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ABSTRACT

ON THE COSMOLOGICAL IMPACT OF A QUANTIZED
SCALAR FIELD

We explicitly compute the leading order contribution to the stress-energy- mo-
mentum tensor of a scalar field, which propagates in a Friedmann-Robertson-Walker
(FRW) universe and placed in the infinite adiabatic vacuum. Since the adiabatic reg-
ularization requires removing the adiabatic zeroth, second and fourth order terms, one
ends up with the sixth order expressions as the leading order contribution to the stress-
energy-momentum tensor. This is a good approximation for all modes of a massive
field when the mass m of the field is larger than the Hubble parameter H and only for
the high energy (subhorizon) modes of a massless field satisfying k& > k., where k, is a
fixed comoving momentum scale obeying k, > aH. To determine the magnitude of the
vacuum energy density, we consider the spacetimes undergoing power-law expansion
and discuss the implications for different cosmologically relevant backgrounds. We next
consider the backreaction effects of a quantized massless real scalar field propogating
in a FRW universe. This can be viewed as a semiclassical approach, where gravity is
treated classically. We manage to obtain a new first order differential equation, which
approximately determines the evolution of the vacuum energy density of the massless
scalar field. In this procedure, we utilize an approximation that uses the fact that the
subhorizon modes evolve nearly adiabatically and the superhorizon modes freeze out.
To check the validity of our method, we take fixed backgrounds of cosmological interest
such as de Sitter space and our findings are shown to agree with the known results in
the literature. We also analyse the possible implications of the backreaction effects
for the slow-roll inflationary models. We find out that although these are negligible
during slow-roll regime, the vacuum energy density created might have a cosmological

significance at subsequent stages, since it decreases slower than radiation or dust.



OZET

KUANTUM SKALER ALANIN KOZMOLOJIK ETKILERI

Bu tezde, ilk olarak Friedmann-Robertson-Walker (FRW) uzayimda yayilan ve
sonsuz adyabatik vakumda tanimli bir skaler alanin stres-enerji-momentum tensoriine
baslica Olciilebilir katkiyr acik bir sekilde hesapladik. Adyabatik regularizasyon, adya-
batik sifirinci, ikinci ve dordiincii diizeydeki terimleri gikartmayi gerektirdiginden,
adyabatik altinc1 diizeydeki ifadeler stres-enerji-momentum tensoriine baslica 6lgiilebilir
katkiy1 saglayan terimlerdir. Bu, kiitlesi olan alanlarin eger kiitlesi Hubble parame-
tresi H ’ den biiyiikse, her modu icin, kiitlesiz alanlarin ise sadece k > k, kosulunu
saglayan modlar1 igin iyi bir yontemdir (k., k. > aH kogulunu saglayan sabit momen-
tum olgegidir). Zamanin kuvvetiyle orantili olarak genigleyen uzaylarda, vakum en-
erji yogunlugunun biiytikliigiinii hesapladik ve farkli kozmolojik uzaylarda buldugumuz

sonuclar: tartigtik.

Ikinci olarak, FRW uzaymnda yayilan kiitlesiz kuantum skaler bir alanm geri-
reaksiyon etkilerini aragtirdik. Bu, yercekiminin klasik olarak ele alindigi, yari-klasik
bir yaklagimdir. Kiitlesiz skaler alanin vakum enerji yogunlugunun zamana bagl nasil
degistigini yaklagik olarak belirleyen 1. dereceden yeni bir diferansiyel denklem elde
ettik. Bu yontemde, ufuk alt1 modlarin yaklasik olarak adyabatik degistigi, ufuk tistii
modlarin ise sabit kaldigi gerceginden yararlandik. Yontemimizin gecerliligini 6l¢mek
i¢in de Sitter uzay1 gibi kozmolojik uzaylarda buldugumuz sonuclari literatiirdeki sonuc-
larla kiyasladik ve bulgularimizin birebir ortiistiigiini gordiik. Ayrica, geri-reaksiyon
etkilerinin bazi enflasyon modellerinde olasi sonuclarini inceledik. Enflasyon sirasinda
geri-reaksiyon etkileri ihmal edilecek kadar kiiciik olmasina ragmen, enflasyon son-

rasindaki evrelerde bu etkilerin kozmolojik énemi olabilecigini gordiik.
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1. INTRODUCTION

Quantum field theory (QFT) in flat space time is a successful synthesis of quan-
tum mechanics and special relativity (for more information see e.g. [1-3]). Here, one
quantizes the field itself instead of quantizing a single particle and the particles are de-
fined as the excitations of that field. QFT is basically used to describe the elementary
particles, but it has also widespread applications in different branches of the modern
research. For instance, in condensed matter physics, one can consider the excitations
in a solid as the quanta of the fields. On the other hand, the path integral methods and
Feynmann diagrams turn out to be very useful tools in statistical mechanics. Although
there is a finite number of exactly solvable models, QFT has unignorable successes in
perturbation theory where the observations and the theoretical predictions are in agree-
ment with high accuracy. Some of the well known examples are the hyperfine splitting
of the hydrogen ground state, the Lamb shift in the hydrogen atom, the determination
of the gyromagnetic ratio of the electron, the running of the electromagnetic coupling
a in quantum electrodynamics (QED) and the derivation of Fermi’s theory for beta

decay of the neutron in the electroweak theory.

As QFT has many successful applications in flat spacetime, a natural generaliza-
tion is to formulate the theory in curved spacetime. Among other things, this can be
viewed as an interesting problem in pure mathematics. The Poincare symmetry plays
a very crucial role in flat space QFT, like it implies the uniqueness of the vacuum state.
It is an important problem to determine how QFT changes in the absence of the special
properties of the flat spacetime. For instance, the non-uniqueness of the vacuum is one
such feature and we will discuss how this can be dealt with. Not surprisingly, QFT in
curved spacetime has a key part to play in understanding the early time cosmology. In

this thesis we consider its application to a specific problem.

The recent discovery that the universe is accelerating (see e.g. [4]) indicates the
existence of a non-zero cosmological constant. It is clear that, the ordinary matter

can not creat such an influence and mimic a cosmological constant. This pushes for



searching new candidates like quantum fields that can apply negative pressure which

may lead to possitive acceleration.

It is tempting to identify cosmological constant as the vacuum energy corre-
sponding to (a set of) quantum fields. However, there is a huge order of magnitude
discrepancy between the estimated and observed values of the cosmological constant
if it is attributed as a vacuum energy (see e.g. [5]). This is called the cosmological
constant problem. Our findings support that, this problem is an infrared issue rather

than being an ultraviolet one in QFT.

Once a quantum field is given on a curved background, a scalar field in a special
case of us, one can define a natural stress-energy-momentum tensor 7}, of that field.
Following the quantization procedure, 7, becomes an operator and in a semiclassical
approximation one deals with its vacuum expectation value. As we will see, even in the
free theory (in the absence of any interactions) these expressions include divergences.
Since T}, forms the right hand side of the Einstein equations and affects the geometry,
it should be a finite quantity to be compatible with the physical system. So one should
cure these divergences in a systematical manner to relate the theory with physical

observables.

In flat spacetime in free field theory, one can get rid of such divergences by
appliying normal ordering. On the other hand, due to the non-trivial dependence on
the background, regularization in cosmology is not so obvious and easy as compared
to flat spacetime. To make sense of physical quantities, various tecniques have been
developed to remove those divergent terms such as proper-time, point splitting, zeta-
function, dimensional and adiabatic regularizations (for details see e.g. [6]). In this

thesis we will concentrate on adiabatic regularization.

One can make the analogy between the well known Casimir effect and adiabatic
regularization. In a physical system consisting of a quantum field between two infinite
parallel plates, the finite Casimir energy associated with the plates is determined by

subtracting the contribution of the infinite space itself. This effect can be thought of as



the shift of the zero-point energy of the electromagnetic field due to the presence of the
conductors. In the curved spacetime scheme, adiabatic regularization can be viewed as
extracting out the mode by mode contributions of the suitably defined adibatic basis

by a systematical procedure.

Adiabatic regularization was used to determine the stress-energy-momentum ten-
sor of scalar fields propagating in various curved spacetimes. As a review one may
see [7], where adiabatic regularization of the stress-energy-momentum tensor of a quan-
tized massive scalar field minimally coupled to the gravitational field was carried out
in detail for the three types of FRW metric (closed, flat, and open). In [8], one can
get idea about obtaining the regularized energy density and pressure in de Sitter space
and in a radiation dominated FRW universe. The effects of free quantized scalar fields
that propagate in cosmological spacetimes with Big Rip singularities were investigated
in [9]. It was shown that for the regularized massless minimally coupled field an at-
tractor state exists , while for the massive field the energy density is always seen to
asymptotically approach the energy density of the corresponding massless field. As
another example, it was discussed in [10] that a massive quantized field can avoid a
cosmic singularity by preventing a cosmological collapse and converting it to an expan-
sion in a closed FRW geometry. Finally, it was shown in [11] that at sufficiently early
cosmological epochs, the quantum vacuum effects dominate due to trace anomaly and
the strong energy condition is violated which induces acceleration.

In this thesis, we add to this numerious set of examples a new one and examine the
leading order contribution to the energy density and pressure for a quantized scalar

field in the adiabatic vacuum state [12].

In the above examples, the background is assumed to be fixed and the stress-
energy-momentum tensor of the quantum fields are calculated in a given metric. How-
ever, the cosmic evolution of the scale factor is not known if the universe is dominated
by a quantum field itself. In this thesis, we would like to study the backreaction prob-
lem of the quantum fields on the geometry, where the background is not fixed [13].
To elucidate on the problem, note that in a cosmological spacetime, the quantum

field, a massless scalar field in our case, can be conveniently decomposed into modes



in Fourier space. To determine the cosmic evolution, one must deal with a coupled
integro-differential equation system which involves both the mode functions and the
scale factor of the FRW universe. In other words, the mode functions are affected by
the expansion via the Klein Gordon equation on the background. Simultaneously, the
stress-energy-momentum tensor is determined by the integrals depending on the mode
functions. Due to the particle creation effects, the stress-energy-momentum tensor

feeds the expansion and fixes the evolution of the scale factor.

In fact, the coupled equation system is very hard to tackle exactly (see e.g. [14-18]
for some attempts). But, by treating the subhorizon and superhorizon modes sepa-
rately, their approximate contributions to the stress-energy-momentum tensor can be
evaluated. The crucial point is that the subhorizon modes evolve nearly adiabatically,
so their contributions after regularization turn out to be negligible. On the other hand,
the stress-energy-momentum tensor of the superhorizon modes obeys an equation of
state with state parameter w = —1/3. This separation can be made safely for the
accelerating backgrounds, which we deal with. In that way, we obtain a set of simple
equations consisting of two unknown functions, the scale factor of the universe and the
energy density of the vacuum fluctuations. We also take care of the adiabatic subtruc-
tion terms that survive in the massless limit of the generalized expressions and treat
the infrared divergences carefully. We apply our findings to different fixed backgrounds
like de Sitter space. They are in very good agreement with the known results in the

literature.

In this thesis we shall proceed as follows: In chapter II, we give a brief review of
the standard canonical quantization. Fixing the vacuum is a subtle issue in a curved
background and we discuss some physically motivated prescriptions used to define the
vacuum state such as the Bunch-Davies (BD) vacuum and the adiabatic vacuum. In
chapter III, using the definition of the stress-energy-momentum tensor for a scalar field,
we redrive the general expressions for the expectation values of the vacuum energy den-
sity and the pressure. As expected, these expressions are plagued by infinities. Among
the well known regularization techniques, we concentrate on adiabatic regularization

which involves a mode by mode subtraction procedure. We work out its application



to the stress-energy-momentum tensor. In chapter IV, we explicitly compute the sixth
order finite contribution to the stress-energy-momentum tensor of a scalar field which
propagates in a FRW universe. The field is assumed to be placed in the adiabatic
vacuum of order infinite. We first obtain the general expressions for an arbitrary scale
factor and then concentrate on the power law expansion to have a better understanding
of these results. Next in chapter V, different than the earlier treatments, we try to
figure out the backreaction effects of a quantized massless real scalar propogating in a
FRW universe. This can be viewed as a semiclassical approach, where gravity is treated
classically. Following the guidelines of an approximation, we manage to determine the
evolution of the vacuum energy density by a first order differential equation. We also
compare our findings with the known results in the literature for fixed backgrounds.
Finally in the conclusion part, we stress on the crucial points that we realise in our

work and discuss the significance of our findings from the cosmological point of view.



2. QUANTIZATION OF THE SCALAR FIELD IN
CURVED SPACETIME

2.1. The Canonical Quantization

The action of a massive non-minimally coupled real scalar field in a curved back-

ground can be written as

5= [ V7o (- p VoV - e - et 2.1)

where V is the covariant derivative associated with the background metric and £ governs
the coupling to the curvature scalar R. Varying the action with respect to ¢ gives the

equation of motion for the scalar field

V.,V —m?p — ERg = 0. (2.2)

As usual the canonically conjugate momentum is defined as

oL
(Vo)

Il = (2.3)

and (2.1) gives

M= V=g %86, (2.4)



For quantization, the canonical commutation relations may be imposed as

[p(n, %), ¢(n,x')] =0,
[M(n,x), (n,x")] = 0,

[6(n, %), T1(, x)] = i6*(x — X'), (2.5)
where z# = (n, ") and x = 2°.
We are interested in a scalar propogating in a FRW spacetime with the metric
ds* = a(n)® (—dp” + dx.dx), (2.6)

where a is the scale factor of the universe and 7 is the conformal time. For convenience,

we introduce another field by

1= agp.

Since the action is quadratic and the field equation is linear, it is useful to Fourier

expand the field as

d3k ik.x * T —ik.x
= W[mmake + pi(m)afe x| (2.7)

After replacing ¢ with g in (2.2) one can see that the mode function py obeys the

following equation

"
a

[y, + {kQ +m?a® + (66 — 1) } i =0, (2.8)

a

where each prime denotes an n derivative. If one imposes the standard relation for the

ladder operators

[ak, aL,] = 53(k - k'),



the canonical commutation equations (2.5) can be satisfied by imposing the Wronskian

condition

Jby — My, = i (2.9)

Given the initial conditions p(no) & py(n0) obeying (2.9), the system is uniquely

determined. As usual the ground state is defined by imposing
CLk‘O >=0.

The Fock space of states can be built by applying the creation operators aL to |0 > .

This is as far as one can proceed in canonical quantization.
2.2. Non-Uniqueness of the Vacuum

In the absence of any other symmetries, canonical quantization does not fix the
mode functions completely, thus there does not exist a unique vacuum state in a curved
spacetime. Unlike the flat space case, any prescription of the vacuum state will rely
on the observer’s coordinate system. The presence of gravity makes the concepts of
vacuum and particle ambigious. Namely, the vacuum state of one observer can be seen
as a multi-particle state by another observer. Therefore, any set of initial conditions
obeying (2.9) defines a viable vacuum of the theory. To specify the vacuum, one then
needs a physically motivated boundary condition or a prescription to fix the mode

function py in (2.7).

One possible prescription is to define the vacuum as the lowest energy state. The
mode functions of the vacuum are specified by minimizing the expectation value of the
Hamiltonian operator H at a particular moment of time. As an example consider a

massive scalar in a FRW universe. The expectation value of H at an instantaneous



time 7 is given by

<O >= [ &k [l + wkm)lnl] = [ PEE,

where w? = [k? + m2a® — <-]. For the modes satisfying w? > 0, the minimization
procedure with respect to all possible values of uy gives the desired initial conditions

for the mode function:

(o) = ———— (o) = i/ ).

Wk ("70)

On the other hand, for the modes with w? < 0, there exists no minimum for Ej, i
.e. no instantaneous lowest energy vacuum state appears. For these modes, although
one can still use a set of normalized mode functions to define the mode expansion and
determine the creation annihilation operators, it would not be justifiable to consider
that state as the physical vacuum state. Thus, the lowest energy eigenstate prescription

for vacuum breaks down when w? < 0.

In an asymptotically flat spacetime another way of defining the vacuum and the
particle states is to use the so called free asymptotic states that can be obtained by
treating the interactions perturbatively. However, the backgrounds of cosmological
interest do not have such a property, therefore, one may try to define the vacuum state
in the absence of the free asymptotic states. Moreover, a time-dependent gravitational
field (i.e. a nonstatic spacetime) induces particle production. Thus, if a state is defined
as vacuum at a specific time t,, it ceases to be a vacuum state at a later time ¢, instead

it becomes an excited multiparticle state.

Due to these issues, the vacuum is usually specified by a physically viable con-
dition, while there can still be ambiguities inherent in some situations (see [21] and
references therein). The most commonly used vacuum states are the BD vacuum and
the adiabatic vacuum. Both of these involve an asymptotic definition of the vacuum

and now, we will give a short review of both prescriptions.
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2.2.1. The Bunch-Davies Vacuum

In homogeneous and isotropic spacetimes, which are relevant to cosmology, a
natural choice of the vacuum state can be obtained by demanding that the positive
frequency solution to the mode equation (2.8) should match asypmtotically to the
Minkowski spacetime solution [19]:

lim  py = L (2.10)

k/aH—s00 vV 2k
We note that k/a is the physical momentum and H is the Hubble parameter in the
proper time; H = %, a = % and dt = a(n)dn. Physically this enforces that the
modes with sufficiently small wavelengths do not feel the expansion of the universe and

propagate as in flat spacetime. As an example of this prescription, consider de Sitter

spacetime with the scale factor given by

In the simple case of a massless, minimally coupled scalar field the mode equation (2.8)

becomes

1y, + [kQ — —] = 0. (2.11)

Using the condition (2.10) together with (2.9), the BD vacuum can be uniquely specified
by

—ikn  H
Bp € v
= 1+—. 2.12
i v 2k ( k:/a) ( )

As it can be seen, in the limit k/aH — oo (i.e (—kn) — o) the solution asymptotically

approaches the Minkowski mode function

ek, (2.13)

5
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In the early-time limit 7 — —oo, the BD vacuum state is determined by (2.12) for all
k modes. However, in a realistic case, for instance during inflation, one has n > n; for
some moment at early times. Then, the BD vacuum state can only be defined for the
modes py satisfying kn; > 1, which are subhorizon at n = 7,, and the prescription fails
for the superhorizon modes with kn; < 1. Nevertheless, the absence of an adequate
vacuum state for the superhorizon modes is not so important, since in inflationary

theories all observationally relevant modes are subhorizon at n = ;.
2.2.2. The Adiabatic Vacuum

This prescription of vacuum is based on the minimalization postulate (see e.g.

[20]). If one considers the number operator
N, = alak,

which counts the particles with momentum k, the postulate states that if the Hubble
parameter is changing adiabatically (i.e. very slowly), the particle number in a given
mode should remain unchanged. Thus, the definition of vacuum relies on keeping
the number of particles as constant as possible. Most of the time this prescription
is compatible with the BD vacuum. For example in de Sitter space, the adiabatic
vacuum of order infinite is identical to the BD vacuum. The adiabatic vacuum of a
certain order is usually defined by identifying initial values of the exact mode functions
with the approximate adiabatic mode functions determined to that order. Namely,
for a given momentum k and at a fixed time 7y, the value and the derivative of the
exact mode function uy; are specified by matching them to a mode function solution
expanded asymptotically in the adiabatic basis. The procedure is as follows. One

writes the mode function py in the adiabatic basis (using WKB form) as

ad __

1 .
= ———¢ 1 udn 2.14
Ko \/me ) ( )
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where the Wronskian condition (2.9) is satisfied identically. Inserting (2.14) into the

mode equation (2.8), the new variable €2, can be seen to obey the equation

" Q/2 1 Q//
Q;, = [k* + m*a’] +(6§—1)a—+§—k———k. (2.15)
a

In this scheme, equation (2.15) can be solved iteratively. Here, the number of deriva-

tives with respect to 7 acts like a perturbation parameter. Each successive itteration

)2 . (2.16)

can be obtained from

n 1\ d 1
QL]: <k2+m2a2+6(§—6>;—§

For instance, the zeroth order solution is

QZ’L—2}// B §QE€TL—2}/

QLO] = Vk2+m2a?, (2.17)

which contains no time derivatives. This solution can be used in the right hand side of

(2.15) to obtain the second order solution

65 _ 1)&” m2(a/2 + aa//) 5m4a2a/2
02 _ imrmzar |14 _ 2.18
k +mia + 2a(k? +m2a?)  4(k? + m?a?)? + 8(k? + m2a?)3 |’ ( )

which contains terms up to 2 derivatives.

Continuing this procedure iteratively, a series solution can be obtained for ;!.

The adiabatic mode function pg? of order n is then given by

1 , n
,U/Zd[n] — e—lfQL ]dﬂ‘ (219)

Eq. (2.19) is actually an approximation to the exact mode functions fi.

The n/th order adiabatic vacuum state at time 79 is determined by identifying

In general, the series is not convergent, it is rather an asymptotic expansion.
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the initial values of the exact mode functions with the approximate adiabatic mode

functions of order n which is given by the conditions

(o) = 1™ () + O(a™),

1o(n0) = 11 (10) + O(a™ D), (2.20)

where the left hand side gives the initial value of the exact solution to equation (2.8).
Note that in the large k£ limit, one recovers the usual Minkowski positive frequency
solution. As an example, consider again a massless, minimally coupled scalar field in

de Sitter space. The exact mode solution to the equation (2.11) is

671'1417 <1 7 ) 6 6+ik7] <1 i ) 5 21)
=« + +-—. .
SR kn) "2k kn (

On the other hand, in the limit n — oo, the series for QLOO] converges and the adiabatic

mode function p¢? becomes (for details see [21])

—ikn .
ad[oo] € ?
= 1——. 2.22

Following the route of the initial conditions (2.20), the infinite adiabatic vacuum is

specified by setting o, = 1 and B, = 0 in (2.21), which is identical to the BD vacuum.
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3. THE STRESS-ENERGY-MOMENTUM TENSOR &
ADIABATIC REGULARIZATION

3.1. Definition of T,

The standard stress-energy-momentum tensor 7),, is defined by the variation of

the action (1) with respect to the metric g,,, which gives
1
T;w - vugbvuﬁs - gvquQbQ - §guu[(v¢)2 + (m2 + gR)QSQ - 2€v2(¢2) + 5¢2wa~ (31)

In a FRW background, the corresponding energy density p and the pressure P are
given by p = Top and P = T;;*. Applying the canonical quantization procedure, T},
becomes an operator. Using (2.7), one can compute the vacuum expectation values of

p and P in terms of the mode functions i, which yields

1 <o, /
(0[p[0) = W/o [|Mk — hpe* + (K% + m?a® — 66h%) |ur|* + 660 (|1a]?) } kdk,

(3.2)

]_ & ’ k’2 4
OPI0) = s [ =t = (5 -+ % + 6602 ) [+ o6t (1)
m=a* J, 3

_o¢ (|u,€|2)"} K2dk, (3.3)

/

where h is the Hubble parameter with respect to the conformal time, i.e. h = ©.

Despite being a free theory, the formal expressions above diverge. In a semiclas-
sical approximation, one uses the vacuum expectation value (7),,) in the right hand
side of the Einstein equations. Therefore, it is necessary to use one of the regular-
ization methods to get rid of these divergences. In cosmological spacetimes adiabatic

regularization is a very convenient method which we prefer to utilize.

2i = (1,2, 3) and there is no summation in the repeated indices.
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3.2. Adiabatic Regularization

In Minkowski space, the infinite zero-point energy density of the vacuum state
is subtracted away from the energy of a system by postulating that it does not grav-
itate. A similar issue arises in curved spacetimes however, it is not easy to get rid of
the infinite vacuum energy density by a simple subtraction and a more sophisticated
procedure should be introduced to make the the energy density finite. In homogeneous
spacetimes, adiabatic regularization is a well known method curing the divergences
in the quantities that are quadratic in fields. It includes a mode by mode subtraction
procedure, thus it is applicaple to any metric of sufficient symmetry that allows a mode
decomposition of the quantized field. The tecnique was first applied to regularize the
expectation values of particle number in an expanding universe, then extended to the
stress-energy-momentum tensor (see e.g. [19,20,22-25]). In [8,26] it is demonstrated
that adiabatic regularization is equivalent to point-splitting regularization in cosmo-
logical spacetimes. Remarkably the famous trace anomaly can also be derived using

adiabatic regularization [24], which supports the validity of this technique.

To motivate the method, assume that a generalized positive frequency solution

of (2.8) is given by

1 .
ad _ —i [ Qpdn 3.4
M \/me ’ ( )
where €2, obeys
" 39/2 19//
02 — [12 2 2 R T _
2= [K* +m?a®] + (6¢ )a+492 20, (3.5)

In Minkowski space, where a(n) is constant, (3.4) determines the physical vacuum
state. Now, for an operator that is quadratic in fields, normal ordering that makes
the operator finite is equivalent to the subtraction of the operator’s expectation value
in the vacuum. Parker & Fulling suggest that even when a(n) is not constant, a

similar subtraction may remove the infinities in the stress-energy-momentum tensor.
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However, to eliminate all the divergences, one must subtract the terms of sufficiently
high adiabatic order, not just the 0'th order flat space ones.

The integrals in (3.2) & (3.3) unavoidably contain quartic, quadratic and logarith-
mic divergences, which can be identified as the unobservable vacuum contributions. To

cancel them out, the necessary subtraction terms are given by the 4’th order adiabatic

mode functions and the corresponding expectation values can be computed as

S 4]
< 0]p|0 > = L/ s

2
1 (9[4])/ 1
+—— | h+ E ] + ——(k* + m?a® — 66R7)
dn*at Jo | 2 20 ( 201" 20}

@,
—3¢h R k*dk, (3.6)
2
1 00 9[4] 1 (9[4])/ 1 k2
OPO ad[4]: / _k h k . v 2 2 6 h2
SO0 T ), |2 Taof " )l @\ T :
07 LN (0 AN (9 5 Lo
—3¢h — 26—~ _ | k°dk. (3.
iy T ez ~ X (3.7)

Namely, the following regularized expressions

(p) =
(P) =

< 0|pl0 > — < 0[p|0 >4
< 0|P|0 > — < 0| P|0 >4
become ultraviolet (UV) finite.

One important feature of adiabatic regularization is
that the regularized stress-energy-momentum tensor is guaranteed to be conserved.
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4. STRESS-ENERGY TENSOR OF ADIABATIC VACUUM
IN FRIEDMANN-ROBERTSON-WALKER SPACETIMES

As mentioned in the introduction, adiabatic regularization has been used to de-
termine the stress-energy-momentum tensor of scalar fields in various curved spaces, in
various vacua. In this section, we also consider a scalar field coupled to gravity having
the action (2.1) and propogating in a fixed FRW space-time with the metric introduced
in (2.6). However different than earlier treatments, we concentrate on the adiabatic

vacuum of infinite order, which is determined by the conditions

ad[oo
p(0) = 1™ (o)
’ad[oo
1 (10) = 1™ (o).

Note that these conditions are equivalent to using (2.14) as the mode function with
QE:O}. We will analyse the adiabatic regularization of the stress-energy tensor for the

massive and the massless cases separately.
4.1. Massive Case

If one examines the second order solution to (2.15), which is given by

6 — 1)a” m?(a’? + aa”) 5mta?a’?
0 — /x2 2,2 |1 ( —
¢ TN e T i) T Ak mea@) T 8(RE 1 mPa?) |

it can be seen that it has the largest magnitude H?/m? when k = 0 | (recall that H

is the Hubble parameter with respect to the proper time H = a—l). Thus this term

a2
is always smaller than the zeroth order term QLO] = VkZ+m2a® if m > H. By

inspection, it is not difficult to see that the n/th order term is proportional to (H/m)™

3Note that the terms are more suppressed for larger k.
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for k = 0. Therefore, the series solution for the massive scalar field turns out to be valid
as long as m > H and the adiabatic vacuum is physically viable* for all momentum

modes.

Inserting the WKB mode function (2.14) in (3.2) and (3.3), the vacuum expec-

tation values can be found as

1 > Qk: 1 ( Q%)Q 1 2 2 2 2 QZ 2
_ 4+ —(h+ + — (k* +m“a” — 66h°) — 3¢h— | k°dk,
) 47r2a4/0 2 2 2Q, 20, ( ¢ ) : Qi
(4.1)
1l 1 N1 R, ) Q)
— — 26— k°dk. (4.2

[oo]

For the adiabatic vacuum, one should use €, in (4.1) and (4.2) to obtain (p) and

(P), which are necessarily divergent.

To proceed with adiabatic regularization, one should subtract the zeroth, second
and fourth order adiabatic terms by using Q5 = ng] in (4.1) and (4.2). In an order
by order computation, these subtraction terms are exactly cancelled out by the terms
coming from QLOO]. Therefore, the finite leading order contribution to the stess-energy-
momentum tensor can be obtained by using the sixth order solution {2 = ng] in (4.1)

(6]

and (4.2). Although the stress-energy-momentum tensor expressions for ;" are very

complicated, after performing the elementary and convergent momentum integrals we

4One can worry about the existence of Q[ since the infinite series may fail to converge in time.
However, this should not come up for very massive fields and for the high energy modes of massless
fields [21].
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obtain relatively simple expressions for the vacuum expectation values® such that

1
p(m) ~ [(844 — 3528¢)a® — 72(173 — 1596¢ + 3780&%)aa’"a”

~40320m27ral?
+ 12(683 — 6636¢ + 16380£2)a’a>a”
+ 9(1237 — 14924¢ + 592206* — 756006%)a’a*a”
+ 9(17 — 168¢ + 4206)(—16aa”a™ + a*a®” — 2a*a"a® + 2aa’'a®))
+(673 — 8316¢ + 34020¢% — 45360¢%)(2a%a” — 6a’a’a”a™))]
Pm) ~ it
+ 4(5819 — 56028¢ 4 137340£2)a%a*a®

[12(211 — 882€)a’® — 8(4363 — 39186¢ + 9072062)aa’ a”

+ 15(2389 — 31108¢ + 10710062 — 105840£%)a*a*a’™

+ 10(—473 + 5628¢ — 21924£% + 272166%)a%a”

+ 4(617 — 6930¢ 4 2394062 — 22680¢%)a*a”

+ (1601 — 19152¢ + 74340£2 — 90720¢*)a*a®” — 6(17 — 168¢ + 420£)a’a®)
+ 6(—3949 + 44828¢ — 16002062 + 16632063)a’a’a” a®

+ 4(1907 — 18732¢ + 46620£%)a’a*a'V

+78(17 — 168¢ + 420€%)aa'a®] (4.3)

where a™ denotes n'th order 7 derivative of a(n). It is important to note that (4.3)
obeys the conservation equation p’ 4+ 3h(p+ P) = 0. As the total number of derivatives
acting on the scale factor is six for each term, the magnitudes of p and P are fixed by
H%/m?. Since these expressions are not very illuminating, in the following sections we

evaluate them for some cosmologically relevant spaces.
4.1.1. Power Law Expansion

Let us first concentrate on the power law expansion by setting

- (%)n . (4.4)

5In [27] by means of the quantum effective action, which is regularized by point splitting, the
stress-energy-momentum tensor of a massive scalar field is calculated, which must agree with (4.3).
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In terms of the proper time defined by

dt = adn,

the scale factor becomes

t\“ n
a=|—1] , a = i
to n—1

Asn=a/(a — 1), we will analyse o = 1 case separately.

In the background (4.4) the expectation values in (4.3) become

HS n—2

where the constant C,, is given by

1
B — 4742n — 4029n% + 4716n° + 1 1
Ch, 50160721 [3060 — 4742n — 4029n° + 4716n° + 1365n

— 126(240 — 438n — 389n” + 5n*(92 + 37n))¢
+ 3780(n + 1)(20 — T4n + 25n* + 35n%)¢?

—22680n(n + 1)*(11n — 10)&7]. (4.6)

From the equation of state (4.5), we see that the pressure and the energy density have
opposite signs for 0 < n < 2. In terms of « this corresponds to the range o« > 2 or
a < 0. While the background is accelerating for o« > 2, there is a big-crunch singularity

at finite proper time for o < 0.

It is interesting to compare the vacuum contribution to the energy density with
the background energy density driving the metric (4.4). We know from the Friedmann
equation that H? ~ pp/M?, where pp and M, denote the background energy density
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and the Plank mass, respectively. Using (4.5), the ratio becomes

p(m) !
PB MzZm?

(4.7)

Since the adiabacity requires m > H, the background energy density is much larger
than the vacuum energy density unless 4 > M,,, which shows that backreaction effects

are negligible in this setup.

For a < 0 (or equivalently 0 < n < 1), H is an increasing function of time. If
one observes the ratio H/m, it will grow to become order one at some time before
the big-crunch. Thus, the adiabacity will eventually be lost. On the other hand, the
vacuum energy density will also increase and the ratio (4.7) becomes H?/ Mg when the
adiabatic expansion breaks down, i.e. H/m ~ O(1). p(m) can be still negligible as long
as the condition H < M, holds. One can try to figure out the effects of the vacuum
energy density in that case and analyse if this can prevent the big-rip singularity, in

view of [9)].

The coefficient C,, is much simpler in the cases £ = 0 and £ = 1/6, which corre-
spond to the minimally coupled and the conformally coupled scalar fields, respectively:
1 1
———[30 — 41n — 15n? + 24n?] £=5,

504072n4

C, = (4.8)

sorzr (3060 — 4742n — 402902 4 4716n° + 1365nY] € = 0.

In figure 4.1, the plots of C,, are given for { = 0 and £ = 1/6. As it can be
analyzed from the graphs, C,, (and correspondingly the vacuum energy density) can

be positive, negative or even zero for different values of the power n.

Now we focus on some important backgrounds represented by different expansion

powers. For instance n = 1 corresponds to de Sitter space. In this background C),
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Figure 4.1: The graphs of nSC,, for £ = 0 (left) and £ = 1/6 (right). H includes a

factor of n coming from o', thus C,, is multiplied by n®. Although it cannot be realized
in the graph for £ = 0, the curve actually oscillates in the (—1, 1) interval, intersecting

with the n-axis three times.

becomes

270 — 7308 + 45360£7 — 9072087

= 2016072 ’

while the equation of state takes the form
P =—p(m).

It follows that the adiabatic vacuum energy density is equivalent to a cosmological

constant.

For ¢ = 0, C; > 0 showing that the vacuum energy density is positive for mini-
mally coupled scalar. For & = %, C1 < 0 and the vacuum energy density is negative. So
the contributions of the scalar field can be interpretted as a modification of the back-
ground cosmological constant. One can compare these results with a massive scalar
field defined in the BD vacuum. The vacuum energy density in this vacuum is given
by ppp =~ —m*(see [28]). One can conclude that according to the chosen vacuum, the

vacuum energy densities turn out to alter both in magnitude and sign .
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If one analyses n = —1 case corresponding to the radiation dominated back-

ground, C, is found as

o 211 88%
1 1008072

The scalar mimics a very stiff matter with an equation of state P(m) = 3p(m).

Finally, n = —2 corresponds to the matter dominated background and C), be-

comes

36(3¢ — 1)(29 + 96£)¢ — 139

C_, =
2 1008072

The equation of state P(m) = 2p(m) represents again a very stiff matter.
4.1.2. The Linear Expansion, a =1
For o = 1, the universe is expanding linearly:
a=t/to.
In the conformal time, this corresponds to

~ew |7
a=exp|—]|.
Mo

Using (4.3), one obtains the equation of state as P(m) = p(m) with

(1-— 65)2(13 — 66¢)
192m?272

p(m) = HE. (4.9)
For ¢ = %, p and P of a conformally coupled scalar vanish identically, while for £ = 0,
they become positive for a minimally coupled scalar. The equation of state P(m) =

p(m) can also be obtained by taking the n — oo limit of (4.5), which is equivalent to
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4.2. Massless Case

Setting m = 0 for a massless scalar field, the second order solution to €2 becomes

O = & {1 + %} . (4.10)

The higher order adiabatic contributions are proportional to the powers of Ha/k. Thus,
the adiabatic expansion loses its validity for superhorizon modes (i.e for k/a < H).
However, in the regime k/a > H, i.e. for subhorizon modes, the expansion can be still
proposed to identify the mode functions. For a fixed wavenumber k, satisfying k, >
aH, the adibatic vacuum is physically viable for the UV modes obeying k > k, > aH.

One can calculate T W(kz*) for the modes in this range k > k, in the adiabatic vacuum.

To apply adiabatic regularization to 7, one can follow the same steps that are
used in the massive case. The main difference is that the integral limits in the vacuum
expectation values in (4.1) and (4.2) should be changed from (0, 00) to (k., cc), where
the adiabatic expansion can safely be used. After subtracting the zeroth, second and
fourth order adiabatic terms, the leading order contribution to 7),,(k,) can be obtained

by using the sixth order solution QE] in

1 © 10, 1 /R S )
k) = —— bl h — (k — 6¢h
(o) (£-) 47T2a4/k* [2 +2Qk( +2Qk> +2§2k.( +ma’ ~ 6¢h7)

Q/
—35h—§} K*dk, (4.11)
Qk

1l 1 N1 kR, )
Pyh)=— [ |24 —(n (¥ h
(P) (k) 47r2a4/k* [2 +2§2k( +2Qk) 20y \ g a6

O O Q’Z
—3¢h—E ek 25—’“} k2dk.  (4.12)
0 R T
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Performing the integrals and taking m — 0 limit, we find

1 —6£)?
p(ky) =~ % [—16a"a” + 16aaa® + (29 — 108¢)aaa"* — 8a*a*a™¥
—|—6(1 o 45)(12&//3 + a3a(3)2 . 2a3a//a(4) + 18(45 . 1)a2a/a//a(3) + 2a3a/a(5)] ’
(1 _ 65)2 Iz 13 ,.(3) 2 12 2 12 _(4)
P(k,) ~ ~eaRE 5D [96a"a" — 96aa”a® — (209 — 540€)aa”a" + 48a%a"*a
Smea

+(34 — 1208)a?a” + 3(24¢ — T)a*a®” 4 4(18¢ — 7)aPa"aV

+2(89 — 252¢)a’d'a"a® — 14a’a'a® + 2a*a¥] . (4.13)

In the expressions above, the total number of time derivatives on each term is always
six and the magnitudes are fixed by H%?/k?. This partial T}, (k.) totally decouples
from the rest of the modes. As a result, p and P in (4.13) are conserved, i.e they obey
the conservation equation p’ + 3h(p + P) = 0. In the following sections we evaluate

(4.13) for different cosmological spacetimes.
4.2.1. Power Law Expansion

Using the background (4.4) in (4.13) , the energy density and the pressure in the

UV range becomes

p(k.) = Dy P(k,) = p(ks), (4.14)

k2
where the constant D,, is given by

1

D,=——
" 12872nS6

[5(1 —6£)°n*(n+1)(2 — n)(2+n(n+1)(6 — 1))] . (4.15)
For 0 < n < 6, the vacuum pressure has the opposite sign compared to the vacuum
energy density. This correspods to o < 0 or a > g. For 0 < n < %, the adiabacity
will be lost in time, since Ha/k, grows. An interesting case is the de Sitter space with
n=1. For £ =0 and £ = 1/6, p(k.) and P(k,) vanish identically. On the other hand,

for a generic ¢ the energy density grows, showing a different behaviour compared to
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a cosmological constant. But in that case, the vacuum energy density is still much

smaller than the background energy density which drives the metric.

It is remarkable to point out the equivalence between BD vacuum and the adi-
abatic vacuum in the range £ > aH. Let us recall that BD vacuum has the mode

function

2
pp = n\/;hu(kn), (4.16)

where h, is the spherical Henkel function of first kind and u is a function of n given by

u:—%+\/é+n(n+1)(1—6§). (4.17)

As k — o0, (4.16) takes the asymptotic form

s, (50" i nn+1) nn+1)[(1-68)n(n+1) -2
e — W@ (1 —6¢§) (1 —1 T Sk >

(4.18)
It is easy to verify that this expression exactly coincides with the adiabatic expansion
(up to a phase). Thus, for the high energy modes with £ > aH, the BD vacuum is
equivalent to the adiabatic vacuum. One should note that there are some special values
of n, like n = —1, for which the series terminates and become finite. Another point is
that although the adiabatic expansion is not valid for the infrared (IR) modes, (4.16)
can be still used for the BD vacuum (but the expectation values are disturbed by IR

divergences see [29]).

Finally, we focus on some special values of n. For the minimally coupled scalar
with & = 0 the coefficient D,, becomes
5(n* — 5n? + 4)

Dy = S (4.19)

The stress-energy-momentum tensor vanishes for n = 1, n = —1 and n = —2 cor-
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Figure 4.2: The graph of n®D,, for £ = 0. D,, is multiplied by n® as H includes a factor

of n coming from a’.

responding to de Sitter space, the radiation dominated and the matter dominated
universes, respectively. In figure (4.2) it can be observed that the energy density can

be positive or negative according to different values of n.
4.2.2. The Linear Expansion, a =1
In the linear expanding background a = t/t(, (4.13) becomes

5(1—68)° 5 6
By =228 26 4.20
which obeys the equation of state P(k.) = p(k.)/3. If the scalar is conformally coupled,
one ends up with vanishing p and P. On the other hand, they turn out to be positive

for the minimally coupled scalar.
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5. BACKREACTION EFFECTS OF A QUANTIZED
MASSLESS SCALAR
FIELD

5.1. The Backreaction Problem

Quantization in a fixed background is a well understood issue, which has been
handled out in many discussions in the literature. In this section, different than the
earlier approaches, we concentrate on the backreaction effects of a quantum field and
try to figure out its influence on the cosmic evolution. Here, the background geometry
is derived by the quantum field itself. To start with, we apply adiabatic regularization
to remove all the infinities in the stress-energy-momentum tensor. Then, we analyse
the mode functions for the subhorizon and superhorizon modes separately and utilize
an approximation which leads us to the superhorizon modes only. As we will see,
in this problem one actually faces an integro-differential equation system involving
the scale factor a(t) and the mode function p. By our approximation this system
reduces to an ordinary differential equation set that determines the backreaction effects.
Unfortunately the relation between the scale factor and the vacuum energy density is
still complicated. Although analytic solutions are difficult to obtain, one can still
get quantitative information about the impacts of the vacuum density on the cosmic

evolution.

Let us first introduce a massless scalar field ¢, minimally coupled to gravity

obeying the equation

V, Vi =0. (5.1)

The scalar is assumed to propagate in a FRW universe with the metric (2.6). Following

the guidelines in the standard canonical quantization (i.e. the steps in chapter II for
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m — 0), it is convenient to decompose the field in Fourier space as

d3k 3 * —k.x
MZ/W [Mk(ﬁ)ak(ka'erﬂk(n)aL@ x| (5.2)

where we perform a field redefinition of the form pu = a¢ and k is the comoving

momentum variable. The mode functions obey a second order differential equation
pl + {kQ - “—} je = 0, (5.3)
together with the Wronskian condition
[ty — Mgty = 0. (5.4)
As usual, the ground state is identified by imposing
ax |0 >= 0. (5.5)
The vacuum expectation values can be calculated using the definition of the stress-
energy-momentum tensor 7, = V, ¢V, ¢ — %guy(V@Q. Computing < 7T, > in the

background (2.6), the expectation values of the energy density p and the pressure P

become

1 o0
= k? | a?
< 0[p|0 > oy /0 [a

1 o0
< 0|P|0 >= —— k* | a?
17 47r2a4/0 [a

+ k2|/’bk|2] dk?

K2
= |kl dk. (5.6)

As indicated before, these expressions contain quartic, quadratic and logarithmic di-
vergences and adiabatic regularization removes all of these contributions by means of
a systematic technique. To perform regularization, we start by writing the mode func-

tion yi, in the WKB form p$¢ defined by (2.14). For the massless case, the variable Qy
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obeys

VP =k—- — -k (5.7)

By expanding Q up to adiabatic fourth order we recompute (5.6) using dem This

procedure gives the finite regularized vacuum expectation values as

p :L/oogg o2 (@)/thk?w 2 k_h—2—i(3h4 W2 — onh") | dk
V T it a g 2k 8k3 ’
(5.8)
1 0wy kooh2 W
P,— L2 2(_) _ K 2____ o
v 47r2a4/0 “ I\ |Mk| 6k * 3k

ST (3h* + B — 2hR" — 12R%K + 2h”’)] dk. (5.9)

One may check that py and Py satisfy the conservation equation pj, +3h(py +Py) = 0.

For the massless fields, adiabatic regularization should be performed very care-
fully. For instance, for a conformally coupled massless scalar, if one naively applies
adiabatic regularization, it is not possible to obtain the conformal anomaly since the
regularized stress-energy-momentum tensor vanishes identically. The correct proce-
dure is to start the theory with a massive field, then keep all the surviving terms in
the mass — 0 limit [24]. Similarly, to regularize the stress-energy-momentum tensor
of a massless minimally coupled scalar, one should take into account the subtraction
terms that survives the mass — 0 limit. The fourth order adiabatic subtraction terms

for the energy density are calculated as

*  E2dk
/0 DIy [56m6w2a6a'2a" 105m8a”a™ + 144m*wa*a?a”
+64w10aa’2+16m2 6 3( "2 2a/a///) +64w8 12 // 224m6w2a5a/4
+4m4 4 5( "2 2@/ ///) + 16m2w6aa/4 + 128(&}12613 4 16m4w6a5a/2

—|—16w8a(a"2—2a'a”’)+64m2 8 3 /2+124m4 4 3 /4+96m2w6a2a/2a//]
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where w = Vk2? +m2a2. After scaling k — mk, one can see that the terms with m?,

6

mbw?, m*w* and m2w®

are finite and m-independent. Performing the integrals the

finite adiabatic subtraction terms are calculated as

PF [92h* 4 60h*h' + 111" — 22hh"] . (5.10)

= 960724

The stress-energy conservation p + 3h(pr + Pr) = 0 gives the finite contribution for

the pressure

Pr [92h* — 308h*h' — 109" — 82hh" + 22h"] . (5.11)

~ 288072a*

The final expressions for the regularized stress-energy-momentum tensor can be ob-

tained by subtracting these extra terms from (5.8) and (5.9)

PV — Pv — PF, (512)

To work out the backreaction effects, (5.12) and (5.13) can be used in the right

hand side of the Einstein equations:

8ra’
h2 = 3_]\4ng7 (514)
4dma?
h=— (pv +3Py). (5.15)
3]\4]02

As a result, one gets an integro-differential equation system: The integrals of the mode
function puy expressed in (5.8) and (5.9) can be treated as sources which will determine
the dynamics of the scale factor a(t) in the Einstein equations. One also has (5.3) to
fix the evolution of uy, which involves a(t). Once the initial conditions for py and a(t)
are given, the evolution of the system is fully specified. It is important to note that
with suitably selected initial conditions, (5.8) and (5.9) are safe from any ultraviolet

divergences. On the other hand, they are not guaranteed to be infrared finite for the
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massless fields [29]. This problem can be overcome by introducing an infrared cutoff
to make sense of physics. We note that an IR cutoff is also needed in point-splitting

regularization for the massless fields.

5.2. An Approximation

In this section we take the advantage of an approximation to simplify the expres-
sions in (5.8) and (5.9). First, we choose the appropriate initial conditions to determine
the vacuum state. The field is assumed to be placed in the BD vacuum or the ['th order
adiabatic vacuum with [ > 4. In both cases the solution will approach the usual mode
functions of Minkowski space in the £ — oo limit. As one can decompose the field
into modes, the evolution of the mode functions can be studied in two different regions
separately. In the subhorizon regime, i.e for k£ > h, the mode functions evolve nearly
adiabatically as p ~ e/ V2k. As discussed in the previous section, the difference
between the actual mode function j; and the adiabatic mode function pg? is tiny, thus
the contribution will be negligible. On the other hand, in the superhorizon regime, i.e
for £ < h, the mode functions obey (ur/a)’ ~ 0. In other words, the superhorizon
modes freeze-out. We can make a better approximation by introducing a new parame-
ter a that quantifies the border of the subhorizon and superhorizon modes. To be more
explicit, for k > ah, we disregard the contributions of the integrals in (5.8) and (5.9),
because the difference between the actual mode function p; and the adiabatic mode
function p¢¢ is in fact small. For k < ah, the mode functions are assumed to satisfy
exactly (ur/a)’ = 0. The necessity of introducing the o parameter can be justified
as follows. Focusing on the differential equation (5.3), the subhorizon/superhorizon
regimes are determined by comparing k& with \/m, which can be different than h in
most cases. Additionally, there are some errors because of taking exactly (ux/a)’ =0
and also due to the small difference between the actual and the adiabatic mode func-
tions, which we ignore. The role of the parameter « is to compensate these errors. Its

magnitude is predicted to be of order unity® .

One can obtain the regularized expressions for the stress-energy-momentum ten-

50ur o parameter is similar to the ¢ parameter of Starobinsky [31].
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sor (5.8) and (5.9) approximately as follows. In the [ah, 00| range, the contribution
is negligible by the above argument. To perform the integrals in the [0, ah] range, we

define two variables

’ 2
= —’“) k2|l | e 5.16
i [ [ bR 2| b, (5.16)
2 ! 2 kz 2
k ) _x dk. 5.17
o [ an (5.17)
These satisfy
|
Pg = —gps, (518)

where we have used the approximation” (y/a)’ = 0 for the superhorizon modes. Eval-

uating the integrals in (5.8) and (5.9) in the [0, ah] range, one obtains

1 at + a? 1 ah
pvo= PS5 [( 0 )h4 + g1n (h ) (3h* + R — 2hh”)] — pr, (5.19)
0
1 [(a'+a®),, o,
Bo= PS_47r2a4[ 12 h _th
1 Ckh 4 12 " 211/ "
+—1n h (3h + k' —2hh" — 12h°h" + 2h ) — Pr. (5.20)
0

Here, a comoving infrared cutoff appears in the denominator of the arguments in the
logarithmic functions. The infrared divergences may depend on how the actual mode
function i behave and they are absorbed in pg and Ps. Namely, the expectation

values are determined up to an unknown function pg.

To solve the acceleration equation (5.15), one needs py + 3Py in the right hand

"There exists two solutions to (5.3) for the superhorizon modes: pi(n) =~ ci(k)a(n) +
ca(k)a(n) T;’J dn' /a*(n'), where (5.6) implies cicy — cjca = i. The second piece is the decaying mode
and it will be negligible in time. In fact, (ur/a)’ ~ co/a? therefore first terms in (5.16) and (5.17)
decrease as (1/a?)?, which explains the equation of state (5.18).
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side:

pV+3PV =

1 [(a4 + a?)

2
a

— ht — —h2n
424 2 2

1
+3 In @—?) (6h* + 2h"* — 4hh" — 12h*H 4+ 20")| — (pr + 3PF). (5.21)

As it can be seen, this combination does not depend on pg as a result of the
equation of state (5.18), rather it involves only the scale factor a(n) and its time
derivatives. Thus one can work out (5.15) to determine the evolution of the scale

factor a(n).

It is important to indicate that py and Py obeys the stress-energy conservation
equation pf, + 3h(py + Py) = 0, which can be imposed to pin down the evolution of
the vacuum energy density. First, we insert (5.19) and (5.20) in the right hand side of
p\y = —3h(py + Py). Subsequently, we use the equation of the state Ps = —%pg and
further substitude pg with py using (5.19). This gives®

1 (a* + a?) a?
v+ 2hpy = h® — —h*n
pv & 2hov Am2a* [ 2 2
1
+3 In (‘z—h) (6h° + 2hh"? — 4h*h" + 2hR" — 12h°K) | + h(pr + 3PF),
0

(5.22)

which is the final and the simplest expression for the vacuum energy density. On one
hand we have two unknowns, the vacuum energy density py and the scale factor of the
universe a(n). On the other hand we have two equations to work out the backreaction
effects: The Friedmann equation (5.14) and the conservation equation (5.22). The
accelaration equation (5.15) is automatically satisfied as long as (5.14) and (5.22) hold.

pv obeys a first order differential equation. Therefore, its initial value must be

specified by the vacuum chosen. One can decompose the solution of (5.22), which

8Remember that pr and Pr are given by the expressions (5.10) and (5.11). Since they are
conserved quantities, we use the conservation equation to replace p.
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involves a homogeneous and a particular piece in the form py = py + pp. Eq. (5.22)
signals that the homogeneous solution pg should decay as pg = Cy/a®. Here, the
constant C can be fixed by the initial value of py. py mimics a perfect fluid with an

equation of state parameter w = —1/3.

Although o parameter is assumed to be time dependent in general, this depen-
dence is expected to be weak. This is actually because « is itself of unit order . In any
case, one can not fix py exactly by integrating (5.22). But, it is possible to estimate

the order of magnitude of the vacuum energy density and determine its evolution.

One physical reason for introducing an infrared cutoff is to assume that there
exist no superhorizon modes initially. The comoving infrared cutoff hy can be specified

as the initial Hubble radius in the conformal time 7.

One important detail about our approximation is that it can be safely used if there
is not any flow of the superhorizon modes into the subhorizon regime. Otherwise, the
difference between the actual and the adiabatic modes will not be negligible due to
the presense of the modes which are born as superhorizon and at a later time become
subhorizon. Thus, for the accelerating cosmologies, the formulas above can be safely
used. On the other hand, for the decelerating cosmologies the method also gives results,
which are in good agreement with the ones in the literature. Here the key factor is the

« parameter that compensates errors.
5.3. Applications To Power Law Expansion
In this section we compare our findings with the known results in the literature
by applying our formula (5.22) to fixed backgrounds with specified scale factors a(n).

Let us start with de Sitter space by taking

a=—. (5.23)
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In [28] (also in the book [19]), the vacuum energy density of a minimally coupled scalar

in the BD vacuum is given as

—29h*

= —. 5.24
9607m2a* ( )

PBD

By integrating (5.22) we obtain

(=119 + 60a*)h*  Cj
9607m2at a?’

For the values Cy = 0 and a = (3/2)Y/4, our result exactly coincide with the result in
de Sitter space. The a parameter is seen to be of order one as expected. Moreover, as
a result of de Sitter invariance, the energy density must be a constant which explains

the choice of Cy.

Table 5.1: Classification of the universes undergoing power law expansion in the con-
formal time. The scale factor (5.26) is given by a = (t/t5)™ in the proper time, where

m=mn/(n—1).

—oo<n<0 Decelerating
n=>0 Minkowski
0<n<l1 Big-crunch
n=1 de Sitter

l<n Accelerating

Next, we apply our formula to a background with a general power-law expansion

a= (%)n (5.26)

In [32] the stress-energy-momentum of a minimally coupled massless quantum scalar

field in the BD vacuum has been calculated by performing point-splitting regulariza-
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tion, where the vacuum energy density is found as

1 1
pPBD = [——(I)Hoo + (3)H00}

288072 | 6
1 R 4
— W0 [ = 2 1— Z
sV [t (55) vz ) 4
1 R
——— [-240R + 24RR,"° - ——. 2
+ 35012 [ R+ 24RRy’ + 3R?] S6m2ai (5.27)

In the above equation, the parameter p in the logaritmic term is an arbitrary constant
and v denotes the di-gamma function. H,, involves the Ricci tensor R, and Ricci

scalar R, which is defined as

1

WH,, =2V,V,R~2g,,0R— igu,,R2 +2RR,,, (5.28)
3 1 1

®H,, = R,/R,, — §RRW — §gMVRpaRp” + ZRQQW. (5.29)

In (5.27) some extra divergences may pop up when the argument of the di-gamma
function is zero or an integer. These terms can be cancelled out by using an infinite
renormalization. It is well-known that every infinite renormalization inherits some
finite ambiguities. Scaling p is equivalent to a finite renormalization in the quantum
effective action. As a result, one can add multiples of M Hy to pgp in (5.27) (see
e.g. comments below eq. (7.52) in [19]). To obtain the vacuum energy density in the

power-law expansion for n # —1 we use (5.26) and compute (5.27) as

h4
=————— [81 — 30n — 109n?
PBD ={550mtnta | ne
6 1)h?
—90(n?* — 1) (ln [M] + (1 —n)+Y(n+ 2))] , n#—1. (5.30)
npy
For n = —1, which represents the radiation dominated universe, ) H,? vanishes

identically, therefore pgpp is safe from any divergences that may arise in the logarithm

or the di-gamma functions. In that case, the vacuum energy density becomes

h4

- ~ 1 5.31
9607241’ " (5-31)

PBD
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For the radiation dominated background it is possible to solve the mode equation (5.3)
exactly as yy, = e~/ v/2k. The coefficient is fixed by the proper normalization of the
BD vacuum. During the adiabatic regularization process, (5.8) and (5.9) vanish iden-
tically. Therefore, one ends up with the finite subtraction term pr = —h*/(96072%a%),

which determines the regularized vacuum density as

h4

= — .32
96072a4 (5-32)

4%
Eq. (5.31) matches exactly with (5.32). This explains the importance of keeping the
finite adiabatic subtraction terms for the massless fields. In view of our approximation,

(5.32) can be obtained by setting e = 0, which can be regarded as a singular case.

To obtain an expression for the vacuum energy density for n # —1, we evaluate

our approximate expression (5.22) for the background (5.26), which gives

ht 2 2 2 2 4y, 3
S T T [n — (=21 + 153n + (79 + 60a”)n* — (92 + 60a” + 60a*)n?®)
22
2 a“h O()
—90(n% — 1) In { T H = (5.33)

Comparing (5.33) with (5.30), we see that setting Cy = 0 corresponds to BD vac-
uum. It is important to emphasize that in (5.33) the coefficient of In(h?), which is
a-independent, exactly matches with the one in (5.30). This has a great significance
since this agreement can not be obtained by adjusting free parameters. One can in
fact match the other terms by adjusting the value of o and by choosing an appropriate
value for the ratio p/hg (recall that this may be understood as a finite renormalization

of a coupling constant in the effective action).

First, one may demand to set

as these parameters are both infrared cutoffs. To make the vacuum energy densities
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Figure 5.1: The numerical plots of a-parameter as a function of the power n from

(5.35). For larger |n| the plots resemble (3,4) or (—4,—3) intervals for positive and
negative values, respectively.

agree, i.e. py = ppp, @ must satisfy the following equation:

36(n + 1)? (5 + 8a? + 8a*)n? + (2 — 8a?)n? — 11n — 8
In | ———— | +2¢(1— 2 2) =
“[ 2ol }* Yl =n)+29(n+2) 32 — 1)(n—2)

(5.35)
This equation does not allow analytic solutions for . However we can gain an insight

by analysing numerical plots some of which are presented in figure (5.1). In the plots,
the behaviour of a can be viewed for different intervals of unit size. Note that, the
integer values of n generate singularities in the di-gamma function and in that case,

to make sense of pgp, one requires an infinite renormalization. Therefore, it is safe to

take n as non-integer. In the limit n — £o0, (5.35) becomes

6In(a?/6) + (5 + 8a® + 8a*) = 2¢(1 — n) + 2¢(n + 2). (5.36)
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Figure 5.2: The numerical plots of a-parameter as a function of the power n for the

intervals (—1,0) and (1,2). The infrared cutoff are chosen as 1 = 10k and p = 100h,,

respectively.

The property ¢(x) — ¢(z — 1) = 1/(x — 1) of the di-gamma function implies
that, for large values of |n|, « is independent of n in the interval (n,n 4+ 1). The

graphs show that o continues to be of unit order for generic values, which supports our

approximation.

For n € (1,2) and n € (—1,0), there does not exist any solution of (5.35) for a.
Moreover, as n approaches an integer, o grows such that in the limit o« > 1. These
cases can be handled by making a finite renormalization such that p # hy. For instance,
by demanding p = 10hg, a becomes av — 10« in (5.22) and one can find an order one
solution of « for n € (—1,0). In the same way, if one sets u = 100hq, a becomes
a — 100« in (5.22), there exists a solution for « in the range n € (1,2). Figure (5.2)
shows the corresponding numerical plots. Note that there arises two solutions for «,

for an arbitrary n in these intervals.

We conclude that our approximate expression can generate the known results in
the literature. In de Sitter space (n = 1), it is enough to pick out a = (3/2)/4. The
radiation dominated universe (n = —1) is singular, which is equivalent to selecting
a = 0. In this case, only the finite subtraction terms contribute to the result. For all

other integer values of n, (5.27) requires an infinite renormalization. The logarithmic
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term in (5.30) exactly agrees with the one in (5.33), which is very non-trivial, since
finite renormalizations do not have any restriction on this term. We see that the other
terms can agree by performing a finite renormalization, i.e. by scaling p or adjusting

Q.

As pointed out above, our approximation can be safely used for accelerating cos-
mologies. However, it still gives the correct results for the decelerating cosmologies
with negative n. Actually, in a decelerating model, the flow of the modes from super-
horizon to subhorizon regime must be considered in the calculations. Fortunately, the

« parameter cancels out the errors caused by disregarding this flow.

5.4. Application to Slow-Roll Inflation

In this section, we try to pin-down the backreaction effects for a simple inflation-
ary model, where the background is driven by a single scalar field ¢ with an appropriate
potential V(). Using our method we want to see whether the backreaction effects of
a massless scalar field has any consequence on the standard results of inflation. To
begin with, let us review the well-known results in the standard inflationary scenario

excluding any backreaction effects. For the inflaton field 7}, is given by

1.

Py = 5902 +V(p), (5.37)
1.

P, = 5902 - Vi(p), (5.38)

and the inflaton obeys a second order differential equation

¢+ 3Hp+ 0,V = 0. (5.39)

Remember that the dot denote the derivative with respect to the proper time ¢, which

is identified as dt = adn. In order to stay in the slow-roll regime, one must impose the
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following conditions

* <V, ¢ < 3H. (5.40)

These can be satisfied by taking the slow-roll parameters €, and 7, very small:

=_P (= 1 A1

“ 167T<V)<<’ (5.41)
M? /0%V

=_2 (2 1. A2

Going back to the field equations, the inflaton approximately obeys

0,V
p 2 —_—— 5-43
VA (5.43)
while the Friedmann equation becomes
8T
H? ~ : 44
3M2 v (5:44)

The change in the Hubble parameter and the inflaton are prescribed by the slow-roll

parameters as

H~ —eH?, p~—(n—eHp. (5.45)

Of course, when the backreaction effects are neglected, it can be verified that

€= €,, N = Ny. (5.46)

Note that the slow-roll parameters € and 1 have great significance in the observational

data.

Let us now calculate the backreaction of the quantum field ¢ in light of (5.22).
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One sees that the vacuum energy density has the order of magnitude given by

pPv = O<H4)7 (5’47)

which is much smaller than the background energy density H 2M]f.

In the following, we will carry out the calculations assuming that e, 7, and

(5.48)

)
Il
S=

are small and we will keep only the leading order terms. First, we look at the inflaton
equation. It remains unchanged since there is no coupling between ¢ and ¢ in this

model:

ho~r ——— 5.49
b - (5.49)
On the other hand, we have two sources py and p, that contribute to the right hand

side of the Friedmann equation:

8

3M?

H? =

(pv + py)- (5.50)

From this equation one realizes that p, ~ H QMI? and conclude with py ~ yp,. Using
(5.21), (5.10) and (5.11) in Einstein equations and neglecting all the higher order terms

in the slow-roll parameters, the acceleration equation becomes

8 119 o'l H* 471
S L ) 5.51
32" {360% 67?] M2zt (5:51)
Moreover, combining (5.49) and (5.50) we obtain
M2
¢ = —Le, H? (5.52)

= —¢
A ¥
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Eq. (5.52) also holds even in the absence of a quantum field, since the presense of py
induces a modification of order e,y in (5.52), which we neglect. Inserting (5.52) in

(5.51), the € parameter, which is defined in (5.45), turns out to be

119 ot  Smpy

= € —_—

. 5.53
e T 1360r 6 3m | (5.53)

Likewise, we differentiate (5.49) with respect to the proper time ¢ and use the definition
in (5.45) to obtain

N ="Ne- (554)

One can conclude that in the presence of a quantum scalar field, the slow-roll parameter
e can not be fixed just by the potential of the inflaton, rather it is modified by the
backreaction effects. Let us estimate the magnitude of this correction in the chaotic
inflationary model, where the inflaton has a potential V' = 1m?y?. We know that
the cosmologically relevant perturbations leave the horizon as ¢ ~ 3M, — 4M,, and a
viable value of the mass of the inflaton is m ~ 107°M,,. It turns out that e, ~ 1073
and y ~ 107! therefore, from (5.53) the correction due to the backreaction effects are

negligible.

These results show that the backreaction of a quantum scalar field does not have
a significant impact on the cosmic evolution during the slow-roll inflation. However,
it might play a major role in the later epocs. Eq. (5.22) shows that the vacuum
energy density evolves as H*, which is always very small compared to the background
energy density. But there is also the homogeneous piece scaling as 1/a%. In a dust
dominated or radiation dominated stage, this piece will decrease slower than H*. Thus,
during inflation, py is expected to become Hg (H, denotes the inflationary Hubble
parameter) and begin to decrease like py ~ Hg/a? just after inflation (an analytic
expression can be found in [33]). On the other hand, one can approximately calculate
the initial energy density of radiation pg as HgMpQ. So the radiation energy density

falls off like HM?2/a*. As a result of comparing these two values, we can see that
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when the universe grows M, /H, times after inflation, py reaches pp and the vacuum
energy starts to dominate the universe. In the chaotic model considered above, the
magnitude of M,/Hy can be estimated as M,/Hy ~ 10° which shows that the time
of equivalence corresponds to a very early cosmic stage, before nucleosynthesis. The
only loophole in the above discussion is that (5.22) is exactly applicable to accelerating
cosmologies. But, as we saw in the previous section, (5.22) also gives viable results
even for the decelerating backgrounds. So our results indicate that the vacuum energy
density induced during inflation must be considered in the subsequent epochs in the
cosmic evolution. Certainly, in a realistic case one should work out the evolution of the
vacuum energy density rigorously by taking into account different epochs in the cosmic
evolution. For instance, in the reheating (or preheating) stage, a possible coupling
of our scalar field to the inflaton field can affect the evolution of the vacuum energy
density. To conclude, such modifications may give an evolution which is still consistent

with the current standard cosmic scenario.
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6. CONCLUSION

The existence of quantum fields has significant theoretical and observational con-
sequences that enrich our understanding of physics. In flat spacetime, a crucial example
is the experimentally verified Casimir effect. This effect can be menifested as a force
of attraction between two uncharged conducting plates, which can be explained by a
shift of the vacuum energy density of the electromagnetic field. Moreover, quantum
filed theory in flat spacetime successfully describes the behaviour of elementary par-
ticles over a widespread range of energy. This motivates one to study the impacts of
quantum fields in curved backgrounds. The quantum field theory in curved spacetime
has also remarkable successes, the primary example being the Hawking radiation from
blackholes. Quantum fields are also expected to play a key role in cosmology, espe-
cially at very early times when the universe experiences a rapid expansion, which leave
observable signatures today like the density inhomogeneities, structure formation and
anisotropies in the CMB. After the discovery of the current accelerated expansion of
the universe, determining the vacuum energy density of the quantized fields becomes
an important problem, since it is supposed to contribute to the cosmological constant
and lead to positive acceleration. This crucial problem can be worked out in a semi-
classical approximation, where gravity is handled classically. In this thesis, we have
studied different aspects of this problem for a quantized scalar field in cosmological

spaces.

In chapter II, we start off by reviewing the standard canonical quantization pro-
cedure and discuss the difficulties of fixing the vacuum state in a curved background.
The non-uniqueness of the vacuum is the primary handicap, which is a consequence of
the absence of the Poincare symmetry in an expanding universe. To define the vacuum
state, time dependence of the mode function must be fixed by using physically moti-
vated prescriptions. A preferred choice is the BD vacuum, which coincides with the
Minkowski vacuum for the short wavelength modes. Another alternative is to introduce
a well defined series in the adiabatic basis to obtain a solution for the mode function

in a series form. The vacuum obtained in this way is called the adiabatic vacuum.
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Terminating the series at the n’th order corresponds to an approximate state, which is
called the n’th order adiabatic vacuum. It is also possible to get an exact solution, i.e.
the infinite order adiabatic vacuum. In chapter IV, as a new result, we compute the
leading sixth order contribution to the regularized stress-energy-momentum tensor for

a scalar placed in the infinite adibatic vacuum.

The stress-energy-momentum tensor of a quantized scalar in a FRW background
becomes an operator that can naturally be found in terms of the field itself. It is not
surprising that the vacuum expectation values of the energy density and the pressure
contain divergences, which must be regularized. Compared to the flat space case, the
regularization in a curved background is more complicated, since it depends on the
geometry in a non-trivial way. In chapter III, we discuss one plausible tecnique, i.e.
adiabatic regularization, to eliminate the divergences. This is a convenient method
when one deals with a FRW background. After explaining the underlying physical
motivation, we give the technical details in the procedure, which are necessary in

chapter IV and V.

In chapter IV, we explicitly compute the sixth order contribution to the stress-
energy-momentum tensor of a scalar field, which propagates in a FRW universe and
placed in the infinite adiabatic vacuum. Since the corresponding stress-energy-momentum
tensor can be computed as a series and as adiabatic regularization requires removing
the adiabatic zeroth, second and fourth order terms, one ends up with the sixth order
expressions as the leading order contribution to the stress-energy-momentum tensor.
This is a good approximation for all modes of a massive field as long as m > H holds.
On the other hand, only the high energy (subhorizon) modes satisfying k., > aH for a
fixed k, can be worked out for a massless scalar field. The sixth order expressions are
seen to be complicated. To understand the magnitude of the vacuum energy density
in different cosmologies, we consider the spacetimes with the scale factor in the form
of a simple power a(n) = (%)n We find out that the magnitude of the vacuum energy
densities are proportional to H%/m? and H%?/k? for the massive and the UV modes

of the massless scalar, respectively. Note that the higher order terms contribute as

additional powers of (H/m)? and (Ha/k,)?, thus they are suppressed. By analysing
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the implications for different cosmologically relevant spacetimes we realise that the vac-
uum energy density can become positive, negative or zero depending on the expansion
power n. Additionally, it can be a decreasing or increasing function of time or remain

constant according to the chosen cosmological background.

For the massive fields satisfying m > H, the adiabatic vacuum is a viable choice.
As an example consider the stabilized moduli at early times, which appear in the string
theory motivated models. Not to change the standard cosmological scenario, these are
required to satisfy this adiabacity condition. On the other hand, all the known massive
fields at late times (except neutrinos) also satisfy this condition. Therefore, considering
these massive fields in the adiabaic vacuum is reasonable. For the massless fields it turns
out that only the (subhorizon) modes with sufficiently large wavenumbers k, > aH
can be studied adiabatically, where the subhorizon regime is determined by the Hubble
parameter H. We recognize that the adiabatic vacuum matches with the BD vacuum,
at least when the universe experiences a simple power law expansion (it is reasonably

valid for any scale factor, although we are not able to provide any proof).

One of the important results that we appreciate is that when placed in an adi-
abatic vacuum, the energy densities of the massive field and the UV modes of the
massless field become tiny compared to the energy density that drives the background.
Interestingly for the values of the expansion power 0 < n < 1 (for massive fields) and
0 < n < 3/2 (for massless fields), the vacuum energy density increases in time and the
adiabacity is eventually lost, i.e. H/m and Ha/k, become order one. Even in these
cases one comes up with negligible vacuum energy densities which will not affect the
background. In any case, it can be an interesting research problem to determine the
evolution of the vacuum energy density and inverstigate whether its contribution can
avoid the big crunch. Supported by these arguments, we think that the cosmological
constant problem is an IR issue, rather than a UV problem. This view is different than
the traditional notion, which underlines the big discrepancy between the estimated and
observed values of the energy density of the cosmological constant. To be more ex-
plicit, following an appropriate regularization, the contribution of the modes with large

wavenumbers (UV modes) turn out to be negligible. The situation is similar to the
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Casimir effect, where the vacuum energy density is determined by the distance between
the plates, namely by the IR scale instead of the UV scale. Moreover, the massive fields
have no contribution to the Casimir effect, and can be disregarded. Since the theo-
retical calculations for the Casimir energy agree with what is observed experimentally,
the previous statement is worthy to be taken into consideration, namely the IR physics

can be a key to overcome the cosmological constant problem.

In chapter V, we try to pin down the backreaction of a quantized massless, real
scalar field propogating in a FRW universe. The usual treatments in the literature
involve quantization in a fixed background, which prompts to study the effects of the
quantum fields perturbatively. Compared to this, determining the backreaction effects
is more challenging since one is not able to solve the mode functions and consequently
there does not appear an explicit expression for the stress-energy-momentum tensor.
By considering the subhorizon and superhorizon modes separately, we show that these
contributions can be obtained approximately. Specifically, for massless fields, the sub-
horizon modes with wavelengths smaller than the Hubble radius evolve nearly adia-
batically, thus their contributions to the stress-energy-momentum tensor are killed by
the subtraction terms in the adiabatic regularization process (even the leading order
contribution is found to be negligible, which is calculated in detail in the previous
chapter). On the other hand, the contribution of the superhorizon modes is seen to
obey a simple equation of state. Utilizing this approximation, we achieve to obtain a
first order equation for the vacuum energy density, which together with the Friedmann

equation determines the backreaction effects.

While developing our formulas we consider different aspects of the problem care-
fully. For regularization we keep the subtraction terms up to fourth order to remove
UV divergences. Moreover, we also regard the finite subtraction terms that survive in
the massless limit (the necessity of keeping them becomes clear when compared to the
known results in the literature). We fine tune the subhorizon&superhorizon border by
introducing a new parameter . In addition, supported by a physical argument, we

put a cutoff to remove the IR divergence.
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To check the validity of our approximation, we take fixed backgrounds of cos-
mological interest to compare our estimations with the known results in the literature
such as de Sitter space and spacetimes which experience power law expansion. We
see that our results are in complete agreement by adjusting the a parameter. We
also analyse the possible implications on the slow-roll inflationary picture. We find
out that during the near exponential expansion, the background evolution does not
alter and the backreaction effects just give rise to a modification in one of the slow-roll
parameters. However, the vacuum energy density created during inflation might have
a cosmological significance at subsequent stages, since it decreases as 1/a?, which is
slower than radiation or dust. One can realise that this decrease describes an equation
of state P, = —%pv. Thus, the vacuum energy density and pressure can not give rise

to acceleration in the epochs following inflation.

As our findings are in complete agreement with the known results, this encourages
us to improve this work in different ways. One of them is to investigate the implications
for decelerating cosmologies. To be more accurate, one should estimate the contribu-
tions of the modes, which were first superhorizon and later become subhorizon. In
that way, the precise evolution of the vacuum energy density induced during inflation
can be determined at later stages. Another possible research problem is to study the
backreaction effects of a massive scalar field. For this case, the situation is more compli-
cated, since there are already two different scales in the problem; the mass of the field
and the Hubble parameter. Moreover, it does not seem to be possible to express the
contributions of the superhorizon modes as a simple equation of state. Therefore one

may demand to solve the integro-differential equation by means of numerical analysis.
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