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ABSTRACT

STABILITY OF THE NON-ISOTHERMAL
TAYLOR-COUETTE FLOW OF A FERROFLUID UNDER
EXTERNAL MAGNETIC FIELD

A stability analysis is conducted for the non-isothermal Taylor-Couette flow of
a non-conductive ferrofluid under the action of an azimuthal magnetic field. The tran-
sition from steady flow to Taylor vortex flow is investigated in terms of the critical
Taylor number and with respect to the changes in the magnetic field strength, radial
temperature gradient, gap ratio, ferroparticle concentration and size. For the linear
stability analysis, infinitesimal perturbations to the velocity, temperature and mag-
netization fields are considered and the resulting linear system of stability equations
is solved using Chebyshev collocation method. Also, the original nonlinear system of
equations is solved numerically using a finite element analysis software, and the re-
sults are compared with the linear stability analysis results. A significant stabilization
is observed under strong magnetic fields for all cases. It is also observed that radial
temperature difference has a destabilizing effect on the flow and this effect is amplified
when the magnetic field strength is increased. Higher ferroparticle volume fraction and
size lead to a strong degree of magnetization of the fluid and amplifies the stabilizing
effect of magnetic fields. The stabilization under azimuthal magnetic forces is observed

to be smaller for the narrow gap case compared to the wide gap case.



v

OZET

HARICI MANYETIK ALAN ALTINDAKI
FERRO-AKISKANIN IZOTERMAL OLMAYAN
TAYLOR-COUETTE AKISININ KARARLILIGI

Azimutal manyetik alan hareketi altindaki iletken olmayan ferro-akiskanin izoter-
mal olmayan Taylor-Couette akigi lizerine bir kararlilik analizi yiirtitilmistiir. Sabit
akigtan Taylor spiral akigina dogru olan gecis, kritik Taylor sayisina gore manyetik
alan kuvveti, dairesel sicaklik egimi, bosluk orani, ferro-parcacik derigimi ve boyutu
acisindan incelenmistir. Dogrusal kararlilik analizi icin; hiz, sicaklik ve manyetiza-
syon alanlar tizerindeki olcililemeyecek derecede kiiciik sarsimlar goz ontinde bulun-
durulmus ve bunun sonucunda c¢ikan dogrusal kararlilik denklemleri sistemi Cheby-
shev kollokasyon metodu kullanilarak ¢oziilmiistiir. Ayrica, orijinal dogrusal olmayan
denklemler sistemi, sonlu eleman analiz yazilimi ile sayisal olarak c¢oziilmiistiir ve
sonuclar dogrusal kararhilik analizi sonuclar: ile karsilagtirilmigtir. Giiglii manyetik
alan altindaki tiim durumlarda anlamli bir kararlilik gozlemlenmistir. Ayrica, daire-
sel sicaklik farkimin akig tizerinde kararliligi bozan bir etkisi oldugu ve bu etkinin
manyetik alanin giicii arttirildikca yiikseldigi gozlemlenmigtir. Yiiksek ferro-pargacik
derigimi ve boyutu, akigkanin giiclii derecede manyetize olmasina sebep olmaktadir ve
manyetik alanlarin kararhilagtirici etkisini ytiikseltmektedir. Genig bogluklu durumla
kargilagtirildiginda, azimutal manyetik kuvvet altindaki kararliligin dar bogluk durumu

i¢in daha diigiik oldugu gozlemlenmigtir.
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1. INTRODUCTION

1.1. Ferrofluids

Nanofluids have been studied extensively over the years for enhanced heat transfer
effects. The modification of the thermo-physical properties by the colloidal suspension
of particles in a base fluid, allows its use and application in energy supply, photonics and
transportation. Nanofluids show better stability aspects when compared to suspensions
made by micrometer or millimeter sized particles because of size effect and Brownian
motion [1]. Typically, a nanofluid suspension will consist of a base-fluid(water, ethylene
glycol or oil) and nano-sized particles which can be metallic (Cu, Al, Fe, Au and Ag) or
non-metallic compounds (Al,O3, CuO, FezOy4, TiO2 and SiC) whose thermal properties

are summarized in Table 1.1. Nanofluid preparation is also an active topic of research.

Table 1.1. Thermal Properties of Selected Materials for nanofluid preparation [1]

Material Thermal Conductivity(W/m*K)
Metallic Solids Cu 401
Al 237
Ag 428
Au 318
Fe 83.5
Nonmetallic Solids Al;O4 40
CuO 76.5
Si 148
SiC 270
Base Fluids H,O 0.613
Ethylene Glycol 0.253
Engine Oil 0.145




Basically the two physical challenges during this process is obtaining the nanosized
particles and synthesizing a stable suspension of the nanoparticle inside the base fluid.

There two main method of preparing nanofluids reported in the literature.

The single-step method aims to combine these two processes, the nanoparticles
are directly prepared by physical vapor deposition (PVD). With this method, the inter-
mediate steps of preparing the nanoparticle which are drying, storage, transportation
and dispersion are avoided, so the agglomeration is minimized, but it is applicable for
only low vapor pressure (non-volatile) base fluids [1]. This technique was introduced
by Akoh et al. in [2] and successfully applied by Eastman et al. in [3] by condensating

Cu nanoparticles in ethylene glycol.

The two-step method consists of dispersing the available nanosized particles into
base liquids. The nanoparticles are first produced as dry powder and then dispersed
into the fluid as a second step. An advantage of this method is that the manufacturing
techniques for dry nanosized powder are well understood and established in industrial
level. However, the suspension obtained after dispersing the nanoparticle is subject
to agglomeration and instability. To improve stability, addition of surfactants and
ultrasonic agitation are among the most selected techniques. Xie et al. [4] have prepared
nanofluids with the two step method using alumina particles and water, ethylene gylcol
and oil as base fluid. Magnetic force agitation and ultrasonification were used to

increase stability.

Ferrofluids are colloidal suspensions of nano-sized ferroparticles(e.g.magnetite
Fe304 particles) in a carrier liquid. These fluids, having strong susceptibility to exter-
nal magnetic field, are used in many applications in heat and flow control. A common
usage is in the high-power loudspeakers where the ferrofluid can effectively remove heat
from the speaker coils and improve the sound quality by damping the resonances. [6,7]

Ferrofluids can also be used in damping applications in civil engineering where damping
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Figure 1.1. Experimental setup of Ganguly et al. [5]

of seismic activity is essential or in automotive industry where damping of rough road
conditions is important. [7] Recent studies suggest the magnetic forces can be used
as a body force to control flow fields, [8] where non-contact mixing can be achieved,
as in boundary layer control for high Reynolds number flow. [9] Ferrofluids are also
popular in biomedical applications, especially in magnetic drug targeting [10], that is,
applying magnetic field to alter the flow field of blood containing drugs coated with
ferromagnetic particles. Nacev et al. [11] investigated the ferromagnetic particle flux
numerically in and around the blood vessels, solving the mass transfer problem taking
into account magnetic slip mechanisms. Ganguly et al. [5] have conducted a similar
study, solving for ferrofluid flow and mass transfer problem under applied magnetic
field for drug targeting applications and verifying it with experiments whose setup is
shown in Figure 1.1. Li et al. [12] also contributed to the subject, investigating a 2-D
rectangular channel flow under the magnetic field of a circular cross-section magnet

with vertical magnetization.

A common research interest in the literature is to find out how a body force affects
boundary layer, in our case that would be magnetic or electric forces. Takhar et al. [13]
studies an unsteady, laminar boundary layer of a stagnation flow with magnetic field
normal to the surface. The partial differential equations(continuity, momentum and

energy equations) are transformed to ordinary differentials using similarity variables



and the system is solved by shooting technique, which is very common in boundary layer
analysis. Andersson et al. [14] also conducted a steady BL analysis over a stretching
sheet with the magnetic field of a point dipole with prescribed temperature boundary
condition whose geometry is shown in Figure 1.2. They include magnetocaloric and
viscous disspation effects in the energy equation. One of the more recent analyses
by Ghasemi et al. [15] studies the steady non-isothermal boundary layer flow over
a stretching cylinder with the magnetic field radially outwards. The obtained ODE
system is solved by Differential Quadrature method. Another study by Dash et al. [16]
covering a stagnation flow onto a stretching sheet includes particle diffusion effects with

chemical reaction source term.

I'/I_\\_}»x
T

f ] u=cx
y N
T.<T, 3 )/ /7 1

S
Y
S

Figure 1.2. The geometry of the problem in [14]

1.2. Theoretical Background on Ferrohydrodynamics
1.2.1. Magnetization and Magnetic Materials

Magnetization results from microscopic currents that arises from atomic motions.
Just like small charge displacement inside a material gives rise to a polarization field,
these small currents will give rise to magnetization. A general relation for the total
magnetization vector of a body can be obtained by summing the magnetic dipoles, m,

as

M = Nm = NIdA {ﬂ (1.1)



m = IdS

> @

Figure 1.3. Schematic of the atomic currents and its resultant magnetization which

constitutes a magnetic dipole [17]

where N is the number density of the circulating current loops.

To obtain expressions for the magnetization vector M of the magnetic materials,

Lorentz force is applied to the applied field H and the atomic currents [17].

It is physical to assume linearity between magnetization and the applied magnetic
field in steady state, M = yH where x is the magnetic susceptibility. When substituted
in the constitutive relation B = po(M + H) we obtain

B = po(xH + H)
= po(1+x)H

= popi, H (1.2)
where u, = 1+ x is the relative permeability of the material. In free space, y = 0 and

(- = 1. It can also be a function of the magnetic field and temperature, depending on

the magnetic equation of state of the domain.

1.2.1.1. Diamagnetism. Diamagnetic effects are usually very small but they exist in all

materials because the dipoles with moments parallel to the applied field will undergo

an increase in the orbit speed whereas the orbiting electron speed of the dipoles with



opposite moments will decrease.
Diamagnetism is basically the alignment of the magnetic moments in the opposite

direction of the applied magnetic field. Hence, —1 < x < 0 is the range for diamagnetic

susceptibility which shows diamagnetic effects are usually very small.

1.2.1.2. Paramagnetism. Paramagnetism is the alignment of the dipoles in the direc-

tion of the applied field. All the moments that are arbitrarily placed will feel a torque
due to the angle between them and the applied field. Opposing to this torque is the
thermal agitation of the particles. The competition of these two effects are described

by the so-called Langevin relation

M = My(coth(az) —a;') (1.3)
= MdL(Cl/L) (14)
where My is the equilibrium magnetization of the material and oy = %%ﬁ“ﬁ is the

Langevin parameter. Figurel.4 shows M-H curve for a paramagnetic material. In the
limit o < 1, Taylor series expansion shows L(ay) = ar/3 = x. In the asymptotic

form where ay > 1 the Langevin function becomes

6 kgT
L =|l—-—— | = 1.
(o) < T qude?’) X (15)

1.2.1.3. Ferromagnetism. Ferromagnetic particles show very high coupling between

the alignment of the dipoles and the applied magnetic field. This results in a nonlinear
behaviour of the B-H curve which often exhibits hysteresis. As shown in Figure 1.5,
ferromagnetic materials retain a remanent magetiation in the absence of field M, and

need a coercive field —H, to bring to zero magnetization [17].
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Figure 1.4. Variation of the magnetization of a paramagnetic material in accordance

to the Langevin relation.

Figure 1.5. M-H curve for a ferromagnetic hard material. Figure from [17]

1.2.2. Formulation of the magnetic stress tensor using thermodynamic re-

lations

We start from first law of thermodynamics:

5Q — W = dU’ (1.6)



where §Q) is the heat change, W is the work done and the U’ is the internal energy

per unit mass. For a reversible process:

5Q = TdS' (1.7)

where S’ is the entropy change per unit mass and the Helmholtz Free Energy F” is

given as
F'=U-T¢%
dF' = dU’ — TdS" — §'dT (1.8)
dF' = —6W — §dT (1.9)
(1.10)
so in an isothermal case one can write (dF’)y = —dW The work done can also be
expressed as
oW = pdv —d(v/HdB) (1.11)
~—
thermodynamic work ==~ —"
magnetic work
=(p— /HdB)dv —vHdB (1.12)
where (v = p~!(m?®/kg)). So substituting (1.12) into (1.9) we obtain
dF' = —(p—/HdB)dv—i—deB—S'dT (1.13)

We can see a functional dependence exists that can be shown as F' = F'(v, T, B) which

under the absence of magnetic field(H=0), becomes

dF' = —pdv — S'dT (1.14)



When there is no magnetic field, one can easily say that the free energy is a function
of specific volume and temperature, that is, F’ = F'(v,T,0) so we can write the total

differential as

dF' (v, T, 0) — (0;;) dv+<a;;> 4T (1.15)
W_F‘C Hg_g
_p Q7

So when fields are absent, pressure and entropy are only dependent on the free energy.

If we work with free energy per unit volume denoted F,

F' =vF

dF' = vdF + Fdv (1.16)

The thermodynamic pressure p can be formulated in terms of F' that is the Helmholtz

free energy per unit volume as

} =—p (1.17)
T
so that p = p(p,T).

If we insert (1.16) into (1.13), we obtain the following relation under constant

volume and constant temperature.
dFF = HdB (1.18)

This expression relates the thermodynamic free energy to the magnetostatic energy

density.
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1.2.2.1. Isothermal Magnetization at Constant Volume. Using the thermodynamic re-

lations derived in the previous section, we can write
—(dF)r =W = —HdB (1.19)
Integrating (1.19) at constant temperature we obtain

F(p,T,B) = (/OB HdB) ot Fo(p, T)

F(p,T,H) = Fy(p,T)+ HB — (/OH BdH) ] (1.20)

1.2.2.2. Isothermal Deformation. Let the fluid be deformed by an infinitesimal dis-

placement vector & which is not necessarily normal to the plane so the displacement is
da = n-£. To obtain a magnetic fluid stress tensor, 7, , we can express the work done

on the system as

W =-n-T!-¢
W = —d(Fa)r = —Fda — adFr (1.21)

where F'a is the free energy per unit area. An expression for dF7r can be obtained using

(1.20) and mass conservation

H
dFp = (%> dv+ HdB — / <d—B) dvdH (1.22)
o ), 0 dv ) g

Using (1.21) we can write the stress tensor 7, as

T = { (a(gUFO))T - /OH <a(gf>>H,T dH} T+ BH (1.23)
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The stress tensor is therefore symmetric since BH = HB and Z7 = Z. The first term of
the tensor represents the pressure (—po(p,T')). The second term can be rewritten using
the constitutive relationship, B = po(H+M) so the tensor becomes 7,,, = 7,/ +p(p, T)Z

where

mz—{/OH (a(gvM))dHJr%uoH?}IJrBH (1.24)

which at constant specific volume reduces to the Maxwell stress tensor.
1.3. Taylor-Couette Flows

The rotational flow between two concentric cylinders known as Taylor-Couette
flow is a classical flow problem in fluid mechanics. Taylor-Couette devices are used as
mixing devices in applications such as catalytic chemical reactors, rotating filtration
devices and bioreactors [18-20]. Centrifugal effects generated by these devices are also
needed to obtain stable suspensions of nano-sized particles in a solvent [21]. Trans-
port phenomena in Taylor-Couette flows are also investigated widely in the literature.
As stated above, in nanofluid studies, Taylor-Couette flow is a proposed method of
nanofluid preparation, so stability studies play an important role. The Buongiorno
model explained in [22] for the transport equations of nanofluids are mostly applied
in the literature. Lopez et al. [23] worked on a single phase Newtonian fluid in a
Taylor-Couette geometry, considering temperature dependant density so that centrifu-
gal buoyancy is a significant body force in the momentum equation. They investigate
the flow regimes transitions as a function of radial temperature gradient. Azaditalab et
al. [24] worked numerically on skin friction reduction induced by nanofluid suspension
on Taylor-Couette geometry. Taylor-Couette is known to have multiple stages of tran-
sition from laminar to turbulent regimes and have been subject to many theoretical
and experimental investigations in the literature [25]. Andereck et al. [26] conducted

Taylor-Couette flow experiment to reveal the different transition modes from laminar to
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turbulent stages. For the gap ratios used in this study, Table 1.2 summarizes the mea-
sured Taylor number ranges for intermediate transition stages when the outer cylinder

is stationary. The primary transition from Couette Flow (CF) to Taylor Vortex Flow

Table 1.2. Taylor number (Ta) ranges for intermediate transition stages [24,26]. (The

values are given for gap ratios(r;/rs) of 0.3 and 0.9.)

Flow regime r1/ry = 0.3 r1/ra = 0.9
Couette flow Ta< 140.5 Ta< 30.67
Taylor vortex flow 140.5 <Ta< 210.8 | 30.67 <Ta< 46
Wavy vortex flow 210.8 <Ta< 1558.1 | 46 <Ta< 340

Modulated wavy vortices  1558.1 <Ta< 2108 | 340 <Ta< 460

Turbulent Taylor vortices 2108 <Ta 460 <Ta

(TVF) was studied both experimentally and numerically by Taylor in his benchmark
study [25]. Fasel et al. [27] conducted a flow analysis using finite difference technique
for wide gap at supercritical Taylor numbers to investigate in more detail the axisym-
metric Taylor vortex flow regime. Jones conducted stability analyses for the transition
from Taylor vortex flow to wavy vortex flow where stationary axisymmetric Taylor vor-
tices were used as the basic state and non-axisymmetric perturbations were imposed
in the small-gap limit [28] and for a wider range of gap ratios [29] to investigate the
onset of wavy vortex flow. Modulated Taylor-Couette flow was investigated by Jones
and Barenghi [30], where they consider sinusoidally varying rotational frequencies of
the cylinders. Modulated Taylor vortices have also been studied by Coughlin both
analytically [31] and numerically [32].

In most of the publications in the literature, the transition from CF to TVF and
to further flow regimes has been studied extensively for isothermal cases. There are
also studies investigating this primary instability under the effect of radial tempera-
ture [23,33,34] and concentration gradients [21]. The first major study on Taylor-

Couette stability under magnetic effects was done by Niklas [35] where an equation of



13

motion was derived for a ferrofluid in Taylor-Couette flow with magnetic field depen-
dent rotational viscosity and the effects of magnetic fields applied in different directions
were discussed. The work was later extended to account for non-axisymmetric pertur-
bations. [36] Stiles [37] considered an isothermal Taylor-Couette problem with axial
magnetic field and developed analytical expressions for the narrow gap case that relate
the criticial Taylor number to axial magnetic field strength. Odenbach [38] made an
experimental study of magnetized Taylor-Couette flow with azimuthal magnetic field
resulting from an alternating surface current flowing along the inner cylinder in the
axial direction. Stiles et al. [39] investigates the non-isothermal case of a ferrofluid
Taylor-Couette flow with a radial temperature difference and radial magnetization, to
report significant drop in critical Taylor number with small temperature changes. In
this study, we examine the instability mechanisms of non-isothermal Taylor-Couette
flow of a ferrofluid under the action of an azimuthal external magnetic field with radial
temperature gradients. The main purpose of this study is to underline the effects of
azimuthal magnetic field strength, radial temperature difference, ferroparticle concen-
tration and size on the stability of Couette flow. The gap effects on the stability are

also demonstrated.

1.4. Objectives and Originality

The literature survey presented in the previous sections underline that a study
that focuses on the thermomagnetic effects on the stability of Taylor-Couette flows is
lacking. Non-Isothermal Taylor-Couette flow of a ferrofluid is investigated in this study.
The magnetic field of an axial DC current, which only has azimuthal component that
decays with radial distance, is accounted to underline and discuss magnetic field effects.
Magnetocaloric heat storage due to the temperature dependence of the magnetization
field and magnetic relaxation effects are also taken into account. These considerations
allow the investigation of the combined coupled effects of the thermal non-uniformity

with magnetic field.
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2. MATHEMATICAL FORMULATION

2.1. Governing Equations and Boundary Conditions

T a—
n "_'_"“‘\\ I3

|
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|
|
|
|
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|
|
|
|
|
|
|
|
|
|

Figure 2.1. Flow geometry

The flow geometry is given in Figure 2.1, and represents Taylor-Couette ferrofluid
flow under radial temperature gradient and with a line current I flowing along the z-
axis. The unit normal vectors in the radial and axial directions are given by r and z,
respectively. The inner cylinder of radius r; is rotating with a velocity U = U; while
the outer cylinder of radius 7y is stationary. The inner and outer walls are kept at
constant temperatures 1" = T7 and T = T5, respectively. The line current results in an
azimuthal magnetic field decaying radially, making the problem similar to that studied
experimentally by Odenbach. [38] The governing mass, linear and angular momen-

tum, energy, magnetic relaxation and magnetostatic equations are given respectively
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as follows,
V-u=0 (2.1)
D 1 J 2
pfF]; = —Vp+nV*u+ puy(M - V)H + o V x (S - §V X u) + p%r (2.2)
DS 1 J
— =pMxH)—- = (S—-2Vxu)+19V?S (2.3)
Dt Ts 2
oM\ DT
—uoH - — | = =k V*T 2.4
DM 1 1 H
—=—=OSxM)—— (M- M,,— 2
Dt J( ) B < qH) (2:5)
V-B=0 (2.6)
B = po(M + H) (2.7)
where £ = 2 4 (u- V) is the material derivative. In this formulation ¢ denotes
the time, u = [u,v,w| is the velocity vector with cylindrical components, p is the

pressure field, S is the internal angular momentum vector, 7" is the temperature field.
H and M are the magnetic and magnetization field vectors respectively. The base fluid
density is represented by ps, 1 is the magnetic field dependent dynamic viscosity, 1o

is the magnetic permeability of free space, pc is the heat capacity, k; is the thermal
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conductivity of the base fluid, ¢ is the volume fraction of magnetic particles to base
fluid, which is assumed to be independent of space. The characteristic time scale for
mass diffusion is up to 5 degrees of magnitude longer than the characteristic time scale
for momentum diffusion. Their ratio is the Schmidt number (Sc = n/pDp where Dp
is the Brownian diffusivity) and it is typically around 10° for a water based ferrofluid
and for the temperature and particle size values used in this study. One can therefore
treat the fluid as pure since mass diffusion needs a much longer time to evolve. [40-43]
Brownian relaxation time of the magnetic particles is denoted by 7. The parameters
n', 7s and J represent the spin viscosity, spin relaxation time and the volume density
of the moment of inertia of the magnetic particles, respectively. The last term on the
right hand side of Equation (2.2) represents the centrifugal force in the radial direction
where the density, p, is given in accordance with the Boussinesq approximation [44],

by the expression;

p=0py,+ (1 =9)ps(1 = B(T —Tyey)) (2.8)

where 3 is the thermal coefficient of water and p,, is the density of the nanoparticle. The
following assumptions can be made under most conditions, which are also supported
in Refs. [6,45]: the evolution of the internal angular momentum is time independent
and the spin viscosity (i.e. spin diffusion) is negligibly small due to the small size of

particles. Under these assumptions Equation (2.3) reduces to
J
S — EV Xu= /LQTS<M X H) (29)

Equation (2.9) suggests that in the absence of magnetic torque (M x H), the internal
angular momentum (S) is equal to the rotation of solvent (I(V xu)/2). Using Equation
(2.9) we can simplify the linear momentum equation in Equation (2.2) as

Du . 2 Ho ug
PiDr = —Vp+nVu+ p(M-V)H + ?V x (M x H)+ pr (2.10)
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Similarly, taking 7, = p,d?/60n and J = p,¢d*/10, we can rewrite the magnetic relax-

ation equation in Equation (2.5) as

DM

Tt:%(qu)xM+ﬂ(MXH)XM_i(M_MEH) (2.11)

67]¢ B qﬁ
So the set of governing equations for this system are Equations (2.10), (2.4) and (2.11)
along with (2.1) and (2.6).

2.2. Magnetic Field Definitions

The problem studied in this paper considers a magnetic field resulting from ex-

ternal current. The general form of the Ampere’s Law is given as,
VxHy=J. +J; (2.12)

with the external current, J. and the induced current J; = 0.(E + u x B) where o, is
the conductivity of the medium and Hj is the external magnetic field. The ferrofluid is
assumed to be non-conductive (o, = 0), hence there are no induced currents (J; = 0).
If we consider a magnetic field due to a permanent magnet, this leads to a curl-free
magnetic field (V x Hy = 0), as commonly used in the ferrofluid literature. In our
problem, however, Equation (2.12) reduces to V x Hy = J.. The azimuthal magnetic
field resulting from an external axial current Iz can be formulated by integrating

V x Hy = J. using Stokes’ Law, as

]{HO-dlz/Je.dAzf (2.13)
L

from which it can be deduced that Hy = I/27r with » € (0,00). In the absence
of induced or free surface currents, the tangential component of Hy is continuous

across the radial boundaries of the fluid domain. For the linear stability problem,
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the perturbations in the local magnetic field H are neglected such that H = Hy. With
the parameter ranges covered in this study, the equilibrium susceptibility, which is
the ratio of equilibrium magnetization to external magnetic field strength, is at most
O(1072%). Therefore the O((M'-Hy)/L) terms will be dominant over the O((M,-H')/L)
terms, where the symbols with prime denote perturbations in the corresponding fields
and L is a length scale. Then the perturbations in local magnetic field H' may be
neglected as also explained in [35,46]. Approximating the local field H with external
field Hy allows to define a divergence free magnetization field in the perturbed state
as the form of the magnetic field determined by (2.13) satisfies V - Hy = 0 which leads
to V- M = 0 due to Equations (2.6) and (2.7).

The equilibrium magnetization of the fluid aligned with the external magnetic

field is denoted by M,,, and is governed by the Langevin relation given by,

M., = oMy L(ar)
— $My(coth(ay) — ) (2.14)

Qg

where M, is the bulk magnetization of the magnetic particle and £(ay) is the Langevin

. SMIH - . . .
function where o = ZHIMall o the Jocal Langevin parameter. [6] In this expression
6 kgl

d represents the nanoparticle diameter and kg is the Boltzmann constant. The mag-
netic field dependent viscosity, 7, is given in non-dimensional form as n* which can be
expressed as, [47]

n 3 ap—tanh(ag)

L R 2.15
" Mo 2¢04L + tanh(ay) ( )

where 1) is the dynamic viscosity of the base fluid.
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2.3. Non-dimensionalization and Perturbation Equations

All of the variables in the above system of Equations (2.10), (2.4) and (2.11) are

non-dimensionalized by introducing the following non-dimensional variables,

_r_a1=0+(040 2 —(n+n)

" ry 2 N Ar
tn u Pra T-—-T,
tt = u'=— == T = 2.16
Arpy Uy Uin T, =T ( )
M Hy 1
M* = — H* = — = —
Md H() r*

where Ar = r5 — r1. The magnetic field strength scale, Hy, is the value of magnetic
field strength at the outer cylinder (Hy = I/27r5). The temperature dependent density

given in (2.8) is also scaled with py to give the non-dimensional density p* as,

*_ﬁz & — —CT>’< .
=t ¢(pf)+<1 (1 — cprT*) (2.17)
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The nondimensional form of the component equations become

ou* R Lou* N Lou* op* N 0*u* N 1 ou*  u* N O*u*
e = — - -
ot* b or* v 0z* or* or*2  p*x Orx  p*2 0 J*2
*, %2 * *
prv Ry MyH
R — M 2.18
the Re r* ( )

,
ov* ov* o uv ?v* 1 ov* vt O%F
* * — (22 %% cr 2.1
ot* +Re (u or* tw 0z* + r* ) (87"*2 + r* Or* 2 + 62*2) (2.19)

* * * * 2 * * 2,k
ow 4 Re (u*aw w*aw ) _ _%+ <8 L1 1 0w N 0%w ) (2.20)

ot* or* 0z* or*2  p* Or* 0z*2
T T*
0 + Re ( 0

ot*
[

1 [0*T* 10T 0T
82* T

Pr\ or2 " r* or+ 0z*2

).
(B
1

Z*

OM* LOM* LOM? ou ow . Lo(rvY) |
ot + Re (u or* o 0z* ) [(82* 8r*>M r Or* MO}
PgZIM*MOH* Ry M; (2.22)
oMy LOM, LOM) 1 O(r*v*) ov*
BT + Re (u o + w 5 ) = —R [T* 5 M + 82*MZ
R
_6_254<M:2 + M*)H* — Ru(My — ¢L(ar)) (2.23)
OM? oM oMr 1 owt ou v
ot +Re( o T o ) = gRte Kar* az*) M: =3, *MG}
1;“; M:M;H* — Ry M (2.24)

For the non-linear analysis using COMSOL, these set of equations are solved directly.
For the linear stability analysis, one must obtain basic state solutions and dissect
the dependent variables into base state and perturbed state. The brevity of linear
analysis comes from neglecting the terms where the perturbed states are multiplied
since perturbations are assumed to be infinitesimal and their nonlinear effects can be

neglected.

The basic flow state is the Couette flow which represents the 1-D steady state

solution of the system of Equations (2.1)-(2.6) and is written in terms of the flow



21

variables as,

w = (0,V(r*),0) T =0(") M =(0,M,0) (2.25)

Using v* = 1,7* = 0 at v = ¢ and v* = 0,7" = 1 at r* = 1 as boundary

conditions, the functions in the above basic state solution (2.25) can be expressed as,

V(rt)=A (7“* — %) with A= C2C— | (2.26)
o, log(r*)
o) =1 T09(C) (2.27)
C]\/[f[>k

My = ¢L(ar) with  ayp (2.28)

O + ey
where the gap ratio of the concentric cylinders is given as ( = r1/rq, cpr = 5 pod> MyHy,

Cr = ]{ZB<T2 — Tl) and Cro = ]{ZBTl.

After the basic state is derived, infinitesimal perturbations are imposed on the
basic flow to investigate the critical Taylor number for the transition from CF to TVF,

in the following form,

ut = (0,V(r*),0) + (@, tg, @) (x)e”" Tk
P — ﬁ(l.)eat*-‘rikz*
T = O@r") + T(x)e ik (2.29)

M* = (0, My,0)+ (M,, My, M.)(x)e”t =
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where ¢ is the dimensionless amplification factor and k is the dimensionless wavenum-
ber. The variables with hat (") symbol denote the related perturbation amplitudes.
The temperature dependent density given in (2.8) is also scaled with ps to give the

non-dimensional density p* as,

*_ﬁz & — —CT>'< .
=t ¢(pf)+<1 (1 — cprT") (2.30)

and decomposed into a basic (p) and a perturbed state (p’) resulting from the pertur-

bations in temperature (7") with T,.s taken as 77, which is finally expressed as,

Py (”—) (1= @)1 - pr0) — (1 — d)eprT” (2.31)
R pf . _//_/
~~ p
b

where ¢, = B(T> —T1). The term underbraced as p in (2.31) represents the variation
of the density in the basic state as a function of temperature which is mostly neglected
in the literature. The linear analysis shows that accounting for this variation results in
a rise in the critical Taylor number which is also confirmed by the solution of the full
nonlinear system of equations. Therefore we choose to include this term for the rest of

the calculations presented in this paper.

When the variable expressions in Equation (2.29) and Equation (2.31) are substi-
tuted into Equations (2.18)-(2.24), the nonlinear terms are neglected, and the pertur-
bation amplitudes p, i, and M, are eliminated using the divergence-free properties of
velocity and magnetization fields, we finally obtain the following set of linear ordinary

differential equations for the perturbation amplitudes,

o(DD* = k*)ige =n"(DD* — k*)*ipe

_ ) (2.32)
+ K? {R—M (1 C) H*My — S Ta?V (2pte — p'V)

Re r* T*
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oiig = —2(1 — () Alige + 1 (DD* — k?) g (2.33)

oPrT = —PrDOiig, + (D*D — k)T + sPr(Re(1 — ()AM, — Ry Mj) (2.34)

1— .
o < Q)MT - %(MO(DD* — k%) + DMyD*)iig

+Re(1;4) (DMO— (?) M0+M0D) iy
+ Re [(1—<>AD+ (ﬂ) (DV_ (1;¢> vaﬂ u O

+ (DFMH - (—1;<) FMH) M,

. AN .
oMy = —DMytg. + Re(1l — () (A — —) M, — Ry My (2.36)
;rn*
The operator symbols and non-dimensional parameters appearing in Equations (2.32)-

(2.36) are given as follows,

d d 1-¢
D=2—  D'=92"
dx dx + T*
U, A
Re= 120 Re*(1-¢) =Ta®C g = Red,
Tlo
Ar2 M, H M, H,
pr="1°% R, = M0 TR0 FoTdT0 (2.37)
ky Ui pc(Ty —Th)
Ar? R
Ry = Prar Fyp = _MMOHO + Ry
NoTB 67)¢

where Re is the Reynolds number, Pr is the Prandtl number and the definition of the
Taylor number (Ta) follows the definition in Walowit. [33] The boundary conditions

for the perturbation amplitudes at + = 41 are Dirichlet and clamped conditions given
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~

Upe = Dig. =19 =T =0 (2.38)
In alignment with V - M = 0, the normal component of B must be continuous at the
boundaries therefore the perturbation amplitudes of the magnetization at the boundary

must also be zero and they are given as,

M, = My =0 (2.39)
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3. NUMERICAL METHOD AND VALIDATION

3.1. Linear Stability

The system of linear stability equations (2.32)-(2.36), constitutes an eigenvalue
problem of the form Ax = ¢Bx which can effectively be solved by Galerkin weighted
residual methods. Generally, these methods are trying to solve a linear operator L(u) =

0 by assuming trial functions of known analytic functions, ¢(x), in the form

N

ua(x7 t) = uO(X7 t) + Z aj(t)¢j(xv t) (31)

J=1

so that L(u,) = R where R is the residual. The set of coefficients, a;, are to be obtained
by taking the inner product of the residual with a weight function, w(z), and setting
that equal to 0, at NV sampling points [48].

(Rywp(x)) =0, k=1,..,N, (3.2)

In the domain [—1,1], the inner product of two arbitrary functions f and g can be

shown as
1
(r9) = [ f@garts (33
-1
The inner product may also be calculated in a discrete sense.
N
(f,9) = Z figi (3.4)
i=1

In Chebyshev collocation, the trial functions are composed of Chebyshev polynomials

of the first kind and the weight function is the Dirac function so the inner product
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reduces to evaluating the residual at sample points, like the extrema of the Chebyshev

polynomials.

Applying the above method to our problem, the variables Gy, Uy, 'f’, MT, M@, are
assigned trial functions in the form of Chebyshev polynomials. Functions chebdif.m
and chebdc.m [49] were utilized to solve the system using MATLAB, in which the

differentiation matrices D,, , are constructed as follows,

(
em(—1)ntm
cn((xm)—rn) ) n#m
1 xy _
pu — ) 20==) n=m#l
S L R
k_2(N—61)2+17 n—=m—=N
where ¢; = ey =2, 0= ... =cy_1 = 1 and DV = (D(l))l. The interpolation points

are the Chebyshev nodes of the second kind given as

T = SiN (W(]\Qf (}Lvl__jm)> (3.5)

where m = 1... N and N is the number of collocation points. After constructing the
matrices based on Equations (2.32)-(2.36), the generalized eigenvalues are calculated
using QZ-algorithm and the neutral stability curves are obtained in terms of the Taylor
(Ta) and wavenumbers (k) where the real part of the leading eigenvalue is zero. In
our calculations we observed that a value of N = 100 is sufficient to obtain numerical
convergence with an accuracy of the order of 107%. For all the cases we studied,
o, = 0; = 0 was observed where ¢ = o, + t0;; which means the instability sets in

cellular convection also known as Taylor vortices.



27

3.2. Nonlinear Stability

The nonlinear stability problem was solved in COMSOL using a Direct Numerical
Simulation (DNS) approach. The set of equations (2.18)-(2.24) are solved directly in
COMSOL. Since o; = 0, the instability is stationary rather than oscillatory in time and
therefore stationary solvers have been used to solve the magnetic relaxation equation
in 2D axisymmetric geometry. The axial length of the annulus is set using an aspect
ratio of I' = L/h = 10. The conditions in axial boundaries are set to be periodic
in all variables. To observe the onset of cellular convection (i.e. Taylor vortices), we
conducted parametric sweep starting from %50 of the critical Taylor number obtained
from the linear analysis and increased until the vortices are clearly visible. The grid
independence is reached after around 3 x 10° degrees of freedom and our simulation used
a mesh with 341296 degrees of freedom (corresponding to 48552 quadratic elements).
Figures 3.1 and 3.2 show the variation of the nondimensional kinetic energy (F)
integrated over the r—z plane ( fo (1=¢) f fuZ gy *dz*)) with respect to degrees of freedom

of the finite element simulation and the resulting grid-independent mesh.

The linear stability solutions are tested with the stability results of Walowit
[33] for isothermal and non-isothermal cases under radial temperature gradient in the
absence of the magnetic field. Figure 3.3 shows the neutral curves for the onset of
transition from CF to TVF, where the minimum points reveal the pairs of critical
wavenumber and Taylor number, (k..,Ta..), for each gap ratio, . The results are in

good agreement with the isothermal results of Walowit. [33]

Taylor [25] had observed that the critical values obtained from linear stability
analysis agree well with experimental results, which points that a nonlinear analysis
should give the same critical Taylor number for the transition from CF to TVF. This
hypothesis is also validated with the numerical solution of the full system of equations

using COMSOL. Figure 3.3 shows the streamline plots obtained using COMSOL which
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Figure 3.1. The convergence of the nondimensional kinetic energy integrated over the

r-z plane with respect to degrees of freedom of the finite element simulation.
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Figure 3.2. A screenshot of the mesh from the lower portion of the axisymmetric

geometry.

verify the existence of Taylor vortices at Ta = 111.85. One can observe from Figure 3.3

that instabilities and flow bifurcation begins at earlier stages due to nonlinear effects
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Figure 3.3. Neutral stability curves for isothermal flow with different gap ratios (left)

Streamline plots from nonlinear study at ¢ = 0.3 (right)

however the settling of the Taylor Vortex Flow occurs at the critical Taylor number
which is obtained from the linear analysis. The critical point in k-Ta space for { = 0.3
is (3.217,111.85) in the corresponding neutral stability curve. Figure 3.3 illustrates
also the effect of gap width on the stability of Couette flow. It can be observed that
narrowing the gap width destabilizes the flow significantly, shifting the neutral stability
curve downwards, which is also in agreement with the results in the literature. [25] The

isothermal results and their validations are also gathered in Table 3.1.

To test the non-isothermal results, we use the values in Avramenko [21] for the
parameter ¢, (= (1> — T1)), which is a non-dimensional coefficient representing the
density change due to temperature difference, and we demonstrate the effects of the
inclusion of the basic state density variation p in Equation (2.31). Figure 3.4 shows the
neutral stability curves and the resultant Taylor vortices for the non-isothermal case
for the gap ratio ¢ = 0.3. We use a sample case from Avramenko’s study (¢, = 1) to

illustrate the effects of the variation of the density in the basic state. The critical Taylor
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Table 3.1. Comparison of the isothermal results with those of Walowit [33]

¢ | This paper | Data of Walowit [33]
ke Tag | ke Tac,
0.1 ]335 421.39| 3.3 422.79
0.3 321 111.85| 3.2 111.89
0.5|3.15 68.15 | 3.16 68.18
0.7 1313 52.04 | 3.14 52.04
0.9 ]3.15 43.87 | 3.13 43.88

number for ¢, = 1 is Ta = 91.9 without including the variation of the density in the
basic state, while Ta = 94.6 is the critical value taking this variation into account, shown
in the neutral curves in Figure 3.4 and the corresponding vortices. Table 3.2 compares
the results at a gap ratio of ( = 0.3. The inclusion of the base state density variation
reduces the destabilizing effect of the positive temperature gradient and reduces the

stabilizing effect of the negative temperature gradient (¢, < 0).
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Figure 3.4. Neutral stability curves for nonisothermal flow with different values of the

parameter ¢, at ¢ = 0.3 (left) Streamline plots for ¢, = 1 at ¢ = 0.3 (right)
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Table 3.2. Comparison of the non-isothermal critical values at gap ratio of ( = 0.3

with the results of Avramenko [21]

¢,v | This paper | Data of Avramenko [21]
ke,  Tag ke, Ta,,
-1 1314 123.98 | 3.02 152.79
1 1323 94.63 | 3.231 91.9
2 325 8331 | 3.245 79.76

The values of the parameter ¢, r used in Ref. [21] correspond to very large values
of AT if the value taken for § is that of water’s (given in Table 4.1). Therefore the
effect of ¢, 7, which scales the density change in the fluid due to temperature difference,
is magnified both in Ref. [21] and in Figure 3.4. Using the values in Table 4.1 and the
values of AT studied later in this paper, the parameter ¢, ranges from —2.6 x 1073 to
1.3 x 1072, which is relatively low compared to the values investigated by Avramenko
et al. [21]. It can be concluded that an increase in the parameter ¢, destabilizes
the flow. Higher values of ¢, point to a density decrease towards the outer wall
which in turn favors flow bifurcation and vortical structures. [21] The non-dimensional
critical wavenumber can also be deduced from the streamline plots by using the relation
k.. = m™yorter Where T' is the aspect ratio and nype, 1S the number of vortices in the
plots. [50] The streamline plots given in Figures 3.3 and 3.4 reveal that k.. ~ 7, which

confirms the critical wavenumber in the neutral curves.
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4. RESULTS AND DISCUSSION

To investigate the effects of azimuthal magnetic field strength, radial temperature
difference and particle concentration and size on the stability of Couette flow in the
presence of magnetic field, we choose a typical water-magnetite suspension with the
thermophysical and magnetic properties given in Table 4.1. We conduct a parametrical
study by changing the azimuthal magnetic field strength at the outer wall, Hy, the
temperature difference, AT = T5—1T7, the ferroparticle concentration ¢ and size d. Each
of these dimensional parameters appear in different non-dimensional numbers defined in
Equation (2.37). The parametrical study is conducted with respect to these dimensional
parameters with values chosen from practical ranges to demonstrate the realistic effects
which could be verified with experiments. The gap effects are considered for a wide

gap case (¢ = 0.3) and a narrow gap case (¢ = 0.9). The magnetic field strength

Table 4.1. Thermophysical and magnetic properties used in the calculations

Density of the base fluid pr 997 kg/m?
Specific heat of the base fluid cy 4180 J/kg-K
Thermal conductivity k 0.58 W/m-K
Viscosity of the base fluid Mo 9 x 107* Pass
Thermal coefficient B 257x107* 1/K
Density of the nanoparticle Pp 5200 kg/m?
Bulk magnetization of the magnetic particle My  4.5%x10° A/m
Brownian relaxation time of the magnetic particles 75 1075 s

values are chosen from the interval of 0 < Hy[A/m] < 10°, the temperature difference
values are chosen from the interval of —10 < AT[K]| < 50, the volume fraction values
of magnetic particles (magnetite) are chosen from the interval 0 < ¢ < 0.1 and finally
the size of the ferroparticles is varied in the interval of 5 < d[nm] < 25. These value

ranges correspond to the ranges used in the experiments in the literature. [38]
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4.1. Linear Stability

4.1.1. Thermomagnetic effects
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Figure 4.1. Variation of the critical Taylor number with respect to magnetic field
strength at different radial temperature differences for ¢ = 0.04 and ¢ = 0.3, the

wide-gap case.

The variation of the critical Taylor number with respect to magnetic field strength
is shown in Figures 4.1, 4.2 and 4.3 in the wide gap case (¢ = 0.3); in Figures 4.4, 4.5
and 4.6 in the narrow gap case (¢ = 0.9), for different radial temperature differences
and ferroparticle volume concentrations, and a particle diameter of d = 10 nm. It is
seen that strong magnetic fields are required to observe a significant increase in the
critical Taylor number, i.e. a significant stabilization for both gap ratios. The magnetic
field strength appears in the non-dimensional numbers Ry;, x and also the dimensional
parameter c¢p; which appears in the local Langevin parameter, ay, (defined with Equa-
tion (2.14)), and represents the magnetic energy of a single ferroparticle. The magnetic

force is scaled with Ry, /Re, which corresponds to the ratio of magnetic forces and iner-
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Figure 4.2. Variation of the critical Taylor number with respect to magnetic field

strength at different radial temperature differences for ¢ = 0.06 and ¢ = 0.3, the

wide-gap case.

tial forces, therefore an increase in R); would stabilize the flow as it increases the effect
of radial Kelvin force over centrifugal force in the momentum equation, Equation (2.2).
An upward shift in the local Langevin parameter, «y, increases the viscosity through
the expression (2.15), which also has a stabilizing effect. The parameter x, which
appears in Equation (2.34) and represents the ratio of magnetocaloric energy effects
over thermal energy effects as defined in Equation (2.37), is the macroscopic equivalent
of the local Langevin parameter, ay. In the literature, the term %—1\14 that appears in
Equation (2.4) is evaluated using a linear magnetic equation of state and named as py-
romagnetic coefficient. [6,51] However when magnetic relaxation is taken into account,
as in this study, M becomes implicitly dependent on the temperature T therefore the
linear magnetic state equation assumption is not suitable. This term appears in Equa-
tion (2.4) as a source term that is scaled with . It is observed that increasing x has
a destabilizing effect on the flow. The effect of the radial temperature difference can

also be seen in Figures 4.1-4.6; an increased temperature non-uniformity leads to flow
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Figure 4.3. Variation of the critical Taylor number with respect to magnetic field
strength at different radial temperature differences for ¢ = 0.08 and ¢ = 0.3, the

wide-gap case.

destabilization. To illustrate the combined effects of the magnetic field strength and
the temperature difference, we plotted a typical case for a concentration of ¢ = 0.06 in
Figure 4.7, for the wide and narrow gap ratios. We can see that destabilizing effect of
increasing positive temperature gradient is more pronounced at strong magnetic fields
for both gap ratios. Although the temperature effects on the critical Taylor number
ratios using these AT values seem small, the destabilization trend is clearly detectable.
The effect of AT appears strongest due to the density change parameter, c,r, whose

significance on the stabilization is underlined in Sec.3.

The critical wavenumbers, k.., corresponding to the non-magnetic flow cases have
been validated in Sec.3. In the literature, no significant change in the dimensionless
critical wavenumber is observed for isothermal flows under azimuthal magnetic fields.
[35,36] For the highest magnetic field strength used in this study (Hy = 100 kA /m),

our results indicate a slight decrease of %10 of the critical wavenumber with respect
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Figure 4.4. Variation of the critical Taylor number with respect to magnetic field
strength at different radial temperature differences for ¢ = 0.04 and ¢ = 0.9, the

narrow-gap case.

to non-magnetic case where the critical wavenumber k., ~ 7.

4.1.2. Gap effects

It is well known from the literature that in the absence of magnetic effects, narrow-
ing the gap width has a profound destabilizing effect and decreases the critical Taylor
number [25], for both isothermal and non-isothermal flows. This is also validated in
Sec.3 (Figure 3.3). It can be observed from Figures 4.4-4.6 that the range of critical
Taylor number has decreased to less than 50 percent in the narrow gap case compared
to its value in the wide gap case shown in Figures 4.1-4.3. As also shown in Figure
4.7, although the thermomagnetic effects on the stability are similar, these effects are
smaller compared to the wide gap case. To illustrate the gap effects more clearly, we

plot the critical Taylor number ratio for the isothermal case at a fixed concentration for
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Figure 4.5. Variation of the critical Taylor number with respect to magnetic field
strength at different radial temperature differences for ¢ = 0.06 and ¢ = 0.9, the

narrow-gap case.

the wide and narrow gap ratios in Figure 4.8. Though the trend of stabilization with
increasing magnetic field is similar, the stabilizing effects are weaker in the narrow gap
case compared to the wide gap case. This is primarily attributed to the fact that for
narrow gap ratios (¢ — 1), the centrifugal effects become much more dominant than
magnetic effects, leading to flow instabilities at much lower Taylor numbers. Also, the
wide gap allows a larger change in the magnetic field strength which is essential for the
Kelvin force to compete with the centrifugal force. Using the non-dimensional defini-
tion of the magnetic field due to an axial line current in Equation (2.16), the range of
values for the non-dimensional magnetic field strength is between [1,3.33] in wide gap

(¢ = 0.3) whereas in narrow gap (¢ = 0.9) it is between [1,1.11].
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Figure 4.6. Variation of the critical Taylor number with respect to magnetic field
strength at different radial temperature differences for ¢ = 0.08 and ¢ = 0.9, the

narrow-gap case.

4.1.3. Particle concentration and size effects

The concentration effects are shown in Figure 4.9 for the isothermal case. Higher
volume fraction of ferroparticles lead to a stronger stabilization under strong magnetic
fields. The volume fraction ¢ is a multiplication factor of the magnetic effects, there-
fore for the limiting case of ¢ — 0 the magnetic effects would vanish, hence higher

concentrations magnify the stabilizing effects of the magnetic field strength.

The effect of ferroparticle size is demonstrated for an isothermal flow in Figure
4.10. An increase in the particle size has a considerable effect on the stabilization of the
flow under strong magnetic field, especially in the wide gap case, as shown in Figure
4.10. The size of the ferroparticle has an influence on the degree of magnetization of the
ferrofluid such that larger particles would result in higher local Langevin parameters

and higher degree of magnetization, leading to an increase in both the Kelvin force
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Figure 4.8. Gap effects on the stabilization at ¢ = 0.06, Ta..o corresponds to the
critical Taylor number for the isothermal case at ¢ = 0.06 in the absence of the

magnetic field.

and the viscosity. One obvious drawback of having a suspension with relatively larger

particle size is the magnetic agglomeration and the loss of colloidal stability of the
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corresponds to the isothermal critical Taylor number in the absence of magnetic field

effects for wide gap (¢ = 0.3) (left) for narrow gap (¢ = 0.9) (right)

suspension against gravity. Particle sizes of colloids that are stable to above mentioned
mechanisms range up to about 10 nm. [6] We can verify again from Figure 4.10 that

for narrow gap ratios, the stabilizing effects are weaker.

4.2. Nonlinear Stability

The nonlinear stability analysis reveal both the eigenfunctions and insight on
the onset of the instabilities. The numerical solution of the full system of equations
(2.18)-(2.24) given by finite element analysis software COMSOL, show that nonlinear
terms have small contribution to the instability mechanisms of the ferrofluid flow in the
presence of the magnetic field. The distribution of the radial and axial magnetization
field is given for two typical cases at the linear stability boundary. The values shown
in Figures 4.11 and 4.12 are normalized with the bulk magnetization of the material

which is given in Table 4.1.

Although the instability and the formation of vortical structures are observed at

slightly lower Taylor numbers, the results agree with linear stability analysis results
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K, at the corresponding linear Ta,,

showing that the critical Taylor number does not change significantly up to a magnetic

field strength of 1 kA/m and having the onset of cellular convection at the Taylor

number values given by the linear analysis. Figures 4.11 and 4.12 are obtained at a
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Figure 4.12. In-plane components of the magnetization field ¢ = 0.08 and AT = 50

K, at the corresponding linear Ta,,

magnetic field strength of 1 kA /m.

The corresponding temperature distribution in the annulus is shown in Figure
4.13. It can be seen that the steady state temperature distribution is also perturbed
with a wave form even when the governing system of equations are solved directly

without linear approximations or introducing normal mode perturbation.



10.9

108

10.7

1 0.6

105

0.4

0.3

0.2

0.1

YO Yo

Figure 4.13. The normalized temperature distribution in the annulus at the

43

1 0.9

108

1 0.7

106

1 0.5

0.4

0.3

0.2

0.1

corresponding linear Ta,, for ¢ = 0.04, AT =10 K (left) ¢ = 0.08, AT = 50 K (right)

at a magnetic field strength of Hy = 1kA/m



44

5. CONCLUSION

The thermomagnetic effects on the stability of the Taylor-Couette flow of a fer-
rofluid in the presence of an azimuthal magnetic field generated by an axial DC current
were investigated. A linear stability analysis using Chebyshev collocation method has
been applied, also the full nonlinear system of equations has been solved using a finite
element software package to reveal the critical Taylor numbers and wavenumbers for
the transition from Couette flow to Taylor vortex flow. It is found that significant
stabilization may be achieved under the application of strong magnetic fields. Radial
temperature difference has a destabilizing effect on the flow and this effect is magnified
with increasing magnetic field strength. Ferroparticle volume fraction increases the
stabilizing effect of the applied magnetic field by strongly coupling the magnetic effects
to the flow. The size of the ferroparticle has also a stabilizing effect which is amplified
under stronger magnetic field. These effects are smaller for the narrow gap case where

centrifugal effects dominate over magnetic effects.

The work at hand may be extended by including the effects that are neglected
in this study such as concentration redistribution and perturbation of the external
magnetic field. While magnetoviscous effects are accounted with simple constitutive
relations in this work, it is known that nanofluids with tendency to align in longitudinal
chains exhibit shear thinning behaviour. Also the magnetic relaxation does lead to
viscoelastic behaviour so overall the effects of power law index or elastic effects on the

stability of the Taylor-Couette flow should be examined.

Biomedical applications of ferrofluids are also raising in popularity. Taylor-
Couette devices are used in red blood cell seperation so a detailed model that accounts
for mass diffusion, magnetohydrodynamics and rheology could serve as a benchmark

for problems related to blood flow.
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APPENDIX A: RANGES OF THE NONDIMENSIONAL
PARAMETERS

The parametric study of linear stability was conducted with dimensional param-

eters like the magnetic field strength Hy[A/m], the temperature difference between two

concentric cylinders, AT[K]. Tables A.1 - A.4 show the values of the nondimensional

an scaling parameters introduced in Section 2.3 at the parameter ranges studied in this

paper.

Table A.1. Values of ¢, 7 and ¢y at the parameter range studied in the paper

AT[K]
-10 0 10 30 50
c,r | -0.00257 | 0| 0.00257 | 0.00771 | 0.01285
carrlJ] | 213810722 | 0 | 1.38-10722 | 4.14-10722 | 6.90-10~22

Table A.2. Values of R, at the parameter range studied in the paper

HolA/m]
0| 10 10° 10° 10° 410 | 710" 10°
Ry | 0| 1.11-10° | 1.11-10° | 1.11-107 | 1.11-10% | 4.45-10% | 7.78-10% | 1.11-10°

Table A.3. Values of ¢)/[J] at the parameter range studied in this paper

Ho[A/m)]
dlnm] | 0 10! 10? 103 10* 4-101 7101 10°
5 0] 3.70-107% | 3.70-1072* | 3.70-10723 | 3.70-1072% | 1.48-1072! | 2.59-1072! | 3.70-10~*!
10 02961072 | 2.96-107% | 2.96-1072% | 2.96:1072! | 1.18-1072° | 2.07-1072° | 2.96-10~2°
15 1019991072 | 9.99-1072 | 9.99-10722 | 9.99-1072' | 4.00-107% | 7.00-10~2° 1071
20 | 02371072 | 2.37-10722 | 2.37-107%! | 2.37-1072° | 9.47-107%° | 1.66-10719 | 2.37-10~17
25 | 0]4.63107% | 4.63-107%% | 4.63-1072' | 4.63-1072° | 1.85-107" | 3.24-107"9 | 4.63-10~1°
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Table A.4. Values of k at the parameter range studied in this paper

Ho[A/m]

ATK]| 0| 10! 102 108 104 4-10* 7.104 10°
-10 0-1.36-10"7 | -1.36:107% | -1.36-107° | -1.36-10~* | -5.43-10~* | -9.50-10* | -1.36-10~*
10 0] 1.36-1077 | 1.36-107% | 1.36-107® | 1.36-10~* | 5.43-10~* | 9.50-10~* | 1.36-10~*
30 0] 4.52:107% | 4.52:1077 | 4.52:107% | 4.52.107° | 1.81-107* | 3.17-107* | 4.52.10~*
50 0| 2711078 | 2.71-1077 | 2.71-107% | 2.71-1075 | 1.09-10~* | 1.90-10~* | 2.71-10~*
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APPENDIX B: TABULATED RESULTS AND

Table B.1. Linear stability results as (k..,Ta..) pairs for ¢ = 0.04, ( = 0.3

AT [K]
Ho[A/m] -10 0 10 30 50
0 (3.218,103.74) | (3.21,103.48) | (3.206, 103.187) | (3.206, 102.63) | (3.206, 102.1)
10 (3.218, 103.74) | (3.28,103.493) | (3.206, 103.187) | (3.206, 102.64) | (3.23, 102.1)
100 | (3.218,103.74) | (3.193,103.5) | (3.218,103.19) | (3.218, 102.64) | (3.218, 102.1)
1000 | (3.218,103.75) | (3.18,103.51) | (3.206,103.21) | (3.206, 102.65) | (3.206, 102.1)
10000 | (3.19,104.824) | (3.21, 104.28) | (3.21, 104.211) | (3.22, 103.607) | (3.21, 103.016)
40000 | (3.118,109.987) | (3.08, 109.6) | (3.105, 109.22) | (3.118, 108.495) | (3.156, 107.836)
70000 | (2.99,116.4) | (2.917, 116.004) | (3.018, 115.522) | (2.97, 114,687) | (2.97, 113.85)
100000 | (2.94, 124.254) | (2.917, 123.579) | (2.79, 123.123) | (2.88, 122.08) | (2.82, 121.215)

Table B.2. Linear stability results as (k..,Ta,.) pairs for ¢ = 0.04, ( = 0.9

AT [K]

Ho[A/m] -10 0 10 30 50
0 (3.118, 40.64) | (3.118,40.58) | (3.118,40.52) | (3.118, 40.40) | (3.118, 40.28)
10 (3.105, 40.64) | (3.118,40.58) | (3.118,40.52) | (3.118, 40.40) | (3.118, 40.28)
100 | (3.105, 40.64) | (3.105, 40.58) | (3.118,40.52) | (3.118, 40.40) | (3.118, 40.28)
1000 | (3.105, 40.65) | (3.143, 40.58) | (3.118,40.52) | (3.13,40.40) | (3.118, 40.28)
10000 | (3.118,40.79) | (3.105, 40.72) | (3.118,40.66) | (3.118, 40.53) | (3.106, 40.4)
40000 | (3.105, 41.528) | (3.105, 41.453) | (3.118, 41.378) | (3.105, 41.232) | (3.13, 41.084)
70000 | (3.118, 41.857) | (3.13,41.78) | (3.118, 41.709) | (3.118, 41.564) | (3.13, 41.419)
100000 | (3.11, 42.051) | (3.118, 41.977) | (3.12,41.903) | (3.13, 41.758) | (3.13, 41.614)
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Table B.3. Linear stability results as (k..,Ta..) pairs for ¢ = 0.06, { = 0.3

AT [K]
Ho[A/m] -10 0 10 30 50

0 (3.206, 100.17) | (3.218, 99.925) | (3.206, 99.68) | (3.226, 99.196) | (3.206, 98.7)

10 (3.193,100.17) | (3.28,99.95) | (3.218,99.68) | (3.218,99.19) | (3.218, 98.72)
100 | (3.206, 100.17) | (3.18,99.95) | (3.206, 99.68) | (3.206, 99.1924) | (3.218, 98.712)
1000 | (3.206, 100.19) | (3.18,99.95) | (3.218,99.7) | (3.218,99.21) | (3.218, 98.725)
10000 | (3.218, 101.641) | (3.206, 101.35) | (3.23, 101.065) | (3.18, 100.505) | (3.19, 99.96)
40000 | (3.13, 107.665) | (3.105, 107.274) | (3.13, 106.948) | (3.16, 106.276) | (3.168, 105.593)
70000 | (3.068, 114.173) | (2.99, 113.854) | (3.005, 113.46) | (3.005, 112.555) | (3.093, 111.87)
100000 | (2.8, 122.015) | (2.84,121.49) | (2.82, 120.913) | (2.90, 119.979) | (2.94, 119.04)

Table B.4. Linear stability results as (k..,Ta..) pairs for ¢ = 0.06, ( = 0.9

AT [K]
Ho[A/m] -10 0 10 30 50

0 (3.118,39.25) | (3.118,39.19) | (3.13,39.14) | (3.118,39.03) | (3.13, 38.92)

10 (3.105, 39.25) | (3.118,39.19) | (3.118,39.14) | (3.118, 39.03) | (3.118, 38.92)
100 | (3.105,39.25) | (3.13,39.19) | (3.118,39.14) | (3.118, 39.03) | (3.118, 38.92)
1000 | (3.105,39.25) | (3.143,39.19) | (3.118, 39.14) | (3.118,39.03) | (3.13, 38.92)
10000 | (3.118, 39.463) | (3.143, 39.402) | (3.118, 39.343) | (3.118, 39.223) | (3.118, 39.105)
40000 | (3.118, 40.518) | (3.118, 40.444) | (3.118, 40.373) | (3.13,40.23) | (3.118, 40.09)
70000 | (3.118,40.98) | (3.118,40.91) | (3.118,40.84) | (3.13,40.7) | (3.13, 40.56)
100000 | (3.12, 41.236) | (3.118, 41.166) | (3.11, 41.095) | (3.12, 40.956) | (3.12, 40.819)
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Table B.5. Linear stability results as (k..,Ta..) pairs for ¢ = 0.08, ( = 0.3

AT [K]
Ho[A/m] -10 0 10 30 50
0 (3.206, 96.944) | (3.193, 96.724) | (3.206, 96.5) | (3.206, 96.07) | (3.206, 95.65)
10 (3.218,96.94) | (3.243,96.731) | (3.218,96.5) | (3.206,96.07) | (3.218, 95.64)
100 (3.231,96.94) | (3.155, 96.744) | (3.218,96.5) | (3.218,96.07) | (3.206, 95.65)
1000 | (3.218,96.96) | (3.18,96.755) | (3.193,96.53) | (3.206,96.12) | (3.206, 95.68)
10000 | (3.18,98.75) | (3.206,98.26) | (3.21,98.223) | (3.19,97.703) | (3.24, 97.187)
40000 | (3.155, 105.553) | (3.093, 105.248) | (3.155, 104.886) | (3.23, 104.258) | (3.168, 103.612)
70000 | (2.94, 112.355) | (3.105, 111.861) | (2.93, 111.5) | (2.94, 110.687) | (3.018, 109.881)
100000 | (2.88,120.102) | (2.83,119.553) | (2.88,119.02) | (2.97, 117.983) | (2.87, 117.87)

Table B.6. Linear stability results as (k..,Ta..) pairs for ¢ = 0.08, { = 0.9

AT [K]
Hy[A/m] 10 0 10 30 50

0 (3.118, 37.99) | (3.13,37.94) | (3.118, 37.89) | (3.118, 37.79) | (3.118, 37.7)

10 (3.105, 37.99) | (3.118,37.93) | (3.118, 37.89) | (3.118, 37.79) (3.118, 37.7)
100 | (3.105,37.99) | (3.13,37.93) | (3.118, 37.89) | (3.118, 37.79) | (3.118, 37.7)
1000 (3.118, 37.99) | (3.118,37.94) | (3.118, 37.89) (3.13, 37.8) (3.118, 37.7)
10000 (3.118, 38.26) (3.143, 38.2) (3.13, 38.15) (3.118, 38.04) (3.118, 37.9)

40000 | (3.118, 39.62) | (3.118, 39.55) | (3.118, 39.478) | (3.105, 39.339) | (3.118, 39.2)
70000 | (3.118, 40.204) | (3.118, 40.137) | (3.118, 40.069) | (3.118, 39.933) | (3.118, 39.795)
100000 | (3.11, 40.519) | (3.118, 40.452) | (3.11, 40.384) | (3.12, 40.251) | (3.12, 40.119)
Table B.7. Linear stability results as (k..,Ta,.) pairs for AT =0 K, ( = 0.3 and Hy =
70 [kA /m]
d[nm]
10) ) 10 15 20 25
0.04 | (3.23,105.398) | (2.917, 116.004) | (2.754, 131.89) (2.45, 151.65) | (2.303, 173.516)
0.06 | (3.143, 102.207) | (2.99, 113.854) | (2.817, 129.722) | (2.479, 149.215) | (2.341, 170.703)
0.08 | (3.206, 99.189) | (3.105, 111.861) | (2.792, 127.725) | (2.566, 146.966) | (2.291, 168.202)
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Table B.8. Linear stability results as (k..,Ta.) pairs for AT = 50 K, ( = 0.3 and H,

(2.541, 143.397)

= 70 [kA/m]
d[nm]
0] ) 10 15 20 25
0.04 | (3.143, 103.923) | (2.917, 116.004) | (2.78, 128.903) | (2.56, 147.703) | (2.316, 168.516)
0.06 | (3.143, 100.767) | (2.99, 113.854) | (2.78, 126.858) | (2.529, 145.423) | (2.33, 165.922)
0.08 | (3.08,97.906) | (3.105, 111.861) | (2.792, 125.03)

(2.303, 163.597)

Table B.9. Linear stability results as (k..,Ta..) pairs for AT =0 K, ( = 0.9 and H, =

70 [kA/m]
d[nm]
) 5 10 15 20 25
0.04 | (3.118, 40.702) | (3.13, 41.78) | (3.118, 42.257) | (3.13, 42.586) | (3.08, 43.0)
0.06 | (3.13,39.363) | (3.118, 40.91) | (3.118, 41.54) | (3.118, 41.911) | (3.08, 42.328)
0.08 | (3.13, 38.155) | (3.118, 40.137) | (3.105, 40.915)

(3.105, 41.322)

(3.09, 41.748)

Table B.10. Linear stability results as (k..,Ta..) pairs for AT = 50 K, ¢ = 0.9 and H,

= 70 [kA/m]
d[nm]
) ) 10 15 20 25
0.04 | (3.13, 40.38) (3.13, 41.419) (3.118, 41.9) | (3.118, 42.215) | (3.09, 42.594)
0.06 | (3.143,39.07) | (3.13,40.56) | (3.13,41.2) | (3.105, 41.562) | (3.08, 41.953)
0.08 | (3.118, 37.886) | (3.118, 39.795) | (3.118, 40.594) | (3.093, 40.995) | (3.105, 41.397)
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Figure B.1. In-plane components of the magnetization field ¢ = 0.04 and AT = 30 K,

at the corresponding linear Ta,,
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Figure B.2. In-plane components of the magnetization field ¢ = 0.04 and AT = 50 K,

at the corresponding linear Ta,,
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Figure B.3. In-plane components of the magnetization field ¢ = 0.06 and AT = 10 K,

at the corresponding linear Ta,,
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Figure B.4. In-plane components of the magnetization field ¢ = 0.06 and AT = 30 K,

at the corresponding linear Ta,,
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Figure B.5. In-plane components of the magnetization field ¢ = 0.06 and AT = 50 K,

at the corresponding linear Ta,,
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Figure B.6. In-plane components of the magnetization field ¢ = 0.08 and AT = 10 K,

at the corresponding linear Ta,,
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Figure B.7. In-plane components of the magnetization field ¢ = 0.08 and AT = 30 K,

at the corresponding linear Ta,,





