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ABSTRACT

STOCHASTIC GEOMETRY BASED ANALYSIS OF

HETEROGENEOUS NETWORKS

Recent cellular systems are composed of multiple tiers of access points with dense

base station deployments in order to maintain higher coverage region and network ca-

pacity. Classical methods of modeling base station deployments such as hexagonal

grid or square grid modeling are mostly insufficient to analyze characteristics of the

real geometric configuration. As a result, stochastic geometry approach has been sug-

gested to provide analytically tractable models of ad hoc wireless networks. Since the

interference is a primary limitation factor of the capacity of wireless networks and the

quality of service, inter-cell interference coordination (ICIC) is suggested to enhance

the performance of the network, especially in heterogeneous networks. We are mainly

focused on the performance of the strict fractional frequency reuse (FFR) and soft fre-

quency reuse (SFR) schemes, which are the two most commonly used ICIC techniques.

Since small cells are becoming an essential part of future LTE networks, it is vital

to investigate the impact of user mobility on heterogeneous networks. We examine

different approaches for mobility evaluation of cellular networks by providing single

snapshot analysis of the interference and coverage probability.
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ÖZET

HETEROJEN AĞLARIN STOKASTİK GEOMETRİ

TEMELLİ ANALİZİ

Yakın dönem hücresel sistemler, kapsama bölgesini ve ağ kapasitesini artırmak

amacıyla yoğun baz istasyonu konuşlanmaları içeren çoklu katmanlı erişim nokta-

larından oluşmaktadır. Altıgen ya da kare ızgara gibi klasik baz istasyonu dağıtım

modelleri, gerçek geometrik kurulumların özelliklerini analiz etmek için yetersizdir.

Bu türden plansız telsiz ağların analitik olarak çözümlenebilmesi için stokastik ge-

ometri yaklaşımı,önerilmiştir. Girişim, kablosuz ağların kapasitesini etkileyen en önemli

faktörlerden biri olduğu için, hücreler-arası girişim eşgüdümü (ICIC), özellikle hetero-

jen ağlarda, ağın başarımını artırmak için önerilmektedir. Çalışmamız, en sık kullanılan

iki ICIC yöntemi olan katı kesirli frekans yeniden kullanımı (FFR) ve yumuşak yeniden

kullanım (SFR) üzerinde yoğunlaşmıştır. Küçük hücreler, gelecek dönem LTE ağlarının

artık vazgeçilmez bir parçası haline geldiği için, heterojen ağlarda kullanıcı hareketlili-

ğinin etkisini araştırmak büyük önem taşımaktadır. Bu bağlamda, girişimin ve kap-

sama olasılığının anlık görünümlerinin analizini sağlayan farklı hareketlilik değerlendir-

mesi yaklaşımları incelenmiştir.
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1. INTRODUCTION

1.1. The 3rd Generation Partnership Project (3GPP)

3GPP was found in December 1998 to determine technical specifications and

reports for a third generation (3G) mobile system which is based on evolved global

system for mobile communication (GSM) networks and the radio access technologies

(RAT) which support two main types of full duplexing modes: time division duplex

(TDD) and frequency division duplex (FDD).

3GPP unites seven standard development organizational partners from Asia,

North Ameriaca and Europe, which are ARIB, ATIS, CCSA, ETSI, TSDSI, TTA,

TTC and provides a stable communication environment to generate the reports and

complete specifications which determines 3GPP technologies such as cellular commu-

nications network technologies containing the core transport network, radio access,

and service capabilities. These specifications cover developments on codecs, security,

quality of service.

3GPP has four technical specification groups (TSG), which are Core Network

and Terminals (CT), GSM EDGE Radio Access Networks (GERAN), Radio Access

Networks (RAN) and Service and Systems Aspects (SA) . The 3GPP technologies

from these groups are steadily evolving through next generations of commercial cellular

telecommunications systems. 3GPP has come into the focus for cellular mobile network

systems beyond 3G with the fulfillment of the first LTE specifications.

The main target for all 3GPP releases is to accomplish the system forwards and

backwards compatible to guarantee that the operations will not be interrupted. As a

recent example of this principle, backward compatibility between long term evolution

(LTE) and LTE-Advanced (LTE-A) is one of the primary focal point of 3GPP in order

that an LTE-A terminal works compatibly in an LTE mobile network, while an LTE

terminal can work compatibly in the LTE-A mobile network.
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1.2. Long Term Evolution (LTE)

In 2008, 3GPP project has introduced LTE as an extension of both universal mo-

bile telecommunications system (UMTS) and code division multiple access (CDMA)

in release 8 for the very first time. LTE provides up to 50 times performance improve-

ment and much better spectral efficiency by supporting flexible bandwidth management

compared to previous cellular systems.

Historical development stages in cellular technology reveals how much improve-

ment is provided by the evolution of LTE. In early 1980’s, first generation (1G) mobile

system whose technology has been based on analog cellular technologies was used for

only voice calls. In 1992, second generation (2G) with a digital technology has pro-

vided data throughput up to 14.4 kbps for voice communication and messaging. In

1998, 3GPP introduced 3G mobile system with regard to meet the increasing demand

for data traffic. In 3G, both high speed packet switching capability and circuit switched

voice transmission have been provided. Underlying technology is based on wideband

code division multiple access (WCDMA), which has 2 Mbps peak data rate in down-

link and 1 Mbps in the uplink, high speed packet access (HSPA) and its enhancements

HSPA Plus (HSPA+). This infrastructure enables the developments of smart phone

technologies such as web browsing, sending and receiving emails and video downloading

in cellular devices.

The demand for higher data rate has increased extremely with the widespread

use of always-on devices such as smart phones and tablets. Hence finding a new radio

access technology (RAT) with a new network architecture has become inevitable. LTE

does not require a dedicated line to make a call, since LTE uses a packet-switched net-

work technology to transmit data and provide voice services, whereas previous mobile

telephone systems uses a circuit-switched network.

LTE can accommodate both frequency division duplex (FDD) and time division

duplex (TDD) mode and allows flexible carrier bandwidth ranging from 1.4 MHz to 20

MHz in addition to FDD and TDD. All LTE devices are required to support multiple
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input multiple output (MIMO) transmissions, allowing trasmitting BS to send the data

streams over the same carrier at the same time. LTE employes orthogonal frequency

division multiple access (OFDMA), which is the extension of OFDM, with a peak

transmission rate of 100 Mbps in 20 MHz channel for downlink transmission and single

carrier frequency division multiple access (SC-FDMA) with a peak rate of 50 Mbps in

20 MHz channel for uplink transmission [5].

In 2010, complete integration of LTE femtocells are introduced in the form of the

Home eNodeB (HeNB) in release 9 [6].

1.3. Femtocells

Femtocells might be considered as small, low-power base stations, which connect

to the network of the mobile service provider via cable broadband connections or DSL.

Figure 1.1 depicts the typical scenario which is composed of macrocell and femtocells.

Figure 1.1. Femtocell and macrocell example [1].

As a result of Shannon’s law, which makes a connection between the capacity (in

bits/second) and SINR, femtocells provide a good potential to improve capacity. Most

widely used pathloss model in the calculation of SINR is Ad−α, where A is a constant

loss factor, d is the distance between the receiver and transmitter, and α is the path-loss

exponent. Hence, it can be concluded that minimizing d is one of the key opportunity

to increase the capacity. Besides, interference from neighboring cells will be mitigated

and battery life will be prolonged, since femtocells have lower transmit power. Apart

from these, frequency reuse schemes, diversity and interference cancellation techniques
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can be employed as well to bolster the network capacity. More mobile users who are

assigned to the same subbands of the spectrum can be served in a given area thanks

to reduced interference and it leads to increase in the the area spectral efficiency or, in

other words, the total number of active mobile users per Hz per unit area [7].

The other advantages of femtocells are listed in [8] as follows:

• They provide an improved macrocell reliability, since the indoor traffic can be

offloaded to femtocell network over the IP backbone, resulting in better reception

for mobile user that are connected to the macrocell BS.

• They decrease the operating and capital expenditure costs for operators, since

femtocell deployment is less costly compared to adding macro BSs.

• They reduce the subscriber turnover by improving the coverage and capacity,

hence, increasing the customer satisfaction.

1.4. Access Technologies

Most commonly used spectrum access policies for femtocells are open access

and closed access. In open-access strategy, all mobile users (subscribers and non-

subscribers) have a right to take a service from femtocells if they pass nearby. Con-

versely, in closed-access strategy, only subscribed cellular users that are licensed are

allowed to be served by femtocells.

Closed access strategy provides more privacy and security for subscribed users,

while open access strategy enhances the overall capacity and coverage of the network.

Due to these tradeoffs, hybrid solutions are considered by reserving certain amount of

femtocell resources to registered users only and allocating other resources for roamers.

In open access policy, handoffs from the macrocell to the femtocell can be cum-

bersome since there are large number of femtocells within the vicinity of macrocells.

There might be channel fluctuations, as well, which causes a moving macrocell user to

perform multiple handovers. Low complexity algorithms that take the presence of fem-
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tocells into consideration should be applied in order to avoid unnecessary handovers by

estimating the dwell time before handing off a macrocell user to an adjacent femtocell.

1.5. Wireless Ad Hoc Networks

When the network topology is known, service operator can set up the rules of fixed

hierarchical structure of the transport layer. That being said, there is no centralized

control which enables the hierarchical information flow in ad hoc networks. There

are sets of mobile or static communication devices (i.e. nodes) in ad hoc networks.

Ad hoc network topology can change constantly because of the mobility and nodes

have to self-organize themselves since there is no centralized control. Especially in the

4th Generation (4G) and further generations, telecommunication systems will be in the

form of heterogeneous networks which consists networks access devices, roaming mobile

users, cars, computers even fridges and microwaves that will sense each other and self-

organize their access to the network resources [9]. Randomness in the network structure

itself makes the stochastic geometry tools necessary for analysis and development of

the telecommunications networks.

1.6. ICIC Mitigation Techniques

Since subcarriers of intra-cell users are orthogonal to each other in orthogonal

frequency division multiple access (OFDMA), the main source of interference comes

from the inter-cell interference (ICI), particularly for the users at the cell edges . Inter-

cell interference coordination (ICIC) strategies have been suggested to improve coverage

probability and the throughput of users, while maximizing spatial reuse [10].

Widely used method for ICIC is fractional frequency reuse approach. In fractional

frequency reuse method, each cell is split into two separate regions: cell-interior which

accommodates interior users, and cell-edge which accommodates exterior users. The

spectrum is subdivided into smaller parts in order that cell-edge users of adjacent cells

do not interfere with each other. Besides, the interference for interior users diminishes.
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The two most commonly used schemes of fractional frequency reuse (FFR) are

strict FFR and soft frequency reuse (SFR).

Figure 1.2. Fractional frequency reuse schemes: Strict FFR and SFR [2].

In strict FFR, a shared subband of frequencies is assigned to the users in the

cell centers, whereas the remaining spectrum is subdivided into different and mutually

orthogonal frequency subbands, as illustrated in Figure 1.2 (a). Since users in the

cell centers do not have a subband in common with cell-edge users, the interference is

mitigated for both exterior and interior users.

In SFR, edge users of adjacent cells again use mutually orthogonal subbands,

while the interior users of a specific cell is granted to share the cell-edge subbands of

the adjacent cells. SFR provides improvement in coverage performance of exterior users

by using power control factor. Although SFR is more efficient in terms of bandwidth

utilization than strict FFR, it is disadvantageous in the sense of interference, hence

coverage.

1.7. Related Work

In cellular network systems, more than 60% of calls and 90% of data services

take place indoors [11]. Thus, it is crucial to have good indoor coverage for both voice

and high speed data services. In the recent studies, one of the suggested methods

to improve coverage is to use femtocell access points (FAPs) besides macrocell base

stations (MBSs). Heterogeneous cellular networks (HCN or HetNet) which consist of

overlaid deployment of macro, micro, pico, and femtocells, are expected to be used
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widely in the future [12]. The biggest advantage of femtocell usage is a significant

enhancement in the system spatial spectral efficiency [8].

Emerging needs entail large wireless systems with ad hoc networks and cellular

networks. Classical methods of modeling base station deployments such as hexagonal

grid or square grid modeling are mostly insufficient to analyze characteristics of the real

geometric configuration. The coverage probability and capacity of the wireless networks

can be obtained by using the properties and tools of stochastic geometry. Most used

approach is to model location of the base stations in a random manner by using Poisson

point process (PPP), whose use of PPP in networks date backs to 1997 [13], [14]. Since

then extensive studies have been carried out to investigate the limits and performance

characteristics of PPP deployment in ad hoc networks [15] [16] [17], and mobile ad-hoc

networks (MANET) [18] [19].

A widely accepted model for BS deployment in wireless network is the homoge-

neous PPP and it is a favorable approach for several reasons. Firstly, it is tractable

and easy to handle to fit a model for large-scale ad-hoc networks with random mul-

tiple access methods. Secondly, it provides tight bounds for the performance metrics

in planned infrastructure-based networking systems and coordinated spectrum access

networks [20]. In [21], [22], it is shown that PPP model provides more accurate ap-

proximation of an actual base station deployment than grid model.

In 2000, authors in [15] laid out that interference is a major limitation source of

the capacity of wireless networks and the quality of service (QoS). Since signals from

intra-cell users of OFDMA network are orthogonal to each other, the main interfer-

ence is caused by inter-cell interference. Therefore, inter-cell interference coordina-

tion (ICIC) methods are suggested to enhance the performance of the network. ICIC

strategies, especially in heterogeneous networks, become crucial to ensure certain level

of QoS, since the tiers have overlapping sources. Authors in [23], [3] provide a detailed

approach on the analysis of coverage and capacity under ICIC strategies for single tier

network and HetNets respectively.
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In order to take the advantage of diversity gain to increase the network coverage,

authors in [24] provide the coverage probability expression which considers both ICIC

and intra-cell diversity (ICD) in the case where there is temporal or spectral correlation

between the interference and signal.

As stated previously, femtocells are a solution that helps to improve the coverage

and capacity of the system. However, after adding small cells to the existing macrocell

network, the avoidance of interference becomes a critical issue to be handled. Type of

access control policy, which decides access permits of users to the femtocell, should be

chosen wisely to limit the interference while enhancing the spectral efficiency. There are

three main spectrum access policies for femtocells in a HCN: the open-access, closed-

access and hybrid access policies. One may refer to [25] for a detailed survey on access

models. Authors in [26] provides analytically tractable results by modeling femtocell

and cellular user positions with a spatial random process under different access policies.

Apart from the problem of interference and access policies, deployment of small cells

in a pre-deployed network structure is also another issue that needs to be addressed.

Presented study in [27] uses a novel dynamic network architecture model which is

based on game theory and stochastic geometry in order to solve the problem of when

and where to deploy small cells to take the advantage of high peak transmission rates,

high energy efficiency and high spectral efficiency of small cells. They also provide a

model which solves the joint problem of user resource sharing and operator pricing as

a non-cooperative game.

Arshad et al. in [28] introduce an analytical method by employing stochastic

geometry in order to determine the effect of handover delay on the average user rate

in single-tier highly dense 5G cellular networks. Authors in [29] have investigated the

impact of user mobility based on stochastic geometry by including the effect of handoff

rate while determining the coverage probability in multi-tier networks. The stochastic

characteristics of random walk and random way point (RWP) mobility models are

examined in [30] and [31]- [32], respectively. [33] provides an analytical study of RWP

mobility model and its impact on handover rate and sojourn time, which are two

important cellular network parameters, for both PPP and deterministic hexagonal BS
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models.

Another approach to mobility is to consider the fluctuations of the channel gains

which are introduced by node mobility as another type of fading in additions to multi-

path effects. Under this approach, the outage probability is derived in [34]. They also

showed that distribution of the interference remains the same under high mobility and

random walk models, while it increases under RWP mobility model.

Although modeling the BS nodes with a homogeneous (or stationary) PPP is

the analytically advantageous and widely accepted presumption, the distribution of

BS nodes can not be completely spatially random in each case and might be clustered.

Authors in [35] suggest a numerically integrable formula for the outage probability

and closed-form upper and lower bounds under Neyman-Scott cluster process model.

Moreover, user locations can be dependent of the BS locations, in other saying, the

BSs are deployed at densely populated regions. This correlation can be modeled by

using a Poisson cluster process (PCP) model in which the femtocells are assumed to

be placed at the cluster center as in [36]. Besides, femtocell deployments may exhibit

clustered distribution and they can also be modeled by using PCP as in [37].

As a particular case of a Poisson field with a dense clustering, Poisson-line field of

interfering nodes are used in modeling in [4]. This model suggests a reasonable model

for the cases in which vehicles are distributed on a straight road at random. They

have provided numerically tractable expressions for the speed of packet progression

and end-to-end delay metrics for Poisson line process (PLP). Analytical formulas for

the uplink coverage probability for a Poisson line tessellation have been derived in [38]

by performing several shot-noise computations.

Our study assumes Rayleigh fading to obtain closed-form expressions. Apart from

Rayleigh fading, if Gamma distribution (e.g., Nakagami-m) is selected as the channel

power gain, the coverage probability can be formulated by the higher-order derivative of

the Laplace transform of interference. [39] gives expressions of interference functionals

and coverage probability in a Poisson network for Nakagami fading caused by multipath
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propagation.

By taking power control into account, coverage probability of uplink under stochas-

tic geometry has been provided in [40]. Multi-antenna HetNets have been studied

in [41, 42]. Authors in [43] propose a unified stochastic-geometry based analytical

method to evaluate not only outage probability and ergodic rate, but also error proba-

bility for cellular networks with different MIMO configurations. [44] presents tractable

framework for outage probability and average ergodic rate in downlink HCNs with

flexible cell association policies by using bias factor.

In [45], it is shown that SIR distributions of different cellular network models

can be approximately found by a certain horizontal shift of the distribution of PPP

model by considering mean interference-to-signal ratio between the network model and

PPP model. Wei et al. in [46] propose a generalization of this approach to HetNets

and use approximation approaches to calculate distribution of the SIR based on PPP

and mean interference-to-signal ratio based gain for each individual tier of HetNets

and show that their approximate results provide a good approximation compared to

derived exact distribution of the SIR in two-tier HetNets modeled by Ginibre and PPP.

Intensity matching approach by using stochastic geometry perspective is intro-

duced in [47] so as to estimate the effects of propagation and blockage models on key

system parameters such as density of BSs, besides area spectral efficiency and through-

put are computed by using the outlined approach.

1.8. Organization

The rest of the thesis is organized as follows: In Chapter 2, we present the tools

of stochastic geometry that will be used in other chapters. In Chapters 3 and 4,

we provide performance evaluation of single tier and multi-tier networks, respectively,

under strict FFR and SFR schemes. In Chapter 5, mobility evaluation of cellular

networks are investigated by providing different approaches to handling mobility. The

thesis is concluded in Chapter 6.
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2. STOCHASTIC GEOMETRY OVERVIEW

One of the key performance metrics of the networks is signal to inference plus

noise ratio (SINR), which is characterized by the ratio of received signal power to

the total received from all interferers, plus the thermal noise power at the receiver.

Based on SINR, bit error rate in the link between the transmitter and the user will

be affected; hence this will determine whether the user will be covered and what will

be the maximum achievable data rate if the user is covered. Therefore, the spatial

distribution of the SINR needs to be known in order to optimize the HetNets.

The performance of the modern cellular systems depends strongly on the locations

of the base stations or users, which need to be modeled as a stochastic process of

points due to the intrinsic uncertainty of the model itself. Hence, stochastic geometry,

particularly point process theory, is a very convenient tool for modeling and analyzing

wireless networks. Since PPP has the complete spatial randomness or independence

property, it provides tools which are easy to analyze [48].

Stochastic geometry based calculation of SINR distribution in HetNets provides

analytically tractable models and scalable results to an arbitrary number of tiers. As-

suming the locations of BSs in the tiers are distributed according to PPP, distribution

of the SINR at an arbitrary location in the network can be calculated exactly and

depends only on certain network deployment parameters [49].

PPP has a central position among other process models for several reasons as

outlined in [50]. Firstly, PPP model can be considered as a null-model to make a

basis for comparison of completely random processes with other point-patterns such as

cluster point processes. Secondly, PPP model is useful for simulation procedures. For

instance, PPP model needs to be constructed first and modified accordingly in order

to simulate Poisson germ-grain model or Neyman-Scott processes.
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2.1. Poisson Point Process

Consider a spatial point process (p.p.) Φ which is a random and finite collection

of points in the d-dimensional Euclidean space Rd. Any given realization Φ of a p.p.

can be viewed as a discrete subset Φ = {xi} ⊂ Rd of the space.

Alternatively, Φ can be regarded as a point measure or counting measure Φ =∑
i εxi , where εx is the Dirac measure at x; for A ⊂ Rd , εx(A) = 1 if x ∈ A and

εx(A) = 0 if x /∈ A. Consequently, Φ(A) indicates the number of points of p.p. Φ in

A. Besides,
∑

i f(xi) =
∫
Rd f(x)Φ(dx) is valid for all real functions f which are defined

on Rd.

The distribution of a p.p. is completely described by the family of finite dimen-

sional distributions (Φ(A1), ...,Φ(Ak)), where A1, ..., Ak run over the bounded subsets

of Rd as in the case of other stochastic processes.

Outlined definitions and theorems that are related to point processes in here will

be prominent tools to analyse the key performance metrics of SINR distributions in

the next chapters.

Definition 2.1.1. Poisson Point Process (PPP)

For Λ which represents a locally finite measure on Rd, the PPP Φ of density

measure λ can be defined with the help of its finite-dimensional distributions as in [51]

such that

P {Φ(A1) = n1, ...,Φ(Ak) = nk} =
∑k

i=1

(
eΛ(Ai) Λ(Ai)

ni

ni!

)

for every k = 1, 2, ... and all bounded, mutually disjoint sets Ai for i = 1, ..., k. If

Λ(dx) = λdx is a multiple of Lebesgue measure in Rd, then Φ is called a homogeneous

PPP and λ is its intensity or density parameter.
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Definition 2.1.2. Probability generating functional (PGFL)

Let f : Rd → R+, then PGFL of a homogeneous PPP is defined as

PΦ(f) = E

[∑
x∈Φ

f(x)

]
= exp

(
−λ
∫
Rd

(1− f(x))dx

)
.

The PGFL is a useful tool for converting an expectation of a product of the

points, hence the sum of the exponents, in the PPP into an integral.

Definition 2.1.3. Laplace Functional

The Laplace functional L of a point process Φ is defined as

LΦ(f) = E
[
exp(−

∫
Rd f(x)Φ(dx)

]
where f is defined on the set of all non-negative functions on Rd.

Unlike PGFL, which is mostly restricted to random counting measures, the

Laplace functional is defined for general non-negative random measures. The Laplace

functional does not depend on the random measure itself, but only on its distribution.

Definition 2.1.4. Laplace Functional of PPP

The Laplace functional of the PPP of intensity measure Λ is calculated by

LΦ(f) = exp
(
−
∫
Rd(1− e

−f(x))Λ(dx)
)
.
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Definition 2.1.5. Campbell’s theorem

Let Φ be a p.p. on Rd with an intensity function λ and f : Rd 7→ R be a

measurable function. Then the random sum

S =
∑
x∈Φ

f(x)

is a random variable with mean

E[S] = E

[∑
x∈Φ

f(x)

]
=

∫
Rd
λ(x)f(x)dx.

If Φ ⊂ Rd is a stationary p.p. with intensity λ, then the mean of the sum

S =
∑

x∈Φ f(x) becomes

E[S] = λ

∫
Rd
f(x)dx.

Significance of Campbell’s theorem becomes apparent in the evaluation of the

functional expectations of a PPP, which requires conversion of a sum into an integral.

Laplace transform of a PPP can be computed by combining the outcomes of PGFL

and Campbell’s theorem as follows

L(s) = E
[
esS
]

= E

[
exp

(
−
∑
x∈Φ

sf(x)

)]
= exp

(
−λ
∫
R2

(1− e−sf(x))dx

)
. (2.1)

If the desired signal power is exponentially distributed, i.e. Rayleigh fading,

calculation of coverage probability which depends on SINR requires the computation

of Laplace transform of the interference measured at the receiver, hence PGFL of a

PPP will be used widely in the following sections.
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2.2. Properties of PPP

(i) Independent thinning of a PPP

Let g : Rd → [0, 1] be a thinning function of a stationary PPP Φ by independently

deleting each point x with a probability 1 − g(x). This will end up with an

inhomogeneous PPP with intensity function λg(x).

This thinning feature is one of the most useful properties of PPP while calculating

the ICIC effect on coverage probability.

(ii) Superposition of PPP

Superposition of independent PPPs end up in a PPP. Hence, combination of n

independent homogeneous PPPs with intensities λi, i = 1, 2, ..., n form a new

PPP with intensity
∑n

i=1 λi.

(iii) Displacement Theorem

The transformation of the PPP of intensity measure Λ by a probability kernel p

is the PPP with intensity measure Λ′(A) =
∫
Rd p(x,A)Λ(dx).

As a result, we can conclude that independent displacements preserve PPP prop-

erty. In [51], it is shown that displacement under random walk and random

waypoint model preserves the Poisson property and it leads to independence be-

tween Φ (initial PPP) and Φ′ (displaced PPP) if the initial PPP has an intensity

measure which is 0 outside a finite window.

(iv) Stationarity

A point process Φ is stationary if its distribution is invariant under translation

through any vector v ∈ Rd.

As a special case of this lemma, one can easily conclude that a homogeneous

PPP (i.e. with a constant intensity measure λ) is stationary. In addition to this,

homogeneous PPP is erdogic.

We will mainly focus on a homogeneous PPP, which is a PPP with uniform

intensity λ such that mean µ(A) = λl(A), where l(A) is a Lebesgue measure of A. As

a result of the property of a homogeneous PPP, all the points are independently and

uniformly distributed in A, conditioning on the number of points in A.



16

2.3. Palm Theory

In the study of point processes of wireless networks, it is often natural to con-

dition on a point at the fixed location. Palm theory gives description for the notion

of the conditional distribution of a general point process which contains a point at

some location. Since the probability of the condition is equal to 0 for a point process

without a fixed atom at this particular location, the basic definition of the conditional

probability is not applicable. It also formalizes the concept of the typical point which

has the same probability of being chosen in the random selection procedure. The palm

distribution is the conditional point process distribution provided that a typical point

exists at a specific location.

A chosen point that is the closest to the origin is not typical, because of a selection

in a deterministic way. For instance, assume that we want to calculate the SINR of

a desired transmitter, the other node will be interferers. When we condition on the

location of the desired transmitter, it should not be treated as an interferer and its

effect should be eliminated in the calculations. This example leads to a reduced Palm

distribution if all the transmitting nodes constitute a point process.

One of the main consequences of Palm theory for PPP leads to Slivnyak–Mecke

theorem, which has a powerful effect on reduced Palm distributions. The interested

reader can refer to [51] to go over the proof of the theorem.

Definition 2.3.1. Slivnyak-Mecke theorem

Let Φ be a PPP with intensity measure Λ. For almost all x ∈ Rd,

P !
x(·) = P {Φ ∈ ·}

where P !
x is the reduced Palm distribution of PPP and it is equal to its original distri-

bution.
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As a consequence of this theorem and the independence property of the PPP,

the number of points in B(x, ε) is independent of the number of points in any region

outside this ball, for arbitrary small ε. This suggests that conditioning on a point x

does not change the distribution of the rest of the process and it allows us to add a

node into the region at any location, such as the origin or at a fixed distance from

the origin, without changing its statistical properties. It enables us to consider the

interference as coming from a PPP, even though we exclude the serving BS from PPP.
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3. COVERAGE PROBABILITY ANALYSIS FOR

SINGLE-TIER OFDMA CELLULAR NETWORKS

In this chapter, we will provide both the theoretical and simulation analyses

of the single-tier network by applying ICIC techniques that we have mentioned in

the Chapter 1. Stochastic geometry tools and point process theory that are outlined

previously form the backbone of our analysis for coverage probability, which is one of

the key performance metrics of the cellular networks.

Unlike the traditional hexagonal grid model, the location of the base stations

are distributed as a homogeneous Poisson point process (PPP) with density λ for

an OFDMA cellular downlink transmission. This brings some sort of randomness

which helps to capture the nonuniform map of the recent cellular deployments due to

topographic or demographic effects.

In the general framework, coverage probability is defined as the probability of

the instantaneous SINR of a user which is greater than specified SINR threshold and

given by

pc = P(SINR > T ) (3.1)

which is equivalent of complementary cumulative distribution function (CCDF) of the

SINR.

Assuming there is Rayleigh fading between any BS z and the typical user y, fading

value gz is exponentially distributed with mean µ. Z represents the group of interfering

BSs, which use the same subband as user y. Rz represents the distance between the

interfering BS z and the typical user, where α, σ2, ∆ denotes pathloss exponent, the

noise power and number of frequency sub-bands respectively. We also assume that all

the BSs have the same transmit power P . The SINR of the mobile user at a random
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distance r from its tagged BS can be expressed by

SINR =
Pgyr

−α

σ2 + PIr
, (3.2)

where

Ir =
∑
z∈Z

gzR
−α
z . (3.3)

Assumption in the above formula is that the nearest BS to the user y is located

at a distance r, which is a random variable. By using the null probability of a 2-D

PPP in a given area, the probability density function (pdf) of r can be calculated by

fr(r) = e−λπr
2

2πλrdr. (3.4)

In Andrews et al.’s well-known work [21], the general expression for coverage

probability in the presence of exponential interference is derived as

pc(T, λ, α, r) = πλ

∫ ∞
0

e−πλv(1+ 1
∆
ρ(T,α))−µTσ2vα/2dv, (3.5)

where

ρ(T, α) = T 2/α

∫ ∞
T−2/α

1

1 + uα/2
du. (3.6)

Use of strict FFR and SFR divides users into two categories: edge and interior

users. Unlike deterministic grid models, the PPP model uses SINR levels in order to

classify the users instead of constant distances and it does not give the same geographic

meaning. Each cell is divided into Voronoi regions with a random area, resulting in a

more realistic image of actual deployments of recent mobile cellular networks. If SINR
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is less than a frequency reuse threshold TFR, users are defined as edge users, while users

whose SINR is greater than TFR are categorized as interior users. Hence, TFR can be

considered as an analogous design parameter of the grid-based interior radius [52].
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Voronoi representation of the cell geometry

Figure 3.1. Voronoi regions of the network topology.

Figure 3.1 delineates a snapshot of the network topology which is composed of

Voronoi regions under frequency reuse scheme. Users that are represented with a

diamond shape are cell-edge users, while users that are showed by a pentagram shape

are interior users as defined above. Different colors (i.e. red, green and blue) represent

different frequency subbands.

3.1. Strict FFR Edge User

In the case of strict FFR, if SINR of a user goes below the reuse threshold TFR,

user is allocated a new subband from reserved subbands for the edge users as a result

of the reuse strategy. User y with SINR < TFR is assigned a new FFR subband δy,

where δ ∈ 1, ...,∆ with uniform probability 1
∆

. This results in a new fading power ĝ

and out-of-cell interference Î, which are different than initial gy and Ir, respectively.

Assuming ĝ and g are i.i.d. exponentially distributed with mean µ, the CCDF of the

edge user FFFR(T ) is calculated in [23] by
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FFFR(T ) = P
(

P ĝr−α

σ2 + P Îr
> T

∣∣∣∣ Pgr−ασ2 + PIr
< TFR

)

=
pc(T, λ, α,∆)− πλ

∫∞
0
e−πλv(1+2ξ(T,TFR,α,∆))−µ(T+TFR)σ

2

P
υα/2dυ

1− pc(TFR, λ, α, 1)
(3.7)

where

ξ(T, TFR, α,∆) =

∫ ∞
1

[
1− 1

1 + TFRx−α

(
1− 1

∆

(
1− 1

1 + Tx−α

))]
xdx (3.8)

and pc is given by (3.5). Proof can be found in the appendix section A.1. This proof

will form the basis for the analyses in the following sections.

If we consider the special case where α = 4, we can obtain an insight about the

performance of cell-edge users by obtaining closed form expressions for the coverage

probability, instead of computing complex integrals.

3.1.1. Special Case: α =4

When α = 4, ξ(T, TFR, α,∆) turns into a closed form trigonometric equation

instead of a numerically evaluated integral, whose derivation is given in A.2. It can be

calculated according to the following formula,

ξ(T, TFR, 4,∆) =
Tρ(T, 4)− ρ(TFR, 4)(TFR∆− T (∆− 1))

2∆(T − TFR)
(3.9)

where

ρ(T, 4) =
√
Tarctan(

√
T ). (3.10)
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3.1.2. Special Case: No noise and α =4

If the given network is only an interference-limited network in which noise is

neglected, coverage probability of strict FFR edge user can be computed by

FFFR(T ) =
1 + ρ(TFR, 4)

ρ(TFR, 4)

(
1

1 + 1
∆
ρ(TFR, 4)

− 1

1 + 2ξ(T, TFR, 4,∆)

)
(3.11)

where ξ(T, TFR, 4,∆) is given in (3.9). Distribution of SINR in (3.11) is a function of

only the SINR threshold T and the reuse threshold TFR under this special case.

3.2. SFR Edge User

In the case of SFR, Ir comes from two different categories where Pint = P and

Pedge = βP with a power control factor β ≥ 1, unlike the case of strict FFR. Pint is the

transmit power of the BS for an interior user and Pedge is the transmit power of the

BS for an edge user. As a result, the interfering BSs are divided into two categories as

well: Iint, which is caused by all the interfering BSs that transmit to interior users on

the same subband of a typical user y with a power of Pintand Iedge, which is caused by

all the interfering BSs that transmit to edge users on the same subband of user y with

a power of Pedge. Hence, total out-of-cell interference with SFR is

Ir =
∑
i∈Iint

giR
−α
i + β

∑
i∈Iedge

giR
−α
i . (3.12)

Main difference between strict FFR and SFR is the use of power control factor,

β. BSs are allowed to reuse all subbands by applying β to one of the δ subbands

of edge users. Therefore, the effective interference power factor η can be found by

η = (∆− 1 + β)/∆ and the overall interference term is defined by ηPIr.

User y with SINR < TFR is given a new SFR sub-band δy, where δ ∈ 1, ...,∆

with a transmit power of βP . This results in a new fading power ĝ and out-of-cell
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interference Î , which are different than initial gy and Ir, respectively. Assuming ĝ

and g are i.i.d. exponentially distributed with mean µ , the CCDF of the edge user

FSFR(T ) is calculated in [23] by

FSFR(T ) = P
(

βP ĝr−α

σ2 + ηP Îr
> T

∣∣∣∣ Pgr−α

σ2 + ηPIr
< TFR

)

=
pc(η

T
β
, λ, α,∆)− πλ

∫∞
0
e−πλv(1+2ζ(T,TFR,α,1,η,β))−µ(η T

β
+ηTFR)σ

2

P
υα/2dυ

1− pc(ηTFR, λ, α, 1)
(3.13)

where

ζ(T, TFR, α, 1, η, β) =

∫ ∞
1

[
1− 1

1 + ηTFRx−α
1

1 + η T
β
x−α

]
xdx. (3.14)

Similarly, as in the case of strict FFR, if we consider the special case where α = 4,

we can obtain an insight about the performance of cell-edge users by obtaining closed

form expressions for the coverage probability.

3.2.1. Special Case: α=4

When α = 4, ζ(T, TFR, 4, η, β) turns into a closed form trigonometric equation

instead of a numerically evaluated integral, which can be found by

ζ(T, TFR, 4, η, β) =
1

2(T − βTFR)

(
Tρ(

η

β
T, 4)− βTFRρ(ηTFR, 4)

)
(3.15)

where ρ(T, 4) is given in (3.10).
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3.2.2. Special Case: No noise and α = 4

If interference-limited network in which noise is neglected, is considered, coverage

probability of SFR edge user can be computed by

FSFR(T ) =
1 + ρ(ηTFR, 4)

ρ(ηTFR, 4)

(
1

1 + ρ( η
β
T, 4)

− 1

1 + 2ζ(T, TFR, α, η, β)

)
(3.16)

where ζ(T, TFR, α, η, β) is given in (3.15).

Distribution of SINR in (3.16) is a function of the certain design parameters,

namely power control factor β, the reuse threshold TFR and the SINR threshold T .

3.3. Simulation Results

The parameters and corresponding values which are used in order to obtain MAT-

LAB simulation results of a single-tier network system are summarized in Table 3.1.
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Figure 3.2. Coverage probability of strict FFR and SFR in 1-tier network with 3 dB

FFR threshold and power factor=2 when there is no noise and α = 4.



25

Table 3.1. Simulation parameters for single-tier network.

Parameter Value / Assumption

Cell geometry Voronoi

BS distribution PPP

BS density (λ) 1/4000π BSs/m2

User distribution PPP

User density (λu) 0.01 users/m2

Edge user threshold 3 dB

Pathloss exponent (α) 4

Total number of subbands 48

Reuse factor (∆) 3

Frequency planning
Strict FFR

SFR

Power Control Factor (β) 2 dB

Figure 3.2 depicts the simulation and theoretical results of the coverage proba-

bilities under strict FFR and SFR schemes where the reuse threshold TFR = 3 dB and

power control factor β = 2 dB. This results show that our simulation environment pro-

vides consistent results with the results from theoretical calculations. As noted before,

it can be observed that strict FFR provides more improvement in mitigation of the

interference compared to SFR at the expense of spectral efficiency.

3.4. Conclusion

In this chapter, we provide the Monte Carlo simulation results of coverage proba-

bility of the edge users in a single-tier network, which are verified by analytical results.

The simulated results when node and user distributions follow a PPP, consistently

match the theoretical analysis for both strict FFR and SFR techniques as seen in

Figure 3.2. We extend these analyses to heterogeneous networks in the next chapter.
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4. COVERAGE PROBABILITY ANALYSIS FOR

HETEROGENEOUS NETWORKS

We consider downlink of a heterogeneous cellular network which is composed of

k types of BSs, which may consist of macro, pico and femtocells, with different trans-

mit power, intensity and target SINR threshold. Some sort of interference mitigation

method becomes more essential in HetNets, since these tiers are overlapping in many

cases and HetNets rapidly approach the interference limits for a satisfactory QoS. Fig-

ure 4.1 depicts the frequency and transmit power allocation with ∆ = 3 under FFR

and SFR schemes. As can be seen in Figure 4.1, strict FFR provides a significant miti-

gation in the interference for cell-edge users at the cost of spectral efficiency. Since the

subbands of the edge users in other cells can be allocated to the interior users as well,

SFR scheme utilizes all ∆ subbands by using power control factor β for edge users.

Figure 4.1. a) Intra-tier subband and transmit power allocations under strict FFR

and SFR. b) Inter-tier subband allocations for the case in which frequency reuse

factor ∆ = 3 for all tiers [3].
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An independent homogeneous PPP Φk with intensity λk is used to model BS

locations of the kth tier. Assuming that all the BSs of the kth tier transmit at the

same power Pk and Tk represents target SINR threshold for the kth tier, kth tier can

be characterized fully by {λk, Pk, Tk}.

For the sake of simplicity, i.i.d. Rayleigh fading is assumed in our analyses, the

received signal power of a user from an kth tier BS at a distance r is calculated by

Pkgkr
−α
k , where gk ∼ exp(1). As a result, SINR of the user who is associated to the kth

tier BS which is located at Xk ∈ Φk is

SINR(Xk) =
Pkgkr

−α
k∑K

j=1

∑K
X∈Φj\Xk

Pjgjr
−α
j + σ2

=
Pkgkr

−α
k∑K

j 6=k Ij + σ2
(4.1)

where I(Φ\{Xi}) represents the interference and σ2 denotes the additive noise power. In

a network, which consists of one type of BS only, users are assigned to the closest BS

in terms of Euclidean distance, resulting in Poisson-Voronoi tessellation. However, this

tessellation is not valid for HetNets because of the differences in the transmit powers

of the BSs across tiers and the corresponding fading. Hence, the closest BS from

each tier is not necessarily the serving BS. For this case, weighted Voronoi diagram

should be used to represent this tessellation model in HetNets, which depends on the

maximum average received power. Figure 4.2 demonstrates an example of weighted

Voronoi diagram in HetNets.

There are two main spectrum access strategies for small cells in a HCN, namely

open-access and closed-access policies. In an open-access strategy, all cellular users

(subscribers and non-subscribers) have a right to take a service from small cells. In a

closed-access strategy, only subscribed cellular users are authorized to take a service

by small cells.

Open-access policy reinforces the overall network coverage and mean transmission

rate but does not ensure the QoS for a subscribed small cell users [53]. On the other

hand, closed-access policy may lead to degradation in performance of non-subscriber
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Figure 4.2. Weighted Voronoi.

cellular users, in return for ensuring the QoS for the subscribed users in the closed

access policy. It is worth mentioning that closed access subscribed users may also

suffer from significant interference caused by the non-subscribed users [25].

4.1. Closed Access Case in HetNets

As stated previously, only subscribed cellular users that are licensed are allowed

to be served by small cells in the closed-access strategy. Consider a two-tier network as

an example and assume that a mobile user who is connected to the macrocell BS may

be in the range of a femtocell. Since the user is unable to connect to that femtocell,

user may potentially cause a serious cross-tier interference for other users, whereas the

closed access policy provides a good coverage and satisfactory QoS for the subscribed

users.
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4.1.1. Strict FFR Edge User

Under strict FFR technique, SINR of the user for the closest BS of the kth tier

is determined first and if the SINR goes below the tier’s FFR threshold Tk, the user is

categorized as an exterior user and is allocated a new subband from reserved subbands

∆k for the cell-edge users with uniform probability 1
∆

. This results in a new out-of-cell

interference PkÎk and fading power ĝk. Assuming ĝ and gk are i.i.d. exponentially

distributed with mean µ, and following the similar approaches in the previous section,

the CCDF of the cell-edge user FFFR,cl(T ) can be calculated by

FFFR,cl(k, T ) =
πλk

∫∞
0
e
−πλkυ(1+

ρ(Tk,α)

∆k
)
e
−µ(T+Tk) σ

2

Pk
υα/2

dυ

fden
−

πλkυ
∫∞

0
e−πλkυ(1+2ξ(T,Tk,α,∆k))e−2πλkυ(

∑K
j 6=k κj,kψ(γj,kTk,α))e

−µ(T+Tk) σ
2

Pk
υα/2

dυ

fden
(4.2)

where

fden = 1− πλk
∫ ∞

0

e−πλkυ(1+ρ(Tk,α))e−2πλkυ(
∑K
j 6=k κj,kψ(γj,kTk,α))e

−µ(T+Tk) σ
2

Pk
υα/2

dυ (4.3)

and

ξ(T, Tk, α,∆k) =

∫ ∞
rk

[
1− 1

1 + Tkrαkx
−α

(
1− 1

∆k

(
1− 1

1 + Trαkx
−α

))]
xdx (4.4)

and

ψ(z, α) =
πz2/α

α
csc(

2π

α
), γj,k =

Pj
Pk
, κj,k =

λj
λk
. (4.5)

Proof is provided in the appendix section A.3. It should be noted that this derived

equation is formed by the function which uses corresponding strict FFR parameters as

an input. ξ(T, Tk, α,∆k) term contains the intra-tier interference before the strict FFR

is employed, whereas ρ(z, α) terms contains the intra-tier interference after the strict
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FFR is employed. Moreover, ψ(z, α) accommodates the terms that are related to the

cross-tier interference for each tier.

Consideration of the special case where α = 4 provides a good intuition about

the performance of the cell-edge users of HetNets by simplifying the equations and

obtaining the closed form expressions for the coverage probability.

Special Case: α =4.

When α = 4, ξ(T, Tk, α,∆) turns into a closed form trigonometric equation in-

stead of an integral that is

ξ(T, Tk, 4,∆) =
Tρ(T )− ρ(Tk)(Tk∆− T (∆− 1))

2∆(T − Tk)
(4.6)

and

ψ(z, 4) =
π
√
z

4
. (4.7)

Special Case: No noise and α =4.

If interference-limited network in which noise is neglected, is considered, coverage

probability becomes

FFFR,cl(k, T ) =
1 + ρ(Tk, 4) + π

2

∑K
j 6=k κj,k

√
γj,kTk

ρ(Tk, 4) + π
2

∑K
j 6=k κj,k

√
γj,kTk

×(
1

1 + ρ(Tk,4)
∆k

− 1

1 + 2ξ(T, Tk, 4,∆) + π
2

∑K
j 6=k κj,k

√
γj,kTk

) (4.8)

where ξ(T, Tk, 4,∆) is given in (4.6).
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4.1.2. SFR Edge User

After following the similar approaches in the strict FFR case, coverage probability

of SFR cell-edge users under closed access scheme can be computed by

FSFR,cl(k, T ) =
πλk

∫∞
0
e
−πλkυ(1+ρ(

ηkT

βk
,α)+2

∑K
j 6=k κj,kψ(

γj,kT

βk
,α))
e
−µT σ2

βkPk
υα/2

dυ

fs,den
−

πλk
∫∞

0
e−πλkυ(1+2ζ(T,Tk,α,βk,ηk))e

−2πλkυ(
∑K
j 6=k κj,k(ψ(

βjγj,kTk
βk

,α)+ψ(γj,kTk,α))
e
−µ(T+ηkTk) σ

2

Pk
υα/2

dυ

fs,den
(4.9)

where

fs,den = 1−πλk
∫ ∞

0

e−πλkυ(1+ρ(ηkTk,α))e−2πλkυ(
∑K
j 6=k κj,kψ(γj,kTk,α))e

−µ(ηkTk) σ
2

Pk
υα/2

dυ (4.10)

and

ζ(T, Tk, α, βk, ηk) =

∫ ∞
1

[
1− 1

1 + ηkTkx−α
1

1 + ηk
T
βk
x−α

]
xdx (4.11)

and ψ(z, α), γj,k, κj,k are given in (4.5).

Special Case: α =4.

When α = 4, ζ(T, Tk, α,∆) turns into a closed form trigonometric equation in-

stead of an integral, that is

ζ(T, Tk, α, βk, ηk) =
1

2(T − βTk)

(
Tρ(

η

β
T )− βTkρ(ηTk)

)
. (4.12)
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Special Case: No noise and α =4.

If interference-limited network, i.e. noise is neglected, is considered, coverage

probability reduces to

FSFR,cl(k, T ) =
1 + ρ(ηkTk, 4) + π

2

∑K
j 6=k κj,k

√
γj,kTk

ρ(ηkTk, 4) + π
2

∑K
j 6=k κj,k

√
γj,kTk

×

(
1

1 +
ρ(
ηkTk
βk

,4)+

∆k
+ π

2

∑K
j 6=k

√
γj,k
βk
Tk

− 1

1 + 2ζ(T, Tk, 4, βk, ηk) + π
2

∑K
j 6=k κj,k

√
γj,kTk

)
(4.13)

where ζ(T, Tk, 4, βk, ηk) is given in (4.12).

4.1.3. Simulation Results

The parameters employed in order to get Monte Carlo simulation results of a

two-tier network system with a closed access scheme are summarized in Table 4.1.
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Figure 4.3. Coverage probability of strict FFR in a 2-tier network under closed access

scheme with T1 = 3 dB, T2 = 5 dB FFR threshold when there is no noise and α = 4.
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Table 4.1. Simulation parameters for a heterogeneous network with a closed access

policy.

Parameter Value / Assumption

Cell geometry Weighted Voronoi

BS distribution PPP

Macro BS density (λ1) 1/4000π BSs/m2

Femto BS density (λ2) 1/500π BSs/m2

Density ratio (κ21) 8

Power ratio (γ21) 0.001

User distribution PPP

User density (λu) 0.01 users/m2

Edge user SINR threshold of macrocells 3 dB

Edge user SINR threshold of femtocells 5 dB

Pathloss exponent (α) 4

Number of subbands 48

Reuse factor (∆) 3

Frequency planning
Strict FFR

SFR

Power control factor (β) 2,4,8,16 dB

Access scheme Closed access

The simulation and theoretical results of the coverage probability of the first tier

(i.e. macrocell) in a 2-tier network under closed access scheme with use of strict FFR

are shown in Figure 4.3. The reuse threshold for macrocells is chosen as T1 = 3 dB,

whereas the reuse threshold of femtocells is selected as T2 = 5 dB.

Figure 4.4 compares the coverage probabilities of the macrocells in a single tier

and 2-tier networks. It is important to observe that adding femtocells to the network

improves the SINR quality up to 3 dB under the given parameters for the same level

of coverage probability. As a result, introducing small cells with the lower transmit
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power into the network provides successful solution to degradation in the performance

of the network caused by the interference.

SINR Threshold (dB)
-10 -5 0 5 10 15 20 25 30

C
o

v
e

ra
g

e
 P

ro
b

a
b

ili
ty

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
Comparison of coverage probability of FFR in 1-tier and 2-tier networks

Theoretical-1tier
Simulation -1tier
Theoretical-2tier
Simulation -2tier

X: 11
Y: 0.3019

X: 8
Y: 0.3127

Figure 4.4. Comparison of coverage probabilities of FFR in 1-tier and 2-tier networks

when there is no noise and α = 4.

Figure 4.5 presents the related simulation results for SFR under closed access

scheme for different values of power control factor β. This results show that our

simulation environment provides consistent results with the results from theoretical

calculations.

4.2. Open Access Strategy

In a network with the open access strategy, a user is granted permission to take

a service from any BS in the network without any restriction. Therefore, this method

provides a better performance in terms of SINR and the coverage probability in com-

parison to the closed access assignment policy. For the sake of the simplicity in the

calculations, we assume that the network consists of two tiers of BSs and it is an

interference-limited network, in which SIR is used as the performance metric in the

following analysis of performance of open access scheme.
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Figure 4.5. Coverage probability of SFR in two-tier network of macrocells and

femtocells with β2 = 2κ21 = 8, γ21 = 0.001, T1 = 5, T2 = 1 dB when there is no noise

and α = 4.

As a result, SIR for the first tier and SIR for the second tier can be defined by

SIR1 =
P1g1r

−α
1

P1I1 + P2I2 + P2g2r
−α
2

(4.14)

SIR2 =
P2g2r

−α
2

P1I1 + P2I2 + P1g1r
−α
1

(4.15)

where r1 represents the distance between the mobile user at the center and the closest

first tier BS, and r2 represents the distance between the mobile user at the center and

the closest second tier BS. I1 denotes the interference due to the first tier BSs, while

I2 denotes the interference due to the second tier BSs, except for the nearest BS.

This case brings more complicated equations than the closed access system be-

cause of the interdependent relation of the terms SIR1 and SIR2. For a notational

convenience, the first-tier edge user SIR are considered in the following theorems of
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this section and simulation results for the first tier are presented at the end of this

section. However, theorems and simulations can be easily adapted to the second-tier

cell-edge users.

4.2.1. Strict FFR Edge User

According to open access policy under strict FFR scheme, a cellular user is as-

signed a different FFR subband δy, with 1/∆ uniform probability, if SIR1 < T1 and

SIR2 < T2, where T1 is the open access threshold for the first tier BSs and T2 is the

open access threshold for the second tier APs. The new SIR after this assignment is

calculated by ˆSIR =
P1ĝ1r

−α
1

P1Î1
for the first tier SIR and the coverage probability of the

cell-edge user under open access method can be calculated by

FFFR,open,edge(T ) = P
(

ˆSIR > T |SIR1 < T1, SIR2 < T2

)
=
fn(r1, r2)

fd(r1, r2)

where

fd(r1, r2) = 1− ε1
∫ ∞

0

2πλ1r1e
−2πλ1r2

1(ρ1(T1,α)+1+κψ(γT1,α))dr1+

(ε2 − 1)

∫ ∞
0

2πλ2r2e
−2πλ2r2

2(ρ2(T2,α)+1+ 1
κ
ψ(

T2
γ
,α))dr2 (4.16)

with

ρ1(T1, α) =

∫ ∞
r1

(
1− 1

1 + T1rα1 x
−α

)
xdx

ρ2(T2, α) =

∫ ∞
r2

(
1− 1

1 + T2rα2 x
−α

)
xdx

ψ(z, α) =
πz2/α

α
csc(

2π

α
)

γ =
P2

P1

, κ =
λ2

λ1
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and

fn(r1, r2) = pc(T, λ1, α,∆)− ε1
(∫ ∞

0

2πr1λ1e
−πλ1r12(1+ξ1(T,T1,α,∆))e−2πλ1r12κψ(γT1,α)dr1

)
+ (ε2 − 1)

(∫ ∞
0

∫ ∞
0

2πr1λ12πr2λ2e
−πλ1r12(1+ξ2(T,T2/γ,α,∆))e−2πλ2r22(1+ 1

κ
ψ(T2/γ,α))dr1dr2

)
(4.17)

with

ξ1(T, T1, α,∆) =

∫ ∞
r1

[
1− 1

1 + T1rα1 x
−α

(
1− 1

∆

(
1− 1

1 + Trα1 x
−α

))]
xdx (4.18)

ξ2(T,
T2

γ
, α,∆) =

∫ ∞
r1

[
1− 1

1 + (T2

γ
)rα2 x

−α

(
1− 1

∆

(
1− 1

1 + Trα1 x
−α

))]
xdx.

(4.19)

The derivation of the coverage probability in an open access method, which is

given in A.6, is not as straightforward as closed access case due to the dependence of

the user’s SIR on r1 and r2. The derivations require evaluating a double integral which

does not have a closed form. As a matter of fact, the number of integrals that needs

to be evaluated is determined by the number of tiers in the network.

4.2.2. SFR Edge User

By using the similar approach in the previous section, the coverage probability

of an edge user in a SFR system can found by

FSFR,op,edge(k, T ) =
πλ1

∫∞
0
e
−πλ1υ(1+ρ(

η1
β1

)+2κψ( γ
β
T,α))

dr1dr2∫∞
0

∫∞
0

2πλ1r12πλ2r2e−πλ1r2
1e−πλ2r2

2gd(r1, r2)dr1dr2

−
∫∞

0

∫∞
0

2πλ1r12πλ2r2e
−πλ1r2

1e−πλ2r2
2gn(r1, r2)dr1dr2∫∞

0

∫∞
0

2πλ1r12πλ2r2e−πλ1r2
1e−πλ2r2

2gd(r1, r2)dr1dr2

(4.20)
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where

gd(r1, r2) = 1− ε1e−2πλ1(ρ1,1(ηT1,α)+κρ1,2(γT1,α)) − ε2e−2πλ1(ρ2,1(T2/γ,α)+κρ2,2(T2,α))

gn(r1, r2) = ε1e
−2πλ1

(
ζ1,1(T,T1,α,β1,η1)+κ(ψ( γ

β1
T,α)+ρ1,2(γT1,α))

)
+

(ε2 − 1)e
−2πλ1

(
ζ2,1(T,T2/γ,α,β1,η1)+κ(ψ(

γη2
β1

T,α)+ρ2,2(T2,α))
)

ζa,b(y, z, β, η) =
1

2(y − z)
(yρa,b(y, α) + zρa,b(z, α))

ρa,b(z, α) =

∫ ∞
rb

1− 1

1 + zrαax
−αxdx.

(4.21)

4.2.3. Simulation Results

The parameters employed in order to obtain MATLAB simulation results of a

two-tier network system with open access scheme are summarized in Table 4.2.
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Figure 4.6. Coverage probability of strict FFR in a 2-tier network with T1 = 3 dB,

T2 = 5 dB FFR threshold when there is no noise and α = 4.

Figure 4.6 illustrates the simulation and theoretical results of the coverage prob-

ability of strict FFR in 2-tier network with T1 = 3 dB, T2 = 5 dB FFR threshold. This

results suggest that our simulation results consistently match the theoretical analysis

is shown in Section 4.2.1.
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Table 4.2. Simulation parameters for a heterogeneous network with an open access

policy.

Parameter Value / Assumption

Cell geometry Weighted Voronoi

BS distribution PPP

Macro BS density (λ1) 1/4000π BSs/m2

Femto BS density (λ2) 1/500π BSs/m2

Density ratio (κ21) 8

Power ratio (γ21) 0.001

User distribution PPP

User density (λu) 0.01 users/m2

Edge user SINR threshold of macrocells 3 dB

Edge user SINR threshold of femtocells 5 dB

Pathloss exponent (α) 4

Number of total subbands 48

Reuse factor (∆) 3

Frequency planning
Strict FFR

SFR

Power control factor (β) 2,4,8,16 dB

Access scheme Open Access

Figure 4.7 shows the comparison of coverage probabilities of strict FFR under

closed and open access strategies, in which T1 = 5, T2 = 1 dB. As expected, open

access performs better than closed access in terms of coverage probability.

Figure 4.8 depicts the comparison of coverage probability of SFR in 2-tier network

for increasing β factors with κ21 = 8, γ21 = 0.001, T1 = 5, T2 = 1 dB. As β increases,

coverage probability for edge users increases as well for a given SINR threshold. Figure

4.8 also provides a comparison of coverage probabilities for closed access and open
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Figure 4.7. Comparison of coverage probabilities of FFR in 2-tier network under open

and closed access with T1 = 3 dB , T2 = 5 dB FFR threshold when there is no noise

and α = 4.
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Figure 4.8. Coverage probability of SFR in 2-tier network of macrocells and femtocells

with κ21 = 8, γ21 = 0.001, T1 = 5, T2 = 1 dB when there is no noise and α = 4.

access strategies under SFR scheme, in which β = 2. It is worth noting that using an

open access assignment, instead of a closed access scheme, provides approximately 3

dB improvement for the same level of coverage probability under SFR, which is higher

improvement than the case in strict FFR. It is a quite reasonable result since there is
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cross-tier interference in SFR, whereas there is cross-tier interference removal and 1/∆

thinning of the intra-tier interference as demonstrated in Figure 4.1. Hence, better

assignment strategy results in more improvement in the interference for the case of

SFR compared to strict FFR.

4.3. Conclusion

When node and user distributions follow a PPP distribution, the simulated results

consistently match the theoretical analysis for both strict FFR and SFR techniques in

a multi-tier network as seen in Figure 4.3, Figure 4.5,Figure 4.6, Figure 4.8. Effect of

mobility will be investigated in the next chapter.
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5. MOBILITY EVALUATION OF CELLULAR

NETWORKS

In this chapter, mobility evaluation of cellular networks will be discussed by

providing different approaches to handling mobility. We propose three different per-

spectives on mobility: Poisson line process (PLP) as a population model, basic uniform

mobility model with random angle and fixed velocity and random way point (RWP)

based mobility. PLP model is considered for the city topologies that contain main

roads or routes. Second method is used to represent user mobility in a linear direction

with a random angle θ. Third approach exploits RWP model to consider fluctuations

in the channel gains as an another type of fading, in addition to multipath fading,

which is caused due to change in the distance and path loss.

For practical purposes, it is assumed that the nodes are highly mobile, there-

fore, different time slots have independent realizations of node places. Channels are

also considered as memoryless so that the node movements are not influenced by prior

movements. It is important to observe that assumption of i.i.d. for user distribution

in different time slots can be meaningful only if entirely new realizations of the user

placement is obtained in each time slot [54]. Since the users do not possess infinite

mobility, the user locations in different time slots are correlated in practice. Neverthe-

less, we presume that the transmission begins at the beginning of each time slot, and

each transmission is completed within one time slot for the sake of simplicity and we

investigate the performance of the network in a single snapshot.

5.1. Poison Line Process (PLP)

The model in which users are distributed to the topology of the cities which

includes roads can be described by a Cox process driven by a Poisson line tessellation.

In our model, roads are distributed on a map according to a Poisson line process, while

users on each road are distributed independently according to stationary Poisson point
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processes. Manhattan city model can be considered as a special case of this generalized

random model.

Figure 5.1. Random nodes on random lines [4].

Let D is a line on R2 and (θ, r) represents the polar coordinates of the orthogonal

projection of the origin O on D, which can be described by d : (θ, r) 7→ D. For

θ ∈ [0; π) and r ∈ R, (θ, r) uniquely designates the polar coordinates. Then, a Poisson

line process with intensity λ is the image by d, of a PPP Φ with an intensity λ on

half-cylinder [0; π)× R.

For µ > 0, Φ can be associated with a random measure Λ that is the total length

of roads intersecting a given area can be computed by

∀A ⊂ R2,Λ(A) =
∑

(θ,r)∈Φ

µl(A ∩ d(θ, r)), (5.1)

where l is the 1-dimensional Lebesgue measure, as in [50]. Hence the population process

can be modeled by a Cox process with underlying measure Λ. As proved in [38], under

Palm distribution, Φ, Poisson point process with intensity Λ, is stationary and isotropic

with intensity πλµ and it is the sum stationary Φ of an independent µ-Poisson point

process on a line through O with an independent uniform angle, and of an atom at O.

This theorem helps us to divide the Laplace functional into two parts in the following

derivations.
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Let f : Rd → R+ and if f has a radial symmetry, i.e. f(x) = f(‖x‖), the Laplace

functional of PLP is computed in [38] by

LΦ(f) = exp

[
−2πλ

∫
u≥0

(
1− exp(−2µ

∫
t≥0

(
1− e−f(

√
u2+t2)dt

))
du

]
. (5.2)

For the scenario, where there is no an ICIC technique such as strict FFR or SFR

and there is only one type of base station, the coverage probability of uplink is derived

in [38]. By using similar approach, the coverage probability of downlink network system

can be derived as

pcov,plp(T, λ, α, r) = πλa

∫ ∞
0

e−πλar
2

e−µTσ
2rαLIp(Trα)rdr, (5.3)

where

LIp = m(T, r)n(T, r)

m(T, r) = exp

(
−2πλr

∫ ∞
0

(
1− exp

(
−2µr

∫ ∞
0

1
1

1 + (u2+t2)α/2

T

dt

))
dr

)

n(T, r) =
1

π

∫ ∞
0

exp

(
−2µr

∫ ∞
0

1
1

1 + (sin2θ+t2)α/2

T

dt

)
dθ. (5.4)

Figure 5.2 demonstrates that modeling users with PLP + PPP simulations give

slightly higher coverage probability in a single tier network which is composed of macro-

cells only. Figure 5.3 depicts that under closed access strategy, coverage probability of

a two-tier network of macrocells and femtocells decreases when PLP and PPP models

are used together to model the user distribution, whereas figure 5.4 illustrates the per-

formance of coverage probability under open access. We can observe that if femtocells

are also distributed on a Poisson line route, coverage probability again reaches the

limits of PPP model. As a result, we may conclude that it is crucial to take the PLP

effect into account to guarantee certain level of QoS in a heterogeneous network while

designing the network topology.
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Figure 5.2. Coverage probability of FFR in 1-tier network with 3 dB FFR threshold

when there is no noise and α = 4.
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Figure 5.3. Coverage probability of FFR in 2-tier network under closed access

strategy with T1 = 3 dB, T2 = 5 dB FFR threshold when there is no noise and α = 4.
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Figure 5.4. Coverage probability of strict FFR in 2-tier network under open access

with T1 = 3 dB , T2 = 5 dB FFR threshold when there is no noise and α = 4.

5.2. User mobility in a linear direction with a random angle θ

Assume that the user moves with the average velocity ῡ for a given duration

∆t, the moving user is served by a macro BS if SINR of the moving user is greater

than or equal to a given SINR threshold T during the period ∆t. rp represents the

distance between serving macro BS and initial point of moving user, while ∆r = ῡ∆t

represents the change in the distance due to the movement of the user. Thus, the

function of distance between serving macro BS and the location of moving user can

be calculated as rm =
√
r2
p + ∆r2 − 2rp∆rcosθ, where θ denotes the angle between

movement direction of the user and distance vector of rp.
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5.2.1. When user moves with θ in a single tier network

When there is not any ICIC technique that is employed, general framework for

calculation of coverage probability is given by

pc(T, λ, α) = P[SINR > T ]

= P
[
hr−α

σ2 + Ir
> T

]
= P

[
hr−α

σ2 +
∑

i∈Φ/bo
giR

−α
i

> T

]
= Er[P[SINR > T |r]]

=

∫
r>0

P[SINR > T |r]fr(r)dr

=

∫
r>0

P[h > Trα(σ2 + Ir)|r]fr(r)dr

=

∫
r>0

EIr [e−µTr
α(σ2+Ir)|r]fr(r)dr

=

∫
r>0

e−µTr
α σ2

P LIr(µTrα)fr(r)dr. (5.5)

In the previous cases in which there is no mobility, pdf of r was found out as

fr(r) = 2πλre−λπr
2
. If we update the pdf of r accordingly, we obtain

frm(r) =
dP
(√

r2
p + ∆r2 − 2rp∆r cos θ < r

)
dr

=

d

(
1
π

∫ π
0

∫ ∆rcosθ+
√
r2+(∆r cos θ)2−∆r2

0
2πλye−πλy

2
dy

)
dr

=
1

π

∫ π

0

2πxλw(r, θ)e−πλ(w(r,θ))2

w(r, θ)−∆r cos θ
dθ (5.6)

where w(r, θ) = ∆r cos θ +
√
r2 + (∆r cos θ)2 −∆r2.
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When gi ∼ exp(µ), i.e. distribution of interference is Rayleigh too, LIr(µTrα)

becomes

LIr(µTrα) = exp(−πr2λρ(T, α)). (5.7)

If there is not any noise, equation (5.5) turns into

pc(T, λ, 4, θ) =

∫ ∞
0

e−πr
2λρ(T,4)

(
1

π

∫ π

0

2πxλw(r, θ)e−πλ(w(r,θ))2

w(r, θ)−∆r cos θ
dθ

)
dr. (5.8)

FFR - 1 Tier Network Case.

By inserting (4.6) and (5.6) into (5.5), we get

pc(T, TFR, λ, 4, θ,∆) =

∫ ∞
0

e−2πr2λξ(T,TFR,4,∆)e−µ(T+TFR)rα σ
2

P ×(
1

π

∫ π

0

2πxλw(r, θ)e−πλ(w(r,θ))2

w(r, θ)−∆r cos θ
dθ

)
dr. (5.9)

Simulation result for this case is shown in Figure 5.5(a). Snapshot analysis for

different time realizations gives the same simulation result for static case under this

mobility model.

SFR - 1 Tier Network Case.

By inserting (3.15) and (5.6) into (5.5), we get

pc(T, TFR, λ, 4, θ, β, η) =

∫ ∞
0

e−2πr2λζ(T,TFR,α,1,η,β)e−µ(T+TFR)rα σ
2

P ×(
1

π

∫ π

0

2πxλw(r, θ)e−πλ(w(r,θ))2

w(r, θ)−∆rcosθ
dθ

)
dr. (5.10)
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Simulation result for this case is shown in Figure 5.5(b). Snapshot analysis for

different time realizations gives the same simulation result for static case under this

mobility model.
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(a) Strict FFR case.
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Figure 5.5. Coverage probability in 1-tier network with 3 dB FFR threshold when

user moves with θ and there is no noise, α = 4.

5.2.2. When user moves with θ in a two-tier network

Figure 5.6(a) and Figure 5.6(b) provide the simulation results of coverage prob-

abilities in a 2-tier network under the given mobility model for strict FFR and SFR

cases, respectively. Similarly, we obtain the same simulation results for different time

realizations as in the static case under this mobility model.
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Figure 5.6. Coverage probability of macrocell in a 2-tier network with 3 dB FFR

threshold when users move randomly and independently in the case where there is no

noise and α = 4.
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5.2.3. When femtocell moves with θ in a two-tier network

We have also investigated the case in which femtocell moves with its subscribed

users along the linear path under closed access scheme. Figure 5.7(a) and Figure 5.7(b)

provide the simulation results of coverage probabilities of macrocell-tier users under the

given mobility model for strict FFR and SFR cases, respectively.
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Figure 5.7. Coverage probability of macrocell in a 2-tier network with 3 dB FFR

threshold when femtocells move randomly and independently in the case where there

is no noise and α = 4.

5.2.4. Conclusion

Outlined results supports the idea that the snapshot analysis of cellular networks

in any given time can be considered as a correlated realization of a static network as

a consequence of the uniformity of the mobility. Therefore, the previous derivations of

the interference and coverage probability in static networks are also valid for the case

of uniformly mobile networks [48].
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5.3. Mobility as a Fading Model

Changes in distance, hence the path loss, between the user and access points

which are induced by the mobility cause fluctuations in the channel gains. [54] has

shown that fluctuations might be considered as another type of fading in addition

to multipath fading. Fading can be grouped into two categories: multipath fading

which is generated by microscopic mobility and large-scale fading which is induced by

significant variation in the transmission distance, i.e. macroscopic mobility.

In our analysis, we consider random waypoint (RWP) mobility model which takes

pause times between random changes in direction and speed into account. We derive the

coverage probability of macrocell edge users under strict FFR scheme for this mobility

approach. By following the directions that are presented in the previous chapters, it

can be extended to SFR scheme and heterogeneous network case in the similar manner.

In [55], the probability density function of the distance of a typical node to the

origin for RWP mobility model in B(o,R) is given as

fL(r) =
1

R2

(
−4r3

R2
+ 4r

)
. (5.11)

Thus, density measure of the p.p. can be found by

Λ(B(o,R)) , E [Φ(B(o,R))] = 2λπr2 − λπr4

R2
(5.12)

where r 6 R. Hence, the radial density function becomes

λ(r) = 4λπr − 4λπr3

R2
. (5.13)
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Conditioning on the total number of nodes M , we get

P (R1 ≤ r|M) = 1− (1− FL(r))M

= 1−
(

1−
(

2r2

R2
− r4

R4

))M
. (5.14)

As M has a Poisson distribution with mean λπR2, the pdf of R1 is calculated as

fR1(r) =
dEM [P (R1 ≤ r|M)]

dr

= λπ

(
4r − 4r3

R2

)
e
−λπ

(
2r2− r4

R2

)
. (5.15)

It is shown in [48] that taking the interference from the closest interferer into

account gives a good approximation because of decrease in the received power as a

result of the power law, when the path-loss exponent α is not very close to 2, . Hence,

the interference power can be approximated by I ≈ I1 = R−α, where R1 is the distance

between the user and its closest interferer. Thus,

fI1(x) = λπ
4

α

(
x−2/α−1 − x−4/α−1

R2

)
e
−λπ

(
2x−2/α−x

−4/α

R2

)
(5.16)

and

FI1(x) = e
−λπ

(
2x−2/α−x

−4/α

R2

)
. (5.17)

Considering the interference-limited network, when there is multipath fading and the

interference power from the nearest interferer is g1I1, coverage probability of cell-edge

users under strict FFR can be calculated by
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FFFR(T ) = P
(

ĝ

ĝ1Î1

> T

∣∣∣∣ g

g1I1

< TFR

)

=
P
(

ĝ

ĝ1Î1
> T, g

g1I1
< TFR

)
P
(

g
g1I1

< TFR

)
=

P
(
Ĥ
T
> Î1,

H
TFR

< I1

)
P
(

H
TFR

< I1

)
=

E
[
P
(
Ĥ
T
> Î1,

H
TFR

< I1

)]
E
[
P
(

H
TFR

< I1

)] (5.18)

where H = g/g1. Assuming that there is Rayleigh fading, pdf of H is found as

fH(x) =
1

(x+ 1)2
. (5.19)

Hence, (5.18) becomes

FFFR(T ) =

∫ ∞
0

(
exp

(
−λπ(2T 2/αx−2/α − T 4/αx−4/α

R2 )
))

1
(x+1)2dx

1−
∫ ∞

0

exp

(
−λπ(2T

2/α
FR x

−2/α − T
4/α
FR x−4/α

R2 )

)
1

(x+1)2dx

−

∫ ∞
0

(
exp

(
−λπ(2x−2/α(T 2/α + T

2/α
FR )− x−4/α(T 4/α+T

4/α
FR )

R2 )

))
1

(x+1)2dx

1−
∫ ∞

0

exp

(
−λπ(2T

2/α
FR x

−2/α − T
4/α
FR x−4/α

R2 )

)
1

(x+1)2dx

.

(5.20)

Authors in [45], have shown that SIR distributions of different cellular network

models can be approximated by a certain horizontal shift of the distribution of PPP

model by considering mean interference-to-signal ratio between the network model and

PPP model. Figure 5.8 depicts the required horizontal shift between the analysis and
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Figure 5.8. Coverage probability of macrocell edge users under strict FFR scheme

when mobility is treated as a fading.

simulation results of coverage probabilities for the case of in single-tier network under

strict FFR scheme. This approach can be also used to find the coverage probabilities

in heterogeneous networks when mobility becomes an issue to be handled.
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6. CONCLUSION

In this thesis, mathematical modeling of PPP-based network model and analysis

of the network performance are investigated by using stochastic geometry tools. In

Chapter 2, we have introduced the necessary properties of stochastic geometry in order

to obtain performance evaluation of single tier and multi-tier networks in terms of SINR

and coverage probability in Chapter 3 and Chapter 4 respectively, under strict FFR and

SFR schemes. Since small cells are becoming an essential part of future LTE networks,

we have proposed methods to examine the impact of user mobility on heterogeneous

networks in Chapter 5.

We have used mainly SINR and the coverage probability as a network performance

metrics. However, this can be extended to evaluation of average ergodic data rate

assuming that users can achieve Shannon bound by using their instantaneous SINR,

i.e. E [ln(1 + SINR)].

We modeled the network by using PPP throughout the thesis. Nevertheless, it

is better to introduce Poisson cluster process (PCP) to model the network when the

nodes are clustered around highly populated regions in the future work.

Modern cellular systems consist of multi-tiers of BSs with dense base station

deployments in order to enhance the network performance in terms of the coverage

probability and network capacity. There is a huge opportunity to improve the per-

formance metrics by introducing effective offloading algorithms with the integration of

small cells. Therefore, including handover and offloading algorithms by using stochas-

tic geometry is a further challenge that needs to be addressed when both the femtocells

and users are moving as a future research direction.
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APPENDIX A: PROOF OF THE THEOREMS

A.1. Proof of Equation (3.7)

If SINR of a user goes below the reuse threshold TFR, user is allocated a new

subband from reserved subbands for the edge users as a result of the reuse strategy.

User y with SINR < TFR is assigned a new FFR subband δy, where δ ∈ 1, ...,∆

with uniform probability 1
∆

. This results in a new fading power ĝ and out-of-cell

interference Î, which are different than initial gy and Ir, respectively. Assuming ĝ and

g are i.i.d. exponentially distributed with mean µ, the CCDF of the edge user FFFR(T )

is calculated by

FFFR(T ) = P
(

P ĝr−α

σ2 + P Îr
> T

∣∣∣∣ Pgr−ασ2 + PIr
< TFR

)

=
P
(
P ĝr−α

σ2+P Îr
> T, Pgr

−α

σ2+PIr
< TFR

)
P
(
Pgr−α

σ2+PIr
< TFR

)
=

E
[
e−µ

T
P
rα(σ2+P Îr)

(
1− e−µ

TFR
P

rα(σ2+PIr)
)]

E
[
1− e−µ

TFR
P

rα(σ2+PIr)
]

=
pc(T, λ, α,∆)− E

[
e−µr

α σ2

P
(T+TFR)e−µr

α(T Îr+TFRIr)
]

1− pc(TFR, λ, α, 1)
. (A.1)

The expectation of e−µr
α(T Îr+TFRIr) gives the joint Laplace transform of Îr and Ir eval-

uated at (µrαT, µrαTFR) when we condition on r. Letting (s1, s2) = (µrαT, µrαTFR),

the joint Laplace transform can be found as
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L(s1, s2) = E
[
exp

(
−s1Îr − s2Ir

)]
= E

[
exp

(
−s1

∑
z∈Z

ĝzR
−α
z 1(δz = δy)− s2

∑
z∈Z

gzR
−α
z

)]

= E

[∏
z∈Z

es2gzR
−α
z (1− E [1(δz = δy)] (1− es1ĝzR

−α
z ))

]
.

For the case in which the interference is also exponentially distributed, i.e. ĝz and gz

are exponential with mean µ, joint Laplace transform becomes

L(s1, s2) = E

[∏
z∈Z

µ

µ+ s2R−αz

(
1− 1

∆

(
1− µ

µ+ s1R−αz

))]
. (A.2)

By using the probability generating functional (PGFL) of the PPP, joint Laplace func-

tional is calculated by

L(s1, s2) = exp

(
−2πλ

∫ ∞
r

[
1− µ

µ+ s2x−α

(
1− 1

∆

(
1− µ

µ+ s1x−α

))]
xdx

)
.

By inserting s1 and s2 values into the equation, we obtain
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L(µrαT, µrαTFR) = exp

(
−2πλr2

∫ ∞
1

[
1− 1

1 + TFRx−α
×

(
1− 1

∆

(
1− 1

1 + Tx−α

))]
xdx

)
. (A.3)

If we decondition on r and insert the joint Laplace transform into the expectation of

e−µr
α(T Îr+TFRIr), we can find the expectation to be

E
[
e−µr

α σ2

P
(T+TFR)e−µr

α(T Îr+TFRIr)
]

= πλ

∫ ∞
0

e−πλv(1+2ξ(T,TFR,α,∆))−µ(T+TFR)σ
2

P
υα/2dυ

(A.4)

where

ξ(T, TFR, α,∆) =

∫ ∞
1

[
1− 1

1 + TFRx−α

(
1− 1

∆

(
1− 1

1 + Tx−α

))]
xdx. (A.5)

Inserting the equation (A.4) into equation (A.1) gives the coverage probability of

an edge user under strict FFR scheme.
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A.2. Proof of Equation (4.6)

When α = 4, ξ(T, TFR, α,∆) turns into a closed form trigonometric equation

instead of a numerically evaluated integral.

ξ(T, TFR, 4,∆) =

∫ ∞
1

[
1− 1

1 + TFRx−4

(
1− 1

∆

(
1− 1

1 + Tx−4

))]
xdx
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∫ ∞
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x
x4
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dx+

∫ ∞
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dx
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∫ ∞
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∫ ∞
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dx
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∫ ∞
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dx
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∫ ∞
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dx+
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∫ ∞
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dx

=

∫ ∞
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dx+
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∫ ∞
1√
TFR

Tx

( x2√
TFR

)2 + 1
dx−

∫ ∞
1√
T

Tx

( x2√
TFR

)2 + 1
dx


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∫ ∞
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∫ ∞
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∣∣∣∣∞
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2
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√
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√
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)
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1
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T
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(
1

2
ρ(TFR, 4)− 1

2
ρ(T, 4)

)
=
Tρ(T, 4)− ρ(TFR, 4)(TFR∆− T (∆− 1))

2∆(T − TFR)
(A.6)

where

ρ(T, 4) =
√
Tarctan(

√
T ) (A.7)
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A.3. Proof of Equation (3.13)

User y with SINR < TFR is given a different SFR sub-band δy, where δ ∈ 1, ...,∆

with a transmit power of βP . This results in a new fading power ĝ and out-of-cell

interference Î, which are different than initial gy and Ir, respectively. Assuming ĝ and

g are i.i.d. exponentially distributed with mean µ, the CCDF of the edge user FSFR(T )

is calculated by

FSFR(T ) = P
(

βP ĝr−α

σ2 + ηP Îr
> T

∣∣∣∣ Pgr−α

σ2 + ηPIr
< TFR

)

=
P
(
βP ĝr−α

σ2+ηP Îr
> T, Pgr−α

σ2+ηPIr
< TFR

)
P
(

Pgr−α

σ2+ηPIr
< TFR

)

=
E
[
e−µ

T
βP

rα(σ2+ηP Îr)
(

1− e−µ
TFR
P

rα(σ2+ηPIr)
)]

E
[
1− e−µ

TFR
P

rα(σ2+ηPIr)
]

=

pc(η
T
β
, λ, α,∆)− E

[
e−µr

α σ2

P
(T
β

+TFR)e−µr
αη(T

β
Îr+TFRIr)

]
1− pc(ηTFR, λ, α, 1)

. (A.8)

If we condition on r in the second term, we can notice that the expectation

of e−µr
αη(T

β
Îr+TFRIr) results in the joint Laplace transform of Îr and Ir evaluated at

(µrαη T
β
, µrαηTFR). In the strict FFR case, Îr and I is caused by BSs that are only

associated with the user’s sub-band δ. However, in SFR case, interference comes from

all the BSs and this is equivalent of ∆ = 1. Thus the joint Laplace transform is found

as

L(s1, s2) = E

[∏
z∈Z

µ

µ+ s2R−αz

µ

µ+ s1R−αz

]
. (A.9)
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By using the probability generating functional (PGFL) of the PPP, Laplace functional

is calculated as

L(s1, s2) = exp

(
−2πλ

∫ ∞
r

[
1− µ

µ+ s2x−α
µ

µ+ s1x−α

]
xdx

)
. (A.10)

By inserting s1 and s2, we obtain

L(µrαη
T

β
, µrαηTFR) = exp

(
−2πλr2

∫ ∞
1

[
1− 1

1 + ηTFRx−α
1

1 + η T
β
x−α

]
xdx

)
.

(A.11)

Deconditioning on r gives

E
[
e−µr

α σ2

P
(η T
β

+ηTFR)e−µr
α(η T

β
Îr+ηTFRIr)

]
= πλ

∫ ∞
0

e−πλv(1+2ζ(T,TFR,α,1,η,β))×

e−µ(η T
β

+ηTFR)σ
2

P
υα/2dυ, (A.12)

where

ζ(T, TFR, α, 1, η, β) =

∫ ∞
1

[
1− 1

1 + ηTFRx−α
1

1 + η T
β
x−α

]
xdx. (A.13)

Inserting the equation (A.12) into equation (3.13) gives the coverage probability of an

edge user under SFR scheme.
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A.4. Proof of Equation (3.15)

When α = 4, ζ(T, TFR, 4, η, β) turns into a closed form trigonometric equation

instead of a numerically evaluated integral.

ζ(T, TFR, 4,η, β) =

∫ ∞
1

[
1− 1

1 + ηTFRx−α
1

1 + η T
β
x−α

]
xdx

=

∫ ∞
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x4 η
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T 4 + x4ηT 4
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β
T 4T 4

FR
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β
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]
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FR + η2

β
T 4T 4

FR
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β
T )

]
xdx

=
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1

η
β
T 2
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x4 + η

β
T
xdx+

∫ ∞
1

ηβT 2
FR
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xdx

=
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β
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+ 1
xdx+
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+ 1

xdx

=
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1/
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√
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2
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du
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du2
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√
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2

T
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arctan(

√
η

β
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√
ηTFR
2

T

T − βTFR
arctan(

√
ηTFR)

=
1

2(T − βTFR)

(
Tρ(

η

β
T, 4)− βTFRρ(ηTFR, 4)

)
(A.14)

where ρ(T, 4) is given in (3.10).
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A.5. Proof of Equation (4.2)

Under strict FFR technique, a mobile user first determines its SINR to the nearest

BS of the kth tier and checks if it is less than the tier’s FFR threshold Tk. If so, user is

classified as an edge user and the BS transmits its downlink on the reserved FFR band,

randomly picked from ∆k subbands available with uniform probability 1
∆

. Otherwise,

we classify the mobile user as an interior user. Strict FFR edge user experiences new

fading power ĝk and out-of-cell interference PkÎk, instead of gk and
∑K

j 6=k PjIj, which

are different than initial gk and
∑K

j 6=k PjIj. Assuming ĝ and gk are i.i.d. exponentially

distributed with mean µ, and following the similar approaches in the previous section,

the CCDF of the edge user FFFR,cl(T ) is calculated by

FFFR,cl(T ) = P

(
Pkĝkr

−α
k

σ2 + PkÎk
> T

∣∣∣∣∣ Pkgkr
−α
k

σ2 +
∑K

j 6=k PjIj
< Tk

)

=

P
(
Pk ĝkr

−α
k

σ2+Pk Îk
> T,

Pkgkr
−α
k

σ2+
∑K
j 6=k PjIj

< Tk

)
P
(

Pkgkr
−α
k

σ2+
∑K
j 6=k PjIj

< Tk

)

=

E
[
e
−µ T

Pk
rαk (σ2+Pk Îk)

(
1− e−µ

Tk
Pk
rαk (σ2+PkIk+

∑K
j 6=k PjIj)

)]
E
[
1− e−µ

Tk
Pk
rαk (σ2+PkIk+

∑K
j 6=k PjIj)

] .

After factoring out the terms related with noise power σ2, if we condition on

Rayleigh distributed rk in the second term, we observe that expectation of remaining

terms is the joint Laplace transform of Îk and I1, I2, ...IK which is found as
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L(ŝk, s1, .., sK) = E

[
exp

(
−ŝkÎk − skIk −

K∑
j 6=k

sjIj

)]

= E

exp(−ŝk ∑
z∈Zk

ĝzR
−α
z 1(δz = δy)− skgzR−αz
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× exp
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(sj
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z∈Zj

gjR
−α
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−α
z
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×

K∏
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E

∏
z∈Zj

e−sjgzR
−α
z

 .
Assuming interference is also exponentially distributed, i.e. ĝz and gz are also expo-

nential with mean µ ,

L(ŝk, s1, .., sK) =E

[∏
z∈Zk

(
1− 1

∆k
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1− µ

µ+ ŝkR−αz
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µ
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E
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z∈Zj

µ

µ+ sjR−αz



By using the probability generating functional (PGFL) of the PPP, Laplace functional

is calculated by

L(ŝk, s1, .., sK) = exp

(
−2πλ1

∫ ∞
r1

[
1− µ

µ+ skx−α

(
1− 1

∆

(
1− µ

µ+ ŝkx−α

))]
xdx

)
×

K∏
j 6=k

exp

(
−2πλj(

sj
µ

)2/απcsc(
2π
α

)

α

)
.

(A.15)

Inserting evaluated points into the integration variables s and deconditioning on rk

result in

2πrkλk

∫ ∞
0

e−πλkr
2
k(1+2ξ(T,Tk,α,∆k))e−2πλkr

2
k(
∑K
j 6=k κj,kψ(γj,kTk,α))e

−µ(T+Tk) σ
2

Pk
rαk drk (A.16)
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where

ξ(T, Tk, α,∆k) =

∫ ∞
rk

[
1− 1

1 + Tkrαkx
−α

(
1− 1

∆k

(
1− 1

1 + Trαkx
−α

))]
xdx (A.17)

and

ψ(z, α) =
πz2/α

α
csc(

2π

α
), γj,k =

Pj
Pk
, κj,k =

λj
λk
.

By using similar techniques, denominator becomes

1− E
[
e
−µ Tk

Pk
rαk (σ2+PkIk+

∑K
j 6=k PjIj)

]
= 1− E

[
e
−µ Tk

Pk
rαk (σ2+PkIk)

]
×

K∏
j 6=k

Ee−µ
Tk
Pk
rαkPjIj

= 1− 2πrkλk

∫ ∞
0

e−πλkr
2
k(1+2ρ(Tk,α))e−2πλkr

2
k(
∑K
j 6=k κj,kψ(γj,kTk,α))e

−µ(T+Tk) σ
2

Pk
rαk drk

and after substituting r2
k = υ the first term of the numerator which represents the

SINR on the newly allocated subband becomes

πλk

∫ ∞
0

e
−πλkυ(1+

ρ(Tk,α)

∆k
)
e
−µ(T+Tk) σ

2

Pk
υα/2

dυ.

Thus, overall equation becomes

FFFR,cl(k, T )

=
πλk

∫∞
0
e
−πλkυ(1+

ρ(Tk,α)

∆k
)
e
−µ(T+Tk) σ

2

Pk
υα/2

dυ

1− πλk
∫∞

0
e−πλkυ(1+ρ(Tk,α))e−2πλkυ(

∑K
j 6=k κj,kψ(γj,kTk,α))e

−µ(T+Tk) σ
2

Pk
υα/2

dυ
−

πλkυ
∫∞

0
e−πλkυ(1+2ξ(T,Tk,α,∆k))e−2πλkυ(

∑K
j 6=k κj,kψ(γj,kTk,α))e

−µ(T+Tk) σ
2

Pk
υα/2

dυ

1− πλk
∫∞

0
e−πλkυ(1+ρ(Tk,α))e−2πλkυ(

∑K
j 6=k κj,kψ(γj,kTk,α))e

−µ(T+Tk) σ
2

Pk
υα/2

dυ
. (A.18)
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A.6. Proof of Section 4.2.1

A cellular user is assigned a different FFR subband δy, with 1/∆ uniform prob-

ability, if SIR1 < T1 and SIR2 < T2, where T1 is the open access threshold for the

first tier BSs and T2 is the open access threshold for the second tier APs. The new

SIR after this assignment is calculated by ˆSIR =
P1ĝ1r

−α
1

P1Î1
for the first tier SIR and the

coverage probability of the cell-edge user under open access method can be calculated

by

FFFR,open,edge(T ) = P
(

ˆSIR > T |SIR1 < T1, SIR2 < T2

)
= P

(
P1ĝ1r

−α
1

P1Î1

> T

∣∣∣∣SIR1 < T1, SIR2 < T2

)

=
P
(
P1ĝ1r

−α
1

P1Î1
> T,

P1g1r
−α
1

P1I1+P2I2+P2g2r
−α
2

< T1,
P2g2r

−α
2

P1I1+P2I2+P1g1r
−α
1

< T2

)
P
(

P1g1r
−α
1

P1I1+P2I2+P2g2r
−α
2

< T1,
P2g2r

−α
2

P1I1+P2I2+P1g1r
−α
1

< T2

) .

If we focus on the denominator first, conditioning on g2 gives

P
[
rα1
P1

(
P2

T2

g2r
−α
2 − (P1I1 + P2I2)

)
< g1 < T1

rα1
P1

(P1I1 + P2I2 + P2g2r
−α
2 )|g2

]
P(g2).

(A.19)

Since g1 and g2 are i.i.d. exponentially distributed with mean µ and defining Ī =

P1I1 + P2I2 gives

Eg2

∫ T1
rα1
P1

(Ī+P2g2r
−α
2 )

rα1
P1

(
P2
T2
g2r
−α
2 −Ī

)+
µe−µxdx

 = Eg2

[
e
−µ r

α
1
P1

(
P2
T2
g2r
−α
2 −Ī

)+

− e−µT1
rα1
P1

(Ī+P2g2r
−α
2 )

]
(A.20)

where (x)+ =

x : x > 0

0 : x ≤ 0
. Evaluating the expectations results in

1− ε1e−µ
T1
P1
rα1 Ī + (ε2 − 1)e

−µ T2
P2
rα2 Ī , (A.21)
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where

ε1 =
1

T1γ
rα1
rα2

+ 1

ε2 =
1

γ
T2

rα1
rα2

+ 1
and γ =

P2

P1

.

Expectation of (A.21) with respect to I1 and I2 results in the joint Laplace transform

of I1 and I2, which can be calculated as follows.

L(s1, s2) = EI1,I2
[
1− ε1e−µ

T1
P1
rα1 (P1I1+P2I2)

+ (ε2 − 1)e
−µ T2

P2
rα2 (P1I1+P2I2)

]
= EI1,I2

[
1− ε1e−µT1rα1

∑
z∈Z1

g1R
−α
z e−µT1γrα1

∑
z∈Z2

g2R
−α
z +

(ε2 − 1)e−µ
T2
γ
rα2
∑
z∈Z1

g1R
−α
z e−µT2rα2

∑
z∈Z2

g2R
−α
z

]
= 1− ε1EI1,I2

[∏
z∈Z1

e−s1g1R
−α
z

]
EI1,I2

[∏
z∈Z2

e−s2g2R
−α
z

]
+

(ε2 − 1)EI1,I2

[∏
z∈Z1

e−s
′
1g1R

−α
z

]
EI1,I2

[∏
z∈Z2

e−s
′
2g2R

−α
z

]
.

By considering that g1 and g2 are also exponential with mean µ, joint Laplace transform

becomes

L(s1, s2) = 1− ε1EI1,I2

[∏
z∈Z1

µ

µ+ s1R−αz

]
EI1,I2

[∏
z∈Z2

µ

µ+ s2R−αz

]
+

(ε2 − 1)EI1,I2

[∏
z∈Z1

µ

µ+ s′1R
−α
z

]
EI1,I2

[∏
z∈Z2

µ

µ+ s′2R
−α
z

]
.

By using the probability generating functional (PGFL) of the PPP, L(s1, s2) turns into

L(s1, s2) = 1− ε1e
−2πλ1

∫∞
r1

(
1− µ

µ+s1x
−α

)
xdx × e−2πλ2(

s2
µ

)2/α π
α
csc( 2π

α
)+

(ε2 − 1)e
−2πλ1

∫∞
r1

(
1− µ

µ+s′1x
−α

)
xdx
× e−2πλ2(

s′2
µ

)2/α π
α
csc( 2π

α
).
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Inserting evaluated points into the integration variable s gives

L(µrα1T1, µr
α
2T2) = 1− ε1e

−2πλ1

∫∞
r1

(
1− 1

1+T1r
α
1 x
−α

)
xdx
× e−2πλ2(γT1)2/αr2

1
π
α
csc( 2π

α
)+

(ε2 − 1)e
−2πλ1

∫∞
r2

(
1− 1

1+T2r
α
2 x
−α

)
xdx
× e−2πλ1(

T2
γ

)2/αr2
2
π
α
csc( 2π

α
).

If we deconditon on r1 and r2, denominator results in

fd(r1, r2) = 1− ε1
∫ ∞

0

2πλ1r1e
−2πλ1r2

1(ρ1(T1,α)+1+κψ(γT1,α))dr1+

(ε2 − 1)

∫ ∞
0

2πλ2r2e
−2πλ2r2

2(ρ2(T2,α)+1+ 1
κ
ψ(

T2
γ
,α))dr2, (A.22)

where

ρ1(T1, α) =

∫ ∞
r1

(
1− 1

1 + T1rα1 x
−α

)
xdx

ρ2(T2, α) =

∫ ∞
r2

(
1− 1

1 + T2rα2 x
−α

)
xdx

ψ(z, α) =
πz2/α

α
csc(

2π

α
)

γ =
P2

P1

, κ =
λ2

λ1

.
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Secondly, by focusing on the numerator, we can find numerator as follows.

fn(r1, r2) = EÎ1,I1,I2
[
e−µÎ1Tr

α
1

(
1− ε1e−µ

T1
P1
rα1 (P1I1+P2I2)

+ (ε2 − 1)e
−µ T2

P2
rα2 (P1I1+P2I2)

)]
= pc(T, λ1, α,∆)− ε1E

[
e−ŝ1

∑
z∈Z1

ĝzR
−α
z 1(δz=δy)−s1gzR−αz e(−s2

∑
z∈Z2

gzR
−α
z )
]

+

(ε2 − 1)E
[
e−ŝ1

∑
z∈Z1

ĝzR
−α
z 1(δz=δy)−s′1gzR

−α
z e(−s′2

∑
z∈Z2

gzR
−α
z )
]

= pc(T, λ1, α,∆)−

ε1E

[∏
z∈Z

(1− E [1(δz = δy)] (1− e−ŝ1ĝzR
−α
z )e−s1gzR

−α
z

]
× E

[∏
z∈Z2

e−s2gzR
−α
z

]
+

(ε2 − 1)E

[∏
z∈Z

(1− E [1(δz = δy)] (1− e−ŝ1ĝzR
−α
z )e−s

′
1gzR

−α
z

]
× E

[∏
z∈Z2

e−s
′
2gzR

−α
z

]

= pc(T, λ1, α,∆)−

ε1E

[∏
z∈Z1

(
1− 1

∆

(
1− µ

µ+ ŝ1R−αz

))
µ

µ+ s1R−αz

]
× E

[∏
z∈Z2

µ

µ+ s2R−αz

]
+

(ε2 − 1)E

[∏
z∈Z1

(
1− 1

∆

(
1− µ

µ+ ŝ′1R
−α
z

))
µ

µ+ s′1R
−α
z

]
× E

[∏
z∈Z2

µ

µ+ s′2R
−α
z

]

= pc(T, λ1, α,∆)−

ε1

(
e
−2πλ1

∫∞
r1

[
1− 1

1+T1r
α
1 x
−α

(
1− 1

∆

(
1− 1

1+Trα1 x
−α

))]
xdx
e−2πλ2(γT1)2/αr2

1
π
α
csc( 2π

α
)

)
+

(ε2 − 1)

e−2πλ1

∫∞
r1

[
1− 1

1+
T2
α rα2 x

−α

(
1− 1

∆

(
1− 1

1+Trα1 x
−α

))]
xdx

e−2πλ2(T2/γ)2/αr2
2
π
α
csc( 2π

α
)

 .

Deconditioning on r1 and r2 gives

fn(r1, r2) = pc(T, λ1, α,∆)− ε1
(∫ ∞

0

2πr1λ1e
−πλ1r12(1+ξ1(T,T1,α,∆))e−2πλ1r12κψ(γT1,α)dr1

)
+ (ε2 − 1)

(∫ ∞
0

∫ ∞
0

2πr1λ12πr2λ2e
−πλ1r12(1+ξ2(T,T2/γ,α,∆))e−2πλ2r22(1+ 1

κ
ψ(T2/γ,α))dr1dr2

)
(A.23)
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where

ξ1(T, T1, α,∆) =

∫ ∞
r1

[
1− 1

1 + T1rα1 x
−α

(
1− 1

∆

(
1− 1

1 + Trα1 x
−α

))]
xdx

(A.24)

ξ2(T, T2/γ, α,∆) =

∫ ∞
r1

[
1− 1

1 + (T2/γ)rα2 x
−α

(
1− 1

∆

(
1− 1

1 + Trα1 x
−α

))]
xdx

(A.25)

and

ψ(z, α) =
πz2/α

α
csc(

2π

α
), γ =

P2

P1

, κ =
λ2

λ1

.

One can obtain the coverage probability of strict FFR scheme by inserting (A.22)

and (A.23) into following formula

FFFR,open,edge(k, T ) =
fn(r1, r2)

fd(r1, r2)
.




