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ABSTRACT

DISTRIBUTED GROUP CONSENSUS IN MULTI-AGENT
NETWORKS

Recent advances in computing and communication technologies have led to con-
siderable progress in multi-agent networks. A variety of applications ranging from
social networks to intelligent transportation systems makes the area promising in the
sense that it seeks solutions to crucial questions in all realms of life. Among various is-
sues studied in the context of multi-agent networks, the distributed consensus problem
where a group of agents working collectively to achieve a common objective, has been
one of the most popular. A multi-agent network utilizing a distributed linear consen-
sus protocol may converge to different final values depending on the structure of the
communication topology. The focus of this dissertation is to analyze the convergence
properties of such networks where multi-equilibria consensus emerge. The problem is
first examined for undirected networks represented by static or time-varying graphs.
Joint connectivity and integral/sum connectivity conditions are presented that can
be utilized to determine the number of equilibria as the interactions among the agents
evolve over time. Subsequently, the analysis is extended to the study of multi-equilibria
consensus in directed networks for which novel concepts of primary and secondary layer
subgraphs are introduced. It is theoretically shown that the number of consensus equi-
libria of a network can be expressed as the total number of these subgraphs which
can automatically be determined by a computer program. The convergence properties
of multi-equilibria consensus in directed networks with bounded time-delays are also
investigated and it is shown that communication time-delays do not affect the number

of equilibria of a given network.



OZET

COK ETMENLI AGLARDA DAGITIK GRUP
ONAYLASIMI

Bilgi igleme ve iletigsim teknolojilerindeki son gelismeler, ¢ok etmenli aglarda
kayda deger ilerlemelere yol agmigtir. Bu aglarin sosyal aglardan akilli ulagim sis-
temlerine kadar cesitlilik gosteren uygulamalari, hayatin her alanindaki 6nemli soru-
lara cevap aramasi nedeniyle, konuyu gelecek vaad edici bir hale getirmektedir. Bu
aragtirma alanindaki gesitli konular arasinda, ortak bir amaci gerceklegtirmek igin bir-
likte caligan bir grup etmenin yer aldigi dagitik onaylagim problemi en popiilerlerinden
biri olmustur. Dagitik ve dogrusal onaylagim protokolii kullanan ¢ok etmenli bir ag,
iletisim topolojisinin yapisina bagl olarak farkli son degerlere yakinsayabilir. Bu tezin
odagi, coklu denge noktalarinin ortaya ¢iktigi bu tir aglarin yakinsama ozelliklerinin
aragtirilmasidir. Problem oncelikle statik veya zamanla degisen cizgelerle temsil edilen
yonsiiz aglar i¢in caligilmigtir. Zamana bagli degisen etkilesime sahip ¢ok etmenli
yonsiiz aglarda ¢oklu denge noktalarinin sayisinin belirlenmesi icin kullanilabilecek ek-
tentili baghlik ve integral /toplam baglilik kogullar: sunulmusgtur. Yapilan analizler, bir-
incil ve ikincil katman alt ¢izge 6zgiin kavramlar: kullanilarak yonli aglarin coklu denge
noktali onaylagimi i¢in genigletilmigtir. Yonli bir agin onaylagim denge sayisinin, bir
bilgisayar programi tarafindan otomatik olarak belirlenebilen bu alt ¢izgelerin toplam
sayisi olarak ifade edilebilecegi kuramsal olarak gosterilmistir. Ayrica zaman gecikme-
sine sahip yonli aglarda ¢oklu denge noktalarinin yakinsaklik ozellikleri incelenmis ve

sinirli zaman gecikmelerinin agin denge noktasi sayisini etkilemedigi gosterilmistir.
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1. INTRODUCTION

In recent years, there has been a vast amount of research on the coordination
control of multi-agent networks. Distributed coordination control problems in networks
of dynamic agents are addressed in various forms such as consensus, optimization, task
assignment and formation control. Among these problems, the problem of achieving
a common value in a distributed context, namely consensus, has been extensively
investigated [1-11]. Consensus related problems arise in a number of applications
that include social networks [12], distributed sensing [13], unmanned air/ground/sea
vehicles [14], biological oscillators [15], load balancing [16] and transportation networks
[17]. All of these applications consist of multi-agent systems, for which it is important
to develop robust and scalable distributed consensus protocols. Therefore, many results
are obtained for the convergence properties of the consensus protocols by using tools
from graph theory, set-valued Lyapunov theory, frequency domain analysis, switched-

systems theory and non-negative matrix theory [2-5,18].

Although there exist similar mathematical models in opinion dynamics [12] and
distributed averaging [19], much of the work on multi-agent networks has been inspired
by the model in [1]. In this study, the authors have proposed a discrete-time model
for a network composed of self-propelled particles. These self-propelled particles (or
autonomous agents) are assumed to move on a plane with constant speed but different
orientations. The orientations of the particles are updated at each time step based
on the average value of their neighbors. It is shown empirically that the particles
can maintain the same orientation angle even in the absence of centralized coordina-
tion. Motivated by these observations, the convergence properties of the discrete-time
consensus protocol have been investigated for switching network topologies with undi-
rected information exchange [2]. The authors prove that there must be an infinite
sequence of contiguous nonempty bounded time intervals across which all agents are
linked together in order to achieve consensus. The proof relies on the convergence of

stochastic matrix products established by Wolfowitz [20].



This result has later been extended to networks where the interaction topology
among agents is represented by directed graphs [3]. It is shown that the existence of
a spanning tree in the underlying graph is necessary and sufficient for the agents to

reach consensus asymptotically.

A similar condition has also been derived for networks with time-dependent com-
munication links in [4]. The condition states that the network should have at least
one agent that can access (directly or indirectly) the rest of the agents over all time.
The author utilizes the set-valued Lyapunov theory to prove the convergence of the

protocol which is quite different from the graph theoretic approach presented in [3].

In [5], the authors propose a continuous-time consensus protocol for the solution
of average-consensus problem where the agents converge to the average of their initial
values. The convergence and performance properties of the consensus protocol are
investigated for networks under fixed and switching topologies. Convergence of the
protocol is established by using Lyapunov theory and spectral graph theory provided
that the underlying graph topology is balanced and strongly connected. Furthermore,
the authors present necessary and sufficient conditions to achieve average-consensus in

networks that are subject to communication time-delays.

A probabilistic communication topology has been considered in [6], where the
discrete-time consensus problem is expressed as the ergodicity of row stochastic
matrix products. The authors utilize the properties of scrambling matrices to prove

the convergence of the proposed protocol.

There have been some earlier convergence results obtained in the context of dis-
tributed computing in which asynchronous communication is considered [21]. The
sufficient condition that requires the existence of a directed path from every agent to
all other agents in the network has been presented to ensure the convergence of the
protocol under time-delays. In [22], Blondel et al. have extended the results in [21] for
the case of unbounded intercommunication intervals. They prove a convergence result

on the delayed networks with switching topologies, assuming that the underlying graph



is connected for all time and both communication intervals and delays are bounded.

The studies cited above mainly deal with multi-agent networks that reach a single
equilibrium state, known also as classical consensus. However, as the networks get more
complex with many interconnected components, the number of agreement values may
differ according to the tasks, working space or time. Consensus on multiple equilibrium
states finds applications in diverse areas ranging from social networks to science and
engineering. Consider an electoral system, in which the voters’ preferences vary accord-
ing to the relationship they have with their friends, family, or colleagues. In this case,
each individual will update his/her opinion based on the influences, thereby different
opinions arise which lead to multi-equilibria consensus [23-26]. This phenomenon can
also be observed in nature, especially in collective behavior of animal groups such as
social aggregation or predator evasion [27]. In addition to the above examples, multiple

equilibrium states exist in the problem of task allocation of swarm systems [28].

The aforementioned problem has been investigated under different names such
as group consensus, cluster consensus/synchronization or multi-consensus [26,29-37].
However, most of the work is subject to restrictive assumptions or requires prior

knowledge/arrangement of the network topology.

In [29], the group consensus problem is considered based on the assumption that
interaction exists not only among agents of individual subgroups but also between
subgroups. Although some sufficient conditions for the convergence of the proposed
algorithm are given in terms of linear matrix inequalities (LMI), network topologies
for which these LMI conditions are feasible are not explicitly discussed. The model
of [29] is revisited in [38] where the authors establish the convergence of the algorithm

by relaxing the assumptions on the sum of adjacent weights between groups of agents.

In [31], cluster synchronization is studied and some conditions for the clus-
ters having negative couplings with delays are derived. Nevertheless, the algebraic
condition requiring that coupling within the same cluster to be sufficiently strong

is difficult to be satisfied. More recently, the authors discuss the synchronization



of multiple clusters composed of both linear agents and nonlinear oscillators [33].
They provide sufficient conditions in terms of coupling strengths and topologies based

on the same assumptions given in [29)].

In [30], the authors investigate the cluster consensus problem for discrete-time
networks of multi-agents under fixed and switching topologies. A sufficient condition
requiring that the number of clusters being equal to the period of agents is given to
guarantee cluster consensus. However, the results are only valid for strongly connected
graphs with the assumption that agents do not use their own information (self weights)
to update the state value. In [26], the problem of cluster consensus with inter-cluster
inputs is studied. Some sufficient conditions are provided for fixed and switching
topology networks. It is shown that if every cluster in the graph has cluster spanning

trees, then the system achieves cluster consensus.

One of the primary drawbacks of the above studies is that the network is ar-
tificially divided into multiple subnetworks which is in sharp contrast to the problem
considered in this thesis. Moreover, all of the above work require the in-degree balanced
condition, that is, the interaction between any two subnetworks (clusters) has to be
balanced. However these restrictions on graph topology and/or coupling coefficients
may not be suitable for real-life problems. On the other hand, we are interested in
determining exactly how many consensus equilibria exist for a given graph, i.e., the
network is not artificially divided into subnetworks a priori as opposed to [26,29-31]. In
this sense, the fundamental problem considered herein is different from what is already

studied in the literature.

Another research direction of this thesis is to investigate convergence properties
of multi-equilibria consensus problem in the presence of communication time-delays.
Although there is a large number of studies on the consensus of delayed networks
[4,8,21,39-42], the effect of time-delays in networks with multi-equilibria consensus

still remains a challenging topic which has not been investigated in the literature.



In [43], the group consensus problem for a network of dynamic agents employ-
ing a continuous-time protocol is addressed in the presence of communication delays.
The authors introduce a double-tree form transformation which reduces the order of
the system. In [31], the authors also investigate the cluster consensus problem for fixed
topology networks under uniform time-delays in the presence of positive and negative
coupling weights among agents in the network. They provide an algebraic condition,
which is difficult to verify, to guarantee cluster consensus. Recently in [44], group
consensus continuous-time multi-agent systems with time-delays is discussed. Some
sufficient conditions have been provided and it is shown that the agents in nonzero

in-degree groups converge to the convex hull of the groups with zero in-degrees.

1.1. Motivation of the Thesis

Recent advances in computing and communication technologies have led to con-
siderable progress in multi-agent networks. A variety of applications ranging from
social networks to intelligent transportation systems makes the area promising in the
sense that it seeks solutions to crucial questions in all realms of life. Among various is-
sues studied in the context of multi-agent networks, the distributed consensus problem
where a group of agents working collectively to achieve a common objective, has been
one of the most popular. Despite a vast amount of work on the study of consensus
protocols, the existing results do not present a theoretical framework to analyze the
case in which the agents in the network achieve multiple equilibrium states. Moti-
vated by the lack of results as discussed above, we concentrate on understanding how
and when multiple equilibrium states form in a network. To this end, we propose a
novel approach to characterize the occurrence of multi-equilibria consensus in multi-
agent networks. Furthermore, we present convergence analysis for the networks under
time-delays as time-delays are one of the potential causes of instability and degraded
performance in such systems. We believe that the insights provided in this thesis pave

the way for a more systematic study of group formations in multi-agent networks.



1.2. Contributions of the Thesis

As mentioned in the previous section, this thesis focuses on the analysis of multi-
equilibria consensus for networks of dynamic agents utilizing a distributed consensus

protocol. The main contributions of this thesis can be summarized as follows:

e The stability properties in networks with undirected topologies converging on
multi-equilibria states are examined. Necessary and sufficient conditions are
established for networks that have static and time-dependent interactions based
on the connectivity of the underlying graph.

e An alternative framework is proposed for analyzing networks with switching
topologies as networks with static topologies. This framework utilizes the
notions of integral and sum graph where a single static graph associated with
the original network is constituted.

e Novel concepts of primary and secondary layer subgraphs that are instrumental
in multi-equilibria consensus problem are introduced for the first time in the
literature. Two algorithms are presented to determine the primary and secondary
layer subgraphs of a given directed graph. Performance analysis of the proposed
algorithms in terms of time-complexity and convergence is also carried out.

e For a multi-agent system employing the conventional distributed consensus
protocol on a given directed graph, the number of consensus equilibria is obtained
explicitly for the first time in the literature. Necessary and sufficient topological
conditions are derived on the directed graph so that the network reaches two,
three and K equilibria consensus.

e The effect of uniform and nonuniform delays for the multi-equilibria consensus
problem is investigated. It is proved that when the delays are bounded, the
network achieves the same number of equilibria consensus as the non-delayed
case. It is stated in the literature that performance of distributed consensus
protocols under time-delays depends on the underlying communication structure
of the network. Therefore, insights are also provided on the convergence rate of

the delayed networks with multi-equilibria consensus. Given a directed acyclic



graph, it is shown that time-delay does not adversely affect the convergence rate

of the distributed consensus protocol.

The main contributions have been presented in a number of publications [45-52].

1.3. Organization of the Thesis

The remainder of the thesis is organized as follows. Chapter 2 is an introductory
chapter that outlines the mathematical framework of this thesis. Specifically, we review
some of the preliminary concepts and definitions in graph theory that will be used
throughout the thesis. Then, we present continuous-time and discrete-time consensus
protocols along with the assumptions imposed on them. Chapter 2 also states the

formal definition of multi-equilibria consensus.

Chapter 3 deals with the convergence analysis of undirected networks that achieve
multi-equilibria consensus. The problem is considered for both continuous and discrete-
time networks. In the first part of this chapter, we survey some of the important results
concerning the classical consensus problem. The chapter continues with the framework
provided for the stability analysis of networks under fixed interactions. The second part
of the chapter is devoted to the analysis of networks under switching interactions. This

chapter concludes with the illustration of theoretical results by numerical simulations.

In Chapter 4, we present an alternative approach in terms of graph connectivity
to investigate the convergence properties of time-varying networks with multi-equilibria
consensus. We propose two new notions of integral and sum connectivity that apply
to undirected graphs. Using these conditions, we are able to convert the original time-
varying network into a static network. Thus, the problem is reduced to the analysis of
a network under fixed interactions. The proposed approach is then applied to establish

necessary and sufficient conditions on networks with switching topology.



Chapter 5 is concerned with the multi-equilibria consensus problem in multi-
agent networks with directed topologies. The chapter starts by introducing two novel
concepts, namely, primary and secondary layer subgraphs which are used to determine
the number of equilibria consensus in a given network. We then present detection
algorithms for these subgraphs which are applicable to any network. This chapter
also contains the theoretical analysis of the problem. We conclude this chapter with

illustrative examples.

The focus of Chapter 6 is on convergence analysis of the networks that are subject
to communication constraints. Specifically, we study the effects of uniform and nonuni-
form time-delays on the number of consensus equilibria. Furthermore, we discuss the
impacts of time-delays on the convergence rate. The chapter is then closed with the

demonstration of the theoretical results.

Finally, Chapter 7 offers concluding remarks and future research directions.



2. OVERVIEW OF DISTRIBUTED CONSENSUS
PROTOCOLS

In this introductory chapter, we review some fundamental concepts of algebraic
graph theory and provide definitions related to distributed consensus protocols that
will be used throughout this thesis. This chapter also introduces the problem of multi-

equilibria consensus in multi-agent networks which is the main focus of the thesis.

2.1. Fundamentals of Graph Theory

The information flow within a multi-agent network is represented by a graph
G = (V,&). The graph consists a set of vertices V = {vy,v9,...,v,} indexed by the
set Z = {1,2,...,n}; aset of edges &€ C V x V, representing the links between two

vertices.

An undirected (directed) edge which shows bidirectional (unidirectional) link be-
tween vertices in G is denoted by (v;, v;). The graph is said to be undirected, if for all
v;,v; € Vi (v;,v;) € € implies (v;,v;) € €. In a directed graph the order of vertices
is important, that is, (v;,v;) means that there is an edge from v; to v;. Two vertices
linked by an edge are defined as the endpoints of the edge. Vertices v; and v; are said
to be adjacent to each other, if they are the endpoints of the same edge. For undirected
graphs, the neighbors of v; is the vertices that are adjacent to v;. For directed graphs,

the neighbors of v; are given by the set N; = {v; : (v;,v;) € E}.

Connectivity is one of the essential notions of graph theory as it is useful in
studying the interactions among networked systems. A directed path is defined as a
finite sequence of vertices vy, ..., v, such that (v;,v;11) € £,i=1,...,m —1. An
undirected (directed) graph G is called connected (strongly connected), if there exists
a (directed) path between each pair of its vertices. A directed graph is said to have a

spanning tree if there exists at least one vertex, which has no parent, such that there
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Figure 2.1. A directed graph with 5 vertices and 8 edges.

exist directed paths from the vertex to all other vertices in the graph.

The topological information of a graph is often described by means of adjacency

and Laplacian matrices which will be defined below.

Definition 2.1. The adjacency matrix of a graph G, denoted by A = [a;;] is a non-

negative matrix where a;; = 1 if (v;,v;) € € and i # j. Otherwise, a;; = 0.

Remark 2.1. A weighted graph G is a graph for which each edge has an associated
numerical value. For a weighted graph G, the adjacency matrix A = [a;;] is defined

such that a;; > 0 if (v;,v;) € €, while a;; = 0 if (v;,v;) ¢ £.

Definition 2.2. The Laplacian matrix of a graph G, denoted by L = [l;;] where the

elements are defined as

Z Ak lf ] =1
lij — k=1,k#i (21)

—ay, if j #1.

By definition, each row of a Laplacian matrix L, adds up to zero. Therefore,
L has a zero eigenvalue associated with a right eigenvector 1 = [1...1]7 € R", i.e.,

rank(L) <n—1.
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1 2 3 1 2 3 1 2 3
@
4 5 4 6 4 5 6
(o Go G1 UGy
(a) (b)

Figure 2.2. The union of two graphs G; and G,.

Example 2.1. Consider the directed graph illustrated in Figure 2.1. The adjacency

and Laplacian matrices associated with the graph are given by

(00000 [ 0 0 0 0 o]
10100 12 -1 0 0
A=101010 L= 0 -1 2 -1 0
00101 0 0 -1 2 —1
(10100 ] 1 0 -1 0 2

For the case when the topology is changing over time, the network can be de-
scribed by a dynamic graph G(t) = (V,£(t)) where the set of edges £(t) varies with
time while the set of vertices V remains same. For example, the graph topology may
switch among a finite set of topologies given by G(t) = {G1,Gs, ..., Gn}. In such cases,

we will utilize the following notion of union of graphs.

Definition 2.3. Given two graphs G; = (V1,&1) and Gy = (Vs, &), the union of G,
and G, is defined as Gy UGy = (V1 U Vy, E1 U Es).

Example 2.2. Consider the graphs G; and G, depicted in Figure 2.2(a). Based on

Definition 2.3, the union of these two graphs is illustrated in Figure 2.2(b).

We also present some related concepts regarding the connectivity of an undirected

graph.
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Definition 2.4. (Connected component) Let G = (V,E) be an undirected graph. Sup-
pose (V,,E.) is connected where V. C V and . C . If there exist no edges between
the vertices of V. and V \ V. then G. = (V,, £.) is said to be a connected component of
the undirected graph G.

Definition 2.5. (K-Connected graph) An undirected graph G = (V,€) is said to be

K-connected if it has K connected components.

Lemma 2.1. Consider G; = (V,&;) and Gy = (V,&). The number of connected
components of G; U G, is less than or equal to the connected components of either G;

or gg.

Proof. From Definition 2.3, we have G; U Go = (V, & U &). Then the result follows
from Definition 2.4, and £ U & D &, E1UEy DO &s. O

Definition 2.6. (Equivalent K connected) Given a graph G, = (V, &) with K con-
nected components (Ve,, &)y Vexs e )s let Go = (V, &) also have K connected
components as (V.;,E¢);--+» Ver» Ecrc). Then, the graphs G; and G, are said to be

equivalent K connected.

With a slight abuse of terminology, the concepts vertex and agent will be used

interchangeably throughout this thesis.
2.1.1. Spectral Properties of the Laplacian Matrix

This section reviews some of the spectral properties of the graph Laplacian L. In
general, these properties play a major role in the convergence analysis of distributed

consensus protocols.

The Gershgorin’s circle theorem can be utilized to conclude that all non-zero

eigenvalues of L have positive real parts.
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Lemma 2.2. (Gershgorin’s Theorem, [53]) Let L be an n x n matrix. Then the

eigenvalues of L lies within the union of Gershgorin discs, defined by

GIL) = J{zeC: |z =1l <) |}
i=1 j=1

JFi

Furthermore, if the graph has a spanning tree, then the following result states

that L has a simple zero eigenvalue.

Lemma 2.3. ([3], Lemma 3.3) Given a matrix L = [l;;], where ;; > 0, l;; <0, Vi # j,
and Z?:l li; =0, 14,5 €1 for each j, L has at least one zero eigenvalue and the rest
of the nonzero eigenvalues have positive real parts. Additionally, L has a simple zero

eigenvalue if and only if the underlying directed graph has a spanning tree.

Moreover, we have the following results for undirected graphs.

Lemma 2.4. Let G = (V,£, A) be an undirected graph. Then the corresponding
Laplacian matrix L is symmetric and positive semi-definite. Furthermore, for any

x € R" the following statements hold:

o
=
o
@]
=3
<
=
5
.
8
|
8
.
|
(a)
o
=
.
<.
m
N

where a;;’s are the entries of the adjacency matrix A.

Remark 2.2. If an undirected graph G is connected, then its Laplacian matrix L has

a simple zero eigenvalue and all its other eigenvalues are positive and real.

The following result characterizes the asymptotic behavior of Laplacian matrices

where the corresponding graph is undirected and connected.

Lemma 2.5. [54] Suppose G is an undirected connected graph with Laplacian L sat-

isfying Ls = 0, 7L = 0 and rTs = 1 where s and r are the right and left eigenvectors,
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respectively. Then

R = lim e ™ = g7,
k—oco

2.2. Distributed Consensus Protocols

In this section, we first introduce the traditional consensus problem in multi-agent
networks. We then present related mathematical models of continuous and discrete
time protocols. The last part of the section is devoted to the statement of the multi-

equilibria consensus problem.

2.2.1. The Consensus Problem

The consensus problem, where a group of agents agree upon certain quantities
of interest while exchanging information among agents, is one of the most appealing
topics in the control community as a result of its numerous applications. However, the
problem in multi-agent networks may become complicated due to the uncertainties in
the agents, and limited sensing and communication capabilities. As the networks are
getting quite complex and large-scale, it is not possible to implement protocols in a
centralized manner. Therefore, the need for distributed protocols arises, in which the

information of each agent in the network is updated by relying on neighbor information.

Consider a network of n agents. Let z; € R,7 € Z denote the state value associ-
ated with the i-th agent which is to follow a distributed control strategy. This iterative
process for the agents consists of two steps. First, the state values of the agents are ini-
tialized. Then each agent updates its own state based only on the information coming

from its neighbors.
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The objective of the traditional consensus protocol is to ensure that the agents

agree on a common value asymptotically, i.e.,

lim z(t) = c1 (2.2)

t—o0

for all initial conditions x(0) = x¢ where ¢ denotes the common value of agents and 1

is the vector of all ones, i.e., 1= [1,...,1]%.

The special cases of consensus protocols in which the final states of the agents

1 n

are a function of initial states are average consensus (Ave(z) = ~(> ", 74(0)), max-

consensus (max x;(0)) and min-consensus (min x;(0)).
(2 1

2.2.2. Discrete-Time Consensus Protocol

In this section, we consider a multi-agent network consisting of n agents with

linear discrete-time dynamics. The dynamics of the i-th agent are described by

zi(k + 1) = wig(k)zi (k) + Y wii(k)x; (k) (2.3)
v; EN;

where z; € R is the state value of the i-th agent and w;;(k) is the non-negative averaging

coefficient. Equation (2.3) can be expressed in matrix form as
z(k+1) =W(k)x(k), (2.4)

where z(k) = [z1(k), 22(k), ..., z,(k)]" € R™ and W (k) € R™*" is the network (system)

matrix.

The following assumption is widely used in the analysis of multi-agent networks

[1-4,6,8,56,57].
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Assumption 2.1. The averaging coefficients are assumed to satisfy the conditions

below:

(i) (Self weighting) wy; (k) > 0,Vi € Z,Vk > 0, for some positive constant o.
(ii) (Neighbor weighting) w;;(k) € [0,1) if (v;,v;) € E(k) and w;;(k) = 0 if (v;,v;) ¢
E(k) for alli,j € T and ¢ # j, Vk > 0.
(ili) (Total weights) > 7, wy;(k) = 1,Vi € Z, Vk > 0.

Assumption 2.1(i) requires that the agent uses its own data in its update. As-
sumption 2.1(i) is a reasonable assumption unless the agent intentionally disrupts the
update process. Assumption 2.1(ii) states that the information coming from a neighbor
should be used with strictly positive weighting. In other words, each agent in the net-
work is positively influenced by its neighbors. Assumption 2.1(iii) requires that the sum
of the weighting coefficients for each agent to be equal to one. Furthermore, Assump-
tion 2.1(iii) ensures that state of an agent will be a convex combination of the neighbor
agent states at each time step. This assumption together with Assumption 2.1(i)
and Assumption 2.1(ii) implies that the resulting network matrix is row-stochastic.
Row-stochastic matrices arise in many applications, e.g., social networks [12], Markov

chains [58], Google PageRank [59].

Definition 2.7. A matrix W € R"*" is said to be row-stochastic if w;; > 0 for all

i,j€Zand Y w;;=1,foralll <i<mn.
j=1
Definition 2.8. A stochastic matrix W € R"™ " is said to be indecomposable and

aperiodic if limy,_,.o W* = 1y” for some column vector 7.

In words, we say that the powers of a stochastic, indecomposable and aperiodic
matrix converge to a matrix with identical rows, i.e. a rank one matrix, as k approaches
to infinity. This property plays an important role in convergence analysis of consensus

protocols.
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2.2.3. Continuous-Time Consensus Protocol

Given G = (V, ), let x;(t) € R be the state value of the i-th agent in the network
at time t. The state value of each agent is updated in continuous-time according to

the following distributed consensus protocol

Ei(t) = Y ay(t)(a;(t) — (D)), (2.5)

Vj eN;

where N is the set of neighbors and a;;(t) is the (i, j)-th entry of the corresponding
network (system) matrix at time ¢ that satisfies Assumption 2.2 below. Note that the
update rule depends only on the neighbor relationships which may be illustrated as
a social network where an individual forms her opinion based on the information she

encounters in her social circle.

Assumption 2.2. If there exists a directed communication link from agent v; and v;
at time ¢, then a;;(t) > 0 for all 4, j € Z and for some positive parameter §. Otherwise,

Q5 (t) =0.

Intuitively, Assumption 2.2 imposes two features: (i) Each agent’s state will
contribute to its own state and the final state of the network, and (ii) by using a
positive coefficient in the update rule, all agents in the network agree not to destabilize
the final state. Given protocol (2.5), the state of agents, x(t) = [z (t), 2(t), . . ., 2, (t)]7,

evolves according to
(t) = —=L(t)x(t), x(0)=xg (2.6)
where L(t) denotes the graph Laplacian at each time t¢.
2.3. Problem Statement

Next, we clarify the problem of multi—equilibria consensus as used in this thesis.
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Definition 2.9. (Multi-Equilibria Consensus) We say that the network represented
by the discrete-time system (2.3) (the continuous-time system (2.5)) converges to K
consensus equilibria states if there exist K distinct constants ¢;, and K non-empty sets

S, L=1,..., K, such that
K
USl:V, SNS,=0, forl#m, andl,m=1,..., K
=1

and for the set S; we have

lim z;(k) =¢, Yo, €S, i=1,...,n

k—o0

(}E?Oxl(t) =¢, Y, €5, i=1,...,n)
and for arbitrary initial condition [z1(0),...,z,(0)]" € R™ and arbitrary choice of

weighting coefficients w;; (a;;).

Remark 2.3. In Definition 2.9, S;, [ = 1,..., K denotes the groups of agents and
kh—>nolo zi(k) = ¢ (tlggo x;i(t) = ¢), L =1,..., K denotes the final values of these groups.
We define the sets S; in such a way that the agents in the same group converge to
same limit value as k — oo (t — 00). Furthermore, the agents belonging to different
groups converge to different distinct final values. Note that the union of these groups
constitutes the vertex set whereas their intersection is empty which guarantees the
uniqueness of each S;, [ =1,..., K. Given a graph, the main focus of this thesis is to

determine the groups of agents S; by exploiting graph structures.

2.4. Chapter Summary

In this chapter, we have first reviewed the graph theoretical concepts and defi-
nitions that will be used in the analysis of the proposed problem. We have discussed
the spectral properties of the Laplacian matrix L which is associated with the graph.

The second section has been devoted to the mathematical models of continuous and
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discrete time consensus protocols, where the assumptions imposed on the protocols are
also presented. Finally, we have defined the multi-equilibria consensus problem which
will be studied for undirected networks in Chapters 3-4 and for directed networks in

Chapter 5.
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3. MULTI-EQUILIBRIA CONSENSUS IN UNDIRECTED
NETWORKS

The emergence of new technologies such as the Internet of Things and the Cloud
transforms the way we interact. Whether it be human to human interaction or machine
to machine interaction, the size of the networks keeps growing which imposes new
challenges. Motivated by these recent developments, in this chapter, we consider a
network of n agents whose interaction graph is given by an undirected graph G =
(V,E), i.e., there exist mutual information exchange among neighbors. Armed with the
concepts and definitions given in Chapter 2, one can be interested in investigating how
the groups form in an undirected network with fixed and time-varying communication
topologies. This chapter presents a comprehensive convergence analysis for the number
of consensus equilibria in such networks where the agents employ an averaging based
distributed consensus protocol. The contribution of this chapter is to derive some
necessary and sufficient conditions in terms of graph connectivity such that the network

reaches multi-equilibria consensus.

3.1. Existing Results on The Convergence of Linear Consensus Protocols

As pointed out in the former chapters, agents in a network do not generally agree
on a single certain quantity of interest. Even when there exists mutual information
exchange among the agents, the network may settle on different equilibria. Our goal in
this chapter is to analyze such behavior of the multi-agent networks. Before discussing
the main contributions of this chapter, we summarize some of the pioneering works

related to classical consensus in multi-agent networks.

For the case of undirected networks, Olfati-Saber and Murray have shown that
average consensus can be achieved asymptotically if and only if the underlying graph is
connected [54]. The convergence analysis of the distributed protocol relies on spectral

graph theory and matrix theory. In the same work, the conditions for a time-varying
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network to achieve average-consensus, that is the graph being strongly connected and

balanced, have also been obtained.

In [2], Jadbabaie et al. have discussed the consensus problem in undirected
networks with both fixed and time-varying topologies. Periodical connectivity notion
has been proposed to investigate the convergence properties of time-varying networks
assuming that the network matrices are primitive and row-stochastic. A sufficient
condition requiring the associated graph of the network to be periodically connected
is proved by utilizing the properties of products of indecomposable, aperiodic and

stochastic matrices.

Ren and Beard have extended the results in [2] to the case of directed graphs. In
order to solve the consensus problem in networks with static communication topologies,
the authors have presented a necessary and sufficient condition based on the spanning
tree concept. In the presence of a spanning tree in a graph, there exists a root vertex
from which the rest of the vertices are reachable. Under this condition, it is proved that
the states of the agents converge to the state of the leader (root) agent. The authors also
derive a sufficient condition in terms of graph connectivity for the networks with time-
varying communication topologies. Analogous to the result in [2], the agents achieve
consensus if the union of the graphs across certain time intervals has a spanning tree [3].
In [4], a theoretical analysis for the convergence of time-varying network is presented.
Similar to the condition established in [3], the author prove that convergence is ensured

if the graph of the infinite product of network matrices are connected [4].

3.2. Analysis of Networks with Fixed Topology

In this section, we investigate the case of static communication topology, that is,
the interaction among the agents in the network remains unchanged as time evolves.
This case may be interpreted as unnatural since it assumes that information exchange
is not a function of time and the agents have the same set of neighbors all the time.
However, not only such cases may be observed in biology and statistical physics,

especially in collective behavior of animal groups, but also it paves the way for the
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analysis of networks with time-varying interactions.

The problem of achieving asymptotical consensus which is stated in the following

lemma corresponds to the K =1 case in our framework.

Lemma 3.1. ([3], Theorem 3.8) For a network with fixed topology, the discrete-time
protocol (2.3) (or the continuous-time protocol (2.5)) achieves consensus asymptotically

if and only if the associated graph G = (V,€) has a spanning tree.

Remark 3.1. From Lemma 3.1, we note that the graph of the network should have
a spanning tree for the agents to reach a common goal. This condition requires the
existence of an agent which directly or indirectly influences the rest of the network. This
result has also been extended to time-varying networks by requiring the union of the
collection of associated graphs across bounded time intervals to have a spanning tree
frequently enough [3]. While this result is important for forming a single consensus
value, the objective of this thesis is to determine the number of groups for a given

network in the sense of Definition 2.9.

We first present the following result on undirected time-invariant graphs with

multi-equilibria.

Theorem 3.1. Consider a network of n agents represented by a fixed topology graph
G = (V,&). Under Assumption 2.1, the network converges to K consensus equilibria,
where K € Z (n > K > 1), for the protocol (2.3) if and only if the network has K

connected components.

Proof. (Sufficiency): Suppose the network has K connected components. Without loss

of generality, the averaging matrix W can be written in the form

W = blkdlag{Wl, ce ,WK}

where each W;,i = 1,..., K has exactly one A which is 1 and the rest of its eigenvalues

(if any) satisfying |A| < 1. If W is not in this form, it can be transformed into this
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form with a proper permutation matrix. Note also that W is a row stochastic matrix.

By applying Lemmas 2.5 and 3.1, and using Definition 2.5, the solution of the
linear system converges to Wikxm — ¢;1,, where ¢; = riT Zoit = 1,..., K. Here, r;
denotes left eigenvector corresponding to the eigenvalue A = 1 of W, i.e. 7/ W; = 1
and 7y = [To1%o2 - .. Tox|', Toi € R™. By selecting arbitrary z;, we have ¢; # ¢; for

any i,j, ¢ # j. Note that ¢; becomes equal to ¢; only when r/ = ro = 0. But, from
the definition of an eigenvector, we have r;” # 0 which implies ¢; # ¢;. Therefore, the

network achieves K equilibrium consensus states.

(Necessity): Suppose that the network does not have K connected components.

We have two cases:

(i) The network has at least K + 1 connected components,

(ii) or the network has at most K — 1 connected components.

Case (i) There are at least K 4 1 connected components in the network. Following the

same logic in the sufficiency part; we can represent W as
W = blkdlag{Wl, Ce >WK+1}

which leads to K + 1 equilibrium consensus states in the network. Similar conclusion
holds for a network with K + 2 connected components. Thus, it implies there are at
least K + 1 equilibrium consensus states.

Case (ii) Suppose that there are at most K — 1 connected components in the network.

Similar to case (i), it can be seen that there are at most K — 1 equilibrium consensus

states.

Combining both cases lead to a contradiction that the network has K equilibrium

consensus states, thereby completing the proof. O
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In analogy with the discrete-time case, we present the following necessary and

sufficient condition for undirected networks utilizing the continuous-time protocol (2.5).

Theorem 3.2. Consider a network of n agents represented by a fixed topology graph
G = (V,€). Under Assumption 2.2, the network converges to K equilibria consensus,
where K € Z,(n > K > 1), for the protocol (2.5) if and only if the network has K

connected components.

Proof. The proof is similar to the proof of Theorem 3.1. For details, please see [60]. [

Theorems 3.1 and 3.2 state that the number of equilibria depends on the number
of connected components of the network. In other words, a multi-agent network with
static interaction devolves into multiple opinions if and only if it has agent groups
that have the same opinion within the group. Notably, the final states of the network
depends only on the communication structure. While the result seems intuitive for the
case of fixed networks, it cannot be immediately extended to time-varying networks.

In the following, we will focus on networks with varying interactions and neighbors.

3.3. Analysis of Networks with Time-Varying Topology

We have so far discussed networks where the interaction between the agents is
static, i.e., neighbor sets N; are fixed and weighting coefficients w;;(k) (or a;;(t)) are
constant. Yet, it is more suitable to represent a network by means of a dynamic graph
G(k) (or G(t)) due to the fact that agents cooperate, conflict, participate and exchange
information over time. These attributes of agents define the strength of influences
and the structure of the communication topology. As an example, consider a social
network where the neighbors of each individual change over time, e.g., a person may
have new friends or break up with existing ones. In another scenario, the value that is
given to others’ opinion might also vary over time, e.g., trust levels might differ which
would result in a decrease or an increase on the state value of certain neighbor. Such
examples motivate the study of time-varying networks where the neighbor set of each

agent varies over time, i.e. N;(k) (or N;(t)), is a function of k (or ).
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We now present the following results which will be used in the convergence anal-

ysis of networks with time-varying topology.

Lemma 3.2. [20] Let S = {W;}X_| be a finite set stochastic matrices. If any finite

m

products P = ] Wi, with 1 <¢; <k and m > 1 are indecomposable and aperiodic,
j=1

then any infinite product of matrices in S is convergent.

Lemma 3.3. [61] Let Wy, ..., W; be a finite set of row stochastic matrices that corre-
spond to equivalent K connected graphs. Suppose that for each sequence Wi, ..., Wi,

of finite length, the graph associated with the product is also equivalent K connected.

Then, for each infinite sequence W, , W,,, ..., there exist vectors cy,...,ck such that
111’[1 WijWij,l Ce Wi1 = CK (31)
j—oo

where C is in the form

Cx 2 diag{1,,¢c],..., 1,.Cic} (3.2)

Proof. Since the product Wi, Wi, ... Wi, is equivalent K connected and in the block
diagonal form, Lemma 3.2 can be applied to the diagonal blocks independently. There-
fore, (3.1) holds. O

Specifically, Lemma 3.3 extends the theorem given in [20] which will be instru-

mental in proving the main contributions of this section.

3.3.1. Discrete-Time Case

In this part, we consider the discrete system given in (2.3) and present necessary

and sufficient conditions for time-varying networks to reach multi-equilibria consensus.

Lemma 3.4. Let W;,, j = 1,...,m be the corresponding network matrix for the

undirected graphs G;,,...,G; . If the union of a set of undirected graphs G;,,...,G;,
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has K connected components, then the matrix product W; ... W;, satisfies

lim (W;,, ... W;,)" = Cx (3.3)

k—o0

where Ck is in the form (3.2).

Proof. Suppose the union G ,...,G; has K connected components. Then, without
loss of generality, the corresponding network matrix W matrix can be expressed as a

block diagonal matrix
W = diag{Wl, e ,WK}

From the properties of stochastic matrices, it can be deduced that the product of n xn
row stochastic matrices with positive diagonal elements is a row stochastic matrix with
positive elements. By mimicking the proof for Theorem 3.2, one could conclude that
Wlkxol- — ¢/1,, where ¢; = 1/ xg;, 4,0 =1,..., K and 79 = [zo1%02 - . - Tox] ", Toi € R™,

it follows that (3.3) holds. O

Remark 3.2. Lemma 3.4 indicates that the system with network matrix W; Wi,

m °

will have K equilibrium consensus states as k& — oo.

Theorem 3.3. Consider a network of n agents represented by the switching topology
graph G(k) = (V,&(k)). Under Assumption 2.1, consensus protocol (2.3) achieves K
equilibrium consensus states if there exist infinite sequence of non-overlapping time
intervals [k;, k;y1) starting at ¢ = 0, with the property that [ko, k1) is bounded and
[ki, kiv1) i = 1,2, ... is uniformly bounded and for each i, j > 1 the union of the graphs

over the intervals [k;, ki11) and [k;, kj+1) are equivalent K connected.

Proof. Suppose that T is the least upper bound on the lengths of intervals [k;, kiy1),
i=0,1,2,...and satisfies T < co. Let ®(k, k) = I,k > 0and ®(k,7) = W ... Wiri1yr,
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k> 7 > 0. It is obvious that z(k) = ®(k,0)xe. We will show that

lim ®(k,0) = Cx (3.4)

k—o0

where C is as in (3.2). Lemma 3.4 states that each matrix product ®(¢;41,%;), 7 >0
has K equilibrium consensus states. Furthermore, since each ®(k; 41, k;) is a product of
at most T' matrices taking values from a finite set {W;,, ..., W;, }, the set of possible ma-
trix product ®(kj;1,k;), j > 0, is finite. However, ®(k;,0) = ®(k;, kj—1) ... P(k1, ko).
By using Lemma 3.3, it can be concluded

lim ®(k;,0) = Ck (3.5)

J]—00

Suppose j* denotes the largest non-negative integer satisfying 0 < kj;«+ < k. Then,
O(k,0) = ®(k, kj+)P(kj+,0). By Lemma 2.1, it can be concluded that ®(k, k;«) corre-
sponds to a graph that is at least K + 1 connected. Therefore we have,

®(k, k;-)Cx = C (3.6)

and

O(k,0) — Cx = B(k, k) (®(k;-, 0) — C) (3.7)

Since ®(k, k;+) is the product of at most 7" — 1 matrices coming from a bounded set,
®(k, kj+) is a bounded function. Following from (3.5) as k — oo, ®(k;-,0) — Ck.
Combining ®(k;«,0) — Ck and (3.7) implies

k—o0

The solution of the linear switching system (2.4) converges to

T T T
CKZL'Q = [1n1 Ci Zop - - - ]_nKCKZL'QK]
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where zg = [z01202 - . - To K]T, xo; € R™, implying that the network reaches K consensus

equilibria. O

3.3.2. Continuous-Time Case

In time-varying networks, continuous-time protocols of the form (2.5) can cause
chattering due to the abrupt changes in the agent’s states. For instance, in social
networks, if the individual wavers between opinions, fluctuations occur. Therefore, we

do not allow infinitely small switching to prevent this phenomenon.

By employing a positive dwell time 7;, (2.6) can be rewritten as

B(t) = —L(t)a(t), te€[tut;+7) (3.8)

where tg, t1, ... is an infinite time sequence such that 7; = t;,1 —t;, ¢ > 0. The solution

of (3.8) is given by

z(t) = e~ L) (t=ty) o= L(tp—1)(Th-1) e—L(t1)('r1)e—L(to)(To)x(O)

where k denotes the largest nonnegative integer, t, < t. Let 7 denote a set of arbitrary
positive numbers with finite length, and let ¥ be an infinite set of arbitrary positive
numbers with the property of being closed under addition and multiplication by positive

integers. By assumption 7, € ¥, 7 > 0.

Lemma 3.5. [60] If the union of a set of undirected graphs Gi,,...,G;,, has K con-
nected components and L, j = 1,...,m is the Laplacian matrix corresponding to

each graph G, in (2.6), then we have

lim (e~ LmAtm - omludtiyh — Oy (3.9)
—00

where C is as in (3.2) and At; > 0 are bounded.
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Proof. Suppose that the union of the graphs Gy, , ..., G;  has K connected components.
Note that, —L;;,7 = 1,...,m can be expressed as M, —n;, I,, where 7, is the maximum

value of diagonal entries of L;, and M, is a matrix with non-negative elements. It can

—LtjAtj MtjAtj e—ntjAtj

be written e =e . which implies that e ™ is a stochastic matrix
with positive diagonal elements. Then following the proof of Lemma 3.4, it can be

shown that (3.9) holds. O

Theorem 3.4. Consider a network of n agents represented by a time-varying undi-
rected graph G(t) = (V,£(t)) whose switching times ¢, s, ... satisfy 7, = ;41 — ¢,
i > 0. Let G(t;) be a time-varying graph at time ¢ = ¢;. Under Assumption 2.2,
consensus protocol (2.5) achieves K distinct equilibrium consensus states if there exist
infinite sequence of non-overlapping time intervals [t; ,#; ;) starting at t;, = to, with
the property that [t; 1;;,%;;1+1), j > 1 is uniformly bounded and the union of the graphs

across each interval [tij+lj,tij+1) is equivalently K connected.

L) can be chosen from the finite set

Proof. The set of all possible matrices e~
F = {4 1, € 7}. Suppose [ti;+1;,ti;+1) is uniformly bounded, i.e., there exists
a constant B such that |t;, 41 —t;,4;,| < B for all 4,j. Consider the j-th time inter-
val [t;,,t;,41) which is bounded due to fact that both [t;,,;,41,) and [t; 4, t;,41) are
bounded. The union of the graphs across [t;;,;,11), denoted as g (ti;), has K connected
components since the union of graphs across [t;;,;,41,) has K connected components.
Let {L(t;,), L(ti;+1), ..., L(t;,,,—1)} be the set of Laplacian matrices corresponding to
cach graph in the union G(%;,).

From  Lemma 3.5, the  matrix  product e Lltij-1)(Tij-1)

_L(tij+1 )(Tij +1)6_L(tij )(Tl])

e , J > 11is K connected. Then by Lemma 3.3, we conclude
that a network of agents utilizing consensus protocol (2.5) achieves K consensus equi-

libria. O

Theorem 3.4 characterizes the conditions for convergence to K distinct states

in terms of the time-varying network structure. The result shows that if the agents
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Figure 3.1. (a), (b), (c) topology graphs for a network of n = 6 agents.

communicate frequently enough, they tend to adopt the same state within the group
(set) in the long-run. It should be noted that the agents do not have to be in interaction

at all times. It is enough to interact only across certain time intervals.

3.4. Numerical Examples

In this section, we provide some examples to show the effectiveness of the proposed
results. In the first example, we illustrate long-time behavior of a network of six agents
with a time-varying communication topology. The second example considers a social
network of individuals participating in a political discussion. Both of the simulations

demonstrate how the interactions play role in the convergence of these networks.

Example 3.1. (Illustration of Theorem 3.3) Consider a network of six agents repre-
sented by three topologies shown in Figure 3.1. Let the corresponding network matrices

W, and W be

(1323 0 0 0 o0 1/3 0 1/3 1/3 0 0
1/4 344 0 0 0 O 01 0 0 0 0
woo| 0 0 1/2 1/2 0 0 T 1/6 0 4/6 1/6 0 0
0 0 1/21/2 0 0 2/5 0 1/5 2/5 0 0
0 0 0 0 2/53/5 0 0 0 0 1/4 3/4
[0 0 0 0 1/7 67 | 00 0 0 2/4 2/4]
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Figure 3.2. Multi-equilibria consensus for the network with switching topologies in

Figures 3.1 (a) and (b).

In order to demonstrate our result on discrete-time switching networks, we will
first consider the case in which the communication topology is periodically varying
between the topologies W, and W,. From Theorem 3.3, we expect the network to
converge to two equilibria consensus. The state trajectories of the agents are depicted
in Figure 3.2 with the initial state xo = [60 90 80 70 50 20]". Note that when networks
with the underlying system matrices W, and W, are evaluated independently, it can
be inferred from Definition 2.5 and Theorem 3.1 that they converge to three distinct

consensus equilibria.

In a similar manner, consider the finite set of network matrices W = {W,, W,, W_}.

Let the network matrix W, for the topology Figure 3.1-(c) be given by
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Figure 3.3. Consensus of the network with switching topologies in Figures 3.1 (a),(b)

and (c).
[ 15 0 2/5 0 1/5 1/5 ]
01 0 0 0 0
2/6 0 1/6 0 2/6 1/6
b | 2060 16 0 26 1
00 0 1 0 0
4/9 0 3/9 0 1/9 1/9
1/4 0 1/4 0 1/4 1/4

Suppose now that the topologies are switching between W,, Wy, W, respectively.
According to Theorem 3.3, the network is expected to achieve a single equilibrium
state, therefore reaching classical consensus. The state values of the agents are shown
in Figure 3.3 with the initial state xp = [60 90 80 70 50 20]% for the distributed
consensus protocol (2.3). It is worth mentioning that we do not require the weighting
coefficients w;;(k) and wj; (k) to be equal. The results are valid for all network matrices

that satisfy Assumption 2.1.
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Figure 3.5. Formation of opinions when the network switches between the topologies

given in Figures 3.4 (a) and (b) with switching period 7" = 20 s.

Example 3.2. (Illustration of Theorem 3.4) In this example, we focus on a social

network where there exists mutual information exchange among the individuals.

In

particular, consider a network of 7 individuals in an online chat room having a con-

versation on the candidates of upcoming elections. We are interested in the political

decisions of seven people in the long-run for the given communication topology illus-

trated in Figure 3.4.
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Figure 3.6. Formation of opinion when the network switches between the topologies

given in Figures 3.4 (a),(b) and (c) with switching period 7" = 20 s.

The initial preferences of the individuals are selected randomly and the inter-
actions (weighting coefficients) depend on the confidence levels between the people
in the network that satisfy Assumption 2.2. It is worth mentioning that when the
underlying communication networks are evaluated independently, by Definition 2.5 and
Theorem 3.2, it can be deduced that each of the networks is three connected which
leads to three opinion groups. Suppose that the communication topology among the

individuals switches every 20 s in the sequence of (a), (b).

In line with Theorem 3.4, the time-varying network is expected to converge to
two opinion groups. The change in the opinion (states) of the agents are depicted in
Figure 3.5. While the agents 1, 2 and 3 tend to agree on the same candidate, the
agents 4, 5, 6, and 7 are more likely to select the opponent candidate. This is due to

the formation of two disconnected subgroups, namely 2 consensus equilibria.
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Suppose now that the communication network switches between (a),(b) and (c)
sequentially with switching period T' = 20 s. The evolution of the opinions is illustrated
in Figure 3.6 where the individuals are assumed to have arbitrary confidence levels.
From Theorem 3.4, we can deduce that the network converges to a single equilibrium

state as expected, i.e., all agents in the society agree on the same candidate.

3.5. Chapter Summary & Concluding Remarks

In this chapter, we have addressed the multi-equilibria consensus problem for an
undirected network of n agents interacting with fixed or time-varying communication
links. The problem is handled both in continuous and discrete-time settings. We
have presented necessary and sufficient conditions on the network topology such that
the network converges more than one equilibrium consensus state. For the convergence
analysis of networks with time-varying topologies, we have introduced a condition based
on joint connectivity notion which requires the union of graphs to be equivalently K
connected. At the end of the chapter, we have presented extensive simulation studies
to validate the results of the chapter. Particularly, we have studied opinion formation
in a social network by examining the interaction pattern among individuals. While this
chapter presents a joint connectivity condition for undirected networks, we investigate

an integral connectivity condition in Chapter 4.
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4. INTEGRAL AND SUM CONNECTIVITY CRITERIA

In this chapter, we propose an alternative framework to study the multi-equilibria
consensus problem in networks with switching topologies. The interactions among
agents are assumed to be undirected and the network matrix is symmetric. We present
two graph based conditions for continuous and discrete-time networks, namely integral
and sum K connectivity, which are superior than the similar conditions in the literature
in the sense that it does not impose any constraint on the time axis. These conditions
enable checking the convergence characteristics of networks with switching topologies at
ease since the analysis is carried out only on a single constant graph which is constructed

from the original networks.
4.1. Analysis of Networks under Integral Connectivity Condition

Recall that Assumption 2.2 requires the existence of some positive parameter ¢§
such that a;;(t) > ¢ if (v;,v;) € £(t). Another way to interpret Assumption 2.2 is
the following: whenever there is an information exchange among the agents in the
network, the agent must positively consider the information gathered. However, there
may be networks with time-varying coefficients where such an assumption does not
hold. Consider the weight a;;(t) = e~* which is always positive (this corresponds to
decaying importance). Nonetheless, there does not exist a positive parameter § such
that a;;(t) > ¢ holds for all ¢ > 0. In this section, we relax this restriction and assume

the following condition.

Assumption 4.1. L(t) is symmetric, i.e., [;;(t) = [;;(%).

Basically, Assumption 4.1 imposes the information exchange among the agents to

be balanced, that is, the strength of the interaction are assumed to be equally worthy.

Definition 4.1. [55] Consider a time-varying graph G(t) = (V, E(t), A(t)) where A(t)
is the adjacency matrix at time ¢. The integral graph of G(¢) on the interval [0, c0) can

be defined as a constant graph é'[o,oo) =V, E , E) with the same vertex set V, and the
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elements of adjacency matrix A= (a;j) are given by

1, if [ a;(t)dt = oo,
- NG -

0, if fooo CLw(t>dt < 0.

Let L denote the graph Laplacian of 6[0700) which is formed from the elements of

the adjacency matrix A = (a;;).

A necessary and sufficient integral connectivity condition to solve the consensus

problem in time-varying networks is stated in the following lemma:

Lemma 4.1. ([55], Theorem 4.1) For the undirected network with the dynamics (2.5),

the time-varying topology G(t) achieves consensus if and only if .5[0,00) is connected.

We will now extend Definition 4.1 to define an integrally K connected graph.

Definition 4.2. (Integrally K  connected graph) A  time-varying graph
G(t) = (V,&(t), A(t)) is said to be integrally K connected over the interval [0, 00),

if its corresponding integral graph fgv[opo) is K connected.

Using Definition 4.2 and Lemma 4.1, we present an important condition to

determine the number of consensus equilibria on time-varying graphs.

Theorem 4.1. [49] Consider a network of n agents represented by a time-varying
graph G(t) = (V,£(t), A(t)). Under Assumption 4.1, consensus protocol (2.5) achieves
K equilibria consensus if and only if the corresponding integral graph .5[0,00) is K

connected.

Proof. (Sufficiency): Suppose that the corresponding integral graph g[(),oo) is K con-

nected. Then, the Laplacian matrix L can be represented in the form

L = blkdiag{Li, Lo, ..., Lx}
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where each Zl, [ =1,..., K has exactly one eigenvalue at zero and the rest of its eigen-
values (if any) are positive. Note that, if L, is not in this form, it can be transformed
into this form with a proper permutation matrix. By Lemma 4.1, it can be deduced
that each subgraph with the corresponding El, l=1,..., K achieves consensus. There-
fore, K equilibria consensus is achieved in the sense of Definition 2.9.

(Necessity): Suppose now that the corresponding integral graph 6[0700) is not K con-
nected. Then it has to be either at least K + 1 connected or at most K — 1 connected.
Thus, by using the arguments in the sufficiency part, we conclude that the system
achieves either K + 1 or K — 1 equilibria consensus and we arrive at a contradic-

tion. O

Remark 4.1. The integral connectivity condition in Theorem 4.1 provides ease of anal-
ysis for a given time-varying graph by forming a new static communication structure

based upon the long-run behavior of the information exchange between the agents.

Remark 4.2. One obvious question is whether it is possible extend Theorem 4.1 to
the networks modeled with directed graphs. Although connectivity notion can be
defined similarly, the agents may not achieve K equilibria consensus in the case that
the corresponding integral graph is K connected. Therefore, it is not possible to extend

the result to the case of directed graphs.

Remark 4.3. Theorem 3.4 presents a joint K connectivity condition to check the
multi-equilibria consensus under Assumption 2.2. Although Theorem 3.4 is applicable
to a broader class of networks, Assumption 2.2 is restricted in the sense that the pro-
posed result is only valid for graphs with a;;(t) > ¢ weighting coefficients. However,
Theorem 4.1 does not suffer from this restriction. Based on Assumption 4.1, Theorem
4.1 provides an easier condition which relies on investigating the convergence proper-
ties of a single fixed interaction graph. Nevertheless, Theorem 4.1 is only valid for

symmetric networks.
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4.2. Analysis of Networks under Sum Connectivity Condition

In this section, we address the same problem for time-varying discrete-time net-
works. Consider a network with n agents characterized by a switching graph G(k) =
(V,E(k), A(k)). The state value of each agent is updated according to (2.3) where
w;;(k) is the non-negative averaging coefficient for the information coming from agent

j to agent . We assume that the following condition holds for the weighting matrix

W (k).

Assumption 4.2. W (k) is symmetric, i.e. w;;(k) = w;i(k).

4.2.1. Dynamics of The Time-Varying Network

In this part, we aim to show that the states of the agents in the network converge

as k goes to oo.

Lemma 4.2. Let z(k) denote the trajectory of (2.3) with an undirected time-varying
graph G(k). For the Lyapunov function candidate V (k) = 2" (k)x(k), we have AV (k) <
0, Vk > 0.

Proof.

AV (k) =V(k+1)—V(k)

=o' (k+ Da(k+1) - (k)a(k) (4.2)

2T () [W2(k) — Na(k).

Let L(k) := I — W?*(k) where W (k) = [w;;(k)] is an n X n matrix and the entries [;;

are given by
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Lj(k) = =Y wak)wi(k), i # j

n (4.3)
Li(k) = 1= wi(k)wy (k).
=1
Using Lemma 2.4 (i), (4.2) can be written as
AV (k) = —2" (t)L(k)x(k)
n_n (4.4)
= =3 3 s () = ()
Substituting (4.3) into (4.4), we have
AV (k) = —% Z Z > " wak)wy (k) (x; (k) — z;(k))* < 0. (4.5)
]

Corollary 4.1. ||z(k)|| is a non-increasing function of k.

Proof.

n n n

le(k + D)II* = ll=(k)* = —% DD 0> walkywy (k) (g (k) — zi(k))* (4.6)

i=1 j=1 I=1

Under Assumption 2.1, the right hand side of the equality becomes non-positive, then
lz(k + DI* < [lz(k)|* implies [|z(k + 1)|| < [Jz (k). O

Corollary 4.2. |z;(k)| < ||z(0)| for any i € Z and k > 0.
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Proof. From Corollary 4.1, we have ||z(k)|| < ||«(0)|| which can be manipulated as

follows to obtain the desired result:

Viek)] < Z\fcz )P < Jl=(0)]]

Lemma 4.3. For each ¢,5 € 7

lz(0)[1* > ZZwu Yy (k) (5 (k) — z4(k))>.

kOll

Proof. From (4.5),

n n n

wir(0)wi; (0)(w;(0) — 2:(0))*

1

[\D}—k

le()I* = 2(0)]|* =

>_A
>_A

= !

J=

n n n

|z (k)||? = |k — 1)|* = _%

=

Adding the above set of equations side by side leads to
k=1 n n

l=(0)* > ZZZZW m)wi;(m)(z;(m) — x;(m))*

mOzl]lll

Since (4.9) holds for any k, it also is true for k = oo

l=(0)[I* > % D220 D walkywy (k) (k) — wi(k))?

k=0 i=1 j=1 =1

(4.7)

(4.8)

ZZle — Dy (k — 1) (x;(k — 1) — 2;(k — 1))?

(4.9)

(4.10)



Using the above result, we obtain the statement of the lemma:

|2(0)

IR B BACIAC

kOll

x;(k) — 2i(k))”
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(4.11)

To be able to discuss the conditions for multi-equilibria consensus, the following

lemma is needed.

Lemma 4.4. Let 7, C 7, 1,

> lwi(k+ 1) = zi(k)]

i€y

2 | D wilk)w;(k) -

i€y LjeT1 Uy

Multiplying out the right hand side gives us

Z[%(l{?‘f‘l —z(k

i€Zy

For simplicity, denote the first part of (4.14) as M:

=7\ Z;. Then, we have

= > > wi(k)ay (k)

i€Ty j€Ls

Zwmk)xi(k)]

> wi(k) (k) — Ii(k))]

> wii (k) (i (k) — 2i(k) + > wi(k
i€l Ljely J€EL
ZZU}U —xl —1—221112]
i€y j€I €Ty j€Lo
M =" wi(k) (k) — 2:(k)).

1€ jEI

(4.12)
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Since is W (k) symmetric, i.e., w;;(k) = w;;(k), and index is preserved, M becomes

S wiR)as () = 3 wilk)ai(k) = 0

ivjezl 7'7.] eIl

Thus (4.14) reduces to,

Z [zi(k+1) —x;(k Z Z w;;(k — xz;(k)). (4.15)

i€y 1€, jELy

4.2.2. Consensus under Sum Connectivity

In this section, we address the consensus problem of discrete-time multi-agent
networks under time-varying topologies. Analogous to the integral connectivity con-

cept, we first present the sum graph definition.

Definition 4.3. (Sum Graph) Given a time-varying graph G(k) = (V,E(k), A(k)), the
sum graph of G(k) on [0,00) is a constant graph Gjg ) == (V, &, A) where A = [a;;] is
defined as

1, if Zszz( Jwij(k) = oo
iy = (4.16)

0, if Z szl( Jwij(k) < 0.

=01=

Definition 4.4. A time-varying graph G(k) is said to be sum connected over the

interval [0, co) if its sum graph g[O,oo) is connected.

Suppose that z* := limy_,o (k) exists. Let L be the corresponding Laplacian
matrix of the sum graph which is constructed from A. The following result presents
conditions for a time-varying network to achieve consensus under a sum connectivity

condition.
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Theorem 4.2. Suppose that z* := limy_,, #(k) exists. The network represented by

system (2.3) achieves consensus if and only if QV[O,OO) is connected.

Proof. (Sufficiency): Suppose G[O,oo) is connected. Then, L is connected which corre-
sponds to L1 = 0, i.e., KerL = span{1}. In order to complete the sufficiency part, we
will show that z* € KerL. Let x} and z} be the two components of *, and suppose
that these components are not equal, i.e., xj # zj. Let d:=|z} — x}|. Since kh_)rgo z(k)
exists, for any v > 0 there is 7' > 0 such that |z;(k) — z]|< v and |z;(k) — 2}[< v at
any time step k > T'. Rearranging the inequalities, we obtain |z;(k) — x;(k)|> d — 27.

Then, we can write

S w R W) — k) > 5SS wakuy(hd — 20 (417)

Utilizing Lemma 4.3, we obtain

iy ()]
DY walk)wy(k) < 20—

k=T I=1

Since the right-hand side of the above inequality is finite, we obtain

DO walkyw(k) < oo.

k=T I=1

Definition 4.3 implies that a;; = 0 when x7 # xj. Furthermore, if 7 = z} then
z; — x5 = 0. When both statements are combined, one concludes that a;;(v; — z}) =
0 forall ¢,j € Z. The statement then follows from Lemma 2.4 (ii) which implies
La* = 0.

(Necessity): We proceed by contradiction. Suppose gv[opo) is not connected. Then,
it can be expressed as the union of two disjoint networks, Qv[opo) = GGUGb. Let
T, = {i € I|v; is a vertex of G,} and T, = {j € Z|v; is a vertex of G,} which means

a;; = 0fori € 7, and j € Z,. By Definition 4.3, it implies that ];);wil(k)wlj(k) < 00.



Furthermore, for any positive 7, there is Ty > 0 satisfying T > Tj

Z szl Jwij(k) <~ forall i € Zy and j € T,.

k=Tp I=1

Under Assumption 2.1, (4.18) can be written as follows

Z w;j(k) < forall i € Z; and j € I,
k=T

Consider a sequence z(k) with

0, iftel;

1, if i €1,

45

(4.18)

(4.19)

(4.20)

Then for this special z(k), check if it converges to the average vector * € R". When

> (xi(k+1)—2;(k)) = 0, the average vector Z* becomes a constant function, therefore

i=1
we have

We can express ) ;.7 (74(T) — z:(1p)) as ST _1 Dier, (@ilk + 1) — zi(K)).

Then after applying Lemma 4.4, we get

S ) ) = 3 30 3 s 8, 8) )

i€y k=To i€l j€Io

Given (4.20), > 24(Ty) becomes zero. Hence,

i€y

S| < T X 3 wl(a () - )

€71 i€Ty je€Is k=To

(4.21)
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Note that,

(k) = 23()| < (k)] + [ (k)] < 2 [le(k)]| < 2la(To)l| = 2V/T|

whenever k£ > Ty. Since (4.19) holds, the right hand side of (4.21) is less than
Yiery 2jer, 2V | T2y = 2|14 || Z2]/|Z2]y. We can choose a sufficiently small constant ~
such that 2|Z,||Zs|+/|Z2|y = 1/n?, thus

in(T)‘ < —. (4.22)

€71

Nevertheless, the discrete-time network (2.3) can achieve consensus only if the following

condition is satisfied:

T—o00
i€y

T
lim > " 2i(T) = |Il|%.

This leads to a contradiction which completes the proof. O

Similar to the continuous-time counterpart, the sum graph definition can be ex-

tended to the sum K connected graph.

Definition 4.5. (Sum K connected graph) A time-varying graph G(k) = (V, E(k), A(k))
is said to be sum K connected over [0, 00) if its corresponding sum graph G[O,oo) is K

connected.

We state now the main result on the discrete-time networks with switching topol-

ogy where multi-equilibria consensus states are achieved.

Theorem 4.3. Consider a network of n agents represented by a time-varying graph
G(k) = (V,E(k)). Suppose that z* := limy_, (k) exists for (2.3). Under Assump-
tion 4.2, consensus protocol (2.3) achieves K equilibria consensus if and only if the

corresponding sum graph gv[opo) is K connected.
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Proof. (Sufficiency): Let L be defined as L = I — W? where W = [wy;] is an n x n
network matrix. Suppose that the corresponding sum graph Qv[opo) is K connected.

Then, the Laplacian matrix L can be represented in the form
L = blkdiag{L1, Lo, ..., L}

where each L;,1 = 1,..., K has exactly one eigenvalue at zero and the rest of its eigen-
values (if any) are positive. We note that, if L; is not in this form, it can be transformed
into this form with a proper permutation matrix. It follows from Theorem 4.2 that
each subgraph with the corresponding L;,l = 1,..., K reaches a single equilibrium
consensus state. Therefore, K equilibria consensus is achieved in the sense of Defini-
tion 2.9.

(Necessity): Suppose now that the corresponding sum graph G[o,m) is not K connected.
Then it has to be either at least K + 1 connected or at most K — 1 connected. Thus,
by using the arguments in the sufficiency part, we conclude that the system achieves

either K 4+ 1 or K — 1 equilibria consensus states which is a contradiction. O

Remark 4.4. Note that the conditions presented in this section only rely on the sum
graph which is constructed based on the time-varying network topology. The proposed
technique is easier to implement than the similar approaches in the literature since the

problem is analyzed as in static networks.

4.3. Numerical Examples

This section presents the demonstration of the theoretical results via numerical
examples. In the first example, we perform simulation for a network of six agents
where the interaction among agents are assumed to be varying with respect to time.
The second example not only illustrates the sum connectivity condition for a five agent

network with switching topology but also shows the necessity of Assumption 2.1(i).

Example 4.1. We consider an undirected network with n = 6 agents associated with
the communication topologies given in Figure 4.1 to illustrate the results based on the

notion of integral connectivity. The Laplacian matrices for the network are given as
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Figure 4.1. (a) and (b) topology graphs for a network of 6 agents.
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To investigate the effect of time-dependent weighting coefficients a;; on the multi-
equilibria consensus, we model one of the weight (network) matrices with time-varying
coefficients. Note that, under Assumption 2.2, we can not choose ¢ such that a;;(t) > 6.
Therefore, Theorem 3.4 stated in Chapter 3 is not applicable in this case. We suppose
that the communication topology varies between topologies given in Figures 4.1 (a)

and (b) with the period of 7' = 5 seconds in the sequence of L,(t), L.

In line with Theorem 4.1, the time-varying network is expected to converge to
three consensus equilibria. The evolution of states for the agents is depicted in Figure
4.2 with the initial state zo = [40 95 30 20 55 80]7. Note that, even if agent 2 is

influenced by some of the agents in the first topology, it can not adopt the group’s
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Figure 4.2. State trajectories of the agents in Example 4.1.

ultimate state in the long-run due to decaying weighting coefficient.

Example 4.2. In this example, we study the multi-equilibria consensus problem for
discrete-time networks with time-varying topologies under the sum connectivity con-

dition. For this case, we consider a five agent network with the corresponding weight

matrices
[ 3ki§  1-3%_4 0 0 0|
1-3%-§ 3F49§ 0 0 0
W, (k) = 0 0 k2+6 1—-k2-6 0],
0 0 1—k2-0 k246 0
] 0 0 0 0 1|
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Figure 4.3. State trajectories of the agents in Example 4.2.
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| 1-27"-9 0 0 0 27F+0

where 0 is a positive constant given in Assumption 2.1. By Theorem 4.2, the agents
are expected to convergence to a single equilibrium state due to the fact that the
sum graph of the switching network becomes a connected graph. The evolution of the
states of agents under periodic switching with the initial state 2y = [60 90 40 20 70] "
is depicted in Figure 4.3. Note that, this example also demonstrates the necessity of
Assumption 2.1(i) since in the absence of positive constant d, the states of the agents

in the considered network oscillates rather than achieving multi-equilibria consensus.
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4.4. Chapter Summary & Concluding Remarks

In this chapter, multi-equilibria consensus problem for undirected networks with
time-varying communication topologies has been investigated. A novel condition based
on the notion of integral connectivity is proposed to examine the convergence properties
of continuous-time networks. Furthermore, the result is extended to the networks of
agents with discrete-time dynamics. We prove that the time-varying network achieves
K equilibria consensus if only if the associated integral (or sum) graph is K connected.
The analysis of the networks is shown by using tools from linear system theory, algebraic
graph theory and matrix theory. Finally, numerical examples are presented to illustrate
both of the conditions. The simulations also provide a comparison between jointed
connectivity and integral connectivity conditions which are presented to solve the multi-

equilibria consensus problem in varying continuous-time networks.

Most of the approaches in multi-agent coordination problems suggest that bidi-
rectional communication among agents in a network will eventually result in a common
decision. However, this may be unrealistic for some cases since the researchers assume
the whole network to be interacting all the time. Interaction patterns among the agents
play a major role when building a large scale network working in a distributed manner.
We thus believe that the insights provided in this chapter can serve the basis to create

and design a networks of larger size for real-world applications.
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5. MULTI-EQUILIBRIA CONSENSUS IN DIRECTED
NETWORKS

In this chapter, we analyze the multi-equilibria consensus problem for a given
multi-agent network with an associated directed graph. Many studies in the literature
have attempted to relate the number of connected component in an undirected graph
with the number of consensus equilibria. However, this correlation does not apply for
the networks modeled with directed graphs. A supportive example is presented in the
first section, where we illustrate that vertices in a strongly connected component of a
graph do not necessarily reach the same final value. For this reason, we propose two
novel definitions of primary and secondary layer subgraphs to analyze the consensus
equilibria of a given network. We also introduce two algorithms which are used to
determine primary and secondary layer subgraphs in a directed graph. Based on the
definitions, we then analyze the number of equilibria in directed networks of agents
that utilize a discrete-time consensus protocol. We prove that the number of consensus
equilibria is related to the total number of primary and secondary layer subgraphs,

which is one of the most important contributions of this thesis.

5.1. The Number of Consensus Equilibria in Directed Networks

In this section, we are interested in determining the conditions on the directed
network topology such that the network reaches K > 2 consensus equilibrium states.
To do so, we first investigate the role of strongly connected components in a graph.
Then, we introduce our graph based tools which will be used in the analysis of the

proposed problem.

5.1.1. The Role of Connectivity in the Underlying Graph

As a first step towards the solution of the problem, one might be tempted to

believe that strongly connected components of the graph play a major role in the
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Figure 5.1. A directed graph with 20 vertices and 27 edges.

analysis. However, this is not so, as the vertices of a strongly connected component in
a directed graph do not necessarily converge to the same equilibrium value as illustrated

by the following example.

Example 5.1. Consider the network of 20 agents shown in Figure 5.1. Note that
the vertices which are depicted in red form a strongly connected component together.
For a random choice of initial state x(0) and weighting coefficients w;; which satisfy
Assumption 2.1, the evolution of the states is depicted in Figure 5.2. It is seen that the
network converges to 9 distinct consensus values. However, the vertices which form a

strongly connected component do not converge to the same value.

5.1.2. Graph Related Definitions

In this part, we introduce the novel concepts of primary and secondary layer
subgraphs that will be instrumental in the analysis of the multi—equilibria consensus

problem. We first start with the subgraph and primary layer subgraph definitions.

Definition 5.1. A subgraph of a network G = (V, €) is a graph, Gy, = (Vsy, Esg), such
that Vs, €V and &, C EN (Vyy X V).

Definition 5.2. (Primary layer subgraphs) Let G = (V,€) be the graph under
consideration. There exist [, (I, > 1) subsets in the vertex set V such that each
subset V,;, @ = 1,...,1,, is the largest possible subset that has a spanning tree for

its subgraph G,; and for all v, € V,; and v, &€ V,;, we have (v, v,) € €. We say
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Figure 5.2. The simulation results for the network given in Figure 5.1.

Gpi (i =1,...,1,) are the primary layer subgraphs of G where the number of primary
layer subgraphs is denoted by 1,,.

Now that we have defined the primary layer subgraphs, we are ready to define

the notion of a secondary layer subgraph.

Definition 5.3. (Secondary layer subgraphs) Let V be the set which consists of the
_ lP

vertices that are not in the primary layer subgraphs, i.e., V.=V '\ |J V,,;. Then there
_ i=1

exist /s subsets in V' such that each subset V;;, i = 1,...,[;, has a spanning tree for

its subgraph and there exists exactly one vertex v, € V;,; which satisfies the following

(i) For all v, € Vi; \ v, and v. € V '\ V;;, we have (v., v) & E.
(ii) There exist at least two vertices in two different subgraphs (either primary or
secondary layer) vy and v, such that (vg,v,) € € and (ve,v,) € €.

(iii) v, is the root of a spanning tree in Vj ;.
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We define the subsets Vs ;, i = 1,...,[; as the secondary layer subgraphs of G.

5.2. Primary and Secondary Layer Subgraph Detection Algorithms

This section is devoted to our two algorithms which detect primary and secondary
layer subgraphs in a directed graph. Furthermore, we discuss the performance of the

algorithms in terms of convergence and time complexity.

Given a directed graph G = (V, £), the following algorithm can be used to deter-

mine the primary layer subgraphs.

1: procedure [Sy,...,S; ] = PRIMARYLAYER(G(V, E))

2: for : :=1 ton do
3: Compute 5;, the set of reachable vertices by v;
4: end for

5: Initialize the set L, := {vy,...,v,}

6: for i :=1 to n do

7 for j:=1 to n do

8: if ¢ # j and S; C S; then

9: Update L, := L, \ {v;}

10: end if

11: end for > The set L, consists of all vertices
12: end for > in the primary layer subgraphs

13: for all v; € L, do

14: Compute the set S; := S;\ U S;

15: end for i

16: return [Sy,..., 5] > S; consists of the vertices in the
17: end procedure > i-th primary layer subgraph

Figure 5.3. Primary layer subgraph detection algorithm.
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Figure 5.4. A directed graph with 18 vertices and 26 edges.

Example 5.2. Consider the network shown in Figure 5.4. By applying the primary
layer detection algorithm, it can be determined that the primary layer subgraphs of the
graph are G, 1, G, 2, G, 3. Note that despite having an isolated vertex, G, 3 is a primary
layer subgraph since we assume every vertex has a self loop (Assumption 2.1(i)) and is

a spanning tree itself.

Once the primary layer subgraphs of a network are determined, the algorithm

given in Figure 5.2 can be used to extract the secondary layer subgraphs.

Example 5.3. Recall the network in Figure 5.4 where the primary layer subgraphs
have been determined as G, 1, G, 2 and G, 3. By applying the secondary layer detection
algorithm, the six secondary layer subgraphs of the network are extracted as G ;,
j =1,...,6. Note that each secondary layer subgraph receives information from at

least two other subgraphs (which may be either primary or secondary layer).

Remark 5.1. We remark here that our work is a generalization of the results of
traditional consensus with a single equilibrium, which corresponds to a network with
single primary layer, i.e., K = 1. The case of K = 1 requires the existence of a
spanning tree to achieve consensus whereas we utilize novel concepts of primary and
secondary layer subgraphs to analyze multi-equilibria consensus. Our analysis relies

on two algorithms that determine primary and secondary layer subgraphs in a given
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1: procedure [S; i1,...,5,1,] = SECONDARYLAYER(G(V,E),Sy,...,5,)

2: Initialize [ := 1, + 1

3: while | S; #V do

4: Compute L, := {vy, : (v;,v) € E,Yv; € U S; and Vo, & |J S;}

5: for all v; € L, do

6: Compute G; and &;, the graph and the edge set obtained by removing
all edges associated with the vertices L; \ v;, respectively

7: end for

8: for all v; € L, do

9: Compute S;, the set of reachable vertices by v; in the graph G;

10: end for

11: for all v; € L, do

12: Compute S; := S \ U S,

13: Update l :==1+1 .

14: end for

15: end while > S;,i=1,+1,...1,+ I, consists of

16: return [S; 41,...,5,11,] > the vertices in the (i —1,)-th

17: end procedure > secondary layer subgraph

Figure 5.5. Secondary layer subgraph detection algorithm.

network. Note that along with the transitive closure computation algorithms which
are used to find spanning trees in a network [62], the first three lines of primary layer

subgraph detection algorithm may also be used for detection of the spanning trees.

5.2.1. Convergence Analysis of The Algorithms

Convergence of algorithm in Figure 5.2 is ensured since L, # () holds after line
12. This corresponds to the fact that there exists at least one primary layer subgraph
in any given graph by Definition 5.2. The convergence of secondary layer subgraph
detection algorithm in Figure 5.5 follows since the while loop will be executed unless

all vertices are assigned into a subgraph and at each iteration, at least one secondary
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layer subgraph (and its vertices) will be determined. Hence, this ensures the while loop

to be finite and the algorithm to be convergent.

5.2.2. Complexity Analysis of The Algorithms

In order to analyze the time complexity of the algorithm in Figure 5.2, we consider

the following sub-operations:

(i) Computation of transitive closure: Transitive closure of a graph can be computed
by algorithms such as Depth-First Search (DFS), Breadth-First Search (BFS) and
Floyd-Warshall Algorithm with a time complexity of O(n?) [62], [63].

(ii) Set sorting: The elements of an unordered set can be sorted by algorithms such
as Heapsort or Mergesort with a time complexity of O(nlog(n)) [63], [64].

(iii) Set difference: Given two sorted sets, the set difference can be computed by linear
scan which brings a time complexity O(n).

(iv) Set union: The union set of k sorted sets can be computed by linear scan with
time complexity O(kn).

(v) Set initialization: A set consisting of n elements can be initialized in time O(n).

In Figure 5.2, as a first step, the transitive closure of G is computed in time
O(n?) and the set L, is initialized in time O(n). The sets S;, i = 1,...,n, can be
sorted in time O(n)O(nlog(n)) = O(n*log(n)). Then, for each vertex pair (v;, v;), the
sorted reachability sets are compared (set difference) which requires time O(n?)O(n) =
O(n?). Finally, the computation of the sets S; requires set union and set difference
operations which yield the time complexity O(n)O(n?)O(n) = O(n*). Therefore, we
conclude that the total time complexity of primary layer subgraph detection algorithm

is O(n®) + O(n) + O(n%log(n)) + O(n?) + O(n*) = O(n*).

In secondary layer subgraph detection algorithm, the variable [ is initialized in
time O(1). For the computation of set L, both set union and set difference operations
need to be applied and all (v;,v;) pairs need to be checked whether there exist links

between them. Therefore, the computation of L, requires time O(n*)O(n?)O(n) =
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O(n®). The computation of G; requires time O(n?) since in the worst case 2n links
have to be removed. The sets S; are the sets of reachable vertices (transitive closure)
and their computation requires O(n?) time. For the computation of S;, set union and
set difference operations must be applied at most n times and therefore it requires time
O(n)O(n)O(n?) = O(n?). Thus, in each while loop execution, the time complexity is
O(n®) + O(n?) 4+ O(n?) + O(n*) = O(n®). Since at least one secondary layer subgraph
is determined in each iteration, the while loop will be executed at most n — 2 times.

Consequently, the time complexity of secondary layer subgraph detection algorithm is

O(n —2)0(n°) = O(n").

Note that the time complexities of primary and secondary layer subgraph detec-
tion algorithms are both polynomials of n and hence for any given graph, the primary

and secondary layer subgraphs can be determined in polynomial time.

5.3. Convergence Analysis of Multi-Equilibria Consensus

Armed with the powerful concepts of primary and secondary layer subgraphs,
we can proceed to determine the number of consensus equilibria of a given network
in the sense of Definition 2.9. To this end, note that any network matrix W can be

transformed into the following form

Wig -+ 0 0o ... 0
0 W 0o ... 0
W= oty , (5.1)
Wisia o Wigi41 Wigp,41,
Wit o e W g,

where the first [, blocks correspond to the primary layer subgraphs and the rest cor-
respond to the secondary layer subgraphs. In this setting, vertices in the primary
layer subgraphs have smaller indices (as compared to those of in the secondary layer

subgraphs) and the vertices in the same subgraph are labeled successively.
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Let Z, ={1,...0,} and Z, = {1, ...[;} be index sets and let n,;, i € Z,, and n ,
j € I, be the number of vertices in the i-th primary layer and j-th secondary layer
subgraphs, respectively. Let the total number of vertices in the primary and secondary
layer subgraphs be denoted by 7, = 2?;1 ny; and Ny = Z?:l ns j, respectively. Let
z,(k) € R™ and z4(k) € R™ denote the state vectors of the agents in primary and

secondary layer subgraphs, respectively.

Then, we can express (2.4) as

p(k+1) | | W, O xp(k)
ok + 1) B W, | | (k)

where W), =blkdiag(W; ;) € R"*"™, i € I,

Wist,41 0 Wi, 4,
W, =
I/le‘i‘ls,lp‘i‘l e mp+l57lp+ls Fip XTip
and
Wivia - Wiy,
B— ) . )
Wi - Wit i
s XMNp

We now present Lemmas 5.1, 5.2 and 5.3 which will be instrumental in proving

the main contributions of the chapter.

Lemma 5.1. Let G = (V, &, A) be a graph of n vertices which includes a spanning
tree and let the i-th vertex be the root of the spanning tree. Let A be a non-negative
matrix with the same zero pattern as AT + I where I is the n x n identity matrix and
let the i — th row of A sum up to a value that is less than one while all other rows sum

up to one. Then all eigenvalues of A are strictly less than one in magnitude.
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Proof. In at most n — 1 steps, all vertices in G are reachable by vertex i. Therefore A™
is a matrix with all row sums less than one. From Lemma 5.1, we conclude that all
eigenvalues of A" lie inside the unit circle, i.e., |\;(A")| < 1,4 =1,...,n. Hence each

eigenvalue of A™ has magnitude less than one. O

Lemma 5.2. Let A be an n x n non-negative matrix. Let the i — th row of A sum up
to 1 —~ where v > 0 and all other rows sum up to one. Then the ¢ — th column of

- 1
(I — A)~!is equal to ;e.

Proof. Since A is an n X n non-negative matrix, given that the i-th row of A adds up

to 1 — v, we have
Ae =e — g (5.3)

where ¢; is the basis vector which has 1 as its i-th component and zeros elsewhere.
It follows from Lemma 5.1 that (I — A) is invertible. Hence, we can re-arrange (5.3) as

e= (I - A) 'y (5.4)

where [ is the n x n identity matrix. Therefore, the i-th column of (I—A)~! is computed

1
as —e. ]

Y

Lemma 5.3. Let W be a row-stochastic matrix that satisfies Assumption 2.1. Then

lim W* exists.
k—oo

Proof. From Lemma 2.2, the largest eigenvalue (in magnitude) of W is 1 (with multi-
plicity not necessarily equal to 1) and there is no other eigenvalue with magnitude 1.
Since ||W*||« are uniformly bounded for all k, the algebraic and geometric multiplicity

of the eigenvalue 1 are equal [65]. Therefore, we conclude that klim WF exists. O
—00

One of the fundamental contributions of this chapter is given in Theorem 5.1

below.
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Theorem 5.1. The number of equilibrium states for a network with graph G = (V, €)

is given by
K =1,+1 (5.5)

where [, and [, are the number of primary and secondary layer subgraphs, respectively.

Proof. From Lemma 5.3, we conclude that klim Wk exists. As k — oo, the state vector
— 00

can be computed as

Too = (1] 0r- - Th o) = kh—{go x(k) = kh_)rglo Wkz(0).
Since we are interested in the number of equilibrium states, we will investigate the
number of distinct x; .. Due to the lower triangular structure of W in (5.1), for any
k > 1, the first [, diagonal blocks of W* are simply the k-th powers of the corresponding
diagonal blocks of W. Therefore, the first I, blocks of W* can be represented as row
stochastic matrices (W;;)*, i = 1,...,l,. As k — oo, (W;;)* converge to rank one

matrices [3] which results in [, equilibria states in [, primary layer subgraphs.

Let n;, ¢ =1,...,1, + [, be the number of vertices in the i—th subgraph and let
z; € R i =1,...,1,+ [, be the state vectors for the corresponding subgraphs.

Then the update equation (2.3) can be re-written as

Ip+1s
Tilk + 1) = Wigzi(k) + ) Wiz;(k), (56)

=1

i
where W, ; are sub-matrix blocks of W defined in (5.1). In the rest of the proof, we

consider the secondary layer subgraphs, i.e., [, < i <1, + ;. Applying z-transform to



both sides of (5.6), we obtain

Ip+ls
2X,(2) — 2X;(0) = ) + Z W, X, (2
J#l

lp+Ls
(2 — W;.)Xi(2) =2X;(0 +ZWZ]X

J#Z
lp+s

Xi(2) =(2I — Wi) 12 Xi(0) 4 (2 — Wi,)~ ZW,]X

J#Z

Since Z; oo = lim Z;(k) exists, we apply the final value theorem to obtain

k—00

Tioo = lim(1 — 27 1) X;(2)

z—1

= hm(l — Z_1>(ZI — WZ’7Z’>_1ZXZ'(O)

z—1
Lo+
+lim(1 — 27 (2] = W)~ ZW,]X
J#Z

For secondary layer subgraphs, we have lim(1 — z71)(21 — W;;)~

z—1
therefore
lp+ls
Tipe = lm(1 =271 (2] — W)™ Z W, X;(z
J#Z
Ip+ls
= (I —Wy)™ Zl Wi lim (1 — 2 N X;(z2)
i
lp+ls
= (I =Wii))'WiZj o
j=1
j#i

63

(5.10)

(5.11)

(5.12)

= (0 and

(5.13)

(5.14)

(5.15)

Let r; be the index of the vertex that is the root of the spanning tree for the subgraph .

From Lemma 5.2, the r;-th column of (/ —Wi,i)_l has identical components and all rows

of W; ; except for the r;-th row are composed of zeros which results in (I—W;;)~'W, ; to

have identical rows. Hence we conclude that Z; .. = ec; where ¢; is calculated in terms
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of the primary and remaining secondary layer subgraphs. This implies that vertices in a
specific secondary layer subgraph agree on a specific value that is not necessarily equal
to a consensus value of any other layer. Consequently, the total number of equilibria
can be represented as the sum of the number of equilibria in primary and secondary

layer subgraphs, i.e., K =1, + [,. O

Theorem 5.1 delineates the number of consensus equilibria for a given digraph in
terms of primary and secondary layer subgraphs. Theorem 5.1 is novel in the sense
that it extends the previous consensus results in terms of expressing the equilibria.
For instance, the traditional consensus problem of achieving a single common state
(K = 1) corresponds to the case with a single primary layer subgraph (I, = 1), i.e., the
graph has a spanning tree (this is the condition given in [3]). This can be easily seen
by Theorem 5.1 for the case K = 1, since from Definition 5.2, if there exists only one

primary layer subgraph, then the network cannot have any secondary layer subgraphs.

As another direct consequence of Theorem 5.1 is that a graph with n vertices will
achieve K = n consensus equilibria if and only if each primary and secondary layer
subgraph is composed of a single vertex. One shall see in the next example that the

network reaches K = [, + [, consensus equilibria as implied by Theorem 5.1.

Example 5.4. Revisit the network with 18 agents given in Figure 5.4. For a random
choice of initial state values z(0) and weighting coefficients w;; which satisfy Assump-
tion 2.1, the evolution of the states is depicted in Figure 5.6. The network converges
to 9 equilibrium consensus states with [, = 3 primary and [; = 6 secondary layer

subgraphs which verifies our theoretical results.

Theorem 5.1 can be further manipulated to yield the following important results

regarding two and three equilibria, respectively.

Corollary 5.1. A directed network of agents utilizing protocol (2.3) under Assumption
2.1 converges to two equilibrium consensus states (K = [, 4+ [; = 2) if and only if there

exist two primary layer subgraphs.
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Figure 5.6. The simulation results for the network given in Figure 5.4.

Proof. From Theorem 5.1, a directed network of agents utilizing protocol (2.3) under
Assumption 2.1 can have K = [, + [, = 2 equilibria if and only if one of the three
cases (I, 1) € {(1,1),(0,2),(2,0)} holds. In the following we will show that the cases
(I,,1s) € {(1,1),(0,2)} are not feasible whereas (l,,1;) € {(2,0)} is the only feasible

case that is stated in the Corollary.

Case (i): (I,,15) = (1,1) Suppose that the network has only one primary layer subgraph
(I,=1). By Definition 5.3, a secondary layer subgraph has to receive information from
at least two other subgraphs. In this case, this is not feasible as there is only one other

subgraph (which is primary).

Case (ii): (Ip,ls) = (0,2) From Definition 5.2, every graph must have at least one

primary layer subgraph, which contradicts [, = 0.

Case (iii): (I,,1ls) = (2,0) This case is feasible by Definitions 5.2 and 5.3. O

Remark 5.2. Note that the condition stated in the Corollary 5.1 being sufficient is
somewhat straightforward based on the spanning tree condition in [3], i.e., when there

exist two primary layer subgraphs, each will converge to two separate final values. On
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the other hand, what makes Corollary 5.1 significant is that it states that this condition
is also necessary, i.e., there cannot exist a graph which does not obey the condition

but still has 2 equilibria.

Corollary 5.2. A directed network of agents utilizing protocol (2.3) under Assumption

2.1 converges to three equilibrium consensus states (K = [, + [, = 3) if and only if

(i) there exist three primary layer subgraphs, or

(ii) there exist two primary and one secondary layer subgraphs.

Proof. From Theorem 5.1, a directed network of agents utilizing protocol (2.3) un-
der Assumption 2.1 can have K = [, + [, = 3 equilibria if and only if one of the
four cases (I,,1;) € {(1,2),(0,3),(3,0),(2,1)} holds. We now show that the cases
(I, 1s) € {(1,2),(0, 3)} are not feasible whereas the feasible cases (I,, ls) € {(3,0), (2,1)}

are the conditions stated in the Corollary.

Case (i): (I,ls) = (1,2) Suppose that there exist one primary layer and two sec-
ondary layer subgraphs in the network. From Definition 5.3, the roots of the secondary
layer subgraphs have to receive information from at least two vertices that are in dif-
ferent subgraphs. For (,,ls) = (1,2), both roots of the secondary layer subgraphs
must receive information from a vertex (not necessarily the same) in the primary layer
subgraph. This condition implies that there exist directed paths to the roots of the
secondary layer subgraphs from the root of the primary layer subgraph, i.e., the whole
graph itself contains a spanning tree. This contradicts I, = 2.

Case (ii): (Ip,ls) = (0,3) Similar to the Case (ii) of Corollary 5.1, from Definitions
5.2 and 5.3 there must exist at least one primary layer in any graph which contradicts
l, = 0.

Case (iii): (,(s) = (3,0) This case which is identified as Condition (i) in the Corollary
is feasible based on Definition 5.2.

Case (iv): (I,,1s) = (2,1) This case which is identified as Condition (ii) in the Corollary
is feasible based on Definitions 5.2 and 5.3. O
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Figure 5.7. Hlustration of Corollary 5.2: (a) Condition (i), (b) Condition (ii).

Remark 5.3. Note that Case (iii) stated in the Corollary 2 is somewhat straightfor-
ward from Corollary 5.1 and the spanning tree condition of [3]. On the other hand, a
network with two primary and one secondary layer subgraphs (I,,[s) = (2, 1) has also
three consensus equilibria. Corollary 5.2 presents not only sufficient but also necessary

conditions on the network structure for three consensus equilibria.

In the following example, we illustrate Corollary 5.2.

Example 5.5. Consider the two 9 agent networks shown in Figure 5.7. Note that the
network depicted in Figure 5.7a consists of [, = 3 primary layer subgraphs whereas
the network shown in Figure 5.7b has [, = 2 primary and [; = 1 secondary layer
subgraphs. Both networks achieve 3 equilibrium consensus states which is consistent

with the simulation results shown in Figures 5.8 and 5.9.

Corollaries 5.1 and 5.2 give the necessary and sufficient conditions for two and
three consensus equilibria, respectively. For K > 3, the conditions on the network

structure are generalized in the following corollary.

Corollary 5.3. If a directed network using protocol (2.3) achieves K > 3 consensus

equilibria, there exist at least two primary layer subgraphs (I, > 2).
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Figure 5.8. The simulation results for the network given in Figure 5.7 (a).

Proof. The proof follows by eliminating the cases [, = 0 and [, = 1 by Definitions 5.2
and 5.3. Therefore, for K = [, + [, > 3, the set of possible (l,,l;) combinations are
given by {(2, K —2),...,(K —1,1),(K,0)}. O

The following example shows that Theorem 5.1 can also be applied to the net-

works of agents with continuous-time integrator dynamics (2.5).

Example 5.6. Reconsider the network given in Figure 5.4 where the agents update
their states by utilizing protocol (2.5) and the weighting coefficients are chosen ar-
bitrarily according to the Assumption 2.2. Although the evolution of the states are
different from its discrete-time counterpart, the network achieves K = [, + 1, = 9 equi-
libria as depicted in Figure 5.10 which verifies that the results obtained for networks

with discrete-time dynamics also hold for networks with continuous-time dynamics.
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Figure 5.9. The simulation results for the network given in Figure 5.7b.

5.4. Convergence Rate of the Protocol

The convergence rate of a consensus protocol is a very important metric for the
evaluation of its performance. It has been studied by many authors for the traditional
consensus problem and there exist numerous results in the literature (see e.g., [66]).
It is well-known that the convergence rate of traditional consensus protocols is related
to the magnitude of the second largest eigenvalue (SLEM) of the system matrix. In
the problem of multi-equilibria consensus, the multiplicity of the largest eigenvalue 1
is greater than one. In fact, it can be concluded from the block diagonal structure of
W that the multiplicity of the eigenvalue 1 is equal to the number of primary layer
subgraphs, i.e., [,. Therefore, the eigenvalue of interest is the largest eigenvalue of W

that is less than one, which can be expressed as

Wi si+1 0 Wi gi,40
max AQ(LVHJ),...,AQ(‘@QPJP),Al : :

Wisigi+1 = Wi+,
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Figure 5.10. The simulation results for the network given in Figure 5.4 with

continuous-time dynamics.

where \;(+) denotes the i-th largest eigenvalue in magnitude. In other words, once the
primary and secondary layer subgraphs are determined, the convergence rate of the

protocol can be easily analyzed.

5.5. Numerical Examples

The theoretical results presented in this chapter are demonstrated by two further
examples. In the first case, we illustrate how the selection of weighting coefficients of
communication links affects convergence rate even if the network topology remains the
same. The latter case provides a useful insight into the network design with the desired

number of equilibria, which also paves the way for practical implementations.

Example 5.7. Reconsider the network given in Example 5.4. For a different choice
of weighting coefficients, evolution of the states z;(k) is depicted in Figure 5.11. Al-
though evolution of the states and the final values are different from those of in Ex-

ample 5.4, the network also achieves K = [, + [, = 9 equilibria. In Example 5.4, the
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Figure 5.11. The simulation results for Example 5.7.

largest eigenvalue of W that is less than one is 0.8931 which is greater than the largest
eigenvalue of W in this example, which is computed as 0.8809. Note that the choice
of weighting coefficients directly affects the convergence rate of the algorithm, where
in this case the network in Example 5.7 converges faster than the network in Example
5.4. Optimization of the weighting coefficients to achieve optimal convergence speed is

an open problem which we leave as a future work.

Example 5.8. The results presented in Section 5.3 can be utilized in the design of
networks in a distributed context. For instance, reconsider the network with 18 agents
depicted in Figure 5.4. The number of subgraphs can be reduced significantly if the
link between G, and G, ; is removed. In this scenario, the network converges to three
equilibria as illustrated in Figure 5.12 since there will be only three primary layer
subgraphs (K =1, + s = 3). On the other hand, if the link between the vertices in
Gp,2 is removed, the network converges to K = [, + 1, = 4 + 6 = 10 equilibria as shown

in Figure 5.13. Similar logic can be worked out for adding new links.
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Figure 5.12. The simulation results for the network given in Figure 5.4 when the link

between G, and G, ; is removed.

5.6. Chapter Summary & Concluding Remarks

This chapter has investigated the problem of multi-equilibria consensus for di-
rected graphs under fixed interaction. A novel method has been developed to analyze
the convergence properties such networks which rely on two new notions of primary
and secondary layer subgraphs. Furthermore, we have proposed algorithms that detect
primary and secondary layer subgraphs in any given network. We have theoretically
shown that total number of primary and secondary layer subgraphs is equal to the
number of equilibria of the network. Finally, some examples are presented to illustrate

the validity of our theoretical results.

We believe that the concepts of primary and secondary layer subgraphs not only
provide fundamental structures for designing networks with desired number of equilib-
ria but also enable one to better understand the behavior of consensus protocols under

different topologies, and network sizes. One potential example may be determination
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Figure 5.13. The simulation results for the network given in Figure 5.4 when the link

between the vertices in G, 5 is removed.

of the number of opinions in a social network in which there exists local information
exchange between individuals. Therefore, one can gain more insight about the behavior
of a society by modelling its interactions. Another interesting example may be devel-
oping a communication network for unmanned air vehicle groups where each group

achieves a different task.
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6. MULTI-EQUILIBRIA CONSENSUS IN DIRECTED
NETWORKS UNDER TIME-DELAYS

In Chapters 3, 4 and 5, we have studied the multi-equilibria consensus problem
in the absence of delays. However, in most of the practical systems, delay is encoun-
tered due to packet losses or sampling [8,67]. Delays in networked systems can roughly
be classified into three types, namely, computation delay, waiting delay and transmis-
sion delay. The first two types can be negligible to some extent when compared with
transmission delays [67]. As transmission delays are one of the potential causes of insta-
bility and degraded performance in networked systems, the possible effects of delay in
networks with multi-equilibria have to be examined properly. Therefore, we first intro-
duce the mathematical model of consensus protocol with time-delays. Afterwards, we
provide stability analysis for directed networks under uniform and nonuniform trans-
mission time-delays. Additionally, we discuss the performance of time-delayed protocol

in terms of its convergence rate.
6.1. Distributed Consensus Protocol with Time-Delays

In this section, we formulate the consensus problem in the presence of communi-
cation (transmission) delays between agents, and present the assumption imposed on

the protocol.

Consider a network of n agents where each agent updates its state according to

the following dynamics:

n

J=1j#i

where w;; > 0 is the averaging coefficient; and 7;;(k) < 7,4, is the amount of bounded
delay in communication between agents j and ¢ at time step k. We will require the

following assumption throughout this chapter.
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Assumption 6.1. (i) wy; >4, for all i € Z and some positive constant d.

e5,1), it (v;v) €&
(11) W;; = ,fOI' all ’L,j S I, 1 % j

0, if (’Uj, UZ') ¢ &
7=1

(iv) 7i;(k) < Tyna, for all i, j € 7.

n

Assumption 6.1(i) states that each agent uses its own information in its update.
Assumption 6.1(ii) ensures that the information received from a neighbor should be
used with strictly positive weighting. Assumption 6.1(iii) indicates that the sum of
weighting coefficients for each agent adds up to one. The first three conditions of
Assumption 6.1 guarantee that the resulting network matrix W is a stochastic matrix.
Finally, Assumption 6.1(iv) states that the delays are upper bounded by 7,4, for all
agents. Note that agents use their local values without delay, since delay only affects

the state information coming from the neighbors.

In this chapter, we revisit the multi-equilibria consensus problem given in Defini-
tion 2.9 and analyze it for the networks with (i) uniform fixed delay and (ii) non-uniform

fixed delay.
6.2. Analysis of the Protocol under Uniform Fixed Delay

In this section, we examine the convergence properties of the protocol (6.1) where

the delayed network achieves multi-equilibria consensus.

Let 2, and 2, denote the augmented state vectors of the primary and secondary

layer subgraphs, respectively, and given by

jp(@ = [xp(k> ,:Cp(k: - 1) y e -vxp(k - Tmar) ] (6.2)
By(k) = [xs(k) zo(k — )T, (k= Tonae) T ]F
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Consider the case in which there exists a fixed uniform communication delay
between vertices, i.e., 7;(k) =7 < oo Vi # j € T and k € N. With this assumption,
(6.1) reduces to

n

zi(k+ 1) = wyz; (k) + Z wi;xi(k — 7). (6.3)

j=1ji
For the primary layer subgraphs, the delayed consensus protocol (6.3) becomes
ap(k + 1) = Wppap(k) + (W, = Wy p)ap(k —7) (6.4)
where W, p € R™*" is a diagonal matrix which consists of the diagonal components of
W,. For the vertices in the secondary layer subgraphs, distributed consensus protocol
(6.3) can be rewritten as
zs(k + 1) = Wi pas(k) + (Ws — Wy p)zs(k —7) + Bay(k — 1) (6.5)

where W, p is a diagonal matrix which consists of the diagonal components of Wj.

Then, we can express (6.4) and (6.5) in the matrix form as

i (k+1 W, 0 & (k
o( ) _ | (k) (6.6)

Zy(k+1) B W, (k)

where

Wop 0 - 0 W,—W,p

I 0 - 0 0
W,=| 0 I 0 0 (6.7)
0 0 --- I 0
L A (r+D)np x (T4+1)7np




7

and

Ws D O O Ws - WS,D
I 0 - 0 0
We=1| 0 I 0 0 (6.8)
0 o --- 1 0
L Jd (74D asx(7+1)ns

are the augmented matrices for the primary and secondary layer subgraphs, respec-

tively, and

9>
I
—~
I
Ne)
~—

AR (4 )nsx (r41)7,

is the augmented input matrix for the secondary layer subgraphs and %, and %, are as
defined in (6.2). The following theorem allows us to determine the number of consensus

equilibria of a directed network under delayed information.

Theorem 6.1. Consider a network of agents with underlying graph G = (V, ) which
has [, primary and [, secondary layer subgraphs. When the agents utilize protocol

(6.3), under Assumption 6.1, the number of consensus equilibria is given by

K =1,+I,. (6.10)

Proof. Let T, and T be transformation matrices given by T, = [Ty, ..., Tp5,])"

and Ty = [Ts1, ..., Tsﬁs]T where T,; = (¢, Gap+is -5 Qrpaenpti] and Ty; =

[Gis Qrotis - s Qrmaenetil- L€t the block diagonal transformation matrix 7" be equal to
T, 0

T= (6.11)
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Multiplying (6.6) from left by 7" and from right by 7!, we obtain

Bk +1) | _ | W 0 || (k) (6.12)
T,(k+1) B W, T,(k)

where 3,(k) = T)a,(k), #,(k) = T,i,(k), W, = T,W,T,', B = T,BT," and W, =
TSWST S_l. Note that =, and 7, are reordered versions of the augmented state vectors
Z, and T, where a vertex and its delayed versions are ordered successively. Therefore,
(6.1) and (6.12) are equivalent consensus protocols for the networks with uniform fixed
communication delay. Since the system matrix of (6.12) satisfies the conditions of
Theorem 5.1, the number of consensus equilibria for a network with uniform fixed

delay is equal to K = [, + [,. O

Remark 6.1. Throughout this chapter, we consider that each agent uses its own infor-
mation without delay. Although it is not meaningful in terms of practical applications,
if each agent uses its own information with the same amount of delay 7, the consensus
protocol can be represented by z(k+1) = Wax(k—7) which shares the same convergence

properties as the consensus protocol in networks without delay.

6.3. Analysis of the Protocol under Nonuniform Fixed Delay

Since the amount of delay between agents is not identical in practical systems, we
further investigate the multi-equilibria consensus problem in networks with nonuniform
communication delays. We now consider the case where the delay is nonuniform and

fixed, i.e., 7;;(k) = 7; for all i # j € 7 and k € N. Then, (6.1) boils down to

n

xi(k+ 1) = wyx (k) + Z wixi(k — 7). (6.13)

=157

Similarly, for the primary and secondary layer subgraphs, the delayed consensus pro-

tocol (6.13) becomes

Tmax

wp(k+1) =Y Wy, (k — i) (6.14)
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and

vk +1)=> Woa(k—i)+ > Biy(k—i) (6.15)
=0 =0

where W, ;, W, ; and B; are the matrices that consist of the weighting coefficients related

Tmax Tmax

Tmax

to the amount of time-delay ¢ and Y W,; =W,, > W, =W, and )  B; = B.
i=0 i=0 i=0

The consensus protocols (6.14) and (6.15) can be represented in the matrix form

as
p(k + 1 W, 0 ap(k
(k1) | | W ¢ p(k) (6.16)
iy(k+1) B W, Ts(k)
where
Wp,o Wp,l e Wpﬂ'max
Wp — 0 I ... 0 (6.17)
0 e I 0 ) _
L A (Tmaz+1)7p X (Tmaz+1)7p
and
WS,O W&l e WS,Tmaac
I 0 - 0
We=1| o0 I 0 (6.18)
0 e T 0 ) _
L 4 (Tmaz+1)7s X (Tmaz +1)0s

are the augmented matrices for the primary and secondary layer subgraphs,
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respectively, and

BO : BTmaz
0o - 0
L 4 (Tmaz+1)7s X (Tmaz+1)7p

is the augmented input matrix for the secondary layer subgraphs.

Another fundamental contribution of this chapter states that if there exist nonuni-
form time-delays on the information exchange in a network, the number of consensus

equilibria is equal to the sum of primary and secondary layer subgraphs.

Theorem 6.2. Consider a network of agents with underlying graph G = (V, ) which
has [, primary and [ secondary layer subgraphs. When the agents utilize protocol

(6.13), under Assumption 6.1, the number of consensus equilibria is given by

K=1,+]1, (6.20)

Proof. By multiplying (6.16) from left by T" given in (6.11) and from right by its inverse,
we obtain an equation in the same form as (6.12). Since the system matrix of (6.12)
satisfies the conditions of Theorem 5.1, the number of equilibria consensus states for a

network with nonuniform fixed delay is equal to K = [, + [;. O

Remark 6.2. From Definitions 5.2 and 5.3, the vertices in a primary (or equivalently
secondary) layer subgraph of G together with their delayed versions form a primary
(or equivalently secondary) layer subgraph in the delayed network graph. This is the
underlying reason why bounded time-delay does not affect the number of consensus

equilibria.
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6.4. Effect of Delay on the Convergence Rate

As pointed out in Section 5.4, convergence rate is an important performance
measure for distributed consensus protocols. In Sections 6.2 and 6.3, it is proved
that delay does not cause instability in the multi-equilibria consensus problem under
Assumption 6.1. In the rest of this section, we investigate the effect of delay on the
rate of convergence in networks with multi-equilibria consensus. In particular, we will
consider three cases: (i) delayed system converges slower, (ii) delayed system converges
faster, (iii) delay does not have a detrimental effect on the rate of convergence. In

following example, we examine case (i).

Example 6.1. (Delayed system converges slower) Consider the multi-equilibria con-
sensus problem for the a network of 4 vertices forming 2 primary and 1 secondary layer

subgraphs, where the system matrix is chosen as

1 0 0 0
0 1 0 0
1/4 1/4 1/4 1/4
| 1/4 1/4 1/4 1/4

In the absence of delay, the largest eigenvalue of W that is less than 1 is calculated as

Xo(W) = 1/2. However, the one-step uniform delayed network converges slower since

we have Ay(W) = %(1 +V17) > 1/2.

In order to demonstrate case (ii), we study the following example.

Example 6.2. (Delayed system converges faster) Consider the multi-equilibria con-

sensus problem for the a network of 4 vertices forming 2 primary and 1 secondary layer
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subgraphs, where the system matrix is chosen as

[ 19/20 1/20 0 0
12 12 0 0
0o 0 1 0
715 0 1/3 1/5 |

In the absence of delay, the largest eigenvalue of W that is less than 1 is calculated as
Xa(W) = 9/20. However, the one-step uniform delayed network converges faster since

A

we have \(W) ~ 0.3724 < 9/20.

The above examples illustrate that delay may have different effects on the con-
vergence rate for different choices of weighting coefficients. In order to investigate
case (iii), we present the following lemma which is a crucial ingredient in the proof of

Theorem 6.3.

Lemma 6.1. [8] Let the system matrix W (k) be a lower triangular matrix which
satisfies Assumption 2.1. Then the delayed and nominal system matrices have the

same non-zero spectra at each time step under bounded non-uniform varying delay.

Theorem 6.3. Let the network graph G be composed of [, primary and [, secondary
layer subgraphs. Let G be the graph where a vertex in G corresponds to a subgraph
in G, and the edges of G correspond to the information flow between the subgraphs of
G. Regardless of the choice of weighting coefficients, delay is not detrimental on the

convergence speed of the multi-equilibria consensus protocol (6.13) if

(i) all primary and secondary layer subgraphs in G are acyclic! graphs, and

(ii) the graph G is an acyclic graph.

Proof. When each subgraph in G and the graph G are acyclic, the system matrix W (k)

can be transformed into a lower (or equivalently upper) triangular matrix by using

LA graph is called acyclic if its adjacency matrix is permutation-similar to lower (or equivalently
upper) triangular matrix).
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Figure 6.1. The simulation results for the delayed network given in Figure 5.4.

a similarity transformation matrix 7. From Lemma 6.1, we conclude that at each
iteration, W (k) and its delayed version have the same non-zero spectra and hence delay

is not detrimental on the rate of convergence of the multi-equilibria consensus. O

6.5. Numerical Examples

In this section, we demonstrate the effectiveness of our results with a set of
simulations. These simulations cover both examples of directed networks which has
uniform and nonuniform bounded communication delays. Throughout this section,
the weighting coefficients among the agents in the networks are assumed to satisfy

Assumption 6.1.

Example 6.3. (Illustration of Theorem 6.1) In order to investigate the effect of delay
on the number of consensus equilibria, reconsider the network given in Figure 5.4.
Recall from Example 5.4 that the network reaches K = [, +[; = 9 consensus equilibria
states in the absence of time-delays. From Theorem 6.1, we expect the delayed network

to converge to the same number of consensus equilibria as the non-delayed network.
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Figure 6.2. A directed graph with 14 vertices and 26 edges.

Figure 6.1 shows the state evolution of the agents for the network with time-delay 7;; <
Tmaz = D and for an arbitrary choice of initial conditions and weighting coefficients.
Note that although the final state values are different for the non-delayed and delayed

networks, the number of consensus equilibria is still K =1, + 1, = 9.

Example 6.4. (Illustration of Theorem 6.2) Consider a rendezvous problem in a net-
work of 14 agents and 26 directed communication links as depicted in Figure 6.2. Let
the agents be randomly placed inside the region —10 < x < 10 and —10 < y < 10
of the 2D coordinate system. For a random choice of weighting coefficients w;; and a
random choice of bounded delay in the network 7;; < 7,4, = 5, let the agents update
their positions with the protocols xz(k + 1) = Wx(k) and y(k + 1) = Wy(k), i.e., they
run the protocol in two dimensions. The positions of the agents are depicted for 4
different time steps in Figure 6.3. Since the network graph has [, = 3 primary and
I, = 3 secondary layer subgraphs, the agents form 6 groups in the coordinate system.
Note also that the final positions of the agents in secondary layer subgraphs are inside

the convex hull of the final positions of the agents in primary layer subgraphs.

6.6. Chapter Summary & Concluding Remarks

In this chapter, we have analyzed the number of equilibria for a given network

in the presence of communication delays, relying on the concepts of primary and sec-
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ondary layer subgraphs given in Chapter 5. The main contribution of this chapter is

to investigate convergence properties not only for the networks with uniform commu-

nication delay but also for the networks with nonuniform communication delay. Under

the assumption that all delays are bounded, our first result shows that a network with

uniform fixed delay achieves K equilibria consensus where K is the number of equi-

libria for the network in the absence of delay. We further investigate the convergence

properties of multi-equilibria consensus problem with nonuniform communication de-

lays. Both of the results show that bounded time-delay affects neither the number of

consensus equilibria nor the convergence properties of the network. Our proof relies

on the properties of nonnegative matrices and the results of system theory.
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Furthermore, we provide insight on how delay affects the convergence rate of the
consensus protocol. We also show that, delay does not adversely affect the convergence
speed of the consensus protocol provided that the graphs considered are acyclic. Fi-
nally, we provide two numerical examples to illustrate the theoretical results. In the
first example, we compare the number of consensus equilibria of a given network under
non-delayed and delayed information exchange. In the second example, we consider the
rendezvous problem of a delayed network of mobile agents equipped with sensors and
communicating with others, where the ultimate goal is to arrive at a common position
in 2D space. Both of the simulations show that the number of final states of the agents
and the number of equilibria derived by the proposed protocol are equal which verifies

the theoretical results of the chapter.



87

7. CONCLUSION AND OPEN PROBLEMS

Inspired by the variety of applications in networked controlled systems, this thesis
has studied the multi-equilibria consensus problem of multi-agent networks with first
order dynamics. The objective of this thesis is to provide a unified convergence analysis
for networks of agents which utilize linear consensus protocols both in continuous-time
and discrete-time. In particular, we have investigated how the number of consensus
equilibria depends on the structural properties of the network. We have considered
three cases in terms of communication structure of the network: (i) time-independent
communication topologies with bidirectional links; (ii) time-dependent communication
topologies with bidirectional links; (iii) time-independent communication topologies

with unidirectional links and bounded delays.

The first part of the thesis is concerned with establishing convergence conditions
for networks with bidirectional information exchange. The proposed condition for fixed
topology networks relies on the results of classical spectral graph theory. In this con-
text, we have established the result that connected components of the underlying graph
determine the number of equilibria in the network. Although the result on fixed topol-
ogy networks is predictable, it is not directly applicable to the networks where the
communication topology varies over time. Two conditions which ensure convergence
to K, K > 2 equilibria have been established for networks under dynamically changing
topologies with bidirectional information flow. The first condition is stated in terms of
the connectivity of the associated graph, which requires the graph to be K connected
across specific time intervals. The second condition asserts that if the corresponding
integral /sum graph is K connected, then the network achieves K consensus equilib-
ria. In this case, the communication topology is assumed to be fully symmetric, that
is, the weights of the communication between agents are exactly the same. With in-
tegral/sum graph equivalent of the original time-varying graph, the multi-equilibria
consensus problem is converted into the convergence analysis of a static graph. This
latter condition is much easier to check in the sense that it does not require finding

specific intervals that satisfy connectivity condition of the original graph.
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In the second part of the thesis, we focus on the multi-equilibria problem of
a network of n agents where the interactions are static but unidirectional. A novel
method has been developed to analyze the convergence properties such networks that
rely on two new notions of primary and secondary layer subgraphs. These notions have
been used subsequently in determining the number of equilibria for a given network
with unidirectional information flow. In order to detect these subgraphs for a given
graph, we have proposed two algorithms. Furthermore, we provide a polynomial-time
bound on the convergence time of these algorithms. The striking result in this case is
that the number of consensus equilibria is equal to the total number of primary and
secondary layer subgraphs of the network. We then have extended these findings to
networks with time-delays. When the influence of time-delays is taken into account, our
analysis has revealed that the number of consensus equilibria of the network remains
the same under the assumption that time-delays are bounded. We have also provided
insight on how the delay affects the convergence rate of the consensus protocol. It
is shown that delay does not adversely affect the convergence speed of the consensus

protocol provided that the graphs considered are acyclic.

While this thesis provides novel theoretical contributions, many interesting and
important problems are yet to be studied. The work presented in this thesis concen-
trates on directed graphs under fixed topologies. However, in most of the real-world
applications the interactions among the agents in the network are represented by a
dynamic graph. Therefore, the results on networks with static communication can be
generalized to the case of time-dependent communication. An alternative topic could
be analysis of multi-agent networks governed by second or higher order dynamics in
which the analysis becomes more challenging. Another interesting problem is to an-
alyze the behavior of the network in the presence of varying time-delays. We hope
that the open problems presented herein stimulate further research on multi-equilibria

consensus, both on the theoretical side as well as in the practical applications.
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