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Thesis Abstract

Deniz Nemli, "Simultaneous Auctions with Private and Common Values"

We analyze two simultaneous sealed-bid auctions in which # bidders have private values
for the good in one auction but a common value for the other, and must choose to
participate in at most one auction. The seller in each auction is free to choose whether
his good is sold via a first-price or second-price auction. After auction types are
announced, bidders simultaneously decide in which auction to participate and their bid
in their selected auction. hence bidders bid without knowing the number of other
bidders participating in the same auction. Bidders choose auctions according to a cut-off
strategy: only those with a sufficiently high private value choose the private auction. For
any auction type profile, there is a unique symmetric equilibrium (which is the same for
all auction type pro.les) and multiple asymmetric equilibria which vary with auction
types. At the unique symmetric equilibrium, revenue equivalence fails to hold in both

auctions: the private auction revenue is always strictly higher when it is first-price.
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Tez Ozeti
Deniz Nemli, "Es Zamanlt Actk Arttirmalarda Ozel ve Genel Degerler"

Degerlendirmesi 6zel olan bir mal ile genel olan bir diger mali satmak icin yapilan iki es
zamanlt agik arttirmada n sayida alicinin bir tanesini segmek zorunda oldugu bir
mekanizmay1 inceliyoruz. Saticilar birinci-fiyat ve ikinci-fiyat a¢ik arttirma tiplerinden
birini sectikten sonra, alicilar hangi agik arttirmaya katilacaklarina ve katildiklar agik
arttirmadaki tekliflerine karar veriyorlar. Acik arttirma se¢me dengeleri esik noktast
formunda; 6zel degerleri belirli bir noktadan ytksek ise 6zel degerli mali, degilse diger
mali almaya galistyorlar. Buitiin actk arttirma tip profilleri i¢in ayni olan bir tane simetrik
denge var. Bu dengede, gelir denkligi prensibinin tutmadigini ve 6zel degerli malin

birinci-fiyat actk arttirma tipinde olmast gerekiyor.
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CHAPTER 1
INTRODUCTION

This paper considers a market in which two distinct goods are sold through
simultaneous sealed-bid auctions. Bidders have private valuations for one of the
goods, for which each bidder’s valuation is private information. All bidders have
a common (publicly known) valuation for the other good. Bidders are capacity
constrained, meaning they can participate in at most one auction. Each seller
announces whether his good will be sold through a first-price auction or a
second-price auction. Bidders then simultaneously decide in which auction to
participate and their bid in their selected auction, meaning that bidders act
without knowing the number of other bidders participating in either auction.

Our assumptions based on buyer being capacity constrained and sellers
sell their goods simultaneously are motivated by several real world markets.
Consider for example the market for houses. A selling homeowner may be
better off under certain conditions if all potential buyers were able to pursue her
house before some decided to move on to the next one. In reality, there are
many other homes being sold at exactly the same time, and coordination
frictions inevitably arise. These frictions result in multiple buyers attempting to
purchase one house while another house is left uncontested. The academic job
market is another example in which many sellers (workers who wish to sell their
labor) are forced to sell simultaneously to capacity constrained buyers
(universities). Such a mechanism generally leads to inefficient allocation due to
the same type of coordination frictions.

We find that bidders choose auctions according to a cut-off strategy:
only those with a sufficiently high private valuation choose the private auction.
This result has a simple intuition: the payoff to bidders from the private value
auction increases with their valuations whereas the payoff from the common
value auction is constant. The cut-off strategies also imply a one-dimensional

strategy space which considerably simplifies our analysis.



We solve the model by first fixing auction choice cut-off strategies and
finding the equilibrium bidding functions given those strategies. Given
equilibrium bidding behavior, we then endogenize auction choices and calculate
the equilibrium cut-off strategies. An equilibrium cut-off strategy corresponds
to the private valuation which makes a bidder’s expected payoff from
participating in the private auction equal to that of participating in the
common auction. Hence, the cut-off values can be calculated by calculating
these expected payoffs and solving an indifference condition.

In equilibrium, bidders bid their valuations in a second-price auction
regardless of auction choice behavior. In first-price auctions, however,
equilibrium bidding strategies depend on auction choice cut-off strategies as well
as valuations. In the first-price private value auction, equilibrium bids are equal
to the expectation of the second highest valuation conditional on winning;
however, the interval from which the private valuations are drawn differs from
the standard (single auction) model since bidders’ participation in this auction
implies that their valuations have to be greater than their cut-off values. In the
first-price common value auction, there exists no pure strategy bidding
equilibrium since all bidders’ (common) valuation for the good is publicly
known. We find that the unique equilibrium is in mixed bidding strategies in
which bidders choose their bids from continuous distributions with the same
connected support. These distributions are constructed to make all (other)
bidders indifferent among all bids in this support.

For any auction type profile, there is a unique symmetric auction choice
equilibrium, which is the same for all auction type profiles, and multiple
asymmetric equilibria which vary with auction types. Revenue equivalence fails
to hold in both auctions: the private auction revenue is always strictly higher
when it is first-price, while the revenue in the common auction is strictly higher
when it is second-price. The intuition for the private value auction is as follows:

when second-price, revenue is equal to the expectation of the second highest



value if there are at least two bidders and zero otherwise; when first price,
revenue is equal to the second-price revenue plus a positive term which
corresponds to the case in which only one bidder participates. In the common
value auction, the second-price revenue is the (common) value times the
probability that at least two bidders participate, while first-price revenue is
derived from the mixed equilibrium bidding strategies.

The remainder of this paper is organized as follows. We review the
related literature in chapter 2. We introduce the model in chapter 3 and show
that auction choices are made using cut-off strategies in chapter 4. Finally,
Chapter 7 concludes and states possible extensions to our model. Proofs can be

found in the Appendix.



CHAPTER 2
LITERATURE REVIEW

We consider two simultaneous auctions (one private-value, one common-value)
with incomplete information. Bidders choose auctions and bids simultaneously
without observing the number of competitors. Hence, in our model, buyers and
not sellers determine the equilibrium prices, is in contrast to a vast majority of
the directed search literature. This literature-Burdett, Shi, and Wright (2001)
is one of many examples—has focused primarily on cases in which one side of the
market posts locations and prices, while the other side observes these prices and
decides where to apply. In goods market applications, it is typically the sellers
who post prices and consumers who search. In directed labor search, firms post
wages and workers search. This paper focuses on cases in which the same side of
the market, the buyer side, is in effect responsible for both searching and
determining the equilibrium price for a fixed auction profile. To our knowledge,
there are four papers closest to considering such a mechanism; Julien, Kennes,
and King (2000), Gerding et al 2008, Gavious (2006), Selman (2010). However,
in Julien, Kennes, and King (2000)’s (labor market) model, firms decide in a
preliminary stage which workers to “bid” on, and then observe how many other
firms are bidding on the same worker before choosing their bids. Gerding et al
2008 analyzes a number of simultaneous identical Vickrey auctions each selling
complete substitutes to a number of local and global bidders. In our model, we
have homogeneous bidders and they all are capacity constrained to bid in only
one auction. The most similar paper in the literature to ours is Gavious (2006).
In this paper, there are two private-value second price auctions where the one of
the goods has higher value than the other. He assumes a private value for the
low good is chosen from a distribution and the value for the high good is some
constant times the value chosen from the distribution. Here, we do not assume
a certain form of relation between the two valuations for the two goods and also

each one of the auctions can be either first price or second price. So, our model



is a generalization of the model in Gavious’ paper. Finally, in Selman (2010),
two heterogeneous buyers with commonly known preferences must choose which
one of two different goods, a high value good and a low value good, to bid on
when the goods are sold through simultaneously held first price auctions. The
difference with our model is that we do not assume the auctions are first price,
they can also be second price auctions and also in his model both auctions are
common value which is not the case with ours.

There are many papers in which the seller competition is examined such
as Burguet and Sakovics (1999), Coles and Eeckhout (2000) and Damianov
(2012), however our paper is approaching the problem from buyers’ side which
is not very common. Burguet and Sakovics (1999) analyzes the competition
between two owners of identical goods who wish to sell them to a pool of
potential buyers. The sellers compete simultaneously setting reserve prices for
their second price sealed bid auctions in their model, whereas in ours sellers
compete by choosing auction types. Coles and Eeckhout (2000) has a model in
which sellers post prices and then buyers choose between the goods, and after
seeing who is their rival, they can walk away. We force bidders decide
simultaneously in which auction to participate and how much to bid in that
auction.

Our assumption that buyers must choose their bids without learning if
they have competition makes this model differ greatly from theirs. Instead,
equilibrium bidding behavior in this framework features buyers choosing their
bids from continuous distributions with identical and connected support for the
first price auction type. Technically, this result is similar to that of Burdett and
Judd (1983), in which firms post prices without knowing how many firms they
are trying to “outbid” with lower prices, since consumers may or may not search
another firm’s price. For the second price auction case, as always, the bids are

equal to bidder’s valuations.



CHAPTER 3
MODEL

There are n buyers and two sellers (P and C') each selling one of two distinct
goods. For simplicity we will also call the goods P and C. Buyer i € {1,...,n}
has private value v; € [v,7] for good P, where 7 > v > 0, while all buyers have a
common value z > 0 for good C'. Private values v; are independently and
identically distributed according to a continuously differentiable distribution
function F. For now we will assume that the reservation price for both auctions
is set to zero.

Sellers P and C' each hold one auction to sell their respective goods.
Each seller announces whether his good will be sold via a first-price auction
(FPA) or a second-price auction (SPA). We assume that the two auctions are
held simultaneously, and that each buyer can participate in at most one
auction.! After auction types are announced, buyers simultaneously decide in
which auction to participate and their bid in their selected auction. Therefore,
bidders in both auctions make their bids without knowing the number of other
bidders participating in the same auction. A pure strategy for a buyer ¢ with
private value v; (for good P) is given by her auction choice (either P or C') and
her bid in that auction—both as functions of v; and the announced auction types.

Once buyers have chosen their actions, each good is rewarded to the
highest bidder; if no bidders participate in one of the auctions, that good is not
sold. In the event of a tie in either auction, each buyer is rewarded the good
with probability one half. All agents are risk neutral. So, the payoff for a buyer
who wins a good is simply equal to her value for the good minus the selling
price, while the payoff for a seller is simply equal to the selling price. Any buyer

who does not get a good and any seller who receives no bids get zero.

LA motivating example for this assumption is a labor market in which capacity constrained
firms (buyers) with one job opening cannot feasibly offer a job to two workers (sellers) who
could potentially both accept. A possible interpretation is that the disutility for a firm from
having to back out of a commitment it cannot meet is sufficiently for it to simply never take
the risk of “winning” two workers (goods) by placing multiple bids.



CHAPTER 4
BIDDER EQUILIBRIUM

In this section, we take sellers’ auction type announcements as given and solve
for the bidder equilibrium. A pure strategy for a bidder 7 is an auction choice
a; (v;) € {P,C} and a bid b}* (v;), both of which are functions of the bidder’s
private valuation v;.

Definition 1. Given auction type announcements for both auctions, a
bidder equilibrium is a strategy profile {a;, b{"}!_, such that every bidder i
maximizes his expected payoff given the auction types and other bidders’
strategies.

In the next session we show that bidders always choose their auction

a; (v;) using a cut-off strategy.
Auction Choice Cut-off Strategies

The payoff from the private value auction to a bidder increases as his valuation
for the good increases, but the payoff from the common value auction does not
change with the private valuation of the bidder. Hence, there is a private
value(for non-extreme values for v, and ) which makes the bidders’ payoffs
from both auctions the same. This value is the bidders’ cut-off value. Above
that value, the bidders choose the private value auction because it gives more
payoff than the common value auction.

Lemma 1. In all equilibria, each bidder ¢ chooses in which auction to

compete according to a reservation strategy r; € [v,7]. Bidder i chooses

P ifv,>r

C if vy < Ty



This result implies that, when solving for equilibrium, the auction choice
strategy space can be redefined as the one dimensional private valuation interval
[v, 7], which significantly eases our analysis.

Next, we will solve for the general equilibria when there are two bidders.

Equilibrium Bidding Strategies

In this section, we fix buyers’ auction choices (71, ...,7,) and find the
equilibrium bidding strategies for both auctions under both auction types. In
the first subsection, we analyze second-price auction bidding in both the private
value auction and the common value auction. Next, we solve for the equilibrium
bidding strategies when the private value auction is first-price in section.
Finally, we solve the common value first-price case in the last subsection.

For all auction types, all bidder equilibria are ex ante inefficient. This
inefficiency arises for one or both of the following reasons: (1) Bidders may fail
to coordinate and both bid on the same good, in which case only one good is
sold. This occurs with positive probability in most bidding equilibria and, as we
will show, all market equilibria of the game. (2) In asymmetric equilibria only,
even when bidders bid on different goods, the bidder who has a higher value for
the private good may not obtain the private good if he has a higher reservation
strategy than the other bidder.

Throughout the section, we use general distribution function F' for the
private valuations of bidders when describing the model, but to calculate the
terms analytically, we use the uniform distribution. We find the equilibria of the
bidder game by first calculating the bidding functions for a given cut-off choice
profile, then solving for the equilibrium cut-off choice according to the payoffs
calculated by using those bidding functions. The symmetric equilibrium cut-off
value does not change when the type of the private value auction changes
because as we will show, the bidding functions hence the expected payofts are

the same for both types of the private value auction.



We find all equilibria for the case in which both auctions are second-price
and show that there are always three equilibria in this case: one symmetric and
two asymmetric. In a sense, our model is similar to those of auctions with an
uncertain number of bidders. Here, the distribution of number of bidders can be
derived directly from the auction choice strategy profile (r1,...,7,) and the

distribution of private valuations F'.

Equilibrium SPA Bidding

It is well known that the only symmetric equilibrium of a second-price auction,
including ones in which the number of bidders is uncertain, is the one in which

all bidders bid their valuation. Therefore, all bidders who participate in auction

P;SPA
b 7 (

P when second-price will bid according to the strategy v;) = v;, and all

bidders who participate in auction C' when second-price will bid according to

C;SPA
b7 (

the strategy v;) =« (for all v;).

Equilibrium FPA Bidding in the Private Vaule Auction

Fixing auction choice reservation strategies r = (71, ..., 7,,) and letting

{rl, P } = {riy, ..., } be the set of D distinct reservation values chosen
(1 < D <n), the equilibrium bidding functions in the private value first-price
are derived piecewise, with the bidding function for each v; € [rd, rd“} being
calculated using standard techniques. This is both possible and necessary
because the anticipated number of competitors participating in the auction

d+1]

depends on the interval [rd, r in which a bidder’s private valuation v; falls.

Proposition 1. Fix auction choice reservation strategies such that

r1 < ry. Then, the equilibrium bidding functions are

0 if v <y

ﬁfézf(z)dz if v > 7.



Proposition states that the optimal bid in our private value FPA is 0
when the bidder has a value less than the maximum cut-off choice, since in this
case the bidder wins if he is the only one in that auction. If he has a value
greater than the maximum cut-off choice, then he bids expectation of the other

bidder’s value conditional on winning.

Equilibrium FPA Bidding in the Common Vaule Auction

When the common value auction is FPA, the bidders will not bid their valuation
x to avoid getting 0 payoff. Also they will not bid 0 with probability 1 because
in that case the other bidder can easily outbid him by bidding a small amount
e > 0 and win the object. Hence, in equilibrium, they will play mixed strategy
drawn from a distribution function which is determined from the payoffs and

has a continuous support depending on the minimum of the two cut-off choices.

Proposition 2. The equilibrium bidding function in the common value
auction when it is FPA will be mixed strategies drawn from distribution

functions Ay, Ay satisfying

(-2) L0 g e [0, 2F (ry))]

F(r1)
Ay (byr) = (2)
1 if b> xF (r)
and
’ﬂ%%gg ifh=0
1 ifb>axF (ry),
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Equilibrium Auction Choice

Bidders decide their equilibrium auction choices according to the indifference
points between payoffs of two auctions. Let 1,75 be the cut-off strategies of
bidders, and assume wlog r; < r5. To calculate the payoffs, we use the bidding
functions found in the previous sections: the pure bidding strategy (1) for the
private value FPA, and the mixed bidding strategies (2) and (3) for the common
value FPA.

The payoff functions associated with these and the trivial SPA bidding

strategies are

(v—03,(v)F(r) ifv<mr
UP,FPA (U)
\ (v—270, ) F(v) ifv>mr
( vF (r9) if v <y
\ vF (v) = [ 2f (2)dz ifv >y
vF (7“2) if v <y
U (v) =

(v—ﬁfézf(z)dz)ﬁ’(v) if v > 7.

We see that the expected payoff from the private value auction to bidders is the

same regardless of the auction types. So, let
U (v) = U (v) = UPS (v)
The expected utility from the common value auction when FPA is

USFPA =2 (1= F(ry)),

11



and when SPA is
USSP =2 (1= F(ry),

where i # j. We see that bidder 2(say bidder 2 choose r3) gets the same payoff
in both the FPA and the SPA, but bidder 1 (i.e. the one with the lower value of
the two cut-off choices), meaning he is less likely to participate in the common
calue auction) gets a strictly higher expected payoff if the auction is a FPA.
Because a positive payoff is achieved in the SPA iff the other bidder does not
participate, bidder 1 is at a relative disadvantage since bidder 2’s likelihood of
participating is higher. On the other hand, in the FPA they receive identical
expected payoffs since the asymmetry in participation likelihood is precisely

compensated for by the asymmetric mixed bidding strategies A; and As.

Symmetric Equilibrium

At the symmetric equilibrium, we see that the expected payoff from each
auction does not change when the auction type changes. Hence, for each
auction type profile, the symmetric equilibrium cut-off choice should be the
same. The following proposition states that.

Proposition 3. The value of r*, the symmetric equilibrium cut-off choice,
is the same for all auction profiles
(SPA,SPA),(FPA,SPA),(SPA,FPA),(FPA,FPA). And the indifference

condition r satisfy is

For F' uniform on [v, 7], this gives us the symmetric equilibrium cut-off choice:

=y (e ar ).

12




Asymmetric Equilibrium

When both auctions are second-price, we calculated all equilibria when the
distribution function is uniform. The unique symmetric equilibrium is the same
as stated in the previous proposition. In the following proposition, we show that
there are always two asymmetric equilibria which changes according to values of
v, T and x. We see that (,v) can also be an equilibrium if x is high enough, so
that one of the bidders agree on getting the common value good all the time. It
is the worst case for the sellers because in each auction there will be only one
bidder and the sellers get 0 from selling their good. So, sellers will want
coordination friction between bidders when both auctions are second-price.

Proposition 4. There always exist exactly three Nash Equilibria, given by
the set

NE = {(r*,r*), (", r"), (", 7"},

where ' > r" and

1
rto= 5 <Q—$+\/(Q—I)2+4Ex) 7
( D —
(67 Q) if x 2 vQQ
(7"/’ 7"”) = (TBR (Q) ’y) if ¢ < 52;2 and rBR <y) > pmax
L <T27T%) if v < 52;2 and TBR (y) < Tmax7

13



where

rBR (v) = v++22(V—0v),
max /Ux +22
r = ,
v+

re = y—x+\/(y—x)2+4ﬂx)+(y+x),

1
2

1
Tl:i

(
(

y—x+\/(y—x)2—|—4m:) —(v+z).

14



CHAPTER 5
MARKET EQUILIBRIUM

As we know the symmetric equilibrium and the bidding functions, we can

calculate the expected revenues from both auctions.

Revenue Comparison

The revenue equivalence principle states that under certain assumptions, FPA
and SPA yields the same revenue when valuations are private, which is equal to
the expectation of the second highest value. This principle does not apply to
our model because in our model there is an uncertainty in the number of
bidders. With that uncertainty, the probability of the seller who has the private
value good getting a positive revenue changes according to the auction types.
When the private value auction is SPA, the seller gets the second highest value
with the probability that there are at least two bidders, whereas when it is
FPA, the seller gets the same thing plus the expected bid when there is one
bidder. Hence, the revenue principle fails due to the fact that the revenue from
the private value auction is higher when it is FPA rather than SPA. In this

section, we will show that analytically.

Revenue from the Private Value Auction

When the private value auction is second-price, the expected revenue is

E [R$F] = Pr{there are two bidders} E [second highest valuation|

= (1=F(r)) (1= F(rg)) Emin{vy,vy | v1 > r1,v9 > 1a}].

When F is uniform, at the symmetric equilibrium r*, this becomes

_ )
SPAT v—T
Bl = (5—2)




Note that this is equal to the probability that both bidders’ values are higher
than r*, meaning both bidders choose the private value auction, times expected
value of the second highest valuation. It is basically the second highest
valuation times the probability of getting it.

When the private value auction is first-price, the expected revenue is

given by the following

E [Rp"4] = Pr{there is one bidder with value greater than ro} E [bid]
+ Pr {there are two bidders with values bigger than r5} E [max of bids]
= Pr{vy >ro, vy <mo} E[B(v1) | v1 > 19
+Pr{vy < ro,vy > 1o} E B (v2) | vg > 1]

+Pr{v;, vy > 12} E[B (Vmax) | Vmax = max {v1,v2} where vy, v9 > 7] .

When F is uniform, at the symmetric equilibrium r*, this becomes

plR) - 2 (S22 (

B[R

> B[R],

This proves the following proposition.
Proposition 5. Revenue from the private value auction is greater when it

is FPA rather than SPA.
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Revenue from the Common Value Auction

When the common value auction is second-price, the expected revenue is

When F is uniform, at the symmetric equilibrium, this becomes

E[REF4] = (T_ _9)29;.

v—=u

Here again the expected revenue is equal to the probability of both bidders
come to the common value auction times the second highest bid which is equal
to the value of the good in that auction, z.

When it is first-price, the expected revenue is

E[REFA] = Pr{there is exactly one bidder} E [bid of that bidder]

+ Pr {there are two bidders} F' [maximum of the bids]

F(r)z
= (F(r) (1= F(r2)+ (1 - F(T1))F(7‘2))/0 bA' (b) db

F(ri)z
+F (1) F (1) /0 A (b) A () db.

When F is uniform, at the symmetric equilibrium, this becomes

i) = (=) « (5o (5=5)
(220 (s (Ut Y (Y

Conjecture 1. The revenue from the common value auction is higher if it

is SPA rather than FPA.

17




Seller Equilibrium

We see from the previous section that the seller who has the private value
auction will choose the first-price auction, and we believe that the other seller
should choose the second-price auction. Those two imply that we cannot have a
market equilibrium in which the private value auction is second-price and the
common value auction is first-price. Hence, any market equilibrium should
include sellers choosing first-price for the private value auction and second-price
for the common value auction and bidders choose auctions and bidding

functions accordingly.

18



CHAPTER 6
EFFICIENCY

We can define a general welfare measure as follows:

EW] = ZPr {P sold to i, C sold to j} (F [v; | i wins P| + z)
i#]
+ ZPr {P sold to i, C not sold} (E [v; | i wins P])

+ Z Pr {P not sold, C sold to i} z.

In equillibrium with n = 2 and r; < ry this becomes:

EW] = F(r)(1—F(ry) (ﬁfr:zf(z)dera:)

(= F(r) F () (ﬁ /zf (2) dz—i—x)

+(F (ry) — F (r1)) (1 = F (1)) ﬁ / 2f (2)dz

0P PO (i ) [ 20 @)

T2

+F (r1) F (ry)x
which can be rewritten as

EW] = [F(r)+ F(re) — F(r) F(ry)x

(- J/
-~

welfare from C

+F(T2)/sz(z)dz+F(Tg)/vzf(z)dz—i—/vzg(g) (2) dz.

(s T
N 2 1 2 D
'

welfare from P

For r{ = ro = r* this becomes

<

EW] = [2F(r*)—F2(r*)]x+2F(r*)/

r*

. (1—F(r*))2]x—l—ZF(r*)/jzf(z)d

N
+
1\
S
I
S
r
—~~
N
N—
QL
N
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When F is uniform, this becomes

2
T+2 (

20




CHAPTER 7
CONCLUSION

In our model, we show that coordination frictions between bidders cause
inefficiency, but sellers benefit from them since having both bidders at their
auction increases their payoff. Equilibrium bidder behavior differs from the
standard case in the first-price auction whereas it stays the same in a
second-price auction.

Our model can be extended in several ways. The common value auction
can be generalized to a private value auction, so that the common value case
becomes a special case. The number of sellers can be increased to decrease
inefficiency, or sellers may be allowed to change the reservation price to increase
their expected revenue in the second price case. We have a conjecture from our
calculations on revenues that the revenue from the common value auction is
higher when it is SPA rather than FPA, but we didn’t prove it. By comparing
those revenues, since we have comparison in the private value auction, we can

find the optimal mechanism for the sellers.
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APPENDICES
APPENDIX A: PROOFS OF THE PROPOSITIONS AND THEOREMS

Proof of Lemma 1. Assume for a contradiction that there is no such r; € [v, 7].

Then, for all r in [v,7]; there exist v' < r and v" > r such that, for a fixed r;;

_iH (0,77"]') > ﬂzL (U/>Tj) )

ul (v, r;) > ur (V" 7;).

%

Since uf! (v;, r;) is strictly increasing in v;, we have

aiH (vllvrj> > ﬂiH (Tv 7“]') > ﬂiH (U,arj)a

which gives us a contradiction since

al (rry) =ur (W ry) <wl (V) <all (rr) =l (r,ry).

Proof of Proposition 1. Bidders will choose the bid which maximizes

their expected payoftf which is given by

(v—=F W) F(r) ifv<re
UPFPA ) =

(v—PBW))F(v) ifv>mr.

We easily see that when a bidder’s value is less than 7, her bid does not
affect her probability of win, F'(r). So, he will bid 0 to maximize his payoff.
However, when his value is greater than 7o, he will maximize his payoff function
(v—p(v)) F(v). We will take the derivative of the payoff function with respect

to b = 3 (v) and then find b which makes the derivative equal to zero since this
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is a concave function and finally introduce the boundary condition [ (ry) = 0:

B (B) (v-1)

5 £ (
R AR CRIT)

= 0

B () F(v) = f(v)(v-10)

B ) F )+ fv)b=f(v)v
(B (v) F (v))

o
B(v)zﬁ/mf@)zdz-

R

Proof of Proposition 2. Suppose r; # r5. The probability that bidder i
will participate in this auction is F'(r;). Let A; (b) be the mixed strategy
bidding distribution chosen by bidder i conditional on participating. (Assume

for now these are continuous.) Then, for bidder 1, the payoff from bidding b, is

12 (b)) = (z—by)Pr{win|b}

= (z—=0b)(1—=F(ry) + F(ra) Aa (b))

Similarly,

02 (by) = (x — by) (1 — F (ry) + F (r1) Ay (b2)) .

By the same argument as in Burdett-Judd, we know that a necessary condition
is that the max support of both bidding distributions must be the same:
by = by = b. Then, by definition, A4 (l_)) =A, (E) =1, so

2 (1) = (v-0b) (1—F(rj)+ F(r;) A; (b))

= z —b.

Again, by the same argument as in Burdett-Judd, we know that a necessary

condition is that the min support of both bidding distributions must be the
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same and equal to zero: b; = b, = 0. But then we have

7 (0) = (z=0)(1—F(rj)+F(r;)A(0)

= (1= F(r;) + F(r;) A; (0)).
Because it must hold that II? (b) = II? (0) , we now have
v —b=ux(1—F(r)+F(r;) A (0))

for both ¢ = 1,2. Because either A; (0) = 0 or A3 (0) = 0 must hold (otherwise
there will be a positive probability of a tie and hence a profitable deviation), let
us set, without loss of generality, A; (0) = 0 and solve our two equations for our

two unknowns b and A (0) :

r—b = z(1—F(r)),

r—b = x(1—F(r2) + F(r2) A2(0)).

Solving yields

and

< A (0) =

So in the (unique) equilibrium, bidder 2 (i.e. the bidder who bids zero with
positive probability) must also be the bidder with the higher value (i.e. 9 > 7).
We can now solve for A (+) and A, (+). For all b € [0,b] , it must hold that

7 (b) = = (1= F (r)),
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SO we can write
(@ =0b) (L= F(rj) + F(r;)Ai (b)) =2 (1= F(r1))

z(1—F(r1)) i — F(r;

This yields

z(1—F(r1)) . (1 _F (rl))
F(r1)

- ()

and

z(1—F(r1))

N - S0 F)

F(rq)

) () P

Proof of Proposition 3. Since the payoffs are the same when the

equilibrium auction choice is symmetric, it is obvious that the symmetric cut-off
choice will be the same for each of the auction type profiles. When F is uniform,

the cut-off choice should satisfy

*

\3
|
IS

x
x+r*

& (rr—v)(z+r")=vr —vx

S|
|
IS

s (M)’ +r(r—v) —vr =Tz —ux

2 2
e (r+22) - (E22) =m
2 2

y—x—i-\/lmx—k(y—x)z
5 .

*

& rt=

25



Proof of Proposition 4. given 1o, player 1’s payoffs become

! (v1,m9) = Pri{win} (v, — E [price | win])
= Pr{as(ve) = L} (vy — E [price | ay (v2) = L))

+Pr{as (vo) = H and 1 wins} (vy — E [price | as (v2) = H and 1 wins])

= Pr{vy <mne} | v1 — Elprice | az (v2) = L]
—— —— d

-~
=0

(1S3

T —

T—v

+Pr{ry <wy <wi} | v1 — Eprice | rg < vg < vy

~ ~

:max{ -2 9 =utrs
v—v 2

ra—v :
<E—Q>Ul if v; < g

22 (uy) + B2 (v — BE2) i oy >y

and

ul (vi,r9) = Pr{ag=L}-0+Pr{ay=H}x
<U—T‘2)
= | = x
v—uv

Player 1 will therefore choose auction H iff

ﬂ{{ (Ul, 7”2) Z ﬂf (U17 7’2) . (4)

To find the equilibrium, first we will find best response functions.
Let 7™ denote the value of r, for which player 1 is indifferent between

the two auctions precisely when v; = v. We can find it by solving the following
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equation:

The roots of the equation are

P — g+ /0% 4 201 + 200 + 22

So, the only possible solution is

Tmin _ \/12 —7? + 2vx + 20y — x.

This is in [v,7] if and only if 52 < z.

Let r™#* denote the value of ry for which player 1 is indifferent between

the two auctions precisely when v; = v. That is, define r™** such that

max ) —L

= uy (u, ™).

We can find it by solving the following equation for 7 :

Ty — U U —Ty
— v= 1= x
v—0 v —0

So, we get

which is always in the interval [v, 7].
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When vy < ry, this inequality becomes

9 — U v—r
Uv—0 v —0
E—Tg

& vlz( )x
Teo =0

SO
6—7’2
rBE (ry) = x
o =0
max and

max) " so precisely when ro < r

for the interval ro € [vy, 7

P (rg) <y
= T <17y
T —v
1 _
<:>r22§(y—x+\/(y—x)2+4w:). (5)

Hence, we can see already that

(r*,r*) = <% (y—x+\/(y—x)2+4m>,% (g—x+\/(y—x)2+4m)>

is the symmetric Nash equilbrium.
When v; > 75 then the inequality (4) becomes

(v, —13)* - (@— rQ) N

ro — U
—v (02) 20—v) ~\v-u

2
<:>(r2—y)vl+w2(ﬁ—r2)x

@v12y+\/26x+22—7“§—2m“2,

SO
rfROE):y4—vbﬁx+y2—r§—2xm
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for the interval ry € (r™™ v;], so precisely when ry > r™ and
) p y

rlBR (re) > 19

<:>Q+\/2m’—|—z_)2—r§—2xr22r2

1
@Taéé(y—m+\/(y—x)2+4m“),

which is the negation of the condition in (5), as expected.

So player 1’s best response correspondence when z < %22 is
2

(

U+ /207 + 02 — 13— 2xry  if 1y <7

BR T .
i (re) = (:;f}) x if r* < py < pmax

v if rg > pmax

\

. V—U .
while when r > == it is

( .

v if 9 < o

U207 + 02 — 12 — 2ary  if rUI <y <

i

(F”) T if r* < py < phax

[ if o > rmex,

To understand the shape of the best response functions, we take the first

and second derivative of both parts, and get
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We have

0 if 7y < pmin

_ ( ryta ) if i <y <

\/ZEQH»QZ —r2—2zry

BR
ary " (ra) _
67’2
_ (T—v)z : * < < pmax
(—(m_y)Q ifr*<ry <r
0 if ro > rmax,
\
and
( .
0 if 1 < pimin
27 2 2 2 2 2 . .
. vx+v°+r5+2re+2e if pmin < To < p*
(26x+y271"572xr2)\/2ﬁz+927r§72:m“2 - -

O*ri’" (rg)
or3

- i r* < py < pmax
- <rp <

IS4

0 if 7o > rmax,

Hence, we deduce that the best response function is decreasing in the other
bidder’s cut-off choice, concave when the other bidder’s cut-off choice is less

than r*, convex in the remaining interval.
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The slope of the best response function at r*is

Oy (") _<M)

or, (r =)’
o (T—v)x -
1 (_y_x+ \/4m+ (y—!r)2>
o A0 —v)x .
(oo fime o)

2(0—v)x
22+x2+2m:—(v+a:)\/éﬁm—l—(y—m)Q

An illustrative graph is below to show the best response functions:

Also, we see that the slope of the best response functions at r* is always

greater than 1.
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OrBI (r*)

> 1
87“1

2—_
= <U y)x >1

y2—|—x2+2ﬂ:c—(y+:c)\/4Ux+(y—a:)2

(;

2(0—v)x > Qz+x2+26x—(y—|—x)\/463:4—(2—35)2

26x—2ym>(y—|—x)\/4@3:+(y—a:)2—1_12—:c2—26:c

(y—:c)2+4@x>(y—l—x)\/46:v+(g—:v)2

\/4m"+(y—x)2>y+:c
4oz + (v —2)° > (v+2)°

4vx > 4vx

r ¢ ¢ ¢ T 3

v > .

Now, we will find the equilibria by intersecting best response functions in

each of the following cases:

S|

—v
5 -

1. z>

(a) When ry < r™® player 1’s best response is v. To r; = v, player 2’s

best response is v < r™®. Hence we get a Nash equilibrium: (7,v).

(b) When 7™ < ry < r* player 1’s best response is

rBR (ry) = v+ \/20x + v2 — r2 — 2275, To that, player 2’s best

response is r&% (ry) = (f:;) x. We can look for equilibria by setting:

rzBR (rlBR (7“2)) =1y

VN <_U—_ ol <T2)> T =1y

P(ra) — o

V—v—\/20x +v2 — 12— 2ar
= — \/ — 2 2 €T =Ty
20z + 02 — 13 — 2x79

sSroe{r'r—(v+ax)}.
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2.

The first solution yields the symmetric equilibirum which we had
found earlier. For the second solution—call it r3* = r* — (v + z)—we
first check that r3* € (max {v,7™"},7*). It is immediate from
observation that that r3* < r*. Now we need to check that

r5* > max {y, Tmin} .

Here, max(r™® v) = ™" and so we need

1
§(y—x+\/(y—x)2+4ﬁx> —(v4+2z) > V-1 +20x+ 2w —=

1
<~ $>§6—Q,

this cannot happen since

r > U —v

1
2
: 1 2 |

81ncewehave§(y—x+\/(y—a:) —i—4w:>—(y+a:) > v

©

- (E>§Q—Q>Q.

Hence, if 7™ > v, we do not have a well-defined best response, and

cannot have an equilibrium.

When ry = r*, player 1’s best response is r2f (ry) = <:f_r2> z. To

2=V

v—1r1

) z. From this case
ri—v

that, player 2’s best response is r2% (r)) = (

we get the symmetric Nash equilibrium:

(r*, 1) = (% <y—x+\/(y—m)2+4m:) ,%(g—x—i—\/(y—x)Q—i—éwx)).

(d) When 7* < 1y < r™** the same as case (b). No equilibrium.

Xz

(e)

<

When r™®* < 1y, we get a Nash equilibrium (v, 7).

S|
I3

5 -
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(a) (This case does not exist by definition.)

(b) When ry < r*, player 1’s best response is

rBR (ry) = v + /201 + v2 — r3 — 22r5. To that, player 2’s best
response is r2f (ry) = (ﬂ) x. As in case 1(b) above, we set

ri=v

rPE (rlBR (7“2)) = 15 to yield
ro € {r*;r* — (v+2)},

The first solution again yields the symmetric equilibirum which we
had found earlier. Again, call the second solution

r5* =1r* — (v + x)—we again must check that

ryt € (maX {y, rmin} ,r*) . In this case (z < %), max {y, rmin} = .
Again, it is immediate from observation that that r3* < r*, so we are

left to check that;

v <y
1 2 _
Su<y y—x+\/(y—x) +4vx | — (v+ )
3 3 1
@§y+§x<§ (v —x)* + 4Tz

& 9v? + 18vx + 922 < v? — 2ux + 2 + 4Tz

& 2% + bux + 222 < Tx
202

&V > — 4+ 22+ 5v.
T

When this condition holds, the implied equilibrium is

koK

(TT7T2 ) )

where

<y—x+\/(y—x)2+4m) —(v+2)
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and

o= )

= v+ \/2695 + 02 — (r3*)? — 2ar3*

— %(Q—x+\/(y—x)2+4m> +(v+x).

Now, we should confirm that 7 € (r*,7™*) . It is obvious that

* *
ry >t

73 2

1
& —(y—x+\/(y—x)2+4m:)+(Q+x)<vx+_
2 v+

22
<= U>£+2x+51_),
x

which is the same condition with the one we found in checking the

interval of r5.

Hence, we found an equilibrium

When6>%+2x+5g.

(c) When 5 = r*, we again get the symmetric equilibrium

(r*, 1) = (% (g—x+\/(g—x)2+4m:),%(y—x+\/(y—x)2+4m)>.

(d) When 7* < 7y < r™** same as case (b).

(e) When r™»* < ry, player 1’s best response is v. To that, player 2’s best

response is

r#f(v) = y+\/2m:—|—y2—rf—2xr1
= v+ +/20r — 22v.
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Hence,

(v, v+ /202 — 22V)

is a Nash equilibrium iff

- 2
v+ /20 —2zv > x+y‘
vtz

o a<im-2_ Ll /moomoow

-T—-v—— — — 9v).

RV AR
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