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ABSTRACT

DIRAC-DELTA POTENTIALS ON A LATTICE

In this thesis, the Dirac delta potential on a one dimensional infinite lattice
structure [2] and its band gaps [3] are reviewed. Then, Green’s function and regu-
larization & renormalization process for the bound states in two dimensions are men-
tioned [6-8]. The relation between the Green’s function and the renormalization of the
interaction cofactor are shown. After that, the work of Albeverio on two dimensional
lattice which shows that there is a solution of the Hamiltonian is reviewed [2]. In this
model, the positions of Dirac delta potentials are in all lattice points in the one-to-one
manner [10, 11].Renormalization process is needed. Semi-relativisitic approach is used
to look Dirac-delta potentials on infinite two dimensional lattice. Green’s function is
found for the classic and semi-relativistic cases. Lastly, a new formula of interaction
cofactor is found for the arbitrary shape of Dirac-delta potential in two dimensional
lattice in the aspects of Quantum Mechanics. And, the Green’s function is written
for this model. The formula shows us the existence of a solution of the Hamiltonian.
Also, the three dimensional version of the formula is mentioned briefly. This formula
is applied on three different patterns being two of them are line and the other pattern

is circular. None of these examples do not need renormalization.



OZET

ORGUDE DIRAC-DELTA POTANSIYELLERI

Bu tezde, bir boyuttaki sonsuz orgii i¢in Dirac-delta potansiyeline Schrodinder
denklemi uygulandi ve enerji bantlar1 bulundu. Burada, Bloch teoreminin en basit
uygulamalarindan birini gordiik.Sonrasinda, 2 boyuttaki tek Dirac-delta potansiyeli
igcin Green fonksiyonuna baktik ve onun etkilesim katsayisinin renormalizasyonuyla
olan iligkisini inceledik. Bir sonraki boliimde, Dirac-delta potansiyellerini 2 boyuttaki
sonsuz orgiiye yerlestirdik ve onun kuvantum mekanik ve kuvantum alanlar teorisi
kullanarak agiklamasini yapip, Green fonksiyonlarin1 yazdik. En sonunda, noktasal
Dirac-delta potansiyeli yerine rastgele egri kullandik. Bu sekildeki potansiyelleri 2
boyuttaki sonsuz orgiiye yerlestirip, etkilesim katsayisi i¢in ¢oziim denklemini iirettik.3

tane ornek secip, bunlar1 buldugumuz formiile uyguladik.
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1. INTRODUCTION

The Dirac delta function has been a very important tool to physicists and applied
on many problems, for example to demonstrate the Poisson’s equation for a point
charge, since the first deep studies of Kirchhoff (1882, 1891), Heaviside (1893, 1899)
and Dirac (1926, 1930) [1]. Many remarkable physicists worked with this tool since it
is essential to understand first the concept of the Dirac delta function to explain some
critical topics on Maxwell Equations, Quantum mechanics and Quantum Field Theory.
For instance, the Dirac-delta potential which we will be interested in is one of the most

important subjects for scattering problems in Quantum Theory.

One of the fundamental studies on the applications of the Dirac delta potentials
is where the delta function is placed on a lattice which is composed of repeating cells.
They can be defined as smallest spatial portion of the lattice. These lattice structures
can have arbitrary dimensions. Also, the Dirac delta potentials can be shaped as any
patterns instead of being a point. We are free to choose these models to be finite
or infinite. They have a difference only in the boundary conditions. Under these
circumstances, what happens to the physical variables of a particle can be observed

clearly on a view of Quantum Mechanics and that of Quantum Field Theory.

In this thesis, we will review the Dirac delta potential on a one dimensional
infinite lattice structure [2] and its band gaps [3]. We will have a chance to see one
of the simplest applications of Bloch Theorem [4] for scattering states. Then, we
have to mention Green’s function and regularization & renormalization process for the
bound states in two dimensions [6], [7], [8]. We will work on the single Dirac delta
function and the relation between the Green’s funtion and the renormalization of the
interaction cofactor will be shown. After that, we will review the work of Albeverio
on two dimensional lattice which shows that there is a solution of the Hamiltonian [2].
In this model, there are Dirac delta potentials in all lattice points in the one-to-one
manner [10], [11]. There is only one band gap. This will be seen by the union of

decomposed Hamiltonians corresponding to the one point in Brillouin zone. We will



need renormalization process to this model. We can look again Albevrio’s work into to
use semi-relativisitic approach. Albeverio worked in the world of Quantum Mechanics,
but we will use Quantum Field Theory. Green’s function will be found for the classic
and semi-relativistic cases. Lastly, we will find a new formula of interaction cofactor for
the arbitrary shape of Dirac-delta potential in two dimensional lattice in the aspects of
Quantum Mechanics. We will write the Green’s function for this model. The formula
shows us the existence of a solution of the Hamiltonian. Also, we will mention briefly
the three dimensional version of the formula. We will apply this formula on three
different patterns being two of them are line and the other pattern is circular. We

show that none of these examples need renormalization.



2. ONE DIMENSIONAL LATTICE AND DIRAC COMB

In this part, we review of some properties the model where Dirac delta potentials
placed in a lattice structure in one dimension and its band gaps. One dimensional
lattice [2] can be defined as the Bravais Lattice, A, which reads as

A = (nalneZ), a>0 (2.1)

The Wigner-Seitz cell is given by

We need the notion of the dual lattice:
27
[' = (nblbeZ), b=— (2.3)
a
Hence, the Brillouin zone equals

A=[-2,7] (2.4)

The potential repeats itself along the base of the Bravais Lattice. In other words, it is

periodic.
V(z) =V(z+a) (2.5)
Let us write time independent Schrodinger equation:

ey V(x))\l/ — BV (2.6)



From Bloch’s theorem [4], the solution to time independent Schrodinger equation have

to be satisfied.

U(x +a) = eHU(2) (2.7)

for some constant K.K could depend on E, but is generally independent of z. Let us
define an operator D which moves arbitrary eigenfunction along the chain with a base

element of Bravais lattice [5].

~

Df(x) = f(z +a) (2.8)

Now, we have to find commutation of our translation operator and Hamiltonian.

(D, H]f(x) =DH f(x) — HDf(x) (2.9)
—EDf(z)— Hf(z + a) (2.10)
—EDf(z) — ( - %% + v<x))e“<a (2.11)

Hamiltonian operator doesn’t act on e**? because K is independent of z. And then,

we can exchange position of Hamiltonian and that of e

[D,H\f(x) =DH f(x) — HD{(x) (2.12)
=ED — e H]f(z) (2.13)
=FeKof(z) — M Ef(2) (2.14)
=0 (2.15)

For a periodic potential, D commutes with H

[D,H] =0 (2.16)



For this reason, we can adopt eigenfunctions of H which are simultaneously eigenfunc-

tion of D.

DV (z) = \¥(x) (2.17)
DU(z) =¥(z + a) (2.18)
=A\U(x) (2.19)
Therefore,we can write
A= e'le (2.20)

For infinite one dimensional lattice, we cannot impose any other boundary condition.

We assume that V(z) consist of a long string of delta function spikes called the

Dirac comb. This is represented algebraically as [3]:
V(z) =\ 6(z - ja) (2.21)
=0

Firstly, we need to solve the time independent Schrodinger equation within a cell, such
that for 0 < x < a: there is no potential.

Then our Schrodinger equation is

‘% : dq;(f) +V(@)¥(r) =E¥(2) (2.22)
%\p(@ = — k*U(x) where k = (27;_;E> (2.23)

The general solution is

U(x) = Asin(kz) + Beos(kx) where 0 <z <a (2.24)



For —a < x < 0: in this region we can use inverse of translation defined above, because

it is in the cell immediately to the left of the origin.
Inverse translation operator can be defined as:
D™ (z) = e U (z) (2.25)
When we apply D! to (2.24), we obtain the solution in this region.
U (z) = e Re (Asm(kx) + Bcos(kx)) where —a <z <0 (2.26)
At z =0, ¥(z) must be continuous.
V(@) ]a=—g = W (2)o=¢ (2.27)
Let us write explicitly this feature:
B = ¢ Ka (Asin(k:a) + Bcos(k‘a)) (2.28)
After rearranging, we obtain

Asin(ka) = B(e’iK“ — cos(ka)) (2.29)

In the center of the Wigner Seitz cells, the derivative of W(x) exhibits a discontinuity
being proportional to A, the amplitude of the Dirac delta function.

Let us integrate the time independent Schrodinger equation from —¢ to £ around

zero and take the limit as & — 0.

B2 (¢ d2U(x) ¢ B
—5 B dx+/_§ V(x)\lf(x)dx—E/_E\If(x)dx (2.30)



E and V¥(z) are finite quantities, and the value of £ goes to zero. Therefore, we can

write

3
E/ U(z)dr — 0 (2.31)
£
which yields
h? dV(z) | ¢
- V(z)¥(z)dr =0 2.32
[V (2.32)
Usually we expect that (dq;—ff)> is continuous. On the other hand, when V(zx) is a

Dirac delta function, this argument fails. In this case, where V' (z) = Ad(z), we obtain

A(d\l/(x)) :<2m>\)qj(0)

dx
—(QmA>B (2.33)

Now, we evaluate (d\zgf) )‘ and (dq’(x)ﬂ , then take their difference at z = 0 to
3 —£

obtain

Ak — ek [A cos(ka) — Bsin(ka)) (27;;)\> (2.34)
We have to solve (2.29) for A.
B <e*iK“ - cos(lm))
A= sin(ka) (235)
We can substitute A into (2.34).
o <€_Z;(_]€:)05(ka>> [1 — e cos(ka)] + Bksin(ka) = (2;;)\)8 (2.36)



Cancelling B yields

[e_iK“ — cos(ka)] [1 — e iKa cos(ka)] + e agin?(ka) = <2;Ln_2)\) sin(ka) (2.37)

After some algebraic works, we simplify the equation to
mAy\ .
cos(Ka) = cos(ka) + <@) sin(ka) (2.38)

This equation determines the possible values of k and therefore the permitted energies,
because the value of cos(Ka) is limited within [—1,1]. Let us change variables to look

more carefully:

z =ka (2.39)

. E(”;;a) (2.40)

then we can write a new function [3]:

sin(z)

f(z) =cos(z) +n (2.41)

z

This function is separated into two parts:

A. cos(ka): This part oscillates with z=ka.

B. n%: Sinc function scaled by 1. This term is localized around z=0 and oscillates,

by decaying to zero as z — oo.

In equation (2.38), cos(Ka) is bounded above +1 and below -1; in other words —1 <
cos(Ka) < 1. There is not any solutions outside these limits since |cos(Ka)| cannot
be bigger than 1. These regions, that arise from sinc term, correspond to ”gaps” and
are forbidden energies. Within a band any energy is allowed. This is a nice model to

understand appearance of band gaps typical of solids with a lattice structure.



In the next sections, we work out generalizations of this simple model.
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3. GREEN’S FUNCTION AND RENORMALIZATION

Let us introduce the Green’s function G(E) [7], [8] associated with some Hamil-

tonian H.

Our Hamiltonian H is the sum of free Hamiltonian and the interaction term.

H=H,+H;
Let us choose the interaction term as Dirac delta function.
H|z) = Ao(z)|z)
where,we allow for A < 0 as well.

The Green’s function associated with free Hamiltonian is

Go(z) = (2 — HO)_1

Let us expand our full Green’s function given in terms of H in another form.

(3.1)

(3.2)

(3.3)

(3.4)
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When we pull the Green function essential to the free Hamiltonian Hy, we have

to write
G(E) = [(E ~H)(1- (- HO)*HI)} - (3.6)

Inverse of product of two operators is multiplication of inverse of each operator in

reverse order [8].

1

(AB) =B A" (3.7)

Now, Green’s function, G(E), is inverse of product of operators, then we can write

G(E) = [1- (£ - Hy) 'H,| TEow) (3.8)
We represent (E — Hg)_l as Go(E).
G(E) = [1 — Go(E)H;] " Go(E) (3.9)
Let us multiply both of sides of the equation [1 — Go(E)H;].
[1 - Go(E)H,] G(E) = Go(E) (3.10)
When we recover the left side:
G(E) — Go(E)H,;G(E) = Go(E) (3.11)

We may add Go(E)H;G(E) to both sides of the equation for a simpler calculation.

G(E) = Go(E) + Go(E)H,;G(E) (3.12)
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Let us look at some identities relevant to kets. They will be useful for our calculations
|n): complete eigenket of the Hamiltonian.

Completeness can be defined mathematically as 1 = ) |n)(n| ,where 1 is called
identity operator.

When Green operator is applied to its eigenket, we obtain

Loy ==t
E-H"Y " E_—g"

(3.13)
where, H|n) = E,|n), and E, is an eigenvalue of H. Let us apply position ket from
left and right to Green’s function. After these applications, we can write new form of
this:

(Z|G(BE)y) = G(E; T, Y) (3.14)
We can plug identity operators to places which we choose.

GE; T, Y) =) Y (zlm){m|G(E)|n){nly) (3.15)

where, |n) is an orthonormal basis which can be defined as (m|n) = 6,,,,

GE:Z,7) = ZZ I|m myn "|y> (3.16)
Therefore, after applying . we obtain:
v, (x)Ur
a7, ) =y, Tl (3.17)

where, (z|n) = ¥, (z) which is called by eigenfunction.

Let us write (3.12) in the position basis:

G(E; T, ) = (2|Go(E)|y) + (2|Go(E)H,G(E)]y) (3.18)
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We define (z|Go(E)|y) = Go(E; 2, /), and then plug identity operator, which is
1 = [ d?z]z)(z]|, in position form between H; and G(E).

G(E: Z,Y) =Go(E; 7, Y) + /d 2(z|Go(E)H;|2) (2|G(E)|y) (3.19)
After using (3.13) and (3.14), we obtain
GE; T,Y) =Go(E; 7, %) + / 2Go(E; 7, )N(Z)G(E; 2, Y) (3.20)
Let us integrate second term of right side of the equation.
G(E; T,7) = Go(E; T, ) + \Go(E; 7, 0)G(E; 0, ) (3.21)
Now, we put 2 = 0 in the expression above.
G(E;0,7) = Go(E;0,7) + A\Go(E,0,0)G(E;0,7) (3.22)
We can solve this for G(E;0, 7).

[1 = AGo(E,0,0)]G(E; 0, ) = Go(E; 0, 7)

) - Go(E;0, 7)
G(E;0,7) = = \Go(5.0.0)] (3.23)

If we insert the result in (3.20), we obtain an explicit expression for Green’s function

associated with the Hamiltonian H: [6]

G 7 7) = Go: 7, 7) + D 2}&3 OEO‘; ) (3.24)
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Let us investigate the bound states of Hamiltonian (3.2), with Hy the Hamiltonian

of a free particle in 2 dimensions:

2
H, = — h_ 2
2m
B2 G 02
- _ 2 — (3.25)
2m = 8:(:j

The energy levels of bound states are the real poles of the Green’s function. Because
there are no bound states for the free particle problem, such poles can only appear as
zeros of the denominator of second term of the right hand side of (3.24).

Let us write Green’s function for free particle and plug the identity operator between

bra and ket.

Go(E: . 7) = [ ) 1 1K) k1)

:/d2k<x|k><}ig> (3.26)
E—

2m

where, Hy|k) = %U{;) such that |k) is an eigenket of Hy.

We will use the postulate of Quantum mechanics which is defined mathematically:
Rd
(z|k) = (2m) 2K T (3.27)

For the sake of simplicity, we choose units such that A = 2m = 1. Thus, we find

A2k 6i?(777)
2r)2 E — k2

(3.28)

Go(E; 7. Y) = /

Therefore, in order to find energy of the bound states we have to solve equation (3.24)

(-* = B)

1 ek 1
P / o (329)
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There is a problem which is described as that Go(£,0,0) is divergent. We must in-
troduce a cut-off in the integral in order to deal with this problem. In Quantum field

theory this procedure is known as regularization [9].

/ k1 _i/A kdk (3.30)
(27)2k2 +v2 271 Jy K2+ 02 '
1 A%+ 12
——In ( > ) (3.31)

The next step called renormalization is to absorb the divergent part which is dependent

on the cut-off in a redefinition of coupling constant.

= % + ﬁ In (%j) (3.32)

1
AR
The parameter n is arbitrary. It keeps the argument of the logarithm dimensionless.
Let us take the limit A — oo, varying the bare coupling constant A in such a way that

the renormalized coupling constant A\g remains finite. This process is called renormal-

ization [6]; then,

RIS (V_z) —0 (3.33)

Ep=—1? (3.34)

— _Pexp (4_9 (3.35)

In spite of the fact that the Hamiltonian contains only one parameter, A, we have
obtained an energy, Fp, depending on two parameters (Ag and n). However, it is
possible to show that Green’s function depends on a single parameter in addition to

E, 7 and 7 To make it clear, we have to write the denominator of the second term
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on the right hand side on (3.24) in regularized form.

1 1 1 [ kdk

~ —Go(E - = [ .

N~ ColE,0,0) /\+27r/0 2t E (3.36)
11 A2 — F
—— 4] 3.37
/\+47Tn( —F ) ( )

Let us look at (3.32)-(3.33). Plug the definition of ﬁ in (3.33).

11 /A 1 1P
T+ (F> - —n <?) —0 (3.38)
We can find
Lol (—A2) (3.39)
N dm o V2 ’
Then, from (3.34)
L1 (—A2> (3.40)
N an T\ By ‘

Lo dn(®5)  oa
(B

LGB 0,0=-Ln (- 5) (3.43)

This is called the dimensional transmutation, since A had no dimensions previously,

renormalization introduced a dimensionful parameter, namely Ep itself.



Thus (3.24) becomes a well-defined Green’s function:

17

(3.44)
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4. TWO DIMENSIONAL LATTICE WITH DIRAC-DELTA
POTENTIALS

4.1. Review of Quantum Mechanical Description

Now,it is time to analyze the two dimensional lattice using Quantum mechanics.

We can define an arbitrary position in it.
T=R+5 (4.1)
ﬁ is an element of A, ﬁeA where A is called Bravais Lattice.
A = (nyaj +nya3) € R?| (ny,ny) eZ? (4.2)

ai and a3 are two linearly independent vectors in R?.

? is an element of f, ?ef, where T can be identified with Wigner-Seitz cell of Bravais
Lattice

~ 11
I'= (Sla'—l> + 52?2)6 R2|Sj € |:_§7 5) 7j = 172 (43)
Any point of the momentum space of lattice can be written as:
=k+ 0 (4.4)

— —
Linear combinations of I' make up k-vector. In other words, kel’. I' is named the

dual lattice (or orthogonal lattice or reciprocal lattice) corresponding to A

— —
I'= (n1 b1 + ngbg> € R2| (nl,ng) €Z2 (45)
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— —
where the dual basis b; and by satisfy [10], [11]
K4

- ..
joy=2mbyy  jj =12 (4.6)

in analogy with relation between A and f, I' is corresponding to A defined by

~ — — 11
A= <Z1b1 +Zgb2>€R2|Zj€ [—5,5),]':1,2 (47)
the absolute value of T is

Tl =1 (4.8)

where, T can be interpreted as area of the cell. Let us decompose the Hilbert space

L*(R?) according to

U: L}(R? — L*(A, A1) = /A : d*00*(T) (4.9)
(UN)(7,8) = F(y+6) el ~eD, feL?(A, ¢3(T)) (4.10)

the decomposition corresponds that of momentum vector.
N —~
T=0+7 el yel (4.11)
This decomposition of L*(R?) will also decompose the Hamiltonian operator H [2].

UHU ' = [® d*H (0) (4.12)
A

H(0) corresponds to a point in Brillouin zone and cover all points which are elements

of the reciprocal lattice, called by “A”.
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We can separate decomposed Hamiltonian, H(6), as kinetic and potential term like

ordinary Hamiltonian.

H(0) = Hy(0) + V(0)

(4.13)

H(0) can be applied on an eigenket associated with an element of orthogonal lattice,

1)

- 2
o)) =

= E@0))

7)

Our lattice have a symmetry. This can be described as
V(z+ ) =V(x) XeA
Therefore, potential can be expressed such that:

V(z) = Z V,exp(iy Z)

vyel’

Potential in our model is

V(z) ==Y Mz —o)

oel

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

We have chosen Wigner-Seitz cell as a union of the two half ordinary cells. Then,

Wigner Seitz cell can be used to find the Fourier transform of the Dirac delta potentials

which are the midpoints of cells and V.

V, :z:/fd%‘/(v)e_iw

oe

= — Z /A d*vA§(v — a)e”
T

geA

(4.19)

(4.20)
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where geA.
From equation (4.20), we obtain
V,=-X\ (4.21)

where, we have chosen zero point of Wigner Seitz cell at the position of Dirac delta

potential. Let us look at Schrodinger equation after we use identities.

Vp) = (21) Y V36(p =) (4.22)

vyel’

our Schrodinger equation becomes:

2

Hf(p) =5 f(p) + D Vaf (=) (4.23)

vyel

A fp-1) (4.24)

~vyell

After applying the decomposition process to our Schrodinger equation, we can write

f0)g0) = L 0) 1Y gy - ) (1.25)

v el

We are working on infinite lattice. It has a special feature which is

2: > (4.26)

pE=
We can use this as:
~ y —|— 9 2
f16)9) = g0) -2 3 a3 - ) (4.27)
y—v'el’
v+
0 ) =AY 0t (4.28)
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We have chosen that g() is an eigenfunction of H:

H(0)g(~) =Esg() (4.29)
:|72+]-w@|2g<7) -2 9(v) (4.30)

If we change the positions of the energy term and interaction term, we obtain

ZY o) = (- 8+ 5 )t (4.31)

y'el’
One can divide both sides of the equation above with ( — Ey+ %)

A a9(y)
(—Ee+”;—£2) =9(7)

After summing over v both sides of the equation, we obtain

(4.32)

A g(y
> 2o g(je)z =Y 9() (4.33)
yel' ( — Fy + ’Y2—M> yel’

It is easy to see that summations of eigenfunctions can be omitted.

> A =1 (4.34)
(- E0 )

And then, one could obtain the equation on the form which we want, after pulling A

into the left hand side:

vyel’

1 1
S ( " (4:35)
— Eo+ ET)



We work in the bound state such that energy is negative.
Ey = —?

Therefore, we can write

1 1
7 <192 N 72+M?2>

This term,+

be absorbed by redefinition of the coupling constant.

YT
< (|7| +u)

We can write the resolvent in a separable Hilbert space as:

1
X | —,.
Hy— FE

Let us show that the difference is finite:

Sy Y
el (192+'72+—M€') el <' + 1 >
- (72 o ) <192+ 7+e|2>

vyel’ (|27]\|; + ,UZ) (192 + |72+]\49|2)

27| 6| cos(a)(2M >*+|7| <2M>*

L2 — 2

23

(4.36)

(4.37)

;3 diverges. And then, we have to renormalize it. The divergent part can

(4.38)

1
>yt ]
~el' <192 + W;—J\j?) ~el' (?WP + /‘LQ) )\R

;WM\W! 2M)2 + |7 + 0 Pu2(2M

L [ [292(2M)

(4.40)

-1 + 1921u2
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%
where, a is the angle between 7 and 6 which is chosen as arbitrarily. We are interested

in infinite lattice, then it can be written as

S 2/ |0 |cos()(2M) " + |0 P@M)"" + > — )
T+ TPITPEM) 2+ [T + 0w 2M) 7+ |7 POARM) !+ 0%
)y 2| 7|0 |cos(@)(2M) " + |6 P@M) " + p? —

1T ORI PEM) 2 + 7+ 0 2p2(2M) 1+ [F[292(2M) 1 + 922
[APEM) 42—
0 [2p2(2M) 1 + 0222

(4.41)

It is clear that the last term of the right hand side of (4.41) is a constant, then we can
omit it.

Let us look at dual lattice and its summation rigorously:

17| = /m? 4+ m? my, mocZ (4.42)

S° AT < £(0) + 4 / " Fo)dp (4.43)

yel',y>0
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If applying (4.43) to first term of the right hand side of (4.41), we can write

—2|71/F | cos(a)(2M) "L + |6 P2M) 7! 4 2 - 8

B o b2 12402402 G 12
20 [T 420M)2 + 22|+ 171 (i + gt ) 4 2l

» ( — 2y /m2 4 m2| 0 | cos(a)(2M) " + (G2 2M) ! + 4 — 792) x

mi mag

((\/m% +m3) 2M)2 4 2(y/m2 + m3)}2M) (¥

— — —
912 912 2 4 92 9 0 12 -1
+(\/m%+m%)2((|2M|)2+| | ;\’2+ >+ |72||M 1 +c> <

G M) g

c
— —
: > —2p| 01 cos(a)(2M)~ 4+ | 6 |2(2M) 7! 4 p? — 92 p
" 0 4 -2 3 o of 19 0242492 2/ |u2 per
pt(2M) =2 +2p°(2M) %[ 0 [+ p @z T 2M oo T ¢
< 00 (4.44)

%
where ¢ = 92p® + (2M) 12| 6 )?

1

Therefore, +

converges.
4.2. Semi-Relativistic Approach

We have mentioned the Dirac delta potential points on a lattice in the usual
Quantum Mechanics setting. We extend this problem to relativistic particles ignoring
pair creation. We use Quantum field theory to describe our system. Let us start with
some concepts [12], [13] which we need.

In lattice structure, arbitrary momentum can be written as

T=Fk+46 (4.45)
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And the momentum integral can be separated in terms of orthogonal lattice and Wigner

Seitz cell of dual lattice [10], [11].
/ Pp=>Y" / d*0 (4.46)
?EF Bl
Free scalar field in Schrodinger picture can be described as

/9 , Z( \/Tei e \/“277 —i?Y> (4.47)

and conjugate momentum to this field is written as

— [YT BT _ Gt T
II(x —/76Kd«92 (aye a%e ) (4.48)

_)

where w is frequency which is defined as
wy =/ (T)? +m? (4.49)

We have already employed proper formalism of dual lattice in own construction. We
have written ®(z) and II(z) as a linear sum of an infinite number of creation an anni-
hilation operators &\% and @ indexed by 3-momentum ?

The commutation relations for ®(z) and II(z) are equivalent to the following commu-

tation relations for ET? and a.

[®(2), D(y)] = (). ()] =0 [ag.aq] = [l al,] = 0 (4.50)
(), T1(y)] = (3 — 7) G.aL] = @r2%(F - ) (451)

|0) is a vacuum state.

A particle with momentum, 77, can be defined as

p) = /2wgaz(0) (4.52)
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And the momentum integral can be separated in terms of orthogonal lattice and Wigner

Seitz cell of dual lattice [10], [11].

/de — Z/G dee (4.53)
?EF ‘

Let us apply this momentum expansion to our field, and its conjugate momentum and

frequency:
(z) Z i e a%ﬁrﬁ (F+0)7 (4.54)
P(x :/ do ————c' + ———e" 4.54
TR\ VLT V2L
_ YT ([~ (E+ )7 f —(K+)7
(x) = /767\ do —Z(—Z) 5 <ak+9 AL ¢ ) (4.55)
= =
wor s = \[(F + 0)2+m? (4.56)

Quantum field can be divided to two parts. The first has positive frequency with

creation operator. The other has an annihilation operator via negative frequency.

~t
a— — = =
CID(QJ):/ ) e = AL (4.57)
0 eA ? Wk+0
a—- — =
<I>+(x):/_>AdHZ 2’“:9%@“’”9)7 (4.58)
g T VAE4T

Let us apply this field to vacuum state

©(2)|0) = @7 (2)[0) + &7 (x)|0) (4.59)

When we look at the first term in right hand side of (4.59), the relation between

annihilation operator and vacuum state which can be written as a3, +|0) = 0 have to
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be used. And then, it is easy to see:

1 = >
(2|0 :/ A0Sy FEOTG, 10y = 4.60
0= [y 2 2.710) (4.60)
Therefore, we can write
1 iy o T S
®(2)]0) = &~ (2)|0 :/ A0Sy T OT 1 4.61
@0 =070y = [, B e %+ ) (461)

This is a linear superposition of single particle states that have well defined momentum
constrained by lattice structure.

In addition to these, we introduce a normal ordering prescription

apay = ahag LAy = abay (4.62)
Let us write Hamiltonian of this semi-relativistic approach

H = / P [ () (V2 +m?) Dx) + T2(z) ] — A3 S (R)DH(R)  (4.63)

where A > 0, because we are searching for bound states, nevertheless this is not essen-

tial. It is good to recall lattice structure [2]:

7K +77 ReA and el (4.64)

2
ﬁ = ana a; :basis at A (4.65)
i=1

We have used the adjective, semi-relativistic, because the interaction term is composed
of ®~(x) and ®*(z) instead of the full field, =AY ", , (R)P(R), our semi relativistic
approach truncates this interaction into =AY, \ 7 (R)®*(R).
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Now, it is time to calculate V2® ®%(z), and I1?(z) simpler as possible to write
the Hamiltonian more explicitly.

Firstly, the Laplacian of our field is written as

P
6—1(/@4—9)7 (466)

Secondly, square of our field have to be examined.

2w 2w
kel klgr k’+7 k’+?

~
a
%

a a
/ / Yy ei(ﬁ+7)7+ K40 671(5’@5})?
96A GEA —
= =
e KT ) dode’ (4.67)

If we expand parentheses, we obtain

/ / Z a,/
LN GeA_> = 2 W?Jrg

kel k' e

=)
Jr
°iL
Q)
wl
Cb& .
=]
+
=l
+
)
+
=l
al

AT—) —)C/L\T—> A <
Z W40 K+ 0 —i(k+k +0+?)?d9d9/ (4.68)

dode’ (4.69)
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we can write it more clear after some easy algebra have been used:

Let us plug these into free term in Hamiltonian and apply normal ordering process.

:O(z) (=V2 +m?) O(z) + 1P (z) :=
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We can write full Hamiltonian in more compact form.

2
W= —
i L / Z K+
7 A ?EK? e 2 e WL g

el k' el K+
i i ~ (— KAk -G +0
~ 2 i(K+K+0+0NT | 7§ =~ 2pei(— R AR =040
<aﬁ+?a?+7/d re talg, gag . g d’ze
~ Ay S TS S vy
. N 2 WR-R+T-0)7 | } —i(E+k+0+0)7
+a ﬁ+?a?+5’/d re Ta g, e
B VYT X Wi
2
T ~ Kk —0+0
SR 2 (R+K+0+0)T _ 3~ 2g el KK =0 +00T
X [aﬁJr?a?Jj/d Te T00p.g | dTe
~ e il N (E+R+T+8
e -3 2, G(K-K+6-07 | 7} t 2y e UK K +0+0)T
v [ o ol gaiz.g [ due )
AT—; —;a—> — L= L o7
N (K =K)R (6 —0")R | 1070 (4.72)

Now, we have to recall the identity:
2 - =
/clzxe[’(’“r 7] = 47%6(k + 6) (4.73)

In addition to this, we have the equation [10], [11] related to lattice which goes to

infinity in all directions.

S el — (4 (4.74)
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After we apply (4.73), and (4.74) to our Hamiltonian, it is obtained in clearer ex-

pression.

T

I_|

T

l__l

e

l__l
. T
T —~ = T

= =
s 5 +
= T T= t T=
_ + e _
-~ + (S e

R

+ _ + Aﬁk +
L= = ﬁ.w L
¥ ¥ 3 <
T T= + X IS
oot e e +
& s 5 4 <
o R R |50 To
e > 1
(3 (g (3 ~— {3
+ o+ o+ I

T
3
_

(4.75)

For the lattice, it is easy to see that

(4.76)
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. - . v .
Let us use equation (4.76) & sum over k' and integrate over ¢’ in equation (4.75).

2
H= 7deg ;27‘(‘ wp, g
K

(4.77)

There are same terms with opposite signs in equation (4.77). After equation (4.77) is

simplified, we obtain final form:

T— —;a—> —
K40 k46
—)\/_MdGE §j2 (4.78)

UESY apr Yo KD 5 _10) (4.79)
- 7 . — = k//+0// .
ﬁd" 0" e\ k0"

Now, we can apply Hamiltonian to equation (4.79).

H|V) :/?K/H_&Kde@"ZZSWQw?Jrg

?EF l?eF

Tﬁw—,ﬂO) (4.80)



When we use equation (4.50) and (4.51), we obtain

We can shift k +— k' or k' — k indices freely in interaction term.

H|U) /9 Z 167, w5 Vo(k) —10)

5A—>

Uy (k) ~
-\ ZZQWQ aT?+7|O)

GeA W7 /W
E>EI1 k'el’ k

We know that |U) is an eigenket of H with eigenvalue E:

H|U) = E)

34

(4.81)

(4.82)

(4.83)

(4.84)

Let us choose E negative such that £ = —12, since the delta potential is attractive.

We look for bound states.
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When we equate (4.83) and (4.84), we obtain

0 e\ —
Uy(k') A
—)\/ 21 al—, =|0) =
7%;; Wi g VEET
Won (k") ~
- 49" —2 ( )aT—> —3|0) (4.85)

Wy(k) ~
167%w— = + 12 at— —0) =
/767\%[ k+6 0 N K+
Wy(k') ~
)\/;AZZ27T2 - ——afp,510) (4.86)
Gh P ier R TVIR

— —
J7.:d0 > . is a complete set such that [3 zd 6 > 2 . = [d®p. Therefore we can
%
omit [7 s d 6 > 2 . at two sides of (4.86).

o(k) 2w Z Wy (k') (4.87)

[16ﬂ4w?+7 +vp

We can define U(6) as

SOESY Lok (4.88)

If we rearrange (4.87) using new our new variable, U(#), we can write

W, (k) 272\
= —[16miw— = + VQ]G(Q) (4.89)
9 K+0 K+ 0 7

WL
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%
Let us sum two sides of the equation over k& :

v olh) _ y 2mA v(0) (4.90)

4 2
Rer W7 [167T we g TV

Now, you can see left hand side of (4.90) equals to U(6).

212\
vE) =S T 5(9) (4.91)
R Y47 [167T4wz>+7 + yg]

These are the same term on both of sides in (4.91). And then, it can be omitted.

= 27\ (4.92)

4 2
FrYE+d [167T WELT TV

Let us pull A~! from right side

272

1

= (4.93)
T Y47 [16W4wm7 + V(?]

Finally, we have found A~! whose situation of convergence determines existence of

solution.

We can use new notation for the sake of simplicity.

_EO) vy}
= 1672 = ~ T6n8

formula, we obtain

After plugging definition of w L7 in %

1 L' du
a(a —b) - /0 (a — ub)? (4.95)
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We can apply this formula to 4.94:

1
- — - — -
(\/(k + 0)2+m2—77)(\/(k + 60)2 4+ m?)
/1 du B
- — -
0 [\/(k + 0)2+m2—u77}2
ol = =
/ / dsdu exp (uns) exp < - 5\/( k+ 6)%+ m2> (4.96)
o Jo
Let us take integrals:
1 sn __ 1
/ exp(sun)du = c (4.97)
0 ns
and
\/_> = s mexp<—i—j—m2t—(?+?)2t>
—s\[(F+ )2 4 m?) = dt (4.
exp(s(—i—)+m 2ﬁ/0 7 (4.98)
After some arrangement, we obtain
2 -
- — Z/mesnﬂ/mexp<_i_t‘m2t—<k C) (4.99)
— = . s .
A 16w 5= o Ui 0 t2
kel
We set,
"= ot 1= Togh
One can find the value of % at 0 =0:
1 1 1
— = 5 (4.100)




38

or

1 00 psp _ % exp ( - % —m?*t — (?)%)
‘ Z / / dtds  (4.101)
0 0

5
0=0 1672
?EF

We require A to be independent of 6.

Note that if this condition is satisfied, the solution exists. However there is a di-
vergence. We have to apply renormalization process which does not change observables

to make the solution convergent.

2
exp — = —mit—(
/ds/ dt i
167T2_> t

N
e — 1 exp(—ﬂ—m%—(k) > esu_ll
X =0

X J—
n t H

N|w

(4.102)

N|w

gives the solution for the bound state.

exp ———mt sn_ 1
/ ds/ dt 4§ > (™~ 1)
1673 2 Ui
_>

Zexp( (k + 6)%) (¥~ 1) Zexp ] =0 (4.103)

- —
kel kel

In a similar way, we can find the Green function:

eXp = — m2t>
5/ ds/ dt 2 X
1672 2

[@Zexp(—(?—i— 0)%) —@#T_”Zexp( (?)2)]]

Gk +0) =Go(k +0) + Go(k + 0)

.(Go(k +0), ) (4.104)
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5. PATTERNS OF DIRAC-DELTA POTENTIAL

5.1. General Concepts

In this model, Dirac delta potentials have arbitrary shape instead of being a

point. Therefore, interaction term of Hamiltonian is defined as:
Y6 (T - T U(T) (5.1)
X

where, |x) which is an image determines the shape of Dirac delta potential in a cell.
Let us introduce a map, =, such that

v:R—T (5.2)
yis—dy (5.3)

Ordinary real number corresponds to differential of the shape in the Wigner-Seitz cell.

To find the ket which represents the pattern choosing, we have to integrate over

a variable.
)= [ dshio) (5:4)
v
where Y is called a curve representation.

Dirac delta function over the pattern is

M?—mzfmw@w> (5.5)

v



40

The wave function can be defined as:

wm:/wW@m (5.6)

Our full Hamiltonian is

H=Hy— X\ |x) (] (5.7)

X

When free Hamiltonian, Hj, acts upon its momentum eigenstate:

2

Ho |p) = 2p—m p) (5.8)

In lattice representation, our potential is repeated in same form.

Z|X> (x| :ZZ|7+711G_1>+”2G_2>> (X +niai + naas| (5.9)
X ny n2
where
A = (nyaj 4+ nya3) € R?| (ny,ny) €22 (5.10)

Let us act Hamiltonian to abstract ket, and plug identity operator in momentum form:

H19) = [ H#1p) 610) (5.11)

—= [ EG VG @ (.12

If we want to write it more explicitly:

H|¥) = (Ho —A) O I +mad +maas) (X +mar + n@\) o) (5.13)

ny ng
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We can plug three identity operator between kets and bras for simpler calculation in

function form.

H|0) = / Holp) (p| V) &p
A2 / Epd’p! |p) (pIX + md +n2a3) (X +mai +naas o) (0/|0)

ni n2

(5.14)

If (5.8) is used, we can obtain

2
p
1) = [ 1) ol) 2
=23 / d*pd®p' |p) (PIX + mai +naaz) (X +maaq + naaslp) (9| 0)

ni n2

(5.15)

When applying identity operator, we can write as

/ d*pH|p)(p| |¥) = / d°p |p) %‘I’@)

S [ el e[ i(FT +n T + 0T

niy n2

— — 1
e [i (Xt mpal +nad a)] W) - (5.16)

When we omit [ d*p|p), we obtain

- 2m

—AZZ/dQP’eXp [—i<?7+n1?a—1>+n2?a—§>]

niy n2

<exp [i (X +mpal - nap )] w i) < - (5.17)

The basic periodic or primitive cell T' can be identified with Wigner-Seitz cell [2].

~ 11
I'= (SlCL_1> + 32a_2>)e RQ‘SJ' S |:—§, 5) ,j = 1,2 (518)
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The shape of Dirac delta potential is an element of the Wigner-Seitz cell.

~

x el

Arbitrary momentum can be decomposed as an element of dual lattice and that of

Brillouin zone.

?:?4—7 ?d—‘, 767\

/d2p:2/d29

k

%
k can be expanded in their basis.

— — —
k =mq bl + Mo b2

zk::zz mi, Mo € Z

mi1 M2

0 is also decomposed in its basis.

— — — 11
0 =216y + 200 2,20 € [—575]

Let us make Schrodinger equation simpler by using the relation between basis of Bravais

- —
lattice and that of reciprocal lattice. We can choose that (ai,a3) and (by, by) are

orthonormal bases such that: [10], [11]

@.aj =0
— =
bi-bj :5ij i;j = 172
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We define A and B which are parts of Schrodinger equation.

P — — —
A= exp[—@((k + 9)7+n1m1 ar by + nyme @i by +nymy a3 by
- = —
+ NoMmo CL—2>b2 +nq 0 Cl_l> + Ny 0 CL—2>)} (519)
2

Values of some terms were shown by underbraces above.

After applying the simple identity such that €™ =1, teZ, we can write

A=exp [—i <? + ?) 7] exp [—i (?ﬁ)] (5.20)

where, @ is defined by

In the same manner, we can write

_>
k’+?

m~
=
N~
_I._
3
N
=
S
N
S
=

, — —77
B:ea:p[z(( )X +nimiaiby +nym

27 0 0

8l
S
_l_
3
|
2
+
5
|
S
o
)
=

+ nom

We can use the same procedure.

B = exp {@ (? n ?) 7} exp [z (?7)} (5.22)
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Now, we put kinetic term of the equation from right to left with changing its sign:

k+6)2 ) .
() - ( — ) )xp(? L H) = )\Z/de exp( (K +§>)7).
k' el
eaz:p(i(z'> + ?)7) Z eat:p(i?(g> - (7))
W(H + ) (5.23)
There is an identity for lattice structure.
S eap (i7(F - ?)) —5(0-9) (5.24)

a

We have to use this identity for (5.23)

) (5.25)

FR)e(R) = / ds / ds' (R (5)g(R () (5.26)

where, s is a variable whose trajectory is x(s), and f and g are arbitrary functionals.
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At (5.26), all points of one trajectory have to interact with that of other one. We
can apply (5.26) to (5.25)

) (5.27)

Now, we define

— —
Z/ds exp [ (k" + ?)7(3') V(K + 7) == (5.28)
?el—‘
Therefore, (5.27) can be redefined.
- = —1 ——_—
U(k +0)= S )\/dseq:p [—z( E+ 6 )7(5)] = (5.29)
(B6) - 5572)

- -
Let us multiply both sides of eqn(5.29) by [ ds”"exp [—z( kE+ 6 )7(5”)} and sum over

%
k . After that, left hand side of the equation is equal to Z=:

(5.30)
(5.31)
== Z / ds"exp [—z(? + ?)7(5”)} \If(? + 7)
e H | H B
?Zgr/ds exp [2(? +7)7(s )} <E(9) (?;f)2>

/dsexp [—Z(? + ?)7(5)] = (5.32)
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= can be omitted from both sides of the equation. After dividing both sides by A,

we obtain
1 -1
— = Z ds"exp [@(? + 7)7(8”)} /dsexp [—Z(? + 7)7(3)] Z1d)y
?eF (E(Q) 2m )
(5.33)
After rearranging 5.33, we obtain
1 - = ? 1
1= ds exp [z( kE+ 0 )7(3)] T (5.34)
Ker —E(0) + =5
We are working for bound states, then the notation, £(f), can be changed
E(0) = —*(0) (5.35)
Finally, this can be written as
- = 2 1
= Z /ds eacp[ (k + 0)7(5)} —— (5.36)
v2(0) + (k+6)?

keF

We have found % for arbitrary shape. It determines that solution exists or not. We

can separate the value of %

. % — 00: There is no solution for the shape we are working. A — 0 means that
there is no interaction term or potential

° % is convergent. This means that any solutions are possible.
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Similarly we find the Green’s function in the dual lattice vector representation.

y (5.37)

Hy—FE

Same can be repeated for 3-dim lattice. Then we face a similar divergence, we need to

introduce renormalization process. We choose

2
1
- (5.38)

=2

?EF

/ds exp [z??(s)}

where
—/f = FEy_y (5.39)

We can write one of the most important term to find resolvent.

1
o, = (5.40)

0 IR 2
S |faseon [FRO[ | - s

5.2. Applications

5.2.1. Line Patternl

We have found the formula for coefficient of interaction for arbitrary shape of
Dirac delta potentials in lattice structure. Now, we choose a line which is parallel to one

of the orthogonal bases as the shape of the pattern. Let us write this mathematically

x(s) = saq aa =0y (5.41)
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I want to remind our formula to apply the shape we choose

PR (5.42)

2m

First of all, we have to write some terms in (5.42) more explicitly to find the value of

the cofactor.

Arbitrary point in momentum space is

- — — —
k + 0 = (m1 + Zl)bl + (m2 + Zg)bg (543)

where, [2]
11
i€Z d i[——,—]
miels and  zi€| = 5, o

The dot product of the vector which explain the shape and arbitrary momentum can

be written as

+ )R () = (m1+ 208 + (o + 22)by ) (sa0) (5.44)

—
After using a; b; = 2m0;; [10], [11], we obtain

E 4 )X (s) = 2n(my + 21)s (5.45)

(k +

In addition to these, we have to write square of momentum clearly.

- —
k 0 )2 = (m1 -+ 21)2 + (m2 —+ 22)2 (546)

(

+
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Finally, we need summation equivalence which is

272

keF

If we plug all term in (5.42), we can write

Z Z U exp [2mi(my + 21)s ds} (5.47)

(m1+2z1 2—}1\-4(m2+zz)2 + ,192

We can change summation for the sake of simplicity.

/ I
m1+21:m1 m2+22:m2
IIDIEDIDD
mi  m2 my mh

m; start at zero but m/ begin at z;.

And we choose the border of integration in the exponential from —% to = to make

the integral definite.
Therefore, we can write

’f L exp [2mim)] s ds

Z Z TR TA: (5.48)
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Let us integrate the term in exponential.

Sl

L
/ 2 ; b}

/ exp [2mim/s| ds :M
_ 2mimf _L

SISl

[

exp (M), 2mik)] — [exp (—m! 2mik

And then, we expand these exponential terms:

/3 exp [2mim 5] ds _ cos (mm) L) 4 isin (mm/ L) - c,os (mm) L) + isin (mm/ L)
L 2mim)
= L 5.50
) sin (mm} L) (5.50)
Let us plug this simple expression in (5.48).
Z Z —sm (rm} L) X (m’)21(m’)2) (5.51)
m/12 % ( 1 517 2 +793)

Now, we have to look situation of convergence (or divergence) of % to determine exis-
tence of solution.

Let us separate %

1 sin? (72, L)

1
X w2 (Z1)2<(zl>22+(z2>2> Hgg)

Z sin? (mm/ L)
™y (mh)? (I )

Z sin? (72, L)
(21)2+(m3 )2)
my ) ( ( T 793)

N 1 sin? (mm/ L)

(5.52)
2 ()2 + (%)
TG m () ()7 (% +193)
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If we settle the boundaries of the summations, we obtain

1 1 sin? (7T21L)

N 72 (21> <(Z1) +(22) + 792)

1 sin? (7m/ L)
M )24 (29)2

1 = sin? (mm/ L
e 2 12 (m;<)2+<z12)2) 2
w1tz (M1) <T +199>
1 = sin? (mz1 L
+F Z 2 (21)2<-l-(m1’2)2) 9
mh=—00 (21) (T + 199>
1 = sin? (w2 L
+ P Z z1)2<+(m12)2) 2
m2:1+22 ( ) <— + 19 )
1 sin? (mm/ L )( = 1 )
o 5 otmb( $ s
2 m’ )24 (m!)2 m!)2+(ml)2
i T (S gg) S, (e 2) +192)
1 & sin? (mm)L) ( i, 1 )
o 3 MR S >
2 2 m/})24(mh)? m’ )24
T mi=1+z (ml) mh=—0c0 (% +793> mh=1+z3 (( s +792>
(5.53)
There are squares in our equation, then we can write
0o . z1,2—1 .
> el oy el s
1)? ( = 21\/1m2 —1-193) ? ( = QMm2 ‘H%)

m) ,=1+(21,2) (ml m'172:—oo (m’l)
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Therefore, we obtain

1 1 sin? (7?21[/)
A 9@1) 2 (@l 1 g)
i sin? (7m} L)
™ S ()2 (L )

2 i sin? (72, L)
2 2124 ()2
™ S (21)? (% + 193)

4 &K sin?(mm/L) < s 1 )
+— —_— - - (5.55)
T 2 (my)? 2 <<m1>22L<m2>2 Hgg)

mi=1+4z mh=1+422

Now, there is an special case in the first term of (5.55).

Consider z; — 0 and 29 — 0 such that z; + zo — 0. In that case, % — oo that

may be seen as a problem. Actually this is not.

We have to use L'Hospital’s rule [18] which can be defined as below:
Suppose that lim, ,, f(z) = 0 and lim,_,, g(x) = 0. Then,

/
T ACO T , (z) (5.56)
@) T )
We can apply this rule to the first term of (5.55):
L e -

T (1)) ((n)éﬁzz)? 4 §3> g

Therefore, the first term of (5.55) does not cause divergence. We have to define integral

test [15], [16] to show that other terms converges.

Let us consider an integer N and a non-negative, continuous function f defined
on the unbounded interval [N,00), on which it is monotone decreasing. Therefore,
the infinite series, Y v f(n), converges to a real number if and only if the improper

integral f ~ Jf(z)dx is finite. In other words, if the integral diverges, then the series
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diverges as well.

If the improper integral is finite, then the proof also gives the lower and upper

bounds.

o0

/ T i@ < S < f) + [ fads (5.58)

N N N

for the infinite series.

Firstly, we can apply integral test to the second term.

2 i sin? (7m} L)
2 m/})2+(z9)2
g mi=1+4z1 (m/1)2 <( 1)2M( 2 + 193)

sin? (7w(2 + 1)L)
(21 +1)2 (<Z1+1§j\4+(22)2 4 02)

2 [ L
_2/ i 8151 (7r:1: ) (5.59)
m z1+1 2 < *(z)? + 792>

2
2

We can say that the second term converges.

Secondly,

e}

2 Z sin? (72, L)

+
2 21)2+(m), -
™ e (21)? (( 1)2+(m3) 192)

2 sin? (2 L)
e (B )

2 [ i L
= / dz—22 (ZTZZ ) (5.60)
™ S ()2 (B 4 03)

It is clear that the third term converges.

Finally, we have to look at the last term rigorously. We can apply integral test inside

the parenthesis.

4 &K sin? (mm) L) = 1
— = <
™ 2 (mf)? 2 <<ma>2+<m'z>2 2> =

mi=1+z mh=1+42z2 oM + 199

4 0 ) ,L 1 00 d
- Z S1n (7'(;77;1 ) - 5 + / — 'f (561)
m L () (m n 192) aatl <% + 193>

2M
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We know an identity related to the integral.

1 arctan(-7-)
/—dm = VL st (5.62)

22 +a a
\/_

After integrating this, we can write

IN

4 K sin?(mm)L) = 1
w2 2 (my)? 2 <<ma>2+<m;>2> Hgg)

mi=1+z mh=1+42z2 oM

4 K sin?(mm)L) 1
=2 N =

2
my =14z 2M + 199)

arctan(oo) — arctan (——=2—)
V)TN o (5.63)
vV ((m})? + 2M5)

_l_

where,
arctan(oo) = 7.

The first term of the inequality above is similar to the second term of (5.55).

Then, it converges.

Let us see the second term of the inequality above.

Because it does not affect convergence of the problem, the term,

22

arctan(oo) — arctan (\/m)’ can be omitted.

f: sin? (mm/ L) < sin? (m(z; + 1)L)
S, (M2 ((m)? 4+ 2M95) ~ (14 21)2/(1+ 20)2 + 2MV5)
[e'e] < 2
/ gy S (rxL) (5.64)
a1 a2/ (2?2 + 2M)

We can see that it does not cause any problems.

Therefore, % converges,there is no need for renormalization. Moreover, we now

have an explicit formula for the resolvent.
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5.2.2. Line Pattern 2

Now, we have come to the second example in which the formula for coefficient of
interaction for arbitrary shape of Dirac delta potentials in lattice structure is applied
to the line pattern whose direction is not parallel to both of bases. For the sake of

us

simplicity, the angles between pattern line and basis can be chosen as 7 Z”. Let us write

1
the equation which describes the pattern structure.
s s

where we have chosen orthonormal bases such that

— —
ay.a; :5i,j

We have to recall our formula to apply the shape which we are working.

2
! (5.66)
v2(6) + (F+0) '

2m

% = _Z ‘/ds exp [Z(? + ?)7(3)]

kel

Firstly, some terms in (5.66) have to be written in more explicit manner to discuss the

cofactor. We write arbitrary momentum in lattice structure in the first example.

- — — —
k + 0 = (m1 + Zl)bl + (m2 + Zg)bg (567)

Therefore, we can write dot product of the vector which explains our shape and arbi-

trary momentum as

(F+ ) R(5) = ((ma+ 21 + (mo + 22)8s ) (Eﬁ + Eﬁ)
V2 (1 + 1) + (s + 2)s] (5.68)

—
where, the identity that is ”a_;bj/ = 2md;; 7 have been used
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We need the expression that is the square of momentum.

— —
k 0 )2 = (m1 + 21)2 + (mg —+ 22)2 (569)

(k +

_>
Additionally, the summation over k can be re expressed as

> —Y (5.70)

?eF mi ma

Let us plug all terms in the equation:

2

L
‘ff& exp [(ml + 21 + (Mg + 22) \/57?2’3} ds
2

1
X - Z Z (m1+z1)2+(m2+z2)2
mi1  mo

o +105

(5.71)

We can change boundaries of summations for simpler calculation.

/ /
m1+ 21 =my Mo + 29 = My

Y = > (5.72)

m/y m/o mi m2

m; goes through, but m’; start at z;and goes through m; + z;. And the border of

L L

integration in the exponential can be chosen from —5 to 5 in order to make the

integral definite.

—g and % have to be in the Wigner-Seitz cell.

<_

N b
=l

L ~
,—W)el"
2

, where

sl

SE
Sl
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If we apply these conditions to formula, we obtain

2
‘f_i exp [(m} +mb) ﬂm’s] ds)

1
N Z Z (m])2+m})?
myp My

5 (5.73)
2M + g
Let us integrate the term inside absolute-square in the numerator:
L / / ‘115
2 exp |(mj +m 2mis| |2
/ exp [(m’1 + my) \@m’s] ds = = I L 2) V2] (5.74)
L V2mi(my + mb) L

After the boundary value of the integral, we obtain

NS

/ / ' cos <7r(m’1 + mé)\%) + isin <7r(m’1 + m&)%)
erp [(m1 + my) ﬁms] ds = — ;
L V2mi(m) 4 mb)
isin (W(m’l + mé)\%) cos (W(m’l + mé)\%)
V21 (m)y + mb)

+

:ﬁ sin (ﬂmg i m;)%) (5.75)

Now, we can plug this simple expression in the equation:

1 2 . 2 ( / / L ) 1
— = — sin” | w(m] + my)— | X — (5.76)
A ; ; ™ V2) (o mp)? x (—“"1) Ll l) 05)



o8

Let us separate %

1 9 sin? <7r(21 + 22)%)
A w2 (21 + 22)2. (M + 192>

9 Z sin? <7T<m/1 + @)\%)
+_
2 m
d mh—(z1) ml + 22 2 <( + 192>
sin® (7(z; +m2) >

2 2 <7T <
" et ()

(5.77)

Z Z sin (7r(m1 + mé)\%)

24 /)2
ml (21) m2 (22) ml +m2) . ((m1)2]‘4(m2)_ +7.93)
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If we settle the boundaries of the summations, we obtain

2 s (wla+ )
™ (o 4 )2, (G g2)

> =

y wsin? (m(mh + =) 5)

72

mi=—oo (M + 22)*. M +192>

- sin” (W(m' + zz)%)

2
+= ).

" mi=1+z1 (mll + 22)2. % + 192>

+£ 322:_1 sin? 7T(Zl+m/2)\%>
2 m.
T =0 (21 +my)2 %4_792)
RERS SOl R
2 —
" mi—14z (21 +mj)2. (z1) +( (21)2+(m5)?) _1_792)
ml—*OO m =—00 m’2)2 ((m1)2 (m )2 +'l9 >

mZW%H@%)

,Z Z mh + mh)?. (mﬂgz)

m1_1+zl m2—1+2:2

e
m,=—co mh=1+z (ml +m )2 ((m1)2+ ml))? L )
92 0o zo—1 Sil’l2 T m1+m2 %)

(5.78)
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We can estimate:

1 9 sin? (7?(21 + @)\%)
\ 2 z zZ
AT ()2 (% + 193)

6 & sin? (ﬂ(m’l + zﬂ\%)
m mi =14z (mll + 22)2- <—(m/1)2+(22)2) + 192)

400 o
+;ZZ

m =142z m2 1422 (ml +m

2 z1—1 0
T > 2
1422

Sln2( m1+m2 \%)

/

My

( (ml, + m}) 2)
mj)2. (RS - 03)

- [
m;=—00 My=

(m

2 zo—1 ==
+F Z Z m})2+(mh)? _+_192> (5'79)

1\2 ( ) 2
mi=1+z m2:—oo + m2) : ( oM

Let us look situation of convergence(or divergence) of % in order to determine existence
of solution. Now, there is an special case in the first term of (5.79). Consider z; — 0
and zo — 0 such that z; + 2o — 0. In that case, /\, — 00 may be seen as a problem.

Actually it is not.

' sin? <7r(zl + @)\%) 22
lim ~
(z14+22)—0 (Zl + 22)2 2

(5.80)
Therefore, the first term of Eqn (5.79) does not cause divergence.

We have to use the integral test to show the second term converges.

o sin? <7T(m’1 + 22)%) . 6 sin? (7?(21 + 29 + 1)\%)
m — 2 z z
ey () (P ) T (2 2y 1) (LR )

6 [ " sin? <7T($+22)\/L§)
S (@) (25622 4 03)

(5.81)

| o
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It is easy to see that there is no problem.

When looking at the third term, we can see similar algebraic structure of the final

term of % in the previous example.

Z Z sin <7T(m’1 + mé)\%)
m/)24(mbh)?
ST ey (2. (PAEECRE g2

sin? (mm/ L)
.82
< Z Z ( my)?+(mj)?) (5-82)

2
m) =14z m2—1+22 2M T 199)

We can say that it converges.

Let us look at the last two terms. They have approximately same value.

o1 sin? (w(mg —I—mé)\%)
Em 2 (g -+ 2. (P00 gy

Z 2221 sin? (7(m} + mé)\%) 53
i (S ) |

We can write it with changing the sign of the second summation.

PR g st (i k)
m’)24(mh)? -
=14z m2 m/2)2 <( 1)2;\;[( 2) +19§>

(5.84)

sin® ( m(m) — mg)%
Z Z < f)

2 [ (m)2+(mh)? 2
mi=1+z1 mh=1—22 m2) < oM +190
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sin® (m(m) — m’z)%)

Z Z / 2+(m/2)2 =

=1+z1 mh=1-z m/2)2 (% + 793)

) Z Z sin? (F(mi —mh) L ) . Z 1 (5.85)

m!)24-(m
mi=1+z1 mh=mi+1 ( m/2)2 (% + 192) mi=1+z + 193

It is clear that second term of (5.85) converges. We have to look at the first term

rigorously. Then, it can be written in a new form for the sake of easy calculations.

-2 L
sin <7r(m’1 —m'2)7§> _
Z Z )2 <(m’1)2+(m’2 2)
: 0

=1tz my=m 1 (M — M

. Z Z sin '<7r(m1 — mﬂ\%l

m1:1+zl m2=m1+1

sin? <7T(m’1 - mé)\%)

2M 5.86
Z y ; AR (G e ey ey v B
We can change variables such that
my —mby =v my +mby =C (5.87)
as continuous variables.
sin? <7r(m’1 — m’z)L)
V2
2M < 5.88
Zl > A (TR e P e B
+2z1 m2 m1+1
| sin?(CZh)
2M d d d 5.89
/ U/_ Corerame o (5.:89)
| sin?(CEh)
2M d d 5.90
/ UU+2M192/U a < (5.:90)

L e sin(CeE)
QM/ v +2M192/ T (5.91)
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We know that

* sin?(s) T
ds = — 5.92
It is clar that
M / L (5.93)
Vs < 0 :
0 v? 4+ 2MV3

Therefore, % converges.

5.2.3. Circular Pattern

Finally, we have reached to the last example of our formula. In this example, we
are working with circular shaped Dirac delta potentials in each cell. Let us write the

pattern structure of circular shape:
w — Reos(0)a; + Rsin(0)a3 (5.94)

Our bases are orthonormal.

(5.95)

The dot product between circular pattern vector and arbitrary momentum is

(K + )X (s) = 20R(my + 21)cos(8) + 27 R(ms + 2)sin(6) (5.96)

+
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We need some expressions from previous examples such that

- — — —

k + 0 = (m1 + Zl)bl + (mg + ZQ)bQ (597)
—

- —

(b + 0)% = (mi+2)°+ (m2+ 2)° (5.99)

Z — Z Z (5.100)

keF

Let us plug all terms in their positions:

d9 exp [2mi ((my + 21)cos(0)R + (ma + 22)sin(6)) R]

1

(m1 +z1)22—]&‘-}m2+z2 4 192

(5.101)

Now, we can change variables easily. First of all, components of momentum vectors

have to be changed:

(m1 + 21, Mg + 22) - (\/(Tﬂl + 21)2 + (m2 + 22)2, 0) (5102)
Secondly, the angle between non-zero component, sqrt(m; + z1)% + (mg + 20)?, and

radius R, is arbitrary. It can be chosen as zero with changing angle variable, because

the integral in absolute square is from 0 to 2.

0 =0 (5.103)
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such that

?ﬁ = (V/(m1 + 21)2 + (ma + 22)2R) cos () (5.104)

Now, 6 is used instead of 6’ due to aesthetic reasons. Therefore, we can write the

coefficient in simpler form.

2

/0% df exp [2m’(\/(m1 + 21)2 + (ma + 22)%R) cos(é”)]

1

X
(mi1421)2+(ma+22)2 + 92
2M %

1
T3P

(5.105)

Let us look inside absolute square. There is a Bessel function of the first kind with

zero order [14] which is defined as

Jo(a) = % /O " explia cos(8))d6 (5.106)

This term in (5.105) is written as

2

/027r df exp [27ri\/(m1 + 21)2 + (mg + ZQ)QCOS(Q)R]

2

‘2% Jo2rRy/(my + 21)2 + (ma + 22)2) (5.107)
The summation term can be changed for simpler expression.
my + 2z =mj Mo + 29 = M (5.108)

If we write (5.105) with using new notation, it is written as

1 2 1
5= Z Z ‘27r Jo@m /()2 + ()2 R)| X (5.109)
myp o Mmy

o T
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Arbitrary Bessel function of the first kind with zero order can be expanded as

Jo(z) = (_”—mf; (5.110)

22m(m)

(5.110) implies that Jo(z) is real, if x is real. It implies that

[ em /e + G R)| = Ben/GrlP T (mPR)  (5.010)

Let us apply this property to our equation:

1 2 1
5= 2 2 (2 e P+ P R)) X 7 (5.112)
mi  mi By v —

A Bessel function of the first kind has a special feature in inequality form [14]. This
can be demonstrated as
T 1 2

1) < () T g O <_4(V$—‘i‘1)> (5.113)

To(x) < —— (—‘T2> (5.114)
=y Py '
where, I" is gamma function and
ra=1 (5.115)

[17]

Let us apply Eqn (5.114) to Eqn(5.112):

(5.116)

LYY rteap(on ol )

my mh oM 0
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We can separate the summation to see more clear.

1
ZZ Ar?exp(—m2y/(m))? + (mh)?R) x )2+ ()2 -

) 2
mj mj 2M + 199

1
472 exp(— \/ 21)%2 + (29)%R)

_l’_
(21)2+(22)? 2
1 511 2 _'_ ,19

z1—1 zo—1

Z Z dm?exp(—m*y/ (m mh)2R) x !

EHCA

ml—foo m2—7 2M
z1—1 1
Z Z dmexp(—*y/ (m mb)2R) x
(m1)?+(m5)?
ml—foo m2—1+21 : 2M 2 +19§

[e%¢} zo—1

Z Z dm?exp(—1*y/ (m mb)2R) x ( 1 +

mi=z1+1 m2—7oo 2M
= 1
2
Z Z dm’exp(—m2\/(m 5)2R) x AR CAG + (5.117)
mj=z1+1mh=z2+1 2M 0

The equation above can be approximated as

1
SN anteap(—m* )+ (mh)PR) X o ~

m})?2
0 00 1
> 16rexp(—7y/(m))? + (mh)?R) X —rr s (5.118)
(mf)2+(my) + 192
mj=0 m,=0 2M 0

We have to change variables ie, m}) and m) to make calculation in more comfortable

manner.
Now it is time to define a new variable h:
(m))? + (m})? = h? (5.119)

We can focus on the new variable, h%, to use integral test which have been used in

previous examples. The integral over new variable is bigger than the summation over
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two old variables. Let us write inequality which we need with the help of integral test.

[e.9]

SO A+ (m)?) < £(0) + dn /0 " F () hdh (5.120)

’_ /I
mj=z1,m5==z2

We can write this more explicitly as

1
2 9 2 )
2 2 Anterp(=m* (mh) + () R). Gy

2M 0

1 o h
< 167r2@ + 1672 / exp(—m*hR) ———dh
(4 0

5.121)
E (
a7 + 7

We have chosen that energy such that the term, 167r2q%, converges.
4

Now we have to look at the second term on the right hand side of the inequality.

Therefore, we can ignore this for now.

* exp(—m*hR)h U on /ot virRe /305 oo .
/O mdh 256 R 2M199 62 R 2M199E1(—7TR(ZL'+Z 2M?93))

+ Ei (imR\/2M 93 — wa)>

0
1

_ §e—mR,/2Mq9§ (GinR\/QMﬁg Ei ( — TR(c0 + i /2M19§))
+ Ei (im R\/2M 93 — mRoo)

— AT RVEMI R (i Ry [2M03)

+ Ei (inR 2M19§)) (5.122)

where Fi represents exponential integral which can be described as

, T oetdt
Ei(z) :/ ; (5.123)

oo

We know that

Ei (— 7R(00 +iy/2MV3)) = Ei (irR\/2M 93 — mTRoo) =0 (5.124)



and
eI RA /2M 92 Ei (mR 2M193) N emR,/2Mﬂg Ei ( —itR 2M19§)6R

Therefore, we can say that % converges.

69

(5.125)
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6. CONCLUSION

In conclusion, we have reviewed application of the Dirac-delta potential on a
one dimensional lattice structure. Then, we have mentioned Green’s function and
regularization & renormalization process for the bound states in two dimensions. We
have worked on the single Dirac-delta function and the relation between the Green’s
function and the renormalization of the interaction cofactor have been shown. After
that, we have reviewed the work of Albeverio on two dimensional lattice which shows
that there was a solution of the Hamiltonian. In this model, there were Dirac delta
potentials in all lattice points in the one-to-one manner. There was only one band gap.
This was an interesting result. We have applied renormalization process to this model.
We have looked again Albevrio’s work into to use semi-relativisitic approach. Albeverio
worked in the world of Quantum Mechanics, but we have used Quantum Field Theory.
Green’s function have been found for the classic and semi-relativistic cases. Lastly,
we found a new formula of interaction cofactor for the arbitrary shape of Dirac-delta
potential in two dimensional lattice in the aspects of Quantum Mechanics. We have
written the Green’s function for this model. The formula showed us the existence of
a solution of the Hamiltonian. Also, we have mentioned briefly the three dimensional
version of the formula. We have applied this formula on three different patterns being
two of them are line and the other pattern was circular. We have showed that none of

these examples need renormalization.
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