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ABSTRACT

ASPECTS OF FINITE SIZE EFFECTS ON BOSE
EINSTEIN CONDENSATION

In this thesis, the number of particles calculations of Pathria for a 3 dimensional
box is shortly reviewed. After that, the works of Toms and Kirsten which use the
Mellin Barnes integral representation and heat kernel approximation to calculate the
partition function summation is reviewed. Toms and Kirsten’s approach is worked
out in d dimension to calculate some thermodynamic quantities such as the number
of particles, internal energy, heat capacity at constant volume and constant pressure,
isothermal compressibility, adiabatic compressibility etc. The discontinuity of the heat
capacity and the derivative of the heat capacity around the critical temperature is
investigated. The results are checked at the bulk level to see that at d = 3 they are
consistent with the ones given in Pathria. Lastly, the results are generalized to p® for
s = 2k case and also an expression for the discontinuity of the heat capacity at constant

volume is written.



OZET

BOSE EINSTEIN YOGUSMASINDA SONLU BOY
ETKILERINE YAKLASIMLAR

Bu tezde, ii¢ boyutta kiibik kovuk i¢in toplam parcacik sayisi ifadesi kisaca
yazildi. Sonrasinda keyfi sekilli bir kovukta Bose-Einstein Yogusmasi hesaplar: yapildi.
Bu hesaplarda Mellin-Barnes integral gosterimi kullanildi. Cesitli termodinamik biiyiik-
liikkler hesaplandi ve hacimsel olgekte ve ii¢ boyutta bilinen cevaplarla tutarliligi kontrol
edildi. Sabit hacimli 1s1 kapasitesinde bir siireksizlik oldugu gozlendi. Hesaplar p* du-

rumuna genellendi ve bazi termodinamik biiyiikliikler hesaplandi.
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1. INTRODUCTION

For many reasons Bose Einstein Condensation had been very interesting to physi-
cists since the first statistical studies of Satyendra Nath Bose and Albert Einstein in
early 1900s. Because it is essential to understand first the Bose-Einstein Condensation
concept to explain some recently developed studies on superfluidity and superconduc-

tivity, it will be a very important problem to study also in future.

The fundamental studies on Bose-Einstein condensation based on an idealized
case which the Bose gas is dilute which means that the number or particles are very
small comparing to the volume of the container and individual volume of each particle
is neglected. Also, the particles are not interacting with each other and there is no
external potential energy. Under these circumstances, what happens to the number
of particles at condensation can be observed clearly and the thermodynamic calcula-
tions can be found explicitly. However, improvements in the experimental aspects of
Bose Einstein Condensation leads physicist to make the calculations in a more realistic
matter. The first adjustment to earlier calculations is to take the container volume as
a finite volume which makes necessary the boundary conditions and brings boundary

contributions with itself.

There are some approaches studied to see the finite size effects on Bose Ein-
stein condensation. In this thesis, we will shortly review the calculations of Pathria for
a 3 dimensional box using the Poisson summation method. After that, we will review
the works of Toms and Kirsten which use the Mellin Barnes integral representation and
heat kernel approximation to calculate the partition function summation. We will use
Toms and Kirsten’s approach in d dimension to calculate some thermodynamic quanti-
ties such as the number of particles, internal energy, heat capacity at constant volume
and constant pressure, isothermal compressibility, adiabatic compressibility etc. The
discontinuity of the heat capacity and the derivative of the heat capacity around the
critical temperature will be investigated. We will check these results at the bulk level

to see that at d = 3 they are consistent with the ones given in Pathria. Lastly, we



will generalize our results that we calculate for p? case to p*® for s = 2k case and use
the multiplication theorem of gamma functions to reach an explicit result of partition
summation. We will also write an expression for the discontinuity of the heat capacity

at constant volume.



2. STATISTICAL CALCULATIONS OF AN IDEAL BOSE
GAS IN CUBIC CAVITY

2.1. General Concepts

An ideal Bose gas consists of identical bosons that the potential energy caused
by their interaction with each other is negligible compared to the kinetic energy of
the particles. This as a quantum system of ideal Bose gas, satisfies the Schrodinger
equation|[1]:

) N p;2

where 7 is the Planck constant, p; is the momentum operator and (7%, t) is the total
wave function of the gas. Since the particles are non-interacting it is in product form.

This product should be symmetrized to get a totally symmetric wave function.

In statistical mechanics, one of the most fundamental concepts is the partition
function. For a Bosonic system the more natural choice is the grand canonical ensem-

ble. For non-interacting , grand canonical ¢ function is

7,8

where €, is the energy and N, is the number of particles in the state r. Various

thermodynamic quantity is calculated in terms of ¢ such as equation of state

qg= — (2.3)



the total number of particles

dq
_N::kTéphﬂj (2:4)
and internal energy of the system
0
Lf:kﬂﬂég;mv (2.5)

2.2. Bose Einstein Condensation

Bose Einstein condensation is a very interesting subject to physicists. Liquid
helium and cold alkali gases observations are some examples of Bose Einstein Conden-
sation phenomenon as real physical systems.

Mathematical physicists want to see the effect of the geometry of the domain to
the quantum statistical calculations as of order of volume and boundary separately.
There are some articles in the literature addressing this subject which we will partially

review.

Before describing our main approach for Bose-Einstein condensation in arbitrar-
ily shaped cavities, we will make a very brief review of Pathria’s work on the quantum
statistics of an ideal, non-relativistic, free Bose gas of N particles in a cubic cavity [2-7].

First, we specify the geometry, that it will turn out to be the main reason we can
use the Poisson summation technique. Cubic cavity geometry can be simply described

as a 3 dimensional cubic box which has the volume element

V=1L (2.6)

where L is the typical dimension of the boundary. The total number of particles is

N = (2.7)



where the energy expression is

22
T omL2

(n?+n3+mn3) , niy,ng,ng =0 41,42 +3... (2.8)

under periodic boundary conditions. We rearrange the N expression as

1 Z]OOZO e_ﬁ(g_u)
N = Z eBle—p) (]_ — e~ B(e= M)) o Z eBle—u)j
_ Zeﬁé’ e—p) Z e Ble—mi — Z Zeiﬁ e—p)(j+1) (2.9)
= Z e (2.10)
e j=1
by using the approximation
L21+x+x2+...:ixj for small z (2.11)
1—a , ’
Inserting (2.8) back in N expression we get
NN e By (nf+ndnd)j
ni,n2,ng j=1
_ Z Bui Z it 3 et S P
7j=1 ni=—0o0 ng=—00 n3=—o00
00 ' 3 o] a2
M| DI 210
7j=1 =1 n;=—o0
At this point, Poisson summation formula,
Y f)= flo (2.13)

n=—00 k=—o00



where f(q) is the Fourier transform of f(n), will be used to work out the n-sums.

e_ﬂzhjLLQ / Z e BTk i (2.14)

n;=—00 0 ky=—

For simplicity, here we drop the 7 index and set ﬂ as w?. We calculate the integral

2m L2
and get
0o
n2j 1 [ (i iny2_ g%n?
e 2mL2 = 2_/ 2 : e wktay;) = 2y dk

n=—00 T =00 g=—00

1 [*
— 2_/ E e~ k25 127rk:qdk:
T atl

~5) gk

= W%, /w2 (2.15)
q_—OO

2\ o 1\’ & e
N = Zeﬁw H (@%) Z e w2 (2.16)
q=—00

1 27rzlt
5@+ f®)+ > fln nggoz a dt (2.17)
n=a+1 [I|<L
If we write the j-sum accordingly we get
00 pzBp

Z] 2@]5#67(‘1J — Z / 3/2 -2 2ml:r:dx (218)
T

where v(q) = ”)\2 and A = ﬁzw The integral in (2.18) can be calculated as

it is an incomplete Bessel function of second kind. After the integration and some



arrangements, the number of particles becomes

©© eﬁu] > T
_ By —9il\1/2
E E E Z e~/ (=Bu—2mil) (2.19)
J=1 j q —oo v
Bulk term Higher order term

where the prime indicates that ¢ = 0 term is excluded from the summation. Since the
contribution coming from the [ = 0 term will be much larger than the other terms[8],

the total number of particles will be approximately written as below.

I3 Bw '
N3 £’ Z —e —2/3(=Bw)/ (2.20)
. jQ

7=1

After some algebra,

N%L_g Lis(e Bu)+7rl/2< 5M)1/2i 27ry_|_7_2+03_2y—2 (2.21)
\3 3 Ty Y2 - 22 + 72¢%) .

where

y = W1/2(—ﬁu)1/2§ (2.22)
Lij(z) =Y 2—7 (2.23)
n=1

' 1 2_ 273
ot (3 M TET) @ erdeard @2

Now, looking at this expression at d = 3, using

1 3
—Bu~ — and lim Lis(eP) = ¢(%

2.25
No Buo 3 > (2:25)



we get

N =~ N, —((=
0t s (2)+>\2

L3 3 L2[Cs e 1
Sl T N S (2.26)
T Py + )

at condensation. Lastly, we write this result in terms of the critical temperature as

below.

TN\?] IL2[Cy 1
NymNl1— (=) |- |=2_¥ - 2.97
’ { (Tc) } V{W m q2(y2+7f2q2)} (2.27)

This approach can be pursued further to find finite size corrections to various
other thermodynamic functions such as S, Cy, kr etc. We will not continue in this
direction, since a seemingly more powerful approach is proposed by Toms and Kirsten
utilizing the asymptotic expansion of heat kernel.

We turn our attention to developing this approach further in the next section of

our thesis.



3. REVIEW OF BEC IN ARBITRARILY SHAPED
CAVITIES

There are two fundamental approaches on the phenomenon of Bose Einstein Con-
densation as discussed in the paper of Toms and Kirsten[9]. First, combining heat
kernel techniques with partition function summation over energy levels which uses a
Mellin-Barnes integral representation to reach the asymptotic expressions and secondly
another integral representation of partition function summation using a suitable density
of states function. The effect of the boundary and its shape on some thermodynamic
quantities is investigated. In this thesis, we worked on the first approach.

In the next section, the first method of Toms and Kirsten to calculate the parti-

tion function summation will be reviewed.

3.1. Partition Function Calculation

Toms and Kirsten start to study the quantum statistics of a free Bose Gas in
a d-Dimensional finite cavity by the calculating of the partition function to the next
order.
Let us consider a non-interacting ideal gas system of N bosons, with energy levels
of Ey which can be determined as the eigenvalues of the Schrodinger equation
R _,
~ 5-Von(z) = Enon(z) (3.1)
where ¢y (z) is the energy eigenstate. The gas is contained in an arbitrarily shaped
finite cavity with volume V' and the boundary of this volume is V. We are not speci-
fying the boundary conditions since both Neumann or Dirichlet are equally acceptable

at this stage. The fixed number of particles and grand canonical partition function of
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this system is

1
N=) ni=) (eGEx—5m) _ 1) (3:2)

i N
PV _
q:k—T:—Zln(l—ze PEN) (3.3)
N

respectively, where n;’s are average number of particles at the state ¢ with energy F;,
g = kBLT where kp is Boltzmann constant, z = e* is fugacity and p is chemical poten-

tial of this gas.

We can write the ground state of the partition sum separately as

/

q=qo— Z In(1 — zel=PEN)) , where qo = —doln(1 — zePF0) (3.4)
N

Here dy is the degeneracy and FEj is the energy of the ground state and the prime of
the summation indicates that the ground state contribution is not included. In gen-
eral ground state contribution is of a smaller order, except in case of condensation it

becomes essential.

The series expansion of logarithmic function

o n

(l-2) =" <1 (3.5)

n

will be used to calculate the partition function and the In(1—ze~#E~)) will be expanded

in an infinite summation as below.

q=qo+ i Z %e—ﬁn(EN—u) (3.6)

n=1 N
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To evaluate this summation, we typically take the continuum limit. However, to see
the effects of the boundary, Toms and Kirsten use the Mellin-Barnes integral:
1 c+1i00

eV = oy dal'(a)v™ (3.7)

c—100

which is true for any v with a positive real part and ¢ € R, greater than zero. Let
us state a very brief proof of this. Definition of a gamma function is basically given by

the integral representation
I(s) = / ¥ e dr for Re(s) >0 (3.8)
0

which then is analytically continued to its largest domain.
Also, Mellin transform of a function and the related inversion formula can be

respectively noted as:

F) = | o f(a)da (3.9)

0

c+i0o

f(z) = —/ r YF(y)dy c>0 (3.10)

21 Joino

Let us calculate the integral and indeed we will see the result equals to e™*. We
will use the residue theorem, so we need to look at the poles of the gamma function in

the complex plane. Gamma function satisfies the identity
Ft+n)=(t+n—-1)t+n—2)...(t+2)(t+ 1)tL'(¢) (3.11)

I'(t+n)
tt+1)..(t+n—1)

= ()= (3.12)

As it seems, gamma function has poles at n = 0,—1,—2,.... If we take a contour C

enclosed by points c £ iR and —(N + %) 4 iR the poles of gamma function stays inside



12

of the contour and the integral becomes equal to

1
— | 27°I(s 3.13

Now, we let R — oo and N — oo, then Stirling’s asymptotic formula for gamma

function implies that the integral on C minus the line joining ¢ — iR and ¢ + R

vanishes and the integral becomes equal to e™:

1 c+i00
= — z°T'(s)ds = Z Res(f =

2mi c—100

= lim Z (_1)na:” = f: (=2)" =e " (3.14)

N—o0

If we go back our partition function calculation, we rewrite the N-sum replacing

the exponential with the Mellin Barnes integral as

0o 1 !
q=qo+ Z Eefnﬁ(uru) Z e Pr(EN—pic) (3.15)
n=1 N

where p, = Ey. We make the definition v = fn(Eyxy — Ep) and put v back in the

partition function.
ctioo
q=qo+ Z — e A=) Z o / doT(a)(Bn)"“(Eyx — Ey) ™ (3.16)

c+1i00

e e () B~ (Ey — Eo) ™ (3.17)

_q0+2 /

100

The n-sum will be written as a polylogarithmic function;

Liy(x Z o (3.18)
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which satisfies the derivation relation

, 1
Li,(z) = —Liy—1(x) (3.19)
x
We insert the polylogarithmic function inside the equation and the partition function

takes the form below.

c+100

/ 1 : - — —a —a
q=qo+ %: 9 /Cioo dal' () Ligy1 (e PWHe= M) 3~%(Ey — Ey) (3.20)
Now, this time we will interchange the N sum with the zeta function,((s), asso-

ciated with the energy eigenvalues (Ey) of the Schrédinger equation.

C(s) = (En—pe)™* (3.21)
N
Again, the prime above the summation implies that the ground state is not included
and we write ¢ as

c+1i00

=0+ 5 [ doT(@)F Ll P)(a) (322)

c—100

where the real part of c is greater than d/2 (the rightmost pole of the zeta function).

Now we insert the integral form of the ¢ function

LN [ et (B
g(a)_%é)% /O dtt* e g (3.23)

into the ¢ equation.

c+100 1

1 e
=g+ — daT (@) B~ Lig.41(e et / dtt* e ENTH) (324
ER Ui e ol (@)™ Liata (e )F(a)%: 0 ‘ (3.24)

c—100

We will continue with the connection between the diagonal heat kernel and the
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zeta function. It is essential to note that heat kernel has an asymptotic expansion:

: 1
K(t) = Z e UEN=He) 7 Z at! , for small ¢ (3.25)
N 2

1=0,1/2,1,...

According to a theorem in WDE (Gilkey) ((a) has poles at o = £, =1 1

Y T 0 Y m)
e % where m is the degree of the elliptic differential operator, d is the dimension
of the space and [ € N. Here, the a = % is the right most pole and in our case, m = 2.

We note that d can be an arbitrary positive number.

Since we want to calculate the residue of the « integral, we are interested in
only the range of the integral which contains poles in o coming from the zeta function.
We will take the zeta function integral limits similar with Toms and Kirsten. We sep-
arate the limits as [0, §] and [0, c0) where § is small and we will not calculate the latter
since its contribution is an analytic function in «.

Let us explain more about this integral limits. Even though in [9] the upper limit
of the integral is taken as 1 , we want to take the upper limit more general as some
small . The condition we choose ¢ such that as V' — oo goes to zero. It turns out
that it does not matter what we take the upper limit of the integral since after the
asymptotic expansion and integration terms of the form 6% %?*! will be analytic in o

and not contribute anything as we will see.

Now, we will calculate the integral by taking the residues of only the leading
two poles of zeta function which are o = g and a = % for d > 1. The N-sum in the
integral will be replaced by the [-sum after we insert the heat kernel expansion. Let us

write the partition function rearranged accordingly.

1 c+i00 1 8} )
_ —ar; —B(pe—m) a—1-d/2+1
q =qo + omi i dOéﬁ Lza+1 (6 >(47T)d/2 Z CLl/o dtt
1=0,1/2,1...
1 c+i00 1 © 5a—d/2+l
— —ar., —B(pe—H)
=t 270 Jemioo dof Lo (e >(47T)d/2 Z P +1 (3.26)

1=0,1/2,1... 2
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We remark that usually in the literature, this asymptotic expansion is done in
the small g approximation. This usually means Ay = \/#7”18 small compared to Va.
Small g (large T') behaviour of the partition function will be more accurate, since the
asymptotic expansion of the heat kernel approximation is more reliable. Accordingly,
partition function can be expressed as below.

d d—1
q=qo+ Res(f;a = §)+Res(f;oz: T) (3.27)
As it can be seen, (3.26) expression has two poles for [ = 0 and | = 1/2 terms,

which are our concern, as a = d/2 and o = (d — 1)/2 respectively. We write the

residues as

d
Res(f;a = 5) _ (fo)d 6—%[/@'%(6—5(%—#)) (3.28)
T2
d—1 Q1/2 5 dot —B(pe—p)
where

1 1 i ga—d/2+
f e _./B_aLia+1(e_B(MC_M)) al—d (330)

27 (47r)d/2 l_0%;,1... a—§+1

Here, we want to go back to heat kernel expansion. The first six terms of a; coef-
ficients are known for an arbitrarily shaped smooth cavity and an elliptic second order
operator with proper boundary conditions on its boundary. For Schrodinger equation

and our arbitrarily shaped cavity we will use only the first two terms.

We would like to explain why we take only the first two terms of heat kernel
expansion. Here, we follow the article by Zayed[11]. There, the first four terms of the
asymptotic expansion of the trace of the heat kernel for two and three dimensional

Robin problem are explicitly given. We now quote the 3 dimensional case here, we
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start with formulating the Robin problem.

0
AN D) ) — =0 3.31
Y ( — 7) ¢ (3:31)
Here, 6—871 is the inward pointing normal. Volume is defined as €2 and 0f2 is the boundary.

Asymptotic expansion of the trace of the heat kernel is

Vv S 1
K(t) = + + H(o)do
Q (47rt)% 167t 1272¢2 Jag (@)
+ T [H*(0) — N*(0)]do + ... lower orders as t — 0 (3.32)
1287 50

where, V' is the volume of the domain, S is the area of the boundary, H is the mean
curvature and N* is the Gaussian curvature of the boundary considered as an embedded
surface in R®*. H and N* for a smooth cavity which has well behaved boundary are
given in terms of the principal radii of the curvature of the boundary, R; and R, as

below.

171 1
H=—-|(—=+—+= 3.33
2(R1+R2> (3:33)
1
N* = 3.34
RlRQ ( )

It is an interesting idea that, if the cavity is not surrounded by a smooth boundary,
for example if it is a fractal boundary, the formulae of H and N* may not be negligible
as R and Ry are not well-defined. We encounter with an expression for the trace of
the heat kernel in Lipschitz domains in Brown’s article[10]. As stated in this article,
for example where |Q| is the volume and H? () is the Haussdorff dimension of the
boundary; the heat kernel for the Laplacian with Dirichlet boundary conditions on the

boundary has an asymptotic expansion

vt

2

N|=

tr(g)(t) = (4mt)"2[|Q| — ——H"(99) + o(t?)]
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This is exactly in the same form with (3.25). However, we could not carry out this
idea further since we needed an example of a domain with fractal boundary such that

we know its boundary term in terms of the volume element and Hausdorff dimension.

In our case, we assume that our domain is such that the last two terms of (3.32)
will remain small since typically R; and R, will grow as the volume V' — oo. Indeed,

Jo0 H(o)do is the Euler number hence it is negligible. Therefore, also in our case, we
will only need the first two terms ay and a, ;.
(d/2)
2
a = (h—TQ”> v (3.35)
(3.36)

Here, V' is the volume of the cavity, 0V is the area of its boundary and b is a param-

eter depending on the boundary conditions being b = —1 for Dirichlet and b = 1 for

Neumann boundary conditions.
We put these residues and the ag and a,/, coefficients back in the partition func-

tion expression.
0= do+ (KT) Liaga (e 20 ) (T (RT)'2 L (e (20 ;
K 2 (47)2 2 h? 2 (47)2
2mkT | 4 2mkT  a—1 m OVb
— 5 Li gws (e~ BHe—1) T Liasr (e Blue—n) )V .2
= o+ (g ) e (e WVt G ) * Hlaple "5 (47)2 (3.37)
We use the known Planck constant and thermal wavelength expressions
h h
h=— D VA ——— 3.38
' V2rmkT (3.38)
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We put the above expressions in our partition function and it becomes

\%4 oVb

g=q+ — L@'M(e_ﬁ(“““)) + Liﬂ(e_ﬁ(“c_“)) (3.39)
P g
~~~ N——

N J/
-~

Typical expansion of the cavity

Here we see that the leading term goes with volume and the latter goes with area, L¢!
which demonstrates the typical geometrical expansion of the cavity. Here, L represents

the typical dimension of the cavity.

A dimensionless expansion parameter, £ is defined as below.

V
d

T
Before we write the last form of the partition function we make another assump-

tion which is related with the boundary term.
kLT =0V (3.41)

where L is the diameter of the cavity. « is again a dimensionless parameter and it
has some information about shape of the boundary. These assumptions mean that
the cavity grows equally in all directions and its boundary is sufficiently well-behaved.

Now we can write the partition function in its last form.
b
q = o+ Liagz (e7 M)l 4 %Li%(e_ﬂ(“c_”))gd_l + . (3.42)

When the system condensates and the ground state occupation gets large, i gets
close to ., = Ey and Li,(1) goes to (g(n) for the appropriate dimensions. Here, the
index R indicates that the zeta function is the Riemann zeta function. After we do the

arrangements, we reach the expression of partition function

d+2
2

d+1

T)fd_l (3.43)

q = qo + Cr( )¢ + %bCR(
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which contains the first order correction.

2. Number of Particles

Basically, below the critical temperature the total number of particles is

N 512_3‘T,V s {8_33 _9 Zln ﬂ(ENu))l
=g [BNO + Z B%} No + Z % (3.44)
where
No= S — dofa (3.45)
eBluc—n) — 1

being dj is the degeneracy and fgg is the occupation function of the ground state.

Expansion of N will be calculated from the derivative of the other representation
of the partition function that was written in terms of Lz functions. Below, we note the

derivative of the L: functions and the £ parameter that will be used repeatedly.

Lin(x) = %Lin_l(x) (3.46)
o 1, 4y g
% e (347

Now, we write the total number of particles.

- |TV
1 L d "ibL —B(pe—p)gd—1
- ﬁ (qO + Zd+2( )5 + 4 tdt1 ( )5 )‘T,V
b
— Ny + Lig(e—ﬁwc Ned 4 ’1 Liaa (€70 gd! (3.48)
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Below the critical temperature the ground state is macroscopically occupied as

i — pe and the number of particles is in general

do

NO - eﬂ(EO*N) —1

(3.49)

Toms and Kirsten keep this Ny above the critical temperature and consider the
ground state is microscopically occupied. However, this expression does not define N
at regions where p gets very close or equal to .. Instead it specifies how u gets close
to . as T is changing. At temperatures T above T, Nﬁ goes like ﬁ and reaches
macroscopic finite values including % corrections when 7' < Tx. We will state the
temperature dependence of Ny more accurate. Keeping in mind that N is fixed, to
figure out the temperature dependence of Ny and the derivative of Ny, we take the
Ny expression at condensate. Therefore, again for the adequate dimensions, all Li

functions go directly to the zeta functions as p goes to p., below T¢.

d b d—
N = No(T) + ¢ + o)t (350)
which gives Ny(T"). We may also find %\f by using
ON  ON(T) | d . d g kb d—1 d—1 . .
O =0= 2 Di-gerer+ e H- e @
as:
ONo(T) . dd_ ., kb d—1d—1_ , ,
= 93 —5(5)55 3 +ZC(T)Tﬂ tedt (3.52)

3.3. Discussion of The Critical Temperature in Terms of The Bulk Result

In this section, we will basically take out the critical temperature from the total
number of particles expression. Since for each case the behaviour of the polylogarithmic

function differs, we will make the critical temperature discussions for four cases as



21

d =2, 3 and d > 3 separately. The total number of particles will be written with a

fraction factor as
No=fN (3.53)

where N is the total number of particles, Ny is the ground state occupation and f is
the fraction of the particles in the ground state. When Ny >> 1, T ~ T and p ~ p,

condensate starts.

We start with d > 3. At the very beginning of the condensate, there is no
macroscopic number of particles at the ground state. In this case, since d > 3, the
polylogarithmic functions behave well, so the total number of particles can be directly

written as

d—1
2

d kb _
N =~ Cr(5)e + (=) + . Nom0 (3.54)
Now, moving to f << 1, where the condensate begins and the ground state occupation
is approximately zero; we will try to solve the critical temperature with boundary effect
in terms of the bulk critical temperature. We take only the first term of approximation

above, write & parameter of the bulk, £¢, and solve the bulk critical temperature, Tj.

V. V(Q@mrkTy): N

fd=— = = 3.95

0 )‘To hd CR(%) ( )
d N he

= T2 = (3.56)

.
N
j %:<@@W><%m@ (3:57)
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After that, we put back this bulk result in the total number of particles expression.

kbR o, b Ca(FCAD)
> (” : )

* e )

d
N = CR(§)521<1 + 5

d V(\/Qmwk)dTCg kb Cr(%5h)
:CR(§) o 1 = r— (3.58)
Cr (3)Nd
Finally, we extract T from the above expression.
_2
4 d V/2mrk)? kb Cr(%) ‘
Cr" (§)Na
2 d V-i6/2mnk)? b Cr(%h) \ i
= To=(pt(5) d(_gmﬂ ) (I—I-K— g( 2 ) )
2 N—ah—2 4 Cp? (%)Né
N2 d—1 -2
AN e d
= Q(L (1 + %%) (3.60)
C(5)(2mmk) Cr" (§)N4
————
To

Lastly, we will write Tt in terms of T by using the approximation (1 + )" = 1 + nx,

where n = —%l in this case.

(3.61)

TC:To(l wb_Ca(* 2) ! +)

2d (Cp(2) T

m.\»—‘

As it seems, the correction of boundary effects to the critical temperature van-
ishes as N — oo. Additionally, T value increases or decreases depending on b being

plus or minus 1.
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We will also look up the d = 3 case. We already know
= 2!
Liy(z Z o and n(l— ) ; T ll<1 (3.62)

Here, since Ey — p. goes to zero, the Li function is not directly reduced to ¢(1). In

d = 3 case, the Li function of the boundary term turns into ordinary logarithm.

—In(1 —z) = Liy(x) (3.63)
= Liy (e Plem)y = (1 — e Py = —In(1 — 1+ B(pe — 1)) (3.64)

We know the ground state occupation number is Ny = We take In of both

(uc u) 1°

sides then we have

dy + N,
ln( eﬁ(ucu):%oo ) (3.65)
= Blpe — 1) = In(S- 1) = = (3.66)
pe = 11) = In{ 1 N, :
1
= Liy (e PHe#)) = —In(=—) = —Inl + InNy = InNy = In(fN) (3.67)

No

Now, putting these information back in the equation, we reach the last structure of

total number of particles expression.
3.3 Kb 9
N = No=N = [N = (r(5)e* + Fin(N)g (3.68)

We make the arrangements and obtain Toms and Kirsten’s expression.

3, L3 b L?
N(L= 1) = Gl 3y + TRy

3. L3 L?
= (al(3)  Crmk T + Ln(1)

5 (2rmkT) (3.69)
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Again, we use only the first term (f is moved back at the right hand side of the

equation) to write the bulk critical temperature.

N = (D)8 = Cal o) (2mmhTy)? (3.70)
N \F B2

We continue with putting Ty back in NV to see the boundary contribution to the critical

temperature.

N = ()6 + Tn(INIE + IN + .
= § 3( /i_bl 1 fN )
CR(2)€O ' V) Cr(3)& * Cr(3)&8 (372)

N

Here, we insert the & = formula that we know from the earlier calculations.

Cr(3)
3,V (2mrmkT): ( kb (Cr(2))s chR@))
N =(r(z)—————— 1+ —In(fN 2 4 2 3.73
We take out T', which can be described as T, from this equation:
NiR? 1
Te = TR [ ~ 3 fN] (3.74)
\(CR(g))SVS (27rmk)4 1+ el ln(fN)(CR(i)) 3 4+ L
Ty
Here, again we will use the approximation (1 + x)” = 1 + nz , where n = —% in our
case:
2 kb 2
o =13 (1= 3 Sin( Va3 - 5f)
d
2 ,kb In(fN
= To(l — 5(2% + f)) (3.75)
(Cr(3))3 N3
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After we define an o parameter as

b In(fN
o= “—% (3.76)
4 (Cr(3))3Ns
we reach the summarized expression for 7' as in Toms and Kirsten’s paper.
2

Even though we know there is no condensation at two dimension, let us continue
with the d = 2 case to see what the explicit critical temperature looks like. We know

that (as given in equation (3.90) )

(e

L B(pe — 1)

(e7Plem)) (3.78)

[

for p ~ p. limit. If we write the fraction on the number of particles accordingly

N(1 — f) ~Liy (e Premmye? 4 4bL21( Plue=mye 4 ..

kb

~In(fN)¢? tn/one 0 (No=JN)

1 /N
~In(fN)E2 + —¢‘5/ N (3.79)

This is an inconsistent equation for N — oo limit if f is small but finite so that
fn >> 1. Therefore, BEC is impossible for d = 1 and d = 2 cases as a phase

transition.
3.4. Recalculation of —aﬁ(g%_”)

To see the finite size effects on each thermodynamical quantity that we will work

0B(pe—p)

out, we will recalculate a5 expression by keeping the boundary terms which go

like €41,
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We will now enforce the total number of particles N to be fixed, therefore deriva-

tives of N with respect to 8 at constant volume is zero.

ON
%| |/3 86 (3.80)
This can be also written as
—B(te—p) —B(pe—p)
78N7 J(e ) + ON 85 n ON J(e ) 8_,u ~0 (381)
(e Blue—n)) o o€ 35 O(e=Plue—n)) o 5O

We take out the 6“ term from the equation above and we will calculate 2¥ a 51 and 2N ‘ 5

derivatives:

37h = 35+ gp bl + (i) @

25»~ 25 " 9p

0 kb

ON 9 (b
o™ 4

0Ny _{_Q(ng( —B(pe— u))gd)

R a1 Bpe—p)\ cd—1 _
oals= a0 ton Lias (e7?0em)et™) - (3.83)

Here, since N, is microscopic, its derivatives with respect to both temperature and

chemical potential are zero above T;. We can write the rest clearly as:

ON d
—0 — T —B(pe—p) _ d_ 15 (e Blre—m)\Zg—1¢d
o5 u =0 Lias (e )(pe — )& — Lia(e )587¢
_ %bde s (e P (1, — p)eTt — %bL“ (e ﬁ(ucu))%ﬂlgdl (3.84)
ON , —B(pa kb . — (e _
@‘ 5= 0+ Liaa(e Pl ped + - Liaza(e Blue—n)) ged-1 (3.85)
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Dividing 86‘ to we get

Sl
Op 1B

ON

O __ 3l
o ON
op E’ﬂ

C_Zﬁflé-d

== [ = BP0 s — g~ Lige )

b d—1
— T Lias (7T (e — )" %bLigl(e_ﬁ(”C_“))(—Q )BTl

-1

.[de;z( -m)ged 4 2 des( Alue—m)) ggd-=1 (3.86)

To reach the exact form of the expression which is written by Toms and Kirsten,
we will multiply 8—“ with —f and then add (p. — p) to it. We will reach the desired
expression after taking both the numerator and denominator in proper terms paren-
thesis which are the leading terms going like volume. For simplicity, we will not bother

writing the exponential arguments of polylogarithmic functions.

98 (1. — p) 4L U )

5 —%5< — ) = (3.87)

Now, let us establish the approximation that we will use to see the boundary

effects. Since the terms with xb are order of V=4 we can use the approximation

1
1+e€

~ 1 — ¢, for small € (3.88)

However, the terms with x parameter having lower dimension of volume is not enough

to make this approximation. The other important condition to use this approximation
Lig—3

is that the term Liz should remain finite at the limit 7' — T. We will use three

a2
expressions which are stated proceeding from Robinson’s result in Pathria’s book|[7]

and describing the behaviour of Li functions at this limit.
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First expression is the result for m as a positive integer:

Lim(e—a)zﬂ{z lna] m-l Z (_Z,!l)zg(m—@')ai, (3.89)

—1)!
(m 1) 1=0,i#m—1

secondly, for all m < 1 and non-integer m > 1:

Lip(e™®) = al — +Z —i)od, (3.90)
=0
and lastly for m = 1:
o *  dx o | _
Liy(e™®) = / —— =In(l—e % ") =—-In(l—e?) (3.91)
g e‘e*r —1 0

where o = —pupf.

We can show that for d = 3, 4 and 5 cases, 36 9 18(te — )] derivative disappears as
i — pe. Then, let us make a dimension analysis whether we can make our expansion
or not.

Since for d = 1 and d = 2 there is no condensation, there is no need to check the

consistency. Starting with d = 3 case,

a 2
—=[Bpe — )] = — 5871 T Tig
B 2 Lz% 1+ ILz; 1
-3 0o (1) 1+ 4 —in(l—e j‘) 2¢-1
s S e e e
= — — 1 o0 —1)* . . (1) _1)i ;
2 F(g) +> 2 ( ul) C(% —i)al 1 b 1)+le (i
’ 1 +Zzoo 1 <(§ i)
b In(l—e—)a~3 9. 1
1 3 14+ 5 —milme Ja 20—
lim ——6‘1F(_%)a+a25<%)_g(%)0‘2 § Do b—adad 3 =0
o L)+ (3ot —((~h)ad 14 2 IOlnChar e
2



29

d = 4 case:
o Li 1+K/b - 51
9 (e — ) = —2p 2L A T
65 LZl 1_}_55 2 _1

4 Liq

b D(=HaZ+¢(3)—¢(Dag
—(1 = Ina)a +¢2) L+ F——=maarce 15 1
—In(1 —e~) L%HC(%)—C(—%)&

kb & _
L+ 1 - —In(l—e—2) é !

(3.93)

b D=t +¢(3)—c(Bag
{ g —(1—lna)a+¢2) 1+ T~ imaerce) 7S } —0 (3.94)
—In(1—e=) S C e
14 = —In(l—e—®) 5

lim
a—0

Nl

d =5 case:
HbLiQ —
O o =534 1L231+z@§ ! .
P le =)l == 50 "+ Wb Lis ¢ 3.95
op 2" Lig 14+%2Lhc

3 e 14 —(oinaasc@)  agon
5 _1F(_§)@+C(§)Oé 2 —C(§>az 4 F(—f)oﬁ—i-g( - C(%)a5

2 D= +caz —c(Haz 1+ 5 —in(1—e7®) -1
D+ DT - ol 1

(3.96)

kb —(1—=Ina)a+¢(2) 4 1
_1 114+ £
1im{_§5—1r(—§)a+4(§>a o) T T G .
a—0 2 (-1 3 %_ 1 % Kb —lwlz(1 e ) ; =
(3 +C@at — (b 1+ BT
(3.97)

Therefore, we can use our approximation only for the d > 6 dimensional cases.
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Now, let us state the expansion that we will use for the sufficiently higher di-

mensions later on:

Liga ,
0 15( 5 —4B8" Lig L+ Tiy gt
B0 — p)] = — i
86 |: Lias :| |: . Liq_s }
2 1+IbL¢Z€_1
2
dn—1
—48-1Li4 LZd g Lias
| @ B ey e
LZ% 4 L’Ld d 4 L
dn—1 ,
__5 Lia bLZ? bLZd 1d—1
AV BT 1 G e PSS (3.98)
Lz%z 4 LZd 4 LZd d
d _, Lis nbd Lo Ldas gy Lieago 1
= ——p 2 4 5 Ay R :
27 Tina 27 " Liea? 2)5 T (3:99)

2

We note that we do not keep the terms of order of O(£7?).

3.5. Internal Energy

Since we already express the partition function ¢ in terms of polylogarythmic
functions, we can calculate the other related thermodynamical expressions in the same
way. We start with internal energy of the system.

Internal energy can be found as the derivative of the partition function:

Jq dq 1 9q
——| N = -]+ o 3.100
| LT 10
We stated the partition function as
b
¢ = qo + Liaga (e PHem)ed %Li%(e_ﬁ(“c_“))gd_l. (3.101)
We will take these derivatives separately where OlBlie—p)] ” e~ )] ‘ = p.—p and w ‘ sy =

B. We note that we did not use the expansion that we have found above since the quan-
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tities that we keep constant are different:

_9q Oq0 . O=B(ke = p)]

d
- _ d 1/ o (—— —1¢d
kb O=Blue — )] a1 KO d—1. 1. 41
_ZLZ% 95 }Mﬁ _ZL’%(_TW §
__8q0 . d d 1 .d
- 85 +L@d(:uc ,U/)f +Ll%2/3 f
%bLz'dQl(uc u)gd1+%bud+ld 15*1561*1 (3.102)
wogy  _ pdq  po. =B =) o pEb o OB — W] i
Gouiay = Gop tET T gu S ET e T g
_ P09 | pcay b e
= 5o + Lg%+ 1 Liaa&™ p (3.103)

We take the chemical potential at the critical point, u., equals to the ground state
energy Fjy:

kbd—1 __. . _ ) kb _
ZTﬁ 1L@%§d 1+E0Lz%§d+EOZL@%§d 1 (3.104)

d
U=U,+ iLz#ﬁ—lgd -
Here, dj is the degeneracy and Ej is energy of the ground state. As we noted earlier, g
is the ground state partition function. Based on these, we can write the ground state
contribution to the energy, U as:
_9%  10% doFo

%o (3.105)

—BEo —
) U 08 " Bou  ePBEo-w —1

go = —dpln(1 — ze

this internal energy result is the same with the result that Toms and Kirsten wrote in

their article.
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3.6. Calculation of the Heat Capacity Above and Below Critical

Temperature

The heat capacity with constant volume, Cy, will be calculated by taking the
derivative of internal energy with respect to temperature. It will be calculated in two
ways considering the behaviour of the system below and above the critical temperature,
to check if there is a discontinuity around the critical temperature or not. Typically,
we expect no discontinuity for the dimensions d < 6. We will check whether this is

consistent or not after we write the discontinuity expression for higher dimensions.

3.6.1. Calculation of C};

Let us start with Cy, above the critical temperature. We basically take the tem-

perature derivative of the internal energy expression.

oU+ oU+
Ct =y = (k)
d _ . —B(te— d — . —B(pe— aB(NC_U)
= _55 2L2%(e Blue u))§d+§5 1L2g(e Blw u))(_ T)gd
d d bd—1
+ Eﬂ_lLi%(e_ﬁ(uc_u))ﬁ_l(_E)gd . % . ﬂ_2Li%(6_B(M6_M))fd_l
l-{_bd -1 17 —B(e—p)\ ( _ 86(/% — VJ) d—1
+ 4—2 B Lz%(e )( 03 )6
bd—1 d—1
+ %TﬂilL’l’%(eiﬁ(ﬁmiu))ﬁil(_T)gdil (—kﬁ2> (3106)

Here, we did not write the terms with Ejy and the term coming from the derivative of

Uy since the ground state energy will be taken as zero. Note that

h2
2mV i

Ey ~ (3.107)

thus of a very small order in general.

For simplicity, we will not write the exponential arguments of the Li functions.
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We will replace all the —%ﬁ;“) derivatives with the expansion we have found earlier.
d d d Lia /fbd Lias
+ | __ —2L~ d s —1L~ -1 2 U 1L 2 —1
Cy 25 Z%f + 25 Z%(zﬁ Li% 6 —(de D) f
le 1d—1 d bd
—ﬁ ) 4 5 Liaga B (——)g —%—5 ?Liasa €477
mbd . d _, Lie  kbd Lias
———f " Liaa (= LR Y I P R
3 5 ez (36 Lic: 4 27 #(Liss)? 3¢
Kb _lLid;ld—1 gy Kbd—1 o, d—1_, )
o = ————F07"L —k 1
o e § T Ty T b T (KB (3.108)

2

After some arrangements, we can write Cr explicitly as

d b (d—1) (d—1). . .
C{ﬁ :k;(— 1 )L2d+2£d 1 ( 5 + 1 )k‘Llﬂfd !
ia)? 2 (Lia)*Lias _ dede
- —§d< gL G E T T @ Ld b 2 ¢d-1 (3.100)

d—2 4 4 (Li%)z 2 2 4 LZd 2

2

3.6.2. Calculation of C;,

In the calculation of the heat capacity below T, each term is the same with C}
except there will be some terms vanishing. Since chemical potential will be a constant
in the internal energy expression below T, the terms coming from the derivative of
the chemical potential will vanish. Additionally, the polylogarithmics will again go to

zeta functions.

oUu~

v = 0y = T e D D Ly
4 P 2y D Lo (3110)

Here, we can check the bulk result, taking d = 3 and dropping the boundary terms:

Cy

cy 9, 15 5 w
Nk N

2G5

b )% (3.111)

= c0e



34

L = —L-: same expression with the result written by Pathria[7].

and 35 = 73y

where v =

z|<
>

3.6.3. Discontinuity of (', Around T

Now, looking at the discontinuity on Cy, we will subtract C}, from Cf. Therefore,

need to take the y — . limit at C}’ also.

@) R ()P by dCECF A1
Y C(%)Jrk‘l‘l () RS R ¢
- (gkCR(d;Q)ﬁd + k%b(d; 1)<R<d;— 1)5d—1
P, (PR CEE) oy dld=1) BT
_kZC(%>€ Ly (C(452))2 &k (L2) ¢ (3.112)

As we can see, C}; — C}, # 0 in general for the sufficiently higher dimensions,
even at the bulk level. Since the discontinuity contribution to the bulk term comes

from %’:ﬁ_”), we know it should vanish for d = 3, 4 and 5.

3.6.4. Discontinuity of the Derivative of the Heat Capacity Around 7,

In this section, the derivative of the heat capacity with respect to temperature

again above and below the critical temperature will be calculated.

We will start with the below T derivative since the chemical potential is zero

below the critical temperature, the derivative of C, will be easy. The only contribution
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will come from the £’s derivatives.

oC~ oC~
S = R
= (4 Dy et e D (@ o (5
1 00~ & & C(H2) g
Eor 1 TSV NE T e+ BaEhe
kb (d=1)*  (d—1)° (%) d—1
T YR e s saghe s B
Here, N = Ny(T) + L@'g(e_ﬁ(“c_“))éd + L Lia 1( “m)gd=1 - if we drop Ny as

T — Te from below we get:

100~ & 4 ((H2)

. bCR( ; ) 1
I wrar T T T )
kb (d—1)2  (d—1)7° ()
M e e O
P2 P C(d;r?) a2 & kb d+2 C( 1)
_(Z+§)k5 RO _(Z g)k54C( 5 )(C( IE
N %b((d—41)2 (d 81)3)7€6Cé§>5_1 (3.115)

Again, if we take only the volume terms and insert d = 3 to check the consistency,

oc~ L,V . 5.9 27 45V k

9 5
T — k FﬁCR(§>(Z g) = gﬁf%(? (3.116)

our expression looks the same as written by Pathria[7].

Secondly, since the %[6 (pte — p)] # 0, the derivative of Cf> will be a bit more

complicated. Also, we should be careful with expanding this derivative whether we
Lig_s

s finite or not. Here, we used the expanded version of

can or not depending on

%[ﬁ (e — p)], in other words, we make our calculations for sufficiently higher dimen-
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sions.
Foq2 (Lig)? &, (Lia)* b Lias
80 Zk 6 5 _ 2 ﬁ lli gd 1
85 4 LZd 2 4 Lia 72 4 le 2
d LlQ ll’ib d . —1¢#d
T3 2 LZd 26 _ZkLl%ﬂ §
+ K;_bﬁd kLZ 6— Ll% d-1 'K‘:_b(d B 1)2]{3L'L ﬂ—lgd—l
12 2 =R Lias 4 4 ER

a3 2(Lia)?B™" kb Liazs kb Lo g —1
+<— ;—gd[l — T —¢ }

8  Lisz 4 Ligs 4 Lis d
LA S —“—bLl?g* o iy S d e
8 2 (Lid 2)3 4 Li% 4 L d
+kd_3 —1<Lig>2§d 1_@112’%5—1 KbLZd ! d_lg
8" TLiea ) 4 Liss 4 Lis d
@ (Lia)* T kbd Lig /ibd Lig
2 — " Lia -1_ 2 iy 1L f—2 -1
1 Lz’szf { palieel (Lisz)? 58 g biap T i e (Liaa)? 3
K_bd_lﬁ—le%sf—l_H_bd_lﬁ—lLZ% —1
i 2 Lia: i 2 Lis
kbd—1 2 (Lia)® kbd — 1 a2 Lia
o k,_ L L —1 2 d—1 k L = —1 2 d—1
;g Lyl (Lz22)25 ;g Lyl Liss
Kkbd — 1 2, (Lia)* | kb(d—1?  d__, Lie
thy g L L (Lz‘d;Q)Sf R deff
& (Lig)® wb Liazs wbLiss g1 e
—k 2 d v 2 1 2 -1 _ ~kLi —1¢d
*3 de22€ 4 L@'22£ 1 Lis d ¢ g Fliag 08
kb, (d— 1)2 d Lig a1 Kb (d—1) 1ed—1
"7k A p— 7k L 11
e e e g iy Ll E (3.117)

If we write it more clearly dropping the terms of the order of x2; multiplying by —k/3?

and divide it with Nk properly, some terms cancel each other. After the simplifications
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we get
1 acy - 1 (1 /f_bLid;g_l)] acs
Nk oT kLz'dgd 4 Lia oT

Lia d pLiaa 2 B3 Lide
=——kﬁ R e

de 2 4 4 Lz% 4 8 LZ%
IR G
_ka“ 4ﬁ((LlZd2)) % %%L“ 1L ((LI;Z)) &
—kd;(d ) mzd s Lisa (Lf;y,)g kdg%bﬁde (f;”j el
L DL, ([jd:; e+ k2oL, 7 LLZ Z) &1 (3113)

As we want to look at the discontinuity in the derivative of Cy, around T¢, we will
take the limit g — p.. In this limit, all polylogarythmic functions go to zeta functions:

Liq — ¢(d).

Locy & C5)  dy kbGP d ()

M NEor — 1y B_cﬁ;){ R TLE)
WL 4)«%%&@551
kf(d—1)’fﬁ<<d;4><(d;1>(<f§§>)351
e H_bd_3ﬁc(d) C(%)gé_l (3.119)
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Again, to compare our result with the expression given in Patrhia’ book (Problems

7.6), we drop the terms coming from the boundary:

1 ack
lim 22V —
U= e Nk 3T

Loct 1[_9d) 2 1B 45C3) -
NEOT T 4¢(3) 87 27(¢(3)*  8¢()
which is consistent.
Now, we subtract ﬁag—; from ﬁaac_; and we get the explicit expression with

the boundary contributions for the discontinuity of the derivative of the heat capacity

around critical temperature as:

1 90t 9C- 2 d kb5 B d—4 . ()
Neor o) e it T T Py

Brb, o d—4  d-3 (C(E)? | & kb d—4  d—1_ (%)
TS T ) eyt R U A ) e
by d=5 () Ly mbd A ()

3.7. Calculation of Compressibility Factor xr

Another thermodynamical factor that we would like to see under the boundary

effect is compressibility. Isothermal compressibility factor is known as

19V 1, %,
VoprP'T V %‘V

Therefore, we need to calculate g—g and ?9_]; first.

Starting with volume derivative, we will use an equation system of two equa-
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tions that we will obtain from the derivatives of N and PV with respect to 5. There
will be no change in the derivative of the Li functions, however the derivative of the &
functions will be changed since volume is not a constant from now on and its derivative
needs to be taken with respect to temperature also. The & parameter can be written

explicitly as below.

v
¢= 13 =Va's (3.124)
T
d—1
gl ‘;d_dl e (3.125)
T

V2mm

o )¥ where h is the Planck constant.The ¢ derivative is stated

Here, we define a? = (

below to be used repeatedly later on :

g a0V

le= g8 Vet ket 1, (.12
agdl d—1iﬂ1d1d1 = 1 L0V

5 \ —Tﬁ VT a B ( y W —ﬁ|P (3.127)

Now, we can start generating our equation system. Again, we will start with the

fact that N is fixed:

ON _ o e B0
% =0 3 N = ngg + ILl%g (3128)
d b
0=Liss (a“;)é '226‘“1va +deoﬂﬂ—dag %Lizg—agﬂﬂﬁ)éd‘l
b g d— _ b d _
- %Li%vdd 5 ﬁ Ty %de Vs 176‘1212—‘6/# (3.129)
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Collecting the terms with g_‘é at one side and 3(%65) another, we get our first equation

as:

kb Qd—l ov

dp-% M P d—1pp—
( deoz B~ 1 Liaaa® ' y )aﬁ
+L@d—5 Ted 4 ibdel 5—15‘1—1
%(md??gd + ZbLz'angdl) (3.130)

Secondly, keeping the pressure constant, we will take the derivative of the equation of

state with respect to temperature:

PV =57 |, where ¢ = Lid42—2€d + %bLid-glgd_l (3.131)
0 0
— [P —[B! :

Only one term comes from the left hand side of the equation since the derivative of the

pressure will be zero.

ov 8(]
P— — _ 1
23|, B2q+p" a5
=— ﬁiZLi%fd — BQ%bLid;lfdl + 571[/ d guﬁﬁ) fd + 6~ 'Li Ltz (?,f;
kb O(uB) La 1 Kb gt
+ 3 1 @%W + 5~ ZLdJrl a5
=—52Lu2+zsd—ﬁ2“—bLz'd+lf“+ﬁlL2 Bt 1 5 Liaga (- 5)576"
+ B~ LZd+2C¥ 8- g Bk 5_1 Wb 1d—1 gLBB)f - B~ IZbL'Ld+1 B_lfd_l
+ B~ IH—bL’Ldﬂozd 15~ 3 1(d_ 1)V dla_v (3.133)

d op

Substituting P = '3; =~ 1LZd+2Oé B~% + B~ 1”bL2d+1V iad=13=" back in the left

(uB) and 8\/

hand side and taking the expression in 5

parenthesis, we get the second
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equation:
1 kb 1OV d+2 d+1 b
(E%L@dﬂv_éad 16_7 )% + —f0" 2Li%fd + — 0 2 le+1§d !
%(5-%;5@5 1—de_ ¢d- 1) (3.134)

At this moment, basically we have two different equations and two unknowns. Thus,

we can solve this system of equations for ‘g—‘é If we take out the a(aLﬁﬂ) terms in both

equations and equate the rest, we get

d—1

v BTt ] ity S35 i
%5_1[@%5‘1 + ﬁ_l%bLi%fd—l + 5—1L2%§d ¥ B 1%[/"%5‘1_1
oV [~ LizatB~% — 2 Liua (451 V101575
L Lid_zgd + %Li%gdq
g(%)ﬁ Igd 4 HbLi%(%)ﬁ—lgd—l
Lz%gd_k %Li%gd—l

_|_

(3.135)

Collecting the ‘W terms on one side:

oV 1”bL2d+1V iad- 15_7_1 Ligadﬂ_g —i—%bLi%(d%dl)V_éad_lﬂ_%

+
8 | B~ 1ng§d - 1%[,@%@ 1 Li%EdJr%”Li%gd*l

é(g)ﬁ 1§d HbLZ 71(11 1>B 1§d 1 d§2ﬁ_2LiM§d+d%lﬁ_2%bLi@fd_l
_ 2 2 2
Llﬂfd %Llﬂgd 1 5—1Li¢§d+6—1%”Lz’ﬂ§d—1
2 2 2 2
nbLid 1(%)ﬁ—1£d—1 d+1/3 2nbLZd+1§-d 1
2
 Lig@pe ! T e B2 Lises (42)¢t 11t —HZ5om,
2 _ 2 2
Ll%fd |: 14 P Li d23§d_1 :| ﬂflLZ%fd { 14 B- 1%”&%5‘1_1 ]
Lid_gfd ﬂilLidsd
Tz 2
L’Ld_1§71 Lid+l€71
d—1 kb d+1 kb 5
Lis(Hpt 1+ 771, B Liaw (42) (1 02T T
=2 2| - 2 ——— 7 | (3.136)
Lia-2 1 ’ibLz%gﬁ Lia %deﬁ?gfl
: + 4 Ligo : 1+ Li
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Leaving the g—‘g term alone one side and continuing with the implication of the

expansion method that we used earlier:

le,1£_1 L’Ld 1571
d—1 kb d+1 kb o
oV _(ng(%)ﬁ_l [1 o iy B Lias (42) 1 20 Tigs
08\ Lias L Liaa€l | Lia lig €
2 L+ Li2i,r2 2 Tt —2
2
Lo i Voaa® 187 1 Liga®B% 4+ B Lias (1) V- aad1 g !
g1 Liap Voaa® 57 +Z%aﬁ2+4l%(d) 1t B
B Liagd + 6—1%’&'%54—1 Lia_2&" + %Li%gd—l
B Lig(%)ﬁ_l . kb Li%f_l N d—1kb Li%f_l
B Liss 4 Lise d 4 Lig
B Lias (%5?) ' FLisa € LA+l wb Lia ™!
Li% ng d+2 4 Li%
Ly e L4l e
EILZ%S Lz% 4 Lig \d - 5137
LisV | LisaV = (3.137)
2 2 1+ Ide_gg
a2

We obtained an explicit expression for %' Now, since we need an extra % factor to find

kr, we will take the denominator in V' parenthesis. Also, since we are not close to the

critical temperature, the Li functions are well-behaved and we can use the 1%6 ~1—c¢

expansion without any concern about the dimension.

: 2 4 [Liea)?
L

Vg |2 (Lia)? 0z 2
,i_bLidgl g—ld - 1ﬁ_1 '%_b .%Ll%g—ld + QB—I
4 Lia 2 4 [mg]? 2
_K_bLZ%g—ld_Flﬁ—l LZ% C_lﬁ—l_ d+2Ll%ﬂ—l i
4 Li% 2 Lngz 2 2 ng
kb Lias pblics d—1 kb1 Liag
14 ——2 ¢t 2 ¢l . L -1 3.138
( 7 Lidz_zg 1 Tiy S N 17 e ) (3.138)
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We make some simplifications to drop the terms of the order of x? and we get:

19V _ C_iﬁfl B Li%Li% d+26*1 L wh Lia—s 3LZ;£7 d5*
Vg |2 Li? 2 4 [LisaP?
_}_'Li_bLngl f—ld_l/g—l_}_ﬁ_bLZ%L T§—1d+25—1
4 Lngz 2 4 [LZ%P 2
B H_bLid;Ll gfld_’_ 1ﬁ*1 LZ% C_lﬁfl B d+2Li¥671 -1
4 Lz% 2 L2%2 2 L@g
b Ll'dg3 1 ) L’i% 1d_ 1 kb1 L'Ld+1 1
- - - - e 1
1 de22§ Tt 4 Tdret (3.139)

At this moment, we reached a check point. The formula of the thermal expansion

coefficient is ay = %g—‘g. So, we will check if we have found ag correctly or not by

taking only the leading terms of 12% and take d = 3.

VB
tov 3, 5 LisLi
e 3.140
ar=yas =" TP [Lia]? (8-140)

As it can be seen clearly, when f is small, exp(uf) ~ 1+ pf, in other words at the

high temperature region, the thermal expansion coefficient goes to —% which is correct.

Now, returning back to the %g—g calculation; we multiply %g—‘ﬁ/ by —kB3? and

have the first expression that we need to obtain xr:

10V 10V 9
varr ~vas )
C—iﬁ B LZ%LZ% d+2ﬁ . K_bLz%LZg _1C—iﬁ_1
2 (Li%)2 2 4 [Lid;Q]z 2
K/bLZ.dgl €71d_ 1ﬁ*1 ,{_bLz%Li¥§ild+2571
4 LY:dQ;2 2 4 [LigP 2
_/i_bLZd;rl _1d—|—15 ) LZ% 215_1_ d_,_QLi% . -1
4 LZ% 2 Li%Q 2 Li%
kb Lidas wb Liaa ,d—1 kbl Lias
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Another derivative we need to calculate to obtain xp is gf;

v =2l (-
oT'"v —9p'v
:%(Liduadﬁ_g_l + %bmd;lv—éad—lﬁ—”?—l)(—w?)

)

[NlisH

o(up) _d . d B
=—kLig— 95 |, a’s z“—m%ad(—i—m
kb . O(uB)
]{54[/@% 85
b _1 o4 1d+1 d—1

+kz Liap V=i’ ==~ (3.142)

_l g1 4=l
{VV g

For simplicity, we took p. = 0(Ey = 0). Again, we are not concerned about the

behaviour of the Li functions. We can use the expanded expression that we had found

B (pe—p)

for a5 We will drop p. and write it simpler as:

dp-17,
B Lia le Liaa g _
6(“5)} _ 2 : 2 1— Kb 5—1_1_ Kb ‘2 d 15 (3'143)
85 v Lngz 4 LZd 2 4 ng d

After inserting this expression in the pressure derivative above and some simplifications,

we get the second necessary equation as:

oP) _ d(Lig)? nbLi%g_le/@bL“ 1d—15 i
or'v 2 Lias 4 Lias 4 Lig
Jd+2 bd Lig b d+1
+ kLisgza Lﬁ b L 2+ K s + e (3.144)
Zd 2
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!V expressions that we obtained, we can write the

4 [L'Ld 2]

Combining the ég‘é ‘ P and 28
isothermal compressibility factor
1, %
9
"QT:_V(_B_P|P) (3.145)
oT
b Lia=sLia d
< 2 25 B 1

14
dﬁ Li%Li%dJrzﬁ
(Lig)? 2

) Lia 1LZd+2 B
2!

kb Lia 1d 1
+Zde 25 T 4 [L ia]?
/{bLZcH—l B d+1 Lig d | d+2Lid;—2 -1
4 ng 4 )(Lz'dzﬂﬁ -2 Lig )
Lia—s Lia—1 1 1 Lian
it sy S e Sk S i S P
4 Ll% 4 LZg d 4 d(ng)z 2
. —1
d+2 d d d(LZQ)2 d/ibLZd S(LZd)
N kLi a2 o (——= —kodgi 2 1— 1 d
["" fapaf(—5=)B72 — kga’h Lis <k24 (Lisz)? ¢l
drbLias led—1 kbd Lig Kb d+1
+ k- — “ladgmt — kL 2 k=L -t
24 dez §ratp 42“1de25 N 42‘1*1(2)5)
(Lig)*\ 17"

2 d+2 d -1
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28—~ 0 [ (HbL@'d;ngg , rblis d_1 1
= - o e 5 ¢! B~
2
Lis2ad(%2)375 — dadg %(LLifl 4 [Liap]? T Liaze
pblisciliae q42 | ghlieg d41 Lia q | dy2liaz N7
_,__ — g 1 6 1__ § 1 5 1 -2 1_——.B 1
4 [LZ%] 2 4 ng 2 le72 2 2 L’Lg
pLias pLia d—1 b1 Lid d bL@d 3de
TR - Lis2&™" + = ielgdpes
4 LZin 4 LZ% d 4 d(LZ%) 2 4 (LZd 2)
bdeld—l Hdeiu kb Lia d41
k’— 1 d 2 ¢—1 L 2 -1
1 Liee ——¢lalsE 42L“5 + 4Lz'g(2)g
Lias2 d+2 d d o Lia -1
| k—2ad 2 — k—affTr—2 3.146
( Liga( y 20‘52[,@'“) (3.146)

To check the bulk result, we keep only the leading terms which go like volume

and take d = 3. The result is

35 _35 '3 Z 3 .
- et (3.147)
ke = — - = 32 . '
(Lig)? 3 2
Li%a:&(g)ﬁ—% —3 LZ% a34-3 a?[Lis]

consistent with the result given by Pathria[7].
3.8. Entropy Expression and Adiabatic Compressibility

Two other thermodynamic quantities that we would like to see under the bound-

ary effect are entropy S and relevantly the adiabatic compressibility kg. The formula

to find the adiabatic compressibility is known as kg = —%g—m .

Starting with the entropy, we will use the well-known expansion|[7],

S U—uN+PV
il (3.148)

Nk NkT
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In this equality, we will place the elements we already know which are

Jdq

U=—-—— N
ap
d b d—1
= U+ 5B Liaga§" + %(T)ﬁflu%gd* (3.149)
Uy =0, (3.150)
B =In(z), (3.151)
N = ngfd + —Liga&41 (3.152)
and we get accordingly
S Sliara € + LA Lian €7 + Liaga €% + L Lian &
5—1 2 ' 2 — 2 2 _ = (3153)
]fTL’Lgfd + /~cT%Lz%§”l*1 kT

We expand this equation properly as we did many times, noting that again we are

away from the critical temperature. We get the entropy expression as below.

brdtlyg . _
%(7-5 )deé-lﬁd !

5 %Li%(l + T2 i gy €4
Nk» %le—lfd !
ng(l + Ligéd
_ B2 [ s (1 d+12Lian ! B %Li;g_l) —In(2) (3:154)
d+2  Liae LZ% |

To check the consistency, dropping the terms with x and taking d = 3; the result

we get is
5 .
S §LZ%
— = — 3.155
Ve~ oy (3.155)

and it is consistent with Pathria[7].

At this point, we have the entropy expression and we want to look at the adiabatic

compressibility, kg. Two derivative expressions are needed to be calculated to reach
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10V

VS_T‘ s and g— We need to keep entropy constant while taking the

kg which are ; ‘ 5
derivatives. Keeping the entropy constant, we look for other quantities that remains
constant. Since we know already the number of particles, IV, is constant, we will take
out the & expression from the entropy equation and put it back in the N expression to

see if ¢ is also a constant.

d+2 71 kb T ; kb T
S S Liags d+1FLiayn  PLiaa
— +inz=—-"2/|1 2 — 2 ¢! 3.156
N Lig ( * [d+2 Lias: Lig ¢ (8-156)
oy Plagr Liaa
K/b d+2 L’i% L’i%
(N_k + lnz)d_—i—QLz; —1
2
Putting £ into the N expression:
kb d+2Ligio Lig d
N =Lia {— 2 — ]
2 s 2 "4
(N_k + an)muﬁ —1
2
a1 gt D

- J - (3.158)

According to the equation above, since N is constant, z = e~?* should be a constant.
This implies because of (3.157) that £ is also a constant when S and N are constants.
In this case, the derivative of the volume with respect to temperature will be found
by the derivative of £ because of that it becomes a constant if we keep the entropy

constant. Volume dependence of ¢ is explicitly known as we stated at the beginning.

<
[SIIsH

= constant (3.159)
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Taking the derivative of ¢ with respect to T we get the —%—¥ ¢ expression that we

desire:

4 — B2 =0 (3.160)

ov d
:>—8T = —k§ﬂV (3.161)
10V d

There is one more expression we need to calculate keeping the entropy constant
which is the derivative of the pressure with respect to temperature. It will be easy
to calculate since both the argument of the polylogarythmic functions, z, and & are

constants and there will be no contribution from their derivatives.

PV =37 (3.163)

oP._ OV , ,
GV + P = (k)67 Liaga! — 5

2“bL@d+1gd 1 (3.164)

Dividing by volume and inserting the terms which are known from before in the equa-

tion,
‘25 + %g—;P (= kﬁ2)[—52Lid;2§—; - ﬁQ%bLz'd;l 56171] (3.165)
gi ks 66 1L2d+2— — ks 55 1“bde+1 giv_l = /sz'dzzf—;w%bL@leg;l (3.166)
we get the g—ﬂ ¢ €xpression as:
g—];|s = (Li%adﬁ—% + %bLid;lad—lﬁ—dglV 5)(k2ii) (3.167)
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Now, combining all these equations, we can write the adiabatic compressibility
expression as

10V 1 6V|s

ST TVoPl T v T

kL
b1 a1ad i1\ 914 (3.168)
(degza pTr 4 FLlisna®™ 72V a)(k=T%)

Again, to obtain the bulk result, we take d = 3 and drop the terms except the leading
terms of the kg, we get

1
nk;TLi% (3169)

which is consistent with the result written by Pathria[7].

3.9. Calculation of Cp

The heat capacity with constant pressure will also be investigated. Since the
heat capacity with constant pressure is known as Cp =

g—g|p + Pg—g|p, we first need
to rewrite the g—g and P%—‘g expressions at constant pressure. We will also check =2
expression.

We start with the internal energy derivative at constant pressure

_ g
U= o5 T N (3.170)

ou d Con g d . . 0up d, 4. . d,
%|p 25(—/3 Q)Llﬁfu—ﬂ lng%’pfdJrgﬂ 1L2¥(—§)5 ted
a0V bd —

+ 6 LZd+20é ﬁ_5—|P ZT(—@)_%Li%fd_

Hbd— . 8( a1y kbd—1 | d— 1 mde1
+ 5 P i —52 % }Pg + 5B Lian (—— )5 3
%b—d 5 1L’Ld+104d_ B_iiv

35 o, (3.171)
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Here, we need to remark that we calculated the expansion of [ﬁ ] at constant volume
before. However, now we need this derivative at constant pressure, so we will calculate

it over again. We will take out [ﬁu] from the system of equations that we used to

find ¥ earlier.

B
%[B'MHP :[é%bdeHde 1B7M 12; 1 d—;Qﬁ QLZ'%SCI d+ 1ﬁ Q_L d+1€d7
. J ,ibde . -1
B Lige"(1+ 7 T 3 (3.172)

After making our expansion and some arrangements, we get the expression as below.

d+2rkbLisg | b o Liaeliaegqo |
5[5"]' 2 4 deg b Lian& Li® 2 &
d+2 LZM d+2 pLia1Liai2
+ 5—1 .2 _ + —1’%_ 2' 2 5—1 (3173)
2 ng 2 4 (LZ%)Q

In addition to this expression, as used in the above calculation, we already have ‘Z—‘g ’ P

d ) LiﬁLiﬁ d_|_2 IibLi@
- =— 3V — 2 2 Iy, ™ 2 (d—1 -1 —1
86‘1) Qﬁ (L'd)2 2 v 4 Lig< )BVE
/{bLZcH—lL'ld 2 (] - /{bL“ 3de+z d+2 -
- (e S
4 (ng) (ng) 2
p Li 1(LZ a2)? Liag2 g2
= gy (3.174)
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Now, we will replace these pf8 and V' derivatives in internal energy expression accord-

ingly:
d o g d . d+2rbLies
— |, == (=) Liw26"+ =L
aﬁ|P o (B a4 S Lig{— = deg B
_K_bLZ'dHéflLi%Li%d_"z -1
4 T2 (Lid>3 2
d+2,  Liez d+2 lnbL;L'% vea A d\oipa
Z571r =
5 b iy C (Lig)? £} + 587 Liagz(=5)87¢
I LiuLi@dm 1, rblien e
_ L _ _ 2 2 _ 2 d_ V
+38 z%aﬁ%{y@ |4 (Lig? 2 BV -+ ng( )BVE
N kb LZd+1 LZd 2 dﬁ 1‘/5— kb Li%Li% d+ Qﬁ—lvg—l
4 (LZQ) 4 (Lig)> 2
nbL@%(Li%)QLi¥d+2 I mbd 1,
— . (B A aus d—1
3 (Lia)® pq Ve () i
kbd—1 . d+2rbLiegt kb Lt Liaa gy 9
e Lia iy 2d
IR S de5 7 = L Li® 2 N
d+2671Li% d+2 lﬁbLz;L@dH 1}£d )
2 ng 2 4 (LZ%)
bd -1 d—1
% 5 ﬁflu%<_ )71£d71
bd d
+%—5 Liag ! B*Q—d V- { %
LZMLZQd_'_Q HbLZd 1
_ 2 2 -1 _ d—1 —1 —1
b Liap Lias dﬁ_lVf_l _ bLz%Li% d+ 25—1‘/5—1

T e 2 T (Lig? 2

4+ = 2 2 2 B—lvf—l} (3'175)
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After making some rearrangements and drop the terms of order of £472, we get:

oU >, a_ d* 4+ 2 kb d—1 -2
aple g7 et T it
_ K_bL@'dﬂgd_l LZ%QLZ% A4+ 3dt 25_2
4 (Lid)2 4d
- 242 — d+2ﬁ gfﬁbL“ 1LZ¢+2g 3 (LZ'%)QLZ'% d+2£l572£d
L b KbLZd+1LZd 2L2d+2 d_25 gd L /{_bL a=3 (le‘”) d+2dﬂ gd 1
4 (Li%)Q 4 (Li%)2
bLian (Liaz)?(Liag2)® g 4 2
it ke =) A2 g aean (3.176)
4 (ng)4 4

The second term to be added to the internal energy derivative is Pav } p Which

was also calculated earlier:

d Liaga Liaz 4 9
_p-l7; ed@ a1 17, d -1
Pgle =8 Lisa€'387 = 87 Linpet!— s
bLid—1 ,{b Lid+1 Llﬁ d
o —1L~ e lL 2 T a—leg-1
B Lt = DT 8 Lt
bde 3LZd+2 d+ 2
— B Liagae® (Lz,) + glet
bLZM(LZ )2de+2 d+9 b d
+571Lid+25dﬁ— 2 '2 + ﬁ 15 +ﬁ 1’% le+1fd 1 ﬂ
(Lig)*
Combining these two derivatives in C'p formula, we get:
ou ov
Cp=(55lp + P==lp)(—kp? 3.177
p= (G le + PSR (k) (3177)



d® + 2 kb
Z_ %LZng

Liaga Liacz @3 4 @2 + 3d + 2

d2
Cp = —kZLid%di —k

kb
k" Li a1 d—1 2d
TRy liand (Lis)? 4d

o4

2P —d 2m_bLi%Li%€df1 . kW%)QLw 2 + 2 dE
4 4 Lig (LZd)2
K_bLi%L'Ld22L'Ld+2 2, +k:libL a3 (de+2) d+2d€d )
4 (Lz'%)2 4 4 (Li )
- kﬁ—b Liaz (Lia a=2 )Z(Lz%)2 d+ 2€d—1
4 (Li%)4 4
d LigwaLias g4 92
- d : d 2 2
_kLz%ﬁ §+/€L@%§ (Lig)z 5
/ibLZd bde+1de 2 d
kLi d— —1)§ —kLiaw —2 2 ¢
/ib LZd 3le+2 d+ 2
kL
+klLiagg" (de) ;¢
b de+1 (Lia—2)?Lias2 g 4 9 s d
— kLias2 €= : : T —k—Liwn &' (3178
fag2 8" (Liy)? ag & Rttty (B1T)
If we take the leading terms of Cp with d = 3:
25 (Lz5)2Lz1
Cp = —k: L25§3 + k— 2¢3 (3.179)
(Liy)?
Now, to check the consistency with Pathria[7], we will divide Cp to Cy. We already
have the leading terms of C, with d = 3 as we below:
15 9 (Liz)®
= k—Lis¢&® —2z ¢ 3.180
o=KL ke (3.150
Finally, checking the ratio between C'p and Cly:
] (Lis)2%Liq
cp  TFRLE RS 5 Ly Lis (3.181)
Cy /{:15[/1553 (Li%)2§3 9 (Li%)2 :

4 Liq
2



This result is also consistent with Pathria[7] being equal to {Z.
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4. GENERALIZATION TO THE 5° CASE

We did all our calculations for a second degree differential operator. What we
would like to do is generalizing our calculations to s® degree operators. That will
make some changes on the coefficients. We will look at the change on partition func-

tion which is indicated in (2.7) of [9].

EN = — = p’ =€ (41)

Here p is the momentum operator. However, dimension of p® is not energy. Therefore

we introduce the spectrum directly as
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to keep the dimension correct. This can be thought of as a system of quasiparticles at

low energies.
4.1. Partition Function Calculation

The partition function can be written as

—g Y %e(ﬁw) S e (4.3)

Let us remember the Mellin Barnes integral :
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In our case v = €. We organize the partition function as writing the € in terms of

dimensionally corrected regular energy, €y.
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We take the last term above to continue with the zeta function expression associated

with the Schrodinger equation.
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We will again use the polylogarithmic expression for the n summation.
00 ZEZ .
> 7o = Lia(2) (4.7)
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Here, we need to note that u. = Ey ground state energy taken as zero to simplify our
calculations. This essentially means that we restrict ourselves to Neumann boundary
conditions. Also, we will ignore the ground state occupation and drop the ¢q’s while we
are away from the critical temperature. After we make the arrangements in accordance
with the expressions we have found above, the ground partition function becomes the

expression:
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Now, the heat kernel corresponding to the N summation will be the same as that we

used in the earlier section.
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Since we need to find the poles to calculate the integral by the residue method, we will
use the same trick. We will divide the infinite integral into two parts as from zero to a
small § and from ¢ to infinity. The pole structure here is very complicated in general
unless s is an even integer. Second part will be convergent at any region, so we will

take only the first integral. Inserting the heat kernel in the q equation;
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Taking the t integral:
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Similar with the earlier section, we will take the two coefficients which are ay and ay 5.
At this point, we will use the duplication formula for I" function which is stated below
to get rid of the poles coming from the I'(«).

Multiplication theorem:

1:[ [(z + %) = (2m)"T k2 *T(kz2) (4.12)
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A special case of multiplication theorem at & = 2 is called duplication theorem which

has the form below:

L()T(z+ %) = 2'723/7T(22) (4.13)

We insert this identity in our integral by taking k¥ = 5 and we get:
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To get rid of the poles of the gamma function, we will take s = 2k and use the advantage
of the duplication formula. When we change the lower index of the product from 0 to
1, the first term of the product will cancel the upper I'(a) and thus the extra undesired

poles of I" disappear.
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Now, where [ = 0,1/2, 1... this expression has poles at ka + | = g. We will again take
only first two of a; coefficients as calculating the residues of the zeta function, which
implies that o will be taken as % and % respectively. The partition function and
all other related thermodynamic relations and expressions will be changed by some
non-trivial factors. Inserting the residues, the integral goes away and the ¢ expression

becomes

k-1

o
ol
|

. 4 (2m) 7 4 (k=1) Qg
q = Liaso (") (B) 2% —— —e" 7
S =TT
k—1 d—1

(4.16)

, e (2m) T kT g a1/2
+ Liater— (66M)(ﬂ) 2k T — 60% —
2 [Loi TS5+ %) (47)2



60

The ag and a1 coefficients will be the same as earlier version.
2

om\ (/2 om\ (172 NG
Inserting these coefficients and making some arrangements we get the final form of

partition function as below.
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For simplicity, we will write the extra coefficients coming to the both bulk term and

the boundary term shortly as a,, and b,; respectively.
4.2. Number of Particles

Next thing we do is calculate the total number of particles for our generalized
case basically taking the derivative of the partition function as we did earlier.
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4.3. Critical Temperature Expression

We will write T also for the generalized s = 2k case. Below, the 0 index indicates

the bulk temperature:
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If we take the first term as bulk result, we will find T} in terms of N
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Now we can write the critical temperature under the boundary effects in terms of the

bulk critical temperature:
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We extract T¢ from the expression above. We will use the (1 + z)" = 1 + nx

expansion for small x, where n = Z* for this case:
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4.4. Recalculation of —aﬁ(ngﬂ)

Before we continue with the internal energy and the heat capacity, the expression
of %ﬁﬁ)h/ will be calculated again for s = 2k generalization. It must be noted that,
our calculations are stated for the safe region of the polylogarithmic functions. In this
case, the condition that we can make the expansion is that

LZ d—1—2k

T; to be finite. (4.26)
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This is true when we are away from the 7. For sufficiently large dimensions the above

condition will be satisfied even when we approach T¢.

Now we start the derivation of p derivative:
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We will divide these two, multiply the fraction with § and add pu. We will make the

expansion which is —— =~ 1 — € for small € that we have used earlier.
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Multiplying by g and adding p to the equation above, we have
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Now, let us write down the ratio of b, to a,y.
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Lastly, after some proper rearrangements we get the %;) expression.
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4.5. Internal Energy

After that, we can calculate the internal energy by using properly the above

expression we have found for %ﬁm.
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4.6. Calculation of the Heat Capacity

4.6.1. Calculation of C

65
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We will use this internal energy expression to calculate C};. We note that we are

above the critical temperature.

ou

ou
Cy = a_T|N,V - %lN,V(_kBﬁz)

_ 4 e 1)5—%%—2&%(@5“)@%5‘1

ap
/@b(_d—l_l_d—l_l)d—l
4 2k 2 2k

. _d=1_,d-1_ _
L2d+§:—1 (eﬁ“)ﬂ or T2 ankgd !

kbd—1_ o(pB), ,_d=1 a1 _
B8 L S1-1 d—1
P L) Ty AT b
K/bd - ]- . _d—1,d-1_ _ d - 1 _
T de+§£71(65u)ﬁ 1, d-d Ly, 3 1( . T)gd 1

d 0 d d
+ _ﬁ*%+%flLi%(e’8u) <MB) ‘Vankfd + %BiﬁJr%ilLid%sk(eﬁu)ankﬁil( - _)fd

(4.36)

2



66

:%( - % - 1)B*%+%*2Lz’%(eﬂﬂ)ank£d + %%5%32—%@6@;&2 an&?
Ay <L’s‘k<(‘f :WL(;M))Z ),
%b( - dg_/gl - 1)d2k1L“+2k (P T 2t
%bdQ_‘kl%Lz i <eﬁ“>ﬁ—d%l+dzl—2%bnk§d—l (4.37)

Heat capacity at constant volume above the critical temperature will be written as:
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4.6.2. Calculation of C|,

Now, we will calculate the heat capacity below the critical temperature. As

before, we will drop the p derivative terms since p = 0.
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4.6.3. Discontinuity on Cy Around T¢

At last, we look at the discontinuity of the heat capacity around T¢.
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5. CONCLUSIONS

In conclusion, the thermodynamic calculations that we make by using the Mellin-
Barnes integral representation and heat kernel approximation gives interesting results.
We have calculated the thermodynamic quantities such as the total number of particles,
internal energy, heat capacity at constant volume and constant pressure, adiabatic and
isothermal compressibility by using Toms and Kirsten’s method and seen the boundary
effects on these quantities. Also the consistency of the quantities in 3 dimensions at
bulk level was checked. We have reached the interesting result that the heat capacity
at constant volume is discontinuous at sufficiently high dimensions and this disconti-
nuity basically comes from the temperature derivative of the chemical potential. This
result inspired us to study further on the derivative of the chemical potential since the
discontinuity on the heat capacity is not expected. In addition, we have generalized
our results to an s** order elliptic differential operator and saw that we can have an

explicit form of partition function only for the even s values.
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