THESIS

ROBERT COLLEGE: GRADUATE SCHOOL

BEBEK, ISTANBUL PAGE
: " s — L "

: 4 TP
AR P i‘ ! C E
H e
af

4 40T L 3E «AKEN FROM THIS ROOM

| —_—

LIMIT ANALYSIS
- OF

UNIFORMLY LOADED BEAMS

Bogazml Unlversny lerary

M IHIV

by
QELIK UZYILDIRIM




THESIS

ROBERT COLLEGE GRADUATE SCHOOL .
BEBEK, !1STANBUL PAGE 1

 ACKNOVLEDGENENT

The author wishes to express his 1lndebtedness to Frofessor
walid H. Rimawli for his suggestion of the topic and his
continucus encouragemsnt and advice throughout the oreparstion

of this thesis.

The author alsoc wishes to exprsss his deep gratitude to
€

his farily for their understanding and encouragenmsnt throughout

his stsay at Robert College.




THESIS

ROBERT COLLEGE GRADUATE SCHOOL
' BEBEK, 1STANBUL . PAGE 11

SYNOPSIS

The actual behevior of‘structures cannct be predicted by the
elastic solutions alone, The inelastic behavior of the material
should be taken into donsideration: To determins the carrying
capacity of a structure the safety factor should be found. Howaver ,
thnis is not svailable except for very sinple cases. For actual
engineering structures upper and lower bounds of the safety

factor are found.

In this work Lirit Analysis by Direct tlethod of Variation
is applied to simply supportaddand Tixed ended, uniformly loaded
rectangular beams including beams of small }ength to depth ratios.
In the analysis a étate of plane stress is assumed. Hizas Yisld

Critericn and i%s associated flow law are used.

el

Sclutions are found and results are plotted for the purprose

of comparison with the simple one dimensional thsory.
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length of the beam

- NOTATION

area of domaln

depth of the beam

functlonals for the collapse load, lower bound and
upper bound respectlvely

body force
yield functioﬁr

yield stress in pure sheér

vart of boundary on which load is specified(plane stress)

part of boundary on which velocity is prescribed to
vanish (plane stress)

miltiplier and safety factor respectively

lower and upper bounds respectiveiy :

normal vector on surface S

components of unit normal vector in x and y directions

ultimate  tensile stress d1v1ded by m at impending
plastlcfiow _

reaction of surface Sy :
boundary of the domain
part of boundery on which tractions are specified

part of the boundary on which the velocity is prescribec
to vanish

stress deviator tensor

component of given load in i1, x or y dirsction

displacement vector
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volume of domain

velocity field

constant defined by Bq. (2.37) ,

point function defined by Eq. (2.40)

distunce to the neutral axis from the top of the beam
Kronecker dglﬁa |
strain tensor

plastic strain increments

nondimen sional paramet er

Scaler factor in the plastid'potentiai law
stress tenéor |

stress comporents in the x and y direction
shearing Stress'in xy plane

point function related to the yield condition
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CHAPTER I

HISTORICAL REVIEV

1.1 T®lastic Analysis of Baams

‘{(a) Ordinary Beams

In the Seventaenth‘century Galileo}(l)x tested a cantilever
beamiand concluded thét it failed at the support. Lgter on,
Hdoke stated the proportionality of stress and strain and published
his fgmous Léﬁ, "Ut tgnéio gic vis", in_1678~(i,2). ’Mariotﬁe in
i680fu§ed.Hooke's Léwkté determine the strength of cantilever
baéms. J. Bernoulli (1645¥1705) stated thgt‘the cufvature of
the defleétion curve at each point'is propﬁrﬁidnél'tobthe beﬁding
moment at. that point. 'Létéf Buler used this'éoncépt in;his
ihvestigation of elastic curves. Navier (1) in 1821 gave the

general equations of equilibrium. Coulomb (1736-1806) worked

on the position of the nsutral axis and drew attention to th

&

sheafﬁng strasses in a cantilsver and mentionsd that they became
importent only in short beams (3). Saint Vﬁnant‘(1?97~1886) WG S
concerned with thé torsion and flexure of cylinders, ile was the
first to examine th? accuracy of the fundamental assumptions
regarding bending (3). Saint Venant prcposed the semiwihverse

mathod for the solution of zlastic problems and applisd it o

X ; . S R . ety s ,
The number in brackets refers to the listing in the Bibliography,
: : , l
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the bending of a cantilever by a force applied at the end. In

&

1862 airy presented the stress function for the solubion of th
two dimensionsal problems, Later laxwell and Korera handled the
sam problem for the three dimensional case (3} In the twentieth
century Timoshenko worked on the bending of prismatic bars using

Alry stress function.
(b) Deep Reams

Deep beams with neriodic loading, have bLeen studied by
Craemer and Dischinger taking the boundary loadings being rep-
resented by Tourier series. The case of nonperiodic loading
wasg treated by Bay (&) using stresslfunctions and by Conway and
Chow and Mergan (5) using strain energy pfinciples. Later,
Chow, Conway and Winter (6) used finite difference method to
solve the diffsrantial equation of the stress function. They
assumed a.simply supported beam loaded uniformly or with & con-
centrated loazd and applied the results to reinfofced concrete
design. Continuous déep beams were snalysed by Pei (7) for
various loadings. In 1966 Coull (8)(9) treated both deep beams

and walls using energy methods and Fourier Series for general

loading s including the effect of the gravitaticnal forces,

1.2 TFlastic Analysis of Beams

(a) -Tarly Developments

Tresca, in 1864, stated that a metal yields plastically
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when the maximum shear stress attaeins a critical value, Saint
Venant applied Tresca's ylelu conditions in datermlnlnv the
stresses in a part*y plastic cyllnder subjected to torsion or
bending. Von ¥ises in 1913 pronosed a yield criteria statlny
that yielding occurs when distorsion 8N6rgy reacnss f certaln
value, Hencky and Prundtl‘in»l923 worked on the geometry of

. . . ) . » e
shear lines in problems of plene plastic strain.

r1y

cbe

Y

tgon and _Cook in 1913 and Roderick in 1948 developed
ths simple plustic thaory for the elastic - plastic bending of

orismatlec members svwbjected to terminal couplss {(11).

The method of limit design is believed to have been introducsd

s

by Kist in 1917. Further development in this area was carrisqd

on by Hkaler - Leidbnitz, Bleich, Van den Broek ,Baker and Tohneton.
() Classical Thsory of Limit Analysis

Formal proof of the theorems of Limit Anelysis Ffor beams

and frames ves first presented by Greenberg and rager in 1951 (12)

Trne linmit analy is of space [framss was treated by Heyman (13).

Drucker, ager and G reenvberg (14) extended the thsorems for

reblams of nlain strain and applisd it to continuous media of
P 1 DY (

perfecktly plastic material under any history of loading.

in 1951 1ill obtained upper and lower bounds for the yield

point load, using the principle of maximim plastic work and its

H

This and other pertinent informastion are found in Hill (10).
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complimentary minimim principle. This was the first formilation

in three dimensions for the rigid psrfectly plastic materizl,
{c) Variational Principles of Limit Analysis

In 1963 Mura and Lee (15)'proposed a functional, whoss
stationary valus is the safety factor. Later, Lee, lura, Bryant
and Himawi (16) subjected this funétionah}to two conjugated
systems of cohstraihed cdnditions and derived two new functionals

which are used in finding the lower and the uppser bounds,
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CHAPTRR II

INTRODUCTION

2,1 Definition

Beams are membars in enginsering stfuéture which generally
reslst forces anplied laterally or transversely to their axes.
In‘obtaining solution to beams, either the elastic or the plastic
“approach is usad. In understanding the bbhavior of the structures

and for more reliubls safety factor plastic analysis is preferred,

2.2 Klastic Solution

(a) Aporoximate lLethods

If a body is nov stralned beyond a certain limiting velue
called the elastic limit, the delformations disaﬁpear with the
removal of ths forces, and such a bodyAis regarded as perfectly
slastic. Tor an elastic body Hooke's Law which states the
proportionality between the stress and ﬁhe strain holds, In
solving simple beams,that is, a beam in which one dimension is
long coumpared to the othsr two dimensions, the Llementary Theory
df Beams 1s used and approximate resnlts ars derived. In this

theory, certain assump tions which goes back to Bernoulli are mades

i) The beam is prismatic and straight.
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ii} The loading and hence the bhending moment M is applied
| in a nlense containing one of the principal axis.
iii) Plane cross-sections before bending remain plane after
bending.
iv) Deflections are small.
v) Shearing stresses are uniform abross the width of the

beam.,

In the simple theory the normal stress poerpendicular to the
axls of the beam and the effect of shearing stresses on strains
are usually neglscted., Vhon the depth of the beam is comparable
to its span it is called a deep beam, and the simple theory can

no longer be wnsed.

Other apnroximate methodé have besn developed to get better
results compared to the simple theory when rigorous solutions
cannot bhe readily obtained, Tor example experimental methods
such as the photoelastic mathod is usad for solving two-dimension-
al problems. Soap-ilm msthod for determining stresses in
torsion and bending of prismatic bars is also an anplication of

experiments, In some cases the energy methods are used where

minimum conditions of certain integrals are investigated.

Py

(b) Exact llethods

In elasticity, the exact solutions are obtained by sa-

tisfying the following equations.
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Equations o7 equilibrium

Ty, = —-F¢ | (2.1)
Boundary conditions

oy =T, o (2.2)
Equations of Compatibility

gkl T &y~ Ty - &gk =0 (2.3)

Generalized Hooke's Law, stress-strain relation

Ty = 7&8;)6,&2/,42;)- (2.4)
6 =&
Strain - displacement relation
&y :;7% (Lihj +l4bl) : v‘v - (2.5)
where O@ is the sifiress component, Fj the body force, nj‘the
ﬁormal vector on the surface, Ti the surface traction, E;J the

strain components. uy the displacement vector, S;S the Kronecker

delta and A and /(are Lame constants,

In these equations subscript notation is used, where the
subscripts take the values 1, 2, 3 (x, ¥y, z). The repsated
indices mean summation and a comma indicates differentiation with

_respect to the space coordinates,

Indirect methods are slso available. In the Semi-inverse
method certain assumptions are made about the components of
stress or strain or displacement. Then a solution is sought

satisfying the elasticity equations.
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Sometimes equilibrium ejuations are combined with the com=~..-
patibility equations to give equations which satisfly both. This
makes it possible to express the stress components in termd of

independsnt functions of:poSition (7). -

Wnen the displucements are specified on thexboundary the
equations of equilibrium may be written in terms of dis?lacemanﬁs
and then solved, Tor the deep beams approximate solutions are
available by the finiteidifference method. The area encloéed
by the four edges of a déép beam is taken as the x - y plane
and this plane is divided ihto equal divisions having lengths
of h and k¥ in the x and y directions respectively thus forming
Zx,y danotes the»ordinate at each net point (x, ¥)
to a curved surface represenﬁi.a Alry's stress function
z = ©{x, v). Then, the biharmoric di?feréntial equation that
Airy's stress funcbion should satisfy is equivalent to a linear
envation in terms of Z. The uhknown 7 values are determined
by solving the set of simultansous linsar equations obtained
from each net ~-point (6). Eolutions are obtained also by super-
imposing two stress functions. The first stress function is in
the form of a btrigonometric series which satis;ies all but ons

the boundary conditions, that the normal stress on the ends

O
e’

of the beam is zero, Then a second stress function is introducsd
by the use of least work to give the distribution of normal
stresses on the ends. By -supserimposing the two solutions the

boundary conditions are satisfied.
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2.3 Plastic Solukion

Plasticity is the property that enables a materisl to be
deformed conitinuously and.permanently without rupture during
the apnlication of stresses exceeding those necessary to cause
yielding of the material. Vhen the initial yield stress is
exceeded, deformations reach large amounts under stresses and
the final de®ormation depends not just upon the final state of
stress (as is the case of elasticity) but upon the series of

stress states from the beginning.

alter passing the elastic limit the stress‘is a monotonically
increasing function of the strain, this is known as work - har-
dening in one dimensional case, In the geraral case when more
than one dimension is considered work-hardening concept is more
involved depending on the history of loading and the information

concerned can be found in Hill (10) or Mendelson (18).

The theory of Plasticity generally assumss perfectly plastic
material, that is a material which does not exhibit work har-

dening but flows plastically under constant stress, Wwhen the

)

material is rigid it means that no elastic strains occur. In

this thesis homogenous,isotropic and perfectly plastic material

will be assvmed.
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(a) Yield Criteria

Tor each material.there exists a state of stresc.at
which the material will begin to deform plastically. ' The criteria
for deciding which combination of stresses will cause yielding
are callod vield criteria. In plastic flow analysis the first
step is to docide on a yield criterion. Any yield crite;ion
can be expressed in the form
£(Iy, Ips I3) = 0 T (2.6)
hhqre Il’ 12 and_IB’aré the threa invariants of the stress tensor
Vﬂs. In terms of the principal components of stress (,, T, 0,
the invariants are defined &g
Iz o+, + 05
I,= (00 +00 +00) | (2.7)
Is= 0,0, C,
A stress tensor is a combination of the spherical stress

tensor (hydrostatic pressure) and the stress deviator tensor,

where U, is the mean stress, or,
Tm ==€;C7u

and 5@) is the stress dsviator tensor. It was found that the
hydrostatic pressure nas no effecht on yielding or plastic flow.
The criterion can be expressed in terms of the stress deviator

invariants Jl,-J2 and JB'

IE
L)
Q0

—”
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Jl = 0
Jp = ,-,(8152 + 5,54 + 538,) (2.1.0)

The two common yield criteria are Trescal

Tresca yield criterion assumes that yielding ocecurs when

and lises!.

the maximum shear stress reaches the value of the maximum shear
stress hnder simple tension (18). The maximum shear stress is

half the difference between the maximmum and minimum principal

stresses. 'This theory require
and compression be equal. .

Trsgca ceriterion can be

s that the yield stress in tension

Tormulated as follows

U'l—.-g—z :i—g-o

7,- 7, = % q,
where U, 1is the yield stress in simple tension,

Por the blaxial case ( UJy=0) a graphical representation
ig given in Fig.l. v
A
-0 o
v
-%
FIG. 1 Tresca Yield Criterion
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For the case of pure shear v;:-—ﬂ;::k and U;:O substituting
theso stresses in FEquation (2.11) results in

k= To/2

Ilises Yield Criterion, Distortion Fnergy Theory, on the
other hand assumes that ylelding will occur when the distortion
enerpgy equals the distortion energy at yield in simple tension,
Mathematically'it takes the form

—'i[(qrqz)z+(<fz—73)z'+(Vs-q‘)z] =7’ (2.12)

for the plane stress case { U; =0) and Eq. (2.12) reduces to

2 2 2 . )
Tr-0 0, +0,° = T, (2.13)
This equaticn represents an ellipse as shown in Fig. 2.
LA
T
(VA
OT‘
Zq,

FIG. 2 lises Yield Criterion .

Tor the cas= of pure shear U, = -, =k and substituting thess
in Bg., (2.13) results into
k = Y
,J§

liises vield criterion has the advantage that the relative

magnitudes of the princinal strasses are not nseded.

Txperiments (10) had shown that the Von liises yield criterion




THESIS

ROBERT COLLEGE GRADUATE SCHOOL
BEBEK, 1STANBUL PAGE 13

is in excellent aggreement with experiment for many ductile
materials like copner, nickel, aluminun, iron, cold-worked mild

stsel, medium carbon and alloy steels. :

Tor the upper Yield;point of annealed mild steel Tresca's
Law fits the data better than Misges'. lHowever, the sensitivity
of the uvper yield point is questionabls dua to such conditions
as the eccentricity of loading, non-uniformity of =pecimen and

the stress concentration in fillets.
(p) Stress - Strain Rate Relationsnips

The mechanical bohayior of a perfeactly plastic materisal
cannot be characterized byvthe yield condition slone. The stress
strain relations for the plastic range are also needed. In phe
plastic range the total strain is the combination of the elastic

and the plastic (permanent strain).

During plastic flow it is assumed thnat thoe rate of change
of the plastic strain at any instant is proportional to the

instantansous stress deviation. .

The stress-strain relations in the plastic range were given
by Levy and then independently‘by von illses as
d&y = Sy dn (2.14)
vhere <§6U is the strain increment. and dn is a non-negative
constans., In Bq. (2.14) elastic strains are ignored and the

total strein increments are assumed to be equal to the plastic
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strain increments. Later on Prandtl and Reuss generalized Bq. (2.14]
to the Tollowing form

da-f; = Sy dn : (2.15)
whe re d&;; is the plastic strain increment, Dividing both
sides of By, {2.15) by dt and noting that dﬁzz///dt = V’L)
results in a relationship between the velocity vector and stress

deviator tensor
. P

&y = (V +v> /“SL) (2.16)
whmre/M is another constant
Prandtl - Reuss relations have been tested experimentally

by Lode and then Taylor end Tuimnney. Although ths results are

not very accurate, they are assumed to be satisfactory.

To obtain the total strain cdmponénts, thevincrementai
strain components must be intsgrated over the whole history of
 loading. llencky suggested ﬁotal stress-sﬁrain'relations whers
the total strain componegnis are related to the current stress, and.
not to the history of lcading g vhich can be shown to bs true for

the case of proportional loading.

Drucker, by assuming that the rate of work must be zero

or positive concluded that the yield surface must be convex

. * P .
and the plastic strain rate E,) muist be normal to the ylald surface

and igs rslated to the strsss deviator Sij by

. ¥ , ’ .
.. - of (2.17)
K S 954
where © is the visld function.




E 1§ Bam W/ 1 \J

ROBERT COLLEGE GRADUATE SCHOOL -
BEBEK, 1STANBUL PAGE 15

2.4 Approximute Solution

() Slip Lines and Shear Lines

Solutions to rigid - perfectly plastic material can be
obtained under conditions of plain strain, using the thsory of
slip lines. Flain strain is the condition wherein the displuce-
ﬁents all occur in parallel planes in the body, say, planes
narallel to the xy plane, and all stresses and strains are inde-
pendent of the z direction. In a body, having determinsd the
~principal stressés and diréctiéns, the meximum and minimum shearing
stresses can readily be determined. The shearing stresses act
on the plunes bisecting the principal directions. If curves
are drawn in the plane such thét at eﬁery point of éuch curve
"the tangent colncides with one of the maximim shear directiohs
then two families of curves called shear lines or glip lines ure
obtained. The shear lines are characterized by the stress field
and the slip lines by the velocity field., They are orthogonal

and for the plane strain case they coincide.
(b) Limit Analysis . .

If the surface tractions on & body is increased mono-

tonically a state of impénding plaStic‘flow will take place

causing increase of plastic strain undsr constant surface.-tractions|

The ratio of the surface traction at the instant of impending

plastic flow to the given value of the surface traction is the
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safety factor,

The aim of the limit analysis is to find the safety factor
m, \hen this is not possible then; td find the lower and the
uprer bounds of the safety factor under increasing surface
tractions, The lower bound theorem can be stated as follows: A
load which produces a statically admissible stress field will be
equal to or less than the true load that will produce plastic
" flovwi. ‘A Sﬁatically admissible stress field i1s the one that
satisfies the equations of equilibrium Eq. (2.1), the boundary
conditions Ea. (2.2) and a yield inequality,
£< 0 o O (2.18)
The upper bound theorem on the othér hand is stated as: A
load which proiduces a kinematieally admissiblé velociby fisld
will be equal or grsater than the ﬁrue load, A kinematically
admissible velocity field is the one that uatiSfIGS the following

condlulong.

VL on S (2.19)
5. Vi = in Vv | ‘ (2.20)
/5 T.vi ds » 0 ‘ (2.21)
= | : (2.22)

In these equations Vv is the velocity vector, T; is the
traction.acting on a body of volume V whose surface is divided
into two portions ST and Sv’

On Sqp the tractions are svecifisd

and on Sv the veloecity is assumed to vanish,
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2.5 Limit Analysis by Dirsct llethod of Variations

©

A body of volume V is considered under increasing surface
tractions mT;, supported along a surface SV, where velocity is
prescribed. The surface under tractions is denoted by ST asg

snown in ¥ig.3.

mly
vy
Sy
T
s \ ‘

FIG. 3 4 Body Under Increasin" ml

The functional proposed by Lee and Mura which applies to

Fig. 3 is the following,

fS —(V--+v--)+fvo*§-.v..d\/
_/ RvdS—m(JTvaS ) - j/&({+§o) (2.23)

_Subgected to the constraint condition
M= O | | o (2.24)
f&lQ the scalar function in the plastic potential flow law

defined earlier,

The arguments of T are velocity Vi, deviatoric stress Si'
J
and the Lagrangian multiplierss the hydrostatic pressure O‘:.%<Wkk

/W, mTi, and cp . 5LJ is the Kronecker delta, \Vhen ve set the

1)

irst variation of ¥ equal to zero we get the following equations,
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(s + 54 9),; =0 o inv (2.25)
(Sg +~5130) ny = m Iy on ST , (2.26)
(Szj + 5LJ’ 0') n; = R‘L on SV (2.27)
£+ =0 in V (2.28)
Mo =0  inv (2.29)
2 ) ) .leb -

81_') V‘L,3 =0 ' in V¥ , {(2.31)
V=0 on S, (2.32)
and ‘ 2.3

T‘LVL C‘S = f ( ’3>

S

where nj i3 a normul vector on the surface, Ri the reaction on

v+ DBauations (2.25) to (2.27) are the equilibrium conditions.

v

Mg, (2.30) is the plastic potential flow low. BEquation (2.28)

is the yield condition. 3q. (2.28) and (2.29) define the admissible
domain of tne stress space. VWhen ? is non-zexm,_/w‘is zero and

£ < 0. Vhen ? is zero,‘fkis non-zero and £ = 0, Rgs. (2.31) to
(2.
{7

D

3) define a kinsmatically admissidble velocity field. FRns.

3
W25

D

~—r

to (2.33) represant the conditions of nlastic {low.

t

The value of th2 functional F under the above conditiona 1is

the safety factor m.

The vield function, £, in lises Yield Criterion which will
be used labter may be written in the form
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=

oy

(a} Lower Bound Theorem

when the functional F Eq. (2.23) is integrated under

constraint conditions, Eqs. (2.24) to (2.26), it yields

o p(g sy

o ..,
By optimizing ¥~ the values of m, ? and Si

N
W
T

3 are determined

and then used, to find a lower bound on the safety factor asg

follows:
o
= _m
m = (2.36)
where &° is determined by
— 0)? 2 -~ ry
max (.JZ. SL)SLJ) —<o<> k (z.37)

1 ‘ % O » [} - N
It should be noted that m , thus defined, is a classical

lower bound.(16).
(b) Uprer Bound Theorem

When the functional F, Eq. (2.23) is integrated under
constraint conditibns, Eqé. (2.24) and Eqs._(2.29) to (2.33), it

yields :
Fr= 2k dv +[ LSSy —kT-0*)dv  (2.3%)
A P CE R P

 ig optimized to yield/ﬂ,(P and Sij whiech are used to

determine an upper bound on the safety factor as follows:

m" = Zkif/ux*dv . (2.39)
v .
\here X is determined by
I S — =\ k?
- SL)SL3 = (0< ) k “’__‘:(}fzj.z‘.o)
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L,

In determining Sij the flow law given by Eq. (2.30) must

be used.

m* e fined by Eq. {2.39) can be shown to bs the classical

upper bound. (16),
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CHAPTER III

LIMIT ANALYSIS OF PLANT STRRESS

PROBLENS

3.1 Introduction

If a thin plate is 1oaded along its boundary parallel to its
plane with uni formly dlstrlouted forces, then the stress components
on both faces are zero and they are, also, assumed to bs zero within
the plate. The state of‘stress is specified by the other two
directions and is called pléﬁe'stfess. In plasticity much has been

done on plar® strain problems,

llowever, in plane siress due to difficulties encountered less
problems are solved. For example, Tresca and Mises. yield conditions
are different in plane stress whsrs as they agree in plane strgin.
Furthermore; the characteristics of the stress and veloclty equations

may or may not'agree and they do not need to be orthogonal (10},

In wnat follows the material will be assumed isotropic, homo-
geneous and in a stute of plane stress. The iiiges yield eriterion

and i1ts associated flow.laws will be employed.

3.2 ¥Yathematical Formulat ion

The theorems of Chapter II for the plane stress case, take

the following for
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(a)} Lower Bound

Before defining & lowsr bound the following equations
are nesded

Tquations of equilibrium,

oOX * dy 5.1)
_ o “in A .1

J X oy
Boundary condition,
O;( nx +T Y\y :_“m Tx on LT (3.2)
Vises Yield Criterion,
¢ os[@F-ne slg eaTl] e B
The functional, :

o . \2
Foem o[ p Lf )] dA (3.4)

The lower bound m egsociated with a stress field which
satisfies Egs. (3.1) and (3.2) is defined as
T m® = m

0(0 ) ) (3~6)

where «° is determined by

max_{_é_[((rx)l - o; T, + (U7)1+3(T)1]} = (") Kk (3.7)

Bq. (3-.4) is ontimized to determins the stress field

parameters and m,(F and /A‘
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In the above equations U;‘, 7y and T are the stress components.
: [
T, and T are the given load cemponents on Lm’ the boundery where

load is snpecified, n, and ny tnhe components of the unit normal

vector in the x and y direction and "A" the area of the domain:
{(b) Uprer Bound Theorem

Refore dsfining en upper bound, the following equations
are naedsd,
Kinemat ic constraint,

V. =0 on L - (

59
4

A3
L]

Vy

i

0 1"

~Incompressibility,

BV 4 a_\’/‘I .+ oVz =0 in A | (3.9)
dx 3y 0z | '

The rate of work done on the boundary is positive

[L (Tyve +Tyvy )dl = |

T | (3.10)
low low,

oo o= B g

o, - ?%3@9 4_j§%;h | - (3.11)
P =p(3s a3g)

The functional ,

O pdhe [ p (3O g P Rgt A
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M =0 (3.13}
The upper bound m, obtained from a velocity fisld that satisrfies

eqs. (3.8) to (3.11) is given by

m° = Zk’/ M dA (3.14)
whe re & is %termin:d from ‘

LB < o’ = TR0y +0y +3T2) —_:(e><"21 k* (3.15)

where Vy and Vy are the components of the veloclty vector, Ly the
part of the boundary on whici velocity is pres eribed to wanish, The
functional , eq. (3.12) is wsed to determine the parameters in the

velocity field, M “and .

3.3 Application to Simply Supported Beaums

(a) Lower Bound

A rectangular, simply supported beam having a uniform loa-
ding of mp is considered. The length of the beam is L, its depth is
b and its thickness is unity. The beam and the chosen coordinate

axes are shovn in Fig.k4.

. mP
l l l’ Y 1’ i . \l’ Y . > X
1 3
mp}.—_ r ~—|b
2 I[ mP_E_ |
L/2 < Lo >

FIG.4 Regions of Stress Field
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A stress field consisting of two region of stress components,

gseparated by a line of discentinuity, is assumed. The distancs
from the top of the besm $o the line of discontinuity is denotad
by § . The line of discontinuity, in thnis case, 18 the uneutral
axis, The shaar stress, and the normal stress perpendiculer to

thet line are in squilibriuvm, where as the normsl stress parallel

the line need not be continuous.

The assuned stress components ars,

B

In Region I §

v, = (mp)(x*-L) B,

7, = (mp)(B,y* + By +B3> : ' (3.1%)
7T = ~x(mp)(28.y+87_)

In Region II |
= (mp)/x - L*)B
% (mp)()( 4_> 4 |
0"7 = (mP)(BA, y* +Bs}’+54,> (3.17)
T = —x(mp)(2B,y + By)

These siress components satisfy the squations of equilibrium,

Tq. (3.1). By to Bg are the strass parameters to be determined.

Boundary conditions,

0, (x,0) = — mp

- 0
T (x,0) (3.18)
O’Y ( X , b) = 0O
T ( X, b) = O
\TES! KUTUPHANES!

BOGAZIG! UNIVERS
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G;(i'li‘))’> = 0

b
/0 7(£L ,y)dy =% mp L

The last two boundry conditions are redundant when the first four

are satisfied,
The requiremsnt of continulty at the line of discontinuity,

Vyr = Ty (3.19)
T = T

I T

and the firet four of Egs. (3.18) provide six equations which

results in the golution of the unknown stress parameters as follows,

— | — - -
B = gl 52 =0 BB = -1

B, . Be = — 2 By — b
b= 5 = 6 = —
b (¥-b) o ¥-b : Y-b

(3.20)

The other unknowns;m,q, M and § are determined by taldng -

the first variation of ¥O,

The stress components with the stress parameters substituted

| yields
i In Region I
2 L® ]
O—X = mP<X "‘T)E:g‘
— B (3.21)
Iy = mP(\n{ 1 I)
T = —2mpxy
by ‘
.In Region II
_ L |
g, =
* mp 4 >b(x—b) | (3.22)

T, = me (_y__ zy+b)
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e

7 - - 2mp _\/__1)
¥-b N b 7T

Substituting Fqs.(3.21) and (3.22) into the functional, F°,

Bq. (3.4) and assuming that /‘4 and ( are constants, lead to

F* = ﬂ\-ﬁumﬁy' Le [ l }+_2L?{_L[35?+3#x-75x5+33
3 30b LY(b-¥) 9b 15b(b-%)

.+/Mk15L —-TZ/ABL

Taking the first variation of F°® with respect to the

} (3.33)

arguments m , ? s and ¥ and then, setting each ons to zero,

the following equations are obtained.
b= gmpp €]
—L@E)j[é]“i‘kzbl. =0
3

— 4 %% 4 20by*—28b% ¥+ 2% 4 2L~ LTb =0 .

where
£ _ L® | ], 2L L3k 43k -Tby*r%?
30b [ ¥(b-¥) | " 9b 15b(b-¥)
It can be shown that for

¥<b, n>0

The lower bound; m°, is calculated from Eq. (3.6}, where «°

is determined by solving , .
i 7-—— . z 7.!, _—_/'o?. = . -
max{g[@ﬁ) T, Ty +(U})—%3¢)jﬂ.~b<) k™ (3.35)
The maximum value of the bracketed Quantity in BEq.(3.35) was

found to occur on the boundery of the beam.
The valuss of m®.p/k are plotted in Fig.5 (See nage 31),
(p) Upper Bound

Because of symumetry about the y axis, only half of
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" the beam is considered for finding an upper bound. Four zones are

considered with différent velocity components as showvn in Fig.6.

They are
Zone 1 [o<y<¥ 0 x ¢ w (¥-y) ]
| Vy = —-__6_)(
_wl
Vy = S % ~cuy<X~7)
for Zome 2 [ ¥=<y<b 0 x<w,(y-¥)] (3.36)
v, :-%zx
| V'y:é %——wz(y-?f)
for Zones 3 and &
0<y<y¥ w, (¥=y) < x< ‘li‘]
[XS\/sb wz(\/~x)sxs_£-i]
v = s(y=7)
vy = 5% —x)

where Vy and v, are the components of the velocity vector in the

¥y
x and v directions. ¥ locates the neutral axis and S is =&
paramster for the angular velocity, W and w, uare the indepsendent

variableg whose are¢ tangent denote the angles.

FiG.6 Zones of Veloeibty Tield
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Zones 3 and 4 are rigid and M3= M4, ¢s = P4 » The velocity field

is continuous on ths boundaries between the zones,

The'veiocity field chosen satisf‘ias’the‘kinerpa_tic constraint
Eq. (3.8),‘and the incompressibility requirement 'Eq. (3.9) can be
satisfied by adjusting v,, Substituting Eqs. (3.36) into Eq.(3.10)
~leads to N | -

§ = 1

{mp {_LA_:‘._xzw.’ﬂ i - (3.37)

Upon substituting t}ne: veloclity field into the flow law Eq. (3.11)

the stress componenta for each zone are determined" ag follows.

Zone 1
MGk = “Z%J, + %w\
/’(,O_'y — 28w| - S/UO‘
)«l'C = 0O
zZ 2 -
one T = 290, — sw, |
My = —2%w, + 2w, o (3.38)

fut o= O

Zones 3 and 4 |

VWhen Eqs. (3.38) are 'substitﬁted into the T Eq. (3.12) s agsuming
consw,ant/q and (F for each zone, the latter tekes the form
F* {/,wa—}—/'( (bx)w +/A3[Lb sz (b‘o’)w]}
- (5 o pd) o o) (Yo, mrisd) (339
(2 z 2\Z w‘
MG (e F ) (-]
__/L{‘ (90: )zzzg‘_)l —/f‘(z. CLF'J- )z’(L—:\J) ‘lw":..
=My (@) Lb-wrw, — (b-¥)w,
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The unknmms /":,/"‘;;/’"‘3 ) CF.,(‘F-z.ﬁf; ,\0/ co and w, are
determlned by settlng Lae Pirst vamatlon of T * given by
Bq. (3.39) with respeqt to the unknowns individually to zero,
yie).ds the following equations |
(Z- 1+ wf)'/’* | |
M= L L- y ¥l
| Kmp (4 -¥iw), N (3.40)
(‘:3 #|'+w;‘.>"’“ - ' L” >“51th |

Mz = ka<L1 3*w ‘2)‘ " T A '

My =0 90?- =0 (P3‘=k y

2551 )(_sz D a5 (oate )%@ ) (-0

z ) |

w-: _ \/2

(o e )™ + 23 (b-9) (¥u*b) — 243 (\a—ﬂl—j; -0
Y and W, are determined by solving the above equations.

On the oﬁher hands X" is determined from,
——-[-(W ) — 0T, + (T, )+3(”C)_‘ (<><*> k*
which results in
£ =k (3.41)
The upper bound m*, Bq. (3.1L), may be written as
m* oo 2k [ty 1 (—uivw,) * bos)™]  (3.u2)

P( L4_7: _‘67’w|2>
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The upper bound ¥ is caleulated from Eq.(3.42) after substi-

tuting the values of ¥ and W,. The results of m*p/k are plotted
H

against the length to depth ratio, L/b in Fig, 5,
(e¢) Comparison with the Simple Theory

The sqf‘e%-y’factor obtained from the °j‘.mhle theory, in

which the effect of cr and C are neglectad, is glven by the
equation m. _ ZJ—‘(_.\ _ : (3.43)

The values obtained are plotted in Fig.5, for comparison.

0.9 A

0.8

. .
0.6 \ \‘ _upper bound

0.5 e e e

N | simple theory
0.3 |

\\/

\\
A

S I e . : , --—— represent
7

02 ! —

!

i i
| —L ]
1 , L

] 2 3 4 5 6 7 - 8 9 10

Length to depth ratio L/b

FIG. 5 Safety Factor of oimply Suppowted
Beam
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3.4 Applicution to Fixed.Ended Beams

(a) Lower Bound

The beam of Fig.h. is now assumeci to be fixed ended and rep-
roduced in FPig.7. The same stress field as in ths case of a simply
supported beam is used except that Uy is not equal to zero at x — |—,/2°
Therefore, only the U, componaﬁt is changed as follows.

In Region I _ 2
& ; + B

U, = mpX . :
_ b3 (3. k)
In Region II v, = mp <2 . D -
b (¥-b)
mp
S T S SN S A — x
o I Y
: : : X b
z r F
,\ Ly X L2
vy

PIG.7 Reglons of Stress Field

Assuming constant M- and @ the stress components are gubstituted

inbo the functional FO Eq. (3.4) and resulting is

FFam-2 {_L“(mpf '+L3m\3'[ZB—2D+mP _a_wzb]
r 160 b¥(¥-b)  24b b <3 \ )

+ %[ BIX+Bme<—;_‘};+\> + D (b-%) +%_n%p_}(b—7!)l
4 tmp)” <3b1+be—Xz>]}+/\AklbL-—/A ¢ bL
15b :

The extra unknowns B,D and ualso ¥ . are obtained by setting the

(3.45)

first variation of the functional, F°, Eq.(3.45) with respect to the

unknowns individnally to zero, leads to the following equations
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L* 2By¥ Y ( ¥ |) -0
+ + - =
6b b b 3pb 7).
oL 20(1-1) l 1_1)2:0
6o T b +3( b

L*(2%-b) 2/ L B*-28Bx% " B 6
B0 beCrb? 7 (- ) Ry A i (3.46)

_Dz—_ZD(\—I_)_;.Z }3-—-\4-):.::0
3 ‘ b IS5 b
However, it should he noted that from .lE — 0 it can be shown

: . M
~Bhat M >0 for ¥<b wnich is a required condition.

To solve for B,’D and ¥ from Bgs. (3.46);
for a certain L/b ratio, a value for ¥ is chosen then B and D
values are determined from the first two equations Ba. (3.46).
Afterwards the rosults are checked by the third aqﬁation. By

brial and error a satisfactory result is found.

Then all stress components are obtained. When the quantity
3 (0“' —O oy + Cry "'37:) is maximized o is determined from
Eq.(B.?). In this caese, also, the mazximm values occur on the

boundaries.,

The lower bound, m®, is given by Eq.(3.6). The results are

‘plotted in Fig.8, (See page 38) .
(b) Upper Boﬁnd SRR

The upper bound solutlon for a 91&8d end beam is similar
to the simply sunported case, except tnat ag bhe Plxed end two

more ylelded zones ars assumed as shown in P15.~9.
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-] ;{:an Wy
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-t
-] tJt,om We
7 =
- e
~ - Y

rIG. 9 Zones of Velocity Field .

The velocities in zones 1 to L are the same as given by Eq. (3.36
only the range of x is different for zones 3 ‘and k.

for zone 3

[w,()’—-y) £ X g %_ws (X—y>]

for gzone 4

zone 5 [l-/z - ws (¥-Y) é. x £ ‘-/2]
w=og (59
Ny = 3(5-%) |
zone 6 ['—/a - We (‘y—X) s X < L/z]
v ()

.
I CRE v
The veloecity field chosen satisfies the kinenatic constraint

 Bq.(3.8) Vx= 0 and vy = 0. The incompressibility requirement
'_Eq. (3.9) can be satisfied by adjusting v, sﬁbls"titﬁting the
veloeity field into BEq. (3.10) leads to

&= [mp(% |.;‘6‘7' mf)] .‘ S | (3.48)

g
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Tfrom the [low law the follovd.hg”’is obtained

for zone 5

T, = 2%

s h Ws
, = _38
Ms Ty Top (3.49)
ssT =g
for zone 6 v

M Tx =-—%}6

vy = -5
M Ty o,
j'(éf - —-%

Substituting the stress componsnts Bgs. (3.38) and (3.49) into
the functional F" Tq. (3.12), assuming constant M and ¢ for each

. Zone resulits in. .

F*=k? {/A. ¥, +/42» (b=%)"0, + M5 ¥* s %/As (b;x)i We (3.50)
T M [L\? —¥ W, “'(b"ﬂlw'_‘- B “o’kszs —(b,—\ﬁ)z wé]}
L ’ (b-3¥)" LA 2
P (o) + i EED) o)

: YAy (b-¥)* (A > o
) /”‘s(mf)lé; —\61‘0})1. (‘I"s ’ l_lé QS) ¥ /‘46('“)9;:(% - sz\z)l <‘\Js + \‘6 Ye

- M (P"szw' —ﬂz(Pzz(b—“)z b, “/‘45‘ ()051 32“-)5 —'}46 (P(: ( b"X) We
-M3 ‘Pzz [Lb - Xz.w! - (::b——ﬂlw,_ - szs —G;_ﬂz ‘*)s]
The unknm-'ms /Ml to /4"»,- ‘ﬂ, to (fé s W, 9 w, - an_di 'Z{ are dster-~

mined by setting the first variation of F* Hq.(3.50) with respect

t0 the unknowns indlvidually to zero, the following eqs. are

Ob‘bail’l@d. { z I/3‘ - 2
. /L(l’.'_' (U,-""l'i-w. ) : , L > ‘6200.2
kmp L% -0
‘ ! ] _ z l/:. | _ P
PO -l ) e e

- kmp LZ_—-?)’"PJ,Z
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My =0
Y
l ‘l.+ ] T .
= (40: /lé> LT s ¥*w’
5 7 1 ’ 4
kmp (L/4_—‘J wz)
I /2
(6514_/6) L5 7w
Me = ) _—4‘_

¢, = P = Fs = =0 | (3.51)

\ | 1_.’ Ty S 3 '7. 4‘ = |- l?. b.)l4
(.1:1 —szl2.>(_|’ _l—\-Lﬂ'z)/z_}_ (%4? ¥ ‘U.)( ‘*J,z [+3w ) + Y ( w, + )
4 w'z —_ _l+u) )I/L
. w’- 1
i w) W, 4 (b-¥){ L Qg)u,
g o) S ) NG R) g
| >\ "% h B AT TR
(a_;l”"'erl)/ | <5'§+’|Le) (e + )
w,” = _‘Z | i
L'y (1 —w, + w,“”)‘/‘ + Ly <!+ 9_é> — 203 (b- ws’)(]F _xbw)
—4<|+,w_f> (bﬂ<___xbw) —- 0
i o \

The parameters W, and W, were piven the value of unity eanch

sinee the variation did not yield thelr values. w, and ¥ are

[¢)

w

[

usiong the above equations., The lust throe egquations of

o4}

olver

93]

3

qs. (3.51), with wo=0, =1, yield,
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L’ x((—w“-&w,")& +1.03 1% «—7'59 ( b-+) (Lz/4. "XL"‘Q'Z) =0

~7. z .2 % (—’L "xw)<-l’i~]+3w:—) Y
(l-_,_\x ] ( I+m) L \Z W, (. 52
‘ 4 wr ' (_'__ -1 4+ wll‘)‘/r_

Wt

y A (el ) L4 2% +71.59 (b-¥) w, =0

<-_ —1 4w, )/-.

These two equations are solved by trial and srror, ’The sensitivity

of ¥ and W, causes fluctuat'ions in the results.. However, the.
sacond equation is less sensitive t.o ¥ . Therefore, W, is deter-
mined from ths latter and then substituted into tba formor as a
checlk. Solving for O(*f;éom |

(o = oy + 7 43T =)k
regulﬁs into " k"

The upper bound m™ Eq, (3.14) leads, then, to

m = PG{:‘;(})) (._,l+w)yxw,+(__ _l+co) b-v) w,

1 Y,
2y )/"x we + [ L +_L)1Q>-ﬂw6
W' 16 w,* 16

4

(3.53)

The results ars plotted in Fig.8 for various L/b ratios,

(c) Comparison with the Simple Theory . .

Simple plastic Theory yields
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.
) z
Bp =4 ()

The .values obtained from Eq. (3.5;) are also plotted in Fig.8

for comparison.

0.5 ‘
0.4 \ »
, VL _— Upper bound
\.\;zr/ .
\
SRR _
0.3 A . T |
' ) S — —— — represent. .
W\ - - simple theory.
: W\
02 : N
: F\\\‘ N\
: h
o Lower L \\ > \\ »
' bound | ! T
e R
o) ! k
! 2 3 4 5 6 7 8 9  jo - 1 12

Length to depth ratio L/b

FIG.8 Safetquéctor'of Fixed Ended Beams
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CHAPT®R IV

DISCUSSION AND CONCLUSION

In the case of simply supported beam satisfactory results are
obtaired for L/b ratios as low as 3.5. For smaller ratios bounds

begin to deviate as shown in Fig. (5).

Ball and Lee (19) solved the same problem using the classical
method of 1limit analyst and obtained results fof’L/b'xétios larger
- than 3,55, For values lowsr than 3.55 their solution is not appli=-

cable,

In this thesis bounds for L/b ratios lees than 3,55 are-availéb-
le and one may chooss ths values of the lowsr bound determined and

be on the safe side.

The simple plastic theory yisglds valugs close to thoge of the
upper bound in this work. This'ig in agréement'with Hodges findings
(20) for simply supported beams subjected to a concenbrated 1oad at

its midspan.

In the lower bound solution the maximm of

%; ( qxz _a, T, V‘Ili+37:i) o

for large valuss of L/bzratio'wasrfbund to be in the region Ii,vFig.h,i

for L/v ratio smaller than 3.5 the maximim point shifts to region I.

The case of fixed ended beams is”treated here for the first time
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as far as could be determined from the literature survey. The
results are not as good as those of the simple beam case and until

better bounds are found the present solution can be used if desired.

In the upper bound solution.first variation of the functional
did not yield values for co;‘and w‘; Therefore a value was assignnd
to them to obtain the upper bound. The analysis of ths fixed ended
beam was similar to thét of the simply supportéd beam, except in
the lower bound case Gﬂ.dt the supports was no;‘equalvtprzero and
in tha}uppgr_poﬁnd solutidh'additionalvyield,zohas'at the ends of
the beamvare_oonsidered.7 Ths simple theory giveskvalues close to

the upper bound.

,VTovimproﬁé the lowsr bounds othervstress fieids which may be
more‘involved should bé cqnsidered. Series,représentation mayibe
assumed and also, the regions of constant stress fields could be
chosen smaller thus finite difference or_fihité element method may
be applied. In the case of the upper bounds smaller zénes cen be
chosen and the assoéiaﬁéd velocity fieldé'be adjusted‘and the finite

difference or the finmite elements method may bs used.

In the classical method of limit analysis, to compute a lower
bound the point at which max (1/2 8ij Sij) occurs has to be assumed
first in order to satisfy the yield condition., Yhen the assumption
is not correct ths computations have to be ropeated. In the limit
analysis by the Direct'Method‘of Variation this point is located
after satisfying all the constraint conditions. Therefore no such

assumption is needed.
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