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ABSTRACT

PATH INTEGRALS IN NON-RELATIVISTIC QUANTUM
MECHANICS

This thesis starts with a brief review of local and global approaches to classical
mechanics. Path integral formalism, which constitutes a global approach to quantum

mechanics, is introduced. A brief history of non-relativistic applications is given.

The Lagrangian and the Hamiltonian forms of the path integral are derived. The
path integral solutions of the simple problems of the free particle and the harmonic

oscillator are given.

The path integral solution of the fundamental problem of the hydrogen atom
is reviewed. The Kustaanheimo-Stiefel transformation and the Duru-Kleinert time
transformation are exhibited. It is shown that the Kustaanheimo-Stiefel transformation
can be expressed in a simple form in terms of quaternions. A similar approach is
applied to five dimensional hydrogen using octonions. A transformation between nine
dimensional hydrogen and sixteen dimensional oscillator is derived as an example of

higher dimensional generalizations.

The path integral solutions to some problems that either have conceptual im-
portance or demonstrate transformation techniques are given. These include: the
free particle on a circle, the delta function potential, the Poschl-Teller potential, the
Wood-Saxon potential, Rosen-Morse and Hulthen potentials, and the rigidly moving
potential. The condition for the validity of the semi-classical approximation for the

propagator in one dimension is derived.



OZET

RELATIVISTIK OLMAYAN KUANTUM MEKANIGINDE
IZ INTEGRALLERI

Bu tezde, once klasik mekanige lokal ve global yaklagimlar kisaca gozden gegirildi.
Kuantum mekanigine global bir yaklagim getiren Iz Integrali formalizmi tanitild. Rel-

ativistik olmayan uygulamalarin kisa bir tarihgesi verildi.

Iz Integralinin Lagranjiyen ve Hamiltoniyen formlar elde edildi. Iki basit prob-

lemin, yani serbest parcacik ve harmonik salinicinin iz integrali ¢oziimleri verildi.

Temel bir problem olan hidrojen atomunun iz integrali ¢oziimi gozden gegirildi.
Kustaanheimo-Stiefel ve Duru-Kleinert doniigiimleri gosterildi. Kustaanheimo-Stiefel
dontisiimiiniin kuaterniyonlar cinsinden basitge ifade edilebilecegi gosterildi. Benzer
bir yaklagim beg boyutlu hidrojene, oktoniyonlar kullanilarak uygulandi. Daha yiiksek
boyutlara genellegtirmenin bir 6rnegi olarak, dokuz boyutlu hidrojen ile on alt1 boyutlu

salinici arasinda bir doniigiim tiiretildi.

Kavramsal onemi olan veya doniigim tekniklerini gosteren bazi problemlerin
iz integrali ¢oziimleri verildi. Bu problemler sunlar: icerir: c¢ember tizerinde serbest
parcacik, Poschl-Teller potansiyeli, Wood-Saxon potansiyeli, Rosen-Morse ve Hulthen
potansiyelleri, ve kat1 olarak hareket eden potansiyel. Bir boyutta yayici(propagator)

i¢in yari-klasik yaklagtirmanin gegerliliginin sart1 tiretildi.
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1. INTRODUCTION

1.1. Local and Global Approaches to Classical Mechanics

In classical mechanics, a system is described by equations of motion. These are
differential equations for n generalized coordinates q; ...q,, evolving in time. The n
coordinates and their ranges determine the configuration space, a space each point of
which corresponds to the way the system can look at a point in time! . For example,
for N particles without internal structure, moving in real (3-D) space, the configuration

space would be 3N dimensional.

This approach is local, in the sense that the equations of motion refer to here and
now, to determine the near future. More precisely, the behavior of the point represent-
ing the system, moving in configuration space, depends on values of some functions
—which appear in the equations of motion— and/or their derivatives at that point and
at the present time to determine where the point will be in the infinitesimal future.
The path in configuration-time space of the representative point is then composed of a

succession of such positions with their attached time values.

The equations of motion could be derived by applying Newton’s 2°¢ and 3%
laws to point masses and rigid objects in the system? , first in cartesian coordinates
where they are simple, then transforming to generalized coordinates. However, this
may be impractical in dealing with more complicated problems or in cases where the
configuration space is a subspace of the space in which Newton’s laws in cartesian form
can be applied; for example those which involve forces of constraints maintaining the

particle in contact with a specified surface.

To get the equations of motion directly in generalized coordinates, the Lagrangian

Formalism was developed: One only needs to specify a scalar function, the Lagrangian

li.e. a possible “snapshot” of the system

2 Any non-rigid objects can be treated as an infinite number of point particles.



L, then express it in terms of the desired generalized coordinates and their time deriva-
tives, and the equations of motion follow by a standard prescription, the Fuler-Lagrange
equations. In other words, one can say equally well that a system is described by its

Lagrangian.

The Euler-Lagrange prescription can also be formulated as an extremum princi-
ple: For any path x(t), a functional S is defined as the line integral of the Lagrangian,
S = f Ldt. Then, among all possible paths accessible to a system, the system chooses
the unique path for which S is an extremum, usually a minimum, which means that
the value of S remains unchanged in the first order if the path x(¢) is modified slightly.
The functional S is called the action and this way of describing the system is called
Hamilton’s Principle or Principle of Least Action. In contrast to the equations of mo-
tion, the Hamilton’s principle is a global approach, in the sense that it is a statement
about the whole history of the system between given initial and final points in the

configuration space and given initial and final times.

Although the global approach is mathematically equivalent to the local approach,
it does not give any results by itself in practice: To solve for the evolution of a system,
one has to resort to the equations of motion again. Therefore, in a sense, this approach
is a posteriori; or one may think of the Lagrangian as a convenient way to summarize

—sometimes guess— the equations of motion.

1.2. Local Approach to Quantum Mechanics

In the Schrodinger form of Quantum Mechanics, the wave-function of the particle
(or the point in configuration space) evolves, rather than its position. In fact, owing

to the Heisenberg principle, the position is inherently uncertain.

The Schrodinger equation(s) are the quantum analog of the equations of motion
in classical mechanics; in fact, they are usually derived from the classical equations of
motion by giving operator status to the generalized coordinates and their conjugate

canonical momenta which are defined in the Lagrangian formalism.



Let us recall that the square of the wave function in the Schrodinger form of
quantum mechanics gives the probability density, and the “inner product” of two nor-
malized wavefunctions gives the transition amplitude between the states described by
the respective wavefunctions. For example the amplitude of the probability that a
particle inially at the position x, at time t,, to be found later at the position x; at

time %, in Dirac’s notation is given by
< xplag > (1.1)

where |z; > are the position eigenkets. This expression is valid in the Heisenberg
picture, where state kets are stationary and operators move. In Schrodinger picture it

must be written as:

—iH(ty —t,
< xp, ty| €Xp (%) |z, ta > (1.2)

Note that (1.1) is also the propagator or the Green’s function for Schrodinger’s time-

dependent wave equation, satisfying

h2 ”9 1 . a "oy o - 3/ M /
{— (%) Va+V(") - zﬁa} G(2" t; 2! tg) = —iho” (2" — 2")o(t — to) (1.3)

This can be seen explicitly by expanding the wave-function W(z”,¢) in terms of the

base kets |2/, ty >

< 2" tla, tg >= /d3x/ < 2" t|a ty >< 2! tola, tg > (1.4)
where |a, to > is the Heisenberg-picture state ket which is fixed in time; < 2", t|a, to >
is the wavefunction W(z”,t), and </, tg|a, tg > is the wavefunction W(a' ¢y), while

[ &2 tg >< 2, to] is the identity.

For time independent potentials the propagator, written in the Schrodinger pic-



ture, can be expanded in terms of energy eigenstates and eigenvalues:

—1H(t, — t,
K(xp, t;xq,t0) = < xp|exp (%) |z, >

—iH(t, —t,
— Z < 1| exp (%) ' >< d|z, > (1.5)

since ) |a’ >< d’| is the identity. Now we make use of the fact that |a’ >’s are the

eigenstates of the Hamiltonian.

Byt — ta)>

K(zp, t;24,t0) = < mpld >< d'|z, > exp ( P

- ;ua(xb)u;(xa) exp (#b—”) (1.6)

where < xp|a’ >= u4(xp) is the energy eigenstate with eigenvalue E,.
1.3. Path Integral: Global Approach to Quantum Mechanics

There was no quantum analog —or extension— of the least action principle until
R.P.Feynman derived the Path Integral Formalism in 1942 [1, 2]. In this thesis we will

explain this formalism and present various applications.

The path integral recipe —to be derived in Chapter 2— states that the propagator
is given by

. ty
)
K (xp, ty; To,ta) =< Tp|zy >= /Dxexp%/ L dt (1.7)
ta
where Dx denotes dxidxs . . . dxy, up to a normalization. Here x1, x5 ... x5 are the posi-
tions of the particle at intermediate times t1, .. .¢y. Therefore the sequence x1, 25 ... 2N

corresponds to a path in the configuration-time space, just like in classical mechanics.

Since we integrate over 1,y ... xx (1.7) is a “sum over all paths”. The quantity



b

fa

Xa Xp X

Figure 1.1. A representative path

being summed is a pure phase:

K(b,a) ~ Z olx, t]

all paths

So the amplitude of the contribution of each path is the same, while the phase is the

action S for that path in units of the quantum of action h:
Bl(1)] = Cetet)

The probability to go from point z, at time t, to the point z;, at ¢, is the absolute

square of K (b,a),
P(b,a) = |K(b,a)|?
and the constant C is chosen to normalize K properly.
In the path integral formalism it is apparent that Quantum Mechanics differs
from classical mechanics fundamentally in the sense all paths to play a role, through

superposition. This characteristic is not explicit in the usual Schrodinger formalism.

For time independent potentials, the expansion (1.6) can in principle be used



to find the energy eigenfunctions u,, and the energy eigenvalues F, directly, that is,
without solving the Schrodinger equation; once the propagator has been calculated in
closed form using the path integral method. From that point of view one can conclude
that path integration is more useful than the “Least Action Principle” in classical
mechanics: One can —at least theoretically— calculate the global quantity and then
solve the system completely without resorting to the local approach; whereas the least

action principle just takes one back to the equations of motion.
1.4. From the double-slit to the Path Integral

Path integral approach can be made clearer to the less familiar by the following
example [3]. Consider a particle, emitted from a source S at time ¢ = 0, passes through
one of the holes A; & A, drilled in a screen and is detected at ¢ = 7 by a detector at
0.

Ar

[ ]o
A1

Figure 1.2. Two holes; Ky = K + Ks

The amplitude for the detection is given by the sum of the amplitude for the
particle to propagate from S to A; and to O, and the amplitude to propagate from
S to Ay and to O. The two dimensional version of this is the well-known double-slit
experiment and gives rise to interference fringes as a result of addition of complex

amplitudes (rather than probabilities).

If we drill third, fourth holes . ..etc. in the screen, of course we will have to sum

over all holes.

If we add another screen we just take the amplitude from S to the hole A; then

Bj and O, then sum over i&j. If we put in a third, fourth ... screen, we must sum over
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Figure 1.3. Double-Slit

e

Figure 1.4. More holes; K; = > K;

three, four. .. indices.

arepresentative
— , N path
] / \\ I

; S /

SOURCE .. "---. | SCREEN

Figure 1.5. Third, fourth screen etc. Ky =) K;;

Now imagine in every screen we drill infinite number holes in a way that the
screen is no longer there. Then, a path is merely height = as a particular function

of distance y; z(y). We may continue to apply superposition until we arrive at the



integral over all paths of the amplitude for each path.
. /\/\/\:/ Screen

Figure 1.6. Empty space = Infinite number of infinitely drilled screens

A finer description of the motion will be obtained if we specify the time, the path
x(y) passes each point in space. In that case a path will be given if x(t), y(¢) are given.
The total amplitude is again the sum over all possible paths. Our only remaining

problem is to define this concept mathematically.

1.5. The Classical Limit

We have mentioned that, in quantum mechanics all paths contribute equal amounts
to the total amplitude, but at different phases. Yet, we must be able to reproduce clas-
sical mechanics in the limit A goes to zero. In other words, how does some particular
path become most important in the classical limit when all paths are —in some sense—

on equal footing? The key lies in the oscillatory nature of the imaginary exponential.

The classical approximation corresponds to the case where S is large in relation
to h. If we moved the path by a small amount dz, the change in S would be small on
the classical scale but not in the tiny unit A. These small changes is S would lead to
enormous changes in phase due to the factor S/h and cosine and sine would oscillate
extremely rapidly. The total contribution would then add to zero. Therefore no paths
really need to be considered if the neighboring paths have different actions. For the
special path z, for which S is an extremum, a small change in path produces no change
in S, at least in the first order. All the contributions from the paths in this region
are nearly in phase at S, and interfere constructively. Only for paths in the vicinity
of z we can get non-vanishing contributions and in the classical limit we need only

to consider this particular trajectory. From this point of view one can conclude that



classical laws of motion arise from quantum laws.

Note that according to the discussion above the trajectories which differ from z
also contribute as long as the action is still within & of S.. The classical trajectory is
indefinite to this slight extent, and this rule serves as a measure of the limitations of

the precision of the classically defined trajectory.
1.6. History

In early forties, while Feynman was a young graduate student at Princeton Uni-
versity and working on QQE D a least action principle had been found dealing with the
infinite energy of the electron in classical electrodynamics [4], and he intended to use
a similar procedure in dealing with the infinities in QED. He had to formulate QFE D
using Least Action and Hamilton’s Principal Function in such a way as to reproduce
Classical Mechanics in the limit h goes to zero. He was inspired by a mysterious remark
in a paper of Dirac [5], to develop a global approach to quantum mechanics analogous

to Hamilton’s principle of least action.

. to

i .

< T2, t2|£131, t1 >~ exp (ﬁ/ Lclassical(ma 33) dt) (18)
t1

Here we have to emphasize that Dirac uses the term the analogous to for the relation

above which refers to a loose connection. Dirac made many assumptions in arriving at

(1.8) and didn’t bother to justify them.

Feynman’s primary aim in developing the “Path Integration” technique was to
apply it in Quantum Electrodynamics, but the attempt to use Path Integration in
developing a satisfactory method of avoiding the divergence difficulties in QED failed.
He only managed to derive an expression for QED laws in a form that relativistic

invariance is obvious [6].

The earliest application yielding a proper result was achieved shortly after the

discovery of Lamb Shift and subsequent theoretical difficulties in explaining this shift
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without obviously artificial means of getting rid of divergent integrals. Path Integration

provided a decent way of handling these awkward infinities in a consistent manner [6].

Feynman taught Path Integration as a method of Quantum Mechanics in his
courses in California Institute of Technology for a few years. Meanwhile one of his
students, Hibbs, collected a set of notes from Feynman’s lectures and prepared a book
called ‘Quantum Mechanics and Path Integrals’ [7]. In his book Feynman explains the
reason of the failure of path integration in QE D as: ‘For a relativistic particle with spin
the amplitude can not be described by a simple path integral based on any reasonable
action’, however Duru & Barut would find a reasonable action and develop QED by

integrating classical trajectories in 1989 [§].

In addition to inability in dealing with the infinities in QED, the solution of
Hydrogen atom —which is one of the fundamental problems of Quantum mechanics—
was not accomplished using path integration. (though it was to be solved in 1982 by
Duru & Kleinert) These factors led Feynman to conclude that the operator method of
Quantum Mechanics is both deeper and more powerful, and path integration lost its
popularity until 1970’s when Gauge Field theories appeared in particle physics. Path
integration formalism was used to fix these gauges since, in this formalism, constraints
can be employed much more properly than operator formalism. However, path inte-
gral formalism wouldn’t gain the reputation that it deserves until the solution of the

hydrogen atom was achieved.

In 1972 R.P.Feynman suggested a German physicist, Hagen Kleinert, who was
spending his sabbatical year at Caltech, that he should work on the problem of the
path integral of the hydrogen atom. Kleinert had demonstrated that all dynamical
questions on the hydrogen atom could be answered using only operations within a
dynamical group O(4,2), in his Ph.D thesis in 1967. In that work the four dimensional
oscillator was playing a crucial role. In fact the duality between 1/r potential in three
dimensions and the four dimensional oscillator was known since Robert Hooke drew
attention to the analogy in an attempt to understand the elliptic orbit of planets. The

relationship between the Kepler problem and the harmonic oscillator was remarked
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upon by Bertrand in 1875, who showed that a particle moving under the influence of a
central force would move in closed and non-precessing orbits only for force laws which

are inverse square or linear.

Hydrogen problem came up again in 1978 when Kleinert was teaching a course
on quantum mechanics, in the Institute of Theoretical Physics in Berlin. At the same
time a post-doc from Turkey, Ismail Hakki Duru joined his group as a Humboldt
fellow. In 1979 Duru and Kleinert found that the most important ingredient to solution
was to work with a generalized pseudo time sliced path integral, which allows the
motion to take place in pseudo time with the hamiltonian H’, the operator conjugate
in that basis, generating translation in pseudo time. Since all dynamical variables
are classical in path integration, point canonical transformations can be employed
leaving the volume element invariant. Duru and Kleinert manipulated this property to
apply appropriate coordinate transformations and the path integral became harmonic
and solvable [9]. Though these applications led to the correct result the procedure
was criticized for its sloppy time treatment [10, 11]. The first consistent solution
was presented in Kleinert’s book ‘Path Integrals in Quantum Mechanics, Statistics,
Polymer Physics, and Financial Markets’ [12]. Many other problems can be solved
with Duru-Kleinert time transformation. For example, the Poschl-Teller potential in
nuclear physics is transformed to exactly solvable Hgyr (o) hamiltonian which describes
motion over group manifolds [13]. Wood-Saxon, Rosen-Morse, and Hulthen potentials

can be treated with the same procedure [14].
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2. LAGRANGIAN AND HAMILTONIAN FORMS OF THE
PATH INTEGRAL

2.1. Hamiltonian Form

The Hamiltonian form of path integration was put in use historically much later
than the Lagrangian form, though it is much more advantageous. It is normalized
and it enables canonical transformations to be employed which is a very important
advantage if we consider the fact that only few problems —like free particle, harmonic
oscillator (at most quadratic potential)— have been solved using the Lagrangian form

of path integration.

We deduce the hamiltonian form from the knowledge of quantum mechanics. The
state ket of a non-relativistic spinless particle in one dimension evolves according to

Schrodinger’s equation

ov
HU = ih
ot

We are interested in the propagator or the Green’s function G which satisfies the

equation
(H, — ihdy) G(xp, t; 24, t0) = —ihd(xy, — x4)0(t — o)
The function G is related to the operator G by
G(zp, t; 24, t0) =< x| G (L, to)| e >
For time independent H, the operator solution can immediately be written down

(2.1)

G(t,to) = 0(t, to) exp {_M}

h
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where 6 is the step function. Since H is assumed to be time independent we can take

to = 0 without loss of generality. Then for ¢ > 0 we have
G(zp, t;z,) =< xb|e_th/h|aca > (2.2)

where the argument 0 has been deleted. Though (2.2) is not valid in cases where
the potential explicitly depends on time, it is always valid as far as the infinitesimal

propagator < x,|z,_; > is concerned.

The path integral arises from the fact that

6A _ (eA/N)N

Applying this to (2.2) and letting A\ = it/h and assuming H = T + V(z) yields

THV)/N = MTHVIIN o= MTHVIIN | o (2.3)

G(xp, t; 24) =< ap|e N e
with the product in the brackets taken N times. In other words, we have broken
the time interval into N pieces. Now we make use of a fundamental property of the
exponential of two operators, namely
ANT+V)/N AT/N _—AV/N A2
e AIHVIIN — o= AT/N o=2V/ +O(m> (2.4)
This is proved easily® , and in a power series expansion the coefficient of the \?/N?

term 1s
A= —[V, T]

In the subsequent manipulations we assume that the O(1/N?) term is well behaved,

that it stays bounded when applied to states. For reasonable potentials this assumption

3 An expansion is generated with the derivatives of exp(AT/N)exp(—\(T + V)/N) exp(AV/N).
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is justified. Next, we attempt to replace the term
[exp(=A(T + V)/N)]™ = [exp(=AT/N) exp(=AV/N) + O(1/N*)]" (2.5)
by the term

[efAT/NefAV/N} N (2.6)

For real numbers (rather than operators) this substitution is a reflection of a

fundamental fact about exponentials. The expression

(14 oy

converges to e” despite the presence of y, so long as y,, — 0 as n — o0.

For operators more care is required, and the trick is to express the difference of
(2.5) and (2.6) in a peculiar way:
[e—)\T/Ne—)\V/N]N _ [e—)\(T-i-V)/N]N _

—XT+V)(N-1)
[B—AT/N —~AV/N —,\(T+V)/N]67N
v “AT+V)(N-2)

AT/N ,=A /N[ AT/N ,=AV/N >\(T+V)/N] v

_ _ _ _ _ “ATHV)(N=3)
(e TIN g AVINY2[=XT/N =AVIN _ =NT+V)/N], i4

+ o+ o+ 4+ o+

(e XTIN g=MV/NYN=1[o=NT/N o=AV/N _ o=X(T+V)/N] (2.7)

Equation (2.7) is an identity. It contains N terms each of which has the factor
e MINe=AVIN _ o=MT+V)/N which is of first order 1/N? by virtue of (2.4). Hence

in the limit the difference is zero.
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We have therefore justified the replacement of (2.3) by

G(xp, t;24) = lim < ap|(e M Ne VNN |z, > (2.8)

N—o0
This can also be called an application of the Trotter product formula [15]. Let us

proceed with inserting the identity operator in the form

/dl’j|$j >< l’j|,j:1,...,N—1 (29)

e—/\T/Ne—AV/N)

between ( terms in the product (2.8), yielding

N-1
G(zp, t;z,) = lim [ dxy...deyn_q H < xj+1]e’AT/Ne”\V/N|xj > (2.10)
=0

—00

(we have taken x, = xy and x, = xg) The multiplication operator V is diagonal in the

coordinate space so that

e NNz >=|a; > e VN (2.11)

—AT/N

To obtain the coordinate space matrix elements of e we insert a complete set of

momentum states. This gives

G(zp, t;z,) = lim [ dry...dxy_1dp,...dpy

N—oo

< anlpy ><pylTn_1 > ... < 31|p1 >< pi|re >

X exp <Z 2?5;\[ - AVJ&;:Q) (2.12)

J=1

If we now use

< zlp >= (27h) " exp (%)

and call the time step €, then 7 = Ne, the ratio A/N becomes ie/h. Using this, we
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arrive at the expanded form of the path integral. Before writing the final form we let

N — N +1:

. N+1 2
. dp; i eps
G(ap, t;2a) = A}l_{{lx/ | | d%‘/ | | ﬁexp {ﬁ E (pj(a:j — 1) — ﬁ - eV(xj))}
j=1 j=1
(2.13)
where e = 7/(N + 1)

Let us concentrate on the exponential in (2.13),

which is the sum of a certain quantity at points (z;,p;), 7 = 1... N. Each j corresponds
to a time later than that of 7 — 1, therefore these points constitute a time labeled path
in phase space, and in the limit NV — oo, the sum can be written formally as a time

integral over that path.

Ji <P'(5Uj —Tj) - ;L;z - 6V($j)> ~ /OT dt (pa‘c — % — V(x)) (2.14)

Integrating over z; and p, means varying over all of phase space at a given time,
therefore the multiple integral in (2.13) can be called an integral over all possible paths
in phase space, subject to the condition zy = z,, ty11 = x,. We can write the Green’s

function more formally as:

Glan,t:7a) = / DpDa exp {% /: dt(pi — H)} (2.15)

This equation, (2.15), is what one remembers first, and writes down for the Hamiltonian

form of the non-relativistic path integral, but what one really means is the expanded
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form (2.13).
2.2. Lagrangian Form

The Lagrangian form of path integrals is obtained from the Hamiltonian form.

Note that if we integrate over the momentum variables in (2.13) using

/OO e W gy — \/Eebm‘a (2.16)
oo a

We get

, m \W+/2 & ie o [m (Tjs1 — ;)\
Gl tia) = Jim () 1L deves [EZ[E (—) - Vi)

o (2.17)

Equation (2.17) is the path integral expression in lagrangian form. Once again the
points z;, j = 1... N constitute a broken time labeled path, this time in configuration

space. Therefore in the limit N — oo the exponential can be written as:

ie [% (M)Q — V(x;)

j=0

T 1
~ / dt {—m:ﬁ — V(x)} (2.18)
0 2
We can recognize the integral in (2.18) as the lagrangian in classical mechanics.
The integrals over the quantities z;...xy (N — o0) can be interpreted as in-

tegrating over all possible paths connecting the end points. Lagrangian form is not

normalized like the Hamiltonian form, i.e. a normalization constant

:( m )(NH)/Q (2.19)

2mihe

appears in front of €/ in (2.17). Though C is infinite in the limit N — oo it serves to

assure that K is a unitary operator. It is also required to make the sum (the integral)
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converge, and for dimensional considerations. The Lagrangian form of the path integral

is written more formally as
/ Dy '/ Lt (2.20)

but what is really meant is (2.17). The infinite dimensional differential operator D

includes the normalization constant.

Note that these derivations can also be interpreted as the proof of the equivalence

of the path integration and operator formalisms of quantum mechanics.

2.3. Path Integral Evaluation of the Free-Particle Propagator in

Lagrangian Form

Though the evaluation of the free particle propagator is a little messier using
the Lagrangian form of path integration, the calculation is worth a check for practical
purposes. The free particle Lagrangian is well-known.

1 . 2
Lfpee = ot

We wish to evaluate the propagator, that is, to integrate 3" over all paths
connecting (xp,t,) and(x,,t,). A path is described by a function z(t). We split the
time interval 7 = ¢, — ¢, into N + 1 intervals of width e such that (N + 1)e = 7 and
approximate the function x(¢) by its values at the end points and N points ¢, = to+ne,
n = 1...N. The points are connected by straight lines, giving us a broken path, as

discussed in sections 1.3, 2.1, 2.2 and shown in Figurel.l.

The result should be insensitive to these approximations in the limit N — oo.
The abrupt changes in velocity at the points £, +ne that arise due to our approximation
may be ignored because the Lagrangian does not depend on the acceleration or higher

derivatives. We may proceed our calculation with applying the same procedure to the



action integral. We replace the continuous path definition

ty ty 1
S—/ L(t) dt—/ —mi* dt
to to 2

N m X X 2
o i+l — Ty
5—533(—i?—)6

1=0

We wish to calculate

Kl tint) = [ explisf(0),4())/m1Dla(0)

N
_ im o~ (i1 —
= Nhl%oc// /eXp[%ZZ:O

deEl

Let us switch to the variables

K becomes

Y > o~ (Yir1 — 9:)°
. / it1 — Yi
A}l_)r%oc/_oo/_oo.../_ exp[—é f]dyl...dij

where

19

(2.21)

(2.22)

(2.23)

Although the multiple integral looks formidable it can be evaluated. Considering just
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the part of the integration that involves y;, we get

/oo e*%[(y27y1)2+(y1fyo)2} dyl / { y0+y2 (y§+y§—2y0y2)}

- (7) o~ (W2—y0)?/2i (2.24)

Consider next the integration over y,. Bringing in the part of the integrand involving

Yo and combining it with the result above we compute next

. 1 . 1/2

o 2  —wzmw)?  —(-wo)? 0 / 7;(y272y3+y0)2 _ (ya—yp)?

E e i e 2i dy, = 3 e 2i 3 e 3
—0o0

— (27?) —(y3—yo0)?/3i
e g 2.25

By comparing this result to the one from the y; integration, we deduce the pattern: If
we carry out this process N times so as to evaluate the integral in (2.23), the result

will be

. \N
()2 (o1
(N+1)2

or
LN
(im) 2 o~ m(@p—2a)? /2he(N+1)i

(N +1)2

Bringing in the factor C' (%) from up front, we get

K=c <27:Z€i) V1) P {@?&1%5} (226)

giving
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m im(xy — x,)?
K (2, ty; T, to) = 1] — MITy — Ta) 2.97
(5, t; T, to) 2mihT exp{ 2h(ty, — t,) 1 (227)

We notice that all the x dependence is in the exponential, the pre-factor depending

only on the time difference.

We would also like to compare the argument of the exponential with iS.;/h. The

classical path satisfies

Ty — X
2 — Const

Ll =

hence the lagrangian is also constant and its time integral is trivial:

1 1 - Ya 2 - da 2
Sel = /—migdt o (D) o —m(xb Ta)
2 2 T 27

So we realize that the propagator in the case of the free particle is of the form

Kfree = fr)etsalt (2.28)

We will comment more on this feature in section 4.7.
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2.4. Free Particle Propagator in Hamiltonian Form

To evaluate the free particle propagator in Hamiltonian formalism we start from

(2.13) with V = 0:

N NAL N+1 2
K(zq,xp;7) = z\}iinoo/dej/ H ory exp{ Z <pj(xj —Tj1) — ﬁ)}
N+1

: dp;
= [T [T
N+l
% (H eixj(Pj—ij)) e (PN+12p—P1%a) H e~ 3 Ps (2.29)
j=1

Jj=1

In units where 2 = 1. Note here x4 = , and 2y = z,. Proceed with dx; integrations

giving N ¢ functions

N+1
(H dpj 6_ ;,;p?) (H 271'(5 p]+1)> ei(pn+lzb_plxa)

J:

next we perform dp . ..dp, integrations using N ¢§ functions.
K = / N1 it o (avee) (2.30)
where we have used (N + 1)e =7 ; 7 =, — t,. Now drop subscript N + 1 and use

0o
—ay’+by m b?/4a
e dy =/ —e
oo a

which yields

K(xp,xq;7) = ¢ 37 (Tv—wa)? (2.31)

We see that in the Hamiltonian form, the free-particle propagator is a little more

straightforward than in the lagrangian form since there is only one Gaussian integral.
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2.5. Harmonic Oscillator

In path integral formalism, harmonic oscillator is solved by brute force, without
any clever manipulations. Its solution enables us to solve many other problems the po-
tentials of which can be transformed to oscillator potential with appropriate canonical
and time transformations, hydrogen atom being an example. We consider the simple
one dimensional case with the Lagrangian

m c(t
L(z,t) = 592;2 - %xQ +b(t)xd — e(t)x (2.32)
For the time being we assume that the various coefficients are time dependent. The

path integral has the form

Ty . ty t
K(zp, xa; ty, ta) = / Dx(t) exp {%/ [%ﬁ - %ﬁ + b(t)xd — e(t)x] } (2.33)
Tq la
Let us expand the path z(t) around the classical path z(t), ie:
a(t) = z(t) +y(t)

where y(t) denotes a quantum fluctuation. Expanding the action around the classical

solution

_ 0S 35S )
Sl 2] = Slzt)] + 3z » vt 5z o y
1 628 , 1628 , 1 46%8 ‘
+o— - — | s —| w+0 (2.34)
2 dx2 (1) 2 0x2 (1) 2 dxdx ()

The classical path minimizes the action by definition so its first variation is zero. Thus,

the action reduces to

: brmo, e, ,
Sz, 1] = S¢y(zy, ty; Tas ta) + [Ey —5Y + byy| dt (2.35)
ta



Note that

H dl'j = H dyj
j=1 j=1

24

since the Jacobian of the linear transformation is 1. We can write the byy term as

(b/2)(y?) and integrate by parts. The surface term vanishes because y goes from 0 to

0 as x goes from z, to z,. Then K becomes:

K (2, a: ty, £a) = exp {%swb), f(ta)]} Flty, )

where

y(ty)=0 im [t ‘2 ) )
Fitwt) = [ Dyt |51 [0 - wleya
Y ta

(ta)=0

Here we have used the abbreviation mw?(t) = ¢(t) + b(t). Now

F(tb,ta) = lim FN

N—oo

= lim C/ dy' .. dy™

—
N—oo oo

N
m
o {‘n - [l — i) = i

J=0

(2.36)

(2.37)

Let us introduce N dimensional vector n = (y; ...yy)? and the N x N matrix B:

2 — 2w} -1 0
-1 2 — 2w? -1
0 -1 2 — w3 -1
B =
0 -1 2 — wy_, -1

0 0 ~1 2 — 2wl

(2.38)



25

Thus we get

N+1
2

Fy = ( N (—ﬂ TR ) 2.
N d nexp (—o.—n" B (2.39)

2mieh
It would be much simpler to work with the diagonal form of B. In that case

' By — (n U)UT'BUU ')
Note that B is hermitian therefore it is diagonalized by a unitary matrix. If we call

z = (U'n), d¥(z) = d"n since the jacobian of the unitary transformation is 1. Next

using solving the gaussian integral we get:

NEL fomieh\ 2 1 1/2
pe= () (2 (=) 2.40)
2mieh m v/detB 2mieh detB

Our final task is to determine det B. Consider the j x j matrix B in (2.38). If we
expand the determinant with respect to the last row and let j to j + 1, we easily see

that the following recursion relation holds:

det BUTD = (2 — ¢2pU+D?) det BY)-det BU—Y (2.41)

Let us define ¢g¥) = ¢ detB then we have

gUD Z9gG) 4 g1 = _ 2,G4240)

Turning to continuous notation and using g ~ (¢U*Y — ¢1)) /e we find a differential

equation for the function g(t):

gt) +w’(t)g(t) =0

Finally we have to insert the ¢(¢) into the expression for Fiy. The case of usual harmonic
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oscillator with w(t) = w (time independent) is given by ¢(t) = Acos(wt) + Bsin(wt).
We have to impose the initial conditions to obtain our particular solution. Using the

recursion relation (2.41) we may find detB; = 2 — ew? and detBy = 1 which yields
gV =e—0,90 =€¢2-uw?) -0

as € — 0. Using ¢V and ¢ we get §(0) = 1 as € goes to 0. Initial conditions g(0) = 0
and ¢(0) = 1 lead to the particular solution

1
t) = —sinwt
9(t) =
To get the path integral solution for the harmonic oscillator we must calculate its

classical action.

fo m m
_ m.o M 5 2
Sd_/ta dt(2m 2wx> (2.42)
Using the classical solution z(t) = A cos(wt)+ B sin(wt) with x(t,) = z, and z(t;) = x

we find

Se = P — [(z3 + 27) coswT — 2xpx,) (2.43)

and we have for the Feynman Kernel

K(xp,xy;7) = < e )é

2mihsin wr sin wt

2224
exp {—% {(m% + 22) cot wT — el } } (2.44)

To find the energy eigenstates and eigenvalues we have to express the propagator
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in the form (1.6). For that purpose we use Mehler’s formula [16]:

N 1 sz\n 1 dayz — (22 + y*) (1 + 22)
(22 +y2)/2 - <_> H ( )H ( _ Yy
e > n(2) Hn(y) exp 5
“—nl \2 V1—22 2(1 — 22)
(2.45)

where H, denote the Hermite polynomials. We can expand the Feynman Kernel ac-

cording to ( identify x = \/mw/hz, , y = /mw/hz, and z = e~™7)

K(xp, e, 7) = Z e ITER Ay (2 VW, (1) (2.46)

n=0

and determine the energy spectrum and the wave functions (energy eigen-functions)

E, =hw(n+ <) (2.47)

W, (x) = (2"n!)~ Y2 <%> * exp (—%ﬁ) H, ( m_hwx> (2.48)
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3. HYDROGEN ATOM

In order to lay the groundwork for an alternative treatment of quantum mechanics
from the point of view of fluctuating paths one has to solve the well known quantum
mechanical problems via path integrals. [.H.Duru and Hagen Kleinert were motivated
by this fact to present a complete treatment of one of the most important quantum

mechanical systems, the hydrogen atom [9].

Though the inverse square law of force and linear dependence have been linked
from time to time in history, it was Kustaanheimo and Stiefel who brought out a more
direct relationship, transforming one problem to the other [17]. Duru and Kleinert
also gained the correct results mapping three dimensional Coulomb problem to four

dimensional oscillator.

Since the basic technical procedure can most easily be explained in two dimensions

it is appropriate to start our discussion in this reduced space.
3.1. The Two-Dimensional H-Atom

Consider the Hamiltonian of the hydrogen atom in two dimensions

where m is the mass of the electron and e is its charge. In that case the propagator is

2 2 . o - 5 pﬁ 62
K = | D*xD*Pexp1i dt p~m—%+? (3.1)
ta

in units A = 1. We first employ a point canonical transformation

.2 2 _
Ty =u] — U5 P1 = 53(U1Py; — U2Puy)

[\~
— e =

(3.2)

To = QU1U2 P2 = w2 (u2pu1 + ulqu)

N
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2 .2

where u? = u? + u2 and we have derived the dependence of p; and py on u;, p,, using

Poisson brackets which are canonical invariants

(@i, Djlep = [Ti, Dilup. = 0ij

The volume element d?zd?p is invariant under a canonical transformation. An extra
term in the path integral comes from the d?p,; integration which is not accompanied

by a d*x, 1 since z,,1 = xy is the fixed coordinate of the end point.

Op1 Op1 1 1
8pu 8pu 2 i
d2 Dn — 1 2 | — —
+1 Pupiq 5 = 71 3
Op2 Op2 4un +1 4ub

Opu, Opuy

2
Dy
rout =it =pi gy =

After these transformations the propagator takes the form

1 ) ) . tp 5 . P2 62
K:4—u§/2)ul) Puexp{z/ta dt(Pu.u—8mu2+E>} (3.3)

This form of the propagator suggests applying the time transformation ¢ — s such that

dt = u%ds, so we get rid of the u? terms in the denominators. Notice that only the
initial and final times of the path (¢, and ¢,) are fixed and the parameters s, and s,

satisfy

Sp
ty —t, = / ulds

We have to incorporate this constraint into the path integral:

1 e} Sp
K(xq,te; xp, ty) = W/ dsbufé (tb—ta—/ u2ds) /D2uD2Pu
b Sa Sa

Sp . P2
exp {z/ ds <Pu =+ 62) } (3.4)
Su 8m



Upon a Fourier representation of the delta function this becomes

1 [ *dE .
K(xg,te; xp, ty) = Z/ dsb/ %e’E(tbt“)/DzuD2Pu
2

Sp . P
exp{i/ ds(Pu-U’——“—i-eQ—EuQ)}
5 8m

carrying out the integration of the constant term in the exponential

1 [ - CdE .
Klatsant) = [ dueome) [~ CRewtw) [prpep,

oo 2T
Sp . PQ
exp{i/ ds (Pu-ﬁ’——“—Eu2)}
S0 8m

or

1 [ dE _. o
K(xay ta; Ty, tb) = 4_1 / ﬁeizE(tbita) / dSb’CE(Ub, Sp; Ug, Sa>
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(3.5)

(3.6)

(3.7)

where KF is the propagator of an auxiliary quantum problem which is governed by an

E dependent pseudo Hamiltonian

dt

E e —
H (p7x>_ dS

(H(p,x) — E)

with motion taking place along pseudo time s. Note that

1 .2
E . _ ie“(sp—s .
K (up, Sp; Ug, Sa) = Ze (s “)K(ub, Sp; Uq, Sq)

(3.9)
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where K (up, Sp; Uq, Sq) is the usual oscillator Green’s function in u(s) space with mass

p = 4m and frequency w? = —2F/p.

Since the mapping (3.2) is of square root type, u* and (—u)? can not be distin-
guished. If one considers all paths in the complex x = x1 + x5 plane from x, to x,
they will be mapped into two different classes of paths in the u plane, going from wu,
to u, and from u, to —u,. There is a branch cut in x plane which lies in x = 0 to
xr = —oo. If we choose the u, corresponding to the initial x, to lie in the right half of
u plane, paths in the x plane —starting from z, ending in x,— that pass through the
branch cut an even number of times are mapped to paths from wu, to wu,, and those
that pass through the branh cut an odd number of times are mapped to paths from
U, to —up; i.e. the final u;, can be in the right as well as the left half plane. Thus the

propagator should be expressed as

1 [ 9 *dE .
K(xq,ta; xp, ty) = ZL/ dspe’ (Sb_s“)/ 2—6_1E(“’_t“) (K (up, Sb; Uay Sa) + K (—Up, Sp; U, Sa))
Sa ™
(3.10)

—00

inserting the solutions of the oscillator we get

K (up, $p; g, Sa) = Z W ng () W5, o (Ua) exp {iw(ng +ng + 1) (55 — 54)} (3.11)

n1,m2=0

where W, ., (u) involves Hermite polynomials:

— ,LL_UJ 1 —pwu? /2
W ina (U) = 4/ = 2(n1+n2)/2\/me H,, (\/pwuy)H,, (\/pwus) (3.12)

H,(z) is odd when n is odd, and even when n is even. Apparently ¥, ,,.(u) will be

odd if one of ny and ns is odd, the other is even; and will be even if both n; and n, are
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odd or even. Therefore in the summation of K (uy, Sp; tg, Sq) With K(—up, Sp; ta, Sa),

only the even values of n; + ny survive.

ni+ny=2n;n=0,1,2,...

The energy equations in (3.5) and (3.6) suggest introducing in addition the Fourier

transformed Green’s function

K(xb,xa|E):/ dtye Ot K (1 ty: x4, 1) (3.13)
la

Performing the ds;, integration in (3.10) K (xp, z,|E) becomes

1 & i .
K(zp, 2 E) = 5 — Wi, (1) U, (V)
ni,ng €2+(2n+1) _T
—M i Do .
= v, N o 3.14
p(z) Z()l_ _1;1 27”L—I—1Z 1 Q(Ub) nlﬂz(u ) ( )
n= n+3

where we have used
po =V —2mE =2mw = /%u

and

2w 2K

The poles of the Green’s function (3.14) display the energy spectrum of the two di-

mensional hydrogen atom.

E=E,=—— (3.15)
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In the neighborhood of these poles, the factor

-1
m v
p5 \n+ 3

behaves as i/F — E,such that the factorized residues:

H - Po
Ul (@) = [ g Y () (3.16)

represent the properly normalized wave functions of the Hydrogen atom.

To put these solutions in the form of the results obtained using the Schrodinger
equation for the bound two dimensional Hydrogen atom, we will use an identity between

Hermite and Languerre polynomials.

6_9

21 /(n+ Dl(n — 1)

_ Z elMTrdn < ) (n — |M|>!€—geiM0(2 )\MILZU\TIlW'(Q)

H, . (\/_QCOS g) H,; (\/Esin g)

M=—n (n+ M)
%e%im@ JMLIL (20) (3.17)

- i i <_77r) 2/ j_zjun T (‘/ECOS g) Hh (‘/Esm g)

where | = (ny—n2)/2 and d7,, are the usual representation functions of rotations. Thus

we can express the residue in the form:
n

Z \I/mnz(ub)qumg(ua) = Z \I/nM(Ib>\IJ M("Ea) (3-18)

ni+no=2n M=—n

with spherical wave functions

Uonr(r) = S22 Ron(r) 10
M r eiMo 2| M .
N \/npiuz En+IMB'e P (2por) \/%Ln|—|z|\4|(2por)
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3.2. The Three Dimensional H-Atom

In the case of three dimensions the propagator is

-
K (Zq,ta; Ty, ty) = /D3xD3Pexp {i/dt (ﬁ- F—-—+ —)} (3.20)

2m r

First we shall employ a coordinate transformation to square root type coordinates,
which requires a generalization of the transformation (3.2). A transformation of this
type was used in astronomy by Kustaanheimo and Stiefel for the purpose of regularizing

the Kepler problem [17].
3.2.1. Kustaanheimo-Stiefel Transformation

Kustaanheimo and Stiefel have shown that the three dimensional Kepler problem

may be reduced to a four dimensional harmonic oscillator by using a transformation

given by
1 = 2(urug + ugty)
Ty = —2(U1U2 — U3U4) (321)
r3 = —ui +uj +ui—u?
so that
r= @2+l 22 =0 =+ +ud ol (3.22)

where 1, x9, x3 are the cartesian components of the position vector #. The time ¢ is

replaced by s defined by

—=r=u (3.23)



35

Then the equation of motion

mi = —k?|z| 2 (3.24)

is shown to be equivalent in u space to the equations

d?u,,

ds?

=u, = (E/2m)u,, o« = 1,2,3,4 (3.25)

where F is the total energy of the Kepler orbit provided that the variables u, satisfy

the condition

ugu) — uzuy + uguy — uguy =0 (3.26)

Therefore Kustaanheimo-Stiefel transformation has the property of “linearizing”

the equations of motion of the two body Kepler problem.

3.2.2. Evaluation of the Propagator

So we have embedded the three dimensional physical space into a four dimensional
auxiliary space. In the case of two dimensions, the mapping of points in x space into
those in u space was ambiguous only up to the sign of the u = ++/|z|. Here we
have continuous set of possible image points. The freedom in this mapping can be
parametrized by introducing a dummy fourth component x4 in addition to three space
components . Due to the four component nature of u there exists quite a natural

choice for such a fourth component z,.

Consider the differential change of x as u proceeds along an arbitrary path.From
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(3.21) we find

du1
dzy Uz Uy U U
dUQ
dry | =2| —up —ur us ug (3.27)
dU3
dxs —U;] U U3 —Uy
dU4
For symmetry reasons the fourth row is introduced as
dU1
dUQ
dry = 2(uy — ug + ug — uy) (3.28)
dU3
dU4
The extra coordinate x4 is uniquely defined as
Ty = 2 / dt(U,4U1 - U31:L2 + UQI.L?, - u1114) (329)

In this way we have established a one to one correspondence between paths in x space

and those in u space. Notice that dz4 classically equals zero referring to (3.26).

We now have to search for some trivial dynamics for the motion along x, in such
a way that the path integral remains unchanged and becomes soluble. Since we work
in the phase space formulation, we shall search for convenient path integrals involving
also a momentum variable ps associated with x4. If there is no dynamics at all, the

basic canonical relation is expressed by

z4(tp) DP ty
/ Dzy— L exp (z / dt(p4$4)) = 6 (z4(ty) — z4(ta)) (3.30)
14(ta) ™ ta

This corresponds to the propagator of a particle moving in the dummy phase space x4,
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p4 with vanishing Hamiltonian. One may integrate in x4(t;) and obtain the identity

00 x4 (tp) DP ty
—00 z4(ta) ™ ta

Such a factor can be multiplied with the propagator expressing the original dynamical
problem in the extended x,, p, space. Actually, there exists a great variety of such

extensions. For example we may use a free particle Hamiltonian. In this case

x4(tp) DP, ty 1 A .
Dx exp (z/ dt(pais — pa’/2 ) = e(im/2(ts—ta))(w4p—21a)

/{E4(ta) Yor ta (pads = p’/20) V2mi(t, — t,)/m
(3.32)

the right hand side being the free particle propagator. Then the integral in (3.31)
is gaussian in w4(t;) and the identity still holds with py&y — Hfp.o. in the exponent.
Moreover we can multiply with Hy... an arbitrary ¢ dependent factor o(t) and still

find

oo x4 (tp) DP, ty p42
dx4(ty / Dx exp{i/ dt (px' —Qt—)}—l 3.33
| i) e [t (= o (3.33)

This can be seen easily in the grated version. Dropping the subscript 4 and using

(N—i—l)EItb—taI

o N N+1 dp N+1 .2
/ drniq H dx,, H 2—7: exp {z Z ( o (Tp — 1) — 6@(1})%) } (3.34)
-0 n=1

n=1 n=1

The integrals over dx,, give § functions. Performing the integrals over dp, /27 we get

00 N—+1 dp N N+1 » 2
[ v T Tt gt s 3t |
-0 n=1 n=1 n=1
) o dp N+1 pg
_ nt1 iDn (xn —Z ) _q N+1 _
_ /_OO dz N /_OO L g (an1 =20 exp{ i (Zleg(tn)> o }_ 1 (3.35)

We can rewrite the propagator for three dimensional H-atom with a free-particle motion
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in the dummy coordinate x4 as

& . p2 p42 2
K = / d(x4)b/Dx4Dp4D3xD3P exp z’/dt puig+ P — — — 4 —
_ 2m  2m r

00 X 2 2
= / d(x4)b/D4:I:D4Pexp {i/dt ((ﬁ Ty — % + %) } (3.36)

Having extended the propagator to four dimensions we are ready to employ a canonical
transformation from the phase space of z,p, to u,p,. Consider the matrix of (3.27)

and (3.28)

d$1 Us Uy U1l U2 dU1 dU1
dIL‘Q ) —Ug —U1 Uy us dUQ ) dUQ (337)
dxs —U; Uy U —Ug dus dus
dzy Uy —U3 Uy —Up duy duy

A is orthogonal up to a factor

1 1
Al = — AT = — AT
42 4r

and det A = 16r% So the volume elements are related by
d*r = det Ad*u = 16r*d*u (3.38)
We now introduce the relation between p and p, by

b= Apu

4r

Using Poisson brackets or else it can be verified that the transformation x — v p — p,

is canonical, with the volume elements in momentum space related as

1 4
= 5P (3.39)

d4p
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which verifies the invariance of the phase space volume element.
d*zd*p = d*ud'p,

For the (N + 1) momentum integration in the path integral we have

1

S N
16m2° 7

d4pN+1 =

Applying the transformation the propagator takes the form

5 i 1 > . . 2 o2
K(xaatwffbatb) = W/ d(l’4)b/'D4u'D4Pu exp {z/dt (pu U — 852m + u_ }
b J—o0

Again time parameter change dt = u?ds

K(2q,ta; zp,ty) = / d($4)b/ dsbrbe"eQ(Sb_sa)/ _e_ZE(tb_ta)/D4“D4Pu

167“? — o0 —0o0 27
Sp . P2
exp {z/ ds (Pu - — Eu2> } (3.41)
S0 8m

whose Fourier transform is

1 o o2 o
K(xp, x,|E) = o dspe’ (Sbs“)/ d(z4)p K (up, Sp; Ua, Sa) (3.42)

[e.9]

where

D'p,
v

K (up, Sp; g, Sa) = /D4u 5

Sp p2 1
exp {z /Sa ds (ﬁu T ﬁ + §w2uu2> } (3.43)
where p and w? are defined as before: u = 4m , w?> = \/—FE/2m

To bring the energy dependent propagator (3.42) to a form similar to the two

dimensional case, we introduce a parametrization of the u coordinates in terms of r, 6, ¢



of three-space, and an extra angle a € [0, 47):

uy = \/rsin § cos 21
Uy = /1 cos § sin 252

uz = /r cos & cos 25

. s 0 ato
uy = /7 sin § sin =52

40

(3.44)

For a given final point u(zy, o) there are infinitely many final angles oy, with any

number of jumps, going from u, to wu;, which have to be summed in order to account

for all paths, just like the addition of +u contributions in the two dimensional case.

Consequently, when we express the Green’s function in terms of the angular variable

«, it consists of an infinite sum of amplitudes.
oo

K(Ub, Sp; Ug, S(z) - Z K(U/b(xb, (677 + 47777/), Sby ua('rm Oéa>, Sa)

n=—oo

Substituting (3.44) in (3.29) we see that

Ty = —/dt(d — cosOp)r

and the dx4(s,) integration in (3.42) can be rewritten as an integral over ay:

/°° dxy(sp)

00
= / dOéb
r=fixed —00

If we split this according to

/Ood()éb:/47r()zb Z
—00 0

ap—ap+2mn

(3.45)

(3.46)

(3.47)

(3.48)
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the final result follows

K(xp, 2,|F) = /00 dsbeiez(sb’s“) (i /27r dab) i (K (up, Sp; Ua, Sa) + K (—up, Sp; Uq, Sa))

' - (3.49)
where we have manipulated the fact that the shift o, — a3+ 27 amounts to a reflection
in up. This enables us to present the propagator in a symmetrized form in the closest

possible relation with the procedure applied in solving the two dimensional problem.

For the explicit determination of the wave functions we shall again resort to the
direct expansion of the oscillator Green’s function which reads for w? > 0, E < 0;
eieQ(sb—sa)2

2
T/ dab Z ¢n1n2n3n4(ub)qu):zlngngm;(ua)e_ZW(n1+NQ+n3+n4+2)S
0

nin2n3ng

KE(“by Spy Ug, Sa) -

(3.50)

where ¥y, nynsn, are oscillator wave functions

B U efp,wu2/2 4 1

¢n1n2n3n4(u)__ ) /2 H Hm( :uwui) (351)
n 2@mz Lty

Due to the final symmetrization in u; only the states with an even number of oscillator
quanta contribute. We may therefore introduce a principal quantum number n =

1,2,3,... as

n1+n2+n3+n4:2(n—1)
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Such that (3.49) becomes

K(zp, 24| E) = Zm Z

n=0
Yn; =2(n—1)
n=1,2,3,...
27
S/ dab¢nln2n3n4(ub)¢21n2n3n4(ua) (352)
0
N i Py
nz_; po* (1-%) 2 8n
Yn;=2(n—1)
n=1,23,...
27
[ b (10105, ) (3.53)
0

This form displays poles at E,, of the form

i o | Po Po
d S ¥ninanang 5 ;: nonan a 3.54

¥n;=2(n—1)
where

—me?
2n?

E, = (3.55)

The residues are the atomic bound state wave functions with unconventional quantum
numbers.In order to establish contact with standard form we use po|poe = me?/n to

rewrite the residue as

> Uty (T6) Yt s (Ta) (3.56)

ny=n-—nj —|ml—1
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where

l

€™ (p,rsin §)I™

m 0 m .50
e’”‘”"[/'n,l| (onr cos? §> LL,zl (2p0r sin? 5) (3.57)

(nf + |m| ' - (”2 Im|)!

are the parabolic wave functions used describing the Stark effect. For fixed m the

quantum numbers n/,n} take all integers from 0 to |m| subject to the condition
ny+ny+ml+1=n

These wave functions in parabolic coordinates are related to the Clebsch-Gordon coef-

ficients.

n—1 n—1 n—1 l

_ n’ 2 2
wnllném(x) - Z(_l) ' 2l+1 2m—n+2nf+1 n—2nj-1

l=m 2 2

X Unim (1,0, ) (3.58)

—m

Then the residue (3.56) can be written as

n—1 n—|m|

Z Z w”l”zm xb ninh m Z Z wnlm xb nlm('ra> (359)

+m=1 "1 I=m m=-1
where ¥, () are the usual spherical wave functions of the hydrogen atom.

Do [(2L+ 1)L — |m|)!(n—1—1)! yimp pm
Yy (x \/ U+ [mD(n £ )] YP™(cos0)

x (2por)te P L2 (2por) (3.60)
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3.3. Kustaanheimo—Stiefel Transformation and Quaternions

It turns out that the Kustaanheimo—Stiefel transformation (3.21) can be expressed

very naturally in terms of quaternions [18, 19, 20].
3.3.1. Quaternions

Quaternion algebra, introduced by W.R.Hamilton in 1856, is a generalization of
the algebra of complex numbers obtained by using three independent imaginary units
1,7, k. The rules

P=7=k=-1
are postulated with the non-commutative multiplication rules
ij=—ji=Fk, jk=—kj=1iki=—ik=7

Given real numbers u;, [ = 0,1, 2,3, the object

u:uo+iu1+qu—l—k‘U3

is called a quaternion u € U. The sum iuy + jus + kus is called the quaternion part of

u, whereas ug is naturally referred to as its real part.
The conjugate 1 of the quaternion u is defined as
= ug — tuy — jug — kug
then the modulus |u| is obtained by

3
lul> = uit = @u = Zul?

=0
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3.3.2. Derivation of the Kustaanheimo—Stiefel Transformation
KS regularization can be derived using quaternion algebra. For that purpose one
has to present the unconventional conjugate u* referred to as the star conjugate of the
quaternion u = ug + uy + jus + kus:
u = Ug + iul + jUQ - k:u3 (361)
The star conjugate of u may be expressed in terms of the conventional conjugate u as

u* = —kuk

The definition 3.61 leads to an elegant treatment of the KS regularization. The follow-

ing elementary properties are easy to verify

(u)* = u
ju? = Jul? (3.62)
(uv)* = v*u*
Now consider the mapping
u— x=uu’ (3.63)
Star conjugation immediately yields x* = (u*)*u* = x; hence x is a quaternion of

the form zo + 217 + x9j (i.e. no k part) which may be associated with the vector
T = (x4, 71, T2) € R3. Using the definition of u as u = ug + u17 + uzj + uzk and (3.63)

we obtain

Tg = uj—uj—ud+ul
r, = 2(UOU1 - U2U3) (364)

Ty = Z(UUU2+U1U3)
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which is the KS transformation in its classical form. So up to a permutation of the
indices the KS transformation is given by the quaternion relation x = uu*. The norms

of the vectors ¥ and u satisfy

r =zl = [ul]* = ua (3.65)

which follows from

* — %

l2]|* = xx = u(u'a)u = [u**[uf* = [ul* = [ju/*

In order to regularize the three dimensional Kepler problem by means of the KS
transformation it is necessary to look at the properties of the map (3.63) under differ-
entiation. The transformation (3.63) or (3.64) is a mapping from R?* to R?; therefore it
leaves one degree of freedom in the parametric space undetermined. By imposing the

bilinear relation which is equivalent to (3.26)

2(U3dU0 — u2du1 + uldu2 — UodUg) =udu” — duu* =0 (366)

between the vector @ = (ug, u1, ug,us) and its differential du on orbits, the tangential

map of (3.64) becomes a linear map with an orthogonal but non-normalized matrix.

This property has a simple consequence on the differentiation of the quaternion

representation (3.63) of the KS transformation.

dx = duu* + udu”*

Imposing (3.66) yields the elegant result

dx = 2udu®
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Then dz is given by

Ug —Up —U2 us
u (7 —Uu —U
de=2 " 7 7 du (3.67)

U9 Uus Ug Uy

U3 —Usz Uy —Uo

where dzz = 0 by (3.26) and (3.66). Note that (3.67) is equal to (3.37).
3.3.3. Inverse map

Since the mapping (3.63) does not preserve the dimension, its inverse does not
exist in the usual sense. However the quaternion formalism yields an elegant way of
finding the corresponding fibration of the space R*. Given a quaternion x = x +iz; +
jxo with vanishing k component so that x = x*, we want to find all quaternions u
such that uu* = x. This may be done in two steps: First we find a particular solution
2

u=v =v* =1y +iv; + jvs which also has a vanishing k£ component. Since vv* =v

we may use the expression below for the square root of a quaternion

x + |x|
2(|x| + o)

Clearly, v has a vanishing k£ component and it is a straightforward calculation to
show that |v|[*> = |x|. The entire family of solutions (the fibre corresponding to x,

geometrically a circle in R* parametrized by the angle «), is given by

u = v.e" = v(cosa + ksin a)

un® = vefe oyt = vt = x

So the KS map has a freedom parametrized by the angle o € [0, 47), which corresponds
to the angle « introduced in (3.44).
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3.4. Higher Dimensional Generalizations

3.4.1. Octonions

The octonions were discovered in 1843 by John T. Graves, a friend of William
Hamilton, who called them octaves. They were discovered independently by Arthur
Cayley, who published the first paper on them in 1845. They are sometimes referred
to as Cayley numbers or the Cayley algebra.

3.4.1.1. Octonion Algebra. The octonions can be thought of as octets of real numbers.

Every octonion is a real linear combination of the unit octonions {1, 1, j, k, [, li, lj, lk}.

That is, every octonion x can be written in the form

xr =29+ T11 + ToJ + x3k + w4l + T5lP + 265 + 271K

with real coefficients xz,.

Addition of octonions is accomplished by adding corresponding coefficients, as
with the complex numbers and quaternions. By linearity, multiplication of octonions
is completely determined by the multiplication table for the unit octonions given in

table 3.1.
The basis for the octonions given here is not nearly as universal as the standard

basis for the quaternions, however, nearly all other choices differ from this one only in

order and sign.

3.4.1.2. Cayley-Dickson Construction. A more systematic way of defining the octo-

nions is via the Cayley-Dickson construction. Just as quaternions can be defined as

pairs of complex numbers, the octonions can be defined as pairs of quaternions. Ad-
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ET S I T T A T A P
G| 1|4 |k|-1]4

k[ | H 1]k |<5]i]-1

Table 3.1. Octonion Multiplication

dition is defined pairwise. The product of two pairs of quaternions (a,b) and (c,d) is

defined by

(a,b)(c,d) = (ac — db,ad + cb)

where Z denotes the conjugate of the quaternion z. This definition is equivalent to the

one given above when the eight unit octonions are identified with the pairs

(170)7 <Z7 0)7 (.]7 0)7 (k70)7 (07 ]'>7 (07 2)7 (O7j)7 (07 k)

3.4.1.3. Conjugate and Norm. The conjugate of an octonion

xr =29+ T11 + ToJ + x3k + w4l + w510 + 265 + 271K
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is given by

T =2xy— ZEli — ZL'Qj — l’gk — IL‘4Z — ZL‘5ZZ — Jfﬁl] — 177”{3

Conjugation is an involution of O and satisfies (zy) = 7% (note the change in order).

The real part of x is defined as 1/2(x + ) = z and the imaginary part as
1/2(x — z). The set of all purely imaginary octonions span a 7 dimension subspace of
O, denoted Im(O).

The norm of the octonion x is defined as

2| = (ch—l—xf+x§+x§+xi+x§+x§+x?)u2

This norm agrees with the standard Euclidean norm on R® and satisfies

lzy| = |2yl

as in R, C, and Q.

3.4.1.4. Properties Octonionic Multiplication. Octonionic Multiplication is neither com-

mutative:

ij = —ji # ji

nor associative:
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(i)l = —i(jl) # i(jl)

They do satisfy a weaker form of associativity. Namely the subalgebra generated by
any two elements is associative. Actually, one can show that the subalgebra generated

by any two elements of O is isomorphic to R, C, or @, all of which are associative.

This implies that the octonions form a non-associative normed division algebra.
The higher-dimensional algebras defined by the Cayley-Dickson construction (e.g. the
sedenions) all fail to satisfy this property. They all have zero divisors.

It turns out that the only normed division algebras over the reals are R, C, @,
and O. These four algebras also form the only alternative, finite-dimensional division
algebra over the reals (up to isomorphism).

3.4.2. Transforming 5-D Hydrogen

Just like using quaternions to transfer 3-d hydrogen atom to 4-d oscillator, one

can manipulate octonion algebra to transfer 5-d hydrogen atom to 8-d oscillator. Such

a transformation was given by Davtyan [21], but it is derived in a much simpler way

using octonions. Defining an unconventional conjugate

o' = O — 017 — Ogj — 03]{3 + 04l + 05172 + Oﬁlj + 07“{5 (368)

The transformation is completely described by the octonion equation:

X = 00" (3.69)

which implies:

2| = |o]® (3.70)
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Transformation equation (3.69) may be written explicitly as

o =
T =
4op)
Zs3
Ty =
Iy =

Tg =

3

7:

2 2 2 2 2 2 2 2
0

=0
=0

(3.71)

2(0004 + 0105 + 0206 + 0307
0005 — 0104 — 0207 + 0304

( )
( )
(0006 + 0107 — 0204 — 0305)
( )

0007 — 0106 + 0205 — 0304

Imposing the bilinear condition dx = 2odo* as in the case of quaternions we find

2(01dog — 0pdoy + 03doy — 09dog + 05doy — 04dos + 07dog — 0gdor)

=0
2(0adog — 03doy — 0gdog + 01dos + 0gdoy — 07dos — 04dog + 0sdo7) = 0 (3.72)
=0

2(03d00 + 02d01 — 01d02 — 00d03 + O7d04 -+ 06d05 — O5d06 — 04d07)

The differential change of x is given by

where

0o
01
02
03
04
05

06

07

dx = 2Ado (3.73)

01 02 03 —04 —05 —0 —O71
—O0p 03 —02 05 —04 07 —O0g
—03 —0O 01 Og —O07 —04 Os5

O —01 —0O o7 Og —05 —O04

(3.74)
05 ] o7 0o 01 02 03

—04 —O7 Og —O01 0o 03 —O02

Oy —04 —05 —02 —O03 (o) 01

—Og¢ O; —04 —O03 Oy —O01 Op

Note that A is orthogonal up to the factor |o|?.
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In order to evaluate the path integral, we have to introduce the momenta canon-

ical to the coordinate o:
1y (3.75)
p= o Po .
It can be verified that the transformation (3.69) with (3.75) is really canonical with
[:Eiapj]O,po = 5i1j
The volume in phase space remains invariant under canonical transformations:
dxd®p = d®od®p,
p? and p? are related by

p’=p'p=-—plAT Ap, = —p>
r 4r

The propagator for 5-d hydrogen is

5 5 . o - 5 p2 62
K = | D°xD’pexp< dt | p.d — oM + . (3.76)
ta

We have to introduce three dummy coordinates to the propagator so that it is trans-

formed to a solvable form. Using the techniques of section 3.1 and 3.2:

00 00 o] tp . p2 62
K :/ dxg/ de/ dx?/DgzDgpexp {z/ dt (ﬁf— % + ?>} (3.77)
—00 —00 —00 ta

Now, apply transformation (3.69)-(3.75)
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= dx® / dx! / dad 3.78

25617 / b b b (3.78)
. p? o2

/D oD%p, exp{ /t dt ( 0 — 8,u(())2 - —02)} (3.79)

This form suggests applying Duru-Kleinert time transformation dt = |o|*ds:

1 dE —74 S S e S S
= 256,’,.b / E( b— a) \/sa dSbe b= a)/ dl’b/ dl’b/ dl’b 3 80
sp
/DgoDspO exp {z/ ds (po o — g—a +o E)} (3.81)
Sa 2

where prime denotes derivative with respect to s. We have the hamiltonian of an 8-d

radial oscillator in the exponential with y = 4m and w? = \/—F/2m

3.4.3. 9 and Higher Dimensions

It turns out that n dimensional hydrogen can be transformed to 2(n — 1) dimen-
sional oscillator provided that 2(n — 1) = 2™ where m = 0,1,2,.... Since numbers

including sixteen units do not exist, we have to find the transformations in higher
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dimensions using elementary algebra. For example a 9-16 transformation is given by:

X

X2

€3

Xy

X5

Te

X7

xrg

X9

2 2 2 2 2 2 2 2 2
Up — Uy — Uz — Uy — Uy — Ug — Uy — Ug — Ug

+U%0 + U%1 + U%2 + U%za + U%4 + Ui’) + U%ﬁ

2(urug + uzuyg + ugtyy + UsUiz + UgU1z + Urling + Uglys + Ugliie
2(urug — Ul + Uglyz — UsUyy + Uiy — UrUiz — Uslie + Ugllis
2(uruy — Uy — UzUip + UsUyg + Uslis + Urliis — UUI3 — Uglig

2(urus — Uiz + UUTT — UgUio + UsUis — UrUis + Ulig — Uiz

2(u1u7 — Ul + UUIZ — UgUi6 + UsUis — Usl1p — Ul + Uiy

( )
( )
( )
( )
2(urug — UgU1z — Uglyy — Uglys — UsUys + Urliip + Uglyl + Ugliz)
( )
2(urug — ugtys + UzUie + Usliz — UsUig — Uely1 + Urlis — Uglo)

( )

2(urug — Ustig — Uslys + Ualia + UsUs — Ugliz — UrU1y + Uslyg) (3.82)

Next we construct the matrix A that represents the differential change of x with

rewspect to u, in the form:

dz = 2Adu

We find the differential change of the dummy coordinates —dx19 to dzi6— considering

the orthoganality condition of A; that is A has to be orthogonal up to the factor |u|?



Uy
Uz
us
Uy
Us
Ug
Uz
us
Ug
Uio
U1
U2
U3
U4
Uis

U6

—Uy
Uy
—U10
—U11
—U12
—U13
—Ui4
—Uis
—Uie
Uus
Uy
Us
Ug
U7
Uug

Ug

—uy
. Uil
U0 .
Uy
Uy
—Ui2
—Uio
1
. —Uis
4
. —Uie
3
. U3
Uie N
—Uis

U5

—us
U2
—U11
U10
Uy
—Uie
U1s
—Uig
U3

us3

—Us
—us
Uy

—Ug
—Ug
—Uy

ug
Ug

Ug

—ug

Uil
Uy
—us
— Uy
us

ug

Ug
—ug
—y
U12
—uy
—U10
—Uis
Uie
U3

—U14

Ue

Ue
U7

U2

Us

Uq4
U13

U6
U5

U5
—U16

—U13

U14

—Ui4
—U13

Uie

Uis

—Us
U16

Uy
Uy

—U13
U14

U12
U1

U1
—Ui2

Uy

—Ui0

U2
—U11

—U11
—U12

—Ui0
Uy

U
U10

us
U7

Ug
ug

—ug
Ug

us
— U

—Ug
uz

Us
Uy

Uy

Us

—Uy
—Us

U13

Ug

Uy

—Ug
— Uy

Ug

—ug
Uy
—ug
—U11

Uio

us
Uy
Us
U4

Uis

—U16
—uy

U6

—U10
U5

—U1
—U14

—U13

Uy2

U1s
U4 .
Uy )
Ug )
— g -
us N
—us -
— Uy N
—usg "
4
i U1
3
. —U13
—Uie .
. Uil
0
) —Ui2
—uy
—u
U2

—Uio
U11

— U
us

U16
Ug
—usg
Uz
Ug
—us
—uy
Uus
—Us
—Uis
U14
U3
—Ui2
—U11

U10

—Up

U10
Uus
—Us
Us
—uy
uy
—ug
—
Uus
—uy
—Ui2
Uil
—U14
U13
—Uie

Uys

26

(3.83)
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As usual, momenta canonical to coordinate u is transferred by

1
— Ap, 3.84
p=g5Ap (3.84)

We may proceed from here to make a time transformation dt = u?ds and evaluate the

path integral, despite mathematical rigor.
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4. FURTHER APPLICATIONS OF PATH INTEGRALS

4.1. Free Particle on a Circle

In order to develop the path integral evaluation of a point particle on a circle we

start with the following transition amplitude:
N+1 i
< @b, | Pata >=< @y H exp (EGH) lpq > (4.1)
n=1

We start with H = 0. The restricted geometry of the circle reveals itself in the

completeness relations to be inserted in (4.1)

21
/ on >< ] = 1 (4.2)
0

We insert N completeness relations and get N + 1 ¢ functions since:

< Son’@n—l >= 6(@% - Son—l) y Pn € [07 27T)

27 is not included to avoid double counting. ¢ function can be expanded into a complete

set of periodic functions on the circle as below:

o0

on—gn1) = Y 5 exPlimaln — on1) (4.3)

My =—00

To get a proper continuous path integral first recall Poisson’s summation formula:

[e.e]

Z ek = Z d(k—m) (4.4)

l=—00 m=—00
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The function S(k) =), d(k—m) is periodic in k with period 1, so it can be expanded

as a Fourier series of the form
(0.9}
S(k}) _ Z Sl€2mkl
l=00
The Fourier coefficients, S, are given by

1/2 '
S = / dkS (k)2 = 1

1/2

Therefore the Fourier expansion of S(k) is exactly the left hand side of (4.4). Using
(4.4) (4.1) becomes

o0

1
< 90n|90n—1 >= Z %5(9071 — Pn-1 T+ 277[) (4'5)

l=—00

We have made the right hand side of (4.3) periodic. Now fourier decompose with

respect to momentum variables:
— [T dp, . .
< Onlpn_1 >= Z — explipn(©n — @n_1) + 2mip,l] (4.6)
l=—0c0 Y ™

Using this expansion the amplitude with no Hamiltonian takes the form:

N o N+1 ) dp )
Kievtieatd = 11| d%}H[/ i z]
n=1 n=1 -0 lp=—00

n=1

exp {@ [Pn(Yn — Pn_1) + 27Tpnln]} (4.7)
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Sums over [,, can be absorbed into the variables ¢, by extending their range of inte-

gration from [0, 27) to —oo, co. Only in the last sum [y, this is impossible.

N+1

K (@bt Pas t) Z H [/ d%} I U‘: 03';7:}

l=—oc0n=1 n=1

exp {Z D [palon — n1) + 27?le+1]} (4.8)

n=1

The Hamiltonian can be inserted as usual

K (0, t; ar ta) Z H U d%} li[ {/ dpn}

l=—oco0 n=1

exp {2 > [pn(n = n1) + 2mlpyg — eH]} (4.9)

n=1
In the continuum limit the expression for cyclic path integral tends to:

[e.e]

Dp t
K — / Dgp/ — exp {z/ dt(pp — H)} (4.10)
l;)O Pa—pp+2ml 27T ta

Now we can use (4.9) to evaluate the propagator for a free particle on a unit circle

N+1d
-y Hd 113 5
l=—00 j=1
N+1 €p2A
exp {iZ[p%(so ©j-1) 223 } (4.11)
j=1

We proceed just like the free particle propagator:

dp», TDhi
K (¢, ty; as ta) = Z/ e { @WHH(%—%Jr%Z)an

92 2
— Z exp W (P = ¢ + 270) (4.12)
27rz7'/,u = 2 T
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4.2. The Delta Function Potential
The exact propagator for ¢ function potential was first derived by Gaveau and
Schulman [23], using path integral formalism. These authors derive the propagator
using a functional integral approach. Lawande and Bhagwat presented a derivation

which is directly based on Feynman’s definition of path integrals [22].

Consider the Lagrangian

where a is a positive real constant. The propagator is defined by
i [
K (xp, ty; Tayte) = /Dxexp (ﬁ/ Ldt) (4.13)
tq
Now, we split the action and let ¢, = 0 without loss of generality.
0
where Sy is the free particle action and
S1 = —a/ dx(t)dt (4.15)
0

To carry the § functions out of the exponential, it would be legitimate to expand

exp|(i/h)S;], which yields

K= / Dar expl(i/)So) (1 + fj (i/ Ws;%) — Koy, 7 00, 0) + Ky (05, 73 20, 0)

n!
(4.16)
where K is the free particle propagator and K is given by:
Ki(24,7524,0) = Y _(i/h)" Gy (23,75 24, 0) (4.17)

n=1
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where
1
oo 7ia0) = o [ Drexpl(i/m)si)s (4.15)
Note that

SPo= (=a) /OTdtn/OTdtn_l.../OTdtllf[lé(x(tk))

T tn to n
0 0 0 k=1

In the second step we have ordered the time as t; <ty < ... < t, < 7 and denoted x ()

by xi. Now we substitute the time ordered expression for S} in (4.18) and take path

integrals from 0 to zq, x; to xo, ..., x, to xy, leaving dz; .. .dx, integrals unevaluated.
T to o0 ]
Gy, 7;24,0) = (—a)"/ dt,, .. / dtl/ dx,, . . / dxi1 Ko(zy, T; T, t)
0 0 -
X Ko(Zn, tn; -1, tne1) . .. Ko(21, 1524, 0) H5 (4.20)
k=1

Integration over x; variables can be performed using ¢ functions.

T to n
Gn(xp, 75 24,0) = (—a)”/ dt, .. / dt1 Ko(xp, 730, 1) HKO(O,tn;O,tn,l)Ko(O,tl;xa,O)
0 0

k=2
(4.21)
Next we take the Laplace transform of G,,(zy, 7; x4, 0) with respect to .
Go(Tp, 5:24,0) = / dt exp(—s7)Gp(xp, T; 24, 0) (4.22)

Using the convolution theorem we can write

Go(p,5;2a,0) = (—a)"Ko(p, 8)Ko(2a, ) [Ko(0, 5)]" !
= (=a)"(a/is)"s exp[-2(as/i)*¢] (4.23)
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where = || + |2,| and we have used the formula:

I?O(x,s) = (a/iﬂ)1/2 = /OO dr exp(—s7 +iaz?®/T) = (Cv/iﬂ')l/Q exp[—2|a:|(as/i)1/2]
(4.24)

It is now convenient to carry out the sum.

o0

Ko o= S (/0 Culn. 5:2,,0)

n=1
)

= S (—ia/h)(a)is) "D/ exp[—2(as /i) /%]

(—aa/h) exp[—2(as/i)/2¢]
Va5 + (/) (i)' )

(4.25)

Taking the inverse Laplace transform we get

Ki(xy, 7;24,0) = (4.26)

_ao [T expl—2(—ias)!/2 + s7]
2mih /xaioo ! Vslv's + (a/h) (i) /2]

Let s = w?, (w = u+1v), so that the line of integration in the w plane is defined by the
set of points satisfying u? +v? = v where 7 is a suitable path parallel to the imaginary

axis, and uv = n with —oo < n < oo, which shall be denoted by C. Hence,

_aa exp[—2(—ia) 2w + w?7]
mih Jo O w (a/h)(ia) 2

K1(xp, 7524, 0) = (4.27)

Using an integral representation of 1/z with z having positive real part we get

ax

— w h exp|—2(—ia)2wé + wr
[ [ e explea(—io) g+ ut
x exp{[w+ (a/h)(z’a)l/Q]C} (4.28)

Ki(@p, 73 24,0) = —

This allows us to deform the arc C' to coincide with the imaginary axis. The gaussian

integral in (4.28) may be evaluated to give:

ac

S [ A e {=ia) e+ (/2]
X explC + (a/h)(i0) " (4.29)

Ky(p, 7324, 0) =
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Letting ¢ = 2(—ia)/?z yields:

2aa(—ia)/? [ .
Kl(mbaT;me) = - (77'(7')1/2_)h /(; dz eXp[—lOz(f + 2)2/7'] exp(2aaz/h>
ma [ )
= —0 dz exp(maz/h*) Ko (€ + z,7;0,0) (4.30)
0

Hence the exact propagator for the ¢ function is given by:

ma

Kl(xbaT;anO) = KO(xbaT;xaao) - ﬁ

/ dz exp(—maz/R?)Ko(€ + 2,7;0,0) (4.31)
0

which agrees with the result obtained by Gaveau and Schulman. A similar approach
can be used for § function perturbation to other potentials the propagators of which

are known in advance, though the process can involve some mathematical rigor.
4.3. Poschl-Teller Potential

The path integral for a particle moving on the SU(2) manifold S3, is solvable [13].
The resulting Green function can be used directly in solving the path integral for the

Poschl-Teller potential:

Viz) = — (“(“ —1) A U) R > 1 (4.32)

2\ sin“x cos?

With a simple change of variable § = 2z, 0 < x < 7/2

Q i [T d Pé_ig_a2+ﬁ272a'ﬁcos€71/4
K(ta,20:7) =2 | DODRye ™ 77 70 (4.33)
(0]

This propagator has the same form as the propagator for the H g2y Hamiltonian:

1

HSU(Q) = ﬂ <P92 +

P2+ Py2 — 2Py Py cos 9)

4.34
sin% 6 ( )
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imposing

a=AN+rk-—1)
B=(\—k)/2 (4.35)
I=p/d

The propagator for the Poschl-Teller potential corresponds to free motion over SU(2)
manifold with angular momenta P,, P, fixed to be «, 8 respectively. We can incorpo-

rate this relation into the path integral as

T 2 2 2w 2
exp z/ a [ = + ._EOéﬂCOSQ :/ d%em(%—%)/ dipe—iBWr—te)
0 21 sin” 6 0 o

T . P2+ P, —2P,Pjcosf
/Dngi/}DRpDPw exp z/ P,p+ Py — — (4.36)
0 21 sin” 0
Then the Green function for the Poschl-Teller potential is
9 21 2 )
K(zg,zp;7) = o7 / dgob/ dwbe_zﬁ(d’b_w“)\/sin 0, sin 0,
™ Jo —2r
0 l
X (21 + 1)e2r (0+D+1/4) Z eimpv=¢a) pin(be=va) Pl (056, ) P! (cosby)
=0 m,n=—l1

where P! = are associated Legendre polynomials. After integrating over dyy, diby

K(zq,057) = /sinb,sindy, Y (2 + 1) 2Pl (cos6,) Pl (cosB)  (4.37)
I=maz(|al.|8)

The energy eigen-functions and eigen-values can be obtained

E, = 2L(/{+)\+2n) :n=20,1,2,...
m
: (ebA=1) L (4.38)
U, (7) = /2(k + A+ 2n)(sin 2x)(cos 2z) P, 2, . (1 — 2sin® )
T

2
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4.4. Wood-Saxon Potential

Wood-Saxon potential describes the interaction of a neutron with a heavy nucleus.

Y
0 —xo<r<oo (4.39)

V(l’) - 1+€$/a )

The path integral is solvable [14]. We start with

T 2
K(xg,zp;7) = /DxDpexp {Z/o dt <px — 5 1_|_‘/Zm/a):| (4.40)

We employ a point transformation of the form

1
11 evla

1
=cos’f ,p= 2—sin(9) cos(0)pp , 0 <6 <7/2 (4.41)
a

The propagator transforms as

K(zg,xp;,7) = M/DHDM exp [ / dt <p99 — %gz + Vj cos? 9)}
0
(4.42)

Next we employ D-K time transformation s

4 2
dt = ——2 s (4.43)

sin? 6 cos? 6

Incorporating the constraint

/S 4 4(12
T = S—s——
0 sin? @ cos2 @

Equation (4.42) can be written as

/ J / dE 2a
K(zg,xp; T S
b sin Qb cos 0y

/DQngexp{/O ds (p g Pi 4BV 4@2E)} (4.44)

24 sin? 6 cos? 0
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To have a symmetric expression for the amplitude in terms of the points a and b, we

write the factor in front of the path integral as

1 2 1 ; sin 260,
_— = exp | —=In
sin 6 cos 0, \/sin 20, sin 20, P25 20,

2 S cos 26
= ' ds(—i o’ 4.45
v/sin 26, sin 26, P (Z /0 s(=i) sin 26 ) ( )

After inserting this formula into (4.44) and shifting py by i cos 20/ sin 20 we obtain

< dE 4a
K(zg,ap57)= | d %S/Qﬂ/ K (0, 04; S 4.46
(%a 7 7) /0 ¢ o € \/sin 20, sin 20, (6. ) (4.46)
where
s 2
: 1 (k(k—=1) AXA—-1)
K(6y,60,:5) = | DOD ds |pee — L0 =
(O, a3 S) / Do €XP {Z/O s {Pe o 2 ( <in? + cos 02
(4.47)
which is the path integral for the Poschl-Teller potential with
1 1
=50+ V32ua2(E —Vy)] , A = s+ /32002 E]
In that case we can directly write the result
K (0,04 5) = exp[—i(S/2p) (5 + A+ 2n)*|U" (0,) L" (05) (4.48)
n=0
where
Fn+DI'(k+X+n)
V2 A+2
(k+2+2m) \/ Tkt n+ 12T +n+1/2)
X (cos§)*(sin §)" P{r=1/2A1/2) (1 — 25in?f) (4.49)

where P /22712 5 the Jacobi polynomial. Inserting (4.48) into (4.46)and integrat-

ing over ds we obtain
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'E'r

—8iua /
K as by = -
(%0, i 7) V/sin 26, cos 26, £ Z 27r (k+A+2n)2—1

U(0,)07(0,)  (4.50)

then we introduce the expressions for x and A, and perform the dFE integration to

obtain the propagator in the form

o0

K(xg,zp;7) = Z e T o (224) P (23) (4.51)

n=0
where the energy eigenvalues and wave-functions are given by

1

Ep=
8ua®(n + 1)2

[(n+ 1) + 2pa®Vj) (4.52)

and

- i — — F(n+ )I'(—n—1)
plz) = m\/4(” +1)7 = (An = £in) \/F(/@n Fn+ 120\ +n+1/2)

eXp[(Hn - 1/2)1‘/2@] Kn— n— z/a z/a
Tt o7 P,E 1/2,\ 1/2)(1 + e/ )(1—e / ) (4.53)

with

=5+ T [(n+1)% +2ua®Vy]  (4.54)
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4.5. Rosen-Morse and Hulthen Potentials
The Rosen-Morse potential describes the interatomic interaction of linear molecules.
V(z) = Bytanhaz — Uycosh ™ ar , — 0o < x < 00 (4.55)

The path integral can be solved for the symmetric potential [14], which is obtained by
letting either By = 0 or Uy = 0, or By = Uy. We introduce the point transformation

—1
tanh(az) = cos(2y) , p = - sin(2y)p, , 0 <y < m/2 (4.56)

The new time variable s is given by

ds

dt— — &
1/4a? sin?(2y)

Then the problem takes the form of the Poschl-Teller Green function with

5= 5\/@R[@)(E + Bo) and A = /@) (B — By

The Hulthen potential is given by

e—r/a

1——W’O§T<OO (457)

Its Schrodinger equation is exactly solvable for s-waves. It behaves like the
Coulomb potential for 7 — 0. The path integral for the Hulthen potential is solved by

introducing the point transformation and the D-K time transformation in the form:

_ sin 0
~ 2cos 9p9

r = —2aln(sin(6)) , p,
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and

2
,Cc0s” 0

dt = —4a dx

sin? 6

With these transformations the problem is converted to the Green function for the

Poschl-Teller potential with

1 —1
k= §+2\/—Ma2E and A = e

4.6. “Rigidly” Moving Potentials

In this section we will present a general solution for a time dependent potential

that can be expressed in the form:
V(z,t) = Viz — f(1)]

that is, a potential of shape V(z), moving with velocity f(t). This was first studied by
Duru [24]. The propagator for that potential is

K (20, 2 0, ) — /mpp exp {z /tt dt (px:t - % Vg f(t)]) } (4.58)

First we employ a point canonical transformation from x, p, to @, P.

Q=x—f(t)

. (4.59)
P =p, — pf(t)

The generating function for transformation (4.59) is
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Fy(w, Pit) = (P + pf (1) (x — f(1)) (4.60)

Remember dF, = p;dg; + Q;dP; + (K — H)dt. The new Hamiltonian is

K - H+%
_ i <P—|—Mf(t)>2 FVQ) 4 (P+uP(=f)+puf@—f) (461
p? . 1 .,
= 5, TV@+ufQ-guf (4.62)

Using the definition of dF; we deduce that

dFy
I — H=—=—0Q;dP;, — K
s i Q
So the action transforms as
t t dF,
I = / dt(p.@ — H) — / dt (—QidPi — K+ E) (4.63)
ta ta

Note that we are now concerned with the total time derivative of F5, which equals

dF . : d .
o _PQ+QP+%(W€Q)
Then (4.63) becomes
I=pul|f(t,)Q,— f(ta)Qa] + / bdt[PQ ~ K] (4.64)

The propagator of the time dependent potential takes the form

K (20, 0y ta,ty) = erl/@Q-ft)Qu]o% 2 atf

< [DQDPexp {i [ dt (PQ - £ - V(Q) - i)} (4.65)
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We may now consider specific examples:

ft) = %fyt2 describes the case of a source moving with constant acceleration
where ~ has dimensions of acceleration. Accelerating oscillator is an exactly solvable

case with

H H M

(@) = §w2Q2 — Q= §w2(Q —y/w?)? = 5(7/7”2)2

U(Q) describes an oscillator with Q@ — @Q — v/w?, as required by the equivalence

principle which states that constant acceleration is equivalent to constant force F' =

m~y, and the effect of the constant force is merely to displace the equilibrium point by
my m

Y 2
F = — = =
/K Pl v/w

Another solvable case is f(t) = vt with v =constant.

K(xav Ty ta, tb) = Gi“/2v2(tb_ta)_i“”(%_xa)

X /DQDP exp {z /t:b dt <PQ — };j — V(Q)>} (4.66)

Wave function is that of the static potential case, as seen in a frame moving with speed

v to the left

U, (z,t) = e_i(E_%”2>tei“”¢($ — vt)
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4.7. Exactness of the Semi-Classical Approximation

In some problems such as the free particle and the harmonic oscillator we found

that the propagator has the form:
K(x,t;z,) = f(t)eiscl(w’t’xa)/h (4.67)
where S is the action of the classical path.

We would like to investigate under what conditions this holds. We will assume
that the Hamiltonian is of the form % + V(x,t), i.e. limit ourselves to the case of a
potential independent velocity, but which may depend on time. Then, the propagator
satisfies the corresponding Schrodinger equation for x > z,, as argued in (1.3):

—ihd, [f(t)eiscl(”’t;“)/h} _f( ) 02 [ezsd Z,txq /h] —FV(JJ t)f(t)eiscl(m,t;xa)/h -0 (468)

2m

Upon expanding the derivatives and cancellation of the common exponential factor,

we get:

—ihf(e) + fODL v nFe) — o g2l
Ry S
dividing by f(t),
_f@)y oS —ihd*Sy 1 [954)°
—”‘%+Wd”<x’” PR *%(a—ﬁ) =0 un

Since S, and V (z,t) are real, the real part of the equation (4.70) is

8SC1 1 85(31 2
ot + V(z, )+_<8x + Re

hf(t)] 0 (4.71)
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and the imaginary part is:

—h oSy

2m Ox? +1m

fm)]
_th(t)] =0 (4.72)

from which it follows that 0S,}/9z? is a function of ¢ only:

825(31
0x?

= F(t) = Sy = F(t)2® + G(t)z + H(t)

Putting this equation for S} and its derivatives into (4.71)

F(t)a® + G(t)x + H(t) + V(x,t) + %(2}?@)9@- + G2+ I(t) =0 (4.73)
rearranging
<F+%ﬁ)x2+(é+%)x+<ﬁl+%+1)+V(x,t):0 (4.74)

The expressions in parantheses have no x dependence. Therefore the potential can be

written as

V(x,t) = Fy(t)2* + Gi(t)x + Hy(t) (4.75)

i.e. the only velocity independent potentials for which the propagator can be written

in the form (4.67) are quadratic in z, although the time dependence is arbitrary.
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5. CONCLUSIONS

In this thesis we have reviewed the Feynman Path Integral Formalism for non-
relativistic quantum mechanics. We exhibited some applications and discussed some

aspects such as the validity of the so called semi-classical approximation.

The path integral approach is mathematically more complicated than the opera-
tor formalism: The hydrogen atom could only be solved 37 years after the introduction
of the method. The attraction of the global method lies not in its computational
utility, but in its quite different conceptional outlook. In some sense it can be said
that the path integral approach enables a smoother connection between classical and
quantum mechanics: The concepts of operators and the Schrodinger wave-functions are
totally alien to classical mechanics and the path integral formalism avoids their use. Of
course, there is the concept of probability amplitude and probability, but without these
we would not have quantum mechanics. The key concepts in path integral formalism
are the sum over histories and the contribution of each path as a phase proportional to

its action, which enables a smooth transition to classical mechanics in the limit A — 0.
The generalization of path integral to the case of N particles with the hamiltonian

H = Z

+U ql)QQw"aQN)

leads to the quantum field theory which combines special relativity and quantum
physics. In the field theory the trajectory x(t) ’s replaced by a field function ®(x,t).
The degrees of freedom are labelled by the continuous index z; and the number of
degrees of freedom is infinite. The quantum field theory is formulated in terms of the

vacuum expectation values of the Green functions.

G™ (1, ..., 20) ~/D<I> O(x1)... () exp {(i/h)/d“:pﬁ] (5.1)
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where D® denotes integration over all functions ®(z,t), £ ’s the Lagrangian density.

In Quantum Field Theory, the concept of Path Integrals is indispensable today.

Path integrals are the most ideal tool to describe fluctuating line-like structures;
whether the origin of fluctuation is quantum mechanical, statistical or thermodynamic.
This leads to a unified understanding of many different physical phenomena.

In statistical mechanics the partition function is a sum or integral of e~ Z/*BT,
which formally looks like the expression for the path integral. Therefore with the sub-
stitution (¢, — t,) — —ih/kgT the partition function and the density matrix can be
calculated from analytic continuation of quantum mechanical time evolution ampli-
tudes to an imaginary time. The propagator in Statistical Mechanics corresponds to

probability itself, not to a probability amplitude as in Quantum Mechanics.

Path integrals can be used in polymer physics to evaluate the statistical fluctua-

tions of line-like physical objects.

In financial markets the prices of assets fluctuate as a function of time. If the
number of participants in the market is large the fluctuation is pretty random and the

t dependence can modelled by fluctuating paths.

To summarize, it is seen that the Path Integral method is a conceptually attractive
tool with a very wide range of potential applicability, but the practical application can

be very tedious.
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