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CHAPTER 1
INFRCLUC I'ION

1.1 (a) Definition of Plasticity

Theory bf plasticity is the name given to the mathema-
tical study of stress and strain in plastically deformed solids,
-esbecially metals,‘ Its starting point is certain experimental
observations of the macroscopic behavior of a plastic sclid in
uniform states of combined stress. The task of ‘the theory, as
stated by Hill-(l)*lis twofold; .first, to construct explicit
relations between stress and strain agreeing with the observaticns
as closely and universally as need be; and second, to develop
mathematical techniques for non-uniform distribution of stress
and strain in bcdies. permanently distorted in any vway.

The theory of plasticity is especially ccncerned with
the{£CHnological forming processes, such as the rolling of stfip,
extrusion of rods and tubes, draWiﬁg of wire, and deep-drawing
of sheets which involve very large plastic-strains (2) and
deformations., In this case elastic strains may be ignocred. In-
tense plastic strains may be also produced locally in many mech-
anical tests such as indentations by a conical die. The bending
of a notched bar, or the extensicn of a tensile specimen past the
necking point. 'However, in determining the yield load larze
strains are not invclved. In order to be able to account fcr the
significance of those phenomena a knowledze of state cf stress
and strain in the .plastic zone is reguired. Plastic strains of
eleastic order may be of prime importance tc the structural and
machine designér, With the great premium éurrently placed on the
saving of wéight in aircraft, missile, and space applicaticns,
‘the designer can nc loﬁger use large factors of safety and "beef
up" his design. He must design for the muximum load tc weisght

(*). Number in the brackets refer to the References '‘at the end of
the thesis, ' ' '
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- ratic, and this inevitably means designing into the plastic range
(2). Elasto-plastic situation is involved in structural appli-x
cétions when it is necessary to predict the critical loading
which just causes a strﬁctural member to start yielding plastical-

ly.

1.1 (b) Historical Background

Coulomb (1) had proposed the critericn for yielding of
SOllS in 1773. However, the scmentlflc_study of the plasticity
of metals had begun by Tresca (1864) (1) when he published a
preliminary account of experiments on punching and extrusion.
He stated that metal yielded when the maximum shear stress attain-
ed a critical value. Poncelet (1840) and Rankine (1853) applied
the Coulombs yield criteria tc the problems of earth-pressure on
retaining walls. Saint-Venant (1870) used Tresca‘s yield con-
dition tc determine stresses in a partly plastic cylinder sub-
jécted to a ccmbined bending and torsion. 1In 1871 Levy, adopting
- Saint-Venant's conception of -an ideal plastic material, proposed
three~dimensional relaticns between stress and rate of plaotlc
strain, Later, Guest, in England, investigated the yielding of
hollow tubes under combined tension and 1n*ernal pressure., Haar,
and Von Karman ccntributed much to the field, In 1913 von Mlses
on the.basis of purély mathematical consideration presented his
famous yield criteria which was interpreted by Hencky scme yearé;
afterwards as implying that yielding occured when the elastic
shear-strain energy reached a critical value,. |

‘ Germans were active between two wars, 192C-21 Prandtl
showed thzt two dimensional plastlc prcblem is hyperbelic (1).
Hencky_suppllpd the general theory underlying Prandlt's work; he
also discovered the simple geometric relations of the slip-lines
in a state of plane strains. In 1923 Nadai investigated plastic
zones in a twisted bar. In 1925 Von Karman analyzed, by an
elementary method state of stress in rolling. Siebel and Sachs

put forward similar theories for wire-drawing.
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In 1826 Lode~Showed'that Levy-Mises stress—-strain relations
were valid to a first apﬁroximation. Taylor's and Quinney's
experiments (1931) cdnfirmed certdin divergénces that Lode's expo-
rimental reaultbs have ‘indica%ted,.. Theory was generalized in’
twec directicns: Reusé(l930) made allowance for elastic component
of strain, and Schmidt (1932) and Odquist (193%3%) showed how rork-
hardening could be brought within the frame work of Levy-Mises
equations., Hohenemer (1931-2) proved :the works of Reuss,
whereas, investigations of Schmidt confirmed the hypothesis of
Qdquist and himself. Therefore, a theory had been ccnstructed
then on. : ‘

ILater on a rival theory proposed by Hencky came into
use especially by Nadaij; and afterwards by the Russian School.
Although the plastic strains were small, experiments showed that
orie to one relation did not exist.

" After the Second World War, England and U.S.A. had
earned extensive reséarches which is still goiﬁg‘pn. Brovn
University in U.S,A. has been a leading center of Plasticity
engaged in theoretical studies. Lehigh University became a re-
search center of plastic(design methods (3). There, problems of
instability have also been studied. Baker and his associates
_have studied the behavior of frame members which failed by
building and position reached by 1956 was described in Ihe Steel’
Skeletons, Concept of plastic hignes and stability of frames was
studied by Merchant, Wood and Horne. Baker was the first to
realize that the simple plaétic theory might well prove to be the
key solution and a raticnal method for design of ccmplex frames.
Calculating Baker formal statements and proofs of plastic ccllap-
se load were published by Greenberg and Poager, and by Hodge
although an earlier paper by Gvozdev, in which these principles
were established had appeared in 1938,

Hill in his famous book "The Mathematical Theory of
Plasticity" and numerous papers contributed much tc the theoreti-
csl field of plasticity. ’
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‘ , Johansen (4). in Sweeden had deve10ped the yleld llne
‘theory bas 1ca11y for plastic plates. It seems that researches

: carrled under the sponsorshlp of NATO (5) will ‘add a lot of new

: thlngs tokthe chain of" seluntlflcbstudles in plasticity.

: 1;2 ':Iﬁelastic“Behaviourb
.v | The main characterl tic of the mechanical ‘behaviour of
'kan elastlc materlal 1s adequately expressed by Hooke's famous '
- statement. "ut tensio sic vis" (6). However, no simple descriptlon
_ of the mechanical behaviour of ‘the plastic materlal is possible,
?and'a mathematical theory attempting to take account of all
‘mechanlcal phenomena observed in the plastlc range would not be
practlcal
The generallzatlon of Hooke's Law to three dimensions
for an isotropic materlal using the tensor notation and,including
thermal strains becomes* '
i—u.— .‘_ G": ._._.g-- M
(4

)
‘ | ‘ ‘ 43-—: 2.6 (j ) (l....
where £ is theiYoung's‘Modulus;)u Poisson's ratio, &4 the coeffi-

cient'offlinear thermal expansion, T the tempeérature above some
arbitrary reference temperature, G, the shear modulus of elasti-
city and | |

o T = 654 o3 + 61
g s ﬁ?, and%&j,, are the strain tensor, the stress tensor and
the kronecker delta respectively.

For sufficiently small values of stress and strain,
test specimen reassume thelr original shape upon unloading. In
other words they behave elast1callv and Hocoke's Law is appllcasle.

A(’) In Equation (1.1), index notation is used in which an index i
takes the values 1, 2, 3 (x,y,z). Repeated indices means
| Summation and cemma means differentiation with respect to the
: spacejcoordinétes. ’
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For values beyond the elastic llmlt the opec1men will
'inot reassume its orlglnal shape upon unloadlng, but will show a
permeanent deformation. In other words, it will behave inelasti-
*cally. There is no more a one-to-one correspondence between the
‘1cad and‘deformatlon as,shovn.ln Elgure 1.

o

Figure 1

Effeot'of looding beyond the elastic range.
 Permanent deflection or permanent set SP will be equal to the
- total deflection minus elastic deflection (7):
5 = 610.‘.;_. (g-E._
An interesting phénomenon observed in the test of many
materials is that reloading after unloading will cause only

elastic deflections»almost up to the load which had previously
been applied then causing a rise in the proportiondl limit, Fig.2.

Original New prop. limit
prop limit /" '//‘

S

L&f L3
~/ SV
)
e

- ' ; Figuré 2

Effects of reloading.
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",elastlc stralns are entlrely neglected as shown in Figure 3 (b)

s 3 zat1on shown in Flgure 3 (a)

Y

Many materlals will show an abfupt change, fiattening of the
force deflection curve when a certain load is feached. Then a

. largerammount of deflaction will occur with little increase in
iloaﬂing. 1t'is ofFen couvenient to show such bshavicur by idea-
“lizedr bfress strain dlagrdma COﬁolwflng of ?vo straignht Llines,

'Flgure 3 (a)

, The behav1our 1n which the deflectlon increases with- _
jout anv 1ncrease ln load is called ideally plaetlc In some cases §

or both elastlc and plastlc behaviour may be included. The term
"elastic-perfectly plastlc is often employed to dexlne the ideali-

Actualcurve

-
» R _.._—’

Plastlc_/

-~

Elastc
Elastoplastic

@)
»vJP..

I

Ideally plastic

\ » | (b)
RN ' Figure 3%

Idealized force-deflection curvses,

1.3 The Criterion of Yielding

(a) General,Cpnéiderations
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'A law defining'the 1imit of elasticity under any possib-
;'le combination of stresses is known as a criterion of yielding
(1). Yield stress is the one which corresponds to some arbitrary
permanent strain set after the elastic limit (7).

Factors which have an influence on the magnitude of the
forces under whlch a. mauerlal w1ll yield plactlcally may be
stated as (8) : , '

1) The structure of materlal as dependent on the consti-
tutlon .of the substance especially of alloys.

2) The absolute size of the crystal grains constltutlng

a polycrystalllne materlal
E 3) The imperfections and disturbances. in the crystal
lattice. C LT |
| | S 4) Témpéféﬁuﬁe;,l
- 5) Time-f

Assumlng materlal to be 1sotroplc, plastlc ylelalnv then
depends on “the magnltude of . the three pr1nc1nal stresses applied
'and not on thelr dlrectlons. Any yield crlterla is excres51ble in
"tne form (l) ' ’ : ' ‘

'f(f.,lt,I')=0 R R (1.2)
: where Il’ 12, ia‘are the three stress 1nvar1ants In terms of
pr1n01nal stresses,

I=(s + e ), == (eme ggrag), Lmogs )

'Anyvfuncfien of the invariants can be expressed in terms of the
. principal StreSSes,.it is not true that any function of the
"principal stresses renreseﬁfs a possible yield criteria. The
function f is the characteristic of the state of the metal before
'unloadlng, and therefore depenas on the heat and mechanical treab
ment of the metal

The eXperimental_fact reveals that yielding of a metal,
to a first approximation is unaffected by a moderate hydrostatic

pressure or tension either applied alone or superposed on some

‘l
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1

state of combined stress. If this is strictly true for ideal
plastic body, it fOlLOWS that yleldlnv depends on the principal
components ( G’ s‘ ) of the deviatoric or reduced, stress
tensor (l)
e v

9 = & — o4y (1.4)
where G’:-T;—-G:}s the hydrestatic component of the stl;-ess;. The
principal components are noct independent, since G + G;adg'is
identically zero, Therefore, the yield criterion reduces to the

form

(Lfo o

. where

(1.6)

Also; if is assumed that ideal plastic body does nct show a-
Bauschlnger effect therefore it has same yleld stress in ten51on
. andvcompresslon And‘since Ié changes sign when the stresses are
~ reversed, it follows that f must be’ anoevenvfunctlon of I% (1).

(b) nxamplesvof~Yield.Criteria

The 1dea of yleld criterion goes as far back as Coulomb
in 1775 when he had attempted to explain failure of scils. Many
of the crlterla develOped then on were suggested as criteria for
fallure of the brlttle metals, Later on, they were adopted as
yleld crlterla for duotlle materials. Because of their historic
values some of them will be brlefly mentioned here and the cnes
that are practlsed today will be explained in detail.

1) Maximum Stress or Rankine Theory

This theory assumes that yielding occurs when one of the
principaljstresseS’becomes equal to the yield stress in simple
tensiOn 6> , or the yield stress in compression 63,.- . This
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A,

theory shows very poor agreement with experiment and is rarely
used, fAccording to this theory, then all material should yield
plastically when sﬁbjected to sufficiently high hydrostatic
pressure (8). We have already stated that this was not true.

2) Maximum Straig Theory or Saint-Venant Theory

This theory assumes that yielding will occur when the
maximum value of the principal strain eguals the value of the
yield strain in simple tension (or compressicn). This does not
agree well with most experiment (2). For, undersufficiently high
hydrostatic preséure,'the maximum limiting strain must certainly
be reached, and therefore, according to this theory the material
should fail (8). This is not the case since most metals can with-
stand any arbitrary amount of hydrostatic pressure without failure
or without starting to yield plastically.

3) Maximum Shear_Théory or Tresca's Criterion

Tresca (1864) assumed that yielding will occur when the
maximum shear stress reaches the value of the maximum shear Stress
occuring under simple tension

z = :*:..%.(6;"—-6{) - (1.7)
where 6= maximum and ©3= minimum principal stresses, For simple
tension 6 < &3=0 ' |

3i£= _%7_63 | (#aximum shear stress at yielding)
A plot in 6,6; plane for this yield criteria is shown in Figure 4,
It is to be;nOted‘that one limitation of this theory is the
requirement~that the yieldAstress in tension and compression be
equal (2). Though widely used, it suffers one major difficulty -
it is necessary to know 'in advance which are the maximum and

minimum principal stresses,

| ‘For a case of pure shear 67=- 63 =k , 05=0
ka2 | 1.8
=2 - (1.8)

where -k is the yield stress in simple shear.
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4) Mises Criteria or Distortion Energy Theory

Mises assumed that yielding occured when 1) reached a
critical value in alternative forms yielding would occur when lé
reached the value of Ié at yielding in simple tension, or

L=g o5 (1.9)
which when written in terms of total stress components takes the
form

k3 2 2.

(61—0;) +(G$—61) -a-(ﬁ—ﬁ’x) - 6(-(:9 +Z:.x +zlgx) :16‘: (1.10)

4

A physical interpretation given by Hencky was that
equations 1,9 and 1,10 impli'ed that yielding begins when the
recoverable elastic energy of distortion rsaches critical value,
According to Hill (1) this may not have a general siznificance.
¥When we have a biaxial case lMises yield criterion takes the form

2 5 2
&'- &6 +0= S (1.11)

This is the equation of an ellipse, called von Mises Zllipse as

shewn in Figure 5.

a2

%o

Tp= ~ce*o,

. "o Oo

[}

G'2="0"°1"U'1

oo

» Figure 4 )
Maximum Shear Stress Thzory

For a case of pure shear, &i=~6x» = K . 65=0 2and equation 1.11
yields ’

lk'z

_S=_ 1.12
\\/‘g"‘ ( ,)
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162
Ga

. / | |
‘ A &
6

Figure 5

Distortion Energy Thecory

That is yield stress in pure shear is !A@F times the yield stress
in simple tension., Therefore, the Mises criteria predicts a pure
shear yield stress 15 ;{ ~higher than predicted by Tresca's yield
condition, ’
.

For most metals von Mises criterion fits the data more
~closely than Tresca's. However, because of its simple form Tresca
riterion is also used in scme applications.

1.4 Stress-Strain Relations

(a) Elastic Behaviour - Generalized Hcookes' Law

The state of a stress in continuocus media is completely
determined by the stress tensor S¢y s and the state of deformation
- by the strain tensor é;j . When an elastic medium is maintained
at a fixed temperature there is one-to-one znalytic relation

617)-: Fij (G.n, fa2 . £33, weeeen. . f_m.) (1.13)
between Sij and iij; If Fij is expanded in the power series in |
£1ij, and only linear terms retained, the following is obtained

oF;= ikl 5 (<3.kob=142,3) (1.14)

where Cijkl are the material tensor, and symmetric with respect to
first and last two indices, : SR
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When an isotropic, homogeneous media is ccnsidered, the
number of essential elastic constants reduces to 2:(Q), Thus', the

generalized Hooke's Law for a homogeneous isotropic body can be
written in the form

7&%] +- z/,iﬂ (1.15)

R.andufg are the Lame constants, and J is equal to £ii,
Substituting the following relations (1C)

E _ M (Young's Modulus), A4 = A {Poisson's Ratic
N+ Mo 2 (A +ug)
in equation 1.15 leads to the well known Generalized Hooke's Law,

& xx :—T%— [ﬁf&x—-dq <6§g-+<?i%)]
Z YY::—T%—-[%BQ -.Q (Gag4-6}g)]

[
22z2= = _[6‘*—*-—4 (@“w + 699]
_ (1.16)
iX —- 1+ M4 e
y = *Y
E
ézx:—.ﬁ.ﬁ{_. Zex

in an elastic solid the fellowing relations should hold in addltlc
to Generalized Hooke's Law, Equaticn 1.15,

1) Zquilibrium
6?{)5:-—-F3 “ . i (1.17)
where Fj are the body forces, ’

2) Boundry conditions,

where Ti is the traction, and nj is the unit nermsl perpendicular
to the surface considered (9).

(1.18

3) Compatibility

tJ
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Lepkl + 4Llyey - o — 450,:k=0 (1.19)
of these 81 eqatidns only six are independent. Equaticns 1,19
ensure the continuity of displacements and therefore are known
as eguations of compatibility (9).

4) Strain - displacement relations

L (u‘sé— uj ) = iij (}’20)

(b) Plastic Behaviour

In the plastic rangé, there is no one-to-one corres-
pondence anymcre, between the stress and strain. Yield criteria 1is
not enough to characterize the mechanical beshaviocur of a plastic
material, It must be supplemented by the stress-strain relaticns
for the plastic range.

The general equations for determining the plastic stress

strain relations for any yield criteria is presented on a unified
approach due to Drucker (2),. ‘

Work hardening implies that when an external agehcy
applies a set of an additional stresses on a given state of stress
and then slowly removes them, material will remain in equilibrium,
and: .

4 1. DPositive work is done by the external agencies during
the application of the set of stresses.
2. The net work performed by it over the Eycle of appli-
cation and removal is zero offpositive.

Under stress - increments JSTS s, we have Jics , then

for work hardening from implication 1

-J,_c;). ‘dg_,;') > 0] ' (1.21)
and from implication 2. . ; ’
Acsm(J.g.)...A{i--WO
e P
As-)(di{.f ds) yo (1.22)
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or :
s desy 7 O
Zquations (1.22) represent mathematicalvdefinition‘of »workhard-
ening. ©Second equation is sometimes referred as "the uniqueness
andition." -
To obtain the general stress-strelrn lesetiClrse, we use

the above definitions plus two basic assumptions:
' 1. A loading function exists. At each stage of the
plastic deformation there exists a 1unot10nf(61)) that further.
 plastic Geformation takes place ior‘f@ﬂ¢)>4< . ‘Both T ana k:may
depend on the existing state of stress and on the strain history.

2. The relation between the infinitesimal of stress and
plastic stain is linear, i.e.,

P
deg= Ceojkt d st : (1.23)

This is purely an assumption.cﬁhL may be & function of stress
strain and history of loading,~but above equaticns imply that thew
‘are independent of 6%L , |

From the first one

df(oeg)yo (1.24)
or QBF d 0 :
| 25 c)"'S >

sc that plastic deformatlcns takes place., Second assumption
asserts that principle of superposition may be applied. (2)

From egs. (1.21) to (1l.24) a stress strain increment
relation may be written in the form

o Jf - ~ (1.25)

dgg= Veos
where GO is a scalar which may depend on stress, strain and his-

tory.

To calculate the plastic strains at a final loaé condi-
tion it is theoretically necessary, in general, to integrate the
infinitesimal plastic strain increments over the actual path--of

loading.
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for e perfectly plastic material eq. (1.25) takes the fcrm
denn = 4 2f (1.26)

. JdSCy
whered?\ is a scalar, )

¥
Drucker's Postulate leads to tne prove.of convexity of
the yield surface and the stress strain increment relations
which zre the building bdlocks of-theory of plasticity (3),(1l),

1.5 Limit Analysis

a) General consideration

The results which are to b

il

presented here are
due to Trucker, Greenberz and Prager taken from the "Limit
Analysis in Flane Strain' section of "Theory of Perfectly Plastic

Soligs"™, by Prager and Hodge~.
A ceneric cross-section R (see Fig. 6) is ccnsidered
which has a boundry B, H is assumed that boundry B consist of

o
Figure 6 - Components of Surface Tracticn

inite number of arcs which will fall into one of the fcllowving

by

—
-

cztegories:

1) Arcs along which the vecﬁor of the surface
traction is prescribed, or o '

2) Arcs along which the displacement vector nust

vanish.
An application of proporfional, continual loading is

* Reference (6)
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assumed. It is supposed that ziven surfaée tracticns are suffi-
ciently small sco that we won't exceed range of contained plastic
fiow, When a state of impending plastic flow 1is reached, we shall
have an increase in plastic strain under constant load. The ratid

of a generic surface traction at the instent of impending plastic

o~

b
|

ow to the given value of tuais surface tracticn will be called
"Factor of safety". It is important to note that up to the point
of imperndinz plastic flow equilibrium and bcundry conditicns of
undeformed rather that deformed hodvy are . aatisiiodg.

There are two trneorems guiding the lower and upper
bcunds fer tnls safety factor., At this stzge it »will be usefull
to define scme terms which have originally bsen developed by

Greenberg and Prager., (12).

b) Statically Admissible Stress Field- Lower Bound.
A continuous or disccnbtinuous stress field
satisfying. '
1) Equations of eguilibrium

R . G _ o

D % R
’bzxy_'_ -B%:O
dx -y :

_ A (1.27)
thfoughout R, or thrcughout eacn finiée subregicns into vhich R
is divided. ‘ ‘ v

2) ‘The boundry conditions along each boundrv of the arc
where surface traction is prescribed, and

3) The yield inequality

. |
(63— s3) + 474 4k*z o0 (1283

is called statically admissible stress field. &An example for a

notched tension specimen is shown in Figure 7.,
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Ll e

Zones of Constant
[ Stress Component

LA LN
(@]

Ol ' |

L: -y—Ji-wJ; e

Figure 7 - Statically Admissible
' Stress Field _
A number m®¥lis called statically admissible multiplier if there

exists a statically admissible stress field, such that nowhere y.-1-

2l exonsded for surface tractions X . andﬁﬁY (2). The
Lower Bound Thecorem states that the safety factor is the largest
statically admissible multiplier. It is the case vhen the eguili-

‘brium distribution of stress balances the. externally applled load

and is anywhere below yleld or at best at yield.

c) Kinematically Admissible Velocity field Upper
Bound ’
A velocity field, continuous or disccntinuous

satisfying
1) Conditions of 1ncompre551b111ty
\b\/x N 'B\}H -0
"Ox Ry

(1.29)

2) The condition that velocity components Vi, Vy
vanish along each finitie arc of B

3) And the condition that total external work rate
is positive;

Js(xvx +Yuy)d5> O C1.30)
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The multiplier m* associated with the kinematically admissible
velocity field is ‘defined as the ratio of internal to external
energy dissipations:

m* = k L jTJA + ZSL\;\(V(:‘—VS‘)\AL‘*

: .31
v 5 (XV$+YV~()JS ’/2, (l 3 )
where . B a 2
T- (}w ) 3\13) +('w* . ,M>
D%, 08 DY D%
is the maximum shear rate, Lkh is the line of discontinuity
QG ‘ . ‘
seperating regicns Rn and Rk,Vi , the velocity component in.,
the direction twk - the unit vecfgr tangential 4o Lwuk , on the

k.
side Rh  of the line Lwk , and Nt corresponding componernt on the
side Rk , (See Figure 8.)

Figure 8 - Conditions at line of Discontinuity
k is the tdngential stress transmitted across the boundry.

The Upper Bound Theorem states that the safety factor is
the smallest kinematically admissible multiplier. Structure must
collapse if there is any compatible pattern of plastic deformation
for which rate of external wecrk is egual to or exceeds the rate of
internal energy dissipation.

Combining uppef and lower bound theorems, the safety
factor ™M is bound | '

~° L m _é‘m'* (1-52‘)
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If m% is the axial stress applied to the ends of the
spec1men in Figure 7, the result obtained is (6)

M 1,26 K_ '
" 5 (1.33)

For Figure 9, the line AB is a line of discontinuity. Shaded

Flgure 9 - Klnematlcally admissible Velocity
Fleld :

portion above thls llne moves as a rigid body with a unlt ve1001ty
in the direction of arrow. Equation (1.51) gives:

nﬁ:bkk.TBGleizi;g Kk
' )2 quqp P

a) Dlscontlnulty
V The evaluation of the limit load under which un-
' restrlcted plastlc flow. sets in ‘must frequently be oased on dis-
contlnuous stress distrlbutlons. '

Llnes of dlscontlnultv are the boundrles of constant
 stress reglons though deflnatlon could have included the stress
lflelds of va:c'ys.n'r type ‘too,
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In Figure 10,l-l is a line of discontinuity, and o is
the angle between X- ax1s and normal to thls element Regions are
labelled as 1 ‘and 2. -

7

Figure 10 - Discontinucus Stresses in Problems
of Plane strain

Equilibrium of the rectangular element shown, requires
that éxterior components of stress N and T are ccntinuous
across L-L . T is the tangential and N is the normal components
of stress. However, the internal component, N' may be discon~
tinuous without upsetting the equilibrium. Yield ccndition on
both sides of the line of discontinuity must be satisfied.

v Winger and Carrier (6) have shovn that at least four
fields of constahtvstreSS;must meet a point where several lines of
discontinuity meet. If conditions of equilibrium, and-a yield
conditlon are satlsfled by the dlsccntlnous stress distribution,

in connection with Figure (9) , the only velocity field compatible
with such '@ stress distribution corresponds to rigid body motion;

* Actually thls stafment is for a. truneatw 'Wedge. However, since
there are. no stresses in region 5, when half of the discontinuous ...
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Velocity component may be discontinuous also. Though
velocity component normal to ﬁhe line of discontinuity is centinu-
ous, the cocmponent tangnet to the line may vary in a disccntinucus
manner, -

Line of discontinuity in the stress field must be con-
sidered as the limiting case of a thin elastic layer which provides
a centinuous transition'from~one plastic stress field to the other,
where as line of discontinuity in velocity field must be regarded
as the limiting case of a thin layer providing continuous transi-
tion from one velocity field to other. It can be proven that the
line of disccntinuity is either a shear line or an envelope of
shear lines, i.e., a limiting line (6).

* (cont,) stress field is considered, it will behave like a
truncated wedge. '
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CHAPTER II

EXPERIMENTAL WORK

1

2.1 INTRCTUCIION

The foremost reason of any experimental stress analysis -

is to "avoid a failure" of the machine or structure. Because of
the many'difficulties involved in the use of physical properties,
such as yield strength etc., safety factors or uncertainity factors
have been devised to help bridge the gap between idealized test
data and actual design practice.

Failure means any chanze in the physical shape, config-
urations or properties of;mémber in which the change will seriously
effect the Satisfactory pérforménce of that member within a machine
or structure (13). Rupture, buckling, excessive'deformaticn,
extreme wear méy‘be;the chief causes of failure., Or some times
when elastic strains or plaéfic strains of elastic order are of
high importance failuré wili.be assuﬁed if the proportional limit
is exceeded. * 7

The usual starting poin%t of a rupture is a% some stress
raiser, or a point of high stress concentration within the member.
What experimental stress analysis types to determine is the points
of high stress concentration, and stresses exist there in order to
avoid failure, or to locate the regions of low stresses in order to
remove unnecessary weight without affecting the satisfactcry per-
formance of that member, ’

/
<

Notches and fillets are called "stress-raisers". Holes
¢ .

because they disturb the stress pattern cause stress concentration’

and premature failure of engineering materials. (13)

* ‘Designs based cn working stress
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Recently studles on stress—ralsera and cut-outs -of var-
ious shapes galned 1mportance in order that design of machine parts
- or structures. based on minimum weight concept would safelv be
- secured. Although a far developed theoretical background has been
establlshed for V—notched strips and holed strlps, still experimen-
tal varification of_theorles prove to be”useful and neéessarv; |

In this paper, variation of the load causing the yield in
-a V-notched strip, as angle of notch changes‘from zero to 180, has
been anélyzed. In order %o utilize the full strength of a notched
member the angle or the angles for which the load that caused plas—
tickflow was maximum, has been investigated.

In the second series of the test, as a cut-out in a
structural member may be of any shape, effect of the various cut-
outs on»yiEId‘load has been searched for in order to be able to
make a comparisbn amoﬁg them and choose the best one for utiliéing
a certain purpose. ' |

Eccentrically located circular holes, the third series of
these experiments, are very .common in structural engineering or
machine design. An investigation of the load causing plaétic de~-
formation fer a particular eccéntricity;(such as 2om, 4mm and Gmm)
has been carried tc detect the safest load that a member can carry
in accordance with the location of the hole. Since the possibility
of punching or drilling holes eccentrically is very big, an overall
safety factor fer ény reasonable eccentricity has been investigated.

2.2 Review of Experimental and Theoretical Work on Notches and Holsg

A lot of empirical relatlons were found, and tables of
stress—cbncentratlon factors nave been prepared for engineering
purposes; Many of those tables and empirical relations can be found
" in Civil Engineering, Mechanical Engineerﬁng or experimentai stress
analysis books (7, 1%, 15, and 16),.

-However yielding of notched bars‘ﬁnder tension, as a
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‘ problem of. plastlclty has started between 1945-50, In 1950 South-
well and Allen’ (1) have" shown how the stress equations of a semi-:
circular notch could be . solved apnllcauxon of relaxtation method.
Fried.and Sachs. worked on the constralntlng effect of the notch.
1Hill treated the upper bound determlnation of V-notched and semi-
circular notched ten51on spe01men (17 and’ 18) Lee (1%) has
lanalysed the. plastlc flo" in: V-notched bars pulled in tension.
”Cmowan.(ao) worked on’ notch br1t+leness and strength of metals

Hodge (20) dld some work on yield condltlons in plane
plastlc stress, devotlnv ‘much attentlon tc notched bar in tension
v accordlng to Mises yleld criterla Drucker (21), con51der1ng
"notched samples develOped ‘the crlterla on obtalnlng plane stress or
plane strain condition in plast1c1ty. Later on, 1965, Drucker and
Findley (21) carried on an experimental study on plane plastic
straining of notched bars. Limitjload for plane stress and plane
strain values wefe'determined. ‘Recently, Mura, Rimawi and Lee (22)
'heve worked on extended theorems of limit_analysis for isotropic
'solids which were then generalized to include anisotropy. In con-
v‘nection.with'those extended theorems, a limit analysis of notched
specimen under tension‘was presented by Rimawi, Lee and Mura (21).

2.3 Theory of Plane Problems - Plane Stress-Plane Strain

' When we are dealing with elasticity, the most significant
parameter is the ratic of the sheet thickness to radius of the dis-
continuity in ‘the region of greatest stress concentration.  For a
perfectly plastic material of unlimited ductility this is of no
importance (21). A material dimensions such as distance between
notches, fcr the notched strips replaces above condition oi elas-
ticity. o

For notches, Drucker (22) has found thet a ratio of
vk/b?VZﬂ.ls requlred for a plane strain ccnditicn where b is the net
"w1dth and t is the thlckness. If we have a Sllt , upper bound for
p/bt whlch is net average sbress over the cross-secticn between
' notch roots would lead to the requlrement that /b 77'410
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In the present work t/p is mell below the limits set by .
Drucker. maklnv'all the samples tested a case of plane stress, Such
- a distiction is necessary since the plane strain solution tc limit-
ing stress on the net sectlon of a notched spe01ment is (21)

w2k [+ -] e

compared to

. =2k o ()
where 65 is the plane stress solutlon l< be:mf7 the limiting shearing]
"s'tresst ‘A 1is the half angle of the notch, If. A= T}}', 0'“/6‘5- {735
swhlch is of con51derable mavnltude.. Drucker's analysis of limiting
‘ratlo of {/b was verlfled exper;men*ally by-Drucker and Flndley (22)T

"a)A Sllpllnes _
S | In a state of plane strain the two orfhogonal
Tfamllles of curves whose dlrectlons at every p01nt coincide with
those of maximum shear strain-rate are knwon as slip lines. They
are theTCharacterictics of the equations of plane strain‘"hich are
hyperbolic (1), Two families of ‘The sllp—llnes are labled as «
and P shown in Fig. 11 |
- If ¢ is the counter-clockwise
angular rotation of - line from
x-axis, it can be shovn that for the
case of plane strain the shearlng
straln is k ané the normal stress
is P=.“'7:(.6“'+°7)

Figure 11

- Stresses on,a small curvilinear,

mer 7 . ip-line. | | NES
element bound by slip-line. 0 @AZ\Q\UNNERS“ES\KUNNA
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Then, -the cartesian components of stresses become
Ox = —f — k3in2 @
Gy = —pP =+ k. Sin20
Tey = KCos2 P

. , , | (2.3)
-These expressicns are originally due to Leéy. v
It can be proven that |

P+ 2k ¢ = Constaal on an o_ Line
p - Zk¢ = C.ons{cm’r ‘o0 a ?_ Lina.
» » (2.4)

~ These relaulons are completely equivalent to equlllbrlum equatiocns.
The constants may vary from one slip-line to the other.

Deallnv ”1th the ve1001ty equaticns in a 51m11ar way,
the follOW1ng equatlons ‘are ob*alned

U= uCos¢ rvSmdv:h'
umeﬁé & \JCcnsQﬁ
(2.5)

wvhere u and v -are the ve1001ty componen*s referred to o- and
$ lines (con51dered as a right-handed coordinate system)

It also can be shown that (1)
‘du _\/d,dv —O c\\ong an &- Line
dv +ud along «a —Lina
P =@ along o B-Li (2.6)

These equatlons orlglnally due to Gelrlnver state that the rate of
extension along any slip-line is zero.

Theory_of slip lines was a?piied to notched bars in plane
‘strain (19).

b) Limit Analysis of Notched Specimen under Tensiocn

To analvze the V-notched tension specimens and
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those with semi—circularvnotches used in the experimental investi-
gation the classical metﬁod of Chapter I will be used. Mises
.yield criterion and asso@iated flow law are assumed.

To determine a iower bound consider the rectangular ten-
‘sion specimen as shown in Figure 12 with a notch of half angle &
length 21w o and width 3&. Then results may be extended to circular
notches. ’ :

o,
Tt F 1T T M

-1

Ow

O

TR N "m,"p' .

— W —>t— W —al

 Figﬁre,l2 - Notched tension specimen

A stress field‘consisting'of different fegions of ccnstant
stress, seperated by lines of discontinuity will be assumed, The
side of the notch makes an angle§3 with the vertical. The parameter
;luo determines”the‘extent of regicn 3 as shown in Fig. 13, Be-
cause of the symmetry only one quarter of the specimen will be con-
sidered, | ’
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N
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lw
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)‘w]" 3 Ao
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nw
.Q

Figure 13

Zones of Constant stress field in first quadrant

The following stress transformations are made (24) for

 sake of simplifying yield criteria, and reduce the numerical rork.

| G‘B' - a __,b Cos kB__ oL)
Zéé‘bShﬁBF&)

where

qz.@§46§

— )
A b:[t%5+(w3 l

‘ q
d=-t_arctan {.——%T“” }
‘ 2 (%= 6)

(2.7)

(2.8)

fThe,positive'directiOn of the stréss compnents 6x .6y . Ty Se , (oand

the angle O are 'defined in Figure (14).

' Stress components may be written.as

co%x = O'f‘b C.O‘SZOQ

- 673: Cj-,-‘b COSQOL

7= bSinld

(2.9)




THESIS

ROBERT COLLEGE GRADUATE SCHOOL

BEBEK, ISTANBUL . PAGE 29
4
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6 >" X (re
\\ [ Try
—_—
'txy T/
g 2]
sz l TKS ) l
Gy Oy

Figure 14 »
Defination of Positive Quantities in Stress Transformation

The exat¢t location of various regions is determined by

two redundant parameters ﬁ and A . Choosing B and ‘A three stres

parameters are determined from the boundry condition, and equili-
brium conditions et lines of discontinuitf (24), It can be easily
seen that region 4 has only tensile stress of magmitude ™°P which
'actually is the external load applied to region 1.

The unkno‘ns nine stress parameters plus ﬂ the inten-
sity of the ten81le stress along x-axis wnich becomes part cf the
boundry when a guarter of the specimen considered are determined
from three boundry condéitions and the twe lines of discentinuity

each providing two conditiens.

The fcllowing siress parameters for regions 2, 1 and 3%
‘are tnen obtained (24): '
- N
L= o - P
—mp
[(5 N)Sia 28 — CosB-1]

124
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da. = bz,
&= ﬂ_
Y
b[ Cos528 4+ {{_g—'}\’gsm 29
&N
dl= m°? ._b'.
(2.10)

. ¢
. i : LY
. - 3 > g 2 o
The tenth unknown ¢ being eliminated. [For region 4 since 6‘5=m P
0 S . . )
and Ox="7{3 O, we obtain:

b = m°P,

A Z o ’

q- _mop (2.11)

q . .
Those -last tuelve equations determlne the stress field in the specn-
men in terms of t‘he parameters 7& They satisfy the equilibrium an

the boundry condltlons. For this stress field to be statically ad-
missable it must satlsfy the yleld criterion which in terms of (a)
and (:b) tekes the form
_L I-C\ +3¥§]_ KL o :
3 | (2.12)
assuming that plastic flow starts, taking the equal sign in Eq. 2,12
at certain regions, the unknowns A “and m® are found., The lover
bound is fOunq'to‘be o | | |

m°= ‘C.onS‘\'dﬂ“}: k o
e P | (2.13)
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CHAPTER I1I

PREPARATICN OF SAMPLES

%.1 Machining - Material and Specimen

The specimens in‘this test program. were machined from
single pieces of commercial ST-37 steel bars having a nominal cross-
section of 5 x 35 mm and a length of 600 cm. This is a Turkish
‘variety of mild steel. o
‘ The intentionvas that all specimen ‘have the same gross
width of 35 mm and net width of 20 mm, Special attenticn was paid
vin'locating the notches symmétrically. Very shérp tools were used,
ahd to minimize the effect of work-hardening ratherblight'cuts
were taken, HoWeveria slight variatibh in\netAwidth'and in thick-
fﬁess vas unavoidable, Tablés 1 and 2 show the dimensions and- net

cross-sectional areas for each individual specimen;

_5 2 Heat Treatment

' "To miminize the further effect of machining (25), all
samples were. process annealed (26) in a controlled-atmosphere
furnace fon~60 min at 700°C and cooled to 230°C 1n 18 hours. 1In
order to prevent the oxidation of samples during anneallng they
were put'Lnto specially prepared boxes and covered upkwith extra

charccal,

5.3 Hardness Test ‘
_Hardness tests were carried for each specimen after an-

nesling to secure the uniformity of the samples, The resulting
hardness after annealing vas 59 to 6% Rockwell B, Sufiicieut read-
irzs-we“e taken around the nctches and samples ocutside the specif
range were discarded. The results are recorded in Tables 1 aud 2,

5.4 Desicnaticn of Specimen
Samples were cahazor *d according to the series cf tests
‘to be performed, All V-noctohed samples ware designated with lebter
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TABLE 1 Geometriéal‘properties and hardnessés of test specimens.

| Designqﬁon'

Angle of
Notch -

Hardness

cm

T hickness | .

Gross

Area

Width

(1
3

cm’

Vol -

. Vo2

61

-6l

VO3

61

0.535

0453 | 2,
0.53 | 2.00

w .
°

1.060 |

)
{

pS2i

V301

0.53

\S RN BN BN

o

V302

.6l

0.53

V303

30

62

0.54%

i
&
t

i

1.060-:

1.060 |O..
1.1.0435 10,1615
1.072 |

O.lo42

NN

i

1.080 .

0.1672

V601

60

0.52

[ -

1.040

veoz2

60

62

V603

V901

| e

60

oveoz |

-

V903

| vieor | ..
V1202 |120 |
V1203 |.
V1501 | -
V1502 |
V1503 |
V1701 |.

62

.63
el .
_61.5
61

60

59
63 ]

6l

6l.5

1.
4 :

— .

_. 60.5
59.5

0,535 | 2.
0.53._| 2
1 0.55 | 1.9
0.53_| 2.00 |
0.53__| 2.
1.0.535 | 1.
0.535 | 2.
0.53 | 2.
'0.52 |
0452 1 2.
0.55_ |.2
_0.55_| 1
0,53 |-
0.5% | 2.

0050

| ad

1.070

Ul o\ i\t AR

-

!
1

YRR SNV VIR CYRE WV NYIN SV O

A1
NG

le

1

W

i

WO W

oY AN
AT HO

|

W
N
O

354

.| 1.040
_].1.040
).{.1.060

) | 1.076

11.070 {0.1
11.055

]1.060_|0.1642
1 1.070

0.1660

1.065
1.070

-1.080_.
_1.060_.

0.1625
0.1657 |
0.1660 |
0.1611 |
0.1635 |
0.1641 |
0.1690_]
0.1642 |
10,1666 |

1.000

0.1548
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‘TABLE 2 :.Geometrical_prdperties and hardnésses of test specimens.

: , . % % Nel Width Area
Designation | Hacdness| Thickness dy d, d,+d, - —
. . cm cm . em em n
Cl__. | 60| __0.52{ 1.0% ; 1.08.|.2.11 _|1.095 l0.1695_
| c2. | eo | 0.52| 1.06 | 1.06.| 2.10 |1.002 |0.1692
l_Ea1_ |59 | 0.52| 0.90 | 1,06} 1.96_11.020 |0.1580-
EA3 63 0.53 | 0.88 | 1,09 | 1.97_ 11.045 }0.1620
_EB1 | 59 | 0.52.| 0.68 | 1.31 | 1,99 |1.035 |0.1605
|- EB2 .| 59 0.54 | 0.60_| 1.3 | 2.05 _{1.095_|0.1696_
lBor - |61 | 0.55| 0.57_| 1.43 | 2.00 |1.060 |0.1682_
" BC3 | 60 | 0.52] 0.54 | 1.52 | 2.06 |1.072_ l0.1660
S3. 60 0.52 | == _ -~ | 2.01 |1.045_}0.1620 ]
sS4 62 0.52 | == ==_|.2.00._11.080./0.1610_]
8aql |59 | _o0.52.| 0.96.] 0.98. | 1.94_|1.010_l0.1565_,
8g2 .| 61 .} 0.51.f 1.01.f.1,05| 2,04 —|1.040-]0.1610
Pl 60 0,520 1.01 }.-1.02_| 2.03°.11,055  |0.1635
D2 59 Q.48 0,98 1.02 2,00 lo.060 488

* 4, and d, are shown in the figure.
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V, fellowed by numbers the last one being the sample number fcor
specific angle and the remainder indicating the notch angle. For
example V1201 indicates first sample of 120° V-notched series,

A square;a gnauﬁmgmmg circle at the center of the speci-
men, and a semi-circular notch symmetrically located frcem the cen-
terline at the edges constituted the second series of experiments.
The designation for this series isVSq.'for‘square,P for paallelesram
C for circular‘Shape'and S fof’semi~circular notch, .Those were
‘followed by specific sample number belonging to the same shape,

,'Eccentrically locétéd circular shapes constitutes the
third set of samples td_be ﬁested.~ They are designated by letters
EA, EB, and EC where E indicates to eccentricity, and A, B, C re-
fers to the different eccentricities, A being the smallest and C
being the largest ecceﬁtricity. Figs. 15 and 16 show the three

series.
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CHAPTZR 1V

TESTING OF SAMPLES

4.1 Testing Apparatus.

The testing apparatus consists of the following?f'

a) Lever type testinz machine with grips
to fit specimen (Fig, 17), Type : Riehle

b) Strain gaze of .mechanical tvpe with..
0.0C01" division ard 2-in gage length
(Fig. 18). Type: Riehle '

c¢) Differenttypes of SR-4 gages, basically l-l
A-5, A-7, AB-11 and SR-4 strain indicator
bridge unit and SR-4 svitching and balanéing
unit (Fig. 19). Type: N, Baldwin-Lima-*?
Hamilton & _ '

a) Miscellaneousvémall items

AL ¥

i

4.2 Technique of Mounting an SR-4 Gage'_ ‘ .
Folloving the directions furnished by the manufacturers'f
catalogue surface of the specimen vhere gage were to be attached
to was thouroughly cleaned first by rough sand paper follored bv
No“1l,No. O and OC finést quality ‘'sandpapers. The samples were
urther cleaned by eithér carbon-tetra-chloride, or acetone, No

000 sandpaper was then used for roughening the surface, 404, a comm
cial cement was used for ‘three samples, the results obtained weren’
successful, Therefore Duco-Cement was provided and used for attach-
ing the SR-4 gages. After gages huave been attached to the sample,
a rubver was placed on each gage hich was further losded by a
reight of abdut one pound, When, the cement became sticky, usually
after 30 minutes, weight and rubber ere earefully remcved. A4l}
‘the samples with attached gages vere left to dry for aty least SC
hours before soldering copoer "ires to the gage termingls. While
‘soldering, special care was takern so as not *to damage the zacze,
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Figure 18

Mechanical Strain Gage

e e e e N S T A P R e

Figure 19 T
SR=4 Strain Indicator and switching and balancing unif,
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4,% A Brief Summary of Electric Strain Gages
~ a) - Description of Performance

. Mechanical strain. gages are used to magnify the
"*;straln mechanically till it can be perceived by the eye. However,

1t is inescapable that one of the weak points in a mechanical strain
gage is the problem of undistorted ampllflcatlon of the strain. A
somewhat leéss direct method is to; a) translate the strain into
éome»electricvproperty change such as resistanee, the inductance,
the output voltage or the capacitance by use of transducers or
translating device.  They maybe of variable resistance, variable
inductance, variable-capacitance, piezoelectric or photoelectric
types; b) amplify this change electridally and} ¢) retranslate the
electric change back intc one of length, generally by makinv a pointy
*@er move along a calibrated scale or cathode- -ray trace. move on an
0501llooraph screen (13). '

"When an electric strain gage is used, the amplification
of an electric quantity can be easily performed with a minimum of
distortion, and particularly with no limit to sensitivity.

R

b) The Variable-resistance Strain Gazes

_ The most common of all is SR-4 * bended-wire re-
~sistance gage The SR'4 strain gage consists of a grid ofbvery fine
wires of a copper-nickel or other. sultable alloy, arranged as shown
in Fig, 20 (14). Two heavier wires serve merely as terminals for
electric connection. The grid may either be bonded to a paper base
or to a Bakelite;base.f The latter has the advantage for use in
‘higher temperature 1ocetiens, and under extreme conditicns of
humidity. (15)

When SR-4 gage is. attached to a specimen as the lenvth
of that spec1men changes, the length of each long flne wire will
also change- (assumlng that cement does not suffer shear deformation]
Thls change in wire lenoth wlll result 1n a decrease or an increase
‘betweenetwo termlnalsgofrthe4gage, and by suitable devices the

‘*The_trade nameySR—a comes frem‘the initials Simons and Ruge ™ho
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gage wire

\

f

‘Hma'whﬁmfmm

Lead : - Lead
wires ’ . wires

T’\hl\h AL,
<

I ——

Paper base - Paper base
(a) Flat Grid : (b) Helical Coil

Figure 20
Bonded-Wire Strain-~Gage
'mavnltude of any chanze in strain is detected.

&) SR-4 Temperature Compensation

A change in the temperdture of the wires of the
SR-4 ane will also change electric resistance. In order to com-
pensate for this chenge, a;dummy gage with the same lot number is
attached to the unstressed piece of the same material, in the same
manner, with the same protective coating as the measuring gage.

d) Gaze Factor ’ ;
The actual change 1n electric realstance of the

fine wires upon being strained is actually greater than that due
solely to change in length alone. Because as the length of the

wire is increased, its cross-sectional area will decrease. Increase
in the 1ength and decrease in the cross-section both centributes to
theechaﬁge in electric resistance. The decrease in area is account—
ed for by a "gage factor"‘ vhlch is experlmentally determlned by

the manufacturer of the gage.

(cont) perfected the'gave' and that there were four men inveclved

'ID 1ts commerc1al developmnnt
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The rTav'e factor also accounts for the "100p effect™
"transverse sens1t1v1ty" ’ '

e) Electrlc Re51stance Measurements

The most common method of measurlnv electrl—
.resistance values and. any chan”e in electric resistance is by .use
"of a brldge c1rcu1t sgch as Wheatstone Bridge (Fig. 21).

Measuring gage Calibrated

J/ varigble -
\/>nzsistqnce

L/\Cimfed

Temperature . :
variable
compensohng gage Vot
{(*Dummy” gage) - resistance,
| .
l'l 1+
Pigure 21

Wheatstone Bridge Circuit for SR-4 Strain
' measurement |

If both dummy‘and measuring gazes suffer same temperature
change the bridge will be unaffected. First'balancing is made by
adjusting the calibrated variable resistances. After the gage has
been struined a second balance is made by observing the Galvano-
meter. With help of commercially available bridge units chanze in
resistance is directly read as change in strain.

£f) Selection of Gages

- 1. Gage Length ,
A In»usihg the strain gage it is usually

assumed that the strain which acts upon that particular gage is
constant over the active length of the strain gages. Therefore, for
uniform stress cases gages of any length could have been used.
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%}waever if the member is of complex form, \hére stress distribu- .
' 6nﬁmay not be unlform and change very much- from p01nt to peint,
~the gaging length of the straln gage ‘should be ‘as, short as is prac-
tical. SR-4 gages from several 1nches down to 1/10 inch gage
lengths are avallable For our tests A—l A5 gages were used for
'unlform stress condltlons. - '

' 2) Gage Width o -

‘ ’ - Due to the reasons sta*ed above e1fect~
ive. w1dth of a straln gage w1ll also be factor in gage selectlon
since any strain measurements,mlll be averaged over both length and
width of the gaging area. Gages having width of less than 1/8 inch
are available, In this work, AF-7 and A-l2'gages'ﬁéfe used,
especially for EA, Eb, Ec, Sq and P series ofisamples.

4, 4 . Brittle Coating Technlque . .
The term."brittle coating" is used to descrlbe a coatlnc

vhich will faili-orcrack when a certain value of fen51le stress is

exceedud_wlthout an appreciable yleldlnb, or inelastic acticn pre-
ceding the\actual'cracking; The proper use of the brittle coatings,
(stress coat) will graphically shdv-the mavnititude direction, dis-
tributicn and the gradient of the force on a real structure (27)
Among the several important appllcat10n< of the stress ccat thre=
importanu ones can be counted, First, the crack patfern can be used
to determine the best location for SR-4 strain ga zes.. Seccnd, an
approximate value of stress indicated by the initiation cf cracks
at a particular load maybe used to redesign the member to reduce the
stress arcund stress concentrations. Finally, stress-coat may give
a better informaticn at the stress ccncentration points where SR-~4

gages aren't applicable,

.The flaking of "he brittle oxide scale dlhOtIﬁJP”f%f! s:ts
as a stress coat and has been lon3z recogn1z0d as an indication of
"local yielding". See Figures 22, 23, 24 and ‘24, "Leuder's Lines"
are the example of this (13). They are obtained experimentally by
the tensile loading of. hot rclled flat strip as shown in Fig. 24,
It fallure was just due to shearinz, the lines wéuld be inclined at




THESIS

'ROBERT COLLEGE GRADUATE SCHOOL .
BEBEK, 1STANBUL \ PAGE 44
R @ :
!
Figure 22 .
Flaking out of brittle lacguer.
et T )

Figure 23 .
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45° to the axis of tensile loading.

Brittle lacquers are designed under the trade name
"Stresscoat", to start to fail at varying'strains abcut_0.000Sin/ﬁx
to about 0.00l5\n/m ,» depending upon temperature and humidity con—
ditions during drying and testing. ' o

In this experimental work, several samples were stress-
coated and grid lines indicated were drawn on some of them in order.
to detect pattern of deformtion, df local yielding by flaking out
of the lacquer. Results so abtained will be discussed in -Chapter
VII.

‘vt . Figure 24 : . ,
Picture showinzg flaking out of "brittle oxide coat' *

* It is interesting to note that éngle that’longitudual axis of
the member makes with the leuders's lines - which are the slip-lines
also, is roughly 45° , '
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‘ T G e g RESIST R T

Figure‘25: LT . ‘

‘ A'Stréss4coaéedLV—nbﬁché6'sample‘withAgrid lines , _
a) undeformed ;, .:b)' qeermed ’
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(b)
’ Figure 26 _
An eccentrically drilled and stress coated sample with

grid-~lines 'a) undefbrmed, ',@),defo;med and ruptured
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oD ‘the: readln? of the’ strain indicator constant presented some
7.‘problems. Although the slowest test rate (strain-rate) was secured

4,5 ExDerlmental Technlque.

e A lever type (Fig. 17) Richle teatlnrr machine of 7000Olb=
,capac1ty may 1ntroduce errors in calculations of averase stresses
owing to the fact that an average cross-section of 00,1640 1n2,
which' the net crcss section of the samples tested under a ‘load of
100 1bs would be subjected tc a stress of more than 60C psi . In
-order to secure maximum accuracy with such a machlne it would be
-stopped and no reading would be taken till tha load had balanced.
Mechanical strain ga#e of Riehle type (Figz, 18) with two-inch gasge
~Alength seemed sufficient for reading average strain values ovef' ‘

plane prizmatic bars with no notch. SR-4 strain indicator (Fig.19)
worked very well due to a sen31t1v1ty of more than 1x10 6‘n/1n .
However close to the yield load, both balan01ng the load and keep-

1n order ‘to avoid gettlno a yleld p01nt hlvher than the actual (2),
sometlmes there had been a’ Jump ‘in load readlnv.

Bars wiphli%d’vnotcheé (plene'prizmatic bars) didn't
come into plastio‘fegion although theygwepenstretched‘to a great
-extent. The feasonfcan'be stetéd as follows: ' Since there was no
change in the cross—section along~the length of the specimen, no
- singular cross-section would. enter 1nto plastlc revlon unless a
certain over=-all: elongatlon +ook place in order to cause plastic
flow at a certain loca+1on. '

» The &fips of fhc testinﬁ maohine noﬁ'beinv completeiy
attached, introduced some eccent”1c1ty yroblems durlng the testlng.
Vhile mountlng the specmmen on tne testing machine maximum ef?ort
was spent in order to make it concentrlc. A test, set-up is shovn

in Fig. 27.

Beceuse of the ccnéﬁfeintjof'the.bﬁlling system, non-
uniformity of thé léwer yield poiﬁﬁ,"énd'instabiliﬁy of upper yield
point, readings around yield cculd have diverted frcm the actual

values.
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Leveling out of strain at yield, up to a point was pre-
vented by the high stress concentratiocn occuring at the corners of
~notch and redistribution of loads. As yield point was reached
read;ggs were taken after fevwr minutes without applylnn additional
loadj=aTherefore uncertalnltv of upper yield point was avoided.

In some tests, bending was detected, and other samples .of
the sameseries were tested in order tc Zet beftter results,

i

W For bars ith holes eccentrically located, two SR 4 strain

gazes were used. However, usually one would suffice together with
a mechanical strain gaze (Fig. 28).

Figure 28 - |
A V-notched specimen ¥ith mechanical strain gage and SR-4
gagé attached
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CHAPTER V
EXPERIMENTAL RESULIS

5.1 V=-Notched Series ,
The experimental results obtained for the V-notched
series indicate_an obvious rise in the average stress of each
‘speciment at. the yield.(Fig. 29). The yield point of 180° notch
is 36 ksi. This will be taken to be the yield stress ©5

The constraint factor is defined as vhere P 1is the
load causing the material yieid plastically, ang A is the net
cross-sectional area betweeh'the notch roots, Table 3 shows all
the calculations pertaining fc¢ the average stresses and the con-

straints factors,

»

TARLE 3 : Hxperimental results of a V-noteched series.,
Constraint
o Sgrr:tf)éf : FE,{f:‘ )y Aver?g% P/A factor L
1 41300 -
0° 2 412.00 W250 | ks
3 41 200
i 41400 o
15° 2 41 250 4400 | uso
3 41 500
1 41350 ]
30° 2 41300 L1300 148
3 41 250
] 4 250
L5° | 2 41000 41000 1139
-3 L0750
1 41400 ,
60° 2 40000 40750 1132
‘ 3 40000 .
I 40300 -
75° 2 41200 40650 1130
‘ -3 40500 _ :
5° 1 39000 - 39000 - 1056
9o ! 36000 36000} 1000
. 4 36000 v ; e |
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The constraint factors obtained are -plotted together with

their theoretical upper and lower bounds in Fig
parameter K, half angle of the notch.
straint factcrs are computed in Chapter VI.
taken from a soclution zgiven by Hill (28).

« 30

/—Hi//.'r upper buund ;

]

1

|

i

| T
e _"—"57—-_' —g== =y

5 115 + i 5 Ce | : [
S ,"7/ .—Aowér bound ! ’ |
L: 110 + /Z/ ‘ | 'l ° E)(penmeéifa[
£ A b A
5 | R o
-~ . i | ! 4 '
a0 £ o P
c :
O \ | 5 .
1 | ' '
2100 1| ] t N
90° 80° 70° 60° 50 407 307 20° 10° O
- ot= Notch Angle — >
Figure 30

Constraint factor versus half the notch angle

against the

The lower bounds of the con-
The upper bounds are

®

Experimentally the highest constraint fector -obtained is

for the specimen with a half notch angle of 15°

. However values

below or above this value are close enough to plot straight line up

.
to O& A <70,
* The following changes had bBeen made concerning ¥ =0
1} A weighted average value for “he specimen with hall no*oh
o
anigle A= B0 has besn nged,
2) -4 havdness correciion hasg besn .applied for fhe sample with
o O . P TN ooz ; -
d= B9, due to i%s rather higher hardness (5% Rockwe B,
I S o AT o RV . -
compared tu-bJ~ul For rnhe res*t of the samples), The load
+ FEEN 3 -+ 3 T ev Ry A - % g 4 s,
that caused yieiding (39,000 psi) was redoced by 2.5 % in
Figure 30, .Ihe constraint factor L= 1.0%6 in Taple % ig
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Various angles measured between the slip lines or Leuder':

which conincide with the direction of maximum shear stress (14) and
the longitudinial axis are between 47 to 55 degrees most of them
averaging 50 degrees.

'5 2 Holes of Various Shapes

- The average stress FVA versus strains curﬁes for various
holes of different shapes, and sem1—01rcu1arly notched specimens
‘are presented in Fig. 31 . Semi-circularly notched specimen gives
the highest value of P/Q (average stress of 40 ks!), whereas sguare
shaped specimen gave the lowest results, 34.5 ksi, However, since
according to Mises criteria (21) an increase of 15 /lwould be
expected for the sem1—c1rcularly notched sp°c1men result obtained
is 3,27 %below that of theoretlcal value. -
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Strlps with holes of various shapes under
tension
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The value of averaze stress of a conéentrically located
hole seemed to be about the same as the actual yield stress of the
materlal Table 4 gives a decalledaccount of the yleld points and
the constraint factors obtained. The average:stresses at yield
‘obtained for oquare and parallelogram- cut but are respectively ;
about 11. 6 //and 11.25% // lower than that of .¢circular notched speci-
men, o .

TABLE 4 : Experimental results for strips with cut-cu®s,

Shape Designation| ~ P/A _AV; /':33 '| Constrainit

Factor
~Semicircular Notch |83 40250 4@eéo_w;1wlilﬁ
R, s4 139750 d I
~.Circular Hole . .| _C1 136000, | 2 samm N
v , > 36000 1000

c2 36000

Square Cut-out .| Sql_ |34250
4 ’ | Sq2 [zu950 |7
Parallelogram Cut-out| Pl 135500 {35500 | 0.984

Figure 3%  and Figure %4 show the fully plastified
zones around the each disccntinuity. It is important to realize
the idéalization‘made by Drucker (21) such that arocund the discon-
tinuilty simple 45° rigid blocks wotion 1is creadtea, #ig. %2, .

It can be concluded by observinngig. 34 that four cor-
ners of the square cut-out are subjected to the same stress-concen-
tration where as, it is the widthwise corners of a parallelogram,
where the fracture begins.




THESIS

ROBERT COLLEGE GRADUATE SCHOOL
BEBEK, 1STANBUL - PAGE cp

< B

T , |
M

"Figure 32 _ , -

. Plastiec plane strain in the plastic »
v anoe ot plane chpoce 1aad :
R range av p.dne :J-Jr‘ﬁ_%bo' Lcaas,
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Plastified zones around a |parzlielogram hole:
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Figure 34
Plagat :

od woneg around a sguare hole,

. Figure 35
Fracture Pattern of a Tension Strip
‘with an.Eccentric: Hole-
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5.3 Eccentrically located Circular Holes

As it was stated in Chapter II, the possibility of loca-
ting a hole eccentrically is very big. The AISC Code (29), consid-
ering such effects of accidental eccentrlclty requlres that a
reduction of 15 // in the net area of a ten51on member to be made,

)

Stress versus straln diagrams are shown in Flo. 56 . The
avera@e stress versus average strain recorded at the blgger and
smaller Cross- sectlons are plotted
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Fi%are %6
ric

Strips with eccent holes under tension,

The exPerimenual results of tension members with eccen-
trically located holes shows that as eccentrlclty gets bigzy er (from
O mm to 6 mm), the value of contraint factor goes down from 1.0 fori
ZeTr0 mm eccentridity to 0,764 for 6 mm eccentricity, as shown in
Table 5, valuesAof contraint factors versus eccentricity are

plotted in Fig. 37 . Fracture_Patterﬁ of a specimen with an
eccentricity of 4 mm is shown in view 35.
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TABLE 5 : Experimental results of strips with eccentric heles.

E;centricify Average Stress] Constraint
{mm) P/AGS) | Factor
o (jeooo o 1.000
2 - | 34400 1 :f'o'.95'6
% | 32000 0.689
6 26500 0.764

The variation of constraint factor with respect to
eccentricity is shown in Fig. 37 .

100 p :

L

090 , \%
085 . | LN

0.80 ) = N o

75— — L
° 2 S 6
Eccentricity mm.

Constraint factor

L

Figure 37

Constraint factor versus eccentricity,
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CHAPTER VI
- THEORETICAL ANALYSIS

6.1 V-notched Strip Under Ten51on

‘ The method presented in Chapter 11 is used to determine
the’analytlcal results, If region 2 and 3 of Fig.13% yield first,
‘then from Eq.2.l1 we have |

@§+3&)gki
o

—
s}
-+
o
Je
N——
I

(6.1)

Since we know ?' , Equation (6.1) can be solved for )., and Mo in
terms of P and K after proper substitution is made. The cases con~
sidered and results obtained are tabulated in Table 6,

TABLE 6 : Analytic results of V-notched strips.

X = Half nolchangle | g0 | g7 ° 75° | 85°
B 307 | 23° 15° 5°

A 0.51 0.48 0.47| 0.43

me kp 11,1310 {1.1304 | 1.1266] 1.050

We change the results'obtainedlfor the lower bound m® into con-
straint factors as follows,

From Figure 1% , we can write the following relation:
L - 4 m°
=
° (6.2)

" where L is the constraint factor, Q is as defined in Fig., 1% ,
.me is the lower bound, and 0o is the yleld stress in simple tensicn]
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Also :
,, ap Av = m°q A

| (6.3)
where .AT-is the total cross-section of the specimen,~/\ is the neé
cross~-section between two notch roots, and P is the tensile stress
divided by m° at impending plastic flow. '

Combining Equations (6.1) and (6.3) and noting that 6B=J3k
result into C

- | At pP°
S TJ3 A k

(6.4)

TABLE 7: Summary of lower bound calculations

o

60 67" [ _.75° | 85° | 90°

300 230 150 50 Oo

ok
3 %L 1.750 |1.750 | 1.750{1.750 | 1.000

K 1.1310]1.1304 | 1.126€| 1.0500 | 1.000

Loioee | 201430 1.1428 | 1.1380] 1.0600| 1.000

Plotting these values, L. versus notca angle, the graph in-
Fig. 50 1is obtained., Hill's upper bound which has been super- ‘
impOSed in Fig. >0 was proved by Bishop to be the true solution (28).
Values of Hill's upper bound are given in Table 8,

TABLE 8 : Values of Hill's upper bound.

oL 20° 75° 80° - 85° éo"

L yoreq |L+ 155 1.141 |1.105 |1.060 | 1.000
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6.2 Sem1-01rcularly Notched Strip

For the two samples tested with a notch radius of 7. 5 mm.
an average stress of 40 ksi was obtained as indicated in Table 4
Here, for the theoretical anél?sis of the semi-éircularly notched
specimen, the use of a graph (Fig. %1 drawn by Lianis and Ford (28))
will be made. There the ratlo( kufDls plotted versus the ccnstrain

- factor L, where_p is the radlus of the notch (o) is the net width
between notches.

) .
For this case,(0/0+p)-0727. The corresponding peint on the
graph is 1.108 (Fig. %8). The constraint factor experimentally
determined is 1.111. '

1,154 4
) /’ -

HILLS e

upper boand,\

140+ : e }A‘/W/er bound _

Y ,
i \Ex4 erimedtal vdlve

gt%~
s
3
B -
8 =
< .
10 :
0 01 06z 03 04 05 06 07 08 03 10
a —_—
at p
Figure 38

Semi—cirbularly notched strip under tension-

As it is seen from the graph, experime tally determined-
point is between the theoretical lower bound and the mean value of
two bounds
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CHAPTER VII
TISCUSSION OF RESULIS ANT CONCLUSION

The results obtained on V-notched strips can be classi-
fied as good. Certainly better results could have been obtained if
a testing machine of better type, probably a hydraullcly run one
was provided. Due to the fact that not all the samples had a uni-
form oompositlon, as hardness tests proved, results have differed
by a few percent for some samples of the same notch angle. No
matter what the diversion from the actual values is, one fact be~
came experlmentally clear that additional material to spec1meu
without any notches didn't decrease its strength. The increase in
the yield load was detected as having a maximum value for 0% « £70
half notch angle Fig., 3C .,

_ The results obtained experimentallyAare in good agreement
“with the analytieally obtained results in Table 7. Deviaticn in s
. cases is less: than 1 740_Frcm Fig,31 i appeaPS‘ﬁhst'the:half

angle o where the constraint factor begins to-decrease 1s between
- 60° - 70° fﬁ For smaller values of o there is a constant lower

A bound Whlch corresponds to maximum constraint factor 1.15.

Figure' 25 shows clearly the regions of high stress con-.
centgﬁtibnﬁ' Observations of the samples after they were tested
revealed that almost up to 120° , stress concentration effect,
thoﬁgh very strongly detected, didn't vary much .from one sample to
the other. 'Deformation of the grid lines over Ehe surface of a
150? notched specimen weren't as much as that of a specimen with
a 90 notch angle around the root of the notch. ‘

A carefull observaticn over the polished surfaces of the
@oteped-specimens shows that there is a limited zone of penetration

* Lianis and Ford (28) showed that o is 67"
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4

iR

<

of Leuder's Lines as shown in Fig. 33 . The angles measured be-
tween the limiting lines of pentration for each specimen are as
follows:

ot Y
30° o127’
45° 134°
60° - 135°
75° -

\J is indicated in Fig. 39 . This reveals the fact, that up to
A% 70°not all of the material around the 51ces of the notch is plae~'
tic. . It is the extra elastic material which Cﬂnﬁtraxutc *he plasti-
fied portion from flowing continucusly. It is meoptant to see
that as we have an elastic zone up tod270we would of course expect
to Have a rather constant ccns*regn“ fectorl The whole area in the
revlon ‘R ,'as shown in Fig, )9 is fully plastlflec. No Leuder's
Lines in er are detected'ércund the notch sides. & as}7£3°.

Tn the second series of experlments, samples ml*h square
cut- outs proved to be the weakest of the series with 34,5 ksi aver-
. age stress at yield. The effect of the stress concentration was
detected to be equally strong for four corners of the sguare, Fig.

94. Member with parallelovram hole gave a higher yield load then
the square. However, two of its corners in ths transverse axis
‘werelunder high stress concentration that first cracks initiated
there.

In all cases, the natural iron~oxide coatlng ‘of the hot-
rclled samples acted as a stresscoat. Highly plastified zones were
vlglblebdue to the flackening out of the brittles coating.

, We have observed a very high strains in strips with
'eccentric heles and lower yield lcads. This may be due to prematursg
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of penetration of Leuder's Line
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plastic yielding in the narrower cross section, Due to the eccen-
tricity, the member will be subjected to a bending moment which will
disfurb the stress pattern in each of the cross-segtions. It could
be that for this reason that the manual of AISC-Manual of Steel
Construction (29) specifies at least a lB}i:reduction'in the net
cross-sechion area of a tension member with a hole for sake of
‘safety,vor uncertalnlty of the yield point of the member. The low-
.est value of the average stress obtained under the yield load is
26500 psi for an eccentrlclty of 6mm. Then for 6o=360C0 esf , the
decrease in the yleld load is about 25 /é. An.eccentr1c1tv of 4mm
resulted in 11. l// reduction. Therefore it is reasonable to have
‘a reduction of at least 15///1n the net section of tne meubers with
" holes :which are subjected to tension.

' For shapes other than notched ones, the strips- with a
concentrlcally locatec holes proved to be the best of - the cut-out
serles. ‘
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12,
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