INHOMOGENEOUS QUANTUM INVARIANCE GROUP OF COMMUTING
FERMIONS

by
Azmi Ali Altintag
B.S. in Physics, Yildiz Technical University, 2000

Bogazici University Library

e

Submitted to the Institute for Graduate Studies in

Science and Engineering in partial fulfillment of
the requirements for the degree of

Master of Science

Graduate Program in Physics
Bogazici University

2004



iii

ACKNOWLEDGEMENTS

I would like to thank my advisor professor Metin Arik, my friends and my family

for the pleasant and challenging atmosphere they provided.



v

ABSTRACT

INHOMOGENEOUS QUANTUM INVARIANCE GROUP
OF COMMUTING FERMIONS

Since the middle of the twentieth century, physicists have concentrated on find-
ing quantum counterparts of classical systems. When a classical system is quantized its
invariance group may still be a classical group. In the nineteen-eighties it was shown
that when some classical systems are quantized, their classical group becomes a quan-
tum group so‘that the system is invariant under a quantum group. So quantum groups

play an important role in carrying physical properties to the quantum world.

In this thesis we will first review the fermionic and the bosonic algebras and their
inhomogeneous invariance quantum groups. Then we will introduce the commuting

fermion algebra and construct its inhomogeneous invariance quantum group.



OZET

KOMUTATIF FERMIONLARIN HOMOJEN OLMAYAN
KUANTUM DEGISMEZLIK GRUBU

Yirminci ylizyilin ortalarindan itibaren fizikgiler klasik sistemlerin kuantum kar-
sthigimn bulunmasina yogunlasmiglardir. Bir klasik sistem kuantize oldugu zaman onun
degismezlik grubu hala bir klasik grup olabilir. 1980°lerde gésterildi ki, bazi klasik
sistemler kuantize oldugu zaman onlarin klasik grubu bir kuantum grubuna déniisir.
Hem de sistem kuantum grubu altinda degismezdir. Demek ki kuantum gruplar: fiziksel

Ozellikleri kuantum diinyasina tasimakta énemli bir rol oynarlar.

Bu tezde 6ncelikle fermionik ve bosonik cebirleri ve onlarin degismezlik kuantum
gruplarmi yeniden inceleyecegiz. Son olarak da komiitatif fermionik cebri takdim edip

onun homojen olmayan degismezlik kuantum grubunu insa edecegiz.
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1. INTRODUCTION

Quantum field theory, which describes the behavior of elementary particles and

fields, basically depends on the bosonic oscillator which is described by the algebraic

relation
cct —c'c=1 (1.1)

and the fermionic oscillator is defined by

The crucial property of the fermionic oscillator is the Pauli exclusion principle.
According to the Pauli exclusion principle the two fermions can not be in the same

state. this is the meaning of ¢* = 0.

Another important property is that unlike the bosonic oscillator there is no stan-
dard classical analogue for the fermionic oscillators. This means that, we can not talk

about Bohr’s correspondence principle for the fermionic oscillators.

As can be scen from these two obvious properties, quantum algebras ave very
important inexpressing physical phenomena in the quantum world. Some classical
physical systems are invariant under a classical group. There should be quantum
cmmtérparts of classical groups. Until the early 80’s, it was thought that, when a
classical system is quantized, its invariance group remains a classical group. However,
in the 19807, it was recognized that when a completely integrable non-linear system

is quantized, its classical group changes into a quantum group{l, 2, 3, 4]. In this thesis
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we will address the question of quantum invariance group of fermions and bosons. We

will particularly be interested in inhomogeneous quantum groups|5].

1.1. Quantum Invariance Group of Bosons

In this section we would like to review the quantum group invariance of d-

bosons|[6, 7].
First of all bosonic algebra for d-bosons is defined by

cic; — ¢ =0 (1.4)

cic; — cici = 0y, ,j=1,2,...,d. (1.5)

If the creation and annihilation operators are transformed by

C;- —)Ckij®Cj+5rij®c;+ﬁ/i®17 (16)

¢ ®C+ B @+ L. (1.7

-1
~—

The transformation matrix can be written as

@ b AT
M=|pg o v |= 10 (1.8)
1
0 0 1

In order to leave bosonic algebra invariant, algebraic properties, which are Ecuations
(1.4) and {1.5) have to be satisfied by transformed creation and annihilation operators;

!

. . . . . ’ %
(1.6) and (1.7). As we require invariance of the bosonic algebra, ¢ and ¢ are used



nstead of ¢ and ¢* in (1.4) and (1.5) we get

[Aij, Ap] = 0 (1.9)
[Aij, ] =0 (1.10)
[Aij, 7] =0 (1.11)
and also the constraints
[, 73] = 615 — ey, + BiwBixs (1.12)
[%%‘] = Bierjr — kB - (1.13)

The space of such matrices is a Hopf algebra, thus it is a quantum group. The coproduct

and counit are defined as

A(M) = MM (1.14)

or more explicitly

Alay) = cip ® awj + i @ B,
A(By) = i ® By + P ® o

Aly)) = @+ 8@+ ®1,



eM)=1 (1.15)
or more explicitly
eloy) = 0y
E(ﬂij) = 0

The antipode is

S(M) =M (1.16)
» ATt -4
M= . 1 , (1.17)

A7 is an ordinary inverse of A, because all elements of A commute with each
other. Also the coproduct, counit and antipode satistfy Hopf Algebra axioms. Note
that A, € and S are *-algebra isomorphisms, i.e. for any element x belonging to the

Hopt algebra

!
Instead of ¢ and ¢*, ¢’ and ¢* have been used and it can be seen that the bosonic

algebra remains invariant, satisfying the relations and the constraints. It gives us the



inhomogeneous quantum invariance group of bosons. The group is called the Bosonic

Inhomogeneous Symplectic group BISp(2d)[6, 7].7

1.2. Quantum Invariance Group of Fermions

The fermionic algebra is defined by

C,L'Cj -+ CjCi =0 (118)

CiC;+C;Ci :5ij l:j = 1,2,...,(1. (119)

The transformation matrix M is determined by (1.8). Also transformed creation
and annihilation operators are defined as (1.6) and (1.7). In order to get the quantum
invariance group of fermions, the same method in the previous section is used. Using

that procedure we get:

Ay, Agl =0 (1.20)
At =0 (1.21)
{Aij, vt =0 (1.22)

and also constraints are

& Ny x ooo0% A
{n/‘i7"\/,j} = 045 — Qg — DikPyps (1.23)



{75} = —Bawoge — i Bk - (1.24)

The coproduct, counit and antipode are defined like in bosonic part. Because of
(1.20) to find A~" ordinary inverse rule is used. In addition to these properties, Hopf

algebra axioms hold.

As we require invariance of the fermionic algebra, transformed creation and an-
nihilation operators ¢’ and ¢* should be used in (1.18) and (1.19), then one can see
that fermionic algebra stays invariant, satisfying the relations and the constraints. So,
there is an inhomogeneous quantum invariance group of fermions which is the Fermionic

Inhomogeneous Orthogonal group FI0O(2d)[6, 7, 8.



2. QUANTUM INVARIANCE GROUP OF TWO
COMMUTING FERMIONS

For one fermion case, Equations (1.18) and (1.19) become only

" +ce=1. (2.2)

However for the case of two or more fermions, Equations (1.18) and (1.19) not only
determine the relations of the fermions with themselves, but also determine the rela-
tions of the fermions with each other. For the latter case the equations have the form
of anti-commutation. In this thesis we will investigate the consequences of defining
these equations in the form of a commutation relation. Thus we will have the case the

algebra is the commuting fermion algebra.

Commuting fermion algebra is defined by

c;Cy + 045C5¢; = 0 (23)
CiCE 0405 C = 0y i=7=12..,d (2.4)
1 1=y /
O = - (2.5)
-1 i#].

As in standard fermion algebra, the Pauli exclusion principle holds. However,

relations between two fermions can be defined as a commutation relation. This is the



difference of commuting fermions from standard fermions. For the one fermion case

there is no difference between the two fermionic algebras, because any commutation

and anti-commutation relations between two fermions can not be defined.

2.1. One Fermion Case

For the one fermion case the algebra does not differ for the case of commuting

or anticommuting fermions. However for the sake of completeness we would like to

rederive the quantum group invariance of the particle algebra[8].

For one fermion transformed creation and annihilation operators can be defined

c=a@®c+ B8R +7®1,

C* :ﬁ*®c—l~a*®c*+’y*®l

and the transformation matrix is

The fermionic oscillator algebra is defined like

cct+cte =1

(2.8)



When instead of ¢ and ¢*, ¢’ and ¢* is used in (2.9) and (2.10), we get the relations:

[o, 8] = 0 (2.11)
@, 0] = 0 (2.12)
18,871=0 (2.13)
{7} =0 (2.14)
(8,7} =0 (2.15)

also hermitian conjugates of the relations are valid.

The constraints are

{(vvv}=1-aa - 53" (2.17)

As it can be scen from the relations and the constraints for one fermion case, the

quantum invariance group of commuting fermion is just F'1O(2)[6].

In order to get more information about the quantum invariance group of the

commuting fermions, the two commuting fermion case has to be checked.
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2.2. Two Fermion Case

For the two fermions, although the procedure is the same, calculations are a bit

complicated. In this case transformed operators are

¢ = an®ca+ap®a+fui®d+fe®cgt+mn®l (2.18)
& = BRa+8L00+a,®c taL,®d+Y ®1 (2.19)
Gy = on®ci+an®c+fa®c+hr®s+n®l (2.20)
G = fh®atfh®ata®dtap®g el (2.21)
and the transformation matrix is
- -
op ocag P Pz m
g1 Qg Par P2 2
M= g5 B on ol 7 |- (2.22)
B3 B3 o 0h M
I o 0 0 0 1}
For the two fermion case commuting fermion algebra is defined as
cg = 0 (2.23)
&g = 0 (2.24)
o) +ejep = 1 (2.25)
ey +cher = 1 (2.26)
cco — ey = 0 (2.27)

cicy —cher = 0. (2.28)
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When the transformed operators are used in the equations of commuting fermion al-

gebra, we get;

[@11a O"Tl] =0

{aw, ap} =0
{ons, oy} =0
{a11, 001} =0

{alh a;l} =0
[t agg] =0
[alla 055)] — O

(11, 811} =0

{arz, m} =0
{aw2, 71} =0
(02, 72] = 0
[, 3] =0
loar, a5,] =0
{aar, o} =0

{ﬂzlyﬂg‘z} =0

{@217,311} =0

1811, 81 =0
{81, Pat =0
{871, Pzt =0
{Bi1, B} =0
{81, B} =0
[511:,322} =0
[Bu1, B3] = 0
{Bu, it =0

11, 8] =0 {on, 77} =0
{oa, B2} =0 o, 7] =0
{@11, 5{2} =0 [0111, ’Yr_f] =0
{o11, 801} =0 [awp,af,] =0

{1,851 =0 {oug, 01} =0
[0411, ,322} =0 {&12, @51} =0
{Ofn, ,352] =0 {%27 @22} =0

{ar, =0 {oo, a3} =0

{oo, B} =0 [aa, ] =0
(a1, B2l =0 {1, 72} =0
oo, Bal =0 {aa, 3} =0
o1, B =0 [0, 035] = 0
laor, B3] =0 [oze, Buu] =0
{aa, B} =0 lom, 7)) = 0

{0421,552} =0 {&'227,312} =0

Il

[@21; ”/1]

{Bi, 71} =0 {Bu,m}=0
Bl =0 {8,177} =0
Bl =0 [Pz, =0
P2, Bl =0 [Bra, 73] =0

Bra, B8] =0 [Ba1, 85,1 =0
[B12, B3] =0 {Ba1, B2} =0
{Br2, 52‘2} =0 {Ba, Bsy} =0
{812,851 =0 B, m] =0

{ar, B} =0
{ons, B11} =0
[aii2, Bral =0
[, BT, =0
la1, 1] =0
1, B3] = 0
{a, B} =0
{ae, B2} =0

{CYQQ, 521} =0
{CYQQ, 52*1} =0
[&22,522] =

[B21,71] = 0
{/3217 72} =0
{821,731 =0
[B22, 8351 = 0
[Bao, 11} =0
[1322,’%] =0
{/3227 ”‘/2} =0
{/322, 7 } =0

[AVRY



also hermitian conjugates of the relations are valid. The constraints are

Y= —anfu - anbhe
Vs = —021B — amb
[71, 72] = —anfn — aafar — Briam — Piacas
(v, %] = —on105; — G20y — BBy — B1285
{77} = 1—ogi0f) — anal, — Bufi — Biabi

{72,715} = 1— 08, — aasdiy — B2185, — P25

also hermitian conjugates of the constraints can be found from above. The coproduct

and counit are defined as;

AM) = MeM (2.29)
e(M)y=1 (2.30)
and the antipode is
S(M)y=M""! (2.31)
At —ATIT ,
M= : (2.32)
0 1

However as all elements of matrix A do not commute with each other, ordinary
inverse and determinant rules can not be used. First of all determinant of matrix A

has to be determined somehow. In order to find Det(A4), the block expansion is used.
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We modity the block expansion[9)]
Det(A) = s(—1)Hihripg acther, (2.33)

i - . . .
Where A} is the determinant of the matrix whose elements come from i row, k'
column and 5% row, I column. A" is the determinant of the matrix whose elements

come from rows and columns except 4,5 and k,l. s is a sign factor which must be

included since our matrix elements do not commute.
As AP and A°%er 1ok like a two parameter quantum group, determinant rule of

AP and AT are written by the determinant rule of GL, o(d)[10]. As A% and A°ther

are two dimensional matrices, we should write the commutation and determinant rules

for GL, ,(2).

ab=pba ; ac=qca
cd =pde ; bd=qdc

Det(T) = ad— pbe,

where

a b

Using Equation (2.33), we can write the Det(A) as,
Det(4) = s [AZAT — ABAN + AFAR + A AL — A0AT + AAR] L (2.36)

As AP and A% look like a G'L,,(2), we should define the parameters p and q. For
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i th . . .
every Ay and A" pairs we can write the parameters like

AjAL = p=-1,q=-1
AAS = p= 1, ¢=-1
Ady = p=-1,g=-1
ApAly = p=-1,¢=-1
APAYT = p= 1,¢=-1
APAY = p=-1 ¢= -1 (2.37)

Then we can write the terms which are in the square bracket in (2.36)

ABAL = (on10m + arsam ) (07,05, + afy05,)
ARAL = (e1fa — P )(Bia05 — a1yB5)
AGAL = (o1 + o) (Bhos, + af; 53,)
ARAY = (0o + fuoe) (805, + a7y65)
ARAY = (b — Proam)(B]i05, — of163,)
ARAY = (BiBar + P12 ) (87185 + Blabr). (2.38)

Then the sign factor s is defined like

—1 if AP A g not the form of pure « ov j3

1 AP A0 s the form of pure o or 3

Using (2.38) and (2.39) in (2.36), Det(A) can be written;

Det(A) (10 + s ) (@ a9 + €1,05,)
+ (e B — Bricen ) (Blyas, — af,85:)

(et B + Braoa) (B, + af 5s)

Il
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~ (0201 + Brians) (810, + afyf5,)
(0412/322 - /312(1422)(m104§1 - O«ﬁﬂ%)

+
+ (Br1Poa + Br2B21) (811850 + Biabar)- (2.40)

Also it should be noted that Det(A) is central, which means Det(A) commutes

with all elements of matrix A.

The inverse matrix is defined by using (2.40)

A14

AZl

AZQ

[ Au As Am Ay |
1 A Ay Azy Ag
"~ Del(A) Az Ags Dgz A
A14 A24 A34 A34

(2.41)

ann (0, g + 70051 ) + Ba1 (P1a05, — )2532)
— B (Blociy + a1y B32),

Qg1 (0 0 4 afp0sy) — Bor (8710, + 052 31)
+Ba0(AT1051 — a1 531),

1oy — Olaf3y) — azz (P10, + ayyf3;)

(B

+ 822871852 + B12531),
(
(

— Qg1
~ag (Bfpa3, + a5, Bry) — (P01 — a1 1)
+B21 (811522 + B12531),

aa(ag;ad, + alpay;) + Br1 (812055 — a72f5,)
~B1a(B1a0%1 + a1y 55,),

an (aj o, + a}pa5,) — Pu(Biog, + iy B51)

+ BB 0%, — afy Bar),



Agz3 = —ay;

16

Blatipy — aff) — a0 + ay651)

A24 = —Qq1 ﬁ 20,21 + anﬁgg) - al?(ﬁllaﬂ O«’hﬁ;l)

(8

+612(B11 B30 + Bia31),
(
(

+B11 (811852 + BLabB31),

Az = —0612(5210422+522@21

*

Agg = -0411(5210422‘*‘5220421
(

— B2 01210/;1 - 521551 )

) —
+B12(c0ain; + Pay 622),
)
)

ﬁn(azz@;z - /322652)

+ Br1(a1059 + Ba2B51)

Agy = an om0y, — Bnf) + orz(anad, + f2065)

— oo B3y + a2 575),

Azq = an(axs; + Fn05,) + az(anas; — Ba065)
—Bu1(0m B35 + 022 531),
Ap = —a(Badly + Poly) — Pr(asal, — Bufi)
(

Ay = —a1(faray + Braiy) + fiilaal; + B22871)

)
) -
+brz(@z2ai; + Pai 1),
)
)

(
‘512(04210411 ﬁmﬁu )

Agz = anilagealy, — Paafly) + o (ag10fy + B2 71)

—PBro(091 By + 0287,),

Ay = anlogal, + a1 Biy) + aralamag; — B1511)

=i (01 Bl + 0‘225T1)'

From the definitions antipode can be found.

comultiplication satisfy Hoptf Algebra axioms.

Moreover antipode, counit and
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3. GENERALIZATION TO d-FERMION CASE

In the previous chapter we have studied the one and two fermion case. As it
can be seen from the two fermion case, the inhomogeneous quantum invariance group
of commuting fermions is not FIO(4). However, in order to say that there is a new

quantum group, there should be a generalization.

The transformed creation and annihilation operators have been defined before.

The transformation matrix M is written in a shorthand notation

A
M= . (3.1)

We want the elements of the matrix M to belong to a Hopf algebra where co-

product is given by matrix multiplication

A(M) = MeM. (3.2)
The counit is
s(M)=1 (3.3)
and the antipode is
S(M) = M (3.4)
YR R (3.5)
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As all the elements of A do not commute with each other, we can not use the

ordinary inverse rule. We should first find the determinant rule. For the two fermion

case we have found that

Det(A) =~ s(—1)HthHAD Aother, (3.6)

However, this formula is not true. When we try it for the 3 fermion case, it has
been seen that we can not get the proper determinant of A. So there should be another
formalism which is true for the d-fermion case. Starting from a determinant rule which
has been constructed to calculate the determinant in GL,,(d)[10], the determinant

rule has been found as

Det(A) = 3 |T(= i) (=550 | AL A% A (3.7)

The summation is over all permutations i1, %2, ..., t2¢ 0f 71, J2, .., J2d, tatp and Jajp
should be written modulo d. The o- symbol is the same as in (2.5). Let us explain
the term which is in the square bracket. For example set 47 = 1, iy = 2, i3 = 3 and
iy = 4. As there 18 not any permutation the term which is in the square bracket is 1.
If we take ¢y = 3, 45 = 2, i3 = 1 and iy = 4, in order to get this permutation there
are three transpositions with respect to the case oy =1, 40 =2, i3 =3 and 4y = 4. As
1 is transposed with 2 and 3, the factors (—oy2) and (—oy,) appear. Moreover as 2 is
transposed with 3, the factor (—o,1) appears. We have to be carcful about the indices

of o. because indices should be written modulo d.
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Using the determinant rule (3.7) antipode can be found.

A Ay o Aoy

. A Dy o o Doy
Al = 3.
Det(A) (3:8)

_AlZd - Dogag |

The relations can be defined

AlAL = oAl AL (3.9)
AJAL = gy ALAT -~ (3.10)
A4l = %AQA{, (3.11)
AT = gy ItA7. (3.12)

In general the indices of the o- symbol refer to the indices ¢ and k£ modulo d. More

explicitly

Oij = Uitdj
= Tijd
= Oitd,j+d
I 1 =7,
[ —1 i
Also the constraints are
Viv; oy = Bk — Bk, (3.13)
Wy, F o = Oy — iy — Bl (3.14)

In the d-fermion case, counit, coraultiplication and the antipode satisfy Hopf alge-
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bra axioms. We have shown that the inhomogeneous quantum invariance group of

commuting fermions is different from FIO(2d). We will call this new quantum group

CoF10(2d).

As an explicit example we explicitly show our results for CoF10(4) and show that

they are the same as in Section (2.2). First of all, we will start to check the constraints

which are defined by Equations (3.13) and (3.14).

Taking i=1 and j=1 in equation (3.13) we get
7;2 -+ Uu”/% = —afu — fuon — opfia — Bia0i1a,
as oy; = 1 the result is
"/% = —ay fi1 — P .
Taking i=2 and j=2 in Equation (3.13) we get
75 + Oave = —0a1 1 — Parcior — Q2f20 — Bazcran,
as 099 = 1 the result is
”/3 = —qiy1 fa1 — Banvan
Taking ¢ = 1 and j = 2 in Equation (3.13) we get
Y1Y2 + 0127271 = —ayy o — 12822 — Brica — Bracaa,
as o;p = —1 the result is

[”/1,”‘/’2] =~ o — (12 — Pty — B .

(3.16)



When 1 =1 and j = 1 in Equation (3.14) we get

P * _ * * ”
TN T ourin =0 — anal; — e, — fu b — Bebis -

It can be easily seen that

{’Yl, 7;} =1- CYllCYﬁ - Olwafg - 511[3;1 - ﬁwﬁfg .

When i=2 and j=2 in Equation (3.14) we get

~f /\/* * —_— N * * g g
V2 t T22Ya Y2 = 029 — Qia1iy — QaaQigg — Po1 851 — P23, -

It can be easily seen that

{23} =1 - anos) — anal, — 2183 — P22y,

When ¢ =1 and j = 2 in Equation (3.14) we get

. s 5 * * s *
V1Ys + O12Ya 1 = 012 — Q110G — (oQigy — /311521 - ,5125-22 -

It can be easily seen that

* * * ot
[”;’L>“Y§] = —CYLLO& — (120, — B/ 21 ,512%352 .

21

(3.18)

(3.19)

One can see that the constraints are the same constraints with the ones in the Section

(2.2). We will check the relations. However as the relations are too many to check step

by step, only some of them will be shown here,

A%A? = O’le‘I)A%
j=1L1=2 = op=-1

2
A{A% = —j—lIr’Q = 2 = — Q0



O'jl

A4} = 2 g

Oik

1=2,a8 3=1(mod2) j=1,k=1,1=2 = op=-1, oy =—1
AZAT = AJAY = B85 = B85

APAT = gy AP A3
i=1,a 3=1(mod2) k=1 = og3=—1

343 _ A32/3
AVAY = ATMy = Blal, = —a, 07,

AZFl = —O'lelAz
j=1L1l=1 = o;=1

31 _ Pl 43
A =-T"A] = ajm = —mai,

ATS = — g T3 A2
j:2,l:1 = 0'12:—1

AgFB = F3A§ = By = V1P

As in the two fermion case number of the relations is 192, we will not check all of
them in here. One can find all the relations using Equations (3.9), (3.10), (3.11) and

(3.12). However these five examples of the relations cover all situations.

We have already checked Equations (3.9), (3.10), (3.11), (3.12), (3.13) and (3.14).
We see that these equations satisfy the relations and the constraints. The last check is

the determinant rule which is defined by (3.7). The determinant rule is

Det(A) = Z [H(—Uiaig)(—ajajﬂ)} AR AL AT
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The determinant can be written

Det(A) = ALATAGAL + (—015) ATAJASAS + (—0m1 ) A AZAS AY

~091)(—092) AJAS AL AL + (— 091 ) (—090) (—019) AL A2 A3 A
=0 )(—012) ATAT ASAS + (—015) ASAZAS AL 4+ (—015)(—019) ALAZAD A
—012) (=11 ALAZAB AL 1 (=01 (=01 ) (—01) ALAZ A3 A
—012)(=012)(=012) A ATATAS + (—012) (—011) (—012) (—012) AL AT AT AT
—011)(=02) A3ATASAL + (—011)(—0om) (o) A3 AT AT A

o11)(—0o1 4}314 4344 + (=0o12)(—o11)(— Ulg)(~021)A%A?§AiAdf

021 ( 0'22) 41 —l Agfll
Ton) A3 AZAT AL
( 0'12) /-11 42 43A4

J99 ( O'lg)A}LAgflgA%

012 411‘121{3 1.4 ( 012)(-O’gg)(—O’u)ﬁl}l‘A%AgAg

R T e S T

(—022)
(—o12)
(—ou)
(—o12)
(—oz)A
)(=ou)
2)(—on)(—0ow)(~02)
(=012)(~021)(—022)
1)(=012)(~021) (—022)
(—o1)(=012) (=) (—0m) (—o12) AJATAJ A
(—o1)(=012)(=022)
(—o12)(—012) (—012)
2)(021)(—02) (—012)

dJ19 A4A ASA.l
Using the property of o;;, we finally write

Det(A) = CY'HO’,‘QQCYTICY:;.z -+ OfuCY:)gCYTQCY;l -+ 0111“821,81‘2@;2 — &11_/321(?:*12,3;2
—r11fa20 By — 1182281500, + (vatia 1 Q5 + gt Y00
-CV12,821/3T1@§2 — anaflar1aip B3 + Q2o B 005 — 2 Baa; Bo
”‘/BL]_OZQLBTZC\;Q + ﬁllczglw‘fzﬁsz — lel(,i))du(lg) — 51_161122(1’?21851

) LAy

+B11 Baa 8185 A B11Boa 31, By + Bi2B21 811 859 + Br2Ba1 Blo 83,

] * * * : % * o % *
+Bamal, B3 — Braeafiios) — Brom fyon — franar 5, .

We can write the determinant in the form of Det(A) = a1 Ay + aplp + 53 A5 +

BiaAy. As an example let us find &y Set =1, 92 =2, j3 = 3, jy = 4 and ¢, = 1.



So the determinant rule becomes

Det(4) = 3 [T](~01,1,)(~05.5,)| Al4Z AL AL (321)

Using the properties of (—Uiaiﬁ)(—%‘am), it can be found that

Ay = QQQ(O‘Tla’;z + ajys) + 521(5f2@;2 — Q9f33,)

— [ (ﬁﬁ@;l + @11@2) .

Another example is Aoz, Set j; = 2, jo =1, j3 = 3, 5. = 4 and 4; = 3. As there is
one transposition in j (—oy,;,) = —09; = 1 and and we start the permutation 1, = 3,

ta=1,13 =274 =4, So we can write that

A23 = Z [H(_Uiaig)] A%ZA,‘?BAZ . (322)
We write

Doy = (—0w)(—on)ATASAL + (—012)(—011) (—002) AL AT A]
H(=o1)(—on)(—on) A3 AT AL + (—on)(—on) (—oa) (—o) A3 AT A
+(—012)(—011) (= 012) (=021 ) (—092) A3 AT A]

+(=o12)(—on ) (—=012) (—02) (—022) (—012) ALATAS

Finally, using the property of (—oy,q;) we can write
% < * ok L% * E *
Dy = —an(Bla05, — alyB5) — an(Bli0h, + 01,55;)

+ P12 (61, 855 + BlaB31) -

As it can be seen from these examples, the determinant rule gives us the same results in
Section(2.2). If the Equation (3.7) is true, one can find the determinant by expanding
along any row. For example, set j1 = 2, jo = 1, jy = 4 and ju = 3. As there

are two transpositions with respect to the case j; = 1, jo = 2, j3 = 3 and j;, = 4,



(—012)(—012) = 1. We can write that

Det(A) = Z [H(—‘Uiaiﬂ)} AT ALALAT

Det(A) = ATAJAAL + (015 A2ALALAS + (—015) AZAL AL A3
+ (=012)(—0m) AZALAYAB | (0 1) (—0mg) AZAL AL A3
+ (=0102)(—02)(—019) AZALATAS + (—05) AZALAZ AR
+ (—012)(~01) ASATALAS + (—012)(—011 ) AZ Az AT AT
+ (=) (—on)(—ou) AZALALAS + (—01y) (—015) (—019) AZAL AT AS
+ (—op)(—op)( 017)(—011)‘43444{:4344?4—(—012)(—011)-43441143143
+ (—0o12)(—0on)(~022) AJATATAS + (—012)(—011) (—012) AZA; AT A]
4 (o) (—o ) (— 1) (—ors) AZAL AL AP
+ (—o)(=on)(—0u)(—o1) AT A A1 A
+ (—ow)(~on)(=02)(—01) (—012) AFA AR A
+ (—012)(—022) (—012) ATATAGAT + (—012)(—092) (—012) (—012) AT AT A3 A
+ (—01)(=012)(—012) (—02) ATATATA]
+ (=012)(=01)(—01) (—0) (—on ) AT AT ATA?
+ (=012)(—om)(—012) (—o12) (o) AT A AT AD
+ (o) (—on)(—on)(—on)(—on) (o) A4 454

Finally we can write the determinant

Det(A) = oo, aly - Ga10na0550 | + a1 S11 5,005 — o1 fr1a, 075
——0521,6[20531,61(2 — Otglﬁ'lgﬁrjgﬂtl —+ Q’QQCYHGISICYTQ —+ (1226\'11(1;2Q4T1
— a1 B30}y — B0y BTy — aafraciy By + B2 5 a4
—Bor0ry Byl + P05y 805 — Barana 35, a0y — Barcacey By

; ok % ; " L] * *
+‘821,L)7|‘Q,[))21‘512 -+ /331/612,(322,611 — )/822(1’11(\151/31) d})(\[[/jv)(\

I

&> Bofarici Oniversitesi Kotophanesi &>
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— B30, + Baatuiacey, BY1 + Baz 11552811 + B2251105. 615 -

When we compare this with the determinant (2.40), we can see that these two deter-

minants are the same.



4. CONCLUSION

As can be seen from two fermion case there is a new inhomogeneous quantum
group. For the one particle case there is no difference between FIO(2) and the new
quantum inhomogeneous group, CoFIO(2). However for two pafticles, the relations
are not the same as FIO(4). This means that there is a new quantum group and there
should be a generalization to d-particles. In this thesis we have built up the general
formulae of the quantum group and proved that the new quantum inhomogeneous

group works for more particles. So the inhomogeneous quantum group of commuting

fermions is called CoFIO(2d).



APPENDIX A: HOPF ALGEBRA

As a quantum group is defined to be a Hopf algebra, we would like to review
Hopf algebra. Since a Hopf algebra is a bi-algebra with an antipode, we should define

a bi-algebra[l1, 12]. A bi-algebra satisfies the conditions of an algebra and a co-algebra.

First of all, we build up the notation

W A® A— A (multiplication)
n: K=A4 (unit map)
A : A5 A®A  (comultiplication) (A1)
e : A=K (counit map)
S A=A (antipode)

In (A1), A refers an algebra and K refers a field. Algebra axioms are

po(id® pu)=po(p®id)  (associativity)

(A.2)
po(id®@n)=po(n®id)  (existence of unit),
and co-algebra axioms are
(A®idjo A= (id®A)oA  (coassociativity) (4.3)

(e@id)oA = (ld®¢)o A (existence of counit).

An algebra can be a Hopf algebra, if it satisfies these four axioms and the antipode
axioms, which are
po(id®S)oA=po(S®id)oA

(A.4)
ANop=p®@po(AeA) (connecting axiom).
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