets, which follows from Proposition 6.3.1 that will be
given later in this chapter. Due to this very property, it will be possible to characterize
co(S) in terms of such sets. The following lemma reveals the structure of A under

Assumption 6.1.1.

Lemma 6.1.2. If A # 0, then A is either a closed interval

A= [Oég, Oég+1] (63)

or the union of two closed intervals such that

A= [Oég, ong] U [Oég+2, Oég+3]. (64)

The proof is not trivial and given in Appendix A.2. In the following sections, we
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use the connected components of A,

Ay A, i=1:n, (6.5)

where n, < 2. Realize that when (6.4) holds true, even if it is composed of two intervals,
A has a single connected component if a1 = ayyo. In this case we have \; = o, and

Al = Qyq3.

Lastly, define

Clearly, this set is a closed interval. Moreover, it has two important properties given

in the next proposition.

Proposition 6.1.3. The following hold true:

i) Sx is a convex set if and only if A € Q,

it) QCA; foraniel:n..

Proof. 1) S, is convex if and only if q, is a concave function or equivalently its Hessian,

(1 —X)A; + MA,, is negative semidefinite

ii) Due to Poincaré separation theorem, Corollary 4.3.16 in [40], (1—\)A;+AAy <
0 implies 7(Q,) < 1 for every A € Q. Moreover, Assumption 6.1.1 implies 7(Q,) > 1,
A € [0,1]. Hence, 7(Q,) = 1 for every A € Q. Consequently, we can infer that Q C A.

Because () is an interval, it must be contained in a connected component of A. Il

6.2. Main Results

We are ready to introduce the main outcomes of our work. The first one is the

following theorem which gives a characterization of co(S).
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Theorem 6.2.1.

N S=8, NS5, ifQ#0

co(S) =

R", otherwise,
where j is the index satisfying Q@ C A;, j € 1: n. provided that  # 0.
As can be anticipated, this theorem lends itself to an algorithm for the construc-

tion of the convex hull, which will be given at the end of the section. Therefore, if pg

is a liner function, the optimal value of py over S can be attained exactly by solving

inf  po(x)
s.t. x € co(S),

(6.6)

due to Proposition 3.1.10. However, there is a little issue to be addressed here. If

S # 0 and co(S) # R", co(S) admits the quadratic description

CO(S) = SAJ- ﬂSXj
= {z € R"[ ay(z) >0, q5,(z) > 0}.

Due to the first part of Proposition 6.1.3, when € is a strictly proper subset of A;, at
least one of the sets S ), OF SXJ- will not be convex, which in turn implies non-concavity
of the corresponding quadratic function(s) dy, and /or dsy,- Therefore, in this case,
although co(S) is a convex set, (6.6) will be a nonconvex optimization problem if the
quadratic constraints are utilized for the description of the convex hull. Fortunately,
we can alleviate this difficulty. As will be shown in Section 6.3, it is always possible
to derive an LMI representation of co(S) from qy; and qy,- Therefore, the optimal

solution of (6.6) can be attained exactly by solving an SDP problem.

When the losslessness results presented in Section 4.5 is investigated, it can be

seen that assumptions of none of them are guaranteed to be satisfied for two general
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quadratic functions and a linear function. Therefore, the relaxations based on the S-
procedure or its extensions given there are not guaranteed to solve the optimization
problem discussed above exactly. In fact, one can easily find counter examples for which
S-procedure leads to very bad bounds, an instance of which is given below. Therefore,
our work constitutes a considerable improvement over the S-procedure. On the other
hand, as we will see the moment relaxations may also behave much more worse than
our approach for some instances of the problem considered in terms of computational

complexity.

Our second contribution is another exactness condition for the S-procedure and
the SDP relaxation that can be added to the list of losslessness results presented Sec-
tion 4.5. This condition, in fact, directly follows from the preceding theorem and the
below given proposition, which is a modified version of Proposition 4.4.7 for two strict

inequality constraints.

Proposition 6.2.2.

Pr=[)8 =88

AEQ

where w and W are minimum and maximum elements of §2.

Proof is given in Appendix A.1.

This proposition reveals why the SDP relaxation does not always lead to the
exact solution for the problem considered. The approximation of co(S) given by the
SDP relaxation is equivalent to the intersection of the all convex sets in the family
{Sx] A € [0,1]}. However, Theorem 6.2.1 suggests that in order to obtain the convex
hull it is necessary to take into account some nonconvex members of this family when
(2 is a proper subset of A;. A direct consequence of this fact is the following losslessness

result and its corollary which constitute the second main outcome of our work.

Lemma 6.2.3. The following are equivalent:
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i) Pr = co(S).
i) Q=N; forani€1:n,.

iii) co(S) is feasible region of two concave quadratic constraints.

Corollary 6.2.4. Consider the optimization problem

*

7= inf po(z)
s.t. pi(z) >0, pa(r) >0,

(6.7)

where the objective function pgy is linear. The SDP relaxation (4.12) gives the global

optimal solution (i.e.y* = p*) if Q = A; for ani € 1:n,.

Notice that in the corollary, the condition € = A; is sufficient for the exactness of
the optimization problem but not necessary. Main reason behind this is the fact that
even if Pr # co(S) there may be some part of the boundary of Pr where it coincides

with the convex hull. This was described earlier and demonstrated in Example 4.4.4.

Let us demonstrate our results on a simple example.
Example 6.2.5. Consider the pair of constraints

p1=—a3+ 23 —21;, —2>0

py =23 — 22— 21, +2>0.

Before trying to obtain the convexr hull, first, one needs to ensure that the set of
points satisfying this system is not empty. This can be done simply using the S-Lemma
(Proposition 4.5.1). It turns out that the feasible region S is not empty, which is shown

in Figure 6.1.a.

Next we need to find out if the convex hull is R? by checking wether Q is empty
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or not. For the constraints in hand, ) is the set of points satisfying

-1 0 1 0
(1—N\) + A <0, Ael0,1],
0 1 0 —1

which is the singleton Q = {0.5}. Since, Q # 0, the convex hull problem has a nontrivial

solution. Therefore, we need to attain A which is determined by the inertia constraint

-1 0 -1 1 0 -1
(=N 0 1 0 |[+AX] 0 -1 0 =1, xelo,1].
-1 0 -2 —1 0 2

A is found to be the union of the intervals Ay = [0,1/2—1/(2v/2)] and Ay = [1/2,1/2+
1/(2v/2)]. Since,  C Az, co(S) is Sy, N Sy,, or equivalently the feasible region of the

constraints

—2$1 > 0,

(6.8)
x? — 12 — 222, +2 > 0.

The set of points satisfying each constraint given above are depicted separately in Fig-
ure 6.1.b and c while the convex hull s illustrated in Figure 6.1.d. Notice that the
feasible region of the first constraint is convexr since 1/2 € Q. On the other hand, that
of second one is nonconvex because 1/2 +1/(2v/2) ¢ Q.

Now, let us compare the convex hull with it outer approximation given by the SDP

relazation. The SDP relazation is

—y1 + Y22 — 221 — 2 > 0,
Y11 — Y22 — 221 — 2 > 0,
Yii Y2 T1
Yi2 Yoo T2 | =0

T i) 1
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Figure 6.1. Sets from Example 6.2.5: a) S§; b) Sy,; ¢) Sy,; d) co(S); e) co(S) and Pr


uyildiran
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Using Proposition 6.2.2, it can be seen that Pr is the region x1 < 0, which is depicted in
Figure 6.1.e along with the convex hull. As can be anticipated, Pr does not constitute
good approximation of co(S) because the conver hull has a non-concave constraint in
this definition. Moreover, it can be seen from the figure that the optimal value of several
linear objective functions take finite values over co(S) while their optimal value over
Pr is —oo. Therefore, for these problems the bounds provided by the SDP relaxation

become practically useless.

Table 6.1. Computation of convex hull

1: input: matrices (; and Qo

2: output: )\; and \; (endpoints of the interval A; containing Q)
3: if there does not exist a A € [0,1], (1 — A\)@1 + AQ2 < 0 then
4:  return co(S) = (;

5: else

6:  if there exist w € [0,1], (1 —w)A; + wAy; <0 then

7 return co(S) = R

8 else

9: if there exists a ¢ such that oy < w < ayyq, ap # aypyr, 1 = 1 then
10: ¢ =min¢ such that max{0,/ — 2} <i<landm; =1, j=1i:¢
11: ¢ = maxi such that £ <i <min{l+2,ng+1}and m; =1, j = € : i;
12: return \; = ay, A\ = ag;

13: else

14: return )\, = Xj = w;

15: end if

16:  end if

17: end if

Based on Theorem 6.2.1 and the preceding examples, we are ready to obtain the
algorithm that computes co(S). Before this let us fix some notation. The inertia of a
matrix pencil does not change between its GEVs. Therefore, if o; < a1, we denote

the number of positive eigenvalues of Q) along the open interval (o, ;1) as m; for
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i € {0:ng}. On the other hand, if o; = a; 41, we use m; to denote m(Q,,).

The algorithm is given in Table 6.1. Let us explain some details to clarify the
algorithm. Notice that there always exists a ¢ such that ay < w < ayyq1, 1 = 1. In the
ninth line we enforce to find a ¢ such that [ay, apyq] constitutes an interval not a single
point. If such an interval does not exists, this means A; is a point which must be equal
to w. Therefore, line fourteen we return w as A; and Xj. The tenth line the algorithm
checks at most three intervals/points to determine the lower end of A; instead of all
intervals formed by consecutive GEVs. This follows from Lemma 6.1.2 as one can
easily verify. The same argument also applies to the eleventh line. We should also note
that this algorithm is developed to explain the main principle to be followed. We did
not put too much effort to make it numerically stable. In practical implementation,

one should also pay attention to these aspects.
6.3. LMI Representation of the Convex Hull
In this section, we will describe how the LMI representation of co(S) can be

attained when it is not empty or not R" as promised earlier. Consider the quadratic

constraint

T
T z
P >0 (6.9)
1 1
which can also be written as
o' Ar + 2672 +¢>0 (6.10)

using the partitioning

A b

bl ¢
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Let us denote the feasible set of this constraint as P, which is assumed to be nonempty.
The following proposition shows that P can be expressed in terms of LMIs when the
matrix P has a single positive eigenvalue. Note that in below v represents the number

of negative eigenvalues of P.

Proposition 6.3.1. If 7(P) = 1, the following holds true:

i) If A <0, A can be decomposed as A = —UU”T, where U € R™", and P admits
the LMI representation

I UTx

= 0. (6.11)
2T'U 26Tz + ¢

i) If A £ 0, P is a nonconvex set and using the decomposition P = u u' =V VT,
where u € R™ and V€ RTDXY it can be expressed as the union of the two

disjoint nonempty convex sets determined by the LMIs

£t Jul | (T UV)T (6.12)
(2T 1]

Vv +[zT 1]u

Proof. 1) Using the spectral composition of A, one can obtain the matrix of eigenvectors

U such that A= —UUT. Then (6.10) can be written as
2"z +c—2"UUTz > 0.

Employing the Schur complement formula given in Proposition 3.2.1, it can be easily
verified that the feasible region of the above given constraint is equal to that of the

LMI (6.11).

ii) Clearly, using its spectral decomposition, P can be expressed as P = u u? —
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V VT. Thus, (6.9) can be written as

T T

From this expression, it can be easily seen that the hyperplane [z7 1Ju = 0 does not

intersect P. Hence, the sets
P* = {zr € P| £ [z 1Ju > 0},

constitutes a partition on P. More importantly, using the Schur complement formula,
it is immediate to infer that they are feasible regions of the LMI constraints (6.12).
In addition, we know that under the condition A £ 0, the feasible region of (6.10) is
nonconvex. Therefore, both Pt and P~ must be nonempty. Otherwise, P would be a

convex set. O

Remark 6.3.2. If A =0, we have a simple linear inequality constraint 2b7x + ¢ > 0,
which is already an LMI. Therefore, there is no need to employ (6.11) since it will lead
to redundancy. Indeed, when A = 0, the matriz of this LMI becomes the diagonal matrix
which is composed of the identity matriz and the linear function 2bTx + c. Therefore,
we will have an LMI composed of the constraint 2bTz + ¢ > 0 and the trivial inequality

I>0.

Making use of the foregoing result, it is possible to show that co(S) admit an
LMI representation. We know that

CO(S) = SAj N ij.

Moreover, m(Qy) = m(Qy;) = 1 as can be inferred from the definition (6.2). Due to
the preceding proposition, this means the sets S A, and S;j are either LMI sets or union
of two disjoint LMI sets. If the latter hold true, denote their convex components as

S)jﬁ and S;[_, respectively. Based on these facts, exactly one of the following is possible:
oy ;
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Both S, and S5 are LMI sets, and hence, co(S) =Sy, N Sy,

Sy, is an LMI set but not Sy . In this case,

co(S) = (S, N §1) U (Sy, NS5

Sy, is not an LMI set while S5 is an LMI set. Then,
co(S) = (Sy NS5,) U(Sy NSy,
e Both S, and Sy are not LMI sets. Hence,

co(S) = (ng mS{j) U (ng mSX—j) U(Sy, mSX*j) U (Sy, mSX‘j).

As can be seen from above, in the first case we already have the LMI represen-
tation. For the others, co(S) is the union of at most four intersection sets each of
which is an LMI. Clearly, these intersection sets are disjoint, and hence, exactly one
of them must be nonempty. Otherwise, co(S) would be empty or nonconvex, which
is a contradiction. Consequently, we can infer that co(S) is an LMI set, the represen-
tation of which can be obtained using Proposition 6.3.1. Note that, in above, which

alternative holds true can be easily determined by checking negative semidefiniteness

of (1 — Aj>A1 + AjAQ and (1 — Xj)Al +XjA2.

Remark 6.3.3. The formula (6.11) is used to obtain LMI representation of when the
sets Sy, and Sy, when they are convex. This is done to show that co(S) is an LMI
set. In optimization applications, however, if this happens, it would be better to use the
original constraints instead of the LMI description. The reason is that, in this case,
we have a conver quadratic constraint. It is well known that problems involving such
constraints can be solved more efficiently than the ones with LMIs [41]. Moreover, we
will get rid of the computations required to obtain (6.11). Note that this does not lead
to any problems if only one of the set SAJ_ or ij is nonconvex, for which we have to use
an LMI description. The readily available software like SeDuMi can deal with mizture

of LMIs and convex quadratic constraints.
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Example 6.3.4. Let us find the LMI representation of co(S) given earlier in (6.8).
The first constraint appearing in this system, which determines S,,, is already linear.
Therefore, it is enough to obtain representation of the other one which can be written

in the matriz form as

T

il 1 0 _\/§ T1

1 V2 0 2 1

Since the second order leading principle submatrixz of the above given matrix is not neg-
ative semidefinite, it can be inferred that S5, is the union of the two sets Si determined

by the LMIs

+(z1 — V?2) T
To + (2, — V/2)

>0,

which are obtained using (6.12). As described above, only one of these LMIs can have a
feasible point which also satisfies the linear inequality —2x1 > 0. It turns out this holds

true for the one with the negative sign, and hence, we come up with the representation

of co(S)

—(.1'1 — \/5) i) 0
T (1 —v2) 0 | >0 (6.13)
0 0 —21

6.4. Comparison with Relaxation Methods

In the preceding section, it is shown that the SDP relaxation may lead to very
bad approximations of the convex hull and the optimization problem (6.7). In order
to attain betters results, one may try to employ moment relaxation introduced in
Section 5.4. For this reason, here, we will compare this method with our approach in

terms of accuracy. Moreover, it will also be shown that, from computational complexity
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point of view, our approach behaves better than the SDP relaxation and the moment

relaxations asymptotically.

Example 6.4.1. Consider the optimization problem

*

v = inf —x; —0.9x9
st —zi+ai—2r,—-2>0

T3 — x5 — 211 +2>0.

Realize that the feasible region of this problem is the set S investigated in Example 6.2.5.
Therefore, we can attain the optimal value of the objective by infimizing it over co(S),
the LMI representation of which is already given in (6.13). Solving the corresponding
SDP problem, it is found to be v* = —1.2728. Approzimations of v* are calculated
using moment relaxations up to the fifth order and the relative errors are enumerated in
Table 6.2 along with the number of variables and the size of the matrices involved. For
numerical results, we utilize the YALMIP interface and the LMILAB solver available

in MATLAB environment. The relative tolerance of the solver is set to 1e-12.

Table 6.2. Comparison with moment relaxation

Relaxation order (N) 1* 2 3 4 5
Relative error (%(N)) 400 | 22.9834 | 0.7958 | 0.0024 | 2.3042e-008
Number of variables 5 14 27 44 65
Maximum matrix size 3 6 10 15 21

* Same as the SDP relaxation

As can be seen from the above given example, the error of the SDP relaxation,
which corresponds to the first order moment relaxation, is infinity. But it could be
improved significantly by increasing the order and eventually a very accurate result
is attained for the fifth order relaxation. This does not show, however, wether the
exact representation of co(S) is achieved or not. The related theory presented in
Section 5.4 only guaranties the convergence in the limit. Therefore, although the

relaxation may get very close to the convex hull, it may not give co(S) itself in finite
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number of steps. Recently, there has been some efforts to determine special problems
for which the convex hull can be obtained in finite steps [42]. Nevertheless, to our best
knowledge, such a result covering the the problem investigated in this chapter has not
appeared yet. Even worse, S considered in the example is unbounded and we known
that moment relaxation is not guaranteed to converge even in the limit in this case

(recall the assumption of Theorem 5.4.4) although this did happen for this problem.

From a computational complexity point of view, our approach also behaves better
than SDP relaxation and moment relaxations when it is used for optimization purposes.
Indeed, as described in [16] (see page 619) solving an SDP requires max{mp?, m*p*, m3}
flops asymptotically, where m is the number of variables and p is matrix dimension.
For the relaxation given in (4.12), m = n(n +1)/2 +n and p = n + 1. Therefore, it
can be inferred that complexity of solving this SDP is O(n®). Let’s find the complexity
of the method we propose. First, we need to find out if the set S is empty using the
S-Procedure which takes O(n?) flops. Similarly, one should to check if co(S) = R"
which can also be done in O(n®) steps. Then, we compute the GEVs of the matrix
pencil and obtain the eigenvalues of at most two matrices to find the end points of
the interval A; both of which has time complexity O(n®) [39, 43]. In order to find
the LMI description from the quadratic constraints, it is necessary to compute the
spectral decomposition of two matrices at the cost of O(n?) and check feasibility of at
most four LMI constraints in n variables having matrix dimension n + 1 taking O(n?)
flops. Finally, we need to solve an SDP problem requiring O(n*) steps to compute
v*. From this analysis, it can be inferred that the complexity of our method is O(n?)
which has a considerably better performance when compared with the SDP relaxation

of complexity O(n®), which does not always produce the convex hull.

It is clear that our approach also less complex than moment relaxation since the
first order relaxation of this methods is the SDP relaxation. Moreover, as can be seen
from Table 6.2 the number of variables and size of the matrices involved in moment
relaxation grows very rapidly with the order. Even worse, these results for only a
two dimensional problem. It is known that the complexity of the relaxation grows

exponentially as the dimension increases, while we can always obtain the solutio in
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polynomial time.

6.5. Results on Homogenous Constraints

In this section, we will try to solve a problem in the homogenous space closely
related with the one stated in the main theorem. The solution obtained will constitute
the basis for proving the theorem. Before describing this problem we need to introduce

some definitions and notation.

6.5.1. Preliminaries

The collection of all linear hyperplanes in R"*! is shown as .. Given a 7 € L,
the open halfspaces separated by it are denoted as 71 and 7 ~. In other words, if 7

is the set of points satisfying n’z = 0, then

7% = {z ¢ R"™| £n"2 > 0}.

Notice that as long as the normal vector is not specified explicitly, it is not clear which
side of 7 is 7+ (or 7). However, usually, this will not lead to any problem and we

fix the halfspaces when it is necessary.

Consider a set C C R™*!.

Definition 6.5.1. C is said to be cone if x € C then ax € C for any a > 0 (i.e. C is

closed under multiplication with a positive scalar).

Here, we follow the convention used in [17] for the definition of a cone. According
to this, a cone does not necessarily contain the origin in contrast to the usual definition
the reader would be familiar with in which closedness with respect to multiplication

with a nonnegative scalar is required.

Definition 6.5.2. The symmetric reflection of C with respect to the origin is defined
as —C :={—z|x € C}.
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Definition 6.5.3. C is said to be symmetric if C = —C.

An illustration of the preceding definitions in R? is given in Figure 6.2. The sets
C, —C and C U —C depicted in this figure constitute examples of a cone. The set —C is
the symmetric reflection of C with respect to the origin. Lastly, C U—C is a symmetric

set.

\J

Figure 6.2. Examples of a cone, symmetric reflection and symmetric set

An important notion that we base our development on is separation of a symmet-
ric cone. Since we will deal with only open cones, the definition is restricted to such

sets for the sake of simplicity.

Definition 6.5.4. Consider an open symmetric nonempty cone C C R™L. If there
exists a linear hyperplane that does not intersect C, we say C admits a separation. A
separation of C is defined as the pair of nonempty disjoint cones C* := C N T+, where
T €L such that CN'T = 0. T is said to separate C and the sets C* are called slices.
Note that we denote a separation either enlisting its slices as (CT,C™) or making use

of the linear hyperplane inducing it as (C)7.

Example 6.5.5. Consider H C R? determined by the constraints

2 _ .2 .2
4ot — x5 — a5 > 0,

(6.14)
42 — 22 — 22 > 0.

Clearly 'H 1is an open symmetric cone, and hence, we can talk about its separations. As

can be seen from Figure 6.3, it admits two different separations: one is (H{, Hy) while
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the other is (Hy,Hy ). Examples the hyperplanes that induce these separations are T

and Ty respectively.

Figure 6.3. Separations of H

Based on the preceding definition and example, one can easily infer that if an
open symmetric cone C admits a separation (Ct,C7), its slices satisfy the following

properties:

i) C-=—C*.
ii) C=CtUC.
iwi) CTNC™ =10.

The last two equalities listed above imply that the sets C* constitute a partition on C.

Definition 6.5.6. A semi-convex cone (SCC) is the union of two convex cones which

are symmetric reflections of each other with respect to the origin.

As an example of an SCC in R? consider the set of points satisfying the constraint
x? — 23 — 22 > 0, which is depicted in Figure 6.4. This set is the union of two second
order cones which are the symmetric reflection of each other. Apparent from this
example and the foregoing definition, an SCC is always symmetric. Moreover, an SCC

is separated in a unique manner as stated in the following proposition.

Proposition 6.5.7. Let C € R""! be an open SCC. Assume there exists a T € L such
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Figure 6.4. Example of an SCC

that T NC = (. Then C admits a unique separation the slices of which are the convex

connected components of C.

Proof. Due to the assumption, C admits a separation. Let’s show it is unique. By
definition, C is the union of two convex cones C; and Cy such that Co = —C;. Consider
a T € LL such that CNT = (. Clearly, C; does not intersect 7, and thus, it is a
subset of either 77 or 7. Without loss of generality we may assume C; C 7. Then
one can easily infer that Co C 7~ due to symmetry. Hence, it is not hard to see that
7 separates C as (Cy,Cq). Since 7 was an arbitrary hyperplane not intersecting C, it
can be seen that (Cy,Cs) is the unique separation of C. Note that because C; and Co
are convex, they are connected sets. Moreover, they are strictly separated by 7', and

hence, they are different connected components of C. n

Interestingly, for an open symmetric cone defined by a single quadratic inequality,

P = {z € R""|2’ Pz > 0},

the notions of separation and being an SCC are closely related with each other as

evident from the following key result.

Proposition 6.5.8. Assume P # (). The following statements are equivalent:
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i) There ezists a linear hyperplane that does not intersect P (i.e. P admits a sepa-

ration,),
i) m(P) =1,
iii) P is an SCC.
See Appendix A.3 for a proof.

6.5.2. Problem Formulation and Solution in the Homogenous Space

Now, we are ready to describe the problem that will be investigated in the ho-

mogenous space. Consider the homogenized version of &
H:={x € R""™|G(z) >0,i=1:2},

where ¢, == 27Q;xz, i = 1 : 2. Clearly, H is an open symmetric cone. Moreover,
H # () since S is not empty due to Assumption 6.1.1. Therefore, we can talk about

separations of H. We ask the following related questions.
i) How may different separations does H admit and how can we identify the linear
hyperplanes inducing each separation?

ii) Given a separation (H", H~), how can we find a useful characterization for co(H*)?

It can be seen that, these questions, especially the second one, is closely related with

the main theorem. Therefore, in this section our mail goal is to answer these questions.
To this end, let us define the homogenization of the quadratic pencil qy
dn = (1= N+ Ads
and that of Sy

Hy = {z € R""!|qu(z) > 0} (6.15)
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Trivially, H, satisfies the properties given in the next proposition.

Proposition 6.5.9. The following hold true:

i) HC Hx Ae0,1],
i) Hy # 0, X € [0,1].

Consider the collections of sets
T, i={H\Ae A}, i=1:n,, (6.16)
and the collections of linear hyperplanes
0, :={T € L| IH, € I; such that H,NT =0}, i=1:n,, (6.17)

where A; is defined in (6.5) and n. < 2. For A € A (recall that A is the union of A;,
i=1:n.), we have 7(Q,) = 1. Therefore, from definition (6.15), Proposition 6.5.8 and
Proposition 6.5.9, it can be inferred that all members of I';, i = 1 : n. are nonempty
SCCs containing H. On the other hand, by definition, given a 7 € ©;, there exists an
H,, € I'; that does not intersect 7. This means, 7 separates 7:(>\, and hence, separates
H since H C H,. Consequently, we can infer that all linear hyperplanes lying in a

collection ©; separates H.

The following is a standing assumption through this section.

Assumption 6.5.10. A # ().

This assumption means that ['; and ©; are nonempty. The former directly follows
from the definition (6.16) while the latter can be inferred from the nonemptiness of I'y
and the first two statements of Proposition 6.5.8. Note that the assumption does not
lead to any limitation. This is because the results presented in below will eventually be
utilized for the proof of Theorem 6.2.1 and the assumption is automatically satisfied

when co(S) # R™ as one can easily see from the statement of the theorem.
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The collections I'; and ©; having the properties described above constitute the
key objects to answer the questions invoked at the beginning of the section. Indeed,

the following two lemmas give the solutions of these questions in terms of I'; and ©,.

Lemma 6.5.11. All linear hyperplanes inducing each separation of H exactly make
up one of the collections ©;, i € 1 : n.. Therefore, there exists exactly n. different

separations of H.

The preceding lemma shows that there is a one to one correspondence between
the separations of H and the collections ©;, © € 1 : n.. In the rest of the section, we

denote the separation induced by the elements of ©; as (H;", H; ).

For i =1 : n., define

Gi = m Hy = ,HAZ- N ﬂxi, (6.18)

AEA;

which is the intersection of all elements of the collection I';.

Lemma 6.5.12. For each i € 1 : n., G; is an SCC and its convex components give

co(H).

The rest of this section is devoted to the proofs of these lemmas. Before, this
however, let us demonstrate them and the properties of the the collections I'; and ©;

on a simple example.

Example 6.5.13. Consider the pair of polynomials investigated in (6.14). For these
polynomials, A is the set of points lying in [0, 1] interval satisfying

4 0 0 -1 0 0
Tl (I=XA)]0 -1 0 [+A] 0 -1 0 =1
0 0 -1 0 0 4

Therefore, it can be seen that A is the union of the intervals Ay = [0,1/5] and Ay =

[4/5,1], and hence, n. = 2 which means H admits two different separations.
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Two elements of 'y, 7:{,\1 and 7:{A2, are depicted in Figure 6.5.a. As can be seen
from the figure, they are SCCs and contain H. It can also be seen that the linear
hyperplanes T; and Ty are members of ©1 since they do not intersect an element of
I'1, namely 7:(A1 (the latter also does not intersect 7:(>\2). Notice that both T, and 75
separate H in the same manner as (H{, Hy') while the convex components of 7:£,\1 and
7:0\2 contain the slices Hi but not Hy. Lastly, the intersection set G, constitutes an

SCC whose convex components gives co(Hy)E, which is depicted in Figure 6.6.a.

Arguments similar to the ones described above also hold true for 7:{>\3,7:{>\4 eIy
and Gy; and we have T3, Ty € ©o. However, this time they apply to the other separation,
(Hy,Hy ), as illustrated in Figure 6.5.b and Figure 6.6.b.

X3

20

Figure 6.6. a) Gi; b) G,
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Let us start with the proof of Lemma 6.5.11. To make the presentation clear, the

proof is divided into few steps and each step studied separately. Define

The first step is to show that © is made up all linear hyperplanes separating H.

Lemma 6.5.14. Consider a T € .. HNT =0 if and only if T € O.

Proof. If part is trivial and explained above. It remains to prove only if part. We can
parameterize 7 as r = Uw, where w € R", using an appropriate full column rank

matrix U € Rt* If HNT = (), the pair of constraints in w
G(Uw) =w'UTQ;Uw >0, i=1:2

is infeasible. Hence, using to Lemma 4.5.1, it can be inferred that there exists a

A € [0, 1] such that
UT((1=X)Q1 + AQ2)U 0.

This means, for this particular A, there does not exist an x € 7 such that q,(z) > 0,
and thus, 7 N H, = (. Due to Proposition 6.5.8, the last result implies H, € I; for an
1 € 1:n.. Consequently, 7 € ©. n

Next, it will be shown that the linear hyperplanes belonging to the same col-
lection, let us say ©;, separate H in the same manner. This is done in the following

lemma and its corollary.

Consider an i € 1 : n. such that T'; # () or, equivalently, ©; # (), which exists due
to Assumption 6.5.10 and the discussion following it. Because of Proposition 6.5.8, for
every Hy € I';, there exits a 7 € ©; such that 7 N Hy = (), which may be different

for different choices of the set H,. Surprisingly, the nontrivial and key result stated
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in the next lemma shows that ©; always contains a common hyperplane separating all

members of T';.

Lemma 6.5.15. There exists a K € ©; such that Hy N K = () for every H, € T;.

The proof of the the lemma is given in Appendix A.2. Some sets from I'; and I’y
for the polynomials investigated in the previous example are depicted in Figure 6.7.a
and Figure 6.7.b, respectively. As can be seen from the figure, the hyperplane z; = 0

separates all elements of I'y illustrated while x3 = 0 separates that of I's.

X3

20

a) b)
Figure 6.7. a) A common hyperplane separating elements of I';; b) a common

hyperplane separating elements of I'y

Corollary 6.5.16. For any i € 1:n,, if 71,75 € O, then (H)7, = (H) 1.

Proof. Let K be a linear hyperplane such that Hy N K = 0 for every H, € T;, which
exists due to Lemma 6.5.15. Since 7; € ©;, there exists a 7:&1 € I'; such that 7y ﬂ?%,\l =
(). Thus, we can see that both K and 7; separates 7:(>\1. Because 7:{,\1 is a SCC it admits

a unique separation, which implies that (Hy, )7, = (Ha, ). In other words,

7:[)\1 ﬂ’Tft = 7:f)\1 NnK*

In above, 7;% and K* are determined by choosing appropriate sides of 7; and K,

respectively. By taking the intersection of both sides of the last equation with H, we
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attain

HNHy NTE=HNH, NKE

Because H C H,,, we have H N TF = H N K*. Therefore, K and 7; separates H in
the same manner, i.e. (H)7, = (H)x. Similarly, it can be shown that (K)7, = (H)x.
As a result, we can infer that (H)7, = (H)z,. O

In order to complete the proof of Lemma 6.5.11, it remains to show that linear
hyperplanes belonging to the different collections separate H in different manner. Since

n. < 2, it will be enough to consider the case n, = 2.

Lemma 6.5.17. Ifn. =2, for any T, € ©1 and Ty € Oy, we have (H)7, # (H)1,.

The proof is given in the Appendix A.2.

Proof of Lemma 6.5.11. Note that in below we make use of the fact that all linear

hyperplanes separating H belong to ©, which is due to Lemma 6.5.14.

If n. =1, ® = ©1. Moreover, all elements of ©; separates H in the same manner
because of Corollary 6.5.16. Therefore, H admits only one separation and all linear

hyperplanes inducing it makes up © = ;.

Now, suppose that n. = 2. From Lemma 6.5.17, it can be inferred that elements
of ©; separates ‘H different than elements of @5. Moreover, from Corollary 6.5.16, we
know that all hyperplanes in ©; separates H in the same manner. The same applies
to ©,. Since any hyperplane separating H must belong to ©, it can be seen that H
admits two separations and all linear hyperplanes inducing one of them makes up 6,

while all hyperplanes inducing the other makes up ©5. Since n. < 2, we are done.
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Remark 6.5.18. Consider the halfspaces T+ corresponding to a hyperplane T € 6.
As one can anticipate, there is a ambiguity regarding such halfspaces that we did not
address till now since it was not important. It is not clear which side of T is T"
(or T~ ) as mentioned earlier. At this point, it is necessary to resolve this ambiguity
among the members of a collection ©; to make the following discussions precise. For
this purpose, the following convention will be employed. For every T € ©;, by TT,
we mean the halfspace containing H;. Similarly, T~ denotes the halfspace containing
H,; . By this way, we will obtain an agreement among the halfspaces associated with
the elements of ©;. Note that, however, although this problem is solved, there is also
a similar ambiguity regarding the slices of a separation. It is not clear H; (or H; )
represents which slice. But, in below, this will not be important for most of the time

and we will fix it when deemed necessary.

Next, we will prove Lemma 6.5.12.

Proof of Lemma 6.5.12. We start by showing that G; are SCCs. Consider a K € 6,
such that K NHy, = 0 for every H, € I';, which exists due to Lemma 6.5.15. In
particular, we have N 7:(& =KnN ﬂx- = (), and hence, from the definition (6.18),
it can be seen that KX N G; = (). Therefore, K separates G;, 7:@1_ and ﬂXi as (G, G.),

<7:l;:, 7‘2;1) and (7:(;, 7:£§>, respectively. Based on these facts it can be inferred that
Qf =G; N K* = (7:[&1 N ﬂx) N K=
=(Hy, NK*) N (Hy, NK*) = HE NH;E.

Since H,, and Hy, are SCCs, the slices Hf and H%_ are convex cones. Consequently,

7

from the preceding equation, Gi* are also convex cones, which, in turn, implies that G;

are SCCs.

Now, we will show that G = co(HF). Let T be an element of ©;. Recall that T
separates H as (H;",H; ) and there exits an 7:@ € I'; such that Tﬂﬂu = (). Moreover,
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we know that H C ’I%#. Therefore,
HE=HNT*CH,NTECT™

On the other hand, consider a K € ©; such that N H, = 0 for every H, € T;. Both

T and K separate 7:(,“ which admits a unique separation because it is an SCC. Thus,
H,NT*=H,nK*

By substituting this into the preceding equation, we come up with
HECH,NKECT* (6.19)

Since 7 was an arbitrary element of ©;, we have show that for every 7 € ©;, there
exists an 7:(# e I; (or a p € A;) such that (6.19) is satisfied. Employing this fact, it is

easy to see that

HEC (N H.NKEC () TF,
T€0;

HEA;

or equivalently,

HECGEC (T (6.20)
T€0;

The preceding equation gives us pretty much what we want. In order to finish the proof
of the lemma, we will show that the intersections appearing in (6.20) are co(H;"). This
means G;~ are the open convex sets contained in co(H; ) and containing H;". Hence,

they must be equal to co(H).

The fact that
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can be shown as follows. It is easy to see that a 7 € L separates H as (H;, H; ) (i.e.
7 € ©,) if and only if it is a supporting hyperplane of H;" and H; (see Definition 3.1.7
for the definition of supporting hyperplane). Therefore, the intersections appearing in
the preceding equation is, in fact, the intersections of all closed halfspaces supporting
these slices. Due to Proposition 3.1.8, the intersection of all closed halfspaces support-

ing a cone gives closure of its convex hull, which leads to desired equality. Il

6.6. Proof of the Main Theorem

Using the results introduced in the previous section, we can give the proof of the

theorem. In the proof, we employ the hyperplane
E:={re R 2, =0}
and the associated halfspaces
EF ={r e R"™| £2,,, >0} (6.21)
Moreover, we make use of the following two propositions.

Proposition 6.6.1. Q =0 if and only if ENH # 0.

Proof. Due to Proposition 6.5.14, we know that € N'H # () if and only if £ ¢ ©.
Moreover, from the definition (6.17), it can be seen that £ ¢ © if and only if there does
not exist an ﬂ,\ € U I'; such that ﬂA NE = (. From these facts, it can be deduced

=1
that

ENH#ADSENHL#D, VA EA. (6.22)



101

On the other hand, we can parameterize £ as

where w € R"™. Therefore, given an H A EN Ho # () if and only if there exists a w € R"™
such that

T
I I
a1 0w = w' N

= ’LUT[(l — )\)Al + )\Ag]w >0

or equivalently, (1 — A)A; + AA; is not negative semidefinite. Employing this fact in
(6.22), we can see that £ N'H # 0 if and only if

(1= A)A;+ Ay £0

for every X € [0, 1], or equivalently = (). O

Proposition 6.6.2. If there does not exist a halfspace containing S, then co(S) = R™.

Proof. Assume co(S) # R". Then, there is an ¢ co(S). Since the convex hull is
a convex set, it can be strictly separated from x by a hyperplane. This means there

exists a halfspace containing co(S), and thus, containing S.

Proof of Theorem 6.2.1. We start by proving that co(S) = R", if Q = ().
Consider a hyperplane

U:={reRa"v+b=0}
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and its homogenous counterpart

T:={[ 27 t]eR"a"z+bt =0}

Let’s define the associated halfspaces

U* = {z € R"| + (a’x +b) > 0}

and

T5:={[ 27 t]€R" £ (a"z+bt) > 0}.

Our strategy will be to show that there does not exist a halfspace containing S (see
Proposition 6.6.2) if Q = (). Assume the contrary, that is Q = () but for an appropriate

choice of a and b,

Scur. (6.23)

This means S NU = (), which implies H N7 = (). Therefore, T € O, for an i € 1 : n,.

Consequently,

Hf =HNT* (6.24)

On the other hand, because Q = 0, ENH # 0 due to Proposition 6.6.1. Thus,
ENHF # () because H is a symmetric cone. Therefore, there existsa [ yT 0 ] € H; and

since ‘H; is open, there exists a [ y” t | € H; such that ¢t > 0. Since [ y7 ¢ ] € H,

T

Qj >0, j=1:2
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and due to the fact that ¢t > 0

T

t t
y/ Qj y/ >0, j=1:2,
1

or equivalently y/t € S. Moreover, we know that [ 47 ¢ | € 7~ since it is an element of

H; (see (6.24)). In other words, —(a’y+bt) > 0. Since t > 0, we have —(aly/t+b) > 0.

)

This means y/t is also an element of &/~. Thus, y/t is an element of both & and U~.
This contradicts with (6.23), and hence, co(S) = R™.

Now, we will prove that if Q # (),

co(8) =[] 8y =8, NSy,

AEA;

S can be expressed as
T
S=<zxeR” eH

Since Q # (), EN'H = ), and hence, £ € ©; for an i € 1 : n.. From this it can be
inferred that I' # (). Hence, Assumption 6.5.10 is satisfied and the results developed
in the previous section can be employed safely in below. Notice that in (6.21), it is
precisely determined which side of £ is £T. This also resolve ambiguity associated with
the slices H;" pointed out in Remark 6.5.18. They satisfy H;" C £*. Based on this

fact, we can see
v +

since the last components of the vectors lying in H; are always negative. Hence, the
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convex hull can be expressed as

n T n+1 Y n+1
CO(S) = r€eR :Zgj ,Zej:].,
1 j=1 1 =1
6,20, | | enij=1:n+1
1
€T n+1
=<z eR" :Zngjj,szO,g]jEH;“,jzlzn—l—l
1 Jj=1
T
=z eR" € co(H;)
1
T
=qzeR" € g’
1

using Carathéodory’s theorem, Theorem 3.1.9. In addition, we can infer the following.
Since £ € O,, there exists a H, € T; such that ENH, = 0. Therefore, it is easy to see
that G N E = 0, and thus, g;i C £*. As a result it can be deduced that

co(S) =<z eR" ! €g
1

Based on this it is immediate to see that

CO(S) = ﬂ S)\ = SAi QSXZ_.
AEA;

as desired. O
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6.7. Summary

In this chapter we presented one of our main contributions. We concentrated to
the set S determined by two quadratic inequality constraints and showed that co(S)
is an LMI set. Moreover an algorithm that efficiently computes the LMI description of
co(S) is proposed. Using this description, it is possible to obtain the optimal value of
linear objective function over § exactly in practice. As demonstrated in this chapter
and Chapter 4 neither the S-procedure and the SDP relaxation nor their extensions
can produce the convex hull or give the optimal value of a linear objective function
over S exactly. Moreover, if one tries to use the moment relaxation, it can be seen that
for some problems obtaining an accurate result would be computationally demanding.
Therefore, our approach outperforms all these methods for the problem considered. As
a by product of our findings, we also obtained a necessary and sufficient condition for
determining when the SDP relaxation produces co(S) exactly. This leads to another
losslessness result for the SDP relaxation which, to the best of our knowledge, did not

appear in the literature previously.
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7. CONVEX HULL OF THE REGION DETERMINED BY
QUADRATIC CONSTRAINTS IN R?

Counsider the set

S:={zxeR"pi(x)>0,i=1:m,}, (7.1)

where p; : R — R are quadratic polynomials. In the previous chapter, constructively
it was showed that co(S) admits and LMI representation if m, = 2 and the inequalities
employed in the description of & were strict. In this chapter, we ask for which other
cases the LMI representation exists. As an attempt answering this question We will
show that m can always be expressed as the intersection of a finite number of LMI
sets (i.e. the feasible regions of LMI constraints) and some halfspaces supporting S
along a subset of its boundary. Unfortunately, it turns out that the halfspaces involved
are infinitely many in general and an LMI representation cannot be attained. However,
if one restricts himself to R?, the intersection of the halfspaces of concern becomes a
polyhedral set. Thus, in R?, m constitutes an LMI set. Unfortunately, since our

proof is not constructive, we do not give an algorithm producing the convex hull in

this case.
7.1. Notation and Preliminaries

For a real matrix A, A" denotes its Moore-Penrose pseudoinverse. A neighbor-

hood of z € R™ is an open ball centered at x. That is,

N, ={yeR" |y—=z| <r} forsomer>D0.

For a set YV C R™, V and int(V) denotes the closure and interior of V, respectively.
Moreover, the boundary of V is defined as 9V :=V \ int(V).
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Let ¥V C R"™ be nonempty and assume x € V. The intersection of all halfspaces
supporting V at x denoted as C(V,x) (see Definition 3.1.7 for the definition of a
supporting halfspace). If no supporting halfspace exists, then C(V, z) = R".

To avoid technical difficulties in the rest of the chapter, we put the expression
given in (7.1) into a more suitable form and make use of a number of assumptions. Note
that these assumptions by no means put any restriction on our results as described

below. They are used to simplify the presentation of the material.

If an inequality constraint and a negative multiple of it exist, they are replaced
with a single equality constraint. By an appropriate choice of indexing, this leads to

the following formulation

S={zeR"pi(x)>0,i=1:4 pj(x)=0,j=0+1:m}.

Assumption 7.1.1. For j = { + 1 : m, the matriz P; associated with the constraint

pi(x) = 0 satisfies v(P;) > w(P;).

Note that this assumption clearly does not lead to any limitations. If it is not
satisfied, one can simply multiply the both sides of the equality constraint by a negative

number.

Assumption 7.1.2. For:=1:m, P; is indefinite.

In order to see that this assumption is not restrictive, first suppose P; > 0. In this
case, p; cannot appear in an equality constraint because the assumption v(P;) > m(F;)
cannot be satisfied for a nonzero polynomial. On the other hand, if it is used in an
inequality constraint, the constraint is satisfied for every x € R"™. Therefore, it can
be removed from the description. Next, suppose P, < 0. As can be anticipated from
the spectral decomposition of P;, for both equality and inequality constraints, the
feasible set turns out to be a linear subspace of R™. Therefore, without altering S, the

constraint associated with p; can be replaced by a number of equality constraints, for
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which the corresponding matrix has to be indefinite.
Lastly, given a quadratic polynomial p, we make use of the sets
Q, :={x € R"|p(x) > 0} and Z, := {z € R"|p(x) = 0}.

It is clear that Z, = 09, as long as P (the matrix associated with p) is not positive

semidefinite. We also use the compact notation
9, = {x € R"|p(x) & 0},

where >€ {>,=}. That is, if the constraint appearing in the above given definition is

an equality constraint, then Qp = Z, while for an inequality constraint Qp = Q,.

7.2. Main Result - Characterization of co(S)

Define the set

7:= <U(zpi N zpj)) NnS. (7.2)

i#]

The main result of this chapter is the following theorem, which shows that co(S) can

be described in terms of a combination of LMIs and supporting halfspaces

Theorem 7.2.1. The set T is a subset of OS. Furthermore, co(S) can be expressed

as the intersection of a finite number of LMIs and the set

(N cse) ifT£0

€T

R™ if T = 0.

The following is an immediate corollary of the theorem above.
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Corollary 7.2.2. If S € R?, then, co(S) is an LMI set in R

Proof. In R?, the following statements hold true. The set Z is simply composed of
a finite number of intersection points. Moreover, the intersection of all halfspaces

supporting a set at a common boundary point is a polyhedral set. Therefore,

(N C(S,2)

zel

is an LMI set. O

7.2.1. Outline of the Proof of Theorem 7.2.1

We base the proof of Theorem 7.2.1 on the characterization of the convex hull

given in Proposition 3.1.8 which states that

co(S) = () C(S, ). (7.3)

€IS

It is easy to see that the boundary points of S belong to the zero sets Z,,, 7 =1 : m.
Using this fact, one can separate these points into two disjoint groups, namely, those
lying at the intersections of more than one zero set, which are exactly the elements of 7
defined in (7.2), and those which are elements of only one zero set, namely S\Z. Notice
that 0§ is smooth along the latter while points where the boundary is not smooth lie
in the former. To prove the theorem, we show that the halfspaces supporting S along
OS \ Z can be replaced by a finite number of LMI sets which are, except for a few
special cases, directly induced by p;s themselves. This leads to a mixed description
of m in terms of LMIs and the intersection of possibly infinitely many halfspaces

supporting S along 7.
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7.3. An LMI Description for Supporting Halfspaces

In this section, our goal is to develop the basic results which will be employed
to show that halfspaces supporting S along 0 \ Z can be replaced by LMIs in the
description of the convex hull given in (7.3). Towards this end, we concentrate on a
single quadratic constraint determined by a polynomial p and the corresponding feasible
region Qp, where p satisfies Assumptions 7.1.1 and 7.1.2. We begin by introducing some
propositions related with the LMI representation of Q,,.

Proposition 7.3.1. If 7(P) = 1, Q, is either an LMI set, or the union of two LMI
sets, Q; and Q, which have disjoint interiors and which are symmetric with respect

to a point x. € R".

The proof of the proposition is given in Appendix B.1. For 7(P) = 1, an explicit
formulation of LMI regions of 9, in terms of the matrix P can be found in the proof.
Examples of Q, under this condition are convex regions bounded by an ellipsoid, a
paraboloid and a hyperboloid. The first two are LMI sets while the last one is the
union of two LMI sets each of which bounded by a sheet of the hyperboloid.

Proposition 7.3.2. If 7(P) = 1 and Q, is composed of two LMI components, no

halfspace containing Q, ewists.

As an example for Proposition 7.3.2, consider the region bounded by a hyper-
boloid mentioned previously. There does not exist a halfspace containing this region

even though there are hyperplanes separating its two LMI components.

Now, we are ready to focus on the main result. Consider a set ¥ C R", which

has a nonempty interior. Let’s define

U:=vnaq,
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and assume

B:=int(V)N 2, # 0. (7.4)

It is clear that B C OU. A conceptual picture illustrating these definitions in R? is

given in Figure 7.1 for an inequality constraint (i.e., Qp =Q,).

Figure 7.1. Illustration of V, Q,, U and B

In the rest of the section, we show that halfspaces supporting & along B can be

replaced by an LMI set.

Lemma 7.3.3. If there exists a hyperplane, T, supporting U at a point y € B, then
m(P)=1 and T Nint(Q,) = 0.

The main idea behind Lemma 7.3.3 for an inequality constraint can be interpreted
as follows. (A similar reasoning applies to an equality constraint.) If a hyperplane 7°
supports U at a point y € B, clearly, 7 Nint(U) = (). This also implies that & must
possess a certain convexity property around a neighborhood of y. Roughly speaking,
Lemma 7.3.3 (in conjunction with Proposition 7.3.1) states that these properties also

hold true globally for 7 and Q,,.

As an example, consider Figure 7.2.a. As can be seen from the figure, there
exists a supporting halfspace at a point y € B, and hence, due to Lemma 7.3.3 and
Proposition 7.3.1, Q, is composed of LMI sets and 7 does not intersect its interior

(for this example, Q, has only one LMI component). The lemma guarantees that a
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a) b)
Figure 7.2. Examples for Lemma 7.3.3

situation like in Figure 7.2.b (i.e., 7 supports U but intersects the interior of Q)

cannot occur even in R™ .

Lemma 7.3.4. If there exists a hyperplane supporting U at a point y € B, there exists
an LMI set L, such thatU C L, and any hyperplane supporting U at a point of B also
supports L,.

Except for some technical details, Lemma 7.3.4 is a simple consequence of previous
results. We describe this briefly for an inequality constraint. If there exists a supporting
halfspace along B, Q, is either an LMI set or a union of two LMI sets. If the former
holds true, Q, itself can be chosen as £, and we are done (see Figure B.1.a given in
appendix). A similar reasoning applies when 9, is composed of two components and
U is a subset of one of them as can be seen from Figure B.2. It remains to consider
the case in which @, is composed of two components but U/ is not a subset of one of
them as in Figure B.3.a. However, for this situation, there does not exist a hyperplane
supporting U along B if we disregard some technical details. In order to see this, assume
there exists such an hyperplane, 7. Then, 7 cannot intersect int(Q,). Moreover, due
to Proposition 7.3.2, a halfspace cannot contain Q,. Hence, 7 has to separate QF
and Q7, which are convex sets having nonempty disjoint interiors. This leads to a

contradiction.

As can be seen from the sketch given above, £, is usually determined by the
polynomial p itself. However, there are some exceptions as described in the proof. For

these and a rigorous treatment including equality constraint, refer to Appendix B.2.
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The following corollary of Lemma 7.3.4 is the main result of this section which

will be utilized to obtain the characterization of co(S).

Corollary 7.3.5. If the exists a hyperplane supporting U at a point of B, then there
exists an LMI set L, such that

UCL,C()CS, ). (7.5)

Remark 7.3.6. As one can see from the definition of B (7.4), the formulation given in
(7.5) does not include the halfspaces supporting U at points of Z, N dS. These points

are marked with small circlers in Figure 7.1.

7.4. Proof of Theorem 7.2.1

We are ready to prove the main theorem employing the results developed in the

previous section. Let’s define

pi(x) >0,i=1:0i#k;
z € R"” ifm>1
S, = (7.6)
R" if m=1,

which is obtained by removing the constraint corresponding to polynomial p, from
the description of S. In order to prove the theorem, for each k € {1 : m}, we apply
Corollary 7.3.5 to p; and S,, regarding them p and U respectively. By this way, we
can replace all supporting halfspaces used in description of T(S) successively by LMI
sets except the ones supporting S along the intersection set Z, and we are done. Note
that we can not get rid of all supporting halfspaces because points lying in Z,, N JS,,
are not handled by Corollary 7.3.5 as stated in Remark 7.3.6. In the sequel, we give

the formal proof of the theorem.
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Proof of Theorem 7.2.1. We first construct a characterization of 0S. Because S is
closed, S C S. Moreover, as one can easily verify, an element of S is its boundary
point if and only if it is also an element of Z,, for some ¢ = 1 : m. Using these facts,
we can express 0S as the union of the two disjoint set
I ={x € S|z € Z,, for at least two different values of i}
and
J = {z € S|z € Z,, for exactly one i}.

It is clear that the former is equivalent to the definition given in (7.2).

Define

It can be inferred that

Without loss of generality, if there exists some nonempty elements in the collection
{B,,}, we can assume they are the first elements in the collection by an appropriate

change of indexing. Hence, one can write

where r is the number of nonempty sets in {8,,}. Putting all together, the boundary

of § can be expressed as
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We proceed by the characterization of the closure of the convex hull of S. By
substituting (7.7) into (7.3), one obtains

co(S) = (ﬂ C(S,:v))ﬂ N ) S]] (7.8)

z€l i=1 \z€By,

If all the sets in the collection {B,,} are empty, we are done. Alternatively, assume

there are nonempty elements in {B,,}. By definition,
S§=85,N8Q,, i=1:r

Therefore, for each S,, and Q,,, i € 1 : r, we can apply Corollary 7.3.5 and deduce
that either there exists an LMI set £,, such that

SCL, < () Ci ),

x€Bp,

or there does not exist any hyperplane supporting S along B,,. Using this result with

(7.8), we come up with

Sc (ﬂ C(S,x)) N (ﬂﬁ) C co(S),

zel

which leads to the desired result since the intersection set in the middle is a closed
convex set that contains & and contained in F(S) (recall that F(S) is the smallest
closed convex set containing S). Note that, in above, we applied a change of indexing
to ensure that the indices for which there exists a hyperplane supporting S along B;

are the first s ones. O

7.5. Example

In what follows, we illustrate our results on an example in R?.
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Counsider the set of constraints

The corresponding feasible region, S, is depicted in Figure 7.3.a. We know that co(S) is
the intersection of its supporting halfspaces. It is possible to separate these halfspaces
into two groups — those supporting S at the points in S\ Z and those supporting it at
the points in Z (points of Z are indicated by thick dots in the figure). Corollary 7.3.5
states that the former can always be replaced by LMIs. These LMIs can be identified

as follows.

Figure 7.3. a) The region determined by quadratic inequalities; b) its convex hull

The halfspaces supporting S along Z,, and Z,, can be replaced by Q,, and Q,,.
Because these sets are determined by convex quadratic constraints, they admit the

LMI representations
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which can be derived from (B.3) and (B.6) respectively. On the other hand, there does

not exist any halfspace supporting S along the points of 9S \ Z lying on Z,, or Z,,.

Now it remains to consider the halfspaces supporting S at points of Z. As shown
in the proof of Corollary 7.2.2, using only finitely many of them is enough. In this

example, we have only two

L1, 1033222 — 20 +3.6438 > 0; Ly, : 25 +4.385 > 0

which are depicted in Figure 7.3.b. As a result, the following LMI representation is

obtained

CO(S) = ‘Cpl N £p2 N ‘Ch N ,C[Q.

Notice that, Corollary 7.2.2 only shows that the convex hull is an LMI set and it
is not constructive. The main difficulty in obtaining an LMI representation arises in
finding the halfspaces supporting S at the points of Z. In the example given above, we

could compute the convex hull by inspection.

7.6. Summary

In this chapter, we asked when the convex hull of S defined in (7.1) admits an
LMI representation. Towards answering this question, we showed that m can be
expressed as the intersection of a finite number of LMI sets and possibly infinitely many
halfspaces supporting S along Z. In R?, the intersection of the supporting halfspaces
turns out to be a polyhedral set. Therefore, an LMI representation always exists for
this case. Unfortunately, since the proof is not constructive, we could not give an

algorithm producing the LMI description of co(S) unlike the results developed in the

previous chapter.
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8. CONCLUSIONS

Several practical and theoretical questions in systems and control literature can
be formulated as PSPs. Therefore, studying their solutions constitutes an important
subject in control theory, which also motivated us to concentrate to this topic. A good
feature of PSPs is the fact that they are decidable, and hence, there exists algorithms
for their solution. On the other hand, they are also known to be NP-hard. This means
it is very unlikely to find an algorithm that can solve any PSP exactly and efficiently.
Therefore, there are two possible approaches that can be followed to deal with such
problems in practice. One is to develop algorithms that give cheaply computable
approximations; the other is to determine subproblems that can be solved efficiently
due to their structure and obtain the algorithm achieving this. In this thesis, we
followed the second approach. Our main goal was to convert some special nonconvex
polynomial optimization problems into LMIs in order to solve them efficiently. In this

regard, we made two contributions.

In the first one, we showed that the convex hull of a region determined by two
quadratic inequality constraints is an LMI set and developed the algorithm produc-
ing the LMI description. By this way, it would be possible to compute the optimal
value of a linear function over such a region exactly and efficiently. When the related
methods in the literature in investigated, it can be seen that none of them can achieve
this. They lead to inexact results and/or they are computationally inefficient. This
is demonstrated in Chapter 6 in detail. Moreover, we also developed a new lossless-
ness result for the SDP relaxation and the S-procedure which was not available in the

literature.

In Chapter 7, we concentrated to a more general problem and investigated the
sets determined by a finite number of quadratic inequality constraints. We tried to
understand if the convex hull of such sets admit an LMI representation. Unfortunately,
this turned out to be far from the truth. However, during this effort, it is shown that

if we restrict ourselves to R?, the LMI description always exists. But the proof is not
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constructive and an algorithm computing the LMI representation of the convex hull

could not be developed.

As a future work, one may try to develop an algorithm for constructing the convex
hull of the region determined by quadratic polynomials in R? for which a nonconstruc-
tive proof is attained as just described above. It seems for this purpose it is necessary
to employ SOS multipliers instead of just real numbers. Moreover, using SOS multipli-
ers, it would also be possible to identify some other problems in a higher dimensional

space for which convex hull can be constructed.
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APPENDIX A: PROOFS OF CHAPTER 6

A.1. Proof of Lemma 6.2.2

Consider the LMI system which is obtained by replacing all inequalities appearing
in (4.12) with nonstrict ones. We denote the corresponding feasible set as N and its

projection as Py. Employing Proposition 4.4.7, Py can be characterized as
Py ={z € R"| q\(z) >0, Y\ € Q}.

It is easy to see that, for A\ € €2, a polynomial lying in the pencil q, can be expressed
as a positive linear combination of the polynomials q, and qg. Therefore, one can see

that
Py ={z € R" qx(z) >0, for A =w, and X\ = &}.

On the other hand, using elementary arguments it can be shown that int(P,r) can be
described by replacing the nonstrict inequalities appearing in the preceding description
with strict ones (in general, this does not always hold true for arbitrary polynomials).

Thus,

int(Py) =8, NS =) S

AEw

Based on this fact, it is enough to show that Pr = int(Pyr) in order to prove our claim.

To this end, consider the set V which we define as the feasible region of the LMI
constraint which is attained by replacing the nonstrict matrix inequality given in (4.12)
by a strict one. Let’s denote projection of this set as Py. First, we show that Py, = Px.
Consider a point x € Pg, which exists because V # (). Since, Px is the projection set,

there exists a matrix Y such that (4.12) is satisfied for the pair (x,Y"). Notice that for



121

a small enough positive number «, if we replace Y with Y =Y +al, (4.12) still holds
true. However, unlike the pair (z,Y), for (z,Y)

Y oz
= 0.
LS|

X

Therefore, every point of Py is also a point of Py,. The inclusion in the other direction

is trivial. Consequently, we obtain the desired result.

In order to complete the proof, we show that Py, is interior of Pys. Because S # 0,
V is not empty, which implies V = int(N\). Since projection is a linear mapping and
the sets of interest are convex, it can be deduced that Py = int(Py) ([17], Theorem
6.6).

A.2. Proofs of Lemma 6.1.2, Lemma 6.5.15 and Lemma 6.5.17

Before getting into the proofs, we need to give some definitions and derive some

basic results.

Suppose that @) is a real symmetric matrix, that is, Q) € $".

Definition A.2.1. Q is said to be real congruent to a T € S™ if there exists a nonsin-

gular square matriz U € R™" such that T = UTQU.

It is a well known fact that the inertia of @ (i.e. its numbers of positive, negative
and zero eigenvalues) is preserved under real congruence. Moreover, ) can always be
put into a diagonal form such that each diagonal element is either +1, 0 or —1 and

their numbers give the inertia of Q.

Consider a real symmetric matrix pencil Q.

Definition A.2.2. Q) s said to be real congruent to a real symmetric matriz pencil
T, if there exists a nonsingular square matriz U € R™ " such that Ty = UTQ\U for

every A € C.
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There are two important properties of a matrix pencil that are preserved under
congruence. Suppose that Q) and T, are real congruent. First, due to the facts
mentioned above, the inertia of Q, is the same as the inertia of T for every A € R.
Second, since the multiplication with a nonsingular matrix does not change the rank,
the GEVs of the pencil Q) and T, are the same (see definition of GEV given in
Section 6.1). Apart from these facts, the symmetric pencil Q, can always be brought
into a diagonal from by real congruence. However, unlike symmetric matrices, this
form, which is given in the next theorem, is more complicated and composed of matrix

blocks instead of scalars.

Define the matrices

-O 0 1- _0 1 0-
10 0 O
E, = , Gy = ,
0 1 1 0
_1 0 O_ _O 0 O_
-0 0 Z-
Z 0
Hom = | S I
0 Z
_Z 0 - - 0

where the order of each matrix is indicated in their subscripts, m > 1 and Z :=
diag(1,—1) (i.e. diagonal matrix of order two having diagonal entries +1 and —1).

Keep in mind that F£; =1, G; = 0.
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In addition, define the blocks

Ri)\ = Th(()\ — /Bz)Em + Gri), 1 =1": nr
Sav:=1A1 0 0, 0 +Gogq1 |, 1 =1:ng

E2Ci—2 0 .
Ci)\ = ()\ + O_i)E2ci —I—wiHQCi -+ , 1= 1: nc.
0 0y

Theorem A.2.3 ([38], Theorem 9.2). Every real symmetric matriz pencil Qy is real

congruent to the following block diagonal form
ng nRr ns no
Dy=0.9 <@ Fm) ® (@ RiA) ® (@ Sz‘)\) ® <@ Cz’)\> ) (A1)
i=1 i=1 i=1 i=1

where 81, ,Sng, f1,° s faps 1, ,Tng, C1,° " Cny GTE POSitive integers; z, ng, np,
ngr and nc are nonnegative integers; y < --- < (B, are real numbers; o; + jw;,
i =1 :ng are non-real complex numbers with w; > 0; 6; € {+1,—1}, i = 1 : np and
n; € {+1,—1}, i = 1 : ng are signs. Note that if any of z, ng, ng, ng or nc is zero,
then the corresponding block does not exist and should be omitted in decomposition of

D,.

Remark A.2.4. In above, B;, i = 1 : ng and o; + jw;, © = 1 : ne represent the real
and complex GEVs of the pencil Dy, equivalently that of Qy, respectively. Consider
a real GEV (3,. Suppose that k is the minimum index such that B, = B¢ while k +m
is the maximum index such that By, = B¢. This means there are exactly m + 1 real
blocks having GEV equal to 3;. The number m + 1 gives the geometric multiplicity of
this GEV. Hence, a GEV appears in the sequence (3;, © = 1 : ng as many times as
its geometric multiplicity. On the other hand, the algebraic multiplicity of G, is kij ;.

Recall that a real GEV in [0, 1] interval appears in the sequence oy, i =1 : ng described

in Section 6.1 as many times as its algebraic multiplicity. Therefore, this sequence and
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the part of B;, 1 =1 : ng lying in [0, 1] are the same except their multiplicities.

Note that S;y, Fiy, R;y, and C;, are called the blocks corresponding to singular
part of the pencil, GEVs at infinity, real GEVs and complex GEVs, respectively. In
order to prove the lemmas, we need to obtain (D)), and hence, the number of positive
eigenvalues of each type of block as a function of the parameter A. The following

proposition will be useful in this regard.

Proposition A.2.5. Consider the matrix

0 A B
M= AT ¢ 0o |, (A.2)
B 0 O

where A € R™*P, B € §™, C' € SP and B is nonsingular. M is real congruent to

2Ba (—2B)a C (A.3)
Therefore, m(M) = m + 7(C).
Proof. For
o I I
U= -1 0 0 )
B™' I —I

we have UTMU = 2B @ (—2B) @ C, which shows M is congruent to (A.3). Due to

congruence,

(M) T(2B® (—2B) & C)
=7m(B) + n(—B) + 7(C)
=7m(B)+v(B)+7(C)

=m+7(C).
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Using this proposition, we can obtain the number of positive eigenvalues of each

type of block.

Lemma A.2.6. The following hold true:

% fi is even,

[0 £, s odd

iii) w(Fi) =

;

% +m(ni(A = 3;)) ri is odd,

r; is even and n; = +1,

|3

i) T(Riy) =

S22 (A=)
+r(=(A = 4))

r; is even and n; = —1,

\

Proof. All blocks of the diagonal form (A.1), can be partitioned as in (A.2). To show

this, for each case, we give the matrices A, B and C. Then, we use Proposition A.2.5

to prove the lemma.

i) Suppose that A\ # 0. We have

A=10---01", B=ME,+G,, C=0

and clearly B is not singular for any A # 0. Thus, 7(Sy,) = s, + 7(C) = s;. If A =0,

then the singular block becomes G, +1. Using Proposition A.2.5, it can be easily shown

that 7(Gas,+1) = s;, hence, we are done.
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ii) Define the matrices

Wi A+ g; 0 1
X = , Y =
In below, we use
0 0 Y X
0
B=10
Y
X 0 0

of appropriate dimension which is nonsingular for any A since w; # 0. If ¢; is odd, the

complex block can be partitioned as
A=[0---0Y]", OC=X

with B being a symmetric matrix of order ¢; — 1, which has the form defined above.
Moreover, it can be easily shown that C is always indefinite since w; # 0, and hence,
7(C) =1 for every A € R. Thus, 7(C;y) = m. If ¢; is even, we again have 7(C;)) = ¢;

as a result of the partitioning

0O -~ 0 0 Y X
C
0O -~ 0Y X 0

with the matrix B of order ¢; — 2 and the fact that 7(C) = 2.
iii) If f; is odd,
A=0[0--01)", B=0(Es-np+Cinp), C=0.

Clearly, B is not singular for any A € R. Therefore, n(F;\) = (f; — 1)/2 + 7(d) =
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(fi+0)/2.

On the other hand, if f; is even, we have

0O --- 00 Al
A=0; » B=0i(Ei22 + AG(fi9)2), C =0
0 --- 0 )\ 1 0

It is immediate to verify that C' is always indefinite and hence 7(C) = 1 for every

A € R. Therefore, 7(Fi\) = (fi —2)/2 +7(C) = fi/2.
iv) Suppose that r; is odd. If A # f3;, this block can be partitioned as

A=n[0---0X=5 1", C=n(A-Bi)
B =ni((A = B) Ei-1)2 + Girim1)2)-

Because A # 3;, B is not singular. Thus, 7(R;y) = ”2_1 +7m(ni(A— B;)). If A= 3, the

block becomes G,, and 7(G,,) = “>t. Consequently, we can see that the number of

positive eigenvalues of this block is “=* + m(n;(A — 3;)) for any X € R.

Now, suppose r; is even. If X\ # 3;, we have the partitioning

A:TIZ } C:nz ‘ )
0 --- 01 A= G 0

B =ni((A = Bi)Eri—2)2 + Grim2)2)-

Therefore, m(R;)) = % +1 =73 for A # ;. If A = §3;, then the block becomes 7;G.,.,.

Hence, the number of positive eigenvalues is “2 + 7 (;) for A = ;. Combining these
two results, it can be seen that the number of positive eigenvalues can be expressed as

Zifg, =+1and “2 4+ 1A= 3;) +7(—(A = 5)) if g; = —1. O

Based on the preceding lemma and Theorem A.2.3, it can be seen that 7(D))
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can be expressed as
TLR B
7(Dy) =c+ > m(mA - 5), (A4)
i=1

where c is a nonnegative integer constant, 7;, i = 1 : np are signs and 3;, i = 1 : ny are
GEVs. GEVs and signs are indexed such that i < j if 3; < 3; or 3; = 8; and 7j; = —1
and 7; = +1.

Remark A.2.7. For the sake of notational simplicity, we insert 3; =0, ; = —1 and
Bj = 1, ; = +1 into the sequence of numbers and signs for appropriate i and j that does
not violate the indexing described above. Notice that this does not change our problem
since it does not affect m(Dy) in [0, 1] interval (indeed 71(—(A —0)) = w(A—1) =0 for
every A € [0, 1]).

Remark A.2.8. The new signs 7;, i = 1 : ng and the sequence B;, i = 1 : ng are
the same as m;, i = 1 : ng and B;, i = 1 : ng except two differences (in addition to
inserting 3; = 0 and Bj = 1 as mentioned above) which occur for real blocks of even
sizes (see (1v) of Lemma A.2.6). Suppose that 3; is GEV corresponding to this type of
block. First, if n; = —1, then 3; has two copies, 3; = Bj+1 = (i, in the new sequence
and we have 7; = —1, Nj41 = +1. Second, if n; = +1, then 3; does not appear in the

new sequemnce.

Define the function

3
=

g(N) =) m(7:(A = B)).

i=1

The following propositions are the last tools we need to prove lemmas.

Proposition A.2.9. Consider the set

A= {AeR|g(N) =0}

If A° is not empty,
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i) i =—1 fori=1:k while; =+1 fori=k+1:ng,
ZZ) A = [ﬂk‘aﬁk—i—l] = [07 1];

where k € 1 :ng.

Proof. 1) Assume the contrary. Then, there exist 7, j € 1 : np such that i < j, 7; = +1,
n; = —1. Due to the indexing described just after (A.4), 5; < ;. Moreover,

g(N) = (A = B) +7(=(A = 3)).

Therefore, g(A\) > 1 for every A. This implies that A° = (), which is a contradiction.

Hence, we are done.

ii) Due to the first part,

k ngi
Zﬂ' (A—5)) Z (A — B).
=1 i=k+1

Therefore, the set of points satisfying g(\) = 0 is the interval [Bg, Br11].

Proposition A.2.10. Consider the set
A i={X € [0,1]]g(\) = 1}. (A.5)
Assume that g(\) > 1 for every X € [0,1] and A' is not empty. Then, either
e =—1fori=1:k, i#{ whilen;=+1 fori=k+1:ng, i#/,
o i =+1,00 < B or e =—1,5; > By,

o A= [Blmgk-&-l]

or
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e iy =—1fori=1:k, fpy1 =+1, Moo =—1 and n; =+1 fori=k+3: ng,
o A = [k, Brs1] U [Brr2, Brss] and Brir < Bre

where k, 0 €1 : ng.

Proof. Define the sets

A= e 0,1 70— 3) =1, 7(mA - A) = 0,i £}, j=1:ng.  (AG)
Clearly, these sets are pairwise disjoint and their union is A!.

Consider a A}. From (A.6), it can be seen that this set is the collection of points

that lie in [0, 1] interval and satisfy linear inequalities

e\ = Be) >0, (A.7a)
nA—03:) <0,i#¢,i=1:ng. (A.7b)

Suppose A; # 0 and p € Aj. The above given inequalities are satisfied for A = p.
Hence, from (A.7b), it can be inferred that 7; = —1 if 3; < y and i # ¢ while 7; = +1 if
B; > p and i # (. Taking into account the indexing described after (A.4), this implies
that

=l i=1:k AL
! 7 (A.8)
Bi=41,i=k+1:ng i#L

for a k € 1: np. Moreover, from (A.7b), it can be seen that either 3, < y and 7, = +1
or 3y >y and 7, = —1. Therefore, f; = +1if £ €1 : k while gy = —1if ¢ € k+ 1 : np.
Suppose that 3; = . Due to (A.8), M;(B; — ;) < 0 for every i € 1 : ny This implies
g(B;) = 0. On the other hand, since 7, = +1, from Remark A.2.7, it can be inferred
that 3, > 0. Moreover, because 3 < p, 3 < 1. Hence, 5, € [0,1] and g(3;) = 0,
which contradicts with the fact that g(A) > 1 for every A € [0,1]. As a result, it can
be inferred that 3y # ;. Similarly, it can be shown that 8, # Br1. Therefore, either
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By < By or By > Bry1. Using this fact together with (A.7) and (A.8), it can be seen
that A} = [By, Brs1]. Moreover, Remark A.2.7 implies [3y, Bry1] C [0,1]. To sum, if a

A} is not empty, we showed that

e (A.8) holds true fora k € 1: np,
o o =+1,8; < B or p = =1, B > B,
b A% = [Bk73k+1]-

Since A' is not empty, there exists a nonempty set among A}, j = 1 : ng. Without
loss of generality, assume that ¢ € 1: nj is the largest number such that A} # 0. If A}

is the only nonempty set, the results derived in above prove the proposition.

Now suppose that there exists a nonempty set A}, other than A}. Clearly, m < ¢

and from the preceding discussion, we know that

Me=+1, 00 < B or i=—1, 5> Bri, (A.9a)
= +1, By < B O Gy = =1, B > Braa, (A.9b)
fi=—li=1:k il fGi=4l,i=k+1:npi#?, (A.9¢)
nj=-1j=1:t,j#m, n,=+1,j=t+1:np,j#m. (A.9d)

First, we will show that 7,, = +1. In order to see this, assume the contrary (i.e.
Tm = —1). Then, from (A.9b), m >t + 1. Moreover, we know that ¢ > m. Therefore,
from (A.9d), it can be inferred that 7, = +1. Due to (A.9a), this implies ¢ < k.
Consequently, ¢t + 1 < m < ¢ < k. However, if this is true (A.9¢c), implies 7 = —1

while (A.9d) implies 7 = +1, which is a contradiction. Therefore, 7, = +1.
Since 7, = +1 and ¢ > m, (A.9¢) implies £ > m > k+ 1, which also implies 7, =
—1 due to (A.9a). Using 77, = —1 in (A.9d), it can be seen that ¢ < t. Consequently,

k+1<m < ¢ <t Employing this fact, we can infer the following.

Since k + 1 # ¢, (A.9c) implies Mx1 = +1. If £+ 1 # m, (A.9d) together with
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the fact that & + 1 < ¢ implies that 7z = —1, which is a contradiction. Hence,
k + 1 = m. Similarly, because t # m, from (A.9d) it can be inferred that 7, = —1. If
¢ # t, we must have 77, = +1 since k+1 < t and due to (A.9¢), which is a contradiction.
Therefore, ¢ = t. To sum up, we showed that k+1=m < ¢ =t and 7,1 = +1 while
7 = —1. Now suppose that there exists an index v such that k +1=m <u < { =1.
Then, from (A.9¢) we must have 7, = +1 while due to (A.9d) we have 7, = —1,
which is a contradiction. Thus, £ = m + 1. This means if there exists a nonempty set
Al other than A}, it must be Al = A} |, and hence, no other nonempty set exists
in Ajl», J =1:ng. Moreover, we must have m = k + 1, t = ¢ = k + 2, and hence,

A% = [Bk75k+1]a while A71n = [BkJrlkaJrZ]'

Proof of Lemma 6.1.2. Since Q) is real congruent to D), A is the set of points sat-
isfying 7(D,) = 1 in [0, 1] interval. Therefore, in below, we find the solution set of
this constraint under the condition that A # () and Assumption 7.1.2 (i.e. D, is not

negative semidefinite for any A € [0, 1]).

In (A.4), either ¢ = 0 or ¢ = 1. Otherwise, we would have 7(D,) > 1 for every
A € [0,1], and hence, A = (). Suppose that ¢ = 0. In this case, from (A.4) and the
definition (A.5) it can be inferred that A = A'. Therefore, due to Proposition A.2.10,
either A = [B, Brr1] or A = [Br, Brr1] U [Brsz, Beys] With Byt < Brio for a k € 1: np.
Moreover, since ¢ = 0 and due to Lemma A.2.6, either s; =1 or s; = 2 and n; = —1
for any R, appearing in D,. For the former, 3; has one copy in the sequence f3;,
i = 1 : ni while for the latter it has two copies and the multiplicity of f; is also two
since s; = 2. Therefore, we can infer that the sequence «;, © = 1 : ng is the same as the
part of the sequence 3;, i = 1 : np lying in [0, 1] interval. Hence, either A = [, apy1]
or A = [ay, api1] U [ausa, aprs] with oy < apyo for an appropriate index ¢, where

Qpyi = Pryi, 0 =0:3.

Alternatively, suppose that ¢ = 1. In this case, (A.4) implies that A = A°,
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and hence, due to Proposition A.2.9, A = [Bk, Bx+1]. As long as there is no GEV in
(Be, Brs1), we have A = [ay, ayyq] for an appropriate index ¢. There may exist a GEV
in (B, Bry1) if there is a real block Ry, with even s; and 7; = —1. If this is the case,
s; = 2 because ¢ = 1, and hence, the GEV (; has double multiplicity. Therefore, if
this happens, we have A = [ay, apy1] U [apgs, apys], where ap = By, apys = Bri1 and

Qpr1 = Qpyro = (; is the GEV having double multiplicity. O

Proof of Lemma 6.5.15. From Lemma A.2.6, it can be seen that the number of positive
eigenvalues only changes for real blocks and the change takes place at points of the
sequence Bj, j € 1:ng. On the other hand, as described in proof of Lemma 6.1.2, the
end points of an interval A; are always two consecutive numbers from this sequence.
Therefore, we can seen see that for all A € A; only one of the blocks making up D, has
a single positive eigenvalue while the others have to be negative semidefinite. Let us
show this block as Ly. Using Lemma A.2.6, it can be inferred that Ly would be only

one of following;:

S;\ with s; =1,
Fz’)\ with either fz =2 or fz = 1, 52 =+1or fz = 3, 52 = —]_,

CM with C;, = 1,

R;) with either r; =1orr,=2o0orr;,=3o0rr;, =4, 9, = —1.

Otherwise, we would have ¢ > 2 for every A € [0, 1], which means A = (). Denote the
size of Ly as d and define U := [0 I;_], where 0 € R"V*!_ For each possible form of
L, enlisted above, one can easily show that UTL U =< 0 for every X € A,. For example,

if L)\ is SD\, then

01 A 0 0
1 00 and U= |1 0

A 00 01

Ly
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or if it is F;, with f; = 2, then

Al
L)\ = (5, and U =
10 1

The other cases follows similarly.

Now consider the matrix V := [,, ® U @ I,,,, where [, and I,, are identity
matrices of appropriate dimensions such that U7 and U multiply Ly from left and
right in VTD,V. Suppose W is the matrix satisfying Dy = WTQ,W for every A € C.
Then, it can be seen that V?WTQ\WV = VD,V =< 0 for every A € A;. This means

the hyperplane
K:={zeR"z=WVz z€R"}

does not intersect H, for every A € A;. O

Proposition A.2.11. Consider two linear hyperplanes K1 and Ko separating H and
points x € Ky and y € Ky lying on them. If both the line segment between x and v,
and the line segment between x and —y intersects H, then (H)x, # (H)x,.

Proof. Assume (H)x, = (H)x,. Let us define H* := H N K;. Then, by choosing the
appropriate side of K as KJ, we also have H* = H N lC;t. Hence, the closed polyhedral

cones
KNy and Ky N KT (A.10)

do not have a common point with H. On the other hand, it is easy to see that either
both = and y or both x and —y elements of one of the sets given in (A.10). Since
these sets are convex and does not intersect H, either line segment between = and y or

between x and —y does not intersect H. Il
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Proof of Lemma 6.5.17. From Corollary 6.5.16, we know that all hyperplanes lying in
O, separates H in the same manner. The same holds true for ©,. This implies if
(H)i, = (H)x, for a K1 € ©1 and Ky € Oy, then (H)7, = (H) 7, for every 7; € ©; and
Ty € O,. Therefore, in order to prove the claim of the lemma, it is enough show that

there exist a K; € ©; and Ky € ©4 such that (H)x, # (H)i,-

As discussed in proof of Lemma 6.1.2, since A is composed of two intervals, A = Al
and ¢ = 0. Therefore, from Lemma A.2.6 and (A.4), it can be seen that for any real
block Ry appearing in D either r; = 1 or 7; = 2 and 7; = —1. Recall that for the
latter, the corresponding GEV have two copies 3; = ;11 = B; in the new sequence and
there are two signs 7; = —1, #;41 = +1. On the other hand, Proposition A.2.10 shows

that we must have
mi=—-li=1:kky1 =+ ke = -1 = +1,i =k + 3 :ng.

Consequently, it can be seen that D) can be expressed as

k—1 ng
Di=@P-\-B)eMnoMue P A-5)o0a (-1), (A.11a)

i=1 i=k+4

where M, is either

0 A= Bt A= B 0

and M, is either

—(A = Bry2) 0 o _ 1 A — Bryo | (A110)

0 A = Bris A — Brso 0

Therefore, D, take four different forms. Note that in (A.11la), —I comes from the
blocks F;, each of which has to be —1 since ¢ = 0 which implies f; = 1. Moreover, in

this equation we changed ordering of blocks appearing in (A.1) to simplify the notation.
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Clearly, this does not effect our results.

Let U, and U, be the matrices obtained by removing the &£+ 2nd and k + 1st rows
of the identity matrix I,,,, respectively. Define Ky and Iy as the range spaces of the
matrices WU; and WU,, respectively. Employing (A.11), one can easily show that,
UIWTQ\WU, = U'D\U, < 0 for any A € Ay = [Bg, Bry1] while UIWTQ\WU, =
UIDy\Uy =< 0 for any A € Ay = [Bri2, Brrs]. Therefore, it can be seen that K € 6,
while ICy € O (in fact they are the common hyperplanes separating all element of T'y
and I'y). In order to prove the lemma we will do the following. For each possible form
of D, mentioned above, we give points x € Ky, y € K. Moreover, we pick points u,
v that lie on the line segments connecting x, y and x, —y, respectively, and show that

ar(u) > 0, qa(v) > 0 for every A € R. In particular, this implies

Qo(u) = @1 (u) >0, Qi(u) = G2(u) >0,

Qo(v) =q(v) >0, a@i(v)=g(v) >0.

Therefore, u,v € H, and hence, using Proposition A.2.11 it can be inferred that Iy and
Koy separate ‘H in different manner. Note that in below, e; represents the ith standard

basis vector (i.e. the ith element of e; is one while the others are zero).

If My, and Ms, are both diagonal matrices appearing in (A.11), choose = =
Wegi1, y = Wegyo, u = (x 4+ y)/2 and v := (z — y)/2. It is easy to show that these

points satisfy the properties mentioned above. Moreover,

an(u) =uTQuu = (By — 1)/4 >0, VAER
a(v) =0T Qv = (B2 — B1)/4 > 0,V) € R.

Hence, we are done.

Suppose M;, is diagonal while M) is not. Choose x = Wegy1, y = W(eepio +
ert3), u:= (1 —0)x + 0y and v := (1 — )z — Oy with 6 € (0,1). These points satisfy



137

the required properties. Moreover, let 6 € (0,1) and e satisfy

(1—6)*—2e6? =0,

_ _ (A.12)
2¢(Brr2 — Brt1) — e > 0.

Such 0 and e always exists. Indeed, for e = (1 — 6)?/(26%), 6 € (0,1) the equality is
satisfied and e can be made arbitrarily small by choosing 6 close enough to 1. On the
other hand, for a small enough e, the inequality is also satisfied since Bjo — Bpr1 > 0

and the linear term dominates the quadratic term. Now, it is immediate to verify that

ar(u) = qx(v) = [(1 = 0)® = 2e0* ]\ — (1 — 0)*Brp1 + 2€0%Bryn — €26°.

Therefore, using (A.12), it can be inferred that

ar(u) = aa(v) = —(1 - 9)25k+1 + 26925k+2 — 20*

= 82(26(6k+2 — Bk+1) — €2> > 0, A € R.

Thus, we are done. The case for which My, is diagonal but M, is not can be proven

similarly and left to the reader.

Lastly, suppose that both M, and My, are not diagonal. Choose, x = W (eey +
ert1), Yy = Wieepyo — €ry3), u:= (z +y)/2 and v := (z — y)/2. Then,

ax(u) = aa(v) = —26° + 26(Biy1 — Brta)-

Since fri1 — Bri2 < 0, there exists an e that make the preceding equality strictly

positive, and hence, for this € we obtain the desired result. Il
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A.3. Proof of Proposition 6.5.8

Proof. | 1)=>ii)] Consider a hyperplane 7 that does not intersect P. We can parame-
terize T as ¢ = Uw, where w € R" and U € R"D*" ig a full column rank matrix.
T NP =0 implies w!UT PUw < 0 for every w € R™, which means UTPU € R™ " is

negative semidefinite. Due to Poincare Separation theorem, [40],

m(P) — 1 < n(U'PU).

This implies 7(P) < 1. On the other hand, since P is not empty P cannot be negative

semidefinite. Hence, 7(P) = 1 as desired.

[ ii)=-iii)] Because P is symmetric and 7(P) = 1, there exists a nonsingular linear

transformation z = Dz for which the matrix D satisfies

where v is the number of negative eigenvalues of P. If v > 1, then P can be expressed

as

P={zecR"|Z -2z >0}

in the transformed space, where Z = [ 2, ... 2, ]. This set is clearly union of two

disjoint convex cones

PE={zc R - 272> 0,42 > 0}

which are symmetric reflection of each other with respect to the origin. This means P
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is a SCC. On the other hand, if v = 0, then P is union of the sets

PE={zc R"™| + 2 > 0}.

Hence, P is, again, a SCC. Since, the result is not effected with a nonsingular linear

transformation, we are done.

[ iii)=-1)] If P is a SCC, then it is the union of two disjoint convex cones, P*.
Moreover, since P is defined by strict inequalities, these cones are also open. Therefore,
there exists a linear hyperplane 7 which separates P and P~ strictly. Hence, PN7T =
0. O
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APPENDIX B: PROOFS OF CHAPTER 7

B.1. Proofs of Propositions 7.3.1 and 7.3.2

Proof of Proposition 7.3.1. By partitioning the matrix P, we can express the inequality

constraint as

T

p(z) = >0

Let’s apply the linear transformation x =  — A*bh. The constraint in the new space

can now be written as

— 8
8l
RERINN
(@] (el

where b:= (I — AA*)b, ¢ :=c — bT A*b.

We proceed by investigating a number of scenarios. First, assume b € Im(A). In

that case, b = 0 and (B.1) simplifies to

c+z" Az > 0. (B.2)

If ¢ > 0, A has to be negative semidefinite because 7(P) = 1. Therefore, A can be
decomposed as A = —V V7T, where V is the matrix of eigenvectors corresponding to the
negative eigenvalues of A. Consequently, using the Schur complement formula given in

Proposition 3.2.1, it can be seen that (B.2) holds trues if and only if

I VTiz I VI(x + ATDh)
) VARG (x+ ATV c—bTATD

This shows Q, is an LMI set, and we are done.
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Now, assume ¢ < 0. This implies m(A) = 1. Therefore, A can be expressed as
A =wu” — VVT, where u is the eigenvector corresponding to the positive eigenvalue
and V is the matrix of eigenvectors corresponding to the negative eigenvalues of A.

Using this decomposition in (B.1), we obtain
p(7) =7 uwu'z —2TVVTE —d* >0 (B.4)

where —d? := ¢. Employing Schur complement formula, it can be seen that the set of

points satisfying (B.4) are the solutions of one of the two constraints

+ulzl

( R VA ) +ul'z
V(2 + ATD)

d =0 (B.5)
(@+am)Tv a) (o + A%

+ul(z + ATD)T

and we denote their feasible sets as Q; and Q; . Clearly, Q;t are LMI sets and it can
be easily verified that they are symmetric reflection of each other with respect to the

point z. := —A™D, which completes the proof for the case considered.

Lastly, assume b ¢ Im(A). This implies b # 0, and ATb = 0. As a result, it can
be verified that the vectors

(¢/2 £ \/c2/4+bTb)b

o
are eigenvectors of P, the corresponding eigenvalues of which are

bT'b

e

It is clear that one of these eigenvalues has to be negative while the other is positive.
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Therefore, P cannot have another positive eigenvalue because m(P) = 1 and inertia
is preserved under congruence. Based on this fact, it can be shown that A < 0. In
order to see this, assume A has a positive eigenvalue a with the associated eigenvector
u. Because u € Im(A), the condition b"u = 0 must hold true. This leads to the fact
that the vector [u” 0]T must be another eigenvector of P with the associated positive

eigenvalue «, which is a contradiction.

Now, because A is negative semidefinite, we can rewrite (B.1) as

c+20" —2TVVTE >0

using the decomposition A = —VV7. This leads to the representation

I VT I VT (z + Ath)
B = B = 0. (B.6)
'V e+ 2"z (x + ATD)TV ¢+ 20" (x + ATD)
Hence, Q, is an LMI set. ]

Proof of Proposition 7.3.2. We will use the linear transformation introduced in the
proof of Proposition 7.3.1. Since Q, is composed of two LMI components, we have
¢ <0, m(A) =1, and hence, (B.1) becomes

T

x A0 z
0

Ol
—_

as described before. Consider an arbitrary halfspace defined by the inequality

T
z 0 «a/2 z

¢z) ="'z + 8= / > 0.
1 aT/2 1

Now, assume this halfspace contains Q,. This means ¢(z) > 0 for every z satisfying

p(z) > 0. Because ¢(z) can be made strictly positive, Lemma 4.5.1 can be applied and
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one can infer that there exists a A > 0 such that

0 «/2 A0
= 0.
0

C

However, because m(A) = 1, the above given inequality cannot be satisfied for any

A > 0, which is a contradiction. Hence, there does not exist a halfspace containing

Q,. 0

B.2. Proof of Lemma 7.3.3
Proof of Lemma 7.3.3. Consider parametrization of the hyperplane 7 given by
r=Uw+y,

where w € R*! and U € R™ (=1 has full-column rank. By substituting this parame-

trization into polynomial p, one obtains

T
w - [ w
p(Uw+y) = p 7 (B.7)
1 1
where
T
. U y A b
P = P and P =
0 0 T ¢

Because y € B, it satisfies p(y) = 0 and P € $" simplifies to

- UT AU UT(Ay + b
P (Ay+0) | (B.3)
(Ay +b)'U 0

We will show that & := UT(Ay + b) = 0. To this end, assume £ # 0. This means
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& #0forani € 1:n— 1. Let’s substitute the vector w := ae; into (B.7), where ¢;

denotes the ith standard basis vector. We obtain

plaUe; +y) = aia’ + 26,

where a; = (UTAU )ii- This expression can be made both positive and negative for
values of a having arbitrarily small absolute value. This means that the hyperplane 7
does not stay on the same side of the surface Z, within the set S. Hence, it cannot
be a supporting hyperplane of U, which is a contradiction. As a result, we must have
UT(Ay+b) = 0. (From a geometric point of view, this conditions means the hyperplane

7 is either tangent to the surface Z, or the tangent of Z, at y is not well defined.)

For later use, we note that employing the Poincaré separation theorem [40] and

the fact that U” (Ay + b) = 0, one can obtain the inertia inequalities

m(P) > n(P) = n(UTAU) > n(P) — 1 (B.9a)

v(P) > v(P) = v(UTAU) > v(P) — 1. (B.9Db)

Now consider inequality and equality constraints separately and begin with in-
equality constraints first. Consider a neighborhood of the origin Ny € R"™! such that
Uw + y € int(S) for every w € Ny. Note that such a neighborhood exists because
y € int(S). Since 7 is a supporting hyperplane, p(Uw + y) < 0 for all w € Nj.
Otherwise, 7 (int(U) would be non-empty and 7 would not be a supporting hyper-
plane. Since UT(Ay + b) = 0, we infer p(Uw + y) = w'UT AUw. Hence, we obtain
wlUTAUw < 0 for every w € Ny. This can be satisfied if and only if UTAU < 0,
which means p(Uw + y) < 0 for every w € R""!. Therefore, 7 Nint(Q,) = 0. Since
UTAU < 0, we conclude that 7(P) < 1 by (B.9a). Due to Assumption 7.1.2, 7(P) = 1.

Now consider the equality constraint. There exists a neighborhood Ny C R*™!
such that the polynomial p(Uw + y) is sign-definite over Ny. Otherwise, there would
be points of B, which is a subset of I/, on both sides of 7', and hence, it would not
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be a supporting hyperplane. Consequently, U7 AU must be sign-definite. In order to
show that it is in fact negative semi-definite, note the following. Assumptions 7.1.1
and 7.1.2 imply v(P) > w(P) > 1. Together with sign-definiteness of U7 AU and
(B.9), this implies that 7(P) = 1. Moreover, UTAU =< 0 if v(P) > 1. Hence, it only
remains to show negative semi-definiteness when 7(P) = v(P) = 1. For this case, if
UTAU = 0, we can multiply both sides of the corresponding constraint by a negative
number without loss of generality. This is because p appears in an equality constraint
and Assumption 7.1.1 is not violated. Hence it can be ensured that UTAU =< 0.
Consequently, 7 Nint(Q,) = 0. O

B.3. Proof of Lemma 7.3.4

Before proving Lemma 7.3.4, we need the following proposition.

Proposition B.3.1. Consider two distinct hyperplanes

Ti={reR" ofjz+3 =0} i=12

Assume m(P) =1 and Q, is union of two LMI sets, Q; and Q;. If the conditions

afz+3>0, VeeQf, i=1,2 (B.10a)
aofz+3<0, VeeQ,, i=1.2 (B.10b)

are satisfied, then
Qr={re€Q)| ofz+p>0 i=12} (B.11)

Proof. Suppose that (B.11) does not hold true. Then, there exists a point y € Q. \ QF
which is an element of the set appearing on the left-hand side of (B.11). Hence, taking
into account (B.10b), one can infer that o] y+/3; = 0,4 = 1,2. This implies y ¢ int(Q,).
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Otherwise, at least one of (B.10a) and (B.10b) is violated. Hence, one can see that
y € Z,. Without loss of generality, assume that the coordinate system is translated
so that p(z) = ¢ + 27 Azx > 0 as in the proof of Proposition 7.3.1. The normal of the
surface Z, at y can be found as Ay. When Ay # 0, the normal is well-defined and
7, and 7, have to be tangents of Z, at y. This is because they become supporting
hyperplane of QF or Q" at y. However, the tangent is unique, which is a contradiction.

Hence, we must have Ay = 0.

Because y is in the null space of A, it has to be orthogonal to eigenvectors of
A. This means u’y = 0, where u is defined as in (B.4). Hence, from (B.4) and (B.5),
y € Q; N Q,. This contradicts the fact that y € Q; \ Q;Dﬂ which completes the

proof. O]

Proof of Lemma 7.5.4. Because there exists a hyperplane supporting ¢ at y, Lemma 7.3.3
implies that 7(P) = 1. Due to Proposition 7.3.1, this means Q,, is either an LMI set or
a union of two LMI sets having disjoint interiors. If the former holds true, we simply

choose L, as Q,,, which ensures U C Qp C9,=7L,.

Now, consider an arbitrary hyperplane supporting U at a point of B. Using
Lemma 7.3.3 again, we can infer that it does not intersect int(Q,). Because Q, is
a convex set having a nonempty interior, this leads to the fact that the hyperplane

supports L, (See Figure B.1).

(a) (b)

Figure B.1. Example for Lemma 7.3.4 with 7(P) = 1 and Q, has a single component.

(a) Inequality constraint, (b) equality constraint
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Assume @, is the union of two LMI sets Q; and Q; . If U is a subset of only
one of these components, the one containing ¢/ can be chosen as £,. The preceding
argument can be directly utilized to show that hyperplanes supporting U along B also
supports L,. (See Figure B.2.)

Figure B.2. Example for an inequality constraint in Lemma 7.3.4, for which 7(P) =1

and U is a subset of a convex component of Q,

In the rest of the proof, we validate our claim when Q, is composed of two
components under the condition i € Qf andU ¢ Q. First, we show that if v(P) > 1
or we have an inequality constraint, there exists at most one hyperplane supporting U

at points of B. To this end, assume there are two such distinct hyperplanes given by

Ti={reR" ofz+p3=0}, i=12 (B.12)

We know from Lemma 7.3.3 that they cannot intersect the nonempty disjoint sets
int(Q}) and int(Q,) (nonemptiness of these sets is due to Assumption 7.1.2). More-
over, due to Proposition 7.3.2, the halfspaces induced by 77 and 7, cannot contain
Q,. Consequently, one can infer that these hyperplanes separate Q; and Q. There-
fore, multiplying the equations used in the definition (B.12) by a negative number if

necessary, one can always guarantee

ojr+5>0, YeeQl, i=1,2

(B.13)
ojr+ 3 <0, YoeQ,, i=12

Based on this fact, in what follows, we show that elements of &/ must lie on the set
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defined by the constraint

(Oé{l' + ﬂ1)(0&§$ + ﬁz) = 0. (B.14)

In order to see this, assume the contrary. Then, there exists a point y € U for which

aly+ B8 #0,i=1,2. Let’s investigate different possibilities.

o If aly+3,>0,i=1,2, we have

alr+3>0 Veeld, i=1,2 (B.15)

Otherwise, there would exist points of & on both sides of one of its supporting
hyperplanes, which is a contradiction. However, due to Proposition B.3.1, (B.15)
implies U C Q;, which clearly contradicts our hypothesis that U ¢ Q;r . Hence,
the condition oy + 3; > 0, i = 1,2 cannot be satisfied. Similarly, it can also be
shown that these linear functions cannot be made strictly negative by y.

e If aly+ (1 > 0and aly + B2 < 0, then y cannot be an element of Q, due to
(B.13), which means it is not also an element . Therefore, these inequalities
cannot be satisfied. Similarly, y cannot satisfy afy + 8; < 0 and oly + 35 > 0.

As a result, we have shown that (B.14) must be satisfied for every element of U.

Now, consider a point = € B. If v(P) > 1, Z, exhibits a nonplanar characteristics
around z (i.e., it does not lie on a hyperplane) as opposed to the set defined by (B.14).
Therefore, this condition cannot be satisfied. If i/ is defined by an inequality constraint,
its interior is nonempty. Hence, U cannot be a subset of the set induced by (B.14).
Consequently, we have shown that when v(P) > 1 or we have an inequality constraint,
there do not exist two distinct supporting halfspaces 7; and 75, which means there
exists at most one hyperplane supporting U along B. This also shows that there exists

one such halfspace because U does not lie on a hyperplane.

Lastly, let’s consider the case in which 7(P) = v(P) = 1 and U is defined by an

equality constraint. For this case, the constraint defining Z, takes the form given in
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(B.14). Hence, Z, becomes the union of two hyperplanes. Because B is smooth, any
hyperplane supporting ¢ at a point of B has to be tangent to Z,. This means there
exists at most two distinct supporting hyperplanes (hyperplanes of Z, themselves).

This also implies that there exists at most two supporting halfspaces.

When U ¢ Q;; and U ¢ Q,, we have shown that there exists finitely many
halfspaces (at most two) supporting U along B. We choose the intersection of these
halfspaces as £, when they exist. Conceptual pictures of this case are given in Fig-

ure B.3.

(©)
Figure B.3. An illustration of Lemma 7.3.4 for 7(P) = 1 and two components under
the condition U € QF, U ¢ Q,: (a) for an inequality constraint, 2 does not have a
supporting halfspace at a point of B, (b) for an inequality constraint, it has a single

supporting halfspace; (c) for an equality constraint, it has two supporting halfspaces

For the example depicted in Figure B.3.a, there does not exist any supporting
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halfspace. In Figure B.3.b, an example with one supporting halfspace is given. The

last figure shows a case with two supporting halfspaces.
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