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A STUDY ON NUMERICAL ANALYSIS 

OF LATERALLY LOADED PILES 

- A B S T R ACT -

,The problem of laterally .loaded piles is encountered 

frequently, particularly iqthe design of waterfront and off­

shore structures. A procedure for the numerical solution of 

lateral deflection ~f piles under variou~ soil conditions are 

developed. The procedure treats the nonlinear elastoplastic 

behaviour of the soil, and two particular boundary conditions 

namely fixed and free headed piles. Criteria are presented 
/ 

for developing soil reaction-pile deflection curves (p-y 

curves) along the pile. A g~neral computer program is devel­

oped which would give nume~icalsolutions of lateral deflec­

tion, slope of elastic curve, bending moment and shear force 

along'the pile., A number of computations is made for. a hollow 

steel ~ile installed into a clay and sand subsoil. Effects of 
-

nonlinear soil behaviour are studied by changing the magni-

tud~ of lateral load. In addition effects of various soil 

~arameters ~uchas, strain at failure-E
SO 

and lateral soil 

reaction coefficien~-m are numerically evaluated and the 

results are critically discussed. 
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YATAY yOKLO KAZIKLARIN ANALtZt 

OZERiNE BiR CALISMA 

- 0 Z E T -

Yatay ytiklti kaz1k problemi, 6zellikle liman yap1lar1-

n1n ve B~1kdeniz :japi~~~1~inprojelendirilmesinde, s1k kar§1-

la§1lad bir problemdi~. Bu ~a~1§mada, degi~ik zemin §artla­

r1nda, kaz1klar1nyatay yerdegi§tirmesinin saY1sal ~6ztimti 

i~in bir .y6ntem geli§tirilmi§tir. Bu y6ntem zeminin lineer 

olmayan elasto-plastik davran1§1n1, serbest ve sabit b~§11 

kaz1klar i~in olmak tizeie iki S1n1r §art1n1 inceler. Kaz1k 

boyunc. zemin reaksiyonu~kazik yerdegi§tirmesi egrilerinin 
: : i I j 

(p-y egrileri) eide ~diiebilme~i i~in gerekli kriterier ve-
I 'I: 

riImi§tir.Kaz1k boyunca yatay yerd~gi§tirme, elastik egrinin 
• I 

egimi, ·egilme moment~~e kay~a kuvvetinin saY1sai ~6ztimlerini 

veren genel bir bilgisajarprogram1 geIi§tiriImi§tir. Kil ve 

kum ze~indeki bir ~eIik borukaZ1k i~in ~6ztimler yap1Im1§t1r. 

Yatay ytiktin degeri degi§tiriler~k, Iineer oimayan zemin dav-' 

ran1§1n1n etkil~ri incelenmi§t.ir •. Ek ola~ak k1r1Ima an1ndaki 
. , 

§ekil degi§tirme~€50·ve yatay zemin reaksiyonu katsaY1s1-m 

gibi d~gi§ik zemin parameirelerinin ~tkileri saY1sai olarak 

degerl~ndiriImi§ ve soriu~lar tart1§iIm1§t1r~ 
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I. INTRODUCTION 

New sources are searched in the sea, due to increasing 

demand on hydrocarbons. The: investigation of new hydrocarbon 
, i ' 

fields in the sea,hasl givenia new dimension to offsho~e. engi-

~eeri~g. Geotechni~al' problems of offshore structures become 

very important because of deep,waters and cumbersome environ­

mental Fonditions. These type of problems had never been 

solved before 1940's. Every phase of drilling and producing 

offshore petroleum is affected by soil conditions at the site: 

Fixed platforms and pipeline ~onstruction r~quire accurate 

soil inves~igation i~prder to design footings and piles to 

be driven. The type of problems which marine geotechnical 

engineering deals with are shown in Fig. 1.1. 

I 

The first petroleum production platform was erected in 

Maracaibo Lake in Venezuela in 1940's. The depth of the Lake 

was 30meters~ Offsh~re oil exploration and production bega~ 

after the end of World War II. The f~rst steel struct~re in 

open.wate~ was constru~ted in 1947, off the coast of Louisiana 

in 6,m~te~s of water depth. 
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Almost simultaneously, another steel structure was 

installed in 15 meters. The pipe pile foundations for these 

and many other early structures were designed without the 

benefit of site investigations, and were installed in accor­

dance with the practice at that time drive the piles to prac­

tical refusal with the biggest possible ham~er. The pile dia­

meters were generally in the range of 0.3 m to 0.6 m and the 

maximum loads were usually890~1780 kN, essentially the same 

as used for land construction. During 1940's little or· no 

attention was given to theoretical geotechnical considera­

tions of bearing capacity, sliding or breakout resistance. 

• 1 ' 

:During ~he'195b'f,!whbn ,the maximum watef depth-for 

p la tf orm constr~ct ion' inc reased by about four times to slightly 

over about sixty meters, offshore activity'in Gulf of Mexico 

,blossomed along the Texas and Louisiana coasts. There were 

significant advances in the applications of geotechnical 

engineering to the marine environment. As a result of this 

,development a major advancement in geotechnical engineering 

in .the decade of ·the 1950' S· was the des ign and analys is of 
! 

laterally lo~ded pile's.' Early in 1954" Shell Oil Company 
I 

initiated design efforts for a structure in 23 meters of 

water in South Pass Block 42 (Focht, 1977). The combination 

of extremely weak soils at the site and incre~sed concern 

about hurricane storm loads in deeper water provided a 

challenge to the geotechnical engineer to analyze and design 

piles to support cyclic lateral loads of 418 kN per pile. 

Shell Oil Company, along with four other oil companies, 

initiated a research progr,am on laterally-loaded piles that 

has formed the primary basis for current desfgn procedures 

for individu.l piles subject to cyclic lateral loads. The 

tes ts w'hich extended over a period of 10 years, w.ere performed 

onO.l5 m. diameter instrumented piles by Reese, Matlock and 

Cox at the University of Texas in Austin. The design proce­

dures utilizing the "ply concepts" was published for piles in 

soft clay (M~tlock, 1970); in sand (Reese, 1974) and in stiff 

clay (Reese, 'Cox, .Koop,' 1975).' 
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Nineteen percent of World crude oil production is done 

from offshore petroleum platforms and this percentag~ will 

probably increase to 30 percent in a decade. 

According to. a research done in 1974 (McKelvey, 1974), 

34 countries produce.petroleum from offshore platforms, 45 

countries search f orpe tro leum by drilling platforms and 80 

countries use geophysical and other investigation methods in 

order to find offshore petroleum fields. Areas of offshore 

act i vi t y a' res how n in Fig. 1. 2 • 

In 197~ platforms can be installed at water depth~ more 
" 

than 200 meters. Now there are more than'three thousand fixed 

platforms installed in water depths ranging to 150 m . (McKel­

vey, 1974). 

In the same years the United States of America installed 

new platforms in Cooklet region of Alaska, and along the 

coastline of California. After exploration ,of Ekofisk petro­

leum field in the North Sea in 1960, the problem of proper 

deiign of offshore platforms has gained new dimensions. The 

production area is 320 km to the nearest harbour, with a 

typical water depth of 70 m and the storm design wave of 20, 

30 m. 

In general offshore production and exploration platforms 

could be gathered in three main groups as summarized below: 

1- Ja~ket or template structures 

. 2- Concrete (gravity) structures 

3- Hybrid (steel, concrete) str~ctures. 

Typical description of' these' platform types is given in 

Fig. L'3. 
;j 

I 
The jacket or ti~niplate type of platform is supported by 

• '.' •• I 

steel, tubular pil~s ;~riveniri.to the sea bottom. These piles 

must·be designed to carry. the load imposed by the super-
I 
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structure and environmental forces such as wind forces, wa~e 

force~ earthquak~ forces. Platform jackets are built in ship­

yards or large plants adjacent to navigable waters. 

Early steel jackets were moved by barges and positioned 

with the assistance of derrick barges. Some steel jackets 

cur~ently use their own structural members for floatation and 

are towed to their location. The installation procedure is 

shown(after Hancock,1975)in Fig. 1.4. 

The gravity type struc·ture 1.S more advantagous in the 

North Sea, because the bulk of the structure affords protec­

tion from storms and hostile environment common to the North 
I ' 

Sea. Hybrid type of platfonns are made of' concrete base and 

a steel jacket. It's weight is only about 25 percent of the 

gravity type structure and is preferrable at the sites where 

the rei s 1 a c k 0 f sub S 0 i 1 res i s t a h c.e . 

In the l~t~ 1940's petroleum production structures were 

being built for 15, meters of water depth at costs up to 0.4 
I 

million 'US dollars. In late,1970's however, maximum water" 

depth approached to _bout 300 meters and the costs reached 
i 

to about 200 million us dollars. 

I! 

Offshore petroleum production is also very important for 

our country. Although all eastern neighbouring countries 

produce ,petroleum for export, our country could only produce 
; . , 

~O percent ·of her needs. In 197L Greece found important hydro~ 

carbon fields in the north of Aegaen Sea. Greece has installed 

six drilling and production platforms 'a~ water depths of 40 

meters. Especially in Prinou region .from ill of the four pro­

ductionplatfor~s crude oil is produced and this shows the 
I . 

petroIeum potential of the ~egaen Sea (Petroleum Times, 

1976). 

The offshor~ stru~tures ar~ mostly erected on piled 

ifoundatio~s. A typi~al ~emplate structure a~d its piles are 

I sho, .. n. in Fig • 1.5. The piled foundations are' under great 
I 
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unit. In order to maintain a level condition for the 

I.st 30' of do"ent 

Upper sectlo 

~~~~ ____ ~~~~~~~~_shownln 
po,itlon .rtC' 
rotating Cton 
horizontal; 
bracln, still 
buoyant 

Flooding 
control 

" r~ 
~~ 

Upper section Is upended by me.ns or differential ball.stl, 

® 

~~n7,~~~~~~~~~ 
Upper sectIon stabb~d In~o ban section by Winches. Ind 
Vlater ballut added to upper section until a pre­
<!etermlncd pressure has been attaIned between the two 
surfaces to be welded. Pumps then eVlcuate each weldin, 
chamber and Inspection ror w.ter.tightne" made and jol, 
pre-heated. Welders then attoch temporary lug, at joint 
.nd effect main weld. Rem.lnlng members then nooded 
and wln~hes and guide lines removed. Tower Is now reac 
to rec.elve deck modules 
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axial and lateral loads. Especially oecause of the cyclic 

behavior of the ~ave action, the lateral loads hav~~prime im­

portance. 

, In this thesis a brief explanation of the problem toget­

her with soil reaction-pile d~flection method is given. The 

pile behaviour under lateral load is numerically studied con­

sidering various subsoil conditions. For this purpose a com­

puter program is developed~ 

In Chapter 2, the loading conditions, the methods of 

analysis of piles -under lateral loads ~re given, and pile 

defle~tion-soil r~ac~ibn method, which is widely used is 

explained in detail. The theory of solution of the differen­

tial equation of laterally loaded pile and governing finite 

difference equations (GIeser, 1953) are given. 

I~ Chapter 3, soil re~ctiori-deflection curves, which are 

used in the ~olution of differential equation, are given f6r 

soft clays (Matlock,1970), stiff clays (Reese~ Cox and Koop, 

1975) ~nd sands (Parker and R~ese, 1971), (Reese, Cox and 

Keop, 1974). 

In Chapter 4, two methods analyzing the laterally lri~ded 

pile gr6ups are summarized. These methods are'namely Poulos 

Metho~ by Poulo~ (1971) 'and Combined Elastic/p-y Method by 

Focht and Ko~h (1973). 

In ChapterS'" the explanation of the developed computer 

program for the s~lution of piie deflections and moments 

accord{ng to pile deflection-soil reaction method is given. 

Beside the main program, the subroutines developing the soil 

reaction-pile deflection, curves for soft clays and sands are 

documented. 

'In Chapter 6" problems of a steel pipe pile installed in 
" 

a sof-1:; clay and' i'n a ';densesand, are, solved using developed 

computer program. A total of eighty runs are evaluated and 
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the results are presented in graphica~ forms. 

Finally, summary of the thesis together with main 

conclusions are presented in Chapter 7. The listing of the 

program developed together with its user's manual are given 

in the Appe_nd ix ~ 
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2. ANALYSIS OF LATERALLY LOADED ,PILES 

2.1. INTRODUCTION \ 

The design of piles due to axial loads is done by 

static and dynamic pile formulae which are currently widely 

used. In this section the design of piles due to lateral 

loads will be presented. 

The laterally loaded pile occurs as~ single structural 

element, but more frequently it is a part of a complex struc­

ture, :such as a part of an offshore drilling or production 
I 

pl~tf~rm"as sho~n in Fig. 2 .• 1. 

Piled f6un~ations are under lateral loads due to earth­

quake,wave, wihd forces and late~al soil pressure~ Among 
I " 

th~se ~arthquake and wave forces are cyclic forces. . . 

, 
Ij 

Th~ water depth at a site where the plat~orm is installed 

may b~ as high ~s 150 m -200 ,m. The p"iles are driven to' the 
'. I' I .' . 

de~·ths ~here s uf fie: ien t axilal and 1 a teral b eaf ing capac iJ:ies 
i ,\ : . I,' : 

are reached. Th~ jorces acting on a laterallvln~~a~ n;'_ n __ 



i 
': 

I . 

I 

I, 
II 
I 

-----~ 

- 13 -

~~-------,~------~-------n~~ 

I 

----, •.•.. j 

Fig. 2.1.- Forces Acting on an Offsh6re Drilling Platform 
(after Sag1amer, 1977) 
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Fig~ 2.2~- The Forces andrthe Soil Reaction Acting on an 
. Offshore Structure's Pi1e'(after SaRlamer, 1977) 
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shown in Fig.2.2. 

In the design of offshore structures due to lateral load­

ing, three types of loads are considered. 

1- Short-term static loading 

2- Cyclic loading where equilibrium is reached 

3- Static or cyclic loading after an application of 

cyclic load. 

The sho~t term static loading is the collision of a 

ship to th~ offshore structure. During this instant although 

there is some dynamic effect between the ship and the s truc-, 

ture, with the ~ssumptiJn 6~ sufficient touching time, visco-
, I ' 

elastic effects on the soil are not considered. The problem 

is solved by using static stress-strain characteristics of 

the soil. 

In the geotechnical design of offshore structures the 

most i~~ortarit force is cyclic loading due to ~ave forc~s 
;,' ", ) 

which ,tak~s itsl.aximumlval~e during a storm. When the phas~ 
, I , , I 

I' i 

angle [o.f the: waye is 37T/2,', fateral wave force and the wind 

force ,act in the same direction as shown in Fig.2.3. As an 
, i 

example~ at 150 m water depth design wave height is H~30m, 

wave period is T~15-17 sec and wave length is L=350-430 m in 

the North Sea. 

The reloading after cyclic loading, 1S the case of, 

loading the pil~ having al~eady a plastic deformation by the 
I 

effect of former cyclic loading. 

2.2. METHOD OF ANALYSIS FOR LATERAL LOADS 

In the design of laterally loaded piles there are 

basically three: approaches ::' 

I 
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Fig. 2.3.- Principal Forces Acting on' a Template Structure 
(after Saglamer, 1977) 
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A. Methods of limit analysis 

B. Elastic method 

c. Soil reaction-pile deflection method 

A. Methods of Limit Analysis 

Limit analysis methodi assume that the limiting or 

maX1mum soil resistance is acting against the pile when th~ 

ultimate lo~d js placed against the pile. The limit analysis 

method assumes (1) a soil of constant strength with depth, 

and (2) that the ~ile deflects sufficiently to develop the 

full soil resistance all along the length considered. The 

second assumption is obviously untrue where there are-small 
I: 

deflections. The force diagram for limit analysis is shown 

in Fig.2.4. 

B. Elastic Methods 

, If the reaction-pressure relations of a soil are 
i . 

known, it wo~ldiseem preferrable to use an elastic method. 

Figure 2.5. shows graphically some of th~ possible , ' 
comple~ities in the behaviour of the soil. Forms of the 

springs indicate that the stiffness of the soil will vary 

with dipth and deflection. The friction blocks indicate that 
.' 

there is some limit to the soil reaction which can be devel­

oped. The spaces near the top between the springs and the 

pile indicate that there is ~ome possibility of a pile under 

going some deflection with no resistance being developed in 

the soil. The dashpots sug~est that the resistance of the 

soil will vary with time after the load has been applied an9 

with rate of loading. ,Also it is shown in Fig.2.5(d) the reac­

tion deflection relationships of a given spring or of a given 
. . 

part of the soil will vary with ~yclic loading due to molding 

away or softening of the soil (Matlock, 1956). 

With elastic .methods, it 1S commonly assumed that a 

so i 1 b e h a v e s . ina s e r i e s 0' f s epa rat eel em en t s. I tis bel i eve d 

that 'the assumption could be applied to the problem of the, 
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Ground Surface 

. r In this zone. . 
-rmIm---~The so il react io~s­p:: :->----

,-
are reduced because 
of the closeness td 
the ground surface-, 

Pile·~ 
"'" 

r -I 
I , .q; 

~.--
, 

'-t-----

\ -
I 
I 

-II 
)00 

Fig. 2.4.- Example of a Force Diagram for Limit Analysis 
(a f te r Ma t lock, 1956) 
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Ordinary beam theory can be used to develop the diffe­

~ential equation for the laterally loaded pile. The solution 

o~ the equation depends upon the development of a mathemati­

cally convenient function for soil reaction p. The soil reac­

tion may be a function of the pile properties, the stress­

strain relationships of the soil, the effective unit weight 

of the soil, the depth of the overburden at the point consi­

dered, the deflection of the pile, the -rate of loadings, the 

number of cycles of loading time consolidation of the soil 

and perhaps other parameters. 

Th~re are two ~teps to obtain satisfying results in the 
I· , 

analysis of lat~rally loaded pile by elas,.tic method. 
! 

1- Complete information describing the behaviour of the 

soil must be o~tained. 

2- The differential equation must be solved. 

Assuming that the ,basic soil informatipn can be express­

ed mathemati~ally and the rbsdlting differential eq~ation can 

be solved, the results of a typical case might be shown as 1n 

Fig.2.6. 

If the relationship betwe~n s6il reaction p and pile 

deflection y,islinear and defined by the soil modulus E as 
s 

shown in Fig. 2.7.~ the soil resistance per unit length of 

pile is equa~ to the modulus ciultiplied by the deflection. 

There are three possible vir!ations of soil modulus with­

depth. Soil modulus may be const"pt with depth, or may have a 

linear variation with ~epth or may have any variation with 

depth. 

Case A. Constant M~dtilus with Depth 

If the soil modulus is constant with depth as shown by 

Cur~e 1 in~ig. 2.7 and if the pile can be considered to be of 

infihite length. a differential equation could be solved rat-

. i 
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her easily. 

Soil resistance function ~s given by: 

p = -E .y s 

and the typical form of solution is as follows: 

Sx -Sx . 
y = e (AcosSx+BsinSx) + e (CcosSx+DsinSx) 

(2.1) 

(2.2) 

The coefficients, A,B,C and D can be evaluated by the 

boundary conditions at the top of the pile. 

C~se B. Linear MOdulus Variation with Depth 

If the soil modulus has a linear variation with depth x 

as shown by Curve 2 in Fig.2~~ the soil resistance p is equal 

to (k
l 

+ k 2x) multiplied by the deflection y. Solution of th~ 

differential equation can be made by substituting for the 

deflection a series written in terms of a depth parameter Z. 

Soil resistance function is given by: 

(2.3) 

and the typical form of the solution ~s as follows: 

(2.4) 

Z
2 2 

30. Z7 + 3.8 a = 2! - 7T 12! 
12 

Z .' .. etc. (2.5) 

The undetermined cq~{ficieQts must be evaluated from the 

boundary conditions at t~e top o~ the pile. 

tase C. alndom Modul~s Variation with Depth 

If the soil' modulus has a random variation with depth' as 
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shown by curve 3 1n Fig.2.7, the soil resistance is equal to 

some function of x multiplied by the d~flection. The solution 

of the differential equation can be made by writing the d~ffe­

rential equation in differerice form as shown in Fig.2.7. 

Soil resistance function is given 

P = -<P(x).y (2.6) 

and the typical form of solution is as follows: 

EI t 4 
= -E-(r) ,(Ym+2 - 4y +1 +6y -; 

sm m t m 
!i 

where, 

EI = Flexural rigidity 6f the pile 

E = Soil modulus at point m sm 
t = Number of pile divisions 

formulation 

L = Pile length 
i 

Ym = Pile defleS,tion at po i'n t 
II :1! 

1n finite difference 

m. 

(2. 7) 

A numb er olf s imul taneous a 1 geb raic -eq ua tions a re thus' 

obtaine·d. A convenient method for solving these simultaneous 

equations has been suggested by GIeser (1953), which will be 

explained in detail later.' 

If the soil r~sistance~p~le deflection relationship is 

not a s{raight line but ~as soWe other configuration like in 
,-",. 

Fig.2.8~ then ~n the solution the elasto-plastic behaviour of 

the soil must be considered~.In this case, either the inelas­

tic b~h~viour of th~ ~oil is simulated by the iterative app­

licationsof one of the elastic m,,:thods, or the behavior of 

the laterally loaded pile is examined by considering the 

physical model of the pile~soil system. 
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and Soil Reaction (after Saglamer, 1977) 
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c. Soil Reaction-Pile Deflectiori Method 

Offshore structures involve unusually large ratios of 

lateral to vertical loading and flexural stresses may become 

a major factor in determining pile sizes. Thus bending moments 

in piles must be reliably predicted. 

The differential equation of the laterally loaded pile 

is obtained by cutting a segment through the pile and applying 

equilibrium equations as seen in Fig.2.9. (Hetenyi, 1946)'. 

Writing th~ equilibrium equation for moment in the ele­

ment shown: 
J'I 

-j! 
,.' 

dl>1 - V dx = 0 
m 

dH _ V 0 
dx m = 

i. 
Differ~ntiating with respect to x, 

.., . , 
, , 
•. 1 

d 2 M 
dV 
. m = 0 

·~-dX dx '. 

where 

y. 

x 

p. 

= 
= 
= 

deflection of the pile 

depth from the ground su'rface 

soil reaction. 

(2.8) 

.7~e value of p depends upon the interaction of pile and 

soil, ~nd the method most commonly adopted to deal with this 

" t 



: ; 

- 27 ..;. 

M m 

V 
m 

- - - -:- - - - - - _ .... - - ---r:;:------.,E-----
Ym m 

_______ _ 4---_____ * ___ _ P 

,Y m-l 

deflection,y 

': 

Fig. 2.9.-, Segment of a Pile 
,i' 

> 



--

: ,i 

- 28 -

is the 'p-y' method in which a secant-modulus E 1S defined. 
s 

where 

E = -ply. s 

E depends on; 
s 

(2.9) 

a) stress-strain properties of the soil and will vary 

with depth; 

b) pile width; 

I, .1 
'1 

pile deflection. il c) 

The concept of p-y curves can be explained ~y Fig.2.l0 

according tO,Reese and Cox (1969). In Fig. 2.10 (a) a section 

is shown through a pile which has been driven into soil, with 

1 the soil stratum to be examined indicat~d at the depth belo~ 

the grd~nd s~rface as xl' The earth pressure distribution 

around'~he pile after drivtng ?nd prior to lateral loading 18 

showninFig~2.l0 (b). If dhe'pile is deflected a distance Yl' 

soil pressures would be developed wh1ch might have a form as 

show'n iIi 'the' Fig. 2.10 (c) .In tegra tion of the soil pressures 

around the pile would yield an unbalanced force p per unit 

length of pile. Yl is the deflection at depth xl' when the 

pile is loaded by a particular lateral load and PI is the 

corres~~onding soil reaction. It is important to point out 
I I 

that fora differ"ent lateral load at depth xl', pile deflec-

tion and s6il re.ction will be different from Yl and Pl' In 

gener al: as the dep th inc reas e 5, the so i 1 reac t ion also inc­

reases. A set of p-y curves r~presenting soil behavior along 

a la~erally loaded pile is shown" in Fig.2.ll. It is assumed 

that these curves are independent of the consolidation effe~ts 

of clat subsoils under working loads. 

lri the problem analyzed, if the soil reaction pile def­

lection curves are obtained along the pile length, the diffe-

I 



: I 

- 29 -

(a) 

(b) l--y, --..,.; 

'Fig. 2.10.- Graphical Definition of p and y (after Reese and I 

Cox, 1969) 
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rential equation could be solv~d considering the nonlinear 

behavior of the soil. 

As p-y c~rves are nonlinear and function of depth as 

shown in Fig.2.ll in order to solve the laterally loaded pile 

problem, several iterations must be made. 

The solution of this problem may be done by using finite 

differences method and the advantage df this method- is that 

it allows the values of E and I to vary along the pile. s 

EI r;. - 4y +6y - 4y +y l = -Es y (2.11) 
(L / t) 2 L.: 111+ 2 m+ 1 m m-l m- ~ m m 

where 

L= length of ~i1e 

t = _total number of pile sections. 

Similar expreSS10ns could be found for slope (S ), _ m 

moment (Mm) , Shear (V ) and soil reaction (p ) as: m m 

S 
m 

M 
m 

V m 

1 
= 2(L!t) 

EI 
= 

(L/t)2 

EI 
= 

2(L/t)3 

(Ym+l - 2Ym + Ym- 1 ) 

(-Y + 2Ym+l - 2Ym-l + Y ) 
m 2 m-2 

(2.12) 

(2.13) 

(2 .14) 

A total,of t+l expressions of the form of equation can 

be written and also four expre-ssions for the boundary condi­

tions at the t~p and base of the pile. 
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Fig. 2. 11. - Set 0 f p - y Cur ve s ( aft e r Re e s e, 1 9 7 1 ) 
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at base of pile; M = V = 0 
0 0 

at top of pile; P and 
t 

M are 
t 

known (Free head) 

at top of pile; P
t 

is known, St = 0 (Fixed head) 

Then the t+5 equations can be solved by matrix"methods 

or by the method of GIeser (1953) based on successive appli­

cation of boundary conditions. 

Generalized Equations for Free Head Pile 

The equations (GIeser, 1953) are written in finite dif­

ference form for corressponding points shown in Fig.2.l2 are 

documented below: 

Point 1 Y
l 

- 2Y + Y = 0 (2.15) 
0 -1 

Point 2 -Y 
2 

+2Y 
1 

+ Y -2 = "0 (2.16) 

Point 3 Y2 
- 4Y

l 
+ 6Y - 4Y + Y 

-2 =-A Y (2.17) 
0 -1 0 0 

2Y 2Y + Y = -2L 3p/t
3

EI -Y t + 2 + t+l - t-l t-2 

(2.18.,.2.20) 

Y 1 - 2Y + Yt - l t+ t 

.2 
L • H. P 

2 
t . EI 

(2.21) 

Definitions 'of terms in Equations 'are given at the end 

oft his se c t ion. 

The solution for def1ection~ could be obtained as follows: 

From equations (2.15), (2.16) and (2.17); 
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'Fig. 2.12.- Representation of Deflected Pile 
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From equations (2.18), and (2.22): 

From equations (2.23), (2.22) and (2.19): 

In general, thereafter 

y. = 
n 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

until a solution 1S obtained for Yt . Substituting this and 

the solution for Yt - 1 into (2.21): 

/ 

1 { -L 2HP [ \1 
Yt +2= ) + B2t-2-1+B2t-l(2-B2t-l~Yt+ll= B2t(2-B2t~l t 2 EI 

- B2t+2 + B2t +3Yt+l (2.26) 

Substit~ting into equation (2.20): 



+{2-B
2t

_
3 

lB
2t

_
2
] 0 

+ B B" B ) 2t-4 - 2t-3 2t-l 

To obtain deflections, 

equation (2.27) into (2.26) 

values into equation (2.25) 

and Y- 2 are obtained. 
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substitute 

to ob ta in 

to obtain 

(2.27) 

value for Yt + l from 

Y 2' Substitute these 
t-

Yt , etc. until Yo' Y- L 

The constants of the above equations ~re as follows: 

Bl 
2 = 2+A (2.28) 

0" 

B2 
1 = 5+A

l
-4B l 

(2.29) 

(2.30) 

(2.31) 

(2.32) 

For all even constant~ B6 through B2t inclusive: 

1 
B 2m = 6 + A B m"- 2m~4 

(2.33) 

For all odd constants B7 through B2t+ l inclusive: 

(2.34) 
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'(2.35) 

(2~36) 

Generalized Equations for Fixed Head pile 

Equations (2.15) through (2.20) for the fixed head pile 

are identical with those for the fixed head pile as are the 

solutions in equations (2.22) through (2.25) inclusive 

or 

= 2 L (slope of pile at ground = 0) 
t 

(2.37) 

In this case solution ~ould be bbtained as follows: 

Substituting the value of (2.31) and the results of 

e~uations (2.22) through (2.25) into equation (2.20): 

'-2L3p(l+B;t~2-B~t_lB;t+l) 
Yt'+2 = ~~----------~----------------------------~~-------------------

t 3 E I ( - l+B' B' + B' B' B ' - B' B' B ' - B ' + B ' B ' 
, 2 t 2 t - 4 2 t 2 t - 2 2 t - 4 2 t 2 t - 1 2 t - 3 2 t-2 2 t+ 1 2 t- ] 

= y' 
t-l 

(2.38) 

(2.39) 

(2.4~) 

To obtain remaining deflections, substitute values of 

y' 'y' and y' into equation (2.25) for y' l' etc. until 
t+2' t+l t t-
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value for Y3 is obtained, after which -use equations (2.24), 

(2.23), (2.22), (2.17), (2.16), (2.15) to obtainY2~ Yi' y~ 

y' .. and Y_' 2' . -1 

For fixed head pil~, all constants are the same as for 

free head pile to and including B2t and B
2t

+
l

. Thereafter use 

equations (2.38).and (2.39). 

Nomenclature 

In the above equations: 

Y 1.S the 
m 

deflection at. point m 
t 1.S the number of equal units into which L :..s divided 

p 1.S the applied load 

H 1.S the distance of P above the ground surface 

E 1.sY6ung's Modulus for .the pile material. 

I 1.S _the moment of inertia of the ~ile 
L

4
b 

A. is. the soil resistance at. point m multiplied by ---
m t4EI 

b is the width of iile. 

M~thodof Solution 

1- Divide embedded'length 'of pile into t elements with 

~dditional elemenis t+l,t+2, at the top of the ~ile and ele­

ments t-l, t-2 belo~ the pile. tip. 

2- A series of E' values are assumed along the pile 
s 

. len g t h : a c c or din g to: E s = kh . x ( 2 . 4 I ) 

a constant aLsoilm9duius variation 

x = depth measured along the ~ile length. 

3- For every node, USIng finite difference equations, Yn 

displ~6~ment~ are found according to-GIeser (1~53). 
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4- These Yn values are plotted 1n the referring p-y 

curves ~nd p soil reactions are found. 

5- A new set of soil modulus 1S obtained using: 

Es=-p/y (2.42) 

6- Using the new set of soil modulus values, y displa­
n 

cements are refound. 

7- This iterative procedure continues until the new set 

of soil modulus values are equal .to the previous set of soil 

modulus values. 

8_ i With the equations g1ven previously S (slope), V 
m m 

(shear~ Mm (moment) distribution along the pile .is computed. 

2.3. SUMMARY 

In!this chapter loading conditions of the laterally 

loaded piles are given. Three types of methods of analysis, 

which are the limit analysis methods, the elastic methods and 

the soil reaction-pile deflection method,are described. 

Th~ limit analysis methods assume that the limiting or 

maiimum soil resistance 1S ac~ing against the pile when the 

ultimate load is placed on the piie. 

The elastic methous aSSllme that, soil reaction 1S linear-

ly proportional to depth. It is preferrable to us~ the elas-

tic methods, if the reaction-pressure relationships of the 

soil are ,known. 

The pile deflection-soil rea~tion method is the iterative 

application of the elastic method, considering the nonlinear 

relationship between pile defl£ction and soil reaction. 

The derivation of the fourth order differential equation 

of the laterally loaded pile, and the solution using finite 
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d~fference equations are summarized. In addition an iterative 

procedure for pile deflections soil reaction method LS 

described. 
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. , 

3. SOIL CRITERIA FOP LATERALLY LOf\DED PILES 

3.1 .. INTRODUCTION 

In this chapter soil reaction-deflection (p-y) 

curves which are recommended by various researchers ~re sum­

marized: The p-y curves for soft clays (Matlock, 1970), for 

stiff clays (Reese, Cox, Koop, 1975) are summarized. In the 

case of sands, the p-y curves recommended by Reese and Parker 

(1971) and by Reese, Cox, Koop (1974) are summarized. 

Each of the procedures described In. this chapter is based 

on experimental studies using full-sized, instrumented piles. 

In each case, p-y curves were ~erived from experimental 

results and were employed in developing the recommended 

procedures. 

The recommended criteria relating to foundation design 

are devoted pri~arily to pile foundations and more specifi­

cally to steel cylindrical pile foundations. 
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The pile foundation shall be designed to carry lateral 

loads, whether static or cyclic. Generally under lateral 
-

loading soil reaction-deflection relationships of soils are 

nonlinear. 

3.2. SOIL REACTION-DEFLECTION CURVES FOR SOFT CLAYS 

A. Ultimate Resiitance 

Based on field tests as well as on laboratory 

tests, Matlock (1970) developed soil criteria for constructing 

p-y curves for static and cyclic loading in soft clays. 

Matlock assumed that the ultimate resistance ~er unit length 

of pile is expressed as: 

tvhe re 

P u = Np.c.b (3.1) 

c = undrained shear strength of undisturbed clay soil 
sample in N/cm2 

b = pile diameter 1n em, and 

Np= dimensionless coefficient of ultimate bearing capa­
city. 

The value of the coefficient Np for the depth where 

P lastic failure occurs is given as: 
. I' 

N = 9 (3.2) 
p 

Near the ground surface where -the- overburden pressure 1S 

not high enough to prevent the formation of the upward wedge, 

the coefficient Np 1S given by 

y'x + J x = 3 + c b ( 3 • 3) 
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p/pu 

B C 
1.0 . --

I li3 

'O'5~ 
:i.J/p =0.5 (y/y ) 
I. U . 50 
I 

J: 1 
1 

1.0 8.0 y/y 
50 

Fig. 3.1.- p-y Curves .for Soft Clays Under Static Loading 
(after Matlock, 1970) 
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\-Jhe re 

Y t = effective unit weI. gh-t of c-Iay 1.n N/cm 3 , 

x = depth 1.n cm, 

c = cohesion- of a clay 1.n N-/ cm2 

b = pile diameter 1.n cm, and 

J = dimensionless constant determined from the type of 
clay. 

Matlock's expe~imental value of J ranged from 0.25 to 

0.50. Matlock (1970) [points out that the magnitude of J 1.S 

relatively insignificant in the more important upper layers. 

He proposes a value of 0.5 for use 1.n connection with offshore 

clays in the Gulf of Mexico. 

Near the ground surface the ~ltimate resistance per unit 

legnth of pile is determined by the lower value of ~u com­

puted. 

B. p-y Curve For Static- Loading 

The p-y curve for the static loading as seen in Fig. 

3.1, 1.S const~ucted by the following procedure (Matlock, 1970): 

1- Choose E SO '- the strain which oc~urs at one-half the 

maximum stress on laboratory undrained compre~sion test 

of undisturbed soil samples. Typical values given by 

Skempton (1951) for E SO ' in Table 1. Could be used if a 

stress strain curve LS unavailable. 

2-Calculate thepi.1e deflection YSO. which corresponds to 

the strain ESO on the stress~strain curve, b~ a formula 

(3.4) 

where 

b = diameter or width ~f a pile 1.n cm. 
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3- Draw a nondimensional cubic curve between points. 0 and B 

in Fig. 3.1 ~iven by: 

p 
= 0.5 (_Y_) 1/3 for 0 < p / P u 

< 1 ( 3 .5) P Y
50 -u 

4- The curve between points B and C in Fig. 3. 1 ~s a hori-

zontal line givE!n by: 

p = 1 P (3.6) 
u 

5- Calculate the values of p and y from the nondimensional 

p-y curve by mUltiplying the abcissa wit~ YSO. 

TABLE 3.1- Strain at Failure of Clays ~n Undrained Triaxial 
Test (after Matlock, 1970) 

£SO ./ clay 

0.005 brittle or s t if f clay 

0.02 soft clays 

0.01 other clays 

The coordinates of the normalized p-y curve are as seen 

~n Fig.3.l: 

y!YSO pip 
u 

O. 0 

1.0 0.5 

: 8.0 1.0 

co 1.0 

C. Effect of Cyclic Loading on p-y Curve 

Cyclic loads cause decrease in lateral bearing capa­

cit y below t hat: for s tat i c loa d s. In t his cas e nor mal i zed p -.y 

curve shown in Fig.3.2 recommended by Matlock (1970) could be 

utilized: In this case equation of the curve between points 0 

and K is given ~s in Equation 3.S: 
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Reloading after Cyclic Loading 

Fig. 3,2,- p-y Curves for Soft Clays. Under Cyclic Loading 
and Reloading (aft'er Hat1ock, 1970) 
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--pp = 0.5 ( __ Y_)1/3 for 0 < pip < 1 
u Y 50 - u 

(3.7) 

It should be pointed out that Equation 3.7 is applied 

only fo~ 0 ~ p/p u < 0.72. A maximum value of 0.72 for p/~u 

is adopted to allow for the decrease in lateral bearing capa­

city under cyclic loading. 

Between points K and L in Fig. 3.2 there is a straight 

,- line reducing p/p u to 0.72 x/xr at y/Y50 = 15. xR is th~ 

depth below soil surfac~ to bottom of reduced strength zone. 

For soft clay xR may be approximated as (Matlock, 1970): 

where 

6b , 
y'b J 

c 

b~= pile diameter 

y'= effective unit weight of soil 

c = undrained shear strength of clay 

(3.8) 

J = 1S an empirical adjustment factor, which 1S taken 
as 0.5. 

The curve between Land H in Fig. 3.2 1S given as a 

horizontal line corresponding to a .value of 

p 
p= 

u 
0.72 

x (3.9) 

It must be noted that at x = 0, p/p u - 0 for the values 

of Y/Y50 > l5~ The value of p/p u = 0.72 from K to M in Fig. 

3.2, for the depths x > x R • 

The coordinates of the p-y curve mentioned above may be 

summarized as (fig. 3.2): 
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x>x
R x<x

R 
VY50 pIp VY 50 piP u ' u 

0 a 0 0 

1.0 0.5 1.0 0.5 

3.0 0.72 3.0 0.12 
00 0.72 15.0 0.72x/XR 

00 0.72x/xR 

D. Reloading After Cyclic Loadi~~ Co~dition 

For reloading after cycli~ loading an initial straight 

line ~s assumed with slope 

(3.10) 

up to the post failure line obtained 1n cyclic loading as 

shown 1n Fig. 3.2.(b). In this case, for deflections less 

than ~he value B shown 1n Fig.3.2.(b) ~ it is assumed that the 

soil reaction is zero. The AB line in the same figure is 

parallel to OC. 

3.3. SOIL REACTION-DEFLECTION CURVES FOR STIFF CLAYS 

These p-y criteria are derived from the pile tests 

done in 1967-68 (Reese, Cox~ Koop, 1968). The tests were made 

by deriving, 18 meters long, 0.61 m diameter pipe piles in 

sea origined pverconsolidated clay near Austin 1n Texas. The 

p-y curves (Fig.3.3) for overconsolidated clays are given below: 

A. Ultimate Resistance 

p 
u 

At shallow depths (Reese, Cox, Koop, 1975) 

2 c b + y'bx + 2.83 c x 

At de~ths well below ground surface 

Pu = 11 c b 

(3.11) 

(3.12) 
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Coefficients of soii'resistance 
A and B against depth. 

Fig. 3.3.- p-y Curves for Stiff Clays Under Static Loading 
(after Reese, Cox and Koop, 1975) 
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B. Value of YSO 

The reference value (Reese, Cox, Koop, 1975)YSO 1.S 

given' by 

where ESO is given 1.n Table 3.2. 

C. Standart Curve for Stati'c' Loading (Fig. 3.3) 

As shown 1.n Fig. 3.3, from 0 to 1 there 1.S a straight 

line of ply = k x 
s 

(3.14) 

where k and k (for cycling loadin'g) are given 1.n Table 3.3. 
s c 

The section 0 to 1 can also be written 1.n dimensionless from: 

(pip ) 
u = 

(Y/YsO) 
(3.15) 

From 1 to 2 the curve 1.S a parabola: 

(3.16) 

and fr om, 2 to 3 

pip 
u 

1/2 (y-AYSO)1.2S = o.s(y/y~O) -0.055 
J A·ySO 

(3.17) 

fo~ AySO < ySO < 6AySO where A 1.S given 1.n Fig. 3. 3 

from 3 to 4 

pip = 0.S(6A)1/2_ 0 • 4l1 - 0.062S( ~6A ) 
u yso y Y 50 

(3.lS) 

fo~ 6AySO < y <IS AySO· 

Finally from 4 to 5 a straight line portion: 

piP u 
(3.19) 

for y :'> lSAy 
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TABLE 3.2- Strain ~t Fa~lu~e Values for Stiff Clays (after 
Reese, Cox and Koop, 1975) 

Undrained Cohesion, 
i 

C 
(kN/rn2 ) ESO 

50-100 0.007 

106-200 0.005 

200-400 0.004 

~ 

TABLE 3.3- Ks andk c Values for St'iff Clays (after Reese, Cox, 
Koop, 1975). 

Undrained Cohesion, C 
kN/m 2 .' 

10
6 

k and k x N/m3 50-100 s c 100-200 200-400 

k (static load ing) 135 270 540 s 
k (cyclic load ing) 54 108 216 
'c 

D. Standart curve for Cyclic Loading (Fig.3.4) 

A refe~ence deflection ~p = 4.1 A.yS~ is defined. 

The.n the standart curve consists of a straight line 0 to 1: 

Y:so . 
x (-. ) 

.Pu 

a parabola 1 to 2: r y-0.45y ·12.5l 
pip u = B' l! -' 1'0.45 y p. . J 

. . '. P 

(3.20) 

(3.21) 

whi.ch is.fitted to.f~C?:rm a cap.between the ~~raight lines 0 tol 
I 

and 2 to 3 with th~ peak aty - .0.45 Yp' V~~Hes of A and B 

are given in Fig. 3.3 
.., 

Section 2 to 3is ~ straig~t line: 

P / P u = O. 9 36 B _ O. 085 (y -0 :\\y ) 
Y50 . "IP 

(3.22) 

. for 0.6 yp< y <.1.8 yp' 

and finally, section 3 ~o 4 is a straight line: 
. . 0.10~ 
p/P u - 0;936B - Y50 ~ y~ (3.23) 

for y >'1.8 Y 
P 
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3.4.- p-y Curves for Stiff Clays Un-,d~e_r Cyclic Loading 
(after Reese, Cox and Koop.,_ 1~75) 



3.4. SOIL REACTION-DEFLECTION CURVES FOR SAND 

A. Park~r and Reese Procedure 

The criteria proposed by Parker and Reese (1971) 

for obtaining a set of p-y curves for sand are 6ased on 

formulas for the ultimate lateral soil resistance per unit 

length of pile and on recommendations by Terzaghi (1955) for 

the shape of the early part of the p-y curve. The detailed" 

development of the formulas for the ultimate lateral soil 

resistance is given by Parker and Reese (1971). 

The ultimate lateral soil resistance ~s given by the 

equation 3.24. of plastic failure of sand. The equation is 

derived by considering the success~ve failure of the square 

block soil elements as in the case of clay (Reese, 1958). 

P 
u 

. 3 = y'b x {K 
p 

+ 2 K tan <I> (K
2 

a p 
(3.24 ) 

where 

p - ultimate soil resistance per unit length of pile in 
u -

N/cm, 

y' = effective unit weight of soil N/cm 
3 

~n , 

cm, 

K 

x = depth in cm, 

b = pile width in 

tan
2

(45
0

-r/J/2) 

= tan
2

(45
0

+0/2) 
A 

coefficient of active earth pressure, 

K 
P 

Ko = 
coefficient of passive earth pressure, 

coefficient of earth pressure at rest which 
assumed to be O.5~ and 

<P. = angle of ihternal friction of a sand ~n degrees. 

The examination of Equation 3.24 for P reveals that 
u 

the first term within the paranthesis K3 is by far the major 
. . p 

coptributing factor in determining the ultimate lateral soil 

resistance per unit length of pile. Therefore, the ultimate 

lateral: soil resistance P u is' proportional to the cube of the 
! 

coefficient of the pass~ve earth pressure. 
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Near the ground surface the ultimate soil resistance on 

a pile is obtained by computing the force exerted from a soil 

wedge moving upward. The ultimate lateral- soil resistance by 

wedge type failure P is obtained by differentiating the 
. vI 

total force exerted from the soil wedge on to the pile with 

rispect to depth, x (Parker and Reese, 1971). 

where 

P = y w 

+ x tanS 

+ K (tan~-tana)]} o ; 

S = 45 0 
+ ~/2, and 

(3.25) 

a = angle to define the shape of wedge, .and is assumed 
to be equal to one half of ~. 

The ~arly portion of the p-y curve ~s constructed from 

Terzaghi's (1955) recommendation. Terzaghi used the theor~ of 

elasticity to derive the relationship between the horizontal 

deflection of a yertical pile and the lateral soil resistance 

as: 

where 

ply = k _ mx 

p = lateral soil resistance ~n N/cm, 

y = lateral pile deflection ~n cm, 

k - soil modulus in N/cm
3

, 
3 

m = coefficient of lateral soil reaction ~n N/cm , 

x ~ depth from ground surface ~n cm. 

(3.26) 

The values recommended by Terzaghi (1955) for coefficient 

m are summarized in Table 3.4. 
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g1ven by p=P 
u 
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I 

/ 
I 
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I 

1'-y curve 

g1ven by p=P tanh (mxy) 
u P 

u 

y,cm 

Fig. 3.5.- Form of p-y Curves for Sands (after Reese and 
Parker, 1971) 
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TABLE 3.4- Values of Coefficient of Lateral Soil Reaction-m, 
for Sands (after Reese, 1971) N/cm 3 

, 

Relative Density Dry or Moist Sand Submerged Sand 

Loose 0.96 - 2.84 0.57 - 1. 75 

Medium 3.49 - 10.95 2.18 - 7.29 

Dense 13.87 - 27.74 8.76 - li.50 

The procedures described to this point define two 
~ 

straight lines, one from the origin at a slope given by Table 

3.2. 

p • 
w 

and the other a horizontal line given either by Pu or 

The transition between these two straight lines is given 

by the following equation. 

(3~27) 

where 

p = lateral soil resistance 1n N/cm, 

p = ultimate lateral soil resistance 1n N/cm, 
·u 
m = coefficient of lateral soil resistance 

y = lateral deflectionlof pile in cm. 

1n 3 N/cm , and 

The hyperbolic p-y curve generated by Equation 3.27 for 

p is tangent to the straight line defining the early portion 

of the p-y curve given by Equation 3.26 and is asymptotic to 

the ultimate lateral resistance given by Equations 3.24 and 

3.25 as seen in Fig; 3.5. 

The procedures for constructing the p-y curves are 

summarized as follows. 

'\ 

1- Compute the two types of vltimate lateral soil resis­

tance per unit length of pile by Equations 3.24 and 3.25 fo~ 

P and P along the pile. Typical distributions of P and P 
u w u w 

could be seen in Fig. 3.6. 

2~ Take the smaller value as the governing ultimate 
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Fig. 3.6.- Ultimate Lateral Soil Resistance for Sand (after 
Reese and Parker, 1971) 



1 ; 

57 -

value. 

3- Choose the appropriate value of k, depending on the 

state of the sand using Table 3.2. 

4- Construct a p-y curve as it is shown ~n Fig 3.5. 

5- Repeat steps 3 and 4 for 

set of p-y curres. 

'. 
var~ous depths to obtain a 

It should be maintained that the recommaridations by 

Parker and Reese (1971) do not include th~ cQnsideration of 

cyclic loading. 

B~ Reese, Cox and Koop's (1974) Procedure 

The p-y curves are based on formulae for the ultimate 

lateral soil resistance and on an initial linear relation 

with a coefficient o'f soil reaction ... 

The foll~wing relationships could be used 1n calculation 

of ultimate r~sistance. 

a) Near the surface, x < x T ' 

K x tanet> s inS tanS 
= y , x 0 + (b + x tanS tana) 

tan(S-et»cosa tan(S-et» 

b) Well below the ground surface, x >xT 

8 . 4 
x (tan S - 1) + K by' x tanet> tan B o 

In equations 3.28 and 3.29; x t 1S the intersection 

(3.28) 

(3.29) 

':: p.oint of curves defined by eq.uations 3.28 and 3.29 as shown 

1.n Fig. 3.7. 

a = cp/2; S = 45 + CP/2; Ko = 0.4; KA = tan
2

(45 - CP/2) 
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soil reaction,p 0r-------____________________ ~ 

by Eq.(3.28) 

given by Eq.(3.29) 

3.7.- Variation of Ulti~ate Soil Reaction with Depth 
(after Reese, Cox and Koop, 1974) 
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where ~ = angle of ~hearing iesistance 

~; Lan Jar Leu r v l' r 0 r San d 1 S g 1 V t' Il 1 n Fig ]. 8 . 

The first sectton, K to L, is a straight line g1ven by: 

ply = kx (3.30) 

where k has the values given below for submerged sand for 

both static and cyclic loading. 

Relative Density, Dr 

3 
kCN/cm ) 

Loose 

5.43 

Hedium Dense 

16.29 33.94 

The third section between points M and N is a straight. 

line with a slope of m. To complete the curve the following 

quantities are calculated: 

3b 
Yu 80 (3.30 ) 

b 
Ym = 60 

(3.31) 

p* = A.P u u 
(3.32) 

P = B.P 
m u 

where A and B are modifying factors used in th~ light of 

experience from full-scale observations as given in Fig. 

(j.B). Then the slope of the line MN is calculated by: 

m = 
p*-- p 

u m 

,Yu - Ym 
(3.34 ) 

The second se~tion between Land M 1S a curve linking 

the two straight lines. To locate point L Yk is calculated 

from: 
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Fig. 3.8.- p-y Curves for Sands (after Reese, Cox and Koop, 
1974 ) 
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1S used between the points Land M. 

(3.35) 

(3.36) 

The fourth section, N to S, is again a straight line 

given by: 

p = p* = A • P u u 
(3.37) 

3.5. SUMMARY 

In this chapter, soil reaction-d~flection (~-y) 

curves for soft cl~ys, ~tiffclays and clean sands are 

summarized. 

The p~yc~rves for soft clays recommended by Matlock 

(1970) consider three types of loading conditions, namely, 

static loading, cyclic loading and reloading after cyclic 

loading conditions .. 

The p-y curves for stiff clays which are recommended by 

11; Reese. Cox and KooPj (1975) consider static and cyclic loading 

conditions. 
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Finally for sands, two different procedures are summari­

zed Parker and Reese (197l} procedur~ considers one set of 

curves for both static and cyclic loading conditions. Reese, 

Cox ~nd Koop's (1974) procedure considers both cyclic and 

static loading cases. 

The drawing instructions and the equations of the p-y 

curves including the necessary tables for some soil parame­

ters are summarized in this chapter. 
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4. LATERALLY LOADED PILE GROUPS 

4.1. INTRODUCTION 

In practice piles are mostly found 1n groups. The 

neighbouring piles effect the defle~tions of the single pile. 

In the, Poulos Method (1971), the increment in mudline deflec­

tion, which is the deflection at the ground surface, of a 

single pile according to group effect is calculated. 

4.2. METHOD PROPOSED BY POULOS 

Poulos (1971) has considered this problem for piles 

embedded in a homogenous elastic mass. Consider initially two 

piles each under lateral load P as shown in Fig.4.l. Then if 

the mudline deflection of a single pile under unit "load is p 
the increased deflection of each pile as a consequence of the 

group effect 1S 

p = P p (1+0.) (4 .1) 



- 64 -

p 

> 

p 

Fig. 4.1.- Group Effect (after Poulos, 1971) 
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where a depends upon the pile spac1ng, length, stiffness, the 

departure angle ~ as given in Fig. 4.1, and pile head fixity. 

Extending this to ,a group of pile~, and assuffi1ng that super­

position holds, 

where 

(4.2) 

= mudline deflection of p(le k in a group with a 
total of m piles, 

'Pj' Pk = loads on piles ], k respectively, 

a
kj 

= interaction coefficient between piles k and j. 

This form of the equation is general and could be used 

for both fixed-headed or free-headed piles and for lateral 

load or moment applied to pile head. 

'Changes 1n pile head fixity and type of loading will, 

i: of course, change p and a kj · 

i: 
; ; 

I. 

For single piles, Poulos (1971) g1ves 

p = L~P (4.3) 
s 

where Ip has values: 

IPH for a laterally loaded, free-ended pile; 

IP
M 

for moment on a free-ended pile; 

IP
F 

for a fixed-head pile. 

and these parameters are plotte~ 1n Figs.~.2. through 4.4. 

respectively against pile flexibility factor KR for different 

values of Lid wher'e 
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Fig. 4.2.- Influence Factors I for Free-Head Piles (after 
Poulos, 1971) pH 
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Fig. 4.4.- Influence Factors I p'
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for Fixed-Head Piles (after 
Poulos, 1971) 
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(4 .4) 

Whet~ : 

4.5. 

~ = elastic ~odul~s of pile,~ 
p , / 

I = moment of inertia of pile cross section, 
p 

E = soil modulus,' 
s 

L = pile length. 

Values of the intera'ction factor a are, g~ven ~n Figs. 

thr~ugh 4.7, here 

a.PR ,~s for laterally loaded, f r e e -headed, p i 1 e s 

apt{ is for moment on free- headed piles 

aPF is for fixed-headed piles. 

Equation 4.2. ,could b~ used either 

a) to calculate mudline deflections of· all piles when 

the loads on the piles are all the same; or 

b) to calculate pile loads when deflections ~f all piles 

are constrained to be the same. 

4.3. COMIHNEl),ELASTIC/p-yMETlIOD (Fochl and Koch, 1973) 

An obvious deficiency in the Poulos method ~s the 

calculation of single pile deflection by ~n elastic teChnique. 

A combined method using the p-y method for the single pile 

but then using the elastic group,effect has been suggested by 

Focht and Koch (1973). 

,-
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Fig. 4.5.- Interaction Factors a H for Free-Head Piles for 
Horizontal Loads (aft~r Poulos, 1971) 
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Fig. 4.6.- Interaction Factors apM and aeH for Free-Head 
Piles for Moments (after Poulos, 1971) 
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Then: 

Pk 

P 

m 

= P r Poak o + Yt 
j=l J J 

(4 .5) 

jJk 

= unit elastic deflection a~ mudltne 

= deflection obtained by p-y method for single pile 
at mudlitle 

Thus thegroup'effect 1ncreases the p-y deflection Yt at 

the mu~line by the amount ~n the elastic portion of the 

Equation 4.5. 

It 1S suggested that the elastic modulus for the soil, 

E used 1n this part of the calculation, should be at least 
s 

as high as E
50

, or, if there is.an initially linear portion 

to the stress-strain c,urve the initial tangent modulus, E
t 

can be used (see Fig.4.8). 

The Procedure 1n Modifying p-y Curves 

The Poulos technique can only be used to g1ve deflections 

at the mudline, whereas pile design requires moments and 

shear forces-and hence deflections- to be found along the 

length of the pile. This c~n be dealt with empirically by 

modifying the p~y curves, by mUltiplying the y abscissae by 

constant factors to produce a new set of p-y curves for each 

constant as shown in Fig.4.9. 

The procedure 1S to find the modification factor that 

gives a mudline deflection for a sirigle'pile equal to that 

calculated for the ~ile in .the group. This set of modified 

p-y curves is then used to compute the deflections, shears 
! 

and'm~ments aloni the pile. 
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Fig. 4.8.- Tangent and Secant Deformation Modulus (after 
Focht and Koch, 1973) 
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L· .• 4. SUMMARY 

In the p i 1 e groups , tit e n e i g h b our in g pi Ie sin c rea s e 

the deflections·of the single pile. In this chapt~r two 

methods are summarized in the design of laterally loaded pile 

groups. Both of the methods give the mudline deflections of 

the pile. The Poulos method (1971) uses an elastic technique 

1n the computation of mud line deflection. The second method 

1S the combined elastic/p-y method which is suggested by 

Focht and Koch (1973). This method uses the p-y method in 

computation of mudline deflection, then uses the elastic group 

effect. In order to calculate pile deflections all along the 

pile length, the p-y curves must be modified by mUltiplying 

the soil reaction axes by constan~ factors. 
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5. NUMERICAL TECHNIQUE FOR THE ANALYSIS OF LATERALLY LOADED 
PILES 

5.1. INTRODUCTION 

In this cha p1er, a computer program for the solution 

of laterally loaded pilei, which is developed, is presented. 

The method used in p~ogramming is recommended by Matlock and 

Reese (1966). The details of pile deflection soil reaction 

method which is u&ed in ~rogramming, is given in Chapter 2. 

In the computer program, GIeser Algoritm (1953) is used. In 

programming the p-y curves, for soft clay, recommendation of 

Matlock (1970) in used .. Static' and cyclic loading cases are 

considered. The second subroutine which creates the p-y curves 

for safid is programmed according to the recommendation of 

Parker. and Reese (1971). 

A general computer program ~s developed for the determi­

n~tion of deflections and bending moments of a pile under 

lateral loading as a function of depth. Various boundary con­

dit{ons could be considered at the top of the pile~ Soil pro-
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perties are ,defined by a set of curves_ w'hich g~ve soil reac­

tion as a function of pile deflection. The detailed informa-

tion about these curves are given in Chapter 3. 

5.2. PROCEDURE 

A summary of procedure used ~n programming could 

be written as follows: 

1- Assumption for soil modulus along the pile length is 

made. 2. Using this assumption, the fourth order differential 

equation (2.8) of laterally loaded pile is solved. 3. With 

the deflections found, the subroutine developing the pile 

deflection-soil reaction curves are called,and corressponding 

soil reactions are computed for every depth. 4. The soil reac­

tion values obtain~d from the curves are divided by pile 

deflections, and these values are taken as the new soil 

modulus values. 5. Using this new soil modulus values the 

differential equation (2.8) is resolved. Pile deflections are 

refound. 6. The procedure has continued until the new soil 

~odulus values found are equal to former values. 7. At this 

stage by using the iast pile deflection values, from equa­

tions (2.12), (2.13), (2.14) slope of elastic curve, bending 

moment and shear forces are computed ~nd printed ~1~ng the 

pile. The flow ch~rt of the computer program is given in Fig. 

5.1. 

As seen above there are basically five different parts 

~n the program. 

These are as follows: 

1- Input 

2- Assumption of soil modulus 

3- The Iteration Procedure 

A. Solution of the Differential Equation 



INPUT 

OUTPUT 
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RE A D P I L E PRO PER TIE S , 

.. SK, SKO, TOLERANCE 

READ SETS OF p-y DATA 
FOR SOIL 

CONPUTE INITIAL TRIAL 
VALUES OF SOIL MODULUS 

SOLVg DI~FEREN~IAL 
EQUATION (GLESE&, 1953) 

8 
t 

iCOHPUTE S, H, vi 
I . r-.-------____________ t ________ ~ 

PRINT I, ESM, SH, YH, 

1'11'1, PM, VH 

1----8-·-~ 

IUSING VALUES OF 
.YM REFER TO p-y 
iCURVES FOR SOIL 

AN D DE TE RHINE . 
RE V I SED SET 0 F ·E S H 

PRINT 
ITERATION 
COUNT YT 

Fig. 5.1.- Flowing Chart of Computer Program for Laterally 
Loaded Pile 
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B. Calculation of Soil Reactions 

C. Computation of Soil Modulus Values 

D. Evaluation Criteria 

4- Comp~tation of bendirig moments, slope of elastic 

curve and shear force 

5- Output 

5.3. INPUT 

In this section pile properties, soil properties 

and sapplemental instructions are read. 

Pile properties are: 

EPI = flexural rigidity of ~he pile,·EI 

= pile length, L PL 

DD 

P 

H 

= pile diameter, b 

= lateral load, P 

= height of application point of lateral load from 
ground surface, H 

Supplemental instructions ar~: 

T = number of pile sections 

TOL = tole·rance is such a value that when the convergence 
criteria is less than this value the iteration 
procedure ends 

SKO = soil modulus at the ground surface taken.as the 
first assumption 

SK = slope of soil modulus linearly increasing with 
depth 

As two problems for two different types of soils are 

consid~r~d, there are two different sets of input parameters, 

for the development of pile deflection soil reaction curves. 

One set is fdr clay and other set is for clean sand. 
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/ 

Case A. Clayey Soils 

IZ = key for cyclic or static loading, IZ-l'for 'cyclic 

loading, and IZ=2 for static loading. 

GAMA = effective unit weig~t of the soil, y' 

CC _ undrained shear strength of clay, C 

EPSO = strain at failure ESO for which the typical 

values to be used are given in table. 

Case B. Sandy Soils 

DM = coefficient of lateral soil reaction m l.n 
, 2 

N/cm , 

for which Terzaghi (1955) gave the values as 

shown in Table 3.4. 

GAMA = effective unit weight of soil, y' 

FI angle of internal friction of sand l.n radians, 

5.4. ASSUMPTION OF SOIL MODULUS 

~ . 

SK and SKO values define the assumption of soil 

modulus. There are two possible variations of soil modulus 

with depth. Soil modulus may be constant with depth, or may 

have a linear variation vith depth. 

The values of SKO and SK.may be summarized as follows: 

Case A. Constant Modulus with Depth 

SKO f= 0 

SK = 0 

, and' 



or 
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Case B .. Linear Modulus Var~ation with Depth 

SKO = 0 

SK # 0 

SKO ~.O 

SK i 0 

, and 

"5.5. THE ITERATION PROCEDURE 

A. Solution of the Differential Equation 

Using soil modulus values, in the first iteration 

from the first assumption and in the preceeding iterations 

from the values computed [rom curves as will be defined 1n 

part D, the fourth" order differential equation (2~8) 1S 

solved. In the solution the equations from 2~l5 to 2.40 are 

used (GIeser, 1953). After the solution, pile defl~ctions 

alortg the pile are found. 

B. Calculation of Soil Reactions 

The subroutine is called to find soil reactions. 

Two different subroutines may be called according to soil 

type. In the case of soft clay subroutine ,SOFCL is called, 

and in the case of clean sand subroutine PSAND is called. Both 

of the subroutines develop soil reaction-pile deflection 

curves for every depth. With the pile deflections found 1n 

the above section, soil rcac~ions arc computed from the 

subroutines. The detailed information about subroutines will 

be given in the end of this section. 

C. Computation of Soil Modulus V&lues 

By dividing the soil reaction values computed 

1n the previous section B, by the pile deflections found in 

section A, a new set of soil modulus values are obtained. 
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D. Evaluation Criteria 

In the first iteration the first assumption of 

soil modulus values and the values found in step C are compa­

red. If ~hey are not equal, using the new soil modulus values 

found in step C, the procedures in steps A,B,C and Dare 

repeated until the new soil modulus values are equal 'to the 

formerly calculated values, or the difference between them 

is less tha~ a.tolerancespecified in the program. 

5.6. COMPUTATION OF BENDING MOMENTS, SLOPE OF ELASTIC 

CURVE AND SHEAR FORCE 

After the convergence 1S satisfied 1n section D, 

the slope of the el~stic curve, the bending moment and the 
'-- ~ 

shear forces are computed from equations (2.12), (2.13) and 

(2.14). 

5.7. OUTPUT 

For every node, node number, soil modulus, pile def­

lection, slope of elastic curve, moment, shear force,soil 

reaction values are printed. 

5.8. SUBROUTINE. SOFCL 

This subroutine develops pile deflection-soil re~c­

tion curves for soft clay which is recommended by Matlock 

(1970). The explanation and equations for these curves are 

given in Chapter 3. In the subroutine-both static and cyclic 

load ing cas es are cons ide red. Th·e pro cedure is as fo llows : 

1- The x R value, which 1S the depth below soil surface 

to bottom of reduced strength zone is computed from equation 

(3.8). 
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FROM MAIN PROGRAM READ 

x, T, Y, y', C, E SO ' b, IZ 

CALCULATE 
X

R
, NP, P U, Y C 

-=1-<-

CY CL I C LOADIN G 
) 

p, SOIL REACTIONS 

ARE COH~ UTE D 

STATIC LOADING 

p, SOIL REACTIONS 

ARE COMP UTE D 

Fig. 5.2.- Flowing Chart of Subroutine SOFCL 
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2- Dimensionless coefficient of ultimate bearing capacity 

ENP is computed from equations (3.2) arid (3.3) along the pile 

length. 

3- Ultimate bearing resistance PU per unit length of 

pile 1S computed from equation (3.1). 

4~ Y50 value 1S computed from equation (3.4). 

5- Soil reaction values are computed. According to IZ 

key either the equations for static loading case or cyclic­

loading case are used. 

In .the case of static loading, with the pile deflections 

computed in the main program, from equations (3.~) and (3.6) 

soil reactions are computed. In the cas~ of cyclic loading, 

from equations (3.7)' and (3.9) soil reactions are computed 

along the pile length. 

The flowing chart of subroutine 1S shown 1n Fig.5.2. 

5~9. SUBROUTINE PSAND 

This subroutine develops pile deflection soil reac­

tion curves for every depth along the pile for clean sands 

(Reese and Parker, 1971). 'Detailed explanation o~ these 

curves are given in Chapter 3. FI, ~AMA, DM values which are 

read in the maiQ program and the computed pile deflections in 

·the main program are attented to the subroutine. The procedure 

is as follows: 

l~ Ultimate bearing capacities from equations (3.24) and 

(3.25) are computed for every depth and the smaller value 1S 

chosen. 

2- From equation (3.27) uS1ng the pile deflections found 

1n the main program, soil reaction values are computed. The 
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FROM MAIN PROGRAM READ 

.x, T, Y, Y I , q" m 

I 

J 
CALCULATE PU'and PW 

P r=PW PU=PU 

1----7>----. COHP UTE 
SOIL REACTIONS, P 

'---------..-----_._-_. 

Fig. 5.3.- Flowing Chart of Subroutine PSAND 
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value of soil ~eactions are then attended to the ma1n prog­

ram. The flow chart of this s~broutine is given in Fig.5.3. 

5.~. SUMMARY 

In this chapter, the explanation of the developed 

computer program for the salution of pile deflections and 

moments according to. pile deflection - soil reaction method 

is given. Beside the main program, the subroutines developing 

the soil reaction ~ pile deflection curves for soft clays and 

sands are documented. The flowing charts of the main program 

and the two subroutines are given. The p-y curves for stiff 

clay are not programmed. The p-ycurves for stiff clays may 

be programmed using the same technique for programming the 

p-y curves for soft clays. 
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6. ~Uf~ERICAL CO/'';PUTATlmlS 

6. 1. INTRODUC~ION 

Using the computer program developed ~n Chapter 5, four 

sets of problems are solved, two for soft clay and the other 

two. for dense sand. 

Effects of nonlinear soil behavior are studied by chang­

~ng the magnitude of lateral load. In addition effects of 

various soil p~rameters such as strain at failure-sSO' and 

lateral soil reaction coefficient-m are numerically evaluated. 

in the problems a steel pipe-pile o( lB.3 meters ~n 

length nnd 0.406 m in diameter is selected. Flexurnl rigidity 

of the pile is 9.076 x lOll N-cm2 and is constant along the 

pile. The properties of the pile and the soil are given in 

Fig. 6.1. 

In pro b 1 ems 1 an d 2, the p i 1 e is ins tall e d ~ n a s 0 ftc I a y 

subsoil and in problems 3 and 4, the pile is in~talled in a 

dense sand subsoil. In problem 1, the strain at failure-sSO 

~s changed ~n orde~ to study the effect of strain at failure. 

In problems 2 and 3, .the magnitude of late~al load is changed 

and the effect of nonlinear soil behavior are studied. In 
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Fig. 6.3.- p-y Curves for 40.6 em Diameter Pile in Dense Sand 
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problem 4, the effect of lateral soil reaction coefficient m 

is studied. 

The soil reaction-deflection curves for soft clay and 

dense sand are shown in Fig. 6.2. and Fig. 6.3. respectively. 

In the figures 6.2 and 6.3, p-y curves for some depths a~e 

shown. The two subroutines developed in Chapter 5. compute 

p-y curves all along the pile length. 

80 rrins are made to solve four sets of problems. Computed 

pile top deflections and maX1ffium bending moments for fixed 

and free headed piles, for every set of problems are plotted 

1n Figures 6.4 through 6.11. The computer time for each run 

1S 30 seconds. 

The mathematical compatibility conditions of the solu­

tions are explained in the end of this chapter. 

6.2. PROBLEM NUMBER 1 

The properties of cla~ subsoil 1n which the pile 1S 

inst~}led are g1ven as follows: 

c = 24.1 kN/m2 

y' = 7.1 kN/ffi 3 

where, 

~ 1S 
, 

the undrained shear strength of clay, and 

y' 1S the ~ffective unit weight of clay. 

C and y' remained constant 1n eveFY problem and only the 

strain at failure, £50 values are changed 1n order to study 

the effect of strain at failure. 

The range of ~hange 1n from 0.005 to 0.02 in the 
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case of soft clay, and the corresponding deflections and 

maX1mum moments are comp~ted for each case and plotted in 

Fig. 6.4 and Fig. 6.5. Both of the curves are nonlinear. As 

it is expected, when the strain at failure - sSO increases, 

the t9P deflections and maX1mum bending moments increase. 

6.3. PROBLEM NUMBER 2 . 

In this problem s6il parameters used in problem 1 

remained constant and E5~ 1S taken as 0.01. On the other hand 

magnitude of lateral load 1S changed to investigate the non­

linear soil behavior. 

In figures 6.6 and 6.7 top deflections andmax1mum 

moments are plotted as functions of lateral load, P. For the 

free head pile case a remarkable result is obtained. After 

the lateral load is .increased to such a value, the curves for 

deflection and mom~nts flatten, and this indicates the rapid 

deterioration of the clay due to cyclic loading. The figure 

shows th~t, in the design of pile to sustain lateral loading, 

it 1S necessary to comvute the pile response for a full range 

of loads. For the fixed head case the curves don't flatten 

like in the free head case. The values of maximum moments for 

fixed head case are greater than the values for free head case 

for the load range from 0.25 x 105 N to 2 x 105 N. This values 

are for this particular problem. But for every type of pile 
'. 

behavior, soil behavior, and loading condition, there will be 

a critical value. For the .load range from 2.0 x 105 N to 4.0 x 

105 N the maximum moments in free head case, have larger values 

than the maximum moments in fixed head case. 

6.3. PROBLEM NUMBER 3 

The pile installed in a sand 1S analyzed and the results 

are presented in Figs 6.8 through 6.11. 
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SOFT CLAY E50~O.Ol 
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Fig. 6.6.- Maximum Bend·ing Homents vs. La te r~ 1 Load 1n Soft 
Clay 
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Fig. 6.7.- Lateral Top Deflections vs. Lateral Load in Soft 
Clay 
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The properties of sand subsoil Ln which the pile is 

installed are given as follows: 

y'= 7.9 kN/m 3 

where, 

~ LS the angle of internal friction of sand, and 

y' 1S the effective unit weight of soil. 

Coefficient of l~teral soil reaction. m 1S taken as 9 N/cm 3 • 

The water table is assumed at the ground level. In Figs. 6.8, 

6.9 Ln the ordinate axes the lateral load is increased from 

0.25 x 105 N to 4.0 x 10 5 N and corresponding deflections and 

maximum moments are plotted~ The both curves are nonlinear. 

As the soil is d~nse sand, at first glance the curves seem .to 

be linearly increasing but it would not be satisfactory to 

employ a design method which predicts a linear response under 

lateral load. Sand behavesirt a more-favorable way than the 

clay. There LS not any flattening in the curves due to increa­

sing values of lateral load. In this case the maXLmum moment 
. r 

values for fixed piles are slightly more than maXLmum moments 

for free head piles for a full range of loads. 

6.4. PROBLEM NUMBER 4 

The e1fect of lateral soil reattion coefficient, m is 

s~udied in Figs 6.11 and 6.12, Ln the ordinate axes m,values 

are plotted and the corresponding comp~ted values of maximum 

moments and deflections are given. All the curves are non­

linear. For various sand densities three different m values 

are taken. In the dense sand range where m changes from 8.76 

to 17.50 N/cm 3 , the incr£ase in deflection LS very small ~nd 

the curve is moderately a straight line having a very large 

slope. In this range the slope of the curves in Fig. 6.10. 

for free head case and fixed head case are more or less equal. 
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In the ragge of medium dense sand where lateral soil reaction 

coefficient, m is from 2.18 to 7.29 N/cm3 , the curves are 

nonlinear and they are flattened as the values of m decreases 

from 7.29 to 2.18 N/cm 3 • The acount of increase in deflection 

is not very rapid for this range. The maximum deflection is 

obviously obtained for loose sand. The curves for free head 

case and fi~ed head case are nonlinear. The deflections 

~ncrease very rapidly as the sand becomes looser. In full 

range of m values from 0.57 to 17.50 N/cm 3 , the ratio of the 

top deflections computed in the case of free read pile, to 

'the toy deflection in the case of fixed head pile is bet\Veen 

2.61 to 2.76.· 

The max~mum moments corresponding to different types of 

sands are shown in Fig •. 6. 11. The moment curves are nonlinear. 

For m values of 0.57 to 17.50 N/cm 3 , the maximum moment values 

for fixfd head pile are larger than maximum moment values for 

free head case. In .loose sand the values of maximum moments 

increase more rapidly than in the medium dense sand. As the 

sand becomes looser the importance of m values increase so the 

exact value for lateral soil reaction coefficient must be 

chosen for every different problem. 

6.5. MATHEMATICAL COMPATIBILITY OF THE SOLUTIONS 

Lateral deflection, slope of elastic curve, moment dis­

tribution and shear force distribution are shown in Figs 6.12 

and 6.13, along a free.head and a f1xed head pile respecti­

vely. In both of the ca~es the pile is subject~d to a 1.3 x 

l05' N lateral load. The load is applied just at th~ top of 

the pile at the ground surface so the moment according to 

lateral load at the top of the pile is zero. As it is seen 

in both of the figures, all mathematical compatibility condi­

tions are satisfied and the boundary conditions used for the 

solution of the diff~rential equa~ion are obviously met. 

Moment and shear force at the bottom of the pile is zero 
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and shear force 1S equal to later~l force at the top of the 

pile for _both cases. For the free he~d case the fourth boundar~ 

condition is the valu'e of moment known at the top of the pile 

and in this '-special case it is taken as zero. In the fixed 

head pile shown in Fig 6.13, the value of the slope of elastic 

cur v e is z era at the tOP'.9 f the p i 1 e. The d iff ere n c e in the 

upper part of the deflection curves in both cases are also 

compatible with the slope of elastic curve~. In fixed head 

case as the slope of elastic curve is zriro the top of the 

deflection curve is parallel to the pile axes. Also in both 

fr~e and fixed head cases, maximum .moments are found to be 

at the depth where shear force is zero. In free head case, 

maximum moments are computed at the depths equal to 7 to 8 pile 

diameters below the ground surface. It is observed that the 

upper 10 pile diameter zone of the soil is important in 

designing piles against lateral loads. Therefore improvement 

of soil conditions for depth of 10 pile diameters below the 

ground surface may be a reasonable and economical solution in 

the-case of very weak surface soil conditions. 

6.6. SUMHARY 

In this chapter, problems of a steel pipe pile installed 

1n a soft clay and in a dense sand are solved using developed 

computer program. Effects of nonlinear soil behavior are stu­

died by changing the magnitude of lateral load. In addition 

effects of various soil parameters such as, strain at failure­

£50 and lateral soil reaction coefficient-m are numerically 

evaluated and the results are critically discussed. 

Four sets of problems are solved uS1ng totally 80 runs, 

and c~mputed pile top deflections and maximum bending moments 

for fixed and free headed piles, for every set of problem~, 

are plotted in Figs 6.4 through 6.11. 

In problem number 1, 1n the case of soft clay, ESO which 

is the strain at failure is changed in order to study the 
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effect of strain at failure. 

In problem number 2, the pile is installed ~n a soft 

clay subsoil. The magnitude' of lateral load is changed. After 

the lateral load is increased to a critical value, the curves 

for top deflections f~atten, and this indicates the rapid 
, , 

,deterioration of the clay due to cyclic loading. 

In problem number 3, the pile is installed ~n a dense 

sand subsoil. The magnitude of the lateral load ~s changed'. 

Sand behaves in a more fav~r~ble way than the clay. 

In problem number 4, ~n the case of sand, the effect of 

lateral soil reaction coefficient, m is studied. 

Ail the c~rves obtained are nonlinear because of the 

nonlinear soil behavior. 

All mathematical compatibility conditions are satisfied 

and the boundary conditions used for the solbtion of the 

differential equation are rr.et. 

In free headed piles, maximum moments are computed at 

the depths equal to 7 to 8 pile diameters balow the ground 

surface. It is observed that bhe upper 10 pile diameter zone 

~s important in designing piles. 
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7. SUr.rARY AND CmlCLUSIONS 

A rational approach tq the analysis of a laterally 

loaded pile is presented. The method i~ very useful because 

detailed response of a pile under lateral loading could be 

predicted for a small cost. The results of the computations 

allow the dimensions of the pile to be selected so as to 

satisfy design requirements and to achieve maximum economy. 

The advantages of using the method are as follows: 

1. Changes 1n pile properiies with depth, changes 1n 

diameter of the pile and changes in pile stiffn.ess may be 

considered while analyzing the pile by the presented method. 

2. Various boundary~onditions may be treated. In this 

thesis only the free head and the fixed head cases are analy­

zed. Hdwever, the theory may also be applied to restrained­

head case. 

3. Various soil conditions may be considered. Through 

the 'use of p-y curves, it is poss·ib Ie to take into account 

changes in soil re~istance as a function of pile' deflection 

and as a function of depth. 

/' 
The possible weakness of the method lies 1n uncertainties 
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1n regard to~he prediction of p-y curves. Criteria are pre­

sented for soft to medium clay and for~ clean sands. While 

these criteria are thought to reflect the behavior of these 

soils under lateral loading, they are based on th~ analys~s 

of a relatively small number of experiments exist in the 

literature. Criteria are not yet available for other types of 

soils. 

In this thesis, a general computer program is developed 

which would give numerical solutions of lateral deflection, 

~lope nf elastic curve, bending moment and shear force along 

the laterally lo~ded pile. Soil properties are defined by a 

set of curves which give soil reaction as a function of pile 

deflection. Two subroutines are developed for soft clays 

(Ma t 1 0 cl~ , 19 70) and for c lea n san d s ( Par k era nd R e e s e, 19 7 1). 

Both of the subroutines deve~oped soil reaction-deflection 

curves for every depth along the pile. 

A summary of procedure used in programm1ng could be 

writte~ as follows: 

1. Assumption for soil modulus along the pile length is 

made. 

2. Using this assumption, the fourth order differential 

equation (2.8) of laterally loaded pile is solved. 

3. With the deflections found, the subroutine developing 

the soil reaction-deflection curves are called and correspon­

ding soil reactions are computed for every depth. 

4. The soil reaction values obtained from the cu~ves are 

divided by pile deflections, and these values are taken as 

the new soil modulus values. 
1 

Ii. 
5~· Using the\se new soil modulus values, the differentia~ 

~ 

equation (2.8) is resolved. Pile deflections are refound. 

I 
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6. The procedure has continued until the new soil modulus 

values are equal to former values. 

7. At this s"tage by using the last pile deflection valu­

e s,' f r om e qua t ions ( 2 . 1 2), ( 2 • I 3 ), ( 2 • I 4) s lop e of e 1 as tic 

cu~~~, b~nding moment and shear forces ~re computed and prin­

ted along the pile~ 

Problems of a steel pipe pile in~talled ~n a soft clay 

and in a dense sand are solved using developed comput~r prog­

ram. E££ects of non-linear soil behavior are studied by 

changing the lateral load. In addition effects of various 

soil parameters such as, strain at failure-ESO and lateral 

soil reaction-m are numerically evaluated and the results 

are critically discussed. 

Four sets of problems are solved using totally 80 runs. 

Computed pile top deflections and maximum bending moments, 

for every set of problems for fixed and free headed piles, 

are plotted in Fig~re~ 6.4 through 6.11. 

In problem number 1, the pile is installed in a soft 

clay subsoil, str~in at failure-E
SO 

is changed in order to 

study the effect of strain at failure. When the strain at 

failure-E
SO 

increases, the, top deflections and reaximum ben­

ding moments increase. 

In problem number 2, ~he pile is installed in a soft 

clay subsoil. The magnitude of lateral load is changed and 

the effects of non-linear soil behavior are studied. After 

the lateral load is increaseA to a critical value, the curves 

for top defiections flatten, and this indicates the rapid 

deterioration of ~he clay due to cyclic loading. 

In problem number 3, the pile is installed in a soft 

clay subsoil. The magnitude of lateral load is changed. Sand 

behaves in a more favorable ''lay/than the clay • 
... 
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In problem number 4, in the case of sand, the effect of 

lateral soil reaction coefficient-m is studied. 

All the curves obtained for maX1mum bending moments and 

pile top deflections are non-linear because of the non-linear 

soil behavior. 

All matheili~~~~al compatibility conditions are satisfied 
\' . 

and the boundai~~onditions used for solution of the differen-

tial equat,ion (2.8) are met. 

For free headed piles, maximum bendi~g moments are compu­

ted at' the depths equal to 7 to 8 pile diameters below the 

ground surface. It'is observed that the upper 10 pile diameter 

zone 1S important in designing piles against lateral loads. 

Therefore improvement of soil conditions for depth of 10 pile 

diameters below the ground surface may be a reasonable and 

economical soiution in the case of very weak surface soil cdn­

ditions. 
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APPENDIX 

A.1. USER'S MANUAL 

The computer prokram for the numerical analysis of la­

terally loaded piles t~ g!.ven in this chapter. SI units are 

used for the parameter~ ~sed in the program. Force unit is 

Newton and Length unit' is cm. 

INPUT 

1. Identification of problem 

1st card: TITLE (20A4) 

2. Pile and Loading properties 

2nd card: PT,H,DD,PL,T,EPI (5F10.,5,E20.8) 

3. Soil and pile type, evaluation criteria 

3rd card: TOL,ISOIL,KODE (2I2,'F10.5) 

4. Assumption of soil modulus values 

, '4th card: SKO,SK (2FlO.5) 

5. Soil data 

For soft Ic1ays, 



" 

5th card: GAMAiCCi~PSO,IZ (3FlO.5,12} 

Fo rsands , 

5th card: GAMA,FI,Dl>l (3FlO.5) 

OUTPUT 

1. TITLE 

2. PL,P,H,T,SK,SKO,EPI 

3. ISOIL ,KODE, TOL 

4. For soft clays 

GAMA,CC,EPSO,IZ 

For sands 

GAHA,FI,DM 

5 . NITE,YT 

6. I,ESM,S,Y,TM,V,SR 

SYMBOLS USED IN THR .COMPUTRR PROGRAM 

TITLE 

PT 

H 

Title of the Problem 

Lateral Load,· P 

Distance ~f App~icatio~ Point of P above the 

Ground Surface, H 

DD Pile Diameter, b 

PL Pile Length, L 

T Number of Equal Units into which L is divided~ t 

EPI : Flexural Rigidity, RI· 

'IS0IL Key specifying the type of soil (SOFT CLAY = 1, 

SAND = 2) 

, KODK 

TOL 

Boundary Conditio~ Key (FREE HEAD = 1, 

FIXED ~EAD = 2) 

Toler~nce.(~~ken as 0.0001 for thisprob~em)· 

SKO Assumed soil;modulus value at the ground 'surface 



SK Slope of linear Soil Modulus Variation 

. G1\.MA Effective Unit \~eight ·of Soil, y' 

CC Undrained Shear Strength, c 

EPSQ. Strain at Failure. ESO 

IZ Loading Key, CYCLIC; 2,' STATIC = 1 

FI Angle of Internal Friction in Radians 

DM Coeffici~ntof Lateral Soil Reaction, m 

YT, Top Deflection of the Pile 

NITE Number of Iterations 

ESM Soil Modulus, E s 

S' . Slope of Elastic Curve, S . 
y Pile Deflection, y 

TM : Bending Moment, M 

VShe~r,Force, V 

SR _ Soil Reaction, p 



A.2. COHPUTER PROGRAM 
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