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INTRODucrlON 

Definition of Plasticity --------------""-

PAGB 1 

'llheory of plasticity is the name given, to the mathema­

tical study of stress and strain in plastically' deformed solids, 

especially metals. Its startin~ point is certain experimental 

observations of the macroscopic behavior of a plastic solid in 

uniform states of combined stress. The task of the theory, as 

state<J. by Hill (1)* is tl.'!ofold; .first, to construct explicit 

. ' relations bet0een stress and strain agreei~g ~ith the observations 

as closely and universally as need be; and second, to develop 

mathematical tec~miques for non-uniform distribution 6f stress 

and strain in bodies· permanently distorted in any way. 

The theory of plasticity is especially ccncerned with 

the ~e~hnological formin~ pro~esses, such as the rolling of strip, 

extrusion of rods and tubes, dra~ing of wire, and deep-drawing 

of sheets which involve very large plastic strains (2) and 

deformations. In this case elastic strains may be ignored. In­

tense plastic strains may be also produced locally in maGY mech­

anical tests such as indentations by a conical die. The bending 

of a notched bar, or the extensicn of a tensile specimen ~ast the 

necking pOint. However, in determinin~ the yield load lar3e 

strains a~e not involved. In order to be able to account for the 

signi£icance of' those phenomena a knowledge of state of stress 

and strain in ~he .plastic zone is required. Plastic strains of 

eleastic order may be of prime importance to the structural and 

machine designer. With the great premium currently placed on the 

saving of weight in aircraft, missile, and space applications, 

the ,designer can no longer use large factors of safety and "beef 

up" his design. He must design for the mc.:ximum load to ' .. :ei~ht 

(*).Number in the brackets refer to the References 'at the end of 

t(be ..thesi s. 
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ratio, and this inevitably means designing into the plastic ran~e 

(2). Elasto-plastic situation is involved in structural appli­

cations when it is necessary to predi9t the critical loading 

which just causes a structural member tto start yielding plastical­

ly. 

1.1 (b) Historical Back~round -----------
-"' .. 

Coulomb (1) had proposed the criterion for yielding of 

soils in 1773. However, the scientific study of the plasticity 

of metals had begun by Tresca (1864) (1) when he published a 

preliminary account of experiments on punching and extrus~on. 

He sta.ted that metal yielded when the maximum shear stress attain-I 

ed a critical value. Poncelet ~1840) and Rankine (1853) applied 

the Coulombs yield criteria to the problems of earth-pressure on 

retaining \'1alls. Saint-Venant (1870) used l'resca's yield con­

dition to determine stresses in a partly plastic cylinder sub­

jected to a combined bending and torsion. In 1871 Levy, adopting 

Saint-Venant's conception of an ideal plastic material, proposed 

three-dimensional relations between stress and rate of plastic 

strain. Later, Guest, in England, investigated the yielding of 

hollow tubes under combined tension and internal pressure. Haar, 

and Von Karman ccntributed much to the field. In 1913 von Mises 

on the basis of purely mathematical consideration presented his 

famous yield criteria which was interpreted by Hencky some years 

afterwards as implying that yielding occured ~hen the elastic 

shear-strain energy reached a critical value. 

Germans were ~ctive between two wars. 1920-21 Prandtl 

sho~ed th~t two dimeniional plastic problem is hyperbolic (1). 

Hencky supplied the general theory underlying Prandlt's work; he 

also discovered the simple geometric rel~tions of the slip-line~ 

in a state of plane strains~ In 1923 Nadai investigated plastic 

zones in a twisted bar. In 1925 Von Karman analyzed, by an 

elementary method state of stress in rolling. Siebel arld Sachs 

put forward similar theories for Vlire-dravling. 
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Ir. 1926 Lode ,sho1'7ed that Levy-Mises stress-strain relation 

were valid to a first approximation. Taylor's and Quinney's 
experiments (1931) confirmed cert;[iin divergences th~lt Loclp' s expc·­

rimental T'21'1Ul r,::J have indica~ed .• c,. 'Theory was generalized in 

two directions: Reuas(1930) made allowance for elastic component 

of strain, and Schmidt (1932) and Odquist (1933) showed how ~6rk­
hardening could be brought within the frame work of Levy-Mises 

equati9ns. Hohenemer (1931-2) proved ;the 'Norks of Reuss, 
whereas, investigations of Schmidt confirmed the.hypothesis of 

Odquist and himself. Therefore, a theory had been constructed 

then on. 

Later on a rival theory proposed by Hencky came into 
use especially by Nadai; and afterwards ,by the Russian School. 
Although the plastic strairis were small, experiments showed that 

one to one relation did not exist. 

After the Second World War, England and U.B.A. had 

earned extensive researches which is still going on. Brovm 

University in U.S.A. has been a leading center of Plasticity 
engaged in theoretical studies~ Lehigh University became a re-

( .. 
searcih center of plastic design methods (3). There, problems of 

instability have also been studied. Baker and his associates 
have studiedrhe behavior of frame members which failed by 

building and position reached by 1956' was described in J1he Steel 

Skeleto!!.§.. Concept of plastic hignes and stability of frames VIas 

studied by Merchant, Wood and Horne. Baker was the first to 

reali~e that the simple plastic theory might well prove to be the 
key solution and a rational method for design of ccmplex frames. 

Calculating Baker formal statements and proofs of plastic ccllap­

s'e load were published by Greenberg and Poager, and by Hodge 

although an earlier paper by Gvozdev, invthich these principles 

were established had appeared in 1938. 

Hill in his famous book lI~he Mathematical ~he~~ ~ 
.P~,asti~_ityll and numerous papers contributed much tc the theoreti­

c~l field of plasticity. 

I 
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Johansen (4),in Sweeden had developed the yield line 

theory basically for plastic plates. It seems that researches 
qarried under the sponso~ship of NATO (5) wl,ll add a lot of new 
things to the chain of scientific studies in plasticity. 

1.2 ~lnelastic Behaviour 

The main characteristic of the mechanical behaviour of 
an elastic material is adequately expressed by Hooke I s famous . 

stat~ment. "ut tensio sic vis ll (6). However~ no simple description 
of the mechanical behaviour of the plastic material is possible, 
and a ·IIiathematical theory attempting to take account of all 
~echanical ph~nomena observed in the plastic range would not be 
practical. 

The gen~ralization of Hooke's Law to three dimensions 
fo~ an isotropic material~ using the tensor notation and,including 
thermal strains becomes* 

~j= ~G 07j - 6<J( ~. I -, ol. I) ( 1.1) 

whereE is the Young's Modulus;/" Poisson's ratio, d... the coe1'fi­
cient,oflinear thermal expansion, T the temperature above some 
arbitrarY'reference temperature, G, the shear m~dulus of elasti­
city and 

1= ~-+ cr:j-+ ~ 

t:~j' eiij"' and·${j , are the strain tensor, the stress tensor and 
the kronecker delta respectively. 

For sufficiently small values of stress and strain, 

test specimen reass~me their original shape upon unloading. ln 
~ 

I 

other words, they behave el~stically and Hooke's Law is applicable 

C") In Equation (1.1), index notation is used in which an index i 
takes the values 1,2, 3 (x,y,z). Repeated indices means 
Summation and comma means differentiation with respect to the 
space coordinates. 
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For values beyond the elastic limit, the specimen will 
'not reassume its original shape upon unloading; but will show a 

permeanent deformation. In other words, it,will behave inelasti­
cally. Ther~ is ,no more a,one-to-one c~rrespondence between the 
load and, deformation as shown in Figure 1. 

p 

.. " 

Figure I 
Effe~t of lo~ding beyond the elastic range. 

Permanent deflection or permanent' set Spwill be equal to the 

total deflection minus elastic deflection' (7): 

An interesting phenomerion observed in the test of many 
materials is that reloading after unloading will cause only 
elastic deflections almost up to the load which had previously 
been applied then causirig a rise in the proportiondl limit. Fig.2. 

p 

Figure 2 
I 

Effects of reloading. 

I 
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Many materials will show an abrupt change, flattening or the 
force defle'ct ion curve ':111en a certain load is reach,:;d. I'hen a 
large amrnount of deflection '.'.'ill occur '."ith lit7.1e increase in 

loadine~ It is often convenient to show such behaviour by idea­

lizedstress-strain,diagrams co~sisting of two straight lin~a. 

Figure 3 (a)_ 

The behaviour in which the <;1eflection increases with­

out any increase in load is called ideally plastic. In some cases 
. . 

elastic. strains are entirely neglected as sho'wn in Figure 3 (b) 
or both elastic and'plastic behaviour may be included. The term 
elastic-perfectly plastic is' often employed to define the ideali­
z~tion ,shown in Figure 3 (8) ~" 

p 

ti 

p 

Ac~ual curve '>i. 
-----

PlasticJ 

Elastic 
Elastoplastic 

(a) 

ldeally plastic 

(b) 

Figure 3 

6 

Idealized force~deflection curves. 

1.3 The Criterion of Yielding 

(a) General Considerations 

I 
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A law defining the limit of elasticity under any possib­
le combination of stresses is knovm as a criterion of yielding 
(1). Yield stress is the one which corresponds to some arbitrary 
permanent ~train set after the elastic limit (7). 

Factors·whichhave an influence on the magnitude of the 
forces under which a material will yield plastically may be 

stated as (8) : 
1) rrhe structure of material as dependent on the consti­

tution of the substance especially of alloys. 
2) The absolute size of the crystal grains constituting 

a polycrystalline material. 
3) The imperfections and disturbances in the crystal 

lattice. 
4) Temperature. 

5) Time. 

Assumin·g material to be isotropic, plastic yielding then 
depend~ on the magnitude of the three principal. stresses applied 
and not· on their:difections. Any·yield criteria is expressible in 

. -the form ' (1) 

(1.2 ) 

where 11 , 12 , 13 are th~ three stress invariants. 1n terms of 

principal stresses, 

1.=,(67 ... ~4- U;), l~- (~~+ ~~+ ~~), 13=- .~~O; (1.3) 

Any function of the invariants can be expressed in terms of the 
. principal stresses, it is not true that any function of the 
principal stresses repre~ents a possible yield criteria. The 

function f is the characteristic of the state of the metal before 
unloading, and therefore depends on the heat and mechanical treat 

roent of the metal •. 

The ~xperimental fact reveals that yielding of a metal, 
to a first approximation is unaffected by a moderate hydrostatic 

pressure or tension either applied alone or superposed on some 

I 
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state of combined stress. If this is strictly true for ideal 
plastic body, it follows that yielding depends on the principal 

, I I ' 

components ( G'j 1 S'i., tSJ ) of the deviatoric or reduced, stress 
tensor (1) 

I 

-<:S[j = CS7j - C) ~ 5 (1.4) 

where ~=..!..o.is the hydrcstatiC'. component of the stress. The 
3 "'; 1 I I 

principal components are net independent, since, U. -t ~ + ~ is 
identically zero. Therefore, the yield criterion reduces to the 
form 

where 

, (' I I I I ') I:L -= cr;-~ -+ tt"CS; + ~<f I 
(1.6) 

Also, it is assumed that ideal plastic body does not show a 
Bauschinger effect, therefore it has same yield stress in tension 
and compression. And since, 13 'changes sign when the stresses are 
reversed, it follows that f must be'an even function of 13 (1). 

(b) Examples of Yield Criteria 

The idea of yield criterion goes as far back as Coulomb 
in 1773-when he had attempted to explain failure of soils. Many 
of the criteria developed then on were suggested as criteria for 
failure of the brittle metals. Later on, they were adopted as 
yield criteria for ductile materials. Because of their historic 

values some of them will be briefly mentioned here, and the ones 
that are practise~ today will be explained in detail. 

1) Maximum Stress OD Rankine Theory 
This theory assumes that yielding occurs when one of the 

principal stresses becomes equal to the yield-stress in simple 

tension c>;, , or the yield stress in compression Oo~~' .. This 

~------------------------------------------------------------------------~ 
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theory· shows very poor agreement 1,'.rith experiment and is rarely 

used. According to this theory, then all material should yield 

plastically when subjected to sufficiently high hydrostatic 

pressure (8). We have already stated that this was not true. 

2) Maximum Str~i~ Theory or Saint-Venant Theory 

This theory assumes that yielding will occur when the 

maximum value of the principal strain equals the valu·e of the 
yield strain in simple tension (or compression). This does not 
agree Vlell v.rith most experiment (2). For, undersufficient ly high 
hydrostatic pressure, the maximum limiting strain must certainly 

be reached, and therefore, according to this theory the. material 
should fail (8). This is not the case since most metals can with­

stand any arbitrary amount of hydrostatic pressure without failurel 
or without starting to yield plastically. 

3) Maximum Shear Theory orrresca's Criterion 

Tresca (1864) assumed that yielding will occur when the 

maximum shear stress reaches the value of the maximulu shear stress 

occuring under simple tension 

z: = ± -1-( 0.- css) 
MQ" l. I 

(1. 7) 

where 0.::. maximum and 6"":s=- mini:r:um principal stresses. For simple 

tension 6""'2. <:. ~.:l::: 0 

(r,laximum shear stress at yielding). L ::. _, _ 6"""0 
MQ)! 2. 

A plot in 6i ~plane for this yield criteria ,is shown in Figure J+. 
It is to be noted that one limitation of this theory is the 
requirement that the yield stress in tension and compression be 
equal (2). Though widely used, ·it suffers one major difficulty -
it is necessary to know in advance which are· the maximum and 

minimum principal stresses. 

For a case of pure shear CiT=- - <S'i = k , 0; =- 0 

k:::.6""o (1.8) 
2.. 

wherek is the yield stress in simple shear. 
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4) Mises Criteria or Distortion Energy Theory 

Mises assumed that yielding occured when 1~ reached a 

critical value in alternative forms yielding ,would occur when 1~ 

reached the value of 12 at yielding in simple tension, or 

\ I 1. 
1.1 =- - 0";" ( 1 • 9 ) 

3 

which when written in terms of total stress components takes the 

form 
1. '2.. "l.. 

(~-~) +(~-\)~) ~(~-5")l.) 4- 6 (L.)t2.~ + l.~)(", 7.~~) =2tl!" (l.le) 
. . 
A physical interpretation given by Hencky was that 

equations 1.9 and 1.10 implj}ed that ,yielding begins when the 

recoverable elastic energy of distortion reaches critical value. 

According to Hill' (1) this may not hav.e a general significance. 

When we have a biaxial case Mises yield criterion takes the form 

(1.11) 

This is the equation·of an ellipse, called von Mises Ellipse as 

shewn in Figure 5. 
'.~ 

0"0 

Figure l4-

Maximum Shear Stress Theory 

For a case of pure shear, 6\:::-S ... = k .. o-~-::o 
yield$ 

. k- 00 
. -V 3' 

and equation 1.1 

( 1.12) 
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Distortion Energy Theory 

PAGE 11 

That is yield stress in pure shear is 1/.(3' times the yield stress 

in simple tension. Therefore, the Mises criteria predicts a pure 

shear yield stress 15 X higher than predicted by T'resca I s yield 

condition. 

For most metals von Mises criterion fits the data mor0 

. closely than Tresca)s. However, because of its simple form Tresca 
criterion is also used in some applications. 

1.4 Stress-Strain Relations 

(a) Elastic Behaviour - Generalized Hookes' Law 

The state of a stress in continuous media is completely 
determined by the stress tensor ~j , and the state of deformation 

by the strain tepsor f~ . ~~en an elastic medium is maintained 
at a fixed temperature there is one-to-one analytic relation 

<5jj= E.) (t~IJ t,.2.. tS3 •••.•....... LI2.) (1.13) 

between o-ij and ~ij. If Fij is expanded in the power series in 

i. ij, and only linear terms retained, the following is obtained 

(1.14) 

where Cijkl are the material tensor, and symmetric with respect to 
first and last tV!O indices. 

I 
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When an isotropic, homogeneous media is considered, the 

number of essential elastic constants reduces to 2(9). Thus', the 

generalized Hook~'s Law for a homogeneous isotropic body can be 

written in the form 

cst~ -= A 6.tj J .... '1J1} . .ij (1.15) 

A and.JAo are the I.Jam~ constants, and J is equal to {ii. 

Substituting the following relations (10) 

E _f!.,(~A t lB·) (Young's Modulus), At ::. A {Poisson I s Rat i ) 
'). r.#o ~ (At..P~ 

in equation 1.15 leads to the well known Generalized Hooke's Law. 

4.. xx :0 + lo-x< - .Af (~y + "~,,,) J 
1.. yy =- i- [u!j~ - ~ (Ci'~T. + 0)41') l 
i zz '" + [ rl><,- -.Af ("-. + ~0] 

i xy = f +.A 

E 

If A 

E 

ItjU i.zx =-,-~=----
'E. 

(1.16) 

In an elastic solid the following ~elations should hold in additiol 

to Generalized Hooke's Law, Equation 1.15. 

l)i::quilibr.ium 

0.;,) ~- - F· <j)£- j 

wher~ Fj are the body forces. 

2) Boundry conditions. 

~ j flj::;' Tl 

(1.17) 

(1.18) 

where Ti is the traction, and nj is the unit norrnul perpendicular 
to the surface considered (9). 

3)'Compatibility 
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(1.19) 

of these 81 eqations only six are independent. Equations 1.19 

ensure the continuity of displace6ents and therefore are known 

as equations of compatibility (9). 

4) Strain - displacement relations 

(1..20) 

(b) Plastic Behaviour 

In the plastic range, there is no one-to-one corres­

pondence anymore, between the stress and strain. Yield criteria i~ 

not enough to characterize the mechanical behaviour of a plastic ~I 
material. It must be supplemented by the stress-strain relations 

for the plastic range. 

The general equations for determining the plastic stress­

strain relations for any yield criteria is presented on a unified 

approach due to Drucker (2). 

Work hardening implies that when an external agency 

applies a set of an additional stresses on a given state of stress. 

and then slowly ~emoves them, material viII remain in equilibrium, 

and: 

1. Positive work is done by the external age~cies during 

the application of the set of stresses. 
"-

2. The net work perfqrmed by it over the cycle of appli-

cation and removal is zero or positive. 

Under stress' increments d ()4,' S ~ ",ve have d 'f..( S 
for work hardening from implibation 1 

,(oz) 'd~~) ) 0 

and from implication 2. 

d ~.( d.L .• _ d ~:">/ 0 
<.) -<) Y 

d 0<)( d <=i+ d l~)) > 0 

, then 

(1.21) 

(1.22) 
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E:qua t ions (1.22) represent mathema ~ ical def in '1 t ion of '''orkha rd­

ening. 8econd equation is sometimes referred as "the uniqueness 

condition." 

To obtain tne geIleY'al stress-strc.lI. 1t:-.l.Lt.LCLS. we use 

the above definitions plus two basic assumptions: 

1. A loading function exists~ At each stage of the 

plastic deformation there exists a function f(\5""()) that further 

plastic deformation takes place for f(J"(.'5) K • 'Both f and K may 

depend on the existing state of stress and on the strain history. 

2. The relation between the infinitesimal of stress and 

plastic stain is linear, i.e., I 
(1.23) 

This is purely an assumption.C.(jkL may be a function of stress 

strain and history of loading, but above equations imply that the, 

"are independent of 6kt • 

or 

From the first one 

d~( o-~j) > 0 

--of da7, >0 
OI5i:.5 J 

(1.24) 

so that plastic deformations takes place. Second assumption 

asserts that 'prinoiple of superposition may be applied. (2) 

From eqs. (1.21) to (1.24) a stress strain increment 

relation may be written in the form 

d l!}= G:ll.. .elf (1.25) 
J ~()jJ 

wh~re Gis a scalar which may depend on stress, strain and his-

tory. 

To caloulate the plastic strains at a final load,condi­

tion it is theo~etically necessary, in general, to integrate the 

infinitesimal plastic strain increments over the actual path. of 

loading. 
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d£<) = d A df 
d'l o (5'""t·)' where A is a scalar. 

PAGB 15' 

Drucker's Postulate leads to the prove of convexit7 of 

the yield surface and the stress strain incre~eGt rela~ions 

'/!hich are the buildin;s blocks of- theory or plc::,ticity (~i),(\1 ). 

1.5 Limit AnalY§is 
a) General consideration 

The results which are to be presented her~ are 

due to trucker, Greenberg and Prager taken from the "Limi t -I 
Analysis in Fla'n~ Strain" section of "'rheory of Perfe£!l:z Plastic 
Solidf3", by Prager and Hodge·. 

A generic cross-se~tion R (see Fig. 6) is ccnsidered 

which has a boundry B, H is assumed that boundry B consist of 

y 

-od-------------~~ 

Figure 6 - Components of Surface Tracticn 

.fini.te number of arcs 'which will fall ir.:..to one of the fcllo\"inG 

c3tcfsories: 

1) Arcs along which the vector of the' surface 

traction is prescribed, or 

2) Arcs along Which the displacement vector ffiust 

vanish. 
An application of proportional, continual loading is 

• Reference (6) 
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assumed. It is supposed t~at ~iven surface tracticns are suffi­

ciently small so that we ~on't exceed range of contained plastic 

flow. When a state of impending plastic flow is reached, we shall 

have an increase in plastic strain under constant load. The rati 

of a generic surface traction at the instant of impending plastic 

flow to the given value of tnis surface tract'ien ~ill be called 

"Factor of safety". It is important to note that up to the point 

of impending plastic flow equilibrium and boundry conditions of 

undeformed rathe.r that deformed b{";t1'; ur'·:·.;ca\";isri'·d. 

There are two tneorems guiding the lower and upper 

bounds for ~nis safety factor. At this st2ge it rill be usefull 

to define ,some terms ·.·.'hich have originally been develo:;>ed by I 
Greenberg and Prager. (12). 

b) Statically Admissible Stress Field- LO'rer Bound. 

A continuous or disccntinuous stress field 

satisfying. 

1) Equations of equilibrium 

~~ 
'0)< + 
"O""CX'!I + 
'0)( 

(1.27) 
throughout R, or throughout each finite subregions into \"hich R 

is divided. 

where 

2) The boundry conditions along 

surface traction is prescribed, and 

3) The yield inequality . 

(~_ 6"ij t T 4 r;j_ Lj k 4, k. 0 

each ~oundrv of the arc 

(1.28) 
is called statically admissible stress field. An examplci for a 

notched tension specimen is shown in Figure 7.,. 
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Zones of Constan1 
~'--""t"- Stre~'.i Component 

m'p 

Figure 7 - Statically Admissible 
Stress Field 
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A number m?~fis called statically admissible multiplier if there 

exists a statically admissible stress field, such that nowhere Yl'~ 
~,~; ~.'X;,:r:~er~ed I for surface tractions MOX ,and rooY (2). 'rhe 

Lower Bound Theor?m states that the safety factor is the largest 

statically admissible multiplier. It is the case ~"hen the equili­
brium distribution pf stress balances the externally applied load 

and is anywhere below yield or at best at yield. 

satisfying 

c) Kinematically Admissible Velocity ?ield Upper 
Bound 

A velocity field, continuous or disccntinuous 

1) Conditions of incompressibility 
QV'J. o\J~ -=-- + =. 0 
'0')( o~ (1.29) 

2)' 'The condition that velocity co.mponents V~/Vy 

vanish along each finitie arc of B 
3) And the condition that total external work rate 

is positive. 

(1.30) 

I 
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The multiplier m'*associated with the kinematically admissible 
velocity field is defined as the ratio of internal'to external 
energy dissipations: 

J . \' ( tk) ltd ( I 
m* = k L . T JA + L J~k \IT - VT I dl~k 

. Sf3 (XV,. + Y"'t) J) l. f/:L 

T::. [(O'IJ)I _ d V'} )'L + (~ 4- 'OV'j) ] 
l 'O)C. . O~ '1l~ '0 ~ 

(1.31) 
where 

is the maximum she'a'r rate, Lkh is the line of discontinuity 
seperat~.ng regicns Rh and Rk,' V~h) , the velocity compone::.t in, 

the direction thk - the unit vector tangential -to Lh.k ) on the 
l"-) 

side Rh. of the line L"'k , and "T corresponding c omponer: t on the 
side Rk • (See Figure 8.) 

I 

I 
I 

I 

I 
I 

Ip 

I 
I 

I 

1f nhk 
I 

~ .... ... . .... ... .... 

Figure 8 - Conditions at' line of Discontinuity 

k is the tdngential stress transmitted across the boundry. 
The Upper Bou~d Theorem states that the safety factor is 

the smallest kinematically admissible multiplier. Structure must 
collapse if there is ar.y compatible pattern of plastic deformation 

for which rate of external ~crk is equal to or exceeds the rate of 

internal energy dissipation. 

Combining upper a~d lower bound theorems, the safety. 
factor m is bound 

(1.32) 

I 
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If mOp is t:Q,e.axial stress applied to the ends of the 
specimen in Figure 7, the result obtained is (6) 

(1.33) 

For Figure 9, the, line A& is a line of discontinuity. Shaded 

Figure 9 - Kinematically admissible Velocity 
Field 

portion above this line moves as a rigid body with a unit velocity 
in the direction of arrow. Equation (1.31) gives: 

m*=. k. '3a.J2; _. k _1.5_ 
1/'1. Jr~ap p 

d) Discontinuity 
The evaluatIon·of the limit load under which un­

restricted plastic flow sets in must frequently be based on dis­
continuous stress distributions •. 

. Lines. of. discontinuity are the boundries of constant 
stress regionsthoughde.finaticn could have inc.luded the stress 

. fields of varying type too. 

I 
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In. Figure lO~ L- L is a line of discontinuity, and 0<... is 
the angle between x-axis and ~ormal to this element. 
labelled asl and 2. 

y 

H; 

CD 
CD 

N' 2-

N ~ L 
N' I 

Regions are 
-;--

Figure 10 - Discontinuous Stresses in Problems 
of Plane strain 

Equilibrium of the rectangular element shown, requires 
that exterior components of stress Nand T are continuous 

across L-L T is the tangential and N is the normal components 
of stress. However, the internal component, N' may be discon-. 

tinuous without upsetting the equilibrium. Yield ccndition on 
both sides of the line of discontinuity must be satisfied. 

Winger and Carrier (6) have sho\':n that at least four 

fields of constant stress must meet a point where several lines of 

discontinuity meet. If conditions of equiliDrium, and a yield 
condition are satisfied by the discont.inous stress distribution, 

in connection with Figure (9) , the only velocity field compatible 
with such a stress distribution corresponds to rigid body motion* 

* Actually this statment is for a truneatedwpdge. However, since 

there are no stresses in region 5, ... ,hen half of the disc ontinuous . " 

I 
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Velocity component may be discontinuous also. Though 
velocity component normal to the line of discontinuity is ccntinu­
ous, the component tangnet to the line may vary in a discontinuous 
manner. 

Line of discontinuity in the stress field must be con­
sidered as the limiting case of a thin elastic layer which provides 
a continuous transition from one plastic stress field to the other, 

where as line of discontinuity in velocity field must be regarded 

as the limiting case of a thin layer providing continuous transi­
tion from one velocity field to other. It can be proven that the 

line of disccntinuity is either a shear line or an envelope of 

shear lines, i.e., a limiting line (6). 

* (cont.) stress field is considered, it will behave like a 

truncated wedge. 
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CHAPTER II 

EXPERIMEN·rAL WORK 

2.1 IN'fRODUCrION 

PAGE 22 

The foremost re~son of any experimental stress analysis' 
is to "avoid a failure" of the machine or structure. Because of 

the many' difficulties involved in the use of physical properties, 

such as yield strength etc., safety factors or uncertainity factors 
have been devised to help bridge the gap between idealized test 
data and actual design practice. 

Failure means any change in the physical shape, config- I 
urations or properties of. member in which the change '.'.till ser~ously 

effect the satisfactory per£ormance of that member within a machine 

or struct'ure (13). Rupture, buckling, excessive deformaticn, 
extreme wear may be the ch~ef causes of failure. Or some times 

when elastic strains or plastic strains of elastic order" are of 

high importance failure ~ill.be ass~med if the proportional limit 
is exceeded . .,. 

The usual starting pOint of a rupture is ·at somd stress 
raiser, or a pOint of high stress concentration ~ithin the member. 

What experimental stre'ss analysis types to determine is the points 

of high stress concentration, and stresses exist there in order to 

avoid failure, or to locate the regions of low stresses in order to 
remove unnecessary weight without affecting the satisfactcry per­
formance of that member. 

Notches and fillets are called "stress-raisers". Holes 
I 

because they disturb the stress pattern cause stress concentration 

and premature failure of engineering materials. (13) 

.,. Designs baied on working stress 
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R~centlystcidie~ on stress-raisers and cut-outs of var­
ious shapes gained importance in order that design of machine parts 
or structures. based on minimum weight concept \'lould safely be 
secured. Although a far developed theoretical background has been 

established for V-notched strips and .holed strips., still experimen­
talvarification of theories prove to b~ useful and necessarv~ 

In this paper, variation of the load causing the yield in 
a V-notched strip, as angle of notch changes from zero to 180, has 
.been analyzed. In order to utilize the full strength of a notched 
member the angle or the angles for which the load that qaused plas­
tic flow was maximum, has been investigated. 

In the second series of the test, as a cut-out in a 
structural member may be of any shape, effect of 1!he various cut­
outs on yield load has been searched for in order to be able to 
make a comparison among them and choose the best one for utilizing 
a certain purpose. 

Eccentrically located circular holes, the third series of 
these experiments, are very .common in structural engineering or 
machine design. An investigation of the load causing plastic de­
formation for a particular eccentricity, (such as 20m., L}mm and 6mm) 
has been carried to detect the safest load that a member can carry 

in accordance with the location of the hole. Since the possibility 
of punching or drilling holes eccentrically is very big, an overall 
safety factor for an~ reasbnable eccentricity has been investigated 

I 

2.2 Review of Experimental and Theoretical Work on Notches and Hole 
A lot of empirical rel1a tions were found, and tables of 

stress-concentration factors have been prepared for engineering 
purposes. Many of those tables and empi~ical relations can be foune 
in Civil Engineering, Mechanical Engineer~ng or experimental stress 

analysis books (7, 14, 15, and 16). 

However yielding of notched bars under tension, as a 
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problem of· plasticity ,has started between 19'+5-50. In 1950 South­
well and Allen (1) have shown how the stre.ss equations of. a semi-. . "q .. 
circular notch couldbesolved~applicatiort:of'relaxtatioD method. 

Fried. and' Sachs worked on the'c'onstra-inting effect of the notch . 
. Hill treated the upper bound· determination. of V-hotched and semi­
circular notched tension specimen (17 and 18). Lee (19) has 
analysed the plastic floVl in V-notched bars pulled in tension. 
Orowari (20) ,worked. on notch brittleness and strength of metals. 

Hodge (20),did some·work on yield conditions in plane 
plastic stress, devot.ing much attention .to notched bar in tension 
accordin'g to Misesyield criteria. Drucker (21), considering 

. . rl 

. notched samples developed the criteria on obtaining plane stress or I 
plane strain condition in ~lasticity~Later on, 1965, Drucker and 
Findley (21) carried on an experimental study on piane plastic 
~training of notched bars. Limit ~oad for plane stress and plane 
strain values were determined. Recently, Mura, RimaVli and 'Lee (22) 
have worked on extended theorems of limit analysis for isotropic 
solids which were then generalized to include anisotropy. In con­
nection with those extended theorems, a limit analysis of notched 
specimen under tension was presented by Rimawi, Lee and Mura (21). 

2.3 Theory of Plane Problems - Plane Stress-Plane Strain 
When we are dealing vli th elasticity, the most significant 

parameter is the ratio of the sheet thickness to radius of the dis­
continuity in the region of greatest stress concentration. For a 
perfectly plastic material of unlimited ductility this is of no 
impor~ance (21). A material dimensions such as distance between 
notches, for the notched strips replaces above condition of elas­

ticity. 

For notches, Drucke~ (22) has found that a ratio of 

t/h"]/ 2.~1 ~s required for a plane straincendi tieD '(",nere b is the net 
width ana tis. the thickness.' If w.e hCive a .slit, upper bound for 
P fbi, 'vlhich is net average stress over the cross-section bet',"een 

, ~ 

notch roots Vlould lead to the req~irement that t /b /'/ ~.O. 
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In the present ~ork tlbis well below the limits set by , 
Drucker making all the samples tested a case o£:,plane stress. Such 
a distiction is necessary since the plane strain solution to limit­
ing stress on the net section of a notched speciment is (21) 

~ =2 k [ I + (~ ) - oL ] (2.1) 

compared to 

os= 2k (2.2) 

where 0; is the plane stress solution, k being thelimi ting shearin. 

stress, d.... is the half angle of the notch. If ol= !, ~ Ius = Ll.55 
which is of considerable magnitude. Drucker's analysis of limiting I 
'ratio of -l:./b-was verified ~xperiment,allY by Drucker and Findley (22). 

, a) Sliplines 

Ina state of plane strain'the two o~thog6nal 
'families of curves \'Jhose direct ions at every point, coine ide v1i +;h 
those of maximum shear strain-rate are knvTonas slip lines. They 
are thecharacterictics of the equatioris of plane strain "hich are 
hyperbolic '(1). Two,families of '~he slip-lines are labled as ~ 

and ~ shown in Fig. 11 

Figure 11 

If ¢ is the counter-clockwise 
angular rotation of 01....- line from 
x-axis, it can be shown that for th 
case of plane strain the shearing 
strain is k , and the normal stress 

is p = - i (G\ + ~) 
, 2. 

Stresses on,a small curvilinear. 
element bound by slip-line. 
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Then, the cartesian components of stresses become 

CYX = - F k Sin 2 ¢ 

cr; = - P -1- k. Sin 2. 0 
'tlCJd = k. C O,S 2. 0 

I These expressions are originally due to Levy. 

It can be proven that 

? + 2.k ¢ = Constant 01'\ aO d __ line 

" P .!- Lk.¢ = c.oost.anf· on D 13- LOlnQ.. 

PAGE 26 

(2.3) 

(2.4) 

These relations are completely equivalent to equilibrium equations. I 
The constants may vary from one slip-line to the other. 

Dealing with the velocity equations in a similar way, 
the folloVling equations are ob.tained:' 

U~=' U Cos ¢ -:- ",S,n 0 
'-J!:l::' u Sin.¢ . + \j C 05 ¢ 

(2.5) 

where u and 'v are the velocity components referred to oZ.-and 

~~ lines (consider~~ as a right-handed coordinate system). 

It also can be shown that (1) 

ctL! -" d9> -::. 0 . cd O\1~ '-In Q.. - L ifle. 

(2.6) 
d" +'ll~¢ =¢ olDn~ 0. f)_Lioa.. 

These equations originally due to Geiringer, state that the rate of 
ext~nsion along any slip-line is zero. 

. . 

Theory of slip lines was applied to notched bars in plane 

strain (19). 

b), Limit Analysis of Notched Specimen under Tension 
To analyze ~he V-notched tension specimens and 



THESIS 
ROBERT COLLEGE GRADUATE SCHOOL 

BEBEK, tSTANBUL PAGE 27 

those with semi-circular notches used in the experimental investi­
gation the classical method of Chapter I will be used. Mises 
yield criterion and asso~iated flo~ la~ are assumed. 

To determine a ~ower bound consider the rectangular teti­
sion specimen as sho·.~n in Figure 12 with a notch of half angle d...., 

length 21w ~ and width 2~. Then results may be extended to circular 
notches. 

Figure 12 - Notched tension specimen 

I 

A stress field consisting of different regicns of ccnstant 

stress, seperated by lines of discontinuity will be assumed. The 

side of the notch makes an angle l3 wi til the vertical. The parameter 
,Aw detel;'mines' the extent of region 3 as shol.','n in Fig. 13. Be­

cause of the symmetry only one qqarter of the specimen will be con­

sidered. 
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Figure 13 

Zones ot constant stress field in first quadrant 

PAGE 28 

The following stress transformations are made (24) for 

Sake of simplifying yield criteria, and reduce the ntimerical ~ork. 

v!here 

. , 
" 

cr; =- a _b (.05'2 \6 - 01..) 

La- '= b Sin L e - ol) (2.7) 

(2.8) 

.The pO,sitive direction of the stress compnents (); I~ • L)C~I' ()a , Leand 
the angle e are 'defined in Figure (14). 

Stress components may be ~·:ri tten as 

~ :. 0 + b C. 05 2 0<.. 

.. 6"9:' 0..,.. b Cos 201.. 

~~= b ~i {1 2c1 
(2.9) 

I 
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Defination of Positive Quantities in Stress Transformation 

The exact location of vatious regions is determined by 

two redundant; parameters ~ and 'A Choosing "p and A three s~res 
parameters are determilled from the boundry condition, and equili­

brium conditions e~ lines of discontinuity (24). It can be easily 

seen that region 4 has. only tensile stress of maguitude mop I:!hich 

actually is the external load applied to region 1. 

'The u~lkno\"ns, nine stress parameters plus 9 "the inten­

sity of the tensile stress along x-axis which becomes part of the 

boundry when a quarter of the specimen considered are determined 

from three bOl.!-,ndry conditions and the tVl0 lines of disc cntinui ty 

each providing two conditions. 

Th~,following scress parameters for regions 2, 1 and 3 

are then obtai~ed (24): 

01... = J.L - 13 
1. 2 

b:::: . -mp 
. 2. [(.~ _ f.. )5"(1 2 & _ C. o5~_-i..;;]~ _______ ..... 
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b, " 6 [ 

rr 
01..3 =-""2 

b1::. b [ CoS 2 S - (rv
/:.... A2) ~In 2 f} J 

2A1 
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(2.10) 

... 
The tenth unknown q bein~ eliminated. For region 4 since 6'~= mop 

o 7" 0 and 0-", = <-,.f , we obtain: 

(2.11) 

I 

Those last twelve equations deter~ine the s'tress field in the speci­
men in terms of the parameters ~. They satisfy the equilibrium an 

the boundry conditions. For tl1is stress field to be statically ad­
miss'able it must satisfy the yield criterion ~';hich in terms of (a) 
and lb) takes the form 

-t 1 ,,1. + 3';- ] - k1. L 0 
(2.12) 

assuming that plastic flow starts, ,taking the equal sign in Eq. 2.12 
at certain regions, the unknowns A. . and rn° are found. The lo',"er 

bound is found to be 

(2.13 ) 

--------------------------------------------------------------------~ 
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CHAPTER III 

PREPARJdlOR OF SAMPLES 

3.1 Machining - Material and Specimen 

PAGE 31 

The specimens in this test program. were machined from 
single pieces of commercial ST-37 steel bars having a nominal cr~ss 
section of 5 x 35 mm and a length of 600 cm. This is a 'Turkish 
variety of mild steel. 

The intentionwas that all specimen have the same gross 
width of 35 mm and net width of 20 mm. Special attention was paid 

in locating the notches symmetrically. Very sharp tools were used, I 
and to minimize the effect of work-har~ening ~ather light cuts 

were taken. However a slight variation in net width and in thick­
ness was unavoidable. Tables 1 and 2 show the di~ensions and-net 

cross-sectional areas for each individual specimen~ 

3.2 Heat Treatment 
To_miminize the further effect of machining (25), all 

samples vie.r.e process annealed (26) in a controlled-atmosphere 
furnace for- 60 min at 7000 C and cooled to 230°C in 18 hours. In 

order to prevent the oxidation of samples during annealing they 
were put i,cnto specially prepared boxes and covered up \':,i th e~tra 

charco::\ 1. 

3.3 Hardness Test 
. Hardness tests were carried for each specimen after an-

narJing to secure the tmiformi t:,,- of the sample~;;. 'l'l'l€::' resu 1 t inCs 

'''ft-.;>~' "nYl''''a'·]'n cr "'"c' C,o .}.'O (7) 'R'ol'k'''ell n <".... J ,,-,..L -(.1.1. 1._ 1..,_ J... ~ :::. - CJ- U ;,.,1 v )....1.0 .......... '.. , .... # • 

ings were taken around the notches and samples outside the specified 

rar<C;B '.':ere discardec.. 1'':1e results :J.re recorded in 'l\.lble:3 1 "Lie 20 

according to the 

to be perforffied. All V-notched samples v'ere designHted ~ith ~etter 
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TABLE 1 Geometrical properties and hardnesses of test specimens. 

Net. 
T hic..kness .. W;dJh 

em em 

Angle of 
Designation Notch Hardness 

Gross 
Width 

<:.m 

Area 

c.rn'" 
. :i. 
10. 

voi '61·· 0.53 2.001.·3.5 1.0600.1635 
f-----.- .-.. -------.--- ----- -. . -.. -- ... .. .... .. ... - ... .... .. j.. . ....... 1---.. - - .--.. -------0-"---1 

. V02 O. 61 0.53 2.00 ~ 3.53 1.060 0.1660 r---' ... ----.--.----.... '--.""'-.-.. - --.. -... _ ... --.--- .-~- . -... -. --- ........... - .- .... --.. --.....--- ----....... - -.- ... -----=--
r----iLQ3------ ._. __ . __ ._ .. _6J.. ... _. __ .0_0535 ____ :\,_0.95_._. _~_.3_ • .55 .... 1.Q~3.Q .... J615_ 
f--Y~O 1 __ ._ .. __ . __ . _______ 5..9~. __ . __ Q~ 2.2._. __ . __ g~Q_g .. _ ,..._2 .. 0 _~g_J . .! Q'l?__9 • ~6§2_ 
c--Y3-Q,2-- __ 3.Q_._ ._Ql. _____ 9 ... 53 ___ . __ 2 ... 9Q ___ .. ___ .3!4:§ __ . __ 1· o.6Q~._ Q! . ..1642_ 
r--.D-Q3-. _____ ...92. __ _ Q ... 54 ___ ~Z_!QO_._. _._ .. _-'-.052_ .. J,,_._Q80 .. ~9 J~a.2.... 

V601 60 0.52 1.983 3;51 1.b40 0.1600 t-------... - --.----- ------.--.... -.-.------ ---.--- --.. - .. ---.-.. ---- - .. - ... -.. - .. -.--. .----. -._-

V602 60 62 0.535 2.60 3.51 1.070 0.1657 r---.. -----. ----.--.. - ... - .-.. ---... - - ... "., .. --... --.. -. - - .------.. . ............ -- .. - .............. -- .-- --- ..... _-

. I---Y6'03---- .. __ .... ___ ... _ . .63_. ___ 0 • .53_. __ ._2.Q2 __ .. __ .3. • .53. _1.070._ .O.16_6lL 

r=~ V9.QJ. .. ... -- . __ -- .-QQ ... -. .0 .• 53 __ .J •. 9 95.. _ .. _2 .. 52.. . J. • 95.5 _.__Q.·J:_?~2_ 
. ~._.X9_02_._._90 ..... _ ... 62.....0.53 ... _. 2.0_0_._ ... _.3_.53 1.0.6.0 __ .. Q .. lf>~2.._ 

r-._.Y903-. __ ._. ___ ... §3 .. 0. 53_ .. _ .~ .• Q2 __ _ ._., •. 99 1.o_Q7Q __ Q!:tE>§Q.. 
1--____ .V.l201_ .. __ ._. _9J., .. _Q~535 __ .1.99._.3 .. 55J .• Q,*5 .0_oJ62.2_ 

r--... y1,2Q2_ . .l2() .. _ .. __ .9.1. ... 5_0.535 .. _.2.00.Q_ ...... 3.50.1.065 _.0. 165Z. 

t-._.Y1.2Q3 .. _._ .. _.____ . __ J~J_ .. _ ... Q_.5 3._..2 ~ 02 ___ ..3 • 5_Lt 1_oQ7 O..Q .1 QE)Q_ 

r--- . ___ ",! J, 5.Q 1..'_':"'- ______ 99 ___ ._ :.Q~.2.~.:~ .. _2 .90_. __ ~ • 5.1_.:I, .• Q':t-Q_Q. JJ;.1 .. :1, .. 

_._.Y15.02. ___ 15_Q. __ ... _61. ... __ ._.Q~52 __ ... ._2.,_Q.J~_ .. _ ..... _3. • .5.3_ ... 1 .• 0.4Q ... _0.0.1633.. 
. f ; 

r ___ .:V:1503_. _. __ ._ .... 59_._ .0.5.3 __ .2 .• 0.0_ .. _ .-.--.3 .. 50. ... L._O.6fL .0. 16Al.._ 
b--- VIZQ1.. _120. _______ 63 ... __ . __ 0._,.5.5 ____ .i.9_8 __ ~ . __ 3 .• 5.0._ ... 1.080.- .0.169Q 

t--:-----1----.-----. _____ 6.1..5___0 .• 53._. 2 • 00 ___ . . .. .2.0.0 .. 0_ ._.1 .• O.6Q_ .. 0 ,1.6_~2... . 
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6 59.5 0.50 2.00 2000 1.000 0.1548 

I 



TH E SIS 
.• ROBERT COLLBGE GRADUATE SCHOOL 

. . .' BEBEK, ISTANBUL . PAGE 33 

TABLE 2 . Geometrical properties and hardnesses of test speci!:lens. 

d· ,* Desi9nation HQ(dl1ess Thickl'leS5 , 
Area. 

2. ' 2-em In 

I 
em 

01 c_ ... 60~~" .... __ .. --,-.o.52. __ ,. 1.03_ .. 1 
. __ 1 •. 08 ___ 2 .ll-_. -l.095-·· .0 .. -1695--

f-.-Q2~----.. ---6o. .. ______ 0_.52 ___ .~1-.-0A.-- . __ 1. .• .06 .. ___ 2.~D ___ ~A_Q92-._ D.l6.92 

1--_EAl._. __ ---.5-9-'----.-0-.52- .-.. Q.53.Q...- _ ... _1 • .00 .. --l.9fi--+l..D20-- D.-L58O-

~:E;i0_.-r-.£3 __ --Q-•. 53 ... __ .J) .• .8lL _ _ i. . .09----1 .•. 9.2-----~ •. 04.5_ D ... ~62D-

r--];J3-~---- _.59___ _.':"'Q!52 __ ___ Q!.6.8 _ ___ 1.3L. __ 1.9.9 __ .L035- .0 ... 1605-
.' ----- __ EB2~,._'--___ 59_ 11. 5A- __ 0.60 ___ ---.1.lh3- -.. 2. 0:3- f-1.{)9~- O.J.-6g6-

EOl : 61 0.5.3 . 0 .• 57 ___ ._1 .• 43 __ .... 2 ... QO __ LD6D- 0..16.42-..:....-_-----;,.-----:---------_. ---- - ---,.--- -----_.- - ----- ----_.- .. - - . 

1----EC.3_.-.. - -60 .. __ ._ "'-0-.. 0 .• 52.- -.-Q.5A----,-1. 52. .. 2 •. 06-... l •. Q72--IO·.165Q-
f---. s 3 ... __ . __ .6 .. 0 ____ .0 ... 52_ __ __ .:-::: __________ .~:':_. __ . --2. • .01.. .. ---1 • .045-- Q.1620--

r---S.E:.-. __ ~ ._62 ___ . __ 0 .• ..52.... _--=:~ ~~---~ -. ..2..DQ-- -1.04.(1----- 0 •. 1610-

____ Sq1. __ . ____ .-5.9.-.. --.0.52.. --0.96- --.-0 .. 98----1. 9~---·1.D10--- 0 •. 156.5, 

_ .. B.q2 - .. ----61----- .. -.0·.·51- .-1 .• 01......i .0..3-- -.2..04·--1·" 040·-· 0.];61-0--

_....El _____ ~_6Q. __ -0.·52- -....1 .. ..01-. -... .1. 02-. --2. .• ~ ... - ... 1~ 05-5-· O.-l'&-:;§·-
P2 Sq 0 ' 41:~ 0 , QR 1 .O? ? on n QhO !n 1 4RR 
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V, followed by numbers the last one being the sample number fer 

specific angle and the remainder indicating the notch angle. For 

example V120l indicates first sample of 1200 V-notched series. 

A square,B p1raDe1Dgram~ circle at the center of t;he speci 

men, and a semi-circular notch symmetrically located frem the cen­

terline at the edges constituted the second series of experiments. 

The designation for this series is Sq • for square ,P for p~Jl.leJcgra m 

C for circular shape and S for semi-circular notch. .T'hose ':'ere 

'follov.'sd by specific sample number belonging to the same shape. 

Eccentrically loc~ted circular shapes constitutes the 

third set of samples to. be. tested. They ar~ ~esigna ted by letters I 
EA, EB, and-Ee where E lndlcates to eccentrlclty, and A, B, C re­

fers to the different eccentricities, A being the smallest and C 

being the largest eccentricity. Figs. 15 and 16 sho~ .the three 

series. 
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Figure 18 

Mechanical Strain 

------.~----------

Fisure 19 

L ---------• ..--""i6""" 

PAGE 7,0 
.' ;; 

SR ... .l .. Strain Indicator and s\'Jitehing and balancing unit. 

I 
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4.3 A Brief Summary of Electric Strain Gages 
o a)' Description ofJ:erformance, , , 
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Mechanical strain gages are used to magnify the 
-~strain mechanically till it can b~ perceived by the eye. However, 

it is inescapable that one of the weak points in a mechanical strain 
gage is the problem of undistorted amplification of the strain. A 
somewhat less direct method is to; a) translate the strain into 
~omeelectric property change such as resistance, the inductance, 
the output voltag~ or the~capacitance by use' of transducers or 
translating device. They maybe of variable resistance, variable 
inductance, variable-capacitance, piezoelectric or photoelectric 
types; b) amplify this change electrically and; c) retranslate the 

electric chang~ back into one of length, generally by making a pOintt 
~/';eJ; ,move along, a cali'brated scale or cathode-ray trace, move on an 

o~b'illograph screen (13). 

When an electric strain gage is used, the amplification 
of an electric quaritity can be easily performed with a ,minimum of 

/ 

distortion, and particularly ~"ith no limit to sensitivity. 
',' ~ 

b) The Variable-resistance Strain Gages 
The 'most common of all is SR-4 * bcnded-\"ire re­

sistance gage. The SR-4 strain gage consists ot a grid of very fine 
viires of a copper-nickel or other, su~ table alloy, arranged' as shown 
in Fig. 20 (14). Two heavier wires serve merely as terminals for 
electric connection. ~he grid may either be bonded to a paper base 
6r to a Bakelite b~se., The latter has the advantage for use in 
higher temperature locatidns, and under extreme ccnditicns of 

humidity. (13) 

When SR-4gage is ,attached to' a specimen as the length 

of that specimen changes, the. length of each iongfine "fire will 
also change- (assuming that cement does not suff~r' shear deformation • 
This change in wire length v.rill result in a decrease or an increase 
between two terminals of the ,gage, ~nd by suitable devices the 

*The trade name:,SR-4 comes from the initials Simons and Ruge "-ho 

~--~----------------------------------,------------------------
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0.001 in. diam. 
gage wire \ 
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Par:>er base 

(a) FIat Grid 

Figure 20 

Lead 
wires 

Paper winding) form 

Paper base 

(b) Helic~l Coil 

Bonded-Wire Strain-Gage 
magnitude of any change in strain is detected. 

c) SR-4 Te!Eerature Compensation 

PAGB 41 

A change in the temperature of the ~ires of the 
SR-4 gage will also change electric resistance. In order to com­
pensate for this change, a dummy gage with the same lot number is 

attached to the unstressed piece of·the same material, in the same 
manner, with the same protective coating as the measuring gage. 

d) Gage Factor I 

The actual change in electric resistance of the 
fine \dres upon being strained is actually greater than that due 

t 

solely to change in length alone'. B.ecause as the length of the 

I 

wire is increased, its cross-sectional area wDl decrease. Increase 
in the length and decrease in the cross~section both ccntributes to 

the' change in electric resistance. The decrease in area is account­
ed for bya "gage factor", which is experimentally determined by 

the manufacturer of the gage.' 

* (cont) perfected the gage, and that there were four men involved 

i~ its commercial develop~ent •. 
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The gage factor also accounts for the "loop effect'" or 
"transverse sensitivity". 

e) Electric Resi~tance 'Measurements 

'1'he most common method of measuring electri­
resistance values and. any change in electric resistance is by.use 
of a bridge circuit, such as Wheatstone Bridge (Fig. 21). 

Measuring goge 

;/ 

Temperature 
SOiT\pens~ling 90ge 
l Dummy gage) . 

'-------111 11 ~-----' 

Figure 21 
Wheatstone Bridge Circuit for SR-4 Strain 

measurement 

I 

If both dummy and measuring gages suffer same temperature 
change the bridge ~ill be unaffected. First balancing is made by 
adjusting the calibrated variable resistances. After the gage has 
been strained a second balance is made by observing the Galvano­
meter., With help of commercially available bridge units chan~e in 

resistance is directly read as change in strain. 

f) Selection of Gages 
1. Gage Length 

In ~sing the strain gage it is usually 
assumed that the strain which acts upon that particular ga~e is 
constant over the active length of the strain gages. Therefore, 

unifprm stress cases gages of any length could have been used. 

for 

I 
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.,Howe)f.,er, if the member is of cOIDDlex form v.rhere stress distribu­
'i:':t:{~~:::may ,not', be uniform, and Cha~ge very ~UCh' from point to point, 

the gaging length of the strain gage should be as, short as is prac­
tical. SR-4 gages frOID several iriches do~n to 1/10 inch gage 
lengths are available. For, our testsA-l,A5 gages were used for 
uniform st,r,ess conditions'. 

2) 'Gage Width 

Due to the reasons stated above, effect­
ive width of a strain gagevrill also be factor :in gage selection, 
since any strain measurements will be averaged over both le~gth and 
width of the gaging area. Gages having width of le$s than 1/8 inch 
are a~ailable. In this work, AF-7 and A-12gages w~re used, 
especially for EA, Eb, Ec, Sq and P series of samples. 

4.4, £3:£ittle Coating; Technique, 
I 

The te~m'~"brittlecoating" is used to describe a coating 
which will fa~Lor'\crack when a certain value of tensile stress is 
exceeded without an appreciable yielding, pr inelastic action pre­
ceding the actual cracking. The proper use of the ~rittle coatings, 
(stress 'coat) will graphically shot[,,<the magnititude, direction, dis-

: \- . 

tributicn and the gradient of the fo~ce on a real structure (27). 
Among the several importantapplicati<;m, of the stress coat thre,,~ 

important ones caube counted. Ffrst,'the crack pattern can be used 
to determine the best location f~ SR-4 sttain gages. Second, an , 
approximate value of stress indicated by the initiatibn of cracks 
at a particular load maybe used to redesign the member to reduce the 
stress around stress concentrations. Finaily, stress~coat may give 
a better information at ~he stress concentrati6n points where SR-4 

gages aren't applicable~ 

,The flaking of the brittle oxide scale C.11 hot~Jlec ;fr.EDl 8,;f;,:: 

as a stress coat and has been long recog'O.ized as an indication of 
"local yielding". See Figures 22, 23, 24 and'34. "Leuder's Lines" 

are the example of this (13). They are obtained experimen~ally by 
the tensile loading of hot rolled flat strip as shown in Fig. 24. 

I~ failure was just due to ~hearin~~ the lines ~6uld be inclined at 

I 
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}i'igure 22 

Flaking out of brittle lacquer • 

.. 

I 
.1 

.. - "-------,, -r.--, -. ---~--~--::!.! 

FiGure 23 . . 
Flaking out of iron ~xide coating. 

PAGB ''-1J. 

I 
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4-5° to the axis of tensile loading. 

Brittle lacquers are designed under the trade name 
"Stresscoat", to start to fail at varying strains about. o. 0005 it'l /{-(I 
to about 0.0015 ,olin, depending upon temperature and humidity con­
ditions during drying and testing. 

1 
In this experimental vJOrk, several samples were stress-

coated and grid lines indicated were drawn on some of them in order 
to detect pattern of deformtion, or local yielding by flaking out 
of the lacquer. Results so abtained will be discussed in-Chapter 
VII. 

. '-.' Figure. 24-r-

Picture showing flaking out of "brittle oxide coatI! « 

'" It is interesting to note that angle that longitudual axis of 
the member makes with the l~uders's lines - which are the slip-lines 

also, is roughly 4-5° • 
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Figure 25 

A stress';'coated V-notched sample vli th grid lines 

a) undeformed' b) de!ormed 
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" (a) 

Figure 26 . 
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" _i __ 

An eccentrically drilled and stress' coated sample with 

grid-lines a) undeformed b) deformed and ruptured 
I 
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4.5 Experimental l'echniQue 

"'" A lev~rtype (Fig .17) RichIe tes~ing machine of 700001b 
capacity may introduce errors in calculations of average stresses' 
owing to the fact that an average cross-section of 0.164d in2 

I 

'. , 
whic~ the net cross section of the samples tested unde~~ ioad of 

100 Ibs would be subjected t~a stress of more than 600 p~l. In 
order to secuJ;'e maximum accuracy \'li th such a machine, it vlould be 

stopped and no reading would be taken till the load had balanced. 
Mechimical strain gage of Riehle type (Fig. 18) with tv'o-inch gage 
length seemed sufficient for reading'average strain values over 

plane prizmatic bars with no notch. SR-4 strain indicator (Fig.19) 
worked very v/ell due to a sensi ti vi~y of more than lxlO -6. i1l /I'n • 

Howev~r,~l'ose to' the ,yield load, both balancing the load and keep-I 
i,n?:.the rec{ding of the' strain indica.t~:~ constant presented some 

,.,problems. Although the slo~est test ~ate (strain-rate) was secured 
in order to avoid getting a yield point higher than the actual (2), 
sometimes there had been a jump in load reading. 

o ' 

Bars \'li,th ,1160 notches (plane prizmatic bars) didn't 
come into plastic 're~ion alth~,ugh thE;!y::v!ere ,. stretched' to a great 
extent. The reason· can be stated as follct·!s: Since there was no 
change in the cross-section along the length of the specimen, no 
singular cross-sect ion 'llould enter into plastic region) unless a 

, , 
cer~ain over-all elongation took place in order to cause plastic 
flow at a certain location. 

.! , 
I 
! 

, i 

, . 
i: 

The grips of the testinr;; machine not being completely': 
attached, introduced some ec~entricity,problems during the testing. 

While mounting,the specimen, on the testing machine maximum effort 

was spent in order t6 make it coricentric.A te~t, set-up is shown 

in Fig. 27. 

Because oithe constraint of' the pulling system, non­
uniformity of the lower yield p6'int, a'nd instability of upper yield 

point, readings around yield could have diverted from the actual 

values. 
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Figure' .27 
Test 'S~tup 
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Leveling out of strain at yield, up to a pOint ~as pre­
vented by the high stress concentration occuring at the corners of 

notch and redistribution of loads. As yield pOint was reached 

readi;n.gs were taken after fev,. minutes VIi thout applying additional 

load~~,Therefore uncertaini ty of upper yield point was avoided. 

In some tests, ben'ding ':.ras detected, and other samples of 
the same series were tested in order to get better results .. 

'~ . For bars ~ith holes eccentrically located/two SR-4 strain 
ga;es were used. However, usually one would suffice together ,with 
a mechanical st~ain gage (Fig. 28). 

Figure 28 

A V-notched specimen ',Pith mechanical strain gage and SR-4 

gage attached 

I 

~-------------------------------------.---.~-----.---=,------------
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CHAPTER V 

EXPBRIMEN'fAL RESULTS 

5.1 V-Notched Series ' 

The experimental results obtained for the V-notched 
serie~ in~icate an obvious rise in the average stress of each 

speciment at. the yield.(Fig. 29). The yield point of 180 0 notch 
is 36 ksi. This vTillbe taken to be the yield stress 6'"0 

The constraint factor is defined as ~ where P is the 
, ' CS-oA' 

load causing the material yield plastically, and A is the net 

cross-sectional area b.etween· the notch roots. Table 3 sho\"s all 

the calculations pertaining' to the average s:tresses and the con­
straints factors. 

TABL~ 3 : Sxperimental r~sults of a V-notched series. 

Sample PIA Average PIA Constraint ex. Number (P:II· ) (p3i) factor L , __ 41300 
-.-....... - ... ----~-1--._ .. _ ..... _- ------.- 41 25Cr---- .-- U46 0" Z 412,00 

------ ------,,- ----- ------_._----- ._---.. -._-----
3 41 200 
1 41 400 ---.: .. --.- ---f-- .. - .. -.----- -----_. __ . ----_._. ----~----.~------

is'' 2 41 250 41400 U50 ---.-----.-------~-.----.. - -----_._- ---_ .. _-- .. -... ~--.- -----_._-
3 . 41 500 
1 41350 - . -1----_._--- ----- -

30° 2 41300 1.1300 t148 
1------_.- ----------- ------ -----

3 41250 
1 41 250 

------------45°'--- ------_. ~~---------.----------.-
2 41000 41000 1.13Q 

--------- --. 3---- ----r07SO--- ---.------- .-.------

I 41400 
--------- .------- 1---_._--- ~-.-----~------

60C> 2 40000 40750 1.13~ 
~.---- ----- ------

3 40000 . 
I 40300 

~----- ------.-- ---------- ------,------ ---_._--
75 () 2 41200 .L.0650 1.IJO 

1----_._--1--._-----. -------~.--- --_._-----
. 3 40500 

85° 1 39000 39000 lOS6 

1---9-0 ~~ 1 36000 ----36000 .... ---·- --1.000-------- ----j 600(j":-C---',--4 
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The constr~int f~ctors obtained are 'plotted together with 
their theoretical upper and lower bounds in Fig. 30' against the 
parameter cI..., half angle of the notch. The lower bounds ot: the con­
straint factors are computed in Chapter VI. The upper bounds are 
taken from a solution given by Hill (28). 

I ~ : 1 ! 
'. ; ! ! ! i 

Hills UPP'( bqund I : I ! , -____ ~ __ ._~- ... ------~- ___ . __ ...... _. ____ ---+-_____ .1 _____ : o 1.15 A"-·--T--....,.--~-~"W--i-·--I --
+J i'I, .' . G> I , i .' g ; iN Lower bound: iii 
LL 110 I,! I . : ---f~-£~er;m~i~j--

j' 1---1i-7---+-! --+~it-l .~-
:g 105 ! i 'I I 
o I 

U I 

i 
70" 60° 50° ~OU 

eX. = Notch Angle ~ 

Figure 30 

Constraint factor versus h~lf the notch a~gle ~ 

Experimentally tile highest constraint factor ·obtained is 
for the specimen'with a half notch angle of 150 However values 
below or above this value are close enough to plot straight line up 
to O!:. d-.. ~ 10: 

~ , 
J./ 

2) 

Ii "l~'elt~hte.d aver:'~lF;::: v'al~le ff)l" ~~·rle Sfleeirnen \~.rjtr\ half ri();L(~h .. 
ant.::le ~ = . 6e) - l:as l)e~r~ 'n~3ed.;t . 

compared to 60-61 for ~he res~ of ~he 

tha~ caused yielding (39,000 psi) ~as 

f':a" t, or L= 
~ ""'-' 

the correc~ed value. 

.- a' '1'1(')1"" s \ 'Ph .~. ) 1,'", ',' d ... ' .I.. ~ • \...... ./". 6..J. ,",-, A.. I' Q. 

reduced 'by 2.5 /0 ill 

1.056 in Table 5 IS 

I 

I: 
:1 
I 
i 
I 
! 
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Variotis angles measured between the slip lines or Lauder', 
which conincide with the direction of maximum shear stress (14) and 
the longitudinial axis ari between 47 to 55 degrees most of them 
averaging 50 degrees. 

5.2 Holes of Various Shapes 
The average stress piA versus strains curves for various 

holes of different shapes, and semi-circularly notched specimens 
are presented in Fig. 31 Semi-circularly notched specimen gives 
the highest value of PiA (average stress of 40 ksl), whereas square 
shaped specimen gave the lowest results, 34-.5 ksi. However, since 
according to Mises criteria (21) an increase of 15 i would be 
expected for the semi-circularly notched sp'8cimen, result obtained I 
iS3;27~below that of theoretical value.' 

45 

40 

35 

a... 30 
(TJ 
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The value of ave~age stress of a concientrically located 
hole seemed to be about the same a's the actual yield stress of the 
material. Table 4 gives a detailedaccotint 6f 'the yield pOints and 
th~ constraint factors obtained. The average.:stres~es at yield 

obtained for square and parallelogram'but-b~t arerespectlvely 

about 11 .. 6 %. andl1~25io lower than that of .circular notched speci­
men. 

TABLE 4 Sxperimenta 1 results fDr strips '.'.'i th eu t-cu+.s ~ 

Shape Designation PIA 
Average' Constraint 

PIA fQdo( 

, 83-- II"~C::" .... ' .. --- ~,DJ----'40000-- -1'.1-1-1:-
4 r-----~~---.. ----~----_r~~--_+~~~_+------_4------~ 

Square .. Out~Ollt 

Parallelo ram Cut-o 

Figure ;;3 and Figure 3LI· show the fully plastified 
zones around th~ each discontinuity. It is important to realize 
the idealization made by Drucker (21) such that aro~nd the discon­
tlD.Ulty silHpi.e 45° rigid blocks motion is crei:1uttlu, li'ig. ~;? 

It can be concluded by observing Fig. 34, that four cor­

ners ~f the square cut-out are subjected to the same stress-concen~ 

tration where as, it is the widthwise corners of a parallelogram, 

where the fracture begins. 

I 

----------------------------"---
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t -

0 
r- B 

1 
p 

Figure 32 

Plastic plane strain in the plastic 

range at plane stress loads. 

.,.-~--~ ....... - .. --... -~-

Figure 33. ".' 
Plastlfied zones around a rp~r[! i-je}~Ogra-m-Th~l;' 

-
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Figure 34-
Plastificd zones around a square hole. 

-Figu-re 35 

Fracture Patterno_f a Tension Strip 
with 'an ,.Eccentric' Hole·-

PAGE 5'7 

I 

I 

~--------------------------------------------,-.-.---.-~~~-----------._---------
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5.3 Eccentrically located Circular Holes 

PAGE 58 

As it was stated in Chapter II, the possibility' of loca­

ting a hole eccentrically is very big. The AISC Code (29)" consid­
ering such effects of accidental eccentricity requires that a 

reduction of 15% ~in the net area of a tenl?;ion member -to be mode • 

. \", 

Stress versus strain diagrams are shown in Fig. 36 The 
average stress versus average ~train recorded at the bigge~ and 
smaller cross-sections are plo~ted. 

c 

40 

35 

30 

. -

5 
5tra',n in/ in 

Figure 36 
Strips with eccentric holes under tension. 

The experimental results of tension members with eccen­
tririally located holes shows that as eccentricity gets bigger (from 
o mm to 6 mm), -the value of contraint factor goes aown from 1.0 fo 
zero mm eccentricity to 0.764 for 6 mm eccentricity, as shown in 
Table 5, values of contraint factors versus ~ccentricity are 

plotted in Fig. 37. Fracture Pattern of a specimen with an 
ec~entricity of 4 mm is shown in view 35. 

---------------------------------------------,-----------------------------
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TABLE 5 Experimental results of strips ~ith eccentric holes. 

Eccentricity Average Stress Constraint 
(mm) pi A(p~i) Factor 

0 36000 10000 
t------

; 
-

" 

2 34400 0 .. 956 
r-----------------"--- -.----------- ----------_._----

4 32000 0.889 
-------------------.--- f-------------------------

6 26500 0 .. 764 

Th~ variation of constraint factor with respect to 

eccentricity is shown in Fig. 37 

'- , 
" 

! I '.~ t ! I 

1.00 ~-+- -- 11 ---r---f-1--1---r 
~ og5~1-+-·I~I--t--t-+ ... +--
2 0.90 --t----J-- I---l~--N-~--_L. __ ~ ___ ~ ____ ~ __ 
+-' I, I I .". I , I 
c i; I )i Ii: i I 
2 0.85 __ !_. ___ ~--..-l---_- ____ +_----1__ i '. ----+-.-
~ I I ~ I I I i I : 

~ OBO --I+~i- -·-II----+-I -i--+-·t-~-
~ L-__ LI __ ~:L_~L_~ __ ~: ___ ~I __ ~-__ ~I __ ~~~ 

0.75 2 4 6 -

Eccentricity m m 

Figure 37 

Constraint factor versus eccentricity. 
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CHAPTER VI 

IrHEORE'rlCAL ANALYSIS 

6.1 V-not.ched Strip Under Tension 
. 'rhe method presented in Chapter II is used to de,termine 

the analytical results. If region 2 and 3 of Fig.13 yield first, 
then from Eq.2.ll we have 

I (d~ f 3b~) ::. k~ 
.3 

t ( Q~ t 3 ~) := k2 

Since we know ~ , Equation (6.1) can be solved for 
terms of P and k after proper substitution is made. 
sidered and results obtained are tabulated in Table 

A., 
The 

6. 

(6.1) 

and Mo 
cases 

TABLE 6 : Analytic results cf V-notched strips. 

r-----------~~----~~----~------~------~ 
0( = /-lqlf ilo1c\\ angle 600 67" 75 0

. 85 b 

1---------- ------- ------- --------. --.--__ _ 

J3 30" 23
0 

15" 5 ~ 
-~-----.-------.---.- ---~.---- ------- --------- -----

A 0.51 0.48 0.47 0.43 

1.13101.1304 1.1266 1.050 

W~ change the results obtained for the lower bound mo into con­

straint factors as follows. 

in I 
con-

From Figure 13 ., we can write the following relation: 

L_ 
(6.2) 

where L is the constraint factor, ~ is as. defined in Fig. 1 j 't 

.m~ is the lower bound, and CJO is the yield stress in simple tension 
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(6.3) 

where AI is the total cross-section of the specimen, ,l1.. is the ne 
cross-section between tt'.'o notch roots, and F is the tensile stress 
divided by mO at impending plastic flow. 

Combining Equations (6.1) and (6.3) and noting that ()o:J3k 
result into 

-n'B- ," 7 l·d. 1..t:' ; 

L-_I- Al 
. -IS' A 

Summary of lower bound calculations 

67° 75° 85° 90° f------f------I----... ----........ - ...... - .. - .... - .... --.-.~.- .. -- ----_ 

15 0 5" 0° 

LL~ER 1.1434 1.1428 1.1380 1.0680 1.000 

(6.4) 

I 

Plotting these values, Lversus notcn angle, the graph in 
Fig. 30 is obtained. Hill's upper bound which has been super­

imposed in Fig. ,30 was proved by Bishop to be the true solution (28). 
Values of Hill's upper'bound are given in'Table 8. 

TABLE 8 : Values of Hill's upper bound. 

1.060 L IlPPEA 1.155 1.141 1.105 
~---------------

1.000 
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6.2 Semi-circularly Notched Strip 

PAG~2 

For the two samples tested l·ri th a notch radius of 7. 5 mm. 

an average stress of 40 ksf was obtained as indicated in Table 4 

Here, for the theoretical analysis of the semi-circularly notched 

specimen, the use of a graph (Fig:· ;.1 drawn by Lianis and Ford (28) 

will be made. There the ratlo( a /(r:t+f)) is plotted versus the c onstrai t: 

efactor L, 'where J is the radius of the notch, (0) is the net \"idth 

between notches. 

For this case , (oj(O +P») =-0.727. The corresponding point on toe 

graph is 1.108 (Fig. 38). The constraint factor experimentally 

determined is 1.111. 

I I /" b1 1.15" 

1.10 

HIll'S 

/ 
V--"V 

upp~ bOlln~ ...... / 
; :0 ~ /OIIIer hoaM_ 

A V \Ex uimeJ tal vc / ue 

/ V 

I / I 
./ V 

.-
V 

L 
1.0 0 0 8 0,1 0.2 0.3 .4 0.5 0.6 0.7 0, O.g 1.0 

a 
a-l- (? 

Figure 38 
I 

Semi-circularly notched strip under tension 

As· it is seen from the graph, experime .tally determined 

poin.t; is between the theoretical lower bound a:ld the mean value of 

two bounds. 

I 
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CHAPTER VII 

tISCUSSION OF RESUL·rS Ar-;I CONCLUSION 
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The results obtained on V-notched st~i~s can be classi­

fiedas good. Certainly better results could have been obtained if 
a testin~ machine of better type, probably a hydraulicly run one 

was provided. Due to the fact that not all the samples had a uni­
form composition, as hardness tests proved, results have differed 

by a few percent for some samples of the same. notch angle. No 
matter what the diversion from the actual values is, one fact be­

came experimentally clear that additional material to specimen 

~ithout any notches didn't decrease its strength. The increase in 
the yield load was detected as having a maximum value for of. of.. !::. "1-0 

half notch angle Fig~ 30 • 

The results obtained experimentally are in good agreement 

with the analytically obtained results in Table 7. Deviation in 31: 
cases is less· than 1 % ~ FI'om Fig. 51 it appears the t' the. ha If 
angle ~ where the constraint factor begins ,to· decrease is between 

60 u ~ 70°,~ For smaller values of ~ there is a'constant lo~er 

bound which corresponds to maximum constraint factor 1.1-5. 

,. 

Figure 25 shows clearly the regions of high stress con-

centr;ation·. Observations. of the samples after they vlere tested 

revealed that almost up to 120 0 
, stress concentration effect, 

though very strongly detected, didn't vary much:from one sample to 
, , ! ·1. . 

t~e other. 'Deformation of the grid lines over the surface of a 

15,o~ . no~ched specimen weren't as much as that of a specimen with 
a:<.90 <> nQ'tch angle around the root of the notch. 

A carefull observation over the polished surfaces of ~he 

4otc~ed 'specimens shows that there is a limited zone of penetration 

----_._,...---
Lianis and Ford (28) showed that ~ i~ 67~ 



I 

THESiS 
ROBERT COLLEGE GRADUATE SCHOOL 

BEBEK. iSTANEUL PAGE 64. 

of Leuder's Lines as shown in Fig. 39 The angles measured be-

tween the limiting lines of pentrgtion for each specimen are as 
follows: 

0{.. y 
30 0 

:. 127
0 

45 0 1340 

60" 135 0 

75° 

'\jJ is indicated in Fig. 59 • This reveals the fact, that up to J 
0..-; 10

0 

not all of the material around the siq~:s of the notch is plas ~ 

tic. ,It is the extra, elastic material which conotraints 1;he plasti­

fied portion from flm'!ing continuously. It is j,mportant to see 

that as we have an elasti~ zone up to~;70wewould of course expect 

to have a rather constant ccnstraint factor. The wh6ie area in the 

region' R , as shown in Fig. 39, is fully 'plastified. No Leuder t s 

Lines in R are detected' around the notch sides. (/.... is 75° . 

In the second series of experiments, samples 'vi 4;h square 

cut-outs proved to be the weakest of the series with 34,.5 ksi aver­

age stress at yield. The effect of the stress concentration was 

deteciied to be equa~ly strong for four corners of the square, Fig. 

3L~ • l~ember with parallelogram hole gave a higher yie Idload then 

the squ~re. However, t00 of it~ corners in the transverse axis 

,were under high stress concentrati'on that first cracl{s ini tia ted 

there. 

In all c?ses, the natural iron-oxide coating of the hot­
r6iled ~amples acted as a stresscoat. Highly plastified zones were 

visible due to the flackening out of the brittlc coating. 

We have observed a very high strains in strips with 

eccentric holes(and lower yield loads. This may be due to prematur 
______ ---------.w-------, __________________________ _ -

I 
:1 
II 
I 
I 
I 

:1 
i 
'I 
i 
I 

l 
1 
i 
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(a) c(" 90
0 

(b) 0<.: 120· 

----R---

\ 
\ ..... " 

Fignre 59 

I . 
\ 
\ 
i 
I 

Limi~i~g lines of penetration of Leuder's Lines. 

I 
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plastic yielding· in the narrov;er cross secti.on. Due to the eccen­
tricit~ the member will be subjected to a bending moment which will 
d.isturb the stress pattern in each of the cross-se~tions. It could 
be that for this reason that the manual of AlSC-Manual of Steel 
Construction (29) specifies at least a 1570 reduction' in the net 
cross-section area of a te~sion member with a hole for sake of 
safety, .or uncertainity of the yield point of the member. The low-

,.8st value of the average stress obtained under the yield load is 

26500 psi for an eccentricity of 6mm. Then for 6'0-= 360CO psi , the 
decrease in the yield load is about 25 %. An eccentricity of 4mm 
resulte~ in ll.lt reduction. Therefore it is reasonable to have 
a reduction of at least 15 t in the net section of· the members VIi th 

holes "/hich ,are subjected to tension. I 
For shapes other than notched ones, the strips· with a 

concentr~cally located holes proved to be the best of·the cut-out 
series. 

~-----------------------------------------------------------------------
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