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ABSTRACT

NULL CONTROLLABILITY OF 1-D HEAT EQUATION
WITH SWITCHING CONTROLS

In [1], Zuazua analyzed the problem of two switching controls for null control-
lability of the 1-d heat equation with Dirichlet’s boundary conditions and obtained
sufficient conditions for null controls satisfying switching conditions. In this thesis,
we consider the same problem with arbitrary number of switching controls and ob-
tain sufficient conditions for null controls satisfying switching conditions. Secondly,
we consider the problem of switching controls for the null controllability of the 1-d
heat equation with Robin’s boundary condition and obtain sufficient conditions for

switching controls.



OZET

ANAHTAR KONTROLLER ALTINDA BIR BOYUTLU ISI
DENKLEMININ DENETLENEBILIRLIGI

Bu ¢alismada biz, Dirichlet tipi sinir sarth bir boyutlu 1s1 denkleminin anahtar
kontroller altinda denetlenebilirligini saglayacak gerekli ve yeterli kogullar elde ettik ve
ayni problemi bu sefere Robin tipi siir sartlar: altinda inceleyerek, anahtar kontroller
ile bir boyutlu 1s1 denkleminin denetlenebilirligini saglayacak gerekli ve yeterli kogullar

elde ettik.
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1. INTRODUCTION

Control theory is certainly, at present, one of the most interdisciplinary areas
of research. Control theory arises in most modern applications. The same could be
said about the very first technological discoveries of the industrial revolution. On the
other hand, control theory has been a discipline where many mathematical ideas and
methods have melt to produce a new body of important mathematics. Accordingly, it

is nowadays a rich crossing point of engineering and mathematics.

Control problems for PDE arise in many different contexts and ways. A proto-
typical problem is that of controllability. Roughly speaking, it consists in analysing
whether the solution of the PDE can be driven to a given final target by means of
a control applied on the boundary or on a sub-domain of the domain in which the
equation evolves. More precisely, the controllability problem may be formulated as
follows. Consider an evolution system (either described in terms of partial or ordinary
differential equations (PDE/ODE)). We are allowed to act on the trajectories of the
system by means of a suitable control (the right hand side of the system, the boundary
conditions, etc.). Then, given a time interval ¢ € (0,7), and initial and final states we
have to find a control such that the solution matches both the initial state at time ¢t = 0
and the final one at time ¢t = T. This is a type of exact controllability problem. Here,
“exact” refers to the fact that the target is achieved completely. This final condition
can be relaxed in different ways leading to various weaker notions of controllability.
For example, when the final target is achieved to zero, then the system is null con-
trollable or when the set of reachable states (set of final targets) is dense in the space
where the evolution system is satisfied, then the system is approximate controllable.
However, in finite dimensions, these apparently weaker notions often coincide with the
exact controllability one. For instance, when dealing with the problem of approximate
controllability, as we know the system is said to be approximately controllable when
the set of reachable states is dense in R™. But, in R”, the only close affine dense sub-
space is the whole space itself. Thus, in finite-dimension, approximate controllability

and exact controllability are equivalent notions.



But this is no longer the case in the context of PDE because of the intrinsic
infinite-dimensional nature of the state space. Indeed, in infinite-dimensional spaces
there are strict dense subspaces, while in finite-dimension they do not exist. These are
classical problems in control theory and there is a large literature on the topic. We refer
for instance to the book by Lee and Marcus [15] for an introduction in the context of
finite-dimensional systems. We also refer to the articles by Russell [8-12], the articles
by Zuazua [3—7] and to the SITAM Review article and the book of Lions [13,14] for an
introduction to the controllability of PDE, also referred to as Distributed Parameter

Systems.

In 1988, Lions [14] introduced the so-called Hilbert Uniqueness Method. Roughly
speaking it is based on the principle that, whenever a system is controllable, the control
can be built by minimizing a suitable quadratic functional defined on the class of
solutions of the adjoint system. Suitable variants of this functional allow building
different types of controls: those of minimal L2-norm turn out to be smooth while those
of minimal L°°-norm are of bang-bang form. The main difficulty when minimizing these
functionals is to show that they are coercive. This turns out to be equivalent to the so
called observability property of the adjoint equation, a property which is equivalent to

the original control property of the state equation.

Control systems in real applications are often endowed with several actuators. It
is then desirable to design switching control strategies guaranteeing that, at each instant
of time, only one control is activated. Hence, we analyse the problem of switching
controls for control systems endowed with different actuators. The goal is to control
the dynamics of the system by switching from an actuator to another in a systematic
way so that, at each instant of time, only one actuator is active. In [1], Zuazua
developed a first analysis of this problem of switching controls addressing some model
cases. Under suitable conditions on the placement of actuators, Zuazua showed that

his approach allows building switching controls.

In Chapter 2, we first consider the 1-d heat equation endowed with arbitrary num-

ber (finite) of pointwise controls and lumped controls respectively and under suitable



conditions on the placement of actuators, we show that our approach allows building
switching controls. The techniques we use in this case are inspired by those developed

in [1].

In Chapter 3, we address the same issue for the 1-d heat equation endowed with
two boundary controls, pointwise controls and lumped controls under Robin’s boundary
condition with positive eigenvalues respectively, and obtain sufficient conditions for
building switching controls. To do this we introduce a new functional based on the
adjoint system whose minimizers yield the switching controls. We show that, due
to the time analyticity of solutions, under suitable conditions on the location of the
controllers, switching control strategies exist in the 1-d heat equation under Robin’s

boundary condition with positive eigenvalues.



2. 1-D HEAT EQUATION WITH ARBITRARY NUMBER
OF SWITCHING CONTROLS

In this chapter, we will consider the problem of null controllability of the 1-d heat
equation under Dirichlet’s boundary conditions with finite number of pointwise controls
and lumped controls respectively and obtain sufficient conditions for switching controls.
Firstly, we consider the problem in which three controllers act at three different points
in the interval (0, 1) and similarly, the same problem with lumped controls and then we
will obtain sufficient conditions for switching controls. At the end, we will generalize

the result obtained from each case.

2.1. Pointwise Controls

Consider the case in which three pointwise controllers act at three different points

a, b, ¢, of the space interval (0, 1) where the equation is satisfied:

p

Yt — Yoz = Ug(t)0q + up(t)0p + uc(t)de, O0<z <1, 0<t<T,

y(0,1) = y(1,t) = 0, 0<t<T, (2.1)

y(z,0) = y°(x), O<z<l

\

We consider the problem of null controllability. More precisely, given an initial datum
Yo € L?(0,1) we look for controls wu,(t), up(t), u.(t) € L*(0,T) such that y(z,T) = 0

and the switching condition satisfies:
o (t)up(t) =0, ug(t)uc(t) =0, wup(t)u.(t)=0, ae te(0,7). (2.2)
We know that whenever a system is controllable, the control can be built by minimizing

a suitable quadratic functional defined on the class of solutions of the adjoint system

(see e.g., [3-7], [14]).



For " in L?(0, 1), we consider the solution ¢ : [0,1] x [0,T] — C([0,T7], L*(0,1))

of the following backward Cauchy linear problem:

(

0t + e =0, 0<z<1 0<t<T,
0(0,t) =p(1,t) =0, 0<t<T, (2.3)
p(x,T) = (), 0<z<L

\

This linear system is called the adjoint system corresponding to the 1-d heat equation

with Dirichlet’s boundary condition. Let ¢° has the following Fourier expansion:

0 = Z Brwi(x), where wy(z) = ﬂsin(kmc)

k>1

then the solution ¢ of adjoint system is of the form:

o(x,t) = Z Bre™ =Ty (2). (2.4)

k>1

In [1], we know that the null control of 1-d heat equation could be computed by

minimizing the quadratic functional

I =5 [ [leta.0F + 1o + lete.FJat = [ 4P(@)ete.0)ds

over the class H of initial data given by

R [ [lela P + . 0F + ol F] dt < o0}

where ((z,1) is the solution of the adjoint system (2.3) associated to the final state °.

We will consider ‘H space endowed with the canonical norm:

T 1
16l = [ [ leta,OF + Lot 0 + e,

which constitutes a Hilbert space.



But, firstly, we will show that ||©°|| actually defines a norm on H, i.e., for all

% Y0 e H,

1%l >0 and  [|[l2 = 0 & ¢* =0, (2.5)
1A% 12 = [Alll® 3, VAER, (2.6)
167 + ¢l < 1l + 119° e (2.7)
Let us analyse the positivity of the norm || - || in H space. Here it is convenient to

use the Fourier representation of solutions of the adjoint system (2.3). Therefore, we

have:

T
1B, = / o(a, O + (b, DI + (e, )2t
T 2
= [ e e gl + [ e
0 E>1 k>1

21.2 2
+ ‘ Zﬁk(i” FET) () }dt

k>1

2

Before proving the positivity of the norm, we will give very important lemma on families
of real exponentials. This lemma is known as estimates on families of real exponentials

(see e.g., [1], [4], [12]).

Lemma 2.1. In our case, it is guaranteed that

T 2
/ ‘ Zﬂkewsz(th)‘ dt > ¢, Z 672ﬂ2k2Tﬁ2

0 "> E>1

for a suitable positive constant ¢, > 0 is independent of { Bk tr>1.

By using this lemma, we will get weighted observability inequality:

Q%113 = e1 Y e T {Iwk(a)\2 + e + |wr(e)]*| By (2.8)

k>1

Therefore, we get the property (2.5). Lastly, for obtaining (2.7), we first simplify our



inequality and then use the property (2.5). At the end, we have:

/0 [|90(a7 t) - w(a’vt)|2 + |§0(b7 t) - w(bv t)|2 + ’90(07 t) - 1/}<C7 t)|2 dt >0 (29)

where ¢(z,t),1(x,t) are solutions of (2.3) with initial data ¢°, 1)° respectively.! Hence
|| - ||% defines a norm on #. In addition, since the adjoint system is well posed, the

functional J(¢") is obviously continuous in H, and strictly convex thanks to (2.9).

As we know that null controllability in time 7" implies approximate controllability
in time 7. This comes form the fact that all the range of the semi-group generated by
the heat equation is reachable (see e.g., [3]). Therefore, we first prove the approximate
controllability of the heat system in time 7" under some conditions. For this, we will

consider new functional very similar with previous one: for any € > 0 and y' € L?(0,1)

2
1 1

+ / sooyldx—/ v (z)p(z,0)dz
0 0

1 T
1) = 3 | [0 0P + 160,08 + ol P+ llir = me)e s

where F is finite dimensional subspace of L?(0, 1) and 7y denotes the orthogonal pro-

jection from L?(0,1) over E.
Our aim is to build approximate pointwise control satisfying Dirichlet’s boundary

condition. In other words, given € > 0, we will try to find (finite) approximate controls

ug, up, ut such that the solution ¥, of heat equation satisfies the following condition:

[ye(z, T) — t1llz20) < € (2.10)

For this to be true, the following property suffices (see e.g., [3]):

Vi e (0,7), pla,t)=pb,t)=plct) =0 = ¢(z,t) =0 (2.11)

Here we use the fact that (¢ —1)(z,t) is the unique solution of (2.3) with initial data ¢ —¢° € H.



which is unique continuation property of the adjoint system.

Lemma 2.2. Assume that unique continuation property (2.11) holds, then the heat

system (2.1) is approzimate controllable.

Proof. For obtaining approximate controllability of (2.1), we should minimize J,(¢°)
over H. We have already proved that J, is convex and continuous in H. On the other

hand, in view of (2.11) above, one can prove that

JE((PO)

1 0
19011120, —0 119°]] 22(0,1)

> e (2.12)

Let us give the proof of this coercivity property. In order to prove above inequality, let
{£9} € L*(0, 1) be sequence of initial data for the adjoint system with [[©9|[ 20,1y — oc.

Now normalize them by

0
PN ¢
! H@?HH(OJ)

so that H(,;?HLQ(OJ) = 1. On the other hand, let ¢; be the solution of adjoint system

with initial data <p~9 Then we have

1 Tr . N
J( D/ 20) = §||90?|\L2<o,1>/0 [!wj(a7t)!2+Isoj(b,t)\2+lsoj(c7t)l2}dt

+ €||(I = 75)&)|200,1) + /01 @y dx — /01 v (2)p;(x,0)d.
The following two cases may occur:
(i) liminf; o fOT [\gbj(a,t)\z + 1@, (b, 8)]* + |25(c, t)ﬂ dt > 0. In this case we have
Je(¢?)/||¢?||L2(o,1) — O0.

(i) T inf e fi 150 D + 125000 + |25(c, 0P dt = 0.



For the last case, since gb? is bounded in L?(0, 1), by extracting a subsequence we can

guarantee that ¢) — ¢° weakly in L*(0, 1), moreover

T
¢ [ [lota o + 1. 0F + fote
0
is lower semi-continuous in the weak topology of L?(0,1) (see e.g., [16]).

Therefore we obtain the following

| (1wt 0P+l P1o.0F e < timint [ 12360, +16 0.0+ ot 0] at

Jj—00 0
where 1) is the solution of adjoint system with given initial data 1)°. Therefore we have
vVt e (0,7), ¥(a,t)=(b,t) =1(c,t) =0.

From (2.11) we conclude that ¢ = 0. Therefore ° = 0 and @} — 0 weakly in L*(0,1)

and consequently

1

1
/ v (z)p;(x,0)dz — 0, / @ly'dr — 0.
0 0

Furthermore, E is being finite-dimensional, 7 would be compact operator and then

mp@) — 0 strongly in L*(0, 1). Consequently,
(I = 72) 5|2 0.0) — 1
as j — 0o. At the end, we obtain our coercivity property:

J€ 0 1 1
lim inf (2)) > lim inf [e +/ gb?yldx —/ yo(a:)gbj(x,())das] =e.
0 0

oo |Gl T i

Therefore J. admits an unique minimizer ¢° € H. That means, for any ¥° € L?(0,1)
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and h € R, we have J.(¢°) < J.(4° + hy?). Namely,

T+ ) = J) = [ h[aat)ola.0) + 0. 000.0) + ple. it )] d

b [ ot v vt

0
+ e[l = m2) (@ + h) Lo = 1 = 7)o |

1 1
0,17, 0
+ /0 "y dx /0 hip(x,0)y"(x)dz > 0.

We know from triangular inequality that

I = 72) (@ + 7 |20 — 10T = 72)@ll oy < BN =70l 2o, (213)

Now, let us define

A | [Pla, yla,t) + @b, )Y (b, 1) + Ple (e, )] de.

Then using above inequality and after considering the cases: h > 0, h < 0 and taking

h — 0 at the end, we will get the following relation:

1 1
)A+/ Yytdx —/ w(x,O)yO(x)dx‘ < e[||(([ — WE)wOHLz(OJ)]. (2.14)

0 0
Now, if we take u,(t) = —@(a,t), up(t) = —@(b, 1), u.(t) = —p(c,t), and multiplying

the heat equation (2.1) with initial data y°(z) € L?(0,1) by ¢ which is the solution of

adjoint system (2.3) with initial data 1/° and integrating by parts we finally get

A= /O 1w(9c,())y0(a:)da:— /0 1w0y(x,T)dx.

By combining these two and letting E = 0,2 we finally get

1
|| 1) =ty < o

2In this case, finite approximate controllability turns out to be approximate controllability of (2.1)
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for every ¢° € L?(0,1) which is equivalent to (2.10) and letting y* = 0 we finally have

|y (2, T)|12(0.1) < €. (2.15)

Therefore for every e > 0, by using variational approach, we obtain approximate con-

trols:

us(t) = —@(b, 1), (2.16)

Now, to get null controls, we should prove that u (), us(t), ui(t) are uniformly

bounded in L*(0,T).

We know that the space of null controllable initial data is the dual one # .
Therefore, to get null controllability of (2.1), we should put some conditions on the

Fourier coefficients {y{};>1 of initial datum ¢°.

Lemma 2.3. Assume that Fourier coefficients {yQ}r>1 of initial datum y° of (2.1)
satisfy the finiteness property:

27.2
eQTrk:T

2 jwr(@)[? + lwr(b)[* + |wr(c)

k>1

B [y |? < oo. (2.17)

Then 3° € H' and our approzimate controls u&(t), us(t), us(t) are uniformly bounded in

L2(0, 7).

Proof. Using (2.8) and Cauchy-Schwarz inequality (see e.g., [17]), we will get the fol-
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lowing:

1 1
_ 2 1\ol2
‘ 2@1 ygﬁk‘ - C‘ 2@1 ygvkﬂkvk 1‘ C<S C” Zk21(ygvk)2 Z@ﬂﬁk“k 1)2
[ | I I
‘ ZkEl(ﬁkvk 1>2‘ ‘ ZkZl(ﬁkvk 1)2
Z 6271'2k2T o1 1
< C[ ly } < 00
2 @ + [ ®F + [P
where
6271'2sz 1
Uk

@ + [wr D) + i) ?

As a result we get y° € K.

Now, we will prove that our approximate controls uf(t), us(t), u(t) satisfy uni-
form boundedness in L?(0,T). Note that uf(t) = —@c(a,t), ug(t) = —@(b,t), ui(t) =
—Pe(c, t) where P (x,t) solves adjoint system (2.3) with initial data @° at time ¢t = T
obtained by minimizing the functional J. when £ = 0 and y' = 0. At the minimizer

@Y, we have

This implies that

1 T R K A 1 A
3 | 9ol £ 100 +ade0F de < | [ wn(e)élo,0)dal.
0 0

From (2.8), we have
Ao X 2
C| fi wo(@)zle, 0)da

‘ Zk31 5}3“1;2

T
| 16atP + 160,08 + o da. 0P ds <
0

for suitable C' > 0 is independent of {f}r>1. Since {wg(z)} =1 form orthogonal basis



13

in L?(0,1) after some simplification, we will have

2

é‘ 21@1 ygﬁk

T
| [ 1o+ loub. 0 + e ] <
0

‘ Zkzl Bivzz)
But applying Cauchy-Schwarz inequality, we obtain
A 0g |7 A 0 P
C‘ Zk21 Yi Bk ¢ 2@1 Yk Uk Brvy, ‘
‘ Zk21 513”1:2‘ ‘ Zkgl(ﬂkvk_l)z)
C<S C Zkzl(ylgvk)ZHZkzl(ﬁkvk_l)z‘
- | S (Bric 2
=C) (yw)
k>1
Hence, at the end we obtain:
T ~
| [ 16datP + 10,08 + e Pt < CY PP <0 (218)
0

k>1

where C' > 0 is independent of {Bk }>1. Since we know that

T
lug (B11Z20m) S/O [Pe(a, )1 + [6e(b, ) + [pe(e, ) dt,

and similarly, the above inequality is valid for u§ and u¢. Now, using (2.18) we conclude

that Ve > 0, S (t), us(t) and uS(¢) are uniformly bounded in L?(0,T). O

Therefore, by using Lemma 2.3, we conclude that under the assumption of finite-
ness property, uS (t), u§(t), uS(t) are uniformly bounded in L?(0,T') and so, by extracting
subsequences, we have u$ — u,, uj — wu, and uf — u, weakly in L?(0,T). Using the
continuous dependence of the solution of the heat equation, we can show that y.(z,T)
converges to y(x,T) weakly in L*(0,T) which implies that y(z,T) = 0, i.e., the limit

controls u,, up and wu, fulfil the null controllability requirement. Hence, from Lemma



14

2.2 and Lemma 2.3, we understand that under the assumption of (2.11) and (2.17), we
obtain null pointwise controls by minimizing .J(¢°) which is the same as J.(¢°) when

y' = 0 and € = 0 over the Hilbert space H.

However, our null controls (2.16) do not fulfil the switching condition (2.2) in
general. Therefore, we realize that minimizing J over H just solves the problem of
null controllability of heat system, but we still have no switching controls. For getting
switching controls, we will consider the following functional J;, which is a variant of our

functional J, with the same coercivity properties, allows building switching controllers:

1) =5 [ max {lota. 0. e 0P (0 fat = [ @)ele. 0o (219

The functional J, : H — R is well defined, continuous thanks to well-posedness of
adjoint system (2.3) and convexity comes from the following inequality:

For given aq, as, by, by € R,
max((a; + as)?, (by + b2)?) < max(af, b?) + 2max(ayaq, biby) + max(a3, b3).  (2.20)

Same as before, we will consider the problem of approximate controllability, i.e., for all
¢ > 0 we could find (finite) approximate controls u¢, us, u¢ such that the solution y. of

heat equation satisfies (2.10).

For obtaining approximate controls, we should consider the following new func-

tional very similar with (2.19): for any € > 0 and any y' € L?(0,1)

1 T
I = 5 [ max{le@ [P ele ) bt + (0 = )¢l
0

1 1
+ /sooyldx—/ ¥ (z)p(z,0)dz
0 0

where F is finite dimensional subspace of L*(0, 1) and 7y denotes the orthogonal pro-
jection from L?(0,1) over E. Observe that when y' = 0 and £ = 0 we obtain our

previous functional J;.
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Lemma 2.4. Assume that the following unique continuation property holds:
p(I) = p{t € (0,T) : [p(a, 1) = |¢(b, )] = |o(c, )|} > 0= ¢ =0. (2.:21)

Then (2.1) system is approximate controllable.

We will skip the proof of that lemma which is closely related with Lemma 2.2
(see e.g., [1]). Hence, from Lemma 2.4, we know that for getting approximate control-

lability of (2.1), we need to have (2.21). Since we know that

{te(0,7):¢(a,t)] = |, )] = [¥(c, )]} < {t € (0,T) : [¢(a, )] = [¢(b, )]},
{te(0,7): [¢(a, )] = |, 1)] = |[(e, )]} < {t € (0,T) = [o(b, 1) = [¥(e, )]},
{t€(0,7): |¢(a,t)] = (b, )] = [(c, )]} € {t € (0,T) : (e, t)| = [¢(a, )]}

Hence, we will have that

IPE e (0,7): |W(a,t)] = [0, )]},
e 4t € (0,7) : (b, 1) = [v(c, )},
V& def {t ( ) |1D(C, t)| - |1/J<a7t)|}7

are of positive measure. Now using again the Fourier representation of solution of (2.3)

we have

o(a,t) £ (b, t) ZB e’ wi(a) £ wi(D)).

k>1

The function ¢(a,t) £ (b, t) are time analytic for ¢ < T'. Consequently, if they vanish
for a set of time instants of positive measure, then they vanish for all t < T. It

is then easy to see, by multiplying above identity by the real exponentials e~ (t=T)



16

successively, starting from 7 = 1 and taking limits as ¢t — —oo, that
To conclude that g, = 0 for all £ > 1, it is sufficient to show that

wi(a) £ wi(b) = sin(kma) %+ sin(kwb) # 0, Vk > 1.

This holds if and only if

atb#m/k, VE>1, meZ. (2.22)

Similarly, we have:
b+c#m/k, VE>1, meZ. (2.23)
cta#m/k, VkE>1, meZ. (2.24)

As a result, under irrationality conditions (2.22), (2.23) and (2.24), we have I? I, I¢

and I are of measure zero, i.e., (2.21) satisfies.®> Now define

Sa ©{t € (0,T) : lp(a, )| > max(l(b, )], [(c, D))},
Sy S {t € (0,7) : (b, )] > max(lp(a, )], (e, )},

Se = {t € (0,1) : [p(e, )| > max([p(b, 1), [p(a, t)])}-

We know that J¢ admits an unique minimizer ¢° € H. Namely, for any ° € L*(0,1)
and h € R sufficiently small, we will have JS(@°) < J&(¢° + hy?). Hence by using

variational approach, for all € > 0, we obtain our approximate switching controls:

UZ(t) = _¢6(a7t>15a’ ulez(t) = _¢6(b7 t)lsw uZ(t) = _956(0’ t)lsa.

3In other words, (2.21) means, ©° # 0 implies I is of measure zero.
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and final state satisfies (2.15). Using Lemma 2.3, as ¢ — 0, we will obtain our null

switching controls. Consequently, we obtain the following result:

Theorem 2.5. Assume that points a,b,c in the interval (0,1) are such that the irra-
tionality conditions hold (i.e., a £ b,;b + c,c £ a # m/k). Assume that the Fourier

coefficients of yo satisfying (2.17). Then, for all T > 0, there exist switching controls

uq(t) = —¢(a,t)1s,, up(t) = —¢(b,t)1s,, uc(t) = —p(c, t)ls,,
satisfying switching condition (2.2) and that the solution of heat equation (2.1) satisfies
y(x,T)=0

i.e, null controllability is satisfied. These switching controls obtained by minimizing the

functional (2.19) over H.

In general, we could examine the case in which n € N, pointwise controllers act

at n different points (a;)=} of the space interval (0, 1). Consider the heat system:

;

yt—ymzzz?uai(tﬁa“ O<oe<l, 0<t<T,
y(0,t) = y(1,t) =0, 0<t<T, (2.25)

y(z,0) = y°(2), 0<z<l1.

\

Here now, given an initial datum y, € L*(0, 1) we are looking for controls {u,, () }:=F
L?(0,T) such that null controllability of heat equation holds, i.e, y(x,T) = 0 and

switching condition satisfies:
Ug, (D)ug; (1) =0, Vi#£j, ae te(0,T). (2.26)
At first, we will consider the approximate controllability problem. To obtain approxi-

mate switching controls, one should minimize an appropriate quadratic functional over

suitable Hilbert space, and under some conditions on the Fourier coefficients of 1, we
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will get our desired null switching controls satisfying switching property. Consequently,

we obtain following general result for switching controls:

Theorem 2.6. Assume that points {a;}:=8 in the interval (0,1) are such that the
irrationality conditions hold (i.e, a; = a;, are irrationals Vi # j). Let the initial datum

y° be in H' which is the dual space of class of initial data of (2.5):

T n
Hf%ﬁz/}]ﬂwm%<w}
0 ;=

More precisely, let y° be of the form

2772 k2T

yOZZygwk(x) with Z S~ |2|Z/12|2

k>1 k>1 z 1

Then, for all T > 0, there exist switching controls {u,, (t)}:=¢ € L*(0,T) satisfying
(2.26) and that the solution of heatl equation satisfies null controllability condition.

These switching controls are

Ug, (1) = —P(ai,t), uq,(t) =0 forj#i, inS, Vie{l2 ..,n}

where

Sue = {t € (0.7) : [p(ai, )] > max {lp(a;. 1)} |

J#i

and @° = $(x,T) is the minimizer of the functional

/Imﬂw%mmﬁ—AQWM@mm

1<i<

and $(x,t) is the solution of adjoint system with initial data ¢°.
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2.2. Lumped Controls

Similar results hold in the case of lumped controls, in which the pointwise Dirac
controls of the previous section are replaced by controls distributed by means of give
control functions. More precisely, let fo = fo(x), fi = fi(z) and fo = fo(x) be three
control profiles in L?(0,1). Consider the heat equation:

(

Yt — Yoz = Uo(t) fo +ur (D) f1 +ua(t)fo, 0<z<1l, 0<t<T,

y(0,t) = y(1,t) =0, 0<t<T, (2.27)

y(z,0) = y°(x), 0<z<l
\

Consider the problem of null controllability. More precisely, given an initial datum
Yo € L*(0,1) we look for controls ug(t), u1(t),us(t) € L*(0,T) such that the switching

condition satisfies:
uo(t)ul(t) = O, Uo(t>U2(t) = 0, ul(t)UQ(t) = 0, a.e. t¢€ (O,T) (228)

Here, for this problem we will consider the adjoint system (2.3). As discussed before,

we may compute the null control of (2.27) by minimizing the quadratic functional,

i = 3 / x| / o)

- (e, 0)d

2 2
) )

2} dt

[ swrotsl| [ st

over the class H of initial data given by

~

=i [ (| [ o] +] [ no] | [ nwef ] < o)
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where ¢(x,t) is the solution of the adjoint system (2.3) associated to the final state (.

We will consider ‘H space endowed with the canonical norm

1008 = [ ]| [ swsts] +| [ pets] +| [ piwrois] o

which constitutes a Hilbert space. But, firstly, we will show that ||©°||# actually defines
a norm on H. As we discussed before, the property (2.6) comes directly, and we could
obtain the property (2.7) by using the positivity of || - ||;; and the inequality (2.20).

Therefore let us analyse the positivity of the norm || - ||,; in H space.

Here we will use (2.4) as a Fourier representation of the solution of (2.3). There-

fore, we have:

T 1 - 9
1117 = /0 ’/ Zﬁkeﬁk(t_T)fo(x)wk(x)dx‘ dt

0 k>1

v | / S AR f o (o)

k>1

v [ e o]

0 k>1

Assume that the controls fy, fi and f; have Fourier series expansions of the form

folx) = forwn(x), filw) =) fuswn(@), fole) =) fopwr(z).  (2:29)

k>1 k>1 k>1

Hence after some calculation, we have

T 2
H@OH%[ = /0 ‘ Zﬁkeﬂw(hﬂfo,k‘ + ‘ ZﬁkeﬁQkQ(th)ka
k>1

k>1

2 2
+ ( > Brem M £y | .
k>1
Now using Lemma 2.1, we then get following weighted observability inequality:

1112, 2 e >0 €257 || foul® 4 | fual® + fonl?] 62 (2:30)

k>1
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where positive constant ¢; is independent from {fx}x>1. Hence the property (2.5) sat-

isfied and at the end, || - ||,; defines a norm in .

In addition, since the adjoint system (2.3) is well posed, the functional J(¢°)
is obviously continuous in 7, and the convexity (strictly) of J(¢°) comes from the

inequality (2.9).

Firstly, we should get approximate controllability of (2.27), i.e., for € > 0 we
could find approximate controls u, uj, u5 such that the solution y. of heat equation
satisfies the condition (2.10). For this, we consider new functional very similar with J:

for any € > 0 and y' € L?(0,1)

i) = 5 [ x| [ sweae]’| [ p@eis]’| [ sweas

1
+ € |(I = 72)¢"l 20 +/ y'da —/ y°(x)(z,0)dx
0 0

2 2
) )

2} dt

where F is finite dimensional subspace of L?(0,1) and 7y denotes the orthogonal pro-

jection from L?(0,1) over E.

Lemma 2.7. Assume that the following unique continuation property holds:

u{t € (0,7): ‘/01 fogodaﬁ‘ = ‘/01 flgoda:’ = ‘/01 fggodx‘} >0=p=0. (2.31)

Then the heat system (2.27) is approximate controllable.

Proof. For obtaining approximate controllability of (2.27), we should minimize .J.(¢°)
over H. We have already known that J. is strictly convex and continuous in #H. Also, in

view of the unique continuation property above, one can prove the following property

of jE:

j6<900)

lim
1601120010 |]¢°]]

> €.
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Hence, we have proved that .J, is convex, continuous and coercive in H. Therefore J,
admits an unique minimizer ¢° € H, i.e., for any ¢° € L2(0,1) and h € R sufficiently

small, we will have J.(¢°) < J.(¢° + hy?). More precisely,

AJ. /I /fo xtdm/ fo(x)¥(x, t)dadt
/11 /f1 xtdm/ Fu(x) (e, t)dadt
+/I /f2 xtdx/ o), t)dadt
n /IhQ‘/ Fola)b xtdm‘ dt+/h2‘/ file x,t)d:vrdt

+ /]2h2 / fo(x xtd:c /hyo(;c)w(x’())dw+/lh¢0yld$

0 0
+ e[l = 7B) (@ + mO) 20 = T = 7E)@ 2o > 0

where

I, {t €(0,7): ‘/01 fo(a:)apda:‘ > max (‘ /01 fl(:v)gpdx’,
s {t € (0,7): ‘/01 fl(x)godx‘ > max <‘ /01 fo(x)godx’,

L% {t € (0,7): )/02 fQ(x)godx‘ > max (‘ /01 fo(:c)goda:‘,

/01f2($)90d$‘>}7
/01 fz(fﬁ)sod:vD},
/01 fl(:zr)c,ode}.

Let us define

A /[0 /01 fo(:ﬂ)@dx/ol fo(:c)wdxdt—i-/ll /01 f1($)gz3dx/01 @y odadt
/12 /01 fal)pdx /01 fo(x)pdzdt.

After using (2.13) and considering cases: h > 0, h < 0 and taking h — 0, at the end,

we have:

’fl+ /01¢0y1dx — /Olw(x,())yo(a:)da:) < e[||(([ — 7TE)’(,D0HL2(071)]. (2.32)
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Now, if we take

110/0 fO(x)@E(xvt)dxv (233)
t) = —111/0 fi(z)@e(x, t)dx, (2.34)
H= -1, / fo(@)pel, e, (2.35)

and multiplying the heat equation (2.27) with initial data y°(z) € L*(0,1) by @ which
is the solution of adjoint system (2.3) with initial data ¢° and integrating by parts we
finally get

A= [ ontente - [ vtyte. e

and putting this identity into (2.32), and letting £ = 0, we finally get

1
[ o) = o] < il

for every 1% € L*(0,1) which is equivalent to (2.10) and letting y* = 0, we get (2.15),
i.e., (2.27) is approximate controllable. ]

From Lemma 2.7, we understand that, for approximate controllability of (2.27)

it suffices to obtain (2.31). Observe that

I :e (0,7) /fo xtdx: /f1 xtdm’}
[12:e tE(O,T): /fl(x) :I:tda: /fg xtdm’}
/f2 xtdx: /fo :L‘tdl“}

Igze (0,T)




24

are of positive measure. Now using (2.29), we have

1 1
/ fo(@)p(z, t)dz + / f(@)p(e, t)de = Bre™ U (fuk £ fon)-
0 0

k>1

The function fol o(x,t)(fo(x) £ fi(x))dx are time analytic for ¢ < 7. Consequently,
if they vanish for a set of time instants of positive measure, then they vanish for all
t < T. It is then easy to see, by multiplying above identity by e~ (t=T) successively,

starting from 7 = 1 and taking limits as ¢ — —oo, that

Bie(fie £ for) =0, VEk > 1.

To conclude that g, = 0, for all £ > 1, it is sufficient to assume that

fig £ for # 0, Vk > 1. (2.36)
Similarly, we will have:

fop £ frp # 0, Vk > 1. (2.37)

Jog £ for # 0, Vk > 1. (2.38)

As a result, under the assumption of (2.36), (2.37) and (2.38), we prove that (2.31)
satisfies. Now, we would like to say that for each ¢ > 0 we must have the fact that

u§(t), u§(t), us(t) are uniformly bounded in L*(0,T).

Lemma 2.8. Assume that the Fourier coefficient of the initial datum y° of (2.27)
satisfying

27,2
6271-kT

Z |forl? + [ frel® + | foxl?

k>1

lyp|® < oo. (2.39)

Then y° € H' and our approzimate controls u(t), uS(t), us(t) are uniformly bounded in

L*(0, 7).
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Proof. We will skip the proof of the first part, i.e., y° € H which comes from direct
application of Cauchy-Schwarz inequality. Now, let us prove that our approximate
controls u§(t), u$(t), us(t) are uniformly bounded in L?(0,T). Observe that at the min-
imizer ¢° we have .J.(¢?) < J.(0) = 0. This implies that

s [ wwea | [ g
<3 [ wax ]| [ pwpa]’| [ nwpas

< ‘/01 yo(x)gbe(x,O)dx‘.

From (2.30), we have

L1 o] +] [ o]

fo Yo(2)Pe (T O)dx

<
| ot BT foul2 + |l + a2}

n ‘ /01 fg(x)gbedxm dt

. /1 fol)peda 2] dt
0

n ] /0 ()b 2] dt

for suitable C' > 0 is independent, of { S }e1. Since {wy () }r>1 form orthonormal basis

in L?(0,1) after some simplification, we have

/OT H /01 fo(x)sﬁe(x,t)dx 2 + ’ /1 f1(x)g56(x,t)dx‘2 - ’ /01 fg(x)@e(x,t)dxrdt}

C‘ Dok ykﬁk’
\ o1 B T foul + | ful?

But applying Cauchy-Schwarz inequality, we will obtain:

é‘ Zk21 ygﬂkr B é‘ Zk21 yg@kﬁk@k_l ‘2
i BRI foal2 + | fual? | DB
cs C‘ Zkzl(yz%k)QH Zkgl(ﬁk@k_l)z)
- S (B )2

k>1
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where

21.2 1
. 627rlcT 1

VU =
| forl? + | frel? + | for|?

and C > 0 is independent of {0 }x>1.

Therefore, we conclude that Ve > 0, uf(t), u{(t) and u5(¢) are uniformly bounded
in L2(0,T). O

Since {u§}eso0, {uf}eso and {u§}e~o are uniformly bounded, by extracting subse-
quences, we have u§ — ug, u§{ — u; and u§ — uy weakly in L?(0,T). Hence using the
continuous dependence of the solution of the heat equation, we can show that y.(x,T)
converges to y(z,T) weakly in L?(0,T) which implies that y(z,T) = 0 , i.e., the limit

controls ug, u; and wuy fulfil the null controllability requirement.

Consequently, we obtain the following result:

Theorem 2.9. Assume that fo(z), fi(z), fo(z) are three control profiles in L*(0,1) in
which their Fourier coefficients satisfy (2.36), (2.37) and (2.38). Let the initial datum
y¥ be in H'. More precisely, let Fourier coefficients of y° satisfy (2.39). Then, for all

T > 0, there exist switching controls

satisfying (2.28) and solution of heat equation (2.27) satisfies
y(z,T) = 0.

These switching controls can be obtained by minimizing the functional J over H.
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In general, we could examine the case in which n € N control profiles given in

L*(0,1). Consider the heat equation:

)
Yt — Ypw = 2 ig wi(t) fiz), O0<z<l, 0<t<T,

y(0,1) = y(1,1) = 0, 0<t<T, (2.40)

y(z,0) = y°(x), 0<z<l.
(

Here now, given an initial datum yo € L?(0,1) we are looking for controls {u;}!=7 €
L?(0,T) such that null controllability of heat equation holds, i.e, y(x,T) = 0 and

switching condition satisfies:

At first, we will consider the approximate controllability problem. To obtain approxi-
mate switching controls, one should minimize an appropriate quadratic functional over
suitable Hilbert space, and under some conditions on the Fourier coefficients of 1, we

will get our desired null switching controls satisfying switching property.

In conclusion, we obtain following general result for switching controls:

Theorem 2.10. Assume that {fi(x)}=7 are n control profiles in L?(0,1) and their

Fourier expansions are

fi(x) = Zfi,kwk(l’), ie{l,2,.,n}, Vk>1

k>1

and satisfying

(fi,k:l:fj,k)#07 Z%]a ivje{lvza“an}v szl

Now, let the initial datum y° be in H] which is the dual space of the class of initial
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data given by

Hn:{gooz/ Z’/f xtddet<oo}.

More precisely, let the Fourier coefficients of y° satisfy

2.2
e27rkT

=l < oo
2 2imt |fikl?

k>1

Then, for all T > 0, there exist switching controls {u;(t)}:=¢ € L*(0,T) satisfying
(2.41) and solution of heat equation with {f;(x)}:=" control profiles satisfies null con-
trollability condition, i.e., y(z,T) = 0.

These controls are
1
—/ fi(x)p(x, t)de, u;(t) =0, Vj#i, inS;, Vic{l,2, . n}
0
where {S;}i=0 defined by

S; = {t € (0,7): ’/01 fi(x)p(z,t) > max

1<5<n
J#i

)

These switching controls can be obtained by minimizing the functional

Jr(p") = max / fi(x)p(x,t) d$‘ }dt — /01 v (2)p(x,0)dx

1<i<n

over the Hilbert space H,,.
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3. SWITCHING CONTROLS FOR THE 1-D HEAT
EQUATION WITH RBC

In this part, we will consider the null controllability of the 1-d heat equation under
Robin’s boundary condition with positive eigenvalues, with two boundary controls,
pointwise controls and lumped controls respectively and obtain sufficient conditions

for switching controls.

3.1. Boundary Controls

Consider the heat equation in the space interval (0, 1) with two controls located

at the extremes x = 0,1 and satisfying RBC:

;

Yt — Yzz = 0, O<z<l, 0<t<T,
y:ﬁ(()?t) - @Oy(oa t) = u0<t>7 0<t< T>
(3.1)
Y (1,t) + a1y(1,t) = uy(t), 0<t<T,
\y(x,O) =y%(x), 0<z<l1.

We consider the problem of null controllability. More precisely, given an initial datum
yo € L*(0,1) we look for controls ug(t),u;(t) € L*(0,T) such that y(z,T) = 0 and

satisfying switching property:

Uo(t)ul(t) =0, a.e. t¢€ (O,T) (32)
As we discussed in Chapter 2, whenever a system is controllable, the control can
be constructed by minimizing a suitable quadratic functional defined on the class of

solutions of the adjoint system.

For " in L?(0, 1), we consider the solution ¢ : [0,1] x [0,T] — C([0,T7], L*(0, 1))
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of the following backward Cauchy linear problem:

;

Ot + Ppz =0, O<zx<l, 0<t<T,

02(0,1) —agp(0,t) =0,  0<t<T,
(3.3)

0o (1,t) +a1p(1,t) =0, 0<t<T,

L2, T) = (), 0<x<l.

This linear system is called the adjoint system corresponding to the 1-d heat equation
with Robin’s boundary condition. In [2], we know that the Fourier representation of

solutions of the adjoint system with positive eigenvalues are of the form:

o(x,t) = Zﬂke“i(t_T)wk(x) (3.4)
k>1
where
wi(z) = cos upr + 90 in Uk (3.5)
i

Now, for obtaining switching controls, we will consider the quadratic functional:
a0 e 2 2 '
) =5 [ max{Je. 0P lap(LOF bt + [ @)p(e,0dr  (36)
0 0
where o € R and minimize (3.6) over the class H of initial data given by
T
H=1e% [ [le(0.08 + o1t < oo}
0

where o(z,1) is the solution of the adjoint system (3.3) associated to the final state (°.

This space endowed with the canonical norm:

T 1
60l =[ [ 10,0 + (1,0 Par]
0

constitutes a Hilbert space. At first, we will show that ||¢°|| actually defines a norm
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on H, i.e., satisfying the properties (2.5), (2.6) and (2.7). As we discussed in Chapter
2, we could obtain the property (2.7) by using the positivity of || - ||3. Therefore let us
analyse the positivity of the norm || - || in H space. Here we will use (3.4), (3.5) as a

Fourier representation of the solution of (3.3). Therefore we have:

/T|¢(0 t)* + lap(1 t)|2dt>/T]<p(O t)|2dt:/T’Zﬁke“i(tT))th. (3.7)
0 ’ 7 ~Jo 7 0

k>1

Observe that

1 1 , 9
@0y = [ Pa0de= [ |3 st ds
0 o =

< O prewil (38)

k>1

where C' > 0 is independent of {f;}r>1. Also, by using Lemma 2.1 on (3.7) and

comparing with inequality (3.8), we will have the following observability inequality:

T
o0l <€ [ 100,08 + lap(n, D at (39)
0
for positive constant C' > 0 is independent of {6k }r>1-

Therefore, we get the property (2.5). Hence || - ||% defines norm on H. The
functional J¢ : H — R is well defined, continuous, and strictly convex. For checking
the coercivity property, one should prove (2.12). For this to be true, the following

unique continuation property of the adjoint system (3.3) suffices:
p{t € (0,7) : [(0,8)] = |ap(L,1)[} > 0= ¢ = 0. (3.10)

Lemma 3.1. Assume that

pi + af
K+ ag

o] # [ ] k> 1, (3.11)
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holds. Then, (3.10) will satisfy for the adjoint system (3.3).

Proof. First, assume that u{t € (0,7) : |¢(0,t)] = |ap(1,t)]} > 0. We will show
that under the assumption of (3.11), we have ¢ = 0. In [2], we know that positive

eigenvalues {p br>1 of adjoint system (3.3) satisfy eigenvalue equation:

(ap + ay) g

3.12
ui — QpQy ( )

tan(puy,) =
and also we have

(k—1)m < pp < km and klim pe—(k—1)m =0, (k=1,23,4,..).
—00
Now assume that p(I) > 0, using again the Fourier representation of solution (3.4) of

(3.3), we have

©(0,t) £ ap(1,t) = Z Bre 1) (1 + au(cos g + 90 in L))
M

k>1

The function ¢(0,t) £ ap(1,t) are time analytic for ¢ < T. Consequently, if they
vanish for a set of time instants of positive measure, then they vanish for all ¢ < T.
It is then easy to see, by multiplying above identity by the real exponentials e~ (t=T)

successively, starting from n = 1 and taking limits as t — —oo, that

Br(1 £+ a(cos g + l sin ug)) = 0, Vk > 1.
223

To conclude that 8, = 0 for all £ > 1, it is sufficient to have that

1+ a(cos py + % sin i) # 0. (3.13)
k
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Assume the converse of (3.13), then we will have

a(cos puy, + ) sinp) £1=0 <~ [a(cos py + 9 gin ) =1
ek ok

2
— o*(1+ 2% tan py + %tan2 pr) = 1+ tan® p.
ke

Now using eigenvalue equation (3.12) and after some simplification, finally we will

obtain the following:

o?(uy + ag) = (pi + ai)

which is a contradiction with the assumption. O]

Therefore, by using Lemma 3.1, we have that J¢ admits an unique minimizer

@Y € H. As a result, by using variational approach, we find our switching controls:

up(t) = —¢(0,t)1s,,  wi(t) = ?@(1,t)1g, fort € (0,7T) (3.14)

where

So = {t € (0,T) : |p(0,8)] > lap(1, )|},

S1={t € (0,T) : Jap(1, )] > |(0, )|}
Theorem 3.2. Consider the null controllability problem for 1-d heat equation with
boundary controls satisfying RBC. By minimizing the functional (3.6) under the con-
dition (3.11) over H, for all T > 0, we obtain switching controls (3.14) satisfying
switching condition (3.2) and that the solution of (3.1) satisfies

y(x,T)=0

i.e, null controllability is satisfied.
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3.2. Pointwise Controls

Now in this part, we will consider the case in which two pointwise controllers
act at two different points a and b of the space interval (0,1) where the equation is

satisfied. Consider the heat equation:

;

Yt — Yoz = Ua(t)0q + up(t) 0, O<x<l1 0<t<T,
Y=(0,t) — aoy(0,t) = 0, 0<t<T,
(3.15)
Yo (1,1) + ary(1,t) = 0, 0<t<T,
L y(2,0) =y°(2), 0<z<l.

We consider the problem of null controllability. More precisely, given an initial datum
Yo € L*(0,1) we look for controls u,(t) and uy(t) € L?(0,T) such that y(z,T) = 0 and

the switching condition satisfies:
Uq (t)up(t) =0, a.e. t € (0,7). (3.16)
Now, we consider the quadratic functional:
0 e 2 2 Lo
(") =5 [ max{le(a O o0 fdt = [ @, 0)dr  (317)
0 0
over the class H of initial data given by
. T
A= (e [ [lela.d) + .0 ]de < o0} (319)
0

where ((z,1) is the solution of the adjoint system (3.3) associated to the final state °.

This space endowed with the canonical norm:

T 1
190 = [ [ lota, 0 + 100, 0P
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constitutes a Hilbert space. First of all, we will show that || - ||;; actually defines norm
on H, i.e., the properties (2.5), (2.6) and (2.7) must be satisfied. As we noted before,
we could directly obtain the property (2.7) by using the positivity of || - ||,; and the
inequality (2.20). Therefore let us analyse the positivity of the norm || - ||, in H space.
Here it is convenient to use the Fourier representation of solutions (3.4) of the adjoint

system (3.3). Hence, we have:

T
12, = / ola, O + (b, t) Pt

— / HZﬁke“k =Dy (a) ‘ dt+’25ke“k(t ) () dt.

k>1 k>1

Using Lemma 2.1, we finally get weighted observability inequality:

%112, > e D e 37 Jwn(@) + [w(by)|] 52 (3.19)
k>1
Hence || - ||;; defines a norm on H. Observe that the functional J, : H — R is well

defined, continuous thanks to well-posedness of (3.3) and strictly convex due to (3.19).
As same before, we will consider the problem of approximate controllability. For this,
we will construct the new functional very similar with previous one (3.17) and with
the same coercivity property, allows building approximate controllers: for any € > 0
and y' € L*(0,1),
J(¢") =

1 T
3 | max {leta. O (e, 0 bt + (1 = w21z
0

1 1
- /sooyld:r—/ Y (z)p(z,0)dz
0 0

where F is finite dimensional subspace of L?(0, 1) and 7y denotes the orthogonal pro-

jection from L?(0,1) over E. When y' = 0 and £ = 0, we will obtain (3.17).

Lemma 3.3. Assume that the adjoint system (3.3) satisfies the following unique con-

tinuation property:

p{t € (0,7) : |p(a,t)] = |eb,t)|} > 0= p=0. (3.20)



36

Then, the heat system (3.15) is approzimate controllable.

We will skip the proof in which one should firstly obtain (2.12) under the assump-
tion of (3.20) and then by using variational approach on the functional J¢, one could
easily get approximate controls for (3.15) (see e.g., [3]). Now let us obtain sufficient
conditions for getting (3.20). Using again the Fourier representation of solution (3.4)

of adjoint system (3.3), we have

pla,t) £ p(b,1) = Bre! ™ (wy(a) £ w(b)).

k>1

The function ¢(a,t) £ (b, t) are time analytic for ¢ < T'. Consequently, if they vanish
for a set of time instants of positive measure, then they vanish for all t < T. It
is then easy to see, by multiplying above identity by the real exponentials e~ (t=T)

successively, starting from n = 1 and taking limits as t — —o0, that
Br(wi(a) £ wi(b)) =0, Vi > 1.
To conclude that g, = 0 for all £ > 1, it is sufficient to show that
wi(a) £ wg(b) # 0 VEk > 1.
But

wp(a) £wi(b) =0 <= [cosuga + 90 in pra)® = [cos upb + 90 gin b2
ek ek

2
<= (cos? upa — cos® jub) + CL—g(sinz pra — sin® fi;b)
H

+ 2@(008 frasin pa — cos pgbsin pb) = 0.
Mk

Observe that

cos? pipa — cos® pgb = sin? jub — sin’ ppa = — sin g (a + b) sin pg(a — b)
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and finally,

—b b b
COS @ sin ppa = cos? i, a COS [k @t sin ot
1Y 5 1 5 M

a—bcos a+bs. a-+b
in
9 HE B 223 5
a—>b . a—2>b
sin
2 2 Hey
a+b a—>b . a—>
COS (i, sin fuy, 5

— sin? ju

Lo a
— SN L COS g

+ cos? Lk

a—>b a+b . a+b
CoS sin
9 HE 5 275 5

.o a—b a+b . a+b
— sin’ pp—— cos pp—— sin

a+b a—b . a—>b
CoS sin
HE 5 M 9
a—2b . a—>b
sin
g ST

cos pupbsin b = cos® iy

+ sin? jy,

5 a
— cos” g COS U,

2
Hence using above identities, we get the following

2 b b
(1-— %)sinuk(a—b) sin pp(a+0) = QZ—Z Sinuk(a—b)[COSQMka+ —sinQMka+
K

]

= 2%y p(a — b) cos px(a + b).
HE

Assume first
sinpg(a —b) #0, for k>1 (3.21)

and after some simplification, we will obtain the following identity:

Mi - a?) Qo
5— sin p(a + b) # 2— cos up(a +b),  for k> 1. (3.22)
i

k

Hence, if we assume that a,b € (0, 1) such that satisfying (3.21) and (3.22), then (3.20)
will be satisfied, i.e., B, = 0 for all £ > 1.

Under the assumption of (3.20), by using variational approach we will obtain our
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approximate controls:

UZ(t) = _Qbe(a?t)v ule)(t> - _Qbe(b? t)a

where

Sa={t €(0,T) : [p(a, )] > |@(b, 1)},
Sp ={t € (0,T) : |o(b, t)| > |p(a,t)[}.

Under the assumption on Fourier coefficients of initial datum y°(z):

= |wr(@)? + fwr(b)?
one could show that approximate internal controls u(t) and wg(t) satisfy uniform

boundedness property in L?(0, T'). Then passing to the limit, we will have null switching

controls:

ua(t) = —=p(a,1), up(t) = —p(b ). (3.24)

In conclusion, we obtain the following result:

Theorem 3.4. Consider the null controllability problem for 1-d heat equation with
pointwise controls satisfying RBC. Assume that points a,b € (0,1) satisfying (3.21)
and (3.22) and Fourier coefficients of initial datum y°(x) satisfy (3.23). Then, for all
T > 0, there exist switching controls (3.24) satisfying switching condition (3.16) and
that the solution of (3.15) satisfies

y(x,T)=0

i.e, null controllability is satisfied.
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3.3. Lumped Controls

Similar results hold in the case of lumped controls, in which the pointwise Dirac
controls of the previous section are replaced by controls distributed by means of give
control functions. More precisely, let fo(z) and fi(x) be control profiles in L?(0,1).

Consider the heat equation:

(

Yt — Yoz = Uo(t) fo(r) +ur(t) f1 (), O<z<l1 0<t<T,
Y2(0,1) — agy(0,t) = 0, 0<t<T,
(3.25)
Yo (L,t) + ary(1,t) =0, 0<t<T,
Ly(z,0) = y°(2), 0<z<l.

Here, we will consider the same problem, i.e., given an initial datum y, € L?(0,1) we
are looking for controls ug(t),u;(t) € L*(0,7T) such that null controllability of heat

equation holds, i.e, y(z,T) = 0 and switching condition satisfies:
uo(t)ui(t) =0, a.e. te(0,7). (3.26)

The null control of 1-d heat equation may be computed by minimizing the quadratic

functional,

J(°) = %/OTmax H/Olfo(g;) (2, )dz|

[ e o

0

/f1 xtded

over the class H of initial data given by

ﬁ:{wo:/OT[’/olfo(x) (x,t)dx

+‘/f1 l‘tdm

}dt< oo}
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This space endowed with the canonical norm:

1 = [ 1| [ ptrete ] +| [ s@rste, s o

will constitute a Hilbert space. At first, we will show that || - ||; actually defines norm

on H. For this, it is sufficient to show the positivity of || - ||;. Observe that

T 2 2
16, = [ | X et poa] | 3 et g
0

k>1 k>1

where

fol@) =" forwr(z), file) = frawe(),

k>1 k>1

and using Lemma 2.1, we then get weighted observability inequality:

5.2
1113, > e D7 e || foul? + 1 if2| 87 (3.27)
k>1
where positive constant ¢; is independent from {/}x>1. Hence || - ||;; defines a norm

in H.

In addition, since (3.3) is well posed, the functional .J(°) is obviously continuous
in H, the convexity (strictly) of J (¢") comes from the weighted observability inequality

(3.27). Now, consider new functional very similar with previous one: for any € > 0 and

any y' € L*(0,1)

ay = 5 [wex[| [ pwgas]’| [ nre]

1 1
+ €l|(I = 72)¢°l220) +/ "y dx —/ 1y (2)(z,0)dx
0 0

where F is finite dimensional subspace of L?(0,1) and 7y denotes the orthogonal pro-

jection from L?(0,1) over E.
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First of all, we will consider the problem of approximate controllability of (3.25).

Lemma 3.5. Assume the following unique continuation property for (3.3):

pfre 1) | /01 fow)e(a, )z = | /01 f@)ele dr|} > 05 p =0 (329

Then the heat system (3.25) is approximate controllable.

For the proof of Lemma 3.5, one should first prove that the functional .J, is
coercive in H which directly comes from the assumption (3.28) and at the end, by
using variational approach, one could easily get approximate controls for (3.25) (see
e.g., [3]). Therefore, from Lemma 3.5, to get approximate controls, we should prove

(3.28). Using (3.4), we have

1 1
| hote e £ [ fie)ptds = 3 At fuct o)
0 0

k>1

The function fol o(x,t)(fo(x) £ fi(x))dx are time analytic for ¢ < 7. Consequently,
if they vanish for a set of time instants of positive measure, then they vanish for all
t < T. It is then easy to see, by multiplying above identity by the real exponentials

—n?(t=T)

e successively, starting from 7 = 1 and taking limits as ¢t — —oo, that

Bre(fir £ for) =0, Vk > 1.
To conclude that 8, = 0 for all £ > 1, it is sufficient to assume that
fieg £ for #0 VEk > 1. (3.29)
Therefore, under the condition (3.29), we have approximate controllability of (3.25).
Hence, for every € > 0, by using variational approach, we will obtain approximate

switching controls. We would like to say that for each ¢ > 0 we must have the fact

that ug(t), u$(t) are uniformly bounded in L?*(0,7T'). But under the condition on Fourier
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coefficients of the initial datum y° :

QyiT

Z | forl® + | fre |2|y il < (3.50)

k>1

being satisfied, by using weighted observability inequality (3.27), one could easily prove
that u§(t) and u§(t) are uniformly bounded in L?*(0,T). Hence at the end, by using

variational approach we obtain the following switching controls

—/O fo(l‘)@(!ﬁ,t)dl’, ul(t) =0, in Sp, (331)

. /0 f@)@@ dr, () =0, S, (3.32)

where

So = (0,7) /fo xtdw /f1 xtdx‘}
S = (0,7) ‘/fl xtdm ‘/fo Jctd:c’}

In conclusion, we obtain the following result:

Theorem 3.6. Consider the null controllability problem for 1-d heat equation with
lumped controls satisfying RBC. Assume that fo(x), fi(z) are two control profiles in
L?(0,1) and their Fourier coefficients satisfying (3.29). Let Fourier coefficients of the
initial datum y° satisfy (3.30). Then, for all T > 0, there emist switching controls
(3.31) and (3.32) satisfying our switching condition (3.26) and that the solution of
(3.25) satisfies

y(z,T) =0

i.e, null controllability is satisfied.
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4. CONCLUSION

In this thesis, we examined the problem of switching controls of 1-d heat equation
under Dirichlet’s boundary condition and Robin’s boundary condition respectively and
obtained the sufficient conditions for switching controls. Also, it could be generalized
for arbitrary (finite) number of switching controls act on 1-d heat equation under RBC
with positive eigenvalues. Also, it would be interesting to analyse the same problem
under RBC with zero or negative eigenvalue. In [2], we know that 1-d heat system
has just one zero or negative eigenvalue if it exists and of course, when dealing with
that problem, the sufficient conditions for switching controls would change. The null
controls for 1-d heat equation with zero or negative eigenvalue would be computed by
minimizing the appropriate quadratic functional over the solutions of adjoint system.
However, the main difficulty is to show that these null controls are satisfying switching

conditions.

The problem of controllability is by now only well understood in one space di-
mension. There is still to be done in this field to address controllability in several space
dimensions and then for covering the non-linear free boundary problems. In [1], the
techniques, Zuazua have developed in the case of one dimensional space can also be ap-
plied in the multidimensional case. However, the non-degeneracy conditions that need
to be imposed are this time less explicit because they depend on the spectrum of the
underlying elliptic operator. Besides, it would be interesting to see if the methodology
we have applied and the results on switching controls can be adapted to more general
equations involving, for instance, potentials depending both on space and time. There
is a rich literature on the null control of those equations (see [3]). But the problem of

switching controls has not been addressed so far.

Consequently, it must be underlined that most ideas, methods and results pre-

sented here do extend to this more general setting.
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