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ABSTRACT

DESIGN OF AN ADAPTIVE BACKSTEPPING
CONTROLLER FOR ACTIVE SUSPENSION SYSTEMS

This thesis presents a method to design an adaptive controller for active suspen-
sion systems which cancel the effect of the unknown road disturbance in presence of

parametric uncertainty.

In this thesis, three different cases is investigated which are a seat, a quarter
and a half vehicle models. The full state feedback is chosen for the seat and the
quarter vehicle model since all states are available for measurement. In the half vehicle
model, partial states are available for feedback. Therefore, state derivative feedback is
employed. In addition, the dynamics of the actuator model is considered in the quarter
and half car models. It is assumed that the applied force on the system depends on the
current of the actuator. Since, the aim of the controller is to isolate the body from road

disturbance, an adaptive controller is designed to regulate the current of the actuator.

The controller design is based on the following steps; the parametrization of the
sinusoidal disturbance where the amplitude, the phase and the frequency is considered
as unknown. Then an adaptive controller is designed to cancel the effect of the dis-
turbance where the mass of the body and the parameters of suspension is considered
as unknown. The backstepping procedure is employed due to the unmatched situation
between the road disturbance and the actuator input. The stability of the controller
is guaranteed with using the proposed lyapunov function. A simulation is shown to

reveal the performance of the designed controller.



OZET

AKTIF SUSPANSIYON SISTEMLERI ICIN GERI
ADIMLAMA YONTEMI KULLANILARAK UYARLAMALI
KONTROLCU TASARIMI

Bu caligmada aktif siispansiyon sistemleri i¢in uyarlamali kontrolcii tasarimi
yapilmigtir. Kontrolcii tasarimi yapilirken, bozucu girisi belirsiz olarak kabul edilmis
ve tasit govdesinde yol bozuklugunun etkisini yok edecek sekilde tasarlanmistir. Ayrica,

tagit govde kiitlesinin ve stispansiyon parametrelerinin belirsiz oldugu kabul edilmistir.

Kontrolciiniin performansini gormek igin koltuk, ceyrek ve tasit modellerinin
dinamik modelleri elde edilmis ve kontrolcii tasarimi yapilmigtir. Herleyen boliimler
agsagidaki adimlarin takip edilmesi ile olugturulmustur; sinusoidal bozucunun paramet-
rize edilmesi (burada genlik, faz ve frekansin bilinmedigi kabulii yapilmigtir). Bozucu-
nun, tagit govdesine iletilmeden yolcularin konforlu bir gekilde saglanmasi i¢in uyarla-
mal1 kontrolcii tasarimi yapilmig ve asimptotik kararlilik onerilen lyapunov fonksiy-
onu ile kanitlanmigtir. Gorsel 6rnek olmasi ve tasarlanan kontrolcliniin performansini

gorebilmek i¢in benzetim hazirlanmigtir.
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1. INTRODUCTION

In today’s market, there is a fierce competition among vehicle manufacturers. In
order to attract customers’ attention, manufacturers take advantage of mechatronic sys-
tems which enable to enhance road holding, performance and safety, such as, electronic
stability control, anti-lock braking system, traction and suspension control systems [1].

In scope of this thesis, active suspension system is analysed.

Suspension system is one of the most important component in terms of vehicle
dynamics [2]. It is the only part that contacts the road surface. Hence, the design of the
suspension is crucial with respect to ride comfort and performance. In order to improve
ride comfort, the main aim is to isolate the vehicle body from road irregularities [3]. To
achieve that, the road induced vibration is not transmitted to the body. Researchers
propose a method which the road disturbance is cancelled by applying a counter force

with the help of an actuator.

Each year, more than 1.25 million people have been dead because of traffic acci-
dents [4]. Therefore, a good suspension system should not only consider comfort but
also provide safety. If the contact between tire and road is lost, driver cannot steer the

vehicle. This situation is the cause of many accidents.

1.1. Background

Suspension systems are a vital part of vehicle dynamics. Early examples are
used in horse-carriage systems. With the development of vehicles, the design of the
suspension become more important due to high speeds. In literature, three different
suspension system are proposed [5]. These are passive suspension, semi-active suspen-

sion and active suspension.



Passive suspension systems are consist of a spring and a damper. The duty of
the spring is to provide a resisting force. The damper is used for dissipating the stored

energy in the spring.

Manufacturers should provide excellent ride comfort as well as performance. How-
ever, there is a trade-off between ride comfort and performance in passive suspension
system [6]. Perceived comfort by passengers can be altered by the parameters of the
suspension. If the parameters of the suspension are set softly, in other words low damp-
ing, the passenger in the vehicle cabin is experience a comfortable ride. On the other
hand, the cornering performance of vehicle is decrease due to soft suspension. In this
configuration, when driver wants to turn a corner in high speed, one exhibits much more
effort to keep the vehicle in the lane. Contrary, if the parameters of the suspension is
set stiff or produced high damping, there is a bit increase cornering performance, but,
road irregularities can be transmitted to vehicle body. Perceived comfort by passengers

is decreased.

In passive suspension system, there is a conflict between performance and comfort,
because of the inherent characteristic of the system. Thus, designers should consider
this trade-off according to customer expectations and market position. In Figure 1.1,

this conflict is shown [7].

To overcome this conflict, semi-active and active suspension systems are proposed.
In order to provide comfort and performance simultaneously, semi-active suspension
systems consist of a spring and a variable damper which adapts itself with respect to
road so that the energy which induced by road is dissipated in the range of frequency

of interest [8].

To eliminate the road disturbance, active suspension systems contain an actuator,
in addition to a spring and a damper. The road disturbance is cancelled by applying
a counter force with respect to the effect of the road. The actuator in the active sus-
pension system provides the counter force. Therefore, the actuator plays an important

role for the effectiveness of the controller.
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Figure 1.1. Ride comfort vs. vehicle handling for passive suspension conflict [7].

1.2. Literature Survey

The active suspension system has been investigated since 60’s. Extensive studies
are conducted to maintain comfort and safety such as; Ho [9], fuzzy logic [10] and
sliding mode control [11]. However, the purpose of this thesis is the implementation
of the adaptive backstepping approach. Thus, the survey is narrowed down with only

adaptive backstepping method.

Additionly, there are ISO standards in the literature which related with the active
suspension system. ISO 2631 focuses on the comfort of the passenger. It states that
the vertical accelerations in between 0-2 hz. and 4-10 hz. affect the perceived comfort
by the passengers [12]. ISO 8608 describes the generation of the random road profile.

It is assumed that the road consists of a sum of sinusoidals.

In order to stabilize two subsystems, a backstepping method is developed by
Petar V. Kokotovic [13]. The method is applied various applications, such as; robot
control [14], quadcopter [15] and flight control systems [16]. This thesis presents the

application of the backstepping method to active suspension systems.



In [17], Lin and Kanellakopoulos develop a nonlinear backstepping design with
considering the nonlinear actuator dynamics. In [18], Lin and Huang apply the back-
stepping technique to a half-car model. They design two non-linear filters which limit
suspension stroke. In [19], Yagiz and Hacioglu use the full-car model to reveal the
performance of the controller. In order to keep the vertical acceleration of the vehicle
zero, they employ the reference tracking method. In simulation, numerical results is
illustrated with time and frequency domain. The parametric uncertainty is not taking
into account, but; a low pass filter is applied to the control signal. In [20], Karlson,
Teel and Hrovat focus on the suspension stroke problem.They develop a a nonlinear
adaptive controller considering the handling of the vehicle. The result is compared
with LQ controller. In [21], Sun, Gao and Kaynak consider the parametric uncer-
tainty. Because, the mass and inertia of the vehicle can be easily varied by the number
of the passengers or payload. Therefore, they assume that the mass and the inertia
is unknown, but, minimum and maximum values of mass and inertia are known. The
spring nonlinearity and piecewise behaviour of the damper are taken into consideration.
In [22], Sun, Pan, Zhang and Gao presents barrier Lyapunov function which allows to
design a low conservatism nonlinear control technique with the enhanced ability to
passenger comfort. In [23], Basturk uses the backstepping method to control the force
of the actuator. In the design, the road disturbance is considered as unknown. The
observer is designed to compensate the effect of the disturbance. To cancel the effect
of the disturbance, a final sum of sinusoidal functions is modelled to represent the

unknown road disturbance.

The given references above contribute to the literature, significantly. Among
these papers, [19], [21], [22] and [23] are very fascinating and promising in terms of
considering the parametric uncertainty, the road disturbance observer and the actuator
dynamics. However, the combination of this three important problems is not taking
into consideration, simultaneously. This situation motivates us that the literature needs
a controller where the parametric uncertainties, the road disturbance observer and the

actuator dynamics are considered at the same time.



1.3. Problem Statement

The aim of the active suspension is to isolate the vehicle body from road distur-
bances which induced by uneven terrain. To achieve that, a good active suspension
system should provide improved ride comfort and improved road holding. The limi-
tation, which is the lack of information about the road disturbance, is decreased the
effectiveness of the control strategy. A new approach is developed for a control of the
active suspension system under the unknown road disturbance where the parameters

of the tire and mass are treated as known. Then, it is extended to unknown case.

One of our aim for the controller is unknown disturbance. Even though ac-
celerometers are getting cheaper and more reliable [24], the cost of the system and
noisy data are still problematic for automotive industry. Therefore, it is assumed that
the road disturbance cannot be measured. To overcome the unknown disturbance, an
observer is designed to compensate the road input. Furthermore, the road disturbance
is assumed as a sinusoidal wave. According to ISO 2631, human body is sensitive to
vibrations around 1 Hz and 10 Hz which enables that a final sum of sinusoidal func-
tions is enough to represent the road disturbance. Therefore, we can use the model
of disturbance in [25], where the model of the disturbance consists of a final sum of

sinusoidal functions with unknown frequencies, amplitudes and phases [23].

Another challenge is uncertainties in the vehicle. The mass of the car body is
considered as unknown because of the ambiguity of the vehicle load. The number of
passenger and payload can be changed. In addition, due to the dynamic load (temper-
ature fluctuation, tear and wear), the parameters of tire are uncertain. As a result, the
coefficients of the tire are considered as unknown. Therefore, the unknown parameters

are estimated by using update laws.



One of the most important part of the active suspension systems is the actuator
which applies a force in order to compensate the effect of the disturbance. In this
thesis, linear electromagnetic actuator will be used in the quarter and half car models.
The electromagnetic force depends on the current of the actuator. Therefore, in order

to combine two independent dynamics, backstepping approach will be used.

Although all needed parameters such as; accelerations, velocities and displace-
ments of the body and tire can be available after filtering and integration operations
in the test environment, the data lost is unavoidable after signal processing operation.
The necessary information can be lost. This situation decreases the performance of the
controller. It is assumed that partial states are available for measurement in the half

car model to reduce the number of sensors.

It is a well-known fact that parameter uncertainty affects the performance of the
controller drastically. Based on a Lyapunov theory, a new adaptive controller, which
overcomes the uncertainties with adaptation law, will be designed. The asymptotic

stability will be guaranteed.

In the light of above statements, this thesis is divided into three cases as follows.
To begin with, a seat model, where the parametric uncertainty and the actuator dy-
namics are not taken into consideration, is studied. An adaptive controller for the seat
model is designed by using full state feedback. Consequently, the road disturbance
observer is designed for known parameters. Furthermore, a quarter car model is de-
veloped where the parameters of the tire and the body mass are treated as unknown
and actuator dynamics is considered. Same as the seat model, the full state feedback
is chosen for the controller. Lastly, a half car model is presented. Due to the complex-
ity of the model, the both controllers are designed to control the heave and the pitch
motion, where the dynamics of the actuator and unknown parameters for the body
mass, the tire and also the actuator are considered. The road disturbance observer is

designed for the both tire, separately.



2. MATHEMATICAL MODELLING

In this chapter, the mathematical models of the vehicle are discussed. In liter-
ature, quarter, half and full car models are developed to represent the motion of the
body. Full car model is able to represent the heave, roll and pitch motion. However,
the roll motion of the vehicle is neglected in the controller design. The effect of the
roll motion is desired for the understeer behaviour. In scope of this thesis, half and

quarter car models are investigated.

There are two different approaches to derive the equation of motion; Newtonian
and Lagrangian approaches. In this thesis, Lagrangian approach is chosen for obtaining
the equation of motion. Because of the fact that all models have a dissipative element,
nonconservative Lagrangian Equation is considered. The derivation of the Lagrange

equation is given in [26].

The expression of Lagrangian approach is given below,

d oL, 0L 9Q

GGG = % 21)

where L = T — V which is the Lagrangian expression, T is the total kinetic energy
and V is the total potential energy of the plant. Generalized coordinate of the plant is

represented with q.
2.1. Quarter Car Model

Quarter car model represents the heave motion of the car. According to IS0 2631,
humans are prone to more sensitive to vertical acceleration. Therefore, the quarter car

model is sufficient to evaluate the comfort of the vehicle.



Xt
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Figure 2.1. Schematic sketch of a quarter car model.

The schematic model is depicted in Figure 2.1, where mg is the sprung mass,
in other words, the mass of the body. m, is the unsprung mass, in other words, the
mass of the tire. k; and k; are the spring coefficients and ¢, and ¢; are the damping
coefficients of the body and tire, respectively. F' denotes the actuator input which
placed in between body and tire and in parallel with the spring and the damper. The
displacement and velocity is represented with  and & for the body and z; and z; for

the tire, respectively. X, denotes the road disturbance.
To derive the equations of motion for the quarter car, the plant is assumed to
have two degrees of freedom. Therefore, the general coordinates of the plants are x

and x;.

Kinetic, potential energy and non conservative terms are given by;

1 1
T :§m5c2 + §mtfc§ (2.2)
1 1
Vv :ék'(l' — l‘t)Q + ékt(l’t - .',Ud)Q (23)
r .. 1 . .
Q :(—C(I — l't)z -+ —Ct(.Tt — Id)2> (24)

2 2



Plugging (2.2) (2.3) and (2.4) into (2.1), the following is obtained for x and x, respec-

tively.
k c F
= Sz —ay) — —(F — dy) + — 2.5
== (o= w) = (=) + (2.5)
k c ., .. k C o, . F
Ty :E@ — @) + E(l" — i) — Ett(xt — Zq) — Ett(xt — Zq) — o (2.6)
In state space form;
. T F
. F
X, = Ao X, + B(a"X + p' X + k" Xy — E> (2.8)
t
where,
r T
X =z xt} (2.9)
- T
Xi= |4 j:d] (2.10)
7 =[-k —%] (2.11)
of =[r <] (2.12)
pT = [ ik _fn_f‘t] (2.13)
W= [k o] (2.14)
01
Ay = (2.15)
0 0
0
B= (2.16)
1
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Figure 2.2. Schematic sketch of a half car model.

2.2. Half Car Model

The half car model consists of the body, the front and rear tires of vehicle which
enable us to represent heave and pitch motion of vehicle. Figure 2.2 illustrates the half
car model. There are two actuators which are placed in between the front and rear
tires and the body. The combination of both actuator forces controls the pitch and the

heave motions. The general coordinates are x, x{ , xy and p.

In this model, spring behaviour is considered as nonlinear. The method is taken
from [27]. The force of the spring is obtained in the following. Firstly, nonlinear spring

force can be represented as a power series.

Fspring = kO + klaj + k2$2 + kgl’g =+ ... (217)
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Figure 2.3. Nonlinear spring behaviour [18].

In (2.17), k; (for i = 0,1,2,..) is the nonlinear spring coefficient, x is the displace-
ment of the nonlinear spring. To produce symmetric restoring force, an odd function
(F(—x) = —F(x)) is needed.

Fspm'ng = kll' + kgilj'g + ... (218)

In Figure (2.3), nonlinear spring force versus the displacements is shown. To obtain

the potential energy of the nonlinear spring, the area under the k-x graph is integrated.

Vspm-ng:/o F(u)du (2.19)

where V' is the potential energy, F', which depends on the dummy variable u, is the

spring force.
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Potential and kinetic energy and non conservative term of the plant is calculated

as follows;
1 1 . 1 1
T =gmyi® + S 16° + gmi (&))" + 5mi (i7)" (2.20)
1 f ; AR f ; AL : -\
Vzik (m—i—asm@—xt) —i—an(x—i-asmH—xt) +§k (:c—bsm@—:ct)
1 2 1 4 1 2
+ 2k (2= bsing—a7) + Sk (ef - l) + Sk (7 —a1) (2.21)
1 . 2 1 . 2 1 2
incf(x'+a9c:039—i{> +§CT<i—b6’cosé’—ab§> +§ct (mf—xﬁ)
1 2
53¢ (i - 1) (2.22)

Appliying Lagrange equation to (2.20), (2.21) and (2.22),rearranging yields;

mbi—l—kf(x—i-asing—x{)+k£(x+asing—x{>3+kr<x—bsing—x§>
+k‘;<x—bsing—xi)g+cf<:b+ag'cosg—x'{> +cr<x'—bg'cosg—jc§>
=F+F, (2.23)
[bé—l—kfacosg(:c—l—asing—:c{) +k£acosg<x—|—asing—xf)3

- k%cosg(m - bsing—xl) — k:;bcosg<:v—bsing—xf)3

+ cacos Q(js + apcos o — :E,{) —c"beoso(& —bocosp — &) = —aFy +bF, (2.24)
m{é{—kf<x+asing—xf) —i—k{(m{—xfé) —cf(jv—l—ag'cosg—jcf)
+ct<j:{—:'c£> 7 (2.25)
m:j:—k"(x—bsing—x:)+k[<x§—x2) —c”(i—b@cosg—x’?)

+q@g—%>:—ﬂ (2.26)



Let the displacements and velocities for the suspensions are;

f w =T+ asinpg —x;
xl, =r —bsinp — zy
f —x+agcosg—a:{

e o
xy, =T — bocos o —
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~~  —~ o~~~
N N )
O 0o

~—  ~— ~—

To ease the mathematical burden, small angle approximation is applied to pitch angle

(0). We get,

f w =T+ a0 — T
f —x+ag—x{

. L
x, =t —bo — oy

—~ —~ —~ —~
w w
w \)

~— ~ ~— ~—

where, assuming cos o = 1 and sin o = p. To represent the plant more compact form,

the disturbance and the inputs are;

Ky d oy
V= ——fflfd — _fxd
my my
kT o
vy = ——al — —- i)
my my
U=F;+ F,

Uy = —aF} + bF,

(2.35)

(2.36)

(2.37)
(2.38)
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Table 2.1. Parameters of the plant

&1:—% GQZ—% agz—% CL4:—;—J;
by=—bo |y =Eb py= e | p =2
f f
Cl_% CQZ—:L—?: 03—;—} 042—2—2:
di = & dy = :1— ds = & dy = m—
an1 _% An2 _% by = _k[ia by = k[ib
Cpl = _ff dnl - :1_:%

Then, the plant can be rewritten as follows;

3 3
Ty = aq (%u) + ap1 <x3u> + as (x;u> + apa <x2u> + as (x£u> + ay (a:z;u) + mypUs
3 3 _
0="b (:cu) + by (:cu) + by (xu) + o (:qu) + bs <9ch> + by (xu) + LU,
3 F
x{ =0 (:psu) + ¢ <x8u> + czx{ + c3 (:vfu) + 041‘{ + 1 — —J;
my
3 ) f F,
ZL’: = d1 ([Egu> + dnl ((L’;u> + dQ‘/L‘: + d3 (l’;u> + d4l‘t + vy — W (239)
t
where m = m%,’ I= Il,, is overparametrized. The rest of the parameters are given in

Table 2.1.

2.3. Actuator Model

Actuator can be defined as the heart of the active suspension system. The duty of
the actuator is to apply a counter force to overcome the effect of the road disturbances
which gives an important role to actuator for the performance of the system. In the
literature, actuators can be categorized as hydraulic, pneumatic and electromagnetic.
Because of efficiency, easiness to control the applied force and dual operation of the
actuator, electromagnetic actuator is chosen for our active suspension system. Detailed

comparisation of actuator types can be found in [28].
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The actuator model is taken from [29] and [30]. The dynamics of the model is
given by;

i =+ (\4 ~ IR - Kex'i,u> (2.40)
The applied actuator force depends directly on the current, such that;

71" denotes the number of the actuator. [ is the current, K; and K,

where, subscript
are the force and velocity coefficient, respectively. L. and R represent the inductance
and the resistance of the actuator, respectively. V is the voltage which is considered as
the input of the plant in the controller design. Figure 2.4 depicts the schematic model

of the actuator.

Figure 2.4. Schematic sketch of the actuator model.
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2.4. Disturbance Representation

One of the objectives of this thesis is to cancel the effect of the disturbances
despite unmeasured disturbance. We assume that the unknown disturbance consists
of sum of sinusoidal where amplitude, frequency and phase is considered as unknown.
Using the parametrization method which given in [24], [25] and [31] , we can design a

disturbance observer for the plant (2.39) in the following.

The road disturbance is given by;

V= Z A; sin(w;t + ¢;) (2.42)

i=1

where amplitude (A;), frequency (w;) and phase (¢;) is considered as unknown but the

number of distinct frequency (n) is known.

In our case, the number of distinct frequency is chosen 2. The first frequency
represents the low frequency range in between 0.5-2 Hz., which cause motion sickness.
Second frequency represents the high frequency range in between 4-10 Hz., which cause
head toss.

The disturbance observer can be represented as the output of a linear exosystem,;

P=SP v="h'P (2.43)

where P € R? is the state vector, S € R2#%X2¢ i5 the constant coefficient vector.

[ € R?9X% is chosen.
Consider the Sylvester equation,

MS —GM = Ih". (2.44)
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If the spectrum of S and G are disjoint and (h”, S) is observable with (G,l) controllable

then the solution M is unique and invertible.

Multiplying (2.44) with P, by using state transformation w = M P and consid-
ering (2.27), we get;

Mw — Gw = lv. (2.45)

Let G € R%X24 he a Hurwitz matrix and the (G,l) is controllable. Then the disturbance

can be expressed as;

W = Guw+lv (2.46)

v = 0Tw (2.47)
where 07 = hT M~ .
2.5. Random Road Input

The road profile model is inspired from references [32] and [33]. It is assumed

that the PSD (Power Spectral Densities) are employed to represent the road roughness.
The road profile is approximated in the following;

Q< So() (27)

Sg(Q) = (2.48)

Qo
Q>0 Sg(0) (£7)

where €y = % represents a reference frequency. €2 denotes a frequency, n; and ny are

the constants of the road.
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Figure 2.5. The random disturbance input.

Road roughness can be approximated by the following series;

Ny
Xy = Z Sy sin(nw,t + ®,,) (2.49)

n=1

where S, = /25, (nAQ) AQ, AQ = sz L is a distance of exposed road roughness,
W, = %’TVO and ®,, are considered as random variables within the interval [0, 27). Ny is
a limit value of a considered frequency range. Figure 2.5 shows the random disturbance

input.
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3. DESIGN OF AN ADAPTIVE BACKSTEPPING
CONTROLLER FOR A SEAT MODEL WITH
CONSIDERING KNOWN PARAMETERS

In this chapter, an adaptive controller for a seat model is presented. The road
disturbance is considered as unknown by the controller. Therefore, the observer is
designed to compensate the effect of a sinusoidal disturbance. To estimate the road
disturbance, the methodology, which is given in Section 2.4, is applied to the seat model
by using full state measurement. The plant is parametrized as an output of an known
feedback system. Then, the controller is designed. The stability of the controller is

established by using proposed Lyapunov function.

The application of the active suspension control on the seat model is illustrated
in Figure 3.1. This approach is more suitable to larger vehicles such as trucks, because,
the performance of the vehicle is not demanded from customers in this segment. In
addition, high energy consumption due to control large masses, decreases the change

of applicability.
3.1. Problem Statement
Let us consider the given model in Figure 3.1. The plant has a single degree of
freedom which represents the seat of a vehicle. The controller aim is to regulate the
seat of the vehicle.

The equation of motion of the plant is given by;

mi + k(x —xq) + c(& — 24) = F (3.1)
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X
" .
\
P2 @ O
' ]
body

Figure 3.1. Schematic illustration of a seat model.

In (3.1), X and X represent the vertical displacement and velocity of the seat, the
actuator input is represented by F. k and c are the damping and spring coefficients,

respectively. X, and 2,4 is the road inputs.

: F
X =A X+ Bl X +v+ W (3.2)
where;
0 1
Ag = (3.3)
00
0
B= (3.4)
1
of =& <] (3.5)
T
X = (3.6)
i
T
v=|& 2] | (3.7)
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Model Assumptions:

e All states are available for measurement except the disturbance.
e The parameters of the system are known.
e The actuator dynamics is not taking into account. F' is assumed directly applied

to the plant.

3.2. Disturbance Representation

In Section 2.4, the modelling procedure of the road disturbance is given. In this

section, the procedure is applied to the plant (3.2).

Lemma 3.1. The disturbance observer is proposed as;

v=0"5+0"¢. (3.8)
The filters are;
E=n+NX (3.9)
F
= GE— (NAX +1(— g = Cap By (3.10)
m m m

Note that the following is obtained by plugging (3.10) and (3.2) into (3.9).

£=GE+1v (3.11)



Proof. Define an estimation error;
d=w—¢&
where the dynamics of w is given in Section 2.4.
Considering the equation (2.47); taking the time derivative of 0,
: . k c . F
d=Guw+Ilv— N+ NAX+B(——z——i+v+—)).
m m m
Substituting (3.10) into (3.13), we get

5= G9.

Considering G is a Hurwitz matrix, we conclude that 6 — 0 when ¢t — oo.

The following plant dynamics is obtained by plugging (3.8) into (3.2).

X:%X+mJX+ﬂmw%+£)
m

3.3. Controller Design

22

(3.12)

(3.13)

(3.14)

(3.15)

Since the force of the actuator affects both the body and the seat, the design

of the controller is focused on either isolating the seat from the road disturbance or

suppressing the road disturbance while neglecting the motion of the seat.

section, both cases are investigated.

In this
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3.3.1. Isolating the seat from the road disturbance (Case 1)

The actuator force regulates the motion of the seat. To control the acceleration of
the seat, the proposed adaptive controller is designed for the input term F', considering
the plant dynamics (3.15) and the model assumptions. The desired F is;

F=m(KX —a"X —07¢) (3.16)

where K € R is a controller gain matrix which is chosen. Using the certainty of

equivalence, 67 is the estimation of #7 which obeys,

67 =67 — 4" (3.17)
The update law;

6 — X" PB¢ (3.18)
where v is the update gain and P is the solution of the matrix;

(Ao + BK)'P + PT(Ay + BK) = —2I (3.19)

3.3.2. Suppressing the road disturbance (Case 2)

In this case, the controller is designed for suppressing the road disturbance. The

following actuator input is proposed to cancel the effect of disturbance.

F=m(=07¢) (3.20)
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The update law;
0 =vXTPB¢ (3.21)
where v is the update gain and P is the solution of the matrix;

(Ao + Ba”)" P+ PT (Ag+ BaT) = =21 (3.22)

3.4. Stability
The following theorems assure the stability of the proposed controllers.

3.4.1. Case 1

Theorem 3.2. Considering the plant (3.2) which consists of the adaptive controller
(3.16), the update law (3.18) and the observer for the road disturbance (3.8). In view

of the model assumptions,

(i) The equilibrium X = 6 = 0 is stable and the signals x, & and 0 converge to zero
while time goes to oo.

(i) The signal F is bounded for all initial conditions.

Proof. Plugging (3.15) into the plant (3.2), the following closed-loop system is obtained;
X = (Ag+ BK)X + B(7¢ + 679) (3.23)

The following Lyapunov candidate is chosen to establish the stability of the closed-loop
system (3.23);

V= (XTPX +1ma ¢ 5TPG5) (3.24)

~

| —
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where;
G"Pg + PoG = —2¢1 (3.25)

Taking the derivative of V' with respect to time, taking into account of (3.14), (3.18)
and (3.23) yields;

V=-X"X—c6"5 + XTPBH"s (3.26)

To get rid of the cross term, Young’s inequality [13] is applied as follows;

XTx §ToBTPPBOTS
* 2

X + Amaz (0BT PPBOT)6TS (3.28)

XTPBATS <

(3.27)

XT
XTPBHTs <

Plugging (3.28) into (3.26) and choosing b = Apee (0BT PPBOT) and € = 1+ b, we get;
V<-XTX 675 (3.29)
Then, it is concluded the following;
V(t) < V(0) (3.30)
Defining;
T
U= [X b é] (3.31)
Considering (3.30), the following function is obtained;
01* < My [B5(0)] (3.32)

where M; > 0,
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vV U, (3.14), (3.18) and (3.23) are continuous in U and t, which tells us that (3.29)
is continuous in U and t. Considering (3.30), U is bounded. By using Lasalle-Yoshisawa
theorem [13], V ensures that X and § converge to zero while time goes to co. From

the boundedness of U and the convergence of X and 4, it assures that X is bounded.

By virtue of the assumption of the disturbance, v is bounded. Then, considering
G is Hurwitz, we conclude that w is bounded with using (2.47). In view of (3.17),
¢ is bounded. Moreover, Considering (3.17) and the boundedness of 6, 0 is bounded.
Finally, it also tells us that F' is also bounded with considering (3.16). O]

3.4.2. Case 2

Theorem 3.3. Considering the plant (3.2) which consists of the adaptive controller
(3.20), the update law (3.21) and the observer for the road disturbance (3.8). In view

of the model assumptions,
(i) The equilibrium X = § = 0 is stable and the signal § converges to zero while time

goes to o0.

(i) The signal F is bounded for all initial conditions.

Proof. Plugging (3.20) into the plant (3.15), the following closed-loop system is ob-

tained;
X = (Ag + Ba")X + B(6%¢ +679) (3.33)

The following Lyapunov candidate is chosen to establish the stability of the closed-loop
system (3.33)

1 o
V=X"PX +=0"0+ 06" Psé (3.34)
Y
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where;
GT'Pg + PP = —2¢1 (3.35)

Taking the derivative of V' with respect to time, taking into account of (3.14), (3.21)
and (3.33) yields;

V=-XTX—-c6"5 + XTPBH"s (3.36)

To get rid of the cross term, Young’s inequality [13] is applied as follows;

XTx §ToBTPPBOTS
* 2

X + Amaz (0BT PPBOT)6TS (3.38)

XTPBATS <

(3.37)

XT
XTPBHTs <

Plugging (3.38) into (3.36) and choosing b = A\ (0BT PPBOT) and € = 1+ b, we get;

V< -XTXx -7 (3.39)
Then, it is concluded;
V(t) <V(0) (3.40)
Defining;
AT
5= [x s 4 (3.41)

Considering (3.40), the following is obtained;

[O” < My [B(0)]° (3.42)

where M; > 0,
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V U, (3.14), (3.21) and (3.33) are continuous in U and t, which tells us that (3.39)
is continuous in U and t. Considering (3.40), U is bounded. By using Lasalle-Yoshisawa
theorem [13], V ensures that X and § converge to zero while time goes to co. From

the boundedness of U and the convergence of X and 4§, it assures that X is bounded.

By virtue of the assumption of the disturbance, v is bounded. Then, considering
G is Hurwitz, we conclude that w is bounded with using (2.47). In view of (3.17),
¢ is bounded. Moreover, considering (3.17) and the boundedness of 6, 0 is bounded.
Finally, it also tells us that F' is also bounded with considering (3.16). ]

3.5. Simulation

In order to reveal the performance of the controller, the following road test sim-

ulation is applied. The model parameters are m = 320kg, k = 18000%7 c= 1000%.

The controller and update gains are chosen as K = [—2000 — 3000] and v = 200,
T 10 0 0

respectively. The observer parameters are [ = [1 2 3 4} and G = [ O %0 }
0 0 0 —4

Initial conditions are assumed as zeros.
The road disturbance is represented with the following function;
Xg1 = 0.03sin(2nt + %) +0.01 sin(5mt) (3.43)

where the road input (3.43) consists of two distinct frequencies.
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Figure 3.2. The acceleration response of the seat for case 1.

Figures 3.2 and 3.3, illustrate the vertical acceleration and the displacement of
the seat with respect to time for case 1 and case 2, respectively. Red dashed lines
represent open loop responses. Blue lines represent closed loop responses. It is clear
that the closed loop responses of the seat are strictly decreased comparing the open loop
responses for both cases. Additionly, the acceleration and the displacement responses
for case 1 and case 2 converge to zero, perfectly. Desired comfort is achieved in the
steady state response for both cases. Nevertheless, case 2 converge to zero more quickly
than the case 1. Moreover, Figure 3.6 and 3.7 illustrates the force response for case 1
and case 1, respectively. Considering the Figure 3.7, case 2 needs much less actuator

force which leads to lower energy consumption than case 1.
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Figure 3.3. The displacement response of the seat for case 1.
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Figure 3.4. The acceleration response of the

seat for case 2.
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4. DESIGN OF AN ADAPTIVE BACKSTEPPING
CONTROLLER FOR A QUARTER CAR MODEL WITH
CONSIDERING PARAMETRIC UNCERTAINITY

In this section, an adaptive backstepping controller is applied to the quarter
car model where the mass of the body, the damping and spring coefficients of tire is
unknown. In addition, the road disturbance can not be measured. Therefore, the road
disturbance observer is designed same as Section 3. Since the parameters of the vehicle
are considered as unknown, the designed observer for the seat model cannot be used.
In order to derive the new observer, new filters are introduced. Another improvement
of this section is the actuator dynamics. In previous section, it is assumed that the
force of the actuator is directly applied to the system. The dynamics of the actuator
is neglected. Here, the electromagnetic actuator dynamics is included in the quarter

car model.

4.1. Problem Statement

The aim of the proposed controller is to regulate the vertical body motion despite
the effect of the disturbance. The motion of the tire is not taken into consideration.
However, it is assumed that the vertical displacement of the tire is within the suspension

stroke limit.

The derivation of the quarter car model is discussed in Section 2.1. The equation
of motion for the body and the tire is obtained in (2.5). The electromagnetic actuator

model is taken from (2.40).
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4.1.1. Model Assumptions

e [t is assumed that damper and spring characteristics are taking into account as
linear.

e All states are available for measurement except the disturbance.

e The mass of the body and the damping and spring coefficients of the tire is
considered as unknown.

e The actuator dynamics is considered.

e The relative displacement between the body (X) and the tire (X;) is limited

within the suspension gap.

Let us recall that the dynamics of the quarter vehicle model which is derived in Section

2.1,

: F
X = A X + B(Y'(X - X))+ —)

s

) F
X, = A X, + Bl X + ' Xi +v——) (4.1)
my
where;
T
X = T j:s] (4 2)
T
X = |y i’t] (4.3)
S —i} (4.4)
of = & < (4.5)
I —’jn—tkt —;rn—ta} (4.6)
V= k¢ C_t:| v (4 7)
my my [iﬂ'd
0 1
Ag = (4.8)
00
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The schematic model is depicted in Figure 2.1, where m is the sprung mass, in
other words, the mass of the body. m,; is the unsprung mass, in other words, the
mass of the tire. k, and k; are the spring coefficients and ¢, and ¢; are the damping
coefficients of the body and tire, respectively. F denotes the actuator input which
placed in between body and tire and in parallel with the spring and the damper. The
displacement and velocity is represented with x and & for the body and x; and i, for

the tire, respectively.

4.2. Disturbance Observer

To represent the unknown disturbance, the parametrization process, which is
given in Section 2.4, is applied to the quarter car model. Considering the model (2.5),
the unknown parameters in the dynamics of the tire (4.16) makes impossible to apply
the method in Section 3.2. In order to handle the unknown terms, the observer, which

uses multiple filters, is designed.

Lemma 4.1. The disturbance observer is given as follows;

v =075 +0"¢ + BLm + B3y (4.10)
where the filters are;
§=n+NX,
: T F
i = GE = N (A4, + B(a’X — )
my
771 = G?]l — lXt
i = Gy — 1X, (4.11)

The filters my and ny are designed to overcome the unknown terms which are T% and

<t
me "
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Proof. Define an estimation error;

_k _ks - — Cs
§=w— (5 T £n2> (4.12)

my my

taking the time derivative with respect to time,

- T F
(S:Gw+lV—<77+N<A0Xt+B(aTX_|_ t T + Ct Cl’t+y__)>
my ™y my
—k—ks. —c—cs.
i —— n2> (4.13)
™y ™y

Substituting (4.11), (4.3), (4.4) and (4.6) into (4.13), considering [ is chosen and

N = éﬁ; where N € R?%%24 we get;

=Gz — (Gf + Gﬂm + GMm) (4.14)

my o
plugging § into 4, yields;
5=Go (4.15)

Keeping in mind that G is a Hurwitz matrix, we conclude that § - 0 ast — oco. O

Then, plugging (4.10) into the plant (4.1), the following equation is obtained;

X = ApX + BHT(X — X))+ 40 (4.16)

s

. F
X, = Ao X, + B(a" X 4+ " X, + 40765 + 07¢ + Biny + Bomy — E) (4.17)

t
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4.3. Controller Design

The model (4.1) is controlled by using an electromagnetic actuator which is placed
in between the body and the tire. Our aim is to reduce the effect of the body motion
despite the road disturbance. Therefore, the controller F' focuses on the body of the

vehicle.

In previous section, the dynamics of the actuator is not taking into account. In
this section, the dynamics of the actuator is assumed according to the model which is
given in Section 2.40. The force of the actuator depends on current. Thus, a desired

controller is based on the current of the actuator.

The backstepping procedure is employed to overcome the unmatched input be-
tween the force and the dynamics of the actuator. The current of the actuator is

considered as a virtual input which is given as follows;

1

Iy = =
I Kims

(G (4.18)

where ¢ = KX —47(X — X;) and K € R**! is the controller gain matrix.

Using the certainty of equivalence principle, estimations are;

~ A

Ms = Mg — My

~T T AT
=5 —

Y Y

/lT _ ,uT . ﬂT

éT — 9T _ éT

Al = pf — pr

AT = pT - jBf (4.19)

7 -~

where 7" represents the estimation error, ””” is the estimation term.



The error term between actual input (/) and desired input (/) is;

GZI—Id

The adaptive controller is given by the following;

V =—ce— H(t)
where ¢ > 0,
K; . . ﬁ’LsQ/J 1
Ht:—(—IR—KeX—X> L
( ) Lc ( t) + Kz(ms)2 szs

37

(4.20)

(4.21)

((K - @T> ((Ao + BK)X

n BeKZ-ﬁ%) _ AT (X _ Xt> _ 47 (AOX £ B(aTX + iTX, +67¢ + fTn,

N F N

+ Bama — —))) + X' PBkym,
my

P is a positive definite matrix which obeys;

(Ag + BK)"P + P(Ay + BK) = —2I

The update laws are;

7 —(XTP = (K = ) B(X - X))
2 e .
it == BX
e .
O =¥ B8
BT =——4"B
A e R
BQ :k'a VTBTE
iy =(XTP — S (K~ 47)) Bleki + L)

(4.22)

(4.23)

(4.24)
(4.25)
(4.26)
(4.27)
(4.28)

(4.29)



38

Since 7, is in the denominator of I; (4.18), the projection method is applied to avoid
singularity.

(

0, Iffns:[)andrins<0

Ms =< 1y, If iy = 0 and 1, > 0 (4.30)

A

mg  Otherwise

\

4.4. Stability

Theorem 4.2. Consider the plant (4.16) with the disturbance observer (3.8), the adap-

tive controller (4.18). In view of model assumptions,

(i) The equilibrium g, 67, BT, BT @7 and 37 and AT are stable, X, e and & converge
to zero while time goes to oo.

(i) The signal I is bounded for all initial conditions.

Proof. In equation (4.16), there are unknown terms which cannot be used in Lya-
punov function. However, if the plant is represented in terms of estimations and error
functions with considering the certainty of equivalence principle, they can be used in

Lyapunov function. The application of this representation is given as follows;

Plugging (4.18) into (4.16) and (4.21) into the time derivative of (4.20), the

following system is obtained;

X :(AO + BK)X + B(&T(X — Xy) + m(ek; + _i))

Mg

X, =AoX, + B (JX + (ﬁT + ﬂT)Xt + 6075 + (éT + éT)£ + (51 + Bl)m

t

+ <B2 + 52)772 - mi) (4.31)
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1 .
6= —ce— — <(K - ’yT)B<’yT(X — X,) + ek + 7?—)
kims ms
T AT Ts | jT¢ | AT AT F
- B(M X +0 5‘1‘95‘1‘517714‘52?72—%)) (4.32)
t

Choosing the following Lyapunov function, the stability of the closed loop system is
established;

52 Tz 5Tr g ATAH AT 3
m 0" 0

PSR e N Lo U A A O Y
Quy Qay ay Qay oM

+ 5TPG5> (4.33)

where GT Py + PoG = —2¢l

Deriving V with respect to time,

. 1 . :sis "‘T”" "’T’L é’Té ~T~.
Ve L XTPx foee —oMsMs oA G 00 A A
2 O, o ay, Qg g,
~T~' )
— 2M + 0T Pgo (4.34)
A,

Substituting (4.24), (4.31) and (4.32) into (4.34), we get;

V =X"P(Ay+ BK)X + XT(Ay + BK)'PX — ce® + P € ATBOTS — 675 (4.35)

i
In order to handle the cross term, Young’s Inequality is applied in the following [13].

2 ToRTAAT RHT
€ o e 0" 0B 4y B0

BO7 6 < - 4.36
7 ~ 2(kims)? * 2 (4.36)

€ + Amaz (0BT43T BOT) 616 (4.37)

kims
e

~ ATBQT(S <—A
kit | = 2(kymg)?

If we choose ¢ = 1 + m, € = 1+ Aae(0BTA4T BOT) and considering (4.23), we

get;

V<-XTX-e2-67% (4.38)
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then, it is concluded
V(t) <V(0) (4.39)
which implies that V(¢) is bounded. Define;
¢ = [X e 3T i, gT 67 BT BT 4 (4.40)
Considering (4.33) and (4.39), the following function is obtained;
[<]” < My [5(0) (4.41)

where M; > 0. Vs, the right hand side of (4.15), (4.19), (4.24) and (4.31) are continuous
in ¢ and time, which tells us that the right hand side of (4.38) is continuous in ¢ and
time. Moreover, the right hand side of (4.38) is zero when ¢ = 0. By using Lasalle-
Yoshisawa theorem [13], (4.38) assures that X, e and § converge to zero while time
goes to oo. Since, 7T, my, a?, o7, B1T and B2T are bounded, it follows that 47, m,
4T, 07, BT and BT are bounded considering (4.19). Furthermore, in the light of the
boundedness of the suspension gap (X — X;) and X, it is concluded that X; and X,

are bounded.

Since the disturbance consists of a sum of sinusoidal (2.42), v is bounded. Con-
sidering G is Hurwitz, it is concluded that § is bounded from (4.15). With using (4.11),
we can say that &, n; and 7, are bounded which leads to the boundedness of 6, 3, and
3, with considering (4.10). Since m,, v7 and p? are constant values and m,, 77, 77,
67, BT, BT, 0, By and f3, are bounded, it is attained that the estimations (37, s, i7,
07, AT and BT) are bounded. Moreover, bearing in mind the fact that K is a negative

definite matrix, X, X, the estimations are bounded, it is concluded that I, is bounded

with using (4.18). Then, with using (4.20), it is attained that I is bounded. O
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4.5. Simulation

In this part, the effectiveness of the proposed controller for the quarter car model

is demonstrated. To represent the disturbance input, a sum of sinusoidal is given by;

;

0 0<t<4
vy 4 <t<10
v=<0 10<t<I11 (4.42)

Vgo 11 <t <18

0 18<t<20

where;

v = 0.03sin(2t + g) +0.01sin(5mt)

vy = 0.02sin(157¢) + 0.03 sin(187t + %) (4.43)

Two different road profile is applied to the vehicle. Here, vy represents low frequency

range, vgo represents the high frequency range.

The parameters of the plant is taken from Appendix B. Initial conditions for all
states are chosen as zero except the singular term which is chosen as m = 54. Figure 4.1
displays the displacement response of the vehicle body in time domain for 20 seconds.
The acceleration of the body is depicted in Figure 4.2. The vehicle is exposed the
road disturbance as stated 5.43. The simulation results demonstrate that the active
suspension (Closed Loop Response) demonstrates much better performance than the
passive suspension system (Open Loop). Since the effect of the road roughness is not
transmitted to the vehicle body, perceived comfort by passengers is improved by using

active suspension system.
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Figure 4.1. The displacement response of the body.

Figure 4.3 and 4.4 illustrate a comparison between the adaptive controller and
LQR for the displacement and acceleration responses of the body, respectively. To

compare the performance of the controllers, the disturbance input is given in 3.43.

350 0 0

The parameters for LQR controller are chosen as R = 0.000001 and @ = | § ¥ % 9

000 65
the Although the assumptions, which are the parametric uncertainty, the dynamics of

the actuator and unmeasured disturbance, are not taken into consideration, it is clear
that the adaptive controller is improved the ride comfort much better than the LQR.
Moreover, even though LQR attenuates the disturbance input, the adaptive controller

offers the cancellation of the disturbance.
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Figure 4.4. Comparison between the adaptive controller and LQR for the acceleration

response of the body.
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5. DESIGN OF AN ADAPTIVE BACKSTEPPING
CONTROLLER FOR A HALF CAR MODEL WITH
CONSIDERING PARAMETRIC UNCERTAINTY

In this chapter, the design of an adaptive backstepping controller for a half car
model is discussed. The model contains two actuator which their duties are to control
the vertical acceleration and the body pitch of a vehicle. The parametric uncertainty
of tire and body mass is taken into account same as Chapter 4. In addition, inertia of

the body and actuator terms are considered as unknown.

To reduce the implementation cost, it is assumed that the vertical velocity of the
body, the velocity and displacement of the tire and the relative motion between the
tire and the body is only available for measurement. Moreover, the road disturbance is
not measured same as previous chapter. However, there are two different road inputs
that affect the body at the same time. Therefore, observers are designed for a front

and a rear disturbance input, respectively.

Since partial states are available for measurement, an adaptive backstepping con-
troller is designed by considering these states. Lyapunov approach is used to establish

asymptotically stability of the plant.

5.1. Problem Statement

The derivation of the half car model is given in equation (2.39). The half car

model is equipped with two actuators. It is assumed that the dynamics of them are

identical.
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The front actuator dynamics is given as follows;

Fy =K;I,
I, =AV; — BI, — CiJ, (5.1)

The rear actuator dynamics is given as follows;

F. =Kl
I, =AV, — BI, — Ci”, (5.2)

mj
F,

-
my

+
S

3 F
x{ = (xsu) + Cn1 <x5u> + 0295{ +c3 (xgu) + c49'c{ tu— L
) (5.3)

3
n(@)+@ﬁ+@@@+@d+w—

5.1.1. Model Assumptions

e Partial states, which are the vertical velocity of the body, the vertical displace-
ment and velocity of the tire and suspension stroke are measured.

e The inertia and the mass of the body, the parameters of the tire and actuators
are considered as unknown.

e The relative displacements between the body (X}) and the front and the rear tire

(X{ and X7) are limited within the suspension gap.
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5.2. Road Disturbance Representation
The front and rear tire are represented in the half car model. Therefore, the

body is exposed to different disturbances at the same time. In this part, observers are

designed for both tire, separately.

Lemma 5.1. The observer for the front tire;

v1 =01 61 + 07 &1 + B m + B e (5.4)

and for the rear tire;

vy =03 89 + 03 &0 + B3 3 + Bima (5.5)

where 1 = 0T, BT = c,07, T = dy0} and B} = d,6%.

The filters are given for the front and the rear tire, respectively.

S =11+ lo‘cf

) . F

1 = G&1 — 1 (clxgu + Cin (xiu)3 + cgid — hirs )
mpy

m = G — l:c,{

Ny = Gy — L]

oo = Moo + 13}

. r ro\- . T FT’

22 = G — 1 <d1$5u +din (%u)5 + d3 Ty, — E)

ns = Gz — lay

= Gy — 1@y (5.6)

obeys;

5 = Gé,
by = G, (5.7)
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Proof. Estimation errors can be defined as;

0 = wy — (fu + com + 04772>

dy = wy — <§22 + doms + d4774> (5.8)

taking the derivative of errors with respect to time;

oy =1y — <511 + com + CAJ?Q)

by = 1y — <522 + danjs + d4774> (5.9)

Because of the fact that the plant have two actuators, equation (2.47) is converted to

our case. Here, Subscript 1 denotes the front tire, subscript 2 denotes the rear tire.

21 == G’(Ul + ll/l

22 = GU)Q + ll/g (510)
Then, substituting (5.6) and (5.10) into (5.9), the following is obtained;

o = G<w1 - (511 + G + Cﬂ]z))

0y = G<w2 — (&2 + doms + d4774)> (5.11)
Considering (5.8), obeys
51 - G51
by = G, (5.12)

We conclude that 4; — 0 and 6, — 0 as time goes to 0. O



49

Plugging (5.4) and (5.5) into the plant (2.39), we obtain;

= arly, + an (21,)° + asal, + ag (27,)° + agil, + asil, + myU;
= bialy + bu (1)’ + bol, + bon (27,)° + bl + bai, + LU,
(

f
- f f f\3 f . f . f T T T T Fy
Ty = C1Tg, + Cin :L‘su) + Gy + C3Ty,, + CaTy + 01 51 + 01 51 + /81 T+ 62 2 — -7
my
T T r\3 T T .7 Fr
iy = dialy, + din(2h,)” + dox) + d3dl, + dad} + 03 05 + 05 & + Bams + Bing — —
t

(5.13)

5.3. Controller Design

In the half car model, there are two motions that affect the comfort of passengers
and the performance of the vehicle. These are heave and pitch motions. Since actuator
dynamics is considered, the unmatched input is encountered same as Chapter 4. To

handle this problem, the backstepping procedure is employed.

To regulate the motion of the body, the following desired inputs in other word,
virtual controllers are offered. U, which is given in (5.14), is designed to control the

heave motion of vehicle.

1

my

Uwa = = (¢1) (5.14)

To control the pitch motion of the car, Us is designed in (5.15).

Usa = ; (1) (5.15)
Iy
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1 and v, are defined as;

L . 3 X 3 . . .
Uy = Kidy — ayxd, — gy, (a:fu) — o, — G2y (2],)" — asif, — agi!, (5.16)

wg = KJQQ - Eleu - i)ln (.Tgu)g — ZSQZ'ZU — I;Qn (l’gu)?) — Bgl{u — i)4$£u (517)
where, k1 < 0, ko < 0.

In view of the certainty of equivalence principle, estimations for the unknown

terms are;

i =ai — @ by =by — b & =cy— &
s = as — Gz by = by — by G=ci— &
A1p = A1 — A1p Bln:bln_éln ~2=d2—6i2
don = Qgp, — A2y 6271 :an_BQn ~4=Cll4— A4
ds = az — a3 by = bs — by m = m—m (5.18)
iy = ay — by = by — by L=I,—1,
of=of -0  Bl=pl-p7 B =p-5
G —oy-df  H-g-8  H-s-8
A=A—-A B=B-B C=C-C

The error terms for U; and U, are;

er=U; — U
€y = Ug — Ugd (519)
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In view of equations (5.1), (5.2) and (5.13), taking the derivative of error terms with

respect to time yields;

é =(A+ ) (Vi + Va) — (A+A> <R+R>(h + 1) - <k +1%e) (&f, + 7))
i, — i)
. 1mbmb)7;”tb 1) (5.20)
éo =(A+A)(=aVi +03) = (A+ A) (R+ R)(~aly +b1)
- (k + k) (— aif, ++bil,) — (%) (5.21)

the inputs for the both error function are chosen as;

1
Vi+Vy= Z(_Clel — M)
1
—aV1 + b‘/g = Z (—C2€1 — HQ) (522)

where ¢; > 0 and ¢y > 0. Solving (5.22) with using the method of elimination, the

adaptive controllers are obtained as;

A a+b

v :l (—a0161 —aH, — coey — HZ)

1 (—bclel — le + Coeg + Hg)
Vi==

5.23
a+b ( )
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where;

Hy =imyiy — B(I + I,) — C(&l, 4+ 4",) + ;ﬂ/}; — | -z, —a, (mfu)g
(mb) my

— &ngu — &Zn (xzu)g + ( - éLg - 3d1n (‘T({u)Q — dl)xgu
+ ( — Gy — Gy — 3don (ajgu)2)x’;u + (51 —az — CAl4> </‘€15Cb + ﬁ”bbel)
+ (adg — bd4 )( 52@ + fbeg)

. BN T ) L - - 5 F
+ as (cleu + Cin (xsu) + ch{ +cgitl |+ 04(9(;{) + 07 ¢ + Bl + BT, — —?)
my

. r r\3 5 . 5 ~ 5 5 F.
+ay (dlxsu + din (xsu) + dowy + diy, + d4x{ + 92T§22 + @{773 + 5:{774 — W) )
t

(5.24)

IS R ~ f 1 X X
Hy =Iyo + B(—al, +bl,) + C(—ai!, +bi",) + (TZ; - = ( — byl — by, ($§U)3
I I

by — b (a7) + (= by — 3bin (1,)? — )i,

+ ( — l;4 — Z)gx;u — 3byy, (xgu)Q)I;u + </€2 — abs + b34> (@9 + fb€2>

+ ( — by — [;4> </<1!5€b + ﬁlb61>

+ by (clazfu + cip (g;ifu)?’) + égxf + cgid, + eg(@]) + 0T + BTy + Bl — %)
t

7 r r \3 7 r or 9 (o N A A
+b, <d1xsu + din(20,)") + dox) + dzil, + da(d}) + 03 oo + B3 13 + B M4

B %)) (5.25)



The update laws are as follows;

. e R R e A A
(1 =Ya1 | &p — = (k1 — G — 44) — = (—bg — b4)> (
my ]b
. e e A A
a2 =%Ya2 | T ! (51 —ag — CL4) - —2(—53 - b4)> (
mb b
. e e A A
a3z =%Ya3 | To ! (51 —ag — CL4) - —2(—53 - b4)> (
mb b
. e e A A
Qg =%Yaa | T ! (/ﬁ —ag — CL4) TQ(—b:& - b4)> (
mb b

x €1
Q1n =%aln Ty — E(fﬁl - Cl3 — (14)

b b

e

X . 1 N N 62 ~ ~ . 3
2n =%aln (xb - T(M —as — a4) - ?(—53 - b4)> (xsu)
my ]b

X e
b1 =
my
X 61
by =Vp2
mb
bz =3
my
X el
by ="Vpa
my
e

Bln =Vb1n (9 -
[;271 ="b2n (9

_1 ( CLCL3 + ba4) — 2( Ro — (lbg + bb4)

I

= ( aa3+ba4)—@( 2—ab3+bb4)

I

il (—ads + bay) — ?(/@2 — al;3 + 6134)

I,

=—(—ads + bas) — ?(@ — aby + bby)

Iy

.,e T
- (—aas + bag) — Tz(/@ — abs + bby)
my [b

my [_b

X €1 .

C2 =72 - —b3 <${>
mb [b

X €1 . .

by e — g — 28, ) (&)
mpy [b

: €1 . €3+

d2 =Yoo | — =4 — =04 <$§>
my [b

5 €1 . €2~ .

dy =Yda| — =z Q4 — —0b3 <$§>
my [b




o4

A e1 . €9~
th =70 ( - Al asz — 72b3> <511)
b ]b
A e1 . €9~
2 =72 ( - Al Qg — T2b4> <§22)
b I,
A el . €9~
B =Yp1| — 31 a3 — ;bs> (’01)
my Ib
A el . €9~
B =Yg2| — Al a3 — T2b3> (ﬁz)
my Ib
A €1 . €9~
B3 =vp3| — iy — T2b4> (Us)
my Ib
A €1 . €9~
54 =7pa| — 31 ay — ?254> (7]4>
my Ib
A=ya(ea(Vi + V3) + ex(—aVi + bV3) )
B =B ( —e1 (1 + L) + ea(—aly + b]2)>
C =Yc ( —el (Ilﬁfu + m;u> + 62< —aif, + b:vgu>>
A . e R N e A ~
My =Ym (mb — zl (K1 — a3 — a4) — ;(_53 _ b4)> <61 + Tfl>
M [b my
2 e e -
L=y | 6= S-(—as +bas) — 2 — ahatbs + bby) | (e + w?)
My [b Ib

(5.26)
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The following projections are added to avoid singularity.

(

0, If7y=0andmy, <0

My =1 iy, If i = 0 and my > 0

my  Otherwise

0. Ifl,=0andl, <0

L={1I. 1l —=0andl,>0 (5.27)
Ii, Otherwise

0, TA=0and A<0

Iffl:Oand/iZO

s
I
S

121 Otherwise

5.4. Stability

Theorem 5.2. Consider the plant (5.13) with the actuator dynamics (5.1),(5.2), the
adaptive controllers (5.23) and the update laws (5.26), (5.27). In view of assumptions,

(Z) The 6qu’ll2b7"’lum g1117 d27 EL37 EL47 dln; d?n; bl; b2; b37 b47 bln; bQTL; 627 64; d27 d47 mb;
L, 0F, 0F gL, BT, BT BT, A, B and C are stable. The signals iy, §, é1, €2, Iy,
0, €1 and éy converge to zero while time goes to oo.

(i) The signals Uy and Uy are bounded for all initial conditions.
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Proof. The following closed loop system is obtained by adding the left hand side of
(5.14) and (5.15) into (5.19), then, plugging it into (5.13).

. . ~ ~ 3 ~ ~ 3 ~ . ~ .
iy =k1dy + @ral, + a1 (2l,)”) + doal, + aon(xl,)” + asdl, + asdl,

N ~ m,
+ (1 + 17)er + Q”wl

0 =K90 + blxsu + bln( ) + ngsu + bgn( ) + ngsu + b4xsu

+ (Ib + ]b)eg + [Tl/)g (528)
b

Substituting (5.23) into (5.20) using (5.18);

- ~ ~ 1
é1 = —(C1€1 + A(‘/l + ‘/2> - B(Il + .[2) — O(.T;u + Igu) - 'ﬁl <(l€1 — dg - d4> <C~L1.T£u
b

g (21,)° + Goxl, + don (27,)° + s, + auil, + mp(er + :;1 )>
b

—I— < — deg + bCAl4> (blﬂfsu —f- bln( ) —I— bQIL‘SU + bZn( ) —I— bgffsu —I— b4xsu

+ I_b(eg + %)) + as (52.T,{ + 545&,{ -+ 9{51 + 9?511 + B;F7h + 55772) + Q4 (CZQZ’:
b

+ dadf + 0305 + 03 €22 + B ms +B4T774>)

N - ~ 1
éy = — o€ + A(—aVi + bVa) — B(—aly + bly) — C(—ail, + bx w) — <<n2 — ab3
I,

+ bB4> (blzsu + b (24,)7 4 o, + bo (a0,)° + by, + bl + Ty(es + f ))
b
+ ( — by — 134> (dle:u + Qi (xf ) + aqxl, + Gop (x ) + asdd, + audt,

‘I‘ mb( 17/}1

)) + by (6290{ + i + 076, +07¢, + BT + BT 772) + by (cizx;’
+ J4$': + 9552 + 55522 + B:},Tﬁg + B4T774>>

(5.29)



57

Using the following Lyapunov function, the stability of the closed loop plant is

established;

2

1(. ) . N . N N N o vy mg o =
V:—(m§+g2+e§+e§+a§+a§+a§+ai+a§n+a§n+b§+b§+b§+b§+b§n

F 4R+ R+ B+ R+ A2+ B+ O+l + 2+ 070, + 670, + AT

+ BQTBz + 5533 + B4Tﬁ~4 + 51TPG151 + 52TPGQ52)

where;

G{PGQ + PGlGl = —261[

GgPGQ + PGQGQ == —2621

(5.30)

(5.31)
(5.32)

Taking the derivative of V, with using (5.28), (5.29), (5.26), (5.27) and (5.8);

. e R e ~ ~
V :/ilj?z —+ HQQQ — 616% — 0263 — 77%;_1 (&39?(51 + CL49§(52) — T2 <b39{(51 + b49§(52)

b I
- 6263 + 61(5?51 + 625552 (533)
To handle the cross terms, Young’s inequality is applied;
262 Npax (0,01)616
il &39{51 < elgg ( . 1) 1 (5.34)
my 2mb 2
262 ez (0207)6765
%d492T52 < 613;1 ( 2 2) 22 (5.35)
my 2mj, 2
. 202 Apaa (0,07) 070
2,075, < 23 (07) 010 (5.36)
I, 212 2
. 202 Nppaw (0267) 616
2,075, < 24 4 (0205 )92 02 (5.37)

I, 212
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By choosing, ¢; =1+ 5 2 + 3 2, 2 =1+3 2 + 3 2, 6 =-—1-— )\mm(HIQIT) and
€0 = —1 — Mooz (9292 ), we obtain,

V S Iilftg + RQ@Q — 016% — 0263 — 61(51 - 6252 (538)

then, it is concluded;

V(t) <V(0) (5.39)
which tells us that V is bounded.
Defining;
wliiddnin iy Ranise™] (540
Considering 5.30 and 5.39 the following is obtained;
@l < M |w(0)] (5.41)

where M; > 0.

Vo, the right hand side of (5.12), (5.18) and (5.28) are continuous in w and
time, which tells us that the right hand side of (5.39) is continuous in w and time.
Moreover, the right hand side of (5.39) is zero when w is zero. By using Lasalle-
Yoshisawa theorem [13], (5.39) assures that iy, 9, e, ez, 0; and dy converge to zero
while time goes to co. From the boundedness and the convergence of Z3, ¢, e; and e,
it can be concluded that zy, 0, é; and é; converge to zero while time goes to co. In
addition, in the light of the boundedness of the suspension gap for both tires and the
boundedness of Xb, it is concluded that X, and Xt are bounded.
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Because of the fact that the road disturbance consists of a sum of sinusoidal
(2.42), 11 and v, are bounded, noticing that G is Hurwitz, then, it is concluded that &;
and 0 are bounded (5.12). Additionally, we can say that &1, &29, 71, 72, 73 and 7y are
bounded with using (5.6), which leads to the boundedness of 07, g1, 5T, 6T BT and
BT are bounded from (5.4) and (5.5). Since ay, s, a3, G4, A1n, don, by, b, bs, by, bin,
Don, o, G4, da, dy, Ty, I, 0T, 67, BT, BT, BT, BT, A, B and C are bounded, estimations
(@1, Gz, G3, A4, A1n, Gon, b, ba, by, bay bin, ban, Ca, ¢4, do, da, T, jb, éi 95, BlT, 557 B:;Ta
,@Z, A, B and é) are bounded considering (5.18). Furthermore, bearing in mind that
K is a negative definite matrix, estimations are bounded, it is concluded that U4 and
Usq are bounded with using (5.14) and (5.15). Then, it is attained that U; and U, are
bounded. O

5.5. Simulation

To reveal the performance of the controller, a simulation is prepared. The param-
eters of the plant are taken from Appendix C. Considering the half car model contains

the dynamics of front and rear tire, the road disturbance input is given in the following;

(0 0<i<12 (0 0<t<12

v 12<t<24 v 12<t<24
Mm=40 24<t<34 =<0 24<t<34 (5.42)

Var 34 <t <45 Var 34 <t <45

| 0 45<t<50 | 0 45<t<50

where;

var = 0.03 sin(2rt) + 0.02sin(L57t + %)

Vas = 0.03sin(157¢) + 0.02 sin (107 + g) (5.43)
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Figure 5.1. The displacement response of the body.
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It is assumed that the front and the rear tires are exposed to same road profile

with considering the time delay between them. Initial conditions are taken as zeros,

except the singular terms. The road test contains high and low frequency waves to

represent harsh real life environment.

Figure 5.1 and 5.2 display the displacement and acceleration response of the

body. The displacement of the body is decreased with active suspension (Closed Loop),

which leads to improve the performance of the vehicle.

ISO 2631 states that the

vertical acceleration affects the comfort of the passengers [12]. It is clear that the

active suspension system offers more smooth ride than the passive system.



61

s o Ak
== R
T o
— ——
— — . —
== S
—a rororor)
X S pErrt
— S
= o
-
1
¢
L £
| - \: r\
Lr
<
L . )
\. .
| - Lr
J
¢
L N
P
o8&
o
s
-4 5
c O
%]
H 88
o0
1
. _
1
| |
o o o o
< N I3Y

mw
(%) uorjyera[eody

15 20 25 30 35 40 45 50
Time (s)

10

Figure 5.2. The acceleration response of the body.



62

6. CASE STUDY

In this chapter, the simulation results of the quarter and half car model are dis-
cussed. Numerical studies are conducted to evaluate the performance of the designed
controller for an active suspension system. In order to demonstrate the dynamic char-
acteristic of the vehicle, it is assumed that the vehicle is exposed to sinusoidal or
random road inputs. In Section 2.4, we design an observer to compensate the road
disturbance where the parameters of the sinusoidal wave are considered as unknown.
To demonstrate the effectiveness of the observer, the random road disturbance, which

is given in Section 2.5 | is applied to the half car model.

The half car model (2.39) is simulated with the road disturbance observers (5.4),
(5.5) and the adaptive controllers (5.14), (5.15). The parameters of the system are
given in Appendix 1. It is assumed that the rear and front tire are travel same road
profile. However, the rear tire experience a delay which is represented by At = %,
where [ is the length of an wheelbase, v is a speed of the vehicle. For the simulation,
[ = 0.96m and v = 100km/h are chosen. E grade is selected for the road roughness.
The length of the road is 200m. The values of the road roughness is given in Table 6.1,
where A represents the excellent road quality. On the other hand, E represents very
poor road quality. ISO 2631 states that the duration of a comfort evaluation analysis

is 5 seconds. The road input is given in Figure 2.5.

Figure 6.1 and 6.5 illustrate the acceleration and the displacement of the body,
respectively, where the open loop (passive suspension) and the closed loop (active
suspension) are compared. It is clear that the closed loop system demonstrates better
performance than open loop system in terms of the isolation of the body from the
road disturbance despite the limited information such as uncertain parameters and

unmeasured states.
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Figure 6.1. The acceleration response of the body to random road input.

Table 6.1. Road Roughness Values According to ISO 8608.

road class | lower limit (107°) | geometric mean (107%) | upper limit (107°)
A - 16 32
B 32 64 128
C 128 256 512
D 512 1024 2048
E 2048 4096 8192

6.1. The Evaluation of RMS Value

The comfort of the passengers is heavily depends on the RMS value of the accel-
eration of the body [19] . To evaluate the performance of the controller, RMS (Root
Mean Square) values are investigated for body pitch and heave responses. The RMS

value can be obtained in the following [12];

/0 : ai(t)dt} v

a/—l
YooT

In (6.1), T represents the exposed time of the disturbance, a,, denotes the weighted

acceleration.
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Table 6.2. Comfort Reactions According to ISO 2631.

The RMS value of Vertical Acceleration
(m/s?)

Perceived Comfort

a, < 0.315
0.315 < a, < 0.63
05 <a,<l1
0.8<a, <1.6
1.25 < a, < 2.5

Ay > 2

not uncomfortable
a little uncomfortable
fairly uncomfortable
uncomfortable
very uncomfortable

extremely uncomfortable
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Figure 6.8 illustrates the RMS values of heave motion of the vehicle for open and

closed loop responses. It is clear that there is a significant decrease of the perceived

acceleration by passengers with using the proposed controller. The vertical acceleration

response is improved 69% by using closed loop system. Table 6.2 shows the comfort

perception of passengers in terms of acceleration. The RMS value of open loop response

(0.3884) is perceived a little uncomfortable by passengers. With the help of the active

suspension, the closed loop response (0.1201) demonstrates a comfortable ride.
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7. CONCLUSIONS

In this thesis, three different types of controller are discussed with using adaptive
backstepping control to isolate the vehicle body from road disturbance. The mathe-

matical models are developed for a seat, a quarter and a half vehicle model.

Firstly, a controller is designed for a basic seat model where the road disturbance
is considered as unknown. The observer is designed to compensate the unknown road
disturbance. Moreover, a quarter car model, which considers the dynamic behaviour of
the tire, is investigated. In addition to the unknown disturbance, the parameters of the
tire, which can be easily changed by wear and tear, and the mass of the body, which
also can be changed by the payload or the number of the passengers, are considered
as unknown in the quarter car model. Another improvement is that the dynamics of
the electromagnetic actuator is considered. Lastly, a controller for a half car model
is presented. In the half car model, the nonlinear behaviour of the spring is taken
into consideration. Furthermore, partial states, which are the vertical and angular
velocities of the body, suspension gaps and the displacements and velocities of the
tires are assume to be measured. Therefore, with reducing of the number of sensors,
the implementation cost of the system is decreased. The mass of the body and the
parameters of the tire are considered as unknown and the dynamics of the actuator is

considered same as the quarter car model.

In simulation part, the road test is applied to the half car model. The random
road profile is generated with using ISO 8608 standard. The designed adaptive back-
stepping controller performs much better than the uncontrolled case. The RMS values
are (.3884 (S%) for open loop and 0.1201 (S%) for closed loop system. The vertical

acceleration response is improved 69% by using the proposed adaptive controller.
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For future, the study can be extended to consider time delay. In this way, the real
life application is more realizable. This thesis does not mention the frequency domain
response. Therefore, it can be added. Furthermore, the designed controller can be

implemented on a test rig to observe the performance of the proposed controller.
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APPENDIX A: PARAMETERS OF THE SEAT MODEL

Table A.1. Parameter values for the seat model.

Value Symbol
mass of the seat 100 kg m
stiffness coefficient 6800 % k
damping coefficient 100 % ¢
—7.5
controller gain K
—5.5
-1 0 0 0
0 -2 0 O
G
Observer Parameters 0 0 =3 0
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APPENDIX B: PARAMETERS OF THE QUARTER CAR
MODEL

Table B.1. Parameter values for the quarter car model [28].

Value Symbol
mass of the body 91.23 kg my
mass of the tire 22.15 kg My
spring coefficient for suspension 6952 % ks
spring coefficient for tire 178000 % K
damping coefficient for suspension 1152 % Cs
damping coefficient for tire 123 % Cy
-2
controller gain K
-3
- ) ) 3.75 0.75
positive definite matrix P
0.75 0.75
-1 0 0 0
0 -2 0 0
G
observer parameters 0O 0 -3 0




APPENDIX C: PARAMETERS OF THE HALF CAR

Table C.1. Parameter values for the half car model.

Value Symbol
controller gain for &, -18.59 K1
controller gain for o -12.509 Ko

ey coefficient 800 Cel
ey coefficient 800 Ce2
mass of the body 182.46 kg ms
masses of the front and the rear tire 22.5 kg mg, My
spring coefficients for the front and N
6952 -~ k1, ko
the rear suspension
nonlinear spring coefficients for the front N
500 m knla kn?
and the rear suspension
Inertia of the body 375.176 kg.m? I,
damping coefficients for the front
PHs 1152 & c1, Cs
and the rear suspension
damping coefficients for the front
pime 123 X ¢
and the rear tire
spring coefficients for the front and N
178000 ky
the rear tire
distance between the front tire
0.48 m a
and the center of gravity
distance between the rear tire
0.44 m b

and the center of gravity
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APPENDIX D: PARAMETERS OF THE ACTUATOR
MODEL

Table D.1. Parameter values for the actuator [28].

Value | Symbol

resistance 17 ohm | R
inductance 10 H l,
force coefficient 115 k;

velocity coefficient | 76.6 ke






