
I 

THESIS 
ROBERT COLLEGE GRADUATE SCHOOL 

BEBEK, tSTANBPL 

is _ 

lOT \ BE ,MEN f=ROM THIS ROOM 

LHlIT ANALYSIS 

OF 

UNIFORMLY LOADED BEAMS 

by 

QELtK t5ZYILDIRIM 

PAGB 

T, 

! 
r , 



THESIS 
ROBERT COLLEGE GRADUATE SCHOOL 

BBBEK, ISTANBUL 

A CKN OVi'LEL'GEMENT 

PAGB i 

The author wishes to express his indebtedness to FJ'oi"es sor 

~alid R. Rirnawi for his suggestion of the topic end his 

continuous encourageme nt and advi ce throughout the preparuti 0D 

of this thesis. 

The author also wishes to express his deep gratitude to 
, 

his fa!1n. ly for their understanding and encouragcnnnt tlu-'ouShout 

his stay at Robert College. 



I 

THESIS 
ROBERT COLLEGB GRA:P~ATE SCHOOL 

BBBBK, ISTANBUL 

SYNOPSIS 

PAGE ii 

The actual behavior of structul'es cannet be predicted by the 

elastic solutions alone. The inelastic behavior of the material 

should be t; airen int 0 considerati on. To determine the 'carryinG 

capa city of a stru cture tbe safety factor should be found. HoV/ever', 

this is not available except for very sinple cases. Par actual 

engineering strllctures upper and lowel' bounds of tbe sufat7f 

factor are found. 

In this work Lini. t Analysis by Dire.ct Method of Variation 

is applied to simply SllpportBd and fixed ended, uniformly loaded 

rectangular beams including beams of small length to depth ratios. 
I 

In the analysia a stute of plane stress is assumed. MisBs Yield 

Criterion and its associated flow law are used. 

Solutions are found and results are plotted for the pU!Tose 

of comparison with the simple one dimensional theory. 

I 
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area of domain 

depth of the beam 
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functionals for the collapse load. lovler bound and 
upper bound respe ctively 

body force 

yield functi on: 

yield stress in pure shear 

length of the beam 

part of boundary on which load is specified(plane stre'ss 

part of boundary on which velocity is prescribed to 
vanish (plane stress) 

multiplier and safety factor respectively 

lowe r and upper bounds re spe cti vely 

normal ve ct or on surface S 

components of unit normal ve ctor in x and y di re ction s 

ul timate teilsile stra ss divided by ill at impending 
plastic .flow 

reacti on of surface Sv 

b o\lndary of the domain 

part of boundary on whi eh tractions are spe cified 

part of the boundary on whi ch 'the velo city is pre scribec 
to vanish 

stress deviator tensor 

compona nt of given load in i J X or y dire ction , 

displacement vector 
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volume ot' domain 

velocity field 

constant defined by Eq. (2. 37··Y " 

point function de fined by Eq.""(2. 40) 
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distunce to the neutral axis from the top of the beam 

Krone cke r de 1 ta 

st raint ens or 

plastic strain increments 

nondimen sional para met er 

Scaler factor in the plastic potential law 

stress tensor 

stress comporents in the x and y direction 

sheari ng stress in xy plane 

point f'uncti on related to the yield conditi on 

I 
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HISTORICAL HEVIEW 

-1.1 Blastic Analysis of B~ams 

(a) Ordinary Beams 

PAGB 1 

In the x Seventeenth century Galileo (1) tested a cantilever 

beam and concluded that it failed at the support~ Later on, 

Hooke stated the proportionality of stress and strain and published 

h:Lsfamous Law, "Ut tensio sic vis", in 1678 (1,2). Mariotte in 

1680 used Hooke's Law to determine the strength of cantilever 

beams. J. Bernoulli (1645-1705) stated that the curvature of 

the deflection curve at each point is proportional to the bending 
, 

moment at. that point. -Later Euler used this concept in his 

investigation of elastic curves. Navier (1) in 1821 gave the 

general equations of equilibrium. Coulomb (1736-1806) '."lOrked 

on the position of the nffiltral Bxis and drew attention to the 

shea!'ing stresses in a cantilever and mentioned that they became 

important only in short beams (3). Saint VOnant (1797-1RR~) was 

concerned I,vith the torsion and flex1Jre of cylinders. Ee was the 

fir'st to examine the accuracy of the fundamental as sumptions 

regarding bending (3). Saint Venant proposed the semi -inver'se 

method fo~ the solution of elastic problems and applied it tn 

x The number in bruckets refers to the listing in the Dibliogruph:r 

I 
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the bending of u cantilever by a force applied at the end. In 

18'62 idry presented the stress function for the solution of the 

two dimensional problems. Luter MaXI;,ell and Morera handled the 

same problE}m for the three di:nensional case '(3). In the twentieth 

ce:-ltury Timoshenko Viorkod on the bending of -prismatic bars using 

Airy stress function. 

(b) Deep Beams 

Deep beams with periodic loading, have been studied by 

Crae:r:er and Dis chinger taking the boundary loadings being rep-

l"esented by ?ollrier series. The case of' nonperiodic loadine 

was treated by Bay (4) using stress flmctions and by Conway and 

Chow and Morgan (5) using strain eneI'gy principles. Later, 

Chow, Conway and hinter (6) used finite difference method to 

solve the differential equation of the stress function. They 

I1ssumed a simply supported beam loaded uniformly or with a con-

centrated load and applied the results to reinforced concrete 

design. Continuous deep beams were unalysed by Poi (7) for 

various loadings. In 1966 Coull (8)(9) troated both deep beams 
} 

and walls using energy methods and Fourier Series for general 

loadine, including the effect of the gravitational' forces .. 

1.2 Plastic Analysis of' Beams 

(a) Early Developments 

1resca, in 1.~(,4" stated that a !Tlp.tul yic1lds plastically 
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when the maximum shear stress attains a critical value. Saint 

Venrult applied Tresca's yield conditions in determining the 

stresses in a partly plastic cylinder subjected to torsion or 

bending_ Von liises in 1913 proiJosed a. yield criteria. stating 

that yielding occur's when distortion energy r·ee.ches a certain 

value. Hencky and Prondtl in 1923 worked on the geometry of 

~r 

shear lines in problems of plane plastic strain."· 

Robertson and _Coole in 1913 and Roderick in 1948 developed 

th'.3 simple plastic th9017 for the elastic - plastic 1Jendin~ of 

~)ri smati c members snh,j e cted to terminal couples (11). 

The method of limit design is believed to have been introduced 

by Kist in 1917. Further development in this area wns carried 

on by Eaier - Lei1Jnitz, Bleich, Van den Broek,Baker and Johnston. 

(b) Classical Theory of Limit ilnalysis 

Formal proof of the theorems of Limit Analysis for beams 

and frames ~BS first presented by Greenberg and PraGer in 1951 (12) 

'rbe l:Lmit analysis of space frames was troated by Heyman (13). 

Drucker, Pra[;er and GreenberG (14) extended the 'theorems for 

problems of plain strain and applied it to c-ontinuous rue/dia of 

p0rfectly plastic material under any history of loading. 

In 1951 Hill obtained upp·3r and lower bounds for the yield 

point load, 11 sine; the pl'inciple of maximl1m plas ti C \'Jork and i tf:3 

x 
This and other nertint~nt information are found in Hill (10). 

I 
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complirne nts ry mininmm principle. This was the first formulation 

in tbree dimensions for the rigid perfectly plastic materiel. 

(c) Variational Principles of Limit Analysis 

In ly63 !.iura and Lee (15) proposed a functional, whose 

stationary value is the safety facto~. Later, Lee, Uura, Bryant 

and l1ima\,/i (16) subjected this functional,; to two conjuGated 

systems of constrained conditions and der'ived two neVi i'unctionfl.ls 

which al~e used in finding the lower and the upper bOll.nds, 

. 
I· 
• C 

I 
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Beams are lllAmbers in engineerine str'll cture whi ch Generally 

resist forces unplied laterally or transversely to their axes. 

In obtaining solution to beafus, either the elastic or the plastic 

approach is uS~3d. In understanding the bbhavior of the structures 

and for more reliable safety factor plastic analysis is preferred. 

2.2 Elastic Solution 

(a) Approximllte !;Ietbods 

I,f a body is not strained beyond a certain limi ting value 

called the elastic limit, the deformations disappear with the 

removal of the forces, and such a body is regarded as perfectly 

elastic. ?or an elastic body Rooke's Law which'states the 

proportionality between the stress and the strain bolds. In 

.solving simple beams J that is, a beam in which one dimension is 

long comparod to the other two dimensions, the Elementary TheoI'Y 

of Beams is 11sed and approximate res'llts are derived. In this 

theoI'Y, certain assumptions which goos back to Bernoulli are made; 

i) The beam is prismatic and straight. 
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The loading and hence the banding moment J.1 is applied 

in a ~lane containing one of the principal axis. 

iii) Plane cross -s actions be fore bending remain plane after 

bending. 

iv) Deflections are small. 

v) Shearing stresses o.re uniform across the \':idth of the 

beam. 

In the simple' theory the normal stress por'pendiculaI' to the 

axis of the beam and the effect of shearing stresses on strains 

are usually neGlected. '1111en the depth of the beam is comparable 

to its span it is called a deep beam, Bnd the simple theory can 

no 10n[3e1' be 11sed. 

Other apnroximate methods have been developed to get better 
, . 

results compared to the simple theory wh8n r~gorous solutions 

cannot be readi171 obtained. For example experimental methods 

such as the photoelastic method is used for solving two-din~QnsiOn·-

al problems. Soap-film method for determining stresses in 

torsion and bending of prismatic bars is also an application of 

6xpe:rir.1onts. In some cases the energy methods are l.wed where 

minimum conditions of certain integrals are invE"Jstigated. 

(b) Exact Methods 

In elasticity, the exact solutions are obtained by sa-

tisf::ring the following equations. 
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Equations o~ equilibrium 

CTi.)J) = - F i... 
Boundary conditions 

(1"" .. n· = Tl.· 
L J J 

Equations of Compatibility 

E. i.j } k l + ~ k l J L j - t. l k ) j l - E j l J i. k = 0 

Generalized Hooke's Law, stress -strain 

6, = £ i:L 

Strain - displacement relation 

t.. .. =-' Cu .. +u .. ) I.) 2 LIJ .J,L 

PAGE 7 

(2.1 ) 

(2.2) 

(2.3 ) 

relation 

(2.4) 

(2.5) 

where (Ji.j is the stiress component, Fi the body force, nj 'the 

normal vector on the surface, Ti the surface traction, ~lj the 

strain components. ui the displacement vector, ~'I..j th~ Kronecker 
/ 

del ta and A and,. are Lame constants. 

In these equations subscript notation is used~ where the 

subs cripts take the values 1, 2, 3 (x, y, z). The repeat ed 

indices mean summation and a comma indicates differentiation with 

respect to the space coordinates. 

Indire ct methods are also available. In the Semi -inve rse 

method certain assumptions are made about the components of' 

stress or strain or displacement. Then a solution is sought 

sntisfyine the elasticity equations. 

I 
I 
I 

I i 
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Someti111eS .equilibrium equations are combined with the. com- - . 

patibility eqllations to give equations which satisfy both. This 

makes it possible to expre'ss the stress compon0nts 'in terms of 

independent functions of position (17). , 

'i~ben the displacements are specified on the boundary the 

equations of equilibrium may be written in ter-rns of displacements 

and then solvad. For the deep beams approximate solutions are 

available by the fini tedifference method. The a.rea. enclosed 

by the four edges of a deep beam is taken as the x - y plane 

and this plane is divided into equal divisions having lengths 

of band k in the x and y dire ct ions respe ctive1y thus forming 

a Deb/ork. Zx,y denotes the ordinate at each net point (x, y) 

to U cUJ'ved snrface representing Airy's stress function 

z = f(x, y). Then, the biharmor'ic differential equation that 

,-.,i 1:7' G stpess function should sntis fy is equivalent to a 1innar 

e··p)9.t:;ion in terms ot;' Z. The unknown Z values are determined 

by solving thl3 set of simultaneous linear e1uations obtained 

fr'om each net~point (6). Solutions are obtained also by super-

J.' '~~o-J.' n~ t, .. o" "'tress funct;ons T. 'ne f; 'l"s·J., :;,4-1"es8' A,lnct:;on;s in -')1) >:> ~G Ii ~ ~ .... • - .... ~ lor :::>... .J.. i _ .... .... - • 

the form of a trigonomet:r'ic series which satisfies all but one 

of the boundary conditions, that·the normal stress on the ends 

of the beam is zero. 'Ehen a second stress function is introduced 

by the use of least work to give the distribution of normal 

stresses on the ends. By ~uperimposing the two solutions the 

boundary conditions al~e satisfied. 

I 
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Plasticity is the pr'operty that enables a material to be 

defoI'med continuously and permanently without rupture during 

the application of stresses exceeding those necessary to cause 

yielding of. the material. V:hen the initial yield stress is 

exceeded, deformations reach large amounts under stresses and 

the final de:'ormation depends not just upon the fi~al state of 

stress (a3 is the case of elasticity) but upon the series of 

stress states from the beginning. 

~fter passing the elastic lildt the stress is a monotonically 

increasing function of the strain, this is known as wo:d{ - har-

denirlg in one dimensional case. In the Ge p.~u~al cas e \'J11en more 

than ono dimension is considered work-hardening concept is more 

involved depending on the history of loading and the information 

concerned can be found in Hill (10) or Mendelson (18). 

The theory of Plasticity generally assumes perfectly plast;ic 

material, that is a material which does not exhibit work har-

daDinG but flows plastically under constant stress. \',11en the 

mo.toriul is rigid it means that no elastie strains occur. In 

this thesis homogenous, isotpopic and perfectly plastic material 

will be assumed. 
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(a) Yield Criteria 

For each material there exists a state of stresf,at 

which the material 'l.rill begin to deform plastically. The criteria 

fOl"' de ciding which combination of stresse s will cause -;lielding 

are called yield criteria. In plastic flow analysis the first 

step is to docide on a yield criterion. Any yield criterion 

can be expressed in the fOl~m 

(2.6) 

1;/h01"e I l , I2 and I3 are the three. invariants of the stress tensor 

O"'~j • In terms of the principal components of stres s Cf,) cr .. J (J 3 

the invariants are defined as 

I, = V, + \T"2- + 0; 

12 = - ( cr. CT'"-z... + CJ'l. Cf3 -t- 0"3(J.) 

I '3 = ([ I (J' 2. 0"3 

A stress tensor is a combination of the spherical stl'ess 

tensor (hydrostatic pressure) and the stress doviator tensor. 

(2.7) 

CTi.j=SLj+CJm~iJ (2.8) 

\'Iher'e 0"", is the mean stress, or, 

rr - I (T •. 
v m - 3 LL 

and S ~j is the stress deviator tonsor. It was found that the 

hydx'ostatic pressure has no effect on yielding 01"1 plastic flow. 

The criterion can' be expressed in terms of the stress deviator' 

invariants ~l' J 2 and J 3" 

f(Jl~ J 2J J 3 ) o (-? 0) .... ~ 
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The two common yield cI'iteria are Tres cn t sand 1,;is88 f • 
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(2.10) 

Tros co. yield critel'>ion assumes that yielding 0 ccurs when 

the maximum shear stl"'SSS reaches the value of! the maxinlUIll shear 

str'ess under simple tension (18). The maxinmm shear stres s is 

half the difference between the maximum and minimum principal 

stresses. This theory requires that the yield· stress in tension 

andcornpra ssion be equal. 

Tras ca cri tel"'ion 'can be formulated as follows 

0"'. -:- (f 2. = + (fo 

Cf2. - CT3 ±. ~ 

(["3 - (['. - ± CTa 

where Vo i:3 the yield stress in simple tc~nsion. 

(2 .11 ) 

For the biaxial cuss ( CT3 = 0) a graphical representation 

is given in Fig.l. 0;. 

FIG. 1 Tl~esca Yield Criterion 

I 
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For tho case of pure shear G"; = - CT2. = k and 03=0 substituting 

theso stresses in Equation (2.11) results in 

Hises Yield Criterion, Distortion Energy Theory, on the 

othol" hand assumes that yielding will occur when the distort~on 

energy equals the distortion energy at yield in sir;Jple tension. 

I!lat;hematical1y it takes the form 

-i- [ ( (J. - \Jz t + ( \Tz - \T3 t + (\T3 - 0-. )2 J = \1a z 

fox' the plane stl'ess case ( 0'3 = 0) and Eq. (2.12) reduces to 

2. Z rr? 
~ - cr. r:T7.. + \Tz. == v 0 

'fhis equation represents an ellipse as sho\'m in Fig. 2. 
~ 

]:1'1G. 2 MisBS Yield Criterion 

(2.12) I 
(2.13 ) 

?or tho cas? of pure shear V, := - \T2. := k and subst~tuting these 

in Eq. (2.13 ) results into 

k _ c;:;; 

f3 
I,rises vield criterion has the advantage that tho relative 

,,' " 

mBgnitud0s of the principal stresses are not needed. 

Experiments (10) had shown that tho Von I.Tises yield criterion 
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is in excellent aggreement wi th e~q)eriment for many du ctile 
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materials like COTY0Cr, nickel, aluminun, i~on, cold-worked mild 

steel, medium carbon and alloy steels. 

Par the upper yield-point of annealed mild steel Tresca's 

Law fits the data better than Mises t. lIovlever, the sonsitivi ty 

of the upper yield point is questionable due to such conditions 

as the eccentricity of loading, non-uniformity of specimen and 

the stress concentration in fillets. 

(b) Stress - Strain Rate Relationships 

The mechanical behavior of a perfe ctly plastic material 

cannot be characterized by the yield condition alone. The stress 

strain relations for the plastic range are also needed. In the 

plastic range the total strain is the combination of the elastic 

and the plastic (pennanent strain). 

During pla.stic flow it is assumed that the r'ute of change 

of the plastic strain at any instant is proportional to the 

instantaneous stress deviation. 

The stress -stI'din l'olations in the plasti c range were given 

by Levy and then independently by von iilises as 

d t ~j = S i.j d A.. 

is the strain increment. 

(2.14 ) 

and JA. is a non-negative 

constant. In Eq. (2.14) elastic strains are ignored and the 

total strain inc:cements are assumed to be equal to the plastic 

I 
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st~ain incremants. L t I' dtl d R 1" d c (~14 u er on ran an euss genel~a J.Z0 0'1- L. , 

to the follo~ing form 
p 

dEi.) = 5 i ,} di\. 

v/here 

sides 

? d" .. 
C. LJ 

of Eq. 

is the plustic strain increment. Dividing both 

(2.15) by dt and noting trwt dE.i~/dt = V"i./j 

(2.15) 

results in a relationship between the velocity vector and stress 

deviator tensor 

ii.~. =~ (Vi.,j +Vj,~) =: /'" Slj (2.16) 

where / is anothe r constant. 

Prandtl - Rt~USS l'>elations have been tested ex.perimentally 

by Lode and then Ta~rlor and:~uinney. Although the results are 

not very accurate, they are assumed to be satisfactory. 

To obtain the total strain components, the incremen'cal 

strain components .must be integra.ted over the whole history of 

loading. lIencky snggested total stress -strain relations where 

the total strain cOl!lponents are related to the cuprent stress, and 

not to the bistory of loading, wbich can be shown to be true for 

the case of pr'oportional loading. 

D1"'12 cker, by as Burning that the rut e of \'Iorl\: must be zero 

Or' positive concluded tbat the yield surface must be convex 
• p 

and the p1Jasti c s train rate E~)' must be normal to the yiald surra ce 

and is related to the strsss deviator Sij by 

~:, = MiL 
) / ... S .. o L..l 

(2.17) 

where f' is the yif31d function. 

I 
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(a) Slip Lin~s and Shear Lines 
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SO~ltions to rigid - perfectly plastic material can be 

obtained under conditions of plain strain, using the theory of 

slip lines. Plain strain is the condition wherein the displuce-

ments a)l occur in parallel planes in the body, say, planes 

parallel to the xy plane, and all strBsses and strains are inde-

pendent of the z direction. In a body. having 

principal stresses and dire ctions, the max.imum 

de t err.tin6 d t h~ . I 
and minimum Sl1EltlI'lng 

stresses can readily be determined. The shearing stress(?)s act 

on the planes bise cting the principal dire ctions. If CUl'ves 

are drawn in the plane such that at every point of euch curve 

. the tangent coincides with one of' the maximum shear directions 

then two families of curves called shear lines or 8lip lines are 

obtained. The shear lines are characterized by the stress field 

and the slip lines by the velocity field. They are orthogonal 

and for the plane strain case they coincide. 

(b) Limit Analysis 

If the sur'face tractions on a body is increased Y!1ono-

tonically a state of impending plastic flow will take place 

causing increase of plasti c s train under cons tant surra ce-- tra ctions 

The ratio of the surface traction at the instant of imnending 

plastic flow to the given value of the surface t.raction is the 
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safety factor. 

The aim of the limit analysis is to find the safety factor 

ill. ~hen this is not nossible then, to find the lower and the 

upper bounds of the safety factor under increasing surface 

tractions. The lower bound theorem can be stated as follows: A 

load which produces a statically admissible stress field will be 

equal to or less than the true load that will produce plastic 

flow. A statically admissible stress field is the one that 

satisfies the equations of equilibrium Eq. (2.1), the boundary 

conditions Eq. (2.2) and a yield ine1uality, 

f < 0 (2.18) 

The uppel" bound theorem on the other hand is stated as: A 

load which prod,~ces a kinematically admissible veloei!;y field 

will be equal or greater than the true load. A kinematically 

adm~ssible velocity field is the one that satisfies the follo~~ng 

conditions. 

V"L_ = 0 

b .. If .. == 0 
L J I,.JJ 

( T~ Vi. ds '> 0 
)5,. 

f = 0 

on 

in 

s v 

v 

In these equ&tions y. is the velocity voctor, To; is the 
.L ..... 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

t_ .... u (;tion_ a cting on a body of volume V whose sUl~fa ce is divided 

into two portions ST and Sv. On ST ~he tractions are specified 

and on Sv the velocity is assumed to vanish. 

I I 
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il. body of volume V is consider'ed under increasinG !n;r::'e. co 

tractions roTi' supported along a surfnce c: 
'-'v' where velocity is 

pre S c1"i be d. The surface under tractions is denoted by S as 
T 

. - -~ - 3 snO'im lD ~'le. • 

mT-
\ L 

FIG. 3 A Body Under Increasing roTi 

The functionul proposed by LBe and !~ura \'fn1 ch appliAs to 

FiC' 3 is the following, 

F f 5.. _I (1/.. + y-. .) + f cr· £.. v. - d V LJ 2. t. ) J J ) l. I. J l I J 

-] V R, Vi. d 5 - m US T·, Vi. dVS_I) - Jv jI(f+TY dV 
Sy T 

.Subjected. to the constraint condition 

]A is the s calur function in the plastic potential flow law 

defined earlier. 

(2.23 ) 

(2.24) 

The are;uments of F are velocity Vi' deviatoric stress S .. 
lJ 

and the Lagrangian multipliers; the hydrostatic pressu1'e Q" = ~ \JkK 

fi, mT i , and cp • ~ i.j is the Kronecker delta. rihen we set the 

first variation of 1<' e'l11al to zar'o we get. the following equations. 
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( S· 0 + b' 0 tr) . 
1.0) \J )J 

(S~j + ~"oJ 0-) nj 

( S L j + ~ i.j cr) n j 

f + cP1. = 0 

j-tcp == 0 

I (V., + Yo .) 
2 L,J J'I. 

o 

o 
mT ~ 

in V 

on S 
T 

on S 
v 

in V 

in V 

in V 

in V 

on S v 
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(2.25) 

(2. 2()) 

(2.27 ) 

(2. 28 ) 

(2.29 ) 

(2.30 ) 

(2.)1) 

( ? )? \ 
-. - J 

(2.33) 

\'Ih61"e nj is a normul ve ctor on the surfa ce, Hi the rea etion on 

Sv' E1uations (2.25) to (2.27) ure the equilibrium conditions. 

81.. (2.)0) is the plastic potential flow lO\'-l. Equation (2.28) 

is the yield condition. ~q. (2.28) and (2.29) define the adnisaibla 

domain of the stress space. \ihen. Cf is non-zero, t- .is zero flnd 

f < O. V;hen cP is zero,.f is non-zero and f::; o. Eqs. (2.31) to 

(2.33) define a kinematically admissible velocity field. RltG• 

(2.25) to (2.33) rGuresant the conditions of Dlustic flow. 

1'11-3 value of th-3 functional F 11nder the above conditions is 

the safety factor m. 

The yield function, f, in lJises Yield Criter'ion which will 

be used later may be written in the form 

f == ~ S i.) S L) - k 2. 
(2.34) 
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(a) Lower B01) nd Theorem 

PAGB 1'; 

\\h8n the f'unctioTlal F' £q. (2.23) is integrated under 

const raint conditions, Eqs. (2.24) to (2.26), it yields 

(2.35) 

By optimizing po the values of In, rand Sij. are deter-rained 

and then used, to find a lower bound on the safety factor as 

follows: 
mO = m 

0(0 

Whel'e 0(0 is determined by 

max (l SijSij) =(o<~)2. k2 

(2.36) I 
(2.37) 

It should be noted that m
O

, thus defined, is a cla.ssieal 

10'.'/er bO~lnd.(16). 

(b) Upper Bound Theorem 

\~hen the functional F, Eq. (2.23) is integrated under 

constraint conditions, £qs. (2.24) and E18. (2.29) to (2.33), it 

yields 

F* is optimized to yieldjIL' f and Sij which are used to 

determine an upper bound on the safety factor as follows: 

m * = 2 ki f. I' c< * d V 
hhere 0(* is determined by 

= (c<*)2 k2 

(2.3G) 

(2.39 ) 

(2. hO) 
'"'"'} , 
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In determining Sij the floVl law Given by Eq. (2.30) must 

be used. 

m* defined by [q. (2.39) can be shown to be the classical 

upper bOl1nd- (If». 
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CHAPTER III 

LUG}, ANALYSIS OF PLANT<: S'rRBSS 

PROBLBMS 

3.1 Introduction 

PAGB 21 

If a thin plate is loaded along its boundary parallel to it s 

plane viith un1 formly distributed forces, then the stress components 

on both faces are zero and they are, also, assumed to be zero within 
• <. ,I 

the plate. The state of stress is specified by the other two 

directions and is called plane stress. In plasticity nmch has been 

done on plam strain problems. 

However, in plane stress due to difficulties encountered less 

problems are solved. For example, Tresca and Mises, yield conditions 

are di f'fere nt in plane stress where as they agree in plane strain. 
_e' 

Furthermore, the characteristics of the stress and velocity equations 

mayor may not agree and they do not need to be orthogonal (10). 

In whu t follows the material will be assume d isotropi c, homo-

geneous and in a state of plane stress. The lliises yield criterion 

and its associated flow. laws vlill be employed. 

3.2 I,!athematical Formulation 

The tl1"~ orems of Cha pt er II for the plane stres s cas e, t a1\:e 

the following form: {,,' \. 

I 
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(C:l) Lower Bound 

!3efore defininG a low,::r bound the following ~quations 

are needed 

Bquation..~ 01: equilibrium, 

00"'",>( + dY = 0 
d X oy 

de 
dX 

Boundary condition, 

0; nx + T n)':::: m T)< 
Y . n x + (J't n'l == m Ty 
UisAs Yield Criterion, 

The functional, 

FO ~ m' -L r If +(cpYf dA 

)< :::: 0 

in A 

The lower bound roO associated with a stress field wbi~h 

satisfies 6qs. (3.1) and (3.2) is defined as 

mO ;::::. m 
0(0 

whe.re 0(0 is determined by 

Eq. U. h) is ontimized to determine the stress f.ield 

par'amsters and TIl, rand r · 

(3.1 ) 

(3.2) 

(3.:3 ) 

(3.4) 

(3. 5) 

(3.6) 

(3.7) 
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In the above equations \fx' (['I . and T are the stress components. 

~ 

Tx and Ty are the given load components on L1." the boundury \'/here 

10a:1 is 3D") ci ~ie d, nx and ny the components of the uni t normal 

vector in the x and y direction Bnd "A" the l\rea of the domain; 

(b) Upper Bound Theorem 

Be fore de fifiing an uppel' bonnd, the follovlinr, equa:i ons 

are needed. 

Kinemat ic constraint, 

( .... ") ) . ,,., 
It 

Incompressi~ility, 

+ OYy · + oVz. 

ay dz 
o in A (3.9) 

The rate of worl<: done on the boundary is positive 

f. (Tx v, + Ty Vy ) d L = I 
LT 

D.IO} 

F'low low) 

f \Tx 20Vx + dVy 

ax oy 

jv< (['y 2 dV:t + Q'V
o1l 

dy OX 
jt T _I (O"\fx + Ovy ) 4Ty oX 

(1.11 ) 

'rhe functional, 

(3.12 ) 

I 

, i 
I 

I 
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(3.13 ) 

* The upper bound m, obtained from a velocity field that satisites 

eqs. (3.8) to (3.11) is given by 

m* = 2k1£ ,ro(i\dA 

wh~re 0<* is determined from 

(3.14 ) 

1- ( \T x Z - (Ix cry + (T/ + 3 T z. ) 
3 . 

whel'E) Vx and vyare the components of the velocity vector, Lv the 

part of the boundary on whic.."l velocity is prescribed to ~anish. 

functional, eq. (3.12) is used to determine the parameters in the 

velocity field, )A- . and r· 
3.3 Application to Simply Supported Beams 

(a) Lowe r Bound 

The 

A rectangular J simply supported beam having a uni form loa-

ding of mp is consid3 red'. The length of the beam is L, its depth is 

b and its thi ckness is unity. The beam and the chosen coordinate 

axes are shown in Fig. 4. 

! L t t t t 
1 Im~ b 
n 

mp 

-'--

L L/z L /"2- J . .. 
~ 

I~ 'I 

y 

FIG.4 Regions of Stress Field 

I 
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A stress field consisting of tV/o region of stress components, 
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8epal"ated by a line of discontinuity, is assumed. The dis,tan~e 

from the top of the beam to the line of discontinuity is denot~d 

by '0. 'rhe line of discontimJity, in this case, is'the neutral 

axi3. The shaar str8 SS, and the normal stl'ess perpendicl11u r to 

that line are in eqllilibrium, where as the nOl'mul stress parallel 

the li ne need not be eontinllous. 

The assumed stress COl;1ponents are, 

In Region I 

\J)!. - (mp)(x~-~) B, 

cry - (m p)( B, y1. + B .. Y + B3 ) (3 * If ) 

7 - - X (rnpJ (2B,'f +82.) 
In Region II 

\Ix ::: (m p)( X ~ - ~) B 4-

(J"y = emP)( 84 y"L +Bs Y -t B,,) 0.17) 

L - - )( (m p) (2. B 4- Y + B5 ) 

These stl'e~s components sati sfy the e 'qua ti ons of equili briln:;, 

Eq. (3.1). Bl to E0 are the stress parameters to be determined. 

E01mdory coneli ti ons, 

cry ( X) 0) - mp 

T ( X,O) 0 
(J. 18 ) 

\Ty ( X) b) 0 

L ( X) b) - 0 
BOGAZiG\ ONNEf\SHESi KllTUPHANES\ 

I 
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G;. (± ~ )y) = 0 
b 

1 y (+ L ) 'j) dy = + m p ..!::. 
0 22 

PAGB 26 

The last two boundry conditions are redundant when the first four 

are satisfied. 

The requirem3nt of continuity at the line of discontinuity, 

r::r Y r (3.19 ) 

and too first four of Eqs. (3.18) provide six equati ans which 

results in the solution of the unknown stress parameters as follows, 
, 

b"t 

Bi:. - __ 
6 (0-6) 

_ - 2-
'l\'-b 

-I 

The other unknowns .. m, 0/' rand 0' are determined by taldng 

the first variati on of' 1"0. 

(3 .. 20) 

The stre ss components with the stress parameters substituted 

yields 

In Region I 

( 
"t L ~) I 

\Tx = rn p x - 4 6 '6' 

rnp (_1 12- I) 
b'( '. 

_ - 2 mp xy 
b(S' 

Il1 Region II 

~x mp (~"Z. - ~ ) 6,~~-b) 
0-'1 = ~- (:C- - 2 y + b 

(3.21 ) 

(3.22 ) 

I 



ROBBRT COLLEGE GRADUATE SCHOOL 
BBBBK, ISTANBUL 

T = - 2 rn p . (1- _ I)· 
0'-6 b-' 
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substituting Rqs.(3_.21) and (3.22) into the functional, FO, 

Eq. (3. /.:. } and as surning the. t rand Cf are constants t lead to 

FO = m _~(mp)l. \ ~ [ I J+ 2 L3 + L[3b3+3 bZ- O -lb((1.+15'3]} 
3 130b Y(b-1S) 9b 15b(b-o) 

+ ~ k~bL - cp2rbL 
Taking the fi ret variati on of FO with respe ct to the 

'argurre nts m • r J;- and 0 and then, setting each one to zero, 

the following equations are obtained. 

1- Z-mj p' 
3 

[t] = 0 

Cf = 0 

-(~[t] +k'bL ",0 

- 4 '6 5" + 2 0 b ~ 4 - 2 8> b ~ ~ 3 + ) 2 f/ 0"2. + 2 L 4-d' ;... L 4-b=O .. 
where 

£= L
5

[ I ]+2...L3+L[3b3+3b"2.O-_7bo2+03] 
3Db 't(b-~) 96 15~(b-l() 

It can be shown that for 

((~b,)\/o 

The lower bound, mO , is calculated from Eq. (3.6), where 

is determined by sol ving 

rna < { ;[ (OS - o-x o-y + (o-y )' + 3(1::)'J} = (0< of kL 

The maximum value of the bracketed quantity in Eq~.C3. 3 5) 

found to occur on the boundapy ot" the beam. 

The values ot" mO .p/k are plotted in ?igo 5 (See po.ge 31) • 

(b) Upper Bound 

Because of syrnmmetry about tho y aris t only half of 

(3.33 ) 

(3.34 ) 

0( 
o 

was 
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tbe beam is considered for finding an upper bound. Four zones are 

considered with different velocity components as shown in Fig.6. 

They are 

Zone 1 

for Zone 2 

for Zones 3 and 

[o~y~o 

Vx -~ X 
WI 

v'! ~ L k),(o-y) 
2-

[0 ~ )' ~ b o ::: X~ w2 (y'- D)] 
Vy. ~ ~ -- X w, 

VI = ~ L LU z ( 'I - '(J) 
2. 

4 
[ 0 ~'I'f!::D wl(~~Y):S X~ ~J 

[ /{~ 'i~b tUz (Y-3') ~)( ~ ~ ] 

-v;. , = ~ ( y - a') 

v, ~ \ ~ - x) 

(3.36) 

where Vx and Vy are the components of the velocity vectol" in the 

x and y directions. {j' locates the neutral axis and ~ is 'a 

parameter for the angular velo ci ty j WI and Wz. tire the independent 

variables 'whose arc tangent denote the angles. 

6 

I L/2..' r-----:------
FIG.6 Zones of Velocity Pield 

I 
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Zones 3 and 4 a.re rigid and /-3=(,4' Cf3 = CPf. The velocity field 

is continuous on tha boundaries between the zones. 

The velocity field chosen sa.tisfies the kinematic constraint 
'. ,., 

Eq. (3 .. 8) J and the incompressibility requireme nt Eq. {3.9} can be 

satisfied by adJust,ing vz• Substituting Eqs. (3.36) into Eq.(3.10) 

leads to 
I 

Upon sUbstitut ingthe, ,velocity field into the 

the stress components for 'each zone are determined as follows. 

Zone 1 

ZOl1e 2 

jA-, <T)I. ::: 

r ,c:Ty :::: 

J-t, rr 

- zVw, + ~ lO\ 

Z 1: .. , - b ~", o VoJ, '/ W 

o 

)41rFx - 2 W-z. - ~ w'­

.J-'L?Y = - 2 ~ <.01.. + ~ w1.. 

/,?L == 0 

Zones 3 and 4 

When Eqs. (3.38) are substituted into the F"" Eq. (3.12), assuming 

(:3 .. 39) 
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determinod by setting the first variation of F 
"t" • 

g~ven by 

:Sq. (3.39) wi th respe ct to the unlmowns individually to zero, 

yields the following equations 

(~ _ l + WI,y/L 
k tnp( ~ _ ~~w~). 

(-iJ:. - I + W7-' ) y~. 

kmp(~~ _o'-W 1) 

1 

PAGB 30 

(3.40 ) 

/13 = 0 . 0/, = Cf.. - 0 173 = k 

2/3 (~' _ '(,.,:)(-1 + 2. ",,') + 4/3 '6' (I-W>w;) -1''' (b-~"j (l-w~+&.l~)~O 
7. \ /2 w, - /: 

L -z (f ( I - WI"L + W ,f) Y7. -t- 2. G ( b _ "t ) ( '6 w I'" b) - 2.. {3 (b-0'') ~ =- 0 

"i and WI are determined by solving the above equations. 

'* On the other hand, 0( is determined from, 

~ [(\f~ y- ~~ cry + CQ"y Y -\-3(c y. J = (0<*)7. k 7. 

which results in 

0<.* =- k (3.41 ) 

The upper bound m*, F.:q. (3.14), may be written as 

m* (3.42 ) 

1. 
i 

I 

.. 
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The upper bound ref is cal.culated from Eq. (3.42) after sUbst;i-

tuting the va.lues of c5 and WI. The results of.' m*'p/k are plotted 
I 

agai!1st the length to depth ratio, Lib in FiC;.5. 

(c) Cornparison viith the Simple Theory 

The safety factor obtained from the sL~ple theory, in 

which the efrect of fTyand T are neglected, is given by the 

~. equauJ.on mp 
k 

The value~ obtained are 'plotted in Fig. 5, for comparison. 

I. 0 t----i--

O.9t---i 

O.BI---+\---:\\ 

0.7 

0.6 

0.5 ---- .--- - \--\\--1-

0.4 ----:-----i 

O. I - --- ----- 1----­
I 

bound 

- - -- represent 
simple the ory 

OL---~--~--~--~--~--~--~--~--~9---,~0~-­

Length to depth !'utio Lib 

FIG .. 5 Safety Factor of Simply Supported 
Beam 

(3.43 ) 

I 
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3 • 4- l~'pp li cu ti on t 0 :.Fixe d" Ends d.Baams 

(a ) Lowe r Bound 
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The beam of Fig.4 is noV! assumed to be fixed ended and rep-

roduced in Fig.7. The sana stres~ field as1n the pase of a simply 

suppol~ted beam is used except that (/x is not equal to zero at x ::: L/2o 

Therefore, only the \Ix component is changed as follows. 

In Region I "l. 

B J Vx = ..!!!p~ + 
b"'6 (3.44) I 

In Region II 
::: ITIp-X2 D 17x t 

b (~-b) 

L 1 
rnp 

~ ~ J t ! L ! X ... ~ ;: I ~ '(5 
:: ...... -~ b ;: 

II :; .... 
..... -:: 

L/2. L/z.. 
y 

FIG.7 Regions of Stress Pield 

Assuming constant ~ and cP the stress components are substituted 

into 'the functional 1"0 Eq. (3.4) and r-esulting is 

F" = m -.f. r {_ L\f'hf/" + L3 mp [2B -2 D + mp (~ "t t-2.b)] 
3 Ibob(((((-b) 24b b"3, 

+ ~ [ B'1>'+ BmplS' (- :b + I) -\- D' ( b -1>'') + ~'];db-~yL 

+Crnl'l (3b'+(,bli-IS')1t+ rk'bL -I" cpibL 
15b . f '" 

(3.45) 

The €I xtra unknowns B,D and also (f" are obtained by setting the 

fiI'st variation of the functional, pO, Eq. (J.45) with respect to the 

unlrnovJns individually to zero J leads to the follov1ing equations 
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c, _ 

L 1. + 2 B (f + t! (_.L + I) 0 
bbt b b 3b--

_ ~ + 2. D (I -]..) + I (I _~) 2 = 0 
6 b2. b 3 b 

L4(2~-b) 
BO b o-2.(¥-b/-

+ 2. (J:... '\ 2. + B 2 _ Z B tf. + B 
9bl 3b ; 

_ D 7. _ .f:..Q. ( \ _ "6) + 2. (3 _ ~) == 0 
3 b 15 b 

However, it should l1enoted that from ~ = 0 it can be sho\'m 
1J'1' 

that /" > 0 for 'if ~ bWbi ch is a required condition. 

To solve for B,' D .and 't from aqs. (J. 46 )., 

1'01'" a certain Lib ratio, a value for 't is cbo.sen then Band D 

values are determined fl"om the first two equations Eq. (3.4.6 L 

Aft'~rwards the :results are checked by the third e,quation. By 

trial and &rror a satisfactory result is found. 

(3. 46) 

Then all stress components are obtained. When the' quantity 

~ (<1')'..1. -~r:r; + ~yl.+3'G-z.) is maximized o<°is determined from 

Eq. (3. 7). In this cas e. also, the maximum values 0 ccur on the 

boundari es • 

The lowor bound, mOt is given by Eq. (3.6). The results are 

plotted in Fig.8, (See page 3~) • 

(b) Upper Bound' 

The upper bound solution for a fixed end beam is si~ilar 

to the simply supported,.case, except tba t at -[;116 fixed end two 

more yielded zones are assumed as shovm in FiB. 9. 

I 



FIG. 9 

l(UH~l(T l,;ULLEliB GRADUATE SCHOOL 

BEBEK. ISTANBUL 

Zones of Velocity Field. 
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The velocities in zones 1 to 4 are the same,,". given hy Eq. (3.31) 

only the range of x is d:i. fferent for zones 3. :and4. 

for zone 3 
[WI()'-Y)~ X~ ~-uJ5(S'-'t)] 

for zone 1J. 
[ w 7. ( '1- 't5 ') ~ X ~ ~ - w ~ (y -i)] (J.47) 

[L/2 -W~('b-y) ~ Y. ~ L/2.] 

Y x = - ~s ( ~ .- X ) 

I ' zone 5 

. Vy = ~ ( i-x) 
zone 6 [L/2.. - Wb (y-~) ~ >< ~ L/z.] 

Vy. == ..i- (1:. - x) 
lV, 2 

Vy == ~ ( ~ _ X) 
The velocity field chosen satisfies thekinetn'atic constra.int 

Bq.{3.8) v x = 0 and Vy = O. The incompressibility l"8quirement 
.. 

Eq. (3.9) can be satisfied by adjusting v z • Substituting the 

velo oit y field into Eq'. (3.10) leads to 

a =' [Tn ~ (~ ~.2 "''')] (3.48) 
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From the flow law the following--is obtained 

for zone 5 
/", \Tx, 2~ 

t..J 5 

rs \Ty - ~ (3.49 ) . Ws; 

/'5'"'( = -l 
4 

for zone 6 
jA, fT ~ 2~ 

W(, 

)<6 r:r y .:..~ 
W6 

j{, L :::. -i. 
4-

Substituting the stl"es s ccmpone nta Eqs. (3.38) and (:3.49) into 

the fUncti anal F"* Eq. (3. 12),. as aurning conatanti)-i and Cf 1'01' en ch 

ZOlle results in_ 

F* = k2 {ttl O''1.w, +.r~ (b-o)2 W2 +)As ~l. Ws + /,6 (b_-o)2 W6 (3.50) 

+ r 3 [L b - '01. W, - ( b - a Y" w.. _"t"4 W S - ( ~ - -0 )"L W 6J ~ 
. () I L0 + W 3) + b -IS 1. - lJ + Wz. '1. (. )1. ( 3) 

+ r,~r)'(~ _ '6"ZIAJ~r w,- I ') Jh(mp)~(~ _,,{'-w,7. l. 0z. 1-

'0 7. (.1- + I w) ( b - "tt· (~ + ~ WG) 
+ !,,(rn r)(~ _ ~ 'I..) T lJ

, 16 5 + f' .(mrl'( ~ - ~ 'w~ r w, 16 

. . 'l."l. '1. 2. ~ ( b )' 
_f<,<PI'l.~"l.W, -,;-t:z.Cf7..(b-"6) W'l.-jA.)C{J!; ~ Ws -:-}t6,Cf>E, -0 W(, 

-)13 Cf>."Z [Lb - ~7..w! -:- (b,...~J7.w7. - 07. w s -(b-o')~ (.Us] 
The unknowns /" to j4,', 1ft to 0/6 J (".), ' Wl.· and~ (j are deter-

mined by setting the ffr~~tvariution of F* Eq. (3.50) with respect 

to tho unknowns indi vidUai.ly to ze ro, the following eqs. are 

obtained. (I ~)11- /..7. ) IS 2 WI?' _ .. - I +w. 
.J-< - W, 1 ,- 4-

kmp L"4 - i2(J~ 

\ (..L ~ 1+ W 1. )Yz. 1-'1- z. ? r . w'" t. ">"0 w, 
2. -= .. ) 4 k L'2. 1. 2-mp 4 -($ w, 
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) 

4 ( b -'6 )' (~ _ W. + w,' ) IJ , 

(~;- _I + W~~)12 

4 (_I + !J!») o'2.w, 
+ lOS" \b 

~ ' I ) Y"L. - +-
lJ 1. I b 

5 

\ 

Z. 
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(J. 51 ) 

L L. '( ( 1 _ w , "Z. + w 14-) 'Il. + L"Z... (5' (I + vJ 5 'L. )Y'L. _ 2.. [3 (6 _ 'is') (L -z. -"'6 b W~) 
)~. 4 

- 4 (I + ":/-y~ (b-lfJ (~ -If hw,z) 0 

rrhe parmnetel'S W) and tJc, Yiere given the vO}l.1e of unity 8<.\('.'(1 

since the variation did not yield their- values. WI and ~ are 

solved lJsine the above equ8.~ions. 11he last throe e':111f}.tions of 

"Sqs. (3. 51 ) ,with loJ~ -= (,JG =. I , yif.71 d, 
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L~ (( ( I - w:L -t LU ,f)"l +. \. 0 3 L'2. 0 - 7. 5 9 ( b - j() (L 4 -IS' b LA.).'1.) ::::. 0 

of i and w, causes flu etuat'ions in the 1'B sul t~.·: Hmvever, the 
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(1. 52 ) 

second equution is less sensitive to '6. Therefore~ WI is deter-

mined i'x'om tha If1tteI~ and. then substituted into the formn!' as a 

'* ' 
che ek. Sol vine; for ex from 

~ ( \1"". '1 ify. cry + \J't"l. + 37:-:') = (0(11") 2. k 1. 

3 
recults into 

c< * ::: k2. 
* The upper bound m Eq. (3.14) leads, then. to 

*' m ::: 

The I'esults Bra plotted in Fig.8 for various Lib r,atios. 

(e) Comparis on vlith the Simple Tboory., 

SImple plasti e Tbeory yields 

I 
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The,.v'alu as obtainsd from Eq. (3.54) are also plotte d in Fie. B 

for compari son. 

O.5~-+ 

0.4 

I 01 

bound 

- - - - ,repre:sent, 
simple theory 

Length to' depth ,ratio 'Lie 

FIG.S Safety Factor of Fixed,:Ended'13eams 

I 
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In the case of simply supported beam satisfactory results are 

obtair:ed for Lib ratios as low as 3.5. For smaller retios bounds 

be ein to devin te as sho vm in Fig. (5). 

Ball and Lee (19) solved the same problem using the classical 

n19thod of limit analysE and obtained res'lll ts fOl' Lib ratios le rger 

than 3.55. For values lower than'3.55 their solution is not appli-

cable. 

In this thesis bounds for Lib ratios leas than 3 ~55 are availab-

le and one rna y choose the values of the lowe r bound de te rmined and 

be on the sufe side. 

I The siniple plusti c theory ii"lds va:!."". close to thoqa of the 

upper bound in this work •. This is in agreement with Hodges fi'ndings 

(20) for simply supported beams subjected to a concentrated load at 

its midspan. 

In the lower bound solution the maxinmm of 

-S ( \3')<.2. -\]''/. \['1+ \T'f i. + 3cl.) 
for large val119S of' L/brntiowas found to be in the region I~, Fig.4 

for Lib ratio smaller than 3.5 the maximJm point shifts to regi0:ri Ie 

Tho case of fixed ended be~s is t reate d here for the first time 
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as far as could be determined from the Ii tera ture survey. The 

results are not as good as those of the simple beam case and until 

better bounds are found the present solution can be used if desired. 

In the upper bound soluti on first variation of the funm ionul 

did not yield values for W,. and w~. Therefore a value was i:issign.)d 

to them to obtain the upper bound. The analysis of the fixed ended 

beam was s imilur to tho. tof the simply supported beam, except in 

the lower bound cas e \Jx at the supports was not equal to zero and 

in the. upp~r. bound solution additional yield zo nes at the ends of 

the beam are consi dered. The simple theory gives values close to 

the upper bound. 

To improve the lower bounds oth8r stress fields whi ch may be 

more involved should be considered. Series representation may be 

assumed and also. the regions of constant stress fields could be 

chosen smaller thus finite difference or finite element method may 

be applied. In the case of the upper bounds smellIer zones cen be 

chosen and the associated velocity fields be adjusted and the finite 

difference or the finite elements method may be used. 

In the classi cal method of limit analysis I to compute a lower 

bound the point at whi ch max (1/2 Sij Sij) occurs has to be assumed 

first in order to satisfy the yield condition. When the assumption 

is not correct the computations have to be repeated •. In the limit 

analysis by the Direct Method of Variation this point is located 

after satisfying all the constraint conditions. Therefore no sllch 

assumption is needed. 
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