Fncolo

ROBERT COLLEGE GRADUATE SCHOOL

PAGE

' BEBEK, ISTANBUL
FOR REFERENCE
v 40T <= 6E“-A'KEN FROM 7;,HJS ROOM S

CURVED FINITE ELEMENTS FOR CYLINDRiCALLY

AND  AXT-SYMMETRICALLY CURVED

‘ s

By

SELCUK ATALIK

'ROBERT COLLEGE,BEBEK,1969

Bogazici University Library

JURATNIIAND =
9001 0593

3900110054

SHELLS



THESIS

ROBERT COLLEGE GRADUATE SCHOOL
BEBEK,; ISTANBUL PAGE

SYNOFSIS
Assuming displacement functions and using energy
" method of derivation, ‘ '

‘1-a 20x20 stiffness matrix of a curved,rectangular,
finite element of a cylindrical shell,without rigid body
displacement modes. ‘ '

2-a 24x24 stiffness matrix of a curved,rectangular,
finite element of a cyvlindrical shell with displacement

functions modified to include rigid body modes,and a

[

lovpe continuity term added as a deflection parameter.

» Z~a 24x24 stiffness matrix of a curved,rectangular,
finite element of a cylindrigal snell with disvplacemen?
functions modified to incliude rigid body modes and
rotation about the axis rverrvendicular to tne element
surface,

N

4-a 15x15 stiffness matrix of 2 doublyv curved,
ele

triangular finite ment of a sypnerical snell without

rigid body modes, ‘
are developed.

All four elements possass tne actual curvatures
of the shells that they are Taxen

Thni

ol

r
shell assumvtions are used in all *the deri-
tr

vations of the element stifress matrices:
Static eqguilibrium fTest is conducted on elements
3 and 4.41s0 using elements 3 and 4.an examrle rroblem

is solved.
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INTRODUCTION

In the finite element analysis,the structure is divided

into finite number of two or three dimensional elements connecte
‘at nodal points.Finite element method-of analys*s is normally
carried out by the stiffness method of analysis, descrlptlon of
which is abundantly available in the literature(l)y kZ) The only
part of the analysis considered herein is the formulation of |
the elemeht stiffness ma%trices,which define the benavior of the§
element itself.

There are different arroaches to obtain the element stiff-
ness matrix.Energy method of derivation makés use of displacemﬁr
functions and minimum potential energy rrincipal.In the statics
methed of derivation element stiffness matrices are constiructed
by obtaining corner forces due to each disrlacement mode.EnergV:
method will be used herein. '

The types of elements taken into a"CObﬂt here are cylindri

cally and axisymmetrically curved finite elements.

In the 1iter’ture several different tyres of elements
are constructed ana compareu for a cylindrical shell.R.H.Gallsa
(3),in tnis th.D. thesis,constructed a 24324 stiffness matrix,
wnere the disgplacement functions did not include rigia voay
modes.Bogner,Fox and Scamit(4),used Hermite interpolation formu

to get the 48x48 stiffness matrix of a cylindrical shell elemen

in their yrayer.Their stiffness ma rix is vary sensitive,
witn rigid body modes. J.J.Conncr and C.Brebbia's(3) rectan-

sular shell element is derived:following shallow shell theory.
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They did not take into consideration the rigid body modds also.
G.Cantin and R.W.Clough (6) in their paper use the same method
of construction for their cylindrical shell,24x24 element
stiffness matrlx as done herein.They inciude rigid body displa-
cement modes in their displacement functlons which are differen:
from those used herein. , ' -

As for the doubly curved,triangﬁlar,revolﬁtionary shell
element the only known stiffness matrix is the one cohstructed
by $.Utku (7j;but he followed shallow shell theory.

The first stiffness matrix derived herein for a rectan-
gular finite element of a cylindrical shell is for an elesment
with five deflection rarameters at each corner (u,v m.ex 8.,),
vielding a total of twenty degrees of freedom for thne elemént.
The element is assumed to have infinite stiffness for the
twisting moments.The membrane displacement functions do not
satisfy compatability and equilibrium at the edges but within
the element there is eguilibrium.The stresses vary linearly
witnh the distance along the axis they are perpendicular and
shear is constant along both directicns of axes. The displace-
ment functions do not account for all the rigid body disvlace-
ment modes of the element. ‘

The second cylindrical shell rectangular finite elemen?
has six deflection varemetsrs at each node,with a total of
24 degrees of freedom for tne elemen® 4s a deflection
varamater a term which accounts for slope continuity is added
Tne displacement functions are tne same &as those or tne first
element,out they are modified to include the rigid boav ais-

d
rlacement modes of the element.
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The third element stiff ness matrix derived for a

}..J

cylindrical shell finite element has also 24 degrees
of freedom,6 at each node.Rotation about the axis
verpendicular to the element surface is added as the
6th deflection parameter.Thé displacement functions
assumed are different from those used in the "above
mentioned two élements.Thé displacement functions

used. are modified to include rigid body displacements.*

The triangular finite element of a sphericalshell
has five deflection:. parameters at each node,rotation
about the vertical axis.® ,18 neglected assumlng element
1nf1n1telv stiff apalnst twlstln, moments,in the plane
of the element.Tne element has a total of 15 degrees of
freedom.The membrane displacement functions do not have
equilibrium and éompatability at the edges,but there is
equilibrium within the element.In the bending displacement
function the higher order twisting terms are combined.
the disvlacement functions do not contaih all the rigid
body displacements.,

For all four elements the member axes are chosen
such that they coincide with the principal radii of
curvatures.

In appendix II two computer programs are rpresented.
Program‘STiFF calculates the element stiffness matrix
in numerical form,given the dimensions and the radius -
of the element.Program SHELL can solve problems up to
%36 unknowns which is a ratner coarse mesh idealization
when shell vroblems are sclved. The transformation matrices
between nodal coordinates and polynomial'coefficients
along.wifh stiffness matrices in terms of polynomial co-
efficients for the cylindrical shell elements are &also

given in appendix IT.
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CHAPTER 1

ENERGY METHOD OF DERIVATION OF STIFFNESS MATRICES

Using assumed finite element deformation ratterns
the stiffness matrix of an element of any shape,fofm or
material proyerties can be constructed by a standart
analysis procedure called the energy method.The energy
method is carried out as follows:
) +
1-The internal disyplacements u,v,w should be exyreésed

in terms of displacement functions F.

1

U :
v Y=

W

The amplitutes of the displacement functions are
reyresented by the generalized coordinates,{ég,which
should be equal tc the number of degrees of freedom of

the element.

- 2- The nodal displacement components,id‘ . in
terms of generalized coordinates,%é&, are obtained by
mere substitution of the nodal coordinates into dis-

vlacement function matrix[ F] .

W C aw

>

3-For further use, the generalized coordinates,
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{é} ,in terms of nodal disry acements.{d], are cbtained

1
by a simrle inversion Trocess.

%ﬁ}ﬁfﬁjgﬁg - (1.2a)"

For simplicity let,

[B]=[A-q ' | (1.20)

Substituting (1.2b) into (1.

‘{a}:[s] {s} . (1.2¢)

4~ The element stralns,g.,can be related to dis-

nNo

ol
St
-

placements by a matrix of differential operators.

o (u
| PECE o
_§E§=[Q],w o o (1.3)

Matrix [Q]fcontains tne differential orerators.

]

When bending is also present,curvature terms should also

be included in the{E@.The contents of:[Q] is both strain

and curvature relations for a shell element.
Substituting (1.1) into (1.3),

{&}- [hz 1[r1{e} | | IS

Performing the apropriate differentiation processes,

[CRTATCRN
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Substituting (1.2¢) into (1.%b) vields,

GEERIERIC | (1.5¢)

. _
5- After obtazining strain-displacement rela-
ra

tions,tne siress-strauin equuations ¢zn e Ccona-

tructed.

{3-12] {€}

[ D] is a matrix containing elastic constants

N

1.4)

related to the specific elastic prorerties of the
finite element material,which can be isotrovric,
orthotropic,elasto-plastic- etc.Substituting (1.%c)

in (l1.4),the element siresses vecome,

(0] 18 e

f- The stirain energy given strains and

b

stresses 1s,
=‘\_Z‘S(Ex(\.)(feﬂg\skeig < xg\{‘x\sf an’cx}\' iz\bd\l (1‘5)
v .
Or in a more comyact form,the strain energy is,

U=%S %ég%d%ay : | “Qd5af
Sty .

Substituting in (1.Sa)p(l.4).strain energy becomes,

oL\ @ [l aew

‘Z.
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Another form of strain energy can be obtained by
substituting in (1.5b), the strain displacement’

relation (l.3%c).

U=-‘Z-S{d} T[=s]" [Go 1" o]l 18 Ha} av 2.50)

-

v

The matrices d and 'B contain constants so

they can be left out of integration.If we define,

H =\l G |7 DIIG av ' 1.5d)
[ﬂolg[ UO]TI:J)][JO] ¥ ( f)d)
v L
Fgquation (1.5¢) becomes:
U= {a}m[ B]T[J][PJ{} (1.5¢)
. O l
Castigliano's Theorem states that:
17
=D, (1.8)
94, *
i
Where p; are the external forces and di are

the actual displacements ai ivne noint of application

of o, - in the direction of ©p..Also the relation

between the element forces and corner displacements

are given by,

Substituting (1.6a) into (1.6) gives:
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= K. . . ) o ’ (lcéb)

Following the same steps from equation(l.6)
Qn,using equation (1.5e), the stiffness matrix of
an element can be obtained.Therefore

Lx]-]" [H;J[b] . L (1.7)

[.KJ is the nodal point stiffness matrix.
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CHAITER 2

DERIVATION OF THE STIFFNESS MATRIX OF A 20x20,

CURVED, CYLINDRICAL SHELL FINITE ELEMENT.
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The displacement furictions chosen are:

N o 2 2 ‘ ‘ . B .
u= arfazAtaBS?fa4(/LX + 8% )+ 2a5XS (2.1la)
v= 2a,XS ‘-a‘('X2ﬁﬂ_82§+ a, + a. X+ a.S (é.lb)
- 4 5% 6 [ - R ‘

_ - | 2t el . &2 3
W.= ag-*aloxgtalls-*a12xv+ a13x3+ al4s-+ alSX x

20 o2w T o3 3 3
-al6X S+ al7S X+ alas % a19X S+ aQOS X (2.1e)

To simgplify the inversion process corner dis-
placement parameters are chosen in the following
order:

T |
{;} :4:ul,uz,us,u4,vl,v2,v3,v4,wl,w2,w3,w4,

9x1*9x2'9x3’9x4'931*952'955*954](z‘ga)
Where,
LWV ,
and,
w , . s
exi—_ _B-}E ‘ . : ((._020)

Using 2.1la,b,c and 2.2a,b,c ,the transfiocr-
mation mattrix,[g] , between nodaludisplacements,{is.

and rolynomial coefficients.{u‘},can be found.

%é&[A]%&E » | (2.éd>

Matrix A is given exrlicitly in aypendix I,part 1,
tatle 1.
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The strain-displacement matrix,taken from
Novozhilov (8),can be expressed as:

Ex dhx o o v

, v
Ty o Ifas Me w
Exs s 2x o

(2.3)

_Jky
T
~

SQS o e | &l}f

Wy o ~ Mwx  Ihs

A I R 1

The matrixv[DJ of elastic constants,relating
element stresses and strains,

[o]-[o] e | | | e

is now:
D, D,
‘ O
P b
2 {
. (2.48.)
| D5 - _
. >, Y,
O
D ®
5 6
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Where,
2
D1= E/(l~/u2) | D4= B t2/(12(1—/41“))
Doz D : |
2= MYy Dg= MD, ’
Dy = (1-M)Dy/2  Dg= 2(1- D, (2.4D)

D6 is modified in order %to be consistent
with strain-displacement relations.
Using the above given relations one can

easily obtain,

o Led oD | BN

After integratiﬁg over the volume the stiff-
ness matrix in terms of -polynomial coefficients,
EH;]is derived;EHO]_is listed in appendix I,part 1,

table 2. :
To obtain tne stiffness matrix K ,program

STIFF is used,in whnich the oyperation,

[T [#200 ] e

is done.
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*
CHAYTER 3.
DERIVATION OF THE STIFFNESS MATRIX OF A 24x24,
CURVED, CYLINDRICAL SHELL FINITZ BELZMENT  WITH
DISTLACEMSNT FUNCTIONS MODIFIED TO INCLUDE RIGID
BODY DIS:ILACEMENTS. SLOYE CONTINUTITY TERM IS USED
48 A DEFLECTION PARAMBTER.
€
2|
12 4+ wist| -

18 _wrist
\F

4

el
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s

The displacement functions assumed are:

~~
NN
-
[

~

’/J
)
WJ

u= -a (/LX-rS Jt2a XS+ Q?X-f

2

o 2 &2 i oa o '
V= aZ(X tUST) + 2a1h8+a61+-A7a+ ag (3.2)

P v3:2 3 5
W= agk,s X alox 57y allX S+ aldh +
2o
+ ale ST+ al4

XS24+ a

X25%4 a. _X°S 4 a. X7
15 16% t

XQ‘* alJXS-taZOXr a2183+

Faq 18

YasoSTy AnsSt dy, (5.%)

RIGID BODY DISPLACEMENT MODES1

One can easily verify the following relatidn : 4
between therigid body translation of components
8 S 4?/ in the x',¥',2',system and the assumed

of

dwsp acement field (6). Fig.2.

;“

— - . _ S
u{x,s) | 0 o S{/
{ vix,s){_ o COSA  —Sind -4 3‘5’ (%.4)
: ’
wi{x,s) 0 Sina  COse Sa
L J L | 1 L7

A similar relation exists between the small
amplitute rigid body rotation components e£39y5924
in x'.v'.z' system and the chosen displacement
function This relation is: e e e e+

1_ Peqatjonq (3.4) and (3.5) are QPTlVDd in apprendix I. narf,?.
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[~ 7 r b’ r— -
u(x,s) 0 r(cosa-cos@) ~vsind | |g |
'S
< - o ' L < Y =
(x,8)(_ | -r(1-cosacosQ) - xsinn xcos, | 48/p(5.5)
wix,s)| | reivdeese -xcosx xSind Yy
‘z
. - - - . o
The terms corresponding to rigid body dis-
‘placement. functions.u,v,and w are respéctively: ,
oF 33X+ ads+a5» (%.6a)
= - 2 »
RV a6X+a7S+ ag (3.6b)
- ')‘f- A -
R~ appk vaysstay, (3.6¢)
Therefore.,
X 5
Si=a (3.7D)
y '8
- .7¢c
Sz’ 25, (3.7¢) R
-and,
¥ ‘bR' %.8a
2 .8b
e§.,§iw -250 (3.8%)
g 2R, ' . B¢
8J= $3V= 3 (3 c)‘
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Substituting the above values intoirelations
(3.4) and (3.5),we see that the polynomial terms
in the displacement functions cannot satisfy the
rigid body diSplacements alone.Therefore we must
change the assumed displacement functions to include
the terms obtained from eguations (3.5) and (3.4).

[
{
s

After moifying the new expressions are obtained:
N= -2 (/LLX2+ 82)-\— 2a,XS+a.X+a,S+ a
1 "2 3 4 5

- . 3 - - 3.5
a Rsina azOR(cos¢ cosd) (3.493)

2 ol S oA
V= 2a,XS ~a (X% UST)+ agXcosk + a45 + agcos <

0 i —azBR(l-coquQSQB -agisin«iﬁ.jb)

, 543 3.2 Se. . 3.
Wz a.X 87+ al()x ST+ a]_lX S-\- :i}‘z)& +

2 2

+ al-xgs3 +a XS 'S+

X2
3 14

T a)gX %16

5. «l .. '
+ a,,XS” + a, XS *—alﬁXS*-aQOXcosd'f

17 18

a 3 2 3 4 'S A
+a215 + a228~r a23R51ndcose az4cos +

+ a Xsind+agsina o _ - (3.39¢)

The deflection param=ters are:

1T , '
24 2[:nl’vl’Nl"exl’esl’ezl'u‘?’v2'w2’ex2’

e

eszpezg‘v‘JB'VB'wils)(B' 55’623'u4'v4’

w4’ax4’es4’ez4;] (3-10)
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Where,
6= W _ ¥
X1 2s R ' o (3.10a)
e.. . W | ‘
> X | - (3.10Db)
W : | |
ezf;xss - | | (3.10¢)

By apropriate differentiation and substitu-

tion transformation matrix, A4 ,is obtained,

g‘i}["l%ﬁg | - (3.104)

)
Matrix[A]is tabulated in appendix I,part 2

table 3.

The strain-dispiacement mairix is:

e, ] | e« o o ]
e, | | © s e '
12
Exs s 23 o |
4 [ = . ‘ vi-{3.11)
'y o o Y Ye
wl
NS o 3s  -Ffes L
| ¥l L © ?J?%/Y‘}X - E:S/?Qs i

* Factor,B;is needed as work done by the-twisting
moment.numerically egual on both faces.They are

not written separately.
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Matrix [1)] ,for elastic constants foyr this
case is, '
D, D,
4 O
o, O |
oF| "o oo
O D, D,
, De
Where,
D= E/(1-pE) D, = Et%/12(1- m%)
~ M 4 ) /M
D, =pm Dy Dg=MD, (3.12a)
. » - ! ~ P
Dy = (1-m)D, /2 Dg= (1-M)D,/2
Then by avrropriate differen-iation o tne
disvlacement functicns,and triple mairix ‘

“multiplication, we can obtain,

(47 To1k] o




IR L =R ) W \
ROBERT COLLEGE GRADUATE SCHOOL '

BEBEK, ISTANBUL ?AGE ]

. After the integration:of (3.1%)over the.
Volume [Ho] is obtained.EH&ﬂ is given ip
arrendix I,part 2,table 4,explicitly.

To get the member stiffness matrix yrogram
STIFF should be used,in which the operation,

[BlT [G][B] e | S Gaw

is done.




- LA s N 8 e
ROBERT COLLEGE GRADUATE SCHOOL
BEBEK, ISTANBUL

PAGE 20

NUMERICAL EXAFYLE

Making use of three way symmetry,o
circular cylinder,with built in edges,i

ne octant of a
s analysed.The

cylinder is assumed to be loaded with a uniform internal

pressure.(Fig.2a).A 2x3 mesh is used.

Y < 10 ew f’
” 110 e =181 cwa -~
/ {Qcwa /

| 200 f—20 ca—"] L’
7 L’
p

Fig.2a
DATA: | |
Modulus of elasticity (E): 210 t/ém2
Thickness (H) : C.3 cm
Poisson's ratio (VU) : 0.3
Load 0.02 % [cw*

In Timoshenko(11).the deflection at the center of the

cylinder is given
- - N ()

analysis yielded 1.0617x10

center. The complete set of results

is given in aprendiX

to be 1.16lef3 cms.The result of our

cems.for the deflection at the

I.vart 2.2long witih the stifiness matrix used,in numerical

form.
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CHARTHR 4
DERIVATION OF THE STIFFNESS MATRIX OF A 24x24,
)

CURVED, CYLINDRICAL SHELL FINITE ELEMENT WITH
DISFLACEMENT FUNCTIONS MODIFIED TO INCLUDE

'RIGID BODY DISFLACEMENTS AND ROTATION ABOUT -

VERTICAL AXIS.

\2 9 S
N _
- U 8
7 10|® b
X< |
r %
r
o) /,,/f‘*"/
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The displacement functibns chosen are:

Uz a, + a X+-a S+a XS+a.8%+ a,5°% - (4.1)

STl 2 3 4= 5 6~ » ’

_ ' . 2 2
V= ag+agXs a9$+ a,oX5 + a; X%+ 2, X8 (4.2)

W= a.,+2a X+ra .S+a X a XS+é 52, 4
\ B3+ F1a 15° %16 T 217 18° -

3 42 el 3 3a .

+319X‘+ ?ZOX S+ %EIXSzf'aQQS + a23X S«

va, x83 | - | (4.3

. 24 - . . T

To be able to invert the transformation matrix
between the nodal coordinates and polynomial coefficients,
A , two changes are done.The firstkgne is .the addition -
of the new terms 32.82X in u,and Xd,X2
functions.These terms are found by a trial and error rrocess

(l2)k The second change is done in the location of the-
member axis,it is moved to corner no.l (Fig.3).

RIGID BODY DISFLACEMENT MODES

fhe relations (3.4) and (3%.5),derived in Charpter

5 ,.between the rigid body translations,rotations and the

assumed displacement field are aiso valid for the element

considered here.The only change is.now the angle @ is tne

wnole angle between the two horizantal sides of the
element (Fig.3).
The terms corresponding to rigid body displacement

functions in u.,v,and w are respectively:

S in v displacement -
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Eu= 24 + azXﬁ.a3S ' . (i.@a)
Ry= 87+ agX+ ays | o (4.4D)

Tnerefore,

S,
S e

¥=27 (4-5b5
'82=val;(, . | - "(4.50)
and .,
8 Foay (4.6a)
W |
Qﬁ;igw;;_él4 | o | ‘. ‘ ", (4.60)
8= :gvf “8 - | o (4.60)

Substituting the above obtained values into relations
(3.4) and (3.5), and introducing the resulting terms into
the displacement functions (4.1),(4.2) and (4.3%),the

displacement field becomes to be:

4 . 2 .

nevay + ByK + 255+ 3,X5 + ag5 a652x-a8331ncg-
-'aWAR(cosd— cos8) ' (4.78)

. 2 2

V= a7c.oso(+ a8X§oso& + aj.S + alOSX ¥ allx + a12X 3

R
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"313Slnd alAXs;nd-alsn\l—cos@cosd.) (4.70)
W= 8751rd+a xgwnu«-alﬂcosdA-alﬁLcosd1-
+a R 4 o ,.,e - X2 Q‘( . QZ‘ - Ys i
15 sinel COS +d16 + al,{.,, + alau + A e -+
2 2 3 B 3 ;
F annSK a,  X8° 3 2.,X'%+a 3 4.7¢)
ad(S + c’lX +a¢2 + 25( S+ 245 X (4
The deflection parameters used ures: .
T w80 | (4.8)
[‘1] [ e VerWs By fyy 0 8gs .
Where,
2V Vv :
C .= . 4.1 2
o= o | | (4.32)
9 R
" : :
o . oW . (4.9b)
yi= -
X ’
1 3V 27 . , ‘
o
T G (4.9¢)
2 39X 35

By apronrlafe differentiation of d*splacement
functions and substituting the nodal coordlnaues,

the transformation matrix A 1is obtained.

[d]-:[A][aZ | | | (4.10§

he matrix [A] is.tabulated in appendix I,part 3,table

3

5
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The matrices for strain-displacement relations and
for elastic constants are the same as .those given in
Chapter 5, (3.11) and (3%,12) resvectively.
Then by apropriate differsntiation of the displa-
4
cement functions according to (3.11).and after triple
matrix multiplication ,we can obtain:
7 £
[ 17 [ o]le. ] (£.11)
0 o
After integrating (4.11) over tns volume [HO] ‘
is obtained. [HO] is given in aprendix I,vart 3,
table 6.
To get the member stiffness matirix,vrogram
STIFP should be used,in which tre cperation,
" i m )
[]" [=][2] (4.12)
Cd-
is done.
4

BOGAZICIONIVERSITES] KUTUPHANESI
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NUMERICAL TEXAPLE .

The same problem stated in Chapter 3,Fig.2a, is solved
sam

for comparison.Using the e data and 2x3 meshbut the

third cyvlindrical snell element the deflection at tne
' o~ =4
center of the cylinder is found to be 4.7323x10 cms . The
I

complete set of resulis is given in appendix I,part 3.
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CHAPTER 5.

ERIVATION OF THE STIFFNESS MATRIX OF A 15x15,
TRIANGULAR , DOUBLY CURVED , SFHERICAL SHELL FINITE

ELEMENT.

P

9]
|
[ (53,0)
) 3
:,/
N, /
‘Fea
2]
—~

Fig. 4
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Displacement functions of the element are
taken from Zienkiewicz and Holister (39).They are:

U= a3+ 2,5+ aBL ‘ ’ (5.;3)

2

"

a, + éss+ agl ‘ 4 | (5:1b)

4
W= 8-+ 855 +a,L+ a 82+a SL*
ST 8 9 10 11

‘ 2 3 2 2
+ al2L % alBS + dlA(s L+SLe) +

4 815L3 (5.1c)

The deflection parameters are chosen in
the following order:

.

8T
(d} [uye Upe Ugs My Vie VotV Vg

Wy Woo WS‘W4'6L1’6L2’9L5’6LA'
@51’852'655’654] (5.2)
Where,
' _o¥ | ' .2a
142755 (5 )
oY ' (5.2b
Ogi= 51 (5.2b)
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Using (4.1la,b,c) and (4.2a,b), A matrix
~is constructed. '

idg:[.ﬂ.]gaz ‘ , (5.3)
[ﬁ}is tabulated in aprendix l,partﬁ.,tableéff

The strain-disvplacement relations are taken
from Novozhilov (8).They are,

EL -_)UL/?:L + Qo(\l\ - B (5.4a)
es = dv[¥s « ucoielaz  WIRy | | (5.4b)
€le= éu\{}s:c?\l‘]z‘s\_ - NVeoto R,  (5.4¢)
P = IRV _\}wh\} i ©(5.44)
Xv ,{?’R) ()w_\L\ "~ (5.48)
};QLQ-__ __ag_lpi_ + ( vco4e (5.4£)

Matrix D for elastic éonspants is:

i Dl ' D\"L . _1
D\z Dl O
5.3)
0] - % |
D4A— Ddg
C) .
Das D«q
Dee




s

- ItEoSlo
ROBERT COLLEGE GRADUATE SCHOOL
BEBEK, ISTANBUL

. PAGE 30

Where, .

D);= B/(1-pu?) L D44£Et2/12(17/L2)
Dro= DM L D5l (5:58)
Dyz= (oD, /2 - Dggm 2(140D,,

By simple'differentiation and triple matrix
multiplication, ‘

[EAREIICN I (5.6)

is obtained.The results of (4.6) is listed in

aprendix I,part 4,column by column.
INTEGRATION OViR THE VOLUME OF THE TRIANGLE

Due to the general shape of the triangle,’
to reduce the effort of integration triangular
coordinates (€& ,0 ) are used.Tne origin of the
nember axes is taken ati node 1.(Fig.3),so that
Sl’Ll becomes zero.Also node’B is assumed to
lie on “he S-axis.as a result L3 is zZero.lt is
also assumed 6 is constant for an element.Iit
should be taken as tne average of the top and

pottom corner €'s.

L}
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Because the results of the integration
processes were longlexpressions,in order not
to make the stiffness matrix in terms of poly-
nomial coefficients,[ﬂgﬂ.clumsy,back substitu-
tion is not done.In appendix I,part 4,the
results of the integration'processés-alohg with
the method of integration is given.

To obtain the member stifiness matrix,
[K],progtam STIFF should be used,in which,

()7 (s ) (2] . - ,';"5;"’”

is done.
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DISCUSSIONS AND CONCLUSIONS

Tt is obvious that analysis of cylindrical shells
by curvedylindrical shell elements is more advantageous
than flat-plateelement idealization.A curved finite elé—
ment will represent the actual physical behavior of the,
shell where a flat-plate element will not,unless a ﬁery‘
fine mesh is used in the analysis, whlch will 1ncrease
the effort of calculatlon.-

The 20x20 cylindrical shell finite élemént stiff-

ness matrix developed herein is a rather primitive one.

The element,in the firs= place,has 20 degrees of free-
dom because the effects of twisting moments are'ignored
This will lead to discrepancies in problems where
thstwng effect is present. In the second pLace the
element will not respond to all the rigid body dis-

" placements.As may be seen from the derivation of the.

24x24 cylindrical shell element stiffness matrix,the
polynomial displacement functions cannot even approxi-
mate rigid body displacements.Therefore when analysing
a cylindrical shell by the 20x20 cylindrical shell
finite elemen® a fine mesh should be used to get the‘
exact elastic solutions.When a fine mesh is used the
elements will almost be flat,but in any case they will
yield better results than flat-plate elements.The
20x20 ovllndrlcal snell finite element can be used
when a coarse idea of bn@ results are needed, since

the comrutational effort will be less than that of

fiat-vlate idealizatilon.
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- The 24x24 cylindrical shell firite element derived in
Chapter 3,is advantageus to use as can be seen from the
result of the example . Even a coarse mesh system gives
a fair idea of the exact solution.The addition of the slope
centinuity term into the corner disylacement matrix has |
no physical meaning but it increases the sensitivity of
the element.A static eguilibrium test is condﬁctedvon the -
element used in solving the problem stated in Chapter 3.
The results of the eaquilibrium test are satisfactory,The
computer program for the ecuilibrium test along with the
results are given in apyvendix I.vart 2,It is shown in the
1iterature,(6),that'solving problems using an element s
which contains rigid body modes give significantly’bétter
results in coarse mesh systems thansusing elements not
modified to inciude rigid body modes. v .

The convergence to the exaci solufion souldinot~bé7t 
tested because of the limited capacity of the computer:
used.As stated before,using program SHELL problems only -
‘up to 36 unknows can be solved.Also tests to show the
advantages of inclusion of curvature in the elementis
not performed,but it is obvious.A curved finite-element
will represent the system analysed exactly. - <

The third 24x24 cylindrical shell finite element
derived in Cbaptef 4,is better behaved than both of the
above discussed elements.This is concluded»from the
comparison of the result of the problem solved using the.
second and the third elemenis.Using the second element.
the deflection in the middle of the cylinder is found to
- be off by 90.5%.wnereas using the third element the
error is-59.5%, which is quite good in coarse mesh systems.

The same equilibrium test is also conducted using
the third element stiffness matrix.The twisting moments

around the vertical axis at each corner were included
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. 1is constructeduhére,represents the actual rphysical shape

in the static equilibrium test.Relative to the magnitute
of the numbers in the stiffness matrix,the result of the
equilibrium test_is'exceptionally good.The results are
given in appendix I,part 3.

The convergence to the exact solution could not be
tested because of the capacity of tne computer used.

Up to now the analysis of axi-symmetrically curved
shells were done by idealizing the snells as a series
of conical frustra joined at nodal circles or flat-
plate elements (10).This idealization will not représent
the actual behavior of the system.The elements used
have single or no curvature at all.The triangular,
spherical shell finite element whose stiffness matrix

of the system to be analysed.In the coarse mesh system
it would give better results.Unfortunately no testing

" was conducted using spherical shell element'stiffness

matrix.The stiffness matrix contains long expressions.
Actually the element derived herein is not the ideal
elementcto be used in the analysis of axi-symmetric shells,
It lacks the twiSting moments.Also the displaceméﬁt’func—, 

 tions are not modified to include all tne rigid body '

displacement modes of the element.

As a result it is concluded that the tnlrd cylindri-
cal shell element is far better behaved than both the
second and the first elements.The third 24x24 cylindrical

shell element is an effective element tc be used in the
analysis of arbitrary CJllndrlcal shells.

The 15x15 spherical shell trlanaular element is not
the ideal.elment to analize an axi-symmetiric shell but

it can be used to get a coarse idea of the exact results.
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TABLE 2.
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k(2,2) = 4 oD,
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k(,2) = -40%9,
k(2,2 = -4tbD,[3¢
k(14,2)= -4\5aD, /3¢
k(z3: 400D,
k(#3- 4000,
k(4,8) = 160¢(1- YD, [3+ 166D, 3¢ + 16\ o D¢ [ 3¢
1 (10,4) = ~20%% (1- ) Dy 3¢
k(15,4) = ~20®b (1-12) Dy [3r + 16V Dg [
k(17,4)= - 9a*C (1- ), [or + 16a2 D)3 + \6‘00-0613\"
k(8,8)- 1680 (14D, [3 + 1680 2Dy 12+ 16\30. D¢ J2e®
k(16,8)= -16 8o uDg 3¢ —\Go.\oDc)'sr
k(183)=-16G om0y |
* k(7%= 40)Dz + 4 0D | r*
k(129)= 400D
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 PART 2. | -
DERIVATTION OF THE EFFECT OF RIGID BODY TRANSLATIONS AND ROTATTONS
ON THE DISPLACEMENT FIFLD. '

W= Dy

\/: cQosa 8(5’ - S.\“d\gzl

We sina By + cosd By
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w=90 7 L
. v
V= -r(\—cos::u%e)e,' J'___ A,
. ) 1 e,/ .
= o . X X
W =(r sinex cos@)oy R sink cos® : - 7R
ARCOSG ™ o
(2}
-2
[
SR N,
Reosd~Recos® , ez,.
{ X
=1
Rcos©
V= (Fcosat-TcosO) Oy

W a-{xcosa) Oy
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, PART 2.
TABLE 3., TRANSFORMATION MATRIX BETWEEN POLYNOMI»AI':
' COEFFICIENTS AND NODAL COORDINATES. (3.104)
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TABLE 3. CONTINUED.
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FART 2. |
TABLE 4. STIFFNESS MATRIX IN TERMS OF FOLYNOMIAL COEFFICIENTS.
(5.14) '
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TABLE 4. CONTINUED.
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