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ABSTRACT

The frictionless contact problem for an\elé.stic layer ljring onr »aa
elastic.-haif space iq considered.It is assumed that , in addition to the
main applied load P , the layer is subjected to a wmiform vertical body
force §q because of the effect of gravity in the layer.It is also as-
' sumed that the contact between the layer and the half space is friction-
less and that oniy éonprossive normal tractions can be transmitted thro-
ugh the interface.Thus , up to a certain critical magnitude of the app-
lied load the contact hetween the layer and the foundation is continuous, |
For the values of the load exceeding this critical value , the layer is -
i)artia.lly separated from the eubsface.‘lhe separa:\hion area increases with
the increasing magnitude of the load. |

First , the problem of continuous contact is solved and the value
Por is determined.Then the discontinuous contact problem is formulated in
f,e,rm’s of a singular integral equation.The pro'bieu is férmula.ted as a
mixed boundary value problem and solved by using a treatment similar to
the crack problems.The separation area along tﬁe interface is evaluated

‘as a function of a dimensionless load parameter A .

The contact stress distribution is obtained for various values of
corresponding to both continuous and discontinuous contact é.long {the
interface.Numerical results for Per ,contact stress distribution, and

separation regions are given for various material combinations. .-



' Bu ¢aligmada elastik yarim diizleme dturan bir plaktaki siirtiinme-
giz temas problemi gz onine alinmigtir.Plagin uygulanan P yiikine ek ola~
rak , plaktaki yercekimi etkisinden dolayi olugamn kiitle kuvvetine de ma- |
ruz keldifn varéay:.lmgt:.r.&yrlca plak ile yar:un diizlem a.rasmdaki tema~
sin siirtinmesiz oldufu ve- temas yiizeyinizi sadece basing gerilmelerini ak-
tardigl da kabul édilmigtir.B'éylece uygulanan kritik bir yiike kadar plak
ile yarim diizlem arasindaki temas siireklidir.Bu kritik yiki agan yik de-
éerindén sonra plak diizlemden klsmen' ayrilir.Artan ylik miktarina gore ay-
ri1lma bblgesi de artar. '

Once siirekli temas problemi g¢oziiliir ve Por degeri belirlenir.Deha
sonra siireksiz temas problemi tekil integral demnklem problemine doniigti~
riiliir.Problem karigik sinir defer problemi olarak formule edilir ve gat-
lak problemlerine uygulanan y6ntemi’ére benzer bir yontemle ¢oziiliir.Temas
yizeyindeki ayrilma bslgesi , boyutsuz yilk parametresi Atnin bir iglevi
olarak elde edilir,. | E

1

Stireklive siireksiz temaslar igin temas yiizeyindeki gerilme dagi-
lim1 defisik A deferleri igin elde edilir.Degisik malzemeler igin Per
" temas gerilmesi daéll’lmive ayrilma bdlgelerinin sayisal g¢oziimleri

verilmigtir.
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1. TINTRODUCTION

. Because .of their important applications in structural engineering
in the past , :hhe contact ’prob].ems in solid mechanicer have been widely
studied (see s Tor 'mmple 1] for the pioneering work in the field and
{21 for modern develdpmmtlf-l&-ea‘rlier vorks the condition along the
contacting surfaces was assumed to 'Se one of either perfect édhesion dr »

" frictiox;less contact " and to 'be,confinuous.For the frictionless case
regardless of the sign of the normal stress the contact along the inter-
face was assumed to be continuous.This imrea.listic assumption was first
corrected by introducing the notion of " receding contact " condition
'whidh simpiy states that along the interface tﬁe ;:Acmtacti can be maintained
only if the ‘normal traction is compressive [3] +Some typical a.ppl‘ica.tibns
of this concept to the contact problems for an elastic layer om a rigid or
_an elastic fomdation may be found in  [4-9] .A major drawback of the
type of solu'b:.ons_gwen in {4—9] is that as soon as the load is applled
no matter how small in magn:.tud.e » the (infinite) layer " bends " and the
contact area along the layer su‘bspace mterface diminishes to a finite
size , remaining constant thereafter as the mzgnitude of the load is inc-
fea‘sed.Thisv s of course , will not ;be. the case if the effect of gravity is
vconsidered.Some' examples taking the effect of gravity into account may be
_found in [10—15] .In references [10—14] the layer rests on a frictiqnless

horizontal , rigid foundation.However in [15] the subspace is elastic.

In this work the standa.fd frictionless contact problem for an
infinite layer (ieesy a beam or a plate) lyiﬁg on an elastic foundation
‘is reconsidered (Figure 1).It will be assumed that in addition to- the
(compressive) external load P , the layer is. subjected to a wniform body
force ¥3=~ f% actmg in the same direction as P.The problem is 1den'b1ca.1 ‘
to that considered in {15] «In this work a new bimaterial constant P is
defined and P takes values in a finpte range ( -1{P {1 ).The calcula-
tion of the infinite integrals that appear in the kernels have been imp-

SN
roved by extracting some integrals which can be evaluated in closed form.



In this problem when the applied load P reaches a oritical value , due to
the bending of the layer the separation will begin at X=Xcr on the inter—
face and the separation area (o=b) , (b{Xcr{c) will increase as the
v'applied load P increases.Of course ,‘in fhisvcaée the separation’area is
finite. | | - y
The discontinuocus contact problem is reduced to a singnlar integral

equation which is solved numerically.The wnknown function of the singular
integral equation is the dislocation density of the separation area.Once
this dislocation demsity is determined then the contact streés acting
along fhe'interface can be determined by some numerical calculations .
Numerical results are obtainéd’and.plotfed for various material combina~

tions.
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1l. GENERAL FQUATIMNS - .

~ Consider an infinite elastic layer of thickness h in smooth contact
with a semi-infinite elastic fomdé,tion.‘i‘he geometry and the coordinate
system are shown in Fi_.gure 1l.Let % be the body force demsity acting
vertically down in the layer and notg that the body force density acting
in the foundationv is neglected since it does not disturb the contact
pressure.The governing equation for the elastic layer are

/AV U¢+(')+/\A) 9“‘ 3\") o

P (WM B R B0 §F  a e

where '7“ and /41 are Lamé constants , 1), and V, are the X and Y com -
ponents of the displacement vector.Expressing the solution of (2.1) by

. U1= U‘P + U'th
Niz= Vip+Vaih | . “(2.2 a,b)

the partioular solut:.cm of the problem corresponding to the non-homogeneous
-term 8_ may be expressed as

_ 2%, |
Dyp= :\.6}4\ ?gh'x_ ) Oé?c_,éob

f%" : [?(\" _\—, _X“H “\-l -
Nip= Y 2ol ‘3 ) o . (2.3 2,b)

o< 5Lh



And the related stress compozimts are -

| Oaxoe = £9(y-)

Tigy = g3 (8 %)mz)u

Gizey = O

Eor the homoéeneous solution ,' observing
in (2, 4)= - Uan (=22, )
Vin (26, ) =Van (-, Y)

one may express

VI

Diw coc.a =2 5 <{>C3 ) Ginetdel

[

Viv (= 2§ (y ,aL) Cosuxdet

and Inverse Fourier Transformations will be defined by

qs (Y,)= fum_(:&,m Sindxdx

(g0 SVonCerg)Consr i

7 recalling the homogeneous ecruatlons

: Y4 a\l
)AW Uiy + (’Aj‘)‘z) doc 9’30\2 ‘\1 >—

)\l{V Ni\ + (1+)‘1) ag

-

. (2.4 a:-—c)

-

) (205 a.,_'b)

y (2.6 a,b)

, (2.7 a,b)

s (2.8 a,b)



multiplying ( 2.8 a ) by Sinaxdy end (2.8 b ) by Cosetxdx and

integrating from 'O to oO one obtains

-

—(7\{‘.2')‘\‘) °L1¢ "')M(#’- (’l{i‘}li)ok\.‘)': o)

(AF2 ) "= Ly +(’A¢+j&)ek4>'= O (29 am

vhere through the integration by parts ‘the expressions

- =) N
S_a%%. Stoax doe = — L ¢

_TM Sindxdx = Cf)".
o oy

00 -
‘S‘az\’lh &ﬂokfxd'.x. _dw’
A a‘x' g . b
-3 ‘ |
SE_‘_’&:_ Cosax dac = —otZ o
2 92 _ | 1 |
oo . = ’ |
IS cosumadma gt
° o
j&‘U\h Cosck'xdoc AQ! o (2-10.af-f)
o

were obtained and the conditions

| ol | dVih | 9W\ |
Ui (0,4)= U (28) - Vin (-2, 9)= e

=ob LS =0

were imposed.



Differentiating (2.9 a) twice and (2.9 b) once with respect
to y gives . )

= (Ar AP mg - (A ) LY =0

(M)&W"'f&7&@'—*-0\%&95‘20 L )

substituting for (V'" from (2.11 a.) and for lV from (2.9 a) into
(2. 11 b) one obtains. : ‘

7¢\\_J_2‘°Lz¢"+ dhd=0 . (2.12)

This fourthv order ordinary differential equation has

ot
l

i 202 4+ o= O , (2.13)

as the characteristic equation which has the roots

ma.»,'2.= +ol , May=—ot .
.Hence' one may ..express
P, =(Ar e L (R EY | an
o _

Y (Y,st)= [P (- +3)“]€ KX ﬂs+(—-5)ﬂ]e

(2.15)

and substitution in(2.6 a,b) gives



o

Lin(x, Y) =%5[(“\+ﬂ2‘j) e, (n ‘*q#‘d\) e ‘d—] Sin otoc kot

SR A S

(2.16 a,b)

Where the unknown fimctions RQj() , (i=l,...,4) are to be deter—
mined from the bowndary conditions , = 3-L42/ for plane strain and
K= (3-2:)/(1-{-'21) Por generalized plane stress , 2/ being Poisson's ratio.

Now employing Hooke's Law

O'mm__(?\‘_\_zﬂ)am aa\lg . _ )
‘ By, -
¥ ' 8\)\ . aN '
Of‘fxa __.)A + a’;— | s (2417 a/-c).

.the stress components may be expressed. as

PRI e

+[°L(ﬂs+ﬂq\6)+ 3 'x. ih, e m} Cosok'xdoL

oD

G [q(a.ng) + ‘-’%‘—‘-g;]é-ot‘d

2
sz ‘an (oe,9) <
{ (P3tOY) + t%—'“n] Qd“} Cosetoedol



N

{ [ok(ﬂﬁﬂq}é) "1 JE.C S W= ]e""ﬁ

g

1 h |
2 Ty ()=

{

O\

+ [t (Par Py - I'_;;*_q;,] &) Ssowocdat

(2.18 a~c)
The total displacements and the total stresses can be obtained
from - ' | ' ’

Ui (3¢, = Bih (2, 9)+ U\P(i,tj)
: Vi (92, 8)=Vih (2, 4) +Vie (2¢,Y) ', .
s (%, Y) =0y (X,4) + Tioce (OC)B) ;
Oigs ()= Oy (. 9)+Tigy (,4)

Ty (Oc,‘j)=0'\§‘3 (=,4) +G_\J;g) (<,y) |
' - (2.19 a-e)

-a8

U= SRy €Y 4 (RrRy) € ¥] Sinetacdet

' 3"‘?(\ ? 8\1 ’
b1 }k\ S x ’

4

\(‘(oc,\é)—-——-ag n +(1' “"A)ﬂa]e n +(1:—--3)ﬂu e }Cosd'xc\o(

Ly h- 2]



4 e »

—— -2 )

%M| Aie o d (Q: T[ 5 OL(Q\-\'“Q._%)_ -s_:Q:,El ﬂz]e Ola
(o]

x ["L (ﬂs“'ﬂq%) -\-f}_"_.’E‘_Q,_,] é%}(bsa:x.c\,(

?3 (&é_.\_ﬂ_
)‘l | )11‘ j‘-\

o -

j‘ ‘5‘3("1"5)-“——-3{& (9\«-%‘%)4*"2“ A, | €9

o

+ "‘ oL (PaxByY)+ B%L ﬂ,:] ed“g% Cosbgmdo(

%}7\- | ‘\ocg) (%,Y) =—%§- [oL(n\+ﬂzm+ '}%_:_4_94 oY

[eamqug)_ Xtayle }s\n@wc\&.

(2.20 a~e)
The stress components and dispiacementg. equations for the half

space may be expresséd as follows

| Uz(%.gh%j(ﬁsﬁ%w)e*‘é Sinaocd el + 3;}1 gghoc

o



.
. . .oo o —.1*"(2‘ \‘
\t,_(oc,g)a_i_g{,gw( _9)6 ]e Cosok'xdol g §3 ‘3
. ¢° .
zﬁzo'zocéc ('x:‘d ) -%-S °<((’>,+%.7.‘A)-\- ° ] ’S Cosotacd

©

+ -—2—-— ‘-12. (1"9(2.) 'l'j»\z (= —?(z)]

oD

)\ 233( x,9) = %j[—&(g;-\-‘&ﬁy -‘-ig—hﬁz €*?Cos<ada

~ S [ap,

| =Y
49_/& GaxS(x‘g) =%-t— S‘_A(Ew%g_%)—x"‘ 15;]2 smd_xdo( .
z ‘ ' .
©
( 2.21 a-e ) -
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11l. FORMULATION OF THE GENERAL PROBLEM

3.1 THE CASE OF CONTINUOUS CONTACT (0 L P { Per)

, Referring %o Fig.l , it is clear that for values of the
resultant compressive force ‘P which are less than a critical value Per
the continuous contact along the interface y=0 , O L X Lo will

‘be maintained.‘fhe load Per- correspondixig to the initiation of interface _
separation will_ depend on the thickness h and the body force $4 In

" order to determine the value of Pcr ; assuming that the c'onta.ct. bet-
vween the rlayeri and the subspace is frictionless, th§ problem must be

solved under the following boundary cogditions:
O:’xg (’x,h5=0 o ) , 04 2/ o
973"5 (1.‘1):-%6'(1) , 94 'x Leb
'-G?xg(oc,bho T, vogoc‘zao.
Oy (%,0)= © , OLoclw
Tlyy (%,0)= Oayy(%,0) , 04 XL

NI(x0) AV (x,0) oé"’)cioo-
e G

(3.1 g—f)

The wnknown functions Ri(a) , (imlyeeed ), B30y ,(3=1,2) N
will be determined from the above bowndary conditions. . L



- From ( 2.20 e ) and ( 3.1 ¢ )

— By ~—~P|2+oan3- N*Qf Q=0 ,(3.2)

firom ( 2.21 e ) and ( 3'.; a) .

Cy (3.3)
from ( 2.20 6 ) and ( 3la)
~ [%(awﬂ_l\v)-’-v 3‘—15;1:,.]'8" il
+ [ (A ) Xetn, €2 0
o y ( 3.4)

from (2.20d ) and ( 3.1d) .

oo

o s ]

®)

L5 |
.—}- [—d(ﬂs’fﬂuh) * 3224;;&] e % Cosstac det

or multiplying both sides by (Cosotxdoac -and integrating from 0 to <O

one obtains
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L4,y ] ~oLh

§ *(Q\‘\'nl\"‘) 2 q'z. e

O\./\,& |

fl

[ o (Rq+ mh)+ Gt n,‘] dh}Cosouc\&]Cosoudx‘

= —_— ch('x) Cosol‘xc\‘x ,

2,)1\

which gives

*I—‘;{(qs*gu“)+'x2{ ql;le = _ ,

From ( 2,20d ), (2.21d4) and ( 3.1 e ) one may express

’ : B 4T S
LMy (- =LBa- f{—““;‘ Ra==fav = P)

-QJ*'L ("“LB** - 13") | <y L 36)

and from ( 2,201 ), ( 2.20b) and (3.1 ¢)

o (Rt KRy Py e L P0) = o (B Ea®a) | ()
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‘Solving ( 3.2 - 3.7 ) simultaneously it is possible to
express the unknown functions )

) a. Pe*” [e’ z“’(«-—m)(-ﬁzw-»m)-r (d—m){1-;;<4)+ Q-w(ﬁm?cf)] |
1= ) '

SMsot A

P [ me® (L4-2w) te® e (1-m)]

11)4«& ’

R,=

O Pe [ € (1sm)(1+20—%y) + (1+m) 1) + 2w (-mK) ]
= )

@Mt A

P m-awygta o e (14m)]
= ,

Wb T

P& (et [(-w) €L (arwye®]
Bi= —
'L,)MOLV'A

B, - P [ (1-w) e-w" (4+w) ew] | . (3.8 a~f)
R Q.jM\" A | ~
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"

Where

M (’Xz* ") "= )‘z/
)A’J.(?(-\-\"l) ! }li !

 A=(em)et, 2[2w-m(aw?+ «)]e”?m-{ . (3.9 a-d)

From equation ( 2.21 &)

Q)Jq, Ozyy (7- ‘6 -"--Q'f g[—*(ﬁﬁﬁz\j) + 14X, P;,;]e Cosoty c\oL a\_\ ,
o Q.)M.

or substituting from ( 3.8 e,f ) the contact stress along the interface

can be obtained as

Cayy (<,0)= ?[t] Se [(HW)E +w-1] Cos-"i’-\'f—\-clw- fg\"l

o}

Defining

) ch =— 2\5% (',I'IO)/ j’%\'i

A-mM s
T em ‘ ."-"15‘551
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The normalized contact pressure becomes

PCX)=1+ “j € [(Hw)e +w—-1] Cos—+- 2 dw
/ { w. Q- 15)(4-*2\»7-) ]é‘”_. 2p

R 1t

(Odxd oo ,—4LPR4L) (311)

4+'\3

It is seen from (3.11) p(x) remains positive up to a certain
value of A and the contact on y=0 'pia.ne remaines continuous.The
critical distance Xer at (Mich’ the intirface separation begins is
determined as the distance of the lowest point of the contact stress
‘curve.The critical value of the load factor A 7 Aer at which the

interface separation begins can also be determined from the condition

p(0)=0
giving '

oo ‘
-2 e li-w-tumeCo e
= |

Aer A

( 3.12)
For l»)crthe foregoing solution gives a negative pressure

"along part of the interfaée.Since' it is assumed that there is mo adhesion
between the layer and the subspace , this is not possible and the layer
will be partially separated from the su‘bépa.cer.]:n this case the solution

leading to (3.10) is not- valid and the problem must-be treated as .a.

mixed ’ommda‘.ryr problem. | L



| Aa.ll other wnknown functiohs ni(oi\ , (=1,... L.)' ‘ and B')(d.) (331,1J

condition

?V
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3.2 THE CASE OF DISCONTINUOUS CONTACT - ( P Per-)

If the applied load P is greater than Pcr corresponding to -
the beginxiing of interface separation , the basic solutions for the layer
( 2.20 ) and for the half space ( 2.21 ) are still valid.However , in

- this case the wnknown funotions Pi(et),(i=y,..., 1), Bj(t), (5=1,2)
must be determined from the following boundary cenditions ( Fig.2 ) :

Ty (210) = o, ozxioo
Tiyy (=, ") =’-f—5<¥> L oLxLen
G'mcg (oc 0)= ms(oco)—- , 04 x L =R
G?g\g.('x.O) =‘ng\5 (¢,0) |, O0L2xLoD.
Ty (x,0) = 0'13‘5 ('3‘-_:0)5 2.'5\5(;1:0)=0 Y by 9‘-'-.4Ca
._._..{\J (o: ot) - \/,_('x o’)] , ( owc.Lb CLDLLOD)

( 3.13 a~f ).

.Introd.ucing' the new wnknown functionv

‘_V. (<, O*) V,_(’I. o) )] f('x) , bsxse
aoc o
- (-3.14 )

may be expressed. in terms of f(x) by using equations - ( 3.13 a~e ) and,
( 3.14 ).Since there is an interface separation along b £ x {c to have
gingle-valued displacemenis the function f£(x) must satisfy the following

‘c_c Y
a)cioe= O
Sbc)

( 3.15 )
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It should also be noted that the, distences b and o determining

~hhe reg:mn of mterface separation are unknown.

RiCet) ) (=1 se-=a h) and BJ(-,L) (J 4 9_) may be expressed -

in terms of f(x) as follows.

From ( 3.13 ¢ ) and ( 2.20 e ) one obtaines
"'olﬂ-(-?(i-——ﬂ + ARy ...1_9 =0 , ( 3.16)
from (3.13 d) and ( 2.21 e )
q | . .
By~ Xty - 0 T (317)
from (313a) and ( 2.20 ¢ )

—-[ot(n,+9,,h)+ ’Dz]e. =

ll

t et (PatAh) =% m,] ™

from ( 3.13b ) and ( 2.20 d )

= Si [oa(q +nz\n)+“°<* R ] ~=th

| ol (
+ [-— oL(Q;s'i’ ng\’l).‘-" ’3.(_‘2"'_'-‘— 9,1] e / } COSolxcok

o

1 P S
Q‘ .

or multiplying both gides by Cosolaedx and integrating--:— from

0 to o one may express
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o0 oD
S ST o Kt g e
O o (

+ [""’L (As+AN)+ 2(-‘5'-"—1- Qa.,] e““? C°5°UC°'°(]C°S°LY‘C‘X
= S&(«x} Costedx
44

o
which gives

- [ol (ArAzh) + Xt 9,_]@?",‘\"

+ {""’L(ns*ng\\)-&’x":(ﬂq]e h ===, (329)

oz
From ( 3.13e ), ( 2.20d ) and ( 2.21 4 ) cne may write

QP (—et@y=Ft g, —up, e Kl R,) =

Q_jAz‘(— oL_BV" 1—:‘.%3. '&2.) ‘ y ( 3.20) ”

and from ( 3.14 } , ( 2,20 b ) and ( 2.21 b ) it is possiﬁle to express

” oo
“%t— S‘* (et Xy Pa-Pgt 2 “‘*) 5‘“*‘1&‘%

o
oo : :
-+ —2_"1-_ S ol (-—ﬁi + ?éi-"sa_) Sinslecl ol = F('I) | ’
o

biaLce
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or recalling the second of ( 3.13 £ ) , multiplying both sides by
Swnetocdae and integrating from 0 to oo ome obtains

2, :
-T_SX. Sd(g‘*?':?‘ﬂf « X QH}SmoLocc}a(] Sindeclx

oa o
—'!%-t' S (—6\+ %Bz)o{ Siﬂol':(cz\d\]5§ﬂd~‘xc\‘3<
° o ' ,

<

= S{:Cm) Sindsccla
or changing the dwmn;v va.riabiev

(-0, X X mat By -?im,- 151{1(_:..31)

—_-.S—FCU 5“(\&":@3'\'- | . ( 3.21 ) ;
o o

Solving ( 3.16-3.21 ) one finds

A, = Pesw[ém(i-m)(-wzwﬂm, (4—m)(4-‘?(\)+9~w(‘&+m?<|)]
h o ~ 8Muct A

. ,Lé’?’{le‘f’(?(‘_ﬂ-béw(—kw%%w -2+ 47 w+2)]
T 2.0l (3441) &

Q,- Pe“’[me (-4- 2w)+é“—e “ (- M)] N 'Léw(-%ez?*?—"“w)
' Ll)*\ : (+) A
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N, L€ | € tem)=xaw1) + (44 M) (30t ) + 2.0 (- M4

- + Lew[Q-e. (Xi“'ﬁ + eN(L}w +3wt—2%| l{XnU)'{' 2)] ,

2L(3x14) A |

0 = Peq'w[méwh—zw)-t—é"-’- e (44m)] 4 Le"‘"(zé"ﬁg»z,w)
* Lps ()N

v (Xa-1)

TN [e (4-w) ew(ﬂ@)]

L& (Ka-1) (€4 quwt_a)
AU (Xax1) A

-+

) ?e"‘“[e""”(d—w)—e‘” (1+w) ]
Q.}x‘t‘“A -

2’—

o ‘ -2 : :
-+ Q'Le'lw'(ezw*e —A,w’-_z) . ( 3.22 a~f )
T () A
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”»

vwhere .,

.
L= { fb) Sinakdt
. [ 4 :

( 3.23)
and A s I yend m wvere previcusly defined.
From the first of ( 3.13f£ ) ome rnay exp‘rase :
| X
A 054y (%,0)= 911 5[—,:.(3\.;%1!4)4- ko, e_

4
e

Cosaoccl ol $31 =0
2.}12.

bldxde ( 3.24 )

Substitution  for Bi and B, from ( 3.22 e,f ) and taking the limit
one obtains the Singular Integral Equation of the problem as

2 M (4+?>)i ﬁ( = 4c_jc)fg(k)c\{-

(A+73)

—:LW S k(e ¥) F({)A{} - 5’3\0{1— %—\(z('x)‘l .-_— ‘O

(vLx4e) (3.25)
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o

where ,

ky(oe )= T 2‘“9*2‘*’*%‘) ]

[3‘0 ~(£ -:x) + Sm—--(’c-vx)] dw
B ( 3.26 )

T oW 2w | -
kq.(‘x)=5 2-61 ["—W;(1+w)e ] ' Cos.@\_l:—c&w .

O ’ .
( 3.27 )

~

" In the calculation of the kernel ki(x,t) a.nd the bounded.
funct:.on k,(x) which are in the form of infinite integrals , to improve
the convergence the following procedure will be. used.

For example if k,(x,t) is considered , it is possible to express

. k.‘(oc,{)z‘ﬁv 2] 1- (4+zw+ 2uwi)e ]
) -2

= _ehw 2\ ow— ____%. (1‘\1‘“2)16

14 41%

(P (a2t 20) €] sia () 4 S Crm]

- 5(1—\'(5)(1-&’2.1»-}1\»7-)6 [3\(\ (-E-’x)-r gm_.__(«&-\-'x)]dw .

( 3.28 )



s

‘A8 one can observe whem the two terms in the curly bra.ckets are
combmea the degree of the leading term which a.ppea.r in the denommator
gets mach larger than the degree of the leading term in the numerator :

and it is possible to evaluate the last integral in closed form.

Recalling,

T _sk
Sés \nu.-‘ccl¥—
O

S—tC'A"'
( 3.29 )
and
it
S{e sinatdt = 4 Se *eraokdk
> (]
5\ rdlo ...._C_j_. _._9.__.)
S{ e CL c-,\s( s*+ot
o}
o _asa
(P4 )"
( 3.30)
Similarly ’
\ = . o
g te 5‘“0\{d'\1" "—3— g'l'.e Sinodatt
o (o)
or




hence

f e ainokdt - 2a(3sho)
(o]

(Sl+qz)3
B o | - | (3.31)
Now substituting from ( 3.29-3.31 ) cme obtains '
o / |
S‘ (14 zw-u.w"-)éq'wsm—‘f\—— (Jceac)dw |
| o Lo 277
=4:—'x{ o+ |6+ (=5 )] }
‘ - 1
h [ L+ ( J‘: )"l .\
( 3.32)
and E
® o |
g(‘t-&-zw-\-z\k’?')e-a'w\gx‘“_‘ﬁ’_(-l-,-\-x)dw
(o] » | h
. o ; L ¢ 1'}7' |
_ b i so+[6+ (5F) 7] x
;) L \273 .
L () |
( 3.33 )»

Hence ,

(0( *:S 9'[“ ("*2‘““'2‘”")6 ] : | - ‘
o

+(H?>)(1-+2w+9_w’-)e Wl

[Sm-—w({—-x)-&&ﬂ (JC*"’C)] dw | . |

o0& A71CL TINIVERSTTEST KUTUPHANES!
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_ -"' -_\:._—_Ot__
N ol

(el Y] 3

L (35 n
N '(A3.34 )

: Similarly it is possible to expfess kz(x) asg

oo

k (',x) Si 2e” [1-w- (4+w)e?™] |
2 = : .
o T;-{;e -\-l[a.w_:. Fre (1+7.w"-)]e —

(g (ae) ] cos R

- S(HF)(‘I-&\M)é&Cos-“ﬂ_‘—?@dw
o

N 3.35 ) 1 

Recalling ,

S Co&.w‘: Jdi=
s+ o*
o
and -
g-)ce—s'£ Cosol k= ——g; Se_ Coso&cu'.
. :

(3]

143

| ( 3.35 ) -
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or
Ske-'s&Césyu-‘é(:\&:--g—;(; ): _Sl-:_'f‘:_..
. 1'*'03’ 2 2\2
° ()™ )

Substituting from ( 3.36 ) and ( 3.37,) one gets

)

g(1+w)e Cos-—\;—'xc)w— z
3 .

[«+ (-——)] ( 3.38 )

Hence ,
kz(’-’ﬂ:j{ 26" [1-w- (1+®)€m-]
| A |
o

| w __aUi+§)
+{1e)(1rw) 8 }@s-\%’xd“" [+ oy

( 3.39 )

It should be remembered that the singular integra.l. equation of

the problem ( 3.25 ) will be solved by imposing the single-valuedness

. condition

C K '
SC('x)d'x= o

; . o , B ( 3.40 )
The contact shfess may also be evaluated from o
. c
Q,)M (4 +15)
Oyy (=x,0) = ) i S(Jc__x_ = )?(&)d{
b

Sk‘ (x ucma&% yg\v i« —-——kac:n)]

3.4
(owcqu,c<x< -0) ( )
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3.3 NUMERICAL SOLUTION OF THE SINGULAR INTBGRAL EQUATION
) : )

' The index of the singular integral equation is -1 ‘and to solve
it the Gauss-Chebyshev integration formulas given in [16] have
been used.First the equations ( 3.25 ) and ( 3.40 ) have been norma-
lized by defining the following dimensionless quantities

S_Q_’t _Lyb L e_ax _cte
T c-v L PO T T e-w e-b ?

(8)= 2 M4 (14P) Fd |
¢ ) gca\—; (1 +4) ) (342 8c )

After normalizing one obtains

p
1

4 LR
L X S-¢ s+c+2 (k) /(c-v)
-1 :

52K (|deds-Fkar =1
(-1<4r L) ( 3.43)

and

( 3.44 )

' i | ;
~ S“cﬁ(s) ds=1
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Then writing

Flsy
(1- )=

bo-
() -1 <48 1
and applying the quadiaxure formula to ( 3.43 ) and ( 3.44 ) one

obtains
4 A

n o :
> W iF S [
ke O ) Sv- ’ Sy T4 o.(sg:‘s’\;

+ c-;‘b \“v\(rt)s\'ﬁ]"—%f ko (7 )} "“1 | |

y i=lyeeeqn=l ( 3.45 )
and |
n o
'Z‘WKF(Sk)= O
\{31‘ ; . _ '
\ | ( 3.46 )

where

k=2, 0009n-1 ( 3.47 )

n-{

| 5\«.? Cos(xt K ) , k-l,...,n> (348 »)

0= Cos(‘n: 72':‘-1 ) , -iinl,...,n'—l'. . | ( 3.49 )



30

"If

To insure the smooth contact at the end points ‘of the sepa.ra.tlon

-'a.rea the followmg condlt:.ons

:(-*')=O ,’ F(“’i')=»O - ( 3.50 a,b )
‘will be Aimposed.

The equations ( 3.45 ), ( 3.46 ) and ( 3.50 a,b ) form a
system of n+2 algebraic equations to determine n+2 unknowns F(s ),.
eey F(BE) 4 eee F(sn) s b/h and c/h where skscos[r(k-l)/(n-l)]
k-:l,...,n. '

- The equations are iinear in F(sp) but very highly nonlinear in
b/h and é[h.'I’herefore , an interpolation and iteration scheme had to be
used to ‘obtain these two unknowns.ﬂﬁh the critical values of -Ac‘- and
Xer known , increasing } gra.dua.lly it was not difficult to make good
initial guesses for b/h and c/h.Thus ,. determination of sufficiently
accurate values for these wnknowns did not require extensive numerical
work.After determining the function F(s) and the distances b , ¢ the
contact stress may be ea.éily‘be evaluated from ( 3.41 ) by applying
the quadrature formula again.
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1V. NUMERICAL RESULTS AND DISCUSSION

5 Fig.3 displays the variation of 'Ehe sepa.ratioﬁ initia:tion distance
Xor with the bimaterial consta.nt B and Fig.4 shows the variation of
the 0r1't1ca.1 load factor ‘Rq. with ? «As it can be seen from these
figures both Xcr and 'Ac.e- increase when ‘3 decreases.It should also
be noted.thét for @« —-0.l the subspace gets very soft and Xer ,.
values will get very large and for this reason it was't possible to obtain
accurate values and the convergence of the integrals was observed 'Eo be

very slowW.

F.i.g.5‘shows the important results giving _'bhé distances b and ¢
which defing tﬁe separation gone.It appears that for a fixed value of ﬁ
A‘incfreasir_lg.loa.d' factor ?\ y b/ approa.ches a constant asymptotic value
which is equal to the extent of the contact zome in the receding contact

problem.However , c/h keeps increasing with increasing A

Fig.6 shows some sample results for the pressure . distri‘butibn
‘along the contact area.For )—‘30{')\ =LY it is seen that the
contact as well as the pressure distribution is continuous.For X? ;\cr
the f1gure ghows the discontinuous nature of the contact area and the

pressure distribution.
The following ma.joi" conclusions can be drawn from this studyf'
1. The definition of the bielastic material constant  has
B Qrov_ed to be very appropriate since it takes values in a- fin:i._jl;_eﬂxfang‘e C
unlike m ( the constant used in Ref.[15 ) vhich varies from 0 +o =X}
2. It has béen experienced that by extracting some closed form
expfessions from the infinite integrals , the ‘convérgence in the nunierical
evaluation of these infinite integrals has been improved to a,‘_g:eat ‘extent.
3, This solution could be used in engineering practice and can

replace various beam modelsr used for beams on elastic foundations.



V. '/ SUGGESTIONS FOR FUTURE WORK

The representation of thé subspace as a linear elastic continuum
is the mg,jor obatacle which prevents one to apply these results directly
to beams lying on soil subSpace.ft ig believed that a better model +to
represent  the soil should be used for the better understanding of the
contact phenomenon.This can be achieved either by assuming that the soil

is viscoelastic or poroelastic or elastic with a reduced modulus , etc.

Of course , these models require different mathematical approaches
'i.nvdlving the Laplace transform or finite elements and extensive numerical

calculations should be carried out.

Since there is no correlation bétween the Young's Modulus and
the spring constant k of the spring model for the soil subspace , it
was not possible to compare the results with the results of the spring
model.This should be done in the future if the correlation can be
" established,
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FIGURE 1. Geometry of the Elastic Layef on an’

Elastic Frictionless Half Space
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B 'FIGURE 2, Geometry of the-Elastic Layer on an Elastic -

Frictionless Half Space After Separation
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 PIGURE 3. Variation of the Separation Initiation Distance with B _
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X/h

FIGURE 6. Distribution of Contact Pressure Between the

‘and the Half Space

Layer
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