
ADIABATIC SOLUTIONS IN GENERAL RELATIVITY

AND BOUNDARY SYMMETRIES

by
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Man is hidden behind his words,

his tongue is a curtain over the door of his soul.

When a gust of wind lifts the curtain

the secret of the interior is exposed,

you can see if there is gold or snakes,

pearls or scorpions hidden inside.

Thoughtless speech spills easily out of man

while the wise ones keep silent.

Fault eyes see the moon double

and that gazing in perplexity is like a question;

once you connect with Divine Light

the question and the answer become one.

Meulana Jalaluddin Rumi

(Rumi’s Little Book of Life)
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ABSTRACT

ADIABATIC SOLUTIONS IN GENERAL RELATIVITY

AND BOUNDARY SYMMETRIES

We investigate adiabatic solutions to general relativity for a spacetime with

spatial slices with boundary, by Manton approximation. This approximation tells us

for a theory with a Lagrangian in the natural form, a motion that is described as

a slow motion on the space of vacua-static solutions that minimize the energy- is a

good approximate solution. To apply this to the case of general relativity we first

bring it to the natural form by splitting space and time and choosing Gaussian normal

coordinates, where a spacetime is described by the metric on its spatial slices. Then

following Manton we propose slow solutions such that each slice is a slowly changing

diffeomorphism of a reference slice, and thus each solution is described by a vector field

on the spatial slice.

These solutions will have the property that the action will become a functional

of the vector fields on the boundaries of the spatial slices. Moreover using the Hodge-

Morrey-Friedrichs decomposition we will show that the constraints of general relativity

will identify a unique solution for a given boundary value. Then we comment on the

structure of the space of vacua which we show to be a (pseudo)-Riemannian homoge-

neous space. We illustrate our procedure for a specific reference slice we choose: the

3d Euclidean round ball.
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ÖZET

GENEL GÖRELİLİKTE ADİYABATİK ÇÖZÜMLER VE

ÇEPER SİMETRİLERİ

Bu tezde uzaysal dilimleri çeperlere sahip olan bir uzayzaman için, Manton

yaklaşımını kullanarak genel göreliliğin adiyabatik çözümlerini inceleyeceğiz. Bu yakla-

şım, doğal formda bir Lagrangiana sahip olan bir teori için; enerjiyi minimize eden

durağan çözümler, yani vakum çözümleri uzayında bir yavaş hareket olarak tasvir

edilebilinecek bir hareketin iyi bir yaklaşık çözüm vereceğini söylemektedir. Bu yaklaşı-

mı genel göreliliğe uygulayabilmek için ilk önce genel göreliliği, uzay zaman ayrışması

yapıp, uzayzamanın uzaysal dilimlerinin metrikleri ile tanımlandığı Gaussian normal

koordinatları seçerek doğal forma getireceğiz. Daha sonra Manton yaklaşımını takip ed-

erek, her bir dilimin bir referans diliminin yavaşça değişen bir difeomorfizması olduğu

ve böylece çözümlerin uzaysal dilim üzerindeki vektör alanlar ile tanımlandığı yavaş

çözümler ileri süreceğiz.

Bu çözümler için teorinin aksiyonu uzaysal dilimlerin çeperlerindeki vektör alan-

larının fonksiyonelleri haline gelecektir. Dahası Hodge-Morrey-Friedrichs dekompozis-

yonunu kullanarak genel göreliliğin kısıt denklemlerinin çeperdeki her bir değer için

tek bir çözüm belirleyeceğini göstereceğiz. Daha sonra bir Riemannımsı homojen uzay

olduğunu göstereceğimiz vakumlar uzayının yapısı hakkında yorum yapacağız. Elde

ettiğimiz bu prosedürü 3 boyutlu düz uzaydaki yuvarlak bir top olarak seçeceğimiz bir

referans metriği örneği ile resmedeceğiz.
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1. INTRODUCTION: SYMMETRIES THERE, SOFTNESS

HERE

A physicist’s aim is to describe the fundamental principles governing the invol-

untary events in the universe. A symmetry is yet another higher principle that governs

these laws [1]. The power of this higher principle has increasingly manifested itself as

fundamental interactions are better understood i.e. as the theory of quantum fields,

conformal fields and the like were developed.

Existence of a symmetry principle allows one to extract certain information about

the physical events from the theory without knowing the details of it. For example, if

one knows that the motion of a particle is governed by a theory that doesn’t depend

on one of the spatial coordinates; then one can say, without having further information

about the theory, that the particle will have a constant speed along that coordinate.

This reflects a fact known as Noether’s theorem: for every symmetry there exists a

conserved quantity. In quantum field theory Noether’s theorem takes the form of

Ward-Takahashi (WT) identities, which gives certain conservation like constraints on

the expectation values.

WT identities have been used in the literature many times to extract information

about the expectation values. The most prominent example of this is in conformal field

theory. There it has been shown that conformal symmetries-especially in 2D where they

are an infinite tower- fix the form of all expectation values to a great extent [2].

However not every theory has a set of exact symmetries. Still one can talk about

the asymptotic symmetries the theory has. For these one can also write WT identities,

which results in what are called soft theorems. While these WT identites were studied

by Strominger [3, 4] to derive soft photon and soft graviton theorems; independently

in the area of quantum cosmology a similiar type of theorems were derived using the

“adiabatic mode” condition on “large gauge symmetries”. The relationship between
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these two lines of research has been a question since then. There exists certain elements

that appear in one of the analyses while it does not appear in the other. While a

discussion of fall-off conditions is crucial in the asymptotic symmetry analysis, it was

not considered at all in the original cosmology research, except the attempts that

came after Strominger’s work [5–7]. Same is true for adiabatic modes in the opposite

direction.

In this thesis we detail the work by Van den Bleeken,Seraj and myself in [8], which

was a continuation of a previous work by Bleeken and Seraj in [9]. With motivation

from the concept of adiabatic modes in cosmology, we take a third look at the question

of asymptotic symmetries and soft theorems. We apply the Manton approximation [10,

11] to general relativity to derive solutions that are slow in time. Manton approximation

gives these solutions as geodesics on the space of vacua of the theory. These works

are purely classical and instead of the IR/infinite volume limit where the study of

asymptotic symmetries and soft theorems takes place, they study spacetimes with

bounded spatial volume. The study of an infinite volume limit and precise connection

to the asymptotic symmetries and soft theorems are important questions left for future

work.

We will review the aspects of the thesis at the end of this introduction, but let

us first discuss the underlying research mentioned above that motivated us, in more

detail.

1.1. Asymptotic Symmetries and Soft Theorems

These type of symmetries were first discussed in the context of gravitational

waves [12,13], where it was concluded that to produce gravitational waves a spacetime

should satisfy certain asymptotic conditions at future null infinity. Coordinate trans-

formations that leave these conditions invariant were shown to form a group, called

the Bondi-Metzner-Sachs (BMS) group. This group is interestingly larger than the

Poincare group, it additionally includes an infinite set of symmetries that are called

supertranslations.
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One can define different types of asymptotic symmetries: asymptotic symmetries

of spacetimes that are asymptotically flat at spatial infinity is a different group known

as the Spi group [14], whereas definitions of asymptotic symmetries of the spacetimes

that are asymptotically de Sitter were also made [15,16].

One advantage of the definition of asymptotic flatness is that, through it one can

define the charges of general relativity. As it is well known, see e.g. [17], since there

is no prescribed background for GR, the concept of total energy is non-trivial there.

However for asymptotically flat spacetimes, such energy can be defined since these

spacetimes can be thought of as isolated systems.

Roughly around the same time with these studies, the soft photon and gravi-

ton theorems were proposed by Weinberg [18], restricting the form that the quantum

expectation values with a soft photon/graviton should take. To be more specific for

example the soft photon theorem says that:

Mµ(pin1 , ..., p
out
1 , ..., q) −−→

q→0
M(pin1 , ..., p

out
1 , ...)

(∑
n

enp
out
n

µ

poutn · q − iε
− enp

in
n
µ

pinn · q + iε

)
(1.1)

where the M’ s represent the S-matrix for the process with related incoming and

outgoing particles without the energy-momentum conservation delta function and en is

the electrodynamical charge of the nth particle. Contracting with the soft momentum

gives:

qµMµ(pin1 , ..., p
out
1 , ..., q) −−→

q→0
M(pin1 , ..., p

out
1 , ...)

(
Qtotal
out −Qtotal

in

)
. (1.2)

For Lorentz invariance to hold, the left hand side should go to zero, see [19] pg. 537

for the reason behind this. Because of this the right hand side gives the charge con-

servation. This calculation is then interpreted as showing that the Lorentz invariance

necessitates the electrodynamic charge conservation. A similar story can be repeated

for the graviton, which shows that “Lorentz invariance requires that low energy massless

particles of spin two couple in the same way to all forms of energy and momentum” [19],
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which essentially is Einstein’s equivalence principle.

The soft-limit formula written above is shown, much later by Strominger to be the

WT identity for asymptotic symmetries. More specifically in [4], an infinite number of

symmetries at null infinity, just like supertranslations, of electrodynamics was found;

and Weinberg’s soft photon theorem was shown to be the WT identity related to

this. Similarly in [3] the Weinberg soft graviton was shown to be the WT identity for

supertranslations.

1.2. Cosmological Consistency Relations

Cosmic Microwave Background (CMB) observations are arguably the most im-

portant physical data about our universe yet: they provide information about the early

phases of the cosmological history, and on top of that, as these observations are under-

stood to be the relics of the expectation values of quantized gravitational fields, they

can be considered as data for a quantum theory of gravity [20]. Because of this it is

crucial to get the most out of these observations as a test of our theories.

Any perturbative quantum field theory is expected to give a Gaussian spectrum

for the correlation functions, also called N-point functions, and this is indeed the case

for the CMB. The next step is to check our theories for the corrections to this Gaus-

sianity -which was measured to be small- by means of three-point functions. In [21], it

was proposed that a three point function should satisfy:

lim
q→0

1

〈ζqζ−q〉
〈ζqζk1ζk2〉 = −~k1.

∂

∂ ~k1

〈ζk1ζk2〉 (1.3)

at the soft limit, for a single-field inflationary model. This type of relations are called

the cosmological consistency relations, see also [22] for some generalization of this to a

larger class of theories. Consistency relations are particularly important since, because

of the highly non-linear nature of gravity theories, it is hard to calculate expectation

values with high number of fields. These relations help us to alleviate our lack of

knowledge of the theory by our knowledge of the symmetries.
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The relation we wrote down above was later understood to be a part of the

WT identities related to the “adiabatic modes” subclass of “residual gauge symmetries”

of the cosmological spacetimes studied in a specific gauge [23, 24]. Adiabatic modes

are solutions to Einstein equations linearized around a cosmological background, such

that the physical degrees of freedom of the metric remain constant in time in the limit

of small momenta/large wavelengths-wavelenghts that are of cosmological interest. In

cosmology it is important to show that adiabatic modes exists for an arbitrary matter

content of the universe, because this tells us that the large wavelength modes “freeze

out” through the cosmic evolution following the inflation. Only if this is true we can

have inflationary predictions without going into the details of the following cosmic

history, often modeled as a period called reheating, of which not much is known.

The existence of adiabatic modes for an arbitrary content of matter, was proven by

Weinberg in [25], under mild assumptions. In his proof he uses a trick to extend

pure gauge solutions into physical solutions by imposing the constraint equations of

general relativity. The work of [23,24] shows that the relation in equation (1.3) and an

infinite set of other relations of the same form are WT identities for adiabatic modes.

Extending Weinberg’s trick, they obtain an infinite set of adiabatic modes and write

down WT identities for these solutions. Here we note that our starting point will be

very much in the same spirit with Weinberg’s work, and because of this we will be

reviewing this argument in the Section 2.1.

This realization of consistency relations as WT identities is very similar to Stro-

minger’s realization of Weinberg’s soft theorems as WT identities. A connection be-

tween these two has been made in [26], where an analogue of Weinberg’s adiabatic

mode, identified as a residual symmetry of the U(1) theory, gives Weinberg’s soft pho-

ton theorem and some peculiar technicalities of Strominger’s work [4] were shown to

follow from this construction. Similarly one expects to see the cosmological consistency

relations obtained by Weinberg’s adiabatic mode argument to be related to the asymp-

totic symmetries of the cosmological space-times, see e.g. [5, 7] for attempts at this,

and especially also [6]. Although one can be encouraged by the aforementioned U(1)

gauge theory study to say this generalization should be straightforward, symmetries

and constraints of gravity have somewhat different structure [27]; and as it can be seen
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from the soft graviton case of Strominger [3], a more detailed description of charges

related to these symmetries [28] had to be used. Moreover, a mathematically more

rigorous study of asymptotic symmetries of the flat spacetime was also needed.

1.3. Review of this thesis

With this background in our mind, what we explore in this thesis is the Man-

ton/adiabatic approximation for general relativity (GR) on a manifold with a spatial

boundary.The Manton approximation tells that a proposed solution described as a slow

motion on the configuration space of vacuum solutions to a theory is a good approxi-

mation. Similarity of this to Weinberg’s proof of the existence of adiabatic modes lies

in the fact that a space of vacuum solutions of GR is generated by gauge transforma-

tions. However, as we will show, where he starts from a space independent solution

and then to get the physical modes assumes a small space dependency, we start from

a time independent solution and then assume small time dependency. In our analysis

constraints play an important role in determining the structure of the space of vacua.

In the following we start by going over Weinberg’s proof for the existence of adia-

batic modes in Section 2.1. Then in Section2.2 we develop the Manton approximation

procedure for a generic Lagrangian in the natural form, and show that if the motion

is 1) adiabatic, 2) on the space of vacua at zeroth order, then at first order there is

no motion off the space of vacua, and the motion is described by the geodesics on the

space of vacua with respect to a metric specified by the Lagrangian. We give a simple

example to illustrate the procedure, and then switch to summarizing the work [9], the

Manton approximation for the case of YM on a Minkowski space with spatial slices

with boundary in Section 2.3. This section will show us how an adiabatic mode like

argument can be used to apply the Manton approximation to a gauge theory. Moreover

the study of adiabatic solutions will give us information about the shape of the space

of vacua, which will be a Riemannian homogeneous space as we will discuss.

To apply the procedure to the case of GR, several mathematical tools will be

needed. To bring the Einstein-Hilbert (EH) action to the natural form, one needs
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to foliate the spacetime. While we discuss the theory of foliations on a differentiable

manifold in Appendix A.4, we use this theory for (pseudo)-Riemannian manifolds in

Section 3.1 to have a decomposition of quantities of interest into directions orthogonal

and tangent to the foliation. Since we will take each leaf of foliation of the spacetime

to be a spatial manifold with boundary just as the case of YM, in Section 3.2 we

review the theory of manifolds with boundary. Then in Section 3.3, we discuss the

generalization of the Hodge decomposition to manifolds with boundary: the Hodge-

Morrey-Friedrichs (HMF) decomposition. We will use this theorem later to solve the

momentum constraint of general relativity for our adiabatic solutions.

As discussed in the YM case where it turned out to be a Riemannian homogeneous

space, the structure of the space of vacua will be investigated by adiabatic solutions.

For this reason in Section 3.4 we explore the general setting where such manifolds exist:

Homogeneous spaces with a geometry. These will be spaces that have a transitive action

of a group on them and a metric, and if the metric is invariant under the group action

the space will be called a Riemannian homogeneous space. For our case the action will

be the action of diffeomorphisms, and metric will be the metric induced on the space

of vacua by the Lagrangian.

Equipped with the theory of foliations, in Chapter 4 we take on the mission to

bring GR into to the natural form. First we show how foliations bring the EH action

into the Arnowitt-Deser-Misner (ADM) form. Then we discuss the constraints of gen-

eral relativity, since these can be easily seen in the ADM form; and some peculiarities

involving them. Then we discuss the Gaussian Normal Coordinates (GNC), the coor-

dinates in which GR is in the natural form: kinetic and potential energy separated.

Then we discuss the remaining gauge transformations of this gauge choice, as via a

Weinberg like argument, these are supposed to be forming our adiabatic solutions. We

will see not only that a part of these transformations is subtle and has commutation

relations that are not in compliance with the rules of a Lie algebra, reflecting the com-

mutation relations of the constraints of GR; but also that this part has a conceptual

difference compared to other parts.
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Choosing a simpler subset of these transformations that do form a Lie algebra,

in Chapter 5 finally we perform the Manton approximation for GR. After explicitly

constructing the specific form of the proposed solutions in Section 5.1, using the con-

straint equations for these solutions and orthogonal decomposition of quantities on

the spatial manifold we simplify the action in Section 5.2. Indeed it turns out as an

action on the boundary of the spatial manifold, as we prove in Section 5.3 by using the

HMF decomposition. In Section 5.4, in an attempt to explicitly solve the constraints

for the solutions we propose, we study them for our type of solutions by decompos-

ing them orthogonally on the spatial manifold and then simplifying them under some

assumptions.

Having studied the spacetime properties of solutions we have defined, we move

onto a study of the space of vacua. First we compare our metric on the the space of

vacua to the Wheeler-deWitt (WdW) metric, and discuss its signature. In the next

section we explicitly show that our space of vacua is a homogeneous space under the

action of boundary diffeomorphisms with an isotropy group that is equivalent to the

group of isometries of the spatial slices. Moreover we argue that the metric we have

defined is invariant under this action, so that the space of vacua is indeed a (pseudo)-

Riemannian homogeneous space.

In Chapter 7, we study a specific example. We consider solutions on 4d spacetime

with slices that are 3d round balls with flat metric inside. We employ vector spherical

harmonics as a tool to study these, as these are well adapted to a round boundary

and also help us to better visualize the solutions. We find explicit solutions to the

momentum constraint, and write down the action as a summation over the spherical

harmonic coefficients of the solutions. We complete the chapter by discussing the

Hamiltonian constraint and the homogeneous space structure.

We finalize the thesis with Chapter 8, where we summarize the results and discuss

open issues and future directions. Our accompanying appendix is designed as a sum-

mary of relevant mathematical concepts. I hope it to bring together many definitions

and theorems used often in theoretical physics under a unified language. It should be
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consulted whenever the need occurs while reading the text, but can also be studied

quite independently for general purposes.

Note. In addition to the paper [8] which will be the subject of this thesis, during

my doctoral studies I have also contributed to the work in [29–31], that deals with the

correlation functions during the reheating period mentioned above.



10

2. MOTIVATION AND SETUP

2.1. Adiabatic Modes in Cosmology

The universe is thought and partially observed to be homogeneous and isotropic

at large scales. From Cosmic Microwave Background (CMB) observations, we see

there also exist very small inhomogeneity and anisotropy [32]. The origin of these

perturbations are thought to be the quantum perturbations during the inflationary

era. However many eras of cosmic history have passed from the time of inflation till

today where these observations are made. If one is to test a theory of inflation by these

observations, one should find a way to connect the quantities in the inflationary period

to those of today.

Even though later eras of radiation, matter and dark energy domination that

were proposed are relatively established, much less is known about what follows the

inflation. What Weinberg showed was whatever the constituents of the universe, there

always exist solutions to perturbed Einstein equations such that the physical degrees of

freedom are constant for large wavelengths [25], see also [32] which we will also benefit

from for the following arguments.

To show this statement one starts with a general metric perturbed around the

spatially flat Friedmann–Lemâıtre–Robertson–Walker (FLRW) background:

ds2 = −(1 + 2∆N)dt2 + 2Nidx
idt+

(
a2δij + a2∆hij

)
dxidxj . (2.1)

Here, ∆N,Ni,∆hij are to be perturbations. It is conventional to split these into com-

ponents that are in the irreducible representations of the SO(2) little group:

Ni = ∂iψ +NT
i , (2.2)

∆hij =

(
2ζ δij +

(
∂i∂j −

δij
3
∂2

)
γ + ∂(iγj)

T + γTTij

)
. (2.3)
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where

∂iγ
T
i = 0 , γTTii = 0 , ∂iγ

TT
ij = 0 . (2.4)

∆N,ψ, ζ, γ are scalars (i.e has helicity 0) under SO(2) transformations, while NT
i , γ

T
j

are vectors and γTTij is tensor. Because of the SO(2) symmetry of the background dif-

ferent helicity components become decoupled in the Einstein equations [32]. Similarly

we write down the energy-momentum tensor as:

T 0
0 = − (ρ̄+ ∆ρ) , T 0

i = (ρ̄+ p̄)
(
∂iv + vTi

)
, (2.5)

T ij = δij (p̄+ ∆p) +

(
∂i∂j −

δij
3
∂2

)
σ + ∂(iσj)

T + σTTij , (2.6)

where σ quantities carry the same properties as γs; and an arbitrary infinitesimal

coordinate transformation as:

ξµ = gµνξ
µ =

(
ξ0, ∂iξ + ξTi

)
. (2.7)

Because of decoupling of the scalar, vector, tensor modes; in the following we only con-

sider the scalar modes. Under an infinitesimal coordinate transformation they trans-

form as:

∆N →δN − ξ̇0 , ζ →ζ +

(
−Hξ0 +

1

3

∂2ξ

a2

)
,

γ →γ + 2
ξ

a2
, ψ →ψ +

(
ξ̇ + ξ0 − 2Hξ

)
,

∆ρ →∆ρ− ˙̄ρξ0 , ∆p→∆p− ˙̄pξ0 ,

σ →σ , v →v + ξ0 . (2.8)

Using this freedom one can set two scalars of the metric to zero. If one chooses γ =

0, ψ = 0 this is called the Newtonian gauge. With this choice there is no gauge freedom

left, except for the case of spatial homogeneity of the metric. For this case the remaining
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gauge freedom is:

ξ0 = −ε(t) , ξ

a2
= f(t) + cix

i + cx2 , (2.9)

where c, ci are constants. Now g = Lξḡ , T = LξT̄ are solutions to Einstein equa-

tions,where ḡ, T̄ are background solutions. Thus we say:

∆N = ε̇ , ζ = Hε− 2c , γ = 0 , ψ = 0 , ∆ρ = ˙̄ρε , ∆p = ˙̄pε , σ = 0 , v = −ε (2.10)

is a solution to Einstein equations. This is gauge equivalent to a trivial solution, but

we use the following trick to get a physically nontrivial solution: Introduce a small

space dependency into the gauge parameter ε. Einstein equations will be no longer

trivially satisfied, instead one should solve ε for them. Now these solutions will be

non trivial solutions, as introducing the small space dependency took us out of the

complete homogeneity case, and for us now the gauge is completely fixed.

So let us try to solve Einstein equations with (2.10) where now we also introduce

a small spatial dependency into ε. We will first write down the linearized equations for

the scalar modes in Planck units:

∆p−∆ρ+
2∂2σ

3
= H∆Ṅ +

(
6H2 + 2Ḣ

)
∆N +

∂2ζ̃

a2
− ¨̃ζ − 6H ˙̃ζ −H∂2ψ̃

2a2
, (2.11)

∆ρ+ 3∆p =
∂2∆N

a2
+ 3H∆Ṅ + 6(Ḣ +H2)∆N + 3¨̃ζ + 6H ˙̃ζ +

∂2 ˙̃ψ

2a2
, (2.12)

(ρ̄+ p̄)∂iv = −H∂i∆N + ∂iζ̃ , (2.13)

4∂i∂jσ = ∂i∂j

(
2∆N + 2ζ̃ − 1

a

d(aψ̃)

dt

)
, (2.14)

where we introduced

ζ̃ = ζ − 1

6
∂2γ , ψ̃ = a2γ̇ − 2ψ , (2.15)

for the simplicity of the notation. If one plugs in (2.10) into these equations, they will
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be trivially satisfied. However if we introduce a small space dependency into ε, the

equations become:

∂2g(x)

a2
Hε = 0 , (2.16)

∂2g(x)

a2
Hε̇ = 0 , (2.17)(

ρ̄+ p̄+ Ḣ
)
ε ∂ig(x) = 0 , (2.18)

(ε̇+Hε) ∂i∂jg(x) = 0 . (2.19)

We wrote the small spatial dependency in ε explicitly by taking ε → ε(t)g(x). The

3rd equation is automatically satisfied by virtue of background equations. Now let us

impose

ε̇+Hε = 0 . (2.20)

then the last equation will be exactly satisfied. We can now take g arbitrarily small so

that it satisfies the remaining Einstein equations- but also vanishing at infinity. Since

there is no gauge freedom left in this case we conclude that we have found a solution

that is not gauge equivalent to a zero solution.

In the next section we will see that the Manton approximation will be much in

the same spirit, with a small difference: We will start with a pure gauge solution that

has only space dependency, then introducing small time dependency and imposing the

constraint equation we will get some physical solutions. We will see for this solution

the theory will reduce to a boundary theory.
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2.2. Manton Approximation for a System with Natural Lagrangian

The approximation that given a system with a Lagrangian that can be decom-

posed into kinetic and potential parts whose potential has a continuous minima, dy-

namics will be such that the motion off the continuous minima is ignorable if the system

has started with a small velocity around the minima is called the Manton approxima-

tion, see [10,11,33].

Now we move on to proving the statement above. Assume we have field theory

defined on some spacetime M̃ , with fields φI , with the action:

I =

∫ (
1

2
gIJ
(
φK(t, x)

)
φ̇I(t, x)φ̇J(t, x)− V

(
φK(t, x)

))
dnx , (2.21)

where (t, x) ∈ M̃ and n is the dimension of M̃ . Its equations of motion are:

gIK

(
φ̈I + ΓIMJ φ̇

M φ̇J
)

= −∂KV . (2.22)

We will now adopt a geometric picture as follows: Let us assume that the set of all

allowed field configurations φI that depend only on space coordinates x form a smooth

manifold F . Here “allowed” means satisfying a given set of spatial boundary conditions.

Dynamical fields that describe the time evolution of the system will formally be flows

on F .

We also assume that the potential V has set of minima E that forms a submanifold

of F . Let this set be an embedding of a manifold E ′ into F , with map ϕ : E ′ → F so

that ϕ(E ′) = E , then we have not only:

∂IV |E = 0 , (2.23)
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Figure 2.1. Configuration Space and Minima Space

but also since the above holds along E ,

∂z∂IV (ϕ(z)) = 0 → ∂I∂JV (ϕ(z)) · ∂ϕ
J(z)

∂za
= 0 . (2.24)

Here za are coordinates on E . Since we have a metric gIJ defined on F , now we can

split the tangent bundle of F , TF into two orthogonal parts TF = TE + TE⊥. Note

that δ‖ϕ = ∂ϕJ (z)
∂za

∂
∂φJ

span TE and a tangent vector δ⊥ϕ is element of TE⊥ if and only if

gIJδ⊥ϕ
Iδ‖ϕ

J = 0. Also note (2.24) means parallel tangent vectors are zero eigenvectors

of HIJ = ∂I∂JV |E , the Hessian matrix of the potential V on E .

Our approximation will be that the solution to our theory is a adiabatic motion

around the minima. For this we conjecture a solution:

φI(x, t) = ϕI(σ(z, t)) + ε
(
δ‖ϕ

(1)I + δ⊥ϕ
(1)I
)

+ ε2
(
δ‖ϕ

(2)I + δ⊥ϕ
(2)I
)

+O(ε3) . (2.25)

where σ is a flow on E . To account for the adiabaticity, we let each time derivative
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bring in a perturbation parameter ε, i.e. :

φ̇I(x, t) = ε ϕ̇I(σ(z, t)) + ε2
(
δ‖ϕ̇

(1)I + δ⊥ϕ̇
(1)I
)

+ ε3
(
δ‖ϕ̇

(2)I + δ⊥ϕ̇
(2)I
)

+O(ε4) . (2.26)

Plugging these into the equations of motion (2.22) we get:

gIK(ϕ+ ε δφ)
(
ε2 ϕ̈I + ε2 ΓIMJ(ϕ+ ε δφ)ϕ̇M ϕ̇J

)
+O(ε3)

= − ∂KV |ϕ − εHIJ

(
δ‖ϕ

(1)I + δ⊥ϕ
(1)I
)

+O(ε2) , (2.27)

where in writing we omit the dependency of ϕ on σ and collect all the perturbations

into the term δφ wherever needed. First two term on the right hand side drops due to

the conditions (2.23), (2.24). Thus there will be no new equation in O(ε0). At order

O(ε) we have:

HIJ · δ⊥ϕ(1)I = 0 . (2.28)

Contracting this with δ‖ϕ
I gives an identity via (2.24), whereas contracting with δ⊥ϕ

I

will give:

HIJ δ⊥ϕ
(1)I δ⊥ϕ

(1)J = 0 . (2.29)

Since on E space V is minimal, its Hessian should be positive semidefinite there, but

δ⊥ϕ
(1)I is orthogonal to the zero direction and thus the equation above implies

δ⊥ϕ
(1)I = 0 . (2.30)

Moving on to the O(ε2) we first take a look at the right hand side. For that we

expand (2.27) to ε2 order. Taking into account (2.24) and δ⊥ϕ
(1)I = 0 we get:

O(ε2) of R.H.S of (2.27) = ε2HIKδ⊥ϕ
(2)I +

ε2

2
∂J∂I∂KV |E δ‖ϕ

(1)Jδ‖ϕ
(1)I . (2.31)
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To simplify this we take the z derivative of (2.24) to get:

∂K∂I∂JV |E
∂ϕJ(z)

∂za
∂ϕK(z)

∂zb
+ ∂I∂JV |E

∂2ϕJ(z)

∂za∂zb
= 0 . (2.32)

contracting this with δ‖ϕ
K = ∂ϕK(z)

∂za
gives

∂K∂I∂JV |E δ‖ϕ
Kδ‖ϕ

Iδ‖ϕ
J = 0 . (2.33)

So contracting (2.31) with a parallel tangent vector δ‖ϕ
(1) one gets identically zero.

Thus taking the O(ε2) of the left hand side of (2.27) and contracting it with δ‖ϕ
(1)K

one gets:

gIK(ϕ)
(
ϕ̈I + ΓIMJ(ϕ)ϕ̇M ϕ̇J

)
δ‖ϕ

(1)K = 0 . (2.34)

Now we note:

ϕ̇I (σ) = ∂aϕ
I σ̇a , (2.35)

ϕ̈I (σ) = ∂a∂bϕ
I σ̇aσ̇b + ∂aϕ

I σ̈a . (2.36)

Plugging these in we have:

gIK
(
∂a∂bϕ

I σ̇aσ̇b + ∂aϕ
I σ̈a + ΓIMJ(ϕ)∂aϕ

M σ̇a∂bϕ
J σ̇b
)
∂cϕ

K = 0 , (2.37)

which becomes

g̃cd

(
σ̈d + Γ̃dabσ̇

aσ̇b
)

= 0 , (2.38)

where g̃, Γ̃ are induced metric on E and its corresponding Christoffel symbol respec-

tively. Thus we see the adiabatic approximation (2.25) and (2.26) gives a solution to

the system such that at the first order in perturbation, δ⊥ϕ
(1) = 0 i.e. there exists no

motion in directions orthogonal to the manifold E of the minima, and the motion along
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E is described by the geodesic equation on it with respect to the metric g̃ induced by

g.

Now we illustrate this approximation via a simple example.

Example 2.1. We consider a point particle in three dimensional flat space, with the

following Lagrangian:

L =
1

2
mẊI(t)ẊI(t)− 1

4
λ
(
XIXI −R2

)2
. (2.39)

In the language of our above prescription fields that depend on spacetime now becomes

positions XI that depend on time and the metric is gIJ = mδIJ . The potential is more

simply expressed however if one goes to the spherical coordinates such that:

L =
m

2
ρ̇2 +

m

2
ρ2
(
θ̇2 + sin2(θ)φ̇2

)
− 1

4
λ
(
ρ2 −R2

)2
(2.40)

where now gIJ = m diag(1, ρ2, ρ2sin2(θ)) and XI = (ρ, θ, φ). The configuration space

F is the three dimensional flat space itself and E = S2
R, round sphere with radius R.

Note that za = {θ, φ} parametrize E . We now go onto write down the exact equations

of motion, and then will apply the approximation (2.25), (2.26); so that we will see a

confirmation of our conclusions (2.30), (2.38). Equations of motions read

ρ
(
z̈a + Γ̃abcż

bżc
)

+ ρ̇ża = 0 , (2.41)

ρ̈+
4

m
(ρ2 −R2)ρ− ρg̃abżażb = 0 , (2.42)

where g̃, Γ̃ are induced metric and corresponding Levi-Civita symbol on E . Now we

write down the approximation of (2.25):

ρ = R + ερ(1)(t) + ε2ρ(2)(t) + · · · , (2.43)

za = z̄a(t) + εz(1)a(t) + ε2z(2)a(t) + · · · . (2.44)

Note that approximation of being around the vacua is captured in ρ(0) = R. By also

employing (2.26) together with the expansion above in the exact equations of motion
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we get for the first order in ε:

ρ(1) = 0 (2.45)

as we have conjectured. For the second order:

8

m
Rρ(2) −Rgab ˙̄za ˙̄zb = 0 , (2.46)

¨̄za + Γ̃abc ˙̄zb ˙̄zc = 0 . (2.47)

Here first equation is the orthogonal part of the second order equation which we had

omitted in our proof above, and the second equation is the geodesic equation on E

again as was our conclusion above.

2.3. Manton Approximation for Yang Mills

The purpose of this thesis will be to apply the Manton approximation described

above to the theory of general relativity. In the accompanying paper this was performed

for Yang-Mills theory [9]. Here we summarize this paper, to illustrate certain points

we will be making in a different setting.

Yang-Mills theory on the flat spacetime can be considered to be defined by Lie

algebra valued one forms A on the spacetime with Minkowski metric. The action for

the theory is

SYM = −1

2

∫
d4x tr (FµνF

µν) , (2.48)

where

F = dA (2.49)

is a two form, and tr is over the generators of the related Lie algebra. To bring this
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Lagrangian into the natural form one makes the gauge choice:

A0 = 0 . (2.50)

As A0 is in the Lagrange multiplier form in the action, with this choice the constraint

coming from this Lagrange multiplier should be externally imposed in addition to the

reduced action, i.e. in this gauge the theory is described by the action

S = K − V =
1

2

∫
d4x tr

(
ȦiȦ

i
)
− 1

2

∫
d4x tr

(
FijF

ij
)

(2.51)

together with the constraint

DiȦ
i = ∂iȦ

i +
[
Ai, Ȧ

i
]

= 0 (2.52)

where Di is the Yang-Mills covariant derivative, and the bracket is the Lie bracket

of the associated Lie algebra. Thus the configuration space F will be described by

fields Ai(x) with spatial dependency. On the right hand side the matrix representation

is implied and multiplications are matrix multiplications. On a manifold with trivial

homology the vacuum solutions, the solutions with absolute minimum energy, are pure

gauge solutions. Let us denote the gauge transformation of the fields A as g ·A where:

g · A = gAg−1 + gdg−1 (2.53)

where g is the element of the set of maps from Lie group to the spacetime manifold,

i.e. Lie group elements with spacetime dependency. Then the space of minima fields

E is fully described by:

A = gz · Ao (2.54)

where Ao is a given reference point on E , which can be chosen as Ao = 0 and z

parametrizes the set of all transformations that can be made. Note that since we have
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restricted our selves to the gauge A0 = 0, the remaining gauge transformations will be

group elements with only spatial dependency i.e.:

A = gz(x) · Ao . (2.55)

Now to study the adiabatic solutions we consider flows on E . This will amount to

introducing a time dependency into the solutions above:

A = gz(t)(x) · Ao . (2.56)

Note that introducing this time dependency will take us out of the physical equivalence

class of the pure gauge solutions, i.e. solutions above are not gauge equivalent to

Ao = 0 solution. We will stress and explain this point more in the chapters to come.

Now we attempt to solve the Yang-Mills equations for this ansatz. First we consider

the constraint equation. For this one needs to calculate:

Ȧi = −Diγz where γz = ġzg
−1 (2.57)

where γz is an element of the Lie algebra, and Di is the covariant derivative with the

connection A. Using this the constraint equation becomes:

DiD
iγz = 0 . (2.58)

This equation might be complicated due to the fact that A’s are also present in the

covariant derivative Di. However since at each instant t, Ai is gauge equivalent to Ao

at an instant this equation can be written as:

D2
oσz = 0 where σz = g−1dg . (2.59)

Using the form of the solution we propose, after some manipulations and constraint

equation in the action, and also the fact that the potential is zero on vacuum, action
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becomes:

S =

∫
dt

∫
∂M

tr
(
σzD

⊥σz
)

(2.60)

where D⊥σz = niDiσz|∂M .

Homogeneous Space Structure.

Now we move onto exploring the structure of the space of vacua. Note that solutions to

the constraint equation (2.59) are uniquely determined by their values on the bound-

ary, for σ that vanish on the boundary they are zero. Thus the solutions are identified

by the Lie algebra quotient:

s =
g

g0

(2.61)

where g is the set of Lie algebra valued functions with spatial dependency and g0 is

the subset of it that vanishes on the spatial boundary ∂M . One can show that g0 is an

ideal in g, thus the quotient will be a Lie algebra itself. The corresponding Lie group

is:

S =
G
G0

(2.62)

where G0 will be the set of transformations that are identity on the boundary and

it is a normal subgroup of G. However S actually does not identify the space of

vacua accurately, there will be members of its algebra s that are in the kernel of D⊥,

making the action vanish. In the paper [9] kernel of D⊥ was shown to be equal to

the kernel of the operator Do, thus they are indeed the isotropy subgroup of the set

of transformations acting on the gauge fields A. The corresponding group elements K

are subgroup of S, but not a normal subgroup. As a result the final space of vacua

V = K\ (G/G0) (2.63)
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will not be a Lie group, but rather a “homogeneous space”. Moreover since the action

(2.60) imposes a metric on this space via:

S =

∫
dt

1

2
g(δγzA, δγzA) (2.64)

where g is the metric on the space of vacua given by

g(δγ1
z
A, δγ2

z
A) =

∫
∂M

tr
(
σ1
zD
⊥σ2

z

)
, (2.65)

that is “invariant under left translations of the Lie group S”, the space of vacua will

be a “Riemannian homogeneous space”. The concepts inside the quotation marks will

be explained in detail in the following chapters of the thesis.
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3. MATHEMATICS FOR GENERAL RELATIVITY

In this chapter we explore the mathematical apparatus necessary to implement

the program we have prescribed, to general relativity. As we have seen previously,

Manton approximation heavily relies on a natural form of the Lagrangian where the

kinetic and potential parts are separated, and thus the time coordinate is split from

the others. The Einstein-Hilbert action is given by the curvature of the spacetime and

hence this split is not visible there. In the context of general relativity splitting of time

from space will mean foliating the spacetime into spacelike surfaces, and expressing

all objects on the spacetime, i.e. tensors, in terms of their pullbacks to the spacelike

surfaces and the remaining components.

Splitting of spacetime into space and time was famously performed by Arnowitt-

Deser-Misner [34], and became a standard treatment in many of general relativity

books, see e.g. [17, 35] and also [36], a nice review for the purposes of numerical rela-

tivity. However many of the treatments were performed in a coordinate basis, which

automatically gives a foliation and satisfies extra conditions other than those required

by the foliation. Instead of this approach in section 3.1, we will start from a general

non-coordinate basis to get the most general expressions for fundamental quantities

such as Ricci tensor and Ricci scalar in therms of their split parts. The theory of

foliations was discussed in A.4 where the requirements for a differentiable manifold to

be foliated into well defined leaves are discussed explicitly.

Moreover we will perform this operation of foliation for a general (pseudo)-

Riemannian manifold, taking care of the Lorentzian and Euclidean signatures simulta-

neously. The reason for this will be as follows: after foliating the spacetime manifold,

our construction will become a theory on a spatial manifold. We will take this mani-

fold to be a manifold with boundary. For this reduced theory we will furthermore split

the quantities in terms of quantities orthogonal and tangent to boundary, and more

specifically we will be imposing certain conditions on our quantities on the boundary.

For ease of operation we will take this spatial manifold to be also foliated such that the
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boundary is an integral manifold of the spatial manifold. All of the tools developed

in section 3.1 will be also used for this second foliation, however the specifics will be

performed in the next chapter, not here.

On this spatial manifold we will need more machinery. First in section 3.2, we

will define what a manifold with boundary is, and some useful relations by following

mostly [37]. As our theory reduces to a theory on the spatial manifold, the constraints

of general relativity will become differential equations on a spatial manifold; moreover

the momentum constraint becomes an exterior calculus equation for our solutions. To

attack these differential equations we will use the Hodge decomposition. However the

Hodge decomposition on a manifold with boundary is different than its usual treatment

in manifolds without a boundary, e.g. while there is no harmonic form on a manifold

without boundary with trivial homology, there will be an infinite number of them on a

manifold with boundary. Hodge decomposition on a manifold with boundary is called

Hodge-Morrey-Friedrichs (HMF) decomposition, and we will treat it in section 3.3.

As we have discussed in section 2.3, our analysis will give us information about

the space of vacua which will turn out to be a Riemannian homogeneous space. In

section 3.4 we review homogenous spaces with geometry where we follow [38]. As a

natural place to start, first the subject of Lie groups with a geometry is reviewed, and

what peculiarities this geometry has if the metric has some invariance properties under

the group actions. Then this study is extended to homogeneous spaces in the following

subsection, where we define what a Riemannian homogeneous space is and conclude by

a nice proposition on equivalence of various constructions on these manifolds we will

be using later on.

3.1. Foliating a Riemannian Manifold

Let (M̃, g̃) be a (pseudo) Riemannian manifold of n dimensions with the corre-

sponding Riemannian connection ∇̃. For generality we will consider both Euclidean

and Lorentzian signature metrics. We would like to foliate this manifold into proper

hypersurfaces i.e. we assume there exists an integrable distribution. By Frobenius
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Theorem this means it is enough to assume the existence of an involutive distribution.

Let the set of vector fields {ei} , i = 1, ..., d, be a basis for the distribution we are

considering, where d = n − 1 is the dimension of the distribution and the integral

manifolds. As explained in the appendix, section A.4, a distribution can equivalently

be defined by defining forms, and for our case since we are considering a distribution

of codimension-1, we need a single defining one form which we call ω0.

Assumption of involutivity is equivalent to saying

ω0 ([ei, ej]) = 0 (3.1)

or equivalently:

ω0 ∧ dω0 = 0 . (3.2)

Let us complete the basis {ei} with the dual vector field to ω0, called e0. Note that

here we consider a basis that is not necessarily coordinate, thus basis vectors fields do

not commute. We also make the unconventional choice for dual vectors that:

ω0(e0) = ±1 , (3.3)

where we use the convention that upper sign corresponds to metrics with Euclidean

signature and lower sign corresponds to metrics with Lorentzian signature, a convention

to be used throughout the document. The reason for the unconventional minus choice

for the second case comes from the desire to make two choices simultaneously: we want

e0 to be equivalent to the vector obtained by raising the index of ω0 and we want e0

to have a negative norm for the Lorentzian case:

g̃(e0, e0) = ±1 . (3.4)
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Note that this choice also produces orthogonality between the normal and tangential

basis vector fields, i.e.

g̃(e0, ei) = 0 , (3.5)

since ω0(ei) = 0, and involutivity condition becomes

g̃(e0, [ei, ej]) = 0 . (3.6)

Whenever necessary we will also have duals to ei, called ωi, such that

ωi(ej) = δij . (3.7)

Note, unlike ω0 we do not choose ωi to be the raised ei, so there will be no normalization

condition on {ei} and we will call

g̃(ei, ej) = hij . (3.8)

To summarize our conditions, we say we consider a manifold with metric g̃, with a

basis {e0, ei} such that:

g̃(e0, e0) = ±1 , g̃(e0, ei) = 0 , g̃(e0, [ei, ej]) = 0 . (3.9)

By these choices we have fixed our foliation, now we can move onto splitting the objects

on our manifold, i.e. tensor fields in accordance with the foliation. Consider e.g. a

vector field, we can decompose it into:

V = V µeµ = V 0e0 + V iei . (3.10)
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Thus a vector field can be decomposed into a scalar V 0 and a hyperspace vector.

Similarly a type (2,0) tensor can be decomposed into

T = T 00e0 ⊗ e0 + T 0ie0 ⊗ ei + T i0ei ⊗ e0 + T ijei ⊗ ej , (3.11)

i.e. into a scalar,vector and a tensor on hypersurfaces. Applying this to metric and

inverse metric,they can be written as:

g̃ = ±ω0 ⊗ ω0 + hijω
i ⊗ ωj , (3.12)

g̃−1 = ±e0 ⊗ e0 + hijei ⊗ ej . (3.13)

where hij is the inverse of the matrix hij. After tensors themselves, we also use their

covariant derivatives, and also should decompose covariant derivatives of tensors. The

most useful way to do this is writing out the covariant derivatives of the basis vectors

with respect to each other. Note that since our conditions (3.9) hold through out the

manifold, one can show that the following also do by using metric compatibility and

(C.3):

g̃(∇̃e0e0, e0) = 0 , g̃(∇̃e0e0, ei) + g̃(e0, ∇̃e0ei) = 0 , (3.14)

g̃(∇̃eie0, e0) = 0 , g̃(∇̃eje0, ei) + g̃(e0, ∇̃ejei) = 0 . (3.15)

The covariant derivative of the involutivity condition turns out not to be giving an

independent constraint. Using these constraints we identify the covariant derivatives of

the basis vectors by the free quantities of κi, fi
j, Kj

i and ∇, the Riemannian connection

of the induced metric on each integral manifold as follows:

∇̃e0e0 = κiei , (3.16)

∇̃eie0 = Kj
i ej , (3.17)

∇̃e0ei = ∓κie0 + fi
jej , (3.18)

∇̃ejei = ∇ejei ∓Kjie0 , (3.19)
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where Kji = Kk
j hki, κi = κjhji. Note that (3.17) is the Weingarten equation (C.5), and

(3.19) is the Gauss equation (C.28). Kij is known as the extrinsic curvature and its

related to second fundamental form via:

Kij = −ω0(Π(ei, ej)) . (3.20)

The condition of involutivity of the distribution makes the extrinsic curvature sym-

metric:

g̃(e0, [ei, ej]) = 0→ Kij = Kji . (3.21)

Except the symmetry of the extrinsic curvature, no other condition is imposed on the

quantities we have defined. We also remind here that, even if a connection is torsionless,

the corresponding Christoffel symbols are symmetric only in a coordinate basis, but

not necessarily so in a non-coordinate basis. i.e:

∇eiej −∇ejei = [ei, ej] = 2Γk[ij]ek . (3.22)

It is useful also to write down the following commutator:

[e0, ei] = ∇̃e0ei − ∇̃eie0 = ∓κie0 +
(
fi
j −Ki

j
)
ej . (3.23)

The quantity κi = ωi(∇̃e0e0) is called acceleration. Note that for the case where e0 is

∇̃ geodesic in the ambient manifold the acceleration is zero.

Note that in the way we introduced the quantities κi, fij , K
i
j,Γ

k
ij are simply numbers.

However one can define hypersurface tensor fields:

κ = κiei , K = Kijω
i ⊗ ωj , f = fi

jωi ⊗ ej , Γ = Γkijek ⊗ ωi ⊗ ωj . (3.24)
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One might be surprised that we call Γ a tensor field, but viewed this way it will be. The

point is that if one has two sets of vector fields {ei} and {ẽi} and makes the definitions:

Γ̃ = Γ̃kij ẽk ⊗ ω̃i ⊗ ω̃j where Γ̃kij = ω̃k
(
∇̃eiej

)
(3.25)

Γ = Γkijek ⊗ ωi ⊗ ωj where Γkij = ωk
(
∇̃eiej

)
(3.26)

then these tensor fields will not be equal. Similar argument is true for other quantities

we defined. As long as we fix the foliation this will not be an important issue however.

For the rest of the document we will call these tensors sometimes as slicing tensors.

Now we move onto splitting the Ricci curvature tensor of this manifold into normal

and tangential parts. Remember that the Ricci curvature is expressed as:

R̃ic = R̃µνω
µ ⊗ ων = R̃σ

σµν = g̃
(

R̃m(eα, eµ)eν , eβ

)
g̃αβ . (3.27)

First calculate:

R̃00 = g̃
(
∇̃ei∇̃e0e0 − ∇̃e0∇̃eie0 − ∇̃[ei,e0]e0, ej

)
hij (3.28)

= g̃
(
∇̃ei∇̃e0e0 − ∇̃e0∇̃eie0, ej

)
hij ∓ κiκi −

(
Kj
i − f

j
i

)
Ki
j , (3.29)

so that

R̃00 = −e0(K)−KijKij + (∇eiκ)i ∓ κiκi (3.30)

where we use the notation (∇eiκ)i = ωi (∇eiκ), to distinguish it from the covariant

derivative acting on a labeled scalar i.e. ∇eiκ
i = ei(κ

i). Moving on to R̃0i we have:

R̃0i = R̃j
j0i = hjkR̃ikj0 = ±hjkg̃

(
e0, R̃m(ei, ek)ej

)
(3.31)
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where we have used the symmetries of the Riemannian tensor. Then

R̃0i = ±g̃
(
∇̃ei∇̃ekej − ∇̃ek∇̃eiej − ∇̃[ei,ek]ej, e0

)
hjk (3.32)

= ±hjk
(
g̃
((
∓ΓmkjKime0 ∓ ei (Kmj) e0

)
− (i↔ k)

)
− g̃

(
e0,∓2Γm[ik]Kmje0

))
(3.33)

so that one gets

R̃0i = ±
(
∇jKji −∇iK

)
. (3.34)

Similarly:

R̃ij = ±g̃
(

R̃m(e0, ei)ej, e0

)
+ g̃

(
R̃m(ek, ei)ej, em

)
hkm ≡ R̃

(1)
ij + R̃

(2)
ij . (3.35)

Focusing on the first part:

R̃
(1)
ij = ±g̃

(
∇̃e0∇̃eiej − ∇̃ei∇̃e0ej − ∇̃[e0,ei]ej, e0

)
(3.36)

= ∓Γkijκk ± fkjKik ∓ ∇̃e0(Kij)± ∇̃ei(κj)∓ g̃
(
∇̃[e0,ei]ej, e0

)
(3.37)

= ∓Γkijκk ± fkjKik ∓ ∇̃e0(Kij)± ∇̃ei(κj)− κiκj ±
(
fki −Kk

i

)
Kkj (3.38)

= ±(∇iκ)j − κiκj ∓
(
e0(Kij) +Kk

i Kkj

)
± 2fki Kkj . (3.39)

For the second part we simply use the Gauss formula:

R̃
(2)
ij = Rij − g̃ (e0K(ek, em), e0K(ei, ej))h

km + g̃ (K(ek, ej)e0, K(ei, em)e0)hkm (3.40)

= Rij ∓KKij ±Km
j Kij . (3.41)

Combining the two:

R̃ij = Rij ∓KKij ± 2fi
kKkj ∓ e0(Kij)± (∇iκ)j − κiκj . (3.42)
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The Ricci Scalar of the ambient manifold is:

R̃ = ±R̃00 + R̃ijh
ij , (3.43)

so that

R̃ = R∓K2 ∓KijKij ∓ 2e0(K)± 2∇iκ
i − 2κiκ

i . (3.44)

3.2. Manifold with a Boundary

As we will see in the following chapters our adiabatic solutions will be described

by the data on the boundary of the spatial manifold. Because of this we now develop

the language necessary to study these manifolds, using some elements from the book

of G.Schwarz [37], thus a good deal of the following will be some varied versions of

definitions and theorems there. Smooth manifolds are defined as spaces that are locally

diffeomorphic to the Euclidean space of the same dimension. This definition will fail

for a manifold with boundary, so in place of the full Euclidean space one puts the

requirement of being locally diffeomorphic to the closed upper half Euclidean space

R
n
+, defined as:

R
n
+ =

{
(x1, · · · , xn) ∈ Rn |xn ≥ 0

}
. (3.45)

So the formal definition is as follows:

Definition 3.1. [39] An n-dimensional smooth manifold with boundary is a second-

countable Hausdorff space in which every point has a neighborhood diffeomorphic either

to an open subset of Rn or to a relatively open subset of Rn+.

For our definition it is crucial to indicate that, differentiability on R
n
+ around the

boundary is defined by extensions of functions to be differentiated on the boundary

to R
n such that the extension agrees with the function on the boundary. Because of
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this definition of differentiability, we see that the tangent space of a manifold with

boundary is the full n-dimensional vector space isomorphic to tangent spaces at the

interior. Note that the tangent space of M at the boundary, TM |∂M is this space we

mentioned and includes vectors that are not “tangent” to ∂M , in contrast to T∂M

which only includes vectors tangent to ∂M . We refer to members of TM |∂M as vector

fields along ∂M , while members of TM |∂M are vector fields on ∂M . Now let n be the

unique vector field on M that is on the boundary orthogonal to the boundary i.e.:

h(n, n)|∂M = 1 . (3.46)

In fact we will let this to be true off ∂M as well, actually we will make the assumption

that ∂M is a part of a Frobenious foliation, so that we use the formulae of the preced-

ing section. In a neighbourhood of the boundary we will decompose any tensor into

components in the direction of n and ones that are orthogonal to that. For the case of

a vector field on M this is realized as:

ξ(x) = ξ⊥(x)n(x) + ξ‖(x) . (3.47)

We will use a special notation for restriction of vector fields to the boundary. We define

tξ ≡ ξ‖
∣∣
∂M

, nξ ≡ ξ⊥n
∣∣
∂M

. (3.48)

Generalization to covector fields and tensors is done similarly. Now we show two

important results following from the definition:

Proposition 3.1. Let ω be a p-form in M , then

∗(nω) = t(∗ω) , ∗(tω) = n(∗ω) (3.49)

where ∗ is Hodge dual in M with respect to h and equations are understood to be holding

on ∂M .
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We refer to [37] for the proof, and content ourselves with an example.

Example 3.1. Consider the three dimensional ball with its boundary B̄3
R with the Eu-

clidean metric. Using the spherical coordinates let

v = vrdr + vθdθ + vφdφ . (3.50)

Note that the vector field orthogonal to the boundary is

n =
∂

∂r
. (3.51)

So one has

tv = vθ(R, θ, φ)dθ + vφ(R, θ, φ)dφ , nv = vr(R, θ, φ)dr . (3.52)

Also note

∗v =
vφ

sin θ
dr ∧ dθ − sin θ vθ dr ∧ dφ+ r2 sin θ vr dθ ∧ dφ . (3.53)

Using these equations one can see

∗(tv) =
vφ

sin θ
dr ∧ dθ − sin θ vθ dr ∧ dφ = n(∗v) . (3.54)

Note the difference between this and boundary hodge dual of the pullback of a one-form

on ∂M

∗∂M (j∗v) =
vθ

sin θ
dθ − sin θ vθ dφ (3.55)

where j : ∂M →M is the inclusion map.
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A second significant result is the commutation of t with exterior derivative d and

n with d†:

Proposition 3.2. Let ω be a p-form and j : ∂M →M inclusion map. Then:

j∗(t(dω)) = d(j∗(tω)) , j∗(∗(nd†ω)) = (−1)(p+1)(d−p+2)d(j∗(∗nω)) . (3.56)

A difference between dtω and dj∗ω is again significant here. Let ω be a two-form

on a three-dimensional manifold with boundary. Then while dj∗ω is necessarily zero,

dtω need not be.

Another consequence of considering manifolds with boundary is related to inner

products of k-forms. Remember-or see appendix C- that a natural inner product for

k-forms is defined via the Hodge star operation as:

〈〈ω, η〉〉 =

∫
M

ω ∧ ∗η (3.57)

where ω, η are k-forms. The following shows that d and d† are not adjoint with respect

to this inner product if M has a boundary.

Proposition 3.3 (Green’s Formula). Let ω, η be (k-1) and k-forms respectively that

are square integrable with respect to the inner product 〈〈, 〉〉 defined above. Then:

〈〈dω, η〉〉 =
〈〈
ω, d†η

〉〉
+

∫
∂M

tω ∧ ∗nη (3.58)

3.3. Hodge-Morrey-Friedrichs Decomposition

The usual Hodge decomposition is done on a compact manifold. Here we gen-

eralize this to a compact manifold with a boundary. The following definitions are

important:
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Definition 3.2 (Harmonic, Dirichlet, Neumann fields). Let H1Ωk(M) be space of

square integrable k-forms on M , then we define:

H1Ωk
D(M) =

{
ω ∈ H1Ωk(M) | tω = 0

}
, (3.59)

H1Ωk
N(M) =

{
ω ∈ H1Ωk(M) |nω = 0

}
, (3.60)

Hk(M) =
{
ω ∈ H1Ωk(M) | dω = 0 & d†ω = 0

}
. (3.61)

An element of Hk(M) is called a harmonic field. Elements of its subspaces

Hk
D(M) = H1Ωk

D(M) ∩Hk(M) and Hk
N(M) = H1Ωk

N(M) ∩Hk(M) (3.62)

are called Dirichlet and Neumann fields respectively.

On a compact manifold without boundary a harmonic field and a harmonic form

are equivalent but not so on a manifold with boundary. To illustrate this one defines

the Dirichlet integral:

D(ω, η) = 〈〈dω, dη〉〉+
〈〈
d†ω, d†η

〉〉
(3.63)

This integral is positive semi-definite inner product, more specifically both 〈〈dλ, dλ〉〉

and
〈〈
d†λ, d†λ

〉〉
are both positive semi-definite. If D(λ, λ) = 0 this implies dλ = 0

and d†λ = 0. However one can show:

D(λ, λ) = 〈〈∆λ, λ〉〉+

∫
∂M

tλ ∧ ∗ndλ−
∫
∂M

td†λ ∧ ∗nλ (3.64)

so that only for the case there is no boundary ∆λ = 0 implies D(λ, λ) = 0 and thus

dλ = 0 and d†λ = 0.
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Theorem 3.4 (Hodge-Morrey Decomposition). A k-form that is square integrable on

a compact manifold M with boundary can be uniquely decomposed as:

ω = dα + d†β + κ (3.65)

where α ∈ H1Ωk−1
D (M),β ∈ H1Ωk+1

N (M) and κ ∈ Hk(M).

Note that each piece in the decomposition above is orthogonal to each other with

respect to the 〈〈, 〉〉 inner product. One can further decompose the harmonic part:

Theorem 3.5 (Friedrichs decomposition). A harmonic k-field that is square integrable

on a compact manifold M with boundary can be uniquely decomposed as:

(i) κ = κN + dλ where κN ∈ Hk
N(M) and d†dλ = 0.

(ii) κ = κD + d†λ where κD ∈ Hk
D(M) and dd†λ = 0.

Using these two theorems one arrives at a third result:

Corollary 3.6. A k-form that is square integrable on a compact manifold M with

boundary can be uniquely decomposed as:

(i) ω = dφ+ ψ where d†ψ = 0 and nψ = 0

(ii) ω = d†ρ+ σ where dσ = 0 and tσ = 0

Using this decomposition one can show a version of Hodge theorem so that

Hk
N(M) ∼= Hp(M) and Hk

D(M) ∼= Hd−p(M) (3.66)

Thus for a manifold with trivial homology, e.g. a ball Hk
N(M) = Hk

D(M) = {0}.

With the use of HMF decomposition Dirichlet and Neumann problems can be solved.

We will express them for the cases of trivial homology where there are no Dirichlet and

Neumann fields.
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Theorem 3.7 (Dirichlet (Neumann) problem). On a manifold with boundary and with

trivial homology, given χ, ρ and ψ(φ), solution the boundary problem

dω = χ , d†ω = ρ , tω = tψ (nω = nφ) (3.67)

exists if and only if

dχ = 0 , d†ρ = 0 , tχ = tdψ
(
nρ = nd†φ

)
, (3.68)

and unique.

3.4. Homogeneous Spaces with a Geometry

A Lie group is a smooth manifold, thus one can define a Riemannian metric on

it. Metrics that connect to the group structure will be useful to study, and will appear

in our construction. In the following we collect some definitions and results from the

book of Arvanitogeorgos [38] we will be using later on when we discuss the structure

of the space of vacua. For a discussion of Lie groups see chapter B in the appendix.

3.4.1. Geometry on a Lie Group

Definition 3.3. A Riemannian metric g on a Lie group G is called left invariant if

g(x)(u, v) = g (Lax) ((La)∗u, (La)∗v) (3.69)

for all x, a ∈ G, i.e. if La is an isometry of the metric ∀a ∈ G.

Proposition 3.8. There is a one-to-one correspondence between left-invariant metrics

on a Lie group G and scalar products on its Lie algebra g.
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Proof. Let g be a left invariant metric and X, Y ∈ g i.e. X, Y are left-invariant vector

fields. Let e be the unit element of G. Then:

gLa(x) (Xa, Ya) = gLa(x) (dLaeXe, dLaeYe) = ge(Xe, Ye) (3.70)

i.e. there is a one-to-one correspondence between metric evaluated at any point on

left-invariant vector fields and a scalar product on g. Since left-invariant vector fields

constitute a global frame, this completes the proof.

A metric on G that is both left-invariant and right-invariant is called bi-invariant

and there is a one-to-one correspondence between bi-invariant metrics on G and Ad-

invariant scalar products on g, see subsection B.2.5 for defintion of adjoint representa-

tion and Ad-invariance.

If G is a Lie group that is compact and semi-simple, the Killing form provides a bi-

invariant Riemann metric.

If G is a Lie group with a bi-invariant metric g, ∇ covariant connection with respect

to g and X, Y, Z ∈ g then:

(i) ∇XY = 1
2

[X, Y ].

(ii) Geodesics of G starting at e, the identity element, are the one-parameter sub-

groups of G.

(iii) R(X, Y )Z = 1
4

[[X, Y ]Z].

(iv) If G is also semi-simple and compact, then Ric(X, Y ) = −1
4
B(X, Y ), where B is

the Killing form.

3.4.2. Geometry of Homogeneous Spaces

In the previous subsection we have covered Lie Groups with a metric on, and

have seen how a left invariant or bi-invariant metric reflects the group structure. Now

we will consider homogeneous spaces, which we have defined in section B.3, and the

special case where one can define metrics that has invariance properties on them.
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Definition 3.4. A Riemannian homogeneous space is a Riemannian manifold (M, g)

on which its isometry group iso(M, g) acts transitively.

Isotropy group of a given point on this manifold is a compact subgroup of

iso(M, g). iso(M, g) is compact if and only if M is compact.

Definition 3.5. Let M be a homogeneous space with the action of a Lie group G, and

let K be the isotropy subgroup. Recall, or see section B.3, that M is diffeomorphic

to G/K. M is called a reductive homogeneous space if there exists a subspace m of g

such that g = m⊕ k and Ad(k)m ⊂ m for all k ∈ K.

If M is the reductive homogeneous space described above, then

m ∼= To (G/K) . (3.71)

A distinguishing property of reductive spaces manifests itself in isotropy representa-

tions: Even though homogeneous spaces are not Lie groups, one can define a represen-

tation on them by virtue of the group action. For the case of reductive homogeneous

spaces, this representation will be decomposable.

Definition 3.6. Let τa : G/K → G/K be a diffeomorphism such that:

τa ([g]) = [a.g] (3.72)

where . is the group multiplication of G and [g] means the equivalence class of g in

G/K. Then isotropy representation of G/K is the map AdG/K : K → GL (ToG/K)

such that:

AdG/K(k) = (dτk)o . (3.73)

For the case of reductive homogeneous space one has m = ToG/K and the follow-

ing proposition:
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Proposition 3.9. Let M ∼= G/K be a reductive homogeneous space and k ∈ K,X ∈

k,Y ∈ m. Then

AdG(k) (X + Y ) = AdK(k)X + AdG/K(k)Y . (3.74)

Let M ∼= G/K be a homogeneous space. A metric g on M is called G-invariant

if τa defined above is an isometry for it for all a ∈ G.

Proposition 3.10. Let M ∼= G/K be a homogeneous space. Then there is a one-to-one

correspondence between:

(i) G invariant Riemannian metrics g on G/K.

(ii) AdG/K-invariant scalar products on m.

If in addition K is compact and m = k⊥ with respect to the negative of the Killing form

B of G, following is also equivalent to above:

(iii) AdG/K-equivariant and B-symmetric operators A : m → m such that 〈X, Y 〉 =

B (AX, Y ).
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4. NATURAL FORM OF GENERAL RELATIVITY

Having developed the tools to apply the Manton approximation to GR, we move

onto using these tools. We first study general relativity on a foliated spacetime, and

recover the Arnowitt-Deser-Misner (ADM) action in section 4.1 and write down the

slicing tensors we have defined in a coordinate basis. In section 4.2 we study the

ADM action as a constrained system, and discuss the constraints of GR. As we will

have seen in section 4.1 the splitting of space and time will not be enough to bring

GR into the natural form, since we will still have space and time mixing. To get to the

natural form we will choose Gaussian Normal Coordinates in section 4.3. In the next

chapter we will see that the space of vacua will be set of diffeomorphisms of a reference

solution: the remaining gauge transformations of the GNC. However the remaining

gauge transformations of GNC will have a complicated structure that we explore in

section 4.4.

4.1. Time and Space Split form of General Relativity

General relativity on a spacetime that is a pseudo-Riemannian manifold (M̃, g̃)

of dimension n, is most frequently described by the Einstein-Hilbert action given by:

SEH =

∫
M̃

εg̃ R̃ (4.1)

where εg̃ is the Riemannian volume form for metric g̃, see chapter C for its definition,

and R̃ Ricci scalar. Equations of motion belonging to this action give vacuum Ein-

stein equations. Now we perform the foliation we have learned from section 3.1 for our

spacetime.

By using equation (3.44) with the Lorentzian signature we write down the Ricci Scalar

of the spacetime as:

R̃ = R +K2 +KijKij + 2e0(K)− 2(∇iκ)i − 2κiκ
i . (4.2)
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where d = n − 1 is the dimension of the spatial slices. Some of these terms are

divergences and will yield a boundary term and not effect the equations of motion. To

extract out those terms, we should know how they look like in the split form:

∇̃µv
µ =

(
∇̃eµv

)µ
= ηµαω

α
(
∇̃eµv

)
= −ω0(∇̃e0v) + ωi(∇̃eiv) . (4.3)

Using this one can show:

∇̃µ(Ke0)µ = e0(K) +K2 (4.4)

and

∇̃µ(κjej)
µ = ±

(
±(∇iκ)i − κiκi

)
. (4.5)

Suppressing these boundary terms the Einstein Hilbert action takes the form:

SEH =

∫
M̃

(
R−K2 +KijKij

)
ω0 ∧ εh + S∂M̃ . (4.6)

where h is the induced metric on the spatial slice and we used equation (C.32). This

action is known in the literature as the ADM action [34]. Now we rewrite our basis in

terms of coordinate basis to get the conventional ADM picture. For this we let [35]:

e0 =
1

N

(
∂

∂t
−N i ∂

∂xi

)
, (4.7)

ei =
∂

∂xi
, (4.8)

ω0 = −Ndt, (4.9)

ωi = dxi +N idt. (4.10)
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so that the metric becomes:

g̃ = (NkNk −N2)dt2 + 2Nidx
idt+ hijdx

idxj . (4.11)

From the commutation relations of the basis vector fields, we read off the slicing tensors:

[ei, ej] = 0 , (4.12)

[e0, ei] = −∂iN
N

e0 +
∂iN

j

N
ej , (4.13)

so that

Γk[ij] = 0 , κi = −∂iN
N

, f
j
i −K

j
i =

∂iN
j

N
. (4.14)

Noting that

2f(ij) = g̃(∇̃e0ei, ej) + g̃(∇̃e0ej, ei) (4.15)

= e0(hij) , (4.16)

one gets for the extrinsic curvature

Kij =
1

2N
ḣij −

1

N
∇(iNj) (4.17)

or more compactly written

Kij =
1

2

(
L 1
N ( ∂

∂t
−N i ∂

∂xi
)g̃
)
ij

=
1

2
(Le0 g̃)ij (4.18)

From this expression it is clear that the extrinsic curvature of the spatial integral man-

ifolds measures how much the metric on them changes as you move in the direction

orthogonal to them. To have more sense of what is going on, we illustrate these with

an example.
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Example 4.1. Consider the spatially flat FLRW space. The metric is:

ds2 = −dt2 + a2(t)(dxi)2 . (4.19)

Let

e0 =
∂

∂t
, ei =

∂

∂xi
, (4.20)

then

[e0, ei] = 0 (4.21)

so that

κi = 0 , f
j
i = Kj

i . (4.22)

Thus

Kij =
1

2
e0(a2δij) = ȧaδij . (4.23)

4.2. General Relativity as a Constrained System

In the previous section we have seen EH action in the time splitted form in a

coordinate basis reduces to the ADM action

SADM =

∫
M̃

(
R(h)−K2 +KijKij

)
ω0 ∧ εh (4.24)

plus some surface terms that do not affect the equations of motion, where

Kij =
1

2N
ḣij −

1

N
∇(iNj) . (4.25)
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One can think of this shift from EH action to ADM action as changing variables of the

theory from g̃ to the new set h,N,Ni. Writing ω0 explicitly, and letting the spacetime

manifold to be M̃ = R×M the action in terms these quantities are:

SADM =

∫
dt

∫
M̃

N
(
R(h)−K2 +KijKij

)
εh . (4.26)

The quantitiesN,Ni are known in the literature as lapse and the shift. In the coordinate

basis {t, xi} we have introduced above, lapse is simply a measure of how much further

the next spatial slice is, and shift measures how much spatially a coordinate xi is shifted

in the next slice [35].

One must note that the lapse and shift in the above Lagrangian are not dynamical

variables, no time derivative of them enters the action. Because of this property, their

variations will not give us dynamical equations but rather constraint equations. One

of them is directly obtained by variation of Ni :

Pi = ∇jK
ji −∇iK = 0 (4.27)

and actually corresponds to the Einstein equation R̃0i = 0. This equation is called the

momentum constraint. The other is obtained via the variation of the shift N :

H =(d) R +K2 −KijKij = 0 , (4.28)

and corresponds to the equation +R̃00 + hijR̃ij = 0 coming from Einstein equations.

This constraint is called the Hamiltonian constraint. The remaining equation is the

dynamical equation involving the double time derivative of the h, which we will not

express here.

As discussed in Section D.5 the set of constraints are closely related to the set

of gauge symmetries. In the Hamiltonian formalism the Hamiltonian vector fields

corresponding to the constraints are generators of the gauge transformations. Since
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one has

[Xf , Xg] = −X{f,g} , (4.29)

the algebra of generators of gauge transformations on the phase space will be directly

related to the Poisson bracket algebra of the constraints. Since for our case the ho-

mogeneous space structure of the solution space is directly related to algebra of gauge

transformations, these will be important for us. For this reason let us note down the

Poisson bracket algebra of the constraints of General Relativity [17,40]. For the proper

formulation we need to define

Cχ =

∫
M

χi(x)
(
∇jK

ji −∇iK
)
εh , (4.30)

Cf =

∫
M

f(x)
(
R +K2 −KijKij

)
εh , (4.31)

where χ is an arbitrary spatial vector field and f(x) is an arbitrary function. To calcu-

late the Poisson bracket we should pick a phase space for the theory. The dynamical

variable for the theory is h, and the corresponding canonical momentum for it is:

πij =
√
h
(
Kij − hijK

)
. (4.32)

The corresponding symplectic form in Darboux coordinates will be:

ω =

∫
δπij ∧ δhij , (4.33)

where δ and ∧ denote the exterior derivative and the exterior product on the phase

space. The Poisson brackets of the constraints then are calculated as:

{Cχ1 , Cχ2} = C[χ1,χ2] , (4.34)

{Cχ, Cf} = Cχ(f) , (4.35)

{Cf , Cg} = Cη , (4.36)
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where η is also a spatial vector field such that

ηi = hij (f∂jg − g∂jf) (4.37)

This set of relations are known as Dirac relations. Since there is field dependency-i.e.

they depend on the h, the set of constraints do not form a Lie algebra, e.g. they do

not satisfy the Jacobi identity [40, 41]. This property is considered to have important

implications, e.g. if the constraints would form a Lie algebra the the general relativity

could have been quantized. For a discussion of this point see e.g. [27, 40,42].

4.3. General Relativity in Gaussian Normal Coordinates

The ADM form of the action

SADM =

∫
dt

∫
M̃

N
(
R(h)−K2 +KijKij

)
εh (4.38)

illustrates the time splitting, however it is not still in the natural form: there are

terms that are first order in time derivatives. However as one can easily see from

the expression for the extrinsic curvature (4.17), it can be brought into the natural

form by choosing coordinates such that N = 1 and Ni = 0. This choice is known as

Gaussian Normal Coordinate (GNC) [17]. In our notation this is equivalent to choosing

[e0, ei] = 0, i.e. choosing e0, ei to be coordinates. Note that this choice implies:

κi = 0→ ∇̃e0e0 = 0 , (4.39)

i.e. e0 is Riemannian geodesic in the ambient manifold and:

f ji = Kj
i . (4.40)

Note that since this choice will eliminate the lapse and shift from the action, one needs

to impose now the constraints by hand-they will not come from the variation of the
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new action. With this in mind, in the new coordinate frame our theory is defined by

the action in the natural form:

S =

∫
dt

(
1

2
gh(ḣij, ḣkl)− V (h)

)
(4.41)

where

gh(δ1h, δ2h) =
1

2

∫
M

ddx
√

deth
(
hikhjl − hijhkl

)
δ1hijδ2hkl , (4.42)

and

V (h) = −
∫
M

ddx
√

dethR(h) . (4.43)

together with the constraints imposed by hand:

Pi = ∇jK
ji −∇iK = 0 , (4.44)

H =(d) R +K2 −KijKij = 0 , (4.45)

where

Kij =
ḣij
2
. (4.46)

The remaining gauge transformations after this choice are interesting and can be found

by requiring that the change of metric under them does not violate the Gaussian Normal

condition:

δξg̃00 = Lξg̃00 = 0→ ∇̃0ξ0 = 0 ,

Lξg̃0i = 0→ ∇̃0ξi + ∇̃iξ0 = 0 ,
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where we have used the infinitesimal form of the transformation equations so that they

can be explicitly solved for the diffeomorphisms ξ. Doing this results in one set that is

the 3-spatial diffeomorphisms χ(x) -argument depends only on space- and another set

given by the following field-dependent diffeomorphisms:

ξf [h] =

(
f(x), ∂jf(x)

∫ t

t0

hji(x, t′)dt′
)

=
(
f(x), ζ if [h]

)
(4.47)

We will call this second set local boosts. Can we get the geometric insight behind

these transformations? First the geometric insight behind the Gaussian Normal Coor-

dinates [17]: take a spatial hypersurface, define Q along this hypersurface, the unique

orthogonal and normalized vector field.

Figure 4.1. Gaussian Normal Coordinates

Construct the the unique geodesic going through each point on the hypersurface such

that at that point the tangent to the geodesic is Q evaluated at that point.(See ap-

pendix C for the discussion of uniqueness)

Now choose some spatial coordinates (x1, ..., xD) for each point on the hypersurface.

Label all geodesics with parameter t.
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Let (x1, ..., xD, t) to be the point on the geodesic that started from (x1, ..., xD) and on

the geodesic “t”-away from it.

Now, the remaining freedom to choose coordinates are:

• Arbitrary relabeling of (x1, ..., xD)

• Choice of initial hypersurface

The second freedom in the choice corresponds to local boosts and might also be con-

sidered as redefining the orthogonal vector field Q: for this to work one should make

an accompanying spatial transformation so that vector field remains orthogonal to the

hypersurface. Reconsider the transformation (4.47) in the light of this: change in the

time component is arbitrary (except that it should be independent of time to make new

orthogonal vector unit norm), but that is the all freedom you have, change in other

coordinates are uniquely determined such that your new hypersurface is orthogonal to

your new Q. To get a better intuition of GNC and local boosts, and to support to fact

that the role of local boosts is to change the choice of initial hypersurface in way to

keep properties of the GNC, let us consider the following simple examples.

Example 4.2. Consider 2-dimensional flat Euclidean space such that the metric is:

ds2 = dx2 + dy2 .

These coordinates are Gaussian normal. Now consider the coordinate transformations

that preserves the Gaussian normal condition. They should satisfy:

∂xξx = 0 ∂xξy + ∂yξx = 0 .

One set of solution to this gives local boosts:

ξ = (f(y),−f ′(y)x) .

Let us make some simple choices for the function f : when f = constant , we get trans-
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lations in x direction, which simply shifts the initial hypersurface in the x direction,

whereas for f = y we get rotations. Now I would like to show that the coordinates

after making this transformation are orthogonal coordinates:

x′ = x+ f(y) y′ = y − f ′x .

Slope of the constant x′ and y′ lines are respectively:

dx

dy
= −f ′ dx

dy
=

1

f ′
− f ′′

f ′
x .

Thus to first order in f , and this is the order we should keep ourselves in since we are

considering infinitesimal coordinate transformations, they are orthogonal.

Example 4.3. Consider the flat 3-dimensional Euclidean surface in spherical coordi-

nates:

ds2 = dr2 + r2(dθ2 + sin2θdφ2) , (4.48)

so that

Q =
∂

∂r
, Kij = 2r diag(0, 1, sin2θ) , K =

4

r
. (4.49)

Part of remaining gauge transformation will be again local boosts:

r′ = r + f(θ, φ) ,

θ′ = θ +
∂θf

r
,

φ′ = φ+
∂φf

r sin2 θ
.

Try the case f = ε sin θ. As we have claimed before to keep the properties of GNC new

coordinate r′ should be orthogonal to others, e.g. r′ = constant and θ′ = constant

lines are orthogonal. If you check one of them satisfies dy
dx

= −x
y

(
1− ε

y

)
and other

dy
dx

= y
x

(
1 + ε

y

)
so they are orthogonal at the order ε.
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4.4. Local Boosts and Dirac Algebra

In the next chapter we will apply Manton approximation to general relativity in

the natural form, in a spirit similar to that of Weinberg’s proof for adiabatic modes:

We will consider solutions that are diffeomorphisms of a vacuum solution, then adding

a parameter dependence we will argue that these are no longer equivalent to the vac-

uum solution and physically new. As we have shown above in the natural form, the

remaining gauge transformations are composed of spatial diffeomorphisms and local

boosts. The space of solutions we will consider will be gauge transformations of a

reference metric under these transformations and the tangent space of the space of

solutions will be given by an infinitesimal transformation of the reference point under

these gauge transformations. However since local boosts are field dependent transfor-

mations, variations of fields under them and especially algebra of these variations are

highly non-trivial. As we signaled in section 4.2 this algebra will turn out to be the

Dirac relations, the algebra of constraints of GR:

[δχ1 , δχ2 ]h = δ[χ1,χ2]h , (4.50)

[δχ, δf ]h = δLχfh , (4.51)

[δf1 , δf2 ]h = δη(f1,f2,h(t0))h , (4.52)

where

η(f1, f2, h(t0))i = hij(x, t0) (f2(x)∂jf1(x)− f1(x)∂jf2(x)) (4.53)

and δfh means the variation of h as a tensor in 4-dim under local boosts (4.47) and

δχh is just usual spatial variation:

δfh = Lξf [h]h = f(x)ḣ+ Lζf [h]h , (4.54)

δχh = Lχh . (4.55)
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Note that this would mean that the “tangent space” of the space of vacua generated by

these transformations would not be a proper tangent space, since the tangent space of a

differentiable manifold is expected to be a Lie algebra with respect to the commutator

bracket. Let us now move onto showing how this set of commutators come about to

illustrate the hardship coming from field dependency of the gauge transformations.

First relation (4.50) is trivial by the fact

L[V,W ]h = LVLWh− LWLV h . (4.56)

For the field dependent variations one also needs to take into account the fact that

generators of the transformations are changing. Thus for the second relation (4.51)

one should consider the following picture:

h
δχ−→ h+ Lχh

δf−→ (h+ Lχh) + Lξf [h+Lχh] (h+ Lχh) . (4.57)

Note that in the second step it is important to remember the local boost is acting on

the varied metric of the first step, thus its dependency is on this varied metric. To get

the commutation relation also consider the variation in the reverse order:

h
δf−→ h+ Lξ[h]h

δχ−→ h+ Lχh+ Lξ[h]h+ LχLξ[h]h (4.58)

where local boosts now are functions of the original metric. [δf , δχ]h is the difference

between last two expressions. Here once again remember what ξ[h] is:

ξ[h] =

(
f(x), ∂jf(x)

∫ t

t0

hji(x, t′)dt′
)

=
(
f(x), ζ if [h]

)
, (4.59)

then

ξ[h+ Lχh] = ξ[h]−
(

0, ∂jf(x)

∫ t

t0

hjl(x, t′)hik(x, t′) (Lχh)lk (x, t′)dt′
)
, (4.60)
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where we define

ζ̃f [Lχh] =

(
0, ∂jf(x)

∫ t

t0

hjl(x, t′)hik(x, t′) (Lχh)lk (x, t′)dt′
)
, (4.61)

we put a tilde over the zeta to emphasize that we are not actually using inverse of the

Lχh in the argument for the local boost. Thus

[δf , δχ]h = −Lζ̃f [Lχh]h+ L[ξ[h],χ]h . (4.62)

Then by using

ζ̃f [Lχh]i − [ζf [h], χ]i = ζ iLχf [h] (4.63)

one gets

[δf , δχ]h = − (Lχf) ḣ− LζLχf [h]h = −δLχfh . (4.64)

For the third relation note

h
δf1−→ h+ Lξ1[h]h

δf2−→ h+ Lξ1[h]h+ Lξ2[h+Lξ1h]h+ Lξ2[h]Lξ1[h]h (4.65)

where

ξ2 [h+ Lξ1 [h]] = ξ2[h] +

(
0,−∂jf2(x)

∫
hjkhil

(
Lξ1[h]h

)
kl

)
(4.66)

and

−∂jf2(x)

∫
hjkhil

(
Lξ1[h]h

)
kl

= f1(x)ζ̇ i2[h]− f1(x)ζ̇ i2[h(t0)]− ζ̃2

[
Lζ1[h]h

]
(4.67)
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where ζ̃ is defined by (4.60). Using this one gets:

ξ2

[
h+ Lξ1[h][h]

]
= ξ2[h] + f1(x)ζ̇2[h]− f1(x)ζ̇ i2[h(t0)]− ζ̃2

[
Lζ1[h]h

]
(4.68)

then

[δf1 , δf2 ]h = L(f1ζ̇2−f1ζ̇2(t0)−ζ̃2(ζ1))h− L(f2ζ̇1−f2ζ̇1(t0)−ζ̃1(ζ2))h+ L[ξ2[h],ξ1[h]]h (4.69)

where I define

ζ̃2

[
Lζ1[h]h

]
= ζ̃2 (ζ1) . (4.70)

Now open up L[ξ2[h],ξ1[h]]h and note

Lf2ζ̇1−f1ζ̇2
h = f2Lζ̇1h− f1Lζ̇2h , (4.71)

Lζ2f1 − Lζ1f2 = 0 , (4.72)

where for the derivation of first equation one must see:

LfXh = fLXh+ (Xyh)⊗ df + df ⊗ (Xyh) (4.73)

where h is a symmetric rank-2 tensor. Using these one gets

[δf1 , δf2 ]h = L[ζ2,ζ1]−ζ̃2(ζ1)+ζ̃1(ζ2)h− L(f1ζ̇2(t0)−f2ζ̇1(t0))h . (4.74)
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The first term is zero since:

ζ̃2(ζ1) = ∂jf2

∫
hjlhmi

(
Lζ1[h]h

)
ml

=

∫
ζ̇k2h

mi
(
ζ l1∂lhmk + hml∂kζ

l
1 + hkl∂mζ

l
1

)
=

∫
∂l

(
ζ̇k2hmk

)
hmiζ l1 − ζ l1hmihmk∂lζ̇k2 + ζ̇k2∂kζ

i
1 + ζ̇k2hklh

mi∂mζ
l
1

=

∫
ζ̇k2∂kζ

i
1 − ζ l∂lζ̇ i2 +

∫
∂l∂mf2h

miζ l1 + ∂lf2h
mi∂mζ

l
1

=

∫
ζ̇k2∂kζ

i
1 − ζ l∂lζ̇ i2 +

∫
hmi∂m

(
ζ l1∂lf2

)
(4.75)

so that

ζ̃2(ζ1)− ζ̃1(ζ2) =

∫ [
ζ̇2, ζ1

]
−
[
ζ1, ζ̇1

]
+

∫
hmi∂m

(
ζ l1∂lf2 − ζ l2∂lf1

)
. (4.76)

The last term is zero and

ζ̃2(ζ1)− ζ̃1(ζ2) =

∫
d

dt
[ζ2, ζ1] = [ζ2, ζ1] (4.77)

since ζ2(t0) = ζ1(t0) = 0. So one finally gets

[δf1 , δf2 ]h = Lη(f1,f2,h(t0))h (4.78)

where

η(f1, f2, h(t0))i = −
(
f1ζ̇2(t0)− f2ζ̇1(t0)

)i
= hij(x, t0) (f2(x)∂jf1(x)− f1(x)∂jf2(x)) .

(4.79)

This relations should be true for any tensor on the space-time that does not have a

component in the time direction and satisfies (4.71).

This completes the proof. We have seen that the algebra of variations of the spatial

metric h under the remaining gauge transformations give the Dirac algebra. However

the fact that the constraint algebra is Dirac suggests that you shouldn’t need to make
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a gauge choice to get this algebra. In fact one can show that the variations under the

full diffeomorphism group written in a comoving basis also gives these commutation

relations. This shouldn’t be surprising though, choosing Gaussian Normal Coordinates

should be somehow equivalent to choosing a comoving basis. One slightly disturbing

fact is in the first case you have the full diffeomorphism group whereas in the second

case you have some subspace of that group. One might say that remaining gauge trans-

formations of GNC form a nice subspace of diffeomorphisms such that it preserves the

Dirac algebra.
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5. ADIABATIC SOLUTIONS OF GENERAL RELATIVITY

In the last chapter we have brought general relativity into a form suitable for

the Manton approximation. In this chapter we apply the Manton approximation. We

start by writing down the form of the solution suggested by Manton approximation in

section 5.1, discussing what kind of spacetime it is proposing. In section 5.2 we write

down the constraints and action for these set of solutions and we simplify the action

by using orthogonal decomposition on the spatial metric. We see that it becomes a

theory on the boundary, however still involves information from the bulk, since there

will be orthogonal derivatives of the tangent vectors. In section 5.3 however, we show

for a tangent vector on the boundary its orthogonal derivative is uniquely given by

the momentum constraint. In section 5.4, we attempt at solving constraints explicitly

for various types of cases by using again the orthogonal decomposition on the spatial

manifold.

5.1. Manton Approximation for General Relativity

In the previous chapter we have concluded that one can bring the EH action into

the natural form by choosing GNC. In these coordinates we had

SEH =

∫
dt

(
1

2
gh(ḣij, ḣkl)− V (h)

)
(5.1)

where

gh(δ1h, δ2h) =
1

2

∫
M

ddx
√

deth
(
hikhjl − hijhkl

)
δ1hijδ2hkl , (5.2)

and

V (h) = −
∫
M

ddx
√

dethR(h) . (5.3)
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We see with this choice our theory is fully described by the spatial metric h. Note

that we wrote down the kinetic term in the way we did to emphasize that this will

define a metric, g, on the space of vacua. Now we move onto applying the Manton

approximation. For this, we again consider the configuration space of spatial metrics

that depend only on space, F . After this we need to identify the space of vacua E . We

define it as the set of solutions -to h- that extremize the potential energy which means

for our case,we are looking for solutions such that:

δV =

∫ √
deth(Rij −

1

2
Rhij)δh

ij = 0 , (5.4)

i.e.

Rij(h) = 0 . (5.5)

where we denote elements of E with h. Note that unlike the “usual” cases, extremum

here will not imply absolute minimum since the potential is not bounded from below.

However note that, via the equations of motion, this condition is necessary to have

time independent solutions.

The vacua E of the configuration space for this case will be solutions to above.

For a four dimensional spacetime these will be the flat Euclidean metric and its gauge

transformations since solutions to (5.5) are three dimensional Ricci flat spaces and they

are purely gauge since in 3d there is no physical degree of freedom. For dimensions

bigger than 4, there might be metrics inequivalent to flat metric with zero Ricci tensor,

and there we will further say that we focus our attention only to the part of vacua

generated from the flat metric. Note that the gauge transformations of the spatial

metric will be spatial diffeomorphisms. But what have happened to local boosts?

Analysis of the last chapter has told us that under transformations by local boosts our

theory of the spacetime should be invariant. However if we take a solution to (5.5) and

transform it under the local boost it will not be solving the equation again! Where did

we lose the local boosts? Of course when imposed a condition on our spacetime that is
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not “covariant”: extremization of the potential energy. The job of the boosts will be

transferring “some energy” from potential to kinetic energy, while keeping the “total

energy” constant.

Because of this conceptual difference, it looks like it is not easy to put local boosts

into the Manton approximation picture. Here we will only consider the set of vacua

generated by the purely spatial coordinate transformations, i.e. we will take E to be

composed of the metrics written as:

hij(x) =
∂x̃k(x, z)

∂xi
∂x̃m(x, z)

∂xj
h̄km (5.6)

where z = {za} labels all families of spatial gauge transformations, and h̄ is a refer-

ence spatial metric that has a vanishing Ricci curvature. Manton approximation then

amounts to considering solutions of the form:

hij(x, t) =
∂x̃k(x, z(t))

∂xi
∂x̃m(x, z(t))

∂xj
h̄km (5.7)

Note that with this choice of the spatial metric our spacetime manifold is no longer

equivalent to a flat manifold, since spatial coordinate transformations with time depen-

dency were not a part of remaining gauge transformations of GNC. Spacetimes that

first and second spatial metric we wrote down define can be visualized as follows: For

the first case in (5.6), we only perform a spatial coordinate transformation of a flat

metric in GNC. In other words each spatial slice we have in the transformed spacetime

is obtained by transforming one flat spatial slice with the same coordinate transforma-

tion, see Figure 5.1. For the second case each spatial slice is obtained by a different

spatial coordinate transformation, thus it is will not be diffeomorphic to the flat space-

time, see Figure 5.2. One can rephrase our proposed solutions more geometrically as

follows:

h(t) = σ∗t h̄ , (5.8)
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Figure 5.1. Flat spacetime obtained by a unique spatial coordinate transformation

Figure 5.2. Non-flat spacetime obtained by choosing a different spatial coordinate

transformation of flat spatial hypersurface for each spatial slice

i.e. take a spatial slice with a reference metric. Consider a flow σ(x, t) : M × R→M ,

where M is to be taken as the spatial slice now. Our construction tells us to construct

the spacetime manifold M̃ as a manifold whose slice at t is given by the pullback of h̄

by σt. Note this spacetime will correspond to an integral curve on the space of vacua

E , see Figure 5.3. Our aim will be to identify E via solving for all possible flows on it

such that they describe solutions to Einstein’s equations (in vacuum).
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Figure 5.3. An adiabatic spacetime as a flow on E

After writing down the desired metric we move onto studying the constraint equations

and the Lagrangian for this subset of spacetimes. For this we will need to evaluate:

Kij =
1

2
ḣij =

1

2

d

dt
σ∗t h̄ =

1

2
Lχh (5.9)
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where

χ = σ′t , (5.10)

i.e. χ is the vector field tangent to flow σ. So we write:

Kij = ∇(iχj) (5.11)

where ∇ is the Riemannian connection of h. Thus χ spatial vector fields will fully

describe our solutions, and we will need to solve our (vacuum) Einstein equations for

χ.

To illustrate the type of solutions we are considering and that they are not physically

equivalent to the reference spacetime let us consider the following example.

Example 5.1 (spatially flat FLRW from gauge transformations).

Let us consider the flat reference metric in four dimensions and let the transformation

x→ x̃ be given by

x̃i = a(t)xi (5.12)

at each slice so that

dx̃i = a(t)dxi . (5.13)

For these transformations the Manton ansatz will be a spacetime metric:

ds2 = −dt2 + a2(t)(dx2 + dy2 + dz2) (5.14)

This illustrates very clearly that the Manton ansatz gives us physically new solutions,

for this case the spatially flat FLRW spacetime. (This a solution to Einstein equa-

tions with matter, but our point is still true.) Note that this would be a coordinate
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transformation only if we took

(t, x, y, z) = (t̃, e−Ht̃x̃, e−Ht̃ỹ, e−Ht̃z̃) , (5.15)

so that

dt̃ = dt , (5.16)

dx = e−Ht̃dx̃−He−Ht̃x̃dt̃ . (5.17)

5.2. Constraints and Action

For the solutions we constructed above, our system will be described by the con-

straint equations and the action in GNC coordinates as follows. Momentum constraint

becomes:

Pj = ∇i

(
∇(iχj) − hij∇kχ

k
)

= 0 . (5.18)

Here note that this equation can also be written as:

∇i∇[iχj] +Rijχ
i = 0 (5.19)

where using the fact Ric(h) = 0 becomes:

Pj(χ) ≡ ∇i∇[iχj] = 0 . (5.20)

Similarly we see Hamiltonian equation becomes:

H(χ) ≡ (∇iχ
i)2 −∇(iχj)∇iχj = 0 . (5.21)
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Now we move onto evaluating the action. Note that as we are on E , potential will be

zero. Action is

SEH =

∫
dt

1

2
gh(δχh, δχh)

where

gh(δχh, δξh) = 2

∫
h

ddx
√

det h
(
∇(iχj)∇(iξj) −∇ · χ∇ · ξ

)
.

Here note that solutions to the action above will be geodesics on E with respect to the

metric g and imposing the Hamiltonian Constraint will mean choosing null g geodesics

among these solutions. One can easily see that the above metric can be brought into

the form:

gh(δχh, δξh) = 2

∫
M

ddx
√

det h∇i

((
∇(iχj) − hij∇ · χ

)
ξj
)
− 2

∫
ddx
√

det h ξjPj(ξ) .

(5.22)

Using the fact that we want our solutions to satisfy the momentum constraint, the

metric on the space of vacua becomes:

gh(δχh, δξh) = 2

∫
∂M

ddx
√

det k ni
((
∇(iχj) − hij∇ · χ

)
ξj
)

(5.23)

where n is the vector field orthogonal to the boundary ∂M of the spatial manifold

M , and k is the metric induced on ∂M . Note that it is not obvious here but g is

symmetric in its arguments by definition. To further simplify the metric we make a

second orthogonal decomposition: split everything into components in the direction of

n and orthogonal to it. We simply use the splitting formula we derived in section 4.1.

i.e. We let

χ = χ⊥n+ χ‖ (5.24)
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where

k(n, χ‖) = 0 . (5.25)

Now we impose an extra condition on our solutions: we want them to be boundary

preserving i.e.:

χ⊥
∣∣
∂M

= 0 , (5.26)

so that the boundary is fixed. This causes the term with divergence to drop. With this

split we get

gh(δχh, δξh) =
1

2

∫
∂M

ddx
√

det k
(
h(χ‖,∇nξ) + h(n,∇χ‖ξ)

)
+ (χ↔ ξ) . (5.27)

Using the fact

ξ⊥
∣∣
∂M

= 0 , χ‖(ξ⊥)
∣∣
∂M

= 0 , h(n, χ‖) = 0 , (5.28)

we get

gh(δχh, δξh) =
1

2

∫
∂M

ddx
√

det k
(
h(χ‖,∇nξ

‖) + h(n,∇χ‖ξ
‖)
)

+ (χ↔ ξ) . (5.29)

Then we define the splitting parameters as before

∇nn = abeb , (5.30)

∇an = Kb
aeb , (5.31)

∇nea = −aan+ Ya
beb , (5.32)

∇aeb = Daeb −Kabn , (5.33)
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and note

h(χ‖,∇nξ
‖) = kabn(ξ‖

a
)χ‖

b
+ kabYc

aξ‖
c
χ‖

b
= χ

‖
bD
⊥ξ‖

b
(5.34)

where we define the “orthogonal derivative” as

D⊥ζa = ni∂iζ
a + Yb

aζb . (5.35)

Also using the definition of extrinsic curvature on the boundary we get:

gh(δχh, δξh) =

∫
∂M

ddx
√

det k
(
χaD

⊥ξa −Kabξ
aχb
)
, (5.36)

where now we drop the ‖ demarcation. We see that the action is almost reduced to data

on the boundary ∂M of the spatial manifold. The exception is due to the existence of

the orthogonal derivative D⊥, since it includes information on how vectors tangent to

the boundary changes off the boundary.

Before completing this section we note that D⊥ is a “covariant” and metric compatible

operator. It satisfies the properties of a connection as given in definition C.3 in the

appendix with proper modification, i.e. D⊥ is a map X(∂M)→ X(∂M) such that:

(i) It is linear in its argument over R i.e. D⊥(aζ + bξ) = aD⊥(ζ) + bD⊥(ξ).

(ii) Satisfies D⊥(fζ) = fD⊥(ζ) +D⊥(f)ζ.

There will be no analogue of the last item as the vector field we are taking the derivative

with is a unique normalized vector field, n. One can extend the definition of D⊥ to

arbitrary tensor as:

D⊥T abc..ghe.. = n(T abc..ghe..) + Yd
aT dbc..ghe.. + ...−Yg

dT abc..dhe.. − ... . (5.37)
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Under this definition D⊥ will be metric compatible i.e.

D⊥kab = 0 . (5.38)

5.3. Action as Boundary Data

In this section we show that the action of equation (5.36) is completely made up

of the data on the boundary, for bulk vector fields that satisfy the momentum con-

straint. To prove this we will use the technology of HMF decomposition, as momentum

constraint can be written in the the language of forms:

∇i∇[iχj] = 0 → d†dχ = 0 . (5.39)

To show that the action is composed of boundary data we claim that:

Claim 5.1. Given a boundary one-form tζ on the boundary of a manifold with boundary

and with trivial homology there exists a one-form on the manifold that satisfies:

d†dχ = 0 , nχ = 0 , tχ = tζ , (5.40)

and unique up to exact forms that vanish on the boundary.

The gap in the claim above is that the undetermined exact part will have a normal

derivative. However we will also show that this normal derivative is also given by the

boundary data, i.e. we will show that:

ξie = hij∂jλ and nξie = 0 →
(
D⊥ξ‖ae

)∣∣
∂M

= −Kab∇ebλ . (5.41)

First let us show this claim. Note that

nξie = 0 → ∇nλ|∂M = 0 → ∇ea∇nλ|∂M = 0 . (5.42)
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D⊥ξae is calculated as:

D⊥ξae = ∇n

(
kab∇ebλ

)
+ Yb

akbc∇ecλ , (5.43)

= ∇nk
ab∇ebλ+ kab ([∇n,∇eb ]λ+∇eb∇nλ) + Yb

akbc∇ecλ . (5.44)

Using the facts

∇nk
ab = −2Y(ab) , [∇n,∇eb ] = −abn+ (Yb

c −Kc
b ) ec (5.45)

one gets

D⊥ξae = −Kab∇ebλ . (5.46)

Now we move onto proving Claim 5.1:

Proof. Let χ be a one form on M . By HMF decomposition we can write it as:

χ = dφ+ ψ where d†ψ = 0 and nψ = 0 (5.47)

Furthermore by Friedrichs decomposition, since we are on a manifold with trivial ho-

mology we know

ψ = d†β . (5.48)

Our problem then reduces to showing that there exists a χ unique up to exact forms

such that

d†dd†β = 0 , nβ = 0 , ndφ = 0 , tdφ+ td†β = tζ (5.49)
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for a given tζ on the boundary. Now let θ = dd†β. Then θ should satisfy

d†θ = 0 , dθ = 0 and tθ = tdζ , (5.50)

so θ should be a harmonic form in M with given tangential boundary condition. Since

we have trivial homology and Hk
D(M) = 0 this θ will be unique, the existence is

guaranteed by the fact that the boundary form that θ is supposed to be equal to is a

closed one form, see theorem 3.7. Now let η = d†β, then it should satisfy

dη = θ , d†η = 0 and nη = 0 . (5.51)

Again since there exists no Neumann field, such η will be unique and existence is again

guaranteed by theorem 3.7. Thus we have proven for a χ satisfying the conditions

(5.40), the coexact part d†β is unique. Now we move on to the exact part. φ should

be a function that satisfy

ndφ = 0 and tdφ = tδβ − tζ . (5.52)

Such φ exists by the following theorem:

Theorem 5.1 (Thm 3.3.3 [37]). Consider a closed boundary form tψ on the boundary

of a homologically trivial M . Then there exists a closed form ω such that nω = 0 and

tω = tψ.

But this is not unique , since one can add any dα such that dα|∂M = 0 to dφ.

Thus we have shown that for a given one form on ∂M there exists a χ with zero

normal component on ∂M that is unique up to an exact one form that vanishes on the

boundary. That such one form exists is guaranteed by the above theorem.
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Summary. Let us summarize our conclusions. We are looking for solutions to Ein-

stein equations in GNC that are of the form:

h(t) = σ∗t h̄ , (5.53)

so that they are parametrized by flows σt, whose tangent vector field we denote by χ.

To have boundary unaltered we impose:

χ⊥
∣∣
∂M

= 0 . (5.54)

To solve Einstein equations, χ should satisfy the momentum constraint:

Di∂[iχj] = 0 , (5.55)

and Hamiltonian constraint

(Diχ
i)2 −D(iχj)D

iχj = 0 , (5.56)

and extremize

L =
1

2

∫
∂M

ddx
√

det k
(
χaD

⊥χa −Kabχ
aχb
)
. (5.57)

We have shown the existence of χ with vanishing normal on the boundary that solves

the momentum constraint and for a given value at the boundary, uniqueness up to an

exact form that vanish on the boundary. We have also shown that the above action on

the boundary is only made up of the boundary data.

Note that thus far we have not commented on the Hamiltonian constraint except

that it forces solutions to the action on the boundary to be null geodesics instead of any

geodesic. Given a solution to the momentum constraint, since there will be an arbitrary

exact part, Hamiltonian equation will become an equation for this exact part, i.e. let
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the solution to the momentum constraint be:

χ = dφ+ d†β (5.58)

where β is completely fixed and dφ is completely arbitrary in bulk but fixed on the

boundary given a boundary value for χ. Then Hamiltonian equation can be written

as:

(
∇2φ

)
−∇i∇jφ∇i∇jφ− 2∇i∇kβ

kj∇(i∇j)φ = ∇(i|∇kβk|j)∇i∇kβ
kj . (5.59)

This equation is to solved for dφ for given d†β and boundary conditions. Note that

this equation is second order in Hessian of φ. Such equations in the literature is known

as k-Hessian equations, see [43]- our case falling in the category of 2-Hessians. Leaving

a more specific study to future, we conjecture that solutions dφ to this equation exist

and are unique. Note that we have already completely specified the theory on the

boundary ∂M by the momentum constraint, thus the use of Hamiltonian constraint is

to provide us the full solution χ in the bulk.

5.4. Orthogonal Decomposition of Constraints

Note that even though we have shown the existence and uniqueness of solutions

to the momentum constraint up to exact forms that vanish on the boundary, we have

not built the explicit solutions. Note that in proving the existence and uniqueness in

the previous section, we have used the bulk Hodge decomposition but not orthogo-

nal decomposition. In this section we perform this decomposition for the constraint

equations in an attempt to solve them. We will start with arbitrary dimension and

arbitrary Ricci flat bulk metric and step by step will simplify the equations by making

assumptions, until they come to a form we can easily solve. All the other more general

cases we cannot solve, we leave as an open problem.
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5.4.1. Momentum Constraint

First we perform the orthogonal decomposition of the momentum constraint. One

gets

dχ =
(
abχ

⊥ +D⊥χb −Dbχ
⊥ + Kabχ

a
)
n ∧ eb +D[aχb]e

a ∧ eb (5.60)

= tbn ∧ eb +D[aχb]e
a ∧ eb (5.61)

where we define tb for simplicity. Then

d†dχ =
1

2

(
D⊥tb + Ktb −Kabt

a
)
eb − 1

2
Dbt

bn+
(
DaD[aχb] −D[aχb]a

a
)
eb . (5.62)

So that the momentum constraint in the split form is:

Pb(χ) =
1

2

(
D⊥tb + Ktb −Kabt

a
)

+DaD[aχb] −D[aχb]a
a = 0 , (5.63)

P⊥(χ) = Dbt
b = 0 . (5.64)

One should in addition take into consideration that the bulk Ricci tensor was set to

zero. Also performing the orthogonal splitting for this case will give us:

− n(K)−KabKab + (Daa)a − aaaa = 0 , (5.65)

DbK
ba −DaK = 0 , (5.66)

(d−1)Rab −KKab + 2Ya
cKcb − n(Kab) + (Daa)b − aaab = 0 . (5.67)

As can be seen above equations get already complicated at this stage. As a first

assumption we restrict ourselves to a simplified basis:

Assumption 5.4.1. Assume [n, eb] = 0 so that

[n, eb] = −abn+
(
Yb
a −Kb

a

)
eb = 0 → ab = 0 and Yb

a = Kb
a . (5.68)
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With this assumption we get:

2P⊥(χ) = D2χ⊥ − 2Db

(
Kb
aχ

a
)
−Da (χ̇a) = 0 , (5.69)

2P a(χ) = χ̈a +D2χa + (Kδab + 2Ka
b )
(
χ̇b −Dbχ⊥

)
−Daχ̇⊥ + (d−1)Ra

bχ
b −DaDbχ

b = 0,

(5.70)

where we define the dot derivative as:

ni∂if = ḟ . (5.71)

Now remember that our boundary ∂M will be a closed surface and topologically equiv-

alent to Sd−1, and no harmonic forms live on it. Since we have also chosen a foliation

for the spatial manifold M , each integral manifold will also be topologically equivalent

to Sd−1. Because of this at each slice one can decompose χ‖ as:

χa = Daf +Dcω
ca . (5.72)

Using this decomposition equations take the form:

2P⊥(χ) = D2(χ⊥ − ḟ)− 2Kb
cDbDaω

ac −DaKDcω
ca , (5.73)

2P c(χ) = Dc
(
f̈ − χ̇⊥

)
− 2KcbDb

(
ḟ − χ⊥

)
+ KDc

(
ḟ − χ⊥

)
+ (2Kc

b + Kδcb)
(
Ddω̇

db +DdKωdb
)

+ 2DaKω̇ac +DaK̇ωac +Ddω̈
dc

+D2Ddω
dc +(d−1) Rc

bDdω
db . (5.74)

This splitted form suggest χ⊥ = ḟ , with ω = 0 this would correspond to a bulk solution

χi = ∇if , the arbitrary exact form we already knew would appear. By letting χ⊥ = ḟ

anyways, one can get two equations for ω, still nontrivial to solve. To get some more

simplification let us consider a special case:

Case 5.4.1.1. Let us consider the case where the metric on the boundary has the form:

kab(r, y) = γ(r)k̆ab(y
a) (5.75)
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still in arbitrary dimension. For this case the extrinsic curvature and Ricci tensor will

be proportional to the boundary metric i.e.:

Kab =
γ̇

γ
kab ,

(d−1)Rab =
(s− 1)

4

γ̇2

γ2
kab . (5.76)

where s = d− 1.Furthermore imposing the flatness equations enforce:

γ(r) = (r + c)2 (5.77)

for some constant c.

Under this assumption orthogonal part of the momentum constraint becomes:

2P⊥(χ) = D2
(
χ⊥ − ḟ

)
= 0 . (5.78)

Since the boundary is topologically trivial without boundary this mean χ⊥ = ḟ . Then

the tangential momentum constraint becomes:

2P c(χ) = Ddω̈
ρc +

2

r + c

(
1 +

s

2

)
Ddω̇

dc +D2Daω
ac +

(s− 1)

(r + c)2
Daω

ac = 0 . (5.79)

Note that this assumption has allowed us to decouple the boundary exact and coexact

parts, and reduced the problem to a differential equation for the boundary coexact part.

Existence of the two form ω here complicates the matters. In place of the assumption

above, starting from (5.73), if one focuses on d = 3, since a two form will be hodge

dual to a one form things will also simplify in a different way. Let us consider this case:

Case 5.4.1.2. Consider the case with coordinate basis and d = 3 without any other

assumption on the metric.

For this case since the boundary will be 2 dimensional one can use the fact that

any antisymmetric rank 2 tensor should be proportional to εabk ,then ωab = ω(ya)εkab
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and e.g.

Kc
bε
ba
k −Ka

b ε
bc
k = Kεcak . (5.80)

Then

2P⊥(χ) = D2(χ⊥ − ḟ)− 2Kb
cε
dc
k DbDdω − εcdk DdKDcω , (5.81)

2P c(χ) = Dc
(
f̈ − χ̇⊥

)
− 2KcbDb

(
ḟ − χ⊥

)
+ KDc

(
ḟ − χ⊥

)
+ (2Kc

b −Kδcb) (Daω̇ −KDaω) εabk + εack Da

(
ω̈ +D2ω

)
. (5.82)

Note that now boundary coexact parts simplify but we lose the boundary exact -

coexact decoupling. An example that satisfy both of these assumptions is actually the

case of 3 dimensional ball. For this case we again have

2P⊥(χ) = D2
(
χ⊥ − ḟ

)
= 0 (5.83)

again meaning χ⊥ = ḟ . Note that there are no other conditions on χ⊥ and f , and

they actually correspond to the arbitrary exact part of the solution, χi = hif we have

shown to exist. Tangential equation then simplifies significantly:

εabk Db

(
ω̈ +D2ω

)
= 0 . (5.84)

This will be the the laplacian in 3-d flat space. Using spherical harmonics one can

solve it as:

ω = almr
(l+1)Ylm , (5.85)

resulting in a bulk vector

χi = εijkh xj∂kω . (5.86)
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We will discuss this case of the ball in more detail later.

Other special case we consider is 2 dimensional spatial manifold (but no assumptions

about the metric on ∂M).

Case 5.4.1.3. Let us now focus on the case d = 2.The spatial metric will be of the

form:

ds2 = dr2 + γ(r, θ)dθ2 . (5.87)

For this case the constraint equations become

2P⊥(τ) =
1
√
γ
∂θ

(
∂θτ

r

√
γ

)
− 1
√
γ
∂r

(
∂rγ√
γ

)
τ r − 1

γ
∂θ∂r

(
γτ θ
)

+
∂θγ

2γ2
∂r
(
γτ θ
)
, (5.88)

2P θ(τ) = ∂2
r τ

θ +
3

2

∂rγ

γ
∂rτ

θ +
1

2

∂rγ

γ2
∂θτ

r − 1

γ
∂θ∂rτ

r . (5.89)

Now let us make a specific choice:

Case 5.4.1.4. Let d = 2, γ = r2 such that:

ds2 = dr2 + r2dθ2 . (5.90)

Then the equations simplify into:

2P r(τ) =
1

r2
∂2
θτ

r − ∂r
(
r2∂θτ

θ
)
, (5.91)

2P θ(τ) =
1

r3
∂r
(
r3∂rτ

θ
)
− 1

r
∂r

(
∂θτ

r

r

)
. (5.92)

Then we perform a Fourier series expansion for both of the components. Solutions to

this are vector fields:

τ =
∂

∂θ
, τ =

1

r2

∂

∂θ
, τ = f(r)

∂

∂r
, (5.93)
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together with the two infinite towers:

τ =
∑
n=1

− ġn(r)

n
cos(nθ)

∂

∂r
+
gn(r)

r2
sin(nθ)

∂

∂θ
, (5.94)

τ =
∑
n=1

ḟn(r)

n
sin(nθ)

∂

∂r
+
fn(r)

r2
cos(nθ)

∂

∂θ
. (5.95)

These resemble, but indeed different than the generators of 2d conformal transforma-

tions:

τ =
∑
n=1

rn+1 cos(nθ)
∂

∂r
+ rn sin(nθ)

∂

∂θ
, (5.96)

τ =
∑
n=1

−rn+1 sin(nθ)
∂

∂r
+ rn cos(nθ)

∂

∂θ
. (5.97)

5.4.2. Hamiltonian Constraint

We also would like to decompose the Hamiltonian Constraint. Since this equation

non-linear, to simplify the affair we assume right from the beginning the coordinate

basis.

Assumption 5.4.2. Assume [n, eb] = 0 so that

[n, eb] = −abn+
(
Yb
a −Kb

a

)
eb = 0 → ab = 0 and Yb

a = Kb
a . (5.98)

Then the Hamiltonian constraint becomes:

H =
(
KabK

ab −K2
)

(χ⊥)2 − 2Kχ̇⊥χ⊥ +
1

2
Daχ

⊥Daχ⊥

+Daχ
⊥χ̇a − 2

(
χ̇⊥ + Kχ⊥

)
Daχ

a + 2χ⊥DaχbK
ab

+
1

2
γabχ̇

aχ̇b +
1

2

(
Dbχ

aDaχ
b +DbχaD

bχa
)
− (Daχ

a)2 (5.99)

where we again define n(f) = ḟ . Let us focus on the case where d = 3 again.



80

Case 5.4.2.1. Let d = 3 so that on any of the leaf of the foliation, any vector field can

be written as:

χa = Daf + εabk Dbω . (5.100)

Let us also take the integration over an arbitrary closed surface within the spatial

manifold that is topologically S(d−1). Note that if we take this surface to be the

boundary and take the boundary preserving condition χ⊥
∣∣
∂M

= 0 we should get back

the action we have derived. Nevertheless on an arbitrary leave of foliation we get:

0 =

∫
∂M

εk
(
−R̆ḟ 2 + 2ḟ

(
−Kf̈ −D2ḟ + 3KabDaDbf + 2DaKDaf

)
− 2(f̈ + Kḟ)D2f +

(
2KcaKd

a − R̆cd
)
DcfDdf

)
+

∫
∂M

εk
(

2ḟDaKDdωε
da + 2ḟKabDbD

cωεca + 2Kc
aDcf (KDdω −Ddω̇) εda

− 2R̆cdε
caDdωDaf

)
+

∫
∂M

εk
(1

2
K2DaωD

aω −KDaωDaω̇ +
1

2
Daω̇Daω̇ +

1

2
D2ωD2ω

− R̆abD
aωDbω

)
. (5.101)

Note that this still rather complicated to solve. We now focus on the case of a ball

again.

Case 5.4.2.2. Let us further assume that each leaf of foliation is a round 2-sphere with

with radius r.

We get:

0 =

∫
dΩr

(
− 2

r2
ḟ 2 − 4

r
f̈ ḟ − 2ḟD2ḟ +−2f̈D2f +

2

r
ḟD2f − 1

r2
fD2f

)
(5.102)

+

∫
dΩr

(
− 1

r2
ωD2ω +

2

r
ω̇D2ω − 1

2
ω̇D2ω̇ +

1

2
D2ωD2ω

)
= 0 . (5.103)
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Now plug in the solution to ω coming from the momentum constraint and also expand

f in terms of the spherical harmonics, i.e. let :

ω = Ylmclmr
(l+1) , (5.104)

f = Ylmflm(r) . (5.105)

Noting dΩr = dΩunitr
2 we get:

0 =
∑
lm

d

dr

(
−2ḟ 2

lmr + l(l + 1)

(
2ḟlmflm −

f 2
lm

r
+

1

2
c2
lmr

2l+1(l − 1)

))
. (5.106)

Now taking the r integral from 0 to R , should give us back the metric form. Using

ḟlm(R) = 0 this can easily be seen if we assume:

lim
r→0

f 2
lm(r)

r
= 0 . (5.107)

Assume now for simplicity that each term in (5.106) vanishes identically, and try to

see if there exists a solution that satisfies this. Defining glm(r) = flm(r)/r(l+1) equation

becomes:

−2r2ġ2
lm + 2(l + 1)(l − 2)ġlmglmr + (l + 1)(2l2 − l − 2)g2

lm = −l (l
2 − 1)

2
c2
lm (5.108)

with the boundary condition glm(R) = ±
√

l−1
2
clm. First few solutions look like this:

g00 = a00
R

r
, (5.109)

g1m = a1m
(2R± r)

r
, (5.110)

g2m = ∓ a2m

2(±2 +
√

6)

(( r
R

)√6 (
±5 + 2

√
6
)
∓
(
R

r

)√6
)
. (5.111)

However one can check these do not solve the full Hamiltonian equation, thus our

assumption fails. We conclude our investigation here. Later on we will take up the

case of the 3-ball, since this was the only case we could explicitly solve the momentum
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constraint and discuss the form of the action. Note that our failure to solve the Hamil-

tonian equation only causes us not to have the explicit solution in the bulk, but since

as we have proved that the action is completely determined by the data on the spatial

boundary we can still comment on it.
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6. STRUCTURE OF THE SPACE OF VACUA

In the previous chapter we have investigated the adiabatic solutions to Einstein

equations by writing down the equations for a metric obtained by the Manton approxi-

mation and bringing them into the a form composed of the constraints together with a

reduced action. We showed that the momentum constraint gives a one-to-one relation-

ship between vector fields on the boundary of the spatial slice up to exact forms which

we conjectured to be uniquely solved in terms of the coexact part of the solution by

the Hamiltonian constraint, and showed what the reduced action is and proved that it

is solely composed of the boundary data. As we have pointed out, this action defines a

metric on the space of vacua, and the solutions are to be geodesics on the space of vacua

with respect to this metric, moreover Hamiltonian constraint forces these solutions to

be null geodesics.

In this chapter we investigate the structure of the space of vacua via the infor-

mation we have gathered. First in Section 6.1 we compare our results with results

obtained in the literature on the Wheeler-deWitt (WdW) metric, more specifically we

discuss the signature of the metric on the space of vacua. In the Section 6.2 we discuss

the space of vacua in terms of the action of diffeomorphisms on it, and identify it as a

(pseudo)Riemannian homogeneous space.

6.1. Signature of the Metric on the Space of Vacua

Metric on the configuration space F we have written down in (5.2) as

gh(δ1h, δ2h) =

∫
M

ddx
√

deth
(
hi[khj]l

)
δ1hijδ2hkl , (6.1)

is known as the Wheeler-deWitt (WdW) metric in the literature [44]. Note that this

metric is not positive definite, indeed by York’s decomposition in [45], one can separate
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the tangent space into orthogonal parts with respect to this basis via:

δhij = δhTTij +

(
∇iξj +∇jξi −

2

d
hij∇iξ

i

)
+ hijΩ (6.2)

where

∇iδhTTij = 0 and hijδhTTij = 0 . (6.3)

WdW metric is positive on first two parts and negative on the third part. By definition

we are interested in the part of the tangent space written as

∇iξj +∇jξi . (6.4)

This will be a mixture of second and third parts and thus its norm will change in

accordance with how much of it projected to which part of the tangent space [44].

However the form of (6.4) is not the only restriction we have on our tangent

space. Remember the reduced form of the action we had in (5.36):

gh(δχh, δξh) =
1

2

∫
∂M

ddx
√

det k
(
χaD

⊥ξa −Kabξ
aχb
)
. (6.5)

Let us think this metric now as an h-dependent inner product on the space of boundary

vector fields.

〈χ, ξ〉h =
1

2

∫
∂M

ddx
√

det k
(
χaD

⊥ξa −Kabξ
aχb
)
. (6.6)

One can check that

〈χ, χ〉h =

≥ 0 if χ = df ,

≤ 0 if χ = d†β where β ∈ Λ(d−2)(∂M) .

(6.7)
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However these parts will not be orthogonal with respect to each other in general. Let

us find the orthogonal complement of the exact part to illustrate this, using equation

(5.41):

〈df, ξ〉 =

∫
∂M

ddx
√

det k
(
−KabD

afξb
)

= 0 (6.8)

So vector fields that are orthogonal to exact parts should satisfy Da

(
Ka
b ξ

b
)

= 0, which

will not be in general the case for an coexact part. In the next chapter however we will

see that they will for the case of M = B̄3
R.

6.2. Homogeneous Space Structure

Remember that when we first wrote down the Manton approximation in equation

(5.8), we started by the proposed solutions of the form:

h(t) = σ∗t h̄ , (6.9)

where σ(t, x) is a flow on a spatial slice M with the metric h, and h̄ is the spatial part of

a given solution of the Einstein equations in GNC. Thus the space of metrics in the form

of (6.9) can be considered as the orbit of h̄ under the group action · : BDiff(M)×M →

M of boundary preserving diffeomorphisms BDiff(M) on the configuration space F

given as (see Appendix B.2.1 for definitions related to group actions):

φ · h = φ∗h , (6.10)

and note that condition of boundary preservingness is needed since we have a manifold

with boundary and would like to keep this boundary fixed. Without going into too

much mathematical detail, we take this orbit to be a properly embedded submanifold

. Note that boundary preserving diffeomorphisms do form a group, which we will

call BDiff(M). We will show this at the Lie algebra level: we show that vector fields

that are boundary preserving, i.e. that have a vanishing normal component on the
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boundary, form a closed Lie algebra i.e.:

[χ, ζ]⊥
∣∣∣
∂M

= 0 if χ, ζ ∈ X(m) such that χ⊥
∣∣
∂M

= 0 and ζ⊥
∣∣
∂M

= 0 . (6.11)

Proof. We need to see whether

[χ, ζ]⊥
∣∣∣
∂M

= nj
(
χi∂iζ

j − ζ i∂iχj
)∣∣
∂M

(6.12)

is equal to zero. Using χ⊥
∣∣
∂M

= 0 and ζ⊥
∣∣
∂M

= 0 one can show that:

[χ, ζ]⊥
∣∣∣
∂M

= χaζbnj
(
eia∂ie

j
b − e

i
b∂ie

j
a

)∣∣
∂M

= χaζbn ([ea, eb])
∣∣
∂M

, (6.13)

which is equal to zero due to involutivity of the distribution we are using to foliate our

spatial manifold M .

Now remember that not any metric in the form of (6.9) can solve Einstein equa-

tions, as a first step we have seen one needs to impose constraint equations on (6.9). Let

us denote the set of boundary preserving diffeomorphisms that such that (6.9) satisfy

the constraint equations as BDiffC(M). The actual space of solutions should actually

be the orbit of h̄ under the action of this “set”. However for this to be meaningful one

first needs to show that BDiffC(M) is actually a group.

We do this via the following set of arguments: Let us denote the set of boundary

preserving diffeomorphisms that are identity on the boundary as BDiff0(M). Note that

by definition BDiff0(M) = Diff0(M). This is a normal subgroup in BDiff(M). This can

be seen as follows: Vector fields corresponding to BDiff0(M) are boundary preserving

vector fields that vanish on the boundary. Let us denote these by bdiff0. These form

an ideal in the set of boundary preserving vector fields, which we will denote as bdiff.

For this one should only check if:

[χ, ξ]|∂M = 0 ∀χ ∈ bdiff and ∀ξ ∈ bdiff0 , (6.14)
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which can be easily done by again using the orthogonal decomposition on M .Here we

note that this argument will not work for Diff(M), i.e. Diff0(M) is not a normal sub-

group of Diff(M).

Since BDiff0(M) is a normal subgroup of BDiff(M), the quotient BDiff(M)/BDiff0(M)

is a Lie group. Note that this is the space of equivalence classes of boundary preserving

diffeomorphisms that are related by a diffeomorphism that is identity on the boundary,

and thus equivalent to BDiffC(M). The reason for this is that we have partially proved

and partially conjectured in the preceding chapter that for a given boundary vector

field, there exists a unique vector field that solves the constraint equations. Note also

that BDiffC(M) ∼ Diff(∂M).

So as a result we identify our space of vacua as the orbit of h̄ under the action of

BDiffC(M). Then this action is transitive on the orbit of the h̄ which we now declare

to be the true space of vacua V , so that V is a homogeneous space. Because of this by

proposition B.9

V ∼ BDiffC(M)/BDiffC(M)h̄ ∼ Diff(∂M)/BDiffC(M)h̄ (6.15)

where BDiffC(M)h̄ is the isotropy group of h̄. By definition these should be the isome-

tries of h̄ that are in BDiffC(M). One can see indeed that all of the isometries of h̄ is

in BDiffC(M) since

∇(iξj) = 0→ Pi(ξ) = 0 and H(ξ) = 0 . (6.16)

Remember that the reduced action we have obtained is actually a metric on the space

of vacua V . Now we move onto check whether V is a Riemannian homogeneous space

as was the case for Yang-Mills. For this we will use the equivalence of conditions

of Proposition 3.10. i.e. We will show that the scalar product we have defined is

AdBDiffC(M)/BDiffC(M)h̄ invariant. For this we retreat back to a bulk form of the scalar
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product:

〈ζ, λ〉 =

∫
∂M

ni∇(iξ
j)
ζ ξ

λ
j (6.17)

where χζ should be considered as the solution to constraint equations given a boundary

vector field ζ. Then showing AdBDiffC(M)/BDiffC(M)h̄ invariance is equivalent to showing

the invariance:

〈ζ, λ〉 = 〈ξζ , ξλ〉 = 〈φ∗ξζ , φ∗ξλ〉 (6.18)

where φ is an isometry that is boundary preserving. We show this at the infinitesimal

level, i.e. let:

〈ξζ , ξλ〉 =

∫
∂M

(
Lξζh

)
(n, ξλ) . (6.19)

Then we need to show:

δχ 〈ξζ , ξλ〉 = 〈Lχξζ , ξλ〉+ 〈ξζ ,Lχξλ〉 = 0 (6.20)

where Lχh = 0 and χ⊥
∣∣
∂M

= 0.But we have

δχ 〈ξζ , ξλ〉 =

∫
∂M

LLξζh(n, ξλ) + Lξζh (n,Lχξλ)

=

∫
∂M

Lχ
(
Lξζh(n, ξλ)

)
− (Lξζh) (Lχn, ξλ)

= −
∫
∂M

Daχ
aLξζh(n, ξλ)− (Lξζh) (Lχn, ξλ) . (6.21)

Now we use the properties of a bulk Killing vector under orthogonal decomposition:

∇(iχj) = 0→D⊥χ⊥ = aaχ
a , (6.22)

κaχ
⊥ +Daχ

⊥ +D⊥χa −Kabχ
b = 0 , (6.23)

D(aχb) + Kabχ
⊥ = 0 , (6.24)
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and also

Lχn =
(
aaχ

a −D⊥(χ⊥)
)
n−

(
D⊥χb −Kb

aχ
a
)
eb . (6.25)

So we get

Lχn = 0 and Daχ
a|∂M = 0→ δχ 〈ξζ , ξλ〉 = 0 . (6.26)

Thus we conclude that V is a Riemannian homogeneous space. Here we note one

subtlety however. Note that the scalar product 〈, 〉 is identically zero for vector fields

that satisfy:

D⊥ζa −Ka
b ζ

b = Dζ = 0 .

From (6.22) we see that the isotropy group is necessarily is in the kernel of D but not

vice verse. If the kernel of D turns out to be a bigger set then the isotropy group then

the metric on V will be degenerate. We will leave further discussion of this point to a

future study.
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7. GENERAL RELATIVITY ON A BALL

In the previous chapter we have seen which equations the adiabatic solutions we

have proposed needs to satisfy and what the action reduces into. However we have not

been able to solve the constraint equations explicitly except the case where we take the

spatial slice as the three dimensional ball of radius R and take the flat Euclidean metric

as the reference metric. For this case we were able to solve the momentum constraint

but not the Hamiltonian. In this chapter we analyze this case in more detail.

Since for each spatial slice, spatial metric is diffeomorphic to Euclidean space,

equations for this case can be written in flat coordinates, and usual 3-d vector anal-

ysis can be utilized. In fact in this special spacetime, many operators and quantities

will simplify; e.g. operations of d† and d will become divergence and curl, hodge de-

composition will become Helmholtz theorem, and by choosing a coordinate system

acceleration will vanish and two connection will be equal to extrinsic curvature, while

extrinsic curvature itself will be proportional to the flat metric. This analysis will help

us better understand the procedure we carried out and results we obtained by turning

them into an easier to visualize 3-d vector analysis. In the first section we discuss Vec-

tor Spherical Harmonics as a tool to solve vectorial differential equations. Any vector

in three dimensional Euclidean space can be uniquely decomposed into radial, “longi-

tudinal” and “transverse” components that are defined through spherical harmonics.

These components will be orthogonal. Vectorial differential equations like divergence

and curl nicely factorizes in terms of these, and turn into a one dimensional differential

equation in terms of functions of the radius as we will explain in the first section. The

momentum constraint will become the curl of curl of a vector which we solve.

In Section 7.2 we discuss this solution and what does the action look like in

this case. We discuss the isotropy subgroup of the symmetries of this action, and the

structure of the space of vacua. We comment on the consequences of the Hamiltonian

constraint.
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7.1. Vector Spherical Harmonics

It has been shown in [46] that any vector in three dimensional Euclidean space

can be expanded in terms of spherical harmonics as:

~ξ(r, θ, φ) =
∑
lm

(
ξ⊥lm(r)~Ylm + ξLlm(r)~Ψlm + ξTlm(r)~Φlm

)
(7.1)

where,

~Ylm = r̂Ylm , (7.2)

~Ψlm = r~∇Ylm , (7.3)

~Φlm = ~r × ~∇Ylm , (7.4)

where Ylms represent spherical harmonics. These three quantities are called vector

spherical harmonics which we will further name as radial, longitudinal and transverse

spherical harmonics respectively. These satisfy some very useful properties such as:

~Ylm · ~Φlm = 0 , ~Ylm · ~Ψlm = 0 , ~Φlm · ~Ψlm = 0 , (7.5)

and also

∫
εS2 ~Ylm · ~Y ∗l′m′ = δll′δmm′ , (7.6)∫
εS2~Ψlm · ~Ψ∗l′m′ =

∫
εS2~Φlm · ~Φ∗l′m′ = l(l + 1)δll′δmm′ , (7.7)∫

εS2 ~Ylm · ~Ψ∗l′m′ =

∫
εS2 ~Ylm · ~Φ∗l′m′ =

∫
εS2~Ψlm · ~Φ∗l′m′ = 0 . (7.8)

Now we would like to see how some vector differential equations are solved by using

this expansion. We start by writing down some expressions using this expansion, using
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equations (3.11a-3.14) in [46]:

~∇.~ξ =

(
1

r2

d

dr

(
r2ξ⊥lm

)
− l(l + 1)

r
ξLlm

)
Ylm (7.9)

~∇× ~ξ = −ξ
⊥
lm

r
~Φlm +

1

r

d

dr

(
rξLlm

)
~Φlm −

l(l + 1)

r
ξTlm

~Ylm −
1

r

d

dr

(
rξTlm

)
~Ψlm (7.10)

~∇× ~∇× ~ξ =

(
l(l + 1)

r2
ξTlm −

d2
(
rξTlm

)
rdr2

)
~Φlm −

l(l + 1)

r
ξ̃lm~Ylm −

d
(
rξ̃lm

)
rdr

~Ψlm (7.11)

where we use Einstein summation convention and define

ξ̃lm = −ξ
⊥
lm

r
+

1

r

d

dr

(
rξLlm

)
. (7.12)

As one can already see using this expansion vectorial differential equations will become

one dimensional differential equations in r. Lets now investigate the solutions to the

equations where the above differential expressions are set to zero.

Solution to divergence equation:

Divergence equation ~∇.~ξ = 0 is solved by setting equation (7.9) to zero. This equation

gives:

ξLlml(l + 1) = 2ξ⊥lm + r∂rξ
⊥
lm , (7.13)

thus the general solution to this equation can be written as (except l=0 term):

~ξ = ξTlm
~Φlm +

1

l(l + 1)
∂r
(
r2ξ⊥lm

)
~∇Ylm + ξ⊥lmYlmr̂ (7.14)

= ξTlm~Φlm +
1

l(l + 1)

(
r̂.~∇

(
r2ξ⊥lm

)
~∇Ylm − r2ξ⊥lm∇2Ylmr̂

)
(7.15)

which upon using [47]

~∇×
(
r̂f(r)× ~∇g

)
= r̂f∇2g − ∂f

∂r
~∇g (7.16)



93

takes the form

~ξ = ξTlm
~Φlm −

1

l(l + 1)
~∇×

(
r̂r2ξ⊥lm × ~∇Ylm

)
+
a

r2
r̂ , (7.17)

where we have also added l = 0 part.

Solution to curl equation.

Curl equation ~∇× ~ξ = 0 can be solved by setting equation (7.10) to zero. This gives:

ξ⊥lm =
d

dr

(
rξLlm

)
and ξTlm = 0 , (7.18)

thus the general solution can be written as:

~ξ =
d

dr

(
rξLlm

)
r̂Ylm + ξLlmr~∇Ylm (7.19)

= ~∇
(
rξLlmYlm

)
= ~∇f (7.20)

for arbitrary f .

Solution to curl of curl equation.

Curl of curl equation ~∇ × ~∇ × ~ξ = 0 can be solved by setting (7.11) to zero. The

coefficients of ~ξ should satisfy:

ξ̃lm → ξ⊥lm =
d

dr

(
rξLlm

)
, (7.21)

l(l + 1)

r2
ξTlm − 2

∂rξ
T
lm

r
− ∂2

r ξ
T
lm = 0 , (7.22)

where the last equation is solved as:

ξTlm = clmr
l + dlm

1

r(l+1)
. (7.23)
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Thus solution has one undetermined function of r, and written as:

~ξ =

(
clmr

l + dlm
1

r(l+1)

)
~Φlm + ~∇

(
rξLlmYlm

)
. (7.24)

We end this section by writing down the vector spherical harmonic in the spherical

coordinates.

Φlm = − 1

rsinθ
∂φYlm

∂

∂θ
+

1

rsinθ
∂θYlm

∂

∂φ
, (7.25)

Ψlm =
1

r
∂θYlm

∂

∂θ
+

1

rsin2θ
∂φYlm

∂

∂φ
. (7.26)

Thus a general spatial vector field can be written as:

ξ(r, θ, φ) = ξrlm(r)Ylm
∂

∂r
+

(
−ξ
⊥
lm(r)

rsinθ
∂φYlm +

ξ
||
lm(r)

r
∂θYlm

)
∂

∂θ

+

(
ξ⊥lm(r)

rsinθ
∂θYlm +

ξ
||
lm

rsin2θ
∂φYlm

)
∂

∂φ
(7.27)

7.2. Momentum Constraint and Action

Now we turn back to our problem. Recall that we are interested in solving GR for

Manton approximation, and concluded that in GNC they are described by spatial vector

fields on each slice, where the metric of each slice is:

h(t) = σ∗t h̄ . (7.28)

For the case at hand we will take h̄ab = δab. Here we stress again that each spatial

slice is diffeomorphic to flat space, but the spacetime will not be diffeomorphic to a

flat spacetime. So for a slice, written in its flat coordinates the momentum constraint

is:

(d†dχ)i = (∗d ∗ dχ)i = εijk∂j (εkmn∂mχn) = 0 . (7.29)
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Then we switch to the spherical coordinates and let:

h = dr2 + r2
(
dθ2 + sin2(θ)dφ2

)
. (7.30)

So that

n =
∂

∂r
, {ea} =

{
∂

∂θ
,
∂

∂φ

}
, (7.31)

and

Ya
b = Ka

b , aa = 0 . (7.32)

Boundary is the 2-sphere with radius R and the induced metric on it is:

k = R2
(
dθ2 + sin2 θdφ2

)
. (7.33)

The metric on the space of vacua becomes:

gδ (ζ, ξ) =

∫
SR

εS2
R

(ζa∂rξ
a) . (7.34)

Now let us explicitly solve the momentum constraint. We will utilize the vector spher-

ical harmonics for this. We know from Euclidean vector calculus equation (7.29) be-

comes the curl of curl so that momentum constraint becomes

Pi(χ) = ~∇× ~∇× ~χ = 0 . (7.35)

From the previous section we know the solution to this. Inside the ball we require

regularity, and for this to be true at zero we set coefficients with inverse power of r to

zero. Thus solution to (7.29) inside the ball is:

~χ = almr
l~Φlm + ~∇f(r, θ, φ) . (7.36)
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Upon this one should impose the condition nχ = χr|r=R = 0. Since ~Φlm is orthogonal

to the radial direction this only imposes:

∂rf |r=R = 0 . (7.37)

Let us expand this function in spherical harmonics as

f(r, θ, φ) = flm(r)Ylm(θ, φ) , (7.38)

then the condition becomes:

ḟlm(R) = 0 . (7.39)

Note that equation (7.36) reflects the results we have obtained in section 5.3: Solution

to the momentum constraint is composed of two parts: one exact, one coexact. This

is because

~∇ · ~Φlm = 0 . (7.40)

The coexact part is uniquely determined by its value on the boundary while the exact

part is completely arbitrary. This arbitrary part is expected to be fixed by the Hamil-

tonian constraint. In section 5.4 we have attempted to solve this constraint without

success. However since the norm of the vector field corresponding to the solution with

respect to the metric on the vacua is Hamiltonian constraint integrated on the bound-

ary, we will be able to gather some information from the expression for the metric on

the vacua.To write it down first we note

Dχa = ∂rχ
a|r=R = R

[
√
kεab∂b

(∑
l,m

(l − 1)almYlm

)
− 2kab∂b (flm(R)Ylm)

]
. (7.41)
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Note that D has a kernel such that

ker(D) =

{
χa =

∑
m=−1,01

a1m

R
εabk ∂bY1m

}
. (7.42)

Note that this exactly corresponds to the set of rotations. For this specific case the

isotropy subgroup will be equal to kerD. The reason for this is that the isotropy group

is formed of boundary preserving bulk isometries, and isometries of 3d Euclidean space

are rotations and translations, however translations are not boundary preserving. So

we conclude that our space of vacua for this case is:

V = Diff(S2)/ SO(3) (7.43)

Using the information above for the metric on the vacua we will finally have:

〈ζ(1), ζ(2)〉 = R3
∑
l,m

l(l + 1)
(

(l − 1)a
(1)
lma

(2)
lm − 2flm(R)(1)flm(R)(2)

)
. (7.44)

Hamiltonian constraint forces a solution ζ to be null with respect to this metric:

〈ζ, ζ〉 = R3
∑
l,m

l(l + 1)
(
(l − 1)a2

lm − 2f 2
lm(R)

)
= 0 . (7.45)

Note because of this, coexact and exact part are not independently solutions to the

constraint equations, a solution needs to have both of these parts.
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8. DISCUSSION

Having studied a specific example in the last chapter we conclude the thesis by

summarizing our results, discussing open issues and further directions for investigation.

In this thesis we have studied some adiabatic solutions of the theory of general relativity

by using Manton approximation. Starting out with a space-time splitted form of the

EH action in Gaussian Normal Coordinates where the spacetime is solely defined by

the metric of the spatial slices, we proposed solutions that are described as slow motion

on the space of vacua or equivalently solutions that are spacetimes whose a spatial slice

at an instant “t” is the pullback of a reference metric by a flow on it at the instant t,

i.e.

h(t) = σ∗t h̄ . (8.1)

By studying the form of the constraint equations we have concluded-with arguments

that partially relied on a conjecture about the Hamiltonian constraint- that the solu-

tions are completely defined as the null geodesics on the space of vacua with respect to

the metric we have defined. As we have discussed this metric is pseudo-Riemannian,

and the space of vacua is an infinite dimensional pseudo-Riemannian homogeneous

space diffeomorphic to

V ∼ Diff(∂M)/BDiff h̄(M) . (8.2)

Note that with this analysis one can also conclude that diffeomorphisms that do not

vanish on the boundary are not to be thought as gauge equivalences but rather as

global symmetries. This conclusion is somewhat intuitive, though not always empha-

sized, since one should expect that the coordinate transformations that changes the

boundary values of the fields of the theory should not be considered as redundancies

in the description.
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Open issues. Our analysis have resulted in a number of open issues. First we re-

mind the reader that in applying Manton approximation we ignored solutions that

could be generated by local boosts. This however was mostly due to the conceptual

difference between them. Here we note that just like given a soliton solution, one can

get other solutions by making a Lorentz boost [48]; taking a solution we have proposed

one might get another solution by making a local boost.

Another open issue is that we have only conjectured that Hamiltonian constraint

uniquely fixes the part of solutions to the momentum constraint that were in the form

of an exact form and was completely arbitrary. Even though we could use the theory

of differential forms and HMF decomposition on a manifold with boundary to prove

the existence and uniqueness of solutions to the momentum constraint since it could

be brought into a exterior calculus form, doing this does not look to be trivial for the

Hamiltonian constraint.

This brings us to the issue of solving the constraints explicitly. Note that we

could solve the momentum constraint for 3-dimensional and 2-dimensional Euclidean

spaces, we did not get specific solutions for the more general cases. This is closely

related to finding explicit harmonic forms for a manifold with general Ricci flat metric,

and it might be tackled using the results of [49]. Note that for our analysis not only

solving the constraints in the bulk is important, one also needs to impose boundary

conditions such as boundary preservingness. For example instead of a round ball of

chapter 7, one can consider an ellipsoidal boundary which should be tractable.Here we

also remind that we were not able to solve explicitly the Hamiltonian for neither 3d nor

2d Euclidean case yet, but these might also be solvable either by some more guesses or

via the tools of mathematical computer programs.

Related to the construction on the configuration space and space of vacua, one

question remained to be answered was the equivalence of kerD to the isotropy group,

or the isometries of the bulk. We have shown that all of the bulk isometries are in

kerD but it was not clear whether the inverse is also true or not. If it is not true then

we would have a degenerate metric on the space of vacua.
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We conclude this part by pointing out to potential subtleties related to the fact

that the symmetry groups, i.e. diffeomorphism groups, we considered for the study of

the homogeneous space structure. We have taken these to be Lie groups and proceeded

with the homogeneous space analysis. However in the literature it was pointed out

that the proper setting for infinite dimensional groups is what is called “Lie-Frechet”

groups [50]. These are infinite dimensional groups that are taken locally to be Frechet

spaces. Note that this subtlety is related to differentiability properties and not group

properties. Because of this we expect group related properties of our analysis, such

as the procedure of double quotient to still hold, but there might be some issues with

the smoothness of the resulting spaces. See [51] for a discussion of infinite dimensional

groups.

Future Directions. We have discussed the open issues and possible direct extensions

of the procedure we have proposed for finding adiabatic solutions of general relativity.

Let us now elaborate on connections to the literature and future directions.

We were motivated by the studies of asymptotic symmetries, but we have studied

a theory on finite spatial volume. An obvious question is whether this procedure can be

extended to infinite volume case where soft theorems appear by a limiting procedure.

One can also do this by reconsidering the procedure on a manifold without a boundary,

but a set of asymptotic fall off conditions as was considered in asymptotic symmetry

analysis.

Another direction might be the investigation of the specific relationship between

our analysis and adiabatic modes in cosmology. As we have mentioned our propositions

of solution is very much in line with the proposition of adiabatic solutions in [52]. Note

that this specific form we have used caused, together with the momentum constraint,

the theory to reduce to a theory on the boundary of the spatial slice. One might inquire

if something along similar lines happens for adiabatic modes. Note however that one

crucial difference is that while we consider slow-time solutions, adiabatic modes are

solutions that have small inhomogeneity but that turns our to be slow time as a result

of Einstein equations.
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APPENDICES: INTRODUCTION

In this appendix, we summarize the mathematical definitions and theorems one

needs to be familiar with for a study of modern theoretical physics, but the focus will be

somewhat on the tools needed to study gravitation in some form. To be more precise,

we will discuss manifolds, specifically the differentiable ones, and various objects on

them such as tensor fields, flows, forms, symplectic forms, metrics and so on. General

relativity tells us that one should consider the spacetime as a differentiable manifold

and most of the objects aforementioned has a corresponding physical reality or use

on that spacetime manifold. However in a study of theoretical physics one also often

encounters more abstract manifolds that describe things like a phase space (like a

symplectic manifold) or set of symmetry transformations (like a Lie group, which is

a differentiable manifold that happens to be a group) or a configuration space (which

can be considered as a Riemannian manifold if one can define a metric on it).

This variety in the applications of the concept of differentiable manifolds to dif-

ferent physical concepts makes it desirable to study each quantity that can be defined

on a manifold carefully, paying attention to which prerequisites each needs e.g. it is

important to notice even though one can define a Lie derivative in terms of a covariant

derivative, existence of a covariant derivative is not necessary actually, one can define

the Lie derivative on a manifold without a metric. In this note I try to keep attention

to this aspect, and definitions that have more prerequisite concepts are defined later

on e.g. Lie derivative is defined before the covariant derivative.

This appendix is thus written with the aim of collecting together the basic def-

initions we will need during the main text and set the notations used. Most of the

following is a form of summary of John M. Lee’s books, Introduction to Smooth Mani-

folds [39] and Riemannian Manifolds [53]; however ordering of the topics and examples

are original. Other references we use for this includes Robert Wald’s General Rela-

tivity [17], Wu Ki Tung’s Group Theory in Physics [54]. I have also utilized unpub-

lished lecture notes of Sadık Değer’s differentiable manifolds class and Dieter Van den
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Bleeken’s Group Theory class I have taken, and indebted to them for the knowledge I

have of these topics. Other references are cited at the places relevant in the document.

Note that we skip certain definitions that are considered self-explanatory and most of

the proofs of the theorems and propositions stated, so whenever the need for a more

precise definition more rigor is felt, references aforementioned should be consulted.
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APPENDIX A: DIFFERENTIABLE MANIFOLDS

In this chapter we start with describing differentiable manifolds: smooth spaces

that, in the vicinity of each of its points, look like Euclidean space of the same dimen-

sion. These spaces will be our basic construction, and in the following chapters we

will build upon them by adding extra structures; note for example that a differentiable

manifold does not have a metric on it, so at this stage it does not carry any information

of length. After defining them in the first section, we introduce the concepts of vec-

tors, vector fields, tensors, antisymmetric tensors, flows, Lie derivatives, orientation,

integration and foliations.

A.1. Definitions and Basic Elements

In this section we first go over the basic definitions of manifolds: topological

manifolds and differentiable manifolds-topological manifolds with a differentiable set

of maps defined on it. Then we introduce basic elements on a differentiable manifold:

tangent vectors, tensors -direct products of tangent vectors- and fields of those quan-

tities. We begin our inspection with definition of certain types of maps, that will be

frequently used thereafter.

A.1.1. Maps

Consider a map F : M → N , where M and N are two sets, then:

• F is surjective, if it covers all of N.

• F is injective, if no two elements of M are mapped to the same element of N.

• F is bijective, if it is both surjective and injective.

• F is continuous at p ∈ M if any open set containing F (p) contains the image of

an open set of M containing p.

• Let M,N ⊂ R
n and F = (F1, ..., Fn). If all Fi are k-times differentiable, i.e. each

Fi is continuous and all first k derivatives of it exists, then F is called a Ck map.



109

A C∞ map is also called a smooth map.

• If F is continuous, and if its inverse exists and also continuous, then F is a

homeomorphism.

• Let M,N ⊂ R
n.If F is differentiable, and if its inverse exists and also differen-

tiable, then F is a diffeomorphism.

A.1.2. Manifolds

Topological Manifolds.

Definition A.1. For any set K and any collection T = {Ui} of some subsets Ui of K,

(K,T ) called a topology if

(i) ∅, K ∈ T .

(ii) Any union of Ui’s is an element of T .

(iii) Any intersection of any finite number of Ui is an element of T .

If (K,T ) is a topology then K is called a topological space and Ui is called an open

set. A subset V of K is called a closed set if V c ≡ K − V is an open set.

Definition A.2. A topological manifold M of dimension n is a topological space with

the properties:

(i) M is Hausdorff: ∀ p, q ∈ M there exists some open subset Up, Uq of M , where

p ∈ Up and q ∈ Uq such that Up ∩ Uq = ∅.

(ii) Each point of M has a neighborhood U homeomorphic to an open set of Rn with

a homeomorphic map φ.

(iii) M has a countable basis of open sets.

(U, φ) is called a coordinate neighborhood and also sometimes a chart. Two coor-

dinate neighborhoods are said to be C∞ compatible if the change of coordinates from

one to the other on an overlapping region is C∞.
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Differentiable Manifolds.

Definition A.3 (Smooth Manifold). A differentiable (or smooth) manifold (M,A) is

a topological manifold M together with a smooth structure A on it which is a family

A = {(Uα, φα)} of coordinate neighborhoods, called an atlas, such that:

(i) The union of Uα’s cover M .

(ii) For any α, β the neighborhoods (Uα, φα) and (Uβ, φβ) are C∞ compatible.

(iii) Any coordinate neighborhood compatible with every coordinate neighborhood in

A is itself in A. (Maximality)

If (M,A) is a smooth manifold, a coordinate neighborhood contained in the given

smooth atlas is called a smooth chart.

Differentiability on Manifolds. A function f : M → R is called smooth if for every

point p ∈ M , there exists a smooth chart (U, φ) s.t. p ∈ U and f̂ ≡ f ◦ φ−1 is smooth

on φ(U). Set of all smooth functions on M is a vector space called C∞(M).

Let M and N be smooth manifolds and F : M → N be map. F is smooth if ∀ p ∈ M

there exists smooth charts (U, φ) containing p and (V, ψ) containing F (x) s.t F (U) ⊂ V

and ψ ◦ F ◦ φ−1 is smooth from φ(U) to ψ(V ).

A.1.3. Derivation on Manifold and Tangent Space

Definition A.4. Let M be a smooth manifold. The map X : C∞(M)→ R is called a

derivation at p ∈M if it satisfies the linearity and Leibniz properties, i.e.:

(i) X(αf + βg) = αX(f) + βX(g),

(ii) X(fg) = X(f) g|p + f |pX(g),

where α, β ∈ R, f, g ∈ C∞(M). Set of all derivatives of C∞(M) at p is called the
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tangent space TpM and it is a vector space since:

(i) (X + Y )(f) = X(f) + Y (f),

(ii) (αX)(f) = αX(f).

An element of TpM is thus called a tangent vector at p.

Definition A.5 (Pushforward). Let F : M → N be a smooth map, and X be a

derivation at p ∈M . The pushforward of F , F∗ : TpM → TF (p)N is defined by:

(F∗X)f ≡ X(f ◦ F ) f ∈ C∞(N) . (A.1)

Note that:

(i) F∗X is a derivation at F (p).

(ii) F∗ is also called the differential of F .

Pushforward of Tangent Vectors in R
n to M . Note that ∂

∂xi
at a point in R

n is a

derivation; and it is well defined on all points in R
n. Let (U, φ) be a smooth chart on

M . Since φ is a diffeomorphism, it has an inverse φ−1 : Rn → M . Thus at a point

p ∈M one can define:

∂

∂xi

∣∣∣∣
p

≡
(
φ−1
)
∗

(
∂

∂xi

)∣∣∣∣
φ(p)

. (A.2)

Note the slight abuse of notation here, this notation will be/is used throughout this

document/in the literature, i.e. when someone talks about ∂
∂xi

, generally this definition

is meant; the cases where it is not should be clear from the context. Note also that

for every “geometric vector” at a point in R
n there exists a directional derivative and

vice versa. Thus the tangent space at a point in R
n is n-dimensional. Since φ is a

diffeomorphism, φ∗ is an isomorphism, and thus the tangent space at point in M is

also n-dimensional.
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A.1.4. Vector Fields and Tangent Bundles

Definition A.6 (Tangent Bundle). Tangent Bundle TM is the disjoint union of tan-

gent spaces at all points of M :

TM =
∐
p∈M

TpM . (A.3)

Elements of TM are denoted as (p, v). TM is a 2n dimensional smooth manifold.

(Dimensionality can be seen from R
n case with an argument close to above, for the

proof of the smoothness see [39], pg.66.)

Definition A.7 (Vector Field). Vector field is a continuous map Y : M → TM

with the property Π ◦ Y = 1M ; where 1M : M → M is the identity map on M and

Π : TM →M is the projection Π(p, v) = p. Y maps p→ Yp s.t. Yp ∈ TpM .

Vector fields possess the following properties:

• Action of a vector field Y on a function f is another function given by:

Y f(p) = Ypf . (A.4)

• Set of all vector fields on M , denoted by X(M), is a vector space

(i) linear under pointwise addition and scalar multiplication: (aY + Z)p =

aYp + bZp, where a, b ∈ R,

(ii) whose zero element is the vector field which is zero everywhere,

(iii) and on which a multiplication by a smooth function is defined pointwise:

fY |p = f(p)Yp .

• Y ∈ X(M) is a derivation on M since it satisfies the linearity and Leibniz rules:

Y (fg) = fY (g) + gY (f) , (A.5)

where f, g functions on M .
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F-related Vector Fields. Let F : M → N be a map and X be a smooth vector field on

M . If there exists a smooth vector field X̃ on N such that

F∗(Xp) = X̃F (p) ∀p ∈M , (A.6)

X and X̃ are said to be F -related. Existence of X̃ is guaranteed only if F is a dif-

feomorphism, i.e. if F is a diffeomorphism, then for every smooth vector field on M

there is a unique F -related smooth vector field on N . This vector field is called the

pushforward of vector field X by F.

Definition A.8. A vector bundle of rank-k over M is a topological space that is a

collection of k-dimensional real vector spaces at each point of the manifold such that

at each point there exists a neighborhood U so that collection of these vector spaces

at this neighborhood is diffeomorphic to U × R
k.

Note that TM is a smooth vector bundle of rank n over M .

A.1.5. Covectors and Tensors

Definition A.9. Cotangent space at a point p in a manifold M is the dual space of

the TpM , denoted by TpM
∗. Disjoint union of all cotangent spaces on a manifold is

cotangent bundle. An element of the cotangent bundle is called a covector field.

Definition A.10 (Pullback). Let F : M → N be a smooth map, then F ∗ : TF (p)N
∗ →

TpM
∗ is called the pullback of F and its action given by:

(F ∗ω)X ≡ ω(F∗X) , (A.7)

where X ∈ TpM and ω ∈ TF (p)N
∗. Generalization of this to covector field is trivial.

Note that for a smooth map F : M → N pullback of a covector field on N is always

guaranteed to exists, i.e. inverse of F is not needed to exists.
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Definition A.11 (Differential of a function). Let f be a smooth function on M .

Differential of f is a covector field, denoted df , defined as:

df(Xp) = Xp(f) . (A.8)

This definition asserts that df is a smooth covector field.

Let φ = (x1, ..., xn) be a coordinate chart of M .Then xi is a smooth function on

M . dxi is dual to the basis ∂
∂xi

, i.e. dxj
(
∂
∂xi

)
= δji .

Definition A.12 (Tensors). A type (k,l) tensor on a vector space V is a multilinear

map,

V ∗ ⊗ · · · ⊗ V ∗︸ ︷︷ ︸
k

⊗V ⊗ · · · ⊗ V︸ ︷︷ ︸
l

→ R

denoted by T kl . The space of type (k,l) tensors on V is defined as

T (k,l)(V ) = V ⊗ · · · ⊗ V︸ ︷︷ ︸
k

⊗V ∗ ⊗ · · · ⊗ V ∗︸ ︷︷ ︸
l

.

Definition A.13 (Tensor Bundles and Tensor Fields). The bundle of type (k,l) tensors

on a smooth manifold M is defined by

T (k,l)TM =
∏
pεM

T (k,l)(TpM) . (A.9)

A section of a type (k,l) tensor bundle is a type (k,l) tensor field.

Pullback of Tensor Fields. Let F : M → N be a smooth map and A be a (0,k) type

tensor field on N . The pullback of A by F is defined by

(F ∗A)p(v1, ..., vk) = A((F∗v1)p, ..., (F∗vk)p) . (A.10)
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If F is a diffeomorphism then this can be generalized to type (k,l) tensor fields:

(F ∗A)p(ω1, ..., ωk, v1, ..., vl) = A((F−1)∗ω1, ...(F
−1)∗ωk, F∗v1) . (A.11)

A.1.6. p-forms and Exterior Derivative

Definition A.14 (p-Covectors). A p-covector is a (0,p) tensor which is completely

antisymmetric. A 0-covector is a function and a 1-covector is a (0,1) tensor. The

vector space of all p-covectors on V is denoted by Λp (V ∗).

Definition A.15 (Wedge Product). Wedge product of a p-covector A and a q-covector

B is defined as

(A ∧B)µ1...µp+q =
(p+ q)!

p!q!
A[µ1...µpBµp+1...µp+q ] . (A.12)

Definition A.16. Let V be a finite dimensional vector space. For each v ∈ V we

define the interior multiplication by v to be the map iv : Λp(V ∗) → Λp−1(V ∗) such

that:

ivα(w1, . . . , wp−1) = α(v, w1, . . . , wp−1) (A.13)

where α ∈ Λp(V ∗), and we interpret ivα = 0 when k=0, i.e. when α is a number. ivα

is also denoted as vyα.

Proposition A.1. Let α be a covariant k-tensor on a finite-dimensional vector space

V . The following are equivalent:

(i) α is a k-covector.

(ii) α(v1, ..., vk) = 0 whenever the k-tuple {v1, ..., vk} is linearly dependent.
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Definition A.17 (p-form). The subset of T (0,p)TM consisting of p-covectors is denoted

by ΛpT ∗M :

ΛkT ∗M =
∏
pεM

Λk(T ∗pM) . (A.14)

A section of ΛpT ∗M is called a (differential) p-form: it is a tensor field which is a

p-covector at each point.

Wedge product and interior product are generalized for p-forms as pointwise operators.

The set of smooth p-forms on a manifold M form a vector space denoted by Ωp(M).

Definition A.18 (Exterior Derivative). Exterior derivative is a map d : Ωp(M) →

Ωp+1(M) given by:

(dA)µ1...µp+1 = (p+ 1)∂[µ1Aµ2...µp+1] . (A.15)

For a 0-form exterior derivative is the differential.

A p-form A is called

• closed if dA = 0,

• exact if A = dw, for w some p-1 form.

Note that every exact form is closed, but not every closed form is exact. Closed forms

that differ from each other by a exact form constitutes equivalence classes. Quotient

by this equivalence relation is has a special definition:

Definition A.19 (deRham Cohomology Group). deRham Cohomology Group is the

quotient

Hp
dR(M) ≡ Zp(M)

Bp(M)
≡ closed p-forms on M

exact p-forms on M
. (A.16)
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It turns out that deRham cohomology groups are closely related with the topological

properties of manifolds. More specifically:

Lemma A.2 (Poincare Lemma). [55] On a manifold that is contractible to a point any

closed form is exact.

This means all deRham cohomology groups of a manifold contractible to a point

is trivial. Further results on deRham cohomology groups are as follows [39], [55]:

• H0
dR(M) ∼= R if M is connected.

• H0
dR(M) ∼= R⊕ ...⊕ R if M has n-connected pieces.

• H1
dR(R) = 0

• for n ≥ 1

Hp
dR(Sn) ∼=

{
R if p = 0 or p = n , 0 if 0 < p < n . (A.17)

A.2. Flows and Lie Derivative

A.2.1. Integral Curves and Flows

Definition A.20 (Integral Curve of a Vector Field). Let X be a smooth vector field

on a smooth manifold M . Integral curve of X is a smooth curve γ : J → M , where J

is an open subset of R, such that

γ′(t0) ≡ γ∗

(
d

dt

∣∣∣∣
t0

)
= Xγ(t0) , (A.18)

where Xγ(t) is the vector field evaluated at the point γ(t)-which is a tangent vector.

This is a first order differential equation, thus given an initial condition, i.e. an

initial point on manifold γ maps to, there is a unique solution; thus integral curves of

a vector field do not cross. But there is no guarantee that solution exists everywhere

on manifold, thus finding a global integral curve may not always be possible. A vector
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field is called complete if it has a global integral curve.

A collection of integral curves are often called a congruence. We will now define “

flow”, which is a particular congruence of curves.

Definition A.21 (Flow). A flow is a continuous map σ : R×M →M such that

(i) σ(t, σ(s, p)) = σ(t+ s, p) ,

(ii) σ(0, p) = p .

Every global flow, also called the one parameter group action is derived from the

integral curves of some vector field, i.e. let σ be a smooth global flow, and let V the

vector field obtained by setting Vp to be the tangent vector of σ(p, t), then V will be

a smooth vector field. But a flow may not be defined everywhere on the manifold for

every vector field. Following can be defined by using flows:

(i) Fixing t define σt(p) ≡ σ(t, p) : M → M , then σt is a homeomorphism; if σ is

smooth then σt is a diffeomorphism.

(ii) Fixing p define σp(t) ≡ σ(t, p) : R → M , then σp is an integral curve starting at

p.

Let σ : R ×M → M be a smooth global flow. One can define a tangent vector at

each point p ∈ M by Vp = σp′(0). The assignment p → Vp is a vector field, called the

infinitesimal generator of σ.

Example A.1 (Active and Passive Transformations, Diffeomorphisms, Infinitesimal Dif-

feomorphisms). Let’s consider a manifold M with coordinate chart φ(p) = (t, x, y, z),

and let F : M → N be a diffeomorphism. Also let ψ(p′) = (t̄, x̄, ȳ, z̄) be a coordinate

chart on N so that:

ψ ◦ F ◦ φ−1(t, x, y, z) = (t̄F (t, x, y, z), x̄F (t, x, y, z), ȳF (t, x, y, z), z̄F (t, x, y, z)) , (A.19)

Note that this illustrates what is known as active and passive transformations in
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physics: One can think at the manifold level and say what we are doing is a dif-

feomorphic mapping F from one manifold to the other(active) or at the chart level and

say we are doing a coordinate transformation ψ ◦ F ◦ φ−1 (passive).

Let us now pick the coordinate charts such that an identity diffeomorphism does not

change the values of coordinates i.e.:

ψ ◦ 1 ◦ φ−1(t, x, y, z) = (t̄1(t, x, y, z), x̄1(t, x, y, z), ȳ1(t, x, y, z), z̄1(t, x, y, z))

= (t, x, y, z) . (A.20)

Now I will take F (p) = σβ(p) ∀p ∈M for a given, where σ is a flow. Note that σβ is

a one-parameter set of diffeomorphisms. Then:

lim
β→0

(t̄, x̄, ȳ, z̄) = (t, x, y, z) + β
dσp(β)

dβ

∣∣∣∣
β=0

= (t, x, y, z) + βVp . (A.21)

For example consider the transformation which is known as boost in physics:

ψ ◦ σβ ◦ φ−1(t, x, y, z) = (cosh(β)t+ sinh(β)x, cosh(β)x+ sinh(β)t, y, z) . (A.22)

Note that β = 0 corresponds to identity transformation.Corresponding vector field that

generates this transformation is then:

dσp(β)

dβ

∣∣∣∣
β=0

= (sinh(β)t+ cosh(β)x, sinh(β)x+ cosh(β)t, y, z)|β=0

= (x, t, 0, 0) (A.23)

i.e.

V = x
∂

∂t
+ t

∂

∂x
. (A.24)
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One can also start with the vector field on M and get a complete flow defined on M .

σ(t0,x0,y0,z0)(β) = (t(β), x(β), y(β), z(β)) , (A.25)

dσp(β)

dβ

∣∣∣∣
β=0

= (t′(β), x′(β), y′(β), z′(β)) = (x, t, 0, 0) , (A.26)

solving t′ = x and x′ = t with the initial conditions t(0) = t0 and x(0) = x0 will give

us back the full flow given above.

A.2.2. Lie Derivatives

Recall that a vector field X acting on a smooth function f on a manifold M is

a derivation at all points on the manifold. One can express this action in terms of the

flow σX of X:

X(f) = σ∗

(
d

dt

)
f =

d

dt
(f ◦ σX) =

f(σX(t+ dt))− f(σX(t))

dt
. (A.27)

This gives us a more familiar expression of the derivation of f. Note that it is also

possible to get a similar expression by writing X as a pushforward of ∂
∂xi

.

To take the “derivative” of a vector field, we can try acting on it by another vector

field. i.e. Let us try to define DX acting on X(M) such that for Y ∈ X:

DXY (f) = X(Y (f)) . (A.28)

However DXY does not satisfy the rules of derivation:

DXY (fg) = X(Y (fg)) = X(f)Y (g) +X(g)Y (f) + gXY (f) + fXY (g) . (A.29)

If we instead define:

LXY (f) = X(Y (f))− Y (X(f)) , (A.30)
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then LXY satisfies the rules of derivation and thus an element of X(M) if X, Y ∈ X(M).

One can also see that an equivalent definition is:

LXY |p = lim
t→0

(χ−t)∗Yχt(p) − Yp
t

. (A.31)

Lie Derivative of Tensors. Above definition can be generalized to arbitrary (k,l) ten-

sors:

LXA|p = lim
t→0

(χt)
∗Aχt(p) − Ap

t
. (A.32)

Some properties of the Lie derivative is as follows:

(i) It is linear in second argument over R i.e. LX(aY + bZ) = aLX(Y ) + bLY (Z).

(ii) It is not linear in second argument over C∞(M) i.e. LX(fY ) = X(f)Y +fLX(Y ).

(iii) It is linear in first argument over R i.e. LaX+bY (Z) = aLX(Z) + bLY (Z).

(iv) It is not linear in first argument over C∞(M) i.e. LfX(Y ) = −Y (f)X+fLX(Y ).

(v) Let V be a smooth vector field on M and κ, η some arbitrary forms on M . Then

LV (κ ∧ η) = LV (κ) ∧ η + κ ∧ LV (η) . (A.33)

Theorem A.3 (Cartan’s Magic Formula). On a smooth manifold M , for any smooth

vector field V and any smooth differential form α,

LV α = V y dα + d(V y α) . (A.34)
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A.3. Orientation and Integration

A.3.1. Orientation

Consider a real vector space V with two ordered bases {Ei} and {Ẽi}. These two

bases are called consistently oriented if the transition matrix B defined as:

Ei = Bj
i Ẽj (A.35)

between them has positive determinant. A choice of equivalence classes of consistently

oriented bases are called an orientation. Note that by definition only two different

choice of orientation is possible for a vector space.

Definition A.22 (Orientation of a Vector space). A vector space together with a

choice of orientation is called an oriented vector space.

To define an orientation for a manifold one simply chooses a set of ordered vector

fields such that at each point they have a positive orientation.

Proposition A.4. Any non-vanishing n-form ω on M determines a unique orientation

of M for which ω is positively at each point.

A manifold for which a choice of orientation cannot be made is called a non-

orientable manifold. Following facts are useful:

• A smooth manifold is called parallelizable, if there exists a global frame on it.

Every parallelizable smooth manifold is orientable.

• Every Lie group-to be defined later- has precisely two left-invariant orientations,

corresponding to the two orientations of its Lie algebra.
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A.3.2. Integration

Only meaningful integration on the manifold is integration over n-forms, if man-

ifold is n dimensional. We begin by introducing line integrals, then we define multidi-

mensional integrals over n-forms.

Covectors give a coordinate independent notion of line integrals as explained in the

following.

Line Integrals:. Consider a 1-dimensional manifold M = [a, b], and let t be

coordinates on it. Then a covector on M can be written as ω = f(t)dt, and an integral

of ω can be defined as:

∫
[a,b]

ω ≡
∫ b

a

f(t)dt . (A.36)

Proposition A.5. Let φ : [c, d]→ [a, b] be an increasing diffeomorphism. Then

∫
[c,d]

φ∗ω =

∫
[a,b]

ω . (A.37)

Definition A.23. Let γ : [a, b]→M be a smooth curve in M . Then line integral of a

smooth covector field ω over γ is defined as:

∫
γ

ω ≡
∫

[a,b]

γ∗ω , (A.38)

which also is equal to,

=

∫ b

a

ωγ(t) (γ′(t)) dt . (A.39)
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Theorem A.6 (Fundamental Theorem of Line Integrals). Let f be a smooth function

and γ : [a, b]→M be a curve on M . Then

∫
γ

df = f(γ(b))− f(γ(a)) . (A.40)

Note that from this theorem we see, integral of an exact one-form over a closed

curve is zero. In general a one-form that has an integral over a closed curve that is

zero is called a conservative one-form. Next theorem tells us this is an iff statement.

Theorem A.7. A smooth one-form on M is conservative if and only if it is exact.

This is the familiar law in classical mechanics that, work done by a force ~F is

path independent, if and only if ~F = ~∇V , where V denotes the potential.

Thus far we were only able to define an integral of a one-form over a curve on a

manifold in a coordinate invariant way. The reason for this was that the one form

defines a measure of length for a vector at a point,and does this through the curve: it

takes a vector and produces a number. Thus integral over a manifold of n-dimensions

can only be done in a coordinate invariant way if a type (0,n) tensor is given. We want

these integrals to define volume accurately.

Consider for simplicity the manifold R
n. Note that the property of multilinearity,

these integrals over (0,n) tensors on R
n will satisfy the property that if a vector is

scaled by a number, then the volume is scaled by the same number; also if two vectors

are added, resulting volume will be the addition of corresponding two volumes.

However (0,n) tensors will lack one important property that an n-volume should satisfy:

if the set of n vectors acted by the tensor is linearly dependent then the volume should

be zero. Thus instead of (0,n) tensors, n-forms should be used. So a n-dimensional

integral over o manifold can only be over n-forms.
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The generalization of n-dimensional integrals to arbitrary manifolds is made as fol-

lows:

Definition A.24 (Integral over a manifold). Integral of an n-form over a region U of

an n-dimensional manifold is defined as:

∫
U

ω ≡= ±
∫
φi(U)

(φ−1)∗ω (A.41)

where +/− is for a positively/negatively oriented chart.

Theorem A.8 (Stokes’ Theorem). Let M be a smooth manifold of dimension n, and

∂M its boundary with the map i : ∂M →M then,

∫
M

dα =

∫
∂M

i∗α , (A.42)

where α is n-1 form.

Note that this is the analogue of fundamental theorem of line integrals for n-

dimensional manifolds.

A.4. Submanifolds and Foliations

A.4.1. Submanifolds

Let F : M → N be a smooth map, rank of F at a p ∈M is the rank of the linear

map (F∗)p : TpM → TF (p)N . If F has the same rank r at every point on M , then we

say F has a constant rank r. An F that has a full rank everywhere is said to be:

• submersion if rank(F ) = dim(N),

• immersion if rank(F ) = dim(M),

• embedding of M into N if F is a smooth immersion that is also a topological

embedding.
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Definition A.25 (Embedded Submanifold). An embedded submanifold of M is a

subset S ⊆ M that is a manifold in the subspace topology, endowed with a smooth

structure with respect to which the inclusion map i : S →M is a smooth embedding.

For the purposes of this document, when we say submanifold we always mean an

embedded submanifold unless otherwise stated. A submanifold S is called an hyper-

surface if it has a dimension 1 less than of the ambient manifold M .

Proposition A.9 (Tangent Space of a Submanifold). Suppose M is a smooth manifold

with or without boundary, S ⊆M an embedded submanifold, and p ∈ S. Following are

two ways of characterizing the tangent space of a submanifold:

• A vector v ∈ TpM is in TpS if and only if there is a smooth curve γ : R → M

whose image is contained in S, and which is also smooth as a map into S, such

that γ(0) = p, and γ′(0) = v.

• TpS = {v ∈ TpM : vf = 0 whenever f ∈ C∞(M) and f |S = 0}

Similarly if X is a smooth vector field on M then X is a vector field of S if and only

if (Xf)|S = 0 for every f ∈ C∞(M) such that f |S = 0.

Vector fields along a submanifold Given an embedded submanifold S ⊆ M , a sec-

tion of the ambient tangent bundle TM |S is called a vector field along S. It is a map

X : S → TM such that Xp ∈ TpM for each p ∈ S. Note that this is different from a

vector field on S, where Xp ∈ TpS at each point.

A.4.2. Orientation of a Submanifold

Let M be an oriented n dimensional manifold, and S be a hypersurface in it.

Let N be a vector field along S that is nowhere tangent to S. Then one can give

S a unique orientation such that at every point p on S via this vector field N such

that: {E1, ...En−1} is an oriented basis for TpS if and only if {Np, E1, ...En−1} is an

oriented basis for TpM . If ω is an orientation form for M then inclusion of Nyω is an



127

orientation form for S.

Example A.2. Consider S2 embedded in R
3:

S2 =
{

(x, y, z) : x2 + y2 + z2 = 1
}
. (A.43)

Normal vector

N = r
∂

∂r
= x

∂

∂x
+ y

∂

∂y
+ z

∂

∂z
(A.44)

is a vector field along S2 that is nowhere tangent to it. Right handed choice of orien-

tation for R3 is provided by the orientation form

ω = dx ∧ dy ∧ dz (A.45)

then

Nyω = xdy ∧ dz + ydz ∧ dx+ zdx ∧ dy (A.46)

is a choice of orientation for S2.Going to the spherical coordinates you get:

Nyω = sin θdφ ∧ dθ , (A.47)

the standard choice of orientation for the sphere.

Remark (An application of the Stokes’ Theorem). If S ⊆ M is a oriented compact

smooth k-dimensional submanifold with or without boundary, and ω is a closed k-form

on M and
∫
S
φ∗ω 6= 0, where φ is the embedding of S in M then:

(i) ω is not exact on M .

(ii) S is not the boundary of an oriented compact smooth submanifold with boundary

in M .
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A.4.3. Distribution and Integral Manifold

Definition A.26 (Distribution). A smooth distribution D on M of rank-k is a rank-

k subbundle of TM , i.e. it is the smooth disjoint union of set of linear subspaces

Dp ∈ TpM of dimension k over all points p ∈ M . Smoothness is ensured if around

all points on M there exists a coordinate neighborhood such that there exists k vector

fields that form a basis for all points in that neighborhood.

Definition A.27 (Integral Manifold). A non-empty immersed submanifold N ⊂M is

called an integral manifold of D if TpN = Dp for all p ∈ N .

Example A.3. A no-where vanishing smooth vector field V is a smooth rank-1 distri-

bution and image of any integral curve of V is an integral manifold of V .

Definition A.28 (Integrable Distribution). D is called an integrable distribution if

each point of M is contained in an integral manifold of D.

Definition A.29 (Involutive Distribution). If for any vector fields that X, Y that are

sections of D, [X, Y ] is also a section of D then D is called an involutive distribution.

If D is involutive then space of smooth global vector fields of D is a Lie subalgebra of

the space of smooth global vector fields of M , X(M).

Proposition A.10. Every integrable distribution is involutive.

Proof. Let X, Y be smooth vector fields of D, and let N be an integral manifold of D

containing p. Then X, Y are tangent to N , so [X, Y ] is tangent to N .

An alternative definition of a smooth distribution is given via forms as follows:

Proposition A.11 (Defining Forms). D is a smooth distribution of rank-k if and only

if at each point p ∈ M has a neighborhood U on which there are smooth 1-forms

ω1, ..., ωn−k such that for each q ∈ U ,

Dq = Ker(ω1)|q ∩ ... ∩ Ker(ωn−k)|q . (A.48)
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Proof. Let Y1, ...., Yk span D. Complete these to a smooth local frame Y1, ..., Yn for

M . Then there exists a smooth dual coframe ω1, ..., ωn such that ωi(Yj) = δji , then

Y1, ..., Yk will be in Ker(ωk+1) ∩ ... ∩Ker(ω)n.

Such set of ω1, ..., ωn−k are called local defining forms for D.

A p-form η is said to annihilate D if η(X1, ..., Xp) = 0 whenever X1, ..., Xp are lo-

cal sections of D; and this is the case if and only if η can be written in the form:

η =
n−k∑
i=1

ωi ∧ βi (A.49)

where β1, ..., βn−k are some smooth (p-1) forms, and {ωi} are defining forms.

Proposition A.12. D is involutive if and only if for any smooth 1-form η that anni-

hilates D on a U ⊂M , dη also annihilates D on U .

Proof. Let D be involutive, and η annihilates D. Then for any smooth sections X, Y

of D

dη(X, Y ) = X(η(Y ))− Y (η(X))− η([X, Y ])) = 0 . (A.50)

Conversely let ω1, ..., ωn−k be local defining forms for D, then for each i:

ωi([X, Y ])) = X(ωi(Y ))− Y (η(X))− dωi(X, Y ) = 0 (A.51)

thus D involutive.

A coordinate chart (U, φ) on M is called flat for D if φ(U) is a cube in R
n;

and at a point that belong to U , D is spanned by,lets say, first k coordinate vector

fields ∂
∂x1
... ∂
∂xk

. In any such chart, each slice of the form xk+1 = ck+1&...&xn = cn for

constants ck+1...cn, is an integral manifold of D. We say D is completely integrable,
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if such chart exists for D in a neighborhood of each point of M . Note that every

completely integrable distribution is integrable, thus involutive; the theorem we next

give without proof shows this relation is an if and only if statement, i.e.:

Theorem A.13 (Frobenius Theorem). Every involutive distribution is completely in-

tegrable.
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APPENDIX B: LIE GROUPS

In this chapter we discuss a special type of differentiable manifold: manifolds

with group structure. Concept of a group is used to describe symmetries in physics.

In the first section we define what a group is and discuss properties of finite groups.

Then we move onto Lie groups which has infinite number of elements i.e. groups

that have a manifold structure. In gauge theories the solutions that are related to each

other via gauge transformations are called physically equivalent. Gauge symmetries are

considered as redundancies in the description, and thus sometimes it will be desirable

to get rid of them. The procedure to define a space where equivalent elements are

represented by a single quantity is called quotienting. We will see how this procedure

works for finite and Lie groups. By virtue of group actions, which we define in the

following, one can also quotient manifolds with a group action on them, and if the

action has appropriate properties the resulting space will be a smooth manifold, as

discussed in section B.3. We conclude with homogeneous spaces, the manifolds with a

transitive action on them.

B.1. Groups

B.1.1. Introduction

Definition B.1. A group (G, .) is a set G with a multiplication law . : G×G → G such

that

(i) ∃ an identity element of . , called e.

(ii) ∃ inverse of each element

(iii) . is associative

Definition B.2. A group homomorphism α is a map (G1, .)→ (G2, ∗) such that:

α(g1.g2) = α(g1) ∗ α(g2) for g1, g2 ∈ G (B.1)
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a bijective homomorphism called an isomorphism.

Definition B.3 (Subgroup). A subgroup H of G is a subset of G that is a group under

the same multiplication “.”.

B.1.2. Cosets and Normal Subgroups

Definition B.4 (Conjugacy of group elements). g1 ∈ G is conjugate to g2 ∈ G if there

exists a h ∈ G such that g1 = hg2h
−1.Note that conjugacy is an equivalence relation.

Definition B.5 (Coset). If H is a subgroup of G it’s (left) coset with respect to g ∈ G

is:

gH = {gh1, ..., ghm} . (B.2)

(Left) Cosets define an equivalence relation, they either completely overlap or are

completely disjoint; i.e. they partition G. The set g1H, ..., gkH of all distinct cosets of

G is denoted by G/H. Note that:

(i) A coset of a subgroup might not be a subgroup itself.

(ii) G/H might not be a group itself.

(iii) Left coset partitioning might be different than right coset partitioning.

Definition B.6 (Normal Subgroup). A subgroup whose left cosets equal to its right

cosets is called a normal subgroup, i.e. a subgroup H is normal if gHg−1 = H for all

g ∈ G. This means that H is made up of complete conjugacy classes i.e. if a ∈ H

then gag−1 ∈ H for all g ∈ G. Note that this is not necessarily true for a coset of any

subgroup.

Theorem B.1. If H is a normal subgroup of G then G/H is a group. This group is

called a quotient group.
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Theorem B.2 (First Isomorphism Theorem). Let f be an homomorphism on G then,

Ker(f) is a normal subgroup and G/Ker(f) is isomorphic to Im(f), i.e. G/Ker(f) ∼=

Im(f).

Definition B.7 (Center of a group). The set

Z(G) ≡ {g ∈ G : gh = hg ∀h ∈ G} (B.3)

is called the center of a group. Note that it is a normal subgroup of G.

B.1.3. Representations

Representations are concrete realizations of groups, more specifically: a represen-

tation T of a group G is a homomorphism to GL(V, F ), where V is a vector space over

the field F .

• Two representations T1 and T1 are equivalent if there exists a S ∈ GL(V, F ) such

that T1(g) = ST2(g)S−1 for all g ∈ G.

• A representation is called faithful if it is injective.

• dim of representation=dim(V).

Definition B.8. Unitary representation is a representation on the Hilbert space such

that T (g)† = T (g−1) = T (g)−1.

Every representation of a finite group can be made into a unitary representation,

By redefining the inner product.

Definition B.9. A representation T of a G on V called reducible iff there exists a

nontrivial linear subspace W ⊂ V such that T (g)W ⊆ W for all g ∈ G, otherwise T is

called irreducible.

Theorem B.3 (Shur’s Lemma). Let T and U be two irreducible representations of a

group on vector spaces V and W respectively. If there exists an operator S : V → W

such that ST = US, then either S = 0 or S is invertible.
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For T = U (and thus V = W ), this will give us that for an irreducible represen-

tation T if there exist an operator S such that it commutes with all of matrices of T

then S = c1.

Using Shur’s Lemma one can also show that every unitary representation is completely

reducible i.e. can be written as direct sum of irreducible representations. Hence every

representation of a finite group is also completely reducible.

Theorem B.4 (Fundamental Orthogonality Theorem). Take two irreducible represen-

tations Tα,Tβ of a group G then

∑
g∈G

Tα(g)ikTβ(g−1)lj =
nG

dim(Tα)
δαβδijδkl (B.4)

where nG is the number of elements in G.

Corollary B.5. Number of inequivalent irreducible representations are finite.

B.2. Lie Groups

B.2.1. Lie Groups and Action of Group on a Manifold

Definition B.10. Let G be a group and a differentiable manifold without boundary,

then G is a Lie group, if group multiplication and the inversion maps are smooth.

An easy example of Lie Groups are set of invertible matrices of any dimension, called

the matrix group, where the elements are square matrices, the group multiplication

operation is matrix multiplication, and the group inverse is the matrix inverse. Set if

invertible real matrices of dimension n is denoted by GL(n,R)

Lie group homomorphism from a Lie group G to another Lie group H is a smooth

map F : G → H that is also a group homomorphism. It is called a Lie group isomor-

phism if it is also a diffeomorphism.
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Definition B.11 ( [39] pg.156). A Lie subgroup of a Lie group G is a subgroup of

G endowed with a topology and smooth structure making it into a Lie group and an

immersed submanifold of G.

Definition B.12 (Action of a Group on a Manifold). Let G be a group with identity

element e and let M be a set. (Left) Action of G on M is a map θ : G ×M → M :

(g, p) 7→ g ∗ p that satisfies:

(i) g1 ∗ (g2 ∗ p) = (g1.g2) ∗ p where “.” is the group multiplication of G.

(ii) e ∗ p = p

If G is a Lie group, M a smooth manifold and θ smooth then action is called to be

smooth.

One can also define θg : M → M such that θg(x) = g ∗ x. Then (θg)
−1 = θg−1 ;

thus if θ is smooth then θg is a diffeomorphism.

Note that a flow on a manifold, as defined in chapter on Differentiable Manifolds,

also named as one-parameter group action is an action φ of the group (R,+) on M .

If M is also a Lie group φ is called the one-parameter subgroup of M .

Some properties of group action. Let θ : G × M → M :(g, p) → g ∗ p be an action

of a group G on a set M , then

(i) Orbit of p= {g ∗ p|g ∈ G}

(ii) If orbit of p=p, then p is a fixed point of G on M .

(iii) If orbit of p=M for all p ∈M , then θ is transitive on M .

(iv) Isotropy group or stabilizer of p ∈M is Gp = {g ∈ G|g ∗ p = p}.

(v) θ is said to be free if Gp = e for all p ∈M .

Definition B.13 (Maps between manifolds that are Equivariant under some Group

action). Let G be a group and θ and α its (left) action on M and N respectively. A
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map F : M → N is said to be equivariant if

α(g, F (p)) = θ(g, p) (B.5)

for all g ∈ G, p ∈M .

Definition B.14 (Left Translation on Lie groups). Let L : G ×G → G be an action of

the Lie group G on itself so that L(a, g) = a.g where . is the group multiplication of

G. Then La is a diffeomorphism, called the left translation.

(i) Every Lie group acts smoothly, freely, transitively on itself by left translation.

(ii) Every Lie group acts smoothly on itself by conjugation: θ(g, h) = ghg−1.

A right translation can also be defined the same way where R(a, g) = g.a or more

suggestively Ra(g) = g.a.

Definition B.15 (Left-invariant Vector Field). A vector field X on G is left-invariant

if it is La related to itself for all a ∈ G; i.e.

(La)∗X|g = X|a.g . (B.6)

B.2.2. Lie Algebra of a Lie Group

Set of all smooth left-invariant vector fields is a linear subspace of X(M), and

it is closed under lie bracket i.e. if X, Y are smooth left-invariant vector fields, then

[X, Y ] also is; thus they form a Lie algebra under the usual Lie bracket.

Definition B.16 (Lie Algebra of a Lie Groups). Lie algebra of all smooth left-invariant

vector fields of a Lie group G with the usual Lie bracket of vector fields is called the

Lie algebra of G and denoted by Lie(G).

Note that set of all smooth vector fields is also a Lie algebra, but what we call

Lie(G) is a subset of this.



137

The Lie algebra of the group GL(n,R) are set of n × n real matrices M(n,R), also

denoted by gl.

Theorem B.6. Let G be a Lie group. The map E : Lie(G)→ TeG, given by E(X) = Xe,

is a vector space isomorphism. Thus, dim(Lie(G)) = dim(G).

A Skecth of the proof. Show that 1) ker(E) = 0 i.e. if E(X) = 0 then X = 0 2) for any

v ∈ TeG there exists a V ∈ Lie(G) so that Ve = v, i.e. left-invariant vector fields are

uniquely determined by their values at the identity.

B.2.3. Exponential Map

Definition B.17. A one-parameter subgroup of a Lie group G is a Lie group homo-

morphism γ : R→ G where R is a Lie group under addition.

Theorem B.7. The one-parameter subgroups of G are precisely the maximal integral

curves of left-invariant vector fields starting at the identity.

Definition B.18 (Exponential Map). Let G be a Lie group with Lie algebra Lie(G),

the exponential map of G, exp : Lie(G)→ G, is defined by:

exp(X) = γ(1) , (B.7)

where X ∈ Lie(G),γ is the one-parameter subgroup generated by X, or equivalently

the integral curve of X starting at the identity.

For any X ∈ Lie(G), γ̃(s) ≡ exp(sX) is the one parameter subgroup of G gener-

ated by X.

If φ : G → H is a Lie group homomorphism, then φ∗e : Lie(G) → Lie(H) is a Lie

algebra homomorphism. Moreover

φ(exp(X)) = exp(dφe(X)) . (B.8)
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B.2.4. Haar Integral Measure on Lie Groups

Let G be a compact Lie group endowed with a left-invariant orientation. Then G

has a unique positively oriented left invariant n-form ωG with the property

∫
G
ωG = 1 . (B.9)

Let I : C(G)→ R, where C(G) is set of all continuous real functions on G, such that:

I(f) ≡
∫
G
f(g)ωG , (B.10)

then I is left and right translation invariant, i.e.

I(f) = I(f ◦ Lg) = I(Rg ◦ f) ∀g ∈ G . (B.11)

The map I is called the Haar integral.

B.2.5. Adjoint Representation

The representation of a Lie Group is defined the same way with finite groups.

Given a representation φ : G → Aut(V ) on a compact Lie group G, there exists a G

invariant inner product on V i.e. there exists a inner product (., .) where

(u, v) =

∫
G
〈φ(g)u, φ(g)v〉 ωG (B.12)

such that

(φ(h)u, φ(h)v) = (u, v) ∀h ∈ G. (B.13)

Here 〈, 〉 is an inner product on V.

Now define the conjugation map Cg : G → G on a Lie group G such that Cg(h) = ghg−1,
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i.e Cg = Rg−1 ◦ Lg. Then Cg is a Lie group homomorphism.

Definition B.19 (Adjoint Representation of a Lie Group and its Lie Algebra). Let G

be a Lie group, and g its Lie algebra. The map Ad : G → Aut(g) , where

Ad(g) = Cg∗ (B.14)

is called the adjoint representation of G. The map ad : g→ End(g) ,where

ad = Ad∗ (B.15)

is called the adjoint representation of g.

Several properties are at hand:

(i) ad(X)Y = [X, Y ], for X, Y ∈ g.

(ii) If G is a matrix group then Ad(g)X = gXg−1 , where on the right hand side g

and X should be considered as matrices, and multiplied by matrix multiplication.

(iii) ker(Ad) = Z(G), i.e. where Z(G) is the center of G.

(iv) ker(ad) = Z(g), i.e. where Z(g) is the center of g.

Definition B.20. Killing form of a Lie algebra g is a map B : g× g→ R, such that

B(X, Y ) = tr(adX ◦ adY ) (B.16)

where ◦ is composition map of two endomorphisms. Properties of the Killing form is

as follows:

(i) B is symmetric and bilinear.

(ii) B(X, Y ) = B(Ad(g)X,Ad(g)Y ) i.e. Killing form is Ad invariant.

(iii) B(ad(Z)X, Y ) = −B(X, ad(Z)Y ).

(iv) G is semisimple if B is non-degenerate.

(v) If G is semisimple then Z(g) = 0 and Z(G) is discrete.
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(vi) If G is compact semisimple then B is negative definite.

B.3. Homogeneous Spaces

Consider a group action θ : G×M →M . Then one can define a relation ∼ on M

such that p ∼ q if they p, q are in each other’s orbits. This relation is an equivalence

relation, thus defines a partition. The set of equivalence classes i.e. the set of orbits

is denoted by M/G with the quotient topology (see [39] for a definition). If the action

θ satisfies certain conditions -smoothness,freeness,properness- that we will not define

here, M/G is a smooth manifold.

This most general definition of quotient manifold will not be of interest to us, instead

we will focus on a more special case, the homogeneous spaces. For this we generalize

the notion of quotient for finite groups to Lie groups.

Proposition B.8. Let G be a Lie group and K a closed subgroup of G. Then there

is a unique way to make G/K a manifold so that the projection π : G → G/K is a

submersion. Then G/K is called a coset manifold.

A analogous definition is in order for manifolds on which a Lie group G acts

transitively.

Proposition B.9. [38] Let θ : G ×M →M be a transitive action of a Lie group G on

a manifold M . Let K = Gp be the isotropy subgroup of a point p. Then

(i) The subgroup K is a closed subgroup of G.

(ii) Orbit of p is diffeomorphic to G/K.

(iii) The dimension of G/K is dimG − dimK

Definition B.21. A homogeneous space is a manifold with a transitive action of a Lie

group G.
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APPENDIX C: Riemannian Manifolds

In this chapter we continue building extra structures on manifolds. In the last

chapter we studied manifolds that has symmetry properties, i.e. a group structure,

whereas in this one we will talk about manifolds that has a measure of length and

angles is defined via what we call a metric. Einstein’s theory tells us that spacetime is

a pseudo-Riemannian metric, but use of study of Riemannian manifolds goes beyond

that. Most theories can be visualized as taking place on a space of configurations with

a metric on it, so that equations of motions turns out to be the geodesics with respect

to that metric.

In the following we start by giving basic definitions: after the metric, most basic

element on a Riemann manifold, we define connections, which can be independent of

the metric but generally taken with such properties that there exists unique connection

for a given metric. Concepts of curvature is then built by connection and metric.

C.1. Definitions and Basic Elements

C.1.1. Metric on a Manifold

Definition C.1 (Riemannian metric and manifold). A Riemannian metric on a smooth

manifold M is a (0,2) tensor field g which satisfies the following:

(i) gp(U, V ) = gp(V, U),

(ii) gp(U,U) ≥ 0 where the equality holds only when U = 0,

on all points p on M where U, V ∈ TpM . The manifold M endowed with such a metric

is called a Riemannian Manifold.
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Note that:

(i) Every smooth manifold admits a Riemannian metric.

(ii) The Riemannian metric determines an inner product on each tangent space.

(iii) The Riemannian metric is invertible, since it’s null space is just {0}.

(iv) For every tangent vector (covector) X at a point p on the manifold, one can

define a corresponding covector (tangent vector) using the (inverse) metric. In

the coordinate representation this is called lowering (raising) indices.

Definition C.2 (Isometry). A diffeomorphism φ from a Riemannian manifold M1 with

metric g1 to another Riemannian manifold M2 with metric g2 is called an isometry if

φ∗g2 = g1. Set of isometries of a metric forms a Lie group.

C.1.2. Connection,Geodesic,Curvature

Definition C.3 (Connection). Connection is a map (X, Y )→ ∇XY satisfying follow-

ing:

(i) It is linear in second argument over R i.e. ∇X(aY + bZ) = a∇X(Y ) + b∇X(Z).

(ii) It is not linear in the second argument over C∞(M) and satisfies ∇X(fY ) =

f∇X(Y ) +X(f)Y . This second equation is called the product rule.

(iii) It is linear in first argument over C∞(M) (as opposed to Lie Derivative) i.e.

∇fXY = f∇XY

Let {Ei} be a frame for TM and define the Christoffel symbols Γkij of ∇ by:

∇EiEj = ΓkijEk , (C.1)

then;

∇XY =
(
X(Y k) +X iY jΓkij

)
Ek = X i

(
Ei(Y

k) + ΓkijY
j
)
Ek . (C.2)
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Some properties of the connection are as follows:

(i) There is a one-to-one relation between ∇ and Γ.

(ii) Every manifold admits a linear connection.

(iii) Because of the product rule, if ∇1 and ∇2 are two connections; 1
2
∇1 or ∇1 +∇2

are not connections.

Definition of connection can be extended to arbitrary (k,l) type tensor fields such that,

for type (1,0) it agrees with the given connection and,

(i) ∇Xf = X(f),

(ii) ∇X(F ⊗G) = (∇XF )⊗G+ F ⊗ (∇XG),

(iii) ∇X commutes with any contraction of a pair of indices.

For any given connection for vector fields there will be unique generalization that

satisfies the properties above. Any such generalized connection will also satisfy the

following rule:

X
(
F (ω1, ..., Y1, ...)

)
= ∇X

(
F (ω1, ..., Y1, ...)

)
= (∇XF )(ω1, ..., Y1, ...) +

∑
i=1

F (ω1, ...,∇Xω
i, ..., Y1, ...)

+
∑
i=1

F (ω1, ..., Y1, ...,∇XY
i, ...) (C.3)

Connections alternatively can be considered as a map that takes (k,l) type tensor fields

to (k, l+1) type tensor fields. This map is called the covariant derivative and defined

as:

∇F (ω1, ..., ωl, Y1, ..., Yk, X) = ∇XF (ω1, ..., ωl, Y1, ..., Yk) , (C.4)

Remark. Note that due to the property ∇fXY = f∇XY of a connection,∇F is a tensor

field, and this is why we cannot define a similar tensor using Lie derivatives.

Remark. Note that in a written in a basis (∇XY )ν = Xµ(∇Y )µ
ν = Xµ∇µY

ν .
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Covariant derivative of a vector field V along a curve γ is ∇γ′(t)V . V is said to be

parallel along γ with respect to ∇ if, ∇γ′(t)V = 0. Given a tangent vector at a point on

the curve there is a unique vector field along the curve obtained by parallel transporting

this tangent vector.

Definition C.4 (Geodesic). A curve γ is called a geodesic with respect to ∇, if

∇γ′(t)γ
′(t) = 0.

Any curve satisfying ∇γ′(t)γ
′(t) = α(t)γ′(t) can be repramatrized to satisfy the

geodesic equation. Such parameter called the affine parameter. Given a tangent vector

Vp at point p on M there exists a unique (maximal) geodesic γ through p such that

γ′(t)p = Vp; for a given connection.

Definition C.5 (Curvature). Curvature Rm of a connection ∇ is a map TM ⊗TM ⊗

TM → TM given by:

Rm(X, Y )Z = [∇X ,∇Y ]Z −∇[X,Y ]Z . (C.5)

Note that R is a type (1, 3) tensor. If we write it in the coordinate basis:

Rm = Rmijk
ldxi ⊗ dxj ⊗ dxk ⊗ ∂l, (C.6)

so that coefficients given by

Rmijk
l = dxl (Rm(∂i, ∂j)∂k) = dxl

(
[∇∂i ,∇∂j ]∂k

)
. (C.7)

Also a type (0,4) tensor version of the curvature is defined via

Rm(X, Y, Z,W ) = g(Rm(X, Y )Z,W ) . (C.8)



145

C.1.3. Riemannian Connection, Riemannian Geodesic, Riemannian Curva-

ture

Definition C.6 (Metric Compatible Connection). ∇ is said to be compatible with g

if it satisfies following equivalent conditions:

(i) ∇Xg(Y, Z) = g(∇XY, Z) + g(Y,∇XZ).

(ii) ∇g = 0.

(iii) For any V,W along any curve γ

d

dt
g(V,W ) = g(∇γ′(t)V,W ) + g(V,∇γ′(t)W ) . (C.9)

Note that this means for the metric compatible ∇ if vector fields are parallel

transported along any curve, their inner product will be preserved along that

curve.

Definition C.7. ∇ is said to be symmetric/torsionless if

∇XY −∇YX = [X, Y ] . (C.10)

Theorem C.1. There exists a unique linear connection on a Riemannian or (pseudo-

Riemannian) Manifold (M, g) that is compatible with metric and symmetric; called the

Riemannian connection.

Remark. A useful property follows from the definitions above: All Riemannian geodesics

are constant speed curves:

d

dt
g(γ′(t), γ′(t)) = g(∇γ′(t)γ

′(t), γ′(t)) + g(γ′(t),∇γ′(t)γ
′(t)) = 0 . (C.11)

Naturality of Riemannian Connection. If there is an isometry between two Riemannian

manifolds then this isometry takes Riemannian connection to Riemannian connection;

Riemannian geodesic to Riemannian geodesic and so on; see [39].
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C.1.4. Killing vectors

Definition C.8 (Killing Vectors). A vector field on a Riemannian manifold called a

Killing vector field if the metric is invariant under its flow, i.e. ξ is a Killing vector field

if Lξ(g) = 0. Note that Killing vectors generates one parameter group of isometries.

Killing vectors have the following properties:

(i) Let ξ be a Killing vector field and γ be a geodesic, then g(γ′(t), ξ) is constant

along γ(t).

(ii) For a manifold of n dimensions, there can be at most n(n + 1)/2 linearly inde-

pendent Killing vector fields.

(iii) Killing vectors form a Lie subalgebra of set of smooth vector fields.

C.2. Riemannian Volume form and Hodge Star

Definition C.9 (Riemannian Volume form). For a (pseudo-) Riemannian Manifold

there exists a unique smooth orientation form εg that satisfies εg(E1, ..., En) = 1 for

every local oriented orthonormal frame {Ei} for M , called the Riemmanian volume

form. In any oriented smooth coordinates {xi} it has the local coordinate expression

εg =
√
± det(gij) dx

1 ∧ ... ∧ dxn (C.12)

where +,− is for Riemannian and Lorentzian signature respectively.

This tensor is sometimes also called Levi-Civita Tensor. It also satisfies the

following equation written in a coordinate basis:

εµ1...µkµk+1...µn
g εgµ1...µkνk+1...νn

= ±(n− k)!k!δ[µk+1
νk+1

...δ µn]
νn . (C.13)

Using Riemannian Volume form one also defines the following:
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Definition C.10 (Hodge Star Operator). Hodge star operator is a map ∗ : Ωk(M)→

Ωn−k(M) for any 0 ≤ k ≤ n, where n is the dimension of the space, such that

(∗ω)νk+1...νn
=

1

k!
εµ1...µk
g νk+1...νn

ωµ1...µk . (C.14)

Note also that Hodge star defines a natural inner product, i.e. let ω, η be k-forms,

define inner product 〈〈, 〉〉 as:

〈〈ω, η〉〉 =

∫
M

ω ∧ ∗η . (C.15)

Some properties of the Hodge star:

• ∇µωµ = ± ∗ d ∗ ω,

• curlX = 2(∗dX[)#,

• ∇f = (df)#,

• ∇2f = ± ∗ d ∗ df ,

• ∇µFµν = ± ∗ d ∗ F ,

where # is raising and [ is lowering operator.

Stokes’ Theorem on a Riemannian Manifold. Remember the Stokes’ theorem on a

manifold, if ω is an (n-1)-form on an n-dimensional manifold M then:

∫
M

dω =

∫
∂M

ω , (C.16)

Now let M be a Riemannian manifold with metric g and let ω = vy εg, one can show

Stokes’s theorem gives:

∫
M

(∇µv
µ) εg =

∫
M

(∗d ∗ v) εg =

∫
∂M

vy εg =

∫
∂M

g(v, n)εg̃ (C.17)
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where g̃ is the induced metric on ∂M .

Example C.1. Consider R3 with the Euclidean metric. Riemannian volume form for it

will be

ωR3 = dx ∧ dy ∧ dz . (C.18)

Apply the above equation for the vector

v = r
∂

∂r
= x

∂

∂x
+ y

∂

∂y
+ z

∂

∂z
. (C.19)

Then the divergence will be

∗d ∗ v = ∇av
a = 3 . (C.20)

Thus on a sphere with radius R:

∫
R

(∗d ∗ v) ε = 4πR3 . (C.21)

On the other hand using the Stokes’ theorem:

∫
R

(∗d ∗ v) ε =

∫
∂R

vyε =

∫
∂R

εba1a2...v
b

=

∫
∂R

ε123v
1dy ∧ dz + ε231v

2dz ∧ dx+ ε312v
3dx ∧ dy

=

∫
∂R

xdy ∧ dz + ...

=

∫
∂R

R3sinθdφ ∧ dθ = 4πR3 , (C.22)

confirming our results.
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C.3. Laplace de Rham Operator and Hodge Decomposition

Definition C.11. On an n-dimensional Riemannian manifold M , adjoint exterior

derivative is a map d† : Ωk(M)→ Ωk−1(M) defined as:

d† ≡ (−1)nk+n+1 ∗ d ∗ . (C.23)

Note that:

(i) (d†)2 = 0, (C.24)

(ii)
(
d†ω
)
µ1...µk−1

= ± (−1)nk+n+1∇αωαµ1...µk−1
, (C.25)

where ∇ is the covariant derivative belonging to g.

Definition C.12 (Laplace de Rham Operator and Harmonic Form). Laplace de Rham

operator is a map ∆ : Ωk(M)→ Ωk(M) where

∆ω = (dd† + d†d)ω . (C.26)

A k-form α is called a harmonic form if ∆α = 0

Theorem C.2 (Hodge Decomposition). A p-form on a compact, oriented Riemannian

manifold can be uniquely decomposed as

ω = α + dβ + d†γ (C.27)

where α is a harmonic form.

Lemma C.3. Hp
dR(M) ∼= Harmp(M), where Harmp(M) is set of harmonic p-forms.
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C.4. Riemannian Submanifolds

For many reasons it will be useful to consider tensors along a submanifold of a

given Riemannian manifold and split these into parts tangent to the submanifold and

orthogonal to submanifold. In the main text we will perform a similar analysis for a

foliation, and will see additional structure; here we treat a single submanifold and see

how structure imposed on it by its ambient manifold.

Let (M̃, g̃) be a Riemannian Manifold and (M,h) an embedding.Let X, Y ∈ TM

and extend them to vector fields on M̃ such that they are also defined off M .Note that

on M , extension of a vector field should be equal to that vector field. We use same

letters for extensions.

Let ∇ and ∇̃ be Riemannian connections on M and M̃ respectively. Now ∇̃XY

will, in general, have components in TM and NM , the orthogonal complement of TM

in TM̃
∣∣∣
M

. Our claim is that the tangential component will be equal to ∇XY , i.e. :

Theorem C.4 (Gauss Formula).

∇̃XY = ∇XY +
(
∇̃XY

)⊥
. (C.28)

The map Π : T (M) × T (M) → N (M) such that Π(X, Y ) ≡
(
∇̃XY

)⊥
is called the

second fundamental form.

Proof. This is shown by defining a map D : T (M)× T (M)→ T (M) such that

D(X, Y ) = (∇̃XY )> (C.29)

and showing that it is a symmetric and h compatible connection.
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The second fundamental form is:

(i) independent of extensions of X, Y ,

(ii) bilinear over C∞(M),

(iii) symmetric.

Theorem C.5 (The Weingarten Equation). Let X, Y ∈ T (M) and Q ∈ N (M) (i.e.

Q is a vector field along M that happens to be orthogonal to its tangent space at every

point on M). Then following holds at points of M :

g̃(∇̃XQ, Y ) = −g̃(Q,Π(X, Y )) (C.30)

Theorem C.6 (Gauss Equation). Let X, Y, Z,W ∈ T (M) with extensions. Then

R̃m(X, Y, Z,W ) = Rm(X, Y, Z,W )− g̃(Π(X,W ),Π(Y, Z)) + g̃(Π(X,Z),Π(Y,W ))

(C.31)

Induced volume form of a Riemannian submanifold. As already have been used in

Stokes’ theorem for Riemannian manifolds, given a submanifold of codimension-1 one

has the relationship:

εg̃ = n ∧ εh and εh = ny εg̃ , (C.32)

where n is the unique normalized one form along M that is normal to it. Note that this

relation will not be applicable to the cases of a submanifold with a degenerate induced

metric in a pseuodo-Riemannian manifold.
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APPENDIX D: SYMPLECTIC MANIFOLDS

D.1. Symplectic Form

Definition D.1 (Symplectic Tensor). A 2-covector ω on a finite dimensional vector

space V is said to be nondegenerate if for each nonzero v ∈ V , there exists a w ∈ V

such that ω(v, w) 6= 0. A non-degenerate 2-covector is called a symplectic tensor.

Proposition D.1. Let ω be a symplectic tensor on an m-dimensional vector space V .

Then m is even and there exists a basis for V in which ω has the form

ω =
n∑
i=1

αi ∧ βi , (D.1)

where n=m/2 and {α1, β1, ..., αn, βn} is the a basis of dual space V ∗.

The subset of T (0,k)TM consisting of k-covectors is denoted by ΛkT ∗M :

ΛkT ∗M =
∏
p∈M

Λk(T ∗pM) . (D.2)

A section of ΛkT ∗M is called a (differential) k-form: it is a tensor field which is a

k-covector at each point.

Definition D.2 (Symplectic form and Symplectic Manifold). A non-degenerate 2-form

on a smooth manifold M is a 2-form ω such that ωp is a nondegenerate 2-covector for

each p ∈M . A symplectic form ( or structure) on M is a closed nondegenerate 2-form.

A manifold endowed with a symplectic form is called a symplectic manifold.

Theorem D.2 (Darboux Theorem). Let M be a 2n-dimensional manifold and ω be a

nondegenerate 2-form on M .Then dω = 0 if and only if at each point p ∈M there are

coordinates (U, ψ) where p ∈M and ψ : U → {x1, . . . , xn, y1, . . . , yn} satisfies ψ(p) = 0
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and

(ψ−1)∗ω =
n∑
j=1

dxj ∧ dyj . (D.3)

Such coordinates are called symplectic or Darboux coordinates.

D.2. Hamiltonian Vector Fields and Poisson Bracket

Definition D.3. Hamiltonian vector field of a smooth function f on a symplectic

manifold (M,ω) is the smooth vector field Xf defined by the property:

ω(Xf , Y ) = df(Y ) = Y (f) (D.4)

for Y any smooth vector field.

One can show that in symplectic coordinates {xi, yi} the Hamiltonian vector field Xf

is written as:

Xf =
n∑
i=1

∂f

∂yi
∂

∂xi
− ∂f

∂xi
∂

∂yi
(D.5)

In conjunction with a symplectic form one can define what is called Poisson bracket

on smooth functions.

Definition D.4. Given smooth functions f, g on a symplectic manifold (M,ω) we

define their Poisson bracket {f, g} ∈ C∞(M) by:

{f, g} = ω(Xf , Xg) = df(Xg) = Xgf (D.6)

Note that this gives the rate if change of f along the Hamiltonian flow of g.
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Some properties of Poisson bracket are:

(i) {., .} is bilinear over R.

(ii) {f, g} = −{g, f}

(iii) {{f, g} , h}+ {{g, h} , f}+ {{h, f} , g} = 0

(iv) [Xf , Xg] = −X{f,g}

for f, g, h ∈ C∞(M).

D.3. Hamilton’s Equations from Hamiltonian Vector Fields

Symplectic manifolds are a very nice and abstract way of describing the Hamil-

tonian prescription of physical systems. A classical system is physics is described as

follows:

A classical dynamical system is described by a symplectic manifold (M,ω) and a

function H called the Hamiltonian. Each integral curve of XH , the Hamiltonian vector

field of H, describes a solution to the system with a different initial condition. We will

call these systems Hamiltonian systems.

Now we move onto illustrating this statement. A physical system is described by

a set of “generalized coordinates”, called {Qi}, i = 1, . . . , n. A Hamiltonian description

of system is given by an even dimensional space described with set {Qi, P i} , where P i is

the corresponding “canonical momentum”, which can be considered as new coordinates.

Now this is an R
2n manifold with the Darboux coordinates {Qi, P i}. The Hamiltonian

H, which basically gives the energy of the system is a smooth function on this manifold.

Let us consider the Hamiltonian vector field belonging to H, called XH . Let it have a

flow γ(t) = (Qi(t), P i(t)). Then by the definition of flows we must have:

XH =
dγ(t)

dt
, (D.7)
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written in Darboux coordinates:

XH =
dQi(t)

dt

∂

∂Qi
+
dP i(t)

dt

∂

∂P i
. (D.8)

However by the definition of a Hamiltonian vector field we also know

XH =
∂H

∂P i

∂

∂Qi
− ∂H

∂Qi

∂

∂P i
. (D.9)

Matching the coefficients will give as Hamilton’s equations:

dQi

dt
=
∂H

dP i
,

dP i

dt
= −∂H

dQi
. (D.10)

D.4. Symmetries and Noether’s Theorem

Definition D.5. A smooth vector field X on a symplectic manifold (M,ω) is said to

be a symplectic vector field if ω is invariant under the flow of X, i.e. if LXω = 0. It

is said to be globally Hamiltonian if there exists a smooth function on M such that

X = Xf , and locally Hamiltonian if at each point on M , X = Xfi on a neighborhood

Ui ∩M .

Theorem D.3. Let (M,ω) be a symplectic manifold. A smooth vector field on M is

symplectic if and only if it is locally Hamiltonian. Every locally Hamiltonian vector

field on M is globally Hamiltonian if and only if H1
dR(M) = 0.

Proof. Let us first show that X being symplectic means X is locally Hamiltonian.

A smooth vector field X is symplectic if LXω = 0. Now use Cartan’s Magic formula:

LXω = d(Xy ω) +Xy(dω) = d(Xy ω) = 0 (D.11)

where we used dω = 0 that comes from the definition of the symplectic form. By

Poincare’s lemma then (Xy ω) is locally exact i.e. there exists a function f such that
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(Xy ω) = df , thus X is locally Hamiltonian.

The fact that X’s local Hamiltonianness implies that X is symplectic can be trivially

shown by following the steps above backwards.

If H1
dR(M) = 0, then same arguments hold globally.

A smooth function h on a Hamiltonian system (M,ω,H) is said to be conserved

in time if it is constant on every integral curve of XH i.e. if XH(h) = 0. Note that h

is conserved in time if and only if {h,H} = 0; by the definition of Poisson bracket.

Definition D.6 (Infinitesimal Symmetry). A smooth vector field V on a Hamiltonian

system (M,ω,H) is called an infinitesimal symmetry of the system if both ω and H

are invariant under the flow of V . Note that if V is an infinitesimal symmetry then it

is a symplectic vector field satisfying V (H) = 0.

Let (M,ω,H) be a Hamiltonian system. If θ : R ×M → M is the flow of an

infinitesimal symmetry and γ : R→M is a solution to the system then for each s ∈ R,

θs ◦γ, where θs(p) = θ(s, p) for all p ∈M , is also a solution on its domain of definition.

Theorem D.4 (Noether’s Theorem). Let (M,ω,H) be a Hamiltonian system. If f

is conserved in time, then its Hamiltonian vector field is an infinitesimal symmetry.

Conversely, if H1
dR(M) = 0,i.e. de Rham cohomology group of degree 1 is zero, then

each infinitesimal symmetry is the Hamiltonian vector field of a conserved quantity,

which is unique up to addition of a function that is constant on M .

Proof.

Let us first show f being conserved implies Xf is an infinitesimal symmetry:

If f is conserved in time, then {f,H} = 0 which implies {f,H} = −{H, f} = XfH = 0,

thus H is constant along the flow of Xf . It can be easily shown by using Cartan’s magic

formula that a globally Hamiltonian vector field is a symplectic vector field. Because

of this ω is also conserved under the flow of Xf . Thus Xf is an infinitesimal symmetry.
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Now let’s show that if V is an infinitesimal symmetry and H1
dR(M) = 0 then V = Xf

where f is conserved:

Since V infinitesimal symmetry, it is a symplectic vector field, and since H1
dR(M) = 0,

it is globally Hamiltonian i.e. V = Xf for some f. f is not exactly unique: Let

V = Xg = Xf for some g 6= f . Then considering the definition of Xf , df = dg and

thus g = f + c where c is a constant on each component of M .

Example D.1 (Free Particle in 3D). A free particle in 3D is described by the Hamilto-

nian:

H =
p2
x

2
+
p2
y

2
+
p2
z

2
. (D.12)

Symplectic form in Darboux coordinates:

ω =
∑
i

dxi ∧ dpi . (D.13)

Hamiltonian vector field for H:

XH =
∂H

∂pi

∂

∂xi
− ∂H

∂xi

∂

∂pi
= pi

∂

∂xi
. (D.14)

Conserved charges:

{Q,H} = 0 → ∂Q

∂xi
pi = 0 . (D.15)

Make a simple quess:

~∇Q1 = (−py, px, 0) . (D.16)

Remember that Q is a function on the symplectic manifold-i.e.it depends on the 6-

dimensional phase space coordinates. Then solving the above differential equation one
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finds:

Q1 = −pyx+ pxy . (D.17)

Note that this is the z component of the angular momentum. Other conserved quan-

tities will be other components of the angular momentum.i.e.

~∇Q2 = (−pz, 0, px) , (D.18)

~∇Q3 = (0,−pz, py) . (D.19)

Note that other solutions to (D.15) are arbitrary functions of the momentum: this is

clearly expected, as for a free particle momentum is also conserved. Since we take

our symplectic manifold to be trivial topologically, all deRham cohomology groups are

trivial, and thus all symplectic vector fields will be Hamiltonian vector fields.

D.5. Constrained Systems

In the previous section we have seen how dynamical systems are described by a

symplectic manifold with a Hamiltonian function. However in physics one encounters

cases where the system has to satisfy additional conditions. These are called constraints

and in a Hamiltonian system will be simply described as functions Ca of phase space

that are set to zero. Then the actual dynamics will take place on the submanifold

defined by Ca = 0 of the original phase space. To have consistent system we will also

impose that constraints are time independent.

To describe the dynamics on the submanifold one needs to have a symplectic form

on this submanifold. However it is not clear that the pullback of a symplectic form on

the submanifold is itself a symplectic manifold on the submanifold. Thus the problem

of constrained systems in physics can actually be considered as the problem of having

a well defined symplectic form on the constraint submanifold.
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The degeneracy properties of the induced symplectic manifold is determined by

the Poisson brackets of the constraint functions. Let us consider the two extreme cases

first:

First class only case.

Let us consider a symplectic manifold (M,ω) of dimension m. Let us consider that

there exists n functions Ca on this manifold and let the us call the submanifold such

that Ca = 0,a = 1, ..., n as Σ. Let i : Σ→M be the embedding map. Assume that

{Ca, Cb}|Σ = 0 . (D.20)

Constraints that has zero Poisson bracket with all other constraints on Σ are called

first-class constraints. Note that here we assumed all of constraints to be first class.

Let the Hamiltonian vector field on M corresponding to function Ca be called Xa.

Then the following holds:

(i) Xa|Σ = 0 are tangent to Σ.

This can be shown easily by using proposition A.9: Xa is tangent to Σ if and

only if

Xa(Cb)|Σ = 0 b = 1, ..., n . (D.21)

However by definition of Hamilton vector fields this is equivalent to demanding:

{Ca, Cb}|Σ = 0 , (D.22)

which was exactly our assumption for the constraints.

(ii) Xa are degenerate vector fields of the induced symplectic form i∗ω.

Let Y be a vector field on M that is tangent to Σ on Σ. By definition of Hamil-
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tonian vector fields

ω(Xa, Y )|Σ = Y (Ca)|Σ = 0 , (D.23)

where the last equality again follows from proposition A.9. Then

i∗ω(Xa, Y ) = ω(Xa, Y )|Σ = 0 ∀Y ∈ TΣ . (D.24)

(iii) Xa are involutive on Σ.

This directly follows from the properties of the Poisson bracket.

Since Xa are involutive on Σ by Frobenius theorem they foliate Σ into n dimensional

integral manifolds. Integral manifolds do not intersect and thus forms equivalence

classes . By taking the quotient of Σ by this equivalence relation, one can have a

non-degenerate symplectic form. This quotient space is known as the reduced phase

space.

Second Class only case. This will be the case where non of the constraints has zero

Poisson bracket on Σ. For this case Xa will not be tangential to Σ, and the induced

symplectic form i∗σ will be non-degenerate.

The equivalence relation defined by the first-class constraints are known in physics

as gauge equivalence i.e. any two points on the phase space is called physically equiv-

alent if they are on the same integral line of a flow for first-class constraints.




