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ABSTRACT

PATH ALGEBRAS

In this thesis, we investigate path algebras and Leavitt path algebras. Some

properties of path and Leavitt path algebras are given. Our aim is to see what

conditions on the graph E makes Leavitt path algebras simple. We also study the

relations between Incidence algebras and path algebras.
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ÖZET

YOL CEBİRLERİ

Bu tezde, yol cebirleri ve Leavitt yol cebirleri incelenmiştir. Yol cebirlerinin

ve Leavitt yol cebirlerinin bazı özellikleri verilmiştir. Amaç E grafı üzerindeki hangi

koşulların Leavitt yol cebirlerini basit yapacağını görmektir. Aynı zamanda, çakışma

cebirleri ve yol cebirleri arasındaki ilişkiler çalışılmıştır.
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1. INTRODUCTION

Wherever in the world you study mathematics, you see that the first examples

of rings includes fields, Z, n × n matrix rings, and polynomial rings. These are

fundamental examples and any one of these rings R has the ’Invariant Basis Number’

property:

If m and m′ are integers with the property that the free left modules RR
m and

RR
m′ are isomorphic, then m = m′.

In words, the IBN property says that any two bases for a free left R-module

have the same number of elements. But the IBN does not hold for all rings. In

1962, Leavitt proved that for each positive integer n > m and field K there exists

a K-algebra A with KA
m ∼=K An in [1]. These algebras later will be denoted as

Leavitt algebra of type (m,n) and A is denoted by LK(m,n).

In 2000’s Path algebras and Leavitt Path algebras are defined on a directed

graph E. Leavitt path algebras, which are natural generalizations of Leavitt al-

gebras, are the algebraic versions of the Cuntz-Krieger algebras C∗(E) of directed

graph E described in [2] at the same time generalize Cuntz Algebras. The introduc-

tion of Leavitt path algebras in [3] has recently attracted the interest of algebraists

as well as of analysts working on C∗-algebras.

First of all, we read Leavitt’s article [4] published in 1965. As his ideas were

definitely the roadmap for the simplicity of Leavitt path algebras, the proof of the

theorem, simplicity of the Leavitt algebras, is studied to see how the original proof

proceeds. After getting Leavitt’s idea behind his proof, some properties of path and

Leavitt path algebras are given. Our aim is to see what conditions on the graph

E makes Leavitt path algebras simple. We read [3], but the proof of the simplicity

theorem was really complicated and was hard to follow since it contained too many

case analysis. On the other hand, the two-sided ideals of Leavitt path algebras are
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studied in [5]. Using some results of [5] we reproved the simplicity theorem of Leavitt

algebras shortening the proof given in [3].

Moreover, we studied the relations between Incidence algebras and path alge-

bras. The algebra homomorphism defined in [6] from path algebras on a row-finite

graph E into incidence algebra is studied. We still try to generalize this case for

arbitrary graphs, i.e. we try to see for which conditions on E, we still have such an

algebra homomorphism.
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2. PATH AND LEAVITT PATH ALGEBRAS

We begin this chapter by reminding the reader basic definitions in graph theory.

We continue with the construction of the standard path algebra and Leavitt path

algebra of a graph. Finally, we investigate their algebraic structures.

A directed graph E = (E0, E1, r, s) consists of two countable sets E0, E1 and

functions r, s : E1 → E0. The elements of E0 are called vertices and the elements

of E1 edges. For each edge e, s(e) is the source of e and r(e) is the range of e. If

s(e) = v and r(e) = w, then we also say that v emits e and that w receives e. A

vertex which does not receive any edges is called a source. A vertex which emits

no edges is called a sink.A graph is called row-finite if s−1(v) is a finite set for each

vertex v. A graph is called finite if it is row-finite and E0 is a finite set.

A path µ in a graph E is a sequence of edges µ = µ1 . . . µn such that r(µi) =

s(µi+1) for i = 1, . . . , n − 1. In such a case, s(µ) := s(µ1) is the source of µ and

r(µ) := r(µn) is the range of µ. If s(µ) = r(µ) and s(µi) 6= r(µj) for every i 6= j,

then µ is called a cycle. We denote by E∗ the set of all paths of E. The length of a

path µ, denoted by |µ|, is the number of edges it contains. The length of v ∈ E0 is

0.

Definition 2.1. Let K be a field and E be a graph. The path K-algebra over E is

defined as the free K-algebra K[E0 ∪ E1] with the relations:

(1) vv′ = δv,v′v for all v, v′ ∈ E0.

(2) e = er(e) = s(e)e for all e ∈ E1.

This algebra is denoted by KE.

Definition 2.2. Given a graph E we define the extended graph of E as the new

graph Ê = (E0, E1 ∪ (E1)∗, r′, s′) where (E1)∗ = {e∗i : ei ∈ E1} and the functions r′
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and s′ are defined as

r′|E1 = r, s′|E1 = s, r′(e∗) = s(e) and s′(e∗) = r(e)

.

Definition 2.3. Let K be a field and E be a row-finite graph. The Leavitt path

algebra of E with coefficients in K is defined as the path algebra over the extended

graph Ê, with relations:

(CK1) e∗f = δe,fr(e) for every f ∈ E1 and e∗ ∈ (E1)∗.

(CK2) v =
∑
{e∈E1:s(e)=v} ee

∗

This algebra is denoted by LK(E) (or simply by L(E) when the field K is under-

stood).

The conditions (CK1) and (CK2) are called the Cuntz-Krieger relations. In

particular condition (CK2) is the Cuntz-Krieger relation at vi. If vi is a sink, we do

not have a (CK2) relation at vi . Note that the condition of row-finiteness is needed

in order to define the equation (CK2).

The elements of E1 are called real edges, while for e ∈ E1 we call e∗ a ghost

edge. The set {e∗ | e ∈ E1} is denoted by (E1)∗. We say that a path in LK(E) is a

real path (resp., a ghost path) if it contains no terms of the form e∗ (resp., e). For

a path α = e1 · · · en, we denote by α∗ the ghost path e∗n · · · e∗1.

Examples of Leavitt path algebras

• Matrix algebras Mn(K): Consider the ’oriented n-line’ graph An defined by

(An)0 = {v1, . . . , vn}, (An)1 = {e1, . . . , en} and s(ei) = vi and r(ei) = vi+1 for
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i = 1, . . . , n− 1. i.e.

An = •v1 e1 // •v2 •vn−1
en−1 // •vn

Then LK(An) ∼= Mn(K): Let E(i,j) be the standard (i, j)-matrix unit in

Mn(K). i.e Ei,j is the matrix which has 1 in the (i, j)-entry and 0 else. Now

define the map on the generators of LK(An), φ : LK(An)→Mn(K) by setting

φ(vi) = E(i,i), φ(ei) = E(i, i+ 1) and φ(e∗i ) = E(i+1, i). φ is clearly one-to-one

and onto. In order to show φ is a K-algebra homomorphism it is enough to

show that φ factors through the appropriate relations in LK(An) i.e. we need

to check:

(i) 〈{uv − δu,vu : u, v ∈ E0} ∪ {e− er(e), e− s(e)e : e ∈ E1}〉 ⊂ Ker(φ)

(ii) 〈{e∗f − δe,fr(e) : e, f ∈ E1} ∪ {v −
∑
{e∈E1:s(e)=v} ee

∗ : v ∈ s(E1)}〉 ⊂

Ker(φ) But this is a straightforward calculation if we note that:

E(i,i)E(j,j) =

 E(i,i) if i = j

0 else

E(i,i+1)E(j+1,j) =

 E(i,i) if i = j

0 else

E(i+1,i)E(j,j+1) =

 E(i+1,i+1) if i = j

0 else

• Laurent polynomial algebras K[x, x−1]: Consider the ’one vertex, one loop’

graph C1 defined by (C1)
0 = {v}, (C1)

1 = {e}.

C1 = •v egg
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Then clearly K[x, x−1] ∼= LK(C1), via the map φ defined by φ(v) = 1, φ(e) = x

and φ(e∗) = x−1.

• Leavitt algebras A = LK(1, n) for n ≥ 2:

Definition 2.4. The Leavitt algebra of type (1, n) is the free associative K−algebra

with generators {xi, yi : 1 ≤ i ≤ n} and relations

(1) xiyi = δij1R for all 1 ≤ i, j ≤ n

(2)
n∑
k=0

yixi = 1R

This algebra is denoted by LK(1, n).

Now consider the ’rose with n-petals’graph Rn for n ≥ 2 defined by (Rn)0 =

{v}, (Rn)1 = {e1, . . . en}.

Rn = •v e1gg

e2

ss

e3

��

en

QQ...

Then LK(1, n) ∼= LK(Rn) for n ≥ 2. If we define the map φ by φ(v) = 1,

φ(ei) = yi and φ(e∗i ) = xi and extend it K-linearly to LK(Rn), we get the desired

algebra isomorphism ( by definition of LK(1, n), φ factors through the appropriate

relations in LK(Rn)).

Lemma 2.5. If α, β be paths in E then

α∗β =


β′ if β = αβ′ for some β′ ∈ E∗

(α′)∗ if α = βα′ for some α′ ∈ E∗

0 otherwise

(2.1)

for some α′, β′ ∈ E∗.
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Proof. Write α = e1 · · · em and β = f1 · · · fn and assume 0 6= α∗β = e∗m · · · e∗1f1 · · · fn.

Then e∗1f1 6= 0 and we get e1 = f1 and e∗1e1 = r(e1) by CK1. Similarly,

e∗m · · · e∗2 e∗1f1︸︷︷︸
r(e1)=r(f1)=s(f2)

f2 · · · fn = e∗m · · · e∗2f2︸︷︷︸
6=0

· · · fn.

Proceeding like this we get α∗β = fm+1 · · · fn (if m < n) or α∗β = e∗m · · · e∗n (if

m > n).

Lemma 2.6. If µ, ν, α, β are paths in E then

µν∗αβ∗ =


µα′β∗ if α = νβ′ for some β′ ∈ E∗

µ(ν ′)∗β∗ if ν = αν ′ for some ν ′ ∈ E∗

0 otherwise

(2.2)

Proof. Follows from previous lemma.

Lemma 2.7. Every monomial in LK(E) is of the following form:

(i) kv with k ∈ K and v ∈ E0,

(ii) ke1 · · · eaf ∗1 · · · f ∗b where k ∈ K; a, b ≥ 0, a+ b > 0, e1, · · · , ea, f ∗1 · · · fb∗ ∈

E1.

Proof. Take a monomial µ ∈ LK(E) and write µ = x1 · · · xn with xi ∈ E0 ∪ E1 ∪

(E1)∗. We will prove by induction on n. For n = 1 the monomial is of form kx1 and

we are done. Assume for k ∈ N we have kx1 · · ·xk has the form kpq∗ with p = e1 · · · ea
and q = f1 · · · fb then kx1 · · ·xkxk+1 = kpq∗xk+1 where xk+1 ∈ E0∪E1∪(E1)∗. Then

by lemma 2.5 q∗xk+1 =

 (q′∗) ifq = xk+1q
′

0 otherwise
then kx1 · · ·xk+1 = kp(q′)∗ and we

are done.

Corollary 2.8. LK(E) = span{pq∗ | p, q are paths in E for which r(p) = r(q)}

Proof. span{pq∗ | p, q are paths in E for which r(p) = r(q)} ⊂ LK(E) and is a

vector space closed under multiplication by lemma 2.6 so is a subalgebra of LK(E).
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Since its vertices are paths of length 0 they are contained in this spanning set and

also since it contains the generators (e = es(e)∗, v = vv∗, e∗ = r(e)e∗), it is the

algebra LK(E).

Lemma 2.9. If E0 is finite then LK(E) is a unital K-algebra. If E0 is infinite, then

LK(E) is an algebra with local units(specifically, the set generated by finite sums of

distinct elements of E0).

Proof. Assume E0 is finite. We will show
n∑
i=1

vi is the unit element.

If vj ∈ E0

(
n∑
i=1

vi)vj =
n∑
i=1

vivj =
n∑
i=1

δijvj = vj and similarly vj(
n∑
i=1

vi) = vj

If ej ∈ E1

(
n∑
i=1

vi)ej = (
n∑
i=1

vi)s(ej)ej = (
n∑
i=1

vis(ej))ej = s(ej)ej = ej,

similarly ej(
∑n

i=1 vi) = ej. If e∗j ∈ (E1)∗

(
n∑
i=1

vi)e
∗
j = (

n∑
i=1

vi)(ejr(ej))
∗ =

n∑
i=1

vir(ej)e
∗
j = r(ej)e

∗
j = s′(e∗j)e

∗
j = e∗j ,

similarly e∗j(
n∑
i=1

vi) = e∗j . Since LK(E) generated by E0 ∪ E1 ∪ (E1)∗, then for any

α ∈ LK(E) we have α(
n∑
i=1

vi) = (
n∑
i=1

vi)α = α.

Now assume E0 is infinite. Consider a finite subset {aj}tj=1 of LK(E). Then

by Corollary 2.8

ni∑
s=1

kisv
i
s +

mi∑
l=1

cilp
i
l where kis, c

i
l ∈ K \ {0} and pil are monomials of

form e1 · · · eaf ∗1 · · · f ∗b . Define ∪ni=1{vis, s(pil), r(pil) : s = 1, . . . ni, l = 1, . . .mi} then

α =
∑
v∈V

v is a finite sum of vertices. By a similar argument above it can be shown

that αai = aiα = ai for every 1 ≤ i ≤ t.



9

Lemma 2.10. LK(E) is a Z-graded algebra with grading induced by setting deg(v) =

0 for all v ∈ E0, deg(e) = deg(e∗) = 1 for all e ∈ E1. That is, LK(E) = ⊕
n∈N

LK(E)n,

where LK(E)n is generated as a vector space by monomials of the form pq∗ having

deg(p)− deg(q) = n.

Proof. (i)LK(E) =
∑
n∈Z

LK(E)n follows from Corollary 2.8.

(ii)We will show LK(E)nLK(E)m ⊂ LK(E)m+n.First note that LK(E)nLK(E)m =

span{µν∗αβ∗ : µν∗ ∈ LK(E)n, αβ
∗ ∈ LK(E)m}. Now let µν∗αβ∗ ∈ LK(E)nLK(E)m

Then µν∗ ∈ LK(E)n and αβ∗ ∈ LK(E)m gives deg(µ) − deg(ν) = n and deg(α) −

deg(β) = m. Now by Lemma 2.6

µν∗αβ∗ =


µα′β∗ if α = νβ′ for some β′ ∈ E∗

µ(ν ′)∗β∗ if ν = αν ′ for some ν ′ ∈ E∗

0 otherwise

If µν∗αβ∗ = 0 ∈ LK(E)m+n and we are done. If α = να′ for some α′ ∈ E∗, deg(α) =

deg(να′) and we get deg(α′) = deg(β) + m − deg(ν). Now µν∗αβ∗ = µα′β∗, and

deg(µα′) = deg(µ)+deg(α′) = deg(µ)+deg(β)+m−deg(ν) so deg(µα′)−deg(β) =

m+ n and we are done.

The case ν = αν ′ can be shown by similar way.

By this lemma we can define the degree of an arbitrary polynomial in LK(E)

as the maximum of the degrees of its monomials.

Lemma 2.11. LK(E) can be equipped with an involution x 7→ x defined in the

monomials by:

(i) kv = kv with k ∈ K and v ∈ V

(ii) ke1 · · · enf ∗1 · · · f ∗m = kfm · · · f1e∗n · · · e∗1 where k ∈ K;m,n ≥ 0,m + n >

0, ei, fj ∈ E1,

and extending linearly to LK(E).
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Proof. The proposed map is well-defined and by lemma 2.7 and linear by definition.

It is easy to show that xy = yx and x = x for every x, y ∈ LK(E) and it is

straightforward to see that the map is compatible with the relations defining LK(E).

Remark 2.12.

• The involution transforms a polynomial in only real edges into a polynomial

in only ghost edges and vice versa.

• If J is an ideal of LK(E) then so is J .
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3. CLOSED PATHS

In this chapter, we investigate some certain paths in the graph E which play

a central role in the structure of Leavitt path algebra LK(E).

Definition 3.1. An edge e is an exit to the path µ = µ1 · · ·µn if there exists i such

that s(e) = s(µi) and e 6= µi.

Definition 3.2. A path µ = µ1 · · ·µn is a cycle if s(µ) = r(µ) and s(µi) 6= s(µj) for

all i 6= j.

Definition 3.3. A closed path based at v is a path µ = µ1 · · ·µn with µj ∈ E1 and

s(µ) = r(µ) = v. Denote by CP (v) the set of all such paths.

Definition 3.4. A closed simple path based at v is a closed path µ = µ1 · · ·µn based

at v such that s(µj) 6= v for all 1 < j < n. Denote by CSP (v) the set of all such

paths.

Remark 3.5.

• Every cycle based at v is also a closed simple path based at v but converse is

not true. A closed simple path based at v may visit some of its vertices other

than v more than once.

• Every closed simple path based at v is a closed path based at v but converse

is not true. A closed path based at v may visit v more than once.

Lemma 3.6. Let µ, ν ∈ CSP (v). Then µ∗ν = δµ,µv.

Proof. Letµ, ν ∈ CSP (v). If µ = ν then by lemma 2.5 µ∗ν = v. If deg(µ) < deg(ν)

write ν = ν1ν2 where deg(ν1) = deg(µ) and deg(ν2) > 0. Now if µ = ν1 then we

have that v = r(µ) = r(ν1) = s(ν2), contradicting that ν ∈ CSP (v), so µ 6= ν1 and

thus by lemma 2.5 µ∗ν = 0. The case deg(µ) > deg(ν) is similar.

Lemma 3.7. For every p ∈ CP (v) there exist unique c1, · · · , cm ∈ CSP (v) such

that p = c1 · · · cm.
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Proof. Write p = e1 · · · en. Let T = {t ∈ {1, · · · , n} : r(et) = v} and list t1 < · · · <

tm = n all elements of T . Then c1 = e1 · · · et1 and cj = etj+1 · · · etj for j > 1 give the

desired decomposition.

Now we will prove uniqueness. Assume p = c1 · · · cr = d1 · · · ds with ci, dj ∈

CSP (v). Now multiply by c∗1 on the left then c∗1c1 · · · cr = c∗1d1 · · · ds and use lemma

3.6 to get 0 6= vc2 · · · cr = c∗1d1 · · · ds. Now if c1 6= d1 then by lemma 3.6 again the

product will be zero hence c1 = d1. By an inductive process we get r = s and ci = di

for every 1 ≤ i ≤ r.

Definition 3.8. For p ∈ CP (v) we define the return degree (at v) of p to be the

number m ≥ 1 in the decomposition above.(So in particular, CSP (v) is the subset

of CP (v) having return degree equal one.) We denote it by RD(p) = RDv(p) = m.

This notation is extended to vertices by setting RDv(v) = 0, and to nonzero linear

combinations of the form
∑
kspS, with ps ∈ CP (v) ∪ v and ks ∈ K \ 0 by setting

RD(
∑
ksps) = max{RD(ps)}.

Lemma 3.9. Every closed path contains a cycle.

Proof. By lemma 3.7 it is enough to show that every simple closed path contains a

cycle. Let µ be a closed simple path based at v.

Lemma 3.10. For a graph E the following conditions are equivalent:

(i) Every cycle has an exit.

(ii) Every closed path has an exit.

(iii) Every closed simple path has an exit.

(iv) For every v ∈ E0,if CSP (v) 6= ∅, then there exists c ∈ CSP (v) having an

exit.

Proof. (ii)⇒ (iii) ⇒ (i) is trivial by definition, and (iii) ⇒ (iv) is obvious.

(i)⇒ (ii). Consider µ ∈ CP (vi). By lemma 3.7 we can factor µ = c(1) · · · c(m),

where c(j) ∈ CSP (vi), and we examine c(m). If it is a cycle then we can find an
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exit for it, and therefore for µ, by assumption. If not, c(m) visits a vertex (different

from vi) more than once. Write c(m) = e
(m)
1 · · · e(m)

s with each e
(m)
i ∈ E1 and let e

(m)
s0

be the last edge such that who shares the same source with an edge different than

itself (i.e. it is the last edge for which s(e
(m)
j ) = s(e

(m)
i ) for i 6= j). Thus there exists

s1 < s0 such that s(e
(m)
s0 ) = s(e

(m)
s1 ). we have three cases:

• Case (1) e
(m)
s0 = e

(m)
s1 and s0 < s. Then r(e

(m)
s0 ) = r(e

(m)
s1 ); that is s(e

(
s0+1m)) =

s(e
(m)
s1+1), but this contradicts with the choice of e

(m)
s0 . Thus this case is impos-

sible.

• Case (2) e
(m)
s0 = e

(m)
s1 and s0 = s. Then r(e

(m)
s0 ) = r(e

(m)
s1 ) = vi implies s(c

(m)
s1+1) =

vi, which is again impossible because c(m) ∈ CSP (vi).

• Case (3) e
(m)
s0 6= e

(m)
s1 . So this is the only possible case. In this case since

s(e
(m)
s0 ) = s(e

(m)
s1 ) and they are different e

(m)
s1 is an exit for c(m), and then for µ.

(iv)⇒ (iii). Consider c ∈ CSP (v). By hypothesis we find c̃ ∈ CSP (v) having an

exit. If c = c̃ we are done. If not write c = e1 · · · en, c̃ = f1 · · · fm and proceed by

steps:

• Step 1. If e1 6= f1, since s(e1) = s(f1) = v, then f1 is an exit for c.

• Step 2. If e1 = f1 then r(e1) = r(f1); that is, s(e2) = s(f2).

• Step 3. If e2 6= f2, then as in Step 1, e2 is an exit for c.

• Step 4. If e2 = f2, then continue as in Step 2.

With this process, we either find an exit or we run out of edges in one path but not

in the other since the paths c, c̃ are different. Thus:

Case 1. c = c̃g1 · · · gs where gi ∈ E1 for 1 ≤ i ≤ s. But then we get s(g1) =

r(c̃) = v which contradicts c ∈ CSP (v). So this case is impossible.

Case 2. c̃ = ch1 · · ·hr where hi ∈ E1 for 1 ≤ i ≤ r. But similarly this is

impossible.
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Thus in our process we find an exit and this finishes the proof.
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4. TWO-SIDED IDEALS IN LEAVITT PATH

ALGEBRAS

In this chapter, we explicitly describe two-sided ideals in Leavitt path algebras

associated with a row-finite graph.

Lemma 4.1. Let I be a two-sided ideal of LK(E). Every 0 6= µ ∈ I can be written

as µ = α1 + · · ·αm where αi ∈ I and, for each i, αi is a sum of paths all have the

same source and have the same range.

Proof. Let µ ∈ I and µ = µ1 + · · ·µn, where µ,is are monomials in LK(E), then

αi = s(µi)µr(µi) is the sum of those µj whose sources are all the same and whose

ranges are all the same; specifically, the sum of those µj for which s(µj) = s(µi)and

r(µj) = r(µi). Moreover, αi ∈ I. Thus we may write µ = α1 + · · ·+ αm where each

αi with above properties.

Notation: Let LK(E)R (resp., LK(E)G) denote the subring of elements in

LK(E) whose terms involve only real edges (resp., ghost edges).

Lemma 4.2. Let I be a two-sided ideal of LK(E) and Ireal = I ∩ LK(E)R. Then

Ireal is the two-sided ideal of LK(E)R generated by elements of Ireal having the form

v +
n∑
i=1

λig
i, where v ∈ E0, g is a cycle based at v and λi ∈ K for 1 ≤ i ≤ n.

Proof. Let J be the ideal of LK(E)R generated by elements in Ireal of the indicated

form. Our claim is J = Ireal. Assume for a contradiction Ireal \ J 6= ∅; choose

µ ∈ Ireal \ J of minimal length. By lemma 4.1, we can write µ = τ1 · · · τm with each

τi is in Ireal and is the sum of those paths whose sources are all the same and whose

ranges are all the same. Since µ /∈ J , one of τi /∈ J . Replacing µ by τi, we may

assume that µ = λ1µ1 + · · ·λnµn ∈ Ireal where all the µi have the same source and

the same range, and λi ∈ K for 1 ≤ i ≤ n. First we claim that one of the µi must
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have length 0, i.e. µi = v for some vertex v ∈ E0. Suppose not. Then for each i

we can write µi = eiνi where ei ∈ E1 and νi ∈ LK(E)R(otherwise µi can not be in

LK(E)R and therefore µ can not be in Ireal). So µ =
n∑
i=1

λieiνi. Now

e∗iµ =
∑

{j|ej=ei}

λjνj ∈ I ∩ LK(E)R = Ireal

and has smaller length than µ. Since µ ∈ Ireal\J is of minimal length we get e∗iµ ∈ J

and hence eie
∗
iµ ∈ J (J is a two-sided ideal of LK(ER)). Then

∑
distinctei

eie
∗
iµ =

∑
{j|ej=ei}

= µ ∈ J,

a contradiction. So we can assume without loss of generality that µ1 = v, with v

a vertex.Since all the terms in µ have the same source and the same range, each

µi is a closed path based at v. Multiplying by a scalar if necessary we write µ =

v + λ2µ2 + · · ·+ λnµn.

Case (I): There exists no, or exactly one, closed simple path at v. If there are

no closed simple paths at v then we get µ = v ∈ j by definition of J , a contradiction.

If there is exactly one closed simple path g based at v then necessarily g must be a

cycle. (Otherwise g visits some of its vertices other than v more than once. So it

must contain a cycle but since g itself is not a cycle we have found another closed

simple path, a contradiction.) Moreover, the only paths in E which have source and

range equal to v are powers of g. Then µ = v +
n∑
i=2

λig
i ∈ J again by definition of

J , a contradiction.

Case(II): There exist at least two distinct closed simple paths g1 and g2 based

at v. As g1 6= g2 and by lemma 3.6, g∗2g1 = 0 = g∗1g2. Without loss of generality

assume |µ2| ≥ · · · |µn| ≥ 1. Then for some k ∈ N, |gk1 | > |µ2|. Multiplying by (g∗1)k
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on the left and gk1 on the right, we get

µ′ = (g∗1)kµ(g1)
k = v +

n∑
i=2

λi(g
∗
1)kµi(g1)

k

. If λi(g
∗
1)kµi(g1)

k = 0 for every i, then we get µ′ = (g∗1)kµ(g1)
k = v ∈ J . Then

µ = µv ∈ I, and therefore v ∈ I ∩ LK(E)R = Ireal. But µ ∈ Ireal \ J is of minimal

length so v necessarily must be in J . Then µ = µv ∈ J , a contradiction. Note that

0 6= (g∗1)kµi(g1)
k, then (g∗1)kµi 6= 0. Since |gk1 | > |µi|, by lemma 2.5 we get gk1 = µiµ

′
i

for some path µ′i. Since the µi are closed paths based at the vertex v, we get from

the equation (g1)
k = µiµ

′
i that µi = (g1)

r for some integer r ≤ k. So µi commutes

with (g1)
k and thus each non-zero term (g∗1)kµi(g1)

k = µi.

Since g∗2g1 = 0, g∗2µi = g∗2g
k
1 = 0 for every i ∈ {2, · · ·n} such that (g

)
1∗µi(g1)k 6=

0 and so we get g∗2µ
′g2 = g2(v +

n∑
i=2

µi)g2 = g∗2vg2 = v ∈ I ∩ LK(E)R = Ireal. But

µ ∈ Ireal \ J is of minimal length so v necessarily must be in J . Then µ = µv ∈ J ,

a contradiction.

Lemma 4.3. Let I be a two-sided ideal of LK(E) and Ighost = I ∩ LK(E)G. Then

Ighost is the two-sided ideal of LK(E)g generated by elements of Ireal having the form

v +
n∑
i=1

λi(g
∗)i, where v ∈ E0, g is a cycle based at v and λi ∈ K for 1 ≤ i ≤ n.

Proof. This can be shown by a similar argument with the previous lemma, but I

think I have shown this by using involution.So I will write the proof later.

Theorem 4.4. Let E be a row-finite graph. Let I be any two-sided ideal of LK(E).

Then I is generated by elements of the form v +
n∑
i=1

λig
i, where v ∈ E0, g is a cycle

based at v and λi ∈ K for 1 ≤ i ≤ n.

Proof. Let J be the two-sided ideal of LK(E) generated by Ireal. By lemma 4.2, it

is enough to show that I = J . Suppose not. Choose x =
d∑
i=1

λiµiν
∗
i in I \ J , where

d is minimal and µ1, · · · iµd, ν1, · · · , νd are real paths in LK(E)R. By lemma 4.1,
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x = α1 + · · ·+ αm, where each alphaj ∈ I and is a sum of monomials all having the

same source and the same range. Since x /∈ J, αj /∈ J for some j. By the minimality

of d, x = αj. (x = α1 + · · · + αm and x is the sum of d monomials but αj is the

sum of d̃ monomials where d̃ ≤ d). Thus we can assume x =
d∑
i=1

λiµiν
∗
i where for all

i, j s(µiν
∗
i ) = s(µjν

∗
j ) and r(µiν

∗
i ) = r(µjν

∗
j ) i.e. s(µi) = s(µj) and r(ν∗i ) = r(ν∗j ) =

w ∈ E0. Among all such x =
d∑
i=1

λiµiν
∗
i ∈ I \ J with minimal d,select one for which

(|ν1|, · · · , |νd|) is the smallest in the lexicographic order (dictionary ordering) of Zd.

First note that we have |νi| > 0 for some i otherwise x is in Ireal ⊂ J , a contradiction.

Let e be in E1. Then note that

xe =
d∑
i=1

λiµiν
∗
i e =

d′∑
i=1

λiµ
′
i(ν
′
i)
∗

either has fewer terms (d′ < d), or d = d′ and (|ν ′1|, · · · , |ν ′d|) is smaller than

(|ν1|, · · · , |νd|). Then by minimality, we get xe is in J for every e ∈ E1, and then

xee∗ ∈ J for every e ∈ E1. Since |νi| > 0 for some i, and w = r(ν∗i ) = s(νi) w is not

a sink and emits finitely many edges. Hence we have

x = xw = x
∑

{e∈E1:s(e)=w}

ee∗ =
∑

{e∈E1:s(e)=w}

(xe)e∗ ∈ J.

We assumed that x ∈ I \ J , hence we get a contradiction, so the result follows.

Remark 4.5. We note that the theorem 4.4 does not hold for arbitrary graphs.

The theorem is false if E is not row-finite. An example is the ”infinite clock” graph:

E0 = {v, w1, w2, . . . , } and E1 = {e1, e2, . . . , } with s(ei) = v and r(ei) = wi i.e

•w1
OO

e1

•w2
<<

e2

E = •wi •v

e5
��

e3
//eioo •w3

•w5 •w4

""e4
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Then the two-sided ideal generated by v− e1e∗1 is not generated by elements of

the desired form. Let I = 〈v − e1e∗1〉. If theorem 4.4 is true, we have no cycle then

v+
∑
λig

i = v ∈ I i.e. I contains a vertex. If 0 6= x ∈ I, x =
∑
kiαiβ

∗
i (v−e1e∗1)γiδ∗i .

Then 0 6= kiαiβ
∗
i (v − e1e∗1)γiδ∗i for some i implies αi, βi, γi, δi are edges with source

v. Also αiβ
∗
i 6= 0 implies r(αi) = s(β∗i ) = r(βi) so αi = βi = ej and similarly, γi =

δi = ek for some j, k ∈ N. If γi = e1 then 0 6= kiαiβ
∗
i (v − e1e∗1)e1δ∗i = kiαiβ

∗
i 0δ
∗
i = 0

is a contradiction. If βi = e1 then 0 6= kiαie
∗
i (v − e1e

∗
1)e1δ

∗
i = kiαi0γiδ

∗
i = 0 is a

contradiction. Now, αi = βi = ej 6= e1 and γi = δi = ek 6= e1 gives 0 6= kiαiβ
∗
i (v −

e1e
∗
1)γiδ

∗
i = kieje

∗
j(v−e1e∗1)eke∗k = kieje

∗
j vek︸︷︷︸

=ek

e∗k−kieje∗je1 e∗1ej︸︷︷︸
=0

e∗j = kieje
∗
jeke

∗
k. Thus

we get k = j since otherwise kieje
∗
jeke

∗
k = 0. Hence ej = ek and x =

n∑
i=1

kieie
∗
i .

No vertex is of this form, otherwise if wj is of this form for some j then

wj =
n∑
i=1

kieie
∗
i and w2

j =
n∑
i=1

kiwjei︸︷︷︸
=0

e∗i = 0 is a contradiction. If v is of this form

then v =
n∑
i=1

λieie
∗
i then for all f in E1 \ {e1, . . . , en}, f = vf = (

n∑
i=1

λieie
∗
i )f = 0 is

a contradiction.

Since E is acyclic, I must be generated by vertices but I contains no vertex.

So theorem 4.4 does not hold for arbitrary graphs.

Theorem 4.6. Let E be a row-finite graph. Let I be any two sided ideal of LK(E).

Then Iis generated by (I ∩ E0) ∪ Y , where

Y = {v +
n∑
i=1

λig
i : v ∈ E0 \ I, g is a unique non-trivial cycle based at v } ⊂ I

Proof. Let x ∈ I then by Theorem 4.4 x = v +
∑
λig

i where g is a cycle based at

v. Suppose h 6= g is another cycle based at v. Then by lemma 3.6 h∗g = 0 = g∗h.

Now h∗xh = h∗vh+
∑
λih

∗gih = h∗h = v ∈ I
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5. SIMPLICITY OF LK(E)

In this chapter our aim is to see what conditions on the graph E makes Leavitt

path algebras simple. Here the important point is that the conditions which yield

the simplicity of LK(E) are independent of the field K.

First of all we will investigate the simplicity of examples of the Leavitt path

algebras given in the chapter 2.

• Matrix algebra Mn(K) which arises as LK(An) for the ’oriented n-line’ graph

An defined by (An)0 = {v1, . . . , vn}, (An)1 = {e1, . . . , en} and s(ei) = vi and

r(ei) = vi+1 for i = 1, . . . , n− 1. i.e.

An = •v1 e1 // •v2 •vn−1
en−1 // •vn

is simple: For a commutative ring R, if I is an ideal in R then Mn(I) is an

ideal in Mn(R). Moreover, any ideal of Mn(R) is of the form Mn(I) for some

ideal I in R. Therefore Mn(R) is simple if and only if R is simple. Since K is

a field Mn(K) is simple. Therefore, LK(An) is simple.

• Laurent polynomial algebra K[x, x−1] which arise as LK(C1) for the ’one ver-

tex, one loop’ graph C1

C1 = •v egg

is not simple: We will show that 〈1 + x〉 is a proper ideal in K[x, x−1] since

1 /∈ 〈1 + x〉. Assume for a contradiction 1 ∈ 〈1 + x〉 then

1 = (1+x)(a−nx
−n+a−n+1x

−n+1 . . .+a−1x
−1+a0+a1x+a2x

2+ . . .+anx
n)⇒

1 = a−nx
−n + (a−n + a−n+1)x

−n+1 + . . .+ (a−2 + a−1)x
−1 + (a−1 + a0) + (a0 +
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a1)x+ . . .+ (an−1 + an)xn + anx
n+1

gives an = 0, an−1 +an = 0 so an−1 = 0. Continuing this way we get ai = 0 for

all i ∈ {−n,−n+ 1, . . . , 0, 1, . . . , n− 1, n}. But then 1 = 0 is a contradiction.

• Leavitt algebra A = LK(1, n) which arise as LK(Rn) for the ’rose with n-

petals’graph Rn for n ≥ 2

Rn = •v e1gg

e2

ss

e3

��

en

QQ...

is simple by Leavitt’s theorem.

Theorem 5.1. Simplicity of the Leavitt algebras For any field K, LK(1, n) is simple

for n ≥ 2.

Proof. First we will prove if an ideal I of LK(1, n) contains a non-zero polynomial

in {yi} (or {xi}) alone, then I = LK(1, n).

If I contains a non-zero polynomial in {yi} alone, it must contain such poly-

nomials of minimal degree say m. Let α ∈ I be such polynomial with deg(α) = m.

If m = 0,then we are done.

So assume m ≥ 1 then

α =
n∑
1

yiα
(1)
i + c0

where deg(α
(1)
i ) ≤ m − 1 and at least one α

(1)
i 6= 0. Here c0 6= 0 otherwise xiα =

α
(1)
i ∈ I of degree < m. Now x1α = α

(1)
1 + c0x1. If α

(1)
1 = 0, then x1αy1 = c0 ∈ I

and we are done. Thus assume α
(1)
1 6= 0. If deg(α

(1)
1 ) = 0 then α

(1)
1 = c1 ∈ K and

x1α = c1 + c0x1. We multiply by x2 on the left, and y2 on the right, and get

x2(x1α)y2 = x2(c1 + c0x1)y2 = c1 + 0 = c1

But c1 6= 0, and x2(x1α)y2 ∈ I,so are are done in this case. Note that here we use



22

the fact that n ≥ 2, so that we have an element y2 which is orthogonal on the right

to x1. If deg(α
(1)
1 ) ≥ 0 then α

(1)
1 = y1α

(2)
1 + · · ·+ ynα

(2)
n + c1

⇒ x1α = α
(1)
1 + c0x1 = y1α

(2)
1 + · · ·+ ynα

(2)
n + c1 + c0x1

⇒ x21 = α′1(2) + c1x1 + c0x
2
1

We continue this way (for at most m steps) to get deg(α
(m)
1 ) = 0

Now

xm1 = α
(m)
1 + cm−1x1 + cm−2x

2
1 + · · ·+ c1x

m
1 − 1 + c0x

m
1

If α
(m)
1 = 0 then xm1 αy

m
1 = cm−1y

m−1
1 + cm−2y

m−2
1 + · · ·+ c1y1 + c0 ∈ I of degree ≤ m

contradicts with the minimality of m. So 0 6= α
(m)
1 ∈ K then we get x2x

m
1 αy2 =

α
(m)
1 ∈ K ∩ I. So we are done. The proof for the case in {xi} only is similar.

Now we will show LK(1, n) is simple. Suppose I is non-zero ideal with I 6=

LK(1, n). Since α ∈ I can not be a polynomial in {xi} (or {yi}) alone (otherwise

I = LK(1, n)), we write α =
∑
yiαi + β where β is a (possibly zero) a polynomial

in {xi} alone and at least one αi 6= 0. Let dy(α) be the degree of α in {yi}, and

assume we have chosen an α ∈ I with dy(α) minimal. Then x1α = α1+x1β ∈ I with

dy(x1α) < dy(α). But this contradicts with the minimality of dy(α) unless x1α = 0,

so that α1 = −x1β. If β 6= 0, then all terms of α1 begin with x1. But then α would

have terms beginning with y1x1 and in definition of LK(1, n) it was assumed all such

terms have been eliminated, using y1x1 =
n∑
k=0

yixi. So we conclude that β = 0 so

that xiα = αi ∈ I with dy(αi) < dy(α). Therefore, I = LK(1, n).

Definition 5.2. For a graph E we define a preorder ≥ on the vertex set E0 given

by: v ≥ w if and only if v = w or there is a path µ such that s(µ) = v and r(µ) = w.

Definition 5.3. We say that a subset H ⊂ E0 is hereditary if v ∈ H and v ≥ w

imply w ∈ H.

Definition 5.4. We say that a subset H ⊂ E0 is saturated if whenever s−1(v) 6= ∅

and r(s−1(v)) ⊂ H, then v ∈ H.

Definition 5.5. The the hereditary saturated closure of a set x ⊂ E0 is defined as

the smallest hereditary and saturated subset of E0 containing X. For the hereditary
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saturated closure of X we use the notation X̄ =
⋃∞
n=0 Λn(X), where

Λ0(X) := {v ∈ E0 | x ≥ v for some x ∈ X}, and for n ≥ 1,

Λn(X) := {y ∈ E0 | 0 < |s−1(y)| <∞ and r(s−1(y)) ⊆ Λn−1(X)} ∪ Λn−1(X)

Example 5.6. Let E be the following graph:

E =

•w1

f1

""

•w2

f2
��

•w3

f3||
E = •v

•v1
||

e1

•v2
��

e2

•v3
""e3

• H1 = {v, v1, v2} ⊂ E0 is not hereditary -since v ∈ H1 and v ≥ v3 but v3 /∈ H1-

and not saturated -since s−1(w1) = f1 6= ∅ and r(s−1(w1)) = v ⊂ H1 but

w1 /∈ H1.

• H2 = {w1, w2, w3, v} ⊂ E0 is saturated but not hereditary since v ∈ H2 and

v ≥ v3 but v3 /∈ H2.

• H3 = {w1, w2, v, v1, v2, v3} ⊂ E0 is hereditary but not saturated since s−1(w3)

= f3 6= ∅ and r(s−1(w3)) = v ⊂ H1 but w3 /∈ H3.

Here, for the following graph E ′,

•w1

f1

""

•w2

f2
��

•w3

f3||

// •w

E ′ = •v

•v1
||

e1

•v2
��

e2

•v3
""e3

the same set would be saturated since r(s−1(w3)) = v 6⊆ H3.

Lemma 5.7. If J is an ideal of LK(E), then J ∩ E0 is a hereditary and saturated
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subset of E0.

Proof. We first show J ∩ E0 is hereditary. Consider, v, w ∈ E0 such that v ∈ J

and v ≥ w. By definition of preorder we can find a path µ = µ1 . . . µn such that

s(µ1) = v and r(µn) = w. Since J is an ideal µ∗1vµ1 = µ∗1µ1 = r(µ1) = s(µ2) ∈ J ,

similarly µ∗2s(µ2)µ2 = µ∗2µ2 = r(µ2) = s(µ3) ∈ J . Repeating this argument n times,

we get r(µn) = w ∈ J .

Now we show that J ∩ E0 is saturated. Consider a vertex v with s−1(v) 6= ∅

and r(s−1(v)) ⊆ J . The first condition implies that v is not a sink, so by applying

(CK2) we obtain v =
∑
{e∈E1:s(e)=v} ee

∗. If we take e such that s(e) = v, then

by hypothesis we have that r(e) ∈ J . Now e = er(e) ∈ J and thus we conclude

that
∑
{e∈E1:s(e)=v} ee

∗ = v ∈ J since J is an ideal.

Theorem 5.8 (Simplicity Theorem). Let E be a row-finite graph. Then the Leavitt

path algebra LK(E) is simple if and only if E satisfies the following conditions:

i The only hereditary and saturated subsets of E0 are ∅ and E0;

ii Every cycle in E has an exit.

Proof. First we will show that if E satisfies (i) then LK(E) is simple if and only if

every nonzero two sided ideal contains a vertex. Assume E satisfies (i) and LK(E) is

simple. Then any ideal I is LK(E) itself so it contains a vertex. Conversely assume

E satisfies (i) and any ideal I of LK(E) contains a vertex, then I ∩ E0 6= ∅ will

be E0 by (i). Therefore I contains a set of local units by Lemma 1.6 and hence

I = LK(E).

Now assume E satisfies (i) and (ii), by above proof it is enough to show that

any ideal contains a vertex. Let I be an ideal of LK(E), now by theorem 10 I is

generated by elements of the form v +
∑m

k=1 λkg
k, where v ∈ E0, g is a cycle at v

and λi ∈ K for all 1 ≤ i ≤ m.
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Write g = e1 · · · eσ, by (i) there exists an exit e0 for g such that s(e0) = s(ej)

for some j and e0 6= ej. Now construct the path z = e1 · · · ej−1e0. This path has

z∗g = 0 since z∗g = e∗0e
∗
j−1 · · · e∗1e1 · · · eσ = e∗0ej · · · eσ = 0.

Since v +
∑m

k=1 λkg
k ∈ I, then

z∗
(
v +

∑m
k=1 λkg

k
)
z = z∗vz = z∗z = e∗0e

∗
j−1 · · · e∗1e1 · · · ej−1e0 = r(e0) ∈ E.

Thus we have shown that is E satisfies the two indicated properties, then

LK(E) is simple.

For the converse, we must show that LK(E) is not simple when either of these

conditions hold: (1) E contains a cycle p having no exit, and (2) there exists a

nontrivial hereditary and saturated subset of E0.

For the first situation , suppose that there is a cycle p having no exit. We will

prove that LK(E) cannot be simple. Let v be the base of that cycle. We will show

that for α = v + p, < α > is a non-trivial ideal of LK(E) since v /∈< α >. Write

p = e1 · · · eσ. Since this cycle has no exit, for every ei there is no edge with source

s(ei) other than ei itself. This easily implies that CSP (v) = {p}. Also by CK2

relation we get s(ei) = eie
∗
i since ei is the only edge having the vertex s(ei) as its

source, so we get pp∗ = v (here recall that p∗p = v always holds).

Now suppose that v ∈< α >. So there exist nonzero monic monomials an, bn ∈

LK(E) and kn ∈ K with v =
∑m

n=1 knanαbn. Since vαv = α, by multiplying v if

necessary we may assume that vanv = an and vbnv = bn for all 1 ≤ n ≤ m.

We claim for each an (resp. bn) there exists an integer uan ≥ 0 (resp. ubn ≥ 0)

such that an = puan or an = (p∗)uan (resp. bn = pubn or bn = (p∗)ubn ).

Now since it is a monomial a1 is of the form f1 · · · fcg∗1 · · · g∗d where c, d ≥ 0. But

here we may assume that c, d ≥ 1 since the cases c = d or d = 0 will be contained in

what follows. Since a1 starts and ends in v the sets {t : r(g∗t ) = v} and {t : s(ft) = v}
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are not empty so we can consider the elements: k = max{t : s(ft) = v} and

l = min{t : r(g∗t ) = v}. We will focus on a′1 = fk · · · fcg∗1 · · · g∗l .

First of all, since v = r(g∗l ) = s(gl) and e1 is the only edge coming from v

(remember that p has no exit), then gl = e1. Now, s(gl−1) = r(g∗l−1) = s(g∗l ) =

r(gl) = r(e1) = s(e2), and again the only edge coming from s(e2) is e2 and therefore

gl−1 = e2. Continuing this way we must stop before we run out of edges of p because

by our choice of l we have that v /∈ {r(g∗t ) : t ≤ l}. So in the end we get there exists

γ ≤ σ such that g∗1 · · · g∗l = e∗α · · · e∗1.

With the same (reversed) ideas in the paragraph above we can find δ ≤ σ such

that f1 · · · fc = e1 · · · eδ . Thus a′1 = e1 · · · eδe∗γ · · · e∗1.

Now we claim that δ = γ. Assume not, i.e. δ 6= γ. Since p is a cycle we

know that r(eδ) 6= r(eσ) = s(e∗γ), so eδe
∗
0, which is a contradiction since a1 6= 0. So

a′1 = e1 · · · eγe∗γ · · · e∗1 i.e. a′1 = p0p
∗
0 for a certain subpath p0 of p. By using again

the argument of the CK2 relation (remember that s(ei) = eie
∗
i ), we obtain p0p

∗
0 = v.

Thus, a′1 = v.

Hence, we get a1 = f1 · · · fk−1a′1g∗l+1 · · · g∗d = a1 = f1 · · · fk−1g∗l+1 · · · g∗d = xy∗,

with x, y ∈ CP (v). (Obviously, the case c ≥ 1, d = 0 yields a1 = x, the case

c = 0, d ≥ 1 yields a1 = y∗ and the case c = d = 0 yields a1 = v.) By lemma 3.7

we have x = c1 · · · cν for some cµ ∈ CSP (v) = {p}, and the same happens with y.

Therefore we get a1 = pu(p∗)w for some u,w ≥ 0, and using the fact that pp∗ = v

we finally obtain that a1 is of the form pu or (p∗)u for some u ≥ 0 as claimed. This

argument holds for the other coefficients an and bn.

Now since both p and p∗ commute with p, p∗ and α, by using the conclusion

of the previous paragraph we write the sum v =
∑m

n=1 knanαbn as v = αP (p, p∗)

where P (p, p∗) = k−m(p∗)m + · · · + k0v + · · · knpn, where m,n ≥ 0. First we claim

that k−i = 0 for every i > 0, as follows. If not, let m0 be the maximum i having

k−i 6= 0. Then v = αP (p, p∗) = (v + p)P (p, p∗) = k−m0(p
∗)m0+ terms of greater
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degree= v, and since m0 > 0 we get that km0 = 0, which is absurd. In a similar way

we obtain ki = 0 for every i > 0, and therefore P (p, p∗) = k0v. But this would yield

v = αP (p, p∗) = αk0v = k0α = k0(v + p), which is impossible.

Thus we have shown that if E contains a cycle which has no exit,then LK(E)

is not simple. So the first part of the converse is done.

Now we will consider the second part of the converse, the situation where E0

contains a nontrivial hereditary and saturated subset H, and we show that LK(E)

is not simple.

We construct a new graph

F = (F 0, F 1, rF , sF ) = (E0 \H, r−1(E0 \H), r|E0\H , s|E0\H).

In other words, F is the graph consisting of all vertices not in H, together with all

edges whose range is not in H. To check F is well-defined, we have to show that

sF (F 1) ⊆ F 0 and rF (F 1) ⊆ F 0. It is clear that rF (F 1) ⊆ F 0. On the other hand, if

e ∈ F 1 then s(e) ∈ F 0, since otherwise we have s(e) ∈ H; but since s(e) ≥ r(e) and

H is hereditary, we get r(e) ∈ H, which contradicts e ∈ F 1. So F is a well defined

graph.

We now produce a K-algebra homomorphism Ψ : LK(E) → LK(F ). First we

define Φ on the generators of LK(E) by setting Φ(v) = χF 0(v)v, Φ(e) = χF 1(e)e

and Φ(e∗) = χ(F 1)∗(e
∗)e∗ where χX denotes the characteristic function of a set X.

Then we get Ψ by extending Φ linearly to LK(E). In order to show that Φ factors

through the appropriate relations in LK(E) we need to check:

(i) 〈{uv − δu,vu : u, v ∈ E0} ∪ {e− er(e), e− s(e) : e ∈ E1}〉 ⊆ Ker(Φ)

(ii) 〈{e∗fδe,fr(e) : e, f ∈ E1} ∪ {v −
∑
{e∈E1:s(e)=v} ee

∗ : v ∈ s(E1)}〉 ⊆ Ker(φ)

(i) This is a straightforward computation done by cases, and we only consider
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the nontrivial case arising when e ∈ F 1. But then r(e) /∈ H, and therefore

Φ(e− er(e)) = e− er(e) = 0 in LK(F ). Now, since s(e) ≥ r(e) /∈ H and H is

hereditary, we have s(e) /∈ H, so that Φ(e− s(e)e) = e− s(e)e = 0 in LK(F ).

(ii) Φ(e∗f − δe,fr(e)) = 0 in LK(F ) is straightforward. So now consider v ∈ s(E1);

i.e., consider a vertex v which is not a sink in E. We have 3 cases:

Case 1. Suppose v ∈ H. Then for every e ∈ E1 with s(e) = v we have that e /∈

F 1 (otherwise e ∈ F 1 implies r(e) /∈ H and by hereditariness s(e) = v /∈ H).

So, Φ(v−
∑
{e∈E1:s(e)=v} ee

∗) = 0− v−
∑
{e∈E1:s(e)=v} 0.0 = 0. Case 2. Suppose

v /∈ H and v /∈ s(F 1). Since v ∈ s(E1) we have that s−1(v) 6= ∅. But since H

is saturated there must exit e ∈ E1 such that s(e) = v, but r(e) /∈ H. That

means e ∈ F 1 with s(e) = v, which contradicts the hypothesis that v ∈ s(F 1).

Thus the saturated condition on H implies that this case cannot occur. Case

3. Suppose v /∈ H but v ∈ s(F 1). Then we have a CK2 relation in LK(F ) at

v:

v =
∑

{e∈F 1:s(e)=v}

ee∗

Consider e ∈ E1 such that s(e) = v. If e ∈ F 1 then Φ(ee∗) = ee∗. If e /∈ F 1

then Φ(ee∗) = 0. Thus we get

Φ(v −
∑

{e∈E1:s(e)=v}

ee∗) = v −
∑

{e∈F 1:s(e)=v}

ee∗ = 0

by the CK2 relation in LK(F ) shown above.

Thus we have shown that there exists a K-algebra homomorphism

Ψ : LK(E)→ LK(F ).

Now consider Ker(Ψ)ELK(E). Since H 6= ∅ there exists v ∈ H, so 0 6= v ∈ Ker(Ψ).

Since H 6= E0 there exists w ∈ E0 \H and in this case Ψ(w) = w 6= 0 so Ψ 6= 0. In

other words, 0 6= Ker(Ψ) 6= LK(E), so that LK(E) is not simple.
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Thus we conclude that the negation of either condition (i) or condition (ii)

yields that LK(E) is not simple, which completes the proof of the simplicity theorem.

Example 5.9. We re-establish the simplicity (or non-simplicity) of the algebras

given at the beginning of this chapter.

• Matrix algebra Mn(K) which arises as LK(An) for the ’oriented n-line’ graph

An defined by (An)0 = {v1, . . . , vn}, (An)1 = {e1, . . . , en} and s(ei) = vi and

r(ei) = vi+1 for i = 1, . . . , n− 1. i.e.

An = •v1 e1 // •v2 •vn−1
en−1 // •vn

is simple: Since there are clearly no cycles in An, we need only verify condition

(i) in the simplicity theorem (theorem 5.8) i.e. we need to show that A0
n has

only trivial hereditary and saturated subsets. If H 6= ∅ is a set of vertices

which is hereditary and saturated, let vi ∈ H. By hereditariness we have that

vi+1, . . . , vn ∈ H. Now if we use the condition of being saturated at vi1 we get

that vi1 ∈ H, and inductively vi−1, . . . , v1 ∈ H and therefore H = A0
n. Now

simplicity theorem implies to conclude that Mn(K) ∼= LK(An) is simple.

• Laurent polynomial algebra K[x, x−1] which arise as LK(C1) for the ’one ver-

tex, one loop’ graph C1

C1 = •v egg

is not simple: The cycle e does not have an exit, so by the simplicity theorem

K[x, x−1] ∼= LK(C1) is not simple.

• Leavitt algebra A = LK(1, n) which arise as LK(Rn) for the ’rose with n-

petals’graph Rn for n ≥ 2

Rn = •v e1gg

e2

ss

e3

��

en

QQ...
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is simple: The conditions in the simplicity theorem are clearly satisfied here,

so LK(1, n) ∼= LK(Rn) is simple.

Example 5.10. Let Cn denote the graph having n vertices and n edges, where the

edges form a single cycle (the graph described in example 5.9 (2) is the graph C1.):

Cn = •v1 e1gg •v2 e2gg •v3 e3gg . . . •vn engg

Then LK(Cn) is not simple for all n ∈ N, since the single cycles ei have no exit

for all i ∈ N.
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6. INCIDENCE AND PATH ALGEBRAS

In this chapter we investigate the relations between Incidence algebras and

path algebras. In [6] the algebra homomorphism is defined from path algebras on a

row-finite graph E into incidence algebra. We try to generalize this case for arbitrary

graphs, i.e. we try to see for which conditions on E, we still have such an algebra

homomorphism.

Definition 6.1. Let χ be a set with a binary relation ≤. (χ,≤) is a pre-ordered set

if ≤ is reflexive, and transitive.

Definition 6.2. A pre-ordered set (χ,≤) is called a partially ordered set (poset) if

≤ is also anti-symmetric.

Example 6.3.

• The integers Z under usual ordering.

• The rational numbers in [0, 1] under usual ordering.

• The set of positive integers in N under divisibility(a ≤ b if a divides b).

• The power set of a given set under inclusion.

If (χ,≤) is a pre-ordered set, we can define an equivalence relation ∼ on X

(canonical equivalence relation on χ) by

x ∼ y ⇔ x ≤ y and y ≤ x,

for x, y ∈ χ. Let [x] be the equivalence class of x ∈ χ under this equivalence relation

and consider the set χ̃ = {[x] | x ∈ χ}. Define 4 on χ̃ by

[x] 4 [y]⇔ x ≤ y.
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Thus, (χ̃,4) is a partially ordered set. We say that (χ̃,4) is the poset associated to

(χ,≤).

In a poset (χ,≤) we put x < y in case x ≤ y but x 6= y.

Definition 6.4 (Hasse Diagram of a poset). Some partially ordered sets can be

represented visually by Hasse diagrams.In order to construct the Hasse Diagram,we

represent each element of S as a vertex in the plane and draw a line segment or

curve that goes upward from x to y whenever y covers x (that is, whenever x < y

and there is no z such that x < z < y)

Example 6.5. Let χ be the partially ordered set χ = {x1, x2, x3, x4} and relations

generated by {x1 ≤ x2, x1 ≤ x3, x2 ≤ x4, }. We represent the partially ordered set χ

by the following Hasse diagram:

•x4

χ = •x2 •x3

•x1

For a given poset χ we construct a directed graph Eχ with χ as a set of vertices

and with an arrow from v to w and there is no u ∈ χ such that v < u < w.

Example 6.6. Let χ be the poset in the previous example. Then the associated

directed graph Eχ is :

•x2==

!!
Eχ = •x1 •x4

•x3
!!

==
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Definition 6.7. Let (χ,≤) be a poset. x ∈ χ is called a

• maximal element if x ≤ y, then x = y;

• minimal element if y ≤ x, then x = y.

Definition 6.8. Let (χ,≤) be a poset. An element x ∈ χ is

• the maximum element of χ if ∀y ∈ χ, y ≤ x, which is denoted by 1;

• the minimum element of χ if ∀y ∈ χ, x ≤ y, which is denoted by 0.

Definition 6.9. Given x, z ∈ χ, a pre-ordered set, the interval (or segment) from x

to z, denoted by [x, z] is {y ∈ χ : x ≤ y ≤ z}.

Definition 6.10. If every interval of χ is finite, then χ is locally finite.

Definition 6.11. The incidence algebra I(χ,R) of the locally finite partially ordered

set χ over the commutative ring with identity R, is

I(χ,R) = {f : χ× χ→ R : f(x, y) = 0 if x � y}

with the operations given by

(f + g)(x, y) = f(x, y) + g(x, y),

(f.g)(x, y) =
∑
x≤z≤y

f(x, z)g(z, y) and

(r.f)(x, y) = r.f(x, y),

for f, g ∈ I(χ,R) with r ∈ R and x, y, z ∈ χ.

Definition 6.12. For a graph E we define a preorder ≥ on the vertex set E0 given

by:

v ≥ w ⇔ v = w or there is a path µ such that s(µ) = v and r(µ) = w.

Definition 6.13. On the set E∗, we define the following order: For any two paths
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p, q ∈ E∗,

p ≤ q ⇔ there exists γ, η ∈ E∗ such that γpη = q

Lemma 6.14. (E∗,≤) is a pre-ordered set.

Proof. For any p ∈ E∗, we have p = s(p)pr(p) so p ≤ p. Now let p, q, r ∈ E∗ with

p ≤ q and q ≤ r. Then γpη = q and αqβ = r for some γ, η, α, β ∈ E∗. Then

αγpηβ = r thus p ≤ r as required.

Lemma 6.15. Two non trivial paths p = e1 · · · en and q = f1 · · · fm where ei, fj ∈ E1

are equal if and only if n = m and ei = fi for every i ∈ 1, . . . , n.

Lemma 6.16. For any graph E, (E∗,≤) is a partially ordered set.

Proof. By lemma 6.14 (E∗,≤) is a pre-ordered set. It is enough to show ≤ is anti-

symmetric. Let p, q ∈ E∗ with p ≤ q and q ≤ p, then there exist α, β, γ, η ∈ E∗ such

that αpβ = q and γqη = p. Thus we get γαpβη = p. By lemma 6.15 α = s(p) and

β = r(p) thus p = q.

Lemma 6.17. For any graph E, (E∗,≤) is locally finite.

Proof. We want to show that for any α, β ∈ E∗ with α ≤ β ( in other words α is a

subpath of β) |[α, β]| is finite. But since α, β paths in E, they are of finite length so

there are finitely many subpaths of β that contain α as subpath.

Definition 6.18. A vertex v ∈ E0 is said to be a source if r−1(v) = ∅. We

denote by E0
so the set of all sources of E. A vertex w ∈ E0 is said to be a sink if

s−1(w) = ∅. We denote by E0
si the set of all sinks of E. Moreover, we define the sets

E∗so = {p ∈ E∗ | s(p) ∈ E0
so} and E∗si = {q ∈ E∗ | r(q) ∈ E0

si}.
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Example 6.19.

• Let E be the following graph

•v3==
η

E = •v1
α
%%

β

;;•v2

•v4
!!γ

Then E0
so = {v1}, E0

si = {v3, v4}, E∗so = {v1, α, αη, αγ, β, βγ, βη},

E∗si = {v3, v4, η, γ, αη, βη, αγ, βγ}

• Let F be the following graph

•v1
α

!!

•v4==
β

F = •v3

•v2
γ

==

•v5
!!η

Then E0
so = {v1, v2}, E0

si = {v4, v5}, E∗so = {v1, α, αβ, αη, v2, γ, γβ, γη},

E∗si = {v4, β, αβ, γβ, v5, η, γη, αη}

Definition 6.20. We define the following partially ordered set E∗so with the induced

order from E∗. Observe that, equivalently, for every p, q ∈ E∗so, we have that

p ≤ q ⇔ there exist η ∈ E∗ such that pη = q

Lemma 6.21. Let E be a finite graph without any cycle. If p is a path with maximal

length then s(p) is a source.

Proof. Assume s(p) is not a source, then there exists a path α ∈ E∗ such that

r(α) = s(p). Now αp is path with length greater than p, which contradicts the

maximality of the length of p.
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Lemma 6.22. Let E be a finite graph without no cycle. Then any path in E is

connected to a source, i.e for any path q in E there exists a path p such that r(p) =

s(q) and s(p) is source.

Proof. Follows from lemma 6.21 since any path in E is a subpath of a maximal

path.

Theorem 6.23. Let E be any graph. Define

Φ : KE −→ I(E∗, K)

α 7→ fα(u, v) =

 1, if v = uα

0, else

Φ is an injective K-algebra homomorphism.

Proof. We will show that Φ(αβ) = Φ(α)Φ(β). For any (u, v) ∈ E∗ × E∗ we have

Φ(αβ) = fαβ(u, v) =

 1, if v = u(αβ)

0, else
.

Now

Φ(α)Φ(β) = fαfβ(u, v) =
∑
u≤z≤v

fα(u, z)fβ(z, v)

= fα(u, uα)fβ(uα, uαβ)

=

 1, if v = uαβ

0, else

We extend this map linearly to get an algebra homomorphism.
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Now, we will show Φ is injective.

KerΦ = {
∑
α

cαα | Φ(
∑
α

cαα) = 0}

= {
∑
α

cαα |
∑
α

cαΦ(α) = 0}

= {
∑
α

cαα |
∑
α

cα(fα(u, v)) = 0 for all u, v ∈ E∗}

Take (u, uα0) ∈ E∗ × E∗, then

∑
α

cαfα(u, uα0)) = 0

⇒
∑
α 6=α0

cαfα(u, uα0) + cα0fα0(u, uα0) = 0

⇒ cα0fα0(u, uα0) = 0

⇒ cα0 = 0

This can be done for any α hence we get cα = 0 for any α.

Theorem 6.24. Let E be a graph such that E∗so 6= ∅. Define

Φ : KE −→ I(E∗so, K)

α 7→ fα(u, v) =

 1, if v = uα

0, else

Φ is one-to-one if T (E0
so) =

⋃
u∈E0

so

T (w) = E0 where T (w) = {t ∈ E0 | w ≥ t}.

Proof. Kerφ = {
∑

α cαα |
∑

α cα(fα(u, v)) = 0 for all u, v ∈ E∗so}.
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Since T (E0
so) =

⋃
w∈E0

so

T (w) = E0, for every path α in there exists u in E∗so such

that r(u) = s(α). Now consider (u, uα0) ∈ E0
so × E0

so, then as in the previous proof∑
α cαfα(u, uα0) = 0 gives cα = 0 for any α.

Definition 6.25. The support of a function is the set of points where the function

is not zero. The support of f is denoted by supp(f).

Definition 6.26. The finite support of I(X,R) denoted by [I(E∗so, K)]fs consists of

the functions whose support is finite i.e.

[I(E∗so, K)]fs = {f ∈ I(X,R) : supp(f) is finite }.

Theorem 6.27. Let E be a graph such that E∗so 6= ∅. Define

Φ : KE −→ I(E∗so, K)

α 7→ fα(u, v) =

 1, if v = uα

0, else

ImΦ = [I(E∗so, K)]fs if and only if |r−1(v)| ≤ 1 for every v ∈ T (E0
so).

Proof. First we assume |r−1(v)| ≤ 1 for every v ∈ T (E0
so) and we will show that

ImΦ = [I(E∗so, K)]fs.

Take pi, qi ∈ E0
so. Consider epiqi ∈ I(E∗so, K) with pi ≤ qi, then there exists

η ∈ E∗ such that piη = qi, sor(pi) = s(η) ∈ E0. We have Φ(η) = fη where

fη(αβ) =

 1, if β = αη

0, else
. Now we will show that fη = epiqi . We have three

cases:

i If α = pi, β = qi: Then fn(pi, qi) = fη(pi, piη) = 1.
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ii If α 6= pi :


If β 6= αη then fη(α, β) = 0

If β = αη then r(α) = s(η) = vη = r(pi)

which is a contradiction since |r−1(vη)| ≤ 1

.

iii If α = pi but β 6= qi: Then β 6= piη gives fη(pi, β) = 0.

Hence we get fη = epiqi . Now take h ∈ [I(E∗so, K)]fs then

h =
n∑
i=1

kiepiqi =
n∑
i=1

kifηi = f(
n∑
i=1

kiηi).

For the converse suppose ImΦ = [I(E∗so, K)]fs. Consider w ∈ T (E0
so). Since

E0
so 6= ∅ there exists p in E∗so such that r(p) = w. Take epp ∈ I(E∗so, K). Since ImΦ =

[I(E∗so, K)]fs, there exists an element
n∑
i=1

kiαi ∈ KE such that Φ(
n∑
i=1

kiαi) = epp.

Then we have
n∑
i=1

kifαi
= epp i.e.

n∑
i=1

kifαi
(u, v) = epp(u, v) for all u, v ∈ KE. Thus

n∑
i=1

kifαi
(p, p) = 1. Here if p 6= pαi for all i then the sum will be zero. So we have

p = pαi0 for some i0. Then αi0 = w and the corresponding coefficient ki0 = 1.

Now assume there exists p̃ 6= p ∈ E∗so such that r(p̃) = w. Then

0 = epp(p̃, p̃) =
n∑
i=1

kifαi
(p̃, p̃) = fw(p̃, p̃)︸ ︷︷ ︸

= 1

since p̃ = p̃w

+
∑
αi 6=w

kifαi
(p̃, p̃)︸ ︷︷ ︸

= 0

since p̃ = p̃w 6= p̃αi

= 1

is a contradiction. Therefore |r−1(v)| ≤ 1 for every v ∈ T (E0
so).

Corollary 6.28. If E is finite and |r−1(v)| ≤ 1 for every v ∈ T (E0
so) then f is onto.
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