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ABSTRACT

MODEL SELECTION FOR RELATIONAL DATA
FACTORIZATION MODELS

Fer relational data facterization, generative medels previde a statistically prin-
cipled approach that allews for extending the factorization task in the probabilistic
framework of Bayesian statistics. The mest well-knewn example of such models is the
stochastic bleckmodel which is a mixture of Berneullis defined for relational data. In
this work, we propese the medel BAM-MMSB which replicates the generative precess
of the mixed-membership stechastic bleck medel (MMSB) within the generic allecatien
framework of Bayesian allecatien model (BAM). In contrast to traditional blockmod-
els, BAM-MMSB considers the observations as Poisson counts generated by a base

Poisson process and marked according te the generative process of MMSB.

A considerable amount of algorithms have been proposed to factorize relational
data. However, model selection for this task is still an open problem. In the sequel,
we estimate the optimal number of communities for BAM-MMSB by computing the
variational approximations of the marginal likelihood for each model order. Although
we only perferm the model order selection task in our work, we believe that the generic
allocation perspective of BAM promises a generalized model selection solution where

we not only select the model order but also choose the best factorization.

We describe the preposed model and derive the inference algorithms. Next, we
display the experimental setup where we represent relational data as Poisson counts
of the allocation medel. Later, we assess eur variational inference algorithm in terms
of interpretability of the model output and bleck recevery and model selection perfor-

marnce by the experiments on synthetic and real-world datasets.



OZET

ILISKISEL VERI AYRISTIRILMASINDA MODEL SECIMI

Iligkisel veri ayristirilmasinda iiretken modeller ilkeli bir yaklagim sunar, ve
ayristirma gorevini Bayesci istatistigin olasiliksal gercevesi icinde genigletmeye izin
verir. Bu modellerin en bilinen ernegi, iligkisel veri tizerinde tamml bir Bernoulli
karigim modeli olan raslantisal 6bek modelidir. Bu ¢aligmada, karisik tiyelikli raslantisal
6bek modelinin (MMSB) iiretken stirecini Bayesci atama modelinin (BAM) genel atama
gercevesinde yeniden olusturan BAM-MMSB modelini 6neriyeruz. Geleneksel 6bek
modellerin aksine, BAM-MMSB gozlemleri temel bir Poisson siireci tarafindan tiretilen

ve MMSB'uin iirete¢ modeline gore igaretlenmis Poissen sayimlari olarak kabul eder.

Nigkisel verileri ayristirmak icin kayda deger miktarda algoritma énerilmistir. An-
cak, bu modeller i¢in model se¢imi hala agik bir problemdir. Calismanin devaminda,
her model boyutu ic¢in marjinal olabilirligin varyasyonel yaklagimlarim hesaplayarak,
BAM-MMSB modelinde eniyi topluluk sayisinmi tahmin ediyoruz. Caligmamizda sadece
model boyutu secimi gerevini yerine getirmemize ragmen, BAM'in genel atama per-
spektifinin yalnizca model boyutunu degil aym zamanda en iyi aynstirma modelini

sectigimiz genellestirilmis bir model se¢imi ¢eéziimii vaat ettigine inamyoruz.

(Calismada once onerilen modeli agikliyoruz ve gikarim algoritmalarini tiiretiyoruz.
Daha sonra, iligkisel verileri atama modelinde Poisson sayilarn olarak temsil ettigimiz
deneysel kurumu anlatiyoruz. Son olarak, model ¢iktisinin yorumlanabilirligi ve model
secimi performansi agisindan algoritmarmzi, sentetik ve gergek diinya veri kiimeleri

uzerinde yapilan deneylerle degerlendiriyoruz.
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1. INTRODUCTION

Complex systems display a collective behavier which arises from the cembinations
of interactions among individual compenents [3]. Commonly, they appear in diverse
fields of scientific research such as social, bielegical, and data sciences. Fer example,
human interactions in sociometry, pretein-pretein interactions in bielegy, and cemputer
interactiens in infermation technelegy shew cemplex interaction structures. Figure 1.1
illustrates a physical complex system which censists ef interacting computer devices

on the internet.

Figure 1.1. Interacting cemputer devices of Arpanet, the ancestor of the internet, in

December 1970 (image taken from [1]).

Large relational data sets have emerged in the past decades as it gets easier
and cheaper to measure the interactions on a cemplex system. These data sets can
be represented conveniently as networks er graphs. Graphs are mathematical objects
enceding interacting objects as nedes connected by edges. More formally, a graph
G = (V, E) cousists of a pair of sets where V' is the set of vertices and E C V x V is

the set of edges that connects the pairs of vertices, £ C {{u,v} : u,v € V}.

New, consider the example in Figure 1.1. We observe the connections between
computer devices such as UCS-SRI, SRI-UTA, and se on. This relational data set can

be abstracted as an undirected graph G = (V, E} as shown in Figure 1.2 (Left). Here,



the node set V' cerrespends to the devices, and the edge set E corresponds te the
set of cemmunication links. Moreever, graphs are commonly represented as adjacency
matrices, as shown in Figure 1.2 (Right). The elements Yj; of the binary adjacency

matrix Y € {0, 1}/V¥IVl is equal to 1 if an edge exists between nodes 4 and j, and 0

otherwise.
UCS SRI UTA ... CAR
UCcs 0 1 0 S 0
SRI 1 0 1 0
UTA 0 1 0 0
CAR 0 0 0 0

Figure 1.2. The complex system in Figure 1.1 represented as an undirected graph

(Left). Adjacency matrix representation fer the same graph (Right).

The network in Figure 1.2 displays a heterogeneeus connectivity structure where
some nodes show similar structural behavior in terms of their connectivity and some
not. With this in mind, we can fellow a simple appreach and celer the nedes that
seem to have more edges among themselves. This way, we divide the network into
two subgroups, as in Figure 1.3. Notice that this simple appreach results in two

communities, such that each ene contains geographically closer nodes (Figure 1.1).

Figure 1.3. Possible Arpanet communities.

As the relatienal data sets have grown enormously, one challenge is te understand
and interpret the characteristics of large, complex networks similar to the toy example

in Figure 1.3. To this end, netwerk analysis aims to discever latent structures in large



relational data sets so that it is possible to reason about the underlying systems [4].
In this regard, a fundamental tool for discovering them is to decompose a complex

network into its building blocks called communities [5].

In contrast to the massive growth in data set sizes, real-world networks are mostly
sparse, i.e., their adjacency matrices contain many zeros called negative samples. Al-
though it is common to accept the missing data as negative samples, the reason behind
these samples is ambiguous. It can result from (i) lack of interaction or (ii) lack of
information such as limited opportunities or measurements. One way to deal with the
ambiguity is to apply heuristics such as weighted alternating least squares or down-
sampling negative examples as proposed by Pan et al. [6]. However, a statistically
rigorous way would be to integrate the observation process into the generative model

if the missing data are not missing at random [7-10].

Despite the sparsity, most real-world networks are well-connected thanks to the
heterogeneity in their connectivity patterns. More specifically, many large networks
seem to display community structure [11,12] where some nodes are more densely con-
nected compared to others. These structures are assumed to provide insight into the
topology and evolution of the networks. As a result, they have been widely used for var-
ious applications including link prediction [13], functional classification [14], epidemic

spreading [15], information diffusion [16] and topic modeling [17].

A considerable amount of methods has been proposed to discover community
structures. Most methods optimize the cost function of a given metric such as modu-
larity [18]. However, these suffer from being only heuristically motivated [17]. On the
other hand, a statistically principled approach is to fermulate probabilistic generative
models that are responsible for the network evolution. Additionally, probabilistic gen-
erative models are known to provide rigorous methods for the model selection problem

based on statistical evidence [19)].

Compared to the amount of work on detecting communities, there is little work

on the model selection problem. Formally, the model selection problem corresponds to



selecting the optimal number of communities fer the detectien algorithmn for a given
model. For this problem, the generative models provide principled likeliheod-based
approaches exploiting Bayesian medel selection procedures. Recent werk on novel
approaches depends on exact or approximate computatiens of the marginal likelihood
by using variational approximations [20], BIC-based approximatiens [21], and non-

parametric methods [19].

For relational data, one of the mest popular generative models is the stochastic
blockmodel (SBM) [22]. It is a randem graph model that defines a mixture of Bernoullis
over relational data. Its generative process assigns each node ¢ to a block z; and ac-
cordingly, the edges are drawn independently conditioned on their block memberships:
for each node pair {i, 3}, the probability of an edge {, j} is equal to the element ,, .,
where denotes the K x K block matrix containing connection probabilities. Here, K

denotes the number of blocks.

The generative process of SBM produces non-overlapping communities with ho-
mogeneous Poisson degree distributions within the blocks. However, neither assump-
tions hold fer real-world networks. For this reason, some extensions such as over-
lapping [23], mixed membership (MMSB) [24] and degree corrected SBMs [25] are
proposed to address both issues. Among these, MMSB is a mixed-membership model
similar to latent Dirichlet allocation (LDA) [26] but defined for relational data. The
generative process of MMSB associates each node with multiple blocks through a mem-

bership vector #; € R¥, which allows for non-overlapping communities.

Many distinct generative models are proposed for relational data in different
contexts [26-30] even though they share much in common. Afterward, the authors
of [30-33] describe their relevance to each other and their correspondences with matrix
factorization models. In this regard, Bayesian allocation model (BAM) [33] proposes
a dynamical model that is able to replicate other discrete generative processes within
a generic allocation framework. Particularly, BAM allocates the observations to latent
variables which respect a given factorization implied by a demain-specific directed

graphical model G = (V, £).



In this thesis, we prepose to model mixed-membership stochastic blockmodels of
relational data as an instance of Bayesian allocation model. This choice is motivated
by the fact that BAM provides a generic allocation framework for discrete ebserva-
tions. We consider that the generic medeling framework promises a generalized model
selection solution where we net only select the model order but alse can cheese the
most appropriate model for a given empirical network. Furthermore, BAM allews for

a principled Bayesian model selectien precedure.

1.1. Scope of the Thesis

The scope of eur work can be summarized as follows:

(i) BAM-MMSB: We define BAM-MMSB which replicates the generative process of
the MMSB within the generic allocation framewerk of BAM. First, the preposed
model is described in detail. Next, the inference algorithms are derived and
implemented.

(ii) Handling missing data: The variational inference algerithm is extended to han-
dle the case where missing data are missing at random. Next, block recovery
performance is evaluated under the effect of missing data.

(iii) Model selection performance: We use variational approximations of the marginal
likelihood for the model order selection task similar to the werk of Latouche et
al. [20]. Then, we show the model selection perfermance of the proposed algorithm

both under synthetic and benchmark networks.

This thesis is organized as follows: First, Chapter 2 summarizes the modeling
elements including matrix factorization models and prebabilistic generative models
for text and graphs. Next, Chapter 3 describes the proposed model in detail. After
that, Chapter 4 represents the inference algorithms. Finally, Chapter 5 displays the

experiments and results.



2. MODELING ELEMENTS FOR RELATIONAL DATA

In this chapter, we walk through the modeling elements needed to understand
the proposed model. First, matrix factorization and topic models are described while
their correspondences which motivate Bayesian allocation model are highlighted. Next,
Bayesian allocation model is presented. Lastly, the generative models of graphs are

detailed.

2.1. Matrix Factorization Models

Matrix factorization models aims to decompose the observed data into its factors.
They have gained popularity in diverse fields of machine learning such as topic modeling
[29], community detection [34], recommender systems [35], cemputer vision [30], audio
applications [36], etc, where the observations are available in matrix ferm. For example,
the observations are represented as a data matrix X € A7%/ in topic modeling. Here,
the row 4 corresponds to the ¢#* word in the dictionary and the column j represents
the % document in the corpus. The element X;; stands fer the number of occurrences

of word ¢ in document j.
As the definition suggests, the column vectors z; are the data samples. Fur-

thermore, these samples can be modeled as a factorization into two factor matrices

W € R™*K and H € R¥*7 such that X is approximately equal to their product.

X ~WH.

In the literature, W and H are commonly called template and ezcitation matrices and

the model is illustrated in Figure 2.1.

Matrix factorization models fer topic modeling such as latent semantic indez-

ing (LSI) [2] and non-negative matriz factorization (NMF) [27] are initially based on



»
o
’ Xij w; h;

Figure 2.1. Matrix factorization model.

heuristic approaches, ie, they optimize an arbitrarily chosen cost function. Fermally,

they are defined as a minimization problem:

W, H = arg min D(X||WH),
W= H*
where a divergence D serves as the chosen cost function. Fer example, LSI decomposes
word-document count matrix by singular value decomposition that minimizes the Eu-
clidean distance between X and W H. As an alternative to LSI, popular NMF versions
optimize the cost functions of Euclidean distance or Kullback-Liebler divergence be-
tween X and W H while constraining W and H to be nonnegative. Note that this

non-negativity constraint leads to additive and interpretable representations.

Despite their simplicity, heuristic-based approaches are limited in terms of their
extendability to other problem formulations such as model selection or active learning,.
In this respect, a statistically more principled approach is to fermulate probabilistic
generative models. This way, the problem can be extended within the theoretical

framework of Bayesian statistics [21].

2.2. Probabilistic Generative Models

A probabilistic generative model assumes that an underlying random process is
responsible for data generation. Further, it makes assumptions on the form of the
probability density function defined over the process by defining a function py(X) such
that X ~ py(X) for a given input X. Here, the inference problem corresponds to the

estimation of the parameters € such that X is most likely to be observed under py(X).



In addition, generative models make cenditional dependence assumptions on the
variables encoded by directed graphical models. Graphical medels are probability net-
works G = {V, £}, where each node v € V represents a randem variable, and the edge
set £ is used to encode the cenditional dependence relationships. For example, consider
a simple regression model with input matrix X and output matrix Y. Generally, we
assume that knowing X changes our belief on Y. This relatienship is simply encoded
as: ¢ — y. Intuitively, the direction of the arrow implies the flew of data generation:

X ~ o, (X),Y ~ pg, (Y] X).

A major tool in probabilistic modeling is introducing latent variables Z to the
model which are not observed. This allows for richer density models that are multi-
modal. As an example, consider the fellowing graphical model: z — z. When py, (Z)
and pg,(X|Z) are chosen in the ferms of categorical and Gaussian distributions, re-
spectively, we obtain a mixture of Gaussians model. One interpretation of this mixture
is that each data point comes from a different Gaussian component/cluster leading to

a multimodal density function.

As can be seen from the Gaussian mixture example, Gaussian distributions are
popular likelihood choices for continuous observations. Hewever, the observations are
discrete in the case of relational data. For the latter case, one impertant class of gener-
ative models are topic models [37] where Bernoulli, Multinomial or Poisson likelihoods

are natural alternatives.

2.3. Topic Models

Topic models are hierarchical generative models aiming to preduce low-dimensional

representations of document collections called topics.



2.3.1. Mixture Models

Mixture models assurmne that the ebserved data is a combinatien ef different clus-
ters representing each subpopulation. The ratie of data points from these clusters is
specified by the mizing proportions m € R¥. First, the generative process assigns each
data sample to a cluster {Z; = k} as shown in Figure 2.2. Next, each data sample X,

is sampled from the cluster likelihoed pg, (X;|Z; = k).

B X
KJ| g

Figure 2.2. GM for Multinomial mix.

In document collections, data samples are the documents while clusters are the
topics. Accordingly, each document X, is assigned to a topic by the generative process.
Here, each topic By is actually a probability density function over J words, ie, a word
distribution. When the document likelihood is chosen as a multinormial distribution,

we obtain a mixture of multinomials. The joint distribution is as follows:

Pox(X, Z) pr ) p8(Xal Z) (2.1)

= HHM (XnlBr) (2.2)

Mixture models are the simplest forms of tepic models in terms of latent variable
dimensienality since |Z,| = 1. As a result, they have limited expressive power cempared

to high-dimensional versions such as mixed-membership medels where |Z,| > 1.
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2.3.2. Mixed-Membership Models

2.3.2.1. Latent Dirichlet Allocation. As Section 2.3.1 describes, mixture models pro-

vide a natural methodelegy for clustering, but they produce inflexible density mod-
els compared to the mixed-membership models. Similar to the last section, mixed-
membership models define each topic 5; as a word distribution. On the other hand,
they represent each data sample as a mixture of the topics. Se, each document j now
becomes a probability density function over K tepics, ie, a tepic distribution §;. More-
over, this leads to more realistic text models where each document can consist of words

from different topics.

Latent Dirichlet allocation (LDA) [26] is the most well-knewn example of mixed-
membership models defined for tepic medeling. It builds upen the earlier work of
probabilistic latent semantic indexing (PLSI) (38| by treating each parameter set as
random variables in a full Bayesian setting. In contrast te the matrix factorization
models, LDA fecuses on word identities at each werd pesitien in a document. In this
context, the observations are represented as a word pesitions matrix W;.y. Here,

# document and the celumn 7 represents the n!* word

the row j corresponds to the j
position in document j. Therefere, the element W;, stands fer the word identity in

the document j at the position 7.

Qp

Figure 2.3. GM for LDA.
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The generative precess is as follows:

(i) For each topic k, draw a word distribution 8x ~ D(a|) , where i, a5 € R7.
(ii) For each document j, draw a topic distribution ; ~ D(«), where 6;, o € RX.
(iii) For each word position n € [N]| in document j:
(1) Draw a topic Zjn ~ M(Zjn;1,0;).
(i) From word distribution 3,,,, draw a word identity Wj, ~ M(Wjy; 1,05.)-

Notice that priors for 8 and 0 are alse provided in the generative process for the
full Bayesian treatment. Since LDA is defined over the word identities instead of the

word counts, each document is now in the ferm of a series of categorical distributions

rather than a multinomial distribution. This results in the fellewing joint distributien:

(. 2,0,8) = ( I3 (T ) ( T TTotZnt000t020155,))

2.3.2.2. Tey Example. The expressive power of mixed-membership models is best il-

lustrated through an example. To achieve this, we create a sample data set by revising
the example corpus in latent semantic indezing paper by Deerwester [2]. The corpus
and its corresponding word-document matrix are shown in Table 2.1 and Table 2.2

respectively.

The original corpus consists of 9 documents: (i) 5 documents from topic ¢ and
(ii) 4 documents from topic m. Furthermore, an artificial document denoted by ¢/m
is added into the corpus. Note that the words of document ¢/m are selected such that
they come from both topics ¢ and m. This way, we can compare how the models behave
when the corpus consists of documents associated with (i) only one topic and (ii) more

than one topic.
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Encoded i Titles

cl Human machine interface for Lab ABC computer ap-
plications

c2 A survey of user epinion of computer system response
tirne

c3 The EPS user interface management system

c4 Systern and human systern engineering testing of EPS

ch Relation of user perceived response time to error mea-
surement

c/m Graph trees system user

ml The generatien of random, binary, unordered trees

m2 The intersection graph of paths in trees

m3 Graph manors IV: Widths of trees and well-quasi-
ordering

m4 Graph manors: A survey

Table 2.1. Document corpus from [2] with additional artificial document ¢/m.

The inferred topic distributions of LDA and mixture of multinomials are com-
pared in Figure 2.4. When all documents are associated with only one topic, the topic
distributions are very similar. However, when there exists a document associated with
more than a topic, we see that the standard mixture model is not flexible enough fer
correct representation. The reason is that the standard mixture model constraints each
document to have an isolated topic assignment. As a side effect, the resulting topics
are constrained to contain words from other themes as well. Consequently, the model

produces coupled topic representations which are hard to interpret.

On the contrary, LDA is able to represent ¢/m as a mixture of both topics cor-
rectly. When a document is represented as a mixture, it can consist of several words
from its topic mixture. As a result, the model can produce well-separated topic rep-
resentations. Even though this example is on topic modeling, the same analogy holds

for network structures.
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Terms Documents
| cl ¢2 3 ¢4 ¢5|c/m [ ml m2 m3 md
human 1 0 0 0 O 0 0 0 0 0
interface | 1 0 1 0 O 0 0 4] 0 0
computer | 1 1 0 0 O 0 0 4] 0 0
user 0 1 1 0 1 1 0 4] 0 0
system | 0 1 1 2 0 1 0 4] 0 0
response | 0 1 O O 1 0 0 0 0 0
time 0 1 0 0 1 0 0 4] 0 0
EPS 0 0 1 1 O 0 0 4] 0 0
survey 0 1 0 0 0O 0 0 0 0 1
trees 0 0 0 0 O 1 1 1 1 0
graph 0 0 0 O O 1 0 1 1 1
minors 0 0 0 0 0O 0 0 0 1 1

Table 2.2. The corresponding word-document matrix of the corpus in Table 2.1.

2.3.2.3. Other Mixed-Membership Models. While LDA focuses on the word positions

matrix W as input, there are other mixed-membership models working on the word-
document matrix X € A%/, Buntine [28] suggests using a multinomial distribution
as the document likelihood in multinomial PCA (mPCA) model. Similar to LDA, each
document is represented as a topic distribution 8; € R¥ where K corresponds to the
number of topics. First, each topic’s total word count ¢; is drawn from a multinormial
distribution. Next, these total counts are allocated to word counts according to each

topic’s word distribution B, € R’ . The generative process is as fellows:

0; ~D(a), forj=1,..,J
c; ~ M(L;,0;), for j =1,...,J where ¢; € RE, and L, = ZXij,

Xy~ [[Mlese, Be), forj=1,...,J.
k



14

MMM DA MMM DA
a cl cl a
o 2 Q Q
(&) o
a a
(2} 4
(] (<)
S S
S (=1
odm 1 dm
ml ml 1
ml ml
m2 ml
m2 m2
m3 m3 - m3 m3
m4 me m m
o Y Q Y Q Y o S
& (3 O & <
o \°Q\ \.QQ\ -@Q\ \Pq\ \QQ‘L \QQ\L '\Pq\

Figure 2.4. Comparison of topic distributions of LDA and mixture of multinomials

for (Left) the original corpus [2], and (Right) the revised corpus.

Or an equivalent process (up to a constant) can be written more compactly as in [28]:

6; ~D(a), forj=1,..,J (2.3)
Xy~ M(L;, 876;), for j=1,..., J. (2.4)

In addition to the multinomial likelihoods, each document can be represented as a
series of Poisson random variables representing each word count. As an early example,
Canny [29] proposes a Gamma-Poisson generative model, GaP, which approximates
the word-document matrix X by the product of two factor matrices § and 3. The

variable interpretations are the same as definitions of LDA and mPCA:

0.7 ~ gA(a’ja bj)a for j =1,..., J, (25)
X; ~POBTY;), for j =1,..., J. (2.6)

In this formulation, GaP also has a factorization interpretation showing that proba-

bilistic topic models are highly related to non-negative matrix factorization.
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2.3.2.4. Correspondences between Various Topic Medels and Matrix Facterization.

Paisley et al. [32] indicates that we can derive the matrix factorization formulation by
integrating out the latent variables in a topic model. This relationship is also clear
from the equations (2.4) and (2.6) since integrating out the latent variables results
in a similar formulatien in the case of discrete latent variables: \;; o< Y., %6x;. The
product 876; is equal to the weighted sum of the columns of 7 which correspond te the
word distributions. This creates a weighted average of word distributions where weights
reflect each tepic k’s centribution to decument d. In this regard, word distributions 3
and topic distributions 8 display a similar functionality to the template and excitations

matrices respectively.

A mere detailed analysis of this connection has been carried off by Buntine and
Jakulin in [31]. In their work, they have stated a set of correspondences ameng different

topic medels and non-negative matrix facterization:

e LDA is the full Bayesian version of PLSI.
e The equivalence of LDA and mPCA is rather obvious since both models utilize
Dirichlet-Multinomial conjugacy. While LDA cheeses te draw topics/words from
a series of categorical distributiens, mPCA uses multinomial distributions making
use of the bag-of-words assumption.
e LDA is closely related to GaP. This relationship depends on the interplays be-
tween (1) Dirichlet and Gamma, and (2) Peisson and Multinomial distributiens:
(i) Dirichlet prior can be recovered from a Gamma distribution by choosing
constant scale parameters.
(ii) Poisson and Multinomial distributions are linked through the following iden-
tity: when the sum of n Poissen variables is known, the set of Peisson vari-

ables has a multinemial distribution conditioned on their sum [39]:

Hyr =) tn}- [[POWa; M) = PO(ys5 Ay) - M(y;9-, A/ A0)}
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o NMF is closely related to GaP since maximum likelihood inference on a Poisson
likelihood model such as X ~ PO(W H) results in the update equations of NMF
with Kullback-Leibler divergence (KL-NMF). Therefore, KL-NMF is equivalent

to GaP without Gamma priors on 8 and 8, ie, its maximum likelihood version.
2.4. Probabilistic Matrix Factorization

As the hierarchical generative models have been widely successful in many appli-
cations, they are adopted to matrix factorization models as well. Probabilistic matriz
factorization (PMF) by Salakhutdinov and Mnih [40] is an early example that has a
full Gaussian structure. It consists of two Gaussian factor matrices coupled with a

Gaussian observation noise:

U ~ N(0,0,1),
V ~ N(0,0,1),
R~ NUTV,Z).

A more convenient model fer discrete count data is Bayesian non-negative matric
factorization (BNMF) by Cemgil [30]. BNMF extends GaP by providing full Bayesian

inference with Gamma priors on both template and excitation matrices:

T (o) gA(At, Bt);
V ~ GA(Ay, By),
Sikj ~ PO(Tix Vi),

Xij =S Z Sikj'
k

The paper further shows that multiplicative update equations for NMF is equivalent

to the maximization step of EM algorithm when the priors are ignored.
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All these correspondences underline the fact that BNMF generalizes many other
discrete models such as NMF, LDA, mPCA, and GaP. Eventually, this suggests a
research question whether a generic framework for discrete latent variables exists.
Bayesian Allocation Model (BAM) [33] is a step towards this direction and analyzed

in the next section.
2.5. Bayesian Allocation Model

BAM builds up a generic generative model framework fer discrete count data. It

is basically composed of two processes: generation and allocation:

(i) Generation: Initially, it defines a base Poisson process which is expected to
generate T number of tokens equal to total observations at timestamps 0 <
t1,tgy oty < 1.

(ii) Allocation: At each timestamp, each token is marked as a member of a specific
Poisson process indexed by 2.5 where each index i,, represents a discrete random
variable with I,, many states. Then, the index collection %,,n represents the set

of all possible indices fer (Hn In_) possible values of state combinations.

Allocation process produces (Hn In) different Poisson processes which can be
viewed as the indices of an allocation tensor, S. Hence, it is insightful to think of each
process S(i1.x) as a box, each generated token at timestamp 7 as balls and allocation
tensor S as the collection of boxes filled with balls. The allocation process during the

lifespan of S can be summarized as fellows:

(i) S is empty at t = 0.
(ii) Base process generates T balls with the timestamps 0 < ¢, 15, ...,27 < 1.
(iii) Each balls is marked/colored to an index of the allocation tensor S(i).5) with
probability 6(¢;.5) independently.
(iv) Here, each joint probability 8(i1.n) can be factorized into conditional probability
tables (CPT) implied by the given Bayesian network G of the domain-specific

model.
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(v) At t =T, the total of T balls are marked and allocated to the allocation tensor
S.

Joint distribution of the assignments become a high-dimensional array for discrete
models where each index 4;.x corresponds to the likeliness of a specific configuration.
As stated above, the probability tensor # € R obeys a given factorization implied by a
Bayesian network G, representing conditional dependence assumptions of the domain-
specific model. In box analogy, each entry 8; , tells us how likely it is for a ball to be
marked with color ¢;. 5 and placed into the box ¢,.y. From the factorization implied by

G, the probability that a ball is marked with color 7.y is:

9(":1:1\’) = H 9n|pa(n) (ins ipa.(n))

This relationship is best illustrated with an example. For instance, some models
in Section 2.3.2.4 such as LDA or NMF imply a Bayesian network G with conditional
assumptions of the ferm: ¢ — k& — j. If we consider that the probability tensor 6
obeys the factorization implied by G, the probability that a ball is marked with color

11.n becomes:

gijk(i: .7, k) = gz(z)gkh(ka Z)gﬂk(]? k)

Specific contractions of the probability tensor, § correspond to marginals of differ-
ent variables. Therefore, they can be used to obtain conditional distributions implied
by the model. We can either construct the probability tensor from these views or
construct views from the probability tensor itself. However, usually, we are not given
conditional probability tables as input. As a result, one inference problem is the pos-
terior probabilities of the possible probability tensor configurations given the observed

data.
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The hyperparameter for the probability tensor  is a parameter tensor « that con-
tains Dirichlet measures with entries «(7).x). Furthermore, Cemgil et al. [33] suggests
that it is important to keep the measures of each Dirichlet random variable consistent.
To impose structural censtraints censistently for implied facterizations, the following

contractions are needed:

Onipa(n) (in, tpa(m) = ), alivw)

=fa(n)

where each ¢ pa(n) (in) tpa(n)) represent Dirichlet measures for the correspending Dirich-

let random variable 8, ,a(n) (in, tpa(n)):

en\pa(n)(:a z.;na(n)) ~ D(anlpa(n)(zsipa(n)) )

Then, we can summarize the generative process of BAM as fellows;

A~ GA(a,b) (2.7)

Oniwa(n) (55 Gpa(n)) ~ D( Ctnipa(n) (¢, ipa(n)) ), Y1 € [N], Vipe(n) (2.8)
AT

S(iv.y) ~ PO [ bnipatm (s tmamy)) (2.9)
n=1

X(iv) =Y S(inw) (2.10)

2.6. Generative Models of Graphs
2.6.1. Stochastic Blockmodel

Stochastic blockmodels (SBM) are mixture models defined for relational data.

They are based on finding building blocks of a network which comnsists of similar nodes
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in terms of their connectivity patterns. The building blocks are also referred as blocks
or commuuities. For a graph G = (V, E) with N nodes, K blocks and the adjacency
matrix Y € {0,1}"*¥, the connectivity pattern C; of node i can be formalized as

follows [4]:

C.={Y(i,j € k) : Vk € [K]},

where j € k iterates over each node in block k. Here, the connectivity pattern C;
represents how node ¢ connects to the nodes belonging to each & € [K] given the nodes
and their corresponding blocks. Furthermore, the similarity measure is stated formally
as stochastic equivalence by Holland et al. in [22]. Helland et al. states that two nodes
¢ and r are stochastically equivalent if exchanging them does not change the probability
of interactions concerning them, ie, they connect to the same set of nodes with similar

probabilistic measures:

As an example, consider a social network of N students at a university. The
network consists of students in different years such as freshmen, sophomores, juniors
and seniors. Assume that the students from each year are highly connected with the

students from the same year, but they only know a few others from different years.

Let f and g denote classification and permutation functions respectively for each
student such that f : [N] — {1,2,3,4} and g : [N] — [N] where [N] = 1,..., N. The
stochastic equivalence indicates the probability events associated with the adjacency

matrix are invariant to exchanging the nodes as long as f(g(i)) = f(¢),Vi € V.

A set of stochastically equivalent nodes ferm a cluster or block. A block corre-
sponds to a specific social group in social networks, a specific scientific discipline in ci-
tation networks and a specific functionality in protein-protein interaction networks [12].

For this reason, the blocks are considered as useful statistical tools providing insight
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Figure 2.5. Generated data fer the school network.

about network topology and evolution. From a generative perspective, they let us di-
vide a large and complex network inte manageable pieces such that a generative model

can be defined with only a small set of parameters.

A probabilistic generative model can bu built to find out these building blocks.
As Peixoto explains in [5], a possible statistics for this purpose is the set of edges ex

between blocks k and ! where k,l € [K].

e = Yy Wz =kYI{z, =1}, for k,1=1,.., K,

(err) = Y p(y) - en,

where z; is the latent variable corresponding to the block membership of node i. Now,
suppose that (ey;) are equal to known constants ¢y for k,! = 1,..., K. According to
the maximum entropy principle, the generative distribution should be the one which

maximizes entropy subject to the constraints of information on the empirical moments

Cht for k,l = 1, ,K [41]
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A common way to maximize an ebjective subject to the constraints is to use

Lagrange multipliers:

ZP ) log p(y Z)\u cr — (ext)) — A (Zp(y) -1),

Yy

:—Zp ) log p( )—Z)\ki(cu—zp(’  €xl) Zp

where the first term is the entropy H(y) = — 3 p(y)logp(y) and we add the last
constraint Ay(zy p(y) — 1) so that p(y) is a proper probability distribution. The
function J(p(y), A) is called the Lagrange function.

Next, the Lagrange functien J(p(y), A) is differentiated with respect to the prob-
ability distribution p(y). Notice that calculus of variatiens is used for this operation

since it involves the differentiation of a function with respect to another function.

dJ(p(y),A)

dp(y) =—1—logp(y Z Aei€ri —

=0

This equality leads to the fellowing distribution:

p(y) = exp(—1 =Xy — Y Auew) (2.11)
- e —ZAMZY@- Mz = k{z = 1) (2.12)
= 7000 DT Ha = e = o) (213)

We can complete the equation (2.13) to a Berneulli distributien by cheesing the la-

grangian Ay as fellows:

By )
exp(—Ax)
1+ exp(—/\kl) .

—/\kl = log (

Bkl =



The resulting maximum entropy distribution is shown below:

p(y) = 5 exp(~ SHRICEUECE 1Y, 1og (1 2%-)

ij

_ )l_n_j)]l{zi:k,}l{zj:l}
e

Yi 1-Y:;
].—.[BZ% 1_ 3227) N
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(2.14)
(2.15)

(2.16)

Netice that this distribution is a mixture of Bernoullis where the number of mixtures

is equal to K x K. Anether way to visualize these mixtures is to think of them on a

K x K grid. The element with index pair (k,[) corresponds to the mixture responsible

for the directed interactions between the blocks & — L.

The maximum entropy derivation provides a justifying motivation for SBMs.

Also, Bayesian perspective treats each parameter as a random variable. As a result, we

add prior distributions fer mixing proportions 7 and mixture component parameters

B. Accordingly, the updated generative process is described as fellows:

1. For each block pair (k,1) € K x K:

i. Draw interaction probability, By ~ B(ag, bx)-
2. Draw block proportions, m ~ D(a), where m,a € RX
3. For each node 7 € V:

i. Draw block membership, z; ~ M(7).
4. For each node pair (¢,7) € N x N:

i. Draw interaction, Y'(¢,j) ~ BE(B,,.;).

This process leads to the following joint probability distribution:

p(Y, B, Z, ) = p(m|a) Hp Bri|a, brr) HP z|m) HP (Ye|Bizy)-
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Similar to topic models, SBMs consist of discrete latent variables. This similarity
hints a close relation with the matrix factorization models. Equivalently, this model
has one template matrix in the form of interaction probabilities B. However, there
need to be two excitation matrices for z; and z; since an interaction has two units:

source and destination. Such a factorization ferm is illustrated in Figure 2.6.

>
lz’

Figure 2.6. SBM in matrix factorization form

In Figure 2.6, two excitation matrices Zsoyree 814 Zgestination are actually selection
matrices since each node belongs to one cluster. Accordingly, the row vector z; and
the column vector z; are one-hot encoded. Therefere, they are unable to generate
overlapping communities and hence, they have limited expressive power compared to

the mixed-membership versions.

2.6.2. Mixed-Membership Stochastic Blockmodel

In real-world networks, blocks or communities are not mutually exclusive, i.e.,
their intersections may not always be empty sets. Community borders are rarely thin
lines. Instead, they are in the form of overlapping regions. Consider a social network
where people are linked via their connections from school, work, neighborhood, etc.
There exist some people who are members of both a workplace and a neighborhood

community. Despite their popularity, SBMs are unable to model this phenomenon.

The reason behind this drawback is that SBMs follows a hard clustering method-
ology. They consider each node as a member of one block strictly. Alternatively, from a
generative perspective, they commit only one latent variable fer the block membership
representation. A more flexible representation can be achieved by a mixed-membership

version as described in Section 2.3.2.
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Figure 2.7. Graphical model for MMSB.

Twe possible extensions are propesed fer everlapping cemmunities: mixed mem-
bership stochastic blockmedel (MMSB) [42] and everlapping stochastic blockmedel
(OSBM) [23]. OSBM medels each membership vecter #; of nede ¢ as a sequence of
Bernoulli random variables where 6; € {0,1}¥. On the ether hand, MMSB considers
each membership vecter §; of node i as a Dirichlet distributien where 8§, € RX, ie,
a point on K — 1 simplex. Each point on K — 1 simplex represents K nen-negative
weights whose sum is equal te 1. By assigning varying weights on each membership
relation, the MMSB offers a mere realistic type of soft clustering. And, the generative

process is as follews;

1. For each block pair (k,1) € K x K:
i. Draw an interaction prebability, By ~ B(ax, bx:)-
2. For each node z € V:
i. Draw a mixed membership vecter, m; ~ D(ag).
3. For each node pair (¢,5) € N x N:
i. Draw a membership indicator for seurce, z;_,; ~ M(m).
ii. Draw a membership indicator for destination, z;; ~ M(7;).

iii. Draw an interaction, Y (¢,5) ~ BE(2L,,B zic;).

Nete that its matrix factorizatien ferm is equivalent te the model shown in Figure

2.6. The only difference is that z; and z; vectors are no longer one-eof-N vectors. Instead,
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they are proper probability distributions whose elements’ sum is equal to one. Then,

the joint probability becomes:

pY,Z,B,m) = HP(BMGM, bi:) HP(MO!)
Kl .

H p(gz'—m' |7rz')p(2?i<—j ’Wj)p(yij ’5?_,3-32_';93').
i

Another feature of MMSB is that it is built as a mixed-membership model which
have a close relation with the generalized allocation scheme of BAM. From the gener-
alization perspective, although it’s possible to infer the latent variables directly from
the generative process above, we choose to model MMSB as an instance of BAM. This

way, we aim to exploit the flexible framework of BAM.
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3. PROPOSED MODEL

3.1. Mixed-Membership Block Model as an instance of Bayesian
Allocation Model

MMSB described in Section 2.6.2 is a hierarchical latent model defined on discrete
network data that can be realized through BAM detailed in Section 2.5. This choice is
motivated by the fact that BAM prevides a generic allecation framewerk fer discrete
observatiens. Particularly, BAM allows for allocating discrete observations te latent
classes with respect to any given factorizatien implied by a directed graphical model
G. Thanks to its inherent flexibility, we censider that this perspective promises a
generalized model selectien solution where we not only select the model order but also

choese the most apprepriate medel for a given empirical network.

To be able to see the relation, let us define the fellowing indicators c;,, d;,, 2,

zi~ and t,, to encede events for token 7 € [S,]:

c;ir: teken T selects seurce 1.

d;,: token 7 selects destinatien j.

: token 7 selects source block k.

. token 7 selects destination block !.

t.-. token 7 selects interaction s;

Similar to the generative process of MMSB described in Section 2.6.2, we can
define a hierarchical Dirichlet-Multinomial model over the indicators. The generative

process for the indicators is as follews:
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7. ~ D(14) ¢. ~ D(my)
Cir M(71, 1) diT e M(¢11 1)
Mg D(T/m‘) Mg~ D(n“'j>
27 s ~ [ M 1)5r 2 de ~ [ [ M(my, 1)
i J
B ~ D(ng)

t?T|Z:: Z:: = H H M(B:kh 1)2’:;4:
kot

BAM visualizes this sequential index selection through its graphical model no-
tation. Each generated token selects an index set of the ferm {%,k,s,{,5} while the
observed index set is V = {4,s,j} and latent index set is V = {k,l}. This notation is
arguably lighter than the plate notation which is used traditionally to show graphical

models of indexed data. The difference is illustrated in Figure 3.1.

(_1’/" \1/’
"»\] ¥ /“\l N
lkz ,\i/ ) l

Figure 3.1. Comparison of MMSB graphical models in two different notations: (Left)
Traditional graphical model, and (Right) Graphical model in the notation of BAM.
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Then, each index of the joint indicator becomes;

Sikstj = Cir N 2y Nty N 27 Ndjr (8.1)

This implies that the joint indicator is categorically distributed with s ~ )M (6, 1)

with each cell having the assignment probability;

Oiksts = Vi * Thi - Bkt - T+ @5 (3.2)
. 01.(?') : Gz]k(k) 7') ' 93|k,l(3a k: l) ) 9”](1,]) ' 9](]) (33)
= 0; « Oji - Oy - Oy - 0; (3.4)

From this point, we will abuse the notation and write shortly 8, in place of 8, ,(s, &, {)
and other corresponding 6 variables. The index s|k,! implies the indices ordered as

s, k, L.

Netice that the random variable index s is added to the random variable indices
k,l, ¢, of MMSB because BAM is defined on Poisson counts in contrast to Bernoulli
random variables representing relational data in the generative model of MMSB. The
added index s allows fer an equivalent representation in the ferm of count data when
the sum of each Sjy; fiber is constrained to 1. This setup is described in detail in

Chapter 5.

Continuing with the generative process of BAM, each index of the allocation

tensor S is defined as the collection of all tokens occuring at times 7:

Siksjl = E szksjl' (3'5)

T
Accordingly, the sum S, = 3, - Siksjt = D ik 2or Siksye 18 the sum of categorical ran-
dom variables s7, ;. Conditioned on the sum, the allocation tensor S is multinomially

distributed:
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S ~ M(8,5.). (3.6)

The relatien of Equation (3.6) to the generative process of BAM can be seen
threugh the interplay between a multinemial distribution and N independent Peissen
random variables. The jeint distributien of N independent Peissen random variables
whose sum equals te S. can be facterized into the product of (i) a Peissen random
distribution ever the total sum S, and (ii) a Multinemial distributien over N random

variables cenditien on the tetal sum S,:

1Sy = Siest} - [ [ PO(Sikasii Miksst) = PO(Sy;A) - M(S; 84, 6)} (3.7

tkstj thsjl

The identity in Equation (3.7) allews us to transferm Dirichlet-Multinomial model ever

the selection indicaters to the generative process of BAM as fellows:

(i) Draw tokens frem a base Peisson Process PP(A) where A ~ GA(a,b)
(ii) Mark each token according to the graphical model G, implied by MMSB as in
Figure 3.1:

0; ~ D(ay), 0; ~ D(c;)

9k\z ~ 'D(Otkn'), 01|j o D(allj)

Osies ~ D(gjie,1)
(i) Allocate the marked tokens te the allocation tensor, S:

Siksjl o PO()‘gz’91|k9s|k,191Ijgj)
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(iv) The observatiens X,;s are equal to specific contractions of the allocation tensor

S where we integrate out the latent variables &, I:
Xijs = Z Siksjl
k,l

We refer te this generative medel as BAM-MMSB.
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4. INFERENCE

In latent variable models, the main inference problem is te compute the pesterior
of latent variables given the ebserved ones. Intuitively, this operation can be viewed
as reversing the generative process of the proposed model in order to find out the
most likely configuration of both the hyperparameters and the latent variables that could
produce the observed variables [37]. In this section, we will explore two closely related

inference methods: expectation-maximization (EM) and variational inference (VI).
4.1. Expectation-Maximization

Expectation-maximization (EM) is a fundamental inference method for latent
variable models proposed by Dempster et al. [43]. Let us denote the observed variables
by X, the latent variable set by Z and the parameter set by ®. To start with, assume
we would like to perferm maximum likelihood estimation on the joint log likelihood of
X and Z. If all X and Z would be observed, the inference problem would take the

complete log likelihood I, into account:
l(®; X, Z) = log p(X, Z|®) (4.1)

However, Z is not observed. Integrating out Z results in the marginal log likelihood

[(®; X) (assurning discrete Z):

I(®; X) = log p(X|®) =log > p(X, Z|®) (4.2)

Normally, maximum likeliheed (MLE) or maximum-a-posteriori (MAP) estima-
tions are perfermed on the marginal likelihood {(®; X). When p(X|®) is factorized
properly, differentiating the marginal likelihood I(®; X)) with respect to each parame-
ter ¢ € ® is an easy process. On the contrary, the logarithm of the sum Y p(X, Z|®)
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can not be factorized. Besides, the sum/integral > p(X, Z|®) is mostly intractable.

This motivates us to work on a possible lower beund on {(®; X). When this lower
bound is tight enough, the inference process approximates the parameter set ® within
a small error margin. Similar to the derivation trick applied in importance sampling,

we add a proposal to the sum Y, p(X, Z|®):

[(®; X) = logp(X|®) = log Y p(X, Z|®) (4.3)

~log Y2 (4.4

Since logarithm is a concave function, we can obtain the fellowing lower bound by

using Jensen’s inequality:

1@:X) > Y a(2) g (L A) (@5)

L(g; 0, 7), (4.6)

z

where L(g; ®) is called the auxialiary functiomn.
4.1.1. Expectation-Maximization for BAM-MMSB

For the BAM, the latent variable set Z is equal to Z = {S} and the parameter
set @ is equal to ® = {0, A}. Inserting these into Equation (4.5) yields the fellowing

inequality:

10,3:X) > 3 (5)1og (X220 ) (@)

= L(g; 0, ), (4.8)
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Let us look at the difference to understand this lower bound:

XS|6)\

1I(®; X) — L(g; ®) = log p(X 16, \) — Zq ) (4.9)
= 3 S ogplX10 ) - gq(a og (220Y) - (a10)
= Z [logp X[0,)) —le (ﬁ(gﬂﬁ—A ] (4.11)
- S ats)1on gy (12
_ Z ) log %) (4.13)
= Dx1(q(S) || p(SIX, 6, X)) (4.14)

where Dy is the Kullback-Leibler divergence. KL divergence is nen-negative and equal

to zero only when two probability distributions are the same: ¢(S) = p(S|X, 9, A).

The equality in Equation (4.14) shows that when ¢(S) is selected as the posterior
distribution p(S|X), the lower bound is tight. Therefere, we can optimize the log
likelihood {(®; X) by optimizing the lower bound L(g; ®) iteratively: at each iteration
(i) first, maximize parameters 6 and X fer a fixed ¢(S) and (ii) next, compute ¢(S) for

fixed 0 and X:

E-STEP: ¢(S)™ = p(S| X, 6, \(n=1) (4.15)
M-STEP: 6, X\ — argmax, , L(g; 0, ) (4.16)

4.1.1.1. E-Step. For E-Step, we need to find the posterior of S given the observations

X and the parameters 6 and A:

p(X, 516, )

S|x,6,2) = P21 4)
PISIX.00 = = X8 %

(4.17)
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The joint distribution p(X, S|6, A) is as follows:

p(X, S]0,A) = exp ( —A Z 0:0ki05)1261,6; + Z Sikst; 10g(A0:051:04)1.,161;6;)

ikslj ikslj

- Z lOgF(Sik.slj + 1) + Zlog 1[Xijs = E Sz’kSlj])

thslj ijs kl

By integrating out S from the joint distribution p(X, S|4, A), we can find the marginal
distribution p(X |6, A). Here, the key observation is that the sum of N Poisson variables

is another Poisson distribution.

p(X10,2) = [ [ PO(Xijss A D 0:6kis6six1811395)

YL ki
= exp ( — A Z ;011000610 + E Siksij log(A Z 6:0x(i9s/%,10150;)
iksty ikslj ki
— ) logI(Xije + 1))
138

Then, the posterior p(S|X, 8, A) becomes:

A0; 004 1.,10,)50;
A Dk 9iOk)i045.16139;

)= ) logT(Sikst; + 1)

ikslj

PUSIX,60,0) = exp (|3 Seus o

ikslsy

+ Z log F(X»;js -+ 1) + Z log l[Xijs = Z Sz'kSlj]) )
ki

ijs ijs
which is exactly in the form of a multinomial distribution [30].
p(Si:s:le’ 9, )\) ~ M(Xijsapi:s:j),

Os(k,10ri01;0,0;
k1 Os)110x1i6116,;0;

where pirq; =

The sufficient statistics of the multinomial distribution p(S|X, 8, A) is:

Ey[Sikatj] = Xijs - Diksis- (4.18)
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4.1.1.2. M-Step. Since ¢(S) is fixed while iteratively maximizing # and A, optimizing

L(q;8,)) with respect to 8 and A is equivalent to optimizing F,[log p(X, S|9, A)] with
respect to 8 and A.

Eq(s)[log p(X, 510, A)] = Eq(s) [ — XY 0:0k1iboin 18385 + Y Siksts Log(A9:0k051x,1011,6;)

ikstsy tkslj

ikslj ij8

When we separate the terms with A and 6:

Eqs)llogp(X, 16, )] & =X + D " Eqg(s)[Sies] - 10g(A0,6k1:64 161195

tkj

Then, the following update equations are obtained with the help of Lagrange multipli-

ers:

Eqy(5)[Sit4++] Ey(5)[Ssstts]

Q(S)[ +] IE,(S) [S+] J ]Eq(S) [S_]
Oy = Eys) [Siks++] } 0; = Eqs) [S+++11]
]Eq(S) [Sz'++++] IEq(S) [S+—++j]

9 _ lEq(S)[S+ksl+]
skl = o= 1o 3
]Eq(S)[S+k+l+]

4.2. Variational Inference

Variational inference (VI) is a method where the intractable posterior distribu-
tion p(Z|X) is approximated by a fully factorized variational distribution ¢(Z). In
contrast to EM, variational inference is applicable in the full Bayesian setting where
each parameter is considered as a random variable. In this case, the set of latent vari-
ables Z becomes: Z = {S,0,}. Using the same proposal trick as in Section 4.1 (and

importance sampling), we can write the following equality:
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log p(X|®) = L(q) + Dkr(9(Z) || p(Z|X, ®)), where, (4.19)
1) = [ iz 42108 (L2 (4.20)
Dg1(q(Z) || p(Z] X)) /dZ (?Z))Q) (4.21)

4.2.1. Variational Inference for BAM-MMSB

Similar te EM case, the variational lewer beund (ELBQO) L(g) provides a lewer
bound for the leg likelihood since Dg 1 (¢(Z) || p(Z| X)) is non-negative. Hewever, the
posterier distribution p(Z|X, ®) = p(S,8, A|X, ®) does not have a known form as in
EM case. As a result, it is not possible te find out a tight lower bound and eur aim is
te find a convenient proposal for g(Z). The mean-field approach proposes a variatienal

distribution g(Z) that can be fully decomposed into its factors:

q(5,6, %) = 4(S) - 4(0) - ()

Equatien (4.19) implies that maximizing the lower bound L(g) with respect to
q(S), q(6) and g(}) is equivalent to minimizing the KL divergence between fully fac-
terized ¢(Z) and posterior distributien, p(Z|Y"). The idea is to find a local maxima
of the lower bound L(g) with respect to each variational factor ¢(S), ¢(6) and g(A).
Since both ELBQO and variational factors are functions, typically calculus of variations
is used to find the best distributions ¢(S), ¢(#) and ¢(A) which constrain the ELBO to
be as tight as possible.

Instead, we will fellow a KL divergence based derivation similar te the one pro-
posed by Bishop [44]. Let us consider eptimizing ¢(S) first. Then, we will generalize
the expressions by symmetry. We can start by separating the terms including ¢(S)

from the ELBO expression in Equation (4.20):
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:Z/ d9 dX q(S, 0, )) leg (%)
-3 u® | 000 togp(x,5,0,%) - 5 a(5)1e5(8) + const
— ZS: q(S) legp(X, S) — zS:q(S) leg g(S) + const,

where leg p(X, S) = Jo,\ q(0)g(X) legp(X, S, 8, X) = Eqrg),q0 [leg (X, S,0,))]. The last
line is equal to the KL divergence between leg p(X, S) and ¢(S):

L(g) ~ —KL(q(S) || B(X, S))

Hence, when g(6) and ¢(A) is fixed, maximizing the lower bound L(q) is equivalent to
minimizing the KL divergence between ¢(S) and p(X, S). The minimum is obtained

when ¢(S) = (X, S). Then, the general expressien becomies;

log Q(S) - ]EQ(O),Q(A) [lng(X, SJ 9: A)] + const

q(S) o< exp ( Eq).q09[log p(X, S, 6, 1))

By symmnetry, we can write the expressiens for ¢(6) and g(A) and the variational

distributions are sumimarized below:

q(S) o exp (IE 0),e log p(X, S, 0 )\)])
Q(g) X €xp (Eq(s),q(A) [logp(Xa Sa 9) /\)])9
Q()‘) X €xXp (IEQ(S),Q(U) [IOgP(X, Sa 9) ’\)]) 0
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Following the optimization steps, we obtain the update equations for ¢(S), ¢(8)

and g(\).

q(S) x HM(Sk,lh',s,j;Xiszpk,Hi, )i (4.22)
2.7.8

q(0) < D(Eqy(s)[Snipa(n)] + Anjpan)), (4.23)

a(N) o GAE 5[S+] +a,b+ 1), (429)

where p and Eqy(s)[Shjpa(n)] is defined as follows:

Drillissj X Bqro.x) 108 (Absik,18k1:61;0:6;)), (4.25)
Eqo(s)[Snipat)] = Y Eg(s) [S(ELn)]- (4.26)
i fan)

Here, - fa(n) denotes the indices excluding index n and its parents with respect to the
graphical model in Figure 3.1 (Right). For example, index s has parents k and [ which
makes i sq(s) = {4,5}. Then, Ey(sy[Ssjpa(s)] becomes:

]EQ(S)[ 3|kl |k l Z]E [Szkslj

The detailed derivations can be feund in the Appendix.

4.2.1.1. Computing ELBO. Following factorization of the ferm:
p(X,5,0,)) = p(X|S)p(0|S)p(A|S)p(S), the evidence lower bound L(q) can be written

as follows:

p(X, 8,8, \
Z/ (S,6, ) log ((S()/\)))

= Eg[p(X|S)] + Eq[p(6|5)] + Eq[p(A[S)] + Eq[p(S)]
— E,[q(S)] — Eylq(0)] — Eglg(M)]
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The detailed derivation can be found in Appendix A.

4.2.2. Handling Missing Data

The update equations of variatienal inference can be adapted to missing data.
Similar to the fully observed case, the latent variable set Z = {S, 0, A} is defined such
that it contains both missing and observed indices of the data tensor X € NI*7%S,
Let us partition the data matrix X into two sets: X = {X° X™} where X° and X™
represents observed and missing indices respectively. Then, the same operation can
also be performed on the allocation tensor S: S = {S°, S™} such that the contractions
of §° and S™ are equal to X° and X™ respectively. This partition leads to the following

variational distribution:

q(5,6,A) = q(5°) - q(5™) - ¢(6) - q(¥)

In this setup, the update equatiens fer the observed part of the allocation tensor
S5°, the probability tensor 8 and the rate parameter A remain unchanged. The key ob-
servation for the missing part of the allecation tensor S™ is that when the conditioning
variables X;;, are missing, the variational factor ¢(S™) is no longer multinomially dis-
tributed. Fer the missing indices (ijs) € X™, q(S™) is a Poissen distribution. Fellowing

the same steps as the observed version, we obtain the follewing update equations:

g8 oc [ M(Skaiei XGor Pries): (4.27)
i,3,8:(ijs)EX®
q(S™) x H PO(Siksis; Tiksii)s (4.28)
thslj:(ijs)eX™
q(0) < D(Ey(s)[Snppa(n)] + Unipa(n))s (4.29)
q(A) x GA(Eys)[S1] +a,b+ 1), (4.30)

where p and Eqy(s)[Snjpa(n)| are already derived in Equations (4.25) and (4.26) respec-

tively, and 7y, is defined as fellows:
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Tikslj = Eq(0),900) [108(AOs|k,i0k):011;0:0;)] (4.31)

Netice that the expectations of the allocation tensor S need to be updated fer

Poisson indices:

Xijs - pikstj, for (ijs) € X*
Eq[Siksis] =

Tiksljs for (ijs) € X™

4.2.2.1. Computing ELBO. Following factorization of the ferm:
p(X, S, 6,)) = p(X|S)p(0|S)p(A|S)p(S), the evidence lower bound L(g) can be written

as follows:

X, 5,6,

L(q) = ZS:/“ q(S,6, ) log {w

= E,[p(X|S)] + E,[p(6]S)] + Ey[p(A|S)] + Ey[p(S)
~ Eolq(S*)] — Eol(S™)] — Eqlg(®)] — Eqlg()]

The detailed derivation can be feund in Appendix B.

4.3. Model Selection

For a given latent variable model, the model selection problem corresponds to
selecting the dimensionality of the latent space. In the case of blockmodels, the dimen-
sionality of the latent space is equal to the number of communities. Moreover, it is a
more challenging task than inferring the block structure given the correct number of

communities K. According te Murphy [41], the medel selection problem can be solved

by:
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(i) Comparing log-likelihoods of different models on a test set via cross validation.
(ii) Computing Bayes factors of models m € M while approximating the marginal
likelihood of each model log p(D|m) by its variational approximation [20].
(iii) Applying annealed importance sampling (AIS) [45] fer estimating the marginal
likelihood.
(iv) Applying Bayesian nonparametric methods [19].

Although the gold standard is applying AIS, we compare Bayes factors of vari-
ational approximations since it is much more simple and efficient to implement, yet
it still provides a principled likelihood-based approach. More formally, the goal is to

compute the posterior of each model given the observed data:

p(m|D) o< p(D|m)p(m).

When there is no prior knowledge about the models, it is convenient to choose a

uniferm prior for p(m). Then,

p(m|D) o p(D|m)p(m)
x p(D|m)
> L(q| D, m),

where L(g|D,m) is the ELBO given the observed data D and the model m correspond-
ing to a specific number of communities K,,. This inequality shows that the evidence
lower bound provides a simple, yet principled approach for the model selection prob-

lem.
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5. EXPERIMENTS AND EVALUATION

In this chapter, we initially describe the experimental setup where we investigate
convenient count representations fer relational data, initialization strategies, and hy-
perparameter choices. Next, we perform experiments both on synthetic and real-world
benchmark networks to assess our medel in terms of (i) interpretability of the model

output, (ii) block recovery perfermance and (iii) the model selection perfermance.
5.1. Experimental Setup

This section describes the experimental setup in detail where we investigate con-
venient count representations fer relational data, initialization strategies, and hyper-

parameter choices.
5.1.1. Count Representations for Relational Data

BAM-MMSB is defined on Poisson counts in contrast to Bernoulli trials that
are commonly used for representing a binary adjacency matrix. Therefere, we aim to
come up with an equivalent count representation for the adjacency matrix Y of a given
network. Consider an adjacency matrix where each element Y;; is a Bernoulli trial

parametrized by the parameter ¢. Then, the probability distribution for Y is:

pa(Y) = | [ BE(6w).

The binary variables can also be encoded as two independent Poisson variables
whose sum equals to 1. Conditioned on their sum, two Poisson random variables are
distributed as a Binomial distribution where the probability ef selecting a category
is proportional to the normalized Peisson rates. First, we remind the equality of

Equation (3.7) in Chapter 3 between a multinomial distribution and N independent
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Binary Adjacency Matrix Tensor Representation of Contingency Table

Figure 5.1. Count tensor representation of a binary adjacency matrix.

Poisson random variables:

{Vy = Z Va} - HPO(Vn; An) = POV Ar) - MV Ve, An/As) (5.1)

The same argument can be adapted to the adjacency matrix by considering a
count tensor X € NTX/*5 where we extend the adjacency matrix Y by an additional

index s.

11 (I[{K;j =Y Xus} - [ PO(Xuss; Xajs)) = [ PO Mss) - M(Xij5Yig, a0},
] 8 s ij

Aijo Aij1
Aijo+Aisn? Aijo+Ain

observed data. For example, the fibers (s = 1) and (s = 0) denote the positive (1s)

where py,, = ( ). The index s represents the possible categories of the
and negative (0s) samples of the adjacency matrix respectively. This representation is

illustrated in Figure 5.1 and the preprocessing steps are summarized below.

(i) A binary adjacency matrix Y € {0, 1} is observed.
(ii) We add a dimension and create its corresponding count tensor X € A/Tx/*$
where |s| = 2 for the binary case.
(iii) We place the observations into X with respect to the fellowing rule: Xj;, =

{Y;; = s}
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5.1.2. Initialization and Hyperparameters of BAM-MMSB

For each parameter cenfiguratien in the experiments, the variational inference
step is performed fer several times (from 35 to 100 initializations). The ene which
provides maximum ELBO is chosen. Hewever, empirically, we see that the algorithm
needs a large number of runs to cenverge to a local maximum if started with random
initializations. For this reason, we use clustering algorithms of sklearn such as kmeans

or spectral clustering for initializatien purposes.

The hyperparameters of BAM are initialized accerding to Cemgil et al. [33].
Let us denote the total number of tokens by S, = ), _S(i1y). Note that our
expectation is that the allocatien tensor S is allocated sparsely. Since the hyperpa-
rameter «(z),5) represents Dirichlet measure of the index (4;.y), it is chosen between
a(iy.n) € {0.05,0.25} to induce sparsity to the allocation tenser S. And, if no prior in-

formation is provided, it is reasonable to choose uniferm values for a(i;.n) = a = T A=
n n

Furthermore, the parameter A controls the prior expectation of the tetal number of to-
kens. Since Gamma expectation is E[A] = 3, the scale hyperparameter b, can chosen
as a,/S,. Correspondingly, the shape parameter a, can be chosen as ay = (([],, In)-«)

so that the allocation tensor S is encouraged to be sparse threugh the parameter a.

5.2. Interpreting the Model Output

With BAM-MMSB, we aim to discover latent block structures in relational data
sets so that we can reason about the underlying generative precesses. In this regard,
we infer the block matrix and the block memberships from the model and investigate
how we can reason about these model parameters on synthetic networks. The block

matrix B can be computed from the model as follows:

B = Osiei(s = 1,:,1),
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< = (0.010, 0.010, 0.010} a = (0,100, 0.100, 0.160} o = (0.250, 0.250, 0.250)

Figure 5.2. Dirichlet samples for o, = {0.01,0.1,0.25}.

while the block membership vecters fer source and destinatien nodes are given as:

Zsource = 9k|i(:’ :)

Zdesténation = 95|j(:1 :)

Synthetic networks in the experiments are sampled by the generative process
of the MMSB. Fer this process, the block membership vector 7; fer each node ¢ is
distributed according to the parameter «: 7; ~ D(w, - 1k). Therefore, the parameter
vector «, - 1 corresponds to the uniferm Dirichlet parameters. Fer small «, where
a. < 1, Dirichlet samples are sparse and as @, gets closer te 1, the samples get close to
uniferm. This result is shown in Figure 5.2 where 5000 points are sampled from each

parameter configuration.

Figure 5.2 shows that the block membership vecter gets more sparse when a, =
0.01 and, hence, the overlapping regiens between different blocks are smaller. Con-
versely, when a, = 0.25, the generative process produces mere uniferm membership
vectors where the overlapping regions between different blocks get larger. As a result,
we expect to see apparent latent block structures at the parameter value «, = 0.01,

and indistinguishable structures as a, gees te 0.25.
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5.2.1. Synthetic Networks

In this experiment, we explore the latent structures that BAM-MMSB infers. 9
synthetic networks are sampled by the generative model of MMSB. The networks have
[V] = {90, 120,150} nodes with K = {3,4,5} blocks respectively. Fer each {|V|— K}
pair, we sample three networks while varying the parameter o, = {0.01,0.1,0.25}

which controls the sparsity of the block memberships.

The block matrix consists of elements equal to {e,1 — €} in the generative model
where € is set to 0.95. For each {|V| — K} pair, n. elements are set to €, and the rest
are set to 1 — € where n, = floor((K x K)/2). Once the parameter n. is computed,
n. elements are selected from the block matrix at random. The permuted adjacency

matrices are displayed fer 9 cases in Figure 5.3.

Notice that the adjacency matrices in Figure 5.3 are permuted according to the
inferred block memberships. For the permutation, we pretend that each node belongs
to a block. Then, assign each one to the block fer which the membership probability is
maximized. Although the nodes do not have to belong to a unique block in the model,
the permuted adjacency matrix is useful for inspection. It reveals the underlying block

matrix, and hence, provides a way to understand the network topology.

Figure 5.3 displays the results on a grid where from left to right the parameter
o is increased and from top to down the complexity of the block structure is increased
by the parameters |V'| and K. The leftmost column (o = 0.01) corresponds to the case
where block memberships are sparse, ie, most of the nodes belong to only one block.
Conversely, the rightmost column (@ = 0.25) corresponds to the case where nodes
exhibit a uniform membership among different blocks. In the other direction, the top
row has the simplest block structure with K = 3 blocks and |V| = 90 nodes while the

bettom row has the most complex structure with K = 5 blocks and |V| = 150 nodes.

As the block memberships get more uniform (from left to right), it gets harder for

the BAM-MMSB model to infer the latent structure. The reason is that the overlapping
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a=0.010 1=90, K=3, a=0.100 1=90, K= 3 a=0.250

Tat

S T

=Ly P

I—120, K= 4, a=0. 250

Figure 5.3. The inferred latent block structure while the parameters {a,} and

{|V|, K} and are varied vertically and horizontally respectively.
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regions are larger for these cases and, accordingly, the noise increases in this direction.
As a result, the latent block structures in the rightmost column are not as apparent as

the ones in the leftmost column.

A similar relationship exists in the downwards directien. In this direction, the
number of nodes and blocks are increasing at the same rate. Still, the latent block
structure is more complex for the bottom row compared to the higher rows, and the
increased complexity lowers the quality of the inference. Both effects shape the model
behavior of the right bottom corner with the configuration (|V| = 150, K = 5, = 0.25)

where the block structure is nearly disappearing,.

BAM-MMSB seems to recover latent block structures, and their interpretation is
discussed in this section. In the next section, we discover how inferred structures can

be evaluated numerically.
5.3. Measuring the Block Recovery Performance

As discussed in Section 5.2, the block recovery task contains two main compo-
nents: the block matrix and the block memberships. Accordingly, we can analyze how
well the blocks are recovered by defining error metrics on these two entities. For these
two variables, Tabouy et al [46] measures the estimation error eg between the true
block matrix B and the estimated block matrix ésw in the Frobenius norm while mea-
suring the adjusted Rand index (ARI) [47] between the true block memberships 7w and
the estimated block memberships ékh‘ and é”j. Even though ARI is a metric defined
for hard clustering, it provides a good measure even in the soft clustering case when
the block memberships are sparse. Still, we add the estimation error e, between the

true and estimated block memberships as another metric.

Rand index (RI) measures how twe different partitiens of the same data fit.
Consider two partitions P, = {Py1, P1a, ...} and Py = { Py}, Psy, ...}. RI counts the pairs
that belong to the same cluster both in P, and P, eg, the pairs that belong to P;; and

P,y at the same time; and adds the pairs that belong to distinct clusters in P, and P,



50

eg, the pairs 1 — j where if i € P, € Piw : ¢ # w, then @ € Py, j € Por : 7 # t. This
pair count is divided by the all possible pairs to get a measure for clustering. When two
partitions fit completely, RI is 1. However, when the input is twe random partitiens,
RI does not produce a constant value. ARI is the adjusted versien of RI such that the

ARI value of two random partitions is equal to 0.

The other two metrics are error measures in the Frobenius form:

ep = ||éslk,l - Btruc“F
||BtrucHF ’

_ Hék\z i "Ttrue”F

i
Hﬂ-trucHF

For computing these, all possible block permutations are considered and the one which

gives the lowest error is used.
5.3.1. Synthetic Networks

Synthetic networks are sampled by the generative model of MMSB similar to
Section 5.3. However, the network topology is fixed as assortative instead of the ran-
dom generation of the block matrix. This choice supports a stable comparison as the

parameter space is explored.

Assortative networks have simple connectivity patterns where nodes from same
blocks connect with a probability ¢ which is larger than the probability of interaction
between nodes from different blocks. In the experiment, we choose this value to be

€/10. The block matrix structure is as follows:

e €/10 ... €/10
e/10 ¢ €/10

€/10 €/10 ... €
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Figure 5.4. Evaluation metrics ARI, ep and e, as « is varied fer two networks.

For affiliation topology, two different networks with |V| = {30,45} nodes are
considered. The number of blocks is assumed to be known: {K =L =2, K = L = 3}
for two distinct sizes respectively. This way, we aim to see how the size and the
structure of the networks affect the simulation metrics. Furthermore, the parameter €
controls the connectivity of the graph. We perform the experiment fer three different
connectivity levels: € = {0.45,0.7,0.95}. For each parameter configuration, we sample
20 different assortative networks while changing the parameter o, € {0.01,...,0.5}.
The evaluation metrics ARI, eg and e, are averaged over 20 network samples. The

results are displayed in Figure 5.5.

The results support the visual interpretations of Section 5.2. BAM-MMSB model
recovers the latent block structure completely for the parameter configuration |V| =
30, K = 2 even in the graphs with small connectivity, ie, with parameter € set to 0.45.
As expected, ARI drops while eg and e, grow as the hyperparameter «, is increased
at all connectivity levels. However, as the hyperparameter « is rising, the evaluation
metrics have a worse decay fer the sparsest case where € = 0.45. This suggests the block

recovery performance does not degrade gracefully on sparse graphs as the overlapping
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Figure 5.5. Illustration of the missing data ratios in the adjacency matrices.

regions between blocks increase.

Another point is that the block recovery performance is consistently lower for the
parameter configuration {|V| = 45, K = 3} compared te the the parameter configura-
tion {|V| = 30, K = 2}. This nurmerical result also supports the visual interpretation
shown in Figure 5.3 where it gets harder fer the model te discover the latent structure

in case of more complex block structures.

5.3.2. Effect of Missing Data on Block Recovery

In this section, we analyze the effect of missing data on block recovery. Again,
the network topology is chosen as assortative. Qur intuition is that the blocks would
become indistinguishable as the rate of missing data increases. Consider a setting
where we randomly sample observations from an adjacency matrix. Let us denote the

probability of observing an edge by the parameter p.

A network with |V| = 30 nodes is considered. The number of blocks is assumed
to be known: {K = L = 2}. The parameter p takes values of p € {0.05,0.15,...,0.95}.
For each value of p in the missing data process, we sample 10 MMSB networks. The
evaluation metrics ARI and e are averaged over 10 data samples. The results are

displayed in Figure 5.6.
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Figure 5.6. Evaluation metrics ARI and e as p is varied for an assortative network.

As expected, the evaluatien metrics ARI and eg produce very low values when
the parameter p is low, and the blocks are indistinguishable. Interestingly, the model
recover blocks with a low error until a threshold is passed and fails very rapidly after-

wards.

5.4. Measuring the Model Selection Performance

For a given latent variable model, the model selection problem corresponds to
choosing the optimal number of blocks K,,; that explains the latent structure in the
observed data best. Bayesian statistics provide principled likelihood-based approaches
for this task. The aim is to choose the model which produces the largest marginal
likelihood of the observed data X. However, the marginal of X is often intractable.
Therefere, we choose to approximate the marginal by its mean-field variational approx-

imation similar to the work of Latouche et al. [20].

First, we perform experiments on synthetic networks. Next, the model selection

performance is evaluated for real-world benchmark networks.

5.4.1. Synthetic Networks

To assess model selection performance, we use the assortative networks as in Sec-
tion 5.3. Similar to Section 5.3, the probability of an edge inside a block is varied to

have three different values: ¢ = {0.9,0.7,0.5}. The parameter e controls the connec-



54

tivity of the graph. Conversely, the probability of an edge between two distinct blocks
Pout 18 set to 0.01.

The synthetic networks have two different node partition schemes: (i) balanced
and (ii) unbalanced blocks as in the work of Lateuche et al. [48]. Let us denote
the set of blocks as {ki,...,kx}. Balanced blocks have equal number of nodes with
|k:| = |V|/K,Vt € [K]. This effect is achieved in the MMSB generative model by
drawing the membership vectors m; € R¥ fer each node 4 from uniferm and sparse
Dirichlet distributions as m; ~ D(0.01 - 1k ). Fer unbalanced blocks, we use geemetric
sizes where each block’s size is preportional to |k;| oc 0.74, V¢ € [K] similar to the
setup in [48]. As an example, fer K = 5, the cerresponding «, values are: «, =

{0.36,0.25,0.17,0.12, 0.08}.

In the experiment, each sampled network has |V| = {40} nodes. The number
of blocks is varied as Ky € {2,3,4}, but in the inference process K is assumed to
be unknown. Fer each {Kime, connectivity e, bleck sizing methed} cenfiguratien, we
sample 50 different assortative networks and estimate the eptimal number of clusters

Keg. The results are displayed in Table 5.1 and Table 5.2.

True K Estimated K

1 2 3 4 5|
2 0 50 0 0 O
3 0 2 43 5 0
4 0 7 33 10 O
2 6 4 2 0 O
3 0 14 36 0 O '
4 0 2 21 3 0
2 0 50 0 0 O
3 0 41 9 0 O
4 10 37 3 0 0

Table 5.1. As the connectivity parameter € = {0.9,0.7,0.5} is varied vertically, K.

estimatiens in balanced block sizing.
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.True K | Estimated K

1 2 3 4 5
2 0 49 1 0 ©
3 0 8 38 4 O
4 0 11 24 13 2
2 0 49 1 0 ©
3 0 20 27 3 O
4 |0 23 24 2 1
2 0 46 4 0 O
3 0 33 17 0 O
4 0 40 8 2 ©

Table 5.2. As the conunectivity parameter ¢ = {0.9,0.7,0.5} is varied vertically, K.

estimations in unbalanced block sizing.

As expected, networks with unbalanced block sizes provide worse block recovery
performance for ¢ = {0.9,0.7} since the block structure is slightly more complex.
Interestingly, networks with unbalanced block sizes provide equal or better performance
for the cases where K is large. This may result from the fact that the model tends to find
one block first and continues to divide the rest of the network if there are enough data
samples. This behavior may favor unbalanced network sizes fer the harder inference

problems.

In this basic setting, our model estimates block memberships and true A when
there are enough positive samples with large enough blocks. Fer |V| = 40 nodes
that are highly connected (o = 0.9), we can recover latent structure of networks fer
Kiye = {2,3}. Notice that as K increases, the inference problem gets harder since
networks get sparser and blocks get smaller. In such cases, our model can not infer the

latent structure from one Bernoulli experiment per interaction index.

One observation for large values of K is that the model tends to find one exact
block and combines the rest into a big cluster. This pattern suggests that if we contin-

ued to observe Bernoulli trials for each index or if we had more observed data, we may
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Figure 5.7. Estimated number of blocks K, as the scaling factor N;; fer each index

18 increased.

capture all of the true clusters. If that is not the case, then, we may apply heuristics
such as scaling Bernoulli trials fer each index. BAM-MMSB generative model allows

us to choose the number of Bernoulli trials N;; per each index of the adjacency matrix.

Notice that N;; = 1 corresponds to the count tensor shown in Figure 5.1 as if
there has been only one coin toss to represent an interaction. When N;; = n such that
n > 1, each observation model for a pair (4, j) becomes a binomial experiment with n
trials. This procedure brings up the effect of added precision to the node classification.
Therefere, we perferm an experiment where the contingency tensor is scaled up with

increasing N;; = n where K., = 4.

As N,; = n increases, the model’s confidence in the observations increases, and
hence, the model continues to divide existing blocks and create new ones. One interest-
ing point is how the model order estimation K,, behaves with increased pseudocounts
N;; = n. This is illustrated in Figure 5.7. K,y rises quickly until it is level with the
true number of blocks Kj.,. = 4. Then, it stays at the value of K,; = 4 for some
values of the scaling factor before continuing to increase gradually. For large n values,
the model seems to overfit and select overly complex models due to the scaled noise
factors. Therefere, it seems reasonable to employ this heuristic appreach fer a certain

data regime.
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Although it is not a statistically principled method, we see that scaling pseudo-
counts heuristics work well in practice for synthetic networks. Hewever, the noise ratio
is relatively large for the real-world netwerks compared to the synthetic enes since the
real-world networks are inherently sparse. For this reason, it is net directly obvious
how to leverage this scaling idea. As a result, we borrow a scaling heuristics idea from

collaborative filtering in the next section.

5.4.2. Real-World Networks

In this section, simulations are perfermed on three real-world benchmark net-
works to assess the model comparison perfermance. These networks are chosen as (i)
Zachary’s karate club network [49], (ii) Lusseau et al.’s dolphin social network [50]
and (iil) adjacency network of adjectives and nouns in the book David Copperfield by

Charles Dickens [51].

Most real-world networks exhibit sparsity. Our benchmark networks are also
sparse having 34, 62, and 112 nodes with only 156, 318, and 850 edges, respectively.
As a result, our algorithin tends to select model orders with insufficient complexity.
Under the circumstances, scaling Poisson counts is a heuristics option. However, Figure
5.7 shows that scaling the contingency tensor directly may have a negative effect on
the model order selection when there is inherent noise in the observations. Scaling
the noise drives the model to select everly complex representations which are highly
sensitive to small fluctuations. We suppose that this is due to the inherent missing data
in networks such that a negative sample Y;; = 0 can result from the lack of interaction

or lack of information.

For the missing data problem in collaborative filtering, Pan et al. [6] proposed
weighted alternating least squares (wALS) fer sparse binary data sets which contain
ambiguity in the interpretation of the negative samples. The idea is that each posi-
tive sample has a constant confidence level, which is higher than ambiguous negative
samples. This relationship is expressed mathematically by weighting the cost of each

index according to its confidence level.
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5.4.2.1. Weighted Pseudocounts Heuristics. We transform wALS scheme to ceunt rep-

resentations as follows. Let us denote the total negative tokens by N and the total
positive tokens by N . Here, any value combinations for N; and N can be chosen,
but Pan et al. [6] suggests to choose an equal total weight fer positive and negative
samples. Following [6], we choose to use the same amount of tokens for both positive
and negative samples with Ny = NI = >_i;(1 — Y;;) since the number of negative
samples is generally larger than the number of positive samples because of network

sparsity.

Once the total number of tokens is decided, they need to be redistributed accord-
ing to their confidence levels. Since we have a constant confidence level fer positive
indices, V] positive tokens are distributed unifermly. Then, N_ negative tekens are

distributed according to three schemes:

1 nigform: Fach negative sample 18 represented by a single token, . =1),
i) Uniform: Each negati le i d by a single token, (N;; =1
1) Source-onty: ach negative sample 18 represented by a number ot tokens propor-
ii) S ly: BEack ti le i ted b ber of tok
tional to the source degree, N;; ~ . Y};
111) Source-dest: Fach negative sample 18 represented by a number oI tokens propor-
iii) S dest: Each ti le i d b ber of tok

tional to the product of source and destination degrees, N;; ~ (3, ¥i;)(2_; Yes)-

Notice that tokens in N are distributed evenly and stay constant in all cases.
It is the negative tokens that are distributed according to distribution schemes. The
negative token distributions according to cases (i), (ii) and (iil), and their difference

from the count representation provided in Figure 5.1 are illustrated in Figure 5.8.

We performed experiments on three networks with respect to two weighting
schemes: (i) uniform and (iii) proportional to source and destination popularity. The

results are displayed in Figure 5.9.

For the (i) uniform case of Karate Club and Word Adjacency networks, BAM-
MMSB estimates blocks that have a leader-follower topology instead of an assortative

topology. This is a well-known characteristic of the blocks inferred by standard SBMs.
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Figure 5.8. Weighted pseudocounts of the contingency tensor fer each weighting

scheme.

Specifically, the generative model tends to cluster nodes with similar degrees into the
same block. As shown in the top row of Figure 5.9, this behavior results in two blocks
where the green ones consisting of low-degree nodes (fellowers) seem to be fellowing

the red ones consisting of high-degree nodes (leaders).

Interestingly, the model behaves similar to the degree-corrected extension of
stochastic blockmodels for the (iii) source-dest case. In this case, we obtain blocks
with heterogeneous degree distributions in contrast to standard SBMs. This effect
shifts the estimated topologies from leader-follower to assortative in Karate Club and
Word Adjacency networks respectively. Scaling the negative pseudocounts with respect
to the source and destination degrees brings up the same effect, even though we do
not re-weight positive samples. We opt to keep the confidence level constant for each
positive observation. The estimated model orders K. ,; = 2 are the same with (i) uni-
form case and commonly proposed model orders fer these networks in the literature.
However, variational approximations fer the marginal likelihood are slightly larger for
all networks in (iii) source-dest, which also suggests that degree-corrected extensions

are favored over regular SBMs for these networks.
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6. CONCLUSION

In this thesis, we propese BAM-MMSB which replicates the generative process of
the MMSB within the generic allocatien framework of BAM. Qur model considers the
observations as Poisson tokens generated by a Poisson precess and marked according
to the generative process of MMSB. From a modeling perspective, two Poisson random
variables can represent each Berneulli element Y;; of the input matrix by adding a
new index s fer each (z,7) pair. This representation is equivalent to a Bernoulli trial
when the sum is constrained to 1. Besides, this feature provides a natural extension

possibility to weighted graphs er hypergraphs for future work.

A variational Bayes algorithm is derived to solve the inference problem. The
first experiment illustrates the interpretation of the model eutput through synthetic
network examples. Next, block recovery performance is analyzed numerically in the
second experiment. As expected, BAM-MMSB displays a similar behavior with the
original MMSB in the first two experiments. Furthermore, it is worth noting that
uniferm membership vectors and increased complexity in bleck structure reduce the

block recovery performance.

Our model selection algorithm appreximates the marginal likelihood by varia-
tional evidence lower bound to select the optimal number of blocks K,,:. The experi-
ment results en real-world benchmark networks are similar to the results in the liter-
ature. However, the weighted count heuristics proposed by Pan et al. in [6] provide
limited extendability of the task in hand since they are only heuristically motivated.
A more principled approach is to integrate these heuristics inte the model as random

variables and infer their characteristics frem the observed data (7).

Additionally, BAM offers a generic allecatien framework which allows for rapid
prototyping of distinct generative models of discrete observations. Therefore, another
natural future direction is to perferm model selection not only fer the model order but

also across different generative models such as NMF and tensor factorization models
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proposed by Schein et al. [52,53]. In this respect, another task for future work is to
compute the exact marginal likelihood via annealed importance sampling instead of

approximating it.



63

REFERENCES

. David, E. and K. Jon, Networks, Crowds, and Markets: Reasoning About a Highly
Connected World, Cambridge University Press, New York, NY, USA, 2010.

. Deerwester, S., S. T. Dumais, G. W. Furnas, T. K. Landauer and R. Harsh-
man, “Indexing by Latent Semantic Analysis”, Journal of the Amert-
can Society for Information Science, Vol. 41, No. 6, pp. 391-407, 1990,
http://superbook.bellcore.com/ remde/1si/LSI.papers.html.

. Newman, M. E., “Complex systems: A survey”, arXiwv preprint arXw:1112.1440,
2011.

. Goldenberg, A., A. X. Zheng, S. E. Fienberg, E. M. Airoldi et al., “A survey
of statistical network models”, Foundations and Trends® in Machine Learning,

Vol. 2, No. 2, pp. 129-233, 2010.

. Peixoto, T. P., “Bayesian stochastic blockmodeling”, arXiwv preprint

arXw:17056.10225, 2017.

. Pan, R., Y. Zhou, B. Cao, N. N. Liu, R. Lukose, M. Scholz and ®. Yang, “One-
class collaborative filtering”, 2008 Eighth IEEE International Conference on Data
Mining, pp. 502-511, IEEE, 2008.

. Rubin, D. B., “Inference and missing data”, Biometrika, Vol. 63, No. 3, pp. 581
592, 1976.

. Little, R. J. and D. B. Rubin, Statistical analysis with missing data, Vol. 793,
Wiley, 2019.

. Marlin, B., R. S. Zemel, S. Roweis and M. Slaney, “Cellaberative filtering and the

missing at random assumption”, erXiv preprint arXiw:1206.5267, 2012.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

64

Herndndez-Lobato, J. M., N. Houlsby and Z. Ghahramani, “Probabilistic matrix
factorization with non-random missing data”, Imternational Conference on Ma-

chine Learning, pp. 1512-1520, 2014.

Newman, M. E. and M. Girvan, “Finding and evaluating community structure in

networks”, Physical review E, Vol. 69, No. 2, p. 026113, 2004.

Fortunato, S. and D. Hric, “Community detection in networks: A user guide”,

physrep, Vol. 659, pp. 1-44, Nov. 2016.

Tan, F., Y. Xia and B. Zhu, “Link prediction in complex networks: a mutual

infermation perspective”, PloS one, Vel. 9, No. 9, p. €107056, 2014.

Airoldi, E. M., D. M. Blei, S. E. Fienberg, E. P. Xing and T. Jaakkola, “Mixed
membership stochastic block models for relational data with application to protein-

rotein interactions”, Proceedings of the international biometrics society annual
p ) g Y

meeting, Vol. 15, 2006.

Salathé, M. and J. H. Jones, “Dynamics and control of diseases in networks with
community structure”, PLoS computational biology, Vol. 6, No. 4, p. €1000736,
2010.

Chen, W., Y. Wang and S. Yang, “Efficient influence maximization in social net-
works”, Proceedings of the 15th ACM SIGKDD international conference on Knowl-
edge discovery and data mining, pp. 199-208, ACM, 2009.

Gerlach, M., T. P. Peixoto and E. G. Altmann, “A network approach to topic
models”, Science advances, Vol. 4, No. 7, p. eaaql360, 2018.

Newman, M. E., “Modularity and community structure in networks”, Proceedings

of the national academy of sciences, Vol. 103, No. 23, pp. 8577-8582, 2006.

Riolo, M. A., G. T. Cantwell, G. Reinert and M. E. Newman, “Efficient method for



20.

21.

22.

23.

24.

25.

26.

27.

28.

65

estimating the number of communities in a network”, Physical review e, Vol. 96,

No. 3, p. 032310, 2017.

Latouche, P., E. Birmele and C. Ambroise, “Variational Bayesian inference and
complexity control for stochastic block models”, Statistical Modelling, Vol. 12,

Ne. 1, pp. 93-115, 2012.

Peixoto, T. P., “Model selection and hypothesis testing fer large-scale network
medels with overlapping groups”, Physical Review X, Vol. 5, No. 1, p. 011033,
2015.

Helland, P. W., K. B. Laskey and S. Leinhardt, “Stochastic blockmedels: First
steps”, Social networks, Vol. 5, No. 2, pp. 109-137, 1983.

Latouche, P., E. Birmelé, C. Ambroise et al., “Overlapping stochastic block mod-
els with application to the french political blogosphere”, The Annals of Applied
Statistics, Vol. 5, No. 1, pp. 309-336, 2011.

Airoldi, E. M., D. M. Blei, S. E. Fienberg and E. P. Xing, “Mixed membership
stochastic bleckmodels”, Journal of machine learning research, Vel. 9, No. Sep,

pp. 19812014, 2008.

Karrer, B. and M. E. Newman, “Stochastic blockmodels and community structure

in networks”, Physical review F, Vol. 83, No. 1, p. 016107, 2011.

Blei, D. M., A. Y. Ng and M. [. Jordan, “Latent Dirichlet Alloca-
tion”, Journal of Machine Learning Research, Vol. 3, pp. 993-1022, 2003,
http://www. jmlr.org/papers/v3/blei03a.html.

Lee, D. D. and H. S. Seung, “Learning the parts of objects by nonnegative matrix
factorization”, Nature, Vol. 401, pp. 788-791, 1999.

Buntine, W., “Variational Extensions to EM and Multinomial PCA”, T. Elemaa,



29.

30.

31.

32.

33.

34.

35.

66

H. Mannila and H. Teivonen (Editors), Machine Learning: ECML 2002, pp. 23-34,
Springer Berlin Heidelberg, Berlin, Heidelberg, 2002.

Canny, J. F., “GaP: a factor model for discrete data”, SIGIR 200/: Proceedings
of the 27th Annual International ACM SIGIR Conference on Research and Devel-
opment in Information Retrieval, Shefheld, UK, July 25-29, 2004, pp. 122-129,
2004, https://doi.org/10.1145/1008992.10090186.

Cemgil, A. T., “Bayesian Inference fer Nennegative Matrix Factorisation Mod-
els”, Comp. Int. and Neurosc., Vol. 2009, pp. 785152:1-785152:17, 2009,
https://doi.org/10.1155/2009/785152.

Buntine, W. and A. Jakulin, “Discrete Compenent Analysis”, C. Saunders, M. Gro-
belnik, S. Gunn and J. Shawe-Taylor (Editors), Subspace, Latent Structure and

Feature Selection, pp. 1-33, Springer Berlin Heidelberg, Berlin, Heidelberg, 2006.

Paisley, J. W., D. M. Blei and M. I. Jerdan, “Bayesian Nonnegative Matrix
Factorization with Stochastic Variational Inference”, E. M. Airoldi, D. M. Blei,
E. A. Eresheva and S. E. Fienberg (Editors), Handbook of Mized Membership
Models and Their Applications, pp. 205224, Chapman and Hall/CRC, 2014,
http://www.crcnetbase.com/doi/abs/10.1201/b17520-15.

Taylan Cemgil, A., M. Burak Kurutmaz, S. Yildirin, M. Barsbey and U. Simsekli,
“Bayesian Allocatien Model: Inference by Sequential Mente Carlo fer Nonnegative

Tensor Factorizations and Topic Models using Polya Urnus”, arXwv e-prints, p.

arXiv:1903.04478, Mar 2019.

Psorakis, I., S. Roberts, M. Ebden and B. Shelden, “Overlapping community detec-
tion using bayesian non-negative matrix factorization”, Physical Review E, Vel. 83,

No. 6, p. 066114, 2011.

Keren, Y., R. Bell and C. Velinsky, “Matrix factorization techniques for recom-

mender systems”, Computer, , Ne. 8, pp. 30-37, 2009.



36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

67

Févotte, C., E. Vincent and A. Ozerov, “Single-channel audio source separation
with NMF: divergences, constraints and algorithms”, Audio Source Separation, pp.

1-24, Springer, 2018.

Blei, D. M., “Build, compute, critique, repeat: Data analysis with latent variable
models”, Annual Review of Statistics and Its Application, Vol. 1, pp. 203-232,
2014.

Hofmann, T., “Probabilistic latent semantic analysis”, Proceedings of the Fifteenth
conference on Uncertainty wn artificial intelligence, pp. 289-296, Morgan Kauf-

mann Publishers Inc., 1999.

Ross, S. M., Introduction to Probability Models, Academic Press, 1997.

Mnih, A. and R. R. Salakhutdinov, “Probabilistic matrix factorization”, Advances

in neural information processing systems, pp. 12571264, 2008.

Murphy, K. P., Machine learning: a probabilistic perspective, MIT press, 2012.

Airoldi, E. M., D. M. Blei, S. E. Fienberg and E. P. Xing, “Mixed Membership
Stochastic Blockmodels”, Journal of Machine Learning Research, Vol. 9, pp. 1981
2014, 2008, http://doi.acm.org/10.1145/1390681 . 1442798.

Dempster, A. P., N. M. Laird and D. B. Rubin, “Maximum likelihood from incom-
plete data via the EM algorithm”, Journal of the Royal Statistical Society: Series
B (Methodological), Vol. 39, No. 1, pp. 1-22, 1977.

Bishop, C. M., Pattern recognition and machine learning, Springer, 2006.

Neal, R. M., “Annealed importance sampling”, Statistics and computing, Vel. 11,

No. 2, pp. 125-139, 2001.

Tabouy, T., P. Barbillon and J. Chiquet, “Variational Inference fer Stochastic Block

Models from Sampled Data”, Journal of the American Statistical Association, , No.



47.

48.

49.

50.

51.

52.

53.

68

just-accepted, pp. 1-20, 2019.

Rand, W. M., “Objective criteria for the evaluation of clustering methods”, Journal

of the American Statistical association, Vel. 66, Ne. 336, pp. 846-850, 1971.

Latouche, P., E. Birmelé, C. Ambroise et al., “Model selectien in overlapping
stochastic block models”, Flectronic journal of statistics, Vel. 8, No. 1, pp. 762
794, 2014.

Zachary, W. W., “An infermatien flow model for conflict and fission in small

groups”, Journal of anthropological research, Vel. 33, No. 4, pp. 4562-473, 1977.

Lusseau, D., K. Schneider, O. J. Boisseau, P. Haase, E. Sleeten and S. M. Dawson,
“The bottlenose dolphin community of Doubtful Sound features a large proportion

of long-lasting associations”, Behavioral Ecology and Sociobiology, Vol. 54, No. 4,

pp. 396-405, 2003.

Newman, M. E., “Finding community structure in networks using the eigenvectors

of matrices”, Physical review E, Vol. 74, No. 3, p. 036104, 2006.

Schein, A., J. W. Paisley, D. M. Blei and H. M. Wallach, “Bayesian Poisson Ten-
sor Factorization fer Inferring Multilateral Relatiens from Sparse Dyadic Event
Counts”, Proceedings of the 21th ACM SIGKDD International Conference on
Knowledge Discovery and Data Mining, Sydney, NSW, Australia, August 10-13,
2015, pp. 1045-1054, 2015, https://doi.org/10.1145/2783258.2783414.

Schein, A., M. Zhou, D. M. Blei and H. M. Wallach, “Bayesian Poisson
Tucker Decomposition for Learning the Structure of International Relations”,
Proceedings of the 33nd International Conference on Machine Learning, ICML
2016, New York City, NY, USA, June 19-24, 2016, pp. 2810-2819, 2016,
http://jmlr.org/proceedings/papers/v48/scheini6.html.



69

APPENDIX A: DERIVATIONS OF BAM-MMSB
INFERENCE

Variational inference is a method where we try to approximate intractable poste-
rior distribution p(Z|X) with a fully factorized distribution ¢(Z). In any latent variable

model, we can write the following equalities for p and ¢:

logp(X) = L(q) + KL(q || p),

where
L(g) = / dZ 4(Z)log ( ()((Z)Zl)
L(g|lp) = /qu ) log ( ((g))

Since K L(q || p) is non-negative, L(q) provides a lower bound for the log like-
lihood. Furthermore, latent variable set is Z = {S,6,A} and X corresponds to the
contingency matrix in BAM. So, we can choose the following factorized joint distribu-

tion for ¢(Z):

q(5,6,2) = ¢(S) - 4(0) - g(A)

Then, we can work on the lower beund L(q) to find suitable distributions fer ¢(S), g(8)
and g(X).
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A.1l. Update Equation for ¢(S)

We can work on the definition of ELBO so that we derive a closed form solution

for the variational distribution g(.S).

p(X, 5,6,
Z/ (S,6,M)1 (—( X)))
Z/Mdad)\qS() M) log ( ()({S‘S;HA)A))

=Zq(5)/ q(@)g(A) logp(X, S,0,A) — Eq ) log ¢(S) + const
E 0,7

Zq(S logs(X, S) — Zq ) log q(S) + const,
s

where leg p(X, S) =/ q(0)g(M) logp(X, S,0,A) = Ey),¢nlog p(X, S, 8, M)
0.

= —KL(¢(5) || p(X, 5))

Hence, when ¢(—S) is fixed, maximizing the lower bound L(g) is equivalent to min-
imizing KL divergence between ¢(S) and p(X,S). The minimum is obtained when

q(S) = (X, S). Then, the general expression becomes;

log ¢(S) = Eyw) e llogp(X, S, 0, A)] + const

q(S) o exp (Ey0). 400 logp(X, S, 6, ))])
_ o exp (E wllogp(X, S, 0 )\)])
ZS €Xp ( ¢(0).¢(N) [l‘g p(X, S} 95 )‘)])

Following factorization of the form;

p(X,85,0,)) =p(S|X,0,\)p(X,0,)) = p(S|X)p(X,8, ),

q(S) is proportional to;



q(S) o< €Xp (Eq(g),q(,\) [lng(S|X 0 )\)])

ex 0 A, a(8, b, D)1 (k, 2)04y5 (1, 5)6, (4)05(5)
X exp (%Smg l 9( /\Zk195|24(6 k, 1)021 (i, k)0ays(1, 5)01 ()85 (5 ))}

== Z logT ikslj + ]. + Z logF XUS +1 + E ].g 1 ijs = Z S‘Lks!g])

L] ijs

x H M (S2,411,3,5(%, 5, 8555 9)5 Xijs, P2.a11,3,5(3, 5, 8,5, 4))s

1.3

where

p(i,38,:,3)) < Ego).o00) [l0g(M3j2,4(8, 2, 1021 (:, 8)0ap3(:, )01 (6)05(5))]
[logA] + Eq[0512.4(8, 1, 1) + O3 (5, 7) + Ogu (5, 4) + 03(5) + 6:1(2)]

B Yo BollogA] + Eg[6512,4(8, 5, 1) + Oz (c, 5) + 0211 (2, 8) + 03(5) + 6,(3)]
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A.2. Update Equation for ¢(0)

Following the factorization of the form; p(X, S, 8, A) = p(X|S)p(8]S)p(A|S)p(S),
¢(#) is proportional to:

q(6) o exp (Eq(s e (S, X, 6, /\)])
o exp (Eq(s) .40 108 p(8]S)])

oC exXp ( Z(EQ(S) [Siksi+] + a5j2.4 — 1) log O512.4
ki

+ Z o(5) [Sik+4+] + g — 1) log Oy + Z o(8)[S+++15] + aps — 1) log by

lj

+ Z a(8) [Sitsss] + a1 —1)log 91 + Z q(5) S“+++]] +az—1)log ‘93)

J

ccexp (Y D (Eys)[Supam)] + Cnipem) — 1) 108 Onjpemy)

pa(n) n

o< D(Eq(s)[Snipa(n)] + Qnlpa(n))

A.3. Update Equation for ¢()\)

Following factorization of the ferm; p(X, S, 8, A} = p(X|S)p(8|S)p(A|S)p(S), ¢(N)

is proportional to;

Q(’\) X €xXp (Eq(S),q(O) [logp(S, Xa 9: A)D
o exp (Eq(s),q(0) log p(A|S)])
o< exp (Eq(s).q@)[~A(b+1) + (a+ S+ — 1) log )

x Gamma(Eys)[S+] +a,b+ 1)
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A.4. Computing ELBO

Following factorization of the form; p(X, S, 8, \) = p(X|S)p(8|S)p(A|S)p(S), the

evidence lower bound L(g) is propertienal to;

p(X, 5,6, \
@ =3 ) 250108 P55
~ Ep(X[S)] + Epl015)] + EbNIS)) + Eo(5)
— Ey[q(5)] — Eqg(6)] — Eqlg(N)]
= F[Q] - H[Q)



where F[Q)] is:

F[Q] = E,[log p(X|S)] + E,[leg p(6:]5)] + E,[log p(6;|5)] + Eq[log p(6xi:|S)]
+ Eq[log p(0y;15)] + Eq[log p(Bsx,|S))]
= —E,flog B(a; + Sit+++)] + Z(ai + By [Siv44] — 1) Eqlog 6]
— Eqllog B(a + Sitrag)] + (5 + Eqg[Siiss] — 1) Egllog 8]
- Z Eq[log B(@ik+++ + Sik+++)] + Z(aik++- + Eo[Sik+++] — 1) Eq[log :]

i
= Eqllog Barttis + Sersis)l + D (@441 + Eg[Stiti] — 1) Eyllog by

3 by
- Z E,[log B(atksir + Sira)] + Z(a+ksl+ + Eq[Sira] — 1) Eqllog O]
ki ksl

+alogh — (a + E,[S;]) log(b+ 1) + E,[logI'(a + Sy)] — log T'(a)
- Z E, [log T'(Sikst; + 1)

iksly
+ Eqllog B(aw + Sit14+)] + Egllog Bla; + Siv4+45)]
+ Z Eqlog B(@ik+++ + Sikt++)]

+ Z Eollog B(agq415 + Sqv15)] + %: Eq[log B skt + Sirais)]
7

— log B(a;) — log B(w;) — leg B(auk) — log B(ay;) — log B(akst)
+ (a + E,[S:]) log(b+ 1) — E,[logI'(a + S4)] + (a + Ey[S4] — 1) E,[log A]
— (b+ 1) E[A]
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and H|[Q) is:

H[Q] = Eo[q(5)] + Eq[g(0)] + Bqlg(N)]
= "Eq[Siksts] 10g Prijis; + 108 T(Xigg +1) — Y Ey[log T(Sikat; + 1)]

tksly i8] ikslj

— log B(e + Eq[Sit+++]) + Z(ai + Eo[Sivtr4] — 1) Eq[log ;]

—log B(0yj + Eq[Siss4sl) + D (@) + B[Sy 1145] — 1) E,[log ]

J

- E log B(tik+++ + Eqg[Sik++]) + Z(%k.—++ + Eg[Sik+++] — 1) Ey[log O]
i ik

- Z log B(0t4++1; + Eo[Syriis]) + Z(a+++lj + Bg[St4445] — 1) Egflog 6]

J lj

= Z log B(ayksi+ + Eq[Stksir]) + Z(a+kst+ + Ey[Siksie] — 1) Eq[log O,k ]
ki ksl

+ (a + E,[S;]) log(b+ 1) — logT'(a + E [S,]) + (a + Ey[S4] — 1) Ey[log A]

— (b+ 1) Ey[A]

then, F[Q] — H|Q)] becomes:

FIQ - H[Q] =
+alogh— (a +E,[Si])log(b+ 1) +logT'(a + E,[S;]) — legI'(a)
+log B(ay + Eq[Sit+++]) + log Bl + Eg[St1444])

+ Z log B(ctk+++ + Eq[Sin+++]) + Z log Blaty+1j + Eo[Syir45])
i 7

+ Z log B(ctksit + Eq[Sthstt])
Kl

— log B(a;) — log B(a;) — log B(oyy:) — log B(oy);) — log B(|x)

— ) " Ey[Sikets] log prajis; — D log T'(Xus; + 1)

tksly 18]
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APPENDIX B: DERIVATIONS OF BAM-MMSB-MISSING
INFERENCE

We can cheose the follewing factorized joint distribution fer ¢(Z):

q(S°,8™,0,)) = q(5°) - q(S™) - q(0) - g(A)

B.1. Update Equations for Missing at Random Case
B.1.1. Update Equations For ¢(S): ¢(S°) and ¢(S™)

For the observed indices (ijs) € X°, ¢(S°) is distributed multinemially. On the

other hand, for the missing indices (ijs) € X™, ¢(S™) is a Poisson distribution.

Q(So) & H M(S2,4|l,3,5(7:a 58, :aj);Xijssp2,4|l,3,5(i: 58 ::j))

ijs:(ije)eXe
where p;6;(4,:, 8,1, 7) is:
Dk l)i,s,5 (Zs PR .7) X Eq[log(AgsM,l(s: ) :)gk\i(:7 7’)01\](9])01(7’)93(.7))]

Next, we investigate ¢(S™):

q(S™) x H PO(Siksij; Tiksij)

ikslj:(ijs)eX™

where 754, is:

Tikslj = Eq[log()‘93|k,i9k|i91\j910])]
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As a result,

Xi is X Dikstjs for ('LJb) € X°
Eq[Sikais] = §

Tikslj) for (ijs) € X™

B.1.2. Update Equation For ¢(6)

The update equation is same as the case where there are no missing values.

q(8) < D(Eq()[Snipatn)] + Anipe(n))

B.1.3. Update Equation For g())

The update equation is same as the case where there are no missing values.

q()\) o< g(Eq(s) [S+] + a, b+ 1)

B.2. Computing ELBO

We start by writing the variatienal lower bound definitien fer the missing at

randorm case.

p(X,S,0,A
MAR Z/O/\ 59’\10 ((59/\)))

= Ey[p(X|S)] + E,y[p(6]S)] + Eq[p(AS)] + Eq[p(S)]
— Ey[q(S°)] = Ey[q(S™)] — Eqlq(8)] — Eqla(M)]
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Notice that the only difference from the fully ebserved ELBO is the factor of E4[g(S™)].
This brings up the following result:

FlQI - H[Q =
+alegb — (a+E,[S;])log(b+ 1) + logT(a + E,[S4]) — log'(a)
+ log B(a; + Eq[Sit4++]) + log B(a; + Eg[Si1+44,])

+ ) " log B(cuk+++ + Eq[Sikr++]) + > “log B(ast+i; + Eo[St4+45])

J

+ Z log B(atksi+ + Eq[Sihsr+])
Kl

— leg B(oy;) — log B(«;) — log B(oy;) — log B(ay;) — leg B(cxg|x)
- Z 1Eq [Sikslj] logpkuisj = Z log F(Xisj + 1)

tkslj:(ijs)eXe isj:(ije)EX®

- Z E, [Sikslj] log Tker; + Z Tikslj

tksly:(ijs)e Xm ikalj:(ijs)e Xm





