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ABSTRACT

GENERALIZED TENSOR FACTORIZATION

This thesis proposes a unified probabilistic framework for modelling multiway
data. Our approach establishes a novel link between probabilistic graphical models and
tensor factorization, that allows us to design arbitrary factorization models utilizing
major class of the cost functions while retaining simplicity. Using an expectation-
maximization (EM) optimization for maximizing the likelihood (ML) and maximizing
the posterior (MAP) of the exponential dispersions models (EDM), we obtain gener-
alized iterative update equations for beta divergence with Euclidean (EU), Kullback-
Leibler (KL), and Itakura-Saito (IS) costs as special cases. We then cast the update
equations into multiplicative update rules (MUR) and alternating least square (ALS
for Euclidean cost) for arbitrary structures besides the well-known models such as CP
(PARAFAC) and TUCKER3. We, then, address the model selection issue for any
arbitrary non-negative tensor factorization model with KL error by lower bounding
the marginal likelihood via a factorized variational Bayes approximation. The bound
equations are generic in nature such that they are capable of computing the bound for
any arbitrary tensor factorization model with and without missing values. In addition,
further the EM, by bounding the step size of the Fisher Scoring iteration of the gen-
eralized linear models (GLM), we obtain general factor update equations for real data
and multiplicative updates for non-negative data. We, then, extend the framework
to address the coupled models where multiple observed tensors are factorized simul-
taneously. We illustrate the results on synthetic data as well as on a musical audio

restoration problem.



OZET

GENELLESTIRILMIS TENSOR AYRISIMI

Bu tez cok boyutlu veri yapilari icin genel istatistiksel bir modelleme sistemi
onermektedir. Kullandigimiz yontem istatistiksel grafik modelleri ile tensor ayrigimi
arasinda bir bag kurarak ¢ok boyutlu ayrisim modellerinin cesitli maaliyet fonksiyonlar:
i¢in tasarlanmasini ve ¢oziimlenmesini saglar. Beklenti-En Buyitme (EM) teknigi ile
FExponensiyal Sapma Modellerinin olabilirlik degerlerini en iyileyerek beta-divergence
icin yinelemeli giincelleme denklemlerini elde ediyoruz. Ozel durum olarak Oklid,
Kullback-Leibler ve Itakura-Saito maliyet fonksiyonlarini kullaniyoruz. Bu denklem-
leri, daha sonra, Carpanlk Giincelleme Kuralh (MUR) ve Oklid maliyet fonksiyonu
icin Déndigiimli En Kiigiik Kareler (ALS) denklemlerine doniigtiiriiyoruz. Ardindan
KL maliyet fonksiyonu kullanan pozitif parametreli alternatif modeller arasinda se¢im
yapabilen bir yontem gelistirdik. Bu yontem marjinal olabilirlik degerini (dogrudan
hesaplanamadigindan) alt sinirdan yuvarlayan variational Bayes teknigine dayanmak-
tadir. Ayrica, EM yaninda, Genelestirilmis Dogrusal Modeller (GLM) teorisinin Fisher
Skoru olarak bilinen adim uzunlugunu siirlandirarak pozitif ve reel sayilar i¢in ayri
genel giincelleme denklemleri gelistirdik. Bu sistemi daha sonra birden fazla gozlem
tensorlerin ayni anda carpanlara ayrilma igleminde kullandik. Geligtirdigimiz sistemi

sentetik verilerle ve ayrica miizik restorasyon problemini ¢ézmek i¢in kullandik.
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1. INTRODUCTION

The main challenge facing computer science in the 215 century is the large data
problem. In many applied disciplines, on one hand, data accumulates faster than we
can process it. On the other hand, advances in computing power, data acquisition,
storage technologies made it possible to collect and process huge amounts of data in
those disciplines. Applications in these diverse fields such as finance, astronomy, bio-
informatics, acoustics require effective and efficient computational tools for processing

huge amounts of data for extracting useful information.

Popular data processing and dimensionality reduction methods of machine learn-
ing and statistics that scale well with large datasets are clustering [1], source separation,
principal component analysis (PCA), independent components analysis (ICA) [2, 3],
non-negative matrix factorization (NMF) [4, 5], latent semantic indexing (LSI) [6],
collaborative filtering [7] and topic models [8] to name a few. In fact, many of these al-
gorithms are usually understood and expressed as matrix factorization (MF) problems.
Thinking of a matrix as the basic data structure facilitates parallelization and provides
access to many of well understood algorithms with precise error analysis, performance

guarantees and efficient standard implementations (e.g., SVD) [9].
1.1. Extraction of Meaningful Information via Factorization

As already mentioned that a fruitful modelling approach for extracting mean-
ingful information from highly structured multivariate datasets is based on matrix
factorizations (MFs). The matrix factorization reveals latent (hidden) structure in
data that consists of two entities, i.e. factor matrices. Notationally, given a particular

matrix factorization model, the objective is to estimate a set of latent factor matrices

A and B

minimize D(X||X) s.t. X% = ZAi’T’Bj’T (1.1)



where 7, are observed indices, and r is latent index. Consider the following MF
example in Table 1.1 originated from [10]. Each cell of the observation matrix on the
left (Product ID x Customer ID) shows the quantities of a certain product bought by
a specific customer. The objective is to estimate which products go along well, and to
extract customer profiles. The profiles here have semantics such as customers buying
sugar, flour and yeast could be associated with the act of cooking, and some others,
for example, buying beer, snacks and balloons could be having a party. This problem
may be regarded as a classification problem, where each profile is a class, noting that
in this case one customer may belong to more than one profile. Extracting such user

profiles is of paramount importance for many applications.

Customer 1D Profiles
1 2 3 4 5 1 2
Customer 1D
11010 51| 0110 110 1
g - 1 2 3 4 5
2 203|2,01(20|0 = 201 0
= - 113121011201 0
82 38|51 (401 |~ 8 3| 2 |05]x
— — 210101 5 0 |10
O 470|110 2 |10 O 4] 0 1
51110011 5105 0

Figure 1.1. Hlustration of extracting meaningful information via factorization. Here

customers are grouped into two profiles according to their purchase history.

Another interesting example for the information gained from the factorization is
from [11], where they showed physical meaning of the factors of non-negative matrix

factorization (NMF) [5] of musical spectra as

~

X=WH o X"7=> WH" s.t. min D(X]|X) (1.2)

with non-negativity constraint as W, H > 0. Here D(X||X) is appropriate cost func-
tion, r is the latent dimension while W and H are latent factors or parameters of the
model to be discovered. [11] showed that the factor W encodes the frequency content

of the data while the factor H encodes the temporal information. Here we just repeat



this demonstration with a piano recording of the main theme of Ode to Joy (Symphony
No.9 Op.125) of Beethoven given in Figure 1.2. The recording consists of 8 notes where
four of them are distinct as D, E/, F and GG. The factor H in Figure 1.2a gives the po-
sition of the notes in time while the factor W in Figure 1.2b encodes the frequency

information.

1.2. Multiway Data Modeling via Tensors

Increase in the amount of multidimensional digital data and processing capacity
bring its own mathematical notational abstracts, i.e. tensors. Indeed, tensors appear as
a natural generalization of matrices, when observed data and/or a latent representation
have more than two semantically meaningful dimensions. Even further, we regard
vectors, matrices and higher dimensional objects simply a single entity as tensors and

threat all in the same mathematical notation.

1.2.1. Relational Database Table Analogy of Tensors

In computer science, a tensor is analogous to a normalized relational database
table where tensor indices correspond to key columns of primary key set. The analogy is
based on the similarity that the indices in a tensor address each cell uniquely. Likewise

the primary key set of a relational database table uniquely addresses rows of the table.

To make the link more precise and to illustrate that a tensor is indeed very natural
representation, consider the following example. A researcher records temperature of
certain locations and comes up with a relational database table similar to Table 1.3
where the location column is primary key column. Recall that by definition whenever
two rows match on their primary key column they must match on all the other columns.
The observer wants to add more information about his recording process, such as date
information. Then the primary key can no longer be a single column, instead, the
location and date columns form primary key set together. Even the recording can be
further refined by adding altitude information. Then, the primary key set consists of

three columns of location, date and altitude. In this way, the table turns to be a three
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Figure 1.2. Physical interpretation of factors obtained from a spectrogram of the
piano recording of Ode to Joy Symphony No.9 Op.125 of Beethoven. The recoding
consists of 8 notes with 4 distinct as D, E, F' and GG. The factorization is as X ~ W H
where (a) is the factor H that encodes the temporal information while (b) is the

factor W encodes the frequency information.



Location | Temp. Location | Date | Temp.
Ankara 30 Ankara 2009 30
[zmir 36 Izmir 2009 | 36
Istanbul 28 Istanbul | 2010 | 28
Adana 10 Ankara 2010 10

Location | Date | Altitude | Temp.

& Ankara 2009 | 500 30
j»\“ [zmir 2009 | 0 36
Istanbul | 2010 |0 28

§ Ankara 2010 | 500 10
[zmir 2009 | 500 22

Location

Figure 1.3. A tensor can be viewed as analogy of a normalized relational database

table whose columns in primary key set are indices of the multidimensional objects.



dimensional object, i.e. to a cube with three axes as location, date and altitude, whose
cells are temperature values. More formally, this cube is called as three-way tensor or
the third-order tensor and it has three indices (dimensions). Note that, with this view,
we regard the remaining columns not in primary key set as a single entity or a cell of

the tensor which bound to real number in our further treatment.

Various real world multiway datasets can be viewed with the same formalism by

choosing the appropriate factors from the related domains such as

EEG Data : Channel x Frequency x Time x Subject
Music Data : Channel x Frequency x Time X Song
Text Data : Documents x Terms x Language

fMRI Data : Voxels x Run x Time x Trial
Netflix Data : Movies x Users x Time

Enron Data : Users x Messages x Time

Clearly we could collapse multiway datasets to matrices but important structural
information might get lost. Instead, a useful method for factorization of these multisets
is to respect their multi-linear structure. There are many natural ways to factorize a
multiway dataset and there exists a plethora of related models with distinct names, such
as canonical decomposition (CP), PARAFAC, TUCKER3 to name a few as discussed

in detail in excellent tutorial reviews [12-14].

1.2.2. Tensor Factorization

As summarized in Table 1.1 history of factorization of multiway datasets goes
back to Hitchcock in 1927 [15]. Later it is popularized in the field of psychometrics in
1966 by Tucker [16] and in 1970 by Carroll, Chang and Harshman [17,18]. Besides psy-
chometrics, over time many applications emerge in various fields such as chemometrics
for analysis of fluorescence emission spectra, signal processing for audio applications,

and biomedical for analysis of EEG data.



Table 1.1. History of the factorization of the multiway dataset. Models are named

later than the year they introduced. 3MFA stands for three-mode factor analysis [13].

Year Authors Model Original Name Field

1927 Hitchcock CPp Math. Physics
1966 Tucker TUCKERS3 3MFA Psychometrics
1970 Harshman CPp PARAFAC Psychometrics
1970 Carroll & Chang CPp CANDECOMP | Psychometrics
1996 | Harshman & Lundy | CP+TUCKER2 | PARATUCK2 | Psychometrics

The proposed models are closely related, indeed. Going back to Hitchcock [15]
in 1927, he proposed expressing a tensor as sum of finite number of rank-one tensors

(simply outer product of vectors) as

X—Zvrl X Vg X X Uy, (1.3)
which as an example for n = 3, i.e. as 3-way tensor, it can be expressed as
X0k =N " Al i e (1.4)

T

This special decomposition is discovered and named by many researchers independently
such as CANDECOMP (canonical decomposition) [17] and PARAFAC (parallel fac-
tors) [18] where Kiers simply named them as CP [12]. In 1963, Tucker introduced a
factorization which resembled high order PCA or SVD for the tensors [16]. It sum-
marizes given tensor X into core tensor G considered to be a compressed version of
X. Then, for each mode (simply the dimensions) there is a factor matriz desired to be

orthogonal interacting with the rest of the factors as follows

X bk — § GP9T A4P Bk

pgr
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Figure 1.4. CP factorization of 3-way tensor as sum of |r| rank-one tensors.

The factorization models emerged over the years have close relationship with each
other. For example, the CP model is indeed a TUCKERS3 model with identity (super-
diagonal) core tensor. TUCKER factorization has two more variants as TUCKER1 and
TUCKER2. PARATUCK2 is a combination of CP and TUCKER2. The relationships
among models inspires us to develop a unified view and common formalization for gen-
eral tensor factorization with appropriate notation. There are many benefits of such
general treatment such as single development of parameter update equations, inven-
tion of new factorization models and even coupling of them that allows simultaneous

factorization.
1.2.3. Learning the Factors

One of the principal methods used for learning the factors is the error mini-
mization between the observation X and the model output X computed by using the
estimated factors. The error, then is distributed back proportionally to the factors and
they are adjusted accordingly in an iterative update schema. To quantify the quality
of the approximation we use various cost functions denoted by D(X||X). The iterative

algorithm, then, optimizes the factors in the direction of the minimum error

X* = argmin D(X||X) (1.6)
X



Squared Euclidean cost is the most common choice of available cost functions
N A . A\ 2
D(X||X) = |IX = X2 = 3 (x - %) (1.7)
2%
while one other is the Kullback-Leibler divergence defined as

2

i X 4 X (1.8)
27]

D(X[|X) =) X"log

Z‘?j

In addition, KL becomes relative entropy when X and X are normalized probability

distributions.

On the other hand, for some applications other cost functions might be more
appropriate such that the divergence must not change if the signals are scaled by the
same amount. Consider, on one hand, comparing signals P(w) and P(w), and on the
other hand, comparing their scaled versions AP(w) and AP(w) where w is frequency
and P(w) power at frequency w. The scale-invariance property provides a kind of self-
similarity such that low scaled quantity provides as much important and discrimination
power as the high scaled quantity. Notationally, we can consider the scaled form of a
function f(x) under rescaling of the variable z as f(Az) for some scale factor A. Then

the scale invariance property implies that for any A

fx) = A" f(x) (1.9)

for some choice of exponent a. For an examples, f(z) = 2™ is a scale-invariant function
since f(Az) = (Ax)™ = A" f(x) [19,20]. One such cost function is the ltakura-Saito
divergence (Burg cross entropy) proposed by F. Itakura and S. Saito in the 1970s [21]
that measures the dissimilarity (or equivalently similarity) between a spectrum P(w)

and an approximation P(w) of that spectrum of the reconstructed signal. The Itakura-
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Saito divergence ! is defined as

N XZJ XZ]
DX|X)=) “— —log=——1 (1.11)
T X Xid

where it is clear that here the exponent « in Equation 1.9 is set to a =0

D(X||X) = DAX||AX) (1.12)

1.2.4. Bregman Divergence as Generalization of Cost Functions

Obtaining inference algorithms for the factors for various cost functions requires
a separate optimization effort and is a time consuming task. For NMF, for example,
the authors obtained two different versions of update equations for Euclidean and
KL cost functions by a separate development [5]. On the other hand, the Bregman
divergence enables us to express large class of divergence (cost) functions in the same
expression [22]. Assuming ¢ be a convex function, the Bregman divergence D, (X||X)

for matrix arguments is defined as

Dy(X||X) = Z H(XH) — p(X) — S (X5 — X) (1.13)

The Bregman divergence is a non-negative quantity as D4(X||X) > 0. It is zero
if and only if X = X. Major class of the cost functions can be generated by the

Bregman divergence by applying appropriate functions ¢(.). For example, squared

Euclidean distance is obtained by the function ¢(z) = %xz while the KL divergence

and the IS divergence are generated by the functions ¢(z) = xlogx and ¢(x) = —logz
respectively [22].

Tt is originally defined as [21]

Drs(P(w)||P(w)) = o /_: (11;2:; —log = ; - 1) dw (1.10)
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1.2.5. Link between the Divergences and the Distributions: A Generative

Model Perspective

Here, the natural question is how to optimize Bregman divergence for the factors.
On the other hand, statistical generative models have already well established optimiza-
tion techniques such Expectation-Maximization (EM) and Fisher Scoring to maximize
the likelihood. By exploiting one-to-one correspondence between the Bregman diver-
gence and exponential family distributions [22] we can consider the optimization of the
factors by maximizing the generative model’s likelihood instead of minimizing the cost

functions. We recall that exponential family of distributions are defined as

p(al) = hz) exp ((x)70 —(0)) (1.14)

where h(.) is the base measure independent of the canonical parameter 6 and v(.) is
the cumulant function while ¢(z) is the sufficient statistics. Banerjee et al. proved the
bijection between regular exponential family distributions and the Bregman divergence

as [22]
log p(x]0) = log hg(z) — dy(t(z), Z) (1.15)

By taking the derivative we note that maximizing the log likelihood is equivalent to
minimizing the divergence function

Olog p(x|0) _8d¢ (t(x), :%)

00 00

(1.16)

Here, an important question is that to derive general update equations for the fac-
tors, which functions ¢() we should use. Rather than using Bregman divergence and
exponential family duality we can work with the beta divergence and FEzxponential

Dispersion Models (EDM) [23] where we prove their dualities as well. Exponential
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dispersion models are a subset of the exponential family of distributions defined as

p(]0,9) = h(z, @) exp{p (0x — ¢ (0))} (1.17)

where 0 is the canonical (natural) parameter, ¢ is the inverse dispersion parameter and
¥ is the cumulant generating function. One useful property of dispersion models is

that they tie the variance of a distribution to its mean

Var(z) = ¢ 'v(g) (1.18)

where here  is the mean of the variable z and v(Z) is the variance function [23-25].
A useful observation is that the variance function is in the form of power function and

therefore it is called as power variance functions (PVF) [23,25] given as

v(#) = 27 (1.19)

By using this property we can identify the dual cumulant function of dispersion models

as

¢(&) =((1=p)2—p) ' &P+ mi+d (1.20)

The function ¢(.) is closely related to the entropy and the Bregman divergence corre-

sponding the function ¢(.)

ends up with the beta divergence [26-28] that expresses major class of cost functions

in a single expression

Ao 2) = (1-p)@—p) " {7 7 — (e~ D)2 -p)a' 7} (121)
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where for p = 1,2 we have the special cases for KL and IS costs as the limits. This
derivation shows that for cost function generalization perspective, minimizing the beta
divergence is equivalent to maximizing the likelihood of the exponential dispersion
model family. Figure 1.5 summarizes the link between divergence functions and prob-

ability models.

The probabilistic interpretation of the factorization models has many useful bene-
fits such as incorporating the prior knowledge and Bayesian treatment for the model se-
lection. In fact, matrix factorization models have well understood probabilistic/statistical
interpretations as probabilistic generative models. Indeed, many standard algorithms
mentioned above can be derived as maximum likelihood or maximum a-posteriori pa-
rameter estimation procedures. This approach is central in probabilistic matrix fac-
torization (PMF) [29] or non-negative matrix factorization [30,31]. It is also possible
to do a full Bayesian treatment for model selection [30]. Indeed, this aspect provides a
certain practical advantage over application specific hierarchical probabilistic models,
and in this context, matrix factorization techniques have emerged as a useful mod-
elling paradigm [5,29,32]. On the other hand, statistical interpretations on similar
lines for tensor factorization focus on a given factorization structure only, such as CP
or TUCKERS. For example, sparse non-negative TUCKER is discussed in [33], while
probabilistic non-negative PARAFAC is discussed in [34-36].

[ Minimize Cost Function | [ Maximize Likelihood |

\

[ Cost Functions] | Bregman Divergence|-—-| Exponential Family Distributi ons|

| Beta Divergence|———| Exponential Dispersion Models|

Euclidean —[ Gaussian
| Euclidean|
—| Kullback-Leibler | Poisson

Itakura-Saito | Gamma

Figure 1.5. Link between various divergence functions and probabilistic generative

models.
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1.2.6. Choice of the Generative Model

Gaussian distribution is natural choice for the modeling of a real-world phe-
nomenon. When developing a mathematical model we usually make certain assump-
tions about the underlying generative model. One of them is that the natural popu-
lation frequencies are assumed to exhibit a normal, i.e. a Gaussian distribution. This
assumption is well understood and is explained by the consequence of the central limit
theorem which simply states that sum of i.i.d random variables tends to be the Gaussian
variables as the number increases regardless type and shape of the original distribution.
This is also referred as asymptotic normality [37]. It is one of the main theorems of the
probability together with strong law of large numbers which simply states that mean

of the sum converges to the mean of the original distribution.

However, for many phenomena the Gaussian assumption about the underlying
model could be too simplified, and hence, some other distributions can be better suit-
able for the empirical data. In other words, the maximum entropy distribution [38]
may not always be the Gaussian. For example, for many cases we may be interested
in the count or the frequency of the events, such as DNA mutations, data packets
passing trough a computer network router, or photons arriving at a detector are all
representing countable events and can be modeled by the Poisson. To sum up, Poisson
modeling is suitable to model counting variables including frequencies in contingency

tables.

Another interesting example for using non-Gaussian models is from the seminal
work [39] where the authors generalized the PCA to the exponential family. The
authors compared regular PCA based on the Gaussian to exponential PCA based on
exponential distribution. In the case where there was no outliers two versions of PCA
produced similar results. However, in another case, where there were a few outliers
in the data, they observed the larger effect on the regular PCA than the exponential
PCA that concluded the robustness of the exponential PCA to the outliers.

In this thesis we have two generalization perspectives for tensor factorization;
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generalization of the factorization arbitrary structures and generalization to a large
class of cost functions. In Chapter 4 where we introduce probabilistic latent tensor
factorization we mainly focus on Euclidean, KL and IS cost functions in the form of beta
divergence that are related to the Gaussian, the Poisson and the gamma distributions.
In Chapter 6 and 7 where we introduce generalized tensor factorization and its coupled
extension we derive update equations general for exponential dispersion models which

is a subset of the exponential family.

1.2.7. Prior Knowledge

One benefit of developing probabilistic generative models for the factorization is
use of the prior knowledge. Every member of exponential family distributions has a
conjugate prior which is also a member of the family. The use of the conjugate priors is
that when a conjugate prior is multiplied by the corresponding likelihood function the
resulting posterior distribution has the same functional form as the prior as illustrated

by the Poisson likelihood with the gamma prior example

gamma posterior o< Poisson likelihood x gamma prior (1.22)

Having the same functional form for the prior and the posterior makes the Bayesian
analysis easier. Recall that Bayesian analysis is needed for computing a posterior
distribution over parameters and computing a point estimate of the parameters that

maximizes their posterior (MAP optimization).

One benefit of using priors is to impose certain constraints into the factorization
problem. For example, for sparseness we can take a gamma prior for the Poisson
generative model as G(z; a, a/m) with mean m, and variance m?/a. For small o, most
of the elements of the factors are expected to be around zero, while only a few are

non-zero [30].
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1.2.8. Bayesian Model Selection

For matrix factorization, we face a model selection problem that deals with choos-
ing the model order, i.e. the cardinality of the latent index. For tensor factorization
the problem is even more complex since besides the determination of the cardinality
of the latent indices, selecting the right generative model among many alternatives
can be a difficult task. In other words the actual structure of the factorization may
Ik

be unknown. For example, given an observation X“/* with three indices one can

propose a CP generative model as X%"F = 3> A Bi*CF or a TUCKER3 model
i,k i, i, k,r ,q,T
Xiik = 5> A BiackrGrar,

We address the determination of the correct number of the latent factors and
their structural relations as well as cardinality of latent indices by the Bayesian model
selection. For a Bayesian point of view, we associate a factorization model with a ran-
dom variable m interacting with the observed data z simply as p(m|z) o« p(z|m)p(m).
Then, we choose the model having the highest posterior probability such that m* =
arg max,, p(m|z). Assuming the model priors p(m) are equal the quantity p(x|m) be-
comes important since comparing p(m|z) is the same as comparing p(x|m). The quan-
tity p(z|m) is called marginal likelihood [1] and it is the average over the parameter

Space as

plafm) = / 46 p(z|9, m)p(0}m) (1.23)

Then comparing two models m; and msy for the observation x we use the ratio of the

marginal likelihoods

p(z|my) _ fd91 p(x]01, my1)p(01]my)
p(x|ms) fd‘92 p(x|02, ma2)p(B2|ms)

(1.24)

where this ratio is known as Bayes Factors [1] and it is considered to be a Bayesian
alternative for the frequentist hypothesis testing with likelihood ratio. However, com-

putation of the integral for the marginal likelihood is itself a difficult task that requires
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averaging on parameter space. There are several approximation methods such as sam-
pling or deterministic approximations such as Gaussian approximation. One other
approximation method is to bound the log marginal likelihood by using variational in-
ference [1,40] where an approzimating distribution q is introduced into the log marginal
likelihood equation as in

(z, 6]m)

log p(e|m) > B(g, m) = / a0 q(0) 10 2T (1.25)

To illustrate the importance of the model selection, reconsider the factorization
of musical spectra example where we set the size of the latent index r to be equal to
the number of distinct notes a priori. In most cases it is difficult to determine the
correct latent index size beforehand, and this number is usually set by trial and error.
For illustrative purposes in the musical spectra example we re-set the size of latent
index as six while the true value is four. Figure 1.6 shows the plot of the factor H that
encodes the temporal information along with the factor W that encodes the frequency
information. Four out of six plots clearly locates the positions of four notes in time.

The other two plots seem to be spiky versions.

One other important concern regarding the specifying the cardinality of latent
indices is the uniqueness property. CP factorization yields unique factors up to scaling
and permutation subject to Kruskal’s condition. Kruskal first defined the concept of
k-rank, denoted by k4 for a given matrix A, defined that it is the maximum number of
randomly chosen columns that are linearly independent. In other word there is at least
one set of k4 + 1 columns whose regular rank is less than k4 + 1. Then the uniqueness

condition for CP is [41,42]

ka+kp+ ke > 2lr|+2 (1.26)
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Figure 1.6. The figure illustrates the model selection problem for identifying the
notes for a piano recording. The plots show the rows of the H factor that encodes the
temporal information and the columns of the factor W that encodes the frequency
information. It is interesting to compare the factor H with six latent components

here to the factor H with four latent components (correct size) in Figure 1.2.

Hence when we choose the cardinality of latent index |r| unnecessarily large as

li| + 7] + |k| < 2|r|+ 2 (1.27)

we may not determine factors uniquely, meaning that two or more different sets of the

factors may generate the same model.

In Chapter 4 we design a non-negative tensor factorization model selection frame-
work with KL error by lower bounding the marginal likelihood via a factorized varia-
tional Bayes approximation. The bound equations are generic in nature such that they
are capable of computing the bound for any arbitrary tensor factorization model with

and without missing values.
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1.3. Structure of this Thesis

1.3.1. Motivation and Inspiration

The motivation behind this thesis is to pave the way to a unifying tensor factor-
ization framework where, besides well-known models, any arbitrary factorization model
can be constructed and the associated inference algorithm can be derived automatically
for major class of cost functions using matrix computation primitives. The framework
should respect to the missing values and should take account the prior knowledge for
the factorization. In addition, model selection and coupled simultaneous factorization
are desired features of the framework. Finally, it should be practical and easy for imple-
mentation. This is very useful in many application domains such as audio processing,
network analysis, collaborative filtering or vision, where it becomes necessary to design

application specific, tailored factorizations.

Our unified notation is partially inspired by probabilistic graphical models, where
we exploit the link between graphical models and tensor factorization. Our computa-
tion procedures for a given factorization have a natural message passing interpretation.
This provides a structured and efficient approach that enables very easy development
of application specific custom models, priors or error measures as well as algorithms for
joint factorizations where an arbitrary set of tensors can be factorized simultaneously.
Well known models of multiway analysis (CP, TUCKER [13]) appear as special cases

and novel models and associated inference algorithms can be automatically developed.

1.3.2. Coupled Tensor Factorization

We formulate a motivating problem illustrated in Figure 1.7 and target to solve
it in Chapter 7. A coupled tensor factorization problem [43] involves many observa-
tions tensors to be factorized simultaneously. As our generalization perspective (i) the
numbers and structural relationship of the latent factor tensors are to be arbitrary and

(ii) the fixed point update equations are to be derived for major class of cost functions.
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Consider the following illustrative example
Xi‘,j,k ~ Z Abr g ok Xg‘,p ~ Z BT ppr Xg,q ~ Z BT BT (1.28)

where X; is 3-mode observation tensor and X5, X3 are observation matrices, while
A . E are the latent matrices. Here, B is a shared factor, coupling all the models.
Such models are of interest when one can obtain different views of the same piece of
information (here B) under different experimental conditions. We note that we will not
specifically solve this problem, but rather, we will build a practical framework that is
easy to implement, and also general in the sense that any cost function can be applied.
It is to be of the arbitrary size such that observation tensors can be many and they

can interact with the latent tensors in any way.

@ & _© @O @
N
@%@

Figure 1.7. Hlustrative example for a coupled tensor factorization problem.

The coupled tensor factorization can find various application areas easily. One
example is restoration of the missing parts in audio spectrograms given in Figure 1.8.
It is a difficult problem since entire time frames, i.e. columns of observation X can
be missing. With coupling, however, we can incorporate different kinds of musical
knowledge into a single model such as temporal and harmonic information from an

approximate musical score, and spectral information from isolated piano sounds [44].
1.3.3. Methodology

In this thesis for the probabilistic tensor factorization we used two main method-
ologies. The first one uses one big latent augmentation tensor S in the middle of the
observation X and the factors Z,. S is never needed to be computed explicitly, and

it disappears smoothly from the fixed point update equations for the latent tensors
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Figure 1.8. Restoration of the missing parts in audio spectrograms as a coupled
tensor factorization problem. The musical piece to be reconstructed shares B and D

in common.

Z,. Here we use EM to obtain the fixed point iterative update equations. This work is
called probabilistic latent tensor factorization (PLTF). Chapter 4 and Chapter 5 (model

selection) use this approach.

The other methodology does not assume an augmentation tensor in the middle.
Here we extend generalized linear models theory to cover the tensor factorization. We
call this work as generalized tensor factorization (GTF). We then, extend GTF to
include simultaneous factorization of multiple observation tensors and call this work
as generalized coupled tensor factorization (GCTF). Chapter 6 introduces GTF and
Chapter 7 extends it for GCTF for coupled factorization.

1.3.4. Contributions

The main contributions of this thesis are as follows.

o Unified representation of arbitrary tensor factorization models. In this thesis, we
regard vectors, matrices and other higher dimensional objects as simply tensors
and hence we regard matrix factorization as tensor factorization. This unified
view is based on the same index-based notation. This notation enables us gener-

alization of the factorization to any arbitrary latent structure besides well-known
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models such as CP and TUCKER3. We introduce this notation in Chapter 4
with examples for NMF, CP and TUCKERS [45].

Graphical visualization of the factorization models. A novel representation of
tensor factorization models that closely resembles probabilistic graphical mod-
els [46] (undirected graphs and factor graphs) enables easy visualization of higher
dimensional multiway datasets. In the graph visualization of the tensor factor-
ization, tensor indices become nodes in the graph, factors become cliques (fully
connected subgraph). We give examples for graph representations of MF, CP
and TUCKERS in Chapter 4.

Practical message passing framework and compact representation. The link be-
tween tensor factorizations and graphical models is more than just visualization
aid. The factor update equations turn to inference in a message passing frame-
work composed of marginalization and contraction operations. Identifying this
link enables building efficient algorithms and compact representations based on
matrix primitives facilitated by our A(.) function. We give examples in Chapter
4 for MF, CP and TUCKERS.

Generalization to major class of the cost functions for fized point update equation.
Exponential dispersion models are first introduced by Tweedie [47] in 1947 (under
a different name) and are generalized by Jorgensen [23] in 1986. These models
link the variance of the distribution to the mean by so-called variance functions.
As a special case, the variance functions can be written in terms of power variance
functions for certain major distributions expressed as Var(z) = ¢~ 12? where here
o~ ! is the distribution specific dispersion parameter for scale, and # is the mean
of x. The distributions are then indexed by p and we simply set p = 0,1,2,3
for the Gaussian, the Poisson, the gamma, and the inverse Gaussian respectively.
By use of power variance functions we obtained generic update equations for
the factors indexed by p for the distributions. Distribution specific dispersion
parameters usually cancel out except when we use different cost functions for
coupled factorization models. We use PVF's throughout the thesis explained first
in Chapter 3 and used in from Chapter 4 to Chapter 7.
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o Mazimum likelithood (ML) estimation framework. We derive fixed point update
equations for maximum likelihood (ML) estimation via expectation maximization
(EM) for a large class of statistical models (the so-called exponential dispersion
models EDM’s). The same fixed point update equation is used for various factor-
ization structures while in the implementation we only replace matrix primitives.
The equations are then casted to multiplicative forms as multiplicative update
rules (MUR) and alternating least squares (ALS) for the Euclidean cost. We give
examples in Chapter 4 [48].

o A mazximum a-posteriori (MAP) estimation framework. We extend the frame-
work to include prior knowledge via conjugate priors for exponential dispersion
models which is a subset of exponential family distributions. This issue is ad-
dressed in Chapter 4.

e A practical implementation technique via matricization and tensorization. We
also sketched a straightforward matricization procedure to convert element-wise
equations into the matrix forms to ease implementation and compact represen-
tation. The use of the matricization procedure is simple, easy and powerful that
without any use of matrix algebra it is possible to derive the update equations me-
chanically in the corresponding matrix forms. We give examples for matricization
procedure in Chapter 4.

o A model selection framework for factorization models.  Our framework com-
putes model marginal log-likelihood bounds via variational approximation meth-
ods for TF models. While we developed the framework practically for KL cost we
also outlined generalization for other cost functions. We also get expressions for
asymptotic case, i.e. model selection under large samples. We dedicate Chapter
5 for the non-negative model selection issue.

e Theoretical link between beta divergence and exponential dispersion models. As
already stated before we generalize the cost function to beta divergence which is
generated by the Bregman divergence with a suitable function. Beta divergence
introduced in [26,27] that unifies Euclidean, KL and IS costs in a single expression
[49]. In this thesis we show the link between beta divergence and exponential

dispersion models and derive it from the power variance functions directly in
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Chapter 3.

e Fatending generalized linear models theory for the tensor factorization. General-
ized linear models theory was first introduced in 1972 [50] for the linear model
¢(X) = LZ where X is the random component (expectation of the observation
X), L is given model matrix and Z denotes the desired parameters while g(.) is
the link function. We extend this theory to include the factorization in the forms
X = Z1Zy. .. Z)o where Zy,q are the tensor factors in an alternating update
schema. This issue is addressed in Chapter 5 [51].

e Coupled tensor factorization for arbitrary cost function and arbitrary structures.
We construct a general coupled tensor factorization framework where multiple
observation tensors X, Xy, X, are factorized simultaneously. The framework is
general to accomplish the factorization with arbitrary structures and large class
of cost functions. This issue is addressed in Chapter 7.

e Handling of missing data for factorization. Our framework considers partial ob-
servations by encoding the missing values into the likelihood equation as in [29,30]
and we obtain update equations with missing values in from Chapter 4 to Chapter

7.

1.3.5. Thesis Outline

We start with mathematical background in Chapter 2 where we briefly summarize
the related concepts such as exponential family distributions, entropy, expectation-

maximization algorithm, model selection, graphical models and tensors.

Chapter 3 is about exponential dispersion models (EDM) [46]. Here we show
the link between beta divergence and power variance functions (PVF) of EDMs, and
derive the beta divergence from PVF. In this chapter we also relate beta divergence
to the deviance. In addition we derive general entropy equations of EDMs. We also
compute expectation of posterior distribution of the E-Step of an EM setup with and
without conjugate priors. Most of the derivations of this chapter will be referred in the

following chapters.
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In Chapter 4 we introduce our tensor related notation where we use throughout
this thesis. Here we relate the notation hence tensor factorization to graphical models.
Following the notation section we use EM to obtain fixed point update equations for
latent tensors for KL and Euclidean cost. Also we use conjugate priors during the
optimizations and obtain related update equations. Then we generalized the update
equations for the [-divergence cost functions. Here we also introduce a matricization

technique that turns the element-wise equations into tensor equivalent forms.

Chapter 5 proposes a model selection framework for arbitrary non-negative tensor
factorization structures for KL cost via a variational bound on the marginal likelihood.
While we will explicitly focus on KL divergence the methodology in this chapter can

be extended for other error measures and divergences as well.

In Chapter 6, we derive algorithms for generalized tensor factorization (GTF)
by building upon the well-established theory of Generalized Linear Models. Our al-
gorithms are general in the sense that we can compute arbitrary factorizations for a
broad class of exponential family distributions including special cases such as Tweedie’s

distributions corresponding to (-divergences.

Chapter 7 extends the GTF developed in Chapter 6 to the coupled tensor factor-
ization where multiple observation tensors are factorized simultaneously. We illustrate
our coupled factorization approach on synthetic data as well as on a musical audio

restoration problem.

Chapter 8 is for general discussions and conclusions of this thesis followed by

Appendix.
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2. MATHEMATICAL BACKGROUND

2.1. Introduction

As already pointed out, one of the main objectives of this thesis is generalization
to a large class of cost functions for the tensor factorization. This objective is achieved
by the use of exponential dispersion models (EDMs) which is a subset of the (general)
exponential family. While EDMs deserve for its own chapter for detail analysis, here in
Section 2.2 we start with introducing exponential family of distributions. In addition, in
Chapter 4 we use beta divergence as a generalized cost function. While in Chapter 3 we
derive beta divergence from power variance functions of exponential dispersion models
by using Bregman divergence, before that here in Section 2.2, we introduce Bregman

divergence and its duality to the exponential family distributions with examples.

Section 2.3 introduces Expectation Maximization (EM) optimization and related
concepts. We use EM method in Chapter 4 where we introduce the PLTF model and

obtain fixed point update equations for Euclidean, KL and IS costs.

Section 2.4 is about model selection, Laplace approximation, asymptotic analysis
of model selection, i.e. model selection under large number of samples, and Bayesian
Information Criterion (BIC). Section 2.5 relates BIC and the gamma distribution.
These concepts are used in Chapter 5 where we propose Variational Bayes (VB) based

model selection framework for TF models with KL cost function.

Section 2.6 introduces tensors in general while Section 2.7 is about probabilistic
graphical models (GM). We recall that our tensor factorization notation is inspired

from GMs and we visualize factorization models as the graphical models.
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2.2. Exponential Family

An important class of distributions that share a common property is exponential
family of distributions. Many well-known distributions such as the Gaussian, exponen-
tial, gamma, chi-square, beta, Dirichlet, Bernoulli, binomial, multinomial, Poisson can
be expressed as exponential family distributions. Regular exponential family distribu-

tions are characterized by the cumulant function ¢
p(z]0) = h(z) exp (t(x)TH —4(0)) (2.1)

with t(x) being vector of sufficient statistic as t(z) = [t1(z),...,t,m(2)]T and 6 being
vector of natural (canonical) parameters as 0 = [0y, ..., 0,,]7 while h(z) being the base
measure depending only on x. The cumulant generating function ¢ (aka. log partition

function) provides the normalization of the probability and given as

(0) = log / dz h(z) exp ((2)70) (2.2)

whose derivatives are the cumulants of the sufficient statistics ¢(x). In particular, the

first two derivatives

0%¥(0)

20007 Varg[t(x)] (2.3)

Before discussing the construction of exponential families we need to explain sufficient
statistics. Consider two slots of persistent storage area. Storage A has n slots while
Storage B has much less m slots where m << n. We have a random i.i.d sample
x1,...,%, drawn from some probability distribution governed by parameter 6 to be
stored in the slots. Storage A can have entire sample since it has required capacity
while Storage B has to summarize the sample by use of some functions t over the
sample. If it has only one slot m = 1, then one choice can be the average. Indeed,

various t functions can be defined as follows where we use t(z) for t(zy,...,x,) for
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short

f(z) = % > bo(z) = % S 4 (2.4)

ts(z) =n ty(x) =3 (2.5)

where the last line is irrelevant but completely valid. Then, the likelihood (a function
of 0) is desired. By using Storage A we use the entire set L(f) = IIp(x;|6). This is
not so easy when we use Storage B, since we have only summary, i.e. some functions
of sample t1(x), ..., t,(z) that are called as statistics. Question is that what m should
be so that we can almost regenerate similar sample as in Storage A. An important
property of exponential family is that m is fixed for distributions and independent
of n, i.e. as sample size increases, number of sufficient statistics remains the same.
Note that this is analogous to the difference between empirical data and theory of a

phenomenon.

An easy way to obtain sufficient statistics is due to Neyman-Fisher factorization
criterion that connects sufficiency to a factorization of the joint distribution p(z|f)

which is factorized as
p(z|0) = g(t1, .. . tm, 0)h(x) (2.6)
where for short we use z for the iid random sample x, . .., z,, e.g. t;(z) = t;(z1,...,Tys).

The exponential family of distributions arises naturally as the answer to the
question: what is the most uninformative distribution among all that are consistent
with the data. This implies the optimization problem of the functional that provides
maximum entropy subject to the data consistency constraints formulated as below

[8,38]. Empirical expectations of the sufficient statistics are defined as

1y .
uj:ﬁzzsj(xi) forj=1,...,m (2.7)



where we say fi; is an empirical expectation for the sufficient statistics t;(z).

given a distribution p the expectations of the sufficient statistics under p

E,lti(x)] = /dx ti(x)p(x) forj=1,...,m

We say that probability distribution p is consistent with the data iff
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Then

(2.9)

Remark 2.1. In the following sections we will use the symbol p for the expectation

of the sufficient statistics E,[t;(x)]. Note the difference between i and p where the /i

is for the empirical expectation whereas p is expectation under the probability p.

Hence the maximum entropy distribution optimization problem may be formu-

lated as

p* = arg max H [p] subject to
p
(1) / dx p(z) =1 normalizing the density

(i) fij = Eplt;(x)] j=1...,m
Using the Lagrange multipliers we have the optimization problem
p* = argmax J(p)
2

with respect to functional [38]

1) = = [ o pla)togpio +Ao( - [ pte )
=)

+iAj</dxt

J=1

(2.10)
(2.11)

(2.12)

(2.13)

(2.14)
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and after taking derivative with respect to p(x) and equating to zero

= —logp(z) =1+ X+ i Ajtj(x) =0 (2.15)

j=1

we end up with the solution [38§]
p* = exp ()xo -1+ Z )xjtj(x)> (2.16)
j=1

where we may drop the constant terms to find the general form of the distribution that

we seek [8]

p* o< exp <Z Ajt; (:B)) (2.17)

=1

Interestingly the Lagrange multipliers turn to be canonical parameters and we have

p* X exp (i Hjtj(:c)> = exp (t(z)"0) (2.18)

We list various characteristics of the exponential family distribution in Table 2.1.

Example 2.1. In this example we obtain cumulant function 1(0) for unknown mean,
known varitance of the Gaussian distribution by starting from the density of the Gaus-

sian

. B (x —a)? 1 1
p(z;a,b) = exp < o + 5 log 570 (2.19)
22 ad® ar 1 1

we identify the natural parameter 6 as the parameter of the first sufficient statistics x

0= (2.21)
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Then we rewrite Equation 2.20 in terms of the natural parameters 6 where a = b0 due

to Equation 2.21

2 0% bl 1 1
p(z;6,b) = exp <_2_b ~ 5 + - 3 log 27 — 5 log b) (2.22)

2 0% 1 1
= exp (_2_6 -5 + 26 — 3 log 27 — 3 log b) (2.23)
= ex x@—w(9)+(—x—2—llo 27r—110 b) (2.24)
- 2% 2 8T T8 ‘

where
b o

Table 2.1. Various characteristics of well-known exponential family distributions.

Sufficient Expectations of Canonical pa-
statistics sufficient statistics ameter
t t 0 g
Gaussian (@) _ | < 1) > = “ o I
_t2 (.CL’)_ _.I'Z_ _t2 (JZ‘)_ _CLZ + b_ _92_ _—ﬁ_
Poisson | ti(x) ==z (ti(z)) = a 0, =loga
t1(x) x t1(zx) a/b 01 —b
Gamma = = —
to(x) log = to(z) U(a) — logb 0y a—1
Base measures | Cumulant functions
Gaussian | h(z) = (27) 2 P(6,02) = —% — Llog(—26,)
Poisson | h(z) = (z!)7? ¥(60)) = exp(6y)
Gamma | h(z) =1 Y(01,60y) = — (02 + 1) log(—01) +log'(0y + 1)

Example 2.2. In this example we obtain cumulant function 1(0) for known mean, un-
known variance of the Gaussian. From Equation 2.20 we identify the natural parameter

0 as the multiplier of the second sufficient statistic
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1

Then we rewrite Equation 2.20 in terms of the natural parameters 6 where b = —55

due to Equation 2.26

1 1
p(z;a,0) = exp <9:E2 + 0a® — 20za — 5 log 27 — 5 log 9) (2.27)
9 5 1 1
=exp | (027 — 20za) + 0a” — 5 log 6 ~3 (2.28)
=exp ([z 2°][-20a 0]" +¥(0)) (27r)_% (2.29)
where
5 1
»(0) = 0a” — 5 log 0 (2.30)

We check that the first derivative is to be expectation of the first sufficient statistic
where here we have a single sufficient statistic as x>

o) _ o 1 _ 5 1

———=a" ——==a

90 20~ 2%

=a’+b (2.31)

where we plug in Equation 2.26 0 = —%.

Example 2.3. In the following we find sufficient statistics, canonical parameters and
cumulant function for unknown mean, unknown variance of the Gaussian. First we

write the density

(r—a)® 1 1
i _ X 74 T oo —— 2.32
22 a® za 1 1
— 4+ Tog2r — ~logh 2.33
eXp( T 2b+b 2og7r 2Og) ( )

Sufficient statistics are identified as functions of x that are interacting (multiplying)

with the parameters (via Neyman-Fisher factorization criteria). Hence, in the density
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we have t,(z) = x and ty(x) = 2% and

h@) _ e (2.34)

tg(l‘) IL’2

Canonical parameters are identified as the multipliers of the sufficient statistics implied

by the definition

T T T
tl(ZL’) 91 X 91 X %
= = (2.35)
tQ(ZL') 92 1’2 92 1’2 —%
Thus
A a _0
o or B (2.36)
] |- N
Then cumulant function is
— - T —_ -
x 91 a2 1 1
p(z;a,0) =exp . 0, ~55 75 log 27 — 3 logb (2.37)
— - T —_ - 2
x 0 —0 1
= exp 0, (—1) + = log (—26,) (27r)_% (2.38)
1'2 6)2 292 2

where (6, 02) is left as the remaining terms depending only on canonical parameters

0, and 0y as

U(01,02) = = — 5 log(—262) (2.39)

h(x) is identified as the terms that do not contain any canonical parameters

D=

h(z) = (27)" (2.40)
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2.2.1. Entropy of Exponential Family Distributions

Entropy is closely related to the dual of the cumulant function denoted by ().

Recall the formulation for the exponential family of distributions
p(z]6) = exp (t(x)"0 — ¢(0) + log h(z)) (2.41)

Then entropy for the exponential family of distributions is given as below adapting the

notation in [52] appropriately and writing the term log h(z) explicitly
H®) = — (u<9)Te —(6) + log h(x)) (2.42)
where () is expectation of the sufficient statistics as by definition
1i(0) = Eylt;(z)] = /dm p(x]0)t;(x) j=1....m (2.43)

m being number of sufficient statistics. Alternatively we relate g and cumulant function

Y as

1(0) = 7, (2.44)

Example 2.4. The Gaussian distribution has two sufficient statistics. The expected

value of the second sufficent statistic to(z) = x* is computed as

R (—9—1 - 110g<—2ez>) (2.45)

2 1 1 0? 1
_ (L _ = ) ==L - — 24
<46’§ 2 —26’2( )) <46’§ 20, (2.46)

After replacing canonical parameters with the location and scale parameters where 61 =

a/b and 6y = —1/(2b)

po = (t2(z)) = (¢*) =a® + b (2.47)
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Example 2.5. In this formulation Equation 2.42 the (Shannon) entropy is easily de-
rived as replacing the sufficient statistics by their expectations in the negative log of the

density [52,53]. That is,

uzwm=<:”>= ! (2.48)

Hence uT0(p) is

T
a 3 |
() = ()" 0(p) = | =T33 (2.49)
a”+b %
Next, the Gaussian cumulant function () is
b00.6) =~ L1oa( o)) (2.50)
1,02 10, 2 0g 2 :

after replacing canonical parameters with corresponding expectation parameters

001(n) o)) = L Llog(—2(-1/2m) = & 4 L

=1/ 5 logh (2.51)

Then using Equation 2.42

2b

(14 log27m + logb) (2.53)

CL2
—1 —log 2 2.52
( 2t L (26 ogb) og 2w (2.52)
1
2

2.2.2. Relating Dual of Cumulant Function and Entropy

The relationship between the entropy and dual cumulant function is already

pointed out by many authors [8]. By definition the dual conjugate of the cumulant
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function is given [22]

¢(n) = glelg{uTﬁ —¥(0)} (2.54)
= 0(u)" 1 — P(6(1)) (2.55)

after that we re-write the entropy in Equation 2.42

H(p) = —(6() +log h(x) ) (2.56)

Hence the dual cumulant function is an important quantity. In the following two
examples we show how to derive the dual of cumulant function ¢() for the Gaussian.
The first example computes the ¢ in terms of location and scale parameters while the
second example computes ¢(u) i.e. in terms of the expectation parameter. By using
the equality between expectation and location-scale parameters p; = a, o = a® + b

both results can be converted to each others form.

Example 2.6. In this example we compute the dual cumulant function ¢(a,b) for the

Gaussian where a,b are the location and scale parameters.

T

() = -7 "% 3 (2.57)

2 2 2
b(a,b) — (% -5 - %) _ (;—b + %log(b)) (2.58)
= —% — élogb (2.59)

Example 2.7. In this example we compute the dual cumulant functions ¢(u) for the
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Gaussian. The Gaussian distribution has two sufficient statistics

(o) = 2O _ 006 _ 9 (—9—% - 110g<—2ez>) __4 (2.60)

00, 00, 06, \ 40, 2 20,
o) (O 9 92 1
2(6) = 89(2) _ 09(2) - (—4—;2 - 51og<—2ez>) (2.61)

2 1 1 6? 1
— _Z N == - — 2.62
<49§ 2 —292( )) <49§ 20, (2:62)

Now we invert and find 01(u) and 05(p) (where p = (1 po]® ). Then, after we re-

arrange the terms Equation 2.60

Oy = ——— 2.63
> = "o (2.63)
and substitute into Equation 2.62
0? 1 2, M1
e
we solve for 64
2 _ M H1
2=t 0, = 2.
fa = HL= g = 0 e — 12 (2.65)
and 0Oy
0 - 1
Oy = — L — _pemi (2.66)
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Finally the dual cumulant function ¢() is identified as

H1 ! A,
o(p) = L =Y e) (2.67)
H2 " 2(u2—pd)
N SR S
_ <’“<u2 ) (g — M%)>) (-7 o 5 losl 20,)) (2.68)
2 2
K1 K2 K1 1 2
= — — (- ——"—— + Zlog(ps — 2.69
<u2 —p 2 — u?)) ( 2o — p3) 2 iz Ml)> (2.69)
11
= =5~ 5 log(uz — 41) (2.70)

2.2.3. Bregman Divergence

Definition 2.1. Let ¢ be a convez function. The Bregman divergence dy(x,y) is defined

as

dy(x,y) = ¢(x) — ¢(y) — Vo(y)(z —y) (2.71)

with Vo(y) being the gradient vector of ¢ evaluated at y [22].

The Bregman divergence is a non-negative quantity as dg(x,y) > 0. It is zero iff
x =y, e dg(x,x) = 0. Note that Bregman divergence is not a metric since it does
not provide neither symmetry nor triangular inequality. An interesting point is that

Bregman divergence dy(z,y) is equal to tail of first-order Taylor expansion of ¢(x) at

Y

o(x) = ¢(y) + Vo(y)(x —y) + dy(z, y) (2.72)

which turns to the Bregman divergence as in Equation 2.71.

In the following examples we assume x and y are scalar variables and ¢’ is the

derivative.
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Example 2.8. For Fuclidean distance ¢(x) = %:B2 with the derivative ¢'(y) =y

Lo 1,

do(w,y) = 52° = Sy = (x =)y = %(w —y)? (2.73)

Example 2.9. For the KL divergence ¢(x) = xlog x with the derivative ¢'(y) = logy+
1

dg(z,y) = vlogz —ylogy — (z — y)(logy + 1) (2.74)
:a:logg—x+y (2.75)

Example 2.10. For the IS divergence ¢(x) = —logx with the derivative ¢'(y) = —i

1
dg(z,y) = —logz +logy — (x — y)(—;) (2.76)
S N | (2.77)

Y y

dy(z,y) =wxlog i —x+y

o(z) = xlogx

Figure 2.1. Bregman divergence illustration; (a) for Euclidean distance, (b) for KL

divergence.
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2.2.4. Bijection between Exponential Family and Bregman Divergence
We recall that exponential family of distributions is defined as
p(al6) = h(z) exp (t(x)"0 — (6) (2.78)
Banerjee et al. proved the bijection between regular exponential family distributions

and the Bregman divergence [22] by taking log of both sides and then adding and
subtracting ¢(t(z))

log p(z|0) = log h(z) + (t(z)"6 — ¥(6)) (2.79)
= {logh(z) + ¢(t(z))} — { —t(x) 0+ () + ¢(t(z))} (2.80)
= log by(z) — dy(t(x), pt) (2.81)

where an important observation is that by(x) is independent of y as

by () = exp(¢(t(x)))h(z) (2.82)

where h(z) is the base measure. Here ¢ and ¢ are conjugate dual functions while p as
expectation parameter and 0 as canonical parameters are dual parameters. Recall that

conjugate dual function ¢ to v is defined as

o(p) = 31613{MT9 —(0)} (2.83)
=0(p) p—v(0(n)) (2.84)

Here are some important properties [22].
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Table 2.2. Various identities and functions for Gaussian, Poisson and exponential
distributions [22] with the parametrization as N (z;a,b), PO(x;a),E(x;a). The
Gaussian variance parameter is assumed to be known. Note that here we have a single

sufficient statistics as t(x) = = and p is expected value of the sufficient statistics t(x).

0 p=(t(x)) | 0(p) 1(0)
Gaussian 7 a £ 0b
Poisson loga a log 1t exp 6
Exponential | —a % —ﬁ —%

¥(0) D(O(n) | dp) O(p) = 0(p)p — (0(p))
Gaussian | 36” 3% G bx -3 = 3%
Poisson exp(6) T plogp —pu | logp x p—p=plogp—p
Exponential | —log(—0) | log s —logp—1 _71 x pu—logpu=—1—logpu

(i) Let ¢ and v are convex conjugates

dg(x, p) = () + P (0(p)) — 20(p) (2.85)

(ii) (Dual Divergence) Let p be convex conjugate of 6, then

dg(p1, p2) = ¢(p1) +(02) — 1y = dy (62, 01) (2.86)

(iii) Forward mapping from canonical parameter 6 to expectation parameter

O (1)
f) = 2 O(p) = ———= 2.87
w(o) =2 () = 5! (287)
(iv) Derivatives of the convex conjugates are related as follows where f~! is the inverse

function

aggi;u) — <81§(99))_ hence (w(0)™' = 0(p) (2.88)
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Recall that for f(z) =y and f~!(y) = x we have

Of(xz) 1
9 W (2.89)
9y

2.2.5. Conjugate Priors for Exponential Family

Every member of exponential family distributions has a conjugate prior which is
also a member of the family. The benefit of the conjugate priors is that when a conju-
gate prior is multiplied by the corresponding likelihood function, the resulting posterior
distribution has the same functional form as the prior. This makes the Bayesian anal-
ysis, i.e. computing a posterior distribution over parameters and MAP estimate, i.e.
computing a point estimate of the parameters that maximizes their posterior easier.

Let’s consider the following example without going into canonical format.

Example 2.11. The conjugate prior to the Poisson observation is the gamma distri-

bution as

gamma posterior o< Poisson likelihood X gamma prior (2.90)

p(zlz,0) oc p(x|z)p(2]0) (2.91)
where the distributions are
p(z|z) = P(x;2) and  p(z]0) = G(z;a,b) (2.92)
Then the log (conjugate) prior and log likelihood are

log p(x|z) = xlogz — z — log x! (2.93)

logp(z]6) = (a — 1) log z — %z —logT'(a) + alogh (2.94)
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If we have n independent Poisson observation with the following log likelihood

n

Z log p(z;]z) = Z (x;logz — z — log x;!) (2.95)

i

= log z Z xT; —nz— Z log x;! (2.96)
Then we add them
& 1
log p(z|z) + log p(z]0) = <Z T t+a— 1) log z — (B + n) z + const (2.97)
For n observations the posterior distribution is

n —1
p(z|z,0) = G(z|a, B) where a=a+ Zx, B = (% + n) (2.98)

where for n = 0 we recover the original gamma prior distribution.

Remark 2.2. We recall that as n the number of observations gets larger the shape of
the posterior distribution gets closer to that of the Gaussian distribution. This phe-
nomenon is also known as asymptotic normality. Therefore, in such cases, the Gamma
posterior can be approximated by the Gaussian. This is one of the consequences of the

central limit theorem. Figure 2.2 illustrates the asymptotic normality.

Figure 2.2. Posterior distribution peaks around MAP estimate and turns to be a

Gaussian distribution as the number of observations n increases.
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An exponential family of distribution and its conjugate prior have the following

functional form [37]

p(x]0) = h(x)exp (t(l’)T9 — @b(@)) (2.99)
p(0]70,m1) = g(70,71) eXp(TlTH — 101(0)) (2.100)

with 79, 71 being the hyperparameters where 7 is interpreted as the effective number of
pseudo-observations in the prior by [1,54]. Note that 7y is the coefficient of the term that
has the same form as the log partition function ¥ (6) of the observation model. Here the

function g(79, 71) is the normalization coefficient and disappears during optimization.

Example 2.12. Poisson distribution is associated with KL cost function and its con-

jugate prior is the gamma distribution. Then given that

PO(x;\) = exp (zlog A — A —log x!) (2.101)
G(A\;a,b) =exp ((a —1)log A — bA + alogb — logI'(a)) (2.102)

where we want to relate (or tie) the hyperparameters a and b to the 7o and 1. That is,
we want to match Equation 2.100 and Equation 2.102. The clue is that the cumulant
function Y in Equation 2.100 is to be equal to that of Equation 2.99, i.e. for this

example that of Poisson. The Poisson in canonical format is

PO(z;0) = h(zx)exp (x0 — 1(0)) (2.103)

where recall that the cumulant function for Poisson is 1(0) = exp 0 and to obtain exp 6

term in Equation 2.102 we re-parametrize the gamma by substituting u = log 6 as

u = logd = 0 =expu (2.104)

G(u;a,b) =exp ((a — 1)u — bexp(u) + alogh — logI'(a)) (2.105)
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where we identify and tie the parameters as

=0 m=a-1 (2.106)

2.3. Expectation Maximization (EM)

The Expectation Maximization (EM) algorithm is an iterative optimization method
for finding Maximum Likelihood estimate of the parameters of the underlying distribu-
tion. The EM was discovered and employed independently by many researchers until
Dempster et al. [55] brought their ideas together under the name EM Algorithms and
proved convergence. It is specifically suitable when some parameters are completely or
partially hidden. Its convergence is guaranteed to a local maximum on the likelihood

surface. For notational convenience, let the log-likelihood function £(#) is defined as
L(0) = L(z|0) = log p(x|0) (2.107)

where X is observed data and # is unknown parameter vector. Our goal is to find 6

that maximizes £(#) such that
0" = arg méaxp(:v|6’) (2.108)

However, suppose p(z|f) is hard to compute, while p(x, z|0) is easy where Z is the latent
variable. Then EM cycles through two steps, in E step we compute the expectations
of the hidden structure whereas in M step we maximize £(f) with respect to (w.r.t.)

0 given the expected value in E step as

(E Step) 2" = AZ) a0 (2.109)

(M Step) oY) = arg max (log p(z, 2™|0)) (2.110)
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where convergence is guaranteed such that

LOW) < L) < ...L6M™) (2.111)

An interesting analysis [56] shows that the EM algorithm is a hill-climbing in
the log likelihood log p(z|6) by use of a functional * B(q,0) where ¢ is an averaging
distribution. The idea is based on the fact that rather than maximizing directly the
complete log likelihood due to the randomness imposed by the hidden Z we work on
its expected value with an averaging distribution. Indeed let the functional B(q,6) be

a lower bound on the true incomplete (marginal) log likelihood

= logp(x = zq(z)lo M
£(6) = o p(alf) > B(0.0) = [ d= a(2)log 25 @112
noting that [ dz q(z) =1 we have
£(8) = log p(a]0) = / dz (=) log p(z|6) = / dz q(2) log% (2.113)
e o 10 P A18) ()
= [asaenos MR A (2114
() N SN T
- [z a0 PEED — [z g 107 (2.115)
_ / dz q(z) log 2 (z &;'9) + KL[g(2)||p(2]z, 0)] (2.116)
Hence we have the equality [1,56]
L(0) = B(q,0) + KL[g(2)]|p(z|z, 0)] (2.117)

with the following remarks;

e Since KL is a positive quantity we have the lower bound B as £(0) > B(q, ).

2The functional is related to variational calculus [46] and convex analysis. As an example, entropy
function H|[p] is a functional. We refer to [1] for the functional.
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o KL is zero iff q(z) = p(z|z, 0), i.e. ¢ is equal to the true posterior p(z|x,d). Then
L) = B(q,0).

e In statistical physics, the (negative) bound B is known as variational free energy
where physical states are represented by the values of latent Z while energy of a

state is —log p(x, z|0) [56]. Note that the bound can be decomposed as

B(q,0) = (log p(x, 2(0)).) + Hlq] (2.118)

e By factorizing the expectation of the joint distribution (log p(z, z|6)) in Equation
2.118 the bound B(q, #) is written as

B(q,0) = (log p(|2,0)) ., + (log p(2]0)),., + Hla(2)] (2.119)

= (logp(22,0)) ) — K Llg(2)[[p(2]0)] (2.120)

By using this fact the log likelihood can be written in terms of two KL divergence

as

L(0) = (log p(]2,0)) o) — K L{a(2)||p(2]0)] + K Llg(2)[|p(z|2,0)]  (2.121)

For model selection for tensor factorization we will use this expression by assuming

the posterior ¢(z) = p(z|x, ) and this results to

L(0) = (logp(z[2,0)) 1.9 — K LIp(2|7,0)||p(26)] (2.122)

e For the true posterior, i.e. ¢(z) = p(z|z,0) we have the equality since KL term

in Equation 2.117 becomes zero

L(0) = (log p(2(2,0)) 21z T (08 P(210)) (. 10.0) + HIp(2]2,0)] (2.123)

and in terms of KL it is as follows where we will use this result in Chapter 5
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related to model selection

L(0) = (logp(z[2,0)) 1.9y — K LIp(2|7,0)||p(20)] (2.124)

Now, we may re-write EM iterations as

(E Step) ¢V = argmax B(q, ™) (2.125)
q

(M Step) oY) = arg max B(g"tY,0) (2.126)

where in this view, in E step 6 is fixed and we search for the ¢(z) that maximizes the
bound B. It can be shown that the choice of the posterior of Z as ¢"*1(2) = p(z|x, 8™)

gets the maximum as

q(2)* = arg mex B(q,0)+ A1 — /dz q(2)) (2.127)
= argmex log p(x|0) + / dz q(z)log p(z|z,0) (2.128)
— /dz q(z)logq(z) + \(1 — /dz q(2)) (2.129)

where we added a Lagrange multiplier due to the constraint [ dz ¢(z) =1 [57]. Then

taking derivative w.r.t. ¢(z) and solving for ¢ after equating to zero

0B(q,0)
dq(z)

=0+ logp(z|z,0) — (1 xlogq(z) + q(2) x 1/q(2)) + A =0 (2.130)

= logp(z|z,0) —logq(z) + A —1=0 (2.131)

then ignoring the constant terms A\ — 1 we obtain [56,57]

q(2)" = p(z|z,0) (2.132)

Whenever ¢ is found, we fix it and we search for # in M step so that it maximizes

B(q¢™*Y 6) and hence maximizes the log likelihood.
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KL

KL

Figure 2.3. EM iterates between E step and M step.

2.4. Bayesian Model Selection

For a Bayesian point of view, a model is associated with a random variable m
and it interacts with the observed data X simply as p(m|x) o« p(z|m)p(m). Then, for
a model selection task we choose the model associated with m* having the highest pos-
terior probability such that m* = argmax,, p(m|z). Meanwhile, assuming the model
priors p(m) are equal the quantity p(z|m) becomes important since comparing p(m/|x)
is the same as comparing p(xz|m). The quantity p(z|m) is called marginal likelihood [1]

and it is the average over the space of the parameters, in our case, Z as

plefm) = / dz plz]z, m)p(z|m) (2.133)

On the other hand, computation of this integral is itself a difficult task that requires
averaging on several models and parameters. There are several approximation meth-
ods such as sampling or deterministic approximations such as Gaussian approximation.
One other approximation method is to bound the log marginal likelihood by using vari-
ational inference [1,40] where an approximating distribution q is introduced into the log
marginal likelihood equation as in Equation 2.116 where the bound attains its maxi-
mum and becomes equal to the log marginal likelihood whenever ¢(z) is set as p(z|x, m),
that is the exact posterior distribution. However, the posterior is usually intractable,
and we introduce approximating distributions that are easier to compute. One other

approximation technique is the Laplace approximation of the posterior distribution by
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a Gaussian centered at the MAP estimate.
2.4.1. Asymptotic Analysis

Recall that we have a log likelihood equation in terms of the expectations w.r.t.

true posterior

L(0) = (og p(2]2,0)) 21z + (108 P(210)) (. 10.0) + HIp(2]2,0)] (2.134)

On the other hand, if we have large number of observation X = X, X,,... X, the
posterior p(z|z,6) is peaked at around the mode z4,. In other words, as n gets
larger, the posterior distribution p(z|z,#) first turns to be the Gaussian (also called
asymptotic normality) and then turns to be delta dirac such that we may approximately
write p(Z = Zmap|2,0) >~ 1 and p(Z # 2zpep|r,0) ~ 0. By using this approximation as

n — oo we may drop the integral terms from the expectations

(log p(z(2,0)) 1100y = / dz log p(z|z, 0)p(z|x, ) ~ log p(z|2map, ) (2.135)

(log p(210)) 2100y = /dz log p(z|0)p(z|z, 0) ~ log p(zmap|€) (2.136)
since only for Z = z,4, we have p(Z = zp4p|z,0) = 1 and zero for Z # z,,4,. For
the entropy term in Equation 2.134, it is the entropy of peaked posterior distribution
which turns to Gaussian as number of observations gets larger. Hence it is the entropy

of the multivariate Gaussian distribution for Z = Z;, Zs, ..., Z,, as follows where K is

the determinant of the m dimensional covariance matrix
1
H[Z] = H[p(z|z,0)] = 3 log((2me)™|K) (2.137)

As a result we have the following lemma:

Lemma 2.1. Log marginal likelihood given in Equation 2.134 is approximated asymp-
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totically as
1
L(0) ~ log p(x|Zmap, 0) + 1og p(zmap|6) + 3 log((2me)™| K]|) (2.138)

with m being the number of the dimension and |K| being the determinant of the m-

dimensional covariance matrix.

Figure 2.4. Asymptotically as n — oo posterior distribution peaks around MAP

estimate and turns to be first a Gaussian then delta Dirac function.

Remark 2.3. Equation 2.138 is equivalent to the Laplace approximation [1] defined

below

1
£(8) = 10g p(|map. 6) + 108 p(2mapl8) + T log(2m) =  log | A (2.139)

where A is m x m Hessian matrix of the second derivative of negative log posterior and

given as [1]

A = —0%10g p(2| 2map, 0) 108 P(2map|0) = —0? 10g p(2maplz, ) (2.140)

Laplace approzimation is obtained by expanding the log posterior (which is ap-

proximately Gaussian under large sample assumption) by the second order Taylor
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expansion around the mode 2,4, [1,58]

1
log p(z|z, 0) ~ log p(zmap|z, 0) + % (2 zpap)t (2.141)
1 9 log p(z|x, 0) -
5(2 — Zimap) 522 Zzzmp(z — Zmap) (2.142)
1
= log p(Zmap| 7, 0) — 5(2 — Zmap) | Al(2 = Zmap) " (2.143)

where A = 9*log p(z|z,0)|.=.,.,. Note that the first derivative dlogp(z|z,6) becomes
Zero Since 2, is the local maximum and also the second derivative is negative. Here
this equation approximates the posterior distribution by Laplace approzimation. Also,
rising both sides to the power of exp shows that posterior distribution approximate to

the Gaussian as follows

1
p(z|x, 0) >~ log p(2map|x, 0) exp ( - 5(2 — Zmap) | A (2 — zmap)T) (2.144)

The quantity that we want to approximate is log marginal likelihood £(6). To ob-
tain this noting that the posterior distribution is proportional to the product of the
likelihood and the prior (Bayes rule)

p(z|x,0) o p(z|z,0)p(z|0) (2.145)

p(zmap‘l’, 9) 08 p(x‘zmapv 9)p(zmap|9> (2146)

and then equating two equations of the posterior distributions, i.e. Equation 2.143 and

Equation 2.145

%(z — Zoap)| Al (2 — zmap)T) (2.147)

1
= p(lzmap: O)P(zinapl0) exD (= 52 = 2map) | AI(z = 2ap)” ) (2:148)

plelz, 0p(=19) = log p(emapl, 0) exp ( -
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and finally integration over z by using the Gaussian integral [59] we end up with the

log marginal likelihood approximation

D ral=Op(:10) = 3 ol ) Pzmapl0) exp ( - <z—zmap>|A|<z—zmap>T)

[\3|,_. [\DII—*

plalh) 2 Dl Op(ep ) 3 e (=5 = Zmap) A1z = 2map)")

L£(8) = og p(x]0) = 10g p(x]Zmap, 8) + 108 p(2map|6) log ((27r)m/2|,4\—1/2)

Finally an important observation is that the Hessian matrix of the second derivative of
negative log posterior denoted by A is equivalent to the covariance matrix denoted by
K where this is closely related with the fact that the second derivative of the cumulant
generating function is the variance. We refer to the section on Exponential Family of

distributions (hence to the canonical representation) for further details.
2.4.2. Bayesian Information Criterion (BIC)

Here we want to drop terms that don’t scale with number of samples n in log-

likelihood approximation in Equation 2.138.

Lemma 2.2. Let n be the number of the samples as X = X;,...,X,, and the latent
parameters be m-dimensional as Z = Zi,...,Z,. As n gets larger the mazimum

entropy of the posterior Z ~ p(z|z,0) can be approrimated as

1 1
H[Z| = 3 log((2me)™|K|) ~ —émlogn (2.149)

Proof. We already know that the posterior p(z|z, ) turns to be Gaussian as n grows

while the dimension m is kept as constant. The entropy terms becomes

lim H[Z] = %log(|K|) (2.150)

n—oo
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where K is the diagonal matrix as

= 0 0

0 = 0
Kmxm = "

0 0 Zm

with ¥; being the prior and % being the posterior variance of Z;. Note that Z;s are
assumed to be independent but not identically distributed and therefore they may
have distinct prior variances, while the independence assumption implies non-diagonal
elements of K being zero, i.e. K;; =0 for i # j. Then, the determinant of the diagonal

matrix K is
K| = ——" 2.151
w1 =117 (2151)

Plug it in as follows where we drop the constant term which is const = %Z;ﬂ log X2,

that does not scale with n

m

1 1 Y, 1 iy
lim H[Z] = 5 log(|K]) = 5 log(J | —)=3 log(J | —) + const (2.152)

n—oo

(2

1
= —imlogn (2.153)

0

Lemma 2.3. BIC is recovered as we drop terms that do not scale with the number of

data n in Equation 2.138

L(0) = L(x]0) = log p(2|2map, 0) — %mlogn (2.154)

noting that 10g p(zmap|0) in Equation 2.138 does not scale with n and hence is dropped

out.
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2.5. Bayesian Information Criterion (BIC) for Gamma Distribution

The main motivation of this section is to check the applicability of BIC for the
gamma distributed variables. BIC assumes asymptotic normality under large sample,
but the question is that how well this approximation applies to the gamma distributed
data. We will answer this question here and will use the result of this section in Chapter

7 for the model selection.
2.5.1. Stirling’s Formula for Gamma Function

The gamma function is approximated by the Stirling’s formula as

2

)H2emq (2.155)
«

[a) ~ (

For sufficiently large «, after dropping the constant term the log of the gamma function

becomes

1
logT'(a) ~ ~3 loga —a+ aloga (2.156)

The derivative of logI'(«) is of a special interest for the gamma distribution and

denoted by W function

~ OlogI'(a) 1 1
\D(a)_T_—£—1+loga+aa——%+loga (2.157)

such that as a gets larger W(«) becomes asymptotically

lim ¥(a) =loga (2.158)

a—0o0
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2.5.2. Asymptotic Entropy of Gamma Distribution
For the given convention of the gamma distribution,

Zi ~ G(Zi 0, B) = exp((a — 1) log 2 — %Zi _logT(a) + alog 8) (2.159)

the entropy is
H[Z;] =logl'(a) — (« — 1)¥(ax) + log 5 + (2.160)

Note that the sign of log f term depends on the convention of gamma distribution.
However, it will not affect the following analysis. It is known that for sufficiently large
shape parameter o, gamma distribution can be approximated as Gaussian distribution.
Here we will not use the Gaussian approximation and continue with the gamma prior,
but instead we will use String’s approximation and compare the result with that of
the Gaussian approximation of the posterior. In our case, as we derived in Equation
2.98, let @ and b be the shape and scale parameters of the gamma prior, i.e. Z ~
p(z|0) = G(Z;|a,b) then we have a posterior distribution p(z;|z,6) in gamma form
with n observations

p(zilz,0) = G(Zi|a, B) where a = a + ZXj g = (% +n)? (2.161)

J

hence here we may assume a large shape parameter a augmented with the observa-

tions X;. Then, we may use Stirling’s approximation in place of gamma function and

logarithm in place of digamma function in the entropy as

1
H[Z;| ~ <—§ logar — a+ aloga) — (v —1)log(a) + log f + « (2.162)
1 1 ,
=3 loga+log 8 = 3 log a8 (2.163)

Interestingly the term inside the log is the variance of gamma distribution and asymp-

totic (large m) entropy term here has the same shape as that of the Gaussian in
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Equation 2.149. If we use the other convention of gamma distribution, i.e. p(z].) =
exp((a —1)z; — Bz + ...), we again end up with the variance of the distribution as
H|Z)] = 3log 4. Furthermore we derive the BIC complexity term (except the term
for the number of free parameters) when we plug in the posterior variance % and drop

the constants as

1 >
H([Z] ~ =logaf” = 3 log; (2.164)

~ ——logn (2.165)

recalling that Z = Z4,..., Z,,. Noting also that each Z; is independent but not iden-
tically distributed the total approximated entropy becomes

1 1
H(Z] = H[Zy,...,Zy] ~m (—5 logn) = —Emlogn (2.166)
Remark 2.4. We also note that plugging o and S in the posterior variance equation

Var = af? = (a+ ZXJ-)((% )1y (2.167)

and let X, be the maximum of X;’s, then as n gets larger the variance approximates
to

Var =nX,n?% = (2.168)

a
n

Plugging it in Equation 2.163 and dropping the constant term log X, ends up with the

same equation Equation 2.166.

The result of this section is that in a model selection framework, BIC information

criterion can be used for the Possion likelihood-gamma prior data. As penalty term
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we may approximately use the posterior variance as

1
Penalty = Z 5 log o 37 (2.169)
1
= §mlogn (2.170)

where at the last equation we further approximate for large n.

2.6. Tensor Factorization Models

A tensoris simply an array with many dimensions. An observer recording temper-
ature of a point with certain altitude, location and date of a year, would need a three
dimensional object, which is a cube with three axes as altitude, location and date,
whose cells are temperature values. More formally, this cube is called as three-way
tensor or the third-order tensor and it has three indices. A vector is, then, first-order
tensor while a matrix is a second-order tensor. The order of a tensor is the number
of the dimensions also known as modes or ways [12,13]. An N-way tensor is denoted
as X € RIxl2x-xInv = Back to the temperature cube, it is denoted as X € RlelxIHx]
where the symbol |.| denotes the cardinality of the indices a, [, ¢ for altitude, location
and date. One specific element, i.e. a temperature value, is then denoted by either

X (a,l,t) or equivalently by X!t

A slice of a tensor is a matrix obtained by fixing all but any two modes. For
the temperature cube X**! for example, could denote the temperature matrix over

*2 is for February and so on. A

all altitude-location combinations for January, X*
three-way array, i.e. a cube can have frontal, lateral and horizontal slices. A fiber
of a tensor is, similar to slice, is a vector obtained by fixing all but any single mode.
For the temperature cube X%*, for example, could denote the temperature vector
recorded on a certain location index [ at a certain altitude a. A cube can have row,
column and tube fibers. mode-n fibers are vectors obtained by fixing all the modes

except mode-n. A tensor can be transformed into and thus represented as a matrix by

replacing and reordering its fibers as matrix. This process is called as matricization
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or unfolding whereas we prefer the term unfolding and reserve the term matricization.
mode-n unfolding of a tensor results a matrix and is denoted by X(,). Matrix X, is

simply formed by replacing the mode-n fibers of tensor to be column vectors [12,13].

Example 2.13. Let two frontal slices of X € R**?*2 be as
X*’*71 — L3 X*7*’2 —

Then, mode-1, mode-2 and mode-3 unfolding are

1 357 1 256 1 2 3 4

Xay = (2 = X =
2 4 6 8 34 7 8 56 7 8

Rll ><12><...><IN

An N-way rank one tensor X € is created by outer product of N

vectors as
X:levg...va (2171)

where the symbol X is for vector outer product. In 1927 Hitchcock [15] proposed

expressing a tensor as sum of finite number of rank-one tensors as
X = E Upl X Upa... X Upp (2.172)
r
which as an example for N = 3, i.e. as 3-way tensor, it can be expressed as

Xtk =" Al pirche (2.173)

T

This special decomposition is discovered and named by many researchers independently
such as CANDECOMP (canonical decomposition) [17] and PARAFAC (parallel fac-
tors) [18] where Kiers simply called it as CP [12]. The interesting and useful property

of CP is that it ends up with unique factors up to scaling and permutation.
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Ai,r

Figure 2.5. CP factorization of 3-way tensor as sum of r rank-one tensors.

CP decomposition can be expressed as Khati-Rao product of factor matrices and

unfolding operation where Khati-Rao product is defined as follows

Definition 2.2. Let b; be a column vector. Khati-Rao product is defined as

a11b1

asnb
Ao B — 2101

m1b1

CL12b2 e alnbn
a22b2 ce agnbn
am2b2 e amnbn

where b;

A related matrix product that we will use for higher factorization models is Kro-

necker product defined as follows

Definition 2.3. Kronecker product

A®B =

CLHB CL12B
a21B CLQQB
amlB a'm2B

Example 2.14. Let Y and Z be two matrices as

alnB
agnB

A B
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Then, Khati-Rao product and Kronecker product are as follows

13 15 13 15 13 15
9 x 11 % 9 x 11 x
14 16 14 16 14 16
Y @ Z - = = = = Y ® Z = L .
13 15 13 15 13 15
10 x 12 % 10 % 12 %
14 16 14 16 14 16

Then CP factorization is expressed as mode-1 unfolding

Xq =ACoB)" (2.174)

In 1963, Tucker introduced a factorization which resembled high order PCI or
SVD for the tensors [16]. It summarizes given tensor X into core tensor G which has
the same number of modes as X. G is considered to be a compressed version of X.
Then, for each mode there is a factor matriz which may be orthogonal. Element-wise

notation for TUCKERS is given as follows

Xk =N graer A Brich (2.175)
pgr
Here is in matrix form [13]
X = AG1(C® B)" mode-1 unfolding (2.176)
X2 = BG)(C @ A)T mode-2 unfolding (2.177)

X = CG) (B A)T mode-3 unfolding (2.178)
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TUCKER factorization has two more variants as TUCKER1 and TUCKER2

TUCKER2 X"k =1"Gror A prahk k=r (2.179)

pqr
TUCKERL X"k =" Grer A [+ j=qk=r (2.180)

pgr
where for TUCKER2 or TUCKERI1 we do not decrease number of modes of GG, neither
we lessen the number of mode matrices. What we do is to plug in identity matrix [

for the disappearing mode.

There are a number of methods to update (learn) the latent structure. One of
them which we briefly explain is alternating least square (ALS) which simply updates
latent matrices one by one by fixing all but one. ALS minimizes the error as squared

Euclidean distance
min || X — X ||, where X1y = AG1y(C @ B)" (2.181)
X

where || Al|r is the Frobenius norm of the matrix A where for m x n matrix it is defined

as

IAllF = (2.182)

Here the model estimate X(l) is computed after each factor is computed as below (we
only give updates for the factor matrix A and core tensor G whereas updates for B

and C' are similar)

A=Xg) (Guy(C o B! (2.183)
Gu) = ATXq, ((C@ B)T)! (2.184)

where XT = XT(XXT)~! is for the pseudoinverse (Moore-Penrose inverse).
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Table 2.3. Element-wise and matrix representations of well-known tensor models.
The symbols ®, ® and o are for Knonecker, Khatri-Rao and Hadamard products in

the order and the division is of the element-wise type.

Model Element-wise Matrix

MF X =3 A i X = ABT

CP Xidh =S Abr BirCkr Xu) = A(Co B)T
TUCKER3 | X%k =3 GrarAi»Biachs | Xy = AG)(C ® B)T
Model ALS for certain components

MF A=XB!

cp A=Xu((Co BT

TUCKER3 | A= Xy, (Guy(C @ BT Guy = ATXy) ((C© B)T)!

2.7. Graphical Models

A graphical model (GM) is simply a graph associated with a joint probability
distribution. What makes a graph to be a model is that we associate a random variable
with each vertex. Depending on the problem domain, the random variable may be
discrete or continuous. Notationally, let V' be a set of vertices (also called nodes) and E
be a set of edges between any pair of vertices. A graph G is formed by the sets V and F
as G = (V, E'). We may have unordered set of edges that forms an undirected graph or
ordered set edge set that forms a directed graph. The interpretation of the existence and
non-existence of the edges between vertices (nodes) is directly related with probabilistic

dependence and independence relations between the random variables.

State space of a model with discrete variables is the all possible configurations
(states) of the joint distribution, i.e. a state space is all possible states that a GM can
represent. For example, a GM with n vertices with binary (two valued) variables has

2" possible states.

Associated with a GM there are certain tasks such as structure learning, param-
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eter learning, inference and/or belief propagation. Structure Learning is constructing
the graph from samples and parameter learning is learning of the parameters of the
distributions associated with each vertex. An evidence is simply a partial observation
of the variables. Given the evidence computation of the probability distribution of
the unobserved variables is defined as inference. This computation can be carried out
either exactly called as exact inference or approximately called as approzimate infer-
ence . On the other hand, approximate inference is a sampling technique (usually
Gibb’s sampler) where given the evidence we make samples of the unobserved random

variables under interest and take averages.

To deal with the tasks a researcher may come up with different representations
of the graphical models such as undirected graphical model, and yet one other directed
acyclic graphs (DAG) where no cycles are allowed. In a DAG the directed edges have a
notion of parent-child relationships among the vertices and is shown such that Pa(X) is
set of all the vertices that are parents of the vertex X, i.e. there are directed links from
Pa(X) to X. The relationship between the parents and the child vertex is Markovian
expressed in the form of conditional independence such that the variable Y has no
influence on X given (or knowing) the parents of X, i.e. Pa(X), (assuming no other

indirect or direct edges between X and Y') as follows
p(X[Pa(X),Y) = p(X|Pa(X)) (2.185)

This Markovian relation is also shown as X L Y |Pa(X). Then the joint distribution

is factorized as
n

p(X1, Xoy .o, X)) = Hp(Xi|Pa(Xi)) (2.186)

i=1

Example 2.15. Consider the sprinkler ezample whose DAG given in Figure 2.6 where
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\e/

Figure 2.6. Sprinkler graphical model. The model is completed by the probability
tables for p(C), p(S|C), p(R|C), p(W|S, R).

the vertex set and edge set are as

vV ={C,5 R W} (2.187)
E=1{(C,8),(C,R), (S, W), (R, W)} (2.188)

The DAG encodes the joint probability distribution that is factorized as
p(C, S, R, W) = p(C) p(S|C) p(R|C, S) p(W|C, 5, R) (2.189)

According to the graph by using the conditional independence, the joint distribution can

be simplified
p(C, 5, R, W) = p(C) p(S|C) p(R|C) p(W|S, R) (2.190)
Exact inference on a DAG is shown to be NP-hard [60]. To achieve exact inference
in polynomial time a DAG can be converted to a tree called junction tree (JT). An
example taken from [61] for the construction of JT from a DAG is given in Figure 2.7.

2.8. Summary

In this chapter, various background materials essential for this thesis have been

reviewed. Here is a summary of the main equations. The entropy of exponential family
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Figure 2.7. (a) illustrates conversion of a DAG to a moral and then to a triangulated
graph, (b) represents the junction tree obtained from the triangulated graph. The

example is from [61].

distributions is listed as

H(p) = —(6() + log h() (2.191)

H() = — (u(e)Te —(0) + log h(x)) (2.192)

Next, regular exponential family distributions and the Bregman divergence are shown

to be tied to each other [22]

log p(x]0) = log by(x) — dy(t(x), 1) (2.193)

An exponential family of distribution and its conjugate prior have the following func-

tional form [37] sharing a common cumulant function ()

p(lf) = h(z) exp (t(x)"0 — ¥(9)) (2.194)

(070, 71) = g(10, 1) exp (7 0 — T01p(6)) (2.195)
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The log-likelihood bound is given as
L(0) = B(q,0) + K L[q(2)||p(z|x, 0)] (2.196)
which can also be written in terms of two KL divergence as
L(0) = (logp(x|2,0)) 4., — KLlg(2)[|p(2]0)] + K L[q(2)||p(z|z,0)] (2.197)
Finally we showed that the asymptotic entropy for m-dim variable Z is expressed as

1
lim H[Z] = —§mlogn (2.198)

n—o0

which is equivalent to the penalty term of the criterion BIC. Here n is number of
observations. Then we used this expression for the entropy of gamma distribution

under large sample

1
L£(0) = L(x]0) = log p(]zmap, 0) — 5mlogn (2.199)

Finally we showed that the entropy of posterior identified as the gamma distribution

under large sample case is approximated as

1
H[Z;] ~ 5 log a3? (2.200)

where «, 8 are the shape and scale parameters.
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3. EXPONENTIAL DISPERSION MODELS IN TENSOR
FACTORIZATION

3.1. Introduction

Generalization of cost functions for the tensor factorization is one of our main
objective in this thesis and it is based on the Ezponential Dispersion Models (EDM).
EDMs are subset of the exponential family of distributions while their history goes back
to Tweedie’s unnoticed work in 1947 [24,47] such that in 1972 Nelder and Wedderburn
published GLMs [50] without any references to Tweedie’s work where their error distri-
bution formulation was similar to Tweedie’s formulation. In 1982 Morris used the term
Natural Exponential Models (NEF) [62], and 1987 Jorgensen [23] generalized the ideas
and named as EDMs. The main difference between EDM and exponential family is
that EDMs are linear exponential family of distributions where the sufficient statistics
function is simply identity as ¢(z) = z. In addition, a new parameter called as dis-
persion parameter is introduced which is analogous to the scale parameter. The mean
parameter and the dispersion parameter of EDMs can be viewed as location and scale

parameters, and therefore EDMs are similar to location-scale models.

This chapter is organized as follows. Section 3.2 briefly reviews the EDMs. In
Section 3.3 we show how to derive alpha and beta divergences from power variance
functions (PVF) of EDMs, hence we link alpha and beta divergences and the EDM
theory. Section 3.4 shows the equivalence of the beta divergence and deviance theory
and discusses the use of goodness of fit for the beta divergence. In this section we
also derive the general entropy equation for EDMs. Section 3.5 derives equations for
ML and MAP optimizations for EDMs; we will use these results in Section 3.6 for
ML/MAP optimization for the augmentation models such as = ). s;. In Chapter 4
we will apply the results of Section 3.6 to the tensors for generalization. Finally Section
3.7 is about non-linear models where we obtain fixed point update rules for the latent

factors under the assumption of matching link and loss functions.
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3.2. Background: Exponential Dispersion Models

Ezponential Dispersion Models (EDM) are subset of the exponential family of

distributions defined as

p(]0, ) = Wz, p)exp {p (0x — ()} (3.1)

where @ is the canonical (natural) parameter, = is the dispersion parameter and v is
the cumulant generating function. Here, h(x, @) is the base measure and is independent
of the canonical parameter. The mean parameter (also called expectation parameter)

is denoted by p and is tied to the canonical parameter # with the differential equations

p=u(e) = 220 (3.2)
6= 6(1) = aq;—f) (3:3)

where ¢(p) is the conjugate dual of ¢)(0) just as the canonical parameter 6 is conjugate
dual of expectation parameter p. The relationship between 6 and p is more direct and

given as [23]

09 )
5;2@@) (3.4)

where v(u) being the variance function [23-25]. Variance function, on the other hand,

is equal to the variance of the distribution scaled by the dispersion parameter ! as

Var(z) = ¢~ v(u) (3.5)

A useful assumption is that the variance function is in the form of power function and

therefore it is called as power variance function (PVF) [23,25] given as

v(p) = (3.6)
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where the variance is, then,

Var(z) = ¢ P (3.7)

Thus, the dispersion models relate the variance of a distribution to some power p of

its mean p. Table 3.1 shows PVFs for various well known distributions.

Remark 3.1. Note that the parametrization in PVF is arbitrary, and one can set the

exponent as

(3.8)

where in this case the Gaussian, the Poisson, the gamma and the inverse Gaussian

distributions correspond to p = 2,1,0, —1 in the order.

Table 3.1. Variance functions and related characteristics of some EDM distributions.

Note that parametrization of the gamma distribution is such that its variance is u?/k.

p | Dispersion Param. | Variance Function | Variance
Gaussian a2 1 o?
Poisson 1 1 0 0
Gamma 2 1/k w? w?/k
Inv. Gaussian |3 o2 w? o3

3.3. From PVF to Beta and Alpha Divergence

In this section we show how to derive alpha and beta divergence from power
variance functions (PVF) of exponential dispersion models (EDM) and/or of natural
exponential families (NEF). Starting from the PVF first we obtain the dual (conjugate)
of cumulant function by solving the differential equations; next, we use Bregman diver-
gence to obtain beta divergence. Then the same dual of cumulant function is used to

obtain alpha divergence when applied to f-divergence as pointed out by [63]. Changing
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Gaussian Poisson Gamma Inverse Gaussian
Compound
Poisson
) Generated by | Generated by
Exists distributions
None exists stable stable
[23] generated by
distributions distributions
gamma
variates
p=20 p=1 p=2 p=3

Figure 3.1. Classification of EDM distributions. Adapted from [25].

the parametrization of PVF, we come up with different parametrization of the beta

and alpha divergences.

3.3.1. Derivation of Conjugate (Dual) of Cumulant Function

We first obtain the canonical parameter by solving the differential equation g—z =

1~ P where here m is a constant

/89 = //fp&u = 0=0(u)=1—-p)  'u?+m (3.9)

Then we find dual cumulant function ¢(.) by integrating Equation 3.3 and using 6(u)

given in Equation 3.9

o = [ 0)on (3.10)
::/<a—prmkﬁ+m)&¢ (3.11)

= (1=p)2=p) WP +mu+d (3.12)
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This function is not defined for p = 1 and p = 2, since then for these two cases we seek

the limits. Consider choosing the constants m and d appropriately as
m=—(1-p~" d=@2-p~" (3.13)
so that the dual cumulant function becomes
oln) = (L=p)2=p) 7~ (7 = @=pu+ (1 -p)) (3.14)

In this way we can write the dual cumulant function as a ratio of two functions with

the free variable p

_ _ (3.15)
92(p) (1-p)2-p)

The fact that for p = 1 and p = 2 both g;(p) and g»(p) become zero, enable us to use

the I’'Hopital’s rule for seeking the limits. Here, the appropriate choice of the constants

m and d enables ¢;() to provide this property. Then taking the derivatives of ¢;() and

g2() w.r.t. p we obtain

—_—

9
9

(p)  —p*Plogu+p—1

() 2p—3 (3.16)

N~

Finally, plugging in p = 1 and p = 2 as well as the general case p # 1,2 we obtain

general dual cumulant function

(L=p)2—p) WP +mp+d for p # 1,2
o(p) = pwlogp — p+1 forp=1 (3.17)
—logp+p—1 for p=2

Note that with the constant values m = —1/(1 — p) and d = 1/(2 — p) and equating
the index parameter 2 —p = [ this function exactly matches to [32] and also to [64,65].

To check this result note that inverse of the second derivative is equal to the
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variance function (VF) where this result is expected since

Pop) 9 9pp) 90,

while in the following analysis we do not need the second derivative. We only use the

first derivative of ¢(u) to obtain beta and alpha divergence, which is as follows

— =0 =(1—p) " +m (3.19)

3.3.2. Beta divergence

In this section we obtain the beta divergence between x and y by using the

definition of the Bregman divergence for ¢() obtained in the previous section as

ol ) = 0(2) = 0lo) (o — ) 2L (3.20)

After substituting the related equalities we obtain

dy(x,y) = (1=p)(2—p)) " 2* P +mz+d (3.21)
—(1=-p)2-p) Y P —my—d (3.22)

—(z—y) {Q-p) 'y +m} (3.23)

= (1=p)2-p) ' (3.24)
—((1=p)2-p) "y (3.25)

—(z—y) 1 —p)~y'? (3.26)

which is equal to the beta divergence proposed by [27,28] (also related to density power
divergence of [26])

dg(z,y) = (1—p)2—p) {7 —y* P — (2 —y)2—p)y' "} (3.27)
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As the special cases, this expression reduces to the Euclidean distance for p = 0 while

for p = 1,2 it reduces to the KL and IS divergences in the limits

5 —y)?

p
ds(z,y) = :Elog§+y—:£ P
p

0
1 (3.28)
2

i—logﬁ—

Y

Here we note that some authors [31,63] have already used some variants of the
dual cumulant function ¢() in Equation 3.12 to obtain beta divergence as a special
case of the Bregman divergence. Even [63] has used the same function to obtain alpha
divergence as a special case of the f-divergence. However, the synthesis of this function
and its link to the exponential dispersion models; to our knowledge, is shown first in

this thesis.

Remark 3.2. We remark that even in case of ignoring the initial conditions, i.e. setting

m = d = 0 and obtaining ¢ as follows

o) = (1 =p)2—p) " p*7 (3.29)

We still obtain beta divergence since the remaining terms are cancelled smoothly by
the third term of the Bregman divergence. Interestingly, the distribution induced by
the dual of cumulant function ¢ is independent of the constants, i.e. initial conditions
m and d. Indeed, [25] re-parametrized the natural (canonical) parameter from 6 to
01 = 6 +m in Equation 3.9 that changes ¢(0;) = ¥ (0 + m) and we use () and
0 rather than ¢ (6,) and 6,. This is also confirmed by [23] as class of distributions
induced does not depend on the initial conditions. This leads to the theorem that a

linear exponential family distribution is characterized by its PVF [23] .

Remark 3.3. The definition of index parameter p in power variance function is some-

what arbitrary. Thus we can equally define the variance function as

0 _
v(u) = 55 = 1”7 (3.30)
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and come up with the beta divergence with different index parameter as

ds(z,y) = e =yl - y)y”‘l} (3.31)
= P — (1 - p)y? —pryt) (3.32)

where here p = 2,1,0 is for EU, KL and IS cost functions. We note that this

parametrization is more common in the literature [19,32,49,63].

3.3.3. Alpha Divergence

Alpha divergence is a special case of the f-divergence where f function is chosen
to be the dual cumulant function ¢ obtained above. The connection between beta and
alpha divergence has already been pointed out by [63]. By definition, for any convex
function f providing that f(1) = 0, the f-divergence of y from xz is given by [66]

dy(x,y) = yf(g) (3.33)

noting that we intentionally drop the grand sum needed for the matrix variables for
the notational simplicity. Then taking ¢ in Equation 3.12 as ¢() = f() we come up
with

da(z,y) =y {(L=p)(2 =)~ (¢/y)** + m(z/y) + d} (3.34)
Using the values for the constants m and d
=(2-p) d=(1-p) (3.35)
we obtain the alpha divergence as

do(z,y) = (1 =p)(2—p)  {2> Py P+ (2-pz+ (1 - p)y} (3.36)
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or equivalently

do(z,y) = (p(p— 1)) {2"y" ' +pz+ (p— 1)y} (3.37)

3.4. Likelihood, Deviance and [(-divergence
3.4.1. Derivation of Cumulant Function

In this section we compute cumulant function () for EDMs. It will be used for

the computation of the deviance for EDMs. Recall that we have the identities

/ 90 = / el (3.38)

0=0(n)=1-p) 'uP+m (3.39)
then inverting Equation 3.39, i.e. solving for the expectation parameter p as
p=p(0) = [(1=p)(O —m)]/"7 (3.40)

Then we obtain the cumulant function as follows

DD —p=uw) = oo = [uwm (3.41)
[ov) = [ 1= 56— my -2 06 (3.42)
v = 1= L= O -m)* T a3

= @2=p) (L= p)O—m)F PO g (3.44)

where m and d are usual constants. Then, by following [25] we may get rid of m and
d by re-parametrizing the natural (canonical) parameter from 6 to ¢; = 6 — m that

changes the cumulant function from () to ¥;(61) = ¥ (6; + m) and we use () and
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0 rather than 1;(f;) and #;. As a summary, starting from the following

00 . 0u(0)

% =H 00 = () (3.45)
we end up with
0=0(n)=1—p) " p? (3.46)
p=p(0) =[(1-p)o)’ " (3.47)
w(60) = (2= p) 7 [ - po = (3.48)

For the next section where we analyze beta divergence and deviance relationship we
will need the cumulant function in terms of p as ¢(u). This is indeed given in Equation

3.48 and we simply use 0 given in Equation 3.46 in Equation 3.48

V() = (@(n) = (2 —p)  u* (3.49)

Then we find —z6 where we simply use Equation 3.46

—20 = —x(1 —p)~ tut? (3.50)

Remark 3.4. Recall that an alternative expression for Bregman divergence is given

as Equation 2.85

d(x, p) = ¢(x) +(0(1)) — 20(p) (3.51)

Then, we obtain each term in Equation 3.51 in terms of y and add them up to find
the divergence function. The cumulant function is already computed in Equation 3.49

and the dual of cumulant function ¢(z) is already computed in Equation 3.12 while the
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product —z6 is —z6 = —x(1 — p)~'p*~P. Then we add them up to get the divergence

d(z, 1) = {(1=p)2—p) " 2"} +{2=p) WP} + {—2(l —p)'u"*} (352)

=((1-p@2-p)  {L-—pp*? —2@2—-pp' " +2"7"} (3.53)

3.4.2. Log Likelihood of Exponential Dispersion Models

In this section we compute the log-likelihood of the EDMs which we will use
during the computation of both the entropy and the deviance. Recall the definition of
the EDM

p(]0, ) = Wz, plexp {p (0x — ()} (3.54)

Then the log-likelihood in terms of 8 and p is

L(0) = L(z|0) = p(Ox — 1(0)) + log h(x, ) (3.55)
L(O(n)) = L(x|0(1)) = (0(p)x — (0(n))) + log h(z, ) (3.56)

For the last equation, i.e. for £(6(u)), substituting #(x) and (0(n)) from Equation
3.46 and Equation 3.48 we compute the log-likelihood in terms of £(0(u))

L) = (1 =p) ' Pe = (2= p) " (1 =p)0)* ") - logh(w, ) (3.57)

L(p) = L(z|p) = o((1—p) ' p' Pz — (2 —p) "1 7?) +log h(z, p) (3.58)

One very important quantity is the derivative of the log-likelihood £ w.r.t. the expec-
tation parameter pu. The useful point in this derivation is that the the base measure
h() is independent of the expectation (and also the canonical ) parameter and base

measure disappears smoothly

—— = opP(r — p) (3.59)
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3.4.3. Entropy of Exponential Dispersion Models

In this section we compute the entropy of EDMs. This analysis is similar to
Menendez’s proof where he computes the entropy for exponential families [52]. By

definition the Shannon’s entropy is

HI6) =~ [ p(al6) g p(s16) di(a) (3.60)

We plug in log p(z|f) that has already been computed in Equation 3.55

HI8) = = [ p(a16) (2000 — v(6) + log h(z. 2))) di(z) (3.61)

Then taking the constant terms outside of the integral we compute the entropy for

EDM

Hi6) = (6 [ p(al6)s du(w) ~ 6(6) [ ptalt) + [ plalp)loghio, o) duta)) (362)

=~ (0 = (0) + (log h(z, ¢))) (363)
and in terms of expectation parameter
Hu] =~ (6(1) + {log Az, 9)) ) (3.64)

Example 3.1. To check the entropy for EDMs given in Equation 3.63 consider un-

known mean and known variance of the Gaussian case N (x;a,b) with the following

equalities
L o w0 =22 = toghir) = -5 — logar — Ylogh (3.65)
‘P—b H)=a B g yP) = B 5 g 5 g .

where we obtain them from Ezample 2.1 for unknown mean known variance Gaussian

of exponential family by dividing by the factor ¢ = % Then we apply Equation 3.63 to
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find the entropy as

HIf] = —<p(a2 - %2 + <—%2 - glogQW - glog b>) (3.66)
— —<p(a2 — %2 — @ — glog 2m — glog b) (3.67)
:_¢(a2—%2—%2—g—glog%r—glogb) (3.68)
= —<p( — g — glog 2m — glog b) (3.69)
— % + % log 27 + % log b (3.70)

where the expectation of the sufficient statistics is (x?) = a® + b.

3.4.4. The Deviance and the (-divergence

Deviance is a statistical term to qualify the fit of the statistics to the model [50]
and defined as [23] (adapted notation)

D(x, p) = 2 [sup{zf — (0)} — {20(1) — ¥ (0(1))}] (3.71)

The deviance is equal to 2 times of the log-likelihood ratio of the full model compared
to the reduced (observation) model. A full model is the model where each sample in
the observation is represented by a parameter. In GLM [67], the deviance is used to

compare two models

D(pg, p)p = 2(L(ug) — L(1)) = 2(log p(x|pay) — log p(|p)) (3.72)
where 15 is for the parameters of the full model which is as large as the samples. On

the other hand, the likelihood of the full model with parameter 1y can be taken as
substituting x for u in the likelihood formula for EDM (3.58) as

Llps) = L(x) = o((1—p)~ e Pz — (2= p) 2" ") + log h(z,¢) (3.73)
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Then the log likelihood ratio £(z) — L£(u) becomes

= go((l —p) et Py — (2 — p)_1x2_p> — go((l —p) P — (2 - p)_l,uz_p> (3.74)

P (1=p)@ =)™ (+*7 = (2= p) W P2+ (1= p) 2 )) (3.75)

Interestingly, this result is exactly equivalent to the beta divergence that we derive
in Equation 3.27 except the inverse of the dispersion parameter . Hence the beta
divergence is equal to the half of scaled deviance [67] (dividing the deviance by the

inverse of the dispersion parameter)

D(x, p) = 2pdg(x, ) = 2(L(1g) — L(1)) (3.76)
where D() is for the deviance and dg() is for the beta divergence.

One significance of this analysis is that beta divergence can be used in a model
selection framework and its measure of discrepancy of goodness of fit can be qualified
via X2. This is due to the fact that the deviance itself is X2 distributed random variable
for Gaussian models and it can be approximated to X2 for non-Gaussian models as
number of observations gets larger, i.e. for large n. Even better approximation is for

the difference of two deviance for comparing two models, that is

D(x, ) — D(x, pia) = 2(L(pg) — L)) — 2(L(pg) — L(p2))
= 2(L(p2) = L)) (3.77)

is X? distributed [67]. Hence, when beta divergence is used in model selection frame-

work we have a measure of goodness of fit as

2pdg(x, ) ~ X7, (3.78)

where n is the size of observations xy, ..., x, and m is the number of parameters in p,

i.e. the number of components to compute the mean.
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One other interesting quantity in this analysis is the log-likelihood of the full
model. It is indeed closely related to a well-known quantity; the entropy. The likelihood
of the full model is the maximum achievable likelihood and it is a quantity of data given
the data and hence independent of the parameters. Note that, on the other hand, the

entropy is independent of the location parameter. Also check that in Equation 3.73

Ling) = £() = (1= p) ' P = (2= p) 4 7) +logh(z, ) (3.79)
=o((1=p)2=p)"e*7) +logh(z.¢) (3.80)
= ¢d(x) + log h(z, ¢) (3.81)

and recalling the likelihood of the estimated model

L(0(p)) = L(x]0()) = @(0(p)x — (0(n))) + log h(z, ¢) (3.82)

where their difference recovers the divergence equation

Lpg) — L(p) = p(@(x) — O(p)z +(0(1))) (3.83)

3.5. ML and MAP Optimization for EDMs

For the inference or the learning of the parameters we want to optimize p w.r.t.
the log likelihood of an EDM. For this we take the maximum likelihood approach and
take the derivative of log likelihood w.r.t. u

logp(z]0, ) = log h(x,p) + {p (0z — ¥(0))} (3.84)

Then taking the derivative w.r.t. 6 as

W _ (x _ &g_(;)) — o(@—p) (3.85)
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since p = %&f). For the derivative w.r.t. the expectation parameter p, we use the

chain rule as

dlog p(x]0, ) 00 o0 p
— 0 o p(x M)au = p(z — p)p (3.86)

since g—z = p~P. Note that it is

dlogp(x|0, p)

e (3.87)

a Var(z)

since pu P = ) where this result matches to the result in Equation 3.59.

1
Var(
Remark 3.5. The second way to get the same result is to use derivative of the Bregman

divergence. Note that we can re-write the log likelihood of EDMs in terms of Bregman

divergence as follows

log p(z]0, p) = log h(x, p) + po(z) — {@ (p(x) — O(p)z +V(0(1)))} (3.88)
= b(z, ) — pdy(z, 1) (3.89)

where b(z, p) = log h(z, )+ @¢(x) is independent of the canonical (f) and expectation
(1) parameters. Then taking the derivative of Equation 3.89 w.r.t. u
dlogp(x)0,) 0 — pdy(x, 1) 9dy(z, 1)

5 5 = (3.90)

which is the derivative of Bregman divergence which respect to the second parameter

Qlogple, ¢) logpa(iw’ °) —30((% - u)aai(f)) (3.91)

Note that ¢(u) = (1 —p)(2 — p)) 'w* P and 0*¢(u)/Ou* = p~P where we obtain
Equation 3.86.
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For the MAP optimization the conjugate priors for the EDM family are given as

p(0|no, xo) = h(ng, o) exp {ng (xed — 1(0))} (3.92)

with ng, z¢g being the hyperparameters corresponding to belief about a prior sample
size and prior expectation of the mean parameter [68]. Here the function A is as usual
for the normalization and disappears during optimization. For the M-step we take the
logarithm and derivative w.r.t. to

dlogp(0|ng,z9)  Ologp(fing, o) 00 a0 .

It is interesting to compare this MAP equation with that of ML optimization where

we quote as follows

0 log p(6no, zo)

5 = no(zo — p)p " (3.94)
i

0log p(x|0, _

W =p(x —p)u? (3.95)

3.6. ML and MAP Optimization of the Data Augmentation Model

The main motivation of this section is that we want to optimize the data augmen-
tation model z = > s, where x is observed array while s is the latent. The result of
this section will be used in Chapter 4 for the generalization of the tensor factorization

to the beta divergence.

3.6.1. EM Algorithm for the Exponential Dispersion Models

Now, consider the data augmentation model x = )" s, where s is a random

vector with the exponential dispersion models (EDM) [23]

p(5:10, @s) = h(sr, ps) exp (s (Os, — 1(0))) (3.96)
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Here, as usual 6 is the canonical parameter, ;! is the dispersion parameter which is
common for all s, by definition. Also, ¢ is the cumulant function. The mean parameter,
now is denoted by A, rather than p and is tied to 6 as A, = 0¢(0)/06. Note that the
distribution can also be characterized by the mean and the dispersion as p(s,|\., 3 !).
The power variance function [23-25] is given as v(\,) = A2 which is defined as 90/0\, =
v(A.)7! [23]. Finally the variance is equal to Var(s,) = p;'v(),.) = ¢; AP, Recall that
the variable x is augmented as = ) s, with the mean parameter £ = ) _A,. The
objective is that z is observed and we optimize the model for specific A,. We formulate

the EM for ML estimation as

(E step) s, = (5, ]z, A™) (3.97)

(M step) A D = arg max log p(s, " V|\, 5) (3.98)

The M-step requires the derivative of the log likelihood L£(A) = log p(s|A, ¢s)

dlogp(s|A, ps) _ Ologp(s|d, p,) 06

> = ) (3.99)
s Ngp = g = (5= NeA” (300

The E-step, on the other hand, introduces a difficult problem as it requires identification
of the posterior expectation <sr|x, )\(")> in the general form. We derive it by exploiting

the tightness of the EM lower bound and outline it in the following theorem.

Theorem 3.1. Let s be a random vector with the mean X from the EDM family with the
power variance functions and let x be a variable with the mean & given as v =Y s,.

Then the posterior expectation for the variable s, is given as

A

(sp|lz, A) = A + W

(z — #) (3.101)

Proof. We start with the expression for the EM lower bound for the likelihood as

log p(a17) = (108 plals)) .., + (08 p5: A ), + Hlals,)] (310)
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with ¢(s,) being any arbitrary distribution and H{[q(s,)] being the entropy such that
whenever the distribution ¢(s,.) becomes equal to be true posterior ¢(s,) = p(s,|z, A),
the bound becomes tight and the inequality turns to an equality [46]. If we replace
q(s,) with the true posterior and take the derivative w.r.t. A, by using the chain rule

and noting that 0z /0\, =1

dlogp(zx|z) 0z

oz o\,
O\, p(sle) 2 p(slz.) OA,

Then regarding the differentiation w.r.t. A, in an M-step of EM setting where A, is

independent of the approximating distribution ¢(s,) we end up with

1 % 1

0 ogapA(z|x) _ <8 ogg)(\sr|)\r)> (3.104)

v r plsrle)

= (s]z,A) — A
Var(z)  Var(s,) (3.105)
Finally we solve for (s,|z, \) as
B Var(s,) )

(splx, A) = A\ + Var(®) (x — 1) (3.106)
(3.107)

and using the fact that x is aggregation of multiple s, and using power variance func-

tions, i.e. pluging v(A,) = A2 and relating Var(z) to Var(s) as
Var(s,) = o5 'A\P = Var(x) = Z Var(s,) = o Z AP (3.108)

we end up with

A X
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Theorem 3.1 gives the general form of the posterior expectations for the posterior
distribution p(s,|z, A) from EDM family, without explicitly constructing the posterior
density.

Lemma 3.1. Let o' and o, ! be the dispersion parameters of the EDM variables s

1

and x and p be their ratio as p = p; /¢ 1. Then the posterior expectation for EDM

family with p = {0,1,2} is given as

)\p

T
TP

(sp]lz, Ay =N+ p

(z — &) (3.110)

The convolution property implies that z|# and s|\ have the same class [25] of dis-
tributions implying the power parameter p values are the same. Hence Var(z) = ¢, 12?.
Note that Gaussian and Poisson distributions are closed under arbitrary convolution
properties [23], while for the gamma common scale parameter is required, i.e. let
Sy~ G(sp; A, y) and if x =) s, then x ~ G(z;2,v) with 2 =) A,. Thus the ratio
of dispersions is p = {1/|r|,1,2/\,} for p = {0, 1, 2}.

3.6.2. Updates via EM, MUR and Alternating Projections for ML

In this section we consider x to be a random vector given as x; = ) s;, with the
expectation #; = )\, where ;. = u;2z,. The dispersion <ps_1 is common for all s,.

We optimize the model for z, noting that optimization for u; is identical.

Theorem 3.2. The optimization for z. via EMy, for EDM family with p = {0,1,2}
1S given as
Zr Zz P (I‘Z — i’l) i’;pul 8)\”,

where u; =

1—
Zi )\ir pui 827«

2 2+ (3.111)

where for implementation we use the following form to eliminate dependency on A\,

2y Zz p(x; — ;) ii_pui

1-p 2—p
Zr Zz U;

Z 2+ (3.112)
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Proof. For optimizing z,. the M-step in Equation 3.98 requires multiplication by the
derivative of O\;./0z, due to the chain rule. Then by substituting (s;.|z;, ;) we obtain
E My, update given in Equation 3.111

oL (sirls, Ai) w7
92 = Z(<Sir|l'ia )\z> - )\zr)(ps)\ u; =0 = Zr = Zz < Z| u2_1>? (3113)

Theorem 3.3. The optimization for z, via MU Ry, for EDM family with p = {0, 1,2}

1S given as

(3.114)

Proof. We set up the gradient ascent iterative optimization schema with the adaptive

learning rate 7, similar to [5,32] to cancel out the negative term and p as

r oL
Zp ) &; Puy N, = c Zp & Zp + 10— (3.115)

0zr - > pAl Py 0z,

The convergence proof of the update Equation 3.114 for the matrices is given
by [49] while pointing out that plugging A..? = p#, * in the denominator of the EM
Equation 3.111, i.e. replacing the denominator with 37, p2 Pu; turns the EM update
into the MUR update Equation 3.114. Interestingly for p = 0, the relationship turns
to Ay = @;/|r| recalling Z; = > A A direct solution by setting the gradient to zero
and solving directly in an alternating projection manner is also available. This method

is equivalent to alternating least square (ALS) for EU cost (p = 0)

8z Zp Y&, Pu; =0 = ini'i_pul ZAI P, (3.116)
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3.6.3. Conjugate priors and MAP Estimation

The conjugate priors for the EDM family are given as

(0|10, s0) = h(ng, so) exp {ng (sof — ¥ (0))} (3.117)

with ng, sg being the hyperparameters corresponding to belief about a prior sample
size and prior expectation of the mean parameter [68]. Here the function h is for
the normalization and disappears during optimization. For the M-step we take the

logarithm and derivative w.r.t. to A

0logp(blna, s0) _ Ologp(Plmo,50) 06 _ )06
O\ - 90 gx oo AN

= (so— AN)noA™  (3.118)

With this, the M-step turns to be MAP optimization, i.e. optimizing w.r.t. the log
posterior. Note that the prior distribution is factorized as p(\;.) = p(z.)p(u;) and after
taking the derivative w.r.t. z. M-step becomes

(M step) AtV = arg max log p(siy VI, @s) + log p(z|mo, 20) (3.119)

ir
r

3.6.4. Updates via EM and MUR for MAP

Theorem 3.4. The MAP optimization via the EM with the conjugate prior p(z,|ng, zo)

18

~ mozo + Y, (Sirlms, Aiypsu; "
o + ZZ Sosu?_p

(3.120)

T
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Proof. We optimize z, in the M-step by maximizing the log posterior

OLrrap {

82 - Z(<Si7“|xi7 )‘z> - Azr)(pskz_rpuz} + (ZO - Zr)nozr_p =0 (3121)

i

— {Z(<Sir|xi, i) — /\ir)%uil—f?} + (20 — 2z)no (3.122)

)

=D {surlri, A)osu; P — = {no +> @Su;p} + Zong (3.123)

and we solve for z,. O

Just after substituting (s;.|z;, A;) for the EDM family with p = {0, 1,2} into
Equation 3.120 the EMy;4p and the MU Ry 4p updates turn out

nozo + 2r Y {%ug‘p + 2P o (T — ii)ii_p} U;
No + ZZ Spsuz?_p
nozo + 28>, ooy’

p—1 ~1-p
no+ 221 Y, P

EMyap : Zp <

(3.124)

MURMAP : Zp < (3125)

where MU Ry ap is obtained by heuristic plugging )\;ﬂ_p = pﬁ:} “Pin EMy;4p Equation
3.124 just after multiplying both numerator and denominator by z!~? and identifying

(zpu;)'"P as A;. P. This effectively puts back the z? cancelled in Equation 3.121,

3.7. Solution for Non-linearity

In the previous section we optimize the data augmentation model z = ) s,
w.r.t. the factor z where p(s,|\,) is an EDM type distribution and the parameter \,
is further factorized as A, = zu (ignoring the other subscripts). This is simply a linear

model and we make use the linearity when we need the derivative

0z
O\,

=1 (3.126)
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Here in this section we do not assume a linear model and extract update equations for

the factor z under certain assumptions. While we neither extend the derivation here

to the tensor case nor derive equations for MAP case, it can easily be extended to the

tensors similar to Chapter 4.

We continue from Equation 3.103 while we leave the derivation term as is

dlogp(z|Z) 0 <8logp(s,,|)\r)>
p(srlz,A)

oz O\, oA,
r—2 0 (s:|T,\) — N
Var(z) 0N, Var(s,)

and we solve for the posterior expectation (s,.|z, ) as

B Var(s,) 0T
<S7“|x7 )‘> - >\7‘ + VCLT(LU) (SL’ LE‘) 8>\r

where Var(z) and Var(s) are as

Var(s,) = o5 tv(s,)

Var(x) = o, v(z)

(3.127)

(3.128)

(3.129)

(3.130)
(3.131)

Here v(s,) and v(x) are the variance functions. Noting that in this section for the gen-

eralization purpose we do not use power variance functions and use variance functions

without and further assumptions.

3.7.1. Matching Link and Loss Functions

In Equation 3.129 the term that needs to be computed is the derivative 0z /0A,.

In this section we use one assumption that this derivative can be further simplified.

The assumption is called as matching link and loss function [39,67,69] and is explained

in this section. In addition the table 3.2 lists canonical link, variance function and

other related quantities for the major class of the EDM family distributions.
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Table 3.2. Certain parameters and functions for major class of probability

distributions. Adapted from [67]

Gaussian | Poisson | Gamma | Inv. Gaussian
Canonical link name identity log inverse | inverse squared
Canonical link: 6(u) 1 log pt 2
Derivative: 96(u)/0u 1 ot w2 w?
Variance func. v(pu) 1 1 > T
p for v(p) = p? 0 1 2 3
v(p) x 00(w)/op 1 1 1 1

Here we treat non-linearity very similar to that of generalized linear models [50,67]
(GLM). We will be using GLM in Chapter 6 extensively, but here we use a small part
of its terminology to construct the non-linear model. In GLM terminology for the

equality
9(z) =k (3.132)
% is a random component as the expectation of the probabilistic model (ignoring the

subscript ¢ for now), k is a systematic component and ¢(.) is the link function that

links both. In our case the systematic component is to be

R=Y A\ (3.133)

We write the link between random and systematic component in terms of inverse link

function

9(2) =k = =gk (3.134)
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Then taking the derivative

ot  dg (k) 99 '(k) Ok

O\, O\, Ok O\ (3:135)
dg()\ " Ok
_ ( ;%)) 5 (3.136)

where here we make use of simple mathematical equality for f(z) =y and f~(y) =«

df'(y)  do
— 1
dy df () (3.137)
Then the derivatives 8‘(,’)—(:) and E?T’i- are left to be identified. The second derivative is

quite easy to compute since

Ok 9. A
= =1 (3.138)

For the first derivative, we do not compute it directly and instead it will disappear from
Equation 3.129 after substitution when we assume a matching link and loss function.
In EDMs the loss is represented by the relation between the canonical parameter § and
the expectation parameter  and is expressed by the function §(p) (here in this section
p is z, and hence 6(z)). Then the matching assumption states that the canonical

parameter function 6(z) is to be equal to the canonical link function

9(n) = g(2) = 0(2) (3.139)

and then taking derivative w.r.t. the expectation parameter &

dg(&) _00(x) .
%~ op v(T) (3.140)

which is by definition inverse of the variance function. Now we may return to Equation

3.129 and make use of the matching assumption to simplify it but first we substitute
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the definition of variances var(x),var(s,) and the derivative a‘r)—i

_ Ps _
(srlz, A) = A + o-1u(z) (z — ) a%(?) N, (3.141)
and after noting that as we just derive
dg(2 0

v(x) g@i? =1 and 8),\17, =1 (3.142)

the expectation of posterior under matching condition turns to be

-1

(se], A) = A, + Lffsr)(x — i) (3.143)

T

noting that depending on the context we may use two more alternative forms as

B var(s,) s s
(slz, A) = A+ o (x — ) (3.144)
=\ + pu(s,)(z — ) (3.145)

where in the last form the ratio of inverse dispersion parameters is already defined as

p=o; /et
3.7.2. Optimizing for the Factors

Now, we may optimize for the individual factors. Recall the M-step optimization

yields the equation (without the sum)

37‘_)\7"

Var(e) = 0 (3.146)

and recall that we consider x to be a random vector given as z; = Y s; with the
expectation &; = > X, where \;; = u;2,. The dispersion 7! is common for all s,.

We optimize the model for z, whereas optimization for u; is identical. Hence the M-step
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optimization turns to the equation

(sp|z, \) — A\,
—u; =0 3.147
Zi: Var(s,) ( )
where wu; is the derivative 0\;./0z.. We explicitly mark A, as A where superscript
index m indicates that it is an M-step term. This is needed since an E-Step )\5,6) will
appear just after substituting expectation of posterior (s.|z,\) as

A+ Yl (g — ) - A

r

3 %VM(ST) u; = 0 (3.148)

)

Then the solution

)\(m)

Z Var Z ol — F)u; = Z Va:j(sr)ui (3.149)

Note that ), )\ET can always be written as 2™ Z u; as

SN =203 (3.150)

then

z Z E ‘F 1 Z 2' . 1 5 1

L (m) L i palr = D)u; (3.152)

= Z
r r U ]
Zz Var(sr)u’

. . . . o —1\P
As a special case of power variance functions, i.e. Var(s,) = ¢, AL,

> p(r — 2)uy

= (3.153)

Zr < Zp +
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For a comparison with the identity cost function for p = {0, 1, 2} recall that the update

equation is given as

Zr . r; — ZIAZ'Z ZIAZ“_pUi a)\zr
Zr 4 2 + 2ip — )3, where u; = (3.154)
Zi )\ir pui 62,,
that can be turn to
> p(w — 3) 7 uy
Zp 4 2, + = — . 3.155
Zi Airpu? ( )
Hence the main difference is the inverse variance function of x, i.e. v(z)™! = 277 in

the numerator.

3.8. Summary

In this chapter, we presented the theory of exponential dispersion models in
various respects, that has been used as the main machinery behind our cost function

generalization perspective. The main points of this chapter are as follows.

We link the alpha and the beta divergences from power variance functions of
EDMs after deriving dual cumulant function for the EDMs and applying Bregman di-
vergence and f-divergence. The constants m and d in dual cumulant function disappear

in beta divergence while we specifically set for certain values for the alpha divergence.

ox)=((1—p)2—p) ' 2* P +mz+d (3.156)
) = 6(0) — 90— 0 )25 o any (3.157)
do(z,y) = y¢(§) form=2—p d=1—p (3.158)

We also showed that the beta divergence is equal to the half of scaled deviance

D(x,p) = 2¢pdg(x, ) = 2(L(py) — L(1)) (3.159)
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where D() is for the deviance and dg() is for the beta divergence. Then we obtain

generic equation for entropy of EDMs

HIu] =~ (6(n) + (log h(z, 9)) ) (3.160)

In the last part of this chapter we obtain equalities that we use for the tensor factor-

ization for the optimization of the factors via EM. First is the derivative of the log

likelihood

9logp(z|0, ¢) dlogp(zld, o) _ (z—p)
= — = 3.161
00 (x =) o Var(x) ( )
while the last derivative with conjugate priors turns to be
0log p(@|ng, x o0 _
BP0 70) — iy — 1) 20 = (2 — o™ (3.162

o ol

Perhaps one of the most interesting equation in this chapter is the general equation for
the expectation of the posterior distribution, which is required for the E-step of the
EM

P

(splz, \) = N + Z)T\,Z;\fr (x — ) (3.163)
i ; : 1/, —1

:Air+pip (x — 2) with p = ¢, /e, forp=10,1,2 (3.164)

where the last equation is a special case for the Gaussian, Poisson and gamma(under

certain condition), i.e. for the distributions that exhibit arbitrary convolution property

The rest of the chapter derives the fixed point update equations via EM for
ML and MAP. For the notational simplicity derivations assume two factors z and u

matrices, while in Chapter 4 we generalize results to arbitrary number of latent tensors.
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4. PROBABILISTIC LATENT TENSOR FACTORIZATION

4.1. Introduction

In this chapter we first propose and outline a general probabilistic framework for
tensor factorization with suitable notation. Then we give maximum likelihood (ML)
and maximum a posterior (MAP) estimations based on expectation maximization (EM)
solution, i.e. fixed point update equations for latent factors for various cost function
such as Kullback-Leibler (KL), Euclidean (EU) or Itakura-Saito (IS). Besides EM, we
derive alternative algorithms with multiplicative update rules (MUR) and alternating
projections. Our approach inspires a novel link between probabilistic graphical models
and tensor factorization models. We formulate the fixed point updates as a message
passing algorithm on a graph where vertices correspond to indices and cliques represent

factors of the tensor factorization.

This chapter is organized as follows: Section 4.2 introduces the notation and the
probability model for PLTF and derives the update equation for the KL divergence as
the special case. Here we also show the link between tensor factorization and graph-
ical models and represent TF models as the notion of the graphs. In addition prior
knowledge in the form of conjugate priors is incorporated into the update equations.
Section 4.3 generalizes the TF problem for the beta divergence as the cost function
by the optimization of the likelihood of the exponential dispersion models including
the use of conjugate priors. In this section besides EM based ML and MAP update
rules we also derive updates for multiplicative update rules as alternating least square
(for Euclidean cost) methods. Section 4.4 introduces a method for matricizing and
tensorizing the element-wise update equations developed in earlier sections along with

the examples.
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4.2. Latent Tensor Factorization Model

We define a tensor A as a multiway array with an index set V = {iy,1s,...,in}
where each index i, = 1...]i,| forn =1... N. Here, |i,,| denotes the cardinality of the
index i,. An element of the tensor A is a scalar that we denote by A(iy,42,...,ix) Or
Ai#2:iN or ag a shorthand notation by A(v). Here, v will be a particular configuration
from the product space of all indices in V. For our purposes, it will be convenient to
define a collection of tensors, Z1.y = {Z,} for a« = 1... N, sharing a set of indices
V. Here, each tensor Z, has a corresponding index set V), such that UQVZIVQ = ).
Then, v, denotes a particular configuration of the indices for Z, while v, denotes a

configuration of the complement V, = V/V,.

A tensor contraction or marginalization is simply adding the elements of a tensor
over a given index set, i.e., for two tensors A and X with index sets V and V, we write
X(vp) = > s, Av) or X(vg) = > s, Mo, o). To clarify our notation, we present the

following example

Example 4.1. Consider the ordinary matriz multiplication

~

X(i,j) =Y Zi(i. k) Zo(k, j) (4.1)
k

which is a tensor contraction operation. Although never done in practical computation,
formally we can define A(i, j, k) = Z1(i, k) Zs(k, j) and sum over the index k to find the
result. In our formalism, we define V = {i, j,k}, where Vo = {1,757}, V1 = {i,k} and
Vy = {k,j}. Hence, Vy = {k} and we write X (vy) = > s, Z1(v1) Za(vy).

A tensor factorization (TF) model is the product of a collection of tensors Z.y =
{Z4} for ao=1... N, each defined on the corresponding index set V,, collapsed over a

set of indices V. Given a particular TF model, the latent TF problem is to estimate



100

a set of latent tensors Zi.y
minimize D(X[|X) s.t. X(vg) = Y ] Za(va) (4.2)
o) o

where X is an observed tensor and X is the prediction. Here, both objects are defined
over the same index set V) and are compared elementwise. The function D(:||-) > 0 is
a cost function. In this chapter, we use first the Kullback-Leibler (KL) divergence as
our cost. Later in the generalization section we introduce a form of the S-divergence

that unifies Euclidean (EU), KL and Itakura-Saito (IS) cost functions.

Example 4.2. The TUCKERS factorization [12,13] aims to find Z, for « = 1...4

that solves the following optimization problem

minimize D(X||X) s.t. X" =" 20 239757 70" Vi, j, k (4.3)

p7q7r

Both for visualization and for efficient computation, it is useful to introduce a
graphical notation to represent the factorization implied by a particular TF model. We
define an undirected graph G = (V, £) with vertex set V and edge set £ and associate
each index with a vertex of G. For each pairs of indices appearing in a factor index set
V, for a =1...N, we add an edge to the edge set of the graph. Consequently, each
clique (fully connected subgraph) of G corresponds to the factor index set V,.

Table 4.1 illustrates graphical representation of popular TF models such as Ma-
trix Factorization(MF), CP, and TUCKERS3. Any TF model can be visualized using
the semantics of undirected graphical models where cliques (fully connected subgraphs)
correspond to individual factors and vertices correspond to indices. Whilst algebraically
identical to a probabilistic undirected graphical model, our representation merely cap-
tures the factorization of the TF model and does not have a probabilistic semantics

(we do not represent a probability measure and the indices are not random variables).

As an alternative graphical model representation TF models can be visualized
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and processed as factors graphs rather than directed acyclic graphs. [70] illustrates

NMF, NMFD, NMF2D and SF-SSNTF as factor graphs.

In the following section, we introduce a probabilistic model where we cast the
minimization problem into an equivalent maximum likelihood estimation problem, i.e.,
solving the TF problem given in Equation 4.2 will be equivalent to maximization of

log p(X|Z1.n) with respect to Z, [31,39].

o :12@
Y

() (b)

Figure 4.1. The underlying probability model of PLTF in the conventional sense is
given by the DAG with and without prior knowledge (as a Bayesian network model).
Here X is the observed multiway data and Z,’s are the model parameters. The latent
tensor S allows us to treat the problem in a data augmentation setting and apply the

EM algorithm.



Table 4.1. Graphical representation of popular TF models such as Matrix
Factorization(MF), CP, and TUCKER3. The shaded vertices are latent, i.e.,

correspond to indices that are not elements of V), the index set of X.

Model Graph Indices
V ={i,j,r} V, = {i,r}
- Q Vo = {i,j} Vo = {jir}
0 0 Vo ={r}
X =5, 22
V ={i,j kr V= {i,r
O S
CPp @ )
Vo={r} Vs = {k,r}
N I
V ={i,j,k,p,q,r} | Vi = {i,p}
Vo = {i, J, k} Vo ={j,q}
TUCKER3 Vo={p,q,7} Vs = {k,r}
Vi={p,qr}
XES X, BB T
V ={i.j.kpqt |Va=1{jq}
Vo ={i,j, k} Vs = {k,p}
PARATUCK2 Vo = {p. q} Vi = {k,q}
Vi = {i,p} Vs ={p.q}
Xiik =S 2P ZYI 2P 7y 7

102
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4.2.1. Probability Model

The PLTF generative model represented as the directed acyclic graph (DAG) in
Figure 4.1 is defined as below

A@) =[] Za(va) intensity (4.4)
S(v) ~PO(S; A(v)) KL cost (4.5)
X(vg) = Z S(v) observation (4.6)
X(vy) = ZA(’U) parameter (4.7)

0  X(vp) is missing
M(vg) = mask array (4.8)
1 otherwise

Here, A(v) the product of the factors is intensity or latent intensity field, S(v) is latent
source, and X (vg) is augmented data. There is a probability distribution associated
with S(v). PO(s;A) denotes the Poisson density. Also note that the Poisson distri-
bution implies non negativity. Due to the reproductivity property [71] of the Poisson
density, the observation X (vy) has the same type of distribution as S(v). Moreover,
missing data is handled smoothly as in the likelihood [29, 30]

M (vo)

p(X,512) = T (P(X(20)|S(®) p(S@)AW)))

(2

(4.9)

Note that maximizing Poisson likelihood is equivalent to minimizing KL cost function

as

D(X||X) = ZX (vo) E ;—X(v0)+X(v0) (4.10)

><>
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4.2.2. Fixed Point Update Equation for KL Cost

The log likelihood Lk, is given as
Lkr = Z M (vg) (S(v)log A(v) — A(v) —log(S(v)!)) (4.11)

subject to the constraint X(vyg) = »_; S(v) whenever M(vy) = 1. We can easily
optimise Ly, for Z, by an EM algorithm. In the E-step we calculate the posterior
expectation (S(v)|X (vg)) by identifying the posterior p(S|X, Z) as a multinomial dis-
tribution [30,71]. In the M-step we solve the optimization problem 0L, /0Z,(vs) =0

to get the fixed point update

(E step) (S(W)[X (vo)) = = —A(v) (4.12)

(M step) Zo(Va) = (4.13)

with the following equalities

OA(v)
0Z4(Va)

= 0.A() = [] Zuo(v) A() = Zo(va)0aA(v) (4.14)
o' #a

After substituting Equation 4.12 in Equation 4.13 and noting that Z,(v,) being inde-
pendent of the sum ), we obtain the following multiplicative fixed point iteration

for Z,

S M(00) X020, A(v)

X (vo

o0 M(v0) O (v)

Zo(Va)  Zo(va) (4.15)

Example 4.3. This algorithm specialises the well-known KL-NMF multiplicative up-
date rules [5] when YV = {i,j,k}, Vo ={i,7}, Vi = {i,k}, Vo = {4, k} and the observa-
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tion is given as the matriz X

X =3 "z* 7y (4.16)
k
. ST (MBIX | X63) 70
70 Z{”‘Zﬂ( / ,,j) 2 (4.17)
Zj M Zz’

Example 4.4. The multiplicative update rule for CP is generated by PLT Fip, with the
SEttlng N = 3; V= {iaja k‘,’f’}, Vo = {Z.aja k}; V) = {i,’f’}; Vo = {j,’f’} and Vs = {k‘,’f’}.

The model estimate and the fixed point equation for Z, are as

Xk =N 2y 2z (4.18)
S0 (MOTRX IR XTIk 737 70
> ML 2T

A A (4.19)
Example 4.5. The multiplicative update rule for TUCKERS is generated by PLT Fip,
with the setting N = 4,V = {i,7,k,p,q,7}, Vo = {i,7,k}, Vi = {i,p}, Vo = {4, ¢}
Vs = {k,r} and for core tensor V, = {p,q,r}. The model estimate, and the fized point

update equations for Z1 and for the core tensor Z, are as

Xk =N S 7y 2 (4.20)
p?q?r
. o (MR XTIk X ik 700 7 g
,p ,p J5R,q,T
Zl < Zl Z Mi,j,ij7qZk7TZp7qu (4.21)
7.k,q,r 2 3 4
MBIk XK ngk Zi’ij’qZk’r
gpar . gpar ik [X) 2 (4.22)

1,4,k 76 734 7k,
Zi,j,kM PRZ T2y
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4.2.3. Priors and Constraints

In this section we incorporate the prior information into the PLTF'. Recall that

the conjugate prior for the Poisson observation model is the Gamma density

Zo(Va) ~ G (Za(va)§ A (va), Ba(Ua)> (4.23)

where hyper-parameter arrays A, and B, match the size of Z,. Now complete data

likelihood becomes as given [29,30]

p(X|8)p(S|Z1.n)p(Z1:n|O1n) = (4.24)

[T (p(X (w)IS(0)) (S ()] Z(va)) ) Hp o(Va) [ Aa(va), Ba(va))  (4.25)

v

where N is the number of factors. The log-likelihood L is

Ly = Z M (o) (S(v)log A(v) — A(v) — log(S(v)) (4.26)

+ ZZ o(Va) = 1) log Za(va) (4.27)

— B (v4) Za(va) — log T'(An(va)) + Aa(va) log By (vs) (4.28)

We optimize the log posterior for Z,(v,) as below noting that the first part is due to

the log likelihood of the Poisson while the second part is due to the conjugate gamma

prior

oL S(v) = A(v) An(va) — 1
0Za(va) (Z M(UO)T%A(U)> + <W - Ba(va)) (4.29)

Z(0,) (Aa(va) = 1) + Za(va) Zaa M(UO)EEZE;Z%A(U) (4.30)
ot Ba(va) + 22y, M(v0)0aA(v) '

This update converges to the mode of the posterior distribution p(Z.5|X). This simply
computes the mode of the full conditional p(Z,|X, Z_,), that is a gamma distribution
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for each element Z,(v,). Here, Z_, denotes all other factors Z, for o/ =1... N, such

that a # /.

This prior can be used to impose sparsity: we can take the prior G(z;a,a/m)
with mean m, and variance m?/a. For small o, most of the elements of Z are expected

to be around zero, with only a few large ones [30].
4.2.4. Relation to Graphical Models

An important observation that leads to computational savings and compact rep-
resentation of the element-wise update equation is that the update in Equation 4.15
consists of structurally similar terms in both the denominator and the numerator. For
large TF models, this structure needs to be exploited for computational efficiency.
Therefore, we define the following tensor valued function, where |@Q| denote the dimen-

sionality of the object @)

Definition 4.1. We define a tensor valued function A(Q) : RI€I — RI%al

AL(Q) = [Z Q(vo) (ah(v))” (4.31)

where A, (Q) and the variable @) are tensors with the same size as Z, and of
the observation X respectively. The nonnegative integer p on the right side denotes
the element-wise power while on the left, it should be interpreted as a parameter of
the function. When p = 1 we will omit it and use as A, instead of Al. Using this

notation, we rewrite the update equation for KL cost in Equation 4.15 compactly as

An(M o X/X)
Ao (M)

Lo Zg 0 (4.32)
where o and / stand for element-wise multiplication and division respectively. We note
that the computation of A,(Q) is model specific and needs to be computed for MF,
CP and TUCKERS3 separately. Later we develop the explicit matrix forms of these
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updates. Again, using this new definition, we rewrite the fixed point update equation

with conjugate priors for KL cost in Equation 4.30 compactly as

(Ag — 1) + Zo 0 Ao(M 0 X/X)

Za B + Au(M)

(4.33)

Interestingly, computing A, (Q) is equivalent to computing a tensor contraction,
marginal potential over vertices V,. This operation can be viewed as the computation
of certain marginal densities given an undirected graphical model [8,46]. More precisely,
we construct a joint tensor P = X (vg) [[, Za(va). For each a, we remove Z, from P,
which we denote as P/Z,, and compute the marginal tensor by summing over V,. An
example for the TUCKER model is shown in Figure 4.2. In the figure, (a) Joint tensor
P defined as P = X [[, Za, (b) Graph for P/Z; used for computation of A; where
Vi = {i,p}, (¢) Graph for P/Z, used for A, corresponding to the core tensor where
Vi = {p,q,r}. . Rather than using a naive direct approach, the contraction can be
computed efficiently by distributing the summation over the product, a procedure that
is algebraically identical to variable elimination for inference in probabilistic graphical
models. (d) This graph is model for P/X where it is interesting to compare it with
that of core tensor P/G in (c). Notice the symmetry between two components X and
G such that the nodes 7, 7, k are replaced by p,q,r. The symmetry is also observable
from the matricized equations X1y = AG(1)(C® B)" and G(1) = AT X(1)(C ® B) where
matrix transpose operations can be related to the replacement of the nodes i, j, k by

p,q,r in the graph.

Figure 4.2. Undirected graphical models for the computation of the A, of TUCKER3

decomposition. Double circled indices are not summed over.
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An interesting observation is that with the semantics of A() function X can just

be regarded as another factor just like Z,. Note the similarity of the two equations

Vo

Zo = Ao(X) = [Z (X(UO) 11 Za,(va,)ﬂ (4.34)

a'#o

X=Ac(1) = [Z (];[Za(va)>

)

(4.35)

with 1 is the tensor of all ones. Here A function for the component Z, is indeed
marginalization of the intensity potentials over the rest of the variables v,. Similarly
Ay for X is marginalization of the intensity potentials over the configuration variables
Ug. Also note that for the examples when we replace the notation Z, as A, B, C, G as
in the case of TUCKERS3 we simply write the function A for A as A (). Table 4.2 lists

A functions for popular TF models.

We will never compute the A functions as element-wise but instead we will build
matrix primitive and make the computation as product of matrix objects. However, if
element-wise computation is considered we can use the graphical models methodology;
the variable elimination where we push the sums as far as possible [46]. In the following
example for the TUCKERS3, note that the inner-most sum » . B7MMGP4YT can be saved

as T7P" temporarily and is used in the left most sums

AP =N Xk prachrgrer (4.36)

Jkqr

_ Z Xk Z ok Z Bhagpar (4.37)
ik T q
B SF Clhpleuis (4.38)

4.3. Generalization of TF for j-Divergence

In the previous section we developed update equations for PLTF for KL cost by
modeling the latent tensor S as S(v) ~ PO(S;A(v)). In this section we continue to
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Table 4.2. Model output and A, functions for the factors.

MODEL Xy AZ(Q)

NMF Xu) = AB A4(Q) = XBT

CP Xu =A(CoB)T A4(Q) = X1)(C ® B)
TUCKER3 Xay=AGn(C® B)" | Ax(Q) = X1)(C ® B)GY,,
TUCKER3 (CORE) | X1y = AGy(C @ B)T | Aq(Q) = ATX(1y(C' ® B)

obtain PLTF update equations for KL, EU, and IS costs in single expressions as the
special case of the f-divergence [32,49]

2P+ (1= p)y*? — (2 — p)ay' P

dg(z,y) = 4.39
) 2—pi—p) (4.59)
where for p = 0 and as the limiting cases for p = 1,2 it reduces to
s —y)’ p=0 (EU)
ds(z,y) = wlog+y—a p=1 (KL) (4.40)
2 —logy—1 p=2 (IS)

Recall that in Chapter 3 we derive the S-divergence from the power variance functions
of the exponential dispersion models [23] which relate the variance of the distributions
to some power p of their means A(v) given as Var(S(v)) = p; 'v(A(v)) with ¢ ! being

the dispersion parameter and v(A(v)) = A(v)? being the variance function [23].

This section follows the similar outline as the previous section where we obtain
various update rules for the TF models with g-divergence via the EM. Here we present
the main results and leave technical details to Chapter 3. In addition, to keep the
notation simpler, we will drop iteration indices from the update equations and ignore

the missing mask array M, assuming all the elements of X are observed.
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4.3.1. EM Updates for ML Estimate

Adapting the development in Chapter 3 on the EM for EDMs, we start with the
E-step where the posterior expectation (S(v)|X (vg)) for the EDMs with p = 0,1,2 is
identified as

_1 + p =0 (Gaussian)
p= :Zs_l =41 p =1 (Poisson) (4.42)
)1(\((13) p =2 (Gamma)

where for the Gaussian case K is the cardinality of the invisible vertex set Vj, i.e.
K = V| recalling X (vy) = > s, A(v). Substituting the expectation in Equation 4.41
into the M-step gives the ML estimate for the factors

S, (SW)IX (1) Dah(v)' 7
o OaA ()7
Za(va)? Sy, p (X (00) = X (00)) X (v0) "Bu(v)
>, Ouh ()

(M step)  Zy(va) =

(4.43)

Zo(Vo) = Zo(va) +

where, for p = 1 it recovers the update for KL derived in Section 4.2.
4.3.2. Multiplicative Updates for ML Estimate

Although the EM update can also be formulated in the multiplicative form as

s, (2 (X(w0) = X () X(00) 7+ A0)!7) 0.A(0)
Zﬁa A(v)1=P0, A(v)

Za(Va) < Zo(va) (4.44)
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in general this is different from the multiplicative update rule (MUR) as in the sense
of [5] due to the subtraction (potentially resulting to a negative value) in the numerator
in Equation 4.44. The MUR equations were popularized by [5] for the NMF and
extensively analyzed [32]. They ensure the non-negative parameter updates as long as
starting with the non-negative initial values. For the PLTF models, the MUR update

equation is given as

Zﬁa X(UO)X(UO)_paaA(U)
s X () 7P0u A (v)

Za(Va) < Zo(va) (4.45)
while this coincides with the EM update for the KL case (p = 1) it differs for general
p-divergence. This equation successfully recovers the NMF updates in [5] and update
for CP for §-divergence in [32]. The realization of the EMy;;, and MU Ry, update
equations for p = {0, 1,2} are given in Table 4.3. Further details can be found in 3.6.2.

The multiplicative update rules MU R, can be obtained by plugging the heuris-

tic
A(W)P = pX (vg)' P (4.46)

in EM,y;; update in Equation 4.44. A mathematical justification of this substitution
would prove directly the convergence of MUR; while the convergence for the matrix

factorization case is given by [49].

Figure 4.3 illustrates the monotone increase of the likelihood after each update
iteratively for a TUCKERS3 model for the EM and the MUR. For illustrative purposes,
we only update an arbitrary single specific element (namely, ZS ’3) and compute the
conditional likelihood for various p. The computation of the likelihood £(X|Z;.x) is
based on the S-divergence in Equation 4.40 by exploiting the duality between the like-
lihood and the divergence [39] as £(X|Zy.x) = ds(X, X) noting that X is a function
of Zy.y and the divergence is decomposable as dg(X, X) = > v s (X(vo), X(Uo)>. As
expected, for p = 1 (KL cost) both method give identical likelihood for each iteration
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(as MUR and EM are identical for the KL divergence). We observe monotonic conver-
gence for both methods; for EM this follows directly from the theory, while for MUR

with arbitrary p a formal proof is given by [49] for the matrix factorization case.

-2.372 6.125 -1.75
-2.374 -6.126 -1.76
-2.376 -6.127 -1.77
-2.378 -6.128 178}
238/ | -6.129}) ~1.79k
2382, 10 20 30 % 10 20 0 B

-474.4 -1930

—*—EM

-474.6 -1940 —6— MUR

-474.8 -1950

—475 -1960

-1970¢|

—-475.2

-475.4
0

Figure 4.3. This figure illustrates the monotone increase of the likelihood after each

update iteratively for a TUCKERS3 model for the EM and the MUR.

Example 4.6. MUR updates for the factor Z, for KL and EU costs for the CP fac-

torization model are as follow

i.q i i r7k,r
Dk (XOR X 257 7

Z 2y i for KL (447)
> 25" 2y
| S Xk 7
Z?r . Z?r Z]Jf _— 2 ?C fOT EU (448)
Zj7k XZ,]7]<:Z%77“23 R

Example 4.7. MUR updates for the factors Zy and Z, (core tensor) for EU cost for
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the TUCKERS factorization model are as follow

e CC4 X 21287 73
S AL
WL S
D ik AV i

,p 4,p
400 — 7

(4.49)

ZPOT (g (4.50)



Table 4.3. EM updates (multiplicative form), MUR updates and posterior expectations are listed.

2pa 1

p | v(A(v)) EM Update p (S (V)X (vo))
g Ay Zo(va) = BRI = | A0+ gl (X(w) - X(w)
EU [0]| 1 Za(va) = BEQIX ) 2:A0) LA+ L (X(UO) - X(v0)>
KL | 1| A(v) Za(ve) = ZELT L)) 1 A@)ﬁ@jﬁi
IS 2| A@) Za(va) = BEIXG A0 R [ M) + (X (1) — X (w0))
EM Update MUR Update
vo)—X (v X (v9) P ) v > _
e SR 29| o o Zufo) E XS ) )
BU | Z.(0) ZUQ(A(w%ic(gZ)A—(ggvo))) 9o A(v) Za(va) Za(va)%
KL | Zy(vn) ¢ Z(va) B g fn et Za(va) = Zo{va) Eoa X 0enl)
1S | Zu(va) Za(va)zﬁa(X(vo)—X(uo))X(uo)*lﬂ Zo(va) — Za(va>2ﬁa X (v0)X (v0)~2 DaA(v)

>0 X(v0) 1 daA(v)
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4.3.3. Direct Solution via Alternating Least Squares

The method of alternating least squares (ALS) attempts to solve the estimation
problem for the EU cost (p = 0) by optimizing one variable while keeping the others
fixed [32]. It is a direct solution obtained by equating the gradient to zero and solving

directly as
ZX(vo)aaA(v) = ZX(UO)aQA(U) (4.51)

In matricization section we show how this is practically implemented by use of the

pseudo-inverse operation.
4.3.4. Update Rules for MAP Estimation

We can incorporate prior belief as in the form of conjugate prior
(Za(va”Ng(va)a Zg(va))

with N9(v,) and Z2(v,) being the hyperparameters for Z,(v,). As specified in [68],
N%(v,) might be thought of a prior sample size while Z°(v,) is a prior expectation of
the mean parameter. The exact definition of N2(v,) and Z%(v,) can be identified for
each distribution separately by following the definition of a conjugate prior given in

3.6.3. The EMj;4p estimate is as

Na(va)Za(va) + 325, (S(0)|X (v0))psOaA(v) 7P
No(va) + 325, Ps0aM(v)*7P
N (va) Za(Va)
NO(vg) + Zﬁa ©s0a A (V)27P
Za(0a) o, {00 A )1 + Za(0a) s (X (00) = X () (00) 7 } A 0)
NY(va) + 224, @s0aM(v)>7P

Zo(vs) = (4.52)

Zo(vy)

+
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while the multiplicative update rules MU Ry;4p become

N(va) Z8(va) + Za(va)? 3o, 92X (v0) X (v) Pul\(v)
N2(Va) + Za(va )P Zaa @xX(UO)l_paaA(v)

Zo(Va) (4.53)

Prior belief can always be specified in terms of N%(v,) and Z°%(v,). However, if prior
distribution is to be specified explicitly, they can be tied to the prior parameters similar

to [72].

Example 4.8. The gamma distribution is the conjugate prior for the Poisson p(S|Z)

as

p(Za(Ua”Ng(va)a Zg(va)) = G(Za(va)|Aa(va), Ba(va)) (4.54)

with

Ng(va) = Ba(va) N (va) Zo(ve) = Aa(va) = 1 (4.55)

which for p = 1 EMyap and MURyap successfully recover the update for KL in
Equation 4.30 in Section 4.2.

Example 4.9. The Gaussian distribution is the conjugate prior for the Gaussian

p(S|Z, %) with unknown mean and known variance ¥ with

p(Za(Ua)|N2(Ua)a Zg(va)) =N (Za(va)|Aa(va), Ba(va)) (4.56)
Ng(va) = 3/ Ba(va) Zo(va) = Aa(va) (4.57)

4.3.5. Missing Data and Tensor Forms

It is straightforward to handle missing data in EM and MUR updates. We recall

that the scalar value M (vy) is, indeed, simply a multiplier in the sum ), of the initial



M-step equation as

Z M (o) ((S(U) | X (v0)) — A(v)) psA(0)POaA(v)
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Hence we simply put it back inside the sums ), . For example the MU Ry, update

turns to be

>0 M (v0) X (v0) X (v0) 7 Dal\(v)

Za(Va) < Zo(va) .

D o M(00) X (v0) 77 BaA(v)

Vo

(4.58)

As we did in Section 4.2 we represent all the update equations in tensor forms by

use of the A, abstraction. In Table 4.4, we give a summary of general update rules in

tensor forms. For alternating projections, considering the least square approximation,

it is natural to set p = 0 and by the use of the pseudo-inverse. We need to solve

Ay (X) = Ay(X). This equation leads to a linear matrix equation of form L X R =

L X R where L and R are structured matrices determined by the form of the TF

model. This equation can be solved via pseudo-inverses in a least square sense, when

there is no missing data (i.e. M = 1). For general M, we could not derive a compact

equation without considering tedious reindexings.

Table 4.4. Table lists the updates in tensor forms via A, () function.

@1, Q2 Q12M0<X—X>0X_p Q2=M
EM Z§ o Do (p@1)
ML Zo 4 T+ o502
N ZUA?XZP(QZA1 P(Q2) + ZP o Ay (.0Q1)
a® a_'_ a® a_ 2) + o © RalPzldh
MAP % NT+ AL (.02)
Q1. Q2 | Qr=MoXoX? Qo=MoX'»
MUR ML 7 7 Aa(@l)
"t Ra(@) -
NooZ,+ ZP o Ay(p.Q1
M e T T o Al Q)
ALS | ML solve Ag(X) = Ay (X) assuming M = 1
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4.4. Representation and Implementation
For the tensorized forms of the update equations such as the KL update
Zo = Zn 0 Ao(M o X/ X)/Ao(M)

the main task is the computation of the A, () function. Below, we define a matricization
procedure that converts A, () (any element-wise equation indeed) into the matrix form
in terms of matrix multiplication abstracts such as the Kronecker product and Khati-

Rao product.
4.4.1. Matricization

Matricization as defined originally in [12,13] is the operation of converting a
multiway array into a matrix by reordering the column fibers. In this paper we refer
to this definition as unfolding and refer to matricization as the procedure to convert an
element-wise equation into a corresponding matrix form. We use Einstein’s summation
convention where repeated indices are added over. The conversion rules are given in
Table 4.5. Our notation is best illustrated with an example: consider a matrix X%/
with row index ¢ and column index j. If we assume a column by column memory
layout, we refer to the vectorization of vec X (vertical concatenation of columns) as
X7t adopting a the faster index last convention and we drop the comma. Here 7 is the
faster index since when traversing the elements of the matrix X in sequence ¢ changes

more rapidly. With this, we arrive at the following definition.

Definition 4.2. Consider a multiway array X € RIY->XIM with a generic element
denoted by X2 The mode-n unfolding of X is the matriz X, € RI*Iiznli

with row index 1,, as

X(n) = Xibl---inflin+1~~~i2i1 (459)

in

where the fastest index is in the order i;,1s, ..., 1.
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Here we follow the natural ordering, that is, for the mode-1 unfolding, mode-2
rows are placed before mode-3 rows and similarly for the mode-2 unfolding, mode-1 rows
are placed before mode-3 rows and so on. Hence during matricization, we start with
scalar terms, and we freely reorder the terms inside the sum, transpose them, unfold
them, join them by using Kronecker and Khati-Rao product to get the desired indices
(the outcome indices). In addition, if needed we may introduce ones matrix 1 of any
size when the indices of the terms are insufficient as Y/! = > Y7 =3 17V = (1Y){

where the index p to be marginalize out.

Table 4.5. Index notation used to matricize an element-wise equation into the matrix
form. Following Einstein convention, duplicate indices are summed over. Khatri-Rao

product and mode-n unfolding are implemented in N-way Toolbox [73].

Equivalence Matlab Remark

Xl-j =X X Matrix notation

XM= Xa) nshape(X, 1) | Array (mode-1 unfolding)
X) = (X1 X' Transpose

vec X! = (X)) X(:) Vectorize

Xinjp = (XY)? X *xY Matrix product

X7V, = (X oY) krb(X,Y) Khatri-Rao product
XYV =(XoY)) kron(X,Y) | Kronecker product

XX = (X o X) X.xX Hadamard product

Here are the examples of matricization, MUR and ALS updates. Table 4.6 sum-
marizes updates for known models. To get rid of the annoying subindices, here we

relax the notation by using A, B, C, G for Z,.
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Example 4.10. Mode-1 unfolding X(l) for the TUCKERS factorization is as follows

Xbik — Z GPaT AW BIackr start with element-wise equation
par
(X(l))fj = (G)) 1A BiCy, place row/column indices
= (AG));"(C ® B),; reorder and form Kronecker product
= ((AG)(C ® B)T)fj transpose and drop matching indices
Xy = AGuy(C @ B)F remove remaining indices

Example 4.11. Similarly, mode-2 unfolding X(g) 15 also handled smoothly as

% i r ki
(X@)j' = (BGw)}’ (CeA)T) (4.60)
X = BG)(C® A)" (4.61)

Example 4.12. For the update equations of TUCKERS factorization, the A() func-
tions Aa(Q) and Ag(Q) are as follows

Au(Q) = (Qu)Y’ BICLG}" = Qu)(C ® B)GY, (4.62)
Ac(Q) = (Qu)i"ATBIC} = ATQqy(C @ B) (4.63)
o [f MURy, the general format of the update equation is Z, < Z, o % with

Qi=MoXoX P and Qy=MoX'P. Then

ATQ,,(C® B)
ATQ,, (C® B)

Q1 (C® B)Ga)
@)

A=A
@2, (C® B)GT,

Gy =Gao (4.64)

where, for example, for KL (p = 1) we evaluate Q1 = M o (X/X) and Qy = M.
o [f MURyap the update for the factor A with the hyperparameters N2(vy), Z2(va)
is as below. Here Q1,Qq are as Q1 = Mo X o X7 and Qs = M o X'™P qgs for
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the MURy;,. A sample implementation is given in Algorithm 4.4.1.

L Vo) Zg(en) + 7o (9@ (€ @ BYGT,) .
NO(va) + 4071 o (10, (C @ B)GE) |

o If ALS (for p=0) and assuming no missing values we solve X = X for the core

tensor G
Xoy =Xy =ACGn(CeB)T =  Gu=AXy (CeB)T) (466

with X' = XT(XXT)~'. Here we simply move all the unrelated factors to the

other side of the equation while taking their pseudo-inverses.

Example 4.13. After the factorization process ends we might consider factorization
of the latent tensors deeper. PARATUCK?2 [13, 32, 74] is a nice example to illustrate
this. After inserting the scalar value 1§ PARATUCKZ2 model can be matricized as

ik — Z AP B34 fpaa:k (4.67)

Pq

X = [AX(B") FF1f] = AFu)(1® B”) (4.68)

Figure 4.4. PARATUCK2 factorization model illustrates re-factorization of one of the
latent tensors. The model output is X"/* = D v Gp’in’ij’qC'f;pC’g’q. The shaded

nodes in the graph are latent.

Then, we consider further factorization of F', as below where at the last step we
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((Ca © GTYDYEa(C )}
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Table 4.6. The table lists model output, the A, function, the MUR and ALS updates for the typical components of NMF, CP,

TUCKERS3 and PARATUCK2 models. For PARATUCK2 F' is given as F{y)

— (C,oaM) o).

The symbols ®, ® and o are for

Knonecker, Khatri-Rao and Hadamard products in the order and the division is of the element-wise type.

Model AL() MUR Update ALS (for p=0)
NMF X = AB AA(Q) = QBT A=Ao ng;i A= XBt
CP Xu = A(CO B A CoB A= Ao 2w!CoD) A= X0, ((Co B
1 = ( © ) A(Q) Ql)( © ) = W = (1)(( © ) )
Q1,,, (C®B)GT,
: Ax(@) =Qu(C®B)GH) [ A= Ao gl | A= Xy (Gy(C @ B)T)
TUCKER3 X(l) = AG(l)(C &® B)T W W
A ATQ(C® B) | Gy = Gy o gl o | 4t X, ((C @ BYT)T
c(Q) Qu(C®B) | Gy = moﬁ@maﬁ m = A Xy ((C® B)")
5 T Ql(l)(1®B)FT
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Input: X, NO, Z0, Z, M, MAXITER, p, dX, N. Output: Z (latent factors)
for e=1to MAXITER do
for a=1TO N do
X = reshape(Zy « nshape(Zy, 1) % (Zs @ Z)7 i, 5, k)
Qi =dX *MoXoXP;
Qs =dX x Mo X'P;
if (a ==1) then
UP = (nshape(Qy, a) * (Z3 @ Zy) x nshape(Zy, a)T);
DW = (nshape(Qa, a) * (Z3 @ Zy) * nshape(Zy, a)T);
else if (a == 2,3) then
similar to the condition a == 1
else if (a == 4) then
UP = ZT x nshape(Q1, 1) x (Z3 @ Zy);
DW = ZT x nshape(Qq, 1) * (Z3 @ Z);
UP = reshape(UP,p,q,r);
DW = reshape(DW,p, q,r);
end if
UP = N0,0Z0,+ ZP o UP;
DW = NO, + Z!~' o DW;
Z, = UP./DW;

end for

end for

Figure 4.5. Matlab-like implementation for TUCKER3 MU Ry, 4p update for
[-divergence. Only the update for Z; and Zj is shown.

4.4.2. Junction Tree for the Factors of TUCKERS3

We already pointed out the close relation between TF and Graphical Models
(GM). Here we illustrates with an example the relation between matricization in TF
and junction tree in GM. For the illustration example we use the first factor A (or A“?

in element-wise) of the TUCKERS factorization model. Recall the delta function for
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AP in element-wise form and in tensor forms

AP = N D XRBRICkrGrar = N C XWRN Ol " pragrar (4.73)
jkqr ik r q
AA(X) = Xy(C @ B)G(,, (4.74)

Figure 4.6 illustrates the construction of the junction tree (JT) for the factor A of
TUCKERS factorization model. For JT construction we need to choose any random
ordering of nodes where here in this example the node ordering is i, j, k, p, ¢, in the
order. The down subfigure illustrates the 1-1 correspondence between matricization
via A function and JT message passing. Here in this subfigure the Kronecker product

is represented as merging the two cliques.

Figure 4.6. (Top) Construction of junction tree for factor A of TUCKER3. Node
ordering is i, 7, k, p, ¢, r in the order. (Middle) Associated junction tree. (Down)
Message passing view of Delta A4 function for component A. There is 1-1
correspondence between matricization via A function and JT message passing. Below

figure illustrates merging of the cliques.
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4.5. Discussion

In Section 4.3 we derived the update equations for EU, KL and IS costs in a
single expression by using the following posterior expectation (S(v)|X (vy)) equation in
the E-step

A(v)?

(S(0)] X (v0)) = A(v) + ST (X(UO) - X(UO)) forp=0,1,2  (4.75)

We note that this equation can be generalized for p > 0 by adapting the development
in Chapter 3 as

(51X (1)) = AW + < (X () - X(un)) (4.76)
’ > M A0 ’ ’
The M-step remains the same. Hence by plugging the posterior expectation in the

M-step we come up with a generic update equation for broader values of p, such as for

the cases p € (1,2) (the compound Poisson) or for p = 3 (inverse Gaussian).
4.6. Summary

In this chapter, we have developed a probabilistic framework for multiway analysis
of high dimensional datasets. We start by introducing a notation that can represent
any arbitrary factorization structure similar to the graphical models illustrated by the
example for well-known model CP as the setting N =3,V = {i, j, k,r}, Vo = {4, j, k},
Vi = {i,r}, Vo = {j,r} and V5 = {k,r}. Then we obtained the fixed point update

equations for the latent factors. For the KL cost is is as

S M(00) X020, A(v)

X (vo

2 5. M(v0) 0 (v)

Zo(Va) = Zo(Va) (4.77)
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where the model estimate is

0) =D [] Zalve) (4.78)

Then we define a tensor valued function A, (Q) : RI9l — RI%l | which is an important
abstraction similar to the message passing of probabilistic graphical models. By use of

it we express any fixed point update equation in terms of the A function

o(@) = [Z Q(vo) (Oai(v))" (4.79)
that simplifies the update for KL as follows
An(M o X/X)
Lo Lo 0 AL 0D (4.80)

Here M is the mask tensor for missing data. The use of prior knowledge in the form of
conjugate priors is also introduced into the update equations. The following example

is for KLi cost for arbitrary structure where A, B are parameters of the gamma prior

(Aa(va) = 1) + Za(va) 3y, M(v0) 3202 A(v)

X (vo)

Zalva) Ba(vn) + 3 M(00)9uA(v)

(4.81)

While the examples so far are for KL cost, as one of the main contribution of this
chapter is that we obtained fixed point updates for major class of distributions in the

same equation as given in the following ML estimate identified via EM

Za(0a)? 5, p (X (00) = X (10) ) X (v0) P8\ (v)
> aA<>2

Zo(Va) = Zo(va) + (4.82)
We also sketched a straightforward matricization procedure to convert element-wise
equations into the matrix forms to ease implementation and compact representation.
The use of the matricization is simple, easy and powerful that without any use of

matrix algebra it is possible to derive the update equations mechanically in the corre-
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sponding matrix forms. This is illustrated by the example for mode-2 unfolding X(2)

of TUCKER3
A . r kl A
(X)) = (BGw);" (CeA)"), = Xg=BGy(CoA)" (4.83)
Finally we generalized the approached that we build for KL models and obtained

ML and MAP based update equations for other cost functions in the form of beta

divergence.
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5. MODEL SELECTION FOR NON-NEGATIVE TENSOR
FACTORIZATION WITH KL

5.1. Introduction

This chapter constructs a model selection framework for arbitrary non-negative
tensor factorization model for KL cost via a variational bound on the marginal likeli-
hood [1,75]. In this chapter, we explicitly focus on using the KL divergence and non-
negative factorizations while the treatment in this chapter can be extended for other
error measures and divergences noting that we already outline the general equations
for model selection. Our probabilistic treatment generalizes the statistical treatment
of NMF models described in [30,31]. Here we also do asymptotic analysis in case of

large data sample where we obtain BIC equations from VB [75] for TF models.

This chapter is organized as follows. Section 5.2 introduces Bayesian model se-
lection and model selection with Variational methods. Section 5.3 describes variation
methods for PLTF KL models. Section 5.4 is about computing a lower bound for
marginal likelihood. Section 5.5 is about asymptotic analysis of model selection and
BIC derivation for PLTF KL models. Then, finally Section 5.6 deals with the imple-

mentation issues followed by various experiments.
5.2. Model Selection for PLT F; Models

For matrix factorization models the model selection problem becomes choosing
the model order, i.e. the cardinality of the latent index, whereas for tensor factorization
models selecting the right generative model among many alternatives can be a difficult
task. The difficulty is due to the fact that it is not clear how to choose (i) the cardinality
of the latent indices, (ii) the actual structure of the factorization. For example, given
Ik

an observation X%* with three indices one can propose a CP generative model as

Xoik = S 7V 73" ZY", or a TUCKER3 model X% = Y~ Z0P 719707 700" or

p7q7r



131

some arbitrary model as X+ = > ZiPzIP 789704 - On the other hand, a CP
model is a special kind of TUCKER3 model where the cardinality of the latent indices
are the same and the core tensor is superdiagonal [13] and hence a TUCKERS3 model
can fit to the CP generated data. However, this is arguable since over complex models

cause a phenomenon known as over learning (or over fitting).
5.2.1. Bayesian Model Selection

For a Bayesian point of view, a model is associated with a random variable ©
and it interacts with the observed data X simply as p(©|X) « p(X|©)p(©). Then,
for a model selection task we choose the model associated with ©* having the highest
posterior probability such that ©* = argmaxgp(©|X). Meanwhile, assuming the
model priors p(©) are equal the quantity p(X|©) becomes important since comparing
p(O]X) is the same as comparing p(X|©). The quantity p(X|©) is called marginal
likelihood [1] and it is the average over the space of the parameters, in our case, S and

Z as [30]
p(X|0) :/ZdZ > p(X|S.Z,0)p(S, Z|©) (5.1)

In an EM optimization setup S contains the latent variables that are never directly
observed and smoothly disappear from the update equations, while Z contains the

model parameters that we want to find out.
5.2.2. Model Selection with Variational Methods

On the other hand, computation of this integral is itself a difficult task that re-
quires averaging on several models and parameters. There are several approximation
methods such as sampling or deterministic approximations such as Gaussian approxi-
mation. One other approximation method is to bound the log marginal likelihood by

using variational inference [1,30,40] where an approzimating distribution q is introduced
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into the log marginal likelihood equation

log p(X|©) > /dZZ (S,2)1 X(g_j@) (5.2)

where the bound attains its maximum and becomes equal to the log marginal likeli-
hood whenever ¢(S,7) is set as p(S, Z| X, ©), that is the exact posterior distribution.
However, the posterior is usually intractable, and rather, inducing the approximating
distribution becomes easier. Here, the approximating distribution ¢ is chosen such
that it assumes no coupling between the hidden variables such that it factorizes into

independent distributions as ¢(S, Z) = q(5)q(Z).
5.3. Variational Methods for PLT Fx; Models

For model comparison, the Bayesian approach offers an elegant solution based
on computing marginal likelihood p(X|©), where latent variables and the parameters
are integrated out. As exact computation is intractable, we will resort to standard
variational Bayes approximations [1,40]. The interesting result is that we get a belief

propagation algorithm for marginal intensity fields rather than marginal probabilities.
Here we recall the generative Probabilistic Latent Tensor Factorization KL model
Za(Va) ~ G(Za; Aa(Va), Ba(va)/Aa(va)) (5.3)

with the following iterative update equation for the component 7, obtained via EM

(Aa(va) = 1) + Za(va) X, M(00) 3 T s Zov (ver)
getted 4 3 M (v0) Tl Zov (va)

Zo (V) < (5.4)

where X (vp) is the model estimate defined as earlier X (vy) = > s Lo Za(va). We
note that the gamma hyperparameters A, (v,) and B, (v,)/Aq(vs) are chosen for com-
putational convenience for sparseness representation such that the distribution has a

mean B, (v,) and standard deviation B, (vy)/+/Aa(ve) and for small A, (v,) most of
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the parameters are forced to be around zero favoring for a sparse representation [30].

Final note is that the gamma distribution convention here is

G(Za; Aa(Va), Ba(Va)/Aa(va)) = exp{(Aa(va) = 1) Za(va) — (1/Ba(va)) Za(va) + - -

}

Here we formulate the fixed point update equation for the update of the factor Z, as

an expectation of the approximated posterior distribution

Theorem 5.1. Let A, and B, be the prior parameters for the gamma distributed

variable Z,, X 1is the observation and M 1is the missing mask. Then approximation

distribution for the posterior q(Z) is identified as the gamma distribution with the

following parameters

Za(va) ~ g(Za(Ua)§ Ca(va)a Da(va))

where the shape and scale parameters are

Do XL(UO) a
Dafr) = (;‘E; + 3 M) [ <Za,<va,>>>
o\ ro Ve a'#a

while Lo (vy) and X1 (ve) are defined as

La(va) = exp (<10g Za(va») = €xXp (¢ (Ca(va)))Da(Ua)

XL(’U()) = Z H La('l}a)

Here 1 is the digamma function.

(5.5)

Lemma 5.1. The expectation of the factor Z, is identified as the mean of the gamma
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distribution and given in the following iterative fized point update equation

(Za(0a)) = Co(va)Da(va) (5.10)
Aa(va) + La(va) Zﬁa M(UO);((L(Z?O)) Ha’;éa Lo (var))
Aa(va)

a ('Ua

Ba (va) + Z'Da M (wo) Ho/;éa Eo(var)

(5.11)

where we take Lo (va) out of the sum ), for the numerator to have the appropriate
shape to apply A function, and in the denominator we used E, (vy) for notational

clearness

Eo(va) = (Za(va)) = Ca(va)Da(va) (5.12)

In the following we provide a proof for the Theorem 5.1.

Proof. We lower bound of the marginal likelihood for any arbitrary PLTF g model
based on variational Bayes; while clearly other Bayesian model selection such as based
on MCMC can also be used. To bound the marginal log-likelihood, an approximating
distribution ¢(S, Z) over the hidden structure S and Z is introduced as

(X,5,7|0)

L(©) = logp(X|©) Z/ZdZ > q(S.2) log 2 15.2) (5.13)

= (logp(X, 5, Z10)) 5.2 + Hla(5, 2)] (5.14)

The bound is tight whenever ¢ equals to the posterior as ¢(5, Z) = p(S, Z| X, ©) but
computing the posterior p(S, Z| X, ©) is intractable.

At this point variational Bayes suggests approximating ¢. The simplest selec-
tion for ¢ from the family of approximating distribution is the one which poses no

coupling for the members of the hidden structure S, Z. That is, we take a factorized
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approximation ¢(S, Z) = q(S)q(Z) such that

1(5.2) = (TTa(So. ) ) (1T a(Za(v0))) (5.15)

a Uy

where % symbol in S(vg, *) is used to indicate the slice of the array. That is S(uvg, *)
is the slice of latent tensor S as the observed variables in configurations vy are being
fixed. For example, for TUCKERS3 where S is the tensor over the indices ¢, 7, k, p, q,r
the slice could be the sub tensor S(2,3,4, %) such that the observed indices i, j, k are

fixed as 2, 3,4 while the unobserved indices ranges for the full configuration. Then,

qu:oll) o ep ((logp(X, o Z|@)>q(")/qs(uo,*)> (5.16)
q(ZT(ri) R ((logp(X, o Z‘@»q(”“)/qza(m)) (5.17)

where here (n) in the superscript is for iteration index. Now, we formulate the approxi-
mating distribution ¢(5) and after ¢(Z). When we expand the log and drop log P(Z|©)

and all other irrelevant S terms qgy,,«), disregarding (n), we end up with

Q5w ) X €XP {(logp(X|5) + 10gp(5|Z)>q/qs(vo,*)}

X exp { Z (S(v)(logH Zo(va)) — logT'(S(v) + 1))

vo

+1ogd (X(vo) - 5@)) }
o exp {Z (S(U) > "108(Za(va)) — log T'(S(v) + 1)) } 5 (X(UO) - Z 5@))

)

Exactly, the slice S(vp, ) is sampled from the multinomial distribution as X (vg) is the
total number of observations. As the joint posterior density of a vector s of a prior:
independent Poisson random variables s; with intensity vector A conditioned on the

sum x = Y . s; is multinomial distributed with cell probabilities p = A/ >, A;, denoted
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by M(s;z,p). Finally we obtain the approximating distributions as
050, ~ M(S(vo, ¥), X (vo), P(vo, *)) (5.18)

Then, the cell probabilities and sufficient statistics for ggy, ) are

B exp(za<10g Zo(va)))
Pl = S (3, (108 Zalva)))

(S(v)) = X(vo) P(v) (5.20)

(5.19)

Interestingly the cell probabilities P(v) can be further transformed into compact form,

note that
exp(D_,(log Za(va)))
PO = 5 (s, o8 Za(ea))) 2
[T, exp({log Za(va))) (5.22)

~ 3, I exo({log Za(va)))
_ Ha L, (Ua)

ZT)O Ha La(va)

[Lo La(va) (5.24)

XL(UO)

(5.23)

where we had specified Lo (ve) and X7 (ve) in Equation 5.8 and Equation 5.9. Then
the sufficient statistics (S(v)) turns to

S(v)) = X(vo)P(v) = [T Za(va) (5.25)

It is interesting to compare this sufficient statistics equation (S(v)) with the one we
found in Chapter 4 in EM based Equation 4.12 which is (S(v)) = % I1, Za(vs). As
expected the only difference is that Z,(v,) is replaced with L, (v,) that also affects X
to be replaced with X ().

Now we turn to formulating ¢(Z). The distribution gz, (.,) is obtained similarly

as after we expand the log and drop irrelevant terms it becomes proportional to (dis-
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regarding the iteration index)

0700 < 5D ({log p(S12) +1og p(Z10)) 1, ) (5.26)

o 10g Zo(va) (Aa(va) —1+ Z (S(v)>> (5.27)

— Zo(va) (gzgzzi +3 I1 (Za/(va/») (5.28)

Vo a'#a

which is the distribution

4Za(va) ™ G(Ca(va), Da(va)) (5.29)

where the shape and scale parameters for gz, ,,) are

Calva) = Aa(va) + Y _ (S(v)) (5.30)

Vo

D) = (;‘E§ I <Za,(%,>>> (531

Vo a’;ﬁa

Note that as expected the shape and scale parameters of the gamma distribution above,
i.e. Cq(v,) and D, (v, ) have the same shape as those of the posterior distribution with
n observations in Chapter 2 in Equation 2.98. Finally, sufficient statistics are obtained

by definition of the gamma distribution as

Eo(va) = (Za(Va)) = Calva)Da(va) (5.32)

Lao(va) = exp({log Za(va))) = exp(¥(Ca(va)))Dalva) (5.33)
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5.3.1. Tensor Forms via A Function

Similar to Chapter 4, we make use of A function to make the notation shorter
and implementation friendly. However, before that we need to redefine and extend the
definition of A function such that the tensor Z, to be a variable instead of a constant,
i.e. it is to be parameter of the A function since now we have quantities, besides Z,,,

also based on (Z,) and even on exp (log Z,).

Definition 5.1. A tensor valued AZ(Q) : RI9l — RI%l function associated with com-

ponent Z,, is defined as

AZ(Q) = [Z (Q(Uo) 1T Zaf(va/)>] (5.34)

a'#a

Vo

where as usual o and | stand for element wise multiplication (Hadamard product)
and division respectively. Recall that AZ(Q) is an object the same size of Z, while
AZ(Q)(va) refers to a particular element of AZ(Q). Here Z is clearly a parameter
of the A function where we prefer writing it as superscript as AZ(Q) but it is to be

considered to equal to Ay (Z,Q).

Before giving tensor forms we want to identify important terms in the formulation
of the shape and the scale parameters C,(v,) and D, (v, ). For C,(v,) we need to find

out Y, (S(v)), which can be written into a form that the A functions can be used

Vo [e

S2U80) = Y2 X Plw) = 30 0 T Eato)

= La(va) Y X (vo) I Lor(var) (5.35)

XL(UO) o' #ao

Vo

On the other hand, for computation of the gamma scale parameter D, (v,), we note

that

Z H (Za (V) = Z H Eo(var) = A7 (M)

Vo a'F#a Vo o'#a
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Then, by use of AZ(.) and AL(.) the update for hyperparameters C,, and D,, becomes

Co=Ag+ Loo AE (Mo X/X}) (5.36)
D,

( raran)” (5.37)

that, in turn, since (Z,) is C,0 D,, E, and L, the sufficient statistics for ¢(Z,) become

Ao+ Lo o AL(M o X/ X))
2o+ AF(M)

(Zo) = B, (5.38)

exp (log(Z,)) = Lo ¢ exp(¥(Cy)) o D, (5.39)

5.3.2. Handling Missing Data

Missing data is handled smoothly by the following observation model [29, 30]

p(X19)p(81Ze) = [T TT {pX @IS@) 5@z} (5.40)

vo  To

where mask tensor M is formed as

M(wo) 0  X(vp) is missing
Vo) =
1 otherwise

Then, slight modifications are needed to be done in VB based update equation. We
start with the modification on the full joint. Since the priors are not part of the
observation model they are not affected, the first two terms of (logp(X, S, Z|©)) 4(5.2)

become
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and this results

(Za(va) < 108 (Za(va)) (Aa(va) -1+ Z M(U0)<S(U)>> (5.42)

—(Zo(va ( +ZMUO I1 2 (va/))> (5.43)
o

x G(Cu(va), Da(va)) (5.44)

This modifies the gamma parameters for ¢(Z) in Equation 5.30 and in Equation 5.31

as to include the mask M (vg) as

Cava) = Aa(va) + Z M (v0){(S(v)) (5.45)

Dao(vy) = ( +ZMUO I1 (a)>) (5.46)
o' #a

The other terms are not affected since mask matrix is already in the definition of
Cu(vy) and D, (v,). Moreover, A,(v,) and B,(v,) are priors and not part of the
observation model. For the bound equations in next section, on the other hand, the

only modification is that X is replaced by M o X.
5.4. Likelihood Bound via Variational Bayes

Recall that in Equation 5.13 we lower bound the marginal log likelihood £(©) =
logp(X|©) for any arbitrary PLT F i, model based on variational Bayes

L(©) > B = (logp(X, S, Z|@)> (8,2) + Hlq(S, Z)]
= (logp(X|5, Z,0) + log p(S]Z,0) + log p(Z|0)) ,s.2) + Hla(S)] + H[a(Z)]
= (log p(X|S) +log p(S|Z) +1og p(Z|©)) (5 2 + H[a(S)] + H[g(Z)]  (5.47)

where the simplifications in the joint distribution are done in accordance with the PLTF

graphical model by reading the conditional independence relations, and also dividing
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the entropy into two terms is due to that the distribution ¢(S, Z) is approximated and
is factorized as ¢(S, Z) = q(5)q(Z).

At this point due to the large number of terms let us write the bound terms as

sum of likelihood and entropy parts and compute them separately, then add them all

B =B, + By (548)
B, = (log p(X|S) + logp(S|Z) + log p(Z[©)) 5.2, (5.49)
By = H[q(S)] + Hlq(Z)] (5.50)

To find By, we find out each expectation then add them up. Due to the fact that
p(X|S) is actually deterministic, while S|Z ~ PO and Z|© ~ G we end up with the

following expression for By,

BL=>)_ <10g5 (X(UO) - Z S@)) >

+ Z <5(v)><10gH Za(va)> — [ (Za(va)) = (log T(S(v) + 1)

07

+ ZZ a(Va) — 1){log Z,(va)) — ga(va) (Za(va))

—logT'(An(va)) — An(va) log
By, on the other hand, is, by definition of (Shannon) entropy

By = H[q(S)] + H[q(Z)] = (log q(5)) + (log ¢(Z))

_Z{ log T'(X Uo)+1)—z<5 Ylog P(v +ZlogF +1))

) )

<1og5( ZS )>}

+3 Z { D) W(Ca(va)) + 10(Da(va)) + Culva) + log r(ca@a))}

where the first two terms comes from the entropy of ¢(S(vg, *)) ~ M and the last one
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comes from the entropy of ¢(Z,(vs)) ~ G(Cyh(va), Da(vs)). After cancellation of the

common terms coming from entropy and free energy terms the bound becomes

5= <s<v>><1ogH Za<va>> T (Zawa) (5.51)

# 30 D) = Do Zav)) = 0 ) (5.52)
—1lo 0.)) — v 1o B (va)
1 gF(Aa( a)) Aa( a)l gAa(Ua)

T Z { log (X (vg) + 1) = > (S(v)) log P(v)} (5.53)

0

+ Z Z —(Co(va) = 1)U (Cq(va)) + log(Du(va))) + Co(vs) +1og T'(Cy(va))

Here we apply the equivalence » = > > . to Equation 5.51 which results to

Z H (Za(va)) = Z Z H (Za(va)) = Z _XE(UO) (5.54)

0 Vo «

where

= " [T Fuea) (5.55)

Next, we further simplify the bound by combining (S(v)) related terms, i.e. by com-
bining Equation 5.51 and Equation 5.53 into B+ as

Bpart = Z (S(v)><logH Za(va > Z Z 10gP

v vo Do

= X () log X (uy) (5.56)

Vo
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Then, the bound B becomes

B = Z —Xp(vg) —log D'(X (vg) + 1) + X () log X1, (wp) (5.57)
# 32 S Calen) = 10 Zaftn) = (05 o) (5.58)
Ba(va)

+ 3 —(Calva) = 1)¥(Ca(va)) + log(Da(va)) + Ca(va) +log T(Ca(va))

On the other hand, recall that expectation of the gamma distribution is (Z,(v,)) =
Co(Va)Da(vy), while (log Z,(v,)) is ¥(Cy(va)) + log Dy (v,) (for the gamma distribu-
tion convention we choose). Next, when we plug these three quantities in the bound

expression we come up with new likelihood bound as

B = Z —Xp(vg) —log T'(X (vg) + 1) + X () log X1, (wp) (5.59)
+ 3 (Aafta) = D) (¥(Ca(va)) + 10 Da(va) ) - 22223 (Cava)Dalva)) (5.60)
—10g T(Aa(va)) — Aa(va) log i:gzz;

+ 3 —(Calva) = 1)¥(Ca(va)) + 10g Da(va) + Calva) +10g T(Calva))  (5.61)
This new bound is actual a well-known quantity that can be written compactly as

B= { 3" —Xp(ve) — log (X (vo) + 1) + X (1) log XL@O)} (5.62)

-3 X KLa(2)llZ10)

where ¢(Z) is the posterior as ¢(Z) = G(Z;Cy(va), Duo(vs)) and p(Z|O) is the prior as
p(Z) = G(Z; Aa(Va), Ba(va)/Aa(va))-

Here we want to prove Equation 5.56 given as By,



Proof. We first start with

Bpm:2<5<v>><logﬂza > > D (S(v))log P(v)

v vo Vo

then by using the expected sufficient statistics

P(U) = H;;,f(o;(:;a) XL(Uo) -

and the simplification

Z<s<v>><1ogﬂza<va >=Z <Zlogz >
= 3 (8 3 (g Zuloa)

and also recall the equivalence of ) =% > . By becomes

vo

Bpart = Z (S(v)) Z log Zo(va)) Z Z )) log P(v

V0 )

= (S(v)>{ > " (log Za(va)) — log [ [ La(va) + log XL(vo)> }

Finally we identify another important equivalence

(log Z,(vy)) = logexp (log Z,(vy)) = log L (va)
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(5.63)

(5.64)

(5.65)

(5.66)

(5.67)

(5.68)

(5.69)



that simplifies B4+ to as simple as ZUO X (vg) log X (vo)

Bpm_z {ZlogL Vo) ZlogL Ua)—i-logXL(vo))}
_ZXL HL va{logXL(vo)>}
_UZ {logXL UQ)}ZHL V)

= Z X(’Uo) log XL(’U())

vo

LUO
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(5.70)
(5.71)
(5.72)

(5.73)

where we identify the term » . [], La(va) as X1.(vp) also note that X (vg) is indepen-

dent of the index @y hence take it out of the sum .

5.5. Asymptotic Analysis of Model Selection

Recall that we computed the bound B as

B = { Z —XE(UO) —log I'(X (vg) + 1) + X (vo) IOgXL@O)}

Vo
- ZZKL Z)|Ip(Z|©)]
When we have large amount of data X, (vy) becomes Xp(vo) since

- Z HLa(Ua) = Z HeXp ((10g Za(va)>)
— Z Hexp <1D (Ca(va))>Da(va)

and since asymptotically ¥(Cy(vs)) =~ log(Cy(v,)) we end up with

S TT Cotva)nten) = ST 2t = Keon

O

(5.74)

(5.75)

(5.76)

(5.77)

(5.78)
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In addition, note that under large sample, KL divergence can also be approximately

calculated. Here as we already know that KL divergence can be decomposed as
KLlg(2)|lp(210)] = —H[q(Z)] + (log p(Z|O)) 2 (5.79)

where in this formulation ¢(Z) is the posterior while p(Z|©) is the prior. In Chapter 2
we already formulated that asymptotically, i.e. when number of observations increases
largely the cross entropy terms (logp(Z|©)), ;) become constant and does not scale
with this increase, and hence can be neglected. On the other hand, the entropy of the
posterior distribution under large sample turns into the entropy of the Gaussian which

we have already calculated in Chapter 2. Then the bound is
|ot|

B =1og PO(X; Xg) + > HI[G(Za; Ca, Do) (5.80)

We already computed the entropy of the gamma distribution under large sample in

Equation 2.163, and finally the asymptotic bound in tensor form is

|al

B =1log PO(X; Xp) + Z % log (Cy 0 D2) (5.81)

5.5.1. Generalization of Asymptotic Variational Lower Bound

The treatment in the previous chapter, i.e. the asymptotic log likelihood bound
for PLT F 1, models can be generalized for other PLTF models as well. Here we start

with a variational lower bound equation for the model likelihood.

Theorem 5.2. Let X be the observation, © be the hyperparameter and Zyap be the
MAP estimate of the parameter Z. Then, the log-likelihood bound for the observation

X is given by the following inequality

L(X|0) = B =log p(X|Zyap,©) + Hlq(Z)] (5.82)
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where q(Z) is the asymptotic posterior and H|[.] is the entropy.

Proof. Note that the bound for the log marginal likelihood given in Equation 5.13 can
be written as [75]

£(x[e) > <m%

) -KLa@InZie) 6y
a(5,2)

Here the bound attains its maximum for ¢(S, Z) = p(S, Z| X, ©) where it becomes the
exact log marginal likelihood. On the other hand, ¢ is a factorized distribution such
that ¢(S, Z) = q(S)q(Z) while the posterior over the parameters S and Z is factorized
as p(S|X, Z,0)p(Z]X,0). Since we are free to choose the distribution ¢(S) and ¢(Z),
the assignment that ¢(5) = p(5|X, Z,0) and ¢(Z) = p(Z|X, ©) yields the maximum
lower bound. Hence plugging ¢(S) = p(S|X, Z, ©) in the first part, it becomes as

L(X]|0) = (logp(X[Z, 0)),z) — KL(a(2)[|p(£]0)) (5.84)

This result is general and holds without requiring the asymptotic assumption. Then
by assuming asymptotic normality we further simplify the KL term as entropy of the

asymptotic posterior H[q(Z)] and we arrive at the equation Equation 5.82. O

5.5.2. Variational Bound and Bayesian Information Criterion (BIC)

It is shown in [75] that the criterion BIC can be recovered form VB in the limit
of large data. Here we obtain the BIC equivalent of the bound. We already showed

that under large sample case, entropy of the posterior distribution is approximated as

1 1
Hlq(Z)] ~ 5 log N7 const (5.85)
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Hence the likelihood bound for general PLTFE models turns to the following ignoring

the constant

la

B ~log p(X|Zyiap, © Z ~ M, log N, (5.86)
where number of parameters and number of dimensions are identified as
Ny = |04 M, = |va| (5.87)

Note that for KL the posterior parameters are already identified as follows where N,

is identified as cardinality of v,
Calva) = Aa(va) + Y _ (S(v)) (5.88)

Finally, BIC can be written as PLT F models as

|a

B ~1log PO(X; Xp) — Z ~ M, log N, (5.89)

The following example illustrates identification of the terms M, and N,.

Example 5.1. For the CP model X** = 3" A" BI*C*" the number of parameters

and the dimensionality’s are as follows
Na=|jllk]  Np=Ilillk|  Nc=lill] (5.90)
Ma=lillr|  Mp=|jllr|  Mc = [kl|r| (5.91)
5.6. Experiments

To experiment the Bayesian model selection procedure for the tensor factorization

we set up two sets of experiments. In the first set we test model order and structure
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determinations, whereas in the second set we compare VB and BIC techniques and

also test missing data case on the image dataset.
5.6.1. Experiment 1

In this experiment we generate synthetic data sets and test our findings on model
order and structure determination. For the experiments in this section we use the
algorithm that implements variational fixed point update equation and variational

bound computation for the models.

The first experiment is about model order determination where the goal is to
determine the cardinality of the latent indices p, ¢, r of the TUCKER3 model X*/* =
> g GPOT AP BHCHT . Here we denote the cardinality of an index i as |i|. For simplic-
ity, we set |r| to its true value, while we seek for the values |p| and |¢| simultaneously.
Each of |p| and |g| is set to be from 2 to 10 (ignoring 1) incremented by one gradually
at each run. The score computation is repeated 10 times for the same observation data
with different random initializations, and we pick up the highest bound score. As for
the experiment settings, the iteration number is 2000, shape and scale parameters of the
gamma priors are set to be 1. For the generated data set, the cardinality of the observed
indices 1, j, k are set to be 40,40, 40 (i.e. the size of the data) while the cardinality of
the latent indices p, ¢, r are set to be 7,4, 3 as true model order. During this experiment
we use the exact bound score. At the end, we obtain a matrix where each cell is a
bound score of the TUCKER3 model with model orders |p| = 2...10,|¢| = 2...10.
As a result of this experiment, we observe the highest bound (lightest area) at around

true model order of |p| =7, |q| = 4 on Figure 5.2.

The second experiment is on model structure learning. Here our goal is to predict
the underlying factorization structure for a given data set generated by either CP or
TUCKERS3 models. The true model order is not known in advance either. For a
given data set we compute the bound for each of CP and TUCKERS3 with all possible
model orders. Then the model yielding the maximum is selected accordingly. For

the experiment settings, the iteration number is 2000, shape and scale parameters of
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Input: X (observation), M (mask array), A and B (priors), and N = |«
Output: E (expected value of factors), and B (bound)
for a=1...N do
Lo ~ G(As, Ba/As)
E, ~ G(As, Ba/AL)
end for
Main loop
for epoch =1... MAXITER do
Compute XL and XE
X, =Li(Ls ® Ly)T  for CP
Xp=LiLy,(Ls® Ly)"  for TUCKER3
Computation for Xg is similar and is omitted.
for a=1...N do
Co = Ag+ Lo o AE(M 0 X/ X))
Do =1/((Aa/Ba) + AZ(M))
E,=C40 D,
end for
for a=1...N do
Lo = exp(¢(Cy)) © Dy
end for
end for
1. Compute the bound (ezxact)
B= (_XE —logT(X +1)+ X o 1ogXL) — SN KL(G(Cy, D)||G(Aa, B))
2. Compute the bound (approrimated)
B= (-XE 1ogT(X + 1) + X o logXE> — 3V L1og(Cy 0 D2)
3. Compute the bound (approximated)
B= (—XE —logT(X +1)+ X o 1ogXE) — V1M, log N,

Figure 5.1. Matlab-like implementation for the VB based model selection. For the
Matlab logI" is the function gammaln(), ¥() is psi(). The unfolding operation and
Khati-Rao product are implemented in the N-way Toolbox [73] as nshape() and krb().
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Figure 5.2. The figure illustrates model order determination for TUCKER3 model.
The cardinality of the latent indices p and q are given in the Y and X dimensions
respectively while the cardinality of r is taken to be constant and is not shown. The
Z dimension is the variational bound yielded by the model. The true model order is

as |p| = 7 and |q| = 4.

the gamma priors are set to be 1. The maximum cardinality of the latent indices,
i.e. r for CP model and p,q for TUCKERS3 is 10. For TUCKERS3, |r| is assumed
to be known for simplicity. During this experiment we use the approximated bound
score. This experiment is repeated for a total of 100 data sets where 50 of them are
generated by the CP model and the rest are generated by the TUCKER3 model. As
a result of this experiment, for the CP generated data sets, 50 out of 50 data sets are
identified correctly whereas for TUCKERS generated data sets, 48 out of 50 data sets

are identified correctly.

5.6.2. Experiment 2

Here we compare VB and BIC for model selection of PLT Fy;, models and also

test the missing data case on image dataset.

We use the following synthetic example for comparing VB and BIC for model

selection for a CP factorization model. Three data sets are used to simulate small,
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medium and large data sets that correspond to observed tensor sizes 5x5 x5, 15x15x 15
and 30 x 30 x 30. The cardinality of the latent index (true model order) is set to 4
while the number of iteration is 300. The test is done up to model order 10. Each
run is repeated 10 times and average is plotted in the figures as model order is on the

x-axis while VB and BIC scores on the y-axes.

When there is large and moderate data in size VB and BIC give similar results.
Both methods find the correct model order of 4. As model order increase, however,
BIC score diverges from VB score. This is as expected, since increase in model order
causes increase in the number of free parameters that, in turn, enlarges penalty term

in BIC score.

On the other hand, model order selection performance under missing data case
is shown in Figure 5.3. For this an observation array is multiplied by a mask array to
simulate datasets with 30, 50 and 70 % missing data. True model order is set to 4 and

the number of iterations is 300 as before.

Small Data [5x5x5]

x10° Large Data [30x30x30] 70% Missing

7 1
oo} ———8——a———¢
2 o -8500 1
8§ af 1 5
g H
& &
Ll Yy 9000} 4
—e—BIC VB
. . i . . . . . . . I . . . .
5

6 7 8 9 10 1 2 3 4

Figure 5.3. (a) is for model order selection comparison for CP generated data.
Correct model order is 4 and data set sizes are 5 x 5 x 5, 15 x 15 x 15 and
30 x 30 x 30 that correspond to insufficient, medium and large data sets. The gamma
priors A and B are set to be 2,1 respectively. (b) is for model order selection under

missing data case for CP generated data.

To illustrate the model selection and missing data performance of our model with
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real data we use Olivetti Faces image database available at http://www.cs.toronto.
edu/~roweis/data.html. The data set consists of 400 grayscale face images of 40
distinct people each with 10 different face orientations. The input tensor X/ is
constructed as ¢ for 64 x 64 wide face image, j for face orientation index and k is for
person index. As for the experiment settings, the gamma hyperparameters are set to
10 for scale and for shape for all the components, and the number of iterations is set
to 1000. Again, the missing data is generated by 3 mask arrays generated randomly
to simulated 30, 50 and 70% missing datasets. We test a CP model with model order
|r| = 7 (as reported by best model order by BIC) and |r| = 80. Figure 5.4 and

Figure 5.5 show the results.

70% missing

Original

|r| = 80

Figure 5.4. The figure shows missing data recovery by CP factorization model. Four
images on the top row represent, original data and 3 incomplete data with 30%, 50%
and 70% missing respectively without learning. Other two rows are the reconstructed

images. Middle row is with model order set to 7, and bottom row is set to 80.

5.7. Summary

In this chapter we described a model selection framework for non-negative tensor

factorization with KL cost from a probabilistic perspective that also handles the missing
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x 10 30% Missing 30% Missing
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X 106 50% Missing 50% Missing
-1.1 1000
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-7 1400
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é -7.5 g 1300
-8 1200
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Model Order Model Order

Figure 5.5. Left column represents the bound vs the model order while the right
column shows MSE vs the model order. As expected when the amount of missing

data increases the best model order decreases.

data naturally. The model comparison is based on variational Bayes that turns to be
the criterion BIC asymptotically. There are three main parts in this chapter; the com-
putation of approximation distribution, the likelihood bound and asymptotic analysis
of the bound. First, practically we want to approximate the posterior by an approxima-
tion distribution ¢(.S, Z) that is assumed to be factorized as ¢(S, Z) = ¢(S)q(Z). There
is a prior knowledge on the parameters as the gamma distribution. Approximation of

posterior ¢(Z) is also identified as the gamma distribution

Zo(Ve) ~ G(Za(va); Aa(va), Ba(va)/Au(va))  prior (5.92)

Zo(Va) ~ G(Za(04); Ca(Va), Do(va)) posterior approximation  (5.93)

where the shape and scale parameters for the posterior are

Co(Va) = Aalva) + Z M () ;(L ((“50)) [T La(va) (5.94)

Da(v) = @H £ M) T <za,<%,>>) (5.95)

o' #a
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Then the expectation of the factor Z, is identified as the mean of the gamma distri-

bution and given in the following iterative fixed point update equation

<Za(va)> = Ca(va)Da(Ua) (5.96)

where

Lo(va) = exp (@b(Ca(va)))Da(va) and  Xp(v) =Y [[Lalva)  (5.97)

k) o

Secondly, we compute the variational bound B for the log marginal likelihood
L(©) = (log p(X|[S) +1og p(5]Z) +1og p(Z]0)) 5,7 + H[a(S)] + H[qg(Z)]  (5.98)

that is simplified and can be written compactly as

B={ > —Xn(u) — log \(X(xo) + 1) + X (v0) log X (v0) } (5.99)
=" KL(2)|[p(Z]6)] (5.100)

Thirdly, we further approximate the bound under large sample case. By dropping
terms that do not scale asymptotically and approximating entropy of the posterior by

the entropy of the Gaussian the bound becomes

B =1log PO(X; Xp) + H[G(Z; Cy, D,)] (5.101)
|ot]

—log PO(X; X) + Z % log (Cy 0 D?) (5.102)

Finally, BIC can be written as PLT F; models as

|a

. 1
B ~logPO(X; Xp) = > 5 Mo log N (5.103)

«
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where the number of parameters and number of dimensions are identified as

N, = |5 M, = |v] (5.104)
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6. GENERALIZED TENSOR FACTORIZATION

6.1. Introduction

The main motivation of this chapter is to construct a general and practical frame-
work for computation of tensor factorizations, by extending the well-established theory
of Generalized Linear Models (GLM). In Chapter 4 we take a similar approach to ten-
sor factorizations via EM method, but that work is limited to Euclidean, KL and IS
costs. We will extend the framework constructed here to address the coupled tensor

factorization case which we analyse in detail in the next chapter.

The outline of this chapter is as follows. In Section 6.2 we briefly review GLM
theory. Here we also discuss two equivalent representations of systems such that the
vectorization and derivation of the tensors become equivalent and we make use of
this equivalence to extend GLM to TF. In Section 6.3 we extend the theory of GLM to
Generalized Tensor Factorization (GTF) by bounding the step size of the Fisher Scoring
iteration of the GLM. We, then obtain two forms of fixed point update equations for

real data and multiplicative updates for non-negative data.

6.2. Generalized Linear Models for Matrix/Tensor Factorization

To set the notation and our approach, we briefly review GLMs adapting the
original notation of [76]. A GLM assumes that a data vector x has conditionally inde-

pendently drawn components z; according to an exponential dispersion model (EDM)

i ~ h(wi, o) exp { (Gix; — ¥(6:))} (6.1)

with the parameters

1 0%(0;)
00?

9y (6:)

(r;) = 2; = var(x;) = ¢ (6.2)
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Here, to recall §; are the canonical parameters and =1 is a known dispersion parameter.
(x;) is the expectation of z; and ¢(+) is the log partition function, enforcing normaliza-
tion. The canonical parameters are not directly estimated, instead one assumes a link
function g(-) that links the mean of the distribution #; and assumes that g(i;) = [, 2
where [ is the ith row vector of a known model matrix L and z is the parameter
vector to be estimated, AT denotes matrix transpose of A. The model is linear in the
sense that a function of the mean is linear in parameters, i.e., g(&) = Lz . A Linear
Model (LM) is a special case of GLM that assumes normality, i.e. z; ~ N (z;; 2;, 0?%)
as well as linearity that implies identity link function as g(#;) = #; = [, 2 assuming [;
are known. Logistic regression assumes a log link, g(2;) = log &; = [/ z; here log #; and

z have a linear relationship [76].

In addition, [67] defines three components in GLMs as follows.

(i) Random component : Z; is expected value of random variable z;

(ii) Systematic component : k; (also called as linear predictor)

(iii) Link function : g() is a monotonic differential function that links the systematic

component to the random component as

ki = g(Z;) (6.5)

The goal in classical GLM is to estimate the parameter vector z. This is typically
achieved via a Gauss-Newton method (Fisher Scoring). The necessary objects for
this computation are the log likelihood denoted by L, its derivative and the Fisher

Information (the expected value of negative of the Fisher Score). These are easily
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derived as

L= Z{‘P 2i0; — 1(6;)) + log h(zs, )} (6.6)

in matrix forms

or_ - : L\

where w is a vector with elements w;, D and G are the diagonal matrices as D =

diag(w), G = diag(g:(#;)) and

wi= (v(@)20)) () = 222 (69)

with v(&;) being the variance function related to the observation variance by var(z;) =
o 'v(2;). We note that Equation 6.7 is in accordance with the derivative of the log-
likelihood in Equation 3.59 developed for the power variance functions in Chapter 3.

Via Fisher Scoring, the general update equation in matrix form is written as

-1
PPy <LTDL) LTDG(x — #) (6.10)

Although this formulation is somewhat abstract, it covers a very broad range of
model classes that are used in practice. For example, an important special case appears
when the variance functions are in the form of v(z) = #?. By setting p = {0, 1,2, 3}
these correspond to Gaussian, Poisson, exponential/gamma, and inverse Gaussian dis-
tributions [67], which are special cases of the exponential family of distributions for
any p named Tweedie’s distributions [77] that are standardized by Jorgensen under the

name exponential dispersion models [23].
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6.2.1. Two Equivalent Representations via Vectorization

The key observation for expressing a tensor factorization model as a GLM is to
identify equivalence of vector representation and derivation convention of a multilinear
structure. To hide the notational complexity, we will give an example with a simple
matrix factorization model; extension to tensors will require heavier notation, but are

otherwise conceptually straightforward. Consider a MF model

X =217 in scalar X = Z AL (6.11)

T

where 7, Z5 and X are matrices of compatible sizes. Indeed, by applying the vec
operator (vectorization, stacking columns of a matrix to obtain a vector) to both sides
of Equation 6.11 we obtain two equivalent representations of the same system

A

vec(X) = vec(Z,2;) = (I);) ® Z1) vec(Z>) (6.12)

where I};; denotes the |j| x |j| identity matrix, ® denotes the Kronecker product [78].
Since Equation 6.11 and Equation 6.12 are two equivalent representations of the same
system we have the following reverse implication

~

vec(X) = (I);| ® Z1) vec(Zs) = X = Z,Z, (6.13)

On the other hand, definition of the matrix (and tensor) derivative is given as

RIVAYA)

V2= 07,

= (I ® Z1) (6.14)

Thus, from Equation 6.12 and Equation 6.14 we conclude

IZ1Z5)

X —
vec(Zy) = X vec(Zy) = VaoZy  (6.15)
07,

Vec(f() = (1) ® Z1) vec(Z,) = 07,
2

where vec Z = Z and V, is the gradient vector w.r.t. Zs.



161

Considering the matrix derivation convention we use [78] which is quoted as 'Let
F be a differentiable m x p real matrix function of an n x ¢ matrix of real variables X.

The Jacobian matrix of F' at X is the mp x ng matrix’

_ Ovec F(X)

DF(X) = Tvec X (6.16)

Here while the definition is for matrices, it can be easily extended for the tensors by
regarding the vectorization of the tensor as vectorization of mode-1 unfolding [13] of

the tensor, i.e. for the tensor @ it is as vec(Q()). Hence the definition turns to be

_ 0 vec F(Q)u)

PrQ =75 (vec Qu))”

(6.17)

6.3. Generalized Tensor Factorization

By using the development of previous section, we may use Tensors in GLM’s. For

this, we replace X by g(X ) and we simply consider a MF model

9(X) = 2.2, in scalar g = 77y (6.18)

T

A

where, in this case, Z1,Z; and g(X) are matrix versions of tensors (i.e. consider
unfolding operation) of compatible sizes. Then, by applying the vec operator to both

sides of Equation 6.18 we obtain

vec(g(X)) = (I ® Z,) vec(Zs) (6.19)
_ A% 2) _ 99(X) _ .7
= TZ2 VeC(ZQ) = 8Z2 VeC(Zg) = VQZQ (620)

Clearly, this is a GLM where V5 plays the role of a model matrix and Zy is the
parameter vector. Another key observation for expressing a tensor factorization model
as a GLM is to use an alternative optimization approach [79]. By alternating between

7y and Zy, we can maximize the log likelihood iteratively; indeed this alternating
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maximization is standard for solving matrix factorization problems. In the sequel, we
will show that a much broader range of algorithms can be readily derived in the GLM

framework.

To extend this discussion to general tensor case, we need the equivalent of the
model matrix, when updating Z,. This is obtained by summing over the product of

all remaining factors

Q(X(UO)) = ZHZO‘(UO‘) (6.21)
= > {Zawa) 3 T Zortoar)} (6.22)

VNV VoNUa & £
= Z Zo(Va)La(0a) (6.23)
V0NV

where L, (0,) is defined as

Lo(0a) = > [ Zor(ve) (6.24)

VoNVa o' #a

with the configuration
00 = (Vo Uvy) N (Tg U vy) (6.25)

checking that in Equation 6.21 Z,(v,) is independent of the sum and can be

ToNTa

taken out of this sum.

Also noting that the two sums recover the original number of configurations v,

_Z => Y (6.26)

VoNva VoMU
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since Uy = (170 N va) U (170 N @a) by observing
(T Nwa) U (To NTa) = T N (va Uta) = 0o (6.27)

Remark 6.1. The actual reasoning for decomposing vy is as follows. Since we will
take the derivative w.r.t. Z,(v,), for the inner sum, v, terms will be irrelevant, and
hence the inner sum has 9y /v, configurations. Then, the number of configurations left

for the outer sum is the rest. i.e. 0y/(0o/vq).

Zz >y (6.28)

B0/ (V0 /var) To [V

Then by using the fact that for the sets A, B we have A/B = AN B, we transform this

equation to an equivalent representation in Equation 6.26.

To sum up, the derivations obtained so far we have the random component, the

link function and systematic components tied as follows

9(X(0)) = Y Za(va)La(0a) (6.29)

VoMV

where here L, (04) is the model matrix while Z,(v,) is the parameter to be identified.
This equation, in addition, will help us get the derivative that we need in the update

equation as

8g(X(v0))

ACANE Lo(0a) (6.30)

since (Up N vy)/Va = (Vg Nvs) N U, = {} sum drops and only one configuration v, is

left.

One alternative analysis to get the derivative of the tensor g(X ) w.r.t. the latent
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tensor Z, denoted as V,, by following the convention [78]

~ 9g(X)

Va =57 = lunw| @ La with L, € Rlvontelx[toral (6.31)

For the obtaining the dimensions of L, we start from the gradient object V, which is
|vo| X |va| object. Recall that for Kronecker product we have the Cartesian product of
the configurations as X7 ® Vi=(X® Y){g . Reducing |vg Nv,| the size of the identity

matrix I from both dimension we end up with

Row : vy /(vg Nvg) = v N (U9 U Ty) = v N Uy (6.32)

Col : v,/ (Vo NVy) = Vo N (Tg UTy) = g Nvg (6.33)

Also the configuration of the object L, i.e. an address of its cells is union of row and

columns addressing
00 = (U9 NVa) U (Vg N Ty) = (vg Uvy) N (T UTy) (6.34)

For example, for TUCKERS the configuration of the object L4, i.e. 04 is instantiations
from the index set {j, k, p}.

The importance of L, is that, all the update rules can be formulated by a product
and subsequent contraction of L, with another tensor ) having exactly the same index
set of the observed tensor X. As a notational abstraction, it is useful to formulate the

following function,

Definition 6.1. The tensor valued function Ao(Q) : RI"l — Rlval js defined as

ALQ) = [ Y Qo) Lalon)] (6.35)

VNV

with A,(Q) being an object of the same order as Z, and o, = (vo U v,) N

(U Uy). Here, on the right side, the non-negative integer £ denotes the element-wise
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power, not to be confused with an index. On the left, it should be interpreted as
a parameter of the A function. Arguably, A function abstracts away all the tedious
reshape and unfolding operations [13]. This abstraction has also an important practical
facet: the computation of A is algebraically (almost) equivalent to computation of
marginal quantities on a factor graph, for which efficient message passing algorithms

exist [8].

Example 6.1. TUCKERS3 is defined as X" = > g AP BHICHTGPOT with V=

{iaja k>paQ>T}; VO = {iaja k}} VA = {Zap}7 VB = {]aQ}7 VC = {k’,’l"}, VG = {paqar}'
Then for the first factor A, the objects La and A%() are computed as follows

[ 9Xiik | ) )

Ly= DA = ;BJ,qu,er,q,r] = [((C@)B)GT)k,j] = [(LA)k,j} (6.36)

AlQ) = ZQ?J(LEA)ZJ] ~ [(Qra)] = Qu((c e BGT) (6.37)
L j,k

The index sets marginalized out for Ly and Ay are Vo N\ Va4 = {p,q¢,7} N {j,q, k,r} =
{g,7} and Vo Va = {i,5,k} N {j,q, k,r} = {5, k}.

For the core tensor GP9" of TUCKERS3

[ 9X ik i g b ip BIa ko
Le = \5gpar| = %A BHCHT| = [ABICH] (6.38)

FG(Q) = Z Q”k (Aivaj7QCk,r)€

—ivjyk

= (A7) Qu(C* ® B7) (6.39)

The index sets marginalized out for Lg and Ag are Vo N Vg = {p,q,7} N{i,j,k} = {}
and VO N ]_}G = {iaja k} N {'éaja k} = {Z.aja k}

Remark 6.2. When we plug L,(0,) into the definition of the A function

ALQ) = | D Qu) Lalon)] = [Z Q(v) { > 11 Za,@a,)} ] (6.40)

VNV VNV V0NVa &’ #«v

and when we ignore the element-wise power e for a while, we note that Q(vy) can be
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pushed into the inner sum, since the configuration vy is independent of the inner sum’s

index vy NV, as

ANQ =22 Do Qo) ]] Za,@a,)] = [Z Qo) I] Zutwa)|  (6:41)

V0NV VNV o' F#a a'#a

and note the union of the configurations
(Vo N Tq) U (g N Ua) = (v UTp) N Uy = Vg (6.42)

This form of A function where we marginalize out all the configurations v, is exactly
what we defined in Chapter 4 for PLTF. However, there is still a difference in the

definitions of both A functions as below

X
AL (Q) = UZQ(UO) SZQ((Z)) GTF (this) definition (6.43)
- o]
AL(Q) = ﬁZQ(UO) aaZaEZZ) PLTF (Ch. 4) definition (6.44)
The difference is that in the PLTF version of A function the derivative aazﬁgi) does

00X (vo)
0Za(va)

not yield any sum while the derivative may end up with a sum just as in the
case of TUCKER3. The element-wise power € of the derivative in the A function of

GTF version prevents () to push into the inner sum.

6.3.1. Iterative Solution for GTF

As we have now established a one to one relationship between GLM and GTF
objects such as the observation x = vec X, the mean (and the model estimate) & =
vee X , the model matrix L = L, and the parameter vector z = vec Z,, we can write

directly from Equation 6.10 as

>l
Q
=
=

o - -1 -
Zo e Tt (ngva) VIDG(X - X) with v, = 282/ (6.45)
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with D = diag(W), i.e. D is |vg| X |vo| diagonal matrix whose diagonal is formed by W
with the order |ug| x 1. Note also that V,, is |vg| X |v,| matrix where here we follow the
matrix derivation convention in [78]. To check the orders of the matrices, the inversion
is formed by multiplication of three matrices with |v,| X |vo|, |vo| X |vo|, and |vg| X |v4]
in the order resulting to |v,| X |v,| after multiplication and matrix inversion. On the
other hand, the remaining terms are formed by multiplication of four matrices with the
dimensions |v,| X |vg|, |vo| X |vol, |vo| X |vo| and finally |ug| x 1 respectively resulting to
|va| X 1 which can be unfolded or reshaped back to the related factor Z,. The orders

of the matrices are summarized in Table 6.1. Under these settings vec X turns to be

Table 6.1. Orders of various objects in Equation 6.45.

Object | Size

Za V| X 1
D |vo| X [vol
Va |vo| X |val
G |vo| X [vol
XX | ool x 1

a random vector with each component X (vg) being independently drawn from

X (vg) ~ h(X (v0), ) exp {QO(X(UO)F@O) . w(r(vo))) } (6.46)

(X (v0)) = X (vo) = W (6.47)
_ 1 0% (T (o)) = o (X (v
var (X (vo)) = ¢ w7 (X (vo)) (6.48)

with T'(vg) being the canonical parameter and with v(X (vg)) being the variance func-
tion. The link function g() links the mean of the distribution X and the linear
form of the predictors as g(X(vg)) = >ty 1o Za(va). D and G are the diagonal
matrices as D = diag(vec W) and G = diag(vec gX(X)) such that W = [W(vg)],
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QX(X) = [gX(X(vo))} those in turn

W) = (g (K@) ge(X) = 2D g4
0X (v)

There are at least two ways that this update can further simplified. We may assume
an identity link function, or alternatively we may choose a matching link and lost
functions such that they cancel each other smoothly [80]. In the sequel we consider
identity link g(X) = X that results to g4x(X) = 1. This implies G to be identity,
ie. G = I. We define a tensor W, that plays the same role as w in (6.9), which
becomes simply the precision (inverse variance function), i.e. W = 1/v(X) where for

the Gaussian, Poisson, Exponential and Inverse Gaussian distributions we have simply

W = X7 with p = {0,1,2,3} [67]. Then, the update in Equation 6.45 is reduced to

S8
S—

o = -1 .
Zot Tt (VIDVL) VID(X - (6.50)

After this simplification we obtain two update rules for GTF for non-negative and real

data.
6.3.2. Update Rules for Non-Negative GTF

The update in Equation 6.50 can be used to derive multiplicative update rules
(MUR) popularized by [5] for the nonnegative matrix factorization (NMF). MUR equa-
tions ensure the non-negative parameter updates as long as starting some non-negative

initial values.

Theorem 6.1. The update in Equation 6.50 for nonnegative GTF can be expressed in

multiplicative form as

Lo Zyo H s.t. Zo(vy) >0 (6.51)

For the special case of the Tweedie family where the precision is a function of the
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mean as W = X for p = {0,1,2,3} the update in Equation 6.50 is reduced to

Ag(X 70 X)

Lo & Lo O -
A, (X17P)

(6.52)

Example 6.2. For example, to update Zy for the NMF model X = 217y, Ny is
Ay(Q) = Z Q. Then for the Gaussian (p = 0) this reduces to NMF-EU as

7 X
Zy < Zpo =L (6.53)
Z'X

For the Poisson (p = 1) it reduces to NMF-KL as [5]

ZT(X/X
foe 230 AKX 654

Proof. Consider and re-arrange the derivative 0L/0Z,

(,fzﬁ —VID(X ~X)= -VIDX +b=—(V.DV)Zy +b=—HZ\ +1b

where b is a constant and the substitution H = V! DV, is for notational simplicity.
Here we use the equality X = Vaja. In addition, note that H as the coefficient of the

variable Z,, is symmetric positive definite since D is a diagonal matrix as D = diag(W),

so that any step size bounded appropriately as below converges [81]

2
< -
nma:c — )\max(H)

We further find another bound by use of the Perron-Frobenious theorem [82]

: Amam(H) < max (HZQ) (Ua)

< — R X, Zg v, .
Nmaz > Amam(H> 1a Za(’Ua) s.t. Z (’U ) >0 (6 55)

where \,,.; being the maximum eigenvalue of the matrix H noting that the product
HZ, has the order |va| X 1. In addition A, is known as Perron root or the Perron-

Frobenius eigenvalue equal to the spectral radius. Identifying the right hand side of
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>l
l

HZ, as X = VoZa, ie.
(VIDV) 7, = VID(VaZs) = VDX (6.56)

choosing the step size specifically as

Zo 20 _ 2 (6.57)
U N z = :
ngX ngX )\ma:c(vZ:Dva)
we end up with the iterative update as
D
o < Lo+ s oV, D(X - X) (6.58)
VIDX
i
 ZyoYalX (6.59)
VIDX
T o
= X
7o YallloX) (6.60)
VI(W o X)

Then after identifying V,, = (I ® L,) that, in turn, VL = (I” @ L) and plugging

. . (TQLY(WoX
AT G a)(vi/o ?) (6.61)
(I @ LE)(W o X)
Here we may drop vec operator by use of [83] and recall the equation
vec(X) = vec(Z,Z,) = (I ® Zy) vec(Zs) (6.62)
where we come up
LT X
2, 7,0 LaWeoX) (6.63)
LT(W o X)

Then after, by using the A,() function, i.e. by casting the product LL(W o X) into
A, () we arrive to Theorem 6.1. O
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Remark 6.3. We already point out that L, is an object of |vgN0,| X |UgNv,|, and thus
its transpose is |0 N v, | X [vg N Tys|. Next, W o X is an object of |vg| x 1 (in vectorized
dimension). W o X is going to be reshaped as a matrix of |vg N | X |vo/(vo N Ta)| by

the A function leaving the product LL(W o X)) as an object of

{10 Na| X [vg N V| } X {|vo N Ta| X |vo/(vo NUa)|} (6.64)

= |5 N val X |00/ (v0 N 5] (6.65)

Clearly this is an object of the same size as Z, since the shape is

(To Nva) U (vo/ (v NTa)) = (To Nva) U (vo N (To Uva)) (6.66)
= (T Nva) U (0 Nva) = (T Nva) U (v9 Ny) (6.67)
= U, (6.68)

where we replace multiplication x by union U and replace cardinality symbol |.| by the

usual parenthesis (.).

Since we work with multidimensional objects and their abstract dimensions and
configurations we find useful to get the size of objects as first-level checking for cor-

rectness of the equations.

The important point to note that the MUR equation requires the non-negativity
as Zy(vy) > 0 since Equation 6.55 holds only for positive values. In addition, otherwise
for catching a positive value, starting from a negative initial point would never escape

from the origin due to the nature of the multiplication.

6.3.3. General Update Rule for GTF

By dropping the non-negativity requirement we obtain the following update equa-

tion:
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Theorem 6.2. The update equation for GTF with real data can be expressed as

~

2 AW o (X — X))

Lo — Zo + oo A2 (1) (6.69)
where Ay )0 18 the cardinality of the configuration v, N Uy
Aajo = |Va N To| = |va/vo| (6.70)
and the power is scalar type, i.e. A2(W) = Ay(W) o Ay (W)
The update equation for W = X7 is
D e Tt 2 Bo(X70 (X — X)) (6.71)

)\a/O Ai(X_p)

Example 6.3. By using Aojo = [va N To| = |va/V0|, we extract Ao jo for AP and GPo"
(core tensor) of TUCKERS as

vaNvy = {i,p}/{i,j,k} = {p} = Aajo = |D| for A™? (6.72)

vg MUy = {pa %T}/{iaja k} = {pa Cbr} = )\a/O = |p||q||7’| fO’f’ Grer (673)

Proof. Following Equation 6.57 and taking Z, = 1 specially, i.e. Z,(v,) = 1 leads to

>l

o o 2 -
Zo & Zo+ SR VID(X — X)  since Ao (H) < max (H1)(va)  (6.74)

We may replace the matrix multiplication of V! DV,1, by (Vl)2D10)\a/0 by using
the bound

IVa DVl < [[(Va)* D1l (6.75)

where 1, is a |v,|-dim column vector of all ones and 14 is |vg|-dim column vector of all
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ones. Noting that (VI)2(D1g) = (V)XW 0 1o) = (VI)2W the update becomes

- - 2 - - =
T Zo+ — o VI (Wo (X - X)) (6.76)
Aaso(VE)2W
Finally after plugging Vi = (I} -,/ ® L{)
— — 2 - — =
Zio & Zo + oL L @LDYWo(X - X 6.77
oy L et © )T EZ20) 670

and by use of Equation 6.62 we remove the vec operation

2 LT(Wo (X - X))
Moo (LYW

Zo ¢ Zo+ with (L1)? = LT o LT (6.78)
and after reformulating (reshaping) by A, () we come up with Theorem 6.2. Here the

multiplier 2 in the numerator comes from Equation 6.55. O

Remark 6.4. Here as part of the proof we propose the following norm bound in

Equation 6.75

IVaDVal|l < [[(Va)*D1Aaj0l (6.79)

Recall that V,, is a special type of sparse matrix as Vo = Ijyynv,| ® Lo. Here the scalar
Aajo = |va/vo| = |To N v, is the number of the non-zero columns in any rows of V,
since from left to right only one block in V, is L, and the rest is zero. L, is an object
of |vg N ¥a| X g N Vs, and hence A, /g is the number of columns of L,. Also note that
the number of the non-zero columns in any rows of nga is also Aq/0-

D in Equation 6.79 is a diagonal matrix as D = diag(W) whose entries are non-
zero. Ignoring it in the equation we have the general re-formulation of the bound in

Equation 6.79. For a given n x m matrix A we have the following inequality
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Lemma 6.1. For the matrix A € R™™ ™ we have the following bound

1AATL, ]|,

(Ao AL, =" (6.80)

where here ||.||s is vector 2-norm while 1,, and 1,, are n-dim and m-dim ones vectors.

Proof. We use the following vector norm bounds for the vector x € R"

lzll2 < flzlls < Vnllz]l2 (6.81)

Then for the denominator
Vol|[(Ao A)1,lle > [[(Ao A1y =17 (Ao A)1,, = Tr(AAT) (6.82)

Here Ao A is a positive matrix. For the numerator, let A4z, - - -, Amin be the eigenvalues

of AAT where all ); are positive.

IAATL,]l2 < JAAT 2] Lall2 = Amaav/ (6.83)

< (Z Ai) Vi = Tr(AAT)R < nl (Ao A1 (6.84)

One view of the term A,/ during the iterative update of the tensor Z, is that
Z, is composed of many cells updated as a block simultaneously. However while Z,,
is being updated its certain elements are used to compute X. On the other hand we
need to compute the derivative 0X /0Z, to get the new direction to move along with.
The number of such elements (cells) of Z,, i.e. the number of configurations (each
configuration is a cell), that are also needed to compute X is exactly 99 N v, which is
Aajo = [Va/Vo| = |Uo Nv,|. Recall that we marginalize out 7y configurations to obtain

X. Then, dividing by A, o effectively decreases the step size, in average, hence prevents
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from escaping from the local maximum. If we update the cells in Z, one by one, i.e.

scalar update where after each update we compute X ; Aajo could be taken just by one.

6.3.4. Handling of the Missing Data

Missing data case can be handled easily by dropping the missing data terms from
the likelihood [29]. The net effect of this is the addition of an indicator variable m; to
the gradient 0L/0z of GLM as

oL R X
a9, ¥ Z(% — &;)miw;gs (&)1 (6.85)

with m; = 1 if x; is observed otherwise m; = 0. Hence we simply define a mask tensor
M having the same order as the observation X, where the element M (vg) is 1 if X (vp)
is observed and zero otherwise. In the update equations, we merely replace W with

Wo M.
6.4. Summary

This chapter first establishes a link between the theory of generalized linear mod-
els and tensor factorizations and second it provides a general solution for the compu-

tation of arbitrary tensor factorizations for the exponential dispersion models family.

The key observation for expressing a tensor factorization model as a GLM is to

identify equivalence of vectorization operation and derivation of a multilinear structure.

A

To illustrates this we apply the vec operator to both sides of g(X) = Z;Z,

vec(g(X)) = (I @ Z,) vec(Zs) = 8(572222) vec(Zs) (6.86)
9g(X) s
= 822 VeC(ZQ) = VQZQ (687)

Here we end up with a GLM such that here V5 is the model matrix and 22 is the

parameter vector while in an alternating optimization procedure they switch the roles.
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A

For general case, when updating Z,, the derivative of the tensor g(X) is defined as

d9(X)
Vo= 7= Lo @ La (6.88)

The importance of L, is that it plays exactly the same role of ], Za(var), and all
the updates can be formulated by exactly the A function defined in Chapter 4 as

ALQ) = | D Qvo) Lalon)] (6.89)

V0NV

where here the configuration is 0, = (vo U v,) N (09 U 7). After establishing a one to

one relationship between GLM and GTF objects we can write the update as

>l

= = -1 .
Zo e Za+ (VIDV.) VIDG(X - X) (6.90)

with D = diag(W) is diagonal matrix whose diagonal is formed by W. This update
can further be simplified under two assumptions. The first is that we assume identity
link function and the second we assume non-negative parameters, i.e. Z,(vy) > 0.

Under these assumptions the update turns to be
A
Zo ¢ Zo 0 ———= (6.91)
A

Next by relaxing the non-negativity requirement the update turns to be

~

2 AL(Wo (X - X))
Moo AZ(W)

«

Lo — Lo+

(6.92)

with A,/o being the cardinality of the configuration v, N 7.
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7. GENERALIZED COUPLED TENSOR
FACTORIZATION

7.1. Introduction

The main motivation of this chapter is to construct a generalized coupled tensor
factorization framework, by extending GTF approach developed in Chapter 6. As al-
ready pointed out tensors appear as a natural generalization of matrix factorization,
when observed data and/or a latent representation have several semantically meaning-

ful dimensions. Now consider the following motivating example
X\ N2y Xy 2Tz X~ Yzt (1)

where X7 is an observed 3-way array and X,, X3 are 2-way arrays, while Z, for a =
1...5 are the latent 2-way arrays. The 2-way arrays are just matrices but this can be
easily extended to objects having arbitrary number of indices. Here, Z5 is a shared
factor, coupling all models. As the first model is a CP while the second and the third
ones are MF’s; we call the combined factorization as CP/MF/MF model. Such models
are of interest when one can obtain different views of the same piece of information (here
Zs) under different experimental conditions. Singh and Gordon [80] focused on a similar
problem called as collective matriz factorization (CMF) or multi-matriz factorization,
for relational learning but only for matrix factors and observations. For coupled matrix
and tensor factorization (CMTF), recently [43] proposed a gradient-based all-at-once
optimization method as an alternative to alternating least square (ALS) optimization
and demonstrated their approach for a CP/MF coupled model. Similar models are

used for protein-protein interactions (PPI) problems in gene regulation [84].

The outline of this chapter is as follows. In Section 7.2 we derive update equations
for generalized coupled tensor factorization (GCTF) that handle the simultaneous TF

where multiple observation tensors are available. In Section 7.3 we discuss modelling
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each observation by a different cost function. Section 7.4 is about solution of our
motivating problem and here finally we illustrate our approach on a musical audio

restoration problem.
7.2. Coupled Tensor Factorization
In this section we address the problem when multiple observed tensors X, for
v =1...|v| are factorized simultaneously. Each observed tensor X, now has a corre-

sponding index set V,, and a particular configuration will be denoted by vy, = u,

We define a |v| x |a| coupling matriz R where

1 X, and Z, connected N v,
R" = X, (uy) = Z H Zo(va)" (7.2)

0 otherwise

03\@@@

Figure 7.1. (Left) Coupled factorization structure where the arrow indicates the

existence of the influence of latent tensor Z, onto the observed tensor X,. (Right)

The CP/MF/MF coupled factorization problem given in Equation 7.1.

For the coupled factorization, we get the following expression as the derivative of

the log-likelihood by extending that of single observation case in Equation 6.7

i - ; RV Z <Xu(u1/) — X}/(uu)> @VWV(uV)gX(X(UO))% (7.3)

0Z4(vq) el
where W, (u,) = W (X, (u,)) is the inverse variance function and ¢, is the observation

specific inverse dispersion parameter which is common for a given observation tensor.

One remark is that as in the previous chapter we use the identity link function implying
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that our models are linear, i.e. the estimations X and the parameters Z, are linearly
related, and hence we take
O dg (X (v0))
(X(v)) = ————"F=1 7.4
(X)) = 2 (7.4)
Then proceeding as in Section 6.3.1 (i.e. getting the Hessian and finding Fisher In-

formation) we arrive at the update rule in vector form. That is, starting with the

X, (uy)
0Za (va)

derivative as

A

0X, (uy o . .
azag%g A ;E[ZQ(UQ)R =2 [ 2" (7.5)

Uy Mg ' #a

Then, the Fisher Information —< 8Z§§5a)2> is

— _<Z Ry Z QPVWV(XV(UV))g)Z(:EZ:)) aZj(va) (X,,(u,,) — Xu(uu))>

v 'UO/'Ua

LAY %Wy@y(uy)){%f (7.6)

'UO/'Ua

since <X,,(u,,) — X,,(u,,)> = 0. Then the update in scalar form is

Z[/ RV’Q ZUO/UQ <Xu(ul/) - XI/(UV))QOVWV(XV(UV))g)Z(ZEZfsi
~ X, (uy) Y 2
Zy Ry Zvo/va QOVWV(XV(UV)) g)Z(aE”ag }

Zo(Va) = Zo(va) + (7.7)

and in vector form as
- N -1 o =
Zo e Zot (Z R“va%vl,ypyvavy) (Z R4,V D, (X, - X,,)) (7.8)

where V,, = 89()2',,) /0Z, and D, is the diagonal matrices as D, = diag(vec W,).

The update equations for the coupled case are quite intuitive; we calculate the A, ,
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functions defined as

A L(Q) = [Z Q) ( X 11 Za,(va,)w)e] (7.9)

Uy NVa VoNUa o/ £

for each submodel and add the results.

Here we make an important assumption to get rid of the inverse dispersion pa-
rameters ,. We assume that each observation tensor is modelled by the same type
of distribution having the same dispersion parameter. In other words, all X, have the
same cost function. Then, the inverse dispersion parameters ¢, become independent
of the sum ) and the ¢, in the numerators and denominator cancel each other and

disappear.

Lemma 7.1. Update for non-negative GCTF

Zu RV7aAa,1/(WV © XV)

Zo = da > RVvaAa’V(W,, 0 X)

(7.10)

As a special case for the distributions whose inverse variance functions are as

W, = X;p, the update is

>, ReA,, (K70 X,)

Lo Ly o0 -
S, R, (X07)

(7.11)

Proof. The proof here is very much similar to the ones in Chapter 6. To simplify the
update equation we make use of the generalized form of Equation 6.55 that bounds the
step size. That is, the following is the generalized version of the bound of the maximal
eigenvalue in Equation 6.55
{3, Qr}B;
J

)\max(z Qr) < mjax { Z %} = mjax — 5 (7.12)
k k J

where for k =1 it is reduced to the standard formula in Equation 6.55. Then, for the
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setting H, = V] D, V.,

H,Z,
} st. Za(va) >0 (7.13)

Amaz (> Hy) < max { > 7

S, R LT{W, 0 (X, — X,)}

T Tt ST (T (7.14)
Zo
v,a 7T
7,0 O La{Wy 0 X} (7.15)
S, RroLT{W,0X,}

Finally we use A, () function abstraction to handle tedious reshape operations. [

7.2.1. General Update for GCTF

Lemma 7.2. General update equation for GCTF

2 ZV RV@A&,V (WV © (XV - Xu))
)‘a/O Zy RV7(XA2¢,V(WV>

Zo 4 Lo+ (7.16)

For the special case of the Tweedie family we plug W, = XV_ P and get the related

formula as

9 2, A, (ff; Po (X, — Xy))

Lo & Lo+ -
)\a/O ZV Rl/,aAaJ/ (XV—P)

(7.17)

One important question in this update equation is that while o being constant, if all
the scalars for different observations v, i.e. Ay, where v =1,2,.. ., are equal? Indeed,
all the scalars are equal for specific factor o under the assumption that observed indices
of a factor, if ever appears, are also observed for all observations tensors. hence we

simply write them as \,/o with 0 for all observation tensors.
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Proof. Bounding the step size

>, R Li{ W, o (X, - X))

Zo < Zo+ IS ReeLT(W, 0 L)1

(7.18)

then afterwards effectively replacing Vi ,Va,1 by Xao(VZE,)? the update equation

becomes

2 3, R {W, e (X, - X,)}
Aa/0 S, Rva LW,

T Lo+ (7.19)

7.3. Mixed Costs Functions

We derived update equations under the assumption of the same cost function for
all the observed tensors. This enabled us to cancel out the dispersion parameters from
the update equations. Now, we relax this assumption and leave the inverse dispersion
parameters in the update equations. Then, update for non-negative GCTF for specific

cost function for each observation tensor becomes

Zu RV7aAa,u(‘PVWV © X,,)
2, BoeA,, (%WL o f(y>

Zo 4 Zo o (7.20)

where the scalar ¢, denotes inverse dispersion parameter. This value, on the other
hand, needs to estimated for each of observation v. For two of the cost function types
this value can easily be identified. The KL cost is modeled by the Poisson distribution
where the dispersion parameter is 1. The Euclidean cost for the linear model where
X(vp) = > s, M) and A(v) =[], Za(va), assuming unite variance for A(v) makes the

dispersion parameter of X to be cardinality of the sum, i.e. |tp].

Finally, as a special case for the distributions whose inverse variance functions



183

are as W, = X7 the update is

5, B0, (g Xm0 X,)

Lo < Ly 0 -
Zu RV’aAa,u ((png—pu>

(7.21)

Here we skipped the update for real data, but it can be similarly modified by replacing
W, as ¢, W,.

7.4. Experiments

Here we want to solve the CTF problem introduced in Equation 7.1, which con-

stitutes to a coupled CP/MF /MF problem

XpE=N"Arpirehr X3P =Y "BDPT X{9=> BIEY (7.22)

T T T

where we employ the symbols A : E for the latent tensors instead of Z,. This factor-

ization problem has the following R matrix with |o| =5, |v| =3

11100 X, =Y A'B'C'DE°
R=]101010 with X, = 3" A°B'COD'E° (7.23)
01001 X5 =Y A°B'C°D°E!

We want to use the general update in Equation 7.19. This requires derivation of
AS () for v =1 (CP) and v = 2 (MF) but not for v = 3 since that A, 3() has the
same shape as A, 5(). Here we show the computation for B, i.e. for Z, which is the

common factor

AB1(Q) = Z Q"* (Ai’rck’r)g =Qu(C* © A9 (7.24)
L ik
A55(Q) = | Q™ (D) | = QD" (7.25)
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with @,y being mode-n unfolding operation that turns a tensor into matrix form [13].
In addition, for v = 1 the required scalar value Ay is |r| here since vg N Ty =
{7,r} n{r} = {r} noting that value Ag/, is the same for v = 2,3. Finally the update

for the factor B becomes

2 COA+ QD+ Q3F
B+ B+ — _Q1(2)( ) 92 @ - (7.26)
7l X7 5(C? © A%) + X, 7D? + X PE?
where @Q; = (X; — XZ) o Xi_p for i = 1,2,3. All tensor powers are element-wise. Note
also that for the first non-coupled factor A the iterative update is
2 Ql(l)(C O) B)

A A4+ —— (7.27)
%870 B)

where Q1 = (X; — Xl) o Xfp.

The simulated data size for observables is set to |i| = |j| = |k| = |p| = |¢| = 30
while the latent dimension |r| is set to 5. The number of alternating steps, i.e. iteration
count is set to 1000. Euclidean cost is used as error measurement so the data generator
is set to be Gaussian, although the experiment produced similar results for KL cost
with Poisson data. The results are shown in Figure 7.2. The figure compares the
original, the initial (start up) and the final (estimate) factors for A, B,C, D, E. Only
the first row, i.e. Z,(1,1 : 10) is plotted. Note that the CP factorization is unique
up to permutation and scaling [13] while MF is not unique, but when coupled with
CP it recovers the original data as shown in the figure. For visualization, to find the
correct permutation, for each of Z, the matching permutation between the original
and estimate are found by solving a orthogonal Procrustes problem [9] which finds the
permutation matrix P by minimizing |72 — Z/P| with PTP = I where Z° is the

original factor.
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—+—— Orginal
—*— Initial
—O— Final

Figure 7.2. The figure compares the original, the initial (start up) and the final
(estimate) factors for A, B,C, D, E.

7.4.1. Audio Experiments

In this section, we illustrate a real data application of our approach, where we
reconstruct missing parts of an audio spectrogram X (f,t), that represents the short
time Fourier transform coefficient magnitude at frequency bin f and time frame ¢ of a
piano piece, see top left panel of Fig.7.4. This is a difficult matrix completion problem:
as entire time frames (columns of X') are missing, low rank reconstruction techniques
are likely to be ineffective. Yet such missing data patterns arise often in practice,
e.g., when packets are dropped during digital communication. We will develop here a
novel approach, expressed as a coupled tensor factorization model. In particular, the
reconstruction will be aided by an approximate musical score, not necessarily belonging
to the played piece, and spectra of isolated piano sounds. In this section we use the
parenthesis notation X (f,¢) for a matrix scalar rather than the superscript notation
X7t that we use throughout this thesis since it is more familiar in the audio application

literature.

Pioneering work of [11] has demonstrated that, when an audio spectrogram of

music is decomposed using NMF as

Xi(f,t) ~ X(f,t) = Z D(f,i)E(i,t) (7.28)
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the computed factors D and E tend to be semantically meaningful and correlate well
with the intuitive notion of spectral templates (harmonic profiles of musical notes)
and a musical score (reminiscent of a piano roll representation such as a MIDI file).
However, as time frames are modeled conditionally independently, it is impossible to

reconstruct audio with this model when entire time frames are missing.

Restoration of the missing parts in audio spectrograms is a typical example where
coupled factorization can be applied. Figure C.5 organizes various parts of the problem
as a coupled factorization model. Here, the musical piece to be reconstructed shares B

and D in common.

p—> i— d— . m—>
i f k ! k

0 . | ! \ 1 PR
5 F (Excitations D (Spectral C (Excitations B (Chord G (Excitations
2 of X3) Templates) of E) Templates) of X2)
2

c

[}

o

B

T

=y

E (Excitations of X1)

r
X3 (Isolated Notes) X1

Observed Tensors
N

Audio with Missing Parts) X2 (MIDI file)

Figure 7.3. Restoration of the missing parts in audio spectrograms problem is

organized as coupled tensor factorization.

In order to restore the missing parts in the audio, we form a model that can
incorporate musical information of chords structures and how they evolve in time.
In order to achieve this, we hierarchically decompose the excitation matrix E as a

convolution of some basis matrices and their weights as

E(i,t) =Y B(i,7,k)C(k,t — 7) (7.29)

Here the basis tensor B encapsulates both vertical and temporal information of the

notes that are likely to be used in a musical piece; the musical piece to be reconstructed
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will share B, possibly played at different times or tempi as modelled by G. After
replacing £ with the decomposed version, we get the following model (eq 7.30):

Xi(f.t) = Y _ D(f.9)B(i,7,k)C(k,d)Z(d,t,7) Test file  (7.30)
i,7,k,d

Xo(iyn) = > B(i, 7, k)G(k,m)Y (m,n,7) MIDI file  (7.31)
T,k,m

Xs(f,p) = Z D(f,i)F(i,p)T(i,p) Merged training files  (7.32)

Here we have introduced new dummy indices d and m, and new (fixed) factors

Z(d,t,7)=0(d—t+T) (7.33)
Y(m,n,7) =6(m—n+r7) (7.34)

to express this model in our framework. In eq 7.32, while forming X3 we concatenate
isolated recordings corresponding to different notes. Besides, T is a 0 — 1 matrix, where
T'(i,p) = 1(0) if the note 7 is played (not played) during the time frame p and F models

the time varying amplitudes of the training data. R matrix for this model is defined

as follows:
11110000 X, =Y. D'B'\C'Z'GOY O FOT°
R=1010011200 with X, = ST DOBICOZ0G 'Y ' FOT0  (7.35)
10000011 X3 =3 D'B'COZ°GOY FIT!

Figure 7.4 illustrates the performance the model, using KL cost (W = X ~1) on
a 30 second piano recording where the 70% of the data is missing; we get about 5dB
SNR improvement, gracefully degrading from 10% to 80% missing data: the results
are encouraging as quite long portions of audio are missing, see bottom right panel of
Figure 7.4. In the figure top row, left to right: Observed matrices X;: spectrum of
the piano performance, darker colors imply higher magnitude (missing data (70%) are

shown white), X5, a piano roll obtained from a musical score of the piece, X3, spectra
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of 88 isolated notes from a piano. Bottom Row: Reconstructed X7, the ground truth,

and the SNR results with increasing missing data. Here, initial SNR is computed by

substituting 0 as missing values.

Frequency (Hz)

Frequency (Hz)

X2 (Transcription Data)

X3 (Isolated Recordings)

1 T
if T e

Frequency (Hz)

15
Time (sec)

Xlhat (Restored)

50 100 150
Time (sec)

Ground Truth

200
Time (sec)
Performance

5

10 15 20 25
Time (sec)

2000}

=+Reconst. SNR
=#=Initial SNR

15
Time (sec)

A 60
Missing Data Percentage (%)

Figure 7.4. Top row, left to right: Observed matrices X;: spectrum of the piano

performance, darker colors imply higher magnitude, X5, a piano roll obtained from a

Row: Reconstructed X, the ground truth, and the SNR results.

7.5. Summary

musical score of the piece, X3, spectra of 88 isolated notes from a piano. Bottom

This chapter has provided a general solution for the computation of arbitrary

coupled tensor factorizations. Here we introduce a new variable v to index multiple

observed tensors as X, for v = 1...|v| that are factorized simultaneously. We then

define a |v| X || coupling matriz R to encode the influence of the latent factor Z, on

the observed tensor X, such that

RV

1 X, and Z, connected .

0 otherwise

X, (uy,)

= | EACSLS

(7.36)
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Then the non-negative parameter update for CTF becomes

Zu RV7aAoe,V(WV © XV)
o

Do 4 7 - (7.37)
5, Beon,, (Wo X,)
and for general (real numbers) parameter update for CTF
2 ZV RV’aAa,u (WV © (XV - XV))
Do T+ (7.38)

)\a/O ZV RV7QA3,V(WV)

One note here is that, by assuming the same cost function for all the observations X,
we could cancel out the dispersion parameters ¢, from the update equations. Yet by
leaving them as they are, i.e. replacing the inverse variance functions W, with ¢, W,

we obtain more general update equations as

Zu RV7OCAQ,V(()0VWV © XV)

Zo et >, Rt (0,0 X,)

(7.39)

This relaxes our assumption and allows use of the Gaussian, for example, for one

observation while the Poisson for another observation.

7.6. Implementation

Here we present the implementations for CP/MF/MF problem described in the
introduction. First implementation is for non-negative update for CTF, i.e. Multi-
plicative Update Rule (MUR) implementation, while the second is for general update
for CTF.
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Input: X, Z, MAXITER, N, M, p

N: number of latent tensor, here N=5

M: number of observation tensor, here M=3

p : distribution index, here p=0, i.e. Euclidean cost

Output: Z
for e =1 to MAXITER do
for a=1to 5 do

X = reshape(Zy x (Z3 © ZQ)T%L k);

Xg =y * ZZ;

X3 = Zyx Z;

for m=1to M do
Qi = Xom o (Xa?);
Q2 = X s

end for

if (a ==1) then

UP = nshape(Q1ly,a) x (Z3 ® Z3);
DW = nshape(Q21,a) * (Z3 © Zs);
else if (a == 2) then
UP = nshape(Q1y,a) x (Zs ® Z1);
DW = nshape(Q21,a) x (Z3 © Z1);
UP =UP+ Qly * Zy;
DW = DW + Q22 x Zy;
UP =UP + Q13 x Zs;
DW = DW + Q23 x Zs;
end if
Zy = Zg o (UP./JDW);

end for

end for

Figure 7.5. Matlab-like implementation for the CP/MF/MF coupled problem in

MUR algorithm. Khatri-Rao product and mode-n unfolding are implemented in

N-way Toolbox [73] as krb() and nshape() functions respectively.
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input: X, Z, MAXITER, N, M, p, LSIZ
N: number of latent tensor, here N=5
M: number of observation tensor, here M=3
p : distribution index, here p=0, i.e. Euclidean cost
LSIZ : Latent size, here LSIZ=5
Output: Z
for e =1 to MAXITER do
for a =1to N do
X, = reshape(Zy x (Z3 © Z2)7,i, 5, k);
Xy = Zyx Z7;
X3 = Zyx Z;
for m=1to M do
QL = (X — Xm) o (X");
Q2 = (Xu);
end for
C, =272
if (a ==1) then
UP = nshape(Q1ly,a) x (Z3 ® Z3);
DW = nshape(Q21,a) * (C3 ® Co) x LSI1Z/2;
else if (a == 2) then
UP = nshape(Q1ly,a) x (Zs ® Z1);
DW = nshape(Q21,a) * (C3 ® C1) x* LSI1Z/2;
UP =UP + Qla * Zy;
DW = DW + Q2 %« Cyx LSIZ/2;
UP =UP + Q13 * Zs;
DW = DW + Q23 % C5 x LSIZ/2;
end if
end for
Zo=Z4+ (UP.]DW);

end for

Figure 7.6. Matlab-like implementation for the CP/MF/MF coupled problem in
general update algorithm. Khatri-Rao product and mode-n unfolding are

implemented in N-way Toolbox [73] as krb() and nshape() functions respectively.
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8. CONCLUSION

In this thesis we developed a probabilistic framework for multiway analysis of
high dimensional datasets. By exploiting the link between graphical models and tensor
factorization models we cast any arbitrary tensor factorization problem, and many
popular models such as CP or TUCKERS3 as inference, where tensor factorization

reduces to a parameter estimation problem.

Our algorithms are general in the sense that we can compute arbitrary factoriza-
tions in a message passing framework on a graph where vertices correspond to indices
and cliques represent factors of the tensor factorization, derived for a broad class of
exponential family distributions including special cases such as Tweedie’s distributions

corresponding to (-divergences.

We first illustrated our approach for the conditionally Poisson case and employed
the EM algorithm for the optimization. We also extend the probability model to include
the conjugate priors and obtain the update equations accordingly. One main saving in
our framework appears in the computation of A, (), that is computationally equivalent
to computing expectations under probability distributions that factorise according to
a given graph structure. As is the case with graphical models, this quantity can be
computed via message passing: algebraically we distribute the summation over all v,

and compute the sum in stages.

Consequently, by use of the exponential dispersion models and as a special case
by the use of power variance functions where the variance functions is in the simple
form as v(u) = P, we were able to derive the generic form of update equations for any
[b-divergence. The gradient ascent interpretation of the EM and dual formulation of
likelihood maximization as divergence minimization are used to obtain the MUR and
the ALS updates for Gaussian case. Conjugate priors are also introduced. In addition,

the framework handles the missing data naturally.
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We also describe a model selection framework for nonnegative tensor factorization
with KL cost from a probabilistic perspective. The model selection includes both the
task of model order determination and model structure learning. The model compari-
son is based on variational Bayes. Our main contribution is that our approach is not
limited to a specific factorization structure and is able to do inference efficiently in any

tensor factorization model.

We also establish a link between GLMs and tensor factorizations and provide a
general solution for the computation of arbitrary coupled tensor factorizations where
multiple observation tensors are factorized simultaneously. A powerful aspect of the
GCTF framework is assigning different cost functions, i.e. distributions, to different
observation tensors in a coupled factorization model. We illustrated our approach on a
musical audio restoration problem. We believe that, as a whole, the GCTF framework
covers a broad range of models that can be useful in many different application areas
beyond audio processing, such as network analysis, bio-informatics or collaborative

filtering.

Perhaps the most important contribution of the paper is the generalization of TF
problem to a point that allows one to invent new factorization models appropriate to
their applications. Pedagogically, the framework guides building new models as well
as deriving update equations for g-divergence that unifies the popular cost functions.

Indeed, results scattered in the literature can be derived in a straightforward manner.
8.1. Future Work

e Non-linear tensor factorization models. Tensor factorization models are linear
models in the sense that the model estimate X and the parameters Z, are linearly
related. Just in the case of GLM we may use a non-identity link function to build

non-linear tensor factorization models.

g<Xi,j,k> _ Z Ai,rBj,rcrk,r
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e Tensor factorization via MCMC' inference. Markov Chain Monte Carlo is also a
viable alternative for inference [35].

e Generalization of the model selection for arbitrary cost functions. The main limi-
tation of our model selection approach is that we use only the KL cost. Although
we sketch the outline for the general cost functions, we did not extract the ex-
pectation of the posterior distribution for each cost function.

e Conjugate priors for coupled tensor factorization. For PLTF models we extended
the framework to include prior knowledge and obtain fixed point update equations
that include hyperparameters. For PLTF framework that we build in Chapter 4
we obtain both ML and MAP optimization. For GTF and GCTF developed in
Chapter 6 and 7, the frameworks consider only likelihood maximization and does
not take into consideration the prior belief. The frameworks GTF and GCTF
can be extended for also MAP optimization to include hyperparameters in the
update equations. Recall that the conjugate priors for the EDM family are given

as

p(sl0, 0s) = g(s, s) exp o, (s70 — 1(0)) (8.1)
p(0]no, s0) = h(ng, so) exp{ng (sof — 1 (0))} (8.2)

with ng, sop being the hyperparameters corresponding to belief about a prior sam-
ple size and prior expectation of the mean parameter [68]. Hence one can start
using product of the two equations to compute the likelihood and come up with
MAP optimized version of GTF and GCTF.

o Arbitrary latent structure. In this thesis we generalized probabilistic tensor fac-
torization in two perspectives; generalization for major class of cost functions and
generalization for arbitrary latent structure. To illustrate the second generaliza-
tion perspective we show the results mainly for CP and TUCKERS3. However, it
would be interesting and useful to experiment the results on an arbitrary (possibly
a real-world application) latent structure.

e Graphical models foundation and message passing. This thesis is inspired from

the close link between tensor factorization and probabilistic graphical models.
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Even further, the abstraction A function that we use in the update equations is
identical to the message passing of graphical models that consist of contraction
and marginalization operations. In addition to this our matricization procedure
is a form of junction tree. However, yet a theoretical foundation, i.e. deriving
tensor factorization from the graphical model theory, is incomplete. In addition
to this, A function is not fully optimized for performance perspective where one
could use factor graphs rather than DAG.

Performance of tensor factorization. There is certainly a need for a specification
for tensor factorization performance benchmarks assuming there is already none.
The specification should specify datasets, factorization models, hardware capabil-
ity such as maximum memory, software capability such as sequential or parallel
processing, classification of algorithms such as gradient base iterative algorithms
or alternating but direct algorithm ALS. The interest here is practical rather than
theoretical, and one consequence of such a work can answer a query like what
the fastest way to factorize 103 x 10® x 10® cube for CP or TUCKERS is. Clearly
one should consider memory consumption and may load data partially from the
disk.

Constraints on optimization. One very important point; constraints on optimiza-
tion methods for TF make the factorization the most useful. The domain of the
latent factors is almost unlimited, while the constraints such as non-negativity,
uniqueness, orthogonality and sparsity re-shape the factors for the desired prop-
erty. In this work we could not make room for a technical discussion and devel-
opment on constraints except that the non-negativity is already handled by using
KL cost due to the non-negative nature of the Poisson distribution. In addition,
columns (or fibers) in factors can always be orthogonalized by Gram-Schmidt

method.



196

APPENDIX A: PLTF FOR GAUSSIAN GENERATIVE
MODELS

In Chapter 4 we, first, developed fixed point update equation for PLTF models for
the KL cost. Then, we generalized the development for the unified case where we obtain
update equations for EU, KL, IS costs in a singe equations. Here we obtain update
equations for the EU as modelling unknown mean, known variance of the Gaussian
and for the IS cost as known mean, unknown variance of the Gaussian. We skip the
conjugate prior analysis for EU and IS cost that we did for the KL cost previously but
the procedure is similar. Also notationally we denote the PLTF for EU and IS costs
as PLTFgy and PLT Fyg.

A.1. Gaussian Modelling of the EU Cost

For Euclidean PLTF, we write the following generative model for the element of

the latent tensor S
S(v) ~ N(S;A(v), 1) (A1)

Note that due to reproductivity property of the Gaussian distributions [71] the ob-
servation X (vg) = >, S(v) has the same type of distribution as S(v). The variance
here is constant and is equal to 1 but taking it as any constant C' does not make any
difference since it will canceled to 1 in the posterior expectation equation (S(v)|X (vp)).
The derivation of PLTF gy fixed point update equation follows closely Chapter 4 where
we merely replace the Poisson likelihood with that of a Gaussian. The complete data

log-likelihood becomes

Lo = 3 M) (5 ou(2m) — 5 (5(6) — AW ) (A2
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subject to the constraint X (vg) = ) ; S(v) for M(vg) = 1. The sufficient statistics of

the Gaussian posterior p(S|Z, X) are available in closed form as

(S(0)| X (v0)) = A(v) = —=(X (v9) — X () (A.3)

where K is the cardinality of unobserved configurations, i.e. the number of all possible

configurations of vy and hence K = |7y|. Then, the solution of the M step after plugging

9Lgu
0Za(va)

Equation A.3 in and by setting it to zero

éffv‘; ;= gM(UO) ((X(UO) —X(UO)) aaA(v))

A

= Au(MoX)—Ay(MoX)=0 (A.4)

The solution of this fixed point equation leads to two related but different iterative

schemata: multiplicative updates (MUR) and alternating least squares (ALS).

e PLTFry Multiplicative Update Rules (MUR). This method is indeed gradient

ascent similar to [5] by setting
N(va) = Za(va)/Da(M o X)(”Oz) (A.5)

in the following

0L gy

Zo(Va) < Zo(va) + ﬂ(Ua)aZa(Ua)

Then the update rule becomes simply

Zo = Zo o Ag(M o X) /Ao (M o X) (A7)
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o PLTFgy Alternating Least Squares (ALS). The idea behind ALS is to obtain a

closed form solution for Z, directly from Equation A.4

A

Aa(Mo X) = Ay(M o X) (A.8)

Note that X depends on Z,, see Equation 4.2. This equation can be solved for
Zo by least squares, as it is linear in Z,. If there is no missing data (M (vg) = 1
for all v), the result is available in closed form. To see this, we write all the
tensors in matrix form and write the solution explicitly using standard matrix

algebra.

A.2. Gaussian Modelling of the IS Cost

IS cost can also be modeled as zero mean unknown variance of a Gaussian [31]
as S(v) ~ N(S(v);0,A(v)), X(vg) ~ N(X(v0); 0, X(vg)), where X (vg) = > g, S ().
Taking the derivative of the log likelihood of the Gaussian w.r.t. variance parameter

dlog p(5(v); 0, A(v)) 1 1

OaA(v) = T2A() 2 A(U)Q(S (v) - 0)” (A.9)

and after applying the chain rule the optimization problem turns to solution of the

following

8£ 1 1 ) ) . _
0Za(va) 2 K_zA(v)  aa O IX 0)>) Da\( )} 0 (A.10)

3 <W _ 1) 0 (A11)

where we solve for Z,(v,) as

(S()2]X (v0))
Do va " R (A.12)

Za a) =
(Va) Sl
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Computation of (S(v)?| X (vy)) requires posterior mean and variance [1] as

X (w) A(v)?
S(v)| X (v9)) = = A(v Var (S(v)| X (vg)) = Alv) — — A.13
S@IK ) = T ) S@IK) = A~ 5 (19
(S)IX (v0)) = (S(v)X (v9))* + Var (S(v)| X (vo)) (A.14)
X g AW
= X(v0)2A( )+ Av) X(vo) (A.15)

where this result is given in [19,31].
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APPENDIX B: EXPONENTIAL FAMILY
DISTRIBUTIONS

B.1. Exponential Family Distributions

In this section we list and derive main properties of the exponential family distri-
butions that we referred in this thesis. The derivations for the Gaussian distribution

has already been made in Chapter 2.

B.1.1. Gamma Distributions

In the following we find sufficient statistics, canonical parameters, cumulant func-

tion and entropy for the gamma distribution. First we write the density:

p(z;a,b) =exp ((a —1)logz — bx 4+ alogb — logI'(a)) (B.1)

Sufficient Statistics are easily identify as the functions = that go into multiplication

with the canonical parameters

t1(z) | = (B2)

to(z) log x

Canonical Parameters are identified as the multipliers of the sufficient statistics coming

from the definition

T T T

¢ 0 0 b
1) Ho | " o (B.3)

to(x) 0y log 0y log x a—1
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Thus

92 a—1 a 92+1

— - T — -
i 91
p(z;p, 0) = exp +alogb —logI'(a) (B.5)
log x 0y
— - T — -
T 91
= exp + (02 + 1) log(—0;) — logT'(6, + 1) (B.6)
log x 02

where (01, 05) is left as the remaining terms depending only on canonical parameters

91,92 as

Y(01,02) = —(02 + 1) log(—0:) + log (0 + 1) (B.7)

h(z) is identified as the terms that do not contain any canonical parameters

h(z) =1 (B.8)
The Entropy is
x 2
= b (B.9)
log = U(a) — logb
where ¥() is called as digamma function and it is U(a) = 81%5(“). Then
T
H[X] = — v | +alogb—logI(a) (B.10)

U(a) —logh a—1

=a+ (1 —a)¥(a) —logb+logT'(a) (B.11)
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In the following we find sufficient statistics, canonical parameters, cumulant func-

tion and entropy for the Poisson distribution. The density for the Poisson distribution

PO(x;a) = exp(—a + zloga — log x!)

The only sufficient statistics is

Canonical Parameters

t(x)0 = zloga = 0 =loga = a = exp(0)

Cumulant Function

p(z;a) = exp (26 — a) (z)*
= exp (26 — exp(0)) (x!)~!

(B.12)

(B.13)

(B.14)

(B.15)
(B.16)

where 1(0) is left as the remaining terms depending only on canonical parameters 6 as

Y(0) = exp(0)

h(xz) is identified as the terms that do not contain any canonical parameters

h(z) = (z!)~*

Entropy . Note that the expected sufficient statistics is

() =a

(B.17)

(B.18)

(B.19)
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Then

H[X]=—(aloga —a— (logz!)) (B.20)

=a(l —loga) + Z exp(—a + kloga — log k!) log(k!) (B.21)
!

note that how we replace x by a in the (logx!).
B.1.3. Relation of the Poisson and Multinomial distributions

Let X; i=1...k k independent random variables having Poisson distribution
with parameters \; ¢ = 1...k. Let N be a random variable obtained as sum of the
variables N = Zf X;. Then the joint probability distribution conditioned on N = n

has the multinomial distribution. That is,

p(Xl :z'l,...,Xk:.Ik‘N:n) = m)\ll)\22)\kk (B22)
Proof. Note that given x1,...,x,, N has no longer uncertainty, and hence dropped out
p(xla"'axkyn) p(xla"'axk) pr(xl)
p(xy,...,xEn) = = = B.23
(@) = = o) »(0) (B:23)
Since all the variables have the Poisson distribution
k
\ =1 A N .
_ I exp(k A — log ;! + x; log i\,) (B.24)
exp(—>_; A —logn! +nlog> " \)
_exp Zf (=X — log ;! + x; log \;) (B.25)

_exp(— Zf Ai — logn! + nlog Zf i)

k k k k k

= exp <Z -\ — Zlog:pi! + le log \; + Z A +logn! — nlogz )\i) (B.26)
1 k (3 k (3 (3 k 1

=exp (1og n! — Z log x;! + Z x; log \; — nlogz A,-) (B.27)

A
PRY

Finally, note that n = Zf x; and p; = we come up with the definition of the
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multinomial distribution

k k k k
= exp <log n! — Z log x;! + Z x; log \; — Z T logz )x,-) (B.28)
k k \
=exp | logn! — log x;! + x;lo : B.29
p < g Z g Z g5 A,-) (B.29)

)




Table B.1. Characteristics of some common distributions from exponential family. In general a is mean (location) and b is shape

parameter. For the gamma distribution we have an important equality (logx); = 1(a) — logb for convention 1,

(log(z))g = (a) + log b for convention 2. For multinomial distribution Ef ri=n,r=[T1,...,24), p=[p1,- .-

For multivariate Gaussian distribution, X is m-dimensional row vector as X = (X, Xo, ...

B is m x m covariance matrix.

i), and Y Fp; = 1.

, Xm), A is m-dimensional row vector and

Distribution | Density Mean | Variance | Support
Gaussian N(z;a,b) = exp (—% — %log(27rb)) a b x € (—00,00)
Poisson PO(x;a) = exp (—a + xloga — log x!) a a re€{0,1,2,...}
Gamma; Gi(z;a,b) = exp ((a — 1) logx — bz + alogb — logT'(a)) 7 53 x € (0,00)
Gamma, Ga(z;a,b) = exp ((a — 1)logz — tx — alogb — log I'(a)) ab ab? x € (0,00)
Inv. Gaussian | ZG(z;a,b) = exp <% log (325) + _béz;;)z) a % x € (0,00)
Multinomial | M(xz;n;p) = n! Hf Zi, = exp (log n! — Zf log z;! + Zf T logpi> np; np;(1—p;) | z; €{0,1,...,n}
YTi=n
Multivariate | N(X; A, B) =exp (—5(X — A)B~H(X — A)T — Llog ((2m)™|B])) | A B X € (—o00,00)
Gaussian
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B.1.4. KL divergence of Distributions

In this section we list the entropy and KL divergence (between two) of the Gaus-
sian, the Poisson and the gamma distributions. We recall that the (Shannon) entropy

and KL divergence are defined as

Hlp] = =) p(z)logp(2) (B.30)
Drcrlally) = S a(2)1ox 45 (B.31)

z

Table B.2. Entropy of the Gaussian, the Poisson, the gamma and the multivariate

Gaussian [38] distributions.

Distribution Notation Entropy

Gaussian p(x) =N (z;a,b) H[X] = 3 (1+log2m +logb)
H[X]=a(l —loga) +

Poisson p(x) = PO(z; a) Yoexp(—a  +  kloga —
log k!) log k!
HX] =

Gamma p(r) = G(z;a,b)
a+(1—a)¥(a)—logb+logT(a)

Multivariate H[X] = H[X1, X, ..., X,]

, PX) =N (XA, B) | )
Gaussian =3 log((2me)"| K])

KL divergence of two Gaussian Distributions

KL divergence between two Gaussian distributions ¢(z) = G(z|a, ) and p(z) =
G(xla,b)

(o — a)? 1(6 B

Dgr(qllp) = b 1 —log 5) (B.32)

KL divergence of two Gamma Distributions
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KL divergence between two gamma distributions ¢(z) = G(x|a, ) and p(z) = G(x|a, b)

Dicr(gllp) = (o — 1)(a) — log f — a — log I'(a) (B.33)
+log(T(a)) + alogb — (a — 1)(v(a) +log(5) + 2
—1og N L)) — 1o B) + a0 (B.34)

I'(a)b® 5]

KL divergence of two Poisson Distributions

KL divergence between two Poisson distributions ¢(x) = PO(z|a) and p(z) = PO(z|a)
a
Dir(dllp) = alog— +a—a (B.35)

where as expected it meets the definition of the KL divergence.



APPENDIX C: MISCELLANEOUS

C.1. Miscellaneous
C.1.1. Matrix Operations
Determinant of a diagonal matrix

X = diag()\l,)\2,...)\n)

X = H)\i

Eigenvalues of a diagonal matrix

X = diag()\l,)\g,...)\n)
6Zg(X) = )\17)\27~~~)\n

Determinant of a square matrix

€Zg(X> = )\1, )\2, e )\n

X = ]:[)\i

C.1.2. Gamma function and Stirling Approximation

208

Gamma function extends the factorial function to real and complex numbers as

I'(z2) :/ t*te~tdt z real
0

I'(n) =(n—1)! n integer

(C.7)

(C.8)
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For large (integer) n the factorial function is approximated as
n 1
nl~V2mn(=)" = logn!~ 3 log(2mn) + nlogn —n (C.9)
e

Dividing by n (to get I'(n) = (n — 1)!) and ignoring the constant term % log(27) we

may write the following approximation

1
logf‘(n)%—§logn+nlogn—n n — 0o (C.10)
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