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ABSTRACT 

INHOMOGENEOUS QUANTUM INVARIANCE GROUP 

OF COMMUTING FERMIONS 

IV 

Since the middle of the twentieth century, physicists have concentrated on find­

ing quantum counterparts of classical systems. When a classical system is quantized its 

invariance group may still be a classical group. In the nineteen-eighties it was shown 

that when some classical systems are quantized, their classical group becomes a quan­

tum group so that the system is invariant under a quantum group. So quantum groups 

play an important role in carrying physical properties to the quantum world. 

In this thesis we will first review the fermionic and the bosonic algebras and their 

inhomogeneous invariance quantum groups. Then we will introduce the commuting 

fermion algebra and construct its inhomogeneous invariance quantum group. 



OZET 

KOMUTATiF FERMioNLARIN HOMOJEN OLMAYAN 

KUANTUM DEGiSMEZLiK GRUBU 

v 

Yirminci yiizYllm ortalanndan itibaren fizikgiler klasik sistemlerin kuantum kar-

91hgmm bulunmasma yogunla9m191ardlr. Bir klasik sistem kuantize olclugu zaman onun 

clegi9mezlik grubu hala bir klasik grup olabilir. 1980'lerde gosterildi ki, bazl klasik 

sistemlel' kuantize olclug'u zaman onlarm klasik grubu bir kuantum grubuna clonti9tir. 

Hem de sistem kuantum grubu altmda degi9mezclir. Demek ki kuantum gruplan fiziksel 

ozellikleri kuantum diinyasma ta91makta onemli bir 1'01 oynarlar. 

Bu tezde oncelikle fermionik ve bosonik cebirleri ve onlarm degi9mezlik kuantum 

gruplanm yeniden inceleyecegiz. Son olarak da komiitatif fermionik cebri takclim eclip 

onun homojen olmayan degi9mezlik kuantum grubunu in9a edecegiz. 
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1. INTRODUCTION 

Quantum field theory, which describes the behavior of elementary particles and 

fields, basically depends on the bosonic oscillator which is described by the algebraic 

relation 

cc* - c*c = 1 (1.1 ) 

and the fermionic oscillator is defined by 

cc* + c*c = 1 (1.2) 

(1.3) 

The crucial property of the fermionic oscillator is the Pauli exclusion principle. 

According to the Pauli exclusion principle the two fermions ca;j not be in the same 

state. this is the meaning of c2 = O. 

Another important property is that unlike the bosonic oscillator there is no stan­

dard classical analogue for the fermionic oscillators. This means that, we CCUl not talk 

abollt Bohr's correspondence principle for the fcrmionic oscillators. 

As call be seen from these two obvious properties, quantum algebras are "cry 

important inexpressing physical phenomena in the quantum world. Some classical 

physical systems are invariant under a classical group. There should be qualltum 

counterparts of classical groups. Until the eady 80's, it vvas thought that, when a 

classical system is quantizecl, its invariance group remains Ct classical group. However, 

ill the 1980's, it was rccogllizecl that vvhen a completel,Y integrable nOll-linear system 

is quCtlltized, its classical group changes into a quantum grollp[l, 2, :3,:1]. III tllis thesis 
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we will address the question of quantum invariance group of fermions and bosons. We 

will particularly be interested in inhomogeneous quantum groups[5]. 

1.1. Quantum Invariance Group of Bosons 

In this section we would like to reVIew the quantum group invariance of d­

bosons[6, 7]. 

First of all bosonic algebra for d-bosons is defined by 

(1.4) 

'i,j = 1,2, ... , d. (1.5) 

If the creation and annihilation operators are transformed by 

(1.6) 

, 
c; -+ a:j ® c; + (3;j ® Cj + ® 1. (1.7) 

The transformation matrix call be written as 

0: 8 r, 
I I 

]''11 = (3* a* ,* (1.8) 

0 0 1 

In order to leave bosonic algebra invariant, algebraic properties, which are Eqnations 

(1.4) and (1.5) have to be satisfied by trctIlsfol"Ined creation and annihilatioll operators: 

(l.G) and (1.7). Acs we reqnire invariancc of the bosonic algebra., c' and c/ are used 
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instead of c and c* in (1.4) and (1.5) we get 

(1.9) 

(1.10) 

(1.11) 

and also the constraints 

(1.12) 

(1.1:3) 

The space of such matrices is a Hopt' algebra, thus it is a quantum group. The coproduct 

and COlllli t are defined as 

or more explicitly 

~(aij) 

6. (Pij ) 

~(ii) 

LVik ® C~kj + f3ik ® f3~j 

LVik ® ,6kj + f3ik ® LV~j 

aik ® ~(k + f3ik ® iZ + ik ® 1 , 

(1.U) 
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c(1Y1) = I (1.15) 

or more explicitly 

c( aij) 6ij 

c (Pij ) 0 

C(,i) 0 

c(l) 1 . 

The antipode is 

5(1\11) = 1\11-1 (1.16) 

AI-1 = lAO-l -AI-If] ( 1.17) 

A -1 is an ordinary inverse of A, because all elements of A commute with each 

other. Also the coproduct, counit and antipode satisfy Hopf Algebra axioms. Note 

that 6, E and S are *-algebra isomorphisms, i.e. for any element x belonging to the 

Hop±" algebra 

6(:r*) (~(:I:))* 

c(:r:*) (c(x))* 

5(:1:*) (5(x))* . 

I 

Im;tead of c and c*, c' and c* have been used and it can be seen that the bosonic 

a.lgebra remains invariant, satisfying the relations and the constraints. It givt'S 11S the 
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inhomogeneous quantum invariance group of bosons. The group is called the Bosonic 

Inhomogeneous Symplectic group BISp(2d)[6, 7], 

1.2. Quantum Invariance Group of Fermions 

The fermionic algebra is defined by 

(1.18) 

i = J' = 1,2, "" d, (1.19) 

The transformation matrix M is determined by (1.8), Also transformed creation 

and annihilation operators are defined as (1.6) and (1.7), In order to get the quantum 

invariance group of fermions, the same method in the previous section is used, Using 

that procedure we get: 

(1.20) 

{Aii' ~(k} = 0 (1.21) 

{Ai)) } = 0 (1.22) 

and also constraints are 

(1.23) 
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(1.24) 

The coproduct, counit and antipode are defined like in bosonic part. Because of 

(1.20) to find A-I ordinary inverse rule is used. In addition to these properties, Hopf 

algebra axioms hold. 

As we require invariance of the fermionic algebra, transformed creation and an-
I 

nihilation operators c' and c* should be used in (1.18) and (1.19), then one can see 

that fermionic algebra stays invariant, satisfying the relations and the constraints. So, 

there is an inhomogeneous quantum invariance group of fermions which is the Fermionic 

Inhomogeneous Orthogonal group FIO(2d)[6, 7, 8]. 



2. QUANTUM INVARIANCE GROUP OF TWO 

COMMUTING FERMIONS 

For one fermion case, Equations (l.18) and (l.19) become only 

cc* + c*c = 1 . 

7 

(2.1) 

(2.2) 

However for the case of two or more fermions, Equations (1.18) and (1.19) not only 

determine the relations of the fermions with themselves, but also determine the rela­

tions of the fermions with each other. For the latter case the equations have the form 

of anti-commutation. In this thesis we will investigate the consequences of defining 

these equations in the form of a commutation relation. Thus we will have the case the 

algebra is the commuting fermion algebra. 

Commuting fermion algebra is defined by 

(2.3) 

i=j=l,2, ... ,cl. (2.,1 ) 

aij 0 { 

1 '6 = J, 
(2.5) 

-1 'i -I- j. 

As in standard fermion a.lgebra, the Pauli exclusion principle holds. However, 

relations between two fermions can be clefined as a commutation relation. This is the 
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difference of commuting fermions from standard fermions. For the one fermion case 

there is no difference between the two fermionic algebras, because any commutation 

and anti-commutation relations between two fermions can not be defined. 

2.1. One Fermion Case 

For the one fermion case the algebra does not differ for the case of commuting 

or anticommuting fermions. However for the sake of completeness we would like to 

rederive the quantum group invariance of the particle algebra[8]. 

For one fermion transformed creation and annihilation operators can be defined 

(2.6) 

I 

c* = f3* ® c + a* ® c* + ,* ® 1 (2.7) 

and the transformation matrix is 

ill = (3* a* (2.8) 

001 

The fermionic oscillator algebra is defined like 

cc* + c*c = 1 (2.9) 

(:2.10) 
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vVhen instead of c and c*, c' and C*' is used in (2.9) and (2.10), we get the relations: 

[a,/3] =0 

[a,a*] = 0 

[/3, /3*] = 0 

{a*,,} = 0 

{/3*, ,} = 0 

also hermitian conjugates of the relations are valid. 

The constraints are 

,2 = -a/3, 

{r,,*} = 1- aa* - (3(3*. 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

As it call be seen from the relations and the constraints for onu fermion case, the 

quantum invariance group of commuting fermion is just F 10(2)[6]. 

In order to get more information about the quantum invariance group of the 

commuting fermions, the two commuting fermion case has to be checked. 
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2.2. Two Fermion Case 

For the two fermions, although the procedure is the same, calculations are a bit 

complicated. In this case transformed operators are 

c*' 
2 

and the transformation matrix is 

M= 

all 

a21 

;)~1 

;)~1 

0 

a12 

a22 

;)~2 

;)22 

0 

;)11 ;)12 11 

;)21 ;)22 12 

* all a~2 ,r 
a 21 a 22 12 

0 0 1 

For the two fermion case commuting fermion algebra is defined as 

.) 

c-
1 0 

') 

0 c2 

* I * C1C1 T c1 C1 1 

.'- 'l<-

C2C; + C2 C2 I 

Cl C,! - C2 C l () 

C1C2 - C;C1 O. 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

(2.28) 
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When the transformed operators are used in the equations of commuting fermion al-

gebra, we get; 

[all,ail] = 0 [all, P~I] = 0 {all"n=O {aI2,Pl1} = 0 

{all, aId = 0 {an,PI2} = 0 [all, '2] = 0 {aI2,p~d = 0 

{ an, ai2} = 0 {an'P~2}=O [an, ,~] = 0 [aI2, P12] = 0 

{an, a2I} = 0 {an,P21} = 0 [aI2, a;:2] = 0 [au, P~2] = 0 

{ all, a;l} = 0 {an'P~I} = 0 {aI2, a2d = 0 [au, P21] = 0 

[an,o:n] = 0 [all, ,822] = 0 {aI2,a;1} = 0 [aI2, P~I] = 0 

[all, a;2] = 0 [an, 18~2] = 0 {aI2,a22} = 0 {a12,P22} = 0 

[a11,16ll] = 0 {an, ,I} = 0 {aI2,a;2} = 0 {(12)p~2} = 0 

{aI2"I} = 0 {(21)p~l} = 0 [(21) ,~] = 0 {(22) P2d = 0 

{aI2),D=O [a21, P12] = 0 {a21, '2} = 0 { a22, P21} = 0 

[au, ,2] = 0 [an, P~2] = 0 {a21, ~(n = 0 [a22, pnj = 0 

[aI2) ,~] = 0 [an, P21] = 0 [(22) a;2] = 0 [(22) P22] = 0 

[(21) a~l] = 0 [(21) /621] = 0 [(22) Pn] = 0 [a221,d = 0 

{(21) 0:2d = 0 f a"1 pc)')} = 0 L L,) __ [a:22) P~I] = 0 [a221 ,~] = 0 

{a21, a;2} = 0 {a21, P~2} = 0 {(22)1612} = 0 {a?,) "y)} = 0 ........ , .... 

{a21 1 811} = 0 [a211 ~(1] = 0 {a22116~2} = 0 { 0:22) I~} = 0 

[/3 111 P{I] = 0 {6'll ) }=O {8u , 'ld = 0 [/)21, I';] = 0 

{Oll) P12} = 0 [,13 11, ~/2] = 0 {13 12 , I} = 0 {P~j)'2} = 0 

{,ti{l ,812} = 0 [/)11) ~f~] = 0 [,612 , ~(2] = 0 {1-'1:!I,"'(n = 0 

{Oll) P2d = 0 [P12, ,6t2] = 0 [1612, 12] = 0 [P22, P221 = 0 

{tit 1 , P21} = () [P12, 1621] = 0 [1621, P21] = 0 [Pn) ~fl] = 0 

[Pll) 1622] = 0 [1612) P21] = 0 {P21) Pn} = 0 [n *] 0 ,022,'1 = 

[Plll P22] = () {P12, P22} = 0 {021 ,622 } = 0 {P22, ~(2} = 0 

{PU, ,I} = 0 {Bl2) P~2} = 0 [P21, ,d = 0 {P:22 , f2} = 0 



also hermitian conjugates of the relations are valid. The constraints are 

bl'12] 

bl'I~] 

{Il, In 

{12, I;} 
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also hermitian conjugates of the constraints can be found from above. The coproduct 

and cOlmit are defined as; 

6.(Nf) = Nf®M (2.29) 

dJV1) = I (2.30) 

and the antipode is 

(2.31 ) 

j\I~l = 
[ 

Ao~l -A1~lr 1 (2.:32) 

However as all elements of matrix A do not commute with eaeh other, ordinary 

inverse and determinant rules can not be used. First of all determinant of matrix A 

has to be determined somehow. In OLder to find Det(A), the block expansion is used. 
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We modify the block expansion[9] 

(2.33) 

Where 6~ is the determinant of the matrix whose elements come from ith row, kth 

column and lh row, lth column. 6 other is the determinant of the matrix whose elements 

come from rows and columns except i, j and k, l. s is a sign factor which must be 

included since our matrix elements do not commute. 

As 6~1 and 6 other look like a two parameter quantum group, determinant rule of 

6~1 and 6 other are written by the determinant rule of G Lp,q( d) [10]. As 6.~1 and 6 other 

are two dimensional matrices, we should write the commutation and determinant rules 

where 

ab = pba 

cd = pdc 

Det(T) 

ac = qca 

bd = qdc 

ad - pbc, 

T= . 
[

a b 1 
c rl 

Using Equation (2.33), we can write the Det(A) as, 

(2.34) 

(2.35) 

(:?3G) 

"s ;\ ij "llrl ;\ uther look like a G L (2) we should defille the panunctc~rs p aIld q. For f\' Wkl 0., _ !....l. p,q , 



;\ ij d;\ other . . every wkl an w palrs we can wnte the parameters like 

,6.12,6. 34 
12 34 =} p= -1, q =-1 

,6.12,6. 34 
13 24 =} p= 1, q =-1 

,6.12,6. 34 
14 23 =} P = -1, q =-1 

,6.12,6. 34 
23 14 =} P = -1, q =-1 

,6.12,6. 34 
24 13 =} p= 1, q =-1 

,6.12,6. 34 
34 12 =} p= -1, q =-l. 

Then we can write the terms which are in the square bracket in (2.36) 

,6.12.6. 34 
I 23 14 

;\ 12. '\ 34 
w34 w 12 

(011P21 - P11021)(P~20;2 - a~2p~2) 

(011P22 + P12021)(P~20;1 + 0~lP~2) 

(012,621 + ,611022)(P~10;2 + 0~2P~1) 

(012,622 - P12 022)(P;10 ;1 - O~lP~l) 

Then the sign factor s is defined like 

-1 

1 

if S~I.6.°{her is not the form of pmc n or ;3 

if .6. if .6. other is the fmm of pure 0 or B 
kl ' 

Using (2.38) and (2.39) in (2.36), Det(A) can be written; 

Det(A) 

14 

(2.37) 

(2.38) 

(2.:39) 



(0;121321 + Pll0;22)(P~1 0;;2 + o;r2p;1) 

+ (0;121322 - 13120;22) (prlo;;l - o;~lp;l) 

+ (pllp22 + p12p21)(pr1p;2 + pr2p;1)· 

15 

(2.40) 

Also it should be noted that Det(A) is central, which means Det(A) commutes 

with all elements of matrix A. 

The inverse matrix is defined by using (2.40) 

.6.11 .6.21 .6.31 .6.31 

A-I = 1 .6.12 .6.22 .6.32 .6.32 

Det(A) .6.13 .6.23 .6. 33 .6.33 

.6.14 .6.24 .6.34 .6. 34 

+P22(p~1 0:;1 - o;r1p;1)' 

.6.13 -0;21(13;20;;2 - 0;~2p;2) - 0;22(13;10;;2 + 0:r2p;1) 

.6.21 0;12 (o;r1 0';2 + 0'~20';1) + 1311 (p~20';2 - 0:i2p;2) 

- 1312 (p~2 0:;1 + O'i 1 /3;2) , 

.6.22 0'1l(0'~10';2 + O'i20';1) - pll(pr10:;2 + O'i2p;1) 

(2.41) 
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6 23 -Ct ((3* * - ,* (3* ) ((3* * * (3* ) 11 12 Ct22 Ct 12 22 - Ct12 11 Ct22 + Ct 12 21 

+ (312 ((3~1 (3;2 + (3~2(3;1)' 

6 24 - Ct11 ((3~2Ct;1 + Ct~1(3;2) - Ct12 ((3~1 Ct;1 - Ct~1(3;J 

+ (311 ((3~1(3;2 + (3~2(3;1)' 

631 - Ct12 ((321 Ct;2 + (322 Ct;1) - (311 (Ct220:;2 - (322(3;2) 

+(312(Ct22 Ct;1 + (321(3;2)' 

6 32 - Ct11 ((321 Ct;2 + (322 Ct;1) + (311 (Ct21 Ct;2 + (322(3;1) 

-(312(Ct21 Ct;1 - (321(3;1)' 

6 33 - Ct11(Ct22Ct;2 - (322(3;2) + Ct12(Ct21Ct;2 + (322(3;1) 

-(312 (Ct21 (3;2 + Ct22(3~2)' 

634 Ctll(Ct22Ct;1 + (321(3;2) + Ct12(Ct210:;1 - (321(3;1) 

- (311 (Ct21 (3;2 + Ct22(3;1)' 

641 - Ct12 ((3210:i2 + (322 Cti1) - (311 (0:22o:i2 - (322(3r2) 

+(312(Ct220:i1 + (321(3~2)' 

642 - Ct11 ((321 Cti2 + (322 Cti1) + (311 (0:21o:i2 + (322(3~1) 

-(312(Ct21 Ct i1 - (321(3~2)' 

643 Ct11 (Ct22Cti2 - (322(3~2) + Ct12(Ct210:i2 + (322(3~1) 

-(312(Ct21(3~2 + Ct22(3~1)' 

644 0:11 (Ct220:i1 + (321 (3r2) + Ct12(Ct210:i1 - (321(3r1) 

-(311(Ct21(3~2 + Ct22(3~1)' 

From the definitions antipode C<il1 be found. ?v'Ioreover antipode, counit and 

comultiplication satisfy Hopf Algebra axioms. 



17 

3. GENERALIZATION TO d-FERMION CASE 

In the previous chapter we have studied the one and two fermion case. As it 

can be seen from the two fermion case, the inhomogeneous quantum invariance group 

of commuting fermions is not FlO (4). However, in order to say that there is a new 

quantum group, there should be a generalization. 

The transformed creation and annihilation operators have been defined before. 

The transformation matrix M is written in a shorthand notation 

(3.1) 

vVe want the elements of the matrix IVI to belong to a Hopf algebra where co­

product is given by matrix multiplication 

6..(1'vI) = 1'v10NI. (3.2) 

The cOlmit is 

(3.3) 

and the antipode is 

(:3.5 ) 
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As all the elements of A do not commute with each other we can not use the , 
ordinary inverse rule. vVe should first find the determinant rule. For the two fermion 

case we have found that 

(3.6) 

However, this formula is not true. When we try it for the 3 fermion case, it has 

been seen that we can not get the proper determinant of A. So there should be another 

formalism which is true for the d-fermion case. Starting from a determinant rule which 

has been constructed to calculate the determinant in GLp,q(cl)[10], the determinant 

rule has been found as 

(3.7) 

The summation is over all permutations iI, i 2, ... , i2d of j1, )2, ... , .72d, io.if3 and jo..7j3 

should be written modulo d. The a- symbol is the same as in (2.5). Let us explain 

the term which is in the square bracket. For example set i1 = 1, 'l2 = 2, i3 = 3 and 

iLl = 4. As there is not any permutation the term which is in the square bracket is 1. 

If we take '11 = 3, i2 = 2, i3 = 1 and i~ = 4, in order to get this permutation there 

are tlm~e transpositions with respect to the case i1 = 1, i". = 2, i3 = 3 ancli 1 = 4. As 

1 is tra.llsposed vyith 2 and 3, the factors (-a12) and (-all) appear. JVloreover as 2 is 

transposed with 3, the factor (-a21) appears. vVe have to be careful about the indices 

of a, because indices should be written moclulo d. 
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Using the determinant rule (3.7) antipode can be found. 

,0,.11 ,0,.21 

,0,.12 ,0,.22 

A-1 = 
1 

Det(A) 
(3.8) 

,0,.12d 

The relations can be defined 

Aj,tj 
i r k a 4j 4j 

ik" k" i' (3.9) 

Aj 41 
1, ~ '£ 

Al 'F ajli r i , (3.10) 

AiA~ ajl Al Aj 
k ~, 

aik 
(3.11) 

Ajrl 
~ 

r l 4j 
-ajl .. i (3.12) 

In general the indices of the a- symbol refer to the indices i and k modulo d. More 

explicitly 

aij ai+d,j 

ai,j+d 

aHil,j+d 

f 1 

l -1 

Also the constraints are 

l =), 

i 1= j. } 

(3.13) 

(3.14) 

In the d-fermion case, cOlmit, comuitiplication and the antipode satisfy Hopf alge-
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bra axioms. vVe have shown that the inhomogeneous quantum invariance group of 

commuting fermions is different from FIO(2d). vVe will call this new quantum group 

CoFIO(2d). 

As an explicit example we explicitly show our results for CoFIO(4) and show that 

they are the same as in Section (2.2). First of all, we will start to check the constraints 

which are defined by Equations (3.13) and (3.14). 

Taking i=l and j=l in equation (3.13) we get 

(3.15) 

as all = 1 the result is 

Taking i=2 and j=2 in Equation (3.13) we get 

(3.16) 

as an = 1 the result is 

TakintT i = 1 and J' = 2 in Equation (3.13) we get 
b . 

(3.17) 

as a12 = -1 the result is 



21 

"When i = 1 and j = 1 in Equation (3.14) we get 

(3.18) 

It can be easily seen that 

When i=2 and j=2 in Equation (.3.14) we get 

~J ~,* + [[ "'*"Y - -' -," * {3 {3* {3 {3* 1212 22/2 2 - uZ~ G21a21 - G22 a 22 - 21 21 - 22 22 .. (3.19) 

It can be easily seen that 

vVhen i = 1 and j = 2 in Equation (3.14) we get 

(3.:20) 

It can be easily seen that 

[ *] * * 8 8* 8 (3* ~(1, 12 = -aU o :2l - a12 a 22 -, 11: 21 -, 1:2 22' 

One can see that the constraints are the same constraints with the ones in the Section 

(2.2), vVe will check the relations. However as the relations are too many to check step 

by step, only some of them v,rill be shown here, 

A IA2 t12Al 
1 1 = [[jl- 1 1 

)=1, l=2 =? [[l2=-1 

III 112 - ,1211 -'- 0' a, - -0 .0' fij_'-1l - -1'-1L"'-1 1 -7 'll ·12 - ,12 ',11 



A~Ai = (Yjl A~Ai 
(Yik 

i = 2, as 3 = 1 (mod2) j = 1, k = 1, l = 2 =} (Y l2 = -1, (Y 21 = -1 

A~Ai = A~Ai =} (3~2(3;1 = (3;1(3~2 

A3A3 
- A3 A3 

1 4 - (Yik 1 4 

i=l, as 3=1 (mod2) k=l =} (Y12=-1 

Ai A~ = Ai Nft =} (3~1 a~2 = -a~2(3~1 

j = 1, l = 1 =} (Y1l = 1 

j=2, l=l =} (Y12=-1 

A~r3 = r3 A~ =} (321 r~ = r~ (321 

22 

As in the two fermion case number of the relations is 192, we will not check all of 

them in here. One can find all the relations using Equations (3.9), (3.10), (3.11) and 

(3.12). However these five examples of the relations cover all situations. 

V.,Te have already checked Equations (3.9), (3.10), (3.11), (3.12), (3.13) and (3.14). 
-" 

'Ale see that these equations satisfy the relations and the constraints. The last check is 

the determinant rule which is defined by (3.7). The determinant rule is 
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The determinant can be written 

Det(A) 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

AiA~A~A! + (-0"12)AiA~A~Aj + (-0"2dAiA~A~A! 

( -0"21) ( -0"22)Ai A~A~A~ + ( -0"21)( -0"22) ( -O"l2)Ai A~A~A~ 

(-0"22) (-0"12)Ai A~A~Aj + (-0"12)A~Ai A~A! + (-0"l2)( -0"12)A~Ai A~Aj 

(-al2) (-O"ll)A~A~A~ A! + (-0"l2)( -0"11)( -0"12)A~A~A~Ai 

(-0"12) (-0"12)( -0"12)A~A~Ai Aj + (-0"12) (-0"11)( -0"12)( -0"12)A~A~A~Ai 

(-0"11) (-0"2dA~Ai A~A! + (-0"1l) (-0"2d (-O"22)A~Ai A~A~ 

( -0"12) ( -O"ll) ( -O"21)A~A~Ai A! + (-0"12) ( -0"11)( -0"12) ( -0"2d A1A~A~ Ai 

(-0"12)( -O"ll)( -0"12)( -0"21)( -0"22)A~A~A~Ai 

( -0"11) ( -0"12) ( -0"21) ( -0"22 )A~A~A f Ai 

(-0"1l) (-0"12) (-0"21) (-0"22)( -0"12)A~A~Ai Ai 

+ (-0"12) (-0"11)( -0"12) (-0"2d( -0"22) (-a12)A!A~A~Ai 

+ (-0"12) (-O"ll)( -0"12) (-0"22) (-O"12)A~A~A~Ai 

+ (-0"21)( -0"12) ( -0"12) ( -0"12)A!A~Ar Aj + ( -0"l2)( -0":22)( -0"12)A~Ai A~Aj 

+ (-0"12)(-0"2d(-0"22)(-0"12)A!AiA~Ai· 

Using the property of O"ij, we finally write 

Det(A) 

+8 8 8* 8* I (3 B ;:)* (3* + 8 P (3* 8* + Q 8· P* p* 
I L1, 22, 12121 T L1, 2~,ull 22 ,L2,U21 111 22 ,U12, 21/.)12,'--'21 

'-IVe can write the determinant in the form of Det(A) = (1:11 6 11 + (\'12 6 12 + (3116 L:> + 

,812 '::'1,>].[. As an example let us find 6 1L · Set.it = I, ).2 = 2, .h = 3. j~1 = ~1 and il = 1. 
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So the determinant rule becomes 

(3.21) 

Using the properties of (-O"~ ,; ) (-0" " ) it can be found that 
'0< '13 Jc,Jj3 , 

Another example is 623. Set j1 = 2, j2 = 1, j3 = .3, j4 = 4 and i1 = 3. As there is 

one transposition in j (-O"jdz) = -0"21 = 1 and and we start the permutation i1 = 3, 

i2 = 1, i3 = 2 it = 4, So we can write that 

(3.22) 

vVe write 

623 (-0"12) (-O"n)Ai A~Aj + (-0"12) (-O"n) (-0"22)Ai A~A~ 

+( -0"12)( -0"11)( -0"21)A~A~A~ + (-0"12)( -O"U)( -0"2d( -0"12)A~AlA1 

+( -0"12)( -O"n)( -0"12)( -0"21)( -0"22)A,1A~A;1 

+( -0"12)( -0"11)( -0"12)( -0"2d( -0"22)( -O"12).rl~A{Ai . 

Finally, using the property of ( -O"i" i/J 'iV(~ can wri tc 

8 ((3* 8"' e* 8* ) +, 12 11, 22 + ,)12, 21 . 

As it can be seen from these examples, the determinant rule gives us the same results in 

Scction(2.2). If the Equation (3.7) is true, one ca,n find the determinant by expanding 

along any row. For example, set j1 = 2 , j2 = 1, ):3 = 4 and j4 = 3. As there 

arc tvvo transpositions with respect to the case )1 = 1 , )2 = 2, );>, = 3 and fl = 4, 
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(-0-12) (-0-12) = 1. vVe can write that 

Det(A) 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 
I 

T 

+ 

+ 

+ 

+ 

A 2 Al 44 A3 + ( )A2A1 44 A3 
( )A2A1A4 A3 

1 2" 3 4 -0-12 1 2" 4 3 + -0-12 1 3 2 4 

(-0-12)( -0-22)AiA1A~A~ + (-0-12)( -0-22)AiA!A~A~ 

(-0-12) (-0-22) (-0-12)Ai /i~AiA~ + (-0-12)A~Ai AjA~ 

(-0-12)(-0-12)A~AiA:iA~ + (-0-12)(-0-1l)A~A§A1A~ 

( _rr )(_ )(_ )42 A1A4 A3+( )( )( )42L114·4A,3 v12 o-u 0-12" 2 3 4 1 -0-12 -0-12 -0-12" 2" ,1" 1 3 

(-0-12)( -0-l2)( -0-12)( -o-11)A~A!AjAr + (-0-l2)( -o-ll)A~Al AiA~ 

(-0-12)( -O-u)( -o-22)A~Ai A:iA~ + (-0-12)( -O-u)( -0-12)A~A~A1A~ 

(-0-l2)( -0-11)( -0-l2)( -0-12)A~A~A~Ar 

(-0-12) (-ou)( -(22)( -0-12)A~A~A1A~ 

(-0-12) (-ou) (-022) (-012) (-O-l2)A~A!AiAr 

(-0-12) (-022) (-012)A~Ai A~A~ + (-0-12) (-0-22) (-0-l2) (-O-l2)A~Ai AjA~ 

(-0-12) (-0l2) (-012) (-0-22)A~A~A1 A~ 

(-0-12) (-012) (-012) (-022) (-o-ll)A~AiAiAr 

(-0-12)( -(22)( -(12)( -0-l2)( -o-u)A~A~AiA~ 

(-0-12)( -02~)( -0[:2)( -(12)( -0-11)( -O-l2)A~:'L~AjA:i . 

Finally ,ve call write the determinant 

Det(A) 

~ Bggali~i Oniversitesi KOtOphanesi ~ 
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·When we compare this with the determinant (2.40), we can see that these two deter­

minants are the same. 
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4. CONCLUSION 

As can be seen from two fermion case there is a new inhomogeneous quantum 

group. For the one particle case there is no difference between FIO(2) and the new 

quantum inhomogeneous group, CoFIO(2). However for two particles, the relations 

are not the same as FlO (4). This means that there is a new quantum grOlip and there 

should be a generalization to d-particles. In this thesis we have built up the general 

formulae of the quantum group and proved that the new quantum inhomogeneous 

group works for more particles. So the inhomogeneous quantum group of commuting 

fermions is called CoFIO(2d). 
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APPENDIX A: HOPF ALGEBRA 

As a quantum group is defined to be a Hopf algebra, we would like to review 

Hopf algebra. Since a Hopf algebra is a bi-algebra with an antipode, we should define 

a bi-algebra[ll, 12]. A bi-algebra satisfies the conditions of an algebra and a co-algebra. 

First of all, we build up the notation 

fJ A®A---+A (mul tiplica tion) 

r; lK---+A (unit map) 

~ A---+A®A (comultiplication) 

E A---+lK (counit map) 

5 A---+A (antipode) 

In (A.l), A refers an algebra and lK refers a field. Algebra axioms are 

{L 0 (icl 0 fJ) = {L 0 (Ji. ® icl) 

fJ 0 (icl0 r;) = {L 0 (77 0 icl) 

and co-algebra axioms are 

(~ 0 iel) 0 ~ = (icl ® ~) 0 .6. 

(E 0 icl) 0 .6. = (tel 0 E) 0 6 

(associativity) 

(existence of unit), 

(coassociativity) 

(existellce of cOlmi t). 

(A.l) 

(A.2) 

(A . .3) 

An algebra can be a Hopf algebra, if it satisfies these four axioms and the antipode 

axioms, which are 

~L 0 (iel ® 5) 0 ~ = ~J. 0 (50 'id) 0 ~ 

~ 0 fJ = p 0 ~L 0 (.6. ® ~) (connecting axiom). 
(AA) 
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