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ABSTRACT

SUCCINCTNESS ANALYSIS OF FINITE AUTOMATON

MODELS

Finite state automaton, or finite automaton, is a mathematical model of compu-

tation and has been one of the most studied models in automata theory. Throughout

the years, many different types of finite state automata are proposed, such as deter-

ministic, nondeterministic, probabilistic, and quantum automata. Furthermore, the

important questions that how they are related to each other, and how they are related

to formal languages, have been a subject of intensive research.

In this thesis, we study the succinctness properties of various finite automata.

First, we thoroughly study the topic of simulating various finite automata by deter-

ministic finite automata. Second, we work with three different families of regular

languages and we provide the various minimal automata (i.e. minimal in the sense

of the number of states used) deciding them. Third, we provide a descriptive form

called “Unary Finite Periodic Form”, or shortly UFPF, to efficiently describe regu-

lar languages over unary alphabets and we introduce algorithms to show the efficient

realization of closure properties of UFPF.
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ÖZET

SONLU ÖZDEVİNİR MODELLERİNDE ÖZLÜLÜK

ANALİZİ

Sonlu özdevinir ya da sonlu durum makinesi, bilgisayımda kullanılan mate-

matiksel bir modeldir ve özdevinir teorisinde en çok çalışılan modellerden biridir. Yıllar

boyunca deterministik, nondeterministik, olasılıksal ve kuantum özdevinir gibi sonlu

durum makinelerinin birçok farklı çeşidi önerilmiştir. Ayrıca, bu özdevinir modellerinin

birbirleri arasındaki ilişkileri ve biçimsel dillerle olan bağları üzerine ayrıntılı çalışmalar

yapılmıştır.

Bu tezde, özdevinir modellerinde özlülük özelliği üzerine çözümlemeler yapılmıştır.

Konu kapsamı, üç ana başlık altında ayrıntılandırılmıştır. İlk olarak, çeşitli sonlu

makine modellerinin deterministik özdevinirler tarafından simüle edilmesi konusunda

yapılan çalışmalar yer almıştır. İkinci olarak, üç düzenli dil ailesi tanımlanmış ve bu dil

ailelerinin farklı özdevinir modelleri tarafından en az kaç durum ile tanınacağı gösteril-

miştir. Üçüncü olarak, tek harfli alfabeler kullanılarak yaratılabilecek düzenli dilleri

ve bu dilleri tanıyan sonlu makineleri birlikte tanımlayan bir biçim geliştirilmiştir.

Adı, “Tekli Sonlu Periyodik Biçim” olan bu form kullanılarak düzenli dillerin kapalılık

özellikleri üzerine detaylıca çalışılmıştır.
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ÖZET . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

LIST OF SYMBOLS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x

LIST OF ACRONYMS/ABBREVIATIONS . . . . . . . . . . . . . . . . . . . . xi

1. INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2. PRELIMINARIES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

3. SIMULATION OF FINITE AUTOMATA BY DFA . . . . . . . . . . . . . . 18

3.1. Simulation of NFA by DFA . . . . . . . . . . . . . . . . . . . . . . . . 19

3.2. Simulation of 2DFA by pDFA . . . . . . . . . . . . . . . . . . . . . . . 21

3.3. Simulation of 2NFA by pDFA . . . . . . . . . . . . . . . . . . . . . . . 29

3.4. Simulation of AFA by DFA . . . . . . . . . . . . . . . . . . . . . . . . 37

3.5. Simulation of 2AFA by DFA . . . . . . . . . . . . . . . . . . . . . . . . 43

3.6. Simulation of PFA by DFA . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.7. Simulation of QFA by DFA . . . . . . . . . . . . . . . . . . . . . . . . 50

4. SUCCINCT FINITE AUTOMATA FOR THREE DIFFERENT FAMILIES OF

REGULAR LANGUAGES . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.1. The Language Class Am and Its Deciding Automata . . . . . . . . . . . 58

4.2. The Language Class Bm and Its Deciding Automata . . . . . . . . . . . 64

4.3. The Language Class Cm and Its Deciding Automata . . . . . . . . . . . 74

5. UNARY FINITE PERIODIC FORM . . . . . . . . . . . . . . . . . . . . . . 82

5.1. Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

5.2. Introducing Unary Finite Periodic Form . . . . . . . . . . . . . . . . . 84

5.3. Introducing Compact Unary Finite Periodic Form . . . . . . . . . . . . 87

5.4. Minimization of CUFPFs . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.5. Closure Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

5.5.1. Complementation . . . . . . . . . . . . . . . . . . . . . . . . . . 96



vii

5.5.2. Union and Intersection . . . . . . . . . . . . . . . . . . . . . . . 96

5.5.3. Star . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

5.5.4. Concatenation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

6. CONCLUSION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

6.1. Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

6.2. Our Contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

6.3. Open Questions and Future Work . . . . . . . . . . . . . . . . . . . . . 110

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112



viii

LIST OF FIGURES

Figure 5.1. Transition graph of a 14-state UDFA with µ = 6 and λ = 8. . . . . 84



ix

LIST OF TABLES

Table 3.1. AFA-DFA representation shift, 1. . . . . . . . . . . . . . . . . . . . 40

Table 3.2. AFA-DFA representation shift, 2. . . . . . . . . . . . . . . . . . . . 41

Table 3.3. AFA-DFA representation shift, 3. . . . . . . . . . . . . . . . . . . . 41



x

LIST OF SYMBOLS

P(Q) Power set of Q

qi ith state

Q Set of states

Q Set of rationals

R Set of real numbers

Z Set of integers

δ Transition function

Σ Alphabet

Σ∗ The set of all strings written by the symbols in Σ



xi

LIST OF ACRONYMS/ABBREVIATIONS

2AFA 2-way alternating finite automata

2DFA 2-way deterministic finite automata

2NFA 2-way nondeterministic finite automata

2PFA 2-way probabilistic finite automata

2QFA 2-way quantum finite automata

AFA Alternating finite automata

CDNF Canonical disjunctive normal form

CDNF S Set of all possible CDNFs that can be generated from a set S

of variables

CNF Conjunctive normal form

CUFPF Compact unary finite periodic form

DFA Deterministic finite automata

DNF Disjunctive normal form

gcd greatest common divisor

lcm least common multiple

max maximum

min minimum

NFA Nondeterministic finite automata

OQFA Orthogonal quantum finite automata

pDFA Partial deterministic finite automata

PFA Probabilistic finite automata

QFA Quantum finite automata

UFPF Unary finite periodic form



1

1. INTRODUCTION

In automata theory, a finite automaton, or finite state automaton, is an abstract,

mathematical model of computation which also has roles in several applied areas of

computer science. The most basic version of finite state automata is called “deter-

ministic finite automaton”, or shortly DFA, and it can be considered as the heart of

automata theory. Throughout the years, other than DFA, different versions of finite

state automata are proposed by various scientists by analyzing different notions’ re-

lation to computation, such as nondeterminism, probability, and quantum, and the

important question that how they are related to each other, and how they are related

to formal languages, has been a subject of intensive research [1–14].

The main focus of concept in this work, namely “succinctness”, is a characteristic

of speech, writing, and thought in general that shows both clarity and brevity. For

example, consider two languages L1 and L2. L1 is the language of words such that

length of any word is a multiple of 10. L2 is the language of words such that length of

any word is either a multiple of 10 or a multiple of 20. One can easily see that both

languages are equal, yet L1’s description is much simpler or much succinct than L2’s

description, so we naturally prefer the former when we talk about them.

In the context of descriptional complexity of finite state automata, we mention

succinctness as a property of automata, and it is related to the following question:

“Given a regular language, at least how many states a given type of automaton needs

in order to recognize it?”

In addition to that, computer scientists are greatly interested in the relative suc-

cinctness property of different kinds of finite automata, and that is related to the fol-

lowing questions: “Can an X-type finite automaton perform statewise better than (i.e.

with fewer states) Y-type finite automaton when recognizing a particular language?

For which families of languages X-type performs best against Y-type?”
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To solve these questions, much effort has been put, and in this body of work, we

want to analyze the solutions given for them and further contribute when it is possible.

After this introduction chapter, we give preliminary information about the main

topics we discuss in Chapter 2. This part mainly consists of definitions and basic

theorems that will be useful throughout this particular work. In Chapter 3, we study

the topic of simulating various finite automata (e.g. nondeterministic finite automata,

probabilistic finite automata) by DFA. For various kinds of automata, we give thorough

answers to two important questions here:

• To simulate an X-type finite automaton, or XFA, at most how many states a

DFA needs?

• Does there exist a regular language that to simulate the deciding XFA, a DFA

needs at least as many states as a DFA needs at most for a general simulation?

In Chapter 4, we study three interesting families of unary and binary regular languages.

For every finite automaton type that we use throughout this work, we provide the min-

imal automata (i.e. minimal in the sense of the number of states used) that decide

those families of languages and prove why and how they do that. When we cannot

provide such a strong argument, we try to show if some automaton type can be state-

wise advantageous against another types of automata, especially against DFA, when

deciding a particular family of languages. After this part, in Chapter 5, we provide

a descriptive form called Unary Finite Periodic Form, or shortly UFPF, to efficiently

describe regular languages over unary alphabets (i.e. alphabets consisting of one sym-

bol). Moreover, we analyze closure properties of URLs and we introduce algorithms to

show the efficient realization of closure properties of UFPF. Finally, we conclude our

study with open problems and future work in the sixth chapter.
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2. PRELIMINARIES

In this part, we state the basic concepts that will be useful in the following chap-

ters. We begin with definitions of words, languages and various automata. Definitions

and theorems are largely cited from Michael Sipser’s well-known book “Introduction

to the Theory of Computation” [15] and Christos Kapoutsis’ PhD thesis “Algorithms

and lower bounds for finite automata size complexity” [16], unless stated otherwise.

Definition 2.1. An alphabet Σ is a finite set of symbols or letters.

Definition 2.2. A word w over alphabet Σ is a finite sequence of zero or more symbols

of Σ. Σ∗ denotes the set of all words over A. The empty word is denoted as ε.

Definition 2.3. The extended word we of w over Σ is written as we = $w# where

$,# /∈ Σ.

Definition 2.4. The length of w is a non-negative integer denoted by |w| such that if

w = ε, then |w| = 0, else for w = w1w2...wk, where wis are letters, |w| = k.

Definition 2.5. f is a factor of w if there exists λ, µ such that w = λfµ. p is a prefix

of w if there exists µ such that w = pµ. s is a suffix of w if there exists λ such that

w = λs.

Definition 2.6. A language L over alphabet Σ is a set of words w where every w ∈ Σ∗.

L can be finite or infinite.

Definition 2.7. For a word w = w1w2...wk, where wis are letters, the reverse of w is

wR = wk...w2w1, the word w in reverse order. For a language L, the reverse of L is

LR = {wR | w ∈ L}.

Definition 2.8. A deterministic finite automaton, or DFA, is a 5-tuple (Q,Σ, δ, q0, F ),

where

(i) Q is a finite set called the states,

(ii) Σ is a finite set called the alphabet,



4

(iii) δ : Q× Σ→ Q is the transition function,

(iv) q0 ∈ Q is the start state, and

(v) F ⊆ Q is a set called the accepting (final) states.

It is inferred that F ′ = Q − F is the set of rejecting states. Also, the transition

function of DFA is complete, meaning that there is one transition for each state and

input symbol pair.

Visually speaking, the states and transition function of DFA can be represented as

directed graphs where states are vertices and transitions are directed edges or arrows.

In the following chapters, we will use these more visualizable concepts in other types

of automata as well.

Definition 2.9. A partial DFA, shortly pDFA, is a DFA that has a partial transition

function, meaning that there is at most one transition for each state and input symbol

pair. A pDFA halts and rejects on an undefined transition.

Definition 2.10. The computation c of DFA D on word w is the unique sequence of

states c = r0, r1, ..., rk such that

(i) ri ∈ Q for i = 0, ..., k,

(ii) r0 = q0 (the start state),

(iii) δ(ri, wi+1) = ri+1 for i = 0, 1, ..., k − 1,

where w = w1w2...wk (w is composed of k symbols). c is an accepting computation if

rk ∈ F .

Definition 2.11. A DFA D accepts a word w if its computation on w is an accepting

computation.

Definition 2.12. A DFA D decides (recognizes) language L if L = {w | D accepts w}.

Definition 2.13. A language is called a regular language if some DFA recognizes it.
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Definition 2.14. For an alphabet A, let L ⊆ A∗, the right-equivalence relation ≡L
generated by L is defined as follows. For x, y ∈ A∗, x ≡L y, which means x is pairwise

equivalent to y by L, if and only if for all z ∈ A∗ we have xz ∈ A∗ if and only if yz ∈ A∗.

Theorem 2.1. Given a language L, if the number of equivalence classes generated by

≡L is finite and equals to n, then there exists a DFA with n states that decides L [1].

Definition 2.15. Let L1 and L2 be languages. The regular operations are defined as

follows:

• Union: L1 ∪ L2 = {w | w ∈ L1 or w ∈ L2}.

• Concatenation: L1 ◦ L2 = {uv | u ∈ L1 and v ∈ L2}.

• Star: L∗1 = {w1w2...wk | k ≥ 0 and each wi ∈ L1}.

Definition 2.16. Let L1 and L2 be languages. The boolean operations are defined as

follows:

• Union: L1 ∪ L2 = {w | w ∈ L1 or w ∈ L2}.

• Intersection: L1 ∩ L2 = {w | w ∈ L1 and w ∈ L2}.

• Complement: L̄1 = Σ∗ \ L1.

Theorem 2.2. The class of regular languages are closed under the union, intersection,

complement, concatenation, and star operations.

Definition 2.17. A nondeterministic finite automaton, shortly NFA, is a 5-tuple

(Q,Σε, δ, q0, F ), where

(i) Q is the set of states,

(ii) Σε is the alphabet,

(iii) δ : Q× Σε → P(Q) is the transition function,

(iv) q0 ∈ Q is the start state, and

(v) F ⊆ Q is the accepting states,

where Σε = Σ∪{ε} and P(Q) denotes the power set of Q. Here, the transition function

of NFA is complete.
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Definition 2.18. A computation c of NFA N on word w is a sequence of states c =

r0, r1, ..., rk such that

(i) ri ∈ Q for i = 0, ..., k,

(ii) r0 = q0,

(iii) ri+1 ∈ δ(ri, wi+1) for i = 0, ..., k − 1

where w = w1w2...wk (w is composed of k symbols). A computation c = r0, r1, ..., rk

is an accepting computation if rk ∈ F . One should be careful that in the DFA case

there is only one computation on w but in the NFA case there may exist more than

one computation on w.

Definition 2.19. A NFA N accepts a word w if at least one computation on w is an

accepting computation.

Definition 2.20. A 2-way deterministic finite automaton, shortly denoted as 2DFA,

is a 5-tuple (Q,Σ{$,#}, δ, q0, qf ), where

(i) Q is the set of states,

(ii) Σ{$,#} is the alphabet,

(iii) δ : Q× Σ{$,#} → Q× {l, r} is the transition function,

(iv) q0 ∈ Q is the start state, and

(v) qf ∈ Q is the accepting state,

where Σ{$,#} = Σ ∪ {$,#} and the symbols $, #, l, and r denote the left endmarker,

right endmarker, left move, and right move, respectively. The transition function of

2DFA is partial.

Here, the working principle of 2DFA is slightly different than that of DFA. We

can think the transition function of DFA as an instruction set to move DFA’s “head”,

which enables DFA to read the input word w character by character, to “right” (the

only possible direction for DFA) and change its current state accordingly. For 2DFA,

the transition function is there to move 2DFA’s head, which enables 2DFA to read the
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extended input word we = $w# character by character, to “right” or “left” and change

its current state. As a result, 2DFA can take many more steps than the length of the

input to accept/reject it. Also, δ obeys some additional rules: On the left endmarker

it either moves its head to the right or hangs (stops on some non-accepting state) and

on the right endmarker it either moves the head to the left, hangs, or moves the head

to the right and enters qf . We will use this “head” concept in other 2-way automata

descriptions.

Definition 2.21. The m-step computation c of 2DFA D when started at state q on the

ith symbol of w, or shortly COMPD,q,i(w,m), is the unique sequence of state-position

pairs c = (r0, i0), (r1, i1), ..., (rm, im) such that

(i) rj ∈ Q for j = 0, ...,m,

(ii) ij ∈ {1, 2, ..., |w|} for j = 0, ...,m,

(iii) (r0, i0) = (q, i),

(iv) δ(rj, σ) = (rj+1, d) for j = 0, ...,m − 1 and ((d = l ∧ ij+1 = ij − 1) ∨ (d =

r ∧ ij+1 = ij + 1)),

where w = w1w2...wk. COMPD,q,i(w,m) can be shortened to COMPD,q,i(w) if the

number of steps taken m is not important. COMPD,q0,1($w#) is called a natural

computation. A natural computation is accepting if (rm, im) = (qf , |$w#|+ 1).

Definition 2.22. A 2DFA accepts a word w if the natural computation on $w# is

accepting.

Definition 2.23. A 2-way nondeterministic finite automaton, or shortly 2NFA, is a

5-tuple (Q,Σ{$,#}, δ, q0, qf ), where

(i) Q is the finite set of states,

(ii) Σ{$,#} is the finite alphabet,

(iii) δ : Q× Σ{$,#} → P(Q× {l, r}) is the transition function,

(iv) q0 ∈ Q is the start state, and

(v) qf ∈ Q is the accepting state,
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where Σ{$,#} = Σ∪{$,#} and $, #, l, and r denote the left endmarker, right endmarker,

left move, and right move respectively. The transition function of 2NFA is complete.

Definition 2.24. An m-step computation c of 2NFA N when started at state q on

the ith symbol of w, or shortly COMPN,q,i(w,m), is a sequence of state-position pairs

c = (r0, i0), (r1, i1), ..., (rm, im) such that

(i) rj ∈ Q for j = 0, ...,m,

(ii) ij ∈ {1, 2, ..., |w|} for j = 0, ...,m,

(iii) (r0, i0) = (q, i),

(iv) δ(rj, σ) ⊇ {(rj+1, d)} for j = 0, ...,m − 1 and ((d = l and ij+1 = ij − 1) or (d =

r and ij+1 = ij + 1)),

where w = w1w2...wk. COMPD,q,i(w,m) can be shortened to COMPD,q,i(w) if the

number of steps taken m is not important. COMPN,q0,1($w#) is called a natural com-

putation. A natural computation is accepting if (rm, im) = (qf , |$w#|+1). Clearly, the

definitions are very similar to those of 2DFA, the only difference is that a computation

may not be unique in 2NFA case (as is in the NFA-DFA comparison).

Definition 2.25. A 2NFA accepts a word w if at least one natural computation on

$w# is accepting.

In the literature, the concept of “alternating finite automata” is defined differently

by various authors in [4–7, 17, 18]. For this kind of automaton, we will mainly use the

following definition which is very similar to the one in Brzozowski and Leiss’ paper “On

equations for regular languages, finite automata, and sequential networks” (1980) [6].

Definition 2.26. A truth table is a mathematical table to compute the functional

values of logical expressions on each of their functional arguments, that is, on each

combination of values taken by their logical variables [19].

Definition 2.27. A formula of n boolean variables x1, ..., xn is in disjunctive normal

form, shortly DNF, if it is a disjunction of 0 or more clauses, where a clause consists

of a conjunction of those variables (i.e. xi) or their complement variables (i.e. x̄i). A
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canonical disjunctive normal form, shortly CDNF, is a DNF that obeys the following

rules:

(i) Every clause is a conjunction of n components.

(ii) In a clause, either some variable xi or its complement x̄i appears only once.

The set of all possible different CDNFs that can be generated from the set S of n

variables is called the all-CDNF set of S, shortly shown as CDNF S. One can see that

for any set S, 1 ∈ CDNF S and 0 ∈ CDNF S (i.e. “tautology” and “contradiction”,

respectively). Additionally, one may want to note that we only say “a CDNF” instead

of “a formula in CDNF” (as an abbreviation).

Definition 2.28. An alternating finite automaton is a 5-tuple (Q,Σ, δ, f0, F ), where

(i) Q is the set of states,

(ii) Σ is the finite alphabet,

(iii) δ : Q× Σ→ CDNFQ is the transition function,

(iv) f0 ∈ CDNFQ is the starting formula, and

(v) F ⊆ Q is the set of final states,

where CDNFQ is the all-CDNF set of Q. Q is also regarded as a set of n boolean

variables where each state-variable is associated with the value 1 if it is a final state

(i.e. “true”) or 0 (i.e. “false”) if it is not a final state. δ gives a propositional formula

in CDNFQ for each state-symbol pair. Alternating finite automata are shortly called

as AFA.

Here, it is implicitly given that for Q = {q1, q2, ..., qp}, Q̄ = {q̄1, q̄2, ..., q̄p}. Fur-

thermore, for every q ∈ Q such that δ(q, a) = f , δ(q̄, a) = f̄ . Now, we give an extended

version of the transition function δ of AFA:

Definition 2.29. Given an AFA (Q,Σ, δ, f0, F ) and |Q| = p, there is an extended

version of δ, named as δe such that for any f ∈ CDNFQ given as f = (v1
1 ∧ ... ∧ v1

p) ∨
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(v2
1 ∧ ... ∧ v2

p) ∨ ... ∨ (vk1 ∧ ... ∧ vkp):

δe(f, a) = (δ(v1
1, a)∧ ...∧δ(v1

p, a))∨ (δ(v2
1, a)∧ ...∧δ(v2

p, a))∨ ...∨ (δ(vk1 , a)∧ ...∧δ(vkp , a))

where vji ∈ Q or vji ∈ Q̄ for 1 ≤ i ≤ p and 1 ≤ j ≤ k, for some given symbol a. Surely,

there is a CDNF that is equivalent to δe(f, a) and it can be calculated from δe(f, a) by

using logical equivalences.

As the input is read, the automaton builds a propositional formula in CDNF, and

on reading some symbol a, replaces every q in the current formula by δ(q, a) (as defined

just above in the definition of δe), and shorten the formula into CDNF. An AFA A

accepts a word w if the final formula evaluates 1 (i.e. true) when 1 is substituted for

every q ∈ F in the final formula and 0 (i.e. false) is substituted for every q /∈ F in the

final formula.

Now we define “2-way alternating finite automata” concept. We will not use the

definitions given in [5] or [13], instead we will use a 2-way and modified version of the

definition 2.28.

Definition 2.30. A 2-way alternating finite automaton is a 5-tuple (Q,Σ{$,#}, δ, f0, F ),

where

(i) Q is the finite set of states,

(ii) Σ{$,#} is the finite alphabet,

(iii) δ : Q× Σ{$,#} → CDNFQ × {l, r} is the transition function,

(iv) f0 ∈ CDNFQ is the starting formula, and

(v) F ⊆ Q is the set of final states,

where Σ{$,#} = Σ ∪ {$,#} and $,#, l, r respectively denote the left endmarker, right

endmarker, left move, and right move, and CDNFQ is the all-CDNF set of Q. Similar

to the AFA definition, Q is also regarded as a set of n boolean variables where each

state-variable is associated with the value 1 if it is a final state (i.e. “true”) or 0 (i.e.
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“false”) if it is not a final state. δ gives a propositional formula in CDNFQ and a left

or right move for each state-symbol pair. 2-way alternating finite automata are shortly

called as 2AFA.

Here, it is implicitly given that for Q = {q1, q2, ..., qp}, Q̄ = {q̄1, q̄2, ..., q̄p}. Fur-

thermore, for some q ∈ Q such that δ(q, a) = (f, d), δ(q̄, a) = (f̄ , d).

Definition 2.31. Say a 2AFA (Q,Σ{$,#}, δ, f0, F ), a word w = w1w2...wr, and n = |Q|

is given where all such wi ∈ Σ. An m-step computation tree of 2AFA D when started

at CDNF formula h on the pth symbol of w, or shortly COMPD,h,p(w,m), is a tree of

nodes such that

(i) Every node is a CDNF-position pair.

(ii) The root node is the starting node (h, p).

(iii) A node (f, x) is called terminal if x = |w|+ 1 or x = 0.

(iv) Every non-terminal node has n child nodes, defined by the following:

Say (f, x) is a node such that f = (f 1
1 ∧ ...∧f 1

n)∨ (f 2
1 ∧ ...∧f 2

n)∨ ...∨ (fk1 ∧ ...∧fkn)

where f ji ∈ Q or f ji ∈ Q̄ for 1 ≤ i ≤ p and 1 ≤ j ≤ k. (f, x) has n child nodes

(gli, y
l
i) for 1 ≤ i ≤ n such that:

Take a conjunction inside f , say (f l1 ∧ ... ∧ f ln) for some fixed l ≤ k. For every

i ≤ n, if δ(f li , wx) = (g, d), then gli = g and yli = x + 1 if d = r, or yli = x − 1 if

d = l, where wx denotes the symbol on the xth position of w.

One can see that every non-terminal node (f, x) in this form can have k different

sets of n child nodes.

(v) The depth of COMPD,h,i(w,m) is m.

If the number of steps taken m is not important, then COMPD,h,i(w,m) can be

shortened to COMPD,h,i(w). For a given computation tree T that has the root node

(f, x), a computation subtree T ′ of T is a computation tree that has a child of (f, x)

as its root node and all of its descendants in T . COMPD,f0,1($w#) is called a natural

computation tree. A natural computation tree T is accepting if:
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• Every computation subtree of T is also accepting.

• If a computation subtree T ′ is T ′ = (g, |$w#| + 1) and f evaluates 1 (i.e. true)

when 1 is substituted for every q ∈ F in g and 0 (i.e. false) is substituted for

every q /∈ F in g, then T ′ is accepting.

Definition 2.32. A 2AFA accepts a word w if a natural computation tree on $w# is

accepting.

Now we define probabilistic finite automata concept. We use a slightly modified

version of the definitions given in Rabin’s well-known paper “Probabilistic Automata”

(1963) [3].

Definition 2.33. A probabilistic finite automaton is a 5-tuple (Q,Σ,M, qs, F ), where

(i) Q = {q1, ...qn} is the set of states,

(ii) Σ is the alphabet,

(iii) M = {Mσ | σ ∈ Σ} is a finite collection of |Q| × |Q|-dimensional matrices Mσ

called the transition probabilities matrices (tables),

(iv) q1 ∈ Q is the start state, and

(v) F ⊆ Q is the set of accepting states.

Here, an entry Mσ[i, j] in Mσ (i.e. entry in the ith row and jth column of Mσ) is

called the transition probability from state qj to qi on symbol σ. Transition probabilities

are real numbers in [0, 1]. Every Mσ is a column stochastic matrix which means that

for every column, entries in a column adds up to 1. In other words, we can say that

for any column j of Mσ:

0 ≤Mσ[i, j] ≤ 1,
n∑
i=1

Mσ[i, j] = 1 (2.1)

A PFA P reads as follows: Given some word w, P starts its computation in the

starting state. When in state qj, if it reads a symbol σ, it goes into the state qi with

probability Mσ[i, j]. At the end of its computation, P is in the state qi with some
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probability pi. For qi ∈ F , such pi are summed to find the acceptance probability of w

by P .

Last but not least, a PFA does not always have to start with only one starting

state. For example, it can start on some state qi with probability pi, where the sum

of all such pi should add up to 1. For the sake of simplicity, we generally say that it

starts on the starting state q1 with probability 1.

Probabilistic finite automata are shortly called as PFA.

Definition 2.34. Suppose some word w = w1w2...wr where |w| = r is given and every

wi is a symbol where 1 ≤ i ≤ r. The computation ρw of PFA P on word w is the n×1-

dimensional matrix resulted after reading w and recursively defined as the following

matrix product:

ρuwj = Mwjρu (2.2)

where u = w1...wj−1 and ρε is the starting probability distribution and conventionally,

ρε = (1 0 ... 0)T (i.e. at the beginning, we are in the starting state with probability

1). ρw[l] (i.e. the lth entry of ρw) denotes the probability of P being in state ql after

reading w. ρw is also called as the final probability distribution vector of w.

Definition 2.35. A PFA P accepts a word w with probability p(w) =
∑
qi∈F

ρw[i] where

F and ρw[i] respectively denote the set of final states of P and ith entry of ρw.

Definition 2.36. A language L is recognized by a bounded-error PFA with error bound

ε where 0 ≤ ε < 0.5 if p(w) ≥ 1− ε for any w ∈ L and p(w) ≤ ε for any w /∈ L.

Bounded-error PFA are equivalent to DFA in language recognition power, a fea-

ture which we will prove later. Now, we define the concept of quantum finite automata,

shortly QFA. Throughout the years, many different QFA definitions have been proposed

(a list can be seen in [14]). We will use the most generalized version of these QFA,

mostly utilizing the definitions given in [14] and [20].
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Definition 2.37. A quantum finite automaton is a 5-tuple (Q,Σ, {εσ}σ∈Σ, q1, F ), where

(i) Q = {q1, q2, ..., qn} is the set of states,

(ii) Σ is the alphabet,

(iii) {εσ}σ∈Σ is a finite collection of |Q|m × |Q|-dimensional matrices (i.e. rectan-

gles) called superoperators, each of which are composed of |Q| × |Q|-dimensional

matrices called the operators {Eσ,i | 1 < i < m} for a positive integer m,

(iv) q1 ∈ Q is the start state, and

(v) F ⊆ Q is the accepting states.

There exists three rules for numbers in those superoperators {εσ}σ∈Σ

(i) All entries of a superoperator are real numbers in the interval [−1, 1],

(ii) Euclidean norm of each column of a superoperator should be equal to 1, and

(iii) Every pair of different columns should be orthogonal to each other.

If m = 1, then superoperators become orthogonal matrices with dimensions of

|Q| × |Q|. In the literature, any entry α of a superoperator can be a complex number

such that |α| ≤ 1. To keep our model simple, we will use real numbers instead of

complex numbers.

Definition 2.38. Suppose some word w = w1w2...wr where |w| = r is given and every

wi is a symbol where 1 ≤ i ≤ r. The computation ρw of QFA P on word w is a matrix

of size |Q| × |Q| resulted after reading w and recursively defined as

ρuwj =
∑
i

Ewj ,iρuE
†
wj ,i

(2.3)

where u = w1...wj−1 and ρε is the starting quantum distribution matrix and conven-

tionally, a |Q| × |Q|-dimensional single-entry matrix in which the entry in the first

column and first row is 1. E† denotes the transpose of E. ρw is also called as the final

quantum distribution matrix of w.
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Definition 2.39. A QFA P accepts some word w with probability p(w) =
∑
qi∈F

ρw[i][i]

where F and ρw[i][i] respectively denote the set of final states of P and the entry in

the ith row and ith column of ρw.

In the literature, the matrices ρw are called the density matrices, ρε being the

initial density matrix. There are two important properties of density matrices:

(i) Numbers on the diagonal of a density matrix are always real numbers (even if we

choose our superoperators to have complex numbers instead of real numbers),

(ii) ith diagonal entry di,i of a density matrix represents the probability of being in

state qi,

(iii) Sum of the diagonal elements (i.e. the trace) of a density matrix is 1.

Using density matrices with superoperators as defined above, this representation

can be regarded as a way of “mathematizing” how quantum finite automata behave

(i.e. the finite automata that work with principles governed by quantum mechanics).

By that, we can represent the superposition of states (i.e. the circumstance of being

in more than one state at the same time) and the state transitions that happen in the

quantum world in a simple way.

A QFA P reads a word as follows: Given a word w = w1w2...wr, P starts its

computation as the given matrix ρε which is a way of saying that it starts on the

starting state. In the jth step, as P “reads” some symbol wj, which can be represented

as performing a series of matrix operations on the previous computed matrix ρu (u =

w1...wj−1) with Ewj ,i and its conjugate transpose, for all possible such Ewj ,i. At the

end, it accepts w with the probability p(w) =
∑
qi∈F

ρw[i][i] which is a way of saying that

the computation ends on the final states with a total probability of p(w).

As one can see, we try to define QFA as simple and mathematized as possible, as

a type of one-way machine being capable of doing operations that can be represented

as certain forms of matrix operations. Later, we will explain more about QFA. For
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more information about how quantum states behave physically in a working QFA, one

can see [14] and [20].

Definition 2.40. A language L is recognized by a bounded-error QFA with error bound

ε where 0 ≤ ε < 0.5 if p(w) ≥ 1− ε for w ∈ L and p(w) ≤ ε for w /∈ L.

Bounded-error QFA are equivalent to DFA in language recognition power, a fea-

ture which we will prove later. Readers may be curious about whether there exists

2-way probabilistic finite automata and 2-way quantum finite automata, shortly 2PFA

and 2QFA, and the answer is of course “yes”. 2PFA and 2QFA are powerful in terms of

language recognition power and they recognize languages other than regular, even with

bounded-error. For more information, one may want to see the papers [14] and [21].

Here are the other important definitions.

Definition 2.41. The state complexity of a regular language is the number of states of

the minimal DFA that recognizes it. Operational state complexity is the study of the

state complexity of operations over languages [22].

Definition 2.42. A DFA (or 2DFA, NFA, 2NFA, AFA, 2AFA, PFA, QFA) M is said

to be minimal if there does not exist another DFA (resp. 2DFA, NFA, 2NFA, AFA,

2AFA, PFA, QFA) recognizing the same language that M recognizes with fewer number

of states.

Definition 2.43. Let f and g be two functions defined on some subset of the real

numbers. One writes f(x) = O(g(x)) where x → ∞ if and only if there is a positive

real number M and a real number x0 such that |f(x)| ≤M |g(x)| for all x ≥ x0.

Definition 2.44. Given m numbers {x1, x2, ..., xm}, when we say max(x1, x2, ..., xm)

and min(x1, x2, ..., xm), we mean the maximum (or biggest) and minimum (or smallest)

of all those m numbers, respectively.

Definition 2.45. The least common multiple of m numbers {x1, x2, ..., xm}, denoted

by lcm(x1, x2, ..., xm), is the smallest positive integer that is divisible by all those m

numbers. Given two n-bit numbers x1 and x2, computing lcm(x1, x2) costs O(n2) steps

of bitwise operations by using well known Euclidean algorithm.
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Definition 2.46. The greatest common divisor of m numbers {x1, x2, ..., xm}, denoted

by gcd(x1, x2, ..., xm), is the biggest positive integer that divides all those m numbers.

Given two n-bit numbers x1 and x2, computing gcd(x1, x2) costs O(n2) steps of bitwise

operations by using well known Euclidean algorithm.
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3. SIMULATION OF FINITE AUTOMATA BY DFA

It is widely known that DFA are equivalent to other finite automata, namely NFA,

AFA, 2DFA, 2NFA, 2AFA, bounded-error PFA, and bounded-error QFA in language

recognition power. However, generally, a DFA needs much more states to recognize

a regular language than its counterparts do. In this part, we will provide a thorough

analysis on simulating a given type of finite automata by DFA, or pDFA when it is

more suitable. We will explain the simulation methods, and the upper bounds and

lower bounds for such conversions. An upper bound is generally described with an

argument similar to the following one:

“Every X-type finite automaton with n states has an equivalent DFA with at

most F (n) states where F (n) is a function of n.”

Similarly, a lower bound is generally described with an argument similar to the

following one:

“Some X-type finite automaton with n states has an equivalent DFA with at least

G(n) states where G(n) is a function of n.”

Apart from those, while simulating an X-type finite automaton by DFA, we

preemptively ask two questions:

(i) What is the relation between the states of X type finite automaton and those of

DFA?

(ii) How to build the transition function of DFA using that of X type?

We will use these guiding questions in our conversions. Now, we begin with

simulation of NFA by DFA.
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3.1. Simulation of NFA by DFA

For NFA to DFA conversion, the answers to our questions are relatively simple

and the proofs are shown before [1], [15]:

(i) The correct mathematical object to relate the states of NFA to those of DFA is

the “power set”. Meaning, the power set of states of an NFA should be the set

of states of the equivalent DFA.

(ii) For some symbol a of NFA’s alphabet, take a subset T of NFA’s states and group

all the states that T ’s outgoing arrows reach on a. Repeat this for all subsets.

Now, we formally prove the following theorem:

Theorem 3.1. Every NFA with n states has an equivalent DFA with at most 2n

states [15].

Proof. Let NFA N = (Q,Σε, δ, q0, F ) where the size of Q is |Q| = n. The equivalent

DFA DN = (Q′,Σ′, δ′, q′0, F
′) where

• Q′ = P(Q) is the power set of Q,

• Σ′ = Σε \ {ε}

• δ′(q′, a) = {q ∈ Q | q ∈ E(δ(r, a)) for some r ⊆ q′},

• q′0 = E({q0}),

• F ′ = {R ∈ Q′ | R has an accept state of N}.

where E(R) = {q | q can be reached from R by using 0 or more ε arrows} for R ⊆ Q.

Now, we now explain more about δ′. For q′ ∈ Q′ and a ∈ Σ, take our δ′(q′, a)

where q′ is both a state of DN and a set of states of N . For DN to read the symbol a

while on state q′, δ′ actually shows the rules where a takes q′ to. Considering N , every

state r ∈ q′ may go to a set of states δ(r, a) and we include the states that can be

reachable from δ(r, a) by only ε arrows, forming E(δ(r, a)). Thus, we take the union
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of all these sets to construct δ′:

δ′(q′, a) =
⋃
r∈q′

E(δ(r, a)) (3.1)

This ends the construction of the DFA DN from the NFA N . Clearly, DN is equivalent

to N and DN has 2n states.

2n is the upper bound for conversion of NFA into DFA. Now, we will show the

lower bound:

Theorem 3.2. Some NFA with n + 1 states has an equivalent DFA with at least 2n

states.

Proof. The language we will give is the same as Sipser’s [15]. Let Cn be the language

of binary strings that has “0” as its nth bit from the end. The NFA NCn recognizing

this language needs n+ 1 states and NCn = ({q0, ..., qn}, {0, 1}ε, δ, q0, {qn}) where

• δ(qi, 0) = qi+1 for 0 ≤ i ≤ n− 1

• δ(qi, 1) = qi+1 for 1 ≤ i ≤ n− 1

• δ(q0, 0) = δ(q0, 1) = q0

Now, we will prove that any DFA DCn cannot recognize Cn with fewer than 2n

states.

Say a DFA, DCn , recognizes Cn with m < 2n states. We take two different strings

w1 and w2, both of length n. Let qa and qb be the states DCn stops at after reading w1

and w2, respectively. Since there are 2n different strings of length n and m < 2n, by

the Pigeonhole Principle, for some w1-w2 pair, qa = qb. Say w1 and w2 differs at the

jth bit. Then, DCn reach at the same state when it reads w′1 = w10j−1 or w′2 = w20j−1,

but DCn should accept one and reject the other. Hence, there is a contradiction, and

we can conclude that a DFA needs at least 2n states to recognize Cn.
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3.2. Simulation of 2DFA by pDFA

Simulation of 2DFA by DFA or pDFA has been analyzed a number of times

before, and various upper bounds, which are very close to each other (and bounded

by O(nn)), are introduced by different authors [2], [8], [16]. We will first prove the

latest upper bound for the conversion of 2DFA to pDFA (i.e. [16]). Then, we will prove

the lower bound for this simulation (i.e. [16]) and conclude that the lower bound also

matches the upper bound.

Theorem 3.3. Every n-state 2DFA has an equivalent n(nn − (n− 1)n)-state pDFA.

Proof. Kapoutsis answers our questions of concern: The mathematical object to relate

2DFA and pDFA with the least amount of information needed is “tables of 2DFA”

(which we will describe below) and one can build the transition function of the simu-

lating pDFA if one can compute a table from another. To formally prove, we will start

with the description of tables:

Definition 3.1. Suppose the computation of w on 2DFA D when started at the start-

ing state s on the first symbol of w, shortly denoted by COMPD,s,1(w), hits right into

some state pw. Define the table of D on w to be the function

TABLED(w) = τ : Q ∪ ⊥ → Q (3.2)

that satisfies τ(⊥) = pw and for all q ∈ Q

• τ(q) = p if COMPD,q,|w|(w) hits right into p,

• τ(q) = pw if COMPD,q,|w|(w) hits left, loops, or hangs.

Here are the important points about tables:

• Tables are only defined if COMPD,s,1(w) hits right into some state, meaning

that w is promising to be accepted (i.e. does not hang, loop, or hit left). Since
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our acceptance condition of a string is, simply, “hitting right into the accepting

state”, it is thought as unnecessary to keep additional information about the

computation of words that cannot hit right.

• One can quickly observe that there can be at most nn+1 different tables. The

finiteness of this number leads us to the fact that for a chosen 2DFA, two different

words can have the same table, analogous to the fact that, for a chosen pDFA,

the computation of two different words can stop at the same state.

• Since τ(q) = pw for some q, we do not know if this is because COMPD,q,|w|(w)

does not hit the rightmost boundary, or because it hits it into pw, and one can

say there occurs a slightly dangerous ambiguity. However, we will go with this

definition, and show how it comes useful while introducing Kapoutsis’ algorithm

for computing tables.

• A table of D on w describes the aforementioned 1 + |Q| computations which

are regarded as the vital computations. Why do we call these computations

COMPD,s,1(w) and COMPD,q,|w|(w) for all q ∈ Q vital? First of all, the first

table entry (i.e. the one about COMPD,s,1(w)) represents the small packet of

information about the (natural) computation of w and in which state it finally

hits right. Secondly, the remaining entries represent another big packet of crucial

information: How to compute a table from another one in a relatively easy man-

ner. Say for 2DFA D, the table function τ for some word w is defined and we

want to calculate the table function τ ′ for wa where a is a symbol of our alphabet.

Since we know τ(⊥), we know the state that D hits right on w, and we can find

τ ′(⊥) with a short procedure:

(i) Make temporary state t = τ(⊥).

(ii) If δ(t, a) is not defined (meaning that the computation of wa hangs), then

τ ′ is not defined also. Fail.

(iii) Else if δ(t, a) = (q′, r) for some q′ ∈ Q, then return the result τ ′(⊥) = q′.

(iv) Else if δ(t, a) = (q′, l), then look which state τ(q′) points. Go to the next

step.

(v) If τ(q′) = τ(⊥) (meaning that the computation of wa goes in a loop, hangs,

or hits left because of the behaviour of w), then τ ′ is not defined. Fail.
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(vi) Else if τ(q′) = t′ 6= τ(⊥) and t′ is not seen before in the progress of the

procedure, then make t = t′ and go to step 2. Else, fail.

With a similar procedure, we can also find τ ′(q) for all q ∈ Q:

(i) Make temporary state t = q.

(ii) If δ(t, a) is not defined, then τ ′(t) = τ ′(⊥).

(iii) Else if δ(t, a) = (q′, r) for some q′ ∈ Q, then return the result τ ′(t) = q′.

(iv) Else if δ(t, a) = (q′, l), then look which state τ(q′) points. Go to the next

step.

(v) If τ(q′) = τ(⊥) (meaning that the computation of wa goes in a loop, hangs,

or hits left because of the behaviour of w), then return τ ′(t) = τ ′(⊥).

(vi) Else if τ(q′) = t′ 6= τ(⊥) and t′ is not seen before in the progress of the

procedure, then make t = t′ and go to step 2. Else, τ ′(t) = τ ′(⊥).

Here, we can see the perfect use of this ambiguously-defined table notion, we use

it to achieve both our targets: Computing a table from another efficiently and

reducing cost of simulation of 2DFA by pDFA in the size of the table function.

• On the empty string, we define $ as the constant function in which every entry

shows the starting state s since COMPD,s,1(ε) = s (or more generally, since it is

defined that COMPD,q,1(u) hits right into q and COMPD,q,|u|(u) hits left into q

for u = ε).

• On the accepting strings, we define % as the constant function in which every

entry shows the final state f because if TABLED($u#) is defined on an end-

marked u, then COMPD,s,1($u#) = f (i.e. because of the endmarkers violation

rules, a natural computation can hit right into f only).

As Kapoutsis states, we can also define tables for 2DFA, not only for 2DFA-word

pairs. It is motivated by the following observation: Suppose the table function τ for w

is defined and τ(⊥) = q. This means that for some q′, τ(q′) = q and COMPD,q,|w|(w)

is a suffix of COMPD,s,1(w). This gives a useful insight: τ(⊥) ∈ τ [Q], that is τ(⊥) is

equal to a value assigned by τ for some state element of Q (we will use this property

later in the lower bound proof for simulation of 2DFA by DFA). Thus, we will define

tables of 2DFA as following:
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Definition 3.2. Table T of D is any τ : Q ∪ ⊥ → Q such that τ(⊥) ∈ τ [Q].

One should remember that tables of 2DFA and tables of 2DFA on some word w

are slightly different concepts and we have given definitions for both of them so far.

Such characterization of tables of 2DFA gives us the following:

Lemma 3.4. The number of distinct tables of D is nn+1−n(n−1)n = n(nn−(n−1)n).

Proof. The number of tables of D is actually the number of all possible tables excluding

the ones where τ(⊥) /∈ τ [Q]. Henceforth, the number of distinct tables of D is equal

to nn+1 − n(n− 1)n = n(nn − (n− 1)n).

Now, we will build a pDFA from a 2DFA D by using the facts and results we

gained about tables. We claim that w = w1w2...wm (wi for 1 ≤ i ≤ m are letters) is

accepted by D if and only if there is a sequence of tables T of D where T is:

TABLED(ε), TABLED($), TABLED($w1), TABLED($w1w2), ..., TABLED($w#)

(3.3)

in which the i+ 1th table TABLED(ua)’s function is equal to the table that can be

computed from the previous ith table TABLED(u) by using the procedure described

above (u is a prefix of $w# and a is a letter). One can see that both directions of

the claim holds: If there really exists such a sequence, then w should be accepted

(because of the points about tables we discussed) and trivially, such an acceptance

directly says that a sequence with characteristics above exists. Based on this result,

we can use tables of 2DFA as the states and the constant table functions $ and % are

the starting and accepting states of our pDFA that simulates 2DFA, respectively. The

transition function of pDFA is also simple: After reading the prefix u of the word ua,

on reading a symbol a and being on state q = TABLED(u), the pDFA moves into the

state q′ = TABLED(ua), and if such q′ does not exist, it halts and rejects. Hence,

we can conclude that every 2DFA with n states has an equivalent pDFA with at most

n(nn − (n− 1)n) states.
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Theorem 3.5. Some n-state 2DFA has an equivalent n(nn − (n− 1)n)-state minimal

pDFA.

Proof. To prove this theorem, we will first define a language and then show why and

how the smallest pDFA needs n(nn−(n−1)n) states to decide that language. To define

our language of concern, first we should describe the concept of promise problems which

were brought into the literature by Even, Selman, and Yacobi [23].

A “promise problem” is a partition of the set of all strings into three subsets:

“YES-strings”, “NO-strings”, and “ignored strings”. Basically, the automaton solving

a given promise problem accepts YES-strings and rejects NO-strings; we do not care

if this machine accepts or rejects the ignored strings because we promise that such

strings are not of concern. When there are no ignored strings, the problem is called

language as we are more familiar with.

Here, the alphabet of the promise problem we consider is Γ = ([n]+P([n]×[n]))×

{l, r}, where [n] represents the integer interval {1, 2, ..., n} and {l, r} are the direction

tags for left and right. Specifically, we are interested in the 4-character-pair-long words

of the following form:

w = (x, l)(g, l)(h, r)(y, r) (3.4)

where x and y are numbers in [n] and g and h are partial functions in P([n]× [n]).

It is beneficial for the readers to visualize these special words and their acceptance

conditions as directed bipartite graphs and paths between selected nodes. The critical

part here is to see (g, l) and (h, r) as representations of sets of arrows between nodes

of n-node graphs. That in mind, the promise problem Ψ = (Ψyes, Ψno) with

Ψyes = {w ∈ Γ ∗ | w describes a path}, Ψno = {w ∈ Γ ∗ | w does not describe a path}

(3.5)
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can be solved by a 2DFA M with n states. As Kapoutsis states in [16], the operating

procedure of M on input w = (x, l)(g, l)(h, r)(y, r) is relatively straightforward:

Starting from the left endmarker, first reach to (g, l) at state x. Then, alter-
nately read (g, l) and (h, r) and repeatedly follow the arrows (if any) defined by
g and h. If we reach (h, r) at a state y′ from which no h-arrow departs, we stay
at y′ and move right to check whether y′ = y. If so, get past the left endmarker
and accept. In all other cases, reject.

Formally, M = ({1, 2, ..., n}, Γ$,#, δ, 1, 1) and δ is any partial function [n]×Γ$,# →

[n]× {l, r} satisfying the following equations:

• δ(1, $) = (1, r), δ(1, (x, l)) = (x, r), δ(1,#) = (1, r),

• δ(z, (g, l)) = (g(z), r) if g(z) is defined; otherwise δ(z, (g, l)) is undefined,

• δ(z, (h, r)) = (h(z), l) if h(z) is defined; otherwise δ(z, (h, r)) = (z, r),

• δ(z, (y, r)) = (1, r) if z = y; otherwise δ(z, (y, r)) is undefined.

One quick note is that if there is a path from x to y, then there should not be an

h-arrow departing from y. This means that if one can go from x to y by using g-arrows

and h-arrows and there is an h-arrow departing from y, then we say there is not a path

from x to y. We define paths in this slightly unnatural way.

To be precise about our lower bound proof, we now give a special form of Ψ and

show that the smallest DFA needs n(nn − (n − 1)n) states to solve it. We state that

the promise problem Ψ ′ = (Ψ ′yes, Ψ
′
no) with

• Ψ ′yes = {wτ,τ ′ | τ, τ ′ are tables of M and wτ,τ ′ has a path}

• Ψ ′no = {wτ,τ ′ | τ, τ ′ are tables of M and wτ,τ ′ has no path}

is solved by our n-state 2DFA M where wτ,τ ′ = (xτ , l)(gτ , l)(hτ,τ ′ , r)(yτ,τ ′ , r) and

xτ = min{x | τ(x) = τ(⊥)} and gτ = {(x, τ(x)) | x ∈ [n]}. Before the end of this

proof, we will surely define yτ,τ ′ and hτ,τ ′ explicitly, but first we explain why to bring

such a complicated word into the table.
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Now, let us take a table τ of M and restrict its domain to [n]. See that a partial

function g can be used to describe such a restricted table. Now, we claim that there is

a way to distinguish every distinct table of M . The trick is to show that given tables

τ and τ ′, introducing a cleverly defined reverse-arrow in both tables (i.e. arrows from

the range to the domain of these tables) results in creating a path in only one of the

tables. Briefly, we mean that we can differentiate every given pair of tables of M by

computing on special words which are used to represent those tables and we do that

by using M . We do this reverse-arrow manipulation part especially with the help of h

and y. There are three key points to understand and digest this idea:

(i) We want M to differentiate its own tables by doing computation on the words

that more or less represent its tables.

(ii) The prefix $(xτ , l)(gτ , l) is designed so that the table of M on this prefix is exactly

τ .

(iii) As Kapoutsis proves, two tables τ and τ ′ of M are distinct if and only if there

exist a partial function h : [n] → [n] and a y ∈ [n] such that exactly one of the

following inputs has a path: (xτ , l)(gτ , l)(h, r)(y, r) or (xτ ′ , l)(gτ ′ , l)(h, r)(y, r).

Suppose these tables are distinct. To guarentee only one path, we can choose

h to be the empty function and y to be the smallest among τ(⊥) and τ ′(⊥) if

τ(⊥) 6= τ ′(⊥). If τ(⊥) = τ ′(⊥) = z, we can choose h to contain only one arrow

from z to the smallest x where τ(x) 6= τ ′(x), and y to be the smallest of τ(x) and

τ ′(x) that is different from z. This critical argument allows us to distinguish one

table from another (by the way, the other direction of this if and only if statement

is trivial; if two tables are not distinct, then they are identical and there cannot

be such h and y to distinguish them).

By the way, we want to clear something. When we say “we choose the smallest

(or minimum) among a set of states” we mean that those states are numerically sorted

and we choose the numerically smallest one. For example q1 is smaller than q3 since

1 < 3, for a given set of states {q1, q2, q3, q4}.
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Now is the time to set the remaining variables yτ,τ ′ and hτ,τ ′ : If τ 6= τ ′, hτ,τ ′ and

yτ,τ ′ take the values given in the third point; else if τ = τ ′, yτ,τ ′ = τ(xτ ) and hτ,τ ′ = ∅.

Before going further, one might want to note that the structure of our special words

guarantee us to restate a basic fact that every table has a path to itself since

wτ,τ = (xτ , l)(gτ , l)(hτ,τ , r)(yτ,τ , r) (3.6)

has a very simple path with hτ,τ = ∅ and yτ,τ = τ(xτ ) = τ(⊥). Now, we will prove that

solving Ψ ′ costs at least n(nn − (n− 1)n) states for some pDFA.

Suppose a pDFA M ′ solves our promise problem with m′ < n(nn−(n−1)n) states.

For every table τ of M , wτ,τ is accepted by M and M ′. That means there is a state qτ

of M ′ that reading the prefix $(xτ , l)(gτ , l) results in M ′ to go into qτ , and since there

are m′ < n(nn − (n− 1)n) states, there happen to be a table τ ′ 6= τ and a word wτ ′,τ ′

such that M ′ goes into the same state qτ after reading $(xτ ′ , l)(gτ ′ , l). Furthermore,

starting from qτ , M
′ should always reach into an accepting state after reading suffices

(hτ,τ , r)(yτ,τ , r)# and (hτ ′,τ ′ , r)(yτ ′,τ ′ , r)#, considering they are the suffices of wτ,τ and

wτ ′,τ ′ , respectively. But that means M ′ does the very same computation on both wτ ′,τ

and wτ,τ ′ too, and accepts them both, resulting in a contradiction to the third point

we discuss above in this proof. Thus, M ′ with m′ states is not adequate to solve Ψ ′

and our main argument is correct: there exists an n-state 2DFA that has an equivalent

n(nn − (n− 1)n)-state minimal pDFA.

We do not know whether there exists a regular language with a much smaller

alphabet size that can be decided by an n-state 2DFA and a n(nn − (n − 1)n)-state

minimal pDFA. Thus, it is possible that the largeness of the alphabet size of Ψ ′, or

using a promise problem instead of a regular language can be necessary for the lower

bound.
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3.3. Simulation of 2NFA by pDFA

Simulation of 2NFA by DFA or pDFA has been analyzed a number of times

before, and various upper bounds, which are very close to each other (and bounded

by O(2n
2
)), are introduced by different authors [2], [8], [16]. We will first prove the

latest upper bound for the conversion of 2NFA to pDFA (i.e. [16]). Then, we will prove

the lower bound for this simulation (i.e. [16]) and conclude that the lower bound also

matches the upper bound.

Theorem 3.6. Every n-state 2NFA N has an equivalent
n−1∑
i=0

n−1∑
j=0

(
n

i

)(
n

j

)
(2i − 1)j-

state pDFA.

Proof. Kapoutsis answers our questions of concern: The mathematical object to relate

2NFA and pDFA with the least amount of information needed is “tables of 2NFA”

(which we will describe below) and one can build the transition function of the sim-

ulating pDFA if one can compute a table from another. Similar to the 2DFA-pDFA

case, we will first define tables of 2NFA, then we will give the number of distinct tables

of 2NFA, and finally we will show a way to compute one table from another. We start

with the description of tables:

Definition 3.3. Suppose the set of computations of w on 2NFA N when started at

the starting state s on the first symbol of w, shortly COMPN,s,1(w), hits right into

some non-empty set of states, denoted by Pw. Define the table of N on w to be the

function

TABLEN(w) = T : Q ∪ ⊥ → P(Q) \ ∅ (3.7)

that satisfies T (⊥) = Pw and for all q ∈ Q

• T (q) = P \ Pw if COMPN,q,|w|(w) hits right into some P * Pw,

• T (q) = Pw if COMPN,q,|w|(w) hits right into some P ⊆ Pw.
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Here are some important points about tables:

• The notion of “tables of a 2NFA on a word” is meant to be a generalization of

“tables of a 2DFA on a word”. Thus, it produces a similar ambiguity: whenever

T (q) = Pw we do not know if this is because all computations in COMPN,s,|w|(w)

miss the right boundary (i.e. P = ∅) or because some of them hit it but do so

only into states that are already in Pw. Again, Kapoutsis turns this ambiguity

into advantage in simulation of 2NFA by pDFA.

• We will show to compute a table from another one in a relatively easy manner.

Say for 2NFA N , the table function T for w is defined and we want to calculate

the table function T ′ for wa where a is a symbol of our alphabet. Since we know

T (⊥), we know the state set that N hits right on w, and we can find T ′(⊥) with a

procedure that is actually the generalization of the table finding algorithm given

for 2DFA-pDFA simulation case:

(i) Make the temporary set of states P = T (⊥). Make the temporary promising

set of states S ′ = ∅.

(ii) Make set R =
⋃
{δ(p, a) | p ∈ P} (to investigate δ(p, a) wholly).

(iii) Make set S ′ = S ′ ∪{q | (q, r) ∈ R} (to distinguish the computations that go

right).

(iv) Make set R′ =
⋃
{T (q) | (q, l) ∈ R} (to find the table values on the compu-

tations that go left).

(v) Update P as P = {p ∈ R′ | (p, r) /∈ R or (p, l) /∈ R}. If P = ∅, go to the

next step; otherwise go to the second step.

(vi) If S ′ = ∅, fail; otherwise return S ′.

With a similar procedure, we can also find T ′(q) for all q ∈ Q:

(i) Make the temporary set of states P = {q}. Make the temporary promising

set of states S ′ = ∅.

(ii) Make set R =
⋃
{δ(p, a) | p ∈ P} (to investigate δ(p, a) wholly).

(iii) Make set S ′ = S ′ ∪{q | (q, r) ∈ R} (to distinguish the computations that go

right).

(iv) Make set R′ =
⋃
{T (q) | (q, l) ∈ R} \ T (⊥). (to find the table values on the

computations that go left while obeying the rules about tables).
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(v) Update P as P = {p ∈ R′ | (p, r) /∈ R or (p, l) /∈ R}. If P = ∅, go to the

next step; otherwise go to the second step.

(vi) If S ′ ⊆ T ′(⊥), return T ′(⊥); otherwise return S ′ \ T ′(⊥) (obeying the rules

about tables).

• On the empty string, we define $ as the constant function in which every entry

shows the set of the starting state {s} since COMPN,s,1(ε) = {s} (or more gener-

ally, since it is defined that COMPN,q,1(u) hits right into {q} and COMPN,q,|u|(u)

hits left into {q} for u = ε).

• On the accepting strings, we define % as the constant function in which every

entry shows the set of the final state {f} because if TABLEN($u#) is defined on

an end-marked u, then COMPN,s,1($u#) = {f} (i.e. because of the endmarkers

violation rules, a natural computation can hit right into {f} only).

As one can see, on some word w, table definition of 2NFA are slightly different from

that of 2DFA. We will show that tables of 2NFA are also different than tables of 2DFA,

so we want to recall what Kapoutsis says about tables of 2NFA:

For a 2NFA, there may exist more than one computation for a word w, so we

have the set of all computations C in the 2NFA case rather than just a computation

c in the 2DFA case. Suppose the table T = TABLEN(w) is defined. Now suppose

COMPN,s,1(w) hits right into the set of states Pw = T (⊥) 6= ∅. Take one of them, say

c. c visits the rightmost symbol of w at least once. If p is the state of N at one of

these visits, then combining the prefix of c up to that visit with any of the right-hitting

computations in COMPN,p,|w|(w), gives a right-hitting computation which is also in

C. Therefore, the computations of COMPN,p,|w|(w) can hit right only into states that

are already in T (⊥). The definition of T with the previous argument implies that

T (p) = T (⊥). Furthermore, the definition of T reveals that every state that is not

assigned to the set T (⊥) is assigned a set disjoint from T (⊥); otherwise it has to be

equal to T (⊥). Thus, we will define tables of 2NFA as following:
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Definition 3.4. A table of N is any T : Q ∪ ⊥ → P(Q) \ ∅ such that

• for every p ∈ Q, T (p) = T (⊥) or T (p) ∩ T (⊥) 6= ∅,

• for some p ∈ Q, T (p) = T (⊥).

One should remember that tables of 2NFA and tables of 2NFA on some word w

are slightly different concepts and we have given definitions for both of them so far.

Such characterization of tables of 2NFA gives us the following:

Lemma 3.7. The number of distinct tables of N is
n−1∑
i=0

n−1∑
j=0

(
n

i

)(
n

j

)
(2i − 1)j.

Proof. The number of distinct tables of N is equal to the number of distinct (n + 1)-

tuples of non-empty subsets of the set {1, 2, ..., n} where the set in the first component

(i.e. T (⊥)) intersects no other set in the tuple but can appear in the other components.

For each i, j = 1, 2, ..., n, there are
(
n
i

)
choices for the first component (i.e. the number

of all possible cases that i different states are chosen among n states) and
(
n
j

)
choices

for the set of the components after it that has the same set (i.e. which j components

that are equal to the first one are chosen). Given i and j, each one of the remaining

(n+ 1)− (j + 1) = n− j components can take any of the 2n−i− 1 non-empty sets that

avoid intersection with the first component. Overall, we have

n∑
i=1

n∑
j=1

(
n

i

)(
n

j

)
(2n−i − 1)n−j =

n−1∑
i=0

n−1∑
j=0

(
n

i

)(
n

j

)
(2i − 1)j (3.8)

choices for this (n + 1) tuple. Right of this equation comes by taking i = n − i and

j = n− j and reaarranging the sum accordingly.

Now, we will build a pDFA from a 2NFA N by using the facts and results we

gained about tables and this proof is very similar to the one shown in 2DFA-pDFA

case. We claim that w = w1w2...wm (wi for 1 ≤ i ≤ m are letters) is accepted by N if
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and only if there is a sequence of tables T of N where T is:

TABLEN(ε), TABLEN($), TABLEN($w1), TABLEN($w1w2), ..., TABLEN($w#)

(3.9)

in which the i+ 1th table TABLEN(ua)’s function is equal to the table that can be

computed from the previous ith table TABLEN(u) by using the procedure described

above (u is a prefix of $w# and a is a letter). One can see that both directions of the

claim holds: If there really exists such a sequence, then w should be accepted (because

of the points about tables we discussed) and trivially, such an acceptance directly says

that a sequence with characteristics above exists. Based on this result, we can use

these tables as the states and the constant table functions $ and % are the starting

and accepting states of our pDFA that simulates 2NFA, respectively. The transition

function of pDFA is also simple: After reading the prefix u of the word ua, on reading

a symbol a and being on state q = TABLEN(u), the pDFA moves into the state

q′ = TABLEN(ua), and if such q′ does not exist, it halts and rejects. Hence, we can

conclude that every 2NFA with n states has an equivalent
n−1∑
i=0

n−1∑
j=0

(
n

i

)(
n

j

)
(2i − 1)j-

state pDFA.

Theorem 3.8. Some n-state 2NFA has an equivalent
n−1∑
i=0

n−1∑
j=0

(
n

i

)(
n

j

)
(2i − 1)j-state

minimal pDFA.

Proof. To prove this theorem, we will first define a promise problem and then show

why and how the smallest pDFA needs
n−1∑
i=0

n−1∑
j=0

(
n

i

)(
n

j

)
(2i−1)j states to decide that.

In this proof, the alphabet of the promise problem we consider is Γ = ([n] +

P([n]× [n]))×{l, r}, where [n] represents the integer interval {1, 2, ..., n} and {l, r} are

the direction tags for left and right. Specifially, we are interested in the 4-character-

pair-long words of the following form:

w = (x, l)(G, l)(h, r)(y, r) (3.10)
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where x and y are numbers in [n], G is a binary relation on [n], and h is a partial

function.

As one can see, the words we use here are similar to the ones described in 3.5,

the lower bound proof of 2DFA-pDFA case. The difference is that there is a binary

relation here, not a partial function, as defined in the 2DFA-pDFA case. One may

want to visualize the difference between binary relations and partial functions as the

following: A set of n nodes all having 0 or more outgoing arrows to a different set of

n nodes can represent binary relations whereas a set of n nodes all having at most 1

outgoing arrow to a different set of n nodes can represent partial functions.

As is in the 2DFA-pDFA lower bound case, it is beneficial for the readers to visu-

alize these special words and their acceptance conditions as directed bipartite graphs

and paths between selected nodes. The critical part here is to see (G, l) and (h, r) as

representations of sets of arrows between the nodes of n-node graphs. That in mind,

the promise problem Π = (Πyes, Πno) with

Πyes = {w ∈ Γ ∗ |w describes a path}, Πno = {w ∈ Γ ∗ | w does not describe a path}

can be solved by a 2NFA M with n states. As Kapoutsis states in [16], the operating

procedure of M on input w = (x, l)(G, l)(h, r)(y, r) is relatively straightforward:

Starting from the left endmarker, first reach to (G, l) at state x. Then, alter-
nately read (G, l) and (h, r) and using nondeterminism check all possible paths
by repeatedly following the arrows (if any) defined by G and h. If by any one of
nondeterministic branches, we reach (h, r) at a state y′ from which no h-arrow
departs, we stay at y′ and move right to check whether y′ = y. If so, get past the
left endmarker and accept. In all other cases, reject.

Formally, M = ({1, 2, ..., n}, Γ$,#, δ, 1, 1) and δ is any total function [n]× Γ$,# →

P([n]× {l, r}) satisfying the following equations:

• δ(1, $) = {(1, r)}, δ(1, (x, l)) = {(x, r)}, δ(1,#) = {(1, r)},

• δ(z, (G, l)) = {(z′, r)|(z, z′) ∈ G},
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• δ(z, (h, r)) = {(h(z), l)} if h(z) is defined; otherwise δ(z, (h, r)) = {(z, r)},

• δ(z, (y, r)) = {(1, r)} if z = y; otherwise δ(z, (y, r)) = ∅.

As in the 2DFA-pDFA case 3.5, if there is a path from x to y, then there should not

be an h-arrow departing from y. This means that if one can go from x to y by using

g-arrows and h-arrows and there is an h-arrow departing from y, then we say there is

not a path from x to y. Again, we define paths in this slightly unnatural way.

To be precise about our lower bound proof, we now give a special form of Π and

show that the smallest DFA needs
n−1∑
i=0

n−1∑
j=0

(
n

i

)(
n

j

)
(2i − 1)j states to solve it. We

state that the promise problem Π ′ = (Π ′yes, Π
′
no) with

• Π ′yes = {wT,T ′ | T, T ′ are tables of M and wT,T ′ has a path}

• Π ′no = {wT,T ′ | T, T ′ are tables of M and wT,T ′ has no path}

is solved by our n-state 2NFA M where wT,T ′ = (xT , l)(GT , l)(hT,T ′ , r)(yT,T ′ , r)

and xT = min{x | T (x) = T (⊥)} and GT = {(x, y) | y ∈ T (x)}. A little later, we will

define yT,T ′ and hT,T ′ explicitly.

For some 2NFA M , let us take a table T of M and restrict its domain to [n]. See

that a binary relation G can be used to describe such a restricted table. Now, we claim

that there is a way to distinguish every distinct table of M . The trick is to show that

given tables T and T ′, introducing a cleverly defined reverse-arrow in both tables (i.e.

arrows from the range to the domain of these tables) results in creating a path in only

one of the tables. Briefly, we mean that we can differentiate every given pair of tables

of M by computing on some special words which are used to represent those tables and

we do that by using M . We do this reverse-arrow manipulation part especially with

the help of h and y. There are three key points to understand this idea:

(i) We want M to differentiate its own tables by doing computation on the words

that more or less represent its tables.
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(ii) The prefix $(xT , l)(GT , l) is designed so that the table of M on this prefix is

exactly T .

(iii) As Kapoutsis proves, two tables T and T ′ of M are distinct if and only if there

exist a partial function h : [n] → [n] and a y ∈ [n] such that exactly one of the

following inputs has a path: (xT , l)(GT , l)(h, r)(y, r) or (xT ′ , l)(GT ′ , l)(h, r)(y, r).

Suppose these tables are distinct. To guarentee only one path, we can choose h to

be the empty function and y to be the smallest state in the symmetric difference

of T (⊥) and T ′(⊥) if T (⊥) 6= T ′(⊥). If T (⊥) = T ′(⊥) = Z, we can choose

h to contain the arrows from Z to the smallest x where T (x) 6= T ′(x), namely

h = {(z, x)|z ∈ Z},, and y to be the smallest element in the symmetric differrence

of T (x) and T ′(x). This critical argument allows us to distinguish one table from

another (by the way, the other direction of this if and only if statement is trivial;

if two tables are not distinct, then they are identical and there cannot be such h

and y to distinguish them).

Now is the time to set the remaining variables yT,T ′ and hT,T ′ : If T 6= T ′, hT,T ′ and

yT,T ′ take the values given in the third point; else if T = T ′, yT,T ′ = minT (xT ) and

hT,T ′ = ∅. Before going further, one might want to note that the structure of our

special words guarantee us to restate a basic fact that every table has a path to itself

since

wT,T = (xT , l)(GT , l)(hT,T , r)(yT,T , r) (3.11)

has a very simple path with hT,T = ∅ and yT,T = T (xT ) = T (⊥). Now, we will prove

that solving Π ′ costs at least
n−1∑
i=0

n−1∑
j=0

(
n

i

)(
n

j

)
(2i − 1)j states for some pDFA.

Suppose a pDFA M ′ solves our problem with m′ <

n−1∑
i=0

n−1∑
j=0

(
n

i

)(
n

j

)
(2i − 1)j

states. For every table T of M , wT,T is accepted by M and M ′. That means there

is a state qT of M ′ that reading the prefix $(xT , l)(GT , l) results in M ′ to go into

qT , and since there are m′ <

n−1∑
i=0

n−1∑
j=0

(
n

i

)(
n

j

)
(2i − 1)j states, there happen to be
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a table T ′ 6= T and a word wT ′,T ′ such that M ′ goes into the same state qT after

reading $(xT ′ , l)(GT ′ , l). Furthermore, starting from qT , M ′ should always reach into

an accepting state after reading suffices (hT,T , r)(yT,T , r)# and (hT ′,T ′ , r)(yT ′,T ′ , r)#,

considering they are the suffices of wT,T and wT ′,T ′ , respectively. But that means

M ′ can produce two computations on both wT ′,T and wT,T ′ too, which are exactly

the same, and accepts them both, resulting in a contradiction to the third point we

discuss above in this proof. Thus, M ′ with m′ states is not adequate to solve Π ′ and

our main argument is correct: there exists an n-state 2NFA that has an equivalent
n−1∑
i=0

n−1∑
j=0

(
n

i

)(
n

j

)
(2i − 1)j-state minimal pDFA.

As in the 2DFA-pDFA case, we do not know whether there exists a regular lan-

guage with a much smaller alphabet size that can be decided by an n-state 2NFA and

a
n−1∑
i=0

n−1∑
j=0

(
n

i

)(
n

j

)
(2i−1)j-state minimal pDFA. Thus, it is possible that the largeness

of the alphabet size of Ψ ′, or using a promise problem instead of a regular language

can be necessary for the lower bound.

3.4. Simulation of AFA by DFA

In this section, we will prove some important theorems about AFA and its relation

to DFA. We start with the following:

Theorem 3.9. Every AFA with n states has an equivalent DFA with at most 22n

states.

Proof. The correct mathematical object to relate the states of AFA to those of DFA

is, basically, the “power set of power set”. More precisely, given an AFA D =

(Q,Σ, δ, q0, F ), the all-CDNF set CDNFQ of Q, which has the size 22|Q| , can be used

as the set of states of DFA that is equivalent to D.

A clause in a member of CDNFQ is of size n = |Q| since it has exactly n variables

in conjunction. A basic counting argument leads us that there can be m = 2n different
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clauses. Furthermore, since a CDNF is just a disjunction of at most 2m clauses (e.g.

power set of 2Q), there can be at most M = 2m = 22n different CDNFs. Thus, M states

are enough for a DFA to simulate such AFA. Now, we will describe how to define the

transition function of such DFA.

Since a CDNF is a state of DFA and we know the way AFA compute, which

is basically building a CDNF (i.e. the next propositional formula) from the current

CDNF (i.e. the current propositional formula) given a symbol a, it is easy to define

the DFA’s transitions: For every possible CDNF-state, give a to it and calculate the

resulting CDNF according the transition function of the given AFA. Here, we give the

CDNF to CDNF calculation algorithm:

Suppose we have a CDNF formula for the word w, denoted as f(w) and we want

to compute the CDNF formula f(w′) for the word w′ = wa, where a ∈ Σ. For every

state q in f(w), we replace it with the CDNF δ(q, a). Now, we have the resulting

more complex formula f ′(w′). Actually, this complex formula can be seen as a CDNF

of CDNFs rather than our usual CDNF of variables, meaning that the clauses inside

this complex formula consist of CDNFs instead of variables. Then, by using logical

equivalences, we shorten f ′(w′) into the CDNF-state f(w′). Actually, what we do here

is using the extended transition function definition 2.29. Now, we analyze space and

time requirements of this shortening procedure.

In a CDNF, every clause has n variables and there are at most 2n clauses, hence

a CDNF has at most n2n variables. In a complex CDNF as we described above (i.e.

CDNF of CDNFs), every clause has a CDNF, so every clause has n(n2n) = n22n vari-

ables; henceforth a complex CDNF has 2n(n22n) = n222n variables. Such a shortening

procedure for a boolean formula that has n222n = O(2n) variables surely is timewise

costly and runs in O(22n) (i.e. given a boolean function with n variables, it takes O(2n)

operations using logical equivalences to convert into CDNF), but considering the fact

that we need to generate and store 22n states for our equivalent DFA, this shortening

procedure is timewise comparable to state generation procedure: Both takes O(22n)

running time. Hence, we can build a DFA that is equivalent to some given AFA.
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22n is the upper bound for the simulation of AFA by DFA. This simulation upper

bound matches with the ones given in [4], [17], [6], and [7] for other variations of AFA.

Later, we will prove that the lower bound matches this upper bound, but first, we need

to prove another theorem that is very relevant.

Theorem 3.10. Say some language L is decided by a DFA DL with n states. Then,

the reverse language of L, namely LR, is decided by an AFA ALR with dlog ne states [6].

Proof. Deciding the reverse of a language is an interesting procedure. Now, we will

analyze this.

Suppose a DFA DL = (Q,Σ, δ, q0, F ) is given, deciding some language L. For a

given non-empty word s, s can be described as concatenation of other words u,w ∈ Σ∗

and a symbol v, say s = uvw. Suppose DL starts to read s and is in some state p

after reading u. On δ(p, v) = q, it jumps into the state q, and then continues to read

the rest of s, namely w. If it finishes reading s on some accepting state, say f ∈ F , it

accepts s.

Now suppose we want to decide the reverse of L, namely LR, and so we would like

to accept sR, the reverse of s, which can be written as sR = wRvuR. If we could modify

δ in some way to revert the computation mechanism, it would be very beneficial for us

to construct a machine to decide LR. Specifically, with the guidance gained from the

information about DL and how it reads s, we would like to build a machine such that

on sR:

(i) starts in the state f ,

(ii) is in the state q after reading wR,

(iii) jumps from the state q into the state p after reading v, and

(iv) ends in q0, which is also one of its accepting states, after reading the rest of sR,

namely uR.
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Even though we will not build an AFA that literally has all these four features,

we will make use of them while constructing ALR . Now, we turn to AFA.

For some fixed symbol a ∈ Σ, we can visualize every transition of an DFA as

a gate that takes 1 input and produce 1 output (e.g. δ(q, a) = p, p as input and

q as output). Now suppose that we write every state of DL in binary form. That

way, we can further say that the transitions can be seen as gates that take dlog ne

bits as input and produce dlog ne bits as output. One way to represent those input

bits is to use binary variables and their complements (a similarity to the states in

AFA) where 1 is assigned for a variable xi and 0 is assigned for its complement x̄i.

A table describing this representation shift is shown in table 3.1 for an example DFA

DL = ({q0, q1, q2, q3}, {a}, δ, q0, {q0}) (δ is given in the table):

Table 3.1. AFA-DFA representation shift, 1.

Representation shift on some fixed symbol a ∈ Σ

states δ(q, a) input output input with

variables

output

q0 q1 00 01 x̄1 x̄0 01

q1 q2 01 10 x̄1 x0 10

q2 q3 10 11 x1 x̄0 11

q3 q1 11 01 x1 x0 01

Furthermore, we can represent output bits by using boolean functions yis. Now,

we will use the gate notion effectively in the sense of logic gates. We can think of

the transition function δ as a combination of logic gates that do “AND” and “OR”

operations on dlog ne variables xis and x̄is, and return dlog ne functions producing

output in the form of yis. Mirroring our argument, we can perceive the fifth and

sixth columns of the previous table as a truth table for xis and yis. The continued

representation shift is shown in table 3.2:
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Table 3.2. AFA-DFA representation shift, 2.

Representation shift on some fixed symbol a ∈ Σ (continued)

input variables output input xis y1 y0

x̄1 x̄0 01 x̄1 ∧ x̄0 0 1

x̄1 x0 10 x̄1 ∧ x0 1 0

x1 x̄0 11 x1 ∧ x̄0 1 1

x1 x0 01 x1 ∧ x0 0 1

Furthermore, we can see every yi as boolean functions that gives 1 or 0 on specific

conjunctions of xis and x̄is. To clearly define yis, we can use CDNFs of such xis and

x̄is that gives 1 (i.e. “true”). Finally, here comes the part about reverting: If we can

represent the computation on the word s as rules about doing binary operations on

input variables xis producing outputs yis, we can represent the computation on sR as

the reverse of these rules. For example, on a symbol a, δ(((x̄1∧x0)∨ (x1∧ x̄0)), a) = y0

becomes δ′(z0, a) = (z̄1∧ z0)∨ (z1∧ z̄0). The final representation shift is shown in table

3.3:

Table 3.3. AFA-DFA representation shift, 3.

Representation reversion on some fixed symbol a ∈ Σ

variables

xis

y1 y0 formula output states δ′

x̄1 ∧ x̄0 0 1 (x̄1 ∧ x0) ∨ (x1 ∧ x̄0) y0 z0 (z̄1 ∧ z0) ∨ (z1 ∧ z̄0)

x̄1 ∧ x0 1 0 (x̄1∧x̄0)∨(x1∧x̄0)∨(x1∧x0) y1 z1 (z̄1∧ z̄0)∨(z1∧ z̄0)∨(z1∧z0)

x1 ∧ x̄0 1 1

x1 ∧ x0 0 1

Here, z0 and z1 mirror y0 and y1 as inputs, and z0 and z1 mirror x0 and x1 as

outputs. As one can see, the sixth and seventh columns of the previous table together

represent the transition function of some AFA. Thus, we almost-successfully describe a
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way to change a DFA deciding some language into an AFA deciding the reverse of that

language. We say “almost”, because we have not given the starting formula and the set

of final states of this AFA. At the beginning of this proof, we have given an abstract

computation reversion mechanism and stated that starting state and final states of

DFA deciding some L are more or less the final states and the starting formula of AFA

deciding LR, respectively. Formally, the starting formula of this AFA should be the final

states of DFA that are written in binary variable form (disjunction of conjunctions),

and the final state set of this AFA should be consisting of a simple conjunctive formula

that represents the starting state of DFA. For example, the starting formula q0 of DL

now defines the final state set of the AFA deciding LR, say ALR , and it is the empty

set ∅ (i.e. q0 =⇒ “x0 = 0 and x1 = 0” =⇒ “z0 and z1 are not final states”).

Furthermore, the final state set {q0} of DL is now defines the starting formula of ALR :

(z̄0 ∧ z̄1) (i.e. {q0} =⇒ x̄0 ∧ x̄1 =⇒ z̄0 ∧ z̄1). Thus, for example, the resulting AFA

deciding LR can be defined as ALR = ({z0, z1}, {a}, δ′, z̄0 ∧ z̄1, ∅) (δ′ is given in table

3.3).

Theorem 3.11. Some AFA with dlog(n + 2)e states has an equivalent DFA with at

least 2n states.

Proof. One of the languages we will give is the same as we used before: Cn, the language

of binary strings that contain a 0 exactly n places from its end. The other one is Cn
R,

the language of binary strings that contain a 0 exactly n places from its start. Clearly,

a DFA with n + 2 states can decide Cn
R (i.e. a simple counter). We also know from

the previous theorem that an AFA with dlog(n + 2)e states can recognize the reverse

of Cn
R, which is actually Cn itself. We also know that Cn cannot be decided by a DFA

with number of states less than 2n by theorem 3.2. Thus, it can be concluded that an

AFA with dlog(n+ 2)e states has an equivalent DFA with at least 2n states.

We proved that the lower bound for the simulation of AFA by DFA is double

exponential, just as the upper bound. This lower bound matches with the ones given

in [7] and [18]. For unary regular languages, we will prove two more theorems to show

that AFA-DFA conversion always has an exponential bound.
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Theorem 3.12. Say a language L is decided by some AFA AL with dlog ne states.

Then, the reverse language of L, namely LR, is decided by a DFA DLR with n states.

Proof. The proof is simple actually. We only need to revert the process described in

theorem 3.10, making a DFA deciding LR by changing AL accordingly.

Theorem 3.13. A unary regular language L is decided by a minimal AFA with dlog ne

states if and only if L is decided by a minimal DFA with n states.

Proof. Firstly, the reverse language of a unary language is itself. For the first part

(i.e. “only if” part), by theorem 3.12, if L is decided by a minimal AFA with dlog ne

states, then L is decided by a DFA with n states. Furthermore, by theorem 3.10, if L

is decided by DL with n states, then DL should be minimal, since there does not exist

an AFA deciding L with n′ < dlog ne states. One can use a similar way to show the

second part (i.e. “if” part) also. Henceforth, the theorem is proved.

3.5. Simulation of 2AFA by DFA

Simulation of 2-way AFA by DFA has been analyzed before, and an upper bound

which is equal to 2n2n was introduced in 1978 by Ladner, Lipton, and Stockmeyer’s

paper “Alternating pushdown automata” [5]. We will now shortly prove the upper

bound for the conversion of our 2AFA to pDFA.

Theorem 3.14. Every n-state 2AFA has an equivalent 2(n+1)2n-state pDFA.

Proof. We suppose that a 2AFA D = (Q,Σ{$,#}, δ, f0, F ) is given and |Q| = n.

Similar to the tables of 2DFA and 2NFA on words that are described in [16], we

will define the notion of “table of 2AFA on a word w”. However, unlike Kapoutsis, we

will not directly construct a pDFA or DFA that simulates our D but we will show that

there exists a finite number of different tables that can be used to separate words, just

as states of a DFA do. First, we will give some important definitions:
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Definition 3.5. Given a word w and a computation tree T on w, we recursively define

the following: T hits right into some CDNF f ,

• if every computation subtree of T , say Ti, hits right into some CDNF fi such that

f = f1 ∧ f2 ∧ ... ∧ fn, for 1 ≤ i ≤ n.

• if T consists of only one terminal node (h, x) such that h = f and x = |w|+ 1.

From the definition above, one can see that for T to hit right into some CDNF

f , it must have a finite number K of terminal nodes denoted by (gi, |w|+ 1) such that

f = g1 ∧ g2 ∧ g3 ∧ ... ∧ gK .

Additionally, if a computation tree hits left, or hangs or loops inside the input

(i.e. does not hit right), then we say it hits right into the CDNF 0 (i.e. “false”). Con-

sequently, if for every possible computation tree COMPD,h,p(w)i on w that hits some

Gi 6= 0 (i.e. Gi is not a logical contradiction), we can say that “the full computation

FCOMPD,h,p(w) on w hits right into G” where G = G1 ∨ G2 ∨ ... ∨ GK , 1 ≤ i ≤ K.

One can see that the number of different Gi should be finite.

Definition 3.6. Suppose the full computation of w on 2AFA D when started at the

CDNF h on the first symbol of w, shortly denoted by FCOMPD,h,1(w), hits right into

some CDNF G. Define the table of D on w to be the function

TABLED(w) = τ : Q ∪ ⊥ → CDNFQ (3.12)

that satisfies τ(⊥) = G and for all q ∈ Q

• τ(q) = H if FCOMPD,g,|w|(w) hits right into some H 6= 0,

• τ(q) = 0 if FCOMPD,g,|w|(w) does not hit right.

where g is a CDNF such that g = q.
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One can see that there can be at most 2(n+1)2n different tables that are associated

with words. Since the number of all words are infinite, by the pigeonhole principle,

some words must share the same tables. Thus, we can group all words into 2(n+1)2n

different groups at maximum. Now, we will show that given a table Tw for a word w,

one can calculate the table Tw′ for the word w′ = wa where a is a symbol:

• For any q ∈ Q, since we know the transition function of our 2AFA D, we can

calculate FCOMPD,g,|wa|(wa) by finding every possible computation tree that

hits right into some CDNF Gi and producing the disjunction of them G = G1 ∨

G2 ∨ ...∨GK where K is finite. Here, we do not show an efficient way to do that,

but we simply say that G can be computed. Hence, Tw′ should have an entry

τw′(q) = G′ where G′ is a CDNF sch that G′ = G.

• For any ⊥, since we know the transition function of our 2AFA D, we can calculate

FCOMPD,f0,1(wa) by finding every possible computation tree that hits right into

some CDNF and producing the disjunction of them (similar to the previous case).

Here, we do not show an efficient way to do that, but we simply say that such

a calculation can be done. Hence, Tw′ should have an entry τw′(⊥) = H where

H is the resulting CDNF equivalent to the disjunction of all found CDNFs that

computation trees hit right into.

From these arguments, we can infer that a DFA with no more than 2(n+1)2n states can

recognize the language D decides. Its starting state is actually a table in which every

entry shows the starting CDNF of D and final state set consists of tables in which the

first entry is always τ(⊥) = ð such that every FCOMPD,h,1($w#) hits right into some

CDNF ð and ð evaluates to 1 (i.e. true) when 1 is substituted for every q ∈ F in ð

and 0 (i.e. false) is substituted for every q /∈ F in ð. The theorem is proved.

Currently, we do not know a lower bound for simulation of 2AFA by DFA higher

than 22n which is actually the lower bound for AFA-to-DFA conversion theorem 3.11.
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3.6. Simulation of PFA by DFA

In general, PFA are more powerful than DFA in language recognition, as stated

by Rabin in [3]. However, it is proven that bounded-error PFA cannot recognize a

language other than regular. We will show that there exists a DFA equivalent to every

bounded-error PFA, analyzing and using the proof of Rabin [3] (which is actually

designated for PFA with isolated cut-point, another way of describing PFA with error

bounds).

Theorem 3.15. Let P be a bounded-error PFA with error margin ε. If P decides

some language L, then there exists a DFA D that decides the same L. Moreover, if P

has n states {q1, q2, ..., qn} with only qn being an accepting state, then D can be chosen

to have e states where

e ≤ (1 +
1

γ
)n−1 (3.13)

where γ = 0.5− ε and γ is called the radius of isolation of P [3].

Proof. Let S = {u1, u2, ..., ue} be the set of words that are pairwise inequivalent by

≡L. To find the DFA equivalent of P , we will show that e is finite and can be bounded.

We know that every word s has an associated computation ρs, the final probability

distribution vector of s. Given two words ui, uj ∈ S where i 6= j, if ui 6≡L uj, then

for some word w, uiw ∈ L and ujw /∈ L. This means that p(uiw) ≥ 1 − ε and

p(ujw) ≤ ε, giving p(uiw) − p(ujw) ≥ 1 − 2ε = 2γ. Thus, ‖ρuiw − ρujw‖ ≥ 2γ, since

ρuiw[n] − ρujw[n] = p(uiw) − p(ujw) ≥ 2γ, where ‖x‖ denotes the maximum of the

absolute values of the entries of a given vector x and ρuiw[n] (resp. ρujw[n]) denotes the

nth entry of ρuiw (resp. ρujw). Furthermore, we can write ρuiw and ρujw as ρuiw = Wρui

and ρujw = Wρuj where

• W is an n × n-dimensional column stochastic matrix that describes the compu-

tation of P on the suffix w of uiw and ujw, and
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• ρui and ρuj denote the final probability distribution vectors associated with ui

and uj, respectively.

This gives us the following two inequalities:

2γ ≤ ‖ρuiw − ρujw‖ = ‖Wρui −Wρuj‖ = ‖W (ρui − ρuj)‖ = |Wg(ρui − ρuj)| (3.14)

|Wg(ρui − ρuj)| ≤ Wg|(ρui − ρuj)| =
n∑
k=1

Wg[k]|ρui [k]− ρuj [k]| ≤
n∑
k=1

|ρui [k]− ρuj [k]|

(3.15)

where Wg denotes the gth row of W such that |Wg(ρui − ρuj)| = ‖W (ρui − ρuj)‖,

and Wg[k], ρui [k] and ρuj [k] denote the kth entry of Wg, ρui and ρuj , respectively.

Here, we have found something: If ui 6≡L uj, then
∑n

k=1 |ρui [k]− ρuj [k]| = |ρui −

ρuj | ≥ 2γ. From now on, we will consider the probability distribution vectors ρul of

ul ∈ S as points in Euclidean n-space. Thus, we can say that if two words ui and uj are

pairwise distinguishable, then the rectilinear distance between their final probability

distribution vectors (i.e.
∑n

k=1 |ρui [k]− ρuj [k]|) is not smaller than 2γ.

Now, we will define a confiner set ηl for every ρul :

ηl = {(x1, x2, ..., xn) | ρul [i] ≤ xi, 1 ≤ i ≤ n,
∑

(xi − ρul [i]) = γ}

Each ηl is a translate by ρul , of the set:

η = {(x1, x2, ..., xn) | 0 ≤ xi, 1 ≤ i ≤ n,
∑

xi = γ}

η has an (n−1)-dimensional volume Vn−1(η), and it is equal to cγn−1 for some constant

c. Furthermore, for every (x1, x2, ..., xn) ∈ ηl, since
∑
ρul [i] = 1, it can be seen that
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∑
xi = 1 + γ, 0 ≤ xi, 1 ≤ i ≤ n. Thus, ηl ⊆ τ , where

τ = {(x1, x2, ..., xn) | 0 ≤ xi, 1 ≤ i ≤ n,
∑

xi = 1 + γ}

One can see that given any two different sets ηi and ηj, and a point (x1, x2, ..., xn), the

following conditions should not hold together

(i) (x1, x2, ..., xn) ∈ ηi and (x1, x2, ..., xn) ∈ ηj,

(ii) ρui [k] < xk and ρuj [k] < xk,

for all 1 ≤ k ≤ n. Otherwise, for all 1 ≤ k ≤ n, we would have the following result:

|ρui [k]− ρuj [k]| = |(ρui [k]− xk) + (xk − ρuj [k])| < |xk − ρui [k]|+ |xk − ρuj [k]| (3.16)

which gives the following contradiction:

2γ ≤
n∑
k=1

|ρui [k]− ρuj [k]| <
n∑
k=1

|xk − ρui [k]|+
n∑
k=1

|xk − ρuj [k]| = γ + γ = 2γ (3.17)

Therefore, any two such different sets ηi and ηj are disjoint and considering their

volumes, we have the following result:

ecγn−1 =
e∑
i=1

Vn−1(ηi) ≤ Vn−1(τ) = c(1 + γ)n−1 (3.18)

which means that e ≤ (1 + 1
γ
)n−1. Thus, e is finite and there exists a DFA that decides

L with no more than e states.

The proof above can be generalized to the case where a PFA has h final states

and in that case e ≤ (1 + h
γ
)n−1, as Rabin suggests. Now, we change our direction and

prove that PFA can be more succinct than DFA when deciding regular languages:

Theorem 3.16. Let En be a URL such that En = {ak | k ≥ n}. Any DFA deciding

En has at least n+ 1 states whereas there exists a two-state PFA that decides En.
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Proof. Our language En actually describes the set of integers that are equal to or bigger

than some given n. Clearly, an n + 1-state UDFA with one accepting state (which is

the n+ 1th state) decides En. A UDFA cannot have fewer than n+ 1 states, otherwise

it can accept strings that are shorter than n. Now, we give the PFA that can decide

En.

Suppose there exist two states in our PFA: The starting state q0 and one final

state q1 (q0 is not final). We can define all four possible transitions between states as

follows:

(i) q0 → q0 with some probability α,

(ii) q0 → q1 with some probability 1− α,

(iii) q1 → q0 with probability 0,

(iv) q1 → q1 with probability 1,

The computation principle of our PFA is absurdly simple: In every step it goes to the

accepting state with 1 − α and stay in the starting state with α. Since we use q1 as

a “sink” accepting state; the longer the string, the higher its acceptance probability.

Precisely, the acceptance probability of a word ak is p(ak) = 1− αk. Thus, by consid-

ering the conditions that p(an−1) ≤ ε and p(an) ≥ 1 − ε, we can provide a PFA that

decides En with error margin ε, which satisfies the following two inequalities

ε ≥ p(an−1) = 1− αn−1 and ε ≥ 1− p(an) = αn (3.19)

Notice that ε is not constant and changes with α and n. Thus, even though we save

much states by using PFA instead of DFA to decide En, we cannot fix an error margin

that is same for every n, using only two states. Later in theorem 4.4, we will give

a family of languages such that the deciding bounded-error PFA perform statewise

exponentially better than their DFA counterparts.
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3.7. Simulation of QFA by DFA

In general, QFA are more powerful than DFA in language recognition [14], [20].

However, it is proven that bounded-error QFA cannot recognize a language other than

regular. In this section, we will prove three theorems. First, we will address an upper

bound on simulation of a special kind of bounded-error QFA by DFA; QFA that only has

orthogonal matrices (i.e. square, not rectangular, matrices) as superoperators. Then,

we will do that for general bounded-error QFA; QFA that has rectangle matrices as

superoperators. Finally, we will address a lower bound for the first case.

First of all, we explain more about how quantum systems behave and evolve.

In this part, we will call QFA having only orthogonal matrices as superoperators

as “orthogonal QFA” or shortly OQFA. To understand more about OQFA, we will give

another representation for the computation and acceptance of OQFA.

Let P be a OQFA where P = ({q1, q2, ..., qn},Σ, {εσ}σ∈Σ, q1, F ).

Definition 3.7. Suppose some word w = w1w2...wr where |w| = r is given and every

wi is a symbol where 1 ≤ i ≤ r. The computation φw of OQFA P on word w is the

vector φw of size n× 1 resulted after reading w = w1w2...wr and recursively defined as

φuwj = Ewjφu (3.20)

where u = w1w2...wj−1. φε is the starting quantum distribution and a n×1-dimensional

single-entry vector in which the first entry is 1. φw is called as the final quantum

distribution of w.

Definition 3.8. OQFA P accepts a word w with probability p′(w) =
∑
qi∈F

|φw[i]|2 where

φw[i] denotes ith entry of φw.

As one can see these computation and acceptance definitions of OQFA are slightly

different than those of (general) QFA. However, both OQFA and QFA definitions are
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actually equivalent in essence. We can give a quick conversion protocol to change

OQFA definitions to QFA definitions, using our OQFA P and word w as example:

• φwφ†w = ρw (ρw is the final quantum distribution matrix of w, definition 2.38),

• p′(w) = p(w) =
∑
qi∈F

φw[i][i] (p(w) is the acceptance probability of w, definition

2.39).

In this representation, we use vectors instead of matrices to show quantum distribution

over states, similar to the PFA case. However, because of quantum nature of states,

it is not exactly like in the PFA case. All entries in a probability distribution vector

are chosen to be real numbers in the interval [−1, 1] and Euclidean norm of a vector

should be 1 (i.e. squares of entries add upto 1). Thus, when we give a vector V =

(p1 p2 ... pn)T , it practically means that we can observe a state qi with p2
i probability,

as quantum nature of states dictates us.

Our OQFA P reads as follows: Given a word w, P starts its computation as the

given vector ρw,0 which is a way of saying that it starts on the starting state. In the

jth step, as P reads some symbol a, an operation which can be represented as a matrix

operation on the previous computed matrix φw,j−1 with Ea. Such an operation changes

the current quantum distribution over all states. At the end, it accepts w with the

probability p(w) =
∑
qi∈F

|φw[i]|2 which is a way of saying that the computation ends on

the final states with a total probability of p(w).

Now, we will use this representation of OQFA in the following theorem.

Theorem 3.17. Let P be a bounded-error n-state OQFA with error margin ε. Let P

has a state set Q = {q1, ..., qn}, an accepting state set F , and f accepting states. If P

decides some language L, then there exists an e-state DFA D that decides the same L

where

e ≤ (

√
1 +

4f 2

γ2
)n−1 (3.21)
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where γ = 0.5− ε and γ is called the radius of isolation of P .

Proof. We will prove this theorem in a similar way we prove the theorem 3.15. Let

S = {u1, u2, ..., ue} be the set of words that are pairwise inequivalent by ≡L. To find

the DFA equivalent of P , we will show that e is finite and can be bounded.

Given two words ui, uj ∈ S where i 6= j, if ui 6≡L uj, then for some word w,

uiw ∈ L and ujw /∈ L. Thus, we know that the acceptance probabilities of uiw and ujw

are p(uiw) ≥ 1− ε and p(ujw) ≤ ε respectively, giving p(uiw)− p(ujw) ≥ 1− 2ε = 2γ.

Also, we know that every word s has an associated computation φs, the final quantum

distribution vector of s. Thus, for ui, uj, uiw, and ujw, we have φui , φuj , φuiw and

φujw where φuiw = Mwφui and φujw = Mwφuj for some orthogonal matrix Mw that

describes the computation of P on the suffix w of uiw and ujw. Thus, one can see that

2γ ≤ p(uiw)−p(ujw) =
∑
qk∈F

(φuiw[k])2−(φujw[k])2 =
∑
qk∈F

((Mwφui)[k])2−((Mwφuj)[k])2

(3.22)

Say we define ‖φui − φuj‖ as ‖φui − φuj‖ =
√∑n

k=1 |φui [k]− φuj [k]|2. Now, we

will show that γ
f
≤ ‖φui − φuj‖:

2γ ≤
∑
qk∈F

((Mwφui)[k])2 − ((Mwφuj)[k])2

=
∑
qk∈F

(mkφui)
2 − (mkφuj)

2

=
∑
qk∈F

(mkφui +mkφuj)(mkφui −mkφuj)

=
∑
qk∈F

(mk(φui + φuj))(mk(φui − φuj))

≤
∑
qk∈F

(‖mk‖‖φui + φuj‖)(‖mk‖‖φui − φuj‖)

= f‖φui + φuj‖‖φui − φuj‖

(3.23)
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where mk denotes the kth row of Mw. Using the facts that 2γ ≤ f‖φui+φuj‖‖φui−

φuj‖ and |φui + φuj‖ ≤ 2, we can infer that γ
f
≤ ‖φui − φuj‖. Furthermore, similar

to the case in the theorem 3.15, we can represent φui and φuj as points in Euclidean

n-space. Thus, we can say that if two words ui and uj are pairwise distinguishable,

then the Euclidean distance between these points (i.e.
√∑n

k=1 |φui [k]− φuj [k]|2) is not

smaller than γ
f
. Just as in the theorem 3.15, we will define a confiner set ηl for every

ρul :

ηl = {(x1, ..., xn) | 0 ≤ ρul [i] ≤ xi or 0 ≥ ρul [i] ≥ xi, 1 ≤ i ≤ n,
∑

x2
i−(ρul [i])

2 =
γ2

4f 2
}

Each ηl is a translate by ρul , of the set:

η = {(x1, x2, ..., xn) | 1 ≤ i ≤ n,
∑

x2
i =

γ2

4f 2
}

η has an (n − 1)-dimensional volume Vn−1(η), and it is equal to c(
√

γ2

4f2
)n−1 for some

constant c. Furthermore, for every (x1, x2, ..., xn) ∈ ηl, since
∑

(ρul [i])
2 = 1, it can be

seen that for 1 ≤ i ≤ n,
∑
x2
i = γ2

4f2
+ 1. Thus, ηl ⊆ τ , where

τ = {(x1, x2, ..., xn) | 1 ≤ i ≤ n,
∑

x2
i = 1 +

γ2

4f 2
}

One can see that given any two different sets ηi and ηj, and a point (x1, x2, ..., xn), the

following conditions should not hold together

(i) (x1, x2, ..., xn) ∈ ηi and (x1, x2, ..., xn) ∈ ηj,

(ii) 0 ≤ |ρui [k]| < |xk| and 0 ≤ |ρuj [k]| < |xk|,

for all 1 ≤ k ≤ n. Otherwise, for all 1 ≤ k ≤ n, we would have the following result:
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|ρui [k]− ρuj [k]| < |xk − ρui [k]|+ |xk − ρuj [k]|

|ρui [k]− ρuj [k]|2 < |xk − ρui [k]|2 + 2|xk − ρui [k]||xk − ρuj [k]|+ |xk − ρuj [k]|2

|ρui [k]− ρuj [k]|2 < 2(|xk − ρui [k]|2 + |xk − ρuj [k]|2)

|ρui [k]− ρuj [k]|2 < 2(|x2
k − (ρui [k])2|+ |x2

k − (ρuj [k])2|)

(3.24)

This gives us the following:

γ2

f 2
≤

n∑
k=1

|ρui [k]−ρuj [k]|2 < 2(
n∑
k=1

|x2
k− (ρui [k])2|+

n∑
k=1

|x2
k− (ρuj [k])2|) = 2(

γ2

4f 2
+
γ2

4f 2
)

(3.25)

Thus, there is a contradiction that γ2

f2
< γ2

f2
. Therefore, any two such different

sets ηi and ηj are disjoint and considering volumes, we have the following result:

ec(

√
γ2

4f 2
)n−1 =

e∑
i=1

Vn−1(ηi) ≤ Vn−1(τ) = c(

√
1 +

γ2

4f 2
)

n−1

(3.26)

which means that e ≤ (
√

1 + 4f2

γ2
)n−1. Thus, e is finite and there exists a DFA that

decides L with no more than e states.

One can see that for a fixed error bound, the result above actually says that upper

bound for simulation of OQFA by DFA is 2O(n), compatible with the result given by

Ambainis and Yakaryilmaz in [14]. Now, we will move onto general QFA.

Before going further, we will state another important thing about quantum com-

putation. If our knowledge of the current superposition of a quantum system is certain,

then the system is said to be in “pure state”. Sometimes, we only know that the system

is in some pure state vi with probability pi for i > 1, and with the probabilities adding

up to 1, in this case, the system is said to be in a “mixed state”. One can see that the
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computation procedure of OQFA does not allow a quantum system to be in a mixed

state. The computation procedure of general QFA, on the other hand, allows that.

Thus, to find the upper bound for simulation of QFA by DFA, we need to consider this

situation. Now, we prove the following theorem about QFA and regular languages.

Theorem 3.18. The languages recognized by QFA with bounded error are exactly the

regular languages.

Proof. It is known that QFA can recognize regular languages by simulating DFA. We

will prove this part in lemma 4.20, by simulating PFA with QFA.

For the other part, now we will prove that bounded-error QFA can only recognize

regular languages, in a similar way we prove the theorem 3.15. Suppose a QFA P with

n states and ε error bound decides a language L. Let S = {u1, u2, ..., ue} be the set of

words that are pairwise inequivalent by ≡L. We will show that e is finite.

Given two words ui, uj ∈ S where i 6= j, if ui 6≡L uj, then for some word w,

uiw ∈ L and ujw /∈ L. Thus, we know that the acceptance probabilities of uiw and

ujw are p(uiw) ≥ 1− ε and p(ujw) ≤ ε respectively, giving p(uiw)− p(ujw) ≥ 1− 2ε.

We also know that

p(uiw)− p(ujw) =
∑
qk∈F

ρuiw[k][k]−
∑
qk∈F

ρujw[k][k] (3.27)

where F , ρuiw[k][k], and ρujw[k][k] respectively denote the set of final states of P and

the entry in the kth row and kth column of ρuiw and ρujw (ρuiw and ρujw are the

computations associated with uiw and ujw). We also have the following:

‖ρuiw − ρujw‖tr ≥
∑
qk∈F

ρuiw[k][k]−
∑
qk∈F

ρujw[k][k] ≥ 1− 2ε (3.28)

where ‖A−B‖tr = Tr(
√

(A−B)(A−B)T ) denotes the TR-distance between den-

sity matrices A and B (Tr(M) denotes the trace of a square matrix M). Furthermore,
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‖ρui − ρuj‖tr ≥ ‖ρuiw − ρujw‖tr since evolving two different density matrices ρui and ρuj

(which are actually results of applying different superoperators on the initial density

matrix) by using the same superoperators on them (i.e. the computation process from

ρui and ρuj to ρuiw and ρujw) does not increase the TR-distance between them. Thus,

for every pairwise inequivalent ui and uj, the TR-distance between their associated

computations ρui and ρuj is not smaller than 1 − 2ε. If e is infinite, then there must

exist two words ut ∈ S and u′t ∈ S such that the TR-distance between their associ-

ated computations ρut and ρu′t is not bigger than 1 − 2ε, contradicting our argument.

Therefore, e should be finite and L must be regular. Hence, the languages recognized

by QFA with bounded error are exactly the regular languages.

Theorem 3.19. If a language L is decided by an n-state QFA with bounded-error,

then it can also be decided by a 2O(n2)-state DFA [14].

Proof. If L is decided by an n-state QFA with bounded-error ε, then we know that L

is regular. Thus, there exists a set of words S = {u1, u2, ..., ue} such that they are all

pairwise inequivalent by ≡L and e is finite. We will bound e.

We know that a density matrix describes a quantum system in a mixed state.

Thus, in any step, a QFA with n states can be in a mixed state ρ in n dimensions which

can be represented as a mixture (pk, vk) of at most n pure states where pk denotes the

probability of being in some pure state vk:

ρ =
m∑
k=1

pkvkv
T
k (3.29)

where m ≤ n and vTk denotes the transpose of vk. Thus, we can approximate each of

vk by a state v′k from an ε-net for the unit sphere in n-dimensions (an ε-net is a set S

such that for any v, there exists a v′ ∈ S such that ‖v− vk‖ ≤ ε). We will come to this

point later.

Generating an ε-net is actually something similar to what we have done in the

previous proofs for the theorems 3.17 and 3.15, and we know that one can create such
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an ε-net with a size of 2O(n) states (states being a set of vectors represented by points

that are enclosed in a space with volume of 2O(n)). Thus, for a given set of pure states

{v1, v2, ..., vn}, we have (2O(n))
n

= 2O(n2) choices that can be taken from our ε-net that

approximate them. Furthermore, we can also approximate {p1, p2, ..., pn} by a state

from another ε-net which has a size of 2O(n) states. We will describe this approximation

concept in the following argument:

Say that two words ui ∈ S and uj ∈ S are pairwise inequivalent. Thus, given

their associated computations ρui =
∑n1

k=1 p1kv1kv1
T
k and ρuj =

∑n2

k=1 p2kv2kv2
T
k where

n1 ≤ n and n2 ≤ n, the TR-distance between them is ‖ρuiw − ρujw‖tr ≥ 1 − 2ε. By

using our ε-nets for pure states and probabilities, we can approximate ρui and ρuj =

by ρ̂ui =
∑n2

k=1 p̂1kv̂1kv̂1
T
k and ρ̂uj =

∑n2

k=1 p̂2kv̂2kv̂2
T
k such that ‖ρ̂uiw − ρ̂ujw‖tr ≥ 1−2ε.

Hence, by using a 2O(n2)-state DFA, we can decide L, completing our proof.

This proof is based on the proof that is given for Theorem 4.6 of [14].

Theorem 3.20. For any prime p, say Bp is the language such that Bp = {akp | k ∈ N}.

The minimal DFA that decides Bp has p states whereas there exists a bounded-error

OQFA which decides Bp with O(log p) states.

Proof. It is proven in the following chapter, in theorem 4.12.

This theorem suggests a lower bound for the simulation of bounded-error n-

state OQFA by DFA, and it is O(2n) which matches with the upper bound given

in the theorem 3.17. Currently, we do not know if there exists a lower bound for the

simulation of n-state (general) QFA by DFA, that matches with the upper bound given

in the theorem 3.19. This concludes the third chapter.
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4. SUCCINCT FINITE AUTOMATA FOR THREE

DIFFERENT FAMILIES OF REGULAR LANGUAGES

4.1. The Language Class Am and Its Deciding Automata

In this section, we will introduce a unary regular language shortly denoted by Am

which consists of only 1 member with length m. Using Σ = {a} as our alphabet, our

language is Am = {am}. Now, we will construct a DFA that recognizes Am and prove

that it is actually the smallest in terms of number of states it has.

The DFA DAm that recognizes Am is DAm = (Q,Σ, δ, q0, qm) and its components

are Q = {q0, q1, q2, ..., qm, qm+1}, Σ = {a}, δ(qm+1, a) = qm+1, and δ(qi, a) = qi+1 for

every i such that 0 ≤ i ≤ m. Here, q0 is the starting state and qm is the one and only

final state. As we can see, DAm has m + 2 states. Next, we will shortly show why it

decides Am.

When a string s is given, DAm computes on s in a way that for every symbol a

it reads, it goes into the state qi+1 from qi (i = m+ 1 is an exception); so actually, we

are using our states as a counter which can effectively count up to m + 1. If |s| < m,

then the computation of s will end in a state that is not a final state. If |s| > m, then

the computation will end in qm+1 which also is not a final state. Thus, only if s = am,

it will be accepted. Hence, m+ 2 states are sufficient. Now, we will prove that DAm is

the smallest in terms of the number of states it requires.

Theorem 4.1. DAm is the smallest DFA which decides Am.

Proof. Suppose that a DFA with k < m + 2 states can decide Am. But this means

that there is an accepting state qacc that qacc = qi where 0 ≤ i ≤ m (assuming states

are enumerated in an increasing manner, just like in the case of DAm). qacc could

not be in the periodic part of this DFA since that would imply this DFA decides a

periodic language. Thus, qi is not in the periodic part and i < m (qm is always in the
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periodic part in such a setting). That means some word ai 6= am is accepted, giving a

contradiction. Hence, m+ 2 states are necessary.

As a side note, if we have a pDFA instead of our complete DFA model, m + 1

states will be necessary and sufficient. Unlike DAm , we do not need a periodic part

consisting of the state qm+1. pDFA model allows us to have only m + 1 states where

δ(qm, a) and δ(qm+1, a) are not defined in the transition function. When discussing

about NFA, 2DFA, and 2NFA, we will use this pDFA case to bring out similarities.

Now, we will show that the smallest 2NFA deciding Am needs m + 1 states. By

doing that, we will come into a conclusion that 2-way and/or nondeterminism does not

give us state advantage when deciding Am (i.e. the NFA, 2DFA, and 2NFA deciding

Am need at least m+ 1 states, just like pDFA does).

Theorem 4.2. Every 2NFA deciding Am needs at least m+ 1 states.

Proof. Suppose a 2NFA decider N ′ for Am has m′ < m + 1 states. Take an accepting

computation c. By definition of acceptance, this c should start in the left endmarker

and visit the right endmarker. We can decompose c into segments where each segment

starts and ends when an endmarker is reached. There are 2 types of segments: (i)

“starting from left endmarker and ending in right endmarker” or “starting from right

endmarker and ending in left endmarker” which are shortly called as “traversal”s and

(ii) “starting from left endmarker and ending in left endmarker” or “starting from right

endmarker and ending in right endmarker” which are shortly called as “u-turn”s. So,

if N ′ has m′ states, then in every traversal t, there exists a state q that is visited

repeatedly (at least twice) first on the ith position and then on the i + jth position of

the input am for some i > 0 and j > 0. Then, for every k > 0, we can pump the

traversal with length kj, meaning there exists a traversal t′ acting similar to t on the

input am+kj and does the following:

If q is visited first on the ith position and then on the i + jth position in t, then

there is a segment of computation c′ in t decribing the part of computation that starts
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from the ith position and ends in the i+ jth position. Suppose t consists of three parts:

The part l1 from the beginning of t to the start of c′, c′, and the part l2 from the end

of c′ to the end of t. t′ simulates l1, then simulates c′ k times, and finally simulates

l2. That way, we can keep the beginning state and ending state of t as same in t′ and

hence, we can pump t with kj.

Say there exist such js in all traversals t1, t2, ..., tn of c, namely j1, j2, ..., jn, then,

we can pump the whole computation with the length J = j1j2...jn. Hence, the word

am+J can be accepted by N ′ by an accepting computation which imitates c: traversals

are replaced by J-pumped traversals and u-turns remain the same. However, by defini-

tion, N ′ should not accept any string other than am, so such N ′ gives a contradiction.

Thus, the 2NFA which decides Am has at least m+ 1 states.

The proof above is similar to the one that is given in Birget’s paper [9]. We know

that 2NFA are the most generalized one among DFA, NFA, 2DFA and 2NFA, hence,

considering the result we obtained above, we can state the following:

Corollary 4.2.1. Considering state-wise efficiency, NFA, 2DFA, and 2NFA are not

more concise than pDFA while deciding Am.

Furthermore, as a side note, one can observe that the theorem 4.2 can be general-

ized to finite unary regular languages. To put it in other way, we can say that a 2NFA

needs at least m+ 1 states to decide a finite unary regular language A′m where A′m is a

set of strings in which the longest string’s length is m. One can show its proof in a way

very similar to that of theorem 4.2, the main argument is that one of the accepting

computation of the longest string can be pumped in a way that a much longer string

can be also accepted by the same 2NFA. Now, we turn our direction to AFA.

Theorem 4.3. The minimal AFA that decides Am has dlog(m+ 2)e states.

Proof. By theorem 3.13, we know that every n-state minimal DFA has an equivalent

minimal dlog ne-state AFA. DAm has m+ 2 states, thus the minimal AFA that decides
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Am has dlog(m+ 2)e states. Hence, the theorem is proved.

We do not know if 2AFA can outperform AFA when deciding Am. Now, we will

turn to PFA and show that bounded-error PFA can perform statewise better than

DFA:

Theorem 4.4. For any ε > 0, there exists a bounded-error PFA that decides Am with

O( log2m
log logm

) states and ε error margin.

Proof. Our proof is based on the one given in Ambainis and Freivalds’s 1998 paper [10].

Here, the PFA deciding Bm has r = O( logm
log logm

) groups of states. Every group i has

Pi states that form a cycle where a cycle is disjoint from other cycles. Denote P1 < P2 <

... < Pr as the first r prime numbers (we will give a more precise r later in the proof).

One can calculate that Pr = O(r log r) = O(logm). To put in other way, O( logm
log logm

)

group of states are chosen and every group is actually a cycle of O(logm) states, making

a total of O( log2m
log logm

) states. Also, in any group of states Gi = {qi1, qi2, ..., qiPi}, the only

accept state is the state qij where m ≡ j (mod Pi). Furthermore, there exists another

sink rejecting state where every other state has a transition to that state with some

small probability c. Moreover, the starting distribution is different than usual, meaning

that instead of using 1 state as the starting state with probability 1 at the beginning,

we use the starting states of every group as one of r starting states, each having the

starting probability 1
r

(i.e. instead of using (1 0 0 ... 0)T vector, we use

(
1

r
0 ... 0

1

r
0 ... 0 ... ...

1

r
0 ... 0 0)T

vector at the beginning and starting probabilities 1
r

are only for the r start states).

It can be thought as a preprocessed probabilistic branching to the aforementioned r

states.

The computation procedure of this PFA is as follows: Given some word ax, in the

ith probabilistic branch, it checks whether x (mod Pi) ≡ m (mod Pi) for Pi. In [10], it



62

is said that Freivalds had proved in the article [24] that with the use of such r groups

of Pi-cyclic states and the sink rejecting state, the informally constructed PFA given

above decides Am with a low margin of error; behaving like a “probabilistic clock” that

counts upto m. In his words: “The number of used primes suffices to assert that, for

every input of length less than m, most of primes give remainders different from the

remainder of m modulo Pi. The small probability (c) is chosen to have the rejection

probability high enough for every input length M such that both M 6= m and an ε-

fraction of all the primes used have the same remainders modulo Pi as m.” Practically,

for some integer M ′, he states that the acceptance probability of am is significantly

higher than acceptance probability of any other aM since:

• For every M > M ′, p(aM) < p(am): The sink rejecting state gathers “much”

rejecting probability from other states as M grows large (and secondly, only a

small number of our groups accept aM).

• For every M < M ′, p(aM) < d < 1
2
< p(am) for some constant d: Only a small

number of our groups accept aM (and secondly, the sink rejecting state has some

rejecting probability that grows as M grows).

Henceforth, there exists a bounded-error PFA that decides Am with O( log2m
log logm

) states.

For further information about the numbers M ′ and d, here is an analysis, given in

Balodis’ paper [25]:

Say P1 < P2 < ... < Pr are the first r primes and the product of first l of them

P1P2...Pl ≥ m. Then, for all n < P1P2...Pl, at most l − 1 of the following r modular

equivalences are satisfied given that M 6= m:

M ≡ m (mod Pi) for all i ≤ r (by the Chinese Remainder Theorem) (4.1)

We choose l to be the minimal number such that P1P2...Pl ≥ 2m and r to be 3l.

By using these r primes as our primes, we can achieve the following results about

acceptance probabilities:
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• M < 2m and M 6= m: p(aM) ≤ l−1
r
< l

3l
= 1

3

• M = m: p(aM) = 1− E(am) = 1− (1− (1− c)m) = (1− c)m

• M ≥ 2m: p(aM) ≤ 1− E(a2m)

where E(aM) = 1 − (1 − c)M is the probability that aM is in the sink rejecting state

after M steps. Suppose we choose c = 1− m

√
3
5
. We get

• p(aM) < 1
3

for M < 2m and M 6= m,

• p(am) = 3
5
,

• p(aM) < 1− E(a2m) = 9
25
< 2

5
for M ≥ 2m.

Henceforth, we construct a bounded-error PFA that decides Am with O( log2m
log logm

) states

for some error margin, which is in this case equal to 2
5
.

We want to highlight that choosing l to be the minimal number such that

P1P2...Pl ≥ 2m and r to be 3l is very important. We know that

2m ≤ P1P2...Pl < P1P2...Pr = e(1+o(1))r log r (4.2)

and this guarantees that r log r = O(logm) and so r = O( logm
log logm

). Notice that the

product P1P2...Pr is known as the rth primorial Pr#, and asymptotically, primorials

Pn# grow according to Pn# = e(1+o(1))n logn.

Currently, we do not know that for any error margin ε > 0, there exists a bounded-

error PFA that decides Am with O(logm) states. Now, we turn to QFA and show that

QFA can perform (statewise) better than DFA, even better than PFA:

Theorem 4.5. There exists a bounded-error QFA that decides Am with O(logm).

Proof. Because of the similarity between the counting natures of Am and Bm, we will

utilize the result of theorem 4.12. Thus, for the modular counting operation for any

prime Pi, we only need O(logPi) states, (instead of Pi states as was in the PFA case)
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while reconstructing the PFA given above in QFA format. Since Pi = O(logm), in this

case, the number of states used to recognize Am should be equal to

O(
logm

log logm
logPi) = O(

logm

log logm
log logm) = O(logm) (4.3)

Thus, there exists a bounded-error QFA that decides Am with O(logm) states.

4.2. The Language Class Bm and Its Deciding Automata

In this section, we will introduce a unary regular language shortly noted by

Bm which consists of members with integer multiples of length m. Actually, Bm =

{akm | k ∈ N}. Now, we will construct a DFA that recognizes Bm.

The DFA DBm recognizing Bm is DBm = (Q,Σ, δ, q0, qm−1) and its components

are Q = {q0, q1, q2, ..., qm−1}, Σ = {a}, δ(qm−1, a) = q0, and δ(qi, a) = qi+1 where

0 ≤ i ≤ m − 2. Here, q0 is the starting and the only final state. As we can see, DBm

has m states. Next, we will shortly show why it decides Bm.

When a string s is given, DBm computes on s in a way that for every symbol a

it reads, it goes into the state qi+1 from qi (qm−1 is an exception); so actually, we are

using our states as a counter which can effectively count from 0 to m− 1 in modulo m.

If |s| 6= km, then the computation of s will end in a rejecting state. If |s| = km for any

k ∈ N, then the computation will end in qm−1, the accepting state. Hence, m states

are sufficient. Now, we will prove that DBm is the smallest in terms of the number of

states it requires. In fact, we will prove that DBm is the smallest NFA which decides

Bm:

Theorem 4.6. DBm is the smallest NFA which decides Bm.

Proof. Suppose that an NFA N ′ with m′ < m states can decide Bm. Since N ′ decides

Bm, it accepts am. By the pigeonhole principle, this means that during the acceptance

of am, N ′ visits some state q at least twice. Say the first two of those visitings are on
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the xth and (x+ y)th symbols of am where x > 0 and y > 0. Such a situation means

that am−y can also be accepted by N ′, giving a contradicition. Hence, m states are

necessary.

In order to show the smallest 2DFA and 2NFA deciding Bm, we consider the

prime factorization of m. Writing with its prime factors, say m = pk11 p
k2
2 ...p

kn
n . We will

show that a 2DFA deciding Bm with p = pk11 + ...+ pknn states.

Theorem 4.7. There exists a 2DFA NBm deciding Bm with p = pk11 + ...+ pknn states.

Proof. The working principle of NBm is simple: It has n groups of states and each

group i has pkii states, connected to form a cycle of states. First, it scans the input aw

from one side to the other and decides whether w is a multiple of pk11 with the help of

its first group of pk11 periodic states. It also does this in a sweeping manner, meaning

it turns its head only on the endmarkers. If w is actually a multiple of pk11 , then NBm

repeats this procedure for the second group of pk22 states, this time its head moving

from right to left. That means in ith traversal, it uses the ith group of pkii periodic

states to check whether the length of aw is a multiple of pkii . If w is indeed a multiple

of m, then at the end of nth traversal, it accepts; otherwise it does not accept.

Now, we will prove that the smallest 2NFA deciding Bm cannot have fewer than

p states, as the 2DFA we described just above does.

Theorem 4.8. Every 2NFA deciding Bm needs at least p = pk11 + ...+ pknn states.

Proof. Suppose a p′-state 2NFA N ′ decides Bm where p′ < p. Now, take an accepting

computation c on the word am. Suppose also that c consists of some number of traver-

sals and u-turns where the traversals use a total of p′′ ≤ p′ states. We investigate two

scenarios:

• Disjoint traversals: Suppose that in c, we have a total of r traversals and every

traversal ti hosts a set of statesNi (i.e. the set of all states that can be encountered
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in ti). We assume that every such Ni is disjoint from one another. Say the size

of each Ni is |Ni| = ni.

In some traversal ti where 1 ≤ i ≤ r, since m > p > ni, there must exist at

least one state that is visited repeatedly first in the xth and then in the x+ jth

positions of am where x > 0 and j > 0. Now, we choose from such repetitions

the shortest possible one and call it ji. We do that for every ti, and so we have

a set of integers {j1, j2, ..., jr}.

Using an argument similar to the one used in theorem 4.2, we can pump the whole

computation by the length J = lcm(j1, j2, ..., jr). Hence, the word am+J can be

accepted by N ′ by an accepting computation c′ which imitates c: all traversals are

replaced by J-pumped traversals and u-turns, which may also exist in c, remain

the same. This means that J = km for some positive integer k. Now, say the

prime factorization of J is J =
∏n′

i=1 u
vi
i where uvii are prime factors of J . By

using simple facts about primes and least common multiples, one can see that∑r
i=1 ji ≥

∑n′

i=1 u
vi
i and

∑n′

i=1 u
vi
i ≥

∑n
i=1 p

ki
i and that gives the following:

p′ ≥ p′′ =
r∑
i=1

ni ≥
r∑
i=1

ji ≥
n′∑
i=1

uvii ≥
n∑
i=1

pkii = p (4.4)

Henceforth, we arrive at a contradiction, and p′ cannot be smaller than p.

• Not disjoint traversals: Suppose that in c, we have r traversals tis where each

one host a set of states that may or may not be disjoint from every set that is

hosted by other traversals. Now we will continue in a way similar to the previous

scenario.

Take two traversals tg and th from c such that tg has a repeating state qg and th

has a repeating state qh with the following conditions:

(i) qg is visited repeatedly first in the xthg and then in the xg + jg
th positions of

am where xg > 0 and jg > 0,

(ii) qh is visited repeatedly first in the xthh and then in the xh + jh
th positions of

am where xh > 0 and jh > 0,

(iii) jg and jh are the shortest state repetitions that can be seen in tg and th,

respectively.
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Say each repetition in tg and th hosts a set of states Ng and Nh, respectively.

There are two possibilities: Ng ∩Nh = ∅ or Ng ∩Nh 6= ∅. First case is similar to

the one we talked in the case of disjoint traversals and can be handled in a similar

way by taking both of them separately into the pumping argument. Second case

is more challenging and we analyze it now.

Take a state q ∈ Ng∩Nh. We know that jg and jh are the shortest state repetitions

and q is seen in both traversal parts. One can see that q also can be repeated

in a pumped traversal as qg and qh can be repeated in their respective pumped

traversals (the transition function allows that). Thus, both traversals can be

pumped either by the length jg or by the length jh, consequently using the set of

states Ng or Nh. We take the smallest of Ng and Nh as the set representative of

tg and th.

For a more generalized argument, suppose there exist a total of r traversals in c.

Since they can be non-disjoint, one can find a total of r′ ≤ r set representatives

for all traversals such that any two set representatives are disjoint and any two

sets of represented traversals are also disjoint. Since any set representative Ni

has an associated original traversal ti and a repetition length ji, we can pump ti

and all the other traversals Ni represent with the length ji = |Ni|. We do that for

every Ni, and so we have a set of integers {j1, j2, ..., jr′} that is associated with

the set of representatives {N1, N2, ..., Nr′}. We use this set to pump am.

Using an argument similar to the one used for disjoint traversals, we can pump

the whole computation by the length J = lcm(j1, j2, ..., jr′). Hence, the word

am+J can be accepted by N ′ by an accepting computation c′ which imitates c:

all traversals are replaced by J-pumped traversals and u-turns, which may also

exist in c, remain the same. This means that J = km for some positive integer

k. Now, say the prime factorization of J is J =
∏n′

i=1 u
vi
i where uvii are prime

factors of J . By using simple facts about primes and least common multiples,

one can see that
∑r

i=1 ji ≥
∑n′

i=1 u
vi
i and

∑n′

i=1 u
vi
i ≥

∑n
i=1 p

ki
i and that gives the

following:

p′ ≥ p′′ ≥
r′∑
i=1

|Ni| =
r′∑
i=1

ji ≥
n′∑
i=1

uvii ≥
n∑
i=1

pkii = p (4.5)
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Therefore, we arrive at a contradiction, and p′ cannot be smaller than p.

Hence, the theorem is proved.

This result is compatible with the result given in Mereghetti and Pighizzini’s

paper [26]. It is worth noting that if m is a prime power, say m = pk for some prime

number p, then 2NFA cannot outperform DFA in deciding Bm with fewer number of

states. Now, as for the case of Am, we can turn our direction to AFA deciding Bm:

Theorem 4.9. The minimal AFA that decides Bm has dlogme states.

Proof. Using theorem 3.13, we know that every n-state minimal DFA has an equivalent

minimal dlog ne-state AFA. DBm has m states, thus the minimal AFA that decides Bm

has dlogme states. Hence, the theorem is proved.

We do not know if 2AFA can outperform AFA in deciding Bm. Now, we will turn

to PFA and show that PFA can perform (statewise) better than DFA:

Theorem 4.10. There exists a PFA that decides Bm with p + 2 states where p =

pk11 + ...+ pknn and its error margin is equal to 2n−1
4n

.

Proof. Here, we will use a slightly modified version of the notion used in 2DFA case:

Instead of traversing the input for n times sequentially with n different groups of states

as the 2DFA NBm does, our PFA does it parallelly with n groups of states. Every group

i has pkii states that form a cycle where a cycle is disjoint from other cycles. On each

cycle i, the starting state is also the final state, hence the ith cycle can be seen as a pi
ki-

state 1DFA which accepts strings of length cpi
ki , c ∈ N. Also, the starting distribution

is different than usual, meaning that instead of using 1 state as the starting state with

probability 1 at the beginning, we use the starting states of every group as one of n

starting states, each having the probability 1
n

at the beginnning (i.e. instead of using

(1 0 0 ... 0)T vector, we use ( 1
n

0 ... 0 1
n

0 ... 0 ... ... 1
n

0 ... 0)T vector at

the start).
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During the computation of some word ar, our PFA does the following: In some

step, for every group i, we are in one of the states in the ith group with 1/n probability,

trying to figure out if r is a multiple of pi
ki . Thus, it seems like we force every group to

find whether r is a multiple of m = pk11 ...p
kn
n . If indeed r is a multiple of m, we are in

the final state of every group with 1
n

probability (adding up to 1), hence ar is accepted

by our PFA with probability 1. In other cases, it is certain that our PFA accepts ar

with at most 1− 1
n

probability.

Now, we will modify the PFA described above. To do that, we add two additional

starting states, one accepting and one rejecting, both are cycles of length one and

disjoint from every other group. Then, we change the starting probability distribution

vector to

(
1

2n
0 ... 0

1

2n
0 ... 0 ... ...

1

2n
0 ... 0

1

4n

1

2
− 1

4n
)T

so every starting state of the old groups now has 1
2n

starting probability; moreover, the

newly added accepting starting state and its rejecting counterpart have 1
4n

and 1
2
− 1

4n

starting probability, respectively. We do not alter any other computational property

of our PFA. By doing those modifications, we change the acceptance probability of a

given string ar as the following:

• if r is a multiple of m, then p(r) = n 1
2n

+ 1
4n

= 2n+1
4n

• if r is not a multiple of m, then p(r) ≤ (n− 1) 1
2n

+ 1
4n

= 2n−1
4n

Hence, we can set the error margin as 1− 2n+1
4n

= 2n−1
4n

. Notice that the margin is equal

to 1
2
− O(n−1) and we cannot fix an error margin that is same for every n, using only

p+2 states. Also, this result is compatible with the result given in Mereghetti, Palano,

and Pighizzini’s paper [12] in which the machine of concern is a different version of

PFA (i.e. PFA with isolated cut-point).
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One can see that we can fix n and fix the error margin. For example, consider

a special case of m where m is a multiple of two prime factors pk11 and pk22 which are

approximately equal. Using the PFA described just above, one can create a PFA with

p+ 2 = pk11 + pk22 + 2 u
√
m+

√
m+ 2 = O(

√
m) states and error margin ε = 3

8
.

It is worth noting that if m = pk for some prime number p, then the aforemen-

tioned PFA model (i.e. grouping states in cycles and using them parallelly) cannot

outperform DFA in deciding Bm with fewer number of states. Additionally, if m is a

prime number, then any bounded-error PFA cannot decide Bm with number of states

fewer than m, stated in Ambainis and Freivalds’ paper [10].

Now, we will turn to QFA and answer the following question:

“For any ε > 0, does there exist a bounded-error QFA that decides Bm with

O(logm) states and ε error margin where m is a prime number?”

Apparently, there exists (see [10]). To carefully explain how a bounded-error QFA

does that, we will use the following:

Theorem 4.11. For every prime number m, there exists a 2-state QFA that accepts

the members of Bm with 1 probability and non-members of Bm with at most cos2 π
m

probability.

Proof. Now, we formally give a QFA P deciding Bm: P = ({q1, q2}, {a}, U, q1, {q1})

where U is the orthogonal matrix:

U =

cos π
m
− sin π

m

sin π
m

cos π
m


Given a string w = ar, when P reads the symbol a on ith step, it does a simple

operation Uρw,i−1U
† to compute ρw,i, using its only matrix operator U and the previous

computation ρw,i. Geometrically speaking, U is a transformation that rotates a point
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on the unit circle in the Euclidean plane by the angle π
m

in counter-clockwise direction.

What it does in our case is more or less the same thing since at every step it changes the

probability of being on a state by some amount that depends on the angle of rotation

π
m

and the previous angle. As an example, in the ith step, the computation is equal to

ρw,i =

cos2 πi
m

...

... sin2 πi
m


Thus, the probability that P accepts w is p(w) = cos2 πr

m
. If r is a multiple of m,

p(w) = 1; if not, then p(w) ≤ cos2 π
m

. Hence, we prove the theorem. Notice that P is

not a bounded-error QFA and its error margin depends on m.

Now, using P , we will build a bounded-error QFA, and prove the following theo-

rem.

Theorem 4.12. For any ε > 0, there exists a O(logm)-state bounded-error QFA that

decides Bm with error margin ε where m is a prime number [10].

Proof. Notice that instead of using the angle π
m

for rotations, our PFA P (given in

the previous proof) can use the angle jπ
m

where j is any non-negative integer smaller

than m, and can still accept w ∈ Bm with p(w) = 1 and w /∈ Bm with p(w) ≤ cos2 π
m

(it is essentially because every such j and m are coprime). Thus, denoting Pj as our

modified PFA with rotation angle jπ
m

, Pj = ({qj,1, qj,2}, {a}, Uj, qj,1, {qj,1}) having Uj

such that

Uj =

cos jπ
m
− sin jπ

m

sin jπ
m

cos jπ
m


also decides Bm. In fact, one can see that for i, j ∈ {0, 1, 2, ...,m − 1}, the lists

[cos2 0, cos2 iπ
m
, cos2 2iπ

m
, ..., cos2 (m−1)iπ

m
] and [cos2 0, cos2 jπ

m
, cos2 2jπ

m
, ..., cos2 (m−1)jπ

m
] have

the same elements, just in different order, if i 6= j. These lists also can represent the

associated acceptance probability of list of words [a0, a1, a2, ..., am−1] by Pi and Pj,



72

respectively. We will utilize this different order notion by using the following lemma:

Lemma 4.13. There exists a set J = {j1, j2, ..., jk} ⊂ {0, 1, ...,m − 1} of k =

O(1
ε

logm) numbers such that for every j ∈ J , the elementwise sum of lists Lj =

[cos2 0, cos2 jπ
m
, cos2 2jπ

m
, ..., cos2 (m−1)jπ

m
] is equal to

L =
k∑
j=1

Lj = [l0, l1, l2, ..., lm−1] (4.6)

where l0 = k cos2 0 = k and ly ≤ εk for any 1 ≤ y ≤ m − 1 (elementwise sum of

two equal-size lists L1 = [a1, a2, ..., ak] and L2 = [b1, b2, ..., bk] is another list L3 =

[a1 + b1, a2 + b2, ..., ak + bk]).

In Ambainis and Nahimovs’ paper [27] (and similarly in the paper [10]), this

lemma is proven. By the way, this is an existence proof; how to choose such a set

is not given explicitly, but we know that such a set exists. Nevertheless, we can use

the members of J for the entries in Ujs of our QFA Pjs, and by that, we can build a

bigger QFA, say P ′ with a unitary matrix U ′, that accepts the members of Bm with

probability 1 and non-members with probability smaller than or equal to ε.

For the sake of clarity and simplicity, we will slightly modify our QFA’s working

mechanism on Bm before precisely describing P ′. For this case, we will do a “precom-

putation” and then read the input ar. We will represent this as reading the word #ar.

The final measurement of observation is still done at the end.

Precisely, P ′ = (Q′′, {a,#}, {U ′, U#}, q1,1, F
′′) such that F ′′ = {q1,1, q2,1, ..., qk,1},

Q = {q1,1, q1,2, q2,1, q2,2, ..., qk,1, qk,2}, and U ′ and U# are given as:
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U ′ =



cos j1π
m
− sin j1π

m
0 ... ... ... ... 0

sin j1π
m

cos j1π
m

0 ... ... ... ... ...

0 0 cos j2π
m
− sin j2π

m
0 ... ... ...

0 0 sin j2π
m

cos j2π
m

0 ... ... ...

... ... 0 0 ... ... ... ...

... ... ... ... ... ... 0 0

... ... ... ... ... 0 cos jkπ
m
− sin jkπ

m

0 ... ... ... ... 0 sin jkπ
m

cos jkπ
m



U# =



1√
k

0 1√
k

0 ... ... 1√
k

0

0 1 0 0 ... ... ... ...

1√
k

0 1√
k

0 ... ... 1√
k

0

0 0 0 1 ... ... ... ...

... ... ... ... ... ... ... ...

... ... ... ... ... ... ... ...

1√
k

0 1√
k

0 ... ... 1√
k

0

... ... ... ... ... ... 0 1



Now, we will explain what our QFA does, starting with describing the precompu-

tation matrix U#. At the beginning, it uses the orthogonal transformation matrix U#

to change the initial density matrix, say M0, into a matrix Mk (by U#M0U
†
# = Mk)

and the odd-numbered diagonal entries (2j−1, 2j−1) of Mk are equal to 1
k

(which are

actually associated with the states qj,1). This precomputation gives sort of an equal

“starting” probability 1
k

to every qj,1, the de facto starting states of Ujs. Then, it reads

the main input ar. At the end, we accept the input with probability p(w) which is

equal to the sum of odd-numbered diagonal entries of our QFA’s final computation,

given by the definition of acceptance of QFA and the fact that our final states are every

qj,1. Now, we will explain the main reading part of P ′.
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Graphically speaking, we can represent Pj as a simple clock having only one

hand that rotates in counter-clockwise direction with the angle jπ
m

every time it sees

the symbol a. Thus, concerning reading the input, what P ′ does is actually very simple:

It simulates every clock Pj simultaneously, using U ′ (which unsurprisingly consists of

every Uj, diagonally binded to one another). After reading an input at, the clock Pj’s

hand makes an angle θ = jtπ
m

=
tjπ

m
with the x-coordinate where jt ≡ tj (mod m)

and 0 ≤ tj < m. This means that the entry in the 2j − 1th diagonal of our final

computation becomes
cos2

tjπ

m

k
. If t is a multiple of m, then the total sum of such entries

is 1, implying that at is accepted by p(at) = 1 probability. If not, using the knowledge

about the list L stated in 4.13, we know that the total sum cannot be more than εk
k

= ε,

implying that at is accepted by at most p(at) = ε probability. So actually, we use every

entry of L to calculate as the acceptance probability of a given input. Therefore, with

2k = O(logm) states, a QFA can decide Bm. This completes the proof.

As a note, one can see that the QFA that is constructed in this proof is actually

a OQFA.

4.3. The Language Class Cm and Its Deciding Automata

In this section, we will introduce a binary regular language shortly noted by Cm.

Cm, which is proper subset of {0, 1}∗, is the language of binary strings that has a “0”

as its mth bit from the end. We can start by stating the following simple theorem:

Theorem 4.14. Considering state-wise efficiency, NFA are logarithmically more con-

cise than DFA while deciding Cm.

Proof. As we showed in the proof of theorem 3.2, we know that a NFA can recognize

Cm with only m+ 1 states and a DFA recognizing Cm needs at least 2m states. Hence,

the proof is done.

Now, we will prove that 2DFA can decide Cm with m+ 2 states.
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Theorem 4.15. Considering state-wise efficiency, 2DFA are logarithmically more con-

cise than DFA while deciding Cm.

Proof. The trick here is to see that 2DFA can decide the reverse language of Cm with

m + 2 states. Say a 2DFA DCm decides Cm. The computation procedure of 2DFA on

the word w is simple. Starting in the state q0, it scans the input from left to right

while staying in the same state. On the right endmarker, it jumps into the state q1

and turns its head left. Then, it scans the input from right to left while going into the

next state at every jump, or precisely speaking, being on the ith symbol from the end

of w, DCm goes from the state qi to qi+1 and moves left. On the mth symbol from the

end of w, being in the state qm, it checks whether the symbol is 0 or not. If it is, it

turns its head right again and goes into the state qm+1. It scans the m-symbol long

part again from left to right while staying in qm+1, goes right past the right endmarker

and accepts. In any other case, it halts and rejects. The formal definition of DCm is:

DCm = ({q0, ..., qm+1}, {0, 1}{$,#}, δ, q0, {qm+1}) where

• δ(q0, $) = δ(q0, 0) = δ(q0, 1) = (q0, r)

• δ(q0,#) = (q1, l)

• δ(qi, 0) = δ(qi, 1) = (qi+1, l) for 1 ≤ i ≤ m− 1

• δ(qm, 0) = δ(qm+1, 0) = δ(qm+1, 1) = δ(qm+1,#) = (qm+1, r)

One quick addition is that if we allow 2DFA to begin on the right endmarker

(instead of left endmarker), we can save one more state. The proof is done.

Now, we will check the number of states necessary for 2NFA to decide Cm:

Theorem 4.16. At least m− 1 states are necessary for a 2NFA to decide Cm.

Proof. Suppose an m′-state 2NFA N ′ decides Cm where m′ < m − 1. Now, take an

accepting computation c on the word w = 01m−1 where |w| = m. By definition of

acceptance, this c should start in the left endmarker and visit the right endmarker.
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That means there exists at least one traversal t in c and there may exist u-turns. We

will start with the consideration of traversals and then analyze possible u-turns:

• For a traversal t, since m′ < m− 1, there exists at least one state that is visited

repeatedly first in the xth and then in the x + jth positions of the input suffix

1m−1. Thus, if we pump w by 1j from it right end, we can show that there exists

another traversal t′ imitating a j-pumped t, in a similar way used to prove the

theorem 4.2 (i.e. t′ starts and ends on the same states as t does).

• c can also have u-turns beginning from the right endmarker and ending on the

right endmarker. Suppose such a u-turn u includes the reading on the input suffix

1m−1. Since m− 1 > m′, there exists at least one state that is visited repeatedly

first in the x + jth and then in the xth positions of the input suffix 1m−1. Thus,

we can pump u by adding j units of 1s to its rightend (i.e. shifting its leftmost

turning position to the left by j on the new extended input).

Say there exist such jis of c, namely j1, j2, ..., jk, on all traversals and all special

“from-right-to-right” u-turns, which has the characteristics described above, namely

t1, t2, ..., tl, and u1, u2, ..., uk then, we can pump the whole computation with the length

J = j1 ∗ j2 ∗ ... ∗ jl ∗ u1 ∗ u2 ∗ ... ∗ uk. Hence, the word 01m−1+J can be accepted by N ′

with an accepting computation c′ which imitates c: traversals are replaced by pumped

traversals and those special u-turns are replaced by pumped u-turns (other u-turns

remain the same). Since 01m−1+J is not a member of Cm, N ′ should not accept it,

giving a contradiction. Hence, at least m− 1 states are necessary for a 2NFA to decide

Cm and the proof is done.

Now, we turn our direction to AFA case:

Theorem 4.17. Considering state-wise efficiency, AFA are double-logarithmically more

concise than DFA while deciding Cm.

Proof. We will mainly restate theorem 3.11. We know that a DFA needs at least 2m

states to decide Cm. Also, we can easily see that the reverse language of Cm, namely
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Cm
R, can be decided by a DFA with m + 2 states (i.e. Cm

R is the language of binary

strings that has a “0” as its mth bit from the start, so a DFA should only check the

mth bit by using a counter that can count upto m + 2). Using the theorem 3.10, we

infer that the reverse language of Cm
R, which is actually Cm

RR = Cm, can be decided

by an AFA with logdm+ 2e states. Thus, the theorem is proved.

We do not know if 2AFA can outperform AFA in deciding Cm. Now, we turn our

direction to PFA and QFA:

Theorem 4.18. There exists a PFA that decides Cm with m + 2 states and its error

margin is ε = 1
2
−O( 1

m
) [28].

Proof. Our proof consists of a slightly modified version of a PFA given in Rasscevskis’

paper [28]. First, we build a PFA, and then we show why it decides Cm with given ε.

Suppose we have m + 2 states {qA, q0, q1, q2, ..., qm} where qA and qm are the

only final states. Furthermore, qA and q0 are the only starting states and the starting

distribution of states is (1
2
− γ 1

2
+ γ 0 0 0 ... 0)T for some γ that will be precisely

defined later in the proof. Now, we will describe the transition between states:

• On any symbol, qA has a transition to itself with probability 1.

• On symbol 0, q0 has a transition to itself with probability x and a transition to

q1 with probability 1− x.

• On symbol 1, q0 has a transition to itself with probability 1.

• On any symbol, qi has a transition to qi+1 with probability 1 for any i < m.

• On any symbol, qm has a transition to q0 with probability 1.

Clearly, our PFA computes in the following way: It starts on qA with 1
2
− γ probability

and q0 with 1
2

+ γ probability. If qA is chosen, it stays on qA. If q0 is chosen, then it

shows a cyclic behaviour with some probability on inputs having more than one 1; on

other inputs, it stays on q0. One can see that this cyclic behaviour of length m + 1 is

a result of the transition function defined for states {q0, q1, q2, ..., qm}.
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Now, we will prove the following three properties of this PFA:

(i) For every w /∈ Cm, the accepting probability of w is p(w) = 1
2
− γ.

(ii) The computation on any word w ends in q0 with at least (1
2

+ γ)xm probability.

(iii) For every w ∈ Cm, p(w) ≥ 1
2
− γ + (1

2
+ γ)xm(1− x).

Let’s prove all these three properties:

(i) Suppose the input w = u1v is given where u ∈ {0, 1}x and |v| = m − 1. That

means with some probability d > 0, the computation on w ends in state qm (the

only accepting states are qA and qm). Thus, the computation on its prefix u ends

in q0 with d. However, reading the next symbol 1 should result in staying on q0,

according to the transition rules of our PFA. Therefore, reading the remaining

part v finishes on a state other than qm since |v| = m − 1. Hence, d = 0, giving

a contradiction. Thus, p(w) = 1
2
− γ.

(ii) First, we should check the case where |w| ≤ m. Since its length is smaller than

the length of our m+1 state-long cycle, the computation on w can end in q0 only

if it starts on q0 and stays on q0 at every step. Thus, the computation on w ends

in q0 with probability (1
2
−γ)|w|, which is never less than (1

2
−γ)m when |w| ≤ m.

Now, we check the second case that |w| > m. In this case, the computation can

either start and stay in q0, or it can complete our cycle (perhaps more than one,

if |w| is big enough) and then return to q0. Say d is the probability of ending

on q0 after reading w. Clearly, to hit q0 at the end, the computation should hit

one of the states in {q0, q1, q2, ..., qm} m steps before the end. Say Pi denotes the

probability that the computation of w hits the state qi m symbols before the end.

Furthermore, for any integer i where 1 ≤ i ≤ m, if the computation ends in q0

and hits qi m steps before the end, for the final m steps, it should have traversed

the last m− i states of the cycle upto qm, reached q0, and have stayed on q0 for

the final i−1 steps. This situation can happen with probability Pix
i−1. p cannot

be less than the addition of all such probabilities Pix
i−1 and the probability P0x

m

that the computation hits the state q0 m symbols before the end and still ends in

q0. We also now that
∑m

i=0 Pi = 1
2

+ γ and xi−1 ≥ xm for any i and x such that
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1 ≤ i ≤ m and 0 ≤ x ≤ 1. Therefore, we have the following:

d ≥ P0x
m +

m∑
i=1

Pix
i−1 ≥ P0x

m +
m∑
i=1

Pix
m = xm

m∑
i=0

Pi = (
1

2
+ γ)xm (4.7)

Henceforth, the computation on any word w ends in q0 with at least (1
2

+ γ)xm

probability.

(iii) For every w ∈ Cm, we know that p(w) = 1
2
−γ+d′ where d′ denotes the probability

that the computation on w ends in the state qm. d′ depends on d and 1−x, which

denote the probability of hitting q0 m symbols before the end of the computation

and the probability of going from q0 to q1, respectively. One can see that d′ =

d(1− x). Using this with the second property results in the following:

p(w) =
1

2
− γ + d(1− x) ≥ 1

2
− γ + (

1

2
+ γ)xm(1− x) (4.8)

Hence, for every w ∈ Cm, p(w) ≥ 1
2
− γ + (1

2
+ γ)xm(1− x).

The only thing remaining is to fix the error margin ε by benefiting from the third

property and the necessary condition that for every w ∈ Cm, p(w) ≥ 1
2

+ γ. Thus, one

must satisfy the following:

1

2
− γ + (

1

2
+ γ)xm(1− x) ≥ 1

2
+ γ

(
1 + 2γ

2
)xm(1− x) ≥ 2γ

xm(1− x) ≥ 4γ

1 + 2γ

(4.9)

It is satisfactory that xm(1− x) ≥ 4γ. By fixing m and using derivation, one can find

the optimal value for x as x = m
m+1

, implying ( m
m+1

)m(1− m
m+1

) ≥ 4γ. Thus, γ = O( 1
m

),

making ε = 1
2
−O( 1

m
), and completing the proof.

Theorem 4.19. There exists a QFA that decides Cm with m + 2 states and its error

margin is ε = 1
2
−O( 1

m
).
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Proof. The theorem actually says that we can construct a QFA that decides Cm by

modifying the PFA we give in the theorem 4.18, without changing the error margin or

the number of states. It mainly comes from the following theorem, stated in Say and

Yakaryilmaz’s paper [20].

Theorem 4.20. For a given n-state PFA M , there exists an n-state QFA N such that

the acceptance probability of any string w by M is equal to that of N : pM(w) = pN(w).

Proof. The proof is simple. We will give a QFA N that correctly simulates a PFA M .

Say M = ({q1, q2, ..., qn},Σ, {Eσ}σ∈Σ, δ, q1, F ) where every Eσ is a transition ma-

trix defined for σ ∈ Σ. Then, we construct N as N = ({q1, q2, ..., qn},Σ, {Eσ}σ∈Σ, q1, F )

where for σ ∈ Σ, Eσ = {Eσ ′j | j ∈ [1, 2, ..., n]}.

Suppose some word w is given to M . Let v1 be probability disribution vector

associated with w by M :

v1 =



p1

p2

...

...

pn


where

∑n
i=1 pi = 1 (of course). Then, N can simulate M ’s computation on w by

representing v1 with V , the probability disribution matrix associated with w by N as:

V =



p1 ... ... ... ...

... p2 ... ... ...

... ... ... ... ...

... ... ... ... ...

... ... ... ... pn


.
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One can see that pM(w) = pN(w). Furthermore, take Eb, the transition matrix

of M which is associated with the symbol b ∈ Σ, which is defined as:

Eb =



a1,1 a1,2 ... ... a1,n

a2,1 a2,2 ... ... a2,n

... ... ... ... ...

... ... ... ... ...

an,1 an,2 ... ... an,n


.

The computation of M on wb results in the vector v′1 = Ebv1. Now, take Eb
′
j, one of

the n operators associated with the symbol b ∈ Σ. jth column of Eb
′
j is (and should

be) equal to:



√
a1,j

√
a2,j

...

...
√
an,j


and all other entries are zero. The computation of N on wb results in the matrix

V ′ =
∑n

j=1Eb
′
jV Eb

′†
j . One can see that pM(wb) = pN(wb). Thus, N is a well-formed

QFA that correctly simulates M .

Thus, we can use the PFA described in theorem 4.18 to create a QFA that decides

Cm with m+ 2 states and error margin ε = 1
2
−O( 1

m
). Hence, the proof is done.

It is worth mentioning that we do not know whether for any ε > 0, there exists

a PFA or QFA deciding Cm with O(m) states with bounded error. This concludes the

fourth chapter.
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5. UNARY FINITE PERIODIC FORM

5.1. Preliminaries

In the beginning of this part, we give basic information about some interrelated

topics in Automata Theory, Number Theory, and Descriptional Complexity Theory.

We start by recalling unary finite automata and unary regular languages:

Definition 5.1. A unary DFA, shortly UDFA, is a DFA working on an alphabet

containing only 1 symbol. For instance, a UDFA D3, that is defined as:

D3 = ({q1, q2, q3}, {a}, {δ(q1, a) = q2, δ(q2, a) = q3, δ(q3, a) = q1}, q1, {q1})

accepts strings of the form a3m for m ∈ N.

Definition 5.2. A unary regular language, shortly URL, is a regular language decided

by a UDFA. For instance,

LD3 = {a3m | m ∈ N}

is decided by the example UDFA D3 given above. A URL can also be seen as a special

kind of encoding of a set of natural numbers in the unary numeral system. Furthermore,

URLs can have finite or infinite number of members, as regular languages do.

Definition 5.3. A set S of nonnegative integers is called ultimately periodic if there

exist constants µ ≥ 0 and λ > 0 such that every k ≥ µ belongs to S if and only if k+λ

belongs to S. µ and λ are called transience and period, respectively. Also, S is called

periodic if µ = 0. For example

S5,7 = {k | k = 3 or k = 4 or k = 5 + 7m where m ∈ N}

is ultimately periodic and it is a set of numbers whose members are exactly the positive

integers 3, 4, and k ≡ 5 (mod 7).
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From these three simple definitions above, one can see that URLs actually form

a good representation for the ultimately periodic sets. Thus, we can talk about a URL

having the property of being periodic or not. Also, the states and transition function

of a UDFA can capture the notions of transience and period. For instance,

LD1,2 = {am | m = 0 or m = 2n+ 1 where n ∈ N},

which is decided by

D1,2 = ({q1, q2, q3}, {a}, {δ(q1, a) = q2, δ(q2, a) = q3, δ(q3, a) = q2}, q1, {q1, q2}),

can be considered as a set with ultimately periodic behavior and has transience µ = 1

and period λ = 2. Furthermore, the size of the set of states of a UDFA representing

such an ultimately periodic set can be described as |Q| = µ+λ. In fact, the states and

transition functions of UDFA are usually represented in this way, meaning the visual

representation of the transition function, or the transition graph, of a UDFA resembles

a spoon having µ states linearly connected in its handle and λ states forming a circle

in its bowl (see figure 5.1). As a final reminder, for UDFA, µ can be at least 0 (i.e.

the regular language it decides represents a periodic set) and λ can be at least 1 (i.e.

UDFA are complete), two properties which are similar to those of ultimately periodic

sets.

Now, we state an observation about DFA in general. If we want to store all the

information about a DFA D, we need to store the alphabet, states, transition function,

the starting state, and accepting states of D. If we fix the alphabet size, then the main

consideration should be on the size of data about states and their relations. Keeping

it simple, we can say that storing information about an n-state DFA in binary should

take O(n log n) bits: the states, transition function, accepting states, and starting state

should take n log n, O(n log n), at most n log n, log n bits, respectively (alphabet size

is fixed).
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Figure 5.1. Transition graph of a 14-state UDFA with µ = 6 and λ = 8.

Particularly for UDFA, where the alphabet size is 1, storing all data about the

states can be quite a redundant thing to do. We claim that one can store only the

information about accepting states (or accepted strings) in binary and still generate a

form that can be used to describe and decide URLs just as UDFA do. For instance, the

language Am = {am} is decided by an m+ 2-state minimal UDFA (proven in theorem

4.1), and the storage costs O(m logm) bits in the traditional way. Instead, if we only

store the accepting state of Lm, that should take only O(logm) bits. Below, we will

precisely define our new storage form that can act as a decider for URLs.

One quick addition, we assume that the states, final states, and the transition

function table of UDFA are increasingly sorted (this assumption will help us when we

construct our storage form). It means that for a UDFAD = ({q0, q1, ..., qn}, {a}, δ, q0, F ),

deciding some URL L, the points below are valid:

• δ(qj, a) = qj+1 where 0 ≤ j ≤ n− 1,

• qi ∈ F if and only if ai ∈ L.

5.2. Introducing Unary Finite Periodic Form

Definition 5.4. A unary finite periodic form, shortly UFPF, is a 5-tuple (α, µ, λ,R, P ):

(i) α is a symbol called the alphabet symbol,

(ii) µ is a non-negative integer called the transience,

(iii) λ is a positive integer called the period,

(iv) P is an increasingly sorted list of non-negative integers called the periodic part,
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(v) R is an increasingly sorted list of non-negative integers called the transient part

or non-periodic part,

where the largest member of R is smaller than µ and the largest member of P is smaller

than λ.

Definition 5.5. For some URL L that is defined as:

L = {ax | x ∈ [µ1, µ2, ..., µm]} ∪ {aµ+y | (y (mod λ)) ∈ [λ1, λ2, ..., λn]}

where

• for every non-negative integer µi, µi < µi+1 for 1 ≤ i ≤ m− 1 and µm < µ,

• for every non-negative integer λj, λj < λj+1 for 1 ≤ j ≤ n− 1 and λn < λ,

the associated unary finite periodic form UL describes L where UL = (a, µ, λ,R, P ),

R = [µ1, µ2, ..., µm], and P = [λ1, λ2, ..., λn].

As an example, say a URL L1 is defined as a union of two sets as

L1 = {a1, a2, a4} ∪ {a6ax | x ≥ 0 and x ≡ i (mod 4) where i ∈ {0, 1, 3}}.

Now, we can write the unary finite periodic form of L1 as

UL1 = (a, 110, 100, [001, 010, 100], [000, 001, 011])

in binary notation. Another example is for the finite URL L2 = {ε, b5, b6} where

UL2 = (b, 111, 001, [000, 101, 110], []).
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The last example is for the periodic URL L3 = {a9x | x ∈ N} where

UL3 = (a, 0, 1001, [], [0000]).

One additional note, every member is represented with the same number of bits.

Strictly speaking, if the transience is µ and the period is λ for some UFPF UL, then

every member of R, or “transient member of UL” or “non-periodic member of UL”, is

represented with dlog µe bits and every member of P , or “periodic member of UL”, is

represented with dlog λe bits. Now, we will state that we can also use UFPFs to decide

URLs.

Say a UFPF UL = (a, µ, λ, [µ1, µ2, ..., µm], [λ1, λ2, ..., λn]) is given for the unary

regular language L = {ak | k = µi or k = µ+ cλ+λj where 1 ≤ i ≤ m, 1 ≤ j ≤ n, c ∈

N}. Suppose an integer l is given in binary form for the string al. UL should decide

whether al is in L or not by operating on l to find whether it includes l as a member.

To do this, our UFPF searches its non-periodic and periodic parts. First, it checks

whether l < µ. If so, UL searches the non-periodic part: If it finds, accepts; if does

not find, rejects. If l ≥ µ, then UL searches the periodic part. First, in order to adjust

to the modular behavior in the periodic part, UL decreases l by the length µ. Then,

it tests whether this decreased l is directly in the period λ by by checking if l < λ. If

l ≥ λ, UL take the modulo λ of l. Finally, it searches the periodic part for the resulting

number l′ ≡ (l−µ) (mod λ): If it finds, accepts; if does not find, rejects. Thus, UFPFs

can decide URLs. One may want to note that using the modulo λ operation (done by

using long division) in the periodic part and binary search in both searches (i.e. in

non-periodic part or periodic part) should result in O(log l + log l) = O(log l) running

time (assuming that comparing/adding/subtracting two g-bit numbers for some fixed

g takes O(1) runnning time and considering that the input length is dlog le).

Now, we will show that every UFPF has an equivalent UDFA by constructing a

UDFA from a given UFPF and this construction can be done easily.
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Suppose a UFPF UL = (a, µ, λ, [µ1, µ2, ..., µm], [λ1, λ2, ..., λn]} is given for some

URL L. Then, we can give an equivalent UDFA DL = {{q0, q1, ..., qµ+λ−1}, {a}, δ, q0, F}

where

• δ(qi, a) = qi+1 for 0 ≤ i ≤ µ+ λ− 2,

• δ(qµ+λ−1, a) = qµ,

• F = {qi | i = µx for 1 ≤ x ≤ m or i = µ+ λy for 1 ≤ y ≤ n}.

Clearly, DL (only) accepts strings aµx (by the tail or transient part of DL) and

aµ+kλ+λy (by the cycle or periodic part of DL) where k ∈ N, and decides L.

Related to the proof above, some observations are presented below:

• Generating UDFA from UFPFs is an easily revertible process. Since we assume

that UDFA are increasingly sorted, it is adequate to highlight the accepted states,

their enumerations, and the periodic behaviour of a given UDFA to generate its

associated UFPF.

• Generating UDFA from UFPFs can be costly because the number of periodic or

transient members in a UFPF can be logarithmically smaller than its period and

transience. Since we keep data about every state and their transitions in UDFA,

it can be exponentially costly to construct UDFA from UFPFs. For example,

consider the URL Am = {am} which has only one member that has length m. Its

associated UFPF is UAm = (a,m+ 1, 1, [m], []), and its deciding UDFA has m+ 2

states. It is logarithmically less costly to represent Am with a UFPF rather than

with a UDFA.

5.3. Introducing Compact Unary Finite Periodic Form

Now, we will analyze the storage needs of UFPFs. Suppose a unary finite periodic

form UL = (a, µ, λ, [µ1, µ2, ..., µm], [λ1, λ2, ..., λn]) is given, having m and n members in

its non-periodic part and periodic part, respectively. Then, the stored data inside this

UFPF takes nearly mdlog µe + ndlog λe bits. If m and n is very small compared to µ
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and λ, respectively, then we can say that the storage is space-efficient. An example is

the UFPF UAm = (a,m + 1, 1, [m], []) for the URL Am = {am}, where UAm takes only

logarithmic space (logarithmic in m).

On the other hand, if m ≈ µ or n ≈ λ, the storage space is very close to

µdlog µe + λdlog λe. To be more efficient in data storage, we can improve our UFPF

model. We claim that we can hold the storage need up to F = µ + λ by changing

our form accordingly to the conditions stated below. First, we will define this more

compact form:

Definition 5.6. The compact unary finite periodic form, shortly CUFPF, is an al-

ternate UFPF where every non-periodic member or periodic member is represented

by only 1 bit, instead of logarithmic number of bits. Precisely, for a given UFPF

UL = (a, µ, λ, [µ1, ..., µm], [λ1, ..., λn]) deciding the URL L, the equivalent CUFPF is

ZL = (a, µ, λ,M,N) where

• M = x0x1...xµ−1 is a µ-bit binary word-number called the transience word where

xi are bits: xi = 1 if and only if ai ∈ L and xi = 0 if and only if ai /∈ L,

• N = y0y1...yλ−1 is a λ-bit binary word-number called the period word where yi

are bits: yj = 1 if and only if aµ+kλ+j ∈ L and yj = 0 if and only if aµ+kλ+j /∈ L

for k ∈ N.

Basically, by using CUFPFs, we are representing a member of a URL with only

1 bit; so one should note that the size of M is |M | = µ and the size of N is |N | = λ.

We can also use CUFPFs to decide URLs:

Suppose a CUFPF ZL = (a, µ, λ,M,N) is given for the URL L where M =

x0x1...xµ−1 and N = y0y1...yλ−1. To check whether a string ap ∈ L, we look at the bit

xp of M is 1 or 0 if p < µ. If it is 1, we accept; otherwise, we reject. If p ≥ µ, first we

make p sufficiently small, by substracting first µ and doing the modulo λ operation on

it to make p a non-negative integer p′ which is smaller than λ. Then, we check if the

bit yp′ of N is 1 or 0. If it is 1, we accept; if not, we reject. Thus, CUFPFs can decide
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URLs.

Now, we will give the conditions that using CUFPFs instead of UFPFs to describe

URLs is more efficient in data storage:

Theorem 5.1. Given UFPF UL = (a, µ, λ, [µ1, ..., µm], [λ1, ..., λn]) and its associated

CUFPF, named as ZL = (a, µ, λ,M,N) deciding the same URL L, to limit the total

storage space usage for transient members and periodic members by µ+ λ bits:

• If m > µ
dlogµe and n > λ

dlog λe , use CUFPF ZL.

• If m < µ
dlogµe and n < λ

dlog λe , use UFPF UL.

• Else, use the more efficient one which naturally is limited above by µ+ λ bits.

Proof. The proof is simple. We want to limit storage space by F = µ + λ. Thus,

if m > µ
dlogµe , the storage space for transient members of UL takes P = mdlog µe >

µ
dlog µedlog µe = µ bits and that of ZL takes µ bits. For the periodic members, if

n > λ
dlog λe , the storage space takes R = ndlog λe > λ

dlog λedlog λe = λ bits for UL and

λ bits for ZL. Thus, using ZL for the case where m > µ
dlog µe and n > λ

dlog λe limits the

storage use by µ + λ bits, instead of P + R > µ + λ when using UL. On the other

hand, if m < µ
dlog µe and n < λ

dlog λe , then P +R < µ
dlog µedlog µe+ λ

dlog λedlog λe = µ+ λ;

hence using UL instead of ZL becomes the better option. One can see that last case is

trivial.

From now on, we will work with CUFPFs instead of UFPFs unless we say other-

wise. Next, we will show how to minimize CUFPFs.

5.4. Minimization of CUFPFs

In this section, we will focus on how to minimize CUFPFs. First, we will begin

with the definition of minimal CUFPFs:



90

Definition 5.7. A CUFPF ZL, which describes the URL L, with transience µ and

period λ is said to be minimal if there does not exist another CUFPF, which describes

the same L, with transience ν and period γ such that ν + γ < µ+ λ.

One should note that this definition of minimality implies that there can be more

than one minimal CUFPF deciding the same language. Now, we will prove that given

any URL L, there is only one minimal CUFPF deciding L, but before that we will give

a definition and two theorems that will be useful for this proof:

Definition 5.8. A non-empty word w is said to be primitive if it is not the case that

w = sk for some word s and an integer k ≥ 2 [29].

Theorem 5.2. For every non-empty word w, w = sk for some unique primitive word

s and unique integer k ≥ 1 [29].

Theorem 5.3. Given two words s1 and s2, if s1s2 is primitive, then s2s1 is also primitive

[30].

Now, we will prove the following:

Theorem 5.4. Given any URL L, there is only one minimal CUFPF deciding L.

Proof. Suppose there exists two CUFPFs deciding the same URL L ∈ {a}∗, namely

Z1 = (a, µ, λ,M1, N1) and Z2 = (a, ν, γ,M2, N2) where µ + λ = ν + γ = F . Suppose

µ > ν and λ < γ. We now prove that such Z1 and Z2 cannot coexist.

Say N2 consists of γ bits such that N2 = b1b2...bγ. One can see that there is

another CUFPF Z3 = (a, µ, γ,M1, N3) that decides the same language with N3 being

a circularly k-bit left-shifted version of N2:

N3 = bkbk+1...bγb1b2...bk−1 where k ≡ µ− ν (mod γ) and k < γ.

For Z3 to decide L, it should be that N3 = N1t for some non-empty word t and

Nγ
1 = Nλ

3 . Furthermore, we have the following:
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• N1 cannot be of the form N1 = uk11 for some word u1 and integer k1 ≥ 2. Other-

wise, F = µ+ λ would not be minimal.

• N2 cannot be of the form N2 = uk22 for some word u2 and integer k2 ≥ 2. Other-

wise, F = ν + γ would not be minimal.

• N3 cannot be of the form N3 = uk33 for some word u3 and some integer k3 ≥ 2.

Otherwise, there would be another word v such that N2 = vk3 and F = ν + γ

would not be minimal.

From definition 5.8, we know that N1, N2, and N3 are all binary primitive words.

Using theorem 5.2 with our knowledge about N1, N2, and N3 gives us that

Nγ
1 6= Nλ

3

and this contradicts what we have said earlier. Hence, Z1 and Z3, and thus Z1 and

Z2 cannot both decide L. Therefore, there can exist only 1 minimal CUFPF for a

URL.

A direct result of this theorem 5.4 is the following:

Theorem 5.5. A CUFPF ZL that decides L, having transience word M and period

word N , is a minimal CUFPF if and only if it has the following properties:

• N is a primitive word.

• It is not the case that M = PS and N = RS for some non-empty word S and

words P and R (i.e. M and N do not share any non-empty suffix).

Proof. For the forward direction of the theorem, suppose ZL is minimal. We will show

that it should have those two properties:

• Suppose N is not a primitive word. Then, there exists another word W such that

N = W k for some k ≥ 2. Then, there exists another CUFPF deciding L with
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transience word M and period word W . One can see that |M |+ |W | < |M |+ |N |,

so ZL cannot be minimal. Thus, N must be a primitive word.

• Suppose there exists a non-empty word S such that M = PS and N = RS

where P and R are words. Then, there exists another CUFPF deciding L with

transience word P and period word SR. One can see that |P |+ |SR| < |M |+ |N |,

so ZL cannot be minimal. Thus, it is not the case that M = PS and N = RS

for some non-empty word S and words P and R.

Before proving the other direction of this theorem, we want to highlight a feature

of CUFPFs. A CUFPF can also be seen as a tool that generates an infinite sequence of

binary numbers, which at some point shows a periodic behaviour, and this is directly

related to the “ultimately periodic” characteristic of URLs. Sequence generation pro-

cedure of a CUFPF is simple: First it gives its transience word, then it concatenates

infinitely many copies of its period word to that. One can see that to decide the same

URL, two different CUFPFs should be able generate the same infinite sequence; oth-

erwise there would exist some non-negative integer i such that some element of L with

length i is accepted in one of the CUFPFs and rejected in the other one, giving a

contradiction. Now, we continue our proof.

For the other direction of the theorem, we will show that if M and N do not

share any non-empty suffix and N is primitive, then ZL is minimal. Now, suppose

that some minimal CUFPF Z ′L that decides L has transience word U and period word

V . Since both ZL and Z ′L decide the same language, they should generate the same

infinite sequence. We will use this “same sequence” logic to handle two scenarios to

conclude that M = U and N = V :

For the first scenario, say |M | > |U |. Then, we can state the following: M =

UV k2x2 for some integer k2 and a prefix x2 of V (i.e. the sequences should be the

same upto |M |th bit), and V = x2y2 for words x2 and y2. Moreover, we can say that

MN |V
′| = UV k2x2V

′|N | (i.e. upto |M |+ |V ′||N |th symbol, the sequences should be the

same) where V ′ = y2x2, implying V ′|N | = N |V
′| = N |V |. By theorem 5.3, since V is

primitive, V ′ is also primitive. Using theorem 5.2 gives us that N = V ′ = y2x2 since
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both N and V ′ are primitive words. Then, M and N share the same suffix x2, giving

a contradiction. Thus, |M | 6> |U |.

Say |M | ≤ |U | for the second scenario. Since there does not exist any CUFPF

that can decide L with a transience word M such that |M | < |U |, |M | 6< |U |. That

means |M | = |U |, implying M = U . By a similar argument about primitive words

used in the previous scenario (i.e. N |V | = V |N |), it should be that N = V . Henceforth,

ZL is equal to Z ′L, and ZL is minimal. The proof is done.

Now, to minimize a given CUFPF ZL = (a, µ, λ,M,N), we will minimize its

period and minimize its transience, and make sure that this minimized version has the

properties that are stated in theorem 5.5. Now, we will prove the following:

Theorem 5.6. Suppose a CUFPF ZL = (a, µ, λ,M,N) is given for some URL L. It

takes O(λ2 + µ) steps to minimize ZL.

Proof. To correctly minimize ZL, we should accomplish the following three tasks:

(i) We should check whether the period word N is of the form N = V V...V = V k for

some primitive word V and some positive integer k. V becomes our new period

word.

(ii) We should check if the transience word M is of the form M = UV V...V = UV l

for some integer l and some word U . If it is the case, we should find the shortest

such U such that V is not a suffix of U . U becomes our new transience word.

(iii) We should check whether U = PS and V = RS for some non-empty word S and

words P and R. If it is the case, we should find the longest such S, and hence,

shortest such P . P becomes our minimal transience word and W = SR becomes

our minimal period word.

These three tasks all together guarantee that the minimized CUFPF has all the

properties stated in theorem 5.5 and is actually minimal. Now, we will show how to
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minimize a CUFPF by giving the exact reduction procedures on both of its words.

Furthermore, we will show that these operations can be done efficiently:

First, we do the first task. Basically, we check if N = V V...V = V k for some

primitive word V which is also the first |V | bits of N . We do this starting from the

shortest possible V (i.e. |V | = 1, the first bit of N), and continue until we find such a

match, at most upto |V | = d|N |/2e. If such V is found, we stop and say V is the new

period word; otherwise we say N = V and is still the period word. At every step, we

do at most (k−1)|V | < |N | bitwise comparisons, and d|N |/2e steps exist at maximum;

hence, this part takes O(|N |2) = O(λ2) steps.

Now, we do the second task. Basically, we check if M = UV V...V = UV l for some

word U that is the first |U | bits of M . At the beginning, we check if V is a suffix of

M and if that is not the case, we stop and say M = U and is still the transience word.

Otherwise, we erase the last |V | bits of M . At every step, we continue to erase the last

|V | bits of the remaining prefix of M if V is still a suffix of it. On some prefix U of

M , if such a deletion operation cannot occur, we stop and say U is the new transience

word. At every step, we do |V | bitwise comparisons (and bit deletions, if possible),

and d|M |/|V |e steps exist at maximum; hence, this part takes O(|M |) = O(µ) steps.

Finally, we do the third task. Basically, we want to find the longest word S such

that U = PS and V = RS. To do that, starting from their respective last bits, we

pairwise compare the ith bits of U and V at every step i (ith bits from their ends), until

a mismatch occurs. Such a mismatch tells us where to stop and we find the longest

shared suffix of U and V , say S. Then, we stop and say P is the transience word

and W is the period word of the minimal CUFPF that decides L where U = PS and

W = SR for that word S. At every step, we do one bitwise comparison, and |V | steps

exist at maximum; hence, this part takes O(|V |) = O(λ) steps.

The resulting CUFPF Z ′L = (a, |P |, |W |, P,W ) is minimal, because it has the

properties of minimal CUFPFs. Furthermore, to obtain this minimal CUFPF, our

algorithm first finds the shortest period possible and shortest period word possible (in
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perhaps a circularly shifted order), then it finds the shortest transience word possible

and the shortest period word (by checking if it is circularly shifted or not). Therefore,

we can minimize the CUFPF ZL = (a, µ, λ,M,N) in O(λ2 + µ) steps (of bitwise

comparison, deletion, and writing operations).

Minimization of DFA in general is a relatively old concept. Several efficient

algorithms accomplishing this task are known and one is Hopcroft’s DFA minimization

algorithm given in Hopcroft’s paper [31]. In the worst case, this algorithm runs in

O(ns log n) steps (of basic state comparison/addition/deletion), where n is the number

of states and s is the size of the alphabet. Thus, for unary case, it runs in O(n log n)

steps. A quick comparison shows that the algorithm given for CUFPF minimization in

the proof of theorem 5.6 is not better than Hopcroft’s technique in the number of steps

of basic operations, in the worst case (i.e when λ� µ, λ→ n and O(n2) ≥ O(n log n)

where n = λ + µ). However, there are also cases it can perform as well as Hopcroft’s

technique (i.e. when µ� λ, µ→ n and O(n) ≤ O(n log n) where n = λ+ µ).

By the way, the procedure described in the first task can be also called as period

shrinking because it shrinks periodic parts of CUFPFs. Furthermore, the procedures

described in the second and third tasks together can be also called as transience shrink-

ing because it shrinks transient parts of CUFPFs. These notions will be useful when

we deal with union and intersection operations on CUFPFs. Finishing minimization,

now, we will move onto the closure properties of CUFPFs.

5.5. Closure Properties

CUFPFs are closed under complementation, union, intersection, concatenation,

and star operations since the class of regular languages are closed another these op-

erations. Usually, arguments involving DFA and NFA are used to prove these closure

properties. In this section, we will use CUFPFs for that matter and show how many

bits (bits as symbols of words used in CUFPFs) and/or steps of bitwise operations are

needed for such operations.
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5.5.1. Complementation

Complementation is rather a simple operation. The complement of any regular

language L, namely L̄, is also regular. Say a DFA DL decides L. To show that L̄ is

also regular, it is enough to construct a DFA DL̄ that decides L̄. This can be done

by making the final states of DL the non-final states of DL̄ and the non-final states

of DL the final states of DL̄, while keeping the states, alphabet, transition function,

and the starting state of DL the same in DL̄. Now, we will use this approach in

complementation of CUFPFs.

Theorem 5.7. CUFPFs are closed under the complement operation. Furthermore,

suppose a CUFPF ZL = (a, µ, λ,M,N) is given for a language L, it takes

O(µ+ λ)

steps of basic bitwise operations to construct the complement ZL̄ of ZL. ZL̄ has a

transience of µ and a period of λ.

Proof. Suppose a CUFPF ZL = (a, µ, λ,M,N) is given for a URL L. We now prove

that a CUFPF ZL̄, which describes L̄, can be constructed by using ZL. This is simple:

One by one, we only flip the bits xis and yjs of M = x0x1...xµ−1 and N = y0y1...yλ−1.

Indeed, since xi = 1 if and only if ai ∈ L and yj = 1 if and only if aµ+j ∈ L, the flipped

bits x′i = 1 if and only if ai /∈ L (or ai ∈ L̄) and y′j = 1 if and only if aµ+j /∈ L (or

aµ+j ∈ L̄). This procedure clearly takes O(µ+ λ) steps (of bitwise flips).

5.5.2. Union and Intersection

The class of regular languages is closed under union and intersection operations.

This can be easily proven and here is a sketch of proof for that:

We want to show that if L1 and L2 are regular languages, so is L1∪L2 (respectively,

L1∩L2). Therefore, we should show that there exists a DFA that decides L1∪L2 (resp.
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L1 ∩ L2). Since there exist two DFA D1 and D2 that decides L1 and L2, respectively,

one can construct another DFA D3 that simulates D1 and D2 at the same time while

reading an input. To simulate D1 and D2, at any step, D3 should remember a pair of

states that D1 and D2 are on at that step, so the states of D3 should actually be the

Cartesian product of the states of D1 and D2. By also obeying the rules about the

transition functions and final states of both D1 and D2 and union (resp. intersection)

operation, one can construct such an intended D3.

In general case, union (or resp. intersection) of two DFA with m and n states

result in an mn-state DFA. In unary case, union and intersection are analyzed with

great detail in Shallit’s paper [32], and the main results of this work is given in the

following:

Theorem 5.8. Let D1 and D2 be two UDFA, deciding L1 and L2 respectively. Suppose

the transition diagram of D1 (resp. D2) has a tail of size t and a cycle of size c (resp.

t′, c′). Then the state complexity of L1 ∩ L2 (or resp. L1 ∪ L2) is not greater than

max(t, t′) + lcm(c, c′) [32] .

Now, we analyze union and intersection operations with CUFPFs. First, we

introduce two lemmas that will be helpful for the union and intersection operations.

Lemma 5.9. Suppose a CUFPF ZL = (a, µ, λ,M,N) is given for the language L. For

some integer f > µ, there exists a µf -stretched ZL, shortly µf -ZL, deciding the same

L such that µf -ZL = (a, f, λ,M ′, N ′) where

• M ′ = MNkv and f = |M ′| = |M | + k|N | + |v| for some non-negative integer k

and a prefix v of N ,

• N ′ = uv where N = vu for some word u.

This is called transience stretching.

Proof. Basically, we want to generate a CUFPF that decides the same URL ZL and

has transience f and period λ. Thus, we add f − µ bits to the right of M and create
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a new transience word M ′ and change the order of bits of N by some circular modulo

operation and create a (possibly) new period word N ′ which has the same length as

N . Strictly speaking:

• M ′ = MNkv where k|N |+ |v| = |M ′|−|M | = f−µ for some non-negative integer

k and a prefix v of N ,

• N ′ = uv where N = vu for some word u.

The definition of M ′ and N ′ should be easily understandable, otherwise, one

may want to recall the notion of CUFPF minimization and the fact that equivalent

CUFPFs generate “same sequences” (see theorem 5.5 in CUFPF minimization part).

Here, instead of reducing or shrinking a word, we stretch it.

Lemma 5.10. Suppose a CUFPF ZL = (a, µ, λ,M,N) is given for some language L.

For some positive integer p = rλ where r > 1, there exists a λp-stretched ZL, shortly λp-

ZL, deciding the same L such that λp-ZL = (a, µ, p,M,N ′) where N ′ = NN...N = Np.

This is called period stretching.

Proof. Basically, we want to generate a CUFPF that decides the same URL ZL and

has transience µ and period λp. Thus, talking in the language of CUFPFs, we add

(p− 1) Ns to right of N and create a new period word N ′ = Np.

Knowing these two lemmas, now suppose a CUFPF ZL = (a, µ, λ,M,N) is given

for a language L. Given two positive integers f > µ and p = rλ for some r > 1,

we can doubly stretch ZL and construct another CUFPF called as µf -λp-stretched ZL,

shortly µf -λp-ZL, such that µf -λp-ZL decides the same L. To do that, one should first

do transience stretching on ZL by f and then do period stretching on µf -ZL by p. We

will use this doubly-stretched CUFPF notion in the following theorem.

Theorem 5.11. CUFPFs are closed under the union (respectively, intersection) oper-

ation. Moreover, suppose CUFPFs ZL1 = (a, µ, λ,M1, N1) and ZL2 = (a, ν, γ,M2, N2)
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are given for two languages L1 and L2 respectively, it takes

O(max(µ, ν) + lcm(λ, γ))

steps of basic bitwise operations to construct the union (resp. intersection) ZL3 of ZL1

and ZL2 . ZL3 has a transience of ξ = max(µ, ν) and a period of ρ = lcm(λ, γ).

Proof. The CUFPFs ZL1 = (a, µ, λ,M1, N1) and ZL2 = (a, ν, γ,M2, N2) are given for

languages L1 and L2. We claim that there exists a CUFPF ZL3 = (a, ξ, ρ,M3, N3)

where ξ = max(µ, ν) and ρ = lcm(λ, γ) that describes L3 where L3 = L1 ∪ L2 (M3, N3

are going to be described shortly after). We can construct ZL3 from ZL1 and ZL2 .

First, we stretch ZL1 and ZL2 accordingly because instead of them, we will use their

stretched versions. If ν > µ, we formally use the CUFPFs µν-λρ-ZL1 = (a, ν, ρ,M ′
1, N

′
1)

and γρ-ZL2 = (a, ν, ρ,M2, N
′
2), otherwise we use λρ-ZL1 = (a, µ, ρ,M1, N

′
2) and νµ-

γρ-ZL2 = (a, µ, ρ,M ′
2, N

′
2). Such stretching operations will take a total of O(ξ + ρ)

steps.

For the transient part: Suppose that ν > µ. We now merge the transient parts

of L1 and L2 in CUFPF manners. For that, we take every ith bit of M ′
1 and M2 and

do the following for union operation (resp. intersection operation): If either one is 1

(resp. 0), set the ith bit of M3 to 1 (resp. 0); else, set the ith bit of M3 to 0 (resp. 1).

A very similar argument holds with λρ-ZL1 and νµ-γρ-ZL2 when ν ≤ µ. That way, we

guarantee to describe L3’s every member whose length is shorter than ξ, obeying the

transience rules of L1 or (resp. and) L2. This should take O(ξ) steps.

For the periodic part: The new period is ρ = lcm(λ, γ). We now merge the

periodic parts of L1 and L2 in CUFPF manners. For that, we take every ith bit of

N ′1 and N ′2 and do the following for union operation (resp. intersection operation): If

either one is 1 (resp. 0), set the ith bit of N3 to 1 (resp. 0); else, set the ith bit of N3

to 0 (resp. 1). That way, we guarantee to describe L3’s every member whose length is

longer than or equal to ξ, obeying the periodicity rules of L1 or (resp. and) L2. This
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should take O(ρ) steps.

By stretching ZL1 and ZL2 and merging them accordingly as stated above, we can

create ZL3 deciding L3, the union (resp. intersection) of L1 and L2. Hence, CUFPFs

are closed under the union (resp. intersection) operation and this procedure costs

O(max(µ, ν) + lcm(λ, γ)) steps (of bitwise comparison and writing operations).

As one might easily notice, these results about union and intersection operations

with CUFPFs are compatible with the ones about union and intersection of URLs

given in theorem 5.8.

Now, we will shortly show that the state bound in both cases, O(max(µ, ν) +

lcm(λ, γ)), and especially the less trivial part O(lcm(λ, γ)), cannot be improved in the

general case.

Given languages Bλ = {akλ | k ∈ N} and Bγ = {akγ | k ∈ N}, where λ and γ are

both prime numbers, we know the following (by theorem 4.6):

• the minimal DFA deciding Bλ needs λ states,

• the minimal DFA deciding Bγ needs γ states,

• the minimal DFA deciding Bλ∩Bγ needs λγ states, where Bλ∩Bγ = {akλγ | k ∈

N}.

Thus, the minimal CUFPFs deciding languages Bλ, Bγ, and Bλ∩Bγ have periods

λ, γ, and λγ = lcm(λ, γ), respectively. Hence, the bound O(max(µ, ν) + lcm(λ, γ))

cannot be improved in intersection case. One can also check the bound for union case,

by considering the complements of Bλ and Bγ, and the equality that B̄λ∪B̄γ = Bλ ∩Bγ.
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5.5.3. Star

As stated in Yu, Zhuang, and Salomaa’s paper “The state complexities of some

basic operations on regular languages” (1994) [33], given an n-state UDFA deciding

some URL L, there exists a UDFA that decides L∗ with no more than (n − 1)2 + 1

states. First we, will analyze this result and show how to explicitly find such a UDFA

deciding L∗. Then, we will use this knowledge to show the closure of star operation on

CUFPFs.

Theorem 5.12. Let DL be an n-state UDFA that decides L. Then, there exists a

UDFA DL∗ that decides L∗ with no more than (n−1)2+1 states [33]. Furthermore, fully

building DL∗ takes O(n4) steps of basic elementwise operations (i.e. basic comparison,

addition, deletion operations on states).

Proof. Let DL be the n-state UDFA such that DL = (Q, {a}, δ, q0, F ) where n = µ+λ,

Q = {q0, q1, ..., qµ−1, qµ, qµ+1, ..., qµ+λ−1}, δ(qµ+λ−1, a) = qµ, and δ(qi, a) = qi+1 for every

i ≤ n−2. If q0 is the only final state of DL, then L∗ = L, and the proof is trivial. If not,

then there is at least one final state that is different from q0. Using DL, we can construct

an NFA NL∗ such that NL∗ = (Q, {a}ε, δ′, q0, F
′) where δ′ = δ ∪ {(q, ε, q0) | q ∈ F} and

F ′ = F ∪ q0. We now explain why NL∗ decides L∗.

For an NFA to decide L∗, it should accept every word w such that w = w1w2...wk

where k ≥ 0 and wi ∈ L for every i ≤ k. By securing a return to its start state after

reading every such wi, an NFA can accept w. Thus, for every final state of DL, if we add

an ε arrow from that state to the start state of DL, we guarantee such a return. Our

intended NFA should also accept the empty word, thus we should make q0 a final state

(if it was not before in DL). As a result of these additions, our NFA NL decides L∗.

Now, by modifying NL∗ and using subset construction approach (details are given in

NFA-to-DFA conversion theorem 3.1), we will construct a UDFA DL∗ which simulates

NL∗ and decides L∗.
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Our UDFA decider for L∗, DL∗ is a 5-tuple such that DL∗ = (P, {a}, η, {q0}, FP )

and it has the following properties:

(i) P ⊆ P(Q)

(ii) For any X ∈ P , η(X, a) = {q ∈ Q | ∃p ∈ X, δ′(p, a) = q ∨ δ′(δ′(p, ε), a) = q}.

(iii) FP = {X ∈ P | X ∩ F 6= ∅ ∨X = {q0}}

All those properties are a direct result of using the conversion procedure described

in theorem 3.1. Now, we show that a UDFA having these three properties can actually

decide L∗ with no more than (n− 1)2 + 1 states.

Let qf be the first final state that can be reachable from q0 in DL and let az be

the shortest word such that “the computation of DL on word az hits qf”, denoted by

COMP (DL, q0, a
z) = qf (see that z ≤ n − 1). We know that a computation of NL∗

on word az hits some q ∈ {q0, qf}, so the computation of DL∗ on word az should hit

{q0, qf} since DL∗ simulates NL∗ . Thus, COMP (DL∗ , {q0}, az) = {q0, qf}. Moreover,

let us denote the state COMP (DL∗ , {q0}, aiz) ∈ P by pki for i ≥ 0.

In the paper [33], it is claimed that pki ⊇ pki−1
for all i ≥ 1 since pk1 =

COMP (DL∗ , {q0}, az) = {q0, qf} and:

pki = COMP (DL∗ , {q0}, aiz)

= COMP (DL∗ , {q0, qf}, a(i−1)z)

= COMP (DL∗ , {q0}, a(i−1)z) ∪ COMP (DL∗ , {qf}, a(i−1)z)

= pki−1
∪ COMP (DL∗ , {qf}, a(i−1)z)

(5.1)

There are two possibilities: Either pki = pki−1
⊆ Q for some i ≤ n − 1, or

pkn−1 = Q. The first case is trivial. For the other case, if pki 6= pki−1
for any such

i, then pkn−1 should contain at least n states of Q. Since pkn−1 cannnot contain more

states than n, it must be equal to Q, implying that η(pkn−1 , a) = pkn−1 . In either case,

DL∗ cannot have more than z(n− 1) + 1 states. Now, we see why is that:
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• Say pki = pki−1
⊆ Q for some i ≤ n − 1. Say aiz is given as input. Then, on its

prefix a(i−1)z, DL∗ hits at most (i− 1)z + 1 different states, last one being pki−1
.

Then, on the remaining suffix az, DL∗ hits at most z− 1 different states since the

last state is pki = pki−1
. This implies that periodic part of DL∗ has a period of

length z and DL has at most (i− 1)z + 1 + z − 1 = iz ≤ (n− 1)z states.

• Say pkn−1 = Q. We know that η(pkn−1 , a) = pkn−1 . Thus, on input a(n−1)z+k where

k ≥ 1, DL∗ hits at most (n− 1)z + 1 different states on prefix a(n−1)z and then it

goes into a loop of length 1 for the remaining k symbols. Thus, DL has at most

(n− 1)z + 1 states.

We know that z ≤ n−1; thus, there exists a UDFA that decides L∗ with no more than

(n− 1)2 + 1 states.

Now, we turn our attention to explicitly creating the states and transition function

of DL∗ . We know that to simulate NL∗ on some input is actually to remember the states

it hits at every step. Since DL∗ can decide L∗ with no more than (n − 1)2 + 1 states,

it is enough to remember the states that NL∗ can hit on input a(n−1)2 . Clearly, this

whole state creation procedure for DL∗ can be done in (n−1)2 steps by remembering at

most n states and increasingly enumerating them at every step. With this procedure,

one can also explicitly give the transition rules for the states DL∗ , except the one for

the final state enumerated. To find the state where the periodic part of DL∗ starts, it

should be enough to find the last step j such that the enumerated state in step j is

equal to the final state (i.e. NL∗ hits the same set of states at step j and step (n−1)2).

Now, we should give a method to pinpoint the final state set FP of DL∗ . We

know that |P | ≤ (n − 1)2 + 1 and FP = {X ∈ P | X ∩ F 6= ∅ ∨ X = {q0}}. Thus,

for every X ∈ P , we should check if X ∩ F 6= ∅ or not. Since |F | ≤ n and every

|X| ≤ n, every such check can be performed in O(n2) steps of pairwise comparisons

(i.e. for some x ∈ X and f ∈ F , we check if x = f). There are (n − 1)2 + 1 different

comparisons at maximum; so we can find the final states ofDL∗ in a total of O(n4) steps.

Therefore, fully building DL∗ , which decides L∗ takes O(n4) steps of basic elementwise

operations.
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It is known that for any n ≥ 1, there exists an n-state minimal UDFA that decides

some URL L and an (n− 1)2 + 1-state minimal UDFA that decides L∗ [33]; hence, the

state bound is optimal. Now, we move onto CUFPFs.

Theorem 5.13. CUFPFs are closed under the star operation. Furthermore, suppose

a CUFPF ZL = {a, µ, λ,M,N} is given for some language L, it takes

O((µ+ λ)4)

steps of elementwise operations to construct ZL∗ . The sum of the transience and period

of ZL∗ is (µ+ λ− 1)2 + 1.

Proof. The proof is simple. First, we first construct ZL’s equivalent UDFA DL. Then,

using theorem 5.12, we construct an (n − 1)2 + 1-state UDFA DL∗ that decides L∗.

Finally, we generate DL∗ ’s equivalent CUFPF ZL∗ for L∗. By theorem 5.12, we know

that creating the states (with transition rules) and final states of DL∗ takes O(n2)

and O(n4) steps, respectively. We also know that converting ZL to DL and DL∗ to

ZL∗ should take O(n) and O(n2) steps, respectively. Hence, it should be clear that to

construct ZL∗ , it takes a total of O(n) + O(n2) + O(n4) = O(n4) = O((µ + λ)4) steps

of elementwise operations. Thus, the proof is done.

5.5.4. Concatenation

In this part, first we will analyze concatenation of URLs, heavily using the results

given in Pighizzini’s paper “Unary language concatenation and its state complexity”

(2000) [11]. Then, with the help of these results, we will analyze closure of concatena-

tion on CUFPFs.

Theorem 5.14. Given µ′ ≥ 0, µ′′ ≥ 0, λ′ ≥ 1, λ′′ ≥ 1, let L1 and L2 be URLs accepted

by two UDFA D1 and D2 of size (λ′, µ′) (i.e. period λ′, transience µ′) and (λ′′, µ′′)

(i.e. period λ′′, transience µ′′), respectively. Then, the concatenation of L1 and L2 is

accepted by a UDFA of size (λ, µ) where λ = lcm(λ′, λ′′) and µ = µ′+µ′′+lcm(λ′, λ′′)−1

[11].
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Proof. Let our unary alphabet be {a}. LetX1, X2 be the URLs decided by the transient

parts of D1 and D2, meaning that X1 = L1 ∩{ai | 0 ≤ i < µ′} and X2 = L2 ∩{ai | 0 ≤

i < µ′′}. Let Y1, Y2 be the URLs decided by restricting D1 and D2 to their periodic

parts. Hence, L1 = X1 ∪ aµ
′
Y1 and L2 = X2 ∪ aµ

′′
Y2. Then, L3 = L1L2 can be written

as:

L3 = (X1 ∪ aµ
′
Y1)(X2 ∪ aµ

′′
Y2)

= X1X2 ∪X1a
µ′′Y2 ∪X2a

µ′Y1 ∪ aµ
′+µ′′Y1Y2

(5.2)

We can see that L3 can be represented as a union of four languages. By providing

UDFA for every one of these concatenated languages and generating a union of them,

we can provide a UDFA deciding L3. We will start with X1X2.

Case of X1X2: This is relatively easy. Since X1 and X2 is finite, X1X2 is also

finite. Its longest member is the concatenation of longest members of X1 and X2, which

can be at most µ′ − 1 + µ′′ − 1 = µ′ + µ′′ − 2 symbols long. Thus, a UDFA of size

(1, µ′ + µ′′ − 1) can decide X1X2.

Case of X1a
µ′′Y2: We will show that there exists a UDFA of size (λ′′, µ′+ µ′′− 1)

that decides X1a
µ′′Y2. We do this by proving that for any integer x ≥ µ′ + µ′′ − 1,

ax ∈ X1a
µ′′Y2 if and only if ax+λ′′ ∈ X1a

µ′′Y2 (5.3)

We know that X1 is finite and any word in X1 has length less than µ′. Hence, for an

integer x ≥ µ′ + µ′′ − 1 such that ax ∈ X1a
µ′′Y2, there are two integers y1 and y2 such

that x = y1 + y2, ay1 ∈ aµ
′′
Y2, ay2 ∈ X1, y1 ≥ µ′′, and y2 < µ′. We also know that

ay1+λ′′ ∈ aµ′′Y2 and since ay2 ∈ X1, we can say ay1+y2+λ′′ = v ∈ X1a
µ′′Y2. By similar

arguments, one can also prove that, for any x ≥ µ′ + µ′′ − 1, ax /∈ X1a
µ′′Y2 implies

that ax+λ′′ /∈ X1a
µ′′Y2. Thus, ax ∈ X1a

µ′′Y2 if and only if ax+λ′′ ∈ X1a
µ′′Y2 for any

x ≥ µ′ + µ′′ − 1. Hence, a UDFA of size (λ′′, µ′ + µ′′ − 1) can decide X1a
µ′′Y2.
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Case of X2a
µ′Y1: It is extremely similar to the previous case of X1a

µ′′Y2. Thus,

we can shortly say that there exists a UDFA of size (λ′, µ′ + µ′′ − 1) that can decide

X2a
µ′Y1.

Case of aµ
′+µ′′Y1Y2: To simplify the case, first we will analyze the concate-

nated language Y1Y2. We will show that Y1Y2 can be decided by a UDFA of size

(gcd(λ′, λ′′), lcm(λ′, λ′′) − 1). We are doing this by proving that for any integer z ≥

lcm(λ′, λ′′)− 1,

az ∈ Y1Y2 if and only if az+gcd(λ′,λ′′) ∈ Y1Y2 (5.4)

but before that we will state a useful lemma (no proof will be given).

Lemma 5.15. Given two positive integers c and d, each number of the form ci + dj,

with i and j being non-negative integers, is a multiple of gcd(c, d) and the largest

multiple of gcd(c, d) that cannot be represented as ci+ dj is lcm(c, d)− (c+ d) [11].

For an integer z ≥ lcm(λ′, λ′′)− 1 such that az ∈ Y1Y2, there exists non-negative

integers i, j, y1, and y2 such that z = y1 +iλ′+y2 +jλ′′ where ay1+iλ′ ∈ Y1, ay2+jλ′′ ∈ Y2,

y1 < λ′ and y2 < λ′′. Since y1 + y2 ≤ λ′ + λ′′ − 2 and z ≥ lcm(λ′, λ′′)− 1,

iλ′ + jλ′′ = z − y1 − y2 ≥ lcm(λ′, λ′′)− (λ′ + λ′′) + 1 (5.5)

One can also see that iλ′+jλ′′ is a multiple of gcd(λ′, λ′′). Then, by the previous lemma

5.15, iλ′ + jλ′′ + gcd(λ′, λ′′) can be represented as k1λ
′ + k2λ

′′ for some non-negative

integers k1 and k2. Thus, we can say the following:

z + gcd(λ′, λ′′) = y1 + y2 + iλ′ + jλ′′ + gcd(λ′, λ′′) = y1 + k1λ
′ + y2 + k2λ

′′ (5.6)

and ay1+k1λ′ ∈ Y1 and ay2+k2λ′′ ∈ Y2. Hence, az ∈ Y1Y2 implies az+gcd(λ′,λ′′) ∈ Y1Y2.

By similar arguments, one can also prove that az /∈ Y1Y2 implies az+gcd(λ′,λ′′) /∈ Y1Y2.

Hence, az ∈ Y1Y2 if and only if az+gcd(λ′,λ′′) ∈ Y1Y2. Thus, we can say that there exists
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a UDFA that decides Y1Y2 with size (gcd(λ′, λ′′), lcm(λ′, λ′′)− 1).

If there exists a UDFA deciding Y1Y2 with size (gcd(λ′, λ′′), lcm(λ′, λ′′)− 1), then

surely there exists a UDFA deciding aµ
′+µ′′Y1Y2 with size (gcd(λ′, λ′′), lcm(λ′, λ′′)+µ′+

µ′′ − 1).

Summary of all cases: In the previous part of this proof, we give the transience

and period lengths of four different UDFA that decide our four different URLs X1X2,

X1a
µ′′Y2, X2a

µ′Y1, and aµ
′+µ′′Y1Y2. We know that maximum transience length among

those four UDFA is lcm(λ′, λ′′) + µ′ + µ′′ − 1. We also know that the least common

multiple of those four period lengths is lcm(1, λ′′, λ′, gcd(λ′, λ′′)) = lcm(λ′, λ′′). By

theorem 5.8, it is easy to show that union of those four URLs can be decided by a

UDFA having a transience of length µ′ + µ′′ + lcm(λ′, λ′′) − 1 and a period of length

lcm(λ′, λ′′). Hence, the concatenation of L1 and L2 is accepted by a UDFA of size

(λ, µ) where λ = lcm(λ′, λ′′) and µ = µ′ + µ′′ + lcm(λ′, λ′′)− 1.

It is proven that for any µ′ ≥ 2, µ′′ ≥ 2, λ′ ≥ 2, λ′′ ≥ 2 such that gcd(λ′, λ′′) > 1,

there exists two URLs L1 and L2 which are decided by two minimal UDFA D1 and D2

of size (λ′, µ′) and (λ′′, µ′′), respectively, such that L1L2 is decided by a minimal UDFA

of size (λ, µ) where λ = lcm(λ′, λ′′) and µ = µ′ + µ′′ + lcm(λ′, λ′′)− 1 [11]. Hence, the

state bound is optimal. Now, we move onto CUFPFs.

Theorem 5.16. CUFPFs are closed under the concatenation operation. Furthermore,

say two CUFPFs ZL1 = {a, µ′, λ′,M1, N1} and ZL2 = {a, µ′′, λ′′,M2, N2} are given for

two languages L1 and L2 respectively. It takes

O(T 2)

steps of elementwise operations to construct the concatenation ZL3 of ZL1 and ZL2

where T = µ′+ µ′′+ 2 lcm(λ′, λ′′)− 1. ZL3 has a transience of µ′+ µ′′+ lcm(λ′, λ′′)− 1

and a period of lcm(λ′, λ′′).
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Proof. The proof is simple. By theorem 5.14, we know that the concatenated language

L3 = L1L2 can be decided by a UDFA, say D3, with a transience of length µ′ + µ′′ +

lcm(λ′, λ′′) − 1 and a period of length lcm(λ′, λ′′). In that regard, D3 has a total of

T = µ′ + µ′′ + 2 lcm(λ′, λ′′)− 1 states. Thus, if we can pinpoint the accepting states of

such a UDFA, we can explicitly give the deciding UDFA, and so the deciding CUFPF

ZL3 .

To know the accepting states of D3, it is enough for us to know L3’s members

which are shorter than T . To do that, we need to generate all members of L1 and

L2, say ai and aj, such that 0 ≤ i + j ≤ T − 1. Now, our problem reduces to a very

simple problem of finding the sorted cartesian sum of two finite lists of non-negative

integers. If we limit i and j such that i ≤ T − 1 and j ≤ T − 1, then we can be solve

this problem in O(T 2) steps of elementwise addition and comparison operations. The

resulting sorted list tells us the accepting states (i.e. if k is an element of the resulting

list, then ak ∈ L3 and k + 1 = kth state of D3 is accepting where 0 ≤ k ≤ T − 1).

Thus, we can explicitly give D3 and one can easily construct the deciding CUFPF ZL3 .

Hence, the proof is done.

This concludes the fifth chapter.
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6. CONCLUSION

6.1. Summary

In this body of work, we study the succinctness properties of various finite au-

tomata. First, we study the subject of simulating various finite automata by DFA. We

restate the current results regarding the upper and lower bounds of simulation of NFA,

2DFA, 2NFA, AFA, 2AFA, PFA, OQFA, and QFA by DFA. For AFA and OQFA in

particular, we give our own definitions and compare our results for simulation bounds

to results given before. Second, we give three different families of regular languages

and we provide the various minimal automata deciding them. Our contribution is

mostly focused on 2DFA and 2NFA that decide those languages; for other cases, we

restate the current results proved in various papers. Third, we analyze unary regular

languages and unary DFA and create forms called “Unary Finite Periodic Form” and

“Compact Unary Finite Periodic Form” to efficiently describe them. We reprove some

important theorems for closure properties of unary regular languages, and we introduce

algorithms to show the efficient realization of closure properties by using CUFPF.

6.2. Our Contribution

In the third chapter, we give definitions for quantum finite automata that use

orthogonal matrices in its computation, namely OQFA. We prove that if a language

is recognized by an n-state OQFA with bonded error, then it can be recognized by a

DFA with 2O(n) states (see theorem 3.17 for the exact bound). This result is parallel

to the result given for simulation of simple QFA by DFA, stated in Ambainis and

Yakaryilmaz’s paper [14].

In the fourth chapter, we prove that to decide Bm, a 2NFA needs at least
n∑
i=1

pkii

where m =
n∏
i=1

pkii and pi are prime factors (see theorem 4.8). This result is parallel

to the result given in Mereghetti and Pighizzini’s paper [26]. In that chapter, we also
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prove that at least m − 1 states are necessary for a 2NFA to decide Cm (see theorem

4.16).

In the fifth chapter, we define minimal CUFPFs and prove that there is only one

minimal CUFPF for every unary regular language. We also prove that CUFPFs can be

minimized in an efficient manner (i.e. with O(µ+ λ2) steps of basic bitwise operations

where µ is transient and λ is period of the CUFPF given, see theorem 5.6).

In the fifth chapter, we also analyze efficient realization of closure properties of

URLs using CUFPFs:

• We prove that for any CUFPF ZL = {a, µ, λ,M,N} that describe some URL L,

it takes O(µ + λ) steps of basic bitwise operations to construct a CUFPF that

describes the complement of L, namely L̄.

• We prove that for any CUFPFs ZL1 = (a, µ, λ,M1, N1) and ZL2 = (a, ν, γ,M2, N2)

that describe two URLs L1 and L2 respectively, it takes O(max(µ, ν)+ lcm(λ, γ))

steps of basic bitwise operations to construct a CUFPF that describes the union

(or, intersection) of L1 and L2, namely L1 ∪ L2 (resp. L1 ∩ L2).

• We prove that for any CUFPFs ZL1 = (a, µ, λ,M1, N1) and ZL2 = (a, ν, γ,M2, N2)

that describe two URLs L1 and L2 respectively, it takes O((µ+ ν+ lcm(λ+ γ))2)

steps of basic elementwise operations to construct a CUFPF that describes the

concatenation of L1 and L2, namely L1L2.

• We prove that for any CUFPF ZL = (a, µ, λ,M1, N1) that describes some URL L,

it takes O((µ+λ)4) steps of basic elementwise operations to construct a CUFPF

that describes the star of L, namely L∗.

6.3. Open Questions and Future Work

• Regarding the simulations of 2DFA by pDFA (respectively, 2NFA by pDFA), we

do not know if there exists a regular language with a much smaller sized alphabet

that can be decided by an n-state 2DFA (resp. 2NFA) and a n(nn−(n−1)n)-state
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minimal pDFA (resp. a
n−1∑
i=0

n−1∑
j=0

(
n

i

)(
n

j

)
(2i− 1)j-state minimal pDFA). Proving

or disproving that there exist such regular languages would be an intriguing thing

to do.

• Currently, we do not know if there exists a lower bound for the simulation of

n-state QFA by DFA that matches with the upper bound 2O(n2) given in theorem

3.19. This is a well-known open problem in quantum computation and clearly

needs more attention.

• In the fourth chapter, we study with three different families of regular languages.

For those three cases, there is a possibility that we could not have utilized the

full power of 2AFA and QFA. Statewise speaking, can they do better against

their less sophisticated versions (i.e. 2AFA against AFA, QFA against PFA and

OQFA) when deciding those three languages?

• Surely, there are other regular languages that need attention and one can find

succinct automata that decides them. For future work, we desire to work on

the generalization of Am and Bm: Finite URLs, periodic URLs, and their com-

plements. There are important connections between them and succinctness of

various automata (one can be seen in Mereghetti and Pighizzini’s paper [26]),

and we want to further investigate those connections.

• In the fourth section of our fifth chapter, we analyze the link between binary

primitive words and minimal CUFPFs. It is still not known whether the set of

primitive words over a non-unary fixed alphabet is a context-free language or not

(see Lischke’s paper [29]). To gain further inside about this open problem, it is

encouraging to further analyze this connection.
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