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ABSTRACT

PATH ALGEBRAS

In this thesis, we investigate path algebras and Leavitt path algebras. Some
properties of path and Leavitt path algebras are given. Our aim is to see what
conditions on the graph E makes Leavitt path algebras simple. We also study the

relations between Incidence algebras and path algebras.
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OZET

YOL CEBIRLERI

Bu tezde, yol cebirleri ve Leavitt yol cebirleri incelenmistir. Yol cebirlerinin
ve Leavitt yol cebirlerinin bazi ozellikleri verilmistir. Amag E grafi iizerindeki hangi
kosgullarin Leavitt yol cebirlerini basit yapacagini géormektir. Ayni zamanda, cakigma

cebirleri ve yol cebirleri arasindaki iligkiler ¢aligilmigtir.
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1. INTRODUCTION

Wherever in the world you study mathematics, you see that the first examples
of rings includes fields, Z, n x n matrix rings, and polynomial rings. These are

fundamental examples and any one of these rings R has the 'Invariant Basis Number’

property:

If m and m' are integers with the property that the free left modules gk R™ and

/ . .
rR™ are isomorphic, then m = m/.

In words, the IBN property says that any two bases for a free left R-module
have the same number of elements. But the IBN does not hold for all rings. In
1962, Leavitt proved that for each positive integer n > m and field K there exists
a K-algebra A with xA™ =, A™ in [1]. These algebras later will be denoted as

Leavitt algebra of type (m,n) and A is denoted by Lg(m,n).

In 2000’s Path algebras and Leavitt Path algebras are defined on a directed
graph E. Leavitt path algebras, which are natural generalizations of Leavitt al-
gebras, are the algebraic versions of the Cuntz-Krieger algebras C*(F) of directed
graph E described in [2] at the same time generalize Cuntz Algebras. The introduc-
tion of Leavitt path algebras in [3] has recently attracted the interest of algebraists

as well as of analysts working on C*-algebras.

First of all, we read Leavitt’s article [4] published in 1965. As his ideas were
definitely the roadmap for the simplicity of Leavitt path algebras, the proof of the
theorem, simplicity of the Leavitt algebras, is studied to see how the original proof
proceeds. After getting Leavitt’s idea behind his proof, some properties of path and
Leavitt path algebras are given. Our aim is to see what conditions on the graph
E makes Leavitt path algebras simple. We read [3], but the proof of the simplicity
theorem was really complicated and was hard to follow since it contained too many

case analysis. On the other hand, the two-sided ideals of Leavitt path algebras are



studied in [5]. Using some results of [5] we reproved the simplicity theorem of Leavitt

algebras shortening the proof given in [3].

Moreover, we studied the relations between Incidence algebras and path alge-
bras. The algebra homomorphism defined in [6] from path algebras on a row-finite
graph FE into incidence algebra is studied. We still try to generalize this case for
arbitrary graphs, i.e. we try to see for which conditions on E, we still have such an

algebra homomorphism.



2. PATH AND LEAVITT PATH ALGEBRAS

We begin this chapter by reminding the reader basic definitions in graph theory.
We continue with the construction of the standard path algebra and Leavitt path

algebra of a graph. Finally, we investigate their algebraic structures.

A directed graph F = (E°, E',r,s) consists of two countable sets E°, E' and
functions r,s : E* — E°. The elements of E° are called vertices and the elements
of E' edges. For each edge e, s(e) is the source of e and r(e) is the range of e. If
s(e) = v and r(e) = w, then we also say that v emits e and that w receives e. A
vertex which does not receive any edges is called a source. A vertex which emits
no edges is called a sink.A graph is called row-finite if s7*(v) is a finite set for each

vertex v. A graph is called finite if it is row-finite and EY is a finite set.

A path p in a graph E is a sequence of edges = g . . . i, such that r(u;) =
S(pig1) for i = 1,...,n — 1. In such a case, s(u) := s(u1) is the source of p and
r(p) = r(py,) is the range of p. If s(u) = r(p) and s(w;) # r(p;) for every i # j,
then p is called a cycle. We denote by E* the set of all paths of E. The length of a
path u, denoted by ||, is the number of edges it contains. The length of v € E° is
0.

Definition 2.1. Let K be a field and F be a graph. The path K-algebra over E is
defined as the free K-algebra K[E" U E'| with the relations:

(1) vv' = 6, v for all v,0" € E°.
(2) e =er(e) = s(e)e for all e € EL.
This algebra is denoted by KFE.

Definition 2.2. Given a graph E we define the extended graph of E as the new
graph E = (E°, E* U (EY)*,+',§') where (E')* = {¢} : ¢; € E'} and the functions r’



and s’ are defined as

g =, sl = s, r'(e*) = s(e) and s'(e*) = r(e)

Definition 2.3. Let K be a field and F be a row-finite graph. The Leavitt path
algebra of E with coefficients in K is defined as the path algebra over the extended
graph E , with relations:

(CK1) e*f = 0. 4r(e) for every f € E' and e* € (E*)*.

(CK2) v= Z{eeEl:s(e):v} ee”

This algebra is denoted by Ly (FE) (or simply by L(E) when the field K is under-
stood).

The conditions (CK1) and (CK2) are called the Cuntz-Krieger relations. In
particular condition (CK2) is the Cuntz-Krieger relation at v;. If v; is a sink, we do
not have a (CK2) relation at v; . Note that the condition of row-finiteness is needed

in order to define the equation (CK2).

The elements of E! are called real edges, while for e € E' we call e* a ghost
edge. The set {e* | e € E'} is denoted by (E')*. We say that a path in Lg(E) is a
real path (resp., a ghost path) if it contains no terms of the form e* (resp., e). For

a path a =e; ---e,, we denote by a* the ghost path e} - --e].

Examples of Leavitt path algebras

e Matrix algebras M, (K): Consider the ’oriented n-line’ graph A, defined by
(A)° = {v1,...,0.}, (A)' = ey, ..., e} and s(e;) = v; and 7(e;) = vy for



i=1,...,n—1 ie.

Then Lg(A,) =2 M,(K): Let E;j) be the standard (i, j)-matrix unit in
M, (K). i.e E;; is the matrix which has 1 in the (7, j)-entry and 0 else. Now
define the map on the generators of Li(A,), ¢ : Lx(A,) — M,(K) by setting
o(v;) = Ey, ¢(e;) = E(i,i+ 1) and ¢(ef) = E(i+1,1). ¢ is clearly one-to-one
and onto. In order to show ¢ is a K-algebra homomorphism it is enough to
show that ¢ factors through the appropriate relations in L (A,) i.e. we need
to check:

(1) ({uv —dupu:u,v € E°YU{e—er(e),e—s(e)e:e € E'}) C Ker(¢)

(i) ({6 = Gusr(e) : e f € B} U0 = Doemueyn € 0 € s(EV}) C

Ker(¢) But this is a straightforward calculation if we note that:

Euy ifi=j
EinEqj) = . |
else
E(i,i) ifi=j
vy By = . |
else
Ei1i01) ifi=y
E(i+1,i)E(j,j+1) =

0 else

e Laurent polynomial algebras K[z,z™']: Consider the 'one vertex, one loop’

graph C defined by (C)° = {v}, (C})' = {e}.

Cl = OUDe



Then clearly K[z, 27| & Ly (C}), via the map ¢ defined by ¢(v) =1, ¢(e) = z
and ¢(e*) = L.
e Leavitt algebras A = Lk (1,n) for n > 2:

Definition 2.4. The Leavitt algebra of type (1, n) is the free associative K —algebra

with generators {x;,y; : 1 <i < n} and relations

(1) zyy; = 6jlg forall 1 <i4,j <n

(2) > yiwi = 1g
k=0

This algebra is denoted by Lk (1,n).

Now consider the 'rose with n-petals’graph R, for n > 2 defined by (R,)° =

{v}, (R)' ={e1,...en}.

Then Lk(1,n) = Li(R,) for n > 2. If we define the map ¢ by ¢(v) = 1,
o(e;) = y; and ¢(ef) = z; and extend it K-linearly to Li(R,), we get the desired
algebra isomorphism ( by definition of L (1,n), ¢ factors through the appropriate
relations in Lg(R,)).

Lemma 2.5. If a, 8 be paths in E then

B if 8= af for some ' € E*
a*B=4q () if a=pa for somed € E* (2.1)

0 otherwise

for some o/, 3 € E*.



Proof. Writeaw =e€1---e,and B = f1--- f,andassume 0 # o*B =€}, ---€if1-- fa.
Then e} f; # 0 and we get e; = f; and eje; = r(ey) by CK1. Similarly,

er e et fi for fa=eteifoen o
r(e1)=r(f1)=s(f2) #£0

Proceeding like this we get o*f = foqp1---fn (if m < n) or o = €, ---ef (if

m>mn). O

Lemma 2.6. If u,v,«, B are paths in E then

o 5 if « = v for some 3 € E*

prtaft = ¢ p() B* ifv=av for some v € E* (2.2)
0 otherwise
Proof. Follows from previous lemma. O]

Lemma 2.7. Every monomial in Lk (FE) is of the following form:

(i) kv with k € K and v € E°,
i) key---eqff - ff wherek € K; a,b>0,a+b>0,e, - ,eq, ff - fox €
1 b 1
E.

Proof. Take a monomial u € Lg(F) and write g = x; -+ -z, with z; € E°U E' U

(E')*. We will prove by induction on n. For n = 1 the monomial is of form kx; and

we are done. Assume for k € N we have kxy - - - x has the form kpg* withp =e;--- ¢,

and ¢ = fy--- fy then kxy - - 2201 = kpq*xy 1 where 7, € E°UE'U(E')*. Then
(¢") ifg = zprd

by lemma 2.5 ¢*xp.q1 = then kxy---zx1 = kp(¢')* and we
0 otherwise

are done. ]

Corollary 2.8. Lx(FE) = span{pq* | p,q are paths in E for which r(p) =r(q)}

Proof. span{pq* | p,q are paths in E for which r(p) =r(q)} C Lx(F) and is a

vector space closed under multiplication by lemma 2.6 so is a subalgebra of Lg(E).



Since its vertices are paths of length 0 they are contained in this spanning set and
also since it contains the generators (e = es(e)*,v = vv*, e* = r(e)e*), it is the

algebra Ly (E). O

Lemma 2.9. If EY is finite then Ly (E) is a unital K -algebra. If E° is infinite, then
Lk (FE) is an algebra with local units(specifically, the set generated by finite sums of
distinct elements of E°).

n
Proof. Assume E° is finite. We will show Zvi is the unit element.

If v; € EY -
(i v;)vj = i V;U; = i d;;v; =v; and similarly Uj(i v;) = v;
i=1 i=1 i=1 i=1
Ife; € B!
(é v;)e; = (Z; v;)s(ej)e; = (g v;is(ej))e; = s(ej)e; = ey,

n n

O _wie; = O vi)(esr(e))” = sz”'”(ej)eﬁ =r(ej)ej = s'(ef)e] = €],

i=1 i=1

similarly e;‘f(z v;) = ¢}. Since Lk (E) generated by E° U E' U (E")*, then for any

i=1
n

a € Li(F) we have a(z v;) = (Z v)a = a.

=1

Now assume EY is infinite. Consider a finite subset {a;}i—; of Lg(E). Then

by Corollary 2.8 Z kit + Z cipi where ki, ci € K \ {0} and p} are monomials of
s=1 =1
form ey ---eq.fy - fi. Define U {v!, s(p)),r(p}):s=1,...n;,0l=1,...m;} then

a = g v is a finite sum of vertices. By a similar argument above it can be shown

veV
that aa; = a;a = a; for every 1 < i <. O



Lemma 2.10. Lk (FE) is a Z-graded algebra with grading induced by setting deg(v) =

0 for allv € E°, deg(e) = deg(e*) =1 for alle € E'. That is, Lx(E) = & Lg(E),,
neN

where Li(E), is generated as a vector space by monomials of the form pq* having

deg(p) — deg(q) = n.

Proof. (1))Lk(FE) = ZLK(E)n follows from Corollary 2.8.

nez

(ii)We will show Ly (E),Lk(E)y C Lig(E)miyn First note that Ly (E)nLg(E), =
span{uv*af* : u* € L (E)p, af* € Lg(E),,}. Now let pv*ap* € Lx(E)nLk(E)m
Then uv* € Lg(E), and af* € Li(E),, gives deg(u) — deg(v) = n and deg(a) —
deg(B) = m. Now by Lemma 2.6

pa! B* if o« = v for some §' € E*
pwraf = ¢ p()p*  if v = v for some v/ € E*

0 otherwise

If ww*apf* =0 € Lg(E)min and we are done. If & = va for some o € E* deg(a) =
deg(va’) and we get deg(c’) = deg(B) +m — deg(v). Now pv*af* = pa’f*, and
deg(pa’) = deg(p) +deg(a’) = deg(p) +deg(3) +m—deg(v) so deg(pa’) —deg(B) =
m + n and we are done.

The case v = av' can be shown by similar way. O]

By this lemma we can define the degree of an arbitrary polynomial in Ly (E)

as the maximum of the degrees of its monomials.

Lemma 2.11. Lg(FE) can be equipped with an involution x +— T defined in the

monomials by:

(i) kv = kv with k € K andv € V
(ii) key---enfy--- fr, = kfm--- frel---ef where k € K;m,n > 0,m +n >
aniafjeEl;

and extending linearly to Lk (FE).
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Proof. The proposed map is well-defined and by lemma 2.7 and linear by definition.
It is easy to show that Ty = ¥z and T = x for every x,y € Lg(F) and it is
straightforward to see that the map is compatible with the relations defining L (F).

]

Remark 2.12.

e The involution transforms a polynomial in only real edges into a polynomial

in only ghost edges and vice versa.

e If J is an ideal of L (F) then so is J.
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3. CLOSED PATHS

In this chapter, we investigate some certain paths in the graph E which play

a central role in the structure of Leavitt path algebra Ly (F).

Definition 3.1. An edge e is an exit to the path u = pq - - -, if there exists ¢ such
that s(e) = s(p;) and e # p;.

Definition 3.2. A path = ;- -y, is a cycle if s(u) = r(p) and s(u;) # s(p;) for
all i # j.

Definition 3.3. A closed path based at v is a path g = py - - p, with p; € E* and
s(u) = r(u) = v. Denote by C'P(v) the set of all such paths.

Definition 3.4. A closed simple path based at v is a closed path u = puy - - - p,, based
at v such that s(u;) # v for all 1 < j < n. Denote by C'SP(v) the set of all such

paths.

Remark 3.5.

e Every cycle based at v is also a closed simple path based at v but converse is
not true. A closed simple path based at v may visit some of its vertices other
than v more than once.

e Every closed simple path based at v is a closed path based at v but converse

is not true. A closed path based at v may visit v more than once.

Lemma 3.6. Let u,v € CSP(v). Then p*'v =46, ,0.

Proof. Letu,v € CSP(v). If p = v then by lemma 2.5 p*v = v. If deg(p) < deg(v)
write v = vy where deg(vy) = deg(p) and deg(vo) > 0. Now if p = vy then we
have that v = r(u) = r(v1) = s(2), contradicting that v € CSP(v), so u # v; and
thus by lemma 2.5 u*v = 0. The case deg(u) > deg(v) is similar. O

Lemma 3.7. For every p € CP(v) there exist unique c1,--- , ¢, € CSP(v) such
that p =1cy---cp,.
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Proof. Write p=ey---e,. Let T={t € {l,--- ;n}:r(e;) =v}and list t; < --- <
tm = n all elements of T'. Then ¢; = ey --- ¢, and ¢; = ey, 41 -+~ ¢, for j > 1 give the

desired decomposition.

Now we will prove uniqueness. Assume p = ¢;---¢, = dy ---ds with ¢;,d; €
CSP(v). Now multiply by ¢} on the left then ¢jc; -+ - ¢, = ¢id; - - - ds and use lemma
3.6 to get 0 # vey - - = cjdy - --ds. Now if ¢; # dy then by lemma 3.6 again the
product will be zero hence ¢; = d;. By an inductive process we get r = s and ¢; = d;

for every 1 < <. O

Definition 3.8. For p € C'P(v) we define the return degree (at v) of p to be the
number m > 1 in the decomposition above.(So in particular, C'SP(v) is the subset
of C'P(v) having return degree equal one.) We denote it by RD(p) = RD,(p) = m.
This notation is extended to vertices by setting RD,(v) = 0, and to nonzero linear

combinations of the form > kspg, with p;, € CP(v) Uv and ks € K \ 0 by setting
RD(> " ksps) = maz{RD(p;)}.

Lemma 3.9. Fvery closed path contains a cycle.

Proof. By lemma 3.7 it is enough to show that every simple closed path contains a

cycle. Let p be a closed simple path based at v. O

Lemma 3.10. For a graph E the following conditions are equivalent:
(i) Every cycle has an eit.
(i1) Every closed path has an exit.
(111) Every closed simple path has an ezit.
(iv) For every v € E°if CSP(v) # 0, then there exists c € CSP(v) having an

exit.

Proof. (ii)= (iii) = (i) is trivial by definition, and (iii) = (iv) is obvious.

(i)= (ii). Consider p € C'P(v;). By lemma 3.7 we can factor p = cM) ... c(m),

where c) € CSP(v;), and we examine c™). If it is a cycle then we can find an
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exit for it, and therefore for p, by assumption. If not, ¢™ visits a vertex (different
from v;) more than once. Write ¢™ = e{™ ... e{™ with each ™ € E' and let ("
be the last edge such that who shares the same source with an edge different than
itself (i.e. it is the last edge for which s(e§-m)) = s(e{™) for i # j). Thus there exists

51 < sp such that s(egg")) = s(egln)). we have three cases:

o Case (1) el™ = el™ and sy < s. Then r(el™) = r(e{™); that is s(egoﬂm)) =
s(eml), but this contradicts with the choice of e{™. Thus this case is impos-
sible.

o Case (2) el = e and sy = s. Then r(el”) = r(e{™) = v; implies s(chll) =
v;, which is again impossible because ¢™ € C'SP(v;).
e Case (3) el™ £ ™ So this is the only possible case. In this case since

s(el™) = s(e{™) and they are different e{™ is an exit for ¢, and then for s.

(iv)= (iii). Consider ¢ € C'SP(v). By hypothesis we find ¢ € C'SP(v) having an
exit. If ¢ = ¢ we are done. If not write ¢ = ey---¢,,¢ = fi--- f,, and proceed by

steps:

Step 1. If e; # f1, since s(e1) = s(f1) = v, then f is an exit for c.
Step 2. If e; = f1 then r(e1) = r(f1); that is, s(e2) = s(f2).

Step 3. If es # fo, then as in Step 1, ey is an exit for c.

Step 4. If e; = f5, then continue as in Step 2.

With this process, we either find an exit or we run out of edges in one path but not

in the other since the paths ¢, ¢ are different. Thus:

Case 1. ¢ = ¢gy-+-gs where g; € E' for 1 < i < s. But then we get s(g;) =

r(¢) = v which contradicts ¢ € C'SP(v). So this case is impossible.

Case 2. ¢é = chy---h, where h; € E' for 1 < i < r. But similarly this is

impossible.



Thus in our process we find an exit and this finishes the proof.

14
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4. TWO-SIDED IDEALS IN LEAVITT PATH
ALGEBRAS

In this chapter, we explicitly describe two-sided ideals in Leavitt path algebras

associated with a row-finite graph.

Lemma 4.1. Let I be a two-sided ideal of Li(FE). Every 0 # p € I can be written
as pp = aq + -+ -, where a; € I and, for each i, «; is a sum of paths all have the

same source and have the same range.

Proof. Let u € I and p = py + - - b, where ps are monomials in Lg(FE), then
a; = s(pi)pr(p) is the sum of those p1; whose sources are all the same and whose
ranges are all the same; specifically, the sum of those p; for which s(y;) = s(u;)and
r(p;) = r(p;). Moreover, a; € I. Thus we may write pt = a3 + - - - + o, where each

a; with above properties. O

Notation: Let Ly (E)gr (resp., Lx(E)g) denote the subring of elements in

Lk (F) whose terms involve only real edges (resp., ghost edges).

Lemma 4.2. Let I be a two-sided ideal of Lx(E) and leqq = I N L (E)g. Then
Lrcar 18 the two-sided ideal of Ly (E)g generated by elements of I..q having the form

n

v+ Z)\igi, where v € E°, g is a cycle based at v and \; € K for 1 <i <n.
i=1

Proof. Let J be the ideal of L (F)g generated by elements in 1., of the indicated
form. Our claim is J = I,.q. Assume for a contradiction I,.q \ J # 0; choose
p € Lea \ J of minimal length. By lemma 4.1, we can write = 7 - - - 7, with each
7; 18 in I+ and is the sum of those paths whose sources are all the same and whose
ranges are all the same. Since u ¢ J, one of 7; ¢ J. Replacing u by 7;, we may
assume that © = A\juy + - - - A\, € Ireal where all the p; have the same source and

the same range, and \; € K for 1 < ¢ < n. First we claim that one of the y; must
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have length 0, i.e. u; = v for some vertex v € E°. Suppose not. Then for each i

we can write y; = e;v; where e; € E' and v; € L (E)g(otherwise y; can not be in

Lk (F)gr and therefore p can not be in I,.cq). So pn = Z \;eiv;. Now

=1

ein=Y_ Ny €INLg(E)g = ILea

{jlej=ei}

and has smaller length than p. Since p € ;¢\ J is of minimal length we get efu € J
and hence e;ejp € J (J is a two-sided ideal of Lx(ERg)). Then

Z 67:6;(”: Z :MGJ,

distincte; {jlej=ei}

a contradiction. So we can assume without loss of generality that py, = v, with v
a vertex.Since all the terms in p have the same source and the same range, each
i is a closed path based at v. Multiplying by a scalar if necessary we write u =

U+ Aapig + A Ap .

Case (I): There exists no, or exactly one, closed simple path at v. If there are
no closed simple paths at v then we get = v € j by definition of J, a contradiction.
If there is exactly one closed simple path g based at v then necessarily g must be a
cycle. (Otherwise g visits some of its vertices other than v more than once. So it
must contain a cycle but since g itself is not a cycle we have found another closed

simple path, a contradiction.) Moreover, the only paths in E which have source and

range equal to v are powers of g. Then y = v+ Z \ig' € J again by definition of
=2
J, a contradiction.

Case(II): There exist at least two distinct closed simple paths ¢g; and g based
at v. As g1 # go and by lemma 3.6, g5g1 = 0 = gjg.. Without loss of generality
assume || > -+ |u,| > 1. Then for some k € N, |gF| > |us|. Multiplying by (g;)*
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on the left and g% on the right, we get

W= (g0 ()" = v+ Xilgh) i)
i=2
- I (9D i(g)* = 0 for every i, then we get ¢/ = (97)*u(g:)* = v € J. Then
= pv € I, and therefore v € I N L (E)r = Iyeq. But g € Leg \ J is of minimal
length so v necessarily must be in J. Then p = pv € J, a contradiction. Note that
0 # (97)%1i(g1)¥, then (g7)*u; # 0. Since |gF| > ||, by lemma 2.5 we get gF = p;]
for some path p.. Since the u; are closed paths based at the vertex v, we get from
the equation (g)*F = pp that pu; = (g1)" for some integer » < k. So p; commutes

with (¢g1)* and thus each non-zero term (g7 )*u;(g1)* = p;.

Since g5g1 = 0, gipi = gag¥ = 0 for every i € {2, --n} such that (g%*m(gl)k +
0 and so we get g5u'gy = ga(v + ZM)92 = govg2 =v € I N Lg(E)g = Lea. But
=2

p € Ineq \ J is of minimal length so v necessarily must be in J. Then p = pv € J,

a contradiction. O

Lemma 4.3. Let I be a two-sided ideal of Lix(E) and Ignost = I N Lx(E)q. Then
Lyhost 1s the two-sided ideal of L (E), generated by elements of I,cq having the form

v+ Z)\i(g*)i, where v € E°, g is a cycle based at v and \; € K for 1 <i < n.
i=1

Proof. This can be shown by a similar argument with the previous lemma, but I

think I have shown this by using involution.So I will write the proof later. O

Theorem 4.4. Let E be a row-finite graph. Let I be any two-sided ideal of Ly (E).

Then I is generated by elements of the form v + Z N\ig', where v € E°, g is a cycle
i=1
based at v and \; € K for 1 <1 <n.

Proof. Let J be the two-sided ideal of L (F) generated by I eq. By lemma 4.2 it
d

is enough to show that I = J. Suppose not. Choose x = Z Aipivi in I\ J, where
i=1
d is minimal and g, ---ipg, v, - , Vg are real paths in Lg(E)R. By lemma 4.1,
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T = aj + -+, where each alpha; € I and is a sum of monomials all having the
same source and the same range. Since z ¢ J, «; ¢ J for some j. By the minimality

ofd, x = a;. (x=0a;+ -+ a, and z is the sum of d monomials but «; is the
d

sum of d monomials where d < d). Thus we can assume z = Z Aipiv; where for all

i=1
6,7 s(uvy) = s(pyvy) and r(vy) = r(pv;) Le. s(u) = s(py) and r(vj) = r(vj) =
d

w € E°. Among all such z = Z Aipyivy € I'\ J with minimal d,select one for which
i=1

(Jval, -+« ,|va]) is the smallest in the lexicographic order (dictionary ordering) of Z¢.

First note that we have |v;| > 0 for some i otherwise x is in I,.,; C J, a contradiction.

Let e be in E'. Then note that

d d
re = Z Aipv;e = Z Aipi (V)"
i=1 i=1

either has fewer terms (d' < d), or d = d' and (|t}|,---,|v)]) is smaller than
(|val,+ -+, |va]). Then by minimality, we get xe is in J for every e € E', and then
ree* € J for every e € E'. Since |v;] > 0 for some 4, and w = r(v}) = s(1;) w is not

a sink and emits finitely many edges. Hence we have

r=xw==x Z ee’ = Z (ze)e® € J.

{e€El:s(e)=w} {e€El:s(e)=w}

We assumed that x € I\ J, hence we get a contradiction, so the result follows. []

Remark 4.5. We note that the theorem 4.4 does not hold for arbitrary graphs.

The theorem is false if E' is not row-finite. An example is the ”infinite clock” graph:

E° = {v,wi,ws,...,} and E* = {e1,es,...,} with s(e;) = v and r(e;) = w; i.e
oWl o2
E = .wi <e7' ...... .’U P .w3
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Then the two-sided ideal generated by v — eje] is not generated by elements of
the desired form. Let I = (v — eje]). If theorem 4.4 is true, we have no cycle then
v+> Ng' =v € Iie. I containsavertex. f0#£z €1, z=> ka; 8 (v—ere})vd;.
Then 0 # k;o; 55 (v — ere})v;0F for some ¢ implies «;, 5, 7;, 0; are edges with source
v. Also o8 # 0 implies r(cy) = s(B;) = r(5;) so a; = B; = e; and similarly, v; =
0; = ey, for some j, k € N. If o; = ey then 0 # ko, 85 (v — ere})erdf = k;a; 57057 =
is a contradiction. If ; = e; then 0 # kel (v — eref)e1df = k0707 = 0is a

contradiction. Now, o; = ; = e; # ey and v; = 0, = e, # ey gives 0 # ko5 (v —

*

e1e1)vid; = kiejel(v—eie})evey = kieje; vey ef —kiejeier eje; ef = kiejejexer. Thus
~—~ ~—~—~

=€k =0
n
we get k = j since otherwise kieje;*-eke;; = 0. Hence e¢; = ¢, and x = E keie;.
i=1
No vertex is of this form, otherwise if w; is of this form for some j then

n n

w; = 5 kie;e; and wJQ- = E k;wje; e = 0 is a contradiction. If v is of this form
=1 =1
1= 1= :0

then v = Z)\ieief then for all fin E'\ {e1,...,e,}, f=vf = (Z Aieel)f =01s
i=1 i=1
a contradiction.

Since E is acyclic, I must be generated by vertices but I contains no vertex.

So theorem 4.4 does not hold for arbitrary graphs.

Theorem 4.6. Let E be a row-finite graph. Let I be any two sided ideal of Lk (F).
Then Lis generated by (I N E°)UY, where

Y={v+ Z Nig' i v € E°\ I, g is a unique non-trivial cycle based at v} C I
i=1

Proof. Let x € I then by Theorem 4.4 x = v+ >_ \;g* where g is a cycle based at

v. Suppose h # g is another cycle based at v. Then by lemma 3.6 h*g = 0 = g*h.
Now h*zh = h*vh + > \Nh*¢'h =h*h=v e [ O
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5. SIMPLICITY OF Lg(E)

In this chapter our aim is to see what conditions on the graph E makes Leavitt
path algebras simple. Here the important point is that the conditions which yield
the simplicity of Lk (E) are independent of the field K.

First of all we will investigate the simplicity of examples of the Leavitt path

algebras given in the chapter 2.

e Matrix algebra M, (K) which arises as Lx(A,,) for the ’oriented n-line’ graph
A, defined by (A4,)° = {vy,...,v.}, (A)' = {e1,...,e,} and s(e;) = v; and

r(e;) =vipg fori=1,...,n—1. ie.
An = o i).w ............. oUn—1 €n—-1 oln

is simple: For a commutative ring R, if I is an ideal in R then M, () is an
ideal in M, (R). Moreover, any ideal of M, (R) is of the form M, (I) for some
ideal I in R. Therefore M, (R) is simple if and only if R is simple. Since K is
a field M, (K) is simple. Therefore, Lk (A,) is simple.

e Laurent polynomial algebra K|z, z~!| which arise as Ly (C}) for the "one ver-

tex, one loop’ graph C}

C, = .UDG

is not simple: We will show that (1 + z) is a proper ideal in K[z, z~!] since

1 ¢ (1 + z). Assume for a contradiction 1 € (1 + z) then

l=042)(a_pr " +a_pmz " . Hda iz fagtartagr* +. . Faa”) =

l=a o "+ (a_p+a_p)r "+ +(as+a_y)z™ + (a1 + ag) + (ag +
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a)x + ...+ (ap-1 + )" + ayz"

gives a, =0, a,_1+a, = 0so a,_1; = 0. Continuing this way we get a; = 0 for

alli € {—n,—n+1,...,0,1,...,n— 1,n}. But then 1 =0 is a contradiction.
e Leavitt algebra A = Lk (1,n) which arise as Lk (R,,) for the 'rose with n-

petals’graph R, for n > 2

is simple by Leavitt’s theorem.

Theorem 5.1. Simplicity of the Leavitt algebras For any field K, Li(1,n) is simple
forn > 2.

Proof. First we will prove if an ideal I of Lx(1,n) contains a non-zero polynomial

in {y;} (or {z;}) alone, then I = Lg(1,n).

If I contains a non-zero polynomial in {y;} alone, it must contain such poly-
nomials of minimal degree say m. Let a € I be such polynomial with deg(a) = m.
If m = 0,then we are done.

So assume m > 1 then
o= Z?Ji%(l) + ¢o
1

where deg(agl)) < m — 1 and at least one agl) # 0. Here ¢y # 0 otherwise x;a =
042(1) € I of degree < m. Now xrja = agl) + coxq. If agl) = 0, then zjay; = ¢ € 1
and we are done. Thus assume agl) #0. If deg(agl)) = 0 then agl) =c € K and

r1a = 1 + cory. We multiply by x5 on the left, and y, on the right, and get
To(T100)y2 = 2(c1 + 1)y = 1 + 0=,

But ¢; # 0, and zo(x1a)ys € I,s0 are are done in this case. Note that here we use
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the fact that n > 2, so that we have an element y, which is orthogonal on the right
to xq. If deg(agl)) > 0 then agl) = yla?) +ot gl +
= T = agl) + cox1 = y104§2) + -+ yn&g) + ¢ + coxr
= x1 = o} (2) + g + cort
We continue this way (for at most m steps) to get deg(a&m)) =0
Now

m (m) 2 m m
T =0y A+ Cpo1X1 + Cpox] + -+ iz — 1+ coxy

If alm) = 0 then 2oy = co 1y "+ Cmooy >+ -+ ey +co € I of degree < m)
contradicts with the minimality of m. So 0 # ozgm) € K then we get xoz'ays =
aﬁ’”) € K N1I. So we are done. The proof for the case in {x;} only is similar.

Now we will show Lk (1,n) is simple. Suppose I is non-zero ideal with I #
Lk(1,n). Since a € I can not be a polynomial in {z;} (or {y;}) alone (otherwise
I = Lk(1,n)), we write « = > y;; + 3 where (3 is a (possibly zero) a polynomial
in {z;} alone and at least one «; # 0. Let d,(a) be the degree of a in {y;}, and
assume we have chosen an « € I with d,(«) minimal. Then ;0 = oy 4210 € I with
dy(x1a) < dy(). But this contradicts with the minimality of d,(«) unless z1a = 0,
so that oy = —x1 8. If B # 0, then all terms of o begin with z;. But then a would

have terms beginning with y;2; and in definition of Lx(1,n) it was assumed all such
terms have been eliminated, using y,x; = iyle So we conclude that 5 = 0 so
that ;a0 = o; € I with d, (o) < dy(a). Thel;z(f)ore, I =Lk(1l,n). O
Definition 5.2. For a graph E we define a preorder > on the vertex set E° given
by: v > w if and only if v = w or there is a path p such that s(u) = v and r(p) = w.
Definition 5.3. We say that a subset H C E° is hereditary if v € H and v > w
imply w € H.

Definition 5.4. We say that a subset H C EV is saturated if whenever s~'(v) # ()

and r(s~'(v)) C H, then v € H.

Definition 5.5. The the hereditary saturated closure of a set x C E° is defined as

the smallest hereditary and saturated subset of E° containing X. For the hereditary
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saturated closure of X we use the notation X = (J2 A, (X), where

Ao(X):={v € E°| x> v for some z € X}, and for n > 1,

A(X):={ye E°|0<|s'(y)| <ooand r(s ' (y)) € Ap 1 (X)}UA, 1(X)

Example 5.6. Let E be the following graph:
E—

o H; = {v,vy,vs} C EY is not hereditary -since v € H; and v > v3 but vs ¢ H,-
and not saturated -since s~ '(w;) = f1 # 0 and r(s*(w;)) = v C H; but
wy ¢ H.

o Hy = {wy,ws,ws,v} C E? is saturated but not hereditary since v € Hy and
v > v3 but v3 ¢ Ho.

o Hz = {wy,wy,v,v1,vy,v3} C EY is hereditary but not saturated since s~ (wj3)
= f3# 0 and r(s *(w3)) = v C H; but wy ¢ Hs.

Here, for the following graph E’,

the same set would be saturated since r(s~(ws3)) = v  Hs.

Lemma 5.7. If J is an ideal of Lx(E), then J N E° is a hereditary and saturated
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subset of E°.

Proof. We first show J N E° is hereditary. Consider, v,w € E° such that v € J
and v > w. By definition of preorder we can find a path u = ;... pu, such that
s(p1) = v and r(u,) = w. Since J is an ideal pjvpy = pip = r(py) = s(u2) € J,
similarly ps(u2)pus = pipus = r(pe) = s(us) € J. Repeating this argument n times,
we get r(pu,) = w € J.

Now we show that J N E° is saturated. Consider a vertex v with s7!(v) # ()
and r(s7!(v)) C J. The first condition implies that v is not a sink, so by applying

(CK2) we obtain v = 7/ cpi = €€ If we take e such that s(e) = v, then

e)=v

by hypothesis we have that r(e) € J. Now e = er(e) € J and thus we conclude
that) S .cpig(e)=p) €€ = v € J since J is an ideal. O

Theorem 5.8 (Simplicity Theorem). Let E be a row-finite graph. Then the Leavitt

path algebra Ly (E) is simple if and only if E satisfies the following conditions:

i The only hereditary and saturated subsets of E° are O and E°;

1 Every cycle in E has an exit.

Proof. First we will show that if F satisfies (i) then Lg(F) is simple if and only if
every nonzero two sided ideal contains a vertex. Assume E satisfies (i) and Lk (E) is
simple. Then any ideal I is Lx(E) itself so it contains a vertex. Conversely assume
E satisfies (i) and any ideal I of Ly (F) contains a vertex, then I N E° # () will
be EY by (i). Therefore I contains a set of local units by Lemma 1.6 and hence

[ = Lg(E). m

Now assume F satisfies (i) and (ii), by above proof it is enough to show that
any ideal contains a vertex. Let I be an ideal of Lg(E), now by theorem 10 [ is
generated by elements of the form v + >, \¢g®, where v € E°, g is a cycle at v

and \; € K forall1 <i¢<m.
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Write g = e; - - - €5, by (i) there exists an exit ey for g such that s(eg) = s(e;)
for some j and ey # e;. Now construct the path z = e; ---e;_1e9. This path has

z*g = 0 since z*g = ege;_y - -eje1-- e, = epej €, = 0.

Since v + Y 1", A\kg® € I, then

z* (v +> )\kgk) z=zvz =22 =epef g -ejer- e eg =1(eg) € E.

Thus we have shown that is E satisfies the two indicated properties, then

Lk (F) is simple.

For the converse, we must show that Lk (FE) is not simple when either of these
conditions hold: (1) E contains a cycle p having no exit, and (2) there exists a

nontrivial hereditary and saturated subset of E°.

For the first situation , suppose that there is a cycle p having no exit. We will
prove that Ly (F) cannot be simple. Let v be the base of that cycle. We will show
that for &« = v + p, < o > is a non-trivial ideal of Lx(FE) since v ¢< o >. Write
p = e1---e,. Since this cycle has no exit, for every e; there is no edge with source
s(e;) other than e; itself. This easily implies that CSP(v) = {p}. Also by CK2
relation we get s(e;) = e;ef since ¢; is the only edge having the vertex s(e;) as its

source, so we get pp* = v (here recall that p*p = v always holds).

Now suppose that v €< a >. So there exist nonzero monic monomials a,, b, €
Li(E) and k, € K with v = > | k,a,ab,. Since vav = «, by multiplying v if

necessary we may assume that va,v = a,, and vb,v = b, for all 1 < n < m.

We claim for each a,, (resp. b,,) there exists an integer u,, > 0 (resp. u;, > 0)

such that a, = p“~ or a, = (p*)" e (resp. b, = p“= or b, = (p*)"n).

Now since it is a monomial a, is of the form f; - - - f.gi - - - g where ¢,d > 0. But
here we may assume that c,d > 1 since the cases ¢ = d or d = 0 will be contained in

what follows. Since a; starts and ends in v the sets {t : r(g}) = v} and {t : s(f;) = v}
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are not empty so we can consider the elements: k = max{t : s(f;) = v} and

[ =min{t:r(gf) =v}. Wewill focuson a] = fi--- fegi - g/

First of all, since v = r(g;) = s(g;) and e; is the only edge coming from v
(remember that p has no exit), then g, = e;. Now, s(gi—1) = r(g;,) = s(g;) =
r(g;) = r(e1) = s(e2), and again the only edge coming from s(ey) is e and therefore
gi—1 = eg. Continuing this way we must stop before we run out of edges of p because
by our choice of [ we have that v ¢ {r(g;) : t <I}. So in the end we get there exists

*

v < o such that g;---gf = €,-- - €].

With the same (reversed) ideas in the paragraph above we can find 6 < ¢ such
that f1--- f. =e;---es . Thus a} :el~-~656,*y---e“{.

Now we claim that § = . Assume not, i.e. § # . Since p is a cycle we
know that r(es) # 7(e,) = s(e}), so esej, which is a contradiction since a; # 0. So

a) = e -ejel---ef e a) = popj for a certain subpath py of p. By using again

5
the argument of the CK2 relation (remember that s(e;) = e;e}), we obtain pop§ = v.

Thus, a} = v.

Hence, we get a1 = fi-- fr1a1g/y 95 = a1 = fi-+ fr—19i1 - 95 = 2y,
with z,y € CP(v). (Obviously, the case ¢ > 1,d = 0 yields a; = =z, the case
¢ =0,d > 1 yields a; = y* and the case ¢ = d = 0 yields a; = v.) By lemma 3.7
we have z = ¢; - - - ¢, for some ¢, € CSP(v) = {p}, and the same happens with y.
Therefore we get a; = p*(p*)" for some u,w > 0, and using the fact that pp* = v
we finally obtain that a; is of the form p* or (p*)* for some u > 0 as claimed. This

argument holds for the other coefficients a,, and b,,.

Now since both p and p* commute with p, p* and «, by using the conclusion
of the previous paragraph we write the sum v = Y " | k,a,ab, as v = aP(p, p*)
where P(p,p*) = k_p(p*)™ + -+ + kov + - - k,p™, where m,n > 0. First we claim
that k_; = 0 for every ¢« > 0, as follows. If not, let mg be the maximum ¢ having

k_i # 0. Then v = aP(p,p*) = (v + p)P(p,p*) = k_pm,(p*)™+ terms of greater
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degree= v, and since my > 0 we get that k,,, = 0, which is absurd. In a similar way
we obtain k; = 0 for every i > 0, and therefore P(p, p*) = kqv. But this would yield
v =aP(p,p*) = akov = koax = ko(v + p), which is impossible.

Thus we have shown that if E contains a cycle which has no exit,then Ly (E)

is not simple. So the first part of the converse is done.

Now we will consider the second part of the converse, the situation where E°
contains a nontrivial hereditary and saturated subset H, and we show that Ly (FE)

is not simple.
We construct a new graph
F=(FF'rp,sp)=(E°\ Hr " (E°\ H),7|go\u, $|po\ 11 )-

In other words, F' is the graph consisting of all vertices not in H, together with all
edges whose range is not in H. To check F' is well-defined, we have to show that
sp(F') C FO and rp(F!') C FO. It is clear that rx(F') C F°. On the other hand, if
e € F! then s(e) € FP, since otherwise we have s(e) € H; but since s(e) > r(e) and
H is hereditary, we get r(e) € H, which contradicts e € F'. So F is a well defined

graph.

We now produce a K-algebra homomorphism ¥ : Lg(E) — Li(F). First we
define ® on the generators of Li(FE) by setting ®(v) = xpo(v)v, ®(e) = xpi(e)e
and ®(e*) = x(p)-(€*)e* where yx denotes the characteristic function of a set X.
Then we get W by extending ® linearly to Lx(F). In order to show that ® factors
through the appropriate relations in Ly (E) we need to check:

(1) ({uv — dupu:u,v € E°}U{e—er(e),e —s(e):e € E'}) C Ker(P)
(i) ({e0ugr(€) €] € E'U {0 — Spuepmuo €€ 0 € (BN € Ker(6)

(i) This is a straightforward computation done by cases, and we only consider
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the nontrivial case arising when e¢ € F'. But then r(e) ¢ H, and therefore
O(e —er(e)) =e—er(e) =01in Li(F). Now, since s(e) > r(e) ¢ H and H is
hereditary, we have s(e) ¢ H, so that ®(e — s(e)e) = e — s(e)e = 0 in Lg(F).
(ii) ®(e*f —desr(e)) =0in Lg(F) is straightforward. So now consider v € s(E*);
i.e., consider a vertex v which is not a sink in £. We have 3 cases:
Case 1. Suppose v € H. Then for every ¢ € E' with s(e) = v we have that e ¢
F' (otherwise e € F! implies r(¢) ¢ H and by hereditariness s(e) = v ¢ H).
S0, D(V =3 eems(e)=o} €€7) = 0=V =3 (e pig(e)=) 0-0 = 0. Case 2. Suppose
v ¢ H and v ¢ s(F1). Since v € s(E') we have that s~(v) # (. But since H
is saturated there must exit e € E' such that s(e) = v, but r(e) ¢ H. That
means e € F! with s(e) = v, which contradicts the hypothesis that v € s(F*).
Thus the saturated condition on H implies that this case cannot occur. Case
3. Suppose v ¢ H but v € s(F'). Then we have a CK2 relation in Lx(F) at

V:

v = g ee*

{e€eF1:s(e)=v}

Consider e € E! such that s(e) = v. If e € F! then ®(ee*) = ee*. If e ¢ F*
then ®(ee*) = 0. Thus we get

d(v — Z ee’) = v — Z ee* =0

{e€E':s(e)=v} {e€F1:s(e)=v}

by the CK2 relation in Lx(F') shown above.

Thus we have shown that there exists a K-algebra homomorphism
Now consider Ker(¥)<Lg(F). Since H # () there exists v € H, 800 # v € Ker(¥).

Since H # E° there exists w € E°\ H and in this case ¥(w) =w # 0 so ¥ # 0. In
other words, 0 # Ker(V) # Lk (F), so that Li(F) is not simple.
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Thus we conclude that the negation of either condition (i) or condition (ii)

yields that Lk (F) is not simple, which completes the proof of the simplicity theorem.
Example 5.9. We re-establish the simplicity (or non-simplicity) of the algebras

given at the beginning of this chapter.

e Matrix algebra M, (K) which arises as Lx(A,,) for the ’oriented n-line’ graph
A, defined by (A4,)° = {vy,...,v.}, (A)' = {e1,...,en} and s(e;) = v; and

r(e;) =vipg fori=1,...,n—1. ie.
An = o L.W ............. oUn—1 6n—15 oln

is simple: Since there are clearly no cycles in A,,, we need only verify condition
(i) in the simplicity theorem (theorem 5.8) i.e. we need to show that A% has
only trivial hereditary and saturated subsets. If H # () is a set of vertices
which is hereditary and saturated, let v; € H. By hereditariness we have that
Vit1,---,U, € H. Now if we use the condition of being saturated at v;, we get
that v;, € H, and inductively v;_y,...,v; € H and therefore H = AY. Now
simplicity theorem implies to conclude that M, (K) = L (A,) is simple.

e Laurent polynomial algebra K|z, x~!] which arise as L (C}) for the 'one ver-

tex, one loop’ graph C}

Cl = .UDe

is not simple: The cycle e does not have an exit, so by the simplicity theorem
Klz,z7'] = Lg(C}) is not simple.

e Leavitt algebra A = Lg(1,n) which arise as Li(R,,) for the 'rose with n-
petals’graph R,, for n > 2
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is simple: The conditions in the simplicity theorem are clearly satisfied here,

so Li(1,n) = Lg(R,) is simple.

Example 5.10. Let C), denote the graph having n vertices and n edges, where the
edges form a single cycle (the graph described in example 5.9 (2) is the graph C}.):

C, = o' Jer @2 ez @ ez ... .Ungen

Then Lk (C,) is not simple for all n € N, since the single cycles e; have no exit

for all 7 € N.
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6. INCIDENCE AND PATH ALGEBRAS

In this chapter we investigate the relations between Incidence algebras and
path algebras. In [6] the algebra homomorphism is defined from path algebras on a
row-finite graph F into incidence algebra. We try to generalize this case for arbitrary
graphs, i.e. we try to see for which conditions on E, we still have such an algebra

homomorphism.
Definition 6.1. Let y be a set with a binary relation <. (x, <) is a pre-ordered set
if < is reflexive, and transitive.

Definition 6.2. A pre-ordered set (y, <) is called a partially ordered set (poset) if

< is also anti-symmetric.

Example 6.3.

The integers Z under usual ordering.

The rational numbers in [0, 1] under usual ordering.

The set of positive integers in N under divisibility(a < b if a divides b).

The power set of a given set under inclusion.

If (x, <) is a pre-ordered set, we can define an equivalence relation ~ on X

(canonical equivalence relation on x) by

r~yer<yandy<uz,

for z,y € x. Let [z] be the equivalence class of x € x under this equivalence relation

and consider the set X = {[z] | * € x}. Define < on Y by

2] Syl = 2 <y
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Thus, (X, <) is a partially ordered set. We say that (X, <) is the poset associated to

(x, <).

In a poset (x, <) we put & < y in case x < y but = # v.

Definition 6.4 (Hasse Diagram of a poset). Some partially ordered sets can be
represented visually by Hasse diagrams.In order to construct the Hasse Diagram,we
represent each element of S as a vertex in the plane and draw a line segment or
curve that goes upward from = to y whenever y covers = (that is, whenever = < y

and there is no z such that © < z < y)

Example 6.5. Let y be the partially ordered set y = {1, x2, 23,24} and relations
generated by {x; < x9, 71 < 3,29 < x4, }. We represent the partially ordered set x

by the following Hasse diagram:

N
\.g/

For a given poset x we construct a directed graph E, with x as a set of vertices

and with an arrow from v to w and there is no u € y such that v < u < w.

Example 6.6. Let x be the poset in the previous example. Then the associated
directed graph E, is :

Y
\./
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Definition 6.7. Let (x, <) be a poset. = € x is called a
o maximal element if x <y, then x = y;
o minimal element if y < x, then x = y.
Definition 6.8. Let (y, <) be a poset. An element x € y is
e the maximum element of y if Vy € x,y < x, which is denoted by 1;
e the minimum element of x if Vy € y,x <y, which is denoted by 0.

Definition 6.9. Given z, z € x, a pre-ordered set, the interval (or segment) from z

to z, denoted by [z,z] is{y € x :x <y < z}.
Definition 6.10. If every interval of y is finite, then x is locally finite.

Definition 6.11. The incidence algebra I(x, R) of the locally finite partially ordered

set x over the commutative ring with identity R, is

I.R)={f:xxx—=R: f(z,y) =0if z £ y}

with the operations given by

(f+9)(z,y) = f(z,y) + g(z,y),
(f.9)(z,y) = Z f(z,2)g(z,y) and

z<z<y

(rf)(x,y) =r.f(2,y),

for f,g € I(x, R) with r € R and z,y, z € x.

Definition 6.12. For a graph E we define a preorder > on the vertex set E° given
by:

v>w << v =uwor there is a path u such that s(u) = v and r(u) = w.

Definition 6.13. On the set E*, we define the following order: For any two paths
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p,q € £,

p<q <& thereexists v,n € E* such that ypn = ¢

Lemma 6.14. (E*, <) is a pre-ordered set.

Proof. For any p € E*, we have p = s(p)pr(p) so p < p. Now let p,q,r € E* with
p < qgand g < r. Then ypn = q and agB = r for some ~v,n,a,5 € E*. Then
aypnfB = r thus p < r as required. O

Lemma 6.15. Two non trivial pathsp = ey ---e, and q = f1- -+ f,, wheree;, f; € E'

are equal if and only if n =m and e; = f; for everyi € 1,... n.

Lemma 6.16. For any graph E, (E*,<) is a partially ordered set.

Proof. By lemma 6.14 (E*, <) is a pre-ordered set. It is enough to show < is anti-
symmetric. Let p,q € E* with p < ¢ and ¢ < p, then there exist «, 3,v,n € E* such
that ap = g and ygn = p. Thus we get yapfn = p. By lemma 6.15 o = s(p) and

B =r(p) thus p = q. O

Lemma 6.17. For any graph E, (E*, <) is locally finite.

Proof. We want to show that for any «, f € E* with a < 8 ( in other words « is a
subpath of ) |[«, 5] is finite. But since «, 8 paths in E, they are of finite length so

there are finitely many subpaths of 5 that contain « as subpath. O

Definition 6.18. A vertex v € E° is said to be a source if r~'(v) = 0. We
denote by E? the set of all sources of E. A vertex w € E° is said to be a sink if
s~ (w) = (. We denote by EY the set of all sinks of E. Moreover, we define the sets
B, ={p€ E" | s(p) € Eg} and E; ={q € E" | r(q) € EG}.
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Example 6.19.

e Let F be the following graph

Then Ego = {vl}7 Egz = {U37U4}7 E:o - {Ulaaaanaa’)/aﬁw@r%ﬁn}?
B = {vs, va,1m, 7, am, B, oy, By}
e Let F' be the following graph

ol oV4
X V
o3
AN
o2 o5

Then Ego - {Ulv UQ}? Egz - {047 U5}7 E;ko = {Ulu Q, Oéﬁ7 O”LUQ:/%/YB/W?})

E:z = {U4> Ba OZ/B, 767 Us, 1,71, 0477}

F =

Definition 6.20. We define the following partially ordered set E} with the induced

*
so)

order from E*. Observe that, equivalently, for every p,q € E* , we have that

p<q <  thereexist n € E* such that pn = ¢

Lemma 6.21. Let E be a finite graph without any cycle. If p is a path with mazximal

length then s(p) is a source.

Proof. Assume s(p) is not a source, then there exists a path a € E* such that
r(a) = s(p). Now ap is path with length greater than p, which contradicts the
maximality of the length of p. O
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Lemma 6.22. Let E be a finite graph without no cycle. Then any path in E is
connected to a source, i.e for any path q in E there exists a path p such that r(p) =

s(q) and s(p) is source.

Proof. Follows from lemma 6.21 since any path in E is a subpath of a maximal

path. O

Theorem 6.23. Let E be any graph. Define

®: KE —s I(E*,K)

1, ifv=ua
a— folu,v) =
0, else

D is an injective K-algebra homomorphism.

Proof. We will show that ®(af) = ®(a)®(S). For any (u,v) € E* x E* we have

1, if v =u(afb)

®(af) = fap(u,v) =

0, else

Now

P(a)@(B) = falfs(u, v) = Z fa(u7z)f5(zvv)

u<z<v
= folu, ua) fz(ua, uapf)
B 1, ifv=wuap
- 0, else

We extend this map linearly to get an algebra homomorphism.
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Now, we will show & is injective.

Kerd = {Z Cal¥ | @(Z coer) =0}
={D) catr| Y ca®(a) =0}
= {Z Cal¥ | an(fa(u,v)) =0 for all u,v € E*}

Take (u,uag) € E* x E*, then

Z Cofo(u,uag)) =0

07

= Z Cofo(t, uag) + Cag fao (U, uag) =0

aFap
= Cop fao (U ug) =0

= Cop = 0

This can be done for any « hence we get ¢, = 0 for any a. O]

Theorem 6.24. Let E be a graph such that E* # (). Define

®:KE —s I(E"

s0)

K)

1, ifv=ua
a— folu,v) =

0, else

® is one-to-one if T(E") = U T(w) = E where T(w) = {t € E° | w > t}.

u€EY,

Proof. Kerg ={>__cacx | >, cal(falu,v)) =0 for all u,v € £ }.
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Since T(E?)) = U T(w) = E°, for every path « in there exists u in E}, such
weBy,
that r(u) = s(«). Now consider (u,uag) € E% x E°

o, then as in the previous proof

Y o Cafalu, uag) = 0 gives ¢, = 0 for any a. O

Definition 6.25. The support of a function is the set of points where the function

is not zero. The support of f is denoted by supp(f).

Definition 6.26. The finite support of I(X, R) denoted by [I(E*

s0)

K)]’¢ consists of

the functions whose support is finite i.e.

[1(E

s07

K)* ={f € I(X,R) : supp(f) is finite }.
Theorem 6.27. Let E be a graph such that E* # (). Define

®:KE —s I(E"

507

K)

1, ifv=ua«a
a— folu,v) =
0, else

Im® = [I(E:

s0?

K))’¢ if and only if |[r=*(v)| < 1 for every v € T(EY).

Proof. First we assume |r~'(v)] < 1 for every v € T(E?) and we will show that

Im® = [I(E:,, K)|’s.

s0?

Take p;,q; € E. Consider e,,,, € I(E:

so?

K) with p; < ¢;, then there exists

n € E* such that p;n = ¢, sor(p;) = s(n) € E°. We have ®(n) = f, where
1, iffg=an )

folap) = . Now we will show that f, = e, . We have three

0, else
cases:

i If o =p;,8=q Then fn(pm%‘) = fn(piapm) =1
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If 5 # an then f,(o,3) =0
i Iffa#p:q If 8=anthen r(a) =sn) =v, =r(p)
which is a contradiction since |r~(v,)| < 1
ili If @ =p; but 8 # ¢;: Then 5 # pin gives f,(pi, ) = 0.

Hence we get f, = €,,,- Now take h € [[(E},, K)]’* then

h= kicpg =D kify, = FO kimy).
=1 =1 =1

For the converse suppose Im® = [[(E*, K)]/*. Consider w € T(EY). Since
E? () there exists p in E¥, such that r(p) = w. Take e,, € I(E%,, K). Since Im® =

n

K))’¢, there exists an element Zkiai € KFE such that @(Z ki) = epp.

=1 i=1

Then we have Z kifo, = epp L€ Z kifa,(u,v) = epp(u,v) for all u,v € KE. Thus
i=1 i=1

[I(E

507

Z kifa,(p,p) = 1. Here if p # pay for all ¢ then the sum will be zero. So we have

i=1
p = pay, for some 7y. Then «a;, = w and the corresponding coefficient k;, = 1.

Now assume there exists p # p € E¥ such that r(p) = w. Then

0=ep(Bp) =3 kifo(BP) = fulmB)  + 3 kifu(pB) =1

—
a; Fw
=1

. . =0
since p = pw
since p = pw # pay

is a contradiction. Therefore |r~!(v)| < 1 for every v € T(EY). O

Corollary 6.28. If E is finite and [r~'(v)| < 1 for every v € T(EY) then f is onto.
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