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ABSTRACT

FIRST STEPS INTO HEEGARD FLOER HOMOLOGY

Heegard Floer homology is a topological invariant for closed 3-manifolds equipped
with a spin®structure. Construction of Heegard Floer homology in the case when first
Betti number is 0 is explained. The tools required in the construction are pseudo
holomorphic disks, symmetric product space, Chern class, Maslov index, and spin®-

structures. These tools are studied.



OZET

HEEGARD FLOER HOMOLOJISINE DOGRU ILK
ADIMLAR

Heegard Floer homolojisi, spin®yapisiyla donatilmig kapali 3-cokkatlilar igin
bir topolojik degismezdir. Birinci Betti sayis1 0 oldugu durumda, Heegard Floer ho-
molojisinin ingast agiklanmigtir. Bu insa i¢in gereken araclar yari-holomorfik diskler,
simetrik carpimlar, Chern smifi, Maslov indeksi ve spin®-yapisidir. Bu araglar da ince-

lenmigtir.
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1. INTRODUCTION

Heegard Floer homology has been developed by Zoltan Szabd, and Peter Ozsvath
in [1] as a topological invariant for closed oriented 3-manifolds . It is built on Gromov’s
theory of pseudo-holomorphic disks, and is inspired by Lagrangian Floer homology. La-
grangian Floer homology is defined for a symplectic manifold and a pair of Lagrangian
submanifolds. It is generated by intersection points of the Lagrangian submanifolds. Its
differential counts pseudoholomorphic disks. Heegard Floer homology follows this con-
struction. The construction of the spaces playing the roles of the symplectic manifold
and the pair of Lagrangian submanifolds is based on a Heegard decomposition of the
3-manifold. It turns out that the count of pseudoholomorphic disks in the symplectic

manifold reveals the topology of the 3-manifold.

Heegard Floer homology can be placed in the larger context by noting that it
comes after Donaldson polynomials which count the solutions of certains PDEs, and
Seiberg-Witten invariants which are related to solutions of Seiberg-Witten equations.
Heegard Floer homology can be seen as another step in attempts to relate count of
solutions of certain differential equations with some boundary conditions to topological

characteristics of some underlying space.

Having roughly placed Heegard Floer homology in a historical context, we now
explicitly give the construction of Heegard Floer homology for a closed orientable 3-

manifold equipped with a spin®-structure.

Let Y be a connected, closed, oriented 3-manifold, equipped with a spin®-structure
s. (See Chapter 4 for definition of spin®-structures.) Assume that the first Betti number
b1(Y) = 0, for simplicity. Let the union of sets UyUsU; denote a Heegard decomposition
of Y into diffeomorphic handlebodies Uy and U; glued along their boundary . Let
the number g be the genus of ¥. Let the 4-tuple (X, «, 3, 2) denote a pointed Heegard
diagram representing this Heegard decomposition. Here o = (oy,...,q,) and f =

(B1,...,08,) are g-tuples of closed curves in 3. These curves are chosen so that the o



curves intersect the (8 curves transversally. The point z is any point on the surface X

away from « and [ curves.

From a Morse theoretic standpoint, a curves can be considered as the intersection
of ¥ with the ascending submanifolds of critical points of index 1, and 3 curves can be
considered as the intersection of ¥ with the descending submanifolds of critical points
of index 2. The number of critical points of index 1 and the number of critical points
of index 2 both equal the genus number g. Apart from these there is one critical point

of index 0, and one critical point of index 3.

Let Sym?(X) be the symmetric g-fold product of ¥, which is naturally equipped
with a complex structure. Let T, = a; X ... x oy and Ty = 31 x ... x B, be two
g-tori in symmetric space Sym?(X). In construction of Heegard Floer homology, the
symmetric space Sym? () plays the role of the symplectic manifold in Lagrangian Floer
theory. The totally real subspaces T, and Tg play the role of Lagrangian submanifolds
of Lagrangian Floer theory.

Intersection points x € T, NTyz determine g trajectories in Y, by considering the
gradient flow of a Morse function on Y that is compatible with the Heegard decom-
position. Let vy denote the corresponding 1-chain in Y. Each point z € X that lies
outside o and 3 curves also determines a trajectory connecting the critical point of

index 0 to critical point of index 3. Let «, denote this trajectory.

Let D be the unit disk in C. Let e; denote the left arc of the boundary of the
disk, and ey denote the right arc. For points x,y € T, N Tg, let mo(x,y) denote the

homotopy classes of maps u : D — Sym?(X) satisfying the boundary conditions

u(—i) =x, u(i)=y;
u(er) C Ty, u(ez) C Tp.

Let x,y € T,NTs. If there exists a pseudo-holomorphic disc connecting the point



x to the point y, then the 1-cycle 7, — v, is trivial in Hy(Y,Z). This is a consequence
of the identification H;(Sym?(X)) = Hy(X). (see Proposition 2.4.)

On the other hand, spin® structures also come into play. Spin¢ structures can be
thought as equivalence classes of unit vector fields on Y, where two vector fields are
equivalent if they agree outside a 3-ball in Y. Given a point x € T, N Tg, outside
the trajectories v, and ~,, gradient of a Morse function determines a spin‘-structure,
which will be called s.(x). It can be shown that if there is a pseudo holomorphic disc

u connecting x and y, then s,(x) = s.(y). (see Proposition 4.2.)

As can be seen from the discussion above, existence of pseudo holomorphic discs
between two points in the intersection of the totally real submanifolds T, and Tj is
related to the topology of Y and spin®-structure on Y. This observation is one of the

key aspects lying at the foundation of Heegard Floer homology.

A detailed analysis of pseudo holomorphic disks involves Fredholm theory, as
in Gromov theory. This analysis provides the link mentioned before to investigating
number of solutions of a partial differential equation. Holomorphic representatives of
homotopy classes in my(x,y) are actually solutions of a generalized Cauchy Riemann
equation. Fredholm theory is used to study the space of such solutions. Note that
writing a differential equation to impose being holomorphic requires choice of a complex

structure on ¥, which induces a complex structure on Sym?(3).

Concerning pseudo holomorphic disks, two quantities are needed to define Hee-
gard Floer homology. One of them is the Maslov index p. (See Chapter 3). It measures
the dimension of the moduli space of holomorphic representatives of a pseudo holomor-
phic disc. The other is the algebraic intersection number n, of a pseudo holomorphic

disc with the submanifold z x Sym? (%) of Sym?(X).

Let ¢ be an element of my(x,y), whose Maslov index equals 1. Let M(¢) denote
the set of the holomorphic representatives of the pseudo holomorphic disc ¢. Identify
the infinite strip {z : Re(z) € [0,1]} with the unit disc D. Translation by imaginary



numbers in the infinite strip allows one to define an R-action on M(¢). Let /\;l(qb)
denote the quotient space M(¢)/R. This space is called the moduli space of unpara-
metrized holomorphic discs. Using Fredholm theory it can be shown that this space is

a compact, zero-dimensional manifold [1].

It can also be shown that there is only one pseudo holomorphic disc ¢ € my(x,y)

satisfying the conditions p(¢) =1 and n,(¢) = 0.

Let k(x,y) denote the number of points in the space M(¢) when the set m(x, y)

is nonempty.

The chain complex used in defining Heegard Floer homology is constructed as
follows: Let s be a spin®-structureon Y. Let 5]?(&, 3, s) be the abelian group generated
by

T={xeT,NTs:s,(x)=s}.
A relative grading is introduced on this abelian group by

gr(x,y) = p(¢) — 2n.(),

where ¢ is any element of 7o(x,y). This is well-defined because of the effect of attaching

a topological sphere to the Maslov index.

The boundary map for defining Heegard Floer homology is defined by

ox = Z k(x,y)y.

{yeT:gr(x,y)=1}

Note that this forces us to choose a pseudo holomorphic disc ¢ € my(x,y) satisfying

n.(¢) = 0.



In counting the number of points of the moduli space orientation must also be

taken into account.

The abelian group E’F(a, 3, s), together with the boundary map above creates a
chain complex. The homology group arising from this complex, denoted by HF (o, B, 5)
is called the Heegard Floer homology.

In order to show that this is a topological invariant for 3-manifolds equipped with
a spin‘-structure, one must show that the arising group is independent of the Heegard
decomposition, complex structure chosen on 3. This is carried out in [1]. Two Heegard
decomposition of the same manifold can be obtained from each other through Heegard
moves, in a manner similar in taste to Reidemeister moves in knot theory. It is shown
in [1] that resulting Heegard Floer homologies remain invariant under these Heegard

moves.

We will now look at Heegard Floer homology for a simple but nontrivial example
outlined in [2]. Because the issue of orientation has been left out, we will use Zo-
coeffiecients. Consider the genus 1 splitting of S® into two solid tori. A Heegard
diagram for this splitting is given by a genus 1 surface 3¥; = S! x S!, and the curves
a=1xxS"and B = S* x 2. In this case the symmetric space Sym'(X) is nothing
other than ;. The totally real tori are T, = a and Tg = 3. They intersect at a single
point x = (x,x) € S' x S!. Therefore the complex 6’]\7(04, () has a single generator, x.

Hence there are no differentials.

Some key remarks that could indicate the importance of Heegard Floer homol-
ogy are the following. Heegard Floer homology is conjecturally equivalent to Seiberg-
Witten-Floer homology [3]. Secondly, using Heegard Floer homology, one can find
certain invariants associated with a contact structure on a 3-manifold, which give some

information on whether the contact structure is tight or overtwisted.

In this thesis we have explored some topological issues, concepts and tools that

go into the construction of Heegard Floer homology. We have not looked at Fredholm



theory, and analytical aspects of pseudo holomorphic discs. We have not explored why
Heegard Floer homology remains invariant under Heegard moves. This thesis is aimed

as a list of some advanced exercises in low dimensional topology.

As already outlined in the construction of Heegard Floer homology above, the
space that we are working on is the symmetric space Sym?(X). We have explored the
topology of this space in Chapter 2. In particular we showed that its first homology
group is isomorphic to its fundamental group and also to the first homology group of
Y’ in proposition 2.4. Using this result, we were able to make the observation that exis-
tence of a pseudo holomorphic disc between two intersection points of the tori T, and
Tps, implied that the 1-cycle determined by the trajectories of the intersection points
was trivial in the 3-manifold Y. Proposition 2.4 was also needed in the computation

of the second homotopy group of Sym?(X), which is done in Section 2.2.

Proposition 2.6, which calculates the homotopy group m(Sym? (X)), required un-
derstanding cohomology ring of Sym?(X). Structure of this cohomology ring was also
needed for computation of Chern class. Cohomology ring of Sym?(X) is studied in

detail in Section 2.3.

On the other hand, to understand pseudo holomorphic discs, one had to under-
stand what went on when a topological sphere was attached to a pseudo holomorphic
disc. In particular to show that the relative grading defined on CFis well-defined, one
had to prove a property of Maslov index of a pseudo holomorphic disc when a topo-
logical sphere was attached to it. This property is stated in Theorem 3.28. Proving
this theorem, and construction of Heegard Floer homology required defining Maslov
index of a pseudo holomorphic disc. This is covered in Chapter 3. Proving Theorem
3.28 also required computation of the first Chern class of SymY(X), which is Corollary
2.10. Computation of Chern class relied heavily on cohomology ring of Sym?(X) as

mentioned.

Last, we began investigating spin®-structures in Chapter 4. The map s, is needed

in defining generators of the abelian group CF which provides the chain complex for



Heegard Floer homology. The construction of the map s, is carried in detail in this
chapter. We also prove in Proposition 4.2, a property of s,. This property allows us to
conclude that existence of a pseudo holomorphic disk between two intersection points
of the totally real tori implies that the map s, carries these two points to the same

spin®-structure.



2. TOPOLOGY OF Sym‘(%)

In this chapter computations regarding topology of the symmetric space Sym?(X)
are carried out. First we review definition of symmetric spaces. The first result is
needed for the observation mentioned in the introduction regarding pseudo holomorphic

disks. In order to do this we first review symmetric spaces.

Let X be any topological space. Then for any positive integer n, the symmetric

group on n letters, Sy, acts on X™ = X x...x X (n times) by permuting the coordinates:

S, x X — X

(0, (21, 20)) = (To@)s -5 To(1))-

For each o € 5, the action of ¢ on X" is a homeomorphism.

Sym"(X) is defined as the quotient space of X™ under this group action. In other
words, elements of Sym"(X) are orbits of elements of X™ under the group action.
Intuitively points of Sym"(X) are simply an unordered collection of n points on X,
allowing a point to be taken into a collection more than once. Let p : X™ — Sym"(X)

be the projection map, so that p(z1,...,2,) = {(Zo@1), .-+ Tom)) : 0 € Sp}.

When X is a complex 1-manifold, Sym"(.X) is also a complex manifold of dimen-

sion n. This can be seen as follows: Let (z1,...,2,) denote coordinates on X™. Let
(w1, ..., w,) be the coefficients of the monic polynomial whose roots are z1, .. ., z,. This
AT |
means that the vector (1,wy, ..., wn)T lies in the kernel of the matrix
2t 1

Since this matrix has rank n when z;’s are distinct, its kernel is 1-dimensional.
Hence w;’s are determined uniquely from this linear equation. On the other hand, one

can choose z;’s to be distinct by choosing a different but equivalent chart on X.



The n-tuple (wy, .. .,w,) is invariant under change in the order of the z;’s. There-

fore (wy, ..., w,) provides coordinates for Sym"(X).

A submanifold of Sym"(X) that will be involved in the proofs of following propo-
sitions is the diagonal D = {p(x1,...,x,) : x; = z; for some i # j}. It consists of
points p(x1,...,x,) in Sym"(X), for which at least two of the points of X represented

by this element of the symmetric space coincide.

Another tool that is used in the following proofs is the notion of a branched cover.

This is defined as follows:

Definition 2.1. A map f : X — Y is called a branched cover of Y branched along
K C X if this is a covering map outside K. In other words the map f : X — K —
Y — f(K), which is defined by f(x) = f(x), is a covering map.

The following lemmas are useful in proof of propositions in this chapter, in par-

ticular proposition 2.4.

Lemma 2.2. Any element of Hi(Sym? (X)) has a representative that does not intersect

the diagonal D.

Proof. Representatives of elements of the first homology can be chosen as unions of em-
bedded circles. On the other hand, D has codimension 2 in Sym?(X). From differential
topology it is known that if a submanifold X has dimension less than the codimension
of another submanifold Y, then X can be pulled away from Y by an arbitrarily small

deformation. But small deformations do not change the homology class. O]

Lemma 2.3. A surface with boundary in Sym?(X) can be chosen transverse to D

without changing the boundary.

Proof. This follows from the same argument as above, by dimension arguments in
differential topology. It is a consequence of the principle that transversality is generic.

]
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2.1. First Homology and Homotopy Groups of Sym?(X)

In this section we prove the equivalence of first homology and homotopy groups

of Sym?(X) to the first homology group of X.

Proposition 2.4. Let ¥ be a surface of genus g > 2. Then

m (Sym? () = Hy(Sym? (X)) = Hi(%).

Proof. Fix g — 1 distinct points xo,...,z, € 3. Let ¢ : ¥ < Sym?(X) be the inclusion
map defined by ¢(y) = p(y, x2,...,x,). Then ¢, : Hi(¥X) — Hy(Sym?(¥)) is a group

homomorphism.

Let the homology class [«] be a generator of the first homology group H; (Sym?Y).
Let the map o : S' — Sym?(X) be a representative of the homology class [a]. By
Lemma 2.2, we can choose « so that it is away from the diagonal. The projection map
p: X9 — Sym?(X) is a branched cover branched along the diagonal D. Hence « lifts
to 9.

Let the map p; : 39 — X be the projection on the first coordinate. The set
p1(p~H(a(Sh))) is a 1-cycle in ¥. Call this 1-cycle a.

Now suppose that « and o’ are homologous in Sym?(X). Then the 1-cycle v — o/
bounds a surface Z in Sym?(X). Such a surface could be chosen to intersect the diagonal
D transversely in finitely many points, by Lemma 2.3. The subset Z = p1(p~'(Z)) of
Y is a two cycle and a branched g-fold cover of Z. Furthermore boundary of Z is going

to be the 1-cycle a—da.

Therefore we have defined a map j : H;(Sym?%) — H;(X). From the way we

defined these maps it follows that j o ¢, = id. Hence j is onto.

On the other hand, suppose jla] = 0. Then there is a map, i : F' — X, from a
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2-manifold with boundary F' into 3, such that i|sr = @. By increasing the genus of F,
one can find a branched g-fold branched covering of the disk 7 : F' — D. Then 7 !(2)
for each z € D describes g points on F which then describe g points on X, hence a
point of Sym?(X). Hence we obtain a map from the disk into Sym?(3). This both
shows that « is null-homologous, concluding isomorphism of H;(Sym?(X)) and H,(X).
It also shows that null-homologous curves are contractible, so that m (Sym?(X)) is

abelian, hence isomorphic to H;(Sym?(%)). O

As a result of Proposition 2.4 we can now relate first homology group of Sym?(3)
to the first homology group of Y. Recall from the introduction that the relation
described in the corollary below allows us to see that if there is a pseudo holomorphic
disc joining the points x and y in T, N Tp, then the the difference of the trajectories

Yx — 7Yy is null homologous in Y.

Corollary 2.5.

Hy(Sym’ (X)) Hy(%) N
Hi(To) ® Hi(Tg)  [aal, ..., [agl [Bi,- .- 1By H,(Y,Z)

Proof. The first isomorphism follows from Proposition 2.4, and definition of the tori T,
and Tg. The second isomorphism comes from the definition of Heegard decomposition
of Y. Since a and 3 curves are attaching sites for 2-handles, they are null-homologous

Y. O

2.2. Second Homotopy Group of Sym?(Y)

In this section we compute the second homotopy group of Sym?().

For any connected topological space X and a fixed base-point zy € X, the first
fundamental group 7 (X, z¢) acts on the other fundamental groups ,, (X, x¢) by shrink-
ing the domain of a representative f : (I",01") — (X, zo) of an element of 7, (X, zo)

to a smaller n-cube inside /™ and adjoining any fixed loop representing the element
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of m (X, xo) acting, to the radial rays from the boundary of the inside cube to the
boundary of I". Let 7/, (X) denote the quotient of m, (X, z¢) by the action of m (X, zo).
Note that this quotient is independent of the choice of the basepoint xq. When X is

connected, different basepoint choices give isomorphic groups.

Now we give the description of second homotopy group of Sym?(X). Let n be the
Poincaré dual to the submanifold I, = z x Sym? '(2). Let &,...,&,, &, ... , &, be the

generators of the cohomology group H'(Sym?(X);Z) described in Section 2.3.

Proposition 2.6. Let X be a genus g surface. Then
o (Sym? (2)) = Z.

Furthermore there is a generator S of mh(Sym?(¥)) whose image under Hurewicz ho-

momorphism is Poincaré dual to
g
L—gm ™+ &&mo™.
i=1
When g > 2, the homotopy group m (Sym? (X)) acts trivially on mwo(Sym? (X)) and thus

mo(Sym? (X)) = Z.

Proof. Let k, : wh(Sym?(¥)) — Z be the homomorphism given by the intersection
number with the submanifold I, for generic point x € . Hyperelliptic involution
L ¥ — ¥ gives rise to a sphere S; C Sym?Y. Let S = Sy X x5 X ... X ry C Sym?Y,
where z3,...,z, are arbitrary fixed points of . Since SN I, = {x,u(x), x3,... 7,4}, it

follows that ., (S) = 1.

If Z € ker(k,), then one can find a sphere representing the class Z that meets
I, transversally in finitely number of points. We can insert spheres homotopic to S or
—S at these intersection points without changing the homotopy class of Z, to obtain

a new sphere Z’, that does not intersect I, at all. In other words, Z’ C Sym?(X — x).
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An argument using a theorem in [4] shows that my(Sym?(¥ — x)) = 0 for g > 2.
The space ¥ — x is homotopy equivalent to the wedge of 2¢ circles, which is equivalent
to the space C — {21, ..., 294} for 2¢g points. On the other hand, the space Sym?(C —
{z1,...,224}) is in one-to-one correspondence with monic polynomials p of degree g
satisfying p(z;) # 0. Considering the coefficients of polynomials as elements of C9, the
condition p(z;) # 0, can be seen as excluding 2¢ hyperplanes from CY9. A theorem
in [4] states that homology groups of the universal covering space of CY minus 2g
generic hyperplanes is trivial except in dimension zero or g. This theorem together
with Hurewicz theorem shows that 75(Sym?(3 — x) = 0. Consequently the map k, is

injective. Thus we have the first equality of the proposition.

Let o be the top homology class of Sym?(3J). Then

(PD(S)Un)(o) = nloNPD(S))

= n(S)

Since S intersects I, only at one point, the above calculation implies that PD[S]Un =
PDI1]. On the other hand from study of cohomology ring H*(Sym?(X)) in Section 2.3,
we know that & and £ come from elements that reside on all components. However S

resides on only two components of ¥. Therefore PD[S]U¢; U, = 0.

These two equations characterize PD[S], because &;, ¢ € H'(Sym?(X)) for 1 <
i < gandn € H*Sym?(X)) are generators of the cohomology ring H*(Sym?(X)), as

explained in Section 2.3.

To see that (1 — g)n9~' + D9, &&m9~2 is indeed PD[S], we utilize conclusions
that are discussed in the Section 2.3, specifically Proposition 2.7. We first verify the
first identity that PD(S) should verify.

g g
(L= + > _&Em lun=n? + 77" _(&& —n)

i=1 i=1
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But

Y (&g —n) =0

=1

by the mentioned proposition. The cohomology class n? equals the top cohomology

class PD(1).

The second identity follows from Proposition 2.7 as well.

(1= +> &M UgUE =0
=1

By Proposition 2.4, any element of the homotopy group 7 (Sym?(3)) has a represen-
tative v : ST — Sym?(X) of the form

Y= X T2,y Ty
where 7; is a map from S! into X.

According to the calculation above of 74(Sym?(X)) , it can be arranged that an

element of my/(Sym?(X)) is represented by a map o : S — Sym?(X) of the form
o= X0y
where o, : S? — Sym? ().
Using these maps, we define
11 x oy St x S — Symf(%).

Since the action of 7 (S* x 5?%) on my (ST x §?) is trivial, we reach the conclusion.
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The case g = 2 is settled in [1]. O

2.3. Cohomology Ring H*(Sym?‘(X%))

The computation of cohomology ring of Sym?(X) is carried out in this section.
These computations were needed both in the proofs in previous section. They are
needed for the computation of the first Chern class of Sym?(X) as well. For a compact

connected Riemann surface ¥ of genus g, it is easy to compute that

H(®,7) = 7, HY(Z,Z) = 7%, H*(%,Z) = 7.

Let 3 be the generator of H?*(X,Z) induced by the orientation on . Choose 2g

generators of H'(X,7), ay,. .., as, satisfying the relations

a;a; = 0 for |i — j| # g; Qg = — Qg0 = 3 for1<i<yg

where multiplication is the cup product.

From Kiinneth formula it follows that cohomology ring of ¥" is given by nth
tensor power of cohomology ring of . First this is considered as cohomology ring
with coefficients in a field. However the result about generators of the cohomology
ring of Sym"™ (%) is valid for cohomology with coefficients in Z, since it turns out that

H*(Sym"(X), Z) is torsion-free as shown in [5].

Let K be a field. By Kiinneth formula, H*(3X", K) = H*(X, K)“". Let

ar = 1®..919q4,01®...01 € H'(X", K)
By = 1®..9109001®...01 € H* (X", K)

where «; and (3 are in the k-th position. The ring H*(X", K) is generated over K by
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a;r and G for 1 <1¢ < 2¢,1 < k < n with the relations

QR = 0 for i —j| # g

QikQiygle = —Qipgr0y =, forl1<i<g

inherited from H*(X, K), and the additional anti-commutativity relation:
QO = — OGO
which comes from the cup product.

Monomials of the form ok, ... @i, B, ... B, where 1 <k < ... <k, <nand
1 <1l <...<l; <n with each k; different than each [; and p + 2¢ = r form a basis
of the K-vector space H" (X", K).

The symmetric group S,, acts on X" by permuting coordinates, hence also acts
on H*(X", K) as follows. Let 0 € S,,. Then o(c;) is defined to be equal to o, (;), and
o(B) is defined to be equal to By k).

The set of elements of H*(X", K) that are invariant under the action of S,, con-
stitute a subring denoted by H*(X", K)%, which is isomorphic to H*(Sym™(%), K)
as shown in [5]. The ring H*(X", K)*» is generated by &, ..., &, and 7 where & =
an+ ... tag,andn =01+ ...+ G,

From the definition of these elements and action of .S,,, it follows that elements
of the form above are left invariant under the action of S,,. To see that they generate

H*(¥", K)%, note that any element w € H*(X", K)°" satisfies the equality

nlw = Z ow.

oESy

On the other hand w is a sum of monomials of the form Laj g, ... kB, ... 3, as
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mentioned before. Note that

5@'1 .. .&pnq = Z Qjyjyvee Oéipjpﬁkl e 6kq'

Jlyeensdpskitsekg=1,..;n

In this sum terms for which j’s and k’s are not distinct are zero. Since specifying p+ ¢
indices determines a permutation of S,, up to a permutation of the remaining n —p —q
indices, the above sum is equal to m > ves, ot for any fixed p with the same
number of o and 3 terms. Consequently w, can be written as a polynomial in &;’s and

n with coefficients in K.
It follows from anti-commutativity of a’s that §&§; = —¢;§ and that &n = n¢;.
For convenience introduce the notation § = &, for 1 <i <g.

The trivial elements of H*(Sym"(X)) are characterized in the following proposi-

tion.

Proposition 2.7. Ifi1,...,%q,J1,---,Jp, k1, ..., ke are distinct integers between 1 and

g inclusive,
ir o Gia&y - 6y &y — 1) - (&l — N =0
provided that

a+b+2c+qg=n+1.

Proof. The terms in the proposition can be written in terms of generators of the ring

H*(¥", K), as a sum of terms of the form

(ailpl e aiapa)(ajIQI e ajb‘]b)(aklrla;ﬂsl e O{k:cTcO[;gcsc)ﬁtl e ﬁtq

because of the way & and n are defined. Call these terms y-terms.
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First note the following computation:

n

gl’gllf -—n= Z al’ka;l - Z 6771 - Z(auma;m - ﬁm) + Z Oél,kOéLl.
m=1

k=1 m=1 kJl=1,...,n;k#l

Also recall that 3, = ay,mal,, for any v. For the two reasons just mentioned, in

a nonzero y-term, it must be true that r; # s; for any 4.

On the other hand, indices i, j., ki are distinct. We also have the following

relations:
Qarer, = Aol = 0, for all d e, (2.1)
and
aaral, =0, for d # e. (2.2)
Equations 2.1 and 2.2, imply that indices p, ¢, r, s must all be distinct, and that
QarB =0
for all d. Then t indices must all be different from p, g, r, s indices. But there are in

total a + b+ 2c+ g = n + 1 indices selected from {1,...,n}. Hence there must be at

least one pair of indices that are equal to each other. Hence all x-terms are zero. [

2.3.1. First Chern Class of Sym?(Y)

Theorem 2.8. Total Chern Class of Sym"(X) is

g

L+ 2 [ +n - &)

i=1



We postpone the proof until after the following corollaries.
Corollary 2.9. First Chern class of Sym™(X) is given by:
g

a(Sym*(£) = (n—g+)n—Y_&&.

i=1

Proof. Reading the term of second grade of the product gives the formula.

Corollary 2.10. The first Chern class of Sym?(X%) is given by

g

a(Sym?(8) =n— > &&l.

=1

Hence we have, (c1,S) =1 where S is the generator of mo(Sym?(X)).
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Proof. The first Chern class comes simply from setting n = g in Corollary 2.9. The

second part follows from proposition 2.6.

[]

We will need the following lemmas proved in [5] in the computation of total Chern

class.

Lemma 2.11. Let X be a complex manifold, V a holomorphic vector bundle on X

with fibre C?, X the projective bundle on X associated with V., W line bundle on X of

vectors lying in the line of the projective space element in X. Let n be the element in

H?(X,Z) such that 1+ n is the Chern class of W*, dual of W. Then

H*(X,Z)=H*(X, Z)[n].

Let J be the Jacobian corresponding to a riemann surface . It is shown in
[5] that the cohomology ring H*(J,Z) is modelled after the same exterior algebra F
defining cohomology of Sym"(X). The element s; of the exterior algebra E is mapped
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Lemma 2.12. Tangent bundle of Jacobian J is trivial, so that ¢(J) =1

Lemma 2.13. Let X be a complex manifold, V' a holomorphic vector bundle on X
with fibre C, X the projective bundle on X associated with V. If c(V)) =TT, (1 + )
and ¢(X) = [[}_,(1 +75), then

o(X) =[]+ n+a [Ja+m)

i=1
Proof. Let X be a complex manifold, V' a holomorphic vector bundle on X with fibre

C4, X the projective bundle on X associated with V. If ¢(V) = J]Z,(1 + ) and
o(X) = [[}=,(1 +75), then

q n
C(X):H L+n4+v) H 14 75)
i=1 j=1

Let ¢ : X — X be the projection, and 1~1(V) the pullback bundle on X.

Let W be the line bundle on X formed by ((x,1),v) where [ € P(V,), i.e. in
projective space of the vector space fiber over x € X, and v € [. Let W’ denote the
quotient bundle ¢~1(V)/W. We have an exact sequence of vector bundles over X:

0—=W =y (V) =W -0
We get another exact sequence
0 — Hom(W,W') - TX — ¢ 1(TX) — 0.

Hence we compute the total Chern class as

c(TX) = c(Hom(W, W) e(yp 1 (TX)) = c(W* @ Wp*c(TX).



21

Taking tensor product with W* in the first exact sequence gives the exact sequence:
0—=1—-Wy (V)= W W —0

by utilizing that 1 = X x C = Hom(W, W) = W*®@W. Hence from this exact sequence
we get that c(W* @ ¢~ (V)) = c(1)ce(W* @ W) = ¢(W* @ W’). Then it follows that

o(TX) =c(W* @y Y (V) c(TX).

Hence by multiplicative property of Chern classes the result follows. O

Lemma 2.14. If n > 2g, then there is a canonically defined vector bundle V' of rank
n—g+1 on the Jacobian J such that Sym™(X) is the projective bundle associated with
V' and the Chern class of V' is

g

We now give the proof for Theorem 2.8 below.

Proof. Case 1: n > 2g. Since rankV = n — g+ 1, rewrite Chern class of V' as a product

of n — g + 1 terms so that lemma 2.11 could be applied:
n—g+1

C(Vﬁ = I]: 1%‘7@

where v; = —0(s;) for 1 <1< gand~ =0for g+ 1 <i<n-—g+ 1. Since tangent
bundle of J is trivial, applying Lemma 2.14 gives

n—g+1 g

cSym? (D) = [[ A +n+5)=Q+n 2 [0 +n-0),

i=1 =1

where o; is image of s; to be in the right space.
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Case 2: n < 2g. Let j : Sym™ (¥) — Sym"(X) be the inclusion map. Let 7}, be
the tangent bundle of Sym”(X). Let j~*(7},) be the pull back bundle on Sym" *(%).
T,_1 is a subbundle of T, via j. Let L be the quotient line bundle of T,, by T},
over Sym”™ (). Then j~'(L) is a line bundle over Sym™ '(X). Furthermore we have an

exact sequence of vector bundles over Sym” ! (%):

0= Ty — 5 (Tn) > j (L) =0

so that j*¢(T,,) = c¢(j7YT) = ¢(T-1)e(57*(L)). Since Chern class of L is 1, and
Jj*n = n, we obtain that j*¢(T},) = (1 + n)c(T,,—1). Reducing the term (1 + n) from
the case n = 2¢, and reducing n with the previous recursion formula gives the desired

result. O
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3. MASLOV INDEX

In this chapter, we define the Maslov index. We needed the definition of Maslov
index of a pseudoholomorphic disc for defining Heegard Floer homology. After the pre-
liminaries, first we define Maslov index for a path of Lagrangian subspaces following
[6]. Then the necessary modifications to define the Maslov index of a pseudoholomor-
phic disc are explained. This work is to reach Theorem 3.28 at the end of the chapter.
Recall that this result is needed for showing well-definedness of the relative grading gr

on the abelian group CF.

Definition 3.1. Let w be the standard symplectic structure on R?" = R™ x R" defined
by w(z1, 22) = (w1, Y2) — (T2, y1) for zx = (vp, yp) € R" X R", and ( , ) the standard

inner product on R™.

Definition 3.2. A subspace A of R?", equipped with the standard symplectic structure
w, 1s called Lagrangian iff the dimension of A is n, and w|yxpy = 0, i.e. w(z1,22) =0

for all zy, 29 € A.

Definition 3.3. A Lagrangian frame for a Lagrangian subspace A is a linear map

7 :R" — R?" such whose image is A.

Lemma 3.4. A linear map Z : R® — R?" is a Lagrangian frame if and only if Z is

injective, and Z is of the form

where X,Y are n x n matrices with real entries satisfying YT X = XTY.

Proof. Clearly a linear map Z : R® — R?" is injective if and only if dimension of its

image is n.
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Any linear map Z from R” into R?" is of the form

with XY € M, «,(R).To see that these matrices satisfy the stated equality if and only
if w|axa = 0 where A is the image of Z, simply note that

w(Zei, Ze;) = (Xe;,Yej) —(Xe;,Ye;)

since Ze; = (Xe;, Ye;) where e; denotes the standard i-th basis vector of R™, and (M);;

is the entry in the i-th row and j-th column of a matrix M. O

Lemma 3.5. The graph
Gr(A) ={(z,Az) : z € R"}

of A € M,xn(R) is Lagrangian if and only if A is symmetric.

Id
Proof. Note that Gr(A) is the image of Z = where Id is the identity matrix in
A

M, «n(R). Hence the map Z is injective. So by Lemma 3.4, the map Z is a Lagrangian

frame if and only if A is symmetric. O

Definition 3.6. If R* =V @ W, this is called a Lagrangian splitting iff both V and
W are Lagrangian subspaces of R?" with the standard symplectic structure. W is called

a Lagrangian complement of V.

Remark 3.7. By proposition 8.2 in [7], if R* = V & W where V is Lagrangian, then
one can always find a Lagrangian splitting of the form V & W’.

Being a Lagrangian complement is equivalent to being a Lagrangian subspace

that is transverse to the original Lagrangian subspace.
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Lemma 3.8. Any Lagrangian complement U of 0 x R" is the graph

{(z,Az) : z € R"}

of a symmetric matric A € Mpxn(R). Furthermore if Z = (X,Y) is a Lagrangian
frame of U, then X is invertible and A =Y X 1.

Proof. For i = 1,2, let p; : U — R™ be the projection maps using the standard
Lagrangian splitting R?" = R" x 0 ® 0 x R", so that for all u € U,

u= (p1(w), pa(u))

If py(u) = 0, then u € 0 x R™ as well. Since U is a complement of 0 x R", v must be
zero as well. Then p; has rank n, hence is onto, and is a linear isomorphism. Then let
A =pyop;t. Tt is clear that U is the graph of A. On the other hand, by Lemma 3.5,
A is symmetric. By what we have just shown, the range of X must cover R”. Thus X

is of full rank, hence invertible. On the other hand AX =Y. O

Let L£(n) denote the set of Lagrangian subspaces of R?" with respect to the
standard symplectic structure. £(n) is a differentiable manifold. Its smooth structure

can be understood by Lagrangian frames.

Theorem 3.9. Let A(t) be a curve in £(n) with A(0) = A and A(0) = A.

(i) Let W be a fized Lagrangian complement of A and for v € A and small t define
w(t) € W so that v +w(t) € A(t). Then the form

is independent of choice of W.
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(i) If Z(t) = (X (t),Y(t)) is a frame for A(t), then
Qv) = (X(0)u, Y (0)u) — (Y (0)u, X (0)u)

where v = Z(0)u.

Proof. (i) Since R* = A & W, for each t, every element of A(¢) can be written as a
sum of elements from A and W. The shifted subspace v + W intersects A(0) at least
at v. The subspace W intersects A at 0 transversally hence must intersect v + W
transversally. Since transversal intersection is a stable property, for small ¢, v + W
intersects A(t) transversally and we can find a continuous or even smooth section w(t)

of that intersection in that interval.

Choose basis so that A(0) = R™ x 0. Then any Lagrangian complement of A(0)

is the graph of a symmetric matrix B € M,,«,(R) given by
W ={(By,y) :y € R"}
by Lemma 3.8.

On the other hand, A is a Lagrangian complement of 0 x R™, so that for small ¢, so

is A(t). Hence by Lemma 3.8, A(?) is the graph of a symmetric matrix A(t) € M, (R):

A(t) ={(z,A(t)x) : x € (R)"}

Now v = (z,0), w(t) = (By(t),y(t)). The condition v + w(t) € A(t) implies that

A(t)(x + By(t)) = y(t)
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Since w(v,w(t)) = (z,y(t)),
7 w(v,w(t)) = (x,9(0))

But

§(0) = A(0)(z + By(0)) + A(0)(z + By(0) = A(0)x

since y(0) = 0 and A(0) = 0. Then 4

dt li—0 w(v,w(t)) is independent of B.

(ii) This time assume that W = 0 x R". Choose frame Z(t) = (X(¢),Y(¢)) for
A(t). Since 0 x R™ is the Lagrangian complement of A(0) this is also true for small ¢.
Hence by Lemma 3.8, X (¢) is invertible. Then

v = (X(0)u,Y(0)u)
w(t) = (0,y(t))

The condition that v + w(t) € A(t) implies that
Y(0)u+yt) =YX ' X(0)u
Since
w(v, w(t)) = (X(0)u,y(1))

and

5(0) = Y(0)X(0)"'X(0)u+ Y (0)(—X(0)"'X(0)X(0)"")X(0)u
= Y(0)u—Y(0)X(0)"" X(0)u



the following holds:

Q(v)
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(X (0)u,5(0))

(X(0)u, Y (0)u) — (X(0)u, Y (0)X (0)"" X (0)u)
(X(0)u, Y (0)u) — (u, X(0)"Y (0)X(0)""X(0)u)
(X(0)u, Y (0)u) — (u, Y (0)" X (0)X(0)"" X (0)u)
(X(0)u, Y (0)u) — {u, Y(0)" X (0)u)

(X(0)u, Y (0)u) = (Y(0)u, X (0)u)

O

Remark 3.10. The form Q described in the theorem above is dependent on A and A

only.

Let Li(V) denote the submanifold of £(n) consisting of Lagrangian subspaces

which intersect V' in a subspace of dimension k. In this fashion, one obtains a decom-

position of Lagrangian subspaces into a disjoint union

L(n) = Uiz Li(V)

Definition 3.11. The Maslov cycle determined by a Lagrangian subspace V is the set

L(V) = U'_, Ly(V).

For the following let A : [a,b] — L£(n) be a smooth curve of Lagrangian subspaces.

Definition 3.12. A crossing for A is a number t € [a,b] for which A(t) € L(V), i.e.

A(t) intersects V' nontrivially.

Let x(A, V) denote the set of crossings. This set is compact, since the condition

for being a crossing is a closed condition.
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Definition 3.13. At each crossing t € [a,b] the crossing form is defined by

D(A,V,t) = Q(A(t), At))a@v

Definition 3.14. A crossing t is regular if the crossing form at t is nonsingular.
Definition 3.15. A crossing t is simple if it is reqular and A(t) € Ly (V).

Definition 3.16. For a curve A : [a,b] — L(n) with only reqular crossings, its Maslov

index is defined to be:

1 1
#A, V) = gsignl(A, V,a) + > sign (A, V. 1) + Ssignl'(A, V. b)

te(a,b) and tex(AV)

Remark 3.17. Regular crossings are isolated. So the sum in the definition above is

finite.

The following theorem is proven in [6].

Theorem 3.18. (i) Every Lagrangian path is homotopic with fixed endpoints to one

having only regular crossings.
(i1) For each symplectic matriz ¥, the Maslov index satisfies the property

p(UA, UV = p(A, V).

(i1i) (Catenation) For ¢ € (a,b),

H(A7 V) = M<A|[a,c}7 V) + M(A|[c,b}; V)

(iv) (Product) If n' +n" =n, and L(n') x L(n") is identified as a submanifold
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of L(n), then

,LL(A/ @ A//’ V/ @ V//) — /,L(A/,V/) "‘ILL(A//, V//)

(v) (Localization) IfV =TR" x 0 and A(t) = Gr(A(t)) then

u(A V) = %(signA(b) — signA(a))

(vi) Two paths N, Ay with the same endpoints are homotopic with fized endpoints
if and only if they have the same Maslov index.

(vii) Every path A : [a,b] — Li(V') has Maslov index zero.
Definition 3.19. Let A, A’ : [a,b] — L(n) be a pair of curves. The relative crossing

form I'(A, A, t) on A(t) N A'(t) is defined by:

(AN ) =T(A A (2),8) — T(A,A(L), ¢)

A crossing for a relative crossing form form is defined in the same way as in the

non-relative case. Being a regular or simple crossing is also defined in the same way.

Definition 3.20. For a pair with only reqular crossings the relative Maslov index s

defined by

1 1
p(A, N) = SsignT (A, N, a) + > signT(A, A1) + gsignT (A, ', )
te(a,b) and tex(A,A")

Definition 3.21. A symplectic structure on a wvector space V is a non-degenerate

skew-symmetric bilinear form on V.

Definition 3.22. A basis uy,...,U,,V1,...,0, of a vector space V equipped with a
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symplectic structure w s called a symplectic basis if the following holds:

1 i=j
0 itj

W(“h“j) = W(Uz‘avj) =0 and w(u,-,vj) =

Definition 3.23. A manifold M equipped with a symplectic structure w, on each of
the tangent spaces T,M such that in each coordinate neighborhood, w varies smoothly

on p € M is called a symplectic manifold.

Definition 3.24. A submanifold L of a symplectic manifold (M,w) is called La-

grangian if for every p € L, T),L is a Lagrangian subspace of T,M.

Definition 3.25. Two Lagrangian submanifolds L, L’ of a symplectic manifold (M,w)
are said to intersect transversally at p € M if T,L and T,,L" as vector subspaces of T,M

intersect only at 0.

Although this is not the definition of transversality in differential topology, this
formulation coincides with that formulation as well: T,L & T,,L’ = T,M if and only if
T,LNT,L = {0}.

Let (M, w) be a symplectic manifold of dimension n. Let Ly, Ly be two Lagrangian
submanifolds of M that intersect transversally at two distinct points a, b. Suppose that
f: D?> — M is a holomorphic map such that boundary of D? is mapped onto two arcs
in L; and L. Suppose that these arcs can be parametrized by paths 71, v2 from [0, 1]

into L; and Lo respectively.

Let f*T'M denote the pullback bundle, forming a symplectic vector bundle over
D?, by associating the vector space Ty, M to each point € D? Since D? is con-
tractible, f*T'M is a trivial vector bundle. In other words f*T'M is isomorphic to

D? x R?" with the standard symplectic structure on R?",

Note that we can insure that the complex structure over 7'M can be carried to the

standard complex structure. One can construct a trivialization of f*T'M, by choosing
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a symplectic basis of f*T'M at 0, and carrying it by parallel transport. To insure that
this process gives a trivialization that takes the symplectic structure on f*T'M induced

by the symplectic structure on M, one needs to adjust the utilized connection.

Let the map 7; : [0,1] — A(f*T'M) be given by: ¢t —— T, L;. Let t : f*T'M —
D? x R?" be a trivialization of the vector bundle f*T'M over the disc. Then to7; is a

path of Lagrangian subspaces of R?".

Lemma 3.26. Let t be a trivialization of the pullback bundle f*T'M. The relative

Maslov index p(t o 11,t o 9) is independent of trivialization.

Proof. Let t, s be two trivializations. Since complex vector bundles over the disk are
unique up to isotopy, t o 7; and s o 7; are isotopic. Due to preservation of Maslov index

under homotopies, it follows that pu(t o 7y, 0m) = u(s o1y, 07s). O

Because of the above lemma, we can now define the Maslov index of a pseudo

holomorphic disc ¢ € my(x,y). as the quantity appearing in this lemma.

Now we go on to define another version of this Maslov index and show that the

two are equivalent. This version is constructed in [§].

Define 73 : [0,1] — A(f*T'M) so that:

1. for 0 < t < 1, 1»(t) is a Lagrangian subspace of T, M that is transverse to
T’Yz(t)LQ;
2. 7'2(0) = T’yQ(O)LI and 7'2(1) = T’yz(l)Ll-

Such an arc exists and is unique up to homotopy. This is argued in [8]. Then
71 0 (15)~! defines a loop of Lagrangian subspaces of f*T'M. Let 7 = 7(75)~" be the
concatenation of the paths 7, and (75)~! of Lagrangian subspaces of f*T'M. For any
trivialization ¢ of the pull back bundle f*I'M, the loop t o 7 is a loop of Lagrangian

subspaces of R?" with the standard symplectic structure. We can compute the Maslov
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index of this loop (relative to any Lagrangian subspace of R?"). This Maslov index is

equivalent to the previous one as proved in the following proposition.

Proposition 3.27.

plrio ()" V) = p(ri,72)

Proof. By small deformations we can insure that 71(0) = jo7,(0) and 71(1) = jo7a(1).
Because this is done by small deformations, this does not change the Maslov index.
One can choose a trivialization of f*I'M so that 7 is trivialized as the constant path
V, and 75 = j o 7. Under these choices 7, o (75)! is homotopic to 7;. Hence the result

follows. O

After having defined the Maslov index of a pseudo holomorphic disc, we can now
prove the following theorem which is used in establishing well-definedness of the relative

grading on CF.

Theorem 3.28. Let S € wh(Sym?(X)) be the positive generator. Then for any ¢ €

mo(x,y) the following holds:

(¢ + k[S]) = p(¢) + 2k

Proof. As demonstrated in [8], attaching a topological sphere Z to a disk changes the
Maslov index by 2{(cy, [Z]). But (c1,S) = 1 as we have shown in Corollary 2.10. O
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4. Spin°® STRUCTURE

In this chapter we define spin®-structures on a Riemannian manifold. Recall from
Chapter 1 that Heegard Floer homology is defined for a 3-manifold equipped with a
spin®-structure. The construction of Heegard Floer homology in Chapter 1 involved a
map s,. In this chapter this map is explained in more detail. We also sketch a proof of
a property of this map which allows us to see the relationship between spin®-structures

and pseudo holomorphic disks.

Although there is a formulation of spin® structures in other terms the following

definition is the one used in this context. The formulation below follows [9].

Definition 4.1. Two unit vector fields on a Riemannian manifold are homologous if
they are homotopic in the complement of a ball, or equivalently in the complement of

finitely many balls.

Spin‘(Y") denotes the set of homology classes on the manifold Y, and is called the

set of spin°-structures on'Y .

Since a 3-manifold is trivializable, there exist unit vector fields, hence spin®-

structures, on 3-manifolds.

Let f be a Morse function on Y compatible with a Heegard diagram (3, a, 3)
for Y. (Fix a Riemannian metric g on Y, to be able to speak of compatibility and
ascending, descending manifolds of critical points.) Let the point x be in the inter-
section T, N Tp. Then g points of ¥ represented in x lie both on the ascending and
descending manifolds of critical points of index 1 and 2 of ¥ respectively. Since the
trajectory of a gradient flow through a point is unique, these points in fact lie on g
trajectories connecting critical points of index 1 and 2 in Y. Now consider a pointed
Heegard diagram with a basepoint z lying on ¥ but away from « and 3 curves. Then

z does not lie on any of the ascending manifolds of index 1 critical points. It does
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not lie on descending manifolds of index 2 critical points either. Therefore it lies on
a trajectory connecting the two critical points of index 0 and index 3. Once tubular
neighborhoods of these g + 1 trajectories are removed from Y, one obtains a subset of
Y, which is a manifold with boundary. On this submanifold gradient of f is nonva-
nishing. Because this vector field has index zero on the boundary spheres, it can be

extended to a nonvanishing vector field on Y. The map

s, : To NTg — Spin°(Y)

sends x to the homology class of this vector field on Y.

By choosing a trivialization, a unit vector field on Y can be viewed as a map,
v:Y — S? into the sphere. Let ¢ be a generator of the cohomology group H?(S?%;Z).
It can be shown [1] that the pullback cohomology class v*(9) € H?(Y;Z) is the same
for two homologous vector fields. Therefore spin®-structures on a 3-manifold Y can
be identified with cohomology classes in H?(Y;Z). The statement of the following

proposition uses this identification.

For a pair of points x,y in the set T, N Ts, let a : [0,1] — T, and b: [0,1] — Ty
be a pair of paths from x to y. Let ¢(x,y) be the homology class in Y represented by
the loop @ — b under the identification in Corollary 2.5. It is argued in [1] that this

identification is independent of the choice of paths a and b.

Proposition 4.2. Let x,y € T, NTy. Let e(x,y) denote the first homology class in

Y, formed by the gradient trajectories through the points of Y represented in x andy.
Then

s:(y) — 5:(x) = PD[e(x,y)].

We sketch a proof.
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Proof. For a point x € T, N Tg, let 7« denote the g trajectories through the points of
Y represented in x. For a pair of points x,y in the set T, N Tg, the link 7% — 7y is a
lI-cycle in Y. The vector fields s,(y) and s,(x) agree outside the trajectories vx U 7y,
because the map s, is constructed from the gradient of the same Morse function f on Y.
Therefore the difference s,(x) — s.(y) is represented by a cohomology class supported
in a neighborhood of 7« —7y. From algebraic topology it follows that the cohomology

class s,(x) — s,(y) is a multiple of the Poincaré dual of ~x — 7y.

Let z; € x —y. Take a small disk Dy in ¥ around z;. The vector field v,
representing s,(x) can be chosen to agree with gradient of f near the boundary of D.
The vector field v, representing s,(y) can be chosen to agree with gradient of f in Dj.

It is then stated in [1] that

s:(x) — s.(y) = (degp, (vx) — degp, (vy))PD(1x — 1y )-

Take another disk D; with the same boundary as Dy, so that the sphere Dy U D,
bounds a 3-ball in Y containing the index 1 critical point corresponding to x;, and no
other critical point. Then v, can be chosen to agree with the gradient of f on D;.
The vector field v, does not vanish inside the 3-ball bounded by the sphere Dy U D;.

Therefore

0 = degp, (v;) + degp, (v,) = degp, (vz) + degp, (V).

The gradient of f vanishes with a contribution of —1 around index 1 critical points.

Therefore we obtain that

degm(”x) — degp, (vy) = _degD1<Vf) - degDO(Vf) =1

Let a; be one of the arcs on ¥ joining x; to some y;. This arc a; is homotopic with
endpoints fixed to the gradient trajectories connecting x; and y; to the index 1 critical
point associated, by the gradient trajectories descending to this critical point. Since

this argument could be repeated for arcs in the path b, the 1-cycle a — b is homologous
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to the 1-cycle v« — 7. O

Now note that if a pseudo holomorphic disk exists between the points x and vy,
then the 1-cycle a — b is null-homologous in Sym?Y. In this case, €(x,y) = 0. As a
result of the property we have proved above, the points x and y are mapped to the

same spin®-structure under the map s,.
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