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CABSTRACT

In high speed voiceband modems, as in many other data
transmission systems,Aiinear distortion and additive noise
are important degrading factors., The tapped-delay-line equéli—
zers designed to minimize the mean-square-error cost function
are commonly used to. compensate these undesired_effects,
Among the several algorithms which minimizes the mean-square-
error cost function stochastic gradient algorithm is the .most
populat because of its simplicity in impfémenfation. However,
for highly distorted channels stochastic gradient algorithm
converges slowly and, therefore, a long trainingfperiod which
causes a fall in the overail performance of the‘system is
required. Instead, more complicated algorithms with faster
rate of convergence have. been developed in the last years:
Kalman/Godard, Fast Kalman and lattice.élgorithms.

In this thesis, the rate of convergence of stochastic
‘gradient, Kalman/Godard and Fast Kalman algorithms are analy-
~zed and their computational.coﬁblexities are examined,  The
analysis is extended to the complex domain in order to cover
equalization of quadrature-ampligude-modulated signals., Furt-
hermore, -a computer program package which simulates several
telephone channels, a quadrature—émp}itudé—modulatiqn,sysﬁem‘
and’ the equalization algorithms is written. Them, the perfor-
mance of the different equalizaﬁion algorithms over a wide

‘range of channels are compared,



OZET

Ses bandinda galigan yiliksek hizla veri iletisim sis-
temlerinde kalite diiglirici etkenlerin baglicalari dogrusal

bozulma ve giriltiidir. Istenmeyen bu etkenlerin giderilmesin-

de kullanilan ayarlanabilir bellek katséylil dengeleyiéilerin.

tasariminda yanilgi-karesi-ortalamasi maliyet iglevinin enkii-
Jgﬁltﬁlmesi amaglanir. Bu amaca ulastiran algoritmaiar iceri-
sinde uygulama basitligi agisindan en yaygin olani istatis-
tiksel gradyan'y6ntemidif. Ne var ki ¢ok bozuk kanallar igin
istatistiksel gradyan yénteminin yakinsama hizi gbk disliktir,
Dolayisiyla dengeleyici igin sistemin genel davfan1§1'bozucu
uzun bir adaptasyon siiresi gerekir. Son yillarda éeli§tirilen
Kaiman/Godard,‘hlzll Kalman ve kafe’s algdritmalarlnln, daha

karmasik olmalarina ragmen, yakinsama hizlar: ¢ok yiksektir.’

Bu tez ga11§ma31nda, istatistiksel;gradyan, Kalman/
Godaard ve hizli Kalman algoritmalarinin yakinsama hizlari ve
-hesaplama karma§1k11kiar1 incelendi. Analiz,kdikgen-genlik—mo—
dilasyonunda.dengeleme problémini kapsayécak bigimde kompleks
degiskenler kullanilarak yliritildi. Ayrica, gegitli telefon
kanallarini, dikgen-genlik modiilasyon sistemini ve sbzkonusu
dengeleyici algoritmalarini gergeklegtiren bir bilgisayar:
programlari paketi hazirlandi. Son olarak her i¢ dengeleyici

algoritma gegitli telefon kanallari lizerinde sinanda.
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CINTRODUCTION

As is well known, data transmission over the existing
telephone networks requires equalization to achieve reliable
performance in the presence of linear distortion and additive
noise. Tapped-delay-line equalizers employing various adjust-
ing algorithms for their taps take place in high speed voice
band modems. As will be mentioned in Chapter I these equali-
zation algorithms differ in the operational definition of
equalization. However, minimiéation of the mean-squared-error
of the transmission system has been pfoven to be the best

/equalization strategy(1-3).'Ihe algorithms in this class also
show differences in the computationai method used..Among the
various algorithms the stochastic gradient algorithm is a
wide-spread technique. There are several works investigating
the performance of the stochastic gradient adaptive equaliza-
tion algorithm among which\Gersho's,_Widrow'svand Proakis's

.must be emphasized(1l-6).

The stochastic gradient algorithm, although being very
popular, has the disadvantage that it has a very slow settl-
ing time in some cases. The convergence rate of the stochos-
tic gradienf algorithm, as demonstrated by Gittlin and
Ungerboeck depends on the’éigenvalues of the input correla-
tion matrix, and the number of taps of the equalizer. High
distortion causes the eigenvalues of the inﬁut correlation

matrix to deviate from each other and, ‘as this happens, it



becomes more and more difficult to control the convergence
rate of the stochastic gfadientvafgorithm. Therefore; a long
training period which constitutes a considerable portion of

the total transmission time becomes necessary.

" If the dependence of the equa11zat10n performance on.
'the elgenvalues can be eliminated, then the algorithm can be
accelerated. To -orthogonalize the eigenvalues the signals
sent during the training period can be chosen orthogonal to
each other (7). On the dther hand, in the so called Kalman/
Godard algorithm estimating the inverse of the correlation
matrix in each iteration results in fast convérgence. The
name of the algorithm is due to its first derivation'by
‘Godard with the application of Kalman filtering approach to
the equalization problem(1l5). The Kélman/Godard aigorithm
,uses all the past information available at each step. Thus,
it is at least intuitively clear that it is expected to give
better performance than the conventional stochastic gradient
algorithm which uses only the current information. However,
in the recursive estimation of the inverse correlation matrix,
an NxN matrix where N is the number of taps must be'cbmputed
and stored at each recursion. Repeatation of such a large
dimensional matrix computatlon means a con51derable complexity

in both computer simulation and hardware implementation.

_The Fast Kalman algorithm is mathematicélly equivalent
to the Kalman/Godard'algorithm, The difference is oniy in the
coﬁbutétien of the invérsé‘correlation matrix. The improve-
‘ment is based on the fact that at each iteration the number
of new samples entering and the old samples leaving the
equalizer is not N but only one. Hence, Fast Kalman'algorithm
gives the .same performance as the Kalman/Godard algorithm
does while using N-dimensional vectors at most. Consequently
the Fast Kalman algorithm with 1ts acceptable computatlonal

complex1ty and very fast rate of convergence is the most



efficient one.

7 In this thesis the three algorithms mentioned above
are analyzed under some assumptions. More detailed mathemati-
cal treatments of the recursive least squares algorithms can
be found in the literature, especially in the work of Ljung
(18). The results of both analyses are almost the same. This
work also includes a computef simulation to test the theore-
tical results. Various channels with different attenuation
and group delay characteristics are simulated. The modulation
scheme used is quadrature-amplitude-modulation which enables

two dimensional data transmission.

Chapter I consists of the statement of the equaliza-
tion problem, classification of commonly used equalization
algorithms and the complex domain description of the quadra-

ture-amplitude-modulation 'system.

In Chap;ef I1 the structure of the:tﬁppédfdelay—line
equalizer is introduced. The optimum solution for the tap
coefficients can be found by setting the gradient of the
mean-square-error performance function to zero with respect
to the tap coefficient vector. This chapter also includes the
derivation of the stochastic gradient algorithm.

Coﬁvergence of phé stochastic gradient algorithm is
controlled byva parameter/called step-size. In Chapter III
some. bounds on the.stepfsize for the tap coefficients.tb
converge to their optimum values and for the mean-square-
error to attain its minimum value'are.developed. Then, these
bounds are elaborated to.-obtain the fastest convergence
possible. It should be noted that in some cases to chose the

best value for step-size is itself a difficult problem.

Derivation of the Kalman/Godard algorithm and its

/



rconvérgence aﬁal&sis constituteé theisubjegt of Chapter IV.
Another derivation based on Kalman filtering approéch,is
given in Appendix IV. It is éeen"that~as soon as the number
of iterations exceeds the number of taps the mean-square-
Cerror falls into a very small value. However the required
number of multiplications im the Kalman/Godard algorithm is
~so. large thaf this may be'a’big price for fast convergence.
But the recursive matrix inversion can be modified in a
simplifying manner. This leads to the Fast Kalman algorithm,
‘which is the subject of Chapté; V. ‘
‘In Chapter VI the programs in the simuldtion package
are introduced and the characteristics of the simulated
transmisson system is given. This'chaptét also includes the
results of the StbchaStic Gradient, Kalman and Fast Kalman

adaptive algorithms over seven différent\teléphone channels.

Finaily, the discussion about the simulation results
takes place in Chapter VII. A manual -for computer progréms
can be fphﬂd in Appendix 5. o



1. CHANNEL EQUALIZATION

One of the main degrading factors in data tranmsmission

through the telephone lines is time dispersion caused by the

deviation of the channel frequency response from the ideal

characteristics of constant amplitude and linear phase. In

order to provide reliable transmission these nonideal

characteristics must be compensated by additional filtering.

Thus, equalization constitutés an important part.

transmission.

I.1. INTERSYMBOL INTERFERENCE AND EQUALIZATION

In Fig.I.1l. a data transmission system is
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The input bits are encoded and modulated aécbrding to

a certaion modulation scheme. After they are transmitted

through ‘the channel the reverse operation takes place. In.



efficient digital Qommunication systems the effect of each
symbol transmitted over a»timefdi;persivé channel extends
.beyond the ‘time interval used to rébrésent that,symbol. The
overlap of the received symbols is'calied intersymbol inter-
 ference;'A1though intersymbol intérference.arises in all i
pulse modulated systems it is most easily described in the

- case of pulse amplitude modulation (PAM).

In Fig. I.2. & simple PAM.system.(except encoder/

decoder section) is shown,
{!n}.'

A out
RﬁuJ"-i1-f—-f’*?5!y£:2
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Filter ~ ond slicer
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The transmitting filtef/channel/receiving.filter'cas—‘
- cade (TCR) determines the shape of‘the:information'carrying

pulses:

h(t) = o= / T C@RM®eT du (1.1)
Then, the»outpgt is
y(t) = L a(i)h(t-iT) + n(t) ' ' (1.2)

1 ) .

where T is the sabpling time and n(t) is the additive noise.
At t=kT + to(to is due to the constant delay in TCR) the
"sampled output at the receiver corresponding to the‘desired

output- a(k) is



y(kT + t ) = I a(i)h(kT + £ - iT) + n(kT + t ) (I.3)
| i , |

;Let k denote kT + togbthen (1.3) bécomesv

y(k) = L a(i)h(k-i) '+ n(k) ' (1.4)
i v

Note that the actual output can also be expressed as:

| o 1 5 e (),
y'(k)v= h (0) ’{ a(k) »+ wC0) E a(i)h(k-1) + YL (1.5)

i#k

-The gain factor h(O)-can be adjusted to unity. Then,
_the first term is the .desired output while the second term
:epresentsfintersymbol interference and the last term is due
to noise. Whenever the sum of these two extra ﬁerms exceeds

the quantization interval an error occurs.

From (I.5) it is seen that the intersymbol interference
is zero if and only‘if‘h(kf’i 0 for all k # 0. This means that
thevTCR impulse response must have zero crossings at.T—spaced
intervals. The last féquirement is called Nyquist first ecri--

terion and is also equivalent to
H (@5-: constant for if[ < am - (I1:6)
“eq v - 2T ;
in the frequencyjdoméin, where
H(w) = T(w)C(w)R(w) | C(I1.7)
If the channel transfer function were known a
priori, then it would be possiblektb completely eliminate the
- intersymbol interference by jdsﬁ,realizing its inverse. One

methbd.méy bé'to.deéign equélizers'baSed on average channel

characteristics. However, the variations in the characteris-



tics within a 'class of channéIS»iS'geheraily large.

other hand these characteristics may change in time.

fore, an equalization strategy

specific channel characteristics 1is achieved,

necessary.

I.2. EQUALIZATION STRATEGIES

/

On the

There-— -

in which adaptation into the

becomes-

The tapped-delay-line (TDL) equalizer, whose structure

'will be examined in the next chapter can be designed. to

follow many different strategies.

i <. . ' . .
In the case of zero-forcing equalizer the aim is to

force the output of the equalizer/channel comblnatlon to zero

at all but one of the N T-spaced instants. in the span.of the

equalizer.

However, it neglects the noise

This equallzer minimizeées. the peak dlstortlon.l

effects and operates effecti-

vely if the peak distortion before equalization is less than

e

100 percent.

Least—-Mean—-Square (LMS)
minimize the mean-square-error
symbol interference and noise,
be divided into two classes as
automatic equalization a known

data transmission. During- such

equalizers are designed to

which is due to both inter-
The LMS equalizers can .also
automotic and adaptive. In

data sequence is sent prior to

a training period the equali-

zer's parameters are iteratively adjusted to minimize the.

mean square of the error between the‘tréining'sequenCe

synchronously generated at the

equalizer.

invariant automotlc equallzatlon is adequate.

recelver and the output of the

As long as the channel characteristics are time-

1f the channel

characterlstlcs are time varying equalizer must contlnuously

adapt it self so as to track these changes. Adaptive LMS

equalizer operates in this manner. Here,

the ‘desired response



is taken to be the output of a decision device operating on
the output of -the equalizer. In other words, in the so called
‘decision-directed mode of the adaptive equalizers the error
is defined between the output of the equalizer andvthé esti-
mate of the transmiftéd symbol,. -

Three tybes of equalizers mentioned above are all
linear. On certain channel characteristics nonlinear decision’
feedback equalizers give better performance. The decision:
féedbackbequalizers consist of a forward path which is a
usual TDL equalizer ﬁnd a backward path alonnghich the
decisidns made on the equaiized signal are fed back. The
purpose of. the backward part is to eliminate the effects of

the past symbols during the next steps.

Finally the tap spacing can be chosen less than the
sampling time in linear TDL equalizers. This configﬁration is
called fractionaily spacéd equalizer;and:has,the advantage of
being‘less sensiﬁivg to the sémpling phase. - ‘

~
. Finnally,'equélization can be carried out in either
baseband (after demodulation) or in passband (before demodu-
lation). The subject of this work is restricted by the LMS

"automatic equalization in baseband.

-

I.3. QUADRATURE-AMPLITUDE-MODULATION (QAM) SYSTEMS

In quadrature-amplitude-modulation’  (QAM) two ihaepen—
- dent data sequences are used to separateiy modulate the in-
phase and quadrature components of a sinusoidal carrier. Two
double—sideband supressed carrier AM signals are superimposed
on éaéh dther at the ;ransmitter and separated at the

receiver. 'In Fig. I.3. a QAM transmission system is shown:
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Fig. (1.3) @AM  Tronsmission System
In the éystem above’the traﬁsmitted waveform is
s(t) = I ai(n)p(t~nT)costh - Z a2(p)p(t-nT)siant
n n - (1.8)

where {al(n)} and {a,(n)} are data sequences to be trans-
mitted, 1/T is the signalling rate, fC,is the carrying frequ—
- ency and p(t) is the pulse shaped by the tramsmitting filter.

This signalhcan also be expressed as:
s(t) = bl(t)cgspct - bz(t)51nwct_ . (1.9)

"where

Z‘al(n)p(t-nf)
n

bl(p)

b, (t)

X'az(n)p(f-nT)
n .

Let g(t) be the impulse response of the channel. Then the
‘output of the channeél is '

o«

z(t) = S g(t)s(t-1)dT - | | C(1.10)



or, e ;

v ' ‘ .
z(t) = - Jg(t)s(t-1)dT - , L o (I.11)
’ -0 S .

v v . ) ‘
where g(t) and s(t) are the Hilbert transforms of g(t) and

's(t), respectively. It is also possible to‘wfite

cz(t) = % Jg(t)s(t-1)dt -\—;— fg(T);(t-T)dT (1.12)
Since
g(t) =(b1(t)sinwct + bzgt)coswctv » (1.13)

(I.12) takes the form

z(t)

/ 8(T)b\1(t-T)COS.wC(t‘T)dT

-0

IS

(=]

i E(T)bi(t—T)sinwc(t—T)dT

-0

I
| =

[e<]

- = fg(T)bZ\(t—T.).sinwc(t—T)dT

-0

N =

[oe]

f‘g,('r.)bz(_t—'r)”coswc(t—r)d"r (1.14)

T -0

Nof -

It is convenient to rewrite (I.14) as

/
o

‘ . , , y
- - \ + . 1
z(t) = cosw t J bl(t T) g(T)cosch g(T)51n@C€]

-0

+ bé(th) [g("rv)si‘.nwcf— "é(’[)cosw-c't]]&'f

~

-0

s o : . v ‘
.- s:.nmct S -El(t-'r) [—Ig(T)51nm'C‘T_ + g(r)_gosu:_c-c:}
o v . v ’ B
+ b\z(t"[) [g('r)51nwcr + g('r)coswc'r:} dt

(1.15)
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After the signal z(t) is demodulated and filtered to
_Temove frequenc1es greater than. f “the follow1ng baseband

signals are obtained:
in-phase: fbl(t-T)’ g(T)coéwcT + g(T)sinwc{]dT

o«

+ [ bz(t'—'t) g(T)sinwcT —E(T)Coswc‘l:ldT (1.16)

-0

. oo )
. B . v
quadrature: fbl(t—T) -g(T)51nwcT + g(T)coswC;]dT,‘
-c0

.?bz(t—T)v[:é(T)sinwcT'+ g(T)cqsmé{JdT

(1.17)
The two signals to be équalized are those given by
(I.16) and (I.17). At this point it will be helpfull to use

complex notation. Let

al(n) + jaz(n)' | | . | (1.18)

a(n) =
and . . ’ ' )
s(t) = s(t) + j3(e) o (1.18)
and also . o . o
b(t) = b (£) + jb,(t) (1.19)

It is clear from (I.8) and (I.9) that

b(t) = £ a(n)p(t-nT) - (1.20)
n

Let xl(t) denote/the in-phase signal and.xz(t) denote
the quadrature signal at the output of the receiver. The
complex signél x(t) is defined by

\

x(£) = x (£) + jx,(c) | (121



\

Then, if gl(t) and gz(t) are chosen such that

g,(t) = g(t) cosw_t + E(t)sinw t (1.22)

gé(t) = ‘—g(t_) sinw'ct,-*' “g,(t)cosmct . (1.23)
X0 becomes

x(t) = E(t) * B(r) | (1.24)
where |

é(t) = g (t) + jg,(t) S (1.25)

Thus, although the signals are real using complex
notation a complex representation of the QAM system is
obtained. Now the sampled complex input signal x(t) can be
equalized by a complex equalizer. Then the rgal'equalizer
coefficients help to eliminate the~intersymbol interference
in ‘each part of the transmission system while the imaginery
coefficients counteract the cross interference between two
parts, caused by assymmetry'in the channél'characteristics,

around the carrier frequency.

’
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J

11, STOCHASTIC GRADIENT ALGORITHM FOR AUTOMATIC CHANNEL
EQUALIZATION |

II.1. TDL EQUALIZER

The tapped-delay-line (TDL) equalizer, illustrated in
Fig. II.1. consists of a delay line, (2N+1l)-taps and a summer.
The equalizer input sequence {x(n)} is delayed through the
line by an amount T and each step, where 1/T is khe signalling
rate. Then each such delayed sample x(n-m) is multiplied by a
corresponding'weighting coefficient‘c(m); Finally, these N

terms are summed to form the equalizer output sequence {y(m)}.

(o) T X x(n-N)
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The output of the Equalizer is

» N S o (%)
y(n) = - q? x(n-1) ‘ ’ (I1.1)
i=-=N : . : : ‘ : R '

In matrix notation y(n) can be expressed as

Yy = e*x(n) / . | | (11.2)

‘ where ¢ and x(n) are the following (2N+1l)-vectors:

o [ (n4) ,
e = | ; x(n) = :
' c, ' x(n)

[_CN. :{(n-N)_

The problem is to find the coefficient vector ¢ of the
equalizer in such a way as to minimize the mean-square-error
(MSE) '

4

£2(n) = E{[|e(n)]]?) - O (11.3)

where e(n) is the error between the output of the equalizer

and the actual data symbol a(n), i.e.,
e(n) = a(n) - y(n) - . (11.4)

The input to the equalizer, or, in other words, the

output of the receiver can be expressed as

x(n) = a(m) * h(n) + () | (11.5)

(%) * denotes complex-conjugate—transpose.
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_ where {a(n)}‘and {w(n)} are input- data and noise sequénces,
respectively. R '

The sequence {h(n)}krepfesents the impulse respomnse
'of the transmitting filter/channel/receiving filter cascade.
Throughout this work {a(n)} and {w(n)} are assumed to be

stationary, ergodic processes.

Assumption 1: Input data {a(n)} and noise {w(n)}

sequences are ergodic, at least wide-sense stationary

processes.

I1.2. OPTIMUM SOLUTION

Under the assumption of stationarity the MSE does not

depend on the time index n, so (II.3) can be rewritten as

e = B{[|e(m)]]?) | - (IT.6)

Combining (II.2), (II1.4) and (II.6) gives the MSE as

£2 = E{}Ia(n)llz} - 2E{a(n)x*(n)}c + c*E{x(n)x*(n)lc
(11.7)
or -
: . E%2 = a” - 2b*c + c¥Ac . - ‘ , (I1.8)

where EzAstan$s for E{|]a(n)||?} and, B*Aandvé are the

following (2N+1l)=vector and (2N+1)x(2N+1) matrix:

b* = E{a(n)x*(n)!}
A = E{/x(n)z*(n)} :

In Appendix 1 these correlation matrices have been

related to the impulse sequence {h(n)}?
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The input correlation matr}x A is Hermitian symméfric,
at least positive semidéfinite and Toéplitz. The last pro-
perty is due to the statiomarity of the input sequence {x(n)}.
In Appendix 2 it is shown that A is positive definite unless

the channel is identically zero. S , -

‘The positive definiteness of the input correlation

matrix A implies that

(i) A can be inverted
(ii) All eigenvalues of A are positive

(iii) The MSE performance function is .a convex function
of the real and imaginary components of the tap
coefficients (See App.3).

The last property is important since it enables us to
use the gradient methods in searching the minimum of the
MSE performance function. In other words ‘any minimum found by
gradient methods will be the absolute minimum of the convex

MSE performance function of the tap coefficients.

Therefore, the optimum solution for ¢ can be found by

taking the gradient of the MSE £2? with respect to c,

VEZ = -2b + 24 ¢ Y(11.9)

and setting it to zero. Then, the optimum solution is

c =AY B O (11.10)
—op —-— — .

(*)Here, the MSE is a real valued function of the real and
imaginary components of the elements of the tap vector c
and gradient is taken with respect to real and 1mag1nary
parts of c. However, the result can be expressed by combin-
ing these two gradlent gomponents in complex notatin as .in:
Eqn (I1.9). Otherwise £° is not an analytic function and
complex dlfferentlatlon is not posslble.



- 18-

\
f

This is the well-known Wiener-Hopf equation in matrix form. By

putting (II.10) into (II.6), the minimum MSE is found as

, -2 o ' , ' -
Emin =a" -b Eop_ , (1I1.11)

‘In practice correlation matrices b/ and é are not known
a priori and therefore stochastic gradient methods must be

employed by adjﬁstihg the tap gains on the basis of measure-

ments that can be made.at the receiver.

IT1.3. STOCHASTIC GRADIENT ALGORITHM

- The stochastic gradient algorithm, based on the steepest
descent method updates the estimates for the tap vector in
the direction negative to that of the gradient at that

instant:
‘c(n+l) = c(n) - a(n)VE2(n) | o (11.12)
The positive scalar a(n) is called step-size, which

will be shown later to play an important role in the behavior

of the algorithm.

By defipition the gfadient is-

vEZ(n) = ZE{é*(nSetan
" Interchanging the gradient and expoctation operator gives k
vE2(n) = E{‘-Ze*(n)gg(n“)} : o (11.13)
The above expa;tation ié generally not known apriori

- and also difficult to calculate. Insteed, an unbiased

approximation. to AE®(n) may be
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~

Vel (n) = - 2e*(n)x(n) - ' (I1.14)

Hence, the determiniétic algorithm in (II1.12) takes

the following usable form:

E(n+1) = c(n) + 2a(n)e*(n)x(n) R - (11.15)
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ITT, CONVERGENCE OF THE 1ST0CHASTIC'GRADIENT ALGORITHM

‘In this section the following points will be examined:

1- Convergence of the tap coefficient vector to the

optimum value
2- Convergence of the MSE to the minimum value

'3- Quantization effects

N

ITI.1. CONVERGENCE OF THE TAP COCFFICIENT VECTOR

Let p(n) denote the error between the n th estimate

g(n) for the tap vector and its optimum value:

R(;l) = e(n) - Sop : | | - (IIL.1)
‘By combining (IIf15)’énd (111.1)

é(ﬁ+1) = B(ﬁ) + Za(n)é*(nii(n)i ‘ | (111.2)
is obtained?On the other hand the output error

e (n) = a(n) - c*(n)x(n)

can be expressed in terms of the tap error vector:
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e(n) = e (n) - pr(mx(n) D (111.3)

A;cordingly,u(III.Z) becémes
~ g_(nh) = é_(n)+20{.(n)e"éip(n)i,(n)-ﬂZal(n)?_(_('n)i*(n)g(n) (1I1.4)
Now g(n) is defined as the expected value of p(n):
q(n) =.E{é(ﬁ)}'
Then, the expoctation of both sides of (III.4) gives
FICM g(n)+2a(n)E{e’ép(n)$_(n)}72a(n)E{_}i(n)_{{_*(n)R(n)} . (111.5)

From linear filtering theory(25) it is known that the optimum

error is orthogonal to the observagion spose, i.e.,
E{eéptn) x(n)} = 2(*)
»Tﬁus the first term in (II1.5) is zero.
The sgcond term canlpe evéluated»as
E{i(nji*(n)g(n)} =.E{E{i(njif(n)lg(n)}g(n)i
where the outer expactation is over: all valygS‘of'R(n).

At this ﬁoint an assumption that simplifies the problem

is to be made:

Assumption 2: The input data vector at different in-

- . B . 3 Ld y J 3
stants are statistically independent of each other. In other

words for any vector valued functions f and g

E{£(x(n))g(x(m))} = E{E£{x(n)) }E{g(x(m))]
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I

is valid for n#m. This assumptibn implies that the tap
coefficient vectdr c(n) and the input vector i(h) are also
statistically independent of each other. The last statement
is based on (I1.15). Note that this assumption is not
strictly true since every inp%t vectorxi(n) contains elements
both from the previous and next ones. Hoﬁever it greatly

simplifies the problem and will be used in the sequel.

By‘Assumption 2 p(n) and x(n) are statisticélly

independent of each other Therefore,

E{x(n)x (n)p(n)}

E{x(n)x (n)}E{p(n)}

Ag(n)

Hence, (III.5) takes the form
g(n 1) = {I - 27(n)A}g(n) 0 (111.6)

The system in (III.6) is stable if the eigenvalues of
the matrix {l—Za(n)é} are less than unity in magnitude for

each n. Since A is Hermition symmetric it can be expressed as

A = M*AM : o , 4 - (I11.7)
. . \ . |
where A is the diagonal form of A,

A - ?iag{hlg kzgoc-,)\zN_’_l}

and M is the unitary modal matrix of Aj

(*) Recall that e¥ (n) = a*(n)-i*(n)gop Then
E{g(n)e:p} E{a*(n)x(n) -.g(n)i*ﬁn)gop} .
=b-AC,
=b-AA}

b=b=-b=0
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o
To make a coordinate transformation primed coordinates

are defined as

q'(n).= M*q(n) and g(n)“:bﬂ q'(n) ' (111.8)

Then the uncoupled form of (III.6) is

g'(n+1) :_{_ - 2a(n)A}g'(n) ’ (I11.9)
and, q'(n) converges to zero as n goes to infinity provided

that
|1-20(m)A; f<1  ®¥n, i: 1,2,...,2N+1

or

0 < a(n) < 7% ¥n, i: 1,2,...,2N+1 (111.10)

1
)

Hence, the stability requirement is

1

A
max

0 < a(n) < ¥n , | ' (II1.11)
- where X is the maximum eigenvalue of the input correlation
matrix A. If this reduirement is satisfied, the solution to

(111.9), . : -

q'(n) =

i

=g

1

converges to zero as n goes to infinity whatever the initial
tap coefficient vector setting is.Thus, the tap vector

estimates are asymptotically unbiased, i.e.,

{1 - 2a(i)a }a’ (0) g (111:12)
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lim E{C(n)} = C
_ =op

- n—}w

As far as the étability of the algorithm is concerned
the choice for the step-size g(n) is limited by the eigen-
values of the input correlation matrix as in (111.11). This
means that the'performanée of the algorithm is affected by
the eigenvalue spreaa of A. To see this consider the mode
g;(n) with the minimum eigenvalue Xm' This modes converges

with a gecmetric ratio.

ro = 1 - 2oc(n)>\m

while the mode qé(n), with the maximum eigenvalue the

M’
geometric convergence ratio is

r o= 1 - 2a(n)AM
When the eigenvalues are close to each other then both
exXxtreme modés cénverge to their optimum values at approxima-
tely the same rate. But if the eigenvalug ;atio AM/Am_is
high, the choice for o(n), as imposed by (III.1l) brings a
slower rate for ﬂé(n) than that for qé(n), thus degrades the

overall performance of the algorithm.

I1II.2. CONVERGENCE OF THE MSE

As the algorithm adapts toward the oppimum values .the
error e(n) is no more stationary and consequently the MSE
depends on time:

)

£2(n) = E{]|e()|]?) o arram

Combination of (III.3) with (III.13) gives



s

() = Eiin +E{p*(n)A p(n)} o o (II1.14)

If the coordinate transformation as in (IIT1.8) is

applied to (III.1l4) it follows that

Ez(n) = giin + E{p"*(n)A p'(n)} (I11.15)
or
5 ) 2N+1 ~
E7°(n) = Enin X )\iE{pi*(n)pi(n)}
‘ : i=1 - '

{

From the transformed version of (II1.4)

‘ - 2N+1

‘pi(n+1) = pi(n)+2a(n)egp(n)xi(n)f2 (n)xi(n) jii #3 (n)pé(n)

i1, 2,...,2N+1 (1I11.16)

is obtained. Since
x'(n) = _‘_4_*35(n)
aﬁd §‘i$ the‘diagonalizing transformation it is clear that.
E{x{(n')x; _(ﬁ)} = xia‘(i'—'j) ¥i, j (1'11‘.'17)
Th;n the product E{pi*(n)pi(n)} evolves gccording to

. _ - - T
E{pi*(n-%l)pi(n-i—l)} = T1,1+T2,2+,,T3’3+2T1’2 2T1,3 2T2,3 (I11.18)

for 1i: 1,2,...,2N+1, where

T,y = Efpl¥(mpi(m)

. BOBAZIG DNIVERSITES] KOITTIPLANES:
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Ty o = 4o’ (n) E{eZé(n)eop(h)xi*(n)xi(n)} o

9 ' " 2N+ 1 2N+1
T3,3 = 4g, (n)E{xi (n)xi(n) jil 'kil xé*(n)xé(g)pg(n)pé*(n)}

Ty,p = 2e@E{e} (mx](n)pi* (n))

: 2M+1
T1,3 = 20.(n) E{xi(n)pi*(n) ‘51 xg*(n) pg(n)}
. j= .
) E 2N 1
T2’3ﬂ= 4y, (n)E{eZp(n)xi(n)xi*(n) jil xg(n)pg*(n)}

Assuming eop(n) and xi(n) (i: 1,2,...,2N 1) are not

only uncgrrelated but also statistically independent T

2,2
becomes
e
On the other hand the term T1 2 vanishes if the ortho-
. 3 .
gonality principle and Assumption 2 is applied. In T3 4 the
. >

cross multiplications are zero in the mean, so it is reduced

- to a single summation and T3 3 becomes
. b

2 2N+1 ‘
= 4o . LE{pi¥ !
Ty 3 4a” (n) Xy jzl A {pJ (n)pJ(n)}

Under the same assumptions T, 5 also becomes zero. Finally for
, .

< T1;3 = 2a(n)xiE{pi*(n)pi(n)}

" je fannd. Then (ITI.18) can be reexpressed as
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3

i o : : 2N+1
\E{pi*(n+1)p£(n+l)} = E{pi*(n)pi(n)} f4a2(n)}i j§1 XjE{pg*(n)pg(n)}
-éa(n)AiE{pif(n)gi(n)}+4q2(n)§iinli (I11.19)

i:1,2,...,284¢1

J

Let 6.(n) demnote E{pi*(n)pi(n)}. Then for i: 1,2,...,2N+1

ST 2 ) w1
ei(n+l) = ‘1—2a(n)kii ,ei(n)+4a.(n))i ‘j§1_kjej(n)
| 344
+4a2fn)£2 As (I11.20a)
min"1
or
. 2 2N+1
8;(n+l) = 11-4 (?)Ai‘ ei(n)+4a_§n)xi ‘jil xjej(n)
vol(m) £ 2 o (II1.20b)
min i | .
-The excess MSE in (III.15) can also be written as
9 2N+1
£ (n) = T A:8.(n)
ex . <171 .
1 =1
or , \
2 T . : : .
£ (n) = A 6(n) . . _ (1I11.21)




-28-

where 6(n) = . el(n)

ce

18Ny (M)

Then, from (III.20) 6(n) is found to behave as

&(n+l) = E‘g(n) + 4a2(n) §

;in A (111-2?)
where
2 2 . Coeoba? a0
|1-20 A4 1% 40 A5n, 7 1728+1
2 . 2
R = ba” Aqh, |1-2a12|
. 2 | ' 2
[1-40" Aydoyyg | (120 2oy,

assuming constant step-sfze.

The matrix R is real and symmetric, thus all eigen-
values of R are real. Therefore the transieﬁt behavior of the
MSE is not oscillatory. It is known that a matrix whose.
elements are all positive and row sums ére less than unity
'éan have only eigénvalues'with magnitudelless‘tﬁan unity(29).

- For the matrix R the row sums are

28+1 |

1-4a(n) ) + aaz(n)xiw.zl A
J:

Then the system in eqn. (III.22) is stable if

1-4 (n)ag+4a>()A; Trace A < 1



.°"<T?£%_A o o © (111.23)
is’ satisfied. The bound in (III.23)'is’1ess.fHan that in -
(IITI.11) which is required for the éonvergence of the tap
' coefficients Although this bound guarantees the convergénce
of both the tap coefficients and the MSE to the desired
values it does not provide the optimum value for the.fastest
convergence. To obtain this thimum value for the step-size
an upper-bounﬁ for'the excess MSE in (III.20) is to be
_considered. For km'and Aﬁ being the minimum and maxinum
eigenvalues of the matrix A, respectively the excess MSE at
the (n+l) th instaﬁt.is bounded by

(1) < {1 -‘4a(n)xm + 4o’ (n) Ai (28+1) } ﬁix(n)

i) 2f a1y g2, (111.24)

By minimizing this bound theboptimum choice for a(n) can be
obtained. Taking the derivative of the right hand side of.

(I11.24) with respect to o(n) gives
ok s 22w 2 o+ 22 el £L ()
- 'm’ex M } ex M min :

Thus the optimum value for a(n) is obtained by setting this

derivative to zero:

2
A_ET (n)
a, (n) = n°ex I (ITI.25)
P 2 -2 2
ZAM (2x+1) gex(n) + gmin{

(II1.25) shows that the optimum value of a(n) depends on (i)
the eigenvalue ratio of the input correlation matrix,v(ii)

number of taps of the equalizer and (iii) it is7a time-varying
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scalar. But thls expression 1nc1udes the excess MSE -and
therefore it is difficult to handle. In order to find a

simple bound on a(n) let us express gzex(n) in terms of a(h):

- 2‘ 2
, 28 . (2N41) o (n)
gix(n) - Ejnun}‘M op

= : (111.26)
A T 2M2 (ane1) LY

. 2 ., . e . . .
‘Since Eex(n) 1s"a positive quantitv, the denominator of

(ITI.26) must be also positive. Consequently

o (n) < \Am

op - —— ' (I11.27) .

2AM2(2N+1)

is obtained. In fact as Eix(n) is greater than the minimunm
MSE'EZ. (I11.25) takes the form
min
'.Am' . :
o (n) S D - (111.28)
P 2AM° (2N+1)

Then as long as g ex(n) is large as compared with
E min the step-size a(n) can be held constant at its maximum
value in (III 25). For the optimum step size in (III 25) the

excess MSE g (n) evolves accordlng to

9 SN ' \ {~E:-z£=.x(n)>\m}2 - .
CET (n+l) < £ _(n) - - — o (111.29)
ex ex ‘Y 5 9 ’
E7ex(n) + £ min| Ay (28+1)
or, .
'Eix(n+1) < ilv- ZAmu(n). Eix(n). (111.30)

;And, for the constant step-size in (3.27) the excess MSE

deécays at an exponential rate:
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2 - ’ I Am
£ (n+l) < 41 -
ex - 2
XM_(2N+1)

2.
ex

(n) o (111.31)

: - 2 | 2

On th th . -
| n e other hand as Eex(n) approaches §9 §m1n con
stant a(n) will be no more satisfactory. By combining
(IT11.25) and (III.30) ‘

qop(n+l) 1-2 aop(n) Ap aqp(n)

—5— - : 5 -
Am ZAM (2N+1)aop(n+1) Am -ZAM (2N+1)aop(n)

_is found. After some manipulations it follows that

aop(n+1) gaop(n) 1—2Amaqgfn)

. ~ (111.33)
ll-ZAM(2N+1)aop(n)||1+2AM(2N+l)aop(n)l

In order forvgix(ﬁ) to monotonically decrease aop(n)
must also decrease as imposed by (III.25). Then, for some

n > no.aop(n) so decreases that (III.33) takes thevfdrm‘

o p(n+1) < aoé(qd) » 1 (1I11.34)

(e}
1 + zxM (2N+1) aop(no)

From (III.34)'it is found that

a(nb)

o

1+ 20, (2N+1) (n—no)a(no)

a_ _(n) < '
op - n 2 n (I11.35)

Then the excess MSE_EiX(n) also decreases in % fashion.

In summary the algorithm éttaiﬁs the maximum rate of
convergence if thé stép—size a(n) 1s set to the maximum
value in (III1.28) at the beginning and is decreased according
to (III.35) after the excess MSE has been considerabl§ dec—

reaced.
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For constant o the 2-transform of (III.20) is given by

2N 1

zei(z)—zei(O)'= ‘1=2ax.[2 0.(2) 4a’h. T A.6.(z)
1 i i 521 i3
jfi
- 2 2 z L., -
f&a gmip \; o7 i 1,250,284
Then,
26. (o) 2N+1
6.(z) = 1} Crba. XD ej(z)
’ z-{1-2a). |2 toger ~-|1-2 2
ary 4i z I “Ai]
14’ £2, z _ i:1,2,...28 1
min

(z-1) {;T(l—ZQXi)ﬂ :

Since a#0 and A=l is not an eigenvalue of the matrix

R, z=1 is not a pole of any term in the equation above Hence,

2

2 .
» . Gba"ET . XL
lim {(2-1)6,(2)} = —=2—
z=>1 bg )\i(l-a)\i)
. <

min l-g).
ull

is the steady-state value of Gi(n).'(i: 1,2,...,2N 1). ‘Then,

it follows'that 

Y . 2 2
lim gmin - Emin * .Z “1l-0A. Emin
n--o : i=1 . 1

(111.36)
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/ 1 - '
Let Aave be Eﬁ:T'Trace A, then (III1.36). becomes
‘ (2N+1)a)
. 2., .
lim £7(n) % Eii T ave g2 o (111.37)
n—+o n a mn -
_ o ave

Although (II1.37) has been derived for constant o it
gives on approximation for the time-varying step-siie. At
least it indicates that the steady-state excess MSE deﬁends
on -the number of taps and a. An icrease in either of ‘them

causes on increase in the excess MSE at Steady-state.

I11.3. EFFECTS OF DIGITAL IMPLEMENTATION

Up to that point all the quantities involved are
assumed to be anolog. However, édjustable parameters are to

be quantized when the“equaliZer is digitaiy implemented.

Consider the algorithm in (II.15) as'composed to its

: : . - ‘
real and imaginary components: : J
+ = ' *
cp(ntl) = ER(n) + 20(n) |e*(n) x(n)| R
ep(ntl) = ¢ (n) + 2a(m) Jex(m) x(m)|
where the subscripts R dand I denote the real and imaginary.
.parts, respectively. Since the variables 5R(n+1) and EI(ﬁ+l)v

are to be quantized, whenever - the up doing terms are less

than the least significant digit (LSD) the adaptation tends

to stop. In other words whenever

LSD

A

2a(n) |e* (n) i(n)lR

and (II1.38)

20.(n) |e*(n) i(n)[I LSD f

AN
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happens, these terms are.truncatedﬂconsequently, the adapta-

tion stops at an earlier stage. If the equations in (111.38)

are combined
2 g 2 .2
4a”(n) | |e*(n) x(n)|]° < 2(LsD) (I11.39)

is found. Then the number of bits and the step-sized must be

" chosen in such a way that the above in equality does/not come
into place before the algorithm approaches to the minimum MSE.
It is clear from (III.39) that the minimum number of bits
required for a satisfactory adaptation performance will be

less when the optimum MSE is high.

Now, expected value of (III.39) 1is approximately

(LSD)2

£2 (n) (111.40)

207 E{]|x(n)|]?

As the adaptation goes on the left hand side of (III.40)

-approaches to

5 L (2N+1) X, e
] ave

vThus, the algorithm will not be'affeétedbby quantization if

the relation

” (2N+1) ave ) '(LSD)Z
in Pt TT=ax T 2 2
n ave | 20 E {Ili(n)l|

holds.
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IV, KALMAN/GODARD ALGORITHM

In Chap. III it has been seen that the'convergence
.rate of the stochastic gradient algorithm is highly affected
By,the eigenvalue spread of the input éorrelation matrix A.
One method to eliminate the effect of the eigépvalué spread
‘may be to use different step-size for,each;mode; Thus, in-

stead of the algorithm

c(nt1) = e(n) + a(n)x(n)e*(n)
that one
c(n+l) = c(n) + T(n)x(n)e*(n) o (1v.1)

-is suggested. In this case, expected value of the tap.

. coefficient error vector evolves according to

q(n+1) = [1 - _11(n)f._] q(m)

under Assumption 2, If the matrix T(n) could be A-l, inverée~
of the channel correlation matrix, then the élgorithm in
(IV.1) would converge in a few steps. Although A l‘is not
known a priori, it can be recursively estimated. Then these’
estimates can be ‘used in updating the tap coefficient vector.

This method is also equivalent to comstruct the algorithm as
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A(n)c(n) = b(n) ‘ o ' C(1v.2)

where A(n) and b(n) are the n th estimates of the correlation
matrices A and b.

IV.1l. DERIVATION OF THE KALMAN/?ODARD ALGO'RITHM(‘.*)A

‘Given the outpuf of the TDLﬂeqdélizer as

y(a) = e*(a-Dx(x) | (1V-3)
tﬂe problem is the same és stated in Chap. II. Let é(n)

denote the n th estimate of the input correlétion:matrix A.

Since the environment is taken statiomary/ergodic

: 1 n : i i . o
A(n) = = T E(i)ﬁ*(i) ) (IV.4) .
i=1 . :

is an asymptotically unbiased estimate for A. From (IV.4) it

is seen that
aA(n) = (a-DA(n-1) + x(n)x*¥(n) (1V.5)

Similarly, the n the estimate of the correlation vector b is

- taken as ' -

b(n) = = a* (1)x(i) S (Iv.6)

[ ne I -}

i=1

and evolves according to
nb(n) = (n-1)b(n-1) + a*(n)x(n) - (Iv.7)

-Cdmbining (IV.2) and (IV.7) gives

(*) Another derivation of the algorlthm based on Kalman
filtering is given in Appendix 4.
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- nA(n)c(n) = (5—1)3(n;15 + ;*(n)ﬁ(n). - ‘ (1V.38)
,s.ince the error e(n) is | |
e(ﬁ) = a(n) - E*(n-l)ﬁ(n):_' » _ .--(Iv;Q)-,
(IV.‘8)‘ Eeéomes' | |

né(ﬁ)g(n) ='(n—l)h(n—l)+e*(n)g(n)+5(n)5*(n)g(n—l) |
' - (IV.10)
By puttiﬁg A(n-1)c(n-1) instead of b(n-1) is (IV.10)

nA(n)c(n)z(n-1)A(n-1)c(n-1)+e* (n)x(n)+x(n)x* (n)c (n-1)
(IV.11)

is obtained.. On the .other hand, from (1IV.5), it is seen that:

(n—1)é(n-15'; n A(n) - x(a)x*(n) | - ava
Thus,
nA(n)e(n) = n-A(men-1)-x(n)x*(neln-1)+e*(a)x(n) + . (
+ x(n)x*(n)c(n-1) - |
or

- —-1 ' ' ' :
c(n) = g(n41)+[§§(n{] x(n)e*(n) = - (1Iv.13) -
is found. g(n) is defined as | ' {
\ -1 ' ) | '
D(n) = El_é(n)] - | (IV.14)
Hénce, (1V.13) takes the form . : » (
v | | _ |

E(ﬁ) = c(n-1) + D(n)x(n)e¥*(n) ’ _ ’ (Iv.15) /
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(IV.5) can be reexpressed as

D(m) ' = p(a-1)7L 4 5(ni§*<n)

and using matrix inversionm lemma D(n) can be recursively

computed: as

D(a-D)x(n)x*(n)D(n-1)
D(n) = D(n-1) - (Iv.16)
; 1+§*(n)2(n-l)§(n)

Now, the term g(n)z(n), which 1is called‘Kalmah gain, is

D(n)x(n)

, x*(n)D(n-1)x(n) |
D(n-D)x(n)| 1 -

1+x* (n) D(n-1)x(n)

E(n-l)z(n)/[:1+5*(n)2(n-1)§(n{} 7 (1Iv.17)

Consequently, the,algorithm can be opefated as

g(n) = D(n-1) 5(n>/|:1+§*(n)g(n—1‘)5<n)—] 0 (1Iv.18)
D(n-1)x(n)x*(n)D(n-1)

B(n) = E(n-l) ETICNICTOEICY (1v.,16)

y.('n) = c*(n-1)x(n) | . | (1v.3)

e(n)= a(n) - y(n) ' (1v.9)

c(n) = c(n-1)+g(n)e*(n) o o (Iv.19)

However, the ﬁlgorithm has the danger that A(n) can be
singulér at the beginning of the iteration, but this danger
can be eliminated by slighti& mddifying the expression for
é(h) as '

A(n) = x(D)x()* + 61 . (Iv.20)

gl
nm~Myg

i=1
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where § is a small positive constant. In this case D(o) 1is
initialized as ' |
Do) = § 1 | o (IV.21)

and nothing changes. in the algorithm.

{
IV.2. CONVERGENCE OF THE TAP COEFFICIENT VECTOR

According to Eqn. (iV.lS) the tap coefficient error

vector behaves as
p(n) = g(n;l) + D(n)x(n)e*(n) | | (1V.22)
It is convenient to write Eqn. (IV.22) és
p(n) = _p;_(r.xv-l)- + D(n)x(n) e’éf(“*x*(n)ﬂ(?"l{] ‘ ~‘.(IVV.23)
Since eop(n) and E(ni,are orthbgonal éna input sample

vector at different instants are independent (by Assumption

2).

E{D(m)x(n)e} (n)} = 0 o .
By the same reasoning o - o
: - n ‘ N -1 .
E{D(n)x(n)x*(n)p(n-1)} = | T E{x()x*(i)}| . E{x(n)x*(n)]
- B v i=1.
.E{E(ﬁ—l)}
-1
= E‘é A g(n-1)
= L (nfl)
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‘Then, it follows that
1 : ,
g(n) :l:l --E]_c_l(n_—l)" . (IV.24)

As n goes to infinity g(n) reaches a steady-state, i.e.,

lim g(n) = lim (1 - 2)q(n-1)

n-ro n-—co

= lim g(n-1)

n—>ro

The solution for q(n) is then

g(n) = (n;}). S_(Z)
i
=374
Thus,
. . 1
lim _q_(n) = lim = 3(2)
n-rw . n-re
-

that is, the estimates for the tap coefficients are asymptoti-
féglly’unbiased for all finite. initial settings. But the
" convergence of the MSE has not been examined yet. This is the

subject _of the following section.

IV.3. CONVERGENCE OF THE MSE

The MSE, as seen in Chap. III consists of the minimum

'vaiue‘and the excess MSE:

£2(n) = E2. "+ E{p*(n)A p(m)}
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The Hermitian form in the expoctation is

p*(n)A p(n) = 2*(nﬁnéhgﬁr1)féop(n)egp(n)ﬁ*(n)g(n)é g(n)z(ﬁ)

+

p*(n-1)x(n)x*(n)D(n)A D(n)x(n)x*(n)p(n-1)

* 2 ey (MEtmD(A 2 (a-1)

2 p*(n-1)x(n)x*(n)D(n)A p(n-1)

2»éop(n)§*(n)2(n)é D(n)x(n)x*(n)p(n-1)

The expactation of the above expression transformed

into primed coordinates 1is

E{Bv*(n)A E‘(n)} = T1 1+T2 2+T3 3+2T1 Z—Ti 3-2T2’3
: > ’ ’ , N

where

T1,1=E{£“*(n-11gg(n—1)}

T Z:E{eop(nae:p(n>§!*(n)2'(n)ﬁ 2'(n)§'(n)}

2,

T, 3=E{E‘*(n—l)§'(p)z'*(n)g'(h)ﬁ D'(m)x'(n)x'"*(n)p'(n-1)!

T, ,eE{el (Mx'*(m)D' () p' (n-1)}

T, ,=E(p'*(a-1)z'(a)x'*(a)D' (A p' (n-1))

T. =E{e (n)x'*(n)D'(n)A D'(n)x'(a)x'*(n)p'(n-1)}
2,377 Cop= = == .

The first term is the excess MSE at the (n-1) st instant:

ZN+1

- = = . '¥(n- '(n-1
Eex(e) = Ty = I AElpi*(a=1)pi (n-1)]
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For the second term, applying Assumption 2

. 1 ,-1 -1 1 . .
T, , = E{e* '¥(n) L P2 oxt
T, {éop(n>eop(n)} E{_)_‘:_..(n)‘n A AR —~ X (n)}
1, 2N+1 1
= — ____ 1 x '
2 gmin . L AL E{Xi (n)xi(n)}.
n ci=1 "1 .
R S
-2 Emin (2N+1)
n
is obtained. With the same reasoning e

1}

T, , = E{p'*(a-D)x" (m)x"*(m)A A A0 x' () *(n)p' (a=1))

L E(p ™ (a-Dx' (Wx * (A 'x' ()x"*(n)p' (n-1)}
n . .

L 2N+L, . 2N+1 ' - 2N+1
= —E{ & —x!*¥()x!(n) I x!*¥(n)p.:(n-1) I x/'(n)
n2 i:lkil 1 j=1J ] k:lk
-Péﬂn~1)}
is found. Unless j = k, -the terms xg*(n)xi(n),in expactation
vanish. Thus
, - IN+1 2N+1 . ' ,
= — _— ! '¥ t® !
T3,3 = = )X D E{xl(n)x1 (n)}E{xJ (n}%J(n)

n° i=13=1 i
. E{p!'*¥(n-1)pi(n-1)}
i i
2N+1

' - Vo
. z Ai E Pi*(n l)Pi(n 1)}
n 1=1 . :

(2N+1)

By means of orthogonality principle T1,2 and T2’3 arg zero.

Finally,
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2Nt1

=4

- | _
5,33 A ELpI*(n-1)pl(n-1)})

[ e}

i=1

Therefore the excess MSE adapts as

2
g2,(m) = {1 -2+ ﬁzggll}gzx(n—1) + iZg%ll E2in (1V:25)

Take the 'limits of both sides of this equation as n goes to

infinity
1img? (n) = lin{1 - 2 + L2880y p2 (qoqy4in ZRED g2
| peo ©X N T n ex 7 hes n min
= lim £2_(n-1)
n->ce ex
In other words the system in (IV.25) reaches to a
steady state value, which is .
1 2Tl oy L Loy 2
H.[% “n ]gex(n) - n2(2N+1)'€min
) _ (2§+1) 2 K | S
Z:"'-ex(n) T 2n - (2N+1) gm:'Ln ' » ‘ : (1v.26)

Then, the algorithm would converge to the minimum MSE

in approiima;ely 2 x (2N+1) steps.
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V. FAST KALMAN EQUALIZER ALGORITHY

V.1l. COMPUTATIONAL COMPLEXITY OF THE STOCHASTIC GRADIENT AND
KALMAN/GODAD ALGORITHMS

The stochastic gradient algorithm requires 2M complex
multiplications where M is the number of taps, i.e.;<M=2N+1.
Although having very fast rate of convergence Kalman/Codard
algorithm is computationally complex. Utilizing the Hermifian
property of the matrlx D(n) one. needs 3/2 M2+3N complex
. multiplications in thls case. Obviously thls(ls a considerable
increase in computational ccmplexity. However, in the
formulation of the Kalman/Godard algorithm the property that’
every input vector x(n) contains only one element different
than those in the previous one was not used. It is thét\v
property which enables us to develop a new computation method .
for the Kadman/Godard algoritﬁm; as will be done in the

following section.

I

.‘V.21>DERIVATION OF THE FAST KALMAN -ALGORITHM
The Kalman gain in (1v.8) 1is

g(n) = D(n)x(n) ' ' ; (v.1)
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Let W(n) denote nA(n), i.e.,

W(n) =
' i

TS
-

x(D)x* (1)

=l ol

Then, D(n) = W(f) and (V.1) can be rewritten as

W(n)g(n) = x(n)

ES

Let u(n) be x(n+N+1) and p(n-M) be x(n-N),

u(n-1) : p(n)
2{_(1‘1) = : : _}_{(n+1) = ' )
’ u(n-M) p(n-M+1)

The extended input vector Eex(n) is defined as

u(n) x(n+1)

Eex(n)-——' -:.-\ = N

x(n) oo H(n-M)
Similarly, the extended correlation matrix Eex(n) is

x (1) x*_(n)

~M 9

W (n) =

Wé (n) can also be expressed in the‘fbllowing ways:
-—e X . e

1 ' 1. i

12 uu@* ¢ 2 p@2@O) [n) §z¥m)
i=1 i i=1 ¥ '
1 ' s
Eex(n\)‘ = - ’ t i . :
n. : ‘l n ‘ 1
L u(id*x(i) 4 I x(1)x*( z(n) 1U@)
Li.:]. - i=1 . K J ) |

C(v.2)

(v.3)

(V.4)

(v.s)

(v.6)
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or
[ l 7 = ]
o t
I x(+Dx*EHD) LoD E-mxGHD| (WD) e
i=1 1 i=1 - - .
' } ’ 1 ,
W ()= |- ] i . = —----—: ------ (v.7)
n : b n o
L u(i-Mx*(i+l) - I p¥(i-Mu(i-M) t*(n) t B(n)
i=1l y 1=1 - '
- . . o

Now, assume that the gain vector g(n) is known. Then

the'problemiis to find g(n+1) satisfying
K(n+1)§(n+1) = i(n+1)

As a first step assume that some vector f(n) and Scalar

T(n) are known such that

1 () A
Hoy() |====| = |---- (.8
f(n) 0

and form the extended gain vector as

- Z(%) ig*(n)g(n) - u(n)| - W

.g.' (n) = SoTTTTTTTTTTT oS ET T ITTT T T (V.g)—

g(n)-£(m)ITH) [2* () g(n)-uln) il
L . |

Then it follows that

0 | 1 _1
(@) |= ]| @[ 2* () gn)-um) |

W (g, (m) = W () ot
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[ o] [t ‘ B .
= W ) fommm e e I | 2* () g () -un) |
.'g'(n)J 2 , '
, 0 zX(n)g(n) - w(n)|
S e B ey - : (v.10)
‘E(n) ’ 9. ‘] -

On the other hand from (V.6)
4
0 n(n) , E*(n)' 0

LT G T EE e B —

g(n) ’L_Z_,(n)

2% (n) g(n) s
x(n) »
L -
~Thus, combining (V.10) and (V.11)
- . J
W (mg (n) = X () . (’\ -12)
is obtained.
Secondly, paftion gex(n) such that
. h(n) v C
I - ' (V.13)
oy (1) '

s(n)
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and assume that there exist k(n) and Y(n) such that
| ) 0 |
Wy (m)={-==-| = |-- (Vs
Y(n) 1
Note that if (V.7) is used
' |
W(n+l) ¢ t(n)| |h(n)

Hoy(Mgg,(m) = f--mo e T

£¥* (n) : B(n)| {s(n)

W(n+1)h(n) + t(n) s(n)
s : (Vv.15)
t*(n)h(n) + B(n)s(n)
From Equn.(V.12) is found a different expression for_Eeé(n)

§ex(n) is

Eex(n)gex(n).: —————— V | (1o

Th;s,'eéuating (V}lS) and (V.16)

E(ﬁ+l)h(n) + E(n)s(n)'= E(n+}) | (V.i7)
is obtained. F?om (V.14) it-is seen that

W(n+1)k(n) + t(n)¥(n) = 0 SR o (v.is)

. Thus t(n) = —Y-l(n)W(n+1)E(n), and putting this value into

C(V.17) gives
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W(a+1yh(n) - L«[(rv!.rl)g(n)Y-l(n)s‘(n)‘.= x(n*+1)

or, |
».g(n+1) lg(nﬁ *'E(n)le(v)s(n}‘ = x(n+1) R ;v.léb_,
But then by definition |
gin-*l) = h(n) - g(n)Y_l(n)s(n)- ;(V.20~)._

Then it remains to update the variables f(n), Z(n),k(n) and_.
Y(n).

~ From (v.6) and (V.8) it is seen that
z(n) + g<n5£<n> -0
Since
2(n) = z(n-1) + u*(n)x(n)
it follows that
z(n-=1) # u*(njz(n) + H(n)i(n) =0
,fOnAthe ot;er hand
e(a-1) = -W(a-D)£(a-1)
‘and:thus

—W(n-1)£(n-1) + p¥(M)x(n) + W(n)f(n) = 0



Using’
W(n-1) = W(n) - x(n)x*(n)
Tand T W(n)g(n) = x(n) |

W(n) [-£(n-1) + g(m)x*(n)f(n-1) + g(n)p*(n) + f(n)} = O

£(n) . ;(n-iﬁ - g(n)'lu*(ﬁ) + 5*(n)£kn<1)l (v.21)
For I (n), _ﬁote that |

n(n) + E*(njf(n) = T (n)
from (V.6) and (V.8). Since

n(n) = n(n-1) + p(a)u*(n)

e T

- and

n(a=1) = I(n-1) - z*(a-1) £ (a-1)
Z(n) becomes,
I - i(ugi)-g*(n—;)£<n-1)+é*(n)f($)+u<n)u%<n> |
or |
z (ﬁ) = ):"(n-l)-_Z_* (n)j(ne1)+u (n)_%’;(t;S_f_(n;l)+3*(n)_§(n)+u(n5ﬁ*(n)

Using (V.21) gives

I(n) = g(n-i)+1'J(An~3,u*(n)+uA(n)§*(n)_f_(n-l)—g*(ﬁ)_g(n) |p*(n)+_>_c*(n)_§(n~1) |
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T

“Thus Z(n) is updated as

X(n) = Z(nfl) + IU(D)-_Z_*(H)E(nH llll*(n) + _}E*(n)i(n;l)‘ (v.22)

The remaining variables to be updated are k(n) and

Y(n) in (V.14)

k(n)
Hex(®) jm=-| =¥
’ 1Y (n)
‘Then it follows
. tk(n)
—ex(n) R
Y(n)

Conseduenfly
k(n)

'Y(ﬁ)

is obtained.

"It is clear that

4

] k(n-1)
W (n-1) [--=---
: Y(n-1)
that
k(n-1) k(n-1)
Ee (n) |=-====- - X X@n)izx(n) Nl
Y(n-1) o - {Y(n-1)
using (V.12)
k(n-1) _ »
1 - g, () xX ()] |------ (v.23)
E a Y(n-1)

It may be convenient to modify

]
lY(n)

-l

as .
rg(n) .
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- Where m(n) = Y—l(n)k(n). Then (V.14) bécomes

m(n) . [ S
Wox(m) =f ==== j= jommmme ’ _ (V.24)
- 1 v iy | '
From (Vv.23),
Y(n) = Y(n-1)-s(n) {x*(n+1)k(n-1) + ¥ (a-M)Y (n-1) ) (v.25)

It is also possible to write

Y(n) = Y(n-1) |1-s(n)_X_*(nw‘.l)_&x_(n-l)-s(n)u*(n-M)l

Thén, Yfl(n) is updated using |

v 1) = v -1 }1—s(n)§*(n+1)9<n-1)-s<n)u*{n—m)|'1 (v.26)

_F?r‘h(n),

k() =._E(n?l)-h(r;)z*(n%l)}_(n-l)-ll_*(n)u*(n—M)Y(n?l) | ‘(v.zvj),_‘f

is ob;ain from (V.23). Multiplying both sideg.by Y'l(ﬁ) gives

‘é(g> = 1g(n-ij—3(n)g*(n+1)5(n—1>-h*(h)u*(n—u)y65—1)lY’l(n>-'
| . | - (v.28)

Combining (V.26) and (V.28),

g(n)'; 15(n—1)73(n)5*(n+i)5(n-i)-§*(n)u¥(n-u)§(n—1)L

¥ Y- |1—s(n)g*(h+1)g(n-1)-s(n)u*(n-M)|'1

or -
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n(m) = [mn-1) - h(m)x* (n+l)m(n-1) - h*(n)p* (a1 |
, | N B
. |1=s(m)x* (n+1)m(n-1)=s (n)u* (n-M) | | (v.29)

is obtained.

Now, at the n th instant z(n), z(n+1), E(n—l), Z(n-1)
and g(n) are known. The first step is tp determine gex(n) apd ’
this requires f(n) and I(n-1). Let €1(n) be defined by

El(n) = y(n) +‘£*(n—1)3(n)‘ - | | (v.30)
Then by (V.21)

f(n) = _f_(n—l)-g(n) 81*(n) | | | ,(v‘31)
Also let ez(p) defined by

.Ez(n) = u(n) + E*gé)i(n)_ o | | (ﬁ.szj
It is seen that

€,(n) = u(n) + ¥ ()W (n)g(n)

And

e,(n) = u(n) - _z_‘*(n)_g_(.n‘)

Than,.by (v.22)

T(n) = I(n-1) +_Ez(n)€1*(n) f . - (v.33)
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Accordipgly the extended gain vector becomes

By (n) = oo : (Vv.34)

ex -1 :
gn) + £(n) T T(n)e,(n) |
. Partion gex(ﬁ).as : o : . S
LYCON | \
2o () = |=-—-| | L (v.3s)
s(n)} -

To hpdate E(n)'B(n) is required. Since B(n—l) and

o1 ~ . . L
Y “(n-1) are known from the previous iteration let

g(n)‘z pln-M) + g*(n—l)z(n+1) : (V.36)
Then E(n—l)éﬁ(n)|§*(n+1)g(n—1)+u*(n-M)]_= E(n-l)-g(n)d*(n)
and  1-s(a)|x*(a+l)m(a-1)=-p*(a-M)| = Lzs(n)d*(n)

Thus, from (V.29) it foilows that

: !
m(n) = |m(n-1) - h(n)d*(a)||1-s(n)d*(n)| - (V.37)
Finally using (V.20) gives
 g(a+1) = h(n) - m(n)s(n) - (v.38)
and, of course,
y(n+l) = c*(n)x(n) o _ (Vv.39)
" e(n+1) = a(n)-y(n) - (V.40)
= c(n) + g(n+l)e*(n+1) (V.81

c(n+l)
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The performance of the fast Kalman algorithm is excetly * .-
the same as Kalman/Godard algorithm since they differs only
in computation. However, if equations from (V.30) to (V.38)
are examined, if is seen that only 10M+3 co&ﬁlek mul tiplications
are necessary. Therefore, the computational complexity of
Kalman/Godard algorithm is considerably decreased. For example . .
for a‘15-taps TDL equalizer‘required number 6f complex multipli-

cations are in the following orders: -

Stochastic gradient: 30
Kalman/Codard : 385
Fast Kalman - § : 150
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VI, SIMULATION AND PESULTS

Vi.1. COMPUTER PROGRAMS

The simulation package consists - of the following

computer programs:

1- Polyf.Ftn: Simulates telephone channels with different
attenuation and group delay characteristics(¥*).
2- Del.Ftn: Simulates a. QAXM system with specified
characteristics(*). .
© 3- Opt.Ftn: Calculates the optimum tap coefficients and
the minimum_MSE. 7 /
4- Help.Ftn: Calculates the eigenvalues and the trace of
the input correlation matrix.
5- Dstoc.Ftn: Realizes the stochaétic graaient
- algorithm. | '
6- Dkalman.Ftn: Realizes the Kalman/Godard algorithm. .

7- Dfast.Ftn: Realizes the fast Kalman algorithm.

‘In Appendix 5 detailed explanation to_dse these

programs is given.

(*) These two programs are supplied from the MODEM PrOJect
carried out in Electronic . Research department of Marmara
Recearch Institute.

Vi
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VI.2. SIMULATED COMMUNICATION SYSTEM

A qam transm%ssion systeﬁ with a signalling rate of
1600 baud and 2 bits‘per symbol is simulated. The carrier
frequency is placed at 1800 Hz. The transmitter consists of a
raised-cosine filter with an excess bandwidtﬁ of 25 percent.
The binary bits for both quadrature and in-phase components
are provided from a pseudo random binary sequence. Additive
noise of variance 0.001 is su?plied from a gaussian noise
‘generator. The equivalent baseband impulse response of the
combined transmitter and channel is used to generate the
input data for the équalizer. It is assumed that the carrier
phase used for demodulation at the receiver is that of a’

pilot carrier transmitted through the channel.

The simulation results preseﬂted~are'éverage§ over ten
different fraining sequences and gaussian noiée Sequences.lln
the Kalman and Fast Kalman algorithms thejinitial efror '
covariance matrix is set to 0.01 times 'the identity matrix. .
‘Since both of them give the same performance only one of the
outputs is illustrated throughout the work. The initial value
for all tap coefficients in all of the equglizatibn '
algorithms are chosen as iefo. The simulated TDL equalizer

~has 15 complex taps.
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A; Channel A

For this nearly perfect channel the tﬁree algorithmsaf

are tested with both noisy and noisless data.

~ When there is no noise, the thimum tap coefficients

and the minimum MSE are:

values

0.033.

: TRACE=15.0150371772758729

REAL TAP COEFFICIENTS, IMAGINARY TAP COEFFICIENTS.

-0.6764426614915032D-04 0.1101299723561884D-03
- 0.1238748514371620D-03 -0.4293756861847678D~-03
-0.2286396954809717D-03 0.9692642596640687D-03
-0.3983265033319855D-03 -0.1883136429397953D-02
-0.8354119154621916D-03 ' 0.3463356227646182D-02"
0.2668949433495415D-02 -0.7453312858927695D-02
-0.1475407491806941D-01 ~-0.4547521087120434D-02
0.9989985475894537D+00 0.1905480836957972D-01
0.1494450710794966D-01 -0.3721070832814822D-02
-0.2170329247547206D-02 -0.7791840404899667D-02
0.5693159458682711D-03 -~ 0.3357577515153634D-02
-0.3430506547778394D-03 -0.1808895768409438D-02
0.2396066665030081D-03 0.9228012214495684D-03
-0.1646275143091066D-03 -0.3990609982682001D-03
0.1131275109071906D-03 0.9054933849355621D-04 .

minimum achieveable MSE = 0.67x107° or -91.72 dB

Since the distortion is low minimum and maximum eigen-

are identical:

MIN.EIG.=0.1000671523563891D+01
MAX.E1G.=0.1001082570684720D+01
RAT10=0.1000410771278236D+01

The best choice for the step-size is found to be



. =59 =

~,

From Fig. VI.A!3, it is seen that the stochastic gra-.

dient algorlthm reaches to -60 dB’ MSE in 200 1terat10ns, while. © .-

the Fast Kalman (and Kalman) algorlthm, as 1nd1cated in Flg.

(VI.A.6) converges to the same value in 25 steps.

‘ The mlnlmum MSE for thls channel is so small that the
stochastlc gradlent algorlthm is expected to be very sen51—
tive to truncation errors. When 8- -bits are used to store the
tap'eoefficients’adap;ation.stops at -45 dB MSE (Fig. VI.A.A).
Unfortunately'Kalman and Fast Kalman aigorithme are also sen-.
sitive to quantization_erros’(Fig. VI.A.7). However with 12
bit alf the algorithms gives results identical to the infinite

precision case (Fig. VI.A.8, Fig. VI.A.5.).

When there exists White Gaussian Noise of variance

0.001 the optimum solutions are as follows:

-

1

REAL TAP COEFFICIENTS, IMAGINARY TAP COEFFICIENTS.

-0.6760847034655162D-04 0.1100210877971589D-03
0.1237828851520331D-03 -0.4289525585507458D-03
-0.2284328115194653D-03 0.9683075743067766D-03
0 0.3979333926012845D-03 -0.1881271805270125D-02
-0.8345621856710175D-03 = 0.3459915822913236D-02
0.2666250343944570D-02 -0.7445888346929172D-02
-0.1473930155780100D-01 -0.4542974971599689D-02
0.9980015454804431D+00 0.1903579210794066D-01
©0.1492964232116146D-01 -0.3717364334468852D-02
-0.2168198050344665D-02 =-0.7784051660062102D-02
0.5687626865028461D-03" 0.3354211047625316D-02
-0.3427027944007074D-03 -0.1807075442822463D-02
0.2393454056153765D-03 . 0.9218687488595717D-03
-0.1644312813012852D-03 -0.3986561198781168D-03
0.1129832776907964D-03 0.9045733361495049D-04

MINIMUM ACHIEVEABLE MSE= | -
0.9980022090035484D-03 —-0.3000868497433080D 02DB

TRACE=15.0300371772758807
MIN.EIG.=0.1000799786862956D+01

MAX.EIG.=0.1003080582856481D+01
RATIO=0. 1002278973300618D+81
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Noise addition changes-only the minimum achieveable .
MSE. The step-siZe can be still set to 0 033. Then the -
stochastic gradient algorithm converges in 150 steps,»but
with a small .bias as imposed by Fig. VI.A.9. However, the Fast
Kalman algorlthm attains a MSE of -27.5 dB in 25 1terat10ns and
converges to the exact minimum MSE in 60 1terat10ns (Flg VI.
-A 10) Since the minimum MSE is about 0.001 truncation errors
~do not‘occurs_and 8 bit quantization does not chahges’tﬁe'

performance in either case (Fig. VI.A.1ll, Fig. VI.A.12).

Fig. (VI.Al)- Frequency Respoﬁse
Fig. (VI.A2)- Impulse Response

Fig. (VI.A3)- Stochastic Gradient Algorithm Infinite Precision.
“a=0.033 . :

Fig. (VI.A4)- Stochastic Gradient Algorithm No.of tap
coefficient bits = 8 a =0.033

Fig. (VI.A5)- Stochastic Gradient AigorithmbNo.of'tap
coefficient bits =12 a =0.033 : ; :

Fig. (VI.A6)- Fast Kalman Algorithm Infinite Precision .

“Fig. (VI.A7)- Fast Kalman Algorithm No.of top coefficient
~bits = 8 .
Fig. (VI.A8)- Fast Kalman Algorlthm No. of top coeff1c1ent
_ bits =12
‘Fig.-(VI.A9)- Stochastic Gradient Algorithm Infinite Precision
o = 0.033, 8%z 0.001 ;

“Fig.(VI.A10)- Fast Kalman Algorlthm Inflnlte Prec1s1on,
: §%= 0.001 . : ~

Fig,(VI.All)ﬁ'Stochastic Gradient Algorithm No.of tap
Coefficient. bits = 8, §2 = 0.001 a = 0.033

Fig.(VI.AlZ)- Fast Kalman Algorithm No.of tap coeff1c1ent
bits = 8, 6% = 0.001 :
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B. Channel B -

Channel B has a considerable amount of phase distor-
tion as seen from Fig. (VI.Bl). In the presence of white

Gaussion noise with variance 0,001 the optimum values for the

—

tap coefficients are i

REAL TAP COEFFICIENTS, IMAGINARY TAP CbEFFICIENTS.

-0.1317478670436228D~01 -0.1672873586137986D-01
0.2000786483036919D-01 0.2098693450905405D-01
-0.5451056618375947D-01 -0.2170674695771306D-01
0.1004871895560473D+00 0.3093180899305903D-02
-0.1527122724658671D+00 0.8140008836708339D-01
0.8785502168761486D-01 -0,2673254901208278D+00
0.2090951291875917D+00 0.2324757257778729D+00
-0.3950745046185402D+00 0.5686060139069349D-01
0.1408563014909430D-01 -0.1076625183795648D+00
0.2755989029344683D-02 0.2053382264988014D-01
0.8142711099165590D-03 -0.1624908884499413D-01
-0.7065435480992304D-02  0.1401531861257554D-01
©0,7294822889385953D-02 -0.1218286486892295D-01
-0.6358914165685750D-02  0.3717275318306364D~-02
0.1168063526757725D-01 0.9697935803837195D-03

MINIMUM ACHIEVEABLE MSE =

0.1500713621621325D-02 -0,2823702175455418D 024dB
NOISE VARIANCE = 0,001000000000000 :

TRACE =38.0697948062263903

 MIN.EIG. = 0.2150350359488008D-01 .
MAX.EIG. = 0,2680005184413795D-01
RATIO = 0.1246310943046460D-01
The eigénvalue ratio is still not much deviated from
unity, but the best step-size is 0.013 in this case. From =
Figs (VI:BS) and (VI.B4) it is observed that the stochastic -

gradient algorithm converges in 150 iterations while the Fast

Kalman in 30 iterations.
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Fig. (VI.B1l)- Frequehcy Responée
Fig. (VI.B2)- Impulse Response

Fig. (VI.B3)- Stochastic Gradient Algdrithm‘

Infinite Precision a = 0.013, 462 = 0.001

Fig. (VI.B4)- Fast Kalman Algorithm

Infinite Precision 6% = 0.001
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C. Channel C - .| _ -

In Figs. (VI.Cl) and (VI.C2) frequency response and
the impulse response characteristics for this considerably

distorted channels are shown.

REAL TAP CQEFFICIENng‘IMAGINARY TAP COEFFICIENTS.

0.2199748614374745D-02 0.1231212200849068D-02
-0.2737524883622233D-02 -0.4433306322675832D~-02
0.3856039656441366D~-02 0.9535145981841520D-02
-0.5231654967249663D-02 ~-0,1776794804701473D-01
~ 0.5629117711150412D-02 0.3250881944174183D-01
- 0.,4267215549428600D-02 -0.6436080017914547D-01
-0.9346233785074677D-01 0.1294253521927656D+00
0.8860198920258066D+00 ~0.1699278361537856D+00
0.1614247210021405D+00 0.,1129218184058295D+00
-0.3437735943892699D-01 -0.4165782645983911D-01
0.2026614834955622D-01 0.1884477225717751D-01
-0.1312005479000683D~01 -0,9002227644476268D-02
0.8677386395320173D-02  0.2962973186576366D-02
-0,5438287840600732D-02 0.5706406693247695D-03
0.2790101719472272D-02 -0.2147427252869720D-02

'MINIMUM ACHIEVEABLE MSE =
0.8991309193510100D~03 —0.3046177067541409D 02D8

" NOISE VARIANCE

0.001000000000000

TRACE ~ - 16.9064403146612626

MIN.EIG. = 0.1028857087672275D 01
MAX.EIG. = 0.1196035313216241D 01
RATIO =

0.1162489258758179Db 01

The eigenvalues of the input correlafion matrix are
close to unity and the minimum achieveable MSE is about -30.
dB. With the best value for the step-size (0.033) the perfor-
mance in Fig., (VI.C3) 1is ob;ained. As compared with the per-
formance of the Fast Kolman algorithm‘in Fig. (VI.C&4) the
stochastic gradient converges approximateiy’3 times slowe;\

thah_the later.

N




(VI.c1)-
(VI.C2)-

(VI.C3)-

(VI.C4)—
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Frequency Response ™

Impulse Response

Stochastic Gradieqt,Algorithm

Infinite Precision
.= 0.033, = 0.001

Fast Kalman Algorithm

Infinite Precision, §2

0.001
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D. Channel D

Channel D whose amplltude and phase dlstortlon is high

has on elgenvalue ratio of 5 49:

'REAL TAP'COﬁFFICIENTS IMAGINARY TAP COEFFICIENTS.

0.8716910619748832D-02 -0.3095490391568212D-01
0.1892773379269005D-01 0.4952672451245298D-01
-0.6341656059067754D-01" -0.5553047433243273D-01
©0.1330021119060885D+00 0.3206105275624206D-01
-0.2132112850052661D+00 0.8082070102467632D-01
0.1256434584145515Dp+00 -0.3535117867062451D+00
0.4022709231404664T+0Q0 0.2935548428124993D+00
0.2770225212435913D+00 0.1439473371295534D-01
-0.8369827414741723D-02 -0.4136821640139409D-01
0.1065130902623207D-01 0.1285909450772121D-03
-0.6724345267060802D~-02 0.2704450818632886D-02

0.1388108411615949D-02
-0.2466728074316072D-03
0.2039274308917951D-02
0.1614386369310859D-02

-0.1015641052715729D-02

-0.2994237420923816D-02
0.2121001199369898D-02
-0.9358695057731815D-03

MINIMUM ACHIEVEABLE MSE=
0.2677053713430688D-02 -0.2572342914874881D+02DB
NOISE VARIANCE=

36.5845290130643235

TRACE=

MIN.EIG.= 0.8386238770123530D+00
MAX.EIG.= 0.4605974285980999D+01
RATIO= 0.5492300436746512D+01

Although the elgenvalue ratio is high, the Fast Kalman
algorlthm converges to the minimum MSE in almost 50 iterations .
without being affected by truncation errors (Fig.(VI.D3),
Fig.(VI,D4)). The stochastic gradient algorithm is'operated
for three different step-sizes. If the step-size is taken to be
inversly proportional to the number of taps, that is 0=0,033,
then the behavior in Fig.(VI.D5) is observed. With this step-
size a considerable bias occurs. On the other hand if a is
set to 0,014 which is inversly proportional to the trace of
the input correlation matrix convergence rate decreases (Fig.
(VI.D6).



(VI.D1l)~
(VI.D2)-
(V1.D3)-
(VI.D&)-

(VI.DS)-

(VI.D6)-
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i
Frequency Response
Impulse Reéponse
Fast Kalman Algdfifhm, Infinite Précision,

Fast Kalman Algorithm, No.of top coefficient
bits = 8 :

Stochastic Gradient Algorithm, Infinite
Precision, a=0.,033.

Stochastic Gradient Algorithm, Infinite,
Precision, a=0.014.
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E. Channel E

This channel has a nearly ideal amplitude characterist-
ics and a parabolic,group delay characteristic, In Fig. (VI.E1l)
and (VI.E2) the frequency response and the impulse response

is seen.

REAL TAP COEFFICIENTS. IMAGINARY TAP COEFFICIENTS.

0.5500468471424333D-02 ~ 0.1569672447388412D-02
0.9516383624429828D-02 -0.4602266745783003D-02
-0.1576618034280010D-01 0.1072220037754939D-01
.0.2470477551565770D-01 -0.2578642792629241D-01
-0.2830437489280395D-01 0.6791875978822463D-01 -
-0.3475758521194567D~-01 -0.,1664770837478370D+00
0.3048338670102445D+00 . 0.1779206406981214D+00
0.2007265545216539Dp+00 -0.4253037313820738D-01
-0.2014545460346599D-01" -0.2028639372586198D-02
-0.7171373200642465Dp-02 . -0.2896074857690417D-02
0.2948534093497227D-02 0.3261878313721546D-02
~-0.8699856433437282D-04 -0.4072283076334833D-02
-0.4589004771896555D-03 0.3804017644342893D-02
0.2261684645152325D-02 -0.1200456415223284D-03

MINIMUM ACHIEVEABLE MSE=
-0.2790752050254169D-03 -0.3554278747527823D+02DB

NOISE VARIANCE= 0.0010000000000000
TRACE= 73.6379536567414422

MIN.EIG.= 0.4461689570635415D+01

MAX.EIG.= 0.5081751170597266D+01

RATIO= : 0.1138974617159110D+01

~ In Figs.(VI.E3) and (VI.E4) the performarnce of the
stochastic gradient algerithm with different step-sizes are
shown. In the first one the step-size o 1s chosen to be 0.033
as usual., For this value algorithm converges in approximately
300 iterations. The second experiment is with a=0.0066 which
is 0.5 1/Trace A. In this case the algorithm converges in 50
steps. Since the minimum MSE is low trurication highly affects
the algorithm and, as show in Fig. (VI.E5) adaptation stops
at-32, 5 dB MSE if 8 bits for the tap coefficients are used.
However 12 .bit quantization gives the same performance as in
the enfinite precision (Fig. (VI.E6)). The Fast Kalman algorithm
has very fast rate of convergence (approximately 50 iterations
(Fig. (VI.E7))., Effects of the truncation are shown in figures
(VI.E8) and (VI.E8).. )
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Fig. (VI.E1l)- Frequency Response
Fig. (VI.E2)- Impulse Response

Fig. (VI.E3)- Stochastic Gradlent Aigorlthm Infinite Precision
a= 0.033, §2=0. 001

Fig. (VI.E&4)-

0066, §2=0.001

Fig. (VI.E5)- S.G.A.

No.of top cgeff1c1ent bits = 8
a=0,0066, §°=0.001

Fig. (VI.E6)-
.B = 12
066, §2=0.001

Fig. (VI,E7)- Fast Kalman algorithm
Inf.Pre. é =0.001

Fig. (VI.E8)- Fast Kalman Algorithm N
No. of top coeff.bits = 8, 62;0.001

Fig. (VI.E?)- Fast Kalman Algorithm
- No.of top coefficient bits = 12, §2=0,001
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F. Channel F

, Among all the channels studied on this has the maximum
eigenvalue ratio (11.9) due to both high amplitude and phase
distortion. ' '

REAL TAP COEFFICIENTS, IMAGINARY TAP COEFFICIENTS.

-0.7695480577590565D-02 0.1327085793978889D-01
-0.6574662480936086D-02 -0.2489452416636523D-01
0.3175954240556126D~-01 0.2520084511469102D-01
-0.6526151791584818D-01 -0.7889414416471895D-02
0.1035302134629024D+00 ~-0.4004758824918638D-01
-0.1300093414700421D+00 . 0.1523622511711665D+00
-0.3032831664057979D-02 =-0.4259968937919133D+00
0.1003063076765069D+01 0.2252695766768203D+00
0.5199881029608651D~01 0.1376676126360804D+00 -
-0.1230323941831160D-01 -0.7432413784449582D-01
0.1929627404654420D-01 0.2908433035521674D-01
-0.1709467940237070D-01. -0.6319908618583793D-02
0.1013738963793820D-01 ~0.4785529849189438D-02
-0.26347695869248390D-02 0.7256976778185230D~02
-0.2105537324462474D-02 -0.3581318069921975D-02

MINIMUM ACHIEVEABLE MSE: '
'0.1527231853620983D-02 -0.2816095026398338D+02DB

NOISE VARIANCE=0.0010000000000000
TRACE=21.1058086375025565

MIN.EIG.=0.2757488863108780D+00
MAX.EIG.=0.3286875561588741D+01
RATIO0=0.1191981445714030D+02

The stochastic gradient algorithm, with the usual
value 0.033 for a convages in 150 iterations but to a biased
final MSE (VI.F3). B

If the best value of a = 0.025 for this chanmnel is
used settling time falls to 225 iterations but to the desired
MSE. As-expécted Fast Kalman reaches to -28 dB MSE in

approximately 50 iterations.
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N

" Fig. (VI.Fl)—'Frequency_Respoﬁse
Fig. (VI.FZ)-»Impulse Response

Fig. (VI.F3)-Stochastic Gradient Algorithm. Infinite Precision
o =0.033, §2 = 0.001

Fig. (VI.F4)- Stochastic Gradient Algorithm Infinite Precision
‘ J @ =0.025, 8% = 0.001

Fig.‘(VI;FS)f Fast Kalman Algorithm Infinite Precision,
' 82 = 0.001 .
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" VI.4. CONCLUSION

In this work three LMS algorithms for automatic
baseband equalizers are compared through analysis and
simulation. The tép coefficients of the TDL automatic .
equalizers are adapted to minimize the MSE during a traing
period and then kept constant in the rest of the data
transmission. The length of this training_pgriod=is4an
important factor and it is desired to be as short as
possible. Stochastic gradiént equalization algorithms,
although being very simple, may require long ﬁraining'-
sequences. On the other hand Kalman/Godard algorithm whose
start-up is faster is’ computationally complex. Fortunately,
with some modification in computaﬁion a rélatively-simple
algorithm which converges very rapidly can be obtained: Fast

Kalman Algorithm.

The algorithms have been investigated using various
statistical assumptions. However, the simulation results were .

found to be in accordance with the theoretical implications.

For all type channels the Fast Kalman algorithm gives
much better performance fhan the stochastic gradient algorithm
does. Especially for highly distorted channels this sﬁpetiority
increases since the step size in the stochastic gradient
'algorlthm’qan be no more related to the number of taps.. Thus,
the best rate of convergence of the stochastlc gradlent
algorithm can be hardly achieved in hlghly dlstorted channels.
Even in the baée where the best stepf51ze is chosen the Fast
Kalman Algorithm is still much faster than the stochastic
gradient algorithm. Consequent}y, as long as the particular
application at hand requires fast convergence and the current
technology is sufficient for implementation Fast Kalman

algorithm can be used in practical systems.
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In the simulatioﬁ it has been observed that all the
#lgorithms are sensitive to ﬁruncation errors when the minimum
achieveable MSE is too small. However, if the additive noise
of variance 0.001 exists, then the algorithms are mot affected

"by the errors arising from digital implementation.

The computer programs in the package have been developed
in such a way that they can be separately used. Although the
equalization programs have been written for QAM transmission
system it is possible to use them in other tyﬁe‘of modulation

schemes setting the imaginary components of the complex

variables to zero.

Finally, I hope that this work will be a stating
point for further studies in the field of channel equaliz-

ation.
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APPENDIX 1
 CORRELATION MATRICES

To derive morevexplicit formulas for b* and A the

following assumptions for data and noise sequences are to be

"made:

(i)

(ii)

(iii)

(iv)

Input symbols at different instants are uncorrelated,

ioéa,
E{a(n)a*(m)} = a 28(n-m)  ¥n,m

Input data and noise sequences are uncorrelated, i.e.,

§

E{a(n)w*(m)} = E{a(m)}E{w*(m)} Vn,m
Noise is zero mean, i.e.,
E{w(n)} = 0  ¥mn

Noise is white, 1i.e.,

E{w(n)w*(m)} = &2 &(a-m) ¥n,m

The correlation matrix b* consists of elements

—

b§'= E{a(n)z*(i)} itn N,...,n,...,n=-N

Then, from Eqn (II.5)

b¥ = E{a(n)| £ a(m)h(i-n) '+ w(i)|*}
° m

is obtained,Taking the expectation into the summation gives
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b§'= z E{a(n)a*(m)}h*(i—m)’+ E{a(m)w*(i)}

‘ m . : ’
The second term is .zero as a result of (ii) and (iii) Applying
(i) to the first term gives o

22 5 §(n-m)h*(i-m)

m

b¥
i

= a’ h*(i-n)
Then b* becomes

h¥*(N)
13*(0) ’ . -
h¥*(-N) '

The input correlation matrix A has elements of the

form
Ay = E{|Za(m)h¢i-m)+w(i)||Za(k)h(j-k)+w(3)|*}
m -k

By assumptions (ii) and (iii) the cross terms are zero

and it follows that

Ay, = L2 E{a(m)a* (k) }h(i-m)h*(j-k) E{w(1)w*(j)}
m k . . . .

= a2 T T S(m-)h(i-mh*(G-k) + 6286(i-j)
m k : Y

= a2 I h(E-mn*(Gom) + 826(i-3)
2 .
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APPENDIX 2 -

POSITIVE DEFINITENESS OF THE INPUT CORRELATION MATRIX A

Let u be a (2N+1) complex -valued vector which i

different thaen zero
u#0
The elements of u can be numEered as

u

» -N
L= |u
ug
Then,
u* A u = g E{x()x*(n)) v
* 2
= E {Ilﬁ (n) 3!]
Let Y(n) be ||x*(n) u|| , thus the Hermitian form is
* \2
u¥ A u = E{¥(n)"}
S
= 5= [P y(W)dw
-7
where P, (w) is the power spectrum of ¥(n)

YY

The sequence Y(n) can be expressed as a. convolution

Y(n) = z u'(i)x*(n-.i)-
i=-N -

as’
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“and this;implies that

pr(w) = Pxx(w)||u(w)||2

where

N .
z B

U(w) = u(i')e-JWi

i=-N
Since U(w) is not zero then the Hermitian form vanishes if
and‘only.if Pxx(w)’ the power spectrum of the -equalizer input

signal is identically zero. But
P () =p _llnw]|?
XX ‘T aa

where Paa(w) is the power spectrum of the input symbols.
Therefore the Hermitian form u* A u is different than zero for
u # 0, or , in other word A is positive definite unless the

channel impulse response is identically zero.
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APPENDIX 3

CONVEXITY OF THE MSE PERFORMANCE FUNCTION OF THE TAP -
COEFFICIENTS

The MSE performance function of the tap coefficients is

g%(e) = a2 - 2b%c+crae

Let ¢, and ¢, be two (2N+1) comﬁlex—valued vectors and

0<A<1l be a real scalar. Then,

lAc +(1-Ng, | =a"? -2 E*IAE + (1-Mg, I
IAc +(1- Me, [* A ]Ac +(1- X)czl
| =Alé_ - 2% *ef A gl
-2 - .
+ (1-2) Ja ® - 2 b* e, + 32 Ac,l
- A(1=-2) I_c_:l + EZI* é lil + E.zl
That is, ‘
2 2 2, -
ESde; + (1-Mgyl = A87(ey) + (1-1)E7(ey)

Since A is positive definite and 0<A<l’

g2 ey +(1-Mey | 2 A2 (eg)+ (1-0)E% (ey)

Therefore, Ez(c) is a convex function 6f the top coefficients.
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VAPPENDIX 4 | |
DERIVATION OF KALMAN/GODARD ALGORITHM (11)

Given the discrete linear Stochastic.system
x(k+1l) = &(k,k-1)x(k) + W(k) (1)
and the observation system

y(k) = M(K)x(k) + U(k) . | | (2)
Where ' L
Where;
x(k) : n-dim, state vector
®(k,k-1) : nxn state transition matrix
W(k) :<n—dim white Gaussion noise v N(0,Q(k))
y(k) : m-dim observation vector
- M(k) : mxn observafién matrix

U(k) : m-dim white Gaussion noise N N(0,s(k))
and x(0), {W(k)} , {U(k)} are assumed statistically independeht.

Then the minimum variance filter for this system consists

of the following equations

I§(k+1,£) = @(k+1,k)3(k,k) _ o | (3)

—

 between observations, and

2(k,k) = ®(k,k-1) + K(k) |y(k)-M(k)Z(k,k-1)] L (5)
P(k,k) = P(k,k-1) - K(k) M(K)B(k,k-1) - (6)
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R(k) = P(l,k=1)M*(k) |M(K)P(k,k=1M*()+s0) |75 (7).
at the observations, where

P(k) = E{|x(k) - %(k,k)|]x(k)-%(k,k)|*} = (8)"

P(k+1,k) = E{|x(k+1)-%(k+1,k) || x(k+1)-2(k+1,k) Plrx)| (9

Y(k) = {y(k),y(k-1),...,5(0)}

It is also known that as long as the system is :.:
uniformly completely controllable and uniformly completely
observable and P(0) is positive semidefinite the algorithm is

stable.

Now, in the equalization problem, assuming a stationary

environment, the vectorid.quality to be estimated Eop’ and,
Cop(K¥1) = g () - .ooan
Thus ®(k,k-1) + I and W(k). > 0. From Egn. (IV.3) and (IV.10)

eop(k)

a(k) - gzp”z(k)

‘bof,véquivalently
* R . 2"
a¥(k) = x*(k) Cop + eop(k) (z")

Since a(k) 1is known during the training.ﬁeriod, (2') can be

taken as the observation system. Then

M(k) > x*(k)
y(k) » a*(k)

- v(k) » éop(k)
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In order to appiy'the~Ka1man Filtéring to the system
described by (1') and (2°') eop(n) musk be white Gaussian
sequence. Since eop(n) is too small its can be assumed white

Gaussian. Under this assumption
2
:i(k)i+ gm1n
Therefore, using D(k) insteed of P(k) in the Kalman
fllterlng system to be consistent w1th the notation of Ch. 1v,
the filtering equatlons of the system (1' ) (2 ), corre5pondmg

to (3) (9) are

c(k+l,k) = c(k,k)

c(k+1l) = c(k) s ‘ . T (3"
D(k+1,K) = DCk,K) | (4"
C(k) = c(k-1) + K(k)|a*(k)-x*(k)e(k-1)], Y
D(k,k) = D(k,k-1) - K(K)x*(K)D(k,k-1) (Y

17t G

K(k) = D(k,k-1)x(k) | x*(K)DC, k-1)x(k) + E2_
which are the same as those in Ch.IV except that Ezmin takes .

place instead of unity in the second one.

S s T i iR B T S e D T s
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APPENDIX 5 e e

USER'S MANUAL

This simulation package has been developed in Electro-
nics Research Department of Marmara Research Institute,IOne
copy is also preserved in the Computer Center of Boéazigi
University. The programs are only»compatiblé to PDP11/45 Sys-—
tem(8¢K) and the graphics display processor Tektronix 4P1¢-1
connected to it. However, they can be adapted to any computer
system by changing a few statements and tﬁe graphing programs

in the package.

'1.Program: POLYF.FTN

Simulates a telephone channel with specifiéd degree of
impairments of seven type.

Task: Seven type of lineé; distortion are defined. The
attenuation and group delay>polypomials related to these type -
of impairments are stored in data file POLY.DAT. the prograﬁ
reads these coefficents from the data file and the cor respon-
ding degree of impairments are supplied by the user. By mul-
tiplying the coefficients with'thebspecified degrees forms
the attenuation and group delay characteristics of the channel
" and stores them in data files POLY1.DAT and POiYZ.DAI. Res-
pectively. - . . : . |

‘Data Files Used: POLY.DAT. =

Data Files“dpenéd: POLYl.DAT.;‘POLYZ.DAT,b

2. Program: DEL.FTN
Simulates a QAM transmission system. The user must

supply the following quantities: -

N= The number of decimation points in FFT
Z= The number of signalling.elements spanned.

8= The number of samples required per signalling element.
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Q2= Carrier frequency. . v
- Q4= Nyquist freqﬁency of the shaping filter (Half 'the
signalling rate) ' v

Q5='Roll-of factor.

Task: Reads the attenuation and group delay coefficients

from files POLY1.DAT. and POLY2.DAT. generates the complex

frequency respomse of the combined transmit ting filter (Raised-

cosine filter with the-SPecified roll-of factor) and the chan-
nel and takes the inverse. Fourier -transform of the frequency
response seguence using a FFT fechnique. The impulse response
samples for the quadrature and inphase éomponents are expressed
in complex notation as explainéd in chapter 1. These impulse
response samples'are'thénfrecorded into‘the,data file FFT1.DAT.
DEL.FIN also has routines to display the frequency response
and the impulse response characteristics of the transmission
system. o
' Data Files Used: POLYL.DAT,POLY2.DAT.
Data Files Opened: FFT1.DAT. I
Related_SuBroutines: GRID.FTN.

3. Program: OPT.FTN.
Finds the optimum tap coefficients and the minimum MSE

for a TDL edualizer with éiven number of taﬁs.

) Task: Reads the impulse response samplgs of the trans-

mission system from the data file 'FFT1.DAT. number of taps

and the variance of the white Gaussian ﬁqise.must'be supplied

by the user. Then, the progfémﬁféiédIates”the input correla-

tion matrix A correlation vector B..Takes the invérse of the

input correlation matrix and finds the optiﬁum tap coefficient

and the minimum MSE of fhe equalizer.
Data Files Used: FFT1.DAT
Related Subroutine: MINV,FTN.

4, Program: HELP.FTN,

Calculates the minimum and maximum eigenvalues and the
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trace of the input correlation matrix.

Task: Reads the impulse response samﬁles of the trans-
mission system from the data file FFT1.DAT. number of taps of
the TDL equalizer and the variance of the white: Gau551an noise
must be supplied by the user.

Data Files Used: FFT1.DAT.

Related Subroutines: EIGEN,FIN

5. Program: DSTOC.FTN,

Realizes and equalizer algorithm based on the stochastic
gradient method.

Task: Reads the impulse response samples of the trans-
mission system from the data file FFT1.DAT. Generates a pseudo
random binary .sequence. Encodes the binary sequé nce for four
point QAM to form the training analog signals. Convolves them
with the impulse response sequence. As each input sequence is
generated it is used to update the tap coefficients.

User must specify the number of taps. The variance of
the white Gaussian noise and the step—size...

In desired, the tap coefficient can be stored as quan-
tized. v ' |

Program also displays the MSE duriné the adaptation
process.. »

Data flles used: FFT1.DAT.

Related Subxoutlnes: GRID.FTN.

' v = . .GANOS.FTN.

6. Program: DKALMAN.FTN. . ‘

Realizeé.gn equalization algorithm based on the Kalman/
Godard method. - ’

Task: The same as DSTOCtFTN. does except that with a
different method.

User must specify the number of taps. The variance of‘
“the white gaussian noise and the initial value for the error

covariance matrix. o
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Data Files Used: FFT1.DAT. »
Related Subroutines: GRID.FTN.
GANOG.FTN.

8. Subroutine: GRID.FTN.

Scales the displaying area.

9. Subroutine: GANOS.FTN.
Generates Gaussian noise of desired length with speci-

fied mean and variance.

10. Subroutine: MINV.FIN (From scientific subrputineé package

of PDP-11 System)..

Calculates the inverse of a real matrix of -given dimen-

sion.
11. Subroutine: EIGEN.FIN. (From scientific subroutines package

of PDP-11 System).

Calculates the eigenvalues of a real symmetric matrix

of given dimension.
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. DIMENSION aczgla) B(2.18)

108

118

128

- 138

© 148

158

168

173

ir2

18
C ML

18

20

48

- ~INTEGER P
" CALL ASSIGN(3,°DK1:POLY.DAT*)
-~ CALL ASSIGN(1.”DK1:POLYL.DAT™

R G (l< J) P (?) *G (K J) o e s fvi;-‘""”r‘*-':' ““::-'»;'r%:* 4,,:,59».:. ‘o‘a-‘—:-’%’-‘;‘ B ‘— ~ Ak .’.'Tst: ,y’:',:;.—.,».‘;:i»'

"DIMENSION PC11),RECLI). XI(I!)f
-DOUBLE PRECISIDH Q B;C D.E G H

'RE LRI

CALL ASSIGN(2,”DK1:POLY2. DQT'J*'
WRITE(E., 188) - ' ‘ .
FORMATC 10X, ‘READ IN THE DEGREE OF EACH UF THE IMPRTRMENTS u1v=N’,/
D.18X,”BELOW:A.B,C.D.E.* ./
READ(6. 118) (PCI). J=1,5)
FORMAT(SI) ,
CWRITE(S,128) s : L T e
FORMAT(1@X. *ENTER 1 FOR Gl BTHERUISE a.';/) R I
READ(6.138) P(6) } L T
FORMATCI). e ,g'7vv'jf}1 SRR
URITE(E. 148) - ESREEE R £
FORMATC1BK, “ENTER 1 FOR G2, UTHERUISE a.i,/).?
READ (6. 138) P(73 e
WRITE (6. 158) , o e
FORMATC18K, “ENTER 1 FOR 63. UTHERUISE a.’,/) 2
READ (6. 1383P (8)
WRITE(G, 16@) . ‘ :

FORMAT (18X, “ENTER 1 FOR HL. DTHERUISE 8.” ,/>~~ o e R
READ(6.138) P(9) k AN R o
URITE(S., 178) : o
FORMATC18%.“ENTER 1 FOR H2, DTHERUISE 8.° ,/J

READ(S, 128) P(1B) ‘
URITE(S,172) (P(I).I=1,18) . o L
FORMAT(/.6%."A B C D E G162 G3 HI H2%,/.5%, 12, 1%, 12, 1%, 12, IX,
DI2, 1%, 12, 1% 12, 1% 12, 1%, 12, 1%, 12, 1% 12,273 i e
READ (3. 1805 ((ACL.J),J=1,18).1=1.2)

READ (3., 189) ((B(I.J).J=1,18).1=1.2)

READ (3, 188) ((C(1.J), J=1,18), 1=1.2)

READ(3. 188) ((D(1,J).JT=1,18).1=1.2)

READ(3.188) ((E(1.J),J=1,10).1=1,2)

READ (3. 180) ((G(1.J).J=1,10).1=1,6)

READ (3. 188) ((H(I. 1), J=1,18),I=1.4)

FORIMAT (5D) o
TIPLY THE COEFFICIENTS BY THE RESPECTIVE DEGREES OF IMPAIRWENT.

DO 38 J=1,18 o

DO 18 K=1.2

AL T)=P (LIHA K. D)

B(K,J) =P (248 (K. J)
LK, J) =P (3)3%C (K. D)
DK, J3 =P (4)*D (K. J)
E (K, J) =P (5)%E (K. J)
G (K, J) =P (6) %G (K.J)
H(K.J) =P (9)%H (K. J)
DO 26 K=3.4

,"

HCK. J) =P (18) %H (K. J)
G(5.J)=P(8)%G (5,
(6.3 =P (B) %G (6. J)
DO 48 J=1.16 , RERRTE I , S
RE(J)=ACL, JI4B (1L, DI4CCL I +D (1, D 4ECLL I 4G (L. I +6 (3, JI+G (5, JI+H (1,
DI H(3. I , .
I (J)=A (2,30 +B (2. J)4C (2, 1) +D(2, I +E (2, )46 (2, J) 46 (4, 1) 466, J) +H (2,
DIY+H (4, ) ‘ , At
CONTINUE : e
RE(11)=0.8 g S
XI(11)=8.8 S : SRR S
WRITECL, 198) (RECD), I=1, 11> = - : L L
WRITE(2.198) (RICI), I=1,11) ' ,

198 FORMAT(D)

—mm e M AAAT Y AT

WRITE(5,288) ((I.RECI).XIC(I)),1I=1.18)




”'“;DUUBLE PRECISTON AT, 6D. 92,a4,u5, S
DIMENSION PLOT(328) ~ : e et
DIMENSION SS(128).L0(128) ,A(128).RC(128)-X(128).PPC10BD)
- DIMENSION G8(1889).B(128Y,T(128):H(2,28),AT(11),EDC11)
~ CALL ASSIGN(1.’DK1:POLY1.DAT’). '
 CALL ASSIGN(2.’DK1:POLY2.DAT')
.y CALL ASSIGN(3.°DKI1:FFTI1.DAT") :
| PI=3.1415926535898932304626433832795628841972 : _
- WRITE(G. 1898) ,

1888 FORMAT(18X.*N=NUMBER OF TIME AND FREQUENCY SAMPLES’...10K.”Z< TUTnL‘:
\D ELEMENT DURATION OF IMPULSE RESPONSE”.7.18X,”S=NUMBER OF SAMPLES '~ -
DPER ELEMENT INTERVAL®,/, 18X.”02=CARRIER FREQUENCY’. ., 18X, Q4=NYQUI
DST FREQUENCY (HALF THE MODULATION RATE)’. /. 18X.0S=SPECTRUM SHAPIN
DG ROLL-OFF FACTOR’./) ' | o

WRITE(S. 1168)

1188 FORMAT(SX, *ATTENTION, . N2, 5= INTEGERS’,/,I?X, 02.04,05-REALS" .Y

“4”1'254?0‘31‘131 M

READ(6.1288)N. 12, IS. Q2 04.85
1288 FORMAT(3I1,3D)

WRITE(S, 1225)H,IZ 15.02,024.085 s
1225 FORMAT (77, 18X, "N=NUMBER OF TIME AND FREQUENCY SAMPLES - =", 14,7

D. 18X.*2=TOTAL ELEMENT DURATION OF IMPULSE RESPONSE=".14..18X.”5=H
DUMBER OF SAMPLES PER ELE MENT INTERVAL =’,14,7,18X,"Q2=CARRIER F
DREQUENCY , =",F7.2,7.18K."Q5=NYQUIST FREQUENCY
b - SF7.2,7.1BX,7SPECTRUM SHAPING ROLL-OFF
DACTOR . F7, 2 ///)

83=4.%Q4

Q6=04x(1.+05)

ar=04x(1,-033

C1=02+04

C2=02-34

08=0%:x34

IS=]15-2

“H=H

®5=15

2=12

M1=N .

N2=Nx2 ; -

”D lxkz : :
4=k

R PD IN ATTENUATION CDS TANTS €DB}.

READ(1, 12583 (ATCIY.I=1,11) :

- 1258 FORMAT(D)

READ IN GROUP DELAY CGEFFICIENTS (1MS).
READ(2.1258) (GD(I).I=1.,11) co '
WRITE(E. 1232)

1252 FORMAT(SX.*PRINT-0UT OF ATT.. AND GR.DELAY COEFF.1-8%.7)

"READ (G, 1254)TP

ERNPR TR S

IFCIP.EG.B)Y GO TO 45
WRITE(S, 1268)

1268 FORMAT(//, 2%, *ATTENUATION(DB) AND GROUP DELAY(MS) COEFFICIENTS” .,

DO 4 I=1.,11
4 WRITE(5.1278) [LAT(ID.GDCD)
1278 FORMAT(I.2D) -
SPECIFY FREQUENCY SAMPLES.
45 @9=03/N
DO 58 J=1.N
58 S5(J)=Q9%(J-1)




’ f,CQLCULRTE GRDJP DELQY UF CHQNNEL‘
- D06 I=1. N :

DO 18 JJ=1.18
CI=11=33 , e i

AT ' B e SR
18 L o

28

- 38

48

&0

7o

AL=AT+ED (11X KGS(I2kk(18.)

7S
76

-DO 28 J= ‘

STy e R A e

AI=GDCL) - A‘v‘_”" e
DO S J=2.18 SN
AL=AL+ED(IIKSS (I dek(I=13 o i e e ) R
AISALEDCIIASS(IIMR(ID) s oL
" NP4=N4+] ‘ R A ) Sl

PLOT(NP4)=A1 S : TP R KR

CONTINUE ' ' - : [STEETEITES SRS AU DU
CALCULATE PHARSE RESPONSE OF CHANNEL . D =N
DUM=-2.%P1/(18.%%3.)

ED (J+1) =GD(JI%DUM KT
CALCULATE AND CORRECT FOR PHQS: QT CRRRIER FREGUENCY.
GD(1)=0. S :

GD(1) GD(l) GD(J+1)*(G2*»J) -
ADJUST PHHSE RESPONSE TO UB:QIN NYQUIST TINING SQVPLES
Fi=0.

F2=9.

DO 38 J=2.11

F1=F{+GD(JI)H(Clsek(I=-13)

F2=F2+GD(J)R(C2rr(I-1))

P=(Fi-F2)7(2.xPI) . : , R ) .
IF(P.EQ.8.) GO TO 48 : . .
PABS=ABS (P ' ’ Co ;
P=PRBS/PR(PABS~ INT(PQSS))
GDC1Y=ED (1) +P#2 kP IkQR2/(2,%04)
GD(2)=6D(2)-P#2 , %P I-(2.%04)
SPECIFY SHRPING FILTER.

D0 68 I=1.H

ACI=0.

Di=02-05

D2=02+85

03=02-07

D4=02+37

TF(SS(Iy.LE.D1) R(IX=8.
IF{SS(I).BE.D2) R(IY=8.

IF((S5(I).GE.D3).AND, (8S(D).LE.D4)} R(I)=1. :
IFC(SS(I).GT.DIY.AND, (85(D).LT.D3)) R(II=1./2. (1. +5IN(PI/2,%(85(]
D3-C23-08)) S
[FC(SSCI).GT.DA (RHD, (SSCD).LT.D2Y) R(I¥=1.,2,%(1.-SIN(PI/2.k(55(I
Dy-C2)-08J) ' .
CONTINUE

SPECIFY IMPAIRMENT.

D0 €8 I=1:H

RI=AT(1) . } , S ~ , ,
AL=GD(LY , e i i
RI R1+RT(J)PSS(I)**(J-1) :

AL=A1+ED(JIHSS (1) *ex(J-1)

CONVERT DB TO GAIN AND CASCADE IMPAIRMENT AND FILTER. - T
RCI) =18, %k (~R1/28) 4R (1) , L :
NP3=N3+I , -

IF{R(IY.LE.B.B) GO TO 75 o L
PLOT(NP3)=28.%4QL0OGIB(R(I)) . ' SR ]
ca T s , : . : _ . :

PLOT(NP3) =~50. : \ B

CONTINUE



88

C”,

- 1308

14080

Sa

181

-9(1)=9(1)+91 3 ,
- IF(SS(I3,.GT.4808.) At =0
“IF(SS(D).GT. 4088.) R =8
CONTINUE SRS
PRINT OUT CHANNEL FRE“UENCY RESPDNSE
WRITE(E. 1388)

D."./)
READ(6.1408) W7

FORMAT(F) P SO PR S SR D

DO 98 K=1.N . SR e R IR
RCKI=RKIKSINCALKY) : R RS
WK =R (K)*COS CACK) )

IF(W7.EQ.8.8) GO TO. 189 S

WRITE(5. 181) _ 5 - Co =
FORMAT (/. 2X. * FREQUENCY CHZ) » MAGN I TUDE , PHASE . ATTENUATION(DBY L DELAY( -

-DMSY.7. )

168

182
163

184 |

91
92

CONTINUE
DO 162 I=1.N
NPI=N1+I
NP2=MN2+I
NP4=NH4+I
NP3=N3+I
PLOTC(I)=55(1I)"
PLOT(NP1Y=RCI) ~
PLOT(NP23=A(D)
IF(W7 EQ.B.) GO TO 1B2 ;
WRITE(S, 183)PLOTCI) . FLOTCNP1) .PLOTCHP2) . PLOT(NP3) . PLOT(NP4)
CONTINUE =
FORMAT(SF 14,83
UQITE(D;IB4)
JRIT= (3. 164

Dn'"‘l (/. deinrincekioeRoierks
CALL INITT(85%

IPL=1
GO T0(92.93,84,95,288). IPL

LIAATLS

Nun:u . - - . . : e
HHAR=48060.
3?‘38@

” estetstesteste
SRR IRE

- YMIN=8.

93.

LbY=1.
NP1=N2+1

CYMAR=2.

BY=0.2

Hei=hi+1

MP=HM1

CALL TWINDO(B.475. 498.7583
GO TD 96 '

YMIN

YMQX +5.

NP=N2
CaLL TUTNDD(SQJJIGEB 488.,758)

. GO TO %98

35

YMIN=-58.

YMAR=0. \
by=3. -
CALL TWINDO(H. 4?3,8 3581

NP1=N3+1

NP=N3

G0 T0 S6

YMIN=8.

FORMAT(18X."ENTER (1.) 'TO OBTAIN FREQUENCY R~SPUHSE UTH'RUISE (B ) ‘L 

e e



cALL TUINDucszs.iaaa 8.358)
NP1=N4+1 R I T RS Ciy Lt
. ONP=H4 Uy e SRR CRC S
95 CALL DWINDOCXMIN, XHAX, YMIN.YMAX) S ' T I R L
CALL GRID(XMIN.XMAX. DX, YMIN. YMAX. DY) TR
CALL MOVEA(SSCLIL.PLOTCHPL)Y o R
. DO 97 I=2.N o RO : R AR
97 CALL DRAWACSSC(I). P'DT(NP+I)) R e e
 IPL=IPL+1 o - e ~
GO TO 91 - ' B B T A AT i
ag CONTINUE = - SRR T T
' READ(G.1458) DR . : o e T

1458 FORMAT(F) - : o TR :
C - ADD ARBITRARY. PHASE SHIFT 0 CHRhNEL T o e L
© D0 208 1@=1,IS , SRl A T

‘¥a=10 -
DUM= (XN/2, +1.~(XA-1.) /X5) %2, *P /03
DO 118 I=1.HM
118 BCIY=ACI)-DUMK(SS(I)-02)
C CALCULATE REAL AMD IMAGINARY PARTS OF FREDUENCY RESPDN
: DO 128 J=1.H
K(IY=R(I3HSINC(B (I
128 W(IY=R(IICOS(B I
C FAST FOURIER TRANSFGRM.
IG=ALOG 1B () ZALOG1B(2,)+8,5
© P=2LKPI/RN : "
D0 168 LL=1.IG ™~
L= LL i : :
IG1=2.kx( I6-L~1)
=B,
2 :2:;4:{:[_
BO 158 I=1.L2
Di=M/IG1
D2=0. :
DO 138 K=1.1G
)
)

v

D3=IMT(D1-2
 D2=2.%(D2-D3
138 D1=D3

D4=C05(PxD2)

D3=SIN(P*D2)

D0 148 J=1,IG!

DE=U(M+IGI+1) D4~ X(MHIGL+1) DS

D7 =L (M+IG1+1)HDS+X (M+IGI+1)$D4

WCMEIG LD =W M1 -DG

. XIM+IGL+HD) =X (M+1) -D7
XML =X (ML) +D7 L e : SN
CTUCMELY W CME LY HDE o o e e A e e i
148 M=li+1 ' . <
158 M=t1+IG1
168" CONTINUE

DO 168 IN=1.H

1=1H-1 - | C

Di=1 } . , i

D2=08.

DO 178 K=1.1G

D3=INT(Dt/2.D

D2=2,%(D2~D3)+D1
178 D1=D3

1D2=Db2

TF(ID2.GE. I) 60 TU 188

+D1




L MTWNLTIR Y - L
ST+ = U(ID2+1); e
SWOID2+1y=D3.
D3RI+ [
CUR(IH) =XCID2HLY
Lo SXUID2+1) =D3
..'188 CONTINUE
-C .. CALCULATE REAL QhD IIQGINQQY PQRTS OF IMPULSE P:SPUNSE _— i
: DO 188 IN=1.H . R , S e
- I=IN-1 R - L o
U=I%2, %P 402,03
T T(I+#D =2, *U(I+1)*CDS(U)+2 KX CI+HLIRSINCUYD
198 BCI+1) =2, %J(I+1) G IN(U) -2, %X (I+1)%COS(U)
c INTERLEAVE IMPULSE RESPONSE SAMPLES. - = = . Coe , T
: - JS=ISHN-1S+IQ _ BT R R T D
DD 2688 I=IQ.J5.1S . R B
LIK=CI-1Q+IS) /IS
PPCI)=TCIK) ' B o . S
EOCII=BCIK) . . S L : = e e
288 CONTINUE ) L o - - e el T .
‘ I11=XS/2. #XN+X5- XZ«YS
[2=%X5/2 . kXN+HS+XZKXS
CALL INITT(958)
XMIN=-7. : S .
- HMAX=+7, : L A S -
. Dot X S . ;
©OYMIN=-1.
YMAR=+L,
DY=0.2 :
CALL TWINDO(158.16692.58.783)
CALL DLINDOCXMIN. ¥MAK, YMIN. YMARD o
CALL GRID(KMIN. RMAK, DX, YMIN. Y A%, DY) - SN
IR=0 ’
®2=15x2
ID=K5 /2, #MN+K5
DO 218 I=11,12
®1=1-1D-
MK 1=11/12
- WL1=PP(I+1) /PP (ID+1)
IFCIR.LT. 1) caLL Hav:a(”Vi ML)
IR=2
CALL DRAWA G L, ¥L1)
¢ 218 CONTINUE
IR=0
DD 220 I=I1.12
®1=1-1D
K 1=%1/X2
RM1=00CI+1) /PP (ID+1}
IFCIR.LT. 1) CALL MOVERCHKL XML).
IR=2
, CALL PDINTR(VVI VMI) : Ca e o RIS AR
- 228 CDNTINUE - ,;-;_“w- PPN .:,_;.._»,A:;.g.;.,.‘:;,::-i-?._,, “4-"7"»:-—‘ Syt I_,.V,,_,;.,V_» v T;v,f,__-~ S g e e
READ (6. 1458) DR ' U ' : : : :
WRITE(E. 1588 ' o
1580 FORMAT(18%. D0 YOU WANT A PPINI»UJT OF IMPULSE RESPDNSE snMPLEs SE
D/.18%.*ENTER (1.) OR (8. ) ’;/)
READ(G. 1498) L3

C PRINT OUT OF IMPULSE R:SPDHS
230 DO 2508 I=I1.12
Xi=I-1D
C XK I=K1ARE

®Ll= PP (I+1) #PPCID+1)
XMi=RQ (I+1) /PP C(ID+L) -



OO0 OMm0

258

268

1668

1768

“1890

278

1988

[ B N 3N | N

| TTIF(MB E0.6.) 60 T0 248
URITE(S. 1708) RKLSLLXML L
©248 IF CINTCXK1) .NE.XK1) GO TO 258 L

K1PB=XK1+8,
HC1.K1P8Y =XL1
H(2.K1P8) =Xl o
CONTINUE o e
DO 268 J=16.28 L

HC1, 3 =8,
H(2,J)=0.
WRITE(S, 1668)

FORMAT (18X, " THE CDVPLE IMPULS: RESPDNSE SAMPLES ARE’. /;lﬁn; "

DX, *REAL”, 13X, * IMAGINARY” .
FORMAT(5X. 3F14.8)
WRITE (3, 1888) (C(HC(L, 3. =1, 28).1=1.2)
FORMAT(5D)

DO 278 J=1.20
WRITE (5, 1988) J.H(1. 3D, H(2. 1)
FORMAT( 10X, 15,20)
END FILE 1
END FILE 2
END FILE 3
CALL FINITT(E.767)
CaLL EWIT
EHD

X ALCULATES THE CQPTIMUM TAP COEFFICIENTS x
* QNJ THE MINIMUM MEAN- SDUQEE EPROR FDR 3
® Al RDQPTI ‘E TDL EQUALIZER. K
K ODULATION: 0AM K
w %
3K SURRIUTINES USED:MINV B3
K #
K HOTE :DIMENSION STATEMENTS IS TO BE CHANGED *
W ACCORDING TD THE DI{MEh STDN OF THE PROSBLEM. %

’ Fﬁ’ﬂ”K”**’K?f’?‘Ckmt{fk HCRASHRAHGIIICIHOIIHOKACICIIRRION xom'ﬂm*mwxxw»c»v

IMPLICIT DOUSLE PRECISION (A-H)J (0-2) o
DIMENSION R(15,15),XI(15.15),H(2.15).A(30.38Y,B(2, 153
DIMENSION C(2,153,Y(2.38),AMINL(38), AMIN2(38)

CALL ASSIGH(L,’DKLI:FFTL.DAT”. 12, IER)

tv‘—‘f‘ .

FIn=g.

READ (L, 13 ((HCI J).J= 1,20). 1=1,2)

FORMAT(SD)

WRITE (5.2)

FORMAT (183, “NOISE WARIGNCE)

READ(5.3)8IGMA :

FORIAT (F)

WRITE (6. 4)SIGHA
FORFAT(16%, "HDISE VARIANCE=".F)

.24 7




QOO o

[AN]

Lo I I S I T

C) 4 ) 1en

17
18

CI1=14MAXB(I.I)
C12=MHMINGCIL )
DD 5 N=I1,I2

YO S JT1s0d

R(I.JY=R(I. JI+H(1. N~I)W (I N=I)4+H(2.N-ID)KH(2,N-J)
KICL. I3 =K1, JJ*%(l M- I)AH( AN=I3-H(Z2,H-T)=H (1, N-J)
CONTINUE .

D0 &6 I=1.M

R(I.I)=R(I,I)+5IGMA

b0 7 I=1.208

FIR=FIR+R(I. D)

WRITE (6. 18)
WRITE(G.BYFIR

FORMAT (5K, TRACE=".F. /)

- INVERT MATRIX R

o

2=

z

o

2=

2 :

( =RCL,J)

¢ 1CILI)

' ®ICL. 0D

fr 12, DU, AHIN L. AMIND
LJZMD
MITTLT -Q!Z?!l,JE)
PN
SR LD
CALCULATE  ORTIMUM TRP COSFFICIZNTS.
a7 COSFF ICIENTS. IMAGINARY TAP COEFFICIENTS.”, -

DO 14 I=1,H
D0 13 J=1.H : ' ' —
Lt 1) =R T, VB L JI =KL CLa IVABA20 DIHCCLaD) o o i
C(2, D) =-R(1. D#B(2, D-KI (L J)#B (1. D) +C(2, I :
CG {TT l -
WRITE (5. 15) CC1.1.C(2, 1)
CD Tll{l._ .
Eﬂw?".ﬁ_’"" 297

CALCULATE MINIMUM MSE,

WRITE(6.18)

D0 16 I=1.M

E1=E1-B(1, ID*C(1, D4+BC2, I %C(2, I)
El=1,+E1

E2=1R,%DLOGIB(EL)

LRITE(E, 17) EL.E2

"FORMAT(EX, "MINIMUM ACHIEVERBLE MSE="./.D., 5X.D."DB*)

FORMAT(S¥., ’M%KWKAAK****k****************R+***¥w**x*g****g*’)




OoOOOOOO0OO0O0O0O0000

(73]

Lap I &N

* MATRIX. P R i o !
* FINDS THE RATIO OF THE MAXIMUM EIGENVALUE

* TO THE MINIMUM EIGENVALUE.

b3 :

x MODULATION:GAM

b 4

* SUBROUTINES USED:EIGEN

*x

X NOTE:DIMENSION STATEMENTS IS TO BE CHANGED

K ACCORDING TO THE DIMENSION OF THE PROBLEM.

X
SOKAOIHOICICICRAAOIACK R AR ACKHCIOKASCIORAICK IO IOICKR K AOKKIKKIICIACKNO

IMPLICIT DOUBLE PRECISION (R-H).(0-2)
DIMENSION R(15,15).XI(15,15).H(2.15).A(38.38)
DIMENSION SOR(38.38).EIG(485)

CALL QSSIGH(I, DK1:FFT1.DAT”,12. IER)

M=15

FIR=8.

WRITE(5. 1)

FORMAT(18X."NJISE VARIRNCE=")

READ(S5.2)5IGMA

FORMART (F)
UQ":Lb SIS IENMA

3T 20 58

e o

3L H T HHC L N-I) $1(20 801 4 (2, H-0)
HHOL H=T) R (2, H=J) -H (2, N= D #H 1L H=0)

Jarl=Jx2-1
ACI2ML, J2H1) =R(I.J)
RCI2ML. J2)=XI(I.T)
REI2.J2H) =-KI(1,J3
R(I2,J2)=R(I.,J)
D318 I=1.15

BO18 3=1,15
SOR(I,JI=R(I.J)
SORCI,J+15)=XI(I. I}
SOR(I+15.J)==-Ki{I.J)
SOR(I+15,J+153=R(I.J3

CONTINUE

K=Ix(I-1)72
EIG(K+J)=S0R(J. D
CONTINUE

. -uw o



s

16
17

oOOOo00O000O0n OO0o000n00nn

% I N N N

. EMAX=DMAX1 (EMAR.
DO 13 I=1.465
IF(EIGCI).LT.O. Baal)EIG(I) 108,

DO 14 I=1.465

- READ(5.2YN,ALPHAR "

COMTINUE
EMIN=EIG(1)

EMIN=DMINI (EMIN. EIG(I))

WRITE(E.17)

WRITE (6. 15)EMIN, EMAX

FORMAT (18X, “MIN.EIG.=".D. ., 18X, "MAX.EIG.="5D)
RATIO=EMAX/EMIN

WRITE (5, 16)RATIO

FORMAT (18, *RATIO=".D) °

FORMAT ¢ 18X, * seiokoicloioiolokioloiolk” )

END FILE 1

CALL EXIT

END AU ;- SN e

STOCHASTIC GRQDIENT ALGORITHM
CALCULATES THE TAP COEFFICIENTS AND THE
MINIMUM MEAN-SQUARE-ERROR OF AN RDAPTIVE EQUALIZER.

PULSE SAMPLES ARE FROM DATA FILE FFTL.DAT
NOISE:WHITE GAUSSIAN WITH ZERO-MEAN

MODULATION: OAM
INPUTS: )

M:NO OF TAPS x
* H: IPULSE RESEONSE SAIPLES *
2 ALPHA:STEP-S1Z o
" SIGMAINOISE VAR TANCE ¢
* OUTPUTS: 5
x C:TAP COSFFICIENTS *

AR HHCIIOICIICIICIORNOR Hotoieieiiciololoisinkeioiloioioriaioksioiolorsieicicioioioioriciaioioks '<‘1u1"<“’
DIMENSION. H(2,28),%(2,28),C(2:28),J(18).D(2,28). YP(1288).DD(2
DIMENSTON G(2.4),CUR(688)

DOUSLE PRECISION H

CALL ASSIGN(3.’DK1:FFTL,DAT?) - |

DATA 7/1.8.1,8.1,8,1.8,1.8,1,0.1.8,1.8.1,8/

DATA G/3.-1.-1.-3,1,3,-3, 1/

WRITE (5. 1) R
FORMAT(18X, "D OF TAPS,ALPHA= 2*,) o

FORMATCI.F) .

WRITE(6.3)N.ALPHA ; . -
FORMAT(18X.” N0 OF TAPS=",I2, /,IBX, ALPHR=".F18.4./)
WRITE(S.4) : :
FORMAT(10K. "AVE LIM. .

READ(5.5)LIM -

FORMATC(IY -

WRITE(S.3D)

READ (5. 21)SEED.SIEMA

LRITE(5.32)51GMA

SIGHMA=SART(SIGMAD

WRITE(5.6) .
'FORMAT(18%. D0 YOU INCLUDE QUANTIZATION ERRORS?*)

WRITE(S.7)
FORMAT(18X. "YES=1 ND=8f)A“

- READ(5. ) I8

~EArVATETY




L MeINT(BLAN-1.0/2.)

. GAUSSIAN NOISE GENERATION

U GURC1=SEED. ‘° &
'CALL GANOS(GUR. 688, 8. SIGHMA)

14

[or I o 1N o TN

(o]

OO0

CICICY =

CUNTINUE

READ(3.13) ((HCI.L).L=1. 28) i=1.2)

" FORMAT(5D)

BNNI=2dNT S
IMPULSE RESPONSE

b0 14 I=1.N
XL, 1y=08. -
X(2,1)=8.
C(i.0)=6.
£(2.13=8.

D(1.1)=0.

D(2.1)=8.

CONTINUE

P=8.

L=8

JK=8 ,

CALL INITT(S5G)

YMIN=-63.

YMAX=8.,

XMIN=8,

RMAK=688.

DX=58,

DY=5. : ‘

CALL TWINDD(B8.588.8.758)

CALL DLINDO(XMIM. XMAX, YMIN. YMAX)
CALL GRID(KMIN.XMAK. DX, YMIN. YMAX. DY)

MAIM LOOP

DG 1888 K=1.688

PRBS GCH:PQTIDH

Do 16 I=

J(iz=t

IFCCI(BY+I(10)) .NE. 1IJ (1) =8

Do 15 IT=1.9 ‘ -
IT7=10-1IT -
JOITTF=J(ITT)

CONTINUE

PDCI)=J(15 N
IN#=DD(2)+DD (1) %2 +1
D(1.1)=G(1, INX) /3.

D(2. 13=G(2. INX) /3.

XK(1,1)=8.

CONVOLUTION

D0 17 I=1.28

81, 1) =X 01, 1YHHOL, IIRDCL, D =H(2. I)*DfZ,I)”

®(2. D k(2 1D+H(L, I)*D(2,1)+H(2,I)*D(1 D
NOISE QDDITIUN .
K1 1) =X01. 13+ (GUR(K) ~1.41421336)

®(2,11=X(2,13+(GUR(KI~1.41421356) . -
IF(KLT.MGI-TO 22

- Y1=8.

Y¥2=8.
QUTPUT -

D0 2B I=L.N-

IE(I0.EQR.BYG0 TO 18

RCZaINEBas e it




aonOnon

OO
"4

NN
n

A%}
Jl

)
< O
2
(a8}

NN
o N

[SSRENIANS |
N - 15 \D

e

D p2=C2. I e L

D1, I§3+1) J(‘

" CALL DRAWA (KPR, YPCIY)
CONTINUE

AL1=INT(C(1, I)*BNN1+8.5) 7/BNN1"
AZ=INT(C(2,I)#BNN1+B0,5) 7BNN1
GO TO 19

A1=C(1.1)

CONTINUE
Y1=Y1I4+A XX (L, II+A2%X(2, )
Y2=Y2+A1XRX(2, [ -A2%X(1. 1)

" ERROR
E1=D(1.M)y-Y1

E2=D(2,M-Y2 - S
P=P+E IKE [+E2%E2 L
E1=E 1%ALPHA o b
E2=E2:+ALPHA '

EQUALIZATION
DO 21 I=1.H |
CCiaI)=CCL, IYFEISRCL. I +E2%X(2, 1) |
CC2. [3=CC2. [I+EL1RK (2, [I~E2%KK( 1. 13

g4 FTIHG

(el

D0 23 IS=1.N
I158=N+1-15

» /(1 55+1)=X(1.1IS5)

(-;¢SS+1) ®(2,158)
CU%‘IHUE -
D0 24 i5=1.H
I53=H+i~1IS5

155) »
D(2.1S5+13=D(2. 135}
IFCKLLT, n)LJ T 25

IFCLLLT.LIMGED TO 26

<

i~ ™ 0y =

IR R st s e NSRS
13_“_1 Il ﬁ "t/- 3
1

INUE

CQ’L MOVER(B..YP(L1))
D0 27 1I=1,3K :
AP=CI-1)1IM

WRITE (6.28) , - e
FORMAT (48X, " TAP COEFFICIENTS’.”) S -
WRITE(6.293(CC1,.1).EC(2. 1), 1=1.N) )
FORMAT(49X.F12.8.18X.F12.8. /)

FORMAT (184, " SEED.HOISE YRRIQNCE” ) ;
FORMAT(ZF) jj .
FORMAT( 18X *NOISE VARIANCE=",F) o
LQ!L FINITT .767)

END
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FERXXXXXEXX XX XX XXX KRR XXX XY

ag

F'U!DF?C’C’C’U

°“fCQLCULHTES THE TAP ‘COEFFICIENTS
_"AND THE MINIMIUM MEAN-SQUARE-
'ERROR FOR AN ADAPTIVE EQUALIZER.

MODULATION: DAM

 IMPULSE RESPONSE SAMPLES ARE
FROM DATA FILE FFT1.DAT.

INPUTS

H: IMPULSE RESPUN:E SPMPLES
M:NO. DOF TAPS

SIGMA:NOISE YARIANCE
- ALPHA:ESTIMATED MSE

QUTPUTS: :
C:TAP CU:FFICICNTa

=

F

LR Ra

F F TAPS=",12.. 18X, "ALPHAR=".F18.4. 7
L .

F = Lit”

R . ‘

FORMAT(IY . - : : -

- WRITE(5.37)

READ (5.32)SEEL. SIGMA
WRITE(5.39)516MA
SIGMY=SDRT(SIEHA)

",~K9LH9N/GUDQRD RLGURITHM '—*‘fli‘"'

*
Lk
*
X
*
k.3
- 4
X
*x
*
kK
B 3
K
x
%
sk
X
k3
*.
b 4
s
x

soiciokicksioiakeok: <m ieloielortok H’a”M&HW&kax{&K‘AW akw»k
,YP(1280),

NOISE:WHITE GQUSSIQN'UfTH ZERD-MEAN -

IVENS:DH H(2.28),%(2,283.C(2.28).,J(18).D(2.2

IMENSION G(2. 4);GUD(599) N

IMENSION GAINC2.28).T7(2.28).VAR1(26.28).VARRZ2(28,23)
OUBLE PR ECISIUN H :

ALL ASSIGH(3.“DKI:FFTL1.DAT” o

ATA 5/1;@ 1.6,1.8,1.8,1.,8.1.0.1.8.1,8.1.8~

AT Gr3.-ta-1.-3. 1, 3;".5; 17

RITE(

REQD(H B)IG-

FORMAT( 13" ~.¢:_ﬁT@ewwﬂf7f“¢’v&-faw-nm-u~Uﬁ
TIF(10.EQ.8)G0 TO 12
CWRITE(S.3)

FORMAT(18%. N0 OF TAP BITS"
RERD(5, 18)N1

FORMATC(I?

WRITE(S. L1IHIL .
FORMAT (18X, " HNO. OF‘TGP 8175=",12)

.

ENERATION

GUR(1)=5EED

CALL GANOS(GUR.688.0..5IGMA)

READ (3,133 (CHC(I. Ly, L 1.283.1=1,2)
FORMATISDY

LIt ¢ ™Mbt




LN L2 e

T CL2. 13 =8,

oD D) =@,

DL n =0,
oCONTINUE .

o

NsXaTeN

OOl

OO0 n

o0

T, D=8,

DD 15 I= 1 N
T, D=8, e e T e e - ' g
TC2.0=8, e T I 3
GRINCL D=6, ' : ' G T
CGRIN(2,I3=0. -
CCONTIHUE - . o
"DO 16 I=1.M
DO 16 JI=1.N

CVARI (L. =@,
VAR2(1,JJI)=8. _
VARICILI3=1,/RLPHR ~ 0o e R
P=B. - i R R RO ’

CALL IMITT(S58) - - oMo -

YMIN=-68. b DN

VMﬁx=@.'

MHIN=E.
4(_v_5n

DX=50.

DY=5. e T

CRLL TWINDO(G.588.8.758) -

- CALL' DWINDO CAINL SMAK, YMIN. YHAX R
ChLL GRIDCRMIN. ; V“V,)%,HH‘.,Y'HA,DY) ,/

h:\l:H |ﬁ . - ) . "._ .: L ) : /
p0°1083 K=1.533 . . R

[
{

' IF((J(G)*J(1@V) H LDJCH=a ;
D0 18 IT=1,9° SR
- ITT=16-10T S R
:J(ITT+1J—1(ITTJ e 2
~ CONTINUE - ) e A
DD(Ix=JC1) :
[LHH—DD(°)+DD(I)4°+I
o DCLa1)=G(1.INX) /3.
D2, 1) G(2 INX)/B
TR, D=8, Ll
. V(Z; 1) 8 “'-—:w_‘,'_,.w—f:! ‘ E

DL DL DR D@ D
PO TD 2, D2, DADCL D

= .

NOISE ADDITICN -~ ° f~;.k‘.“/* R A N PO

| MOL D) =01, 13H(BUR(K) /1.41421356)
K2, 1)-A . D)F(GUR(K) /1, 41421356) &

IF (K., LT.MGO T025 - ‘ S
-Y1=8,
Y2=0.

. OUTPUT




oao0

24

' CONTINUE L
L YL=YIHALRACLL D) HAZRK(2, I
V2=2+A1HRK(2. 1) -AZAKCLT)

"

~ERRDR ,f}_:ﬂ/ B ’»’i.“_ g

CUEL=D(LLM-YL IR
E2=D(2MD=¥2 o e T

P P+E I*E 1+EZJ<:2

EQUQLLZnTIun

DO 24 I=1.N
T, D=6,
T(2,1)=6.

‘DD 24 JI=1,N- 0 :
TC1, D=T(1. D+VARL( L IIARCLL JJ)—VQRZ(I JJ)*X(2 JJ)"

- T(2,1)=TL2. I)+VQR1(I JJ)*X(Z JJ)+VRR2(I JJ)*X(I JJ
. S1=0..

52=8.
DO 25 I=1.M-

S1=G1+K( L. DIRT (L. I3 +KC2, T T2, 1)

S2= S2T&(1 I)«T\Q,I)-X(Z,I)*Tll D

©.81=1,45

SNy
-~

CTNEOOO N
FRER 5

0

Bom—31151+59459
S1=51/BOM
52=-52/B0M

. b0 26 I=i.H

GAIN (L, 1) =TC(1. D#51-T(2, 152

- BRINC2. 1) TLI,I)A32+T(2 I[yw51 ™
B0 27 I=1.N
" D027 JI=1.H

SS1=GAINCL, IYRT(1,J J>Tcgzﬂc2Q1)*n(24JJ)"‘]f
Sa”—u1LH(2,I)sT(I,JJ) SEAINCL, DAT(2, T -
R1(I.JI) =VARL(I.JII-651 .

‘;QDE I,JJy=Var2(I. JJ)-SSZ_

D0 28 I=1.H - R
CCLL13=CCLs I)*CHIH(I I)z IHGRINC2, TI*E2

CC(2, 13=CC2 I)+CQIN(2,I)!hI—GRIH(l;I)*EQ

 SHIFTING

D0 38 IS=1.N -
195=N+1-15

©X(1,185+1)= %61, 155)

38

31

* CONTIUE

++DO -3 -IS=13N

- 188=N+1-1S |

DL ISSH=DCLISS)
D(2,ISSH+DI=D(R,IS8) {7 - et
CIFCK.LT.MDEO TO 32 . = o -

(2. 155+1) =X(2, ISS) A

IFCL.LT.LIMGO TU 33 -
JK=JK+1 '

LoWL=L

32
33"

. 10988

YP(JIK)=18. KQLUGIB(P/XL)

CP1=YP(JK)

P=8.

o L=8:

L=L+1
CONTINUE- »
CALL MUV’H(B.,YPCIJ)

DD 34 T:1.JK

L XP=(I-DRLIM

et t e 2a em ok Em s & e aT




T

S OOO0O00OO000N0NO0NO000NO00000

£S5 B U I TR N

L bIRE

S”‘M? SQPT(SIGMQ) ey i

5 k= WS AWE N AW

. FORMAT( 18X, * SEED, NOISE VARIANCE” 3

o FORMAT(2F) T '
FORMAT(18%. *NOISE VQQIQNCE- B VN B
CALL FINITT(@. ?57);f,\v e N T S
‘ EhD R o

WWMWWMKWWMWM

RS FAST VR'MRN ALGORITHM - K

® CALCILATES THE TRP COEFFICIENTS AND X

£ MEAN-SQUARE~ERROR FOR QN RDQPTIV’ %

* EGUQLIZ:P : 3

kS 'HDISE UHITE GQUSSIQN UITH 7ER0 M’QN ook |

* sk §
Sk IMPULSE RESPONSE QPNPLES QRE FRD% DATA * IR O
* : FILE FFTL.DAT X ’ \

S K : - * T
* , VDDULQTION QQM C X A
* ' * \
* I!PUla K \

K "H:IMPULSE RcSPDHSE SAMPL.ES Lk \

S M:ND.DF TRPS K -

" SIGMA:MDISE VARIANCE -« - %

* © ALPHR:ESTIMATED IMSE *

K . o x

® - QUTPUTS . *

% C:TAP COEZFFICIENTS K

e e I e S S P S e R e e S e S e e e e !
DIMERSICH H(2,_3}¢K(_,*8) C(2.20).,J¢ 18),3(2,c8) YP(1283).0D(2)

DIMZH3IOH GC2.442,5UR{ERA)
ERIM(2.202,.F(2,28) . D(_,_B) ’-EB)JHGLD(E,EG)

Sim e ol

Dau cisiaNH o -

CALL G33IGH(3. TKIFFTEDAT'Y. .

DATA 0 1.0, 1,0, 1.8, 1.8,1,0, 1,9, 1,8, 1.8/ /
‘0aTA Li=1.-3.1.3.-3. 1/ - :
WRITE( B A .
FORAT (10, HD OF TAPS.ALPHA=?", )

READ (5.2} M. ALPH s |

i
!
&
i
!.

FORMATCLLFY - ce

LRITE(S.3IH.ALPHA, f g '
FORIAT(18%. "HO OF THPS=f,12,/;15X,’RLPHQ‘ ,F’ 4,/)

E(5.4) R L : ,
FORMAT CLBM, "AVE LIM. 7.7
READ(SLEILIM o
FORMATCIS.

LRITE(S.38) - 0.

READ (5. 48) SEED.SIGHA

WRITE(G,41)61IGMA

| FORMAT(10%. 700 f&ﬁ“- CLUDE DURNTIZRTIGK { ERRORS?>

LRITE(S.?: e >t —
pUPHQT(L@V *vEG=1 NO=8" ) I o "

- ‘k\_[:‘g.)v(s, u) ID ]

ORHATCIY .
IFCIQ.EQ,BIGO TO 12

YRITE(S.8) e ‘
FORMAT(10%. " HO GF TAP .BITS?”)

- FORMAT(D)

!
| : |
READ (5. 183 N1 T f | _}
WRITE (6. 11INL - !

FORMAT (18X, "NO. oF TRD BITS‘ ,12)
CONTINUE .
M= INT(B +CH-= 1 )/2 )
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15

o000

o0o0o

16

B Y4 S

00

. BNN1=2#0N1"
~ DO .14 I=1. N

%(1,13=8.
X(2, 1) =0.

LT, D=8,
€2, 1) =8.

D{L. 1= @;;~-
(—Jh N
con*-v':
D0 15 I=1.H
F(i.1)=0.
F(2,1)=08.
GATNCL. 1) =6,
GAINC2: 1) =0.
BC1.1)=0.
B(2.1)=0.
GEX(1.1)=8.,
GEX(2.1)=8.

®OLDC1.1)=8.

®OLD(2,[)=8.
RES{=ALPHA .
RES2=8.

P=@.

'L?B

LT “JS’” rﬁﬁ:@;faq), .
(I BTN KM, YT YMAKD
U(thﬂ‘ﬁ”v Yy

\,uT_W,:‘1W

D0 1885 K=1,609

' ;Péss GE~EPR1YDH

D0 17 i=1. 7 :
J(l) 1

‘ ((J(b)+J(18)J NE. l)J(l) B
'DU 16 1T=1.9

TT=16-1T

JCITT+D = 3T
- CONTINUE ‘

DDCIY=J01)

S INX=DD (25 sDICL R ET
BCLL1)=6 (1, INK) 73

D(2. 1)=G(2, INX) /3.

K1, 1)=8,

X(2,13=0

CDH?OLUTIOH:»'

. DO i8 I=1.28
KO1 1) =R, 14H0L. DD L 1) -H2, D*D (2, 1)
K(2,1)=X(2, 13+H{L, 1IND (2, D+H2, DD, 1D

NDLSE ADDI rTIoN .

LOo0Oe

, X(I 1)s X(i 1)+(GUR(V)/1 41421356)
K2, 1) =K(2 1)+(CUR(Y)/1 41421356)
“FORL=X(1. 1) : o




23

A%
e

OOo

 'aquT17aTI0n cr 0P anu"s

e A L= R a2 ) |

u97‘F(1 D =F (1, f)+GQIN(1 I)*FUR1+GHIH(2,I)$FDR2
CF2. D F(2,I)+GRIN(2,I)*FOR1 GRIN(I I)AEDRZ
‘PFOR1= 1.

PFOR2=B.

S D0 21 I=1.N En s
PEOR1=PEORI-GAINC L. DRXOLDCL. D ~G8INC2, DROLD (2, 1)

PFOR2=FFOR2-GAIN(L. I)mXU'th»13+rﬂlﬂ(_a-)mv3'3(l I
DUM!=PFORL R , ,

DUM2=PFOR2 .

PFOR! DUML*”DR‘-DUV’ArUQ2

" PFORZ2= QUMlArDP2+DUH24F0R1 SRR ‘ -
RES1=RES14PFORIKFORI+PFORZHFORZ - BN . T
© RES2=RES2+PFOR2XKFOR1- PrOQIkFUPQ SR

St RtSIAQESI+P:Sa*QESD
S51=RES1v/51

- §52=-REe52-51

GEX(L, 1) PFOPI*SSI—DrDPZ$SSZ

GEX(2. 1) PFUR11352*PrGP2 SS;

b0 22 I=2.H+1

GEX(1., I)=GAINCL. I-1) F(l I~ IJKCEAfl D+F(2, 1- 1)*@:?(2 1

G”V(E [)=GAIN(2, I-1)~ F(l I- IJ*GEX(Z DI=F (2, I-1)%GEX(L, 1D

BAC =XOLD (1, 1)
BAC2=HGLDC 2.4

DG 23 I=1.Y

A0 L=EACI-B 0L, IIEM(L, I2-B(2, 1)4(2, 1)

T -

BAC2=84C2-B (1. [1K(2, D+B(2, 1IwX(L. )
Wisl -BEXULLHEIINBACT-EEX(2, N+1)HERE2

V2=-GEX (2, H1)x

mﬂbZL::V(1;H+IJ*BQCQ

S 1A ANV

LTI S
Vi=W'1 A
V2EV2 AN
D0 24 I=1.H

B(i IY=B(l.] ;1S"Kf‘,'7“" 3’*’"”'" I32RC2
) I ! N
B2, 11232, IYLEEK(2, T34BA0 L~ P'\&I;;) <BRC2

' Ul—ﬂ(lai;’”l~ ih-')«“’

301 [ 4B (1, DAEEX(LL HE1ZB(2 I**CE%fc,h+ )
ER(2. 1) #B (L, DIGEX (2. 1#1) 48 (2, DAGERC L N+ D)

mm—

QUTPUT -

DD 28 I=LN

IF(I0.EQ. B)GU To 26

.l-._‘-«“<‘~;—.ls el 1T

;"Ql IHT{C(l I)KBNH1+8 5)/BHNT -
_A2= TH)(C(Z I)#BNN1+@ 53 /BHNL

G0 TO 2
fAt= P(lg;)
A2=C(z. D)

-CONTIRUE -

Y=Y i+A DRX .;.)+A2$V(_,-)

- Y9—”2*Q1k ( ,1) A% D)

ERROR I

CELsDCLMYL
E2=D(2.-Y2 - L = o
P=PHELMEI4ERHEZ o




31

32

1=~ (]
jov i
s3]

& H

36
14

38

339:
49

41

;{QsauﬁszarrcH
'fnn 29 I=1.N

CCL, Iy=CCt. I)+EI*PQIN(1 I)+:2*GQIN( fj'

CoLEn C(2,I)*EIIGQIH(2,I) EZ&GQ'N(l,I)
CSHIFTI HG

-DO 38 I=1;N

COLD L, 1) =X, I)
KOLD (2.1 =%(2. I)
DO 32 15=1.H
185=H+1-15

C XL, ISS+1) =K1, I85)
- R{2, IS5+1) =X(2, I55)
- COHTINUE

DO 33 IS=1.H

I33=H+1-18

DL, I85+1)=D(1. ISS)
D(2,IS5+1)=D(2,I55)
CONTINUE
AIFC(L.LT.LIMED TO 35 .
JK=JK+!

sL=L

YR (IKY =10, =AL0S 1B (P XL)

P 1=YP(JK)

P=g.

CaLL MOvzA(8:.YPLLY)
DO 36 I=1,JK '
AP=CI~-1)aL it
CALL DRAWR(XP.YP(I))
CONTINUE :
WRITE(6.37)

 FORMAT (48X, “ TAP DUEFFICIENTS’

WRITE(6.38) (C(1,1).CC2. 1), I=1, N)
RMAT (43X, F 12,8, 18X.F12.8, /)
STCL0X, *CEEDLHOISE VARIANCE®)
FORMAT(2F) L
FORMAT( 18, *NOISE VARIANCE=",F
CALL FINITT(B.767)

EMD

0
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