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Abstract

After a review of different types of g-oscillators and the relationship between their
creation/annihilation operators, the derivation of the q generalized version of the Levi-
Civita tensor (¢€) is given. The properties of the quantum group SLg(n) are obtained
through the invariance properties of the new g-epsilon tensor. The relations between
the inner products of n-particle states of the various g-oscillators are also investigated.
Finally, a two parameter generalization of the Coon-Baker-Yu g-oscillator (which we

call Fibonaccization) is presented.
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Farkli g-salimimci cegitlerinin ve bunlarin yaratma/yoketme iglemcilerinin arasindaki
iligkilerin g6zden gegirilmesinden sonra, Levi-Civita epsilon ¢oklaminin (tensor)

g genellegtirilmig hali bulundu. Yeni g-epsilon ¢oklaminin (tensor) degigmezlik ézelliklerinden
yararlanilarak SLg(n) quantum grubunun bagintilari elde edildi. Farkli g-salimmcilarinin

n parcacikli durumlarimin i¢ carpimlar arasindaki iligkiler de aragtirildi. Son olarak
Coon-Baker-Yu ¢g-salinimcisinin iki parametreli genellegtirilmesi (Fibonaccilegtirme adiyla)

sunuldu.
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| }: ground state of an oscillator

|n): n th excited state of an oscillator

[A, B]: commutator of A and B

[n]: basic number n generalizing integers

a : annihilation operator

al: creation operator

‘H: Hamiltonian operator

N: number operator

N ,jitjjfgn: a tensor describing the inner products of states
q1, 92, g: deformation parameters

SL(n): special linear group

SLg(n): g-deformed special linear quantum group

A;;: quantum subdeterminant

v



Contents z

List of Symbols . . . . . . . . . . ..
Table of Contents . . . . . ... .. ... ...... I
I INTRODUCTION . . . .. st e e
[T REVIEW OF ¢-OSCILLATORS . ... .. ... .. ... ... ......
II.1 QHO and One Dimensional ¢-Oscillator . . . . . . . . .. .. ..
1I.2  n-Dimensional Commuting ¢-Oscillator . . . . . . . . . .. .. ..
1I.3  n-Dimensional CBY ¢-Oscillator . . . . . . ... .. ... ....
II.4  n-Dimensional PW ¢-Oscillator . . . . . . .. .. ... ... ...
II.3 Two Parameter Generalization of PW ¢-Oscillator . . . . . . ..

III SLg(n) AND RELATIONS AMONG ¢-OSCILLATORS . . ... ... ..

III.1  CBY Oscillator and the ¢-Epsilon Tensor . . . .. ... ... ..
II1.2  SLg(n) and the ¢-Epsilon Tensor . . . . . .. e e
111.2.1 The Two Dimensional Case . . . . . . . . .. ... .. .. ....

I11.2.2 The Three Dimensional Case . . . . .. . .. .. ... ... ...
[11.2.3 Generalization to n-Dimensional Case . . .. ... .. ... ...

II1.3 Relations Between Inner Produc.ts of States for CBY-PW-AC ¢-
Oscillators . . . . . . . . e

IV FIBONACCIZATION AND FURTHER MULTIDIMENSIONAL, MULTI-
PARAMETER GENERALIZATIONS . . . . . .. .. ... ... ... ..
IV.1 Two Parameter Generalization of CBY ¢-Oscillators . . . . . ..
IV.1.1 Introduction . . . . . . . . o L e e e
IV.1.2 Relations Between the States of CBY and fCBY Oscillators . . .
IV.1.3 {CBY Oscillator and Basic Numbers . . . . .. . ... ... ...
IV.2 n Parameter Generalization of CBY Oscillators . . . . . . .. ..
V CONCLUSION . . . . . s s e e
REFERENCES . . . . . . . o e e

0 ~1 B e

10
12
16
16
19
19
21
24

28

31
31
31
32
34
35
37
38



IINTRODUCTION

Physics is an experimental science which tries to explain the processes in nature with
mathematical theories. Generally in a physical theory there is a one to one correspon-
dence between physical concepts (position, velocity, mass) and mathematical symbols
(Z,7,m). Then a physical process, can be expressed in terms of these mathematical
symbols in an appropriate formalism.

The correspondence between physical concepts of Newtonian mechanics and its
mathematical formulation is too obvious and maybe trivial. With the most important
conceptual development of the twentieth century, namely Quantum Mechanics, this
correspondence became much more tricky. In this physical theory, observables (like
position, energy etc.) are represenied by hermitian operators, and measured physical
quantities are then the eigenvalues of these operators.

As an example of this formulation it is possible to consider the SU(2) Lie algebra
and angular momentum operators. In abstract notation the SU(2) algebra consists of

3 generators X3, X3, X3 and their commutation relation

[Xi,Xj] = _eiijk .

On the other hand i times the angular momentum operator L; of the quantum me-
chanics, L; = —i€;12;0k, has exactly the same commutation relation. Thus one can
identify 1L; with the generators of SU(2). As an application of this identification, it
is possible to use the matrix representations of the SU(2) generators for the angular
momentum operators.

Another example of identification of observables as hermitian operators is the Quan-
tum Harmonic Oscillator (QHO) problem. The algebraic solutions to QHO, (in energy
basis) are obtainable through the use of the annihilation operator a and its hemitian
conjugate af, which change the oscillatory energy state of a particle one unit up or
down. It is also possible to find a one to one correspondence between "usual” posi-
tion/momentum operators and a/a'. This correspondence permits us to write the Fock

space [1] version of canonical quantization:



lg,p] = ih — [a,a] = 1.

If the canonical quantization rules are viewed in terms of position and momentum
operators, one can note that the right hand side of the above equation is of the order of
h. That is, to return to Newtonian mechanics, one has to set 5 = 0. Or more clearly,
quantum mechanics is a correction to Newtonian mechanics of the order of .

As a pure speculative theory, it is possible to push quantization one step further
and add higher order ( A? , k%) terms. The effects of such speculations, in energy
basis, would be to change the commutator of ¢ and a'. But in which way? Again in
a purely theoretical basis, it is possible to formulate a new commutator, (qumutator!),
such that it contains a dimensionless parameter, ¢. Then for the quantum mechanical
limit, one should set ¢ = 1. The oscillators containing the generalization parameter g,
formulated in this manner, are called ” g-oscillators”.

Since the first formulation of g-oscillators, there were many applications and dif-
ferent interpretations of this new parameter. For example, in 1975 Arik and in 1992
Arik and Mungan gave an interpretation as a relativistic effect, in 1989 Manko et al.
as a nonlinearity in the oscillation frequency, in 1993 Arik and Rador as a discreteness
parameter in space-time etc.

A similar step in pure mathematics was made with the discovery of quantum groups.
Apart from ordinary groups these are defined through a deformation parameter "q”. As
the name sounds alike, a relation between g-oscillators and g-groups can be expected.
It was found that different g-oscillators’ commutation relations were invariant under
some quantum groups. This helped to classify the g-oscillators.

In our approach, we consider the tensors created from state vectors, and this yields
the full structure of a g-group, GLg(n). As a byproduct , "q” version of the ordinary
Levi-Civita tensor is also obtained. With this approach, keeping in mind that ten-
sors created by state vectors are related to g-groups, a search for connections between
state vectors of different g-oscillators is performed. The surprising result is that the
g-oscillators are only special cases the more general Fibonacci oscillators with two pa-

rameters, ¢; and ¢y. Then Fibonacci versions of various g-oscillators can be formulated

through a well defined procedure. Using a generalization of commutators (qumutators),



it is possible to increase the number of deformation parameters to n. The effects of
such a parametrization can be thought to have a physical méaning. The related basic
number, if associated to the energy levels of a g-oscillator model, permits us to locate
the point above which g-quantum effects are to be observed.

These remarks constitute a verbal summary of this present work. Now we can

explore the details with the help of mathematical formulae.



IL.REVIEW OF ¢-OSCILLATORS

I1.1 QHO and One Dimensional ¢-Oscillator

The classical one dimensional quantum harmonic oscillator (QHO) problem [2] can be

solved with the operator method using the annihilation operator a and its hermitian

conjugate af, the creation operator, both acting on a Hilbert space defined through

the inner product of basis bra and ket vectors. The action of these operators can be

written as follows

afln) = |n+1)

aln) = |n—1)

(IL1)
(I1.2)

Using the fact that no states exist below the ground state, the action of the annihilation

operator can be formulated as

then a general state is obtained as
[n) = (a)"),
with the normalization
(njm) = nléum
The energy of each state is measured with the number opefator defined by

N = aTa

(IL.3)

(IL4)

(IL5)

(IL6)



with

Nin) = n|n) (IL.7)-

Then the following commutation relations exist between these operators:

[a,a] = 1 (IL.8)
[N,a!] = af (11.9)
[Nya] = —a (1I1.10)

where the commutator [A, B] is defined as [A, B] = AB — BA.
This notation can be generalized [3, 4] by adding one extra parameter (q) to the

first commutation relation, which becomes
[a,al}, = aat - qata =1 (IL.11)

In this generalization the integer n, representing the energy level of each state is to
be replaced by basic number {r] in order to obtain a ¢ deformed number operator.
Identifying a’a by [N] and aa’ by [N+1] equation (I[.11) can be put into a difference

equation form:

(N+1]=gq[N]+1 (11.12)
The solution to the difference equation (I1.12), using the fact that there are no states
below the ground state, (namely a| ) = 0), is given by Jackson’s [5] basic integer for-

mulas:

[n] = : (IL13)
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The spectrum of this deformed oscillator is given by the sequer-lce 0,1,14+q,1+g+q¢* -

There are also other 1-dimensional g-oscillators. For exarnple the g-oscillator used
to construct SUq(2) g-deformed Lie algebra is defined by the following commutation
relation (first formulated independently by Macfarlane and Biedenharn (1989) and
hereafter referred as the MB oscillator [6, 7])

aa’ — g tata = V. (I1.14)

Again aa' represents [N + 1] and a’a represents [N], and this yields the difference equa-
tion of the MB g-oscillator. However there exists a transformation [8] which permits

to go from MB g-oscillator to the first one (II.11). If one defines operator ¢ as

c=q Vg (I1.15)

after some rearrangements one finds the relation

ccl = ¢ %+ 1 (I1.16)

which by the replacement ¢~2 — ¢ becomes the g-oscillator (I[.11). During these cal-

culations we used the following properties of a and a:

af(N) = f(N+1)a (IL.17)
a f(N) = f(N -1 (IL.18)

where f(N) is any analytic function of N. The spectrum of the MB oscillator is given

by the symmetric form [9] of the basic integer [n]

(11.19)



It is important to note that the commutation relations of both 1-dimensional q-

oscillators are invariant under U(1). Choosing complex U such that UU = 1, @ can be

defined as:

& = Ua (11.20)
& = Ua. (I1.21)

Then one can see that the commutation relation is invariant such that:
aa' —qala =1 = UU(aa’ — qata) = 1. (11.22)

We finally note that since the generalized number operator measures the energy level

of a particle/state, the Hamiltonian of a 1-dimensional g-oscillator is given by [N].

I1.2 n-Dimensional Commuting ¢-Oscillator

As the simplest multidimensional version of the above g-oscillator, it is possible to use n
commuting copies of the same 1-dimensional g-oscillator (first formulated by Arik and
Coon, and hereafter referred as the AC oscillator [3]). Here the lowering and raising

operators belonging to the same dimension/particle are related by the formula:
a,-aif = qaﬁai +1 ( 123\

However, lowering and/or raising operators belonging to different dimensions/particles

commute:

[0, 0;T] = [ai,a5) = [a', 0,1 = 0 i (11.24)



>

Thus for example an n particle state is defined as:

Il]k v n) = (1,,'1‘(1]'1'(1)‘:T s anTI > . (1125)

This definition gives rise to the degeneracy of the g-oscillator states, since now the
states corresponding to a different ordering of raising operators are the same due to
(I1.24). The total energy of such a d-dimensional system is given by the basic number

consisting of individual sums of internal degrees of freedom

d qu +Na++Ng _ |
H=[>_ N]= | (11.26)
=1

For the same system, the total energy [IV] can also be expressed in terms of the energies

of each dimension/particle, using the expansion property of basic numbers, as

[N] = [nl +ny+ -0+ nd] = [nll 4 qn1 [TL2] 4+ 4 qn1+n~z+...+nd-1 [nd] (1127)

11.3 n-Dimensional CBY ¢-Oscillator

Another multidimensional version of the 1-dimensional g-oscillator in equation (I1.11),
which is invariant under U(n) was postulated by Coon Baker and Yu [13] (hereafter

referred as CBY). Its defining commutation relation can be written as follows:

a;al = qa}ai + 0; (11.28)

e

. g e ) T B
Here ot and a are the creation and annihilation operators, as usual. The ground state

is normalized to 1. Then the multidimensional states are obtained by applying the



creation operators on the ground state. Thus,

lijk---n) = alalal - al]). (11.29)

It is important to note that in the CBY g-oscillator , we only have relations between
creation and annihilation operators. A commutation type relation which contains only
creation operators or only annihilation operators does not exist. Due to this fact, the
degeneracy of the oscillator states is lost. For example in two dimensions the states

[21) and |12) are linearly independent:

(12112) = (21)21) =1 (I1.30)

Il

(12]21) (21]12) = g (I1.31)

This implies that —1 < q = Cos(f) < 1, where 8 can be thought as the angle between
the states |21) and |12) . Since the states |21) and [12) are shown to be linearly
independent, no commutation-like relation can be postulated between a; and as.

The orthonormaliza.tion of these linearly independent states is another problem.
For two particle states.,. this problem is equivalent to the diagonalization of the 2x2

matrix:

For three particle states, if two of the particles are in the same energy level,
(eg. 1,1,2) the diagonalization problem is again solvable. If the states are ordered

as |112), [121), |211) , the 3x3 matrix to be diagonalized is:

l+q q+¢ ¢+
g+q® 1+¢ g+ |-
+¢ q+q l+g j
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The eigenvalues of the above matrix can easily be found using a symbolic computing
tool, for example Mathematica. If all the three particles are in different states, the
matrix to be diagonalized is 6x6 and Mathematica fails to find the eigenvectors. The
solution can be found if proper ordering is choosen for the linearly independent states;

and the correct order turns out to be:

|123), |213), |132), |321), [312), [231) .

: . A B
Then, the inner product matrix is in the form: , where A and B are all 3x3
B A
matrices given by:
1 g ¢ ¢ ¢ ¢
A=lq 1 ¢ | and B=|¢g ¢ ¢
q ¢ 1 ¢ q &
: : : 1
One can write the eigenvectors of the above block matrix as , and
1 -1

With this step the problem is reduced to finding the eigenvectors of a 3x3 matrix,
which was solvable by Mathematica.

The orthonormalization of higher order states is an open problem and to our knowl-
edge a general solution for an n particle state is not yet formulated.

The Hamiltonian for such a non degenerate system, with a degenerate spectrum,
expressed in terms of the creation and annihilation operators, turns out to be an infi-

nite series [10].

I1.4 n-Dimensional PW ¢-Oscillator

The multidimensional CBY oscillator is invariant under the non quantum U(n) group.
There is also a multidimensional g-oscillator, first formulated by Pusz and Woronowicz
[11], (hereafter referred as PW), which is invariant under the Uq(n) quantum group.

In fact. the PW oscillator { creation/annihilation operators) can be obtained from the
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simple multidimensional oscillator discussed in II-2. Recalling the commutation rela-

tion of that oscillator, we formulate its ¢® version, i.e.
a;a; = ¢*a;fa; + 1 (11.32)

1t is possible to define new creation and annihilation operators, ¢; and ¢ such that,

¢ = gMHNetetNi g (I1.33)

ol = gtgMHNet+Nios (11.34)

where the basic number [n;] is defined as:

q2n,' —1 +

[’I’I,i] = q2 1 = a;'d; (1135)

It is a straightforward calculation to show that the ¢, c! oscillators have the following

commutation relations:

cicit = qeile z#j , (I1.36)

ce; = q e 1>7, (11.37)
ale;t = qeifest  i>7, (11.38)
aa’ = fala+1 (11.39)
cal = dele+ e,y i1, (11.40)

Then the oscillators are Ug(n) invariant PW oscillators. Moreover, there are close
connections between the above discussed g-oscillators (CBY, PW, AC), through their

inner products. We will discuss this in TII-3.
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I1.5 Two Parameter Generalization of PW ¢-Oscillator

Up to now, we have seen the basic integer of Jackson (I1.13) and the symmetric form
of the basic integer (I1.19). Noting that in generalizing integers, each integer can be
associated with a term in a sequence, we prefer to deal with a simple scheme, namely
with the generalized Fibonacci sequence in which the n'® term is a weighted linear
combination of (n — 1)th and (n —2)" terms. For any weights, the generalized Fi-
bonacci sequence is given by a second order difference equation. The solution to such
an equation, or more clearly each term in the sequence can be expressed in terms of

two distinct parameters, qi, ga:

)
n| = =——=, 1I.41
[n] p— (IL.41)

which is a generalization of the symmetric form of a basic integer. (first considered by
Arik et al. {12]). Following the convention of the authers, we will call the above basic
number as "Fibonacci basic integer”, and we will investigate the ”Fibonacci oscillator”

which has the spectrum given by Fibonacci basic integers.We start by recalling that

the symmetric basic numbers were solutions to MB g-oscillator’s difference equation,
n+1]=g¢7'[n] + 4" (11.42)

which follows from (I1.14). One can note that this equation is linear, but the solutions

to (I1.42) are also solutions to a second order linear difference equation:
n+2=(g+q¢ Dn+1]—[n]. (IL.43)

It is also possible to write the inhomogenous first order difference equation (I1.12), as

a homogenous second order difference equation:

[n+2] = (g+Dn+ 1 —gln]. (11.44)
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Both of these equations (I1.43) and (IL.44) are special cases of the equation
[n +2] = afn + 1] + B[n] . (11.45)

For a specific choice of o and 3, it is possible to obtain Fibonacci basic integers. And

this choice is:

a = q+ ¢ (11.46)

B = —qq

The g-oscillator yielding the Fibonacci basic integers, the Fibonacci g-oscillator, can

be expressed in terms of the creation/annihilation operators satisfying
aat = qata + ¢ = guata + ¢V . (11.47)

The construction of multidimensional Fibonacci g-oscillators is also possible. The easi-
est way to obtain d-dimensional g-oscillators is to take d commuting copies of the same

g-oscillator. Then the following equations hold:

lai,a;) = lanall=0 i#7 (11.48)
ala; = [N)] (11.49)
aal = [Nip] (11.50)

in which the eigenvalue of the number operator [NV;] is defined as in (I1.41). The Fi-

bonacci basic number has the decomposition property:

[nl g nd] _ [nqu§n2+...+nd) + q?l[nz]q§n3+...+nd) e, (1151)
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kd

If now, new creation and annihilation operators are defined as in (I1.33):

b= aygl _—
¢ = q{Nl)/2a2q§N3+"-+Nd)/2
e = q§Nl+'"+Nn—1)/2anq§Nn+l+m+N‘i)/2

Using equation (11.51), it is possible to sum the individual energies of the ¢ oscillators,

and one can write the result in a compact form:
Zc:-rciz[nl—l-nz—i—--'—i-nd}:[[\f] (11.53)

The commutation relations among the ¢ oscillators can be calculated using the rela-

tions (11.48) and (11.52) as,

Gl = Jamela  i#7, (11.54)

cic; = ai'gcie  1>7, (11.55)

alet = qg;'efet >, (1I1.56)
aa! = aala+qg (I1.57)
el = qwﬁ@ + [Ci—170§_1]q2 1> 1, (I1.58)

One should note that for go = 1 and g = 1 these oscillators simplify to PW oscillators

with parameters ¢/? and q~1/? respectively. It is possible to go one step further and

define C oscillators as:

Ci = g™ (I1.59)



15

Then the commutation relations among C oscillators are exactly the ones of the PW
oscillator with ¢ = {/¢1/q2. Recalling that the PW oscillators were invariant under
Ug(n), one should note that starting from quantum group invariant g-oscillators with

one parameter, two parameter g-oscillators are formulated.
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II1,SLg(n) AND RELATIONS AMONG
g-OSCILLATORS |

ITII.1 CBY Oscillator and the ¢-Epsilon Tensor

In section II-3, we have calculated the inner products of states with the same given
number of particles using the defining commutation relation of the CBY g-oscillator. In
fact states with different number of particles are orthogonal due to the same relation.

Now we would like to generalize the inner product calculation, by starting from:

(ilj) = & (111.1)
(ilkm) = 5i{jlm) + g5 (jlm) (11.2)
(ijklmnp) = &, (jklnp) + aSi(klmp) + 28 (klmn) (1mL.3)

and therefore by induction:
(117203 - in‘].klkzk?, cookn) = 5};} (923 -+ inl|kaks - kn) (111.4)
4+ g8} (igis < inlkiks - - kn)

+ 26 (it -+ - inlkikoky - - - ki)

. q”'lézln(iziy"in‘kl% k1) .

We note that an n particle state inner product, can be cxpressed as a linear combina-

tion of (n) inner products of (n— 1) particle states. Then we define the tensor N using
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the inner product »

(i1 dnlky - k) = NE2TT2 = Ni(n, q). (IIL3)

The recursive expansion property of the inner product states in equation (II1.4) can be

written in terms of the N tensor as:

119223 +0n 11 ATiaia -t
Nagi e Ny N2 % (111.6)

11 ATE293 8
+ N NZ2¥%

2 nrit Apizigesd
+ NN ek

+ ¢ TINj NP

thaekn_y °

In the definition of the IV tensor, we see that it is a function of the real parameter
g and the number of particles. Then its simplest nontrivial form, N(1,q) = N,i:
becomes the ordinary Kronecker delta, 5;’ For ¢ = —1, the N tensor turns out to be,
the generalized Knonecker delta N(n,—1) =det(M), where the elements of the nxn
matrix M are given by M,, = 5,’; Following this we can name N as the g-generalized
Kronecker delta.

Now it is possible to define a ¢g-dependent € symbol using the generalized Kronecker

delta N.

Cirigein(€) = Nl (=) (11L.7)
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td

In fact, the above g-epsilon symbol is a g-generalized permutation tensor. One can see
this by observing that in the ¢ — 1 limit the g-epsilon tensor reduces to the ordinary
epsilon tensor. Writing it down explicitly in two dimensions, one sees that, it can be

represented by a 2x2 matrix;

0 1
€= (111.8)

whose square is a constant times the identity matrix:

€= —ql . (I11.9)

Due to its definition, the g-epsilon tensor has a very useful index permutation prop-
erty: i.e. when two neighboring indices ¢ and j of the ¢g-epsilon tensor are interchanged
its value changes by a factor of —q if j < k and —q~' if j > k. The following

notation expresses this property :

Sgn(j—k)éi...kj...n . ] (11110)

€ivvjhern = —(

Another interesting property of the new g-epsilon tensor is the contraction of two ep-

silon tensors over common indices. Using Einstein convention for summation, one can

write this property as follows:

CanismEingsrmat = (—0)" T [ — 1]g2!0aar - (T1I1.11)
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II1.2 SLg(n) and the ¢-Epsilon Tensor

The ordinary (non-quantum) group SL(n) can be defined as the group of matrices with
real or complex entries, which leave the ordinary Levi-Civita epsilon tensor invariant.
In the same manner, we propose the definition of the quantum group SLq(n) [14] as
the group of matrices which leave the g-epsilon tensor invariant. The entries of these
maftrices, as a generalization of complex fields, probably consist of non-commuting el-
ements. We then propose the invariance of the g-epsilon tensor under the left and the

right action of the ”quantum” matrix A;;.

€irigein Aisjs iy " Ainin = €jijpenin (II1.12)

Ao Ay Arin €irigein, = €512 rrin (II1.13)
where the matrices will probably be the group elements of SLg(n). For |q| # 1, the
above relations cannot be satisfied, with commuting elements of the matrices A. There-

fore we assume that the matrices A have non-commuting elements A;;.

111.2.1 The Two Dimensional Case

As the ordinary epsilon tensor, the g-epsilon tensor has the value zero, if two indices
are equal. So we have 4 equations for two distinct values of ¢ and 7 in the two

dimensional version of both (111.12) and (III.13):

€iip i Ay = €
AnAn —¢AnAn = 0 h=Ln=1 (II1.14)
A1 Ay — gAnAn = 1 n=17=2 (I11.15)
A2y — qA2An = —¢ n=27=1 (I11.16)
A1aAz — gAnAn, = 0 h=2,p=2. (111.17)

Now, if we represent the 2x2 matrix A as
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a b
A= , (T11.18)

c d

these 4 equations can be written as

ac = qca (11119)
ad — qcb=1 (II1.20)
da — qlbe=1 (I11.21)
bd = qdb. (111.22)

At this point, we define the ¢g-determinant of a 2 x 2 matrix as in (II1.20) and we see
that our matrix A has unit determinant. We note that these are the half of the set
of equations which define SLq(2). We can then write down the next 4 equations and
obtain the full SLg(2) group. But instead, we prefer to do it with a special trick which
only holds for n=2, since for n=2 the epsilon tensor has a matrix representation. The

equation (II1.12) written in matrix form is

ATeA=e. (I11.23)

Using the existence of A~ and the fact that €2 = —q/, (II1.23) can be written as:

AcAT = ¢, (111.24)
which when solved gives:
ab = gba (111.25)
ad — qbc=1 (I111.26)
da — qlcb=1 (111.27)

ed = qdc. (I11.28)
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Ed

These are the relations which complete the defining relations of SLg(2). We note that
we have found the complete set of SLq(2) definition relations, using only one equation

from our starting propositions.

I11.2.2 The Three Dimensional Case

The defining equation is now,
€irinis Airjs Ainja Ainjs = €irinds (1I1.29)

in which A;; are elements of the matrix A where,

a b ¢
A=\|d e f (111.30)
g h 1

Proceeding as in the n = 2 case, we end up with 27 equations given below:
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27.

abc — qach — gbac + ¢2bea + q*cab — ¢3cba
abf — qace — gbaf + q*bed + q*cae — g*chd
abi — qach — gbai + ¢*beg + q?cah — ¢Bcbg
aec — gafb— gbdc + ¢*bfa + ¢*cdb — ¢®cea
aef — qafe — gbdf + ¢*bfd + q*cde — g®ced
aet — gafh — gbdi + ¢*bfg + q*cdh — ¢®ceg
ahc — qaib — gbgec + ¢*bia + g*cgb — ¢icha
ahf — qaie — gbg f + q?bid + ¢*cge — g3chd
ahi — qaih — qbgi + ¢*big + q*cgh — ¢3chg
dbc — qdcb — geac + q?eca + q? fab — ¢ fba
dbf — gdce — qeaf + q*ecd + q* fae — ¢° fbd
dbi — gdch — geai + q2ecq + q*fah — ¢ fbg
dec — qdfb — qedc + g*efa + ?fdb — ¢*fea
def — qdfe — qedf + q*efd + q*fde — o fed
dei — qdfh — qedi + q*efg + ¢*fdh — ¢®feg
dhc — qdib — gege + g?eia + ¢*fgb — ¢* fha
dhf — qdie — qegf + ¢*eid + ¢* fge — ¢*fhd
dhi — qdih — qegi + q*eig + ¢* fgh — ¢*fhg
gbe — qgeb — ghac + g*hea + g*1ab — ¢%iba
gbf — qgce — qhaf + q*hed + q¥iae — gPibd
gbi — qgch — qhai 4 ¢*heg + g*iah — ¢%ibg
gec — qgfb — qhdc + ¢*h fa + q*idb — ¢%iea
gef —q9fe — qhdf + ¢*hfd + ¢*ide — ¢Pied
gei — qgfh — qhdi + ¢*hfg + q*idh — g’ieg
ghc — qgib — ghge + ¢*hia + q%igb — ¢*iha
ghf — qgie — qghgf + q*hid + q%ige — ¢®ihd
ghi — qgih — qhgi + q*hig + q*igh — q*ihg

22

=0

Now we have to group these equations in order to extract useful information. The

equations ((1,10,19), (9,18,27), (5,14,23)) are written as Au; = 0 (1 = 1,2,3),

where 1; denote the column vectors obtained by factoring out the elements of the ma-

trix A from the left hand side. As an example, equations (1,10,19) can be written as :
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a b ¢ bc — qcb
d e f q’ca —qac | =0
g h 1 g*ab — ¢%ba

If A is invertible, then relations of the kind ab = gba are obtained for every 2 x 2
submatrix of A. For the remaining set of equations, we define the g-subdeterminant
of a » X n matrix, as in the two dimensional case. Thus A;; is the ¢ determinant of
the remaining submatrix obtained by removing the i** row and the j** column from
the original matrix A. For example Ass is ae — gbd. Then the A;; can be shown to
commute with the elements of the matrix A. Now, we would like to group the set of

nine equations as ((2,11,20), (3,12,21), (6,15,25)) and write the first triplet as:

where

Ast

St
|

= —qAazz
q2A33

by factoring out the elements of A from the left hand side. If the existence of A~lis

assumed with A=1A = I, these sets of equations give A™! as:

A —q Ay q*Ag
ATl = | —qAp JAVY —q Az |- (I1L.31)
q2A13 —qa3 Az

For the remaining set of nine equations, grouped as ((4, 13, 22), (8,17,26), (7,16,25)),

we would like to make the following definition: Let Al; be the g-subdeterminant of the
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matrix A, as in equation (I1L.21), calculated starting from left lower corner,

e.g.: A3 =ea— g tdb.

Again factoring out the elements of the matrix A from the left hand side, and
writing down as vector transformation equations, using the existence of A=1, A™! is

obtained in terms of Al; as:

Al —gTrAY gAY
AT = —qAY, JACH —q Ay | - (11.32)
qu/13 _quza AV

From the uniqueness of A~! it follows that Al; = A;; and this holds for every 2x2

submatrix of A. Then we obtain for example ae — gbd = Asz = ea — q~db.

We can now postulate the definition of the SLq(3) és the group of 3x3 matrices of
determinant one and which have all 2x2 submatrices, elements of GLg(2). Thus we
have obtained half of the GLg(3) definition relations. In order to obtain the full set,
this time, stating from (II1.13) instead of (II1.12), we would have another set of 27
equations which can be grouped and treated as in the above case. This second set
would give us the rest of the defining relations of-GLq(S): Noting that from equation

(6), our matrix A has unit determinant, we finally conclude that A € SLq(3).

111.2.3 Generalization to n-Dimensional Case

Since we obtained SLg(2) from the invariance of €(2, ¢) and SLg(3) from the invariance
of €(3,q), we would like to study the invariance of €(n, ¢) and show that it gives rise to
SLg(n). In these calculations, for the sake of clearity, we prefer not to use the Einstein

convention for summation, but instead to write all the summations explicitly. Starting

from (I11.13), we can write:

A . —_— . . .
2 Z €y ovimnyrsGivmy ** " Qin_pmn—gGjrlhs = €ijein_ajk (I11.33)

My Mp-2 7,8
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and renaming the indices j and &, the same equation reads,

Z Z Emqempogrs@iymy * " Qi pymp_s OkrQis = €ioipy_okj - (HI.34)

=Mn_2 T,8

If we now assume j < k, we can use the index permutation property (II1.10) and, we

can join the above two equations as

Z Z Emyeempenrs®izmy " Qi _omp_o AjrQEs = (11135)

TMp—p T8

-1
—q E : E €myeemp_ars@iim;  *°° Qip_ompo Ckrjs

TN Mp—3 T,5

We would like to divide the summation in the above equation over r, s into two parts

such that

2=+

7,8 <38 T>s

SINCe €my.m,_,rr 18 Zero. Interchanging the indices r and s in the second summation,

one finds:

z Z 6771,1 MM — 2’!‘Sa'le1 s ain—Zmn—2 a’j’!‘a’ks + (111.36)

TMip -2 TS

E E :eml-umn_zsrailml o Oy _omp o Qjslkr =

My Mn-2 S>T

_1 > . . .
—q ( E . E €myomp_grsPiymy Qi oy o AkrQjs +

My Mipn_2 T>S

§ E ; 6777.1 mn_gs'ra'uml e a’in—2mn-—2 a’k-’a‘j"')'

“Mp 2 §>T
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td

Since all the summations over s and r are ordered, it is poss-ible to use the index per-
mutation property (II.10) and factor out €p,...m,_,rs from the left hand side. Then
equation (III.36) reads:

Z Z Aiymy * " iy 2z €m1"'mn_27‘8Cj7‘k3 =0 ) (IIIS?)

T Mn—2 TS

Oj’rks = ((aj'r‘a'ks - qajsakr) + q_l(akrajs - qaksa]"l')) .

If the invertibility of A is assumed, matrix multiplying from left by A~!, equation

(I11.37) gives:

Z €mprmnsrs ((@5r@ks — q@jsakr) + 7 (arrajs — qarsaz,)) =0 . (111.38)

r<s
One should note that the first n — 2 indices of the epsilon tensor are free, any choice of

them such that epsilon is non vanishing uniquely determines both r and s, since r < s.

If the trivial solution of-equation (II1.38) is left out, the result can be written as:

((ajrars — qajsax) + ¢~ (arrajs — qansaz.)) = 0 (111.39)

with r < s and 5 < k.

If we define an arbitrary 2 x 2 submatrix of A as follows, we can better understand

the meaning of equation (II1.39).
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In this visualization, equation (I11.39) simply gives us: ad — gbc = da — ¢~ 'cb which is
one of the defining equations of GLq(2). Then we can define an arbitrary n x n matrix
A as element of GLg(n), if and only if its any 2 x 2 submatrix is an element of GLg(2).
If we had started from (II1.12) instead of (I1I.13), we could proceed likewise, but this
time the counterpart of equation (II1.37) would be multiplied by A~! from the right,

instead of from the left, and we would obtain

((ajrars — qarrazs) = (agsajr — ¢~ ajoar)) (I11.40)

with r < s and j < k again. The new equation (II1.40) when applied to our above
visualization of an arbitrary 2x2 submatrix gives: ad — gcb = da — g~ 'bc .Combining

the equations (I11.39) and (I11.40), we obtain ,
Ajslkr = QkrQjs (IH.41)

.which can be shown by our visualization as bc = ¢cb .

Until now we have investigated the relations between diagonal elements of our ar-
bitrary 2x2 submatrix. In order to obtain the relations between row/column elements,
we start from (II1.33) and postulate that 7 = &, so that the right hand side becomes

zero. Then we divide the summation into two parts as we did previously :

Z Z €myqompozrs@iymy 7 Aip_gmn_z Cjrlys + (11142)

My Mp—2 T<S
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Z z : €mymn_ars@®iimy """ Gip_smpn Ajrdjs = 0.
My Mpey T>8

Interchanging r and s in the second part and using the index permutation property of

the epsilon tensor, the above equation gives :

Z Z Giymy ** Qigyyip— s Emyomp_ars@irGis — QQisQir = 0 . (T11.43)

My min_2 7<s

Again, if the invertibility of A is assumed, matrix multiplication from left by A1 yields:
AirGis — QA0 5, = 0 (11144)

which when applied to our representative 2x2 submatrix gives ab = gba . The solution

by the same procedure, starting from (I11.12) instead of (I111.13) would give :
AjrOkr — QGkr@jr = 0, (111.45)

which can be represented as ac = gca for our arbitrary 2x2 submatrix.
Thus we have discovered all the necessary relations to make any arbitrary 2x2 sub-
matrix of A, an element of the quantum group GLg(2). Moreover €1q..., = 1. This

property ensures that the matrix A has unit determinant. It follows that, using these

results, A € SLg(n).

II1.3 Relations Between Inner Products of States for CBY-
PW-AC ¢-Oscillators

In (I1.4), we have seen the procedure for obtaining the creation/annihilation operators

of PW oscillators from the creation/annihilation operators of AC oscillators. Moreover,
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the defining relations of A€ oscillators and CBY oscillators were very similar. In fact
there is a very close relation between the CBY oscillator and the PW oscillator through
the innner products of states.

If we note by a subindex PW, the states created from vacuum by PW creation op-
erators and by a subindex CBY, the states belonging to CBY oscillator, it is possible

to relate these two states by the following formula:

fiiy - in)pw = |143h - 1) oBy (i4ih -+ iblivis - - - in)eBy Cipin (I11.46)

where

[r1]g2! [ra)ge! -« [ralge!

C’iliz"-’inE 3 3 3 -
J([m]q!) ([ralg!)™ -+ (rals!)

(I11.47)

Here we note that the states on the right hand side belong only to CBY and the states
on the left hand side to PW oscillators. The primed states, |#{75 -1/ ) represent the
"normal” ordering of the indices in |t173 - %,) such that ¢ <), < -+ <77 . In the
definition of the totally symmetric symbol C' , r; is the number of times index 7 occurs
among i1%3 - - - i,. The subindex ¢ or ¢? of basic numbers [r] represent the parameter of
each basic number . |

As an application of the above formula, we would like to check it for the [121)pw
state. We start by calculating its norm from the defining relations of the PW oscillators

given previously :

(121]121) pw = ( |arasaralaball ) = (¢ +1) (111.48)

recalling that states with all particles different are normalized to unity. The equation

(I11.46) implies that

[121) pw = [112)eBy (112]121)cBY Cha1 - (111.49)
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If we calculate the norm of the right hand side, we will need the following inner products

(112[121)cay = q(1 +4), (1IL.50)
(112(112)68y = (14 q) (1IL51)

and noting that only one of the indices is repeated two times (iie. 71 =2, iy = 1)

the number C5; can be written as follows:

Rl 1+
Cra1 = J 2. = J TR (IT1.52)

Then the norm of the left hand side of (II1.49) can be expressed as:

+ ¢*

(1449)°

¢1+4¢") = (1 +q)°. (I1L.53)

Since the left hand side of the above equation is identically equal to its right hand side,
one can say that the eqauation (I11.46) is verified for this case.

The relationship between the CBY states and the AC states is much more simple.
A state of the AC oscillator |i1i3 - - - i) 4c can be expressed by CBY states as [ij15 - - -2/ )

where primes represent the "normal” ordering of the AC indices such that ;3 < 45 <

. 7
<l
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IV. FIBONACCIZATION AND FURTHER
MULTIDIMENSIONAL, MULTTIPARAMETER
GENERALIZATIONS

IV.1 Two Parameter Generalization of CBY g¢-Oscillators

In section 5 of chapter 2, we have seen a two parameter generalization of PW multidi-
mensional g-oscillators. The associated basic number and the g-oscillator were named
as the Fibonacci basic number and the Fibonacci oscillator respectively. Now we would
like to follow a similar procedure and obtain a two parameter version of CBY oscilla-

tors. We will call this procedure ”Fibonaccization”.

IV.1.1 Introduction

For the Fibonaccization of CBY oscillators, we start from equation (I1.28) and write

it in the following form:
aia;f — qa}ai = b;; . (IV.1)

Noting that the right hand side of this equation is a scalar, we multiply it by aL from

both sides and obtain

al(a:al — qala;) = (aial — galai)al . (IV.2)

T
Rearranging the terms one can also write the same equation as:

aia}az = qa;faial - qa,ta}ai + azaia} . (IV.3)

Now, we introduce another parameter gz by defining a new operator b:
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a | . (IV.4)

Using the fact that aal = [N + 1], a'a = N and also equation (IV.4) one can find:

bf(N) = f(N+1)b (IV.5)
bIF(N) = f(N—1)b,

Writing equation (IV.3) in terms of b and b', and cancelling c]2_3N/2 from both sides one

has:
bibibL = qaublb;b] — qa3blblb; + gyblb:b! . (IV.6)

If we set ¢ = q1/g2, we obtain the two parameter version of the multidimensional CBY

g-oscillator:

bibibl = qiblbibl — q1gabLblb; 4 gab]bib} . (IV.7)

Following the notation in the literature, we call the above defined g-oscillator as the
Fibonacci-CBY g-oscillator (hereafter denoted as fCBY). We note that, if in equation
(IV.2) ar was used instead of az, the hermitian conjugate of the above equation could

be obtained.

IV.1.2 Relations Between the States of CBY and fCBY Os-

cillators

Using the equation (IV.7), we now calculate a few inner products of this two parameter

oscillator, and name the tensor defined by the inner products as Ni(q1,q2,n) where n



is the number of particles m a state :

(tl7)
(2lkm)

(i7k|mnp)

(5; = Nf((h’ g2, ]-)

@0 (7lm) + 016, (71k) = Np(q1,92,2)
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(1V.8)

336, (7kInp) + 10265 (7k|mp) + ¢i6,(jkImn) = N¢(q1, ¢, 3) -

Using the above calculations, we see that, the new Fibonacci Nf(q1, g2, 7) tensor can

be expanded in terms of N¢(ql,q2,n — 1):

n-—1 21 1213+t
d2 foc1 ka2k3~-kn
n—2 A7 %1 1213+ "in
q1q2 kaz kal k3 kn
2 n-3 11 283 4in
ql q2 Nf]cg kal k21€4"'kn

n—1 il ‘Lzls’bn
51 kan Ny kykgeekn—1 °

(IV.9)

It is also possible to find a relation between the inner products of the CBY oscillator

and the fCBY oscillator. For the two dimensional case

and

for the three dimensional case

N = Q2—1Nf ‘q=q1/q2

N = 92_3Nf lq=q1/q2
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We would like to extend this relation to n dimensions and obtain a general for-
mula to relate N(q,n) to Nf(g1,qs,n). To accomplish this, we start by noting that
Ny is symmetric in ¢; < ¢ and each time, we multiply Ny by the highest power of

g» in the associated inner product. Then we can write a d-dimensional inner product as:

(i4iz - igljrje- - Ja) = ( |ai,- - aiaial al ...a}fd[ ). (IV.10)

J1 72

1,

Jm?

In the above expression each a;, should be coupled with the rightmost possible a

giving rise to a factor of ¢; each time. Thus a;, will couple with ‘ZL’ picking up (d-1)
T

times ¢;. The next one, a;;, will then couple to aj, —and pick up (d-2) times ¢ etec.

We denote the total power of ¢; by m(d). It can be found by the summation

d —
m(d) = 3 (d—i) = A1)

=1

From the symmetry of powers of q; and ¢z, we can write the most general relation as

(d)(i

(21 taljy - Ja)somy = gz (i1 - talgi e Ja)OBYle=n1/a2 - (IV.11)

Since the Fibonacci CBY states are related to the CBY states by the above formula,
the tensors N and ¢ obtained from both oscillators are also related. Then the group

discovered through the invariance properties of the Fibonacci epsilon tensor is again

SLg(n), where ¢ = q1/qz.

IV.1.3 fCBY Oscillator and Basic Numbers

The defining equation of the f{CBY oscillator was multidimensional (IV.7). We now

want to consider its one dimensional version in order to be able to find the associated
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basic number. Setting s = 7 = k one finds:
bt = (g1 + 2)bTBbT — ¢y 50170 (IV.12)

The above equation can also be written as a difference equation if one identifies
[N] = bt [N + 1] = bbb and [N + 2] = b6t?. Then the corresponding equation
is of the form as (I1.45); and the basic number obtained is (I1.41)

_ %
a1 — q2

[n]

(IV.13)

IV.2 n Parameter Generalization of CBY Oscillators

In the last section starting from the CBY oscillator, we have obtained its two parameter
version and we have named it as the Fibonacci CBY oscillator. In this section we will
generalize the commutation relation (IV.7), to contain "n” parameters that we call g;.
We start by noting that the defining equation (IV.7) can be written using the commu-

tator notation (I1.12) as [28]:

[[bhbt]qnbU!Jz =0 . (IV14)

J

Since the righthand side of the above equation is zero, it is possible to introduce a new

parameter, gs, in the form of a multi-commutator:

(1064, 545, bhlqas bllas = 0 - (IV.15)

J

This process can be continued for any number of parameters to obtaln:

[-- [[bs, b}]ql’bz]qza co bi]qn =0 . (IV.16)
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The resulting equation is the defining relation of a multidir.nensiona,l n parameter g-
oscillator.

One can consider its one dimensional version in order to find the associated basic
number. For the n parameter version, the number of required initial conditions is also
n. If these are choosen to be the integers up to n, one can obtain a spectrum in which

the number of parameters imply the point at which the ¢ effects will be observed.
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V. CONCLUSION

After all these calculations, now a few words on them:

Chapter II was a review, an introduction to the subject. Chapters III and IV were
original work. In chapter II1 we derived the g-epsilon tensor and its properties. Using
this tensor’s invariance properties, the quantum group GLg(n) was constructed. This
chapter was mainly based on our February 94 paper [19]. The relations between state

vectors of U(n) and Ug(n) invariant oscillators were also investigated.

In chapter IV, a multidiparameter version of one parameter CBY oscillators was
constructed. If the number of parameters is set to two, which naturally comes out, the
process is called Fibonaccization. For higher number of parameters, by changing the
initial conditions and by adjusting the number of parameters it is possible to relate
these calculations to fitting the g-oscilator spectrum to a real physical problem (in
which g; will represent the internal, unknown parameters). This may be the next step

to this work.

Due to the exponential increase of knowledge, yesterday’s calculations made only
for the mathematical beauty, are vital for today’s science and technology. And hope-
fully today’s mathematical speculations will develop into an experimentally confirmed

physical theory in the future.



38

References .

[1]

Dirac, P.A.M., 7Principles of quantum mechanics”,Oxford at the clarendon

press,1930.
Ballentine, L., "Quantum mechanics”, Prentice Hall, New Jersey, 1990.

Arik, M. and Coon , D. D., "Hilbert spaces of analytic functions and generalized
coherent states”,1975

Arik, M., Coon, D. D., Lam, Y. M., ”Operator algebra of dual resonance models”,
J. of Math. Phys., Vol. 16. No.9, pp 1776-1779, September 1975.

Jackson, F. H., Quart. J. Math. Oxford Ser. 2, 1951.

Biedenharn, L. C., "The quantum group SUq(2) and a g-analogue of the boson
operators”, J. Phys. A, Vol. 22, pp L&73-878, 1989.

Macfarlane, A. J., ”On g-analogues of the quantum harmonic oscillator and the

quantum group SUq(2)”, J. Phys. A., Vol. 22, pp 4581-4588, 1989.

Arik, M., "From q-oscillators to quantum groups”, Invited talk given at the Sym-
posium ” Symmetries in Science VI: From the Rotation Group to Quantum Alge-

bras”, August 2-7,71992.

Arik, M., "The qg-difference operator, the quantum hyperplane, Hilbert spaces of
analytic functions and g-oscillators”, Z. Phys. C., Vo.l 51, pp 627-632, 1991.

Arik, M., "Duality and strong interaction dynamics”, Ph.D. Dissertation, Univer-

sity of Pittsburgh,1974
Pusz, W., and Woronowicz, Rep. Math. Phys., Vol. 27, pp 231, 1989.

Arik, M., Demircan, E., Turgut, T., Ekinci, L., Mungan, M., ”Fibonacci oscilla-
tors”, Z. Phys. C, Vol. 55, pp 89-93, 1992.

Raker, M., Coon, D. D., and Yu, S., ”Operator formulation of a dual multiparticle

theory with nonlinear trajectories”, Phys. Rev. D., Vol. 5, pp 1492, 1972.



39

[14] Corrigan, E., Fairlie, D. B., and Fletcher, J., ”Some aspects of the quantum groups
and quantum supergroups”, J. Math. Phys., Vol. 31, pp- 776-780, 1990.

[15] Manko, V. L., Marmo, G., Solimeno, S., Zaccaria, F., ”Physical nonlinear aspects

of classical and quantum g-oscillators”,

[16] Neskovic, P. V. and Urosevic B. V., "Quantum oscillators: Applications in statis-

tical mechanics”,Int. J. of Modern Phys., Vol. 7, No. 14, pp 3379-3388, 1992.

[17] Manko, V. L., ”q-deformed Brownian motion”, Phys. Let. A, Vol. 180, pp 39-42,
1993.

[18] Manko, V. 1., Marmo, G., Solimeno, S., Zaccaria, F., ”Correlation functions of

quantum g-oscillators”, Phys. letters A., Vol. 176, pp 173-175, 1993.

[19] Arik, M., Unel, G., Mungan, M., ”q-Oscillators, the g-epsilon tensor and quantum
groups”, Phys. Lett. B, Vol. 321, pp 385-389, 1994.

[20] Chaichian, M., Kulish, P., Lukierski, J., ”"Systems of g-oscillators and g-
supersymmetric Hamiltonians”, Phys. Lett. B, Vol. 262, pp 43-47, 1991.

[21] Chaichian, M., Kulish, P., Lukierski, J., ”q-Deformed Jacobi identity, g-oscillators
and qg-deformed infite dimensional algebras”, Phys. Lett. B, Vol. 237, pp 401-407,
1990.

[22] Fairlie, D. B., annd Zachos, C. K., "Quantized planes and multiparameter defor-
mations of Heisenberg and GL(n) algebras”, Phys. Lett. B, Vol. 256, pp 43-48,
1991.

~ [23] Chakrabarti, R., and Jagannathan, R., ”On the representations of GLq(n) using
the Heisenberg- Weyl representations”, J. Phys. A, Vol. 24, pp L711-715, 1991.

[24] Daskaloyannis, C., ” A deformed oscillator with Coulomb energy spectrum?”, J.

Phys. A., Vol. 24, pp 789-792, 1991.

[25] Bonatsos, D., Daskaloyannis, C., and Kokkotas, K., "WKB equivalent potentials
for the q-deformed harmonic and anharmonic oscillators”, J. Phys. A, Vol. 24, pp

1.795-801, 1991.



40

[26] Arik, M., and Mungdn, M., "q-Oscillators and relativistic position operators”,
Phys. lett. B, Vol. 282, pp 101-104, 1992.

[27] Arik, M., and Rador T., "Discreteness and deformed position and momentum

operators”, BU preprint, BUFB9401, 1994

[28] Rador, T., private communication.



	Tez576001
	Tez576002
	Tez576003
	Tez576004
	Tez576005
	Tez576006
	Tez576007
	Tez577001
	Tez577002
	Tez577003
	Tez577004
	Tez577005
	Tez577006
	Tez577007
	Tez577008
	Tez577009
	Tez577010
	Tez577011
	Tez577012
	Tez577013
	Tez577014
	Tez577015
	Tez577016
	Tez577017
	Tez577018
	Tez577019
	Tez577020
	Tez577021
	Tez577022
	Tez577023
	Tez577024
	Tez577025
	Tez577026
	Tez577027
	Tez577028
	Tez577029
	Tez577030
	Tez577031
	Tez577032
	Tez577033
	Tez577034
	Tez577035
	Tez577036
	Tez577037
	Tez577038
	Tez577039
	Tez577040



