
--------------------~ 
FOR REFERENCE 

lOT \.J dE, Ar<EN FROM THIS ROOM ] 

1..-__ -----..-.-... ,.-'-.-.... -

AN APPLICATION OF 

THE FINITE ELEMENT METHOD 

TO 

. THREE DIMENSIONAL 

HEAT CONDUCTION PROBLEMS 

by 

SUkrU Erden ERUC 

B.S. in Bo~azici University, 1983 

Submitted to the Institute for Graduate Studies in 

Science and Engineering in partial fulfillment of 

the requirements for the degree of 

Master of Science 

in 

Mechanical Engineering 

Bogazici University Library 

111111111111111111111111111111111111111 :! : 
39001100314056 

Bo~azici University 

1986 



iii 

ACKNOWLEDGEMENTS 

I would like to express my gratitude to my thesis 

instructor, Yrd. Doc. Dr. Vahan K~lendero~lu for his advice 

and helpful criticisms. His patience throughout this long 

lasting work is worth mentioning. 

I appreciate the ready availability of Dr. Tamer 

Sl.ko~lu at times when I was no longer able to cope with the 

continual breakdowns of the computer system. 

My sincere appreciations go to my colleagues Ersin 

Karabudak and Engin Atikfor their generosity and willingness 

with the computer work. I am grateful to my friends Ali Ihsan 

Okyay and Aydan Eksin for their cooperation during the final 

touches and typing process; and finally, I must thank my 

friends Ismail Karahan and Burcin Mat for their devotion in 

listening to my complaints and their continuous encourage­

ments. 

Erden Eruc 



iv 

ABSTRACT 

A finite element solution scheme for three-dimensi­

onal transient conduction heat transfer problems is devised 

and its validity is substantiated through application to 

representative problems. 

The governing matrix equation is first derived by 

applying two different methods, namely the variational app­

roach and the Galerkin approach, and its interpretations are 

stated for the cases of steady state and transient conduction 

heat transfer. Using this model, the solution is reached when 

different types of finite elements are used where derivation 

of the element matrices and element load vectors are introdu­

ced. For the transient case, a specific cube problem is dis­

cussed for which the exact series solution and the finite 

element solution~ are compared. 

On the basis of the comparisons and 'results obtained 

above, it is concluded that, given certain conditions, the 

finite element method is safely applicable to three-dimen­

isonal heat conduction problems. 
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KISA ~ZET 

tic boyutlu zamana ba~1ml1 1S1 transferi problemleri 

icin bir sonlu elemanlarla cozlim yontemi oiusturulmus ve bu 

yontemin gecerlili~i ornek problemlere uygulamalarla goste-

rilmistir. 

Varyasyonel ve Galerkin yaklaS1mlar1 ile ana matris 

denklemi C1kart1lm1S, dura~an ve zamana ba~1ml1 haIler icin 

yorumlanm1st1r. Bu modelin uygulanmas1 sayesinde de~isik 

elemanlar kullan11arak sonuca ulaS11m1st1r. Her bir eleman· 

icin eleman matrisleri ve vektorlerinin elde edilis yolu 

gosterilmistir. Zamana ba~1ml1 halde sonlu eleman metodunun 
) 

verdi~i sonuclarla Fourier seri cozlimlinlin karS1last1r1ld1~1 

bir klip problemi tart1S1lm1st1r. 

KarS1last1rmalara ve elde edilen sonuclara dayana-

rak, belli kosullar sa~land1~1 taktirde, sonlu elemanlar 

metodunun lic boyutlu 1S1 transferi problemlerine uygulana-

bilece~i sonucuna ulaS1lm1st1r. 
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INTRODUCTION 

Modern technology has forced mankind to use tools 

and machine parts which are complex in nature, thus, having 

highly irregular shapes. This complexity results in difficul-

ties when trying to solve mechanical or thermal problems 

over the body if analytical methods are applied. 

In the past much effort has been directed towards 

the solution of such problems which are generally of three 

dimensional nature. The solutions have been based on either 

experimental or numerical approach when the solution is im-

possible analytically. Numerical approaches have almost ex-

clusively used a direct finite difference method solution of 

the governing differential equations. An alternative approach 

based on a variational formulation and known as the finite 

element method is worked out, and the discretization achieved 
I 

by this process has led to many advantages in a computer so-

lution. 

The FEM was originally.developed for stress analysis, 

and its sup~riority for such problems is now widely recogni­

zed. As a consequence, the FEM has gained popularity in the 

solution of steady state and transient heat conduction prob-

lems. 
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A critical comparison of the two methods should be 

based on the criteria of flexi~ility and ease of application, 

accuracy and efficiency. The FEM is clearly superior to the 

FDM on the basis of flexibility and ease of application ~] 

Composite bodies containing several different anisotropic 

materials are easily handled. The isopaiametric element rJ 
can be used to fit irregularly shaped boundari~s. Grading of 

the net in regions having high temperature gradients is easily 

accomplished. Any type of thermal boundary condition may be 

readily applied. 

The two remaining criteria, accuracy and efficiency, 

are interrelated. Excellent accuracy can be obtained with 

either method if a sufficient number of nodal points is used. 

However, increasing the number of nodal points incrgases the 

computer time required for the solution, and the memory re­

quirements are highly augmented. 

General finite element formulation leads to the rep-

lacement of distributed properties of a subregion or an ele-

ment-bya linear matrix relationship connecting generalized 

potentials associated with a number of discrete nodal points. 

The shapes of elements and their degree of interconnection, 

I - . 
number of nodes, are a feature by which the accuracy of rep-

resentation can be improved. 

The transient field problem of the type encountered 

in heat conduction problems is formulated in terms of the 

finite element process using the variational or Galerkin app-

roach. The extension of the three dimensional analysis was 
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made by Zienkiewicz, Arlett and Bahrani first in 1968. 

The transient problem was first suggested by Visser 

in 1965. The solution of heat conduction problems and step­

by-step general processes are outlined in many references. 

In addition to the simplest tetrahedral elements the work 

has been extended to more precise forms such as parabolic 

and cubic elements with curved sides. An additional work has 

been reproduced using hexahedral -elements similarly incluqing 

the higher order forms. 

In the general finite element method, the actual 

continuum is represented as an assembly of subdivisions 

called finite elements. These elements are considered to be 

interconnected at specified joints called nodes. The nodes 

usually lie on the element boundaries where adjacent elements 

are considered to be connected. Since the actual variation 

of the field variable' inside the continuum is not known, it 

is assumed that the variation of the field variable inside 

a finite element can be approximated by single function. 

These approximating functions, a~so called interpolation 

models~ are defined in terms of the values ~f the field 

variables at the nodes. Once the field equations for the 

whole continuum are written, the new unknowns become the 

nodal values of the field variable. By solving the field 

equations, which are generally in the form of the matrix 

equations, the nodal values of the field variable will be 

known. When these values are known the interpolation functions 

approximate the field variable throughout the body. 
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The solution of a general continuum problem by the 

finite element method always follows an orderly step-by-step 

process. 

i. Discretization of the structure: The first step 

in the FEM is to divide the structure into subdivisions. 

Hence, the body that is being analyzed has to be modeled 

with suitable finite elements. The number, type, size and 

arrangement of the elements have to be decided. 

ii. Selection of a proper interpolation model: Since 

the field variable under any specified load conditions cannot 

be predicted exactly, some suitable solution within an element 

.to approximate the unknown distribution is assumed. The assumed 

solution must be simple from computational point of view, but 

it should satisfy certain convergence requirements. 

iii. Derivation'of the element matric~s and load 

vectors: From the assumed interpolation model, the element 

[
vl4: conductivity matrix L~ ,convection matrix and the 

load vector ..... e p of element (e) are to be derived by using 

either equilibrium conditions or a suitable variational 

principle. 

iv. Assembly of element matrices to obtain global 

equilibrium equations: Since the body lis composed of several 

finite elements, the individual element matrices and load 

vectors are to be assembled in a suitable manner, and the 

overall equilibrium equations can be formulated as 

(1 ) 

where [K] is the effective conductivity matrix, T is the 
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temperature solution vector and P is the effective load 

vector. 

v. Modification: The overall epuilibrium equations 

(1) must be modified to account for the boundary conditions 

of the· problem. 

vi. Computation of field values at the nodes: The 

solution of equation (1) follows in order to obtain the 

nodal field values. At this stage.of the FE formulation, 

solution algorithms such as the Gaussian elimination method 

are utilized. 

The work presented here also used a similar process 

in all the programs that were developed. 

Some advantages of the FEM can be summarized as 

follows: 

its ability to use elements of various types, sizes 

and shapes, and to model a body of arbitrary geometry, 

- its ability to accomodate arbitrary boundary con­

di tions and ,arbitrary thermal loading, 

- its ability to model composite structures involving 

different body components such as combinations of plates, 

bars, solids, etc. 

- the existing possibility for the derivation of new, 

more suitable finite elements which will produce better re­

sults with correspondingly shorter execution times, 

- the finite element structure closely resembles the 

actual structure instead of being a quite different abstraction 

that is hard to visualize. 
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Other approximate methods - for example, the finite 

difference method - lack these attributes or accomodate them 

less readily. In the meantime, some disadvantages of the 

method can be stated as: 

- a specific numerical result is obtained for a.spe-

cific problem. A general closed form solution, which would 

permit one to examine" system response to changes in various 

parameters, is not produced, 

- experience and judgement (common sense) are needed 
I 

in order to construct a good FEM, 

- a large computer and a reliable computer program 

are essential since the requirement for a large computer core 
\ 

storage is immense. Therefore, the possibility exists that 

FEM could not be used on a smaller computer. 

-input and output data may be large and tedious to 

prepare and interpret. 

These drawbacks, however, are not unique to the FEM. 

During the work done in the thesis studies, a CDC 170/ 

815 model computer system installed at the Computer Center 

of Bo9azici University and the high level computer language 

FORTRAN V is utilized. 



PART I 

DERIVATION OF THE FINITE ELEMENT EQUATION 

FOR THE' THREE DIMENSIONAL HEAT CONDUCTION 

In the ~eat transfer problems, the basic unknown is 

the temperature variation within the body, and the finite 

element equations can be derived either by using a suitable 

variational principle or from the governing differential 

equation using the Galerkin method. It is seen in the end 

that the same equilibrium equation is obtained independent 

of the choice in d.erivation methods. 

The governing differential equation for heat conduc-

tion in three dimensional bodies can be obtained when the 

energy balance is considered for an infinitesimal cube in 

space. The procedure is given in detail by Hollman [1J. The 

resulting equation becomes 

_a_ (k~) +_·_a_ (ky~) +_o_(k ~)+. =ec~ ox 1< ax oy oy dZ:Z oz q t 

(2) 

which is given in a form that would enable the study of an-

isotropic three dimensional solid body. 
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1.1. Variational Approach 

1.1.1. Variational Statement of the Problem 

The three dimensional heat conduction problem can 

be stated in an equivalent variational form as follows, find 

the temperature distribution T(x,y,z,t) inside the solid 

body which minimizes the integral 

I =-l-i[k ( ~ T) + k (~)+ k (~)+ 2 (q+eC~)T] dV 
2 x vx y oy 2. oz at 

v 

(3) 

and satisfies the boundary conditions 

T (x , y , z , t) = T.:s for 

for t>O on S~ 

k aT a T aT . > 
~ 0 x • 1')(. + ~ '0 y • ly + k z Tz .lz + h (T-T Q) ) = 0 for t 0 

on Sl 

and the initial condition 

T (X,y,z,t)\ = To (x,y,z) in V 
. i .. Q 

where Ix ' ly and lz are the direction cosines. The equation 

(2) is first order in time and requires only one initial 

·condition. 
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S1 is the boundary on which the value of temperature 

is specified as Ts (t), (Drichtlet condition); S~ is the boun­

dary on which the heat flux q is specified; S3 is the boun­

dary on which the connective heat fluxh(T-T~) is specified 

(Newmann condition) • 

1.1.2. Derivation of the Finite Element Equation Using the 

Variational Approach 

If a suitable form for variation of temperature in each fi-

nite element is assumed and expressed as 

(4) 

where the domain V is divided into E finite elements each 

having p nodes. In this case Ni (i=l top) are the interpola-

tion functions corresponding to the nodes numbered one to p 

in local numbering within the element. Similarly, 

/ZT 

T = [TI (t), T2. (t) , ••• , Tp (t)] (5) 

oT 
Keeping in mind the term at as fixed, the variations 

can be taken in the volume. 

As an initial step, the function~l I in equation (3) 
I 

.. e 
has to be expressed as a sum of E elemental quant1t1es I 

( 6) 

where 

IZ 1 I [ 0 T d T ~ T • ~ Til J I = - k (-) +k (-) +k (-) -2(q-ec-)T dV 
2 :x 'Ox y 3y Z ~z Glt 

'" 
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+ + r h (T- Teo)Z, dS 
Js.,C 

for the minimization of the functional I, use 

, i = 1, •.. ,NNP (7) 

where NNP stands for the number of nodal points. 'From equation 

(6) the equation below follows 

• CJT~ 'or] 1- ~T~ l- c aTe - (q- .0 c-) - dV + q- dS + h (T -T ) - dS lot a T. (3 T CD aT. 
1 '1:' ",-~. " 

, l 

(8) 

in which the surface'integrals do not exist if the node i is 

not on the surface, Equation (4) 'gives 

o Te = [ ~ N, () Na. d Nr) 
ox ox' ox'···'ax 

~ (d T) = dN,j 
9T. OX ax , 

, where 
~q; [(3 TL T.] T 

T = at"· .. '--:' 

if ,the equations above are substituted into equation (8) and 

if the similar terms are put together the variation becomes 
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if the first integral is named as KJ/ji; and the rest as K"'k ' 
o<,J 

K
3
,jk ,P'lle 'Pa,l.. and P3,k respectively, the equation (9) can 

be rewritten as a matrix equation 

E E 

oI L oI c 

L [[ KJ+[ K;ll] T~ + [KJ -i« - p- O oT = -- = = 'CTe 

¢-, tZ.=-J 

this can be restated in the overall matrix equation as 

• [ KJ T + [K, + K1 ] T = P (10) 

In equation (10), the matrices are global and are obtained 

after the assembly process applied to. each element matrix. 

1.2. Galerkin Approach 

If equation (4) is reassumed over each element, the 

Galerkin method can be used readily. In the Galerkin method 

the integral of th~ weighted residue over the domain of the 

element is set equal to zero by taking the.weights same as 

the interpolation functions N .• The criteria to be satisfied 
1 
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at any instant of time is 

1 N.[-~-(k oT )-r-2-(k oT )+~(k oT )+q-e c () T]dV= 0 (11) 
1. OX X'Ox 2Jy Yoy oz Zoz at 

v'" i = 1 top 

Note that the Green-Gauss theorem can be applied to 

the above equation to give 

f~ - dNj 0 T~ ~dN; '0 T~ k' ONi OT
e
] 

k---- + -- --+ -- -- dV 
- xc>x ox oy ~y ~oz oz 

v 

+ 1 N [k d Te: • 1 + k .0 Te. • 1 + ~ 0 T - • 1 ] dS .( )( ox x --y oy y () Z z 
S 

+ S N; [ q - e c ~ ~] dV = 0 for i = 1 top 
v 

the boundary conditions specified by equation (3) forces 

( 12) 

the terms in the surface integral to be modified. Since the 

surface S is composed of three types of boundaries, the in-

tegral can also be restated as the sum of three integrals. 

The term concerning S. will be automatically zero, for the 

derivatives will be zero for constant temperatures. The terms 

concerning S,2 and S.3 can be summed as 

N. k--·l + k --·1 + k ---1 dS [
aTe aT aT J 

I )i ax )( _ Y oy 'f Z dZ z: 

= -1 
l. 

N. q dS -1- N· h (T
e 

- Teo) dS 1 1, 

~ 

(13 ) 

when equation (4) is assumed, and when a similar procedure 



13 . 

to that done in variational solution is applied to equations 

(12) and (13), the general matrix equation applicable to 

three dimensional conduction heat transfer problems is ob-

tained once again. The form and notation of the equation has 

not the slightest difference from those of equation (10). 

1.3. Interpretation of the Finite Element Equation 

The index notation used in the derivation of equation 

(10) can be given in matrix notation which is easier to un-

derstand and more clear. Define 

--.e ~~ -¢ -, 
where P = P - P + P,J , 

I L 

.... ~ 
= L" . [NJT dV P, q 

~tI 

= Ssq [NJT dS P.t q 

-~ = J ~ h To:) [NJT dS P,) s: 

[D] = [~x ~ J ~ 1 
o 0 k:r; 

[B] = 

aN, dN2. 
~ax 

()N, (3 NlI. -----
oy 'Oy 

aN, 
oX 
'ON, .... --oy 

oN, oNz .. oN, ---a;- --z- .... ~ 

(14) 
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'the above restatements are used throughout the prog-

rams and·they form the basics in the algorithms. When suitable 

interpolation functions are used in place of N above, any 

kind of element can be used in the FEM formulations. 

1.3.1. Steady State Application 

Steady state is when the problem becomes independent 

of time, i.e. when the equation (2) becomes 

2(k aT )+~(k.dT )+_d_(k aT)+. = 0 ax )( ax oy --:y oy oz z oz q 
( 15) 

which states the general partial differential equation for 

three dimensional steady state conduction heat transfer 

problem in anisotropic materials. Similarly, the equation 

(10) is modified by setting T = 0 as 

LK,+ KJ -if = P (16) 

which is in a form that can be treated easily once the mat-

rices and the load vector are obtained thru the FEM analysis. 

The temperatures at the nodes i = 1 to NNP defined in the 

vector T are sought. 

1.3.2. Transient Application 

The equation (10) obtained after the FEM analysis is 

a set of first order linear differential equations. It can 

be seen that the term [K3] T is the additional term that 

appears because of the unsteady state, where [K~ is called 
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element heat capacity matrix. 

In order to be able to solve the equation (10) nume-

rically, a finite difference solution is applied in the time 

domain. This is a two point solution scheme and is based on 

approximating the first derivative of the time dependent 

quantity T as 

dT I 
dt of: 

"'f.-if;. = At 
(17) 

where 

and 

and ~t is the time step. The equation (17) approximates 

the derivative at the midpoint of the time interval t, so 

the terms T and P involved in equation (10) also have to 

be evaluated at the same point. Define 

TI + if;, 
2 

PI +1>: 
2 

( 18) 

The substitution of equations (17) and (18) in equation (10) 

gives 

rearranging, 
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{ [K, +!C.j + A2t [K,J} "Tl = _2_[K] if -pi 
.6.t .s 0 

t ( 19) 

T; = 2 Tt -'to 

The set of equations (19) shows that the nodal temperatures 
~ 

T at the time (t + A t/2) can be computed once the nodal 

temperatures at time (t - 6t/2) ~re known since pL. can 

be evaluated before solving equations (19). Thus, the known 

initial conditions on nodal temperatures can be used to find 

the solution at subsequent time steps. 



PART II 

DERIVATION OF ELEMENT MATRICES 

USED IN FINITE ELEMENT ANALYSIS 

The previous derivation of matrix differential equa-

tion (10), in general terms, finds a straight forward app-

lication in the broad three dimensional heat transfer sub-

ject. No matter which kind of problem is solved, the first 

and very important step to be taken in order to get a start 

on the subject is to define which type of element is to be 

used. The procedure differs only in the algebra used, while 

the derivations and the evaluation of integrals remain the 

same when different elements are applied. 

In the study accomplished, mainly two types of ele-

ments are used, the latter being an isoparametric element 
I 

[3] according to the definition which requires the field 

variable and the Cartesian coordinates at a given point within 

the element, both, to be defined in terms of the nodal field 

variable values, for each, using the same interpolation 

functions. This can be restated as 
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and o = [N] (20) 

These two types of elements happen to be the tetra-

hedron element and the hexahedron element for which the de-

rivations follow. 

2.1. Tetrahedron Element 

The three dimensional tetrahedron element is a flat 

faced tetrahedron with four nodes, one at each corner. Let 

the nodes be labeled as i,j,k and I in local numeration. Note 

that the nodes will sometimes be recalled as 1,2,3 and 4 res-

pectively. 

1 

k· 

Figure 2.1 

Let the values 0 i ' 0j , 0k and 0t be the nodal values of 

the field variable and assign the Cartesian coordinates 

(x; ,Yo ,z.) , (x.,'1-: ,z.) , (xk'Yk ,zk) 
.• ." 1. J J .J 

for each node. 
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If a linear variation of the field variable is assu-

med as 

o (x, Y , z) = o{, + O(a x + 0(3 Y + O<If Z (21 ) 

which implies the nodal conditions 

0· = 0(, + o(:t x + CX3 Y + CX.,z 
'\ 

0j' = <X, + O{L X + o<.s Y + Ol..,z· 
( 22) 

0k = <X, + O(zX + o(JY'+ el., Z 

0e = Ol,+ 0(, x + ct.J Y + eX.,z 

The set of equations (22) can be solved to give 

cX, = (a, 0-{ + a· 0· + ak0/r + a e 0t ) / 6V 
J J 

eX1 = (b·0· + " ,. b' 0' + J J bl< 0k + be0e ) / 6V 
(23 ) 

el l = (c.,.0-i" + c·0· + .J J ck 0/c + c( 0e ) / 6V 

ot1= (d.j 01 + d· 0· + J ;) d,,0k + d t 0e ) / 6V 

where V is the volume of the tetrahedron defined as 

1 x· Y.j z· "\ 0( 

1 1 X· ~ z. 
(24) V = j J 

6 1 xlc Y,. z" 
1 xe Y( z( 

and where the coefficient a , b , .c and d are given as 

X. y. Z . 
.J .J J 

a· = xl4 Y" z" '\ 

xe Y( ze 
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1 Yj z· 
J 

b. = 1 !" zlc 1-

1 Ye ze 
(24) 

x· 
J 

1 z· 
J 

c.= 
1 - xk, 1 Zlc 

Xe 1 zt' 

X· y. 1 
J oJ 

d.= - xic. Y,. 1 
1 

Xc Yt. 1 

The rest of the coefficients are obtained by using the same 

determinants as given in equations (25) then the cyclic in­

terchange of the subscripts in the order i, j, k, 1. When 

these determinants are substituted in equation (21), the 

below equation is obtained in closed form 

where 

and 

~ (x,y,z) = N.j (x,y,z) ~-i + Nj (x,y,z) ~j +N.Ic, (x,y,z) ~J.. 

+Ne (x,y,z)~e 

( 25) 
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N~ (x,y,z) = (a·+b.x+c.y+d.z) / 6V 
<.1 ~ 1 

Nj (x,y,z) = (a. + bj x + c· Y + d· z) / 6V 
" J J 

Nk (x,y,z) = (ak + b" x + cky + dkz) / 6V 

Nt. (x,y,z) = ( ae + be x + c e y + de z) / 6V 

In order to ease the calculations and to obtain consistency, 

a set of local coordinates must be defined within the ele-

ment. These natural coordinates consist of four variables 

each corresponding to one corner respectively 

L =~ L =~ , L = V3 , L =~ 
I V ' 2. V 3 V "V 

(26) 

where V is the volume of the tetrahedron formed by the 

points P and the vertices other than i. The coordinates of 

point P ~ithin the element is g~ven as (x,y,z) in global 

Cartesian coordinates and as (L, ,L~,L~,L1) in local coordinate 

system. 

k (O,OI"o) 

'I 
i~--------------~ 
(1,0,0,0) 

o x 

z Figure 2.2 
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The definition of the local coordinates imply that node i 

has the local coordinates (1,0,0,0), node j has them as 

(0,1,0,0), etc. Another deduction can be made as 

(27) 

The cartesian and local coordinates are related by 

x = L,x,+ L2.x~+ L:r X3 + . L.,X., 

Y = L,y, + Lz yz. + L y+ L. Y'l' s S 
(28) 

Z = L,z,+ L2 ZZ + L z + L., z'" 1 3 

which is implied by the geometry given in Figure 2 and by 

equations (20). The assembly of equations (27) and (28) give 

1 1 1 1 1 L, 

X x, X 2.. x J x., L1 
= 

Y y, Yt Y3 y., LJ 

z z, Zz zJ zf L1 

or 

L a, a a .a., 1 z. .J 

L 1 b, b b., b.., x 
2 = ( 29) L 6V c, ca. cs c., y 

L d, d~ d' 
oS d., z 

where the indices a. , b. , c ~md d. are defined previously 
. 1 '\ i ( 

by equations (24) • 

In order ,to use the natural coordinates in the in-

tegrals, they have to be differentiable and integrable. If 
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a function is given in local coordinates, it can be differen-

tiated with respect to cartesian coordinates as 

where 

df 
dX 

d f oL, of d L~ af aLl of GlL., = -_. --+-_. --+-_. --+-_._-
. dL, OX oL2, oX 'dLJ ax aL'f ax 

4 
of ~L of oL.; -_._-
ay oL' oy 

" 't .. , 

'I 

of =L of "OL· -_._-" 
'Oz ~L.; 'Oz 

'i"" 

dL' b· __ " =_'1_ 
dX 6V 

, 'OL' C' __ '1=_" _ 
oy 6V 

, oL' d· __ '1=_" _ 
oz 6V 

(30 ) 

which can be obtained directly if equation (29) is differen-

tiated. 

The integration of fhe polynomial terms given in 

natural coordinates can be performed by using the relation 

I LO<· L(3· L't· LS • dV = 
I 2 .3 'I 

V 

o<.! (3! 0 I 0 6V 

(0<+ (3 T t+b'+3)! 
(31) 

given over a volume. 

When surface integrals are required, the interpol a-

tion functions remain ~he same, only, the functions corres-

ponding to nodes not on the related surface are set equal to 

zero. If the necessary terms in the surface integrals are 

set equal to zero the remaining terms can be integrated 

using 
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J L 0(. L(& • Lt. dS = 
I .t ..5 

S 

2A ( 32) 

where 

A = [S (S - A) (S - A) (S - I..)] Y2. 
I .z 3 

( 33) 

in which S are defined as de}llonstrated in Figure 3. 

A, = 

A~= 

.?)= 

[ ~ ~ 
(x.-x·) + (y.-y.) + 

t J ., J 

[ (x. - x ) ~ + (y. - y t + 
J 'It. J J< 

[ 
1 ~ 

(x. - x ) + (y. - y,J + 
'1 Ie .. "" 

s = ( A, + AL + A., ) / 2 

.' ' 

J • ~. ~ k 

i~------~------~j 
A, 

Figure 2.3 

0; YJ. 
(z.-z.)] ., ;) 

1] 'It. 
(Zj - z,..J 
(z . - Z )'21 ,/, 

.. I< 

The surface integrals and their application require the equa· 

tion (33) to be used frequently. The derivatives above are 

I 
valid for all tetrahedron elements. 

2.1.1. Simplex Tetrahedron Element 

Given that the body is divided into Etetrahedron 

elements, the temperature distribution over element e can be 

stated as 
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..... c: 
T T 

where 

T· 
1 

~e T· 
T = J 

Ti( 

Tt 

A typical simplex tetrahedron element is illustrated 

in Figure 2.1. Given equations (14), the element matrices and 

thermal load vectors are derived as 

()N' (;) N~ --' ..... 
b ox ()x b.z. b.s 11, I 

[B] 'dN· 1 c, C:z. c., = __ 1 •••••••••• = 
6Ve. 

c 3 
dy 
~N' 'aNt 

d, d:z. d
3 d"l ......... 

~ ez 

giving 

SYM ] 

b i 

b
l 

b b
f

2 

3 , 



+ 

+ 

k y 

36V 

k% 
36V 

[ K,j ~. = 1 h [N nN 1 
'JIc. e 

S"l. 
~ 

hA ",., [~ = III 
12 
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C~ , 
C I Cz 
C, c. 
c, c-f 

dS 

1 
2 
1 
0 

SYM 

c; j 
Cl. 

::t 

Cl, C3 
Cl. 

,) 

c:l C., c j c" 

, setting L., = 0 

1 

iJ 
1 
2 
0 

[K~~ matrix can be obtained readily for the other surfaces 

in a similar form. 

[ISf = 1 e c [Nj'[NJ dV 
v~ 

. r 1 1 

~l (ec)¢. ve 1 2 1 
= 20 1 1 2 

1 1 1 

I 

[pr = j q [N r dV = 
(q V)e 

m 4 
v<t. 

j q[Nr dS 
a. 

m [p 1J~'k = = 
(qAijk) 

3 IJ s\ !J 
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2.1.2. Parabolic Tetrahedron Element 

A typical parabolic element is demonstrated in Figure 

2.4. Keeping the same assumptions 'as those considered for the 

simplex element, the interpolation functions can be obtained 

readily using the Lagrange interpolation formula. 

where 

in which 

4 

3 

l~----~+-------~ 

Figurp. 2.4 

(34 ) 

1 
-- (m L . - k + 1) 

k J. 
for r~ 1 

1 for r == 0 

m = degree of approximation~ one for simplex, two 
for quadratic, etc. 
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i' = 1 to p 

r = m L~ 
J 

L~ = value of the natural coordinate L. at node i. 
J J 

With some effort, the general equation (34) can be obtained 

from the approximation polynomials and the derivations that 

follow. 

In the parabolic tetrahedron element, the approxima-

tionpolynomial is chosen to be quadratic as 

fij{x,y,z) 
2, :t 2-

= eX. + cxt.. x + cxl Y + 0<'1 z + 0(,. x + 0(, y + 0<.-, z 

The calculations with ten unknown coefficients require ten 

nodes, and ten equations are obtained from which the coeffi-

cients can be extracted. This is a cumbersome process, rather, 

the Lagrange interpolation formula should be applied. 

The shape functions for the parabolic element are 

N· = L.{2L.-l) for i= 1,2,3,4 
't '1 't 

N., = 4 L, Lz. 

Nco = 4 L2, L,3 

NT = 4 L, Ls 

Ns = 4 L, L,,/, 

Ns = 4L.1. L,,/ 

N ,0 = 4 L3L-C 

and if the field vector is defined as 
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~, 

...... e ~2. 
~ = 

~IO 

then 

~ (X, y , Z) = [N, ' N.z.' """' N,o] if. 

The natural coordinates of the nodes can be given as 

1 0 0 0 
0 1 0 0 
0 0 1 0 
0 0 0 1 

1/2 1/2 - 1/2 0 - - 1/2 -L, = 0 , L2 = 1/2 , L~ = , L., = 0 
1/2 0 0 0 
1/2 0 0 1/2 

0 1/2 1/2 1/2 
0 0 1/2 

Having defined the interpolation functions, the other terms 

appearing in 

[D) = 

I where 

the·integrals are set as 

[~' 

dN, 

oz 

0 

k,y 

0 :.J 
~N,o "--ax 

" 0 N,o 
oy 
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dN· __ 1_ = 
~X 

(4 L. - 1) b· / 6V ., ~ 
for i = 1,2,3,4 

~ Ns- = 4 (L:1 b , + L b ) /6V 
dX ' Z 

, 'd Ns = 4 (L., b, + L, b ) /6V 
~x .., 

dN, = 4 (L b + L b ) /6V 
(;)X 3 z 1 J 

dN 
__ 9 = 4 (L ... b + L b ... ) /6V ox -, Z .z-. 

C) N7 = 4 (L b + L b ) /6V 
~X I 3 3 I 

c)N 10 = 4 (L b + L b ) /6V 
oX i 3 3" 

The derivatives with respect to y are obtained similarly if 

b i in the above equations are replaced with c
1

• , and those 

with respect to z are rewritten with d~'s instead. 

Once the above terms are put in the equations (14), 

the element matrices are obtained after a lengthy algebraic 

work. Should it be necessary, the open forms of the element 

matrices can be deduced from the program listing in Appendix 

E. 

2.1.3. Cubic Tetrahedron Element 

A typical cubic element is given in Figure 2.5. As was the 

case in parabolic element, the shape functions can be readily 

obtained thru the Lagrange interpolation formula as given in 

equation (34). 
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Figure 2.5. 

The cubic approximation polynomial includes the terms produ-

ced by the Pascal tetrahedron as 

$1 (x, y, z) = o{, +. O{z. x + 0(3 Y + 0<.'( z + 0(,. x" + ex, y2.+ 0<.7 z2. 

+ 0(8 xy + eX." yz + ~IO XZ + (){II x J + 0(,,- y3 + 0(13z3 

+ 0(,'1 x2: y + tX,;xz.z + 0(" y 'Z.z + 0(/1 xy2.+ 0('8 xz2.+ o("yz2. 

+ tXuxyz 

The twenty unknown coefficients require twenty nodes as 

illustrated in Figure 2.5, thus a system of equations con­

sisting of twenty equilibrium conditions. The field variable 

is defined as 

o (x , y , z) = r N, , N.1.' ••• , N_l 0"£ = r N (x , y , z) 1 i~ 
t"" = [0, , $1,%' ••• , 0:lQ] T 

The shape functions can be stated as 

N.i = L-i (3 L.; - 1) (3 L" - 2) / 2 , for i = 1,2,3,4 

N?"= 9L,Lz (3L,-1)/2 , 

N, = 9L,L2(3L:z-l)/2 

for one-third points of 
edges. 
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N7 = 9L2. LJ(3Lz -l)/2 

NS = 9 L~L3 (3 L.s -1) /2 

Nn = 27 L, Lz. L1 , 

N /B = 27 L.z L3 L., 

N'9= 27 L, L,s L" 

N20= 27 L,L2.L,J 

, etc. 

for mid-face nodes 

coordinates of the nodes can be given 

1 0 0 
0 1 0 
0 0 1 
0 0 0 

2/3 1/3 0 
1/3 2/3 0 

0 2/3 1/3 
0 1/3 2/3 

1/3 17 = 0 - 2/3 ..... 
L3 = L"I = 2/3 , 

.2. 0 , 1/3 , 
2/3 0 0 
1/3 0 0 

0 2/3 0 
0 1/3 0 
0 0 2/3 
0 0 1/3 

1/3 1/3 0 
0 1/3 1/3 

1/3 0 1/3 
1/3 1/3 1/3 

as .follows 

0 
0 
0 
1 
0 
0 
0 
0 
0 
0 

1/3 
2/3 
1/3 
2/3 
1/3 
2/3 
1/3 
1/3 
1/3 

0 

In order to obtain the matrix [B], the differentials 

of N~ with respect to x, y and z are required. 

CI N~ 
(27 L~ -18 L.+2)b./12V i= 1,2,3,4 = 

dX 1 1. 1 

CI N? 9 
[(6L.L2.- L2.)b, +(3L~ - L, )b.z] = ox 12V 

d N6 9 
[ (3L2."" - La) b, + ( 6L, Lot. .:. L,) b ... ] = 

dX 12V 



ON7 = 
ox 

dNIl 

OX 

= 

= 

= 

= 
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_9 _ . [ (6L
2 

L - L ) b + (3L.2.. - L2, ) h 1 
12V ·3 ~ 1 4 ~J 

9 

12V 

9 

12V 

9 

12V 

9 

12V 
[ (6L L - L) b + (3L 7. - L) b] 

''I f I " <4 

dN,7. = 9 [ (3L; - ~ ) b , + (6L, L., - L, ) ~1 
ox 12V 

dN'3 = 9 [ (6L L - L ) b + (3L ~ - L ) b
1

] 
Ox 12V :z 1 ". 2. 2. & 

c)N,., = 9 
[ (3L ~L.u ) b + (6L L - L ) b 1 

'( T;t 7..,:z.,1 ox 12V 

oN, .. 
OX 

= 

= 

9 

12V 

'9 

12V 

[. (6L L - L ) b + (3L
3

2 
- L ) bJ 

3..,. 1f.3 S ., 

[ (3L1~ - L ) b + (6L L - L ) bJ 
., 3 J., 31/ 

= 22- (T. L",b,+L,L",b +L L b ) 6V --:t.... -,.z, _ z ., 

~N'8 = 
OX 

&Nz., = 
O-X 

~. (L L b + L L b + L L b ) 6V 3 i z. z.., oS .1. J ., 

22- (L L b + L L b + L L b ) 
6V 3. 4 I I Jf J I 3 ., 

22- (L L b + L L b + L L b ) z. 'J' '.J 2. I.z. J 
6V 

Just as the parabolic element, the differentials with respect 

toy and z are obtained by changing b. with c. and d. , 
'1 .., .., 
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respectively. 

The exact integration that has to be followed in 

order to obtain the element matrices is very lenghty and 

cumbersome,_ which in the end gives complex polynomial expres­

sions thus increasing the computer time needed for the exe-

cution. Therefore, the exact integration is omitted. Instead, 

a numeric integration algorithm, namely, a five point Gauss 

Quadratu~e is applied over the volume. 

5 

L<f(L, ,L, ,L"L.) dV= L w;f(L, ,L"L"L,)L 

.; ~ I 

where collocation points and the weights are taken as 

4 1 
w, =--- , L = L = L = L =--

5 I 2. ~ ., 4 

9 1 
L =L =L = 

1 
w2. =-- , L =--

20 I 3 Z 3 'I 6 

9 1 
L =L =L = 

1 
w3 =-- , L =-- , 

20 Z 3 ' 3 .., 6 

9 1 
L =L =L = 

1 
w'l =20 L =-- , 

33 ' 2' ., 6 

9 1 
L =L =L 

1 
w~ =20 L =-- , = ., 3 I :L 3 6 

( 35) 

For the surface integrals, the modified shape functions are 

used, and the integration is carried on similarly, 

7 

f (L ,L , L ) dS = \ 
, 1. J L (36) 
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where 

27 1 
WI =-- L = L = L =--

60 I . z. .J 3 

8 1 
L = 0 w1. =-- L =L =-- , 

60 ' .z 2 1 

8 1 
L = 0 wl 

=-- L =L =-- , 
60 J. .3 2 I 

8 1 
L =0 Wif =.-- , L =L =-- , 

60 I J 2 z. 

3 
L = 1 L =L = 0 w/f =-- , , 

60 , 2. 3 

3 
L = 1 L = L = 0 w, =-- , , 

60 ~ I 3 

3' 
L,= 1 L = L = 0 w 7 

=-- , , 
60 I .3 

The individual matrices within each integral -are evalu·atE~d 

at the collocation points and then are mUltiplied to give 

the element matrix. 

2.2. Hexahedron Element 

2.2.1. Simplex Hexahedron Element 

t 
8 

, , , , 
,," 6 I 5 f----'---~I-....,,.,.:...r 

, , , 
s 
7 

I ' k-:' __ - - --t- r 
0' 

y , 
" 

" 

I 

)-------- ----, 4 
" " . 

l~-------

.J;.----x 
Figure 2.6 

3 
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The hexahedron element is, by definition, an isopara-

metric element. For this reason, equations (20) can be written 

as follows in the case of simplex hexahedron element. 

x= 

o (x, y , Z ) . = [ N 1 ' N2.' .•. , N 8 ] i lZ 
= [N] "0 

Ie!: = [0" O2 , ••• , 08 ] T 

y= , 

(37) 

Once the hexahedron element is chosen to be the basic parent 

element in the FEM analysis of a body, a local coordinate 

system has to be developed. The new system is a unit right 

handed one with its origin at the center of the hexahedron. 

When a coordinate transformation is concerned, a 

Jacobian has to be used. If a field variable 0 is assumed, 

then 

2L 'ax k dZ -2L 2L 
dr dr dr dr ax ax 

2.L = 'dx k dZ ~ = [J] 2L 
dS 'Os 'as ) as Oy 'dy 

~ ax :2::L 'Oz 0.0 -.£L 
dt at at dt a.-J oz 

which can be rewritten as a transformation function 
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.1.L J0 
O>x ar-
~ = [J ]~ ~ 
'dy os 

~ ~ 
~z at 

Equations (37) imply that 

where 

B 

~ dN-i x . 
L or 1 

"1"" 
8 

[J] = ~ 'ON·i x. 
L- oS " 

'1=' 

~ 'ON..; 
-~--x. 

v t '1 

-i=>, 

N·= 
-1 

I 
8 

(I + rr .) (1 + s s .) (1 + t t .) 
1 ~ "t 

9N ---or 
-E:L 

8 

9N s· 
--=-"-o.s 8 

'd N t,\ 
~=-8-

(1 + ss .) (1 + tt .) ., " 

(1 + rr.) (1 + ss . ) 
1\ .. 

( 38) 

't 'ON· 
--~- z.o 
'Os 

(39) 

"1=' 

t oN,; 
--z· 
at It 

..... "" 

, i = 1 to 8 

in which r l' , S -1' and t~· are the coordinates of the nodes in 

the local coordinate system. 
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-1 -1 -1 
1 -1 -1 
1 1 -1 

-1 - 1 - -1 r = , s = -1 
, t = -1 1 

1 -1 1 
1 1 1 

':"'"1 1 1 

The integration of the functions of r, sand t have to be 
. 

performed numerically keeping (38) in mind and with 

dV = dx • dy • dz = det [J] dr • ds • dt 

A three point Gauss Quadrature [2,8] will give exact results 

for this case. For three dimensions· 

j'J'J' . . f(r,s,t)dr.ds.dt 
-1 -r -I 

and for two dimensions, 

where 

3 3 

J
' , J f (r, s) dr· ds 

-, -, 
= .~~ w.w.f(r.,s.) LL'IJ ., J 

-i ~, j-:.I 

w, = w,3= 0.555 w2.= 0.888 
I 

-r, = r.3= .77459 6669241483 r = 0 
.2. 

(41) 

The·integrals in equations (40) and (41) are evaluated at 

27 and nine collocation points·, respectively. 

The surface integrals require the planar interpolation 

functions to be known. 
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4r-___ ~!_---i3 
I 
I , 
I 
I 

:l-- --... ~-t·., 
o , 

r 1 L..--, ---2: 
~O ~. ~'f X ~~ .. 

Figure 2.7 

The quadrilateral in Figure 2.7 is also isoparamet-

ric, so that 

~ 
d r 

= 
~ 

d s 

o = [N, N%. N3 N,,] it. 
ir= [0,0.1.0z,0.JT 

9 x ~ ~ 
dr dr -ax 

',oX ~ 2L 
O-S o-s oy 

or 

XI . . 
XJf 

~I 
YIf 

~ 
'Ox 

~ 
'dy 

~ 
-I or 

= [J] 
~0 
~ 

(42) 

I • 
where the Jacobian in the transforrnatlon function (42) can be 

written in open form as 

OX C)y 
d-r dr 

d:x ray 
~~ 

= 

"I 

L oNi --x· . or" 
1=1 

~ dNi 
2-.a-s X -j 

-j-::./ 
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and the shape function as 

N .= _1_ (1 + rr.) (1 + ss . ) 
't 4 1 ., 

i = 1,2,3,4 

dN 
8s 

r;·i (1 ) -- + ss· 4 1 

s' = _1- (1 + rr .) 
4 .." 

, 

The integrations (41) follow with 

dA = dx dy = det[JJdr ds 

where the limits of integration are -Ito 1 

2.2.2. Parabolic Hexahedron Element 

A typical parabolic element is demonstrated 

2.8 for which the same nomenclature is used as that 

plex hexahedron. t 
s 

1 
I 
1 

5 117 
16 T 

I 
15 

I 
1 r 

.1 14 13 1 3 ,.------... 
" 4 11 

"" ~12 

Y 
,,"'-

I 
9 2 

0 
x 

z Figure 2.8 

in Figure 

for sim-
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This. element is isoparametric and the equations (20) 

can be rewritten for this case as 

o (x, y , z) = [N, ' Nz. ' •• ~ , NZ() ] l' 
1J = [0, 0~03··. 0.20JT 

x N, N z. • • • N~ 0 0 ••• 0 o 0 o 
y = o 0 o N, Nz, • • • N'JoO 0 0 0 

z o . 0 o o 0 ••• 0 . N, Nz ••• N-zo · · · y'f.,o 
z , 
~2. · 420 

The transformation function is again valid. 

20 .z.o 'Zo 
c;}0 L'JN, L'dN' L'dN. I~ ....:.--=.:.1.. x. TY. ~z. 
~x 9 r ., r '\ ar 'I 'dr 

'1:' ., .. , . ...-. 
'Zo '10 .,... 

'd0 L 9N.; L 9N.; LaN' -00 = --x· --y: __ "_Z. 
'dy 9 s ... . a. s " . '0 s ., 

r
s 

,.i IS I ., .. , ., .. , 
10 'Zo "to 

~0 L 9N' :z::= ~N1 2:= 9N' ,30 -_'I-x· ~y.j --'I z. 
gz . ~t .. . o-t " 9t 

.,~, .., :0' .., ::, 

where 

1 . 
N.= --(l+rr,) (1+ss.) (1+tt.) (rr.,'+ss·+tt·-2) , i=1 to 8 

1 8 "I ., .., '1 'I 

1 :J. 
N·= -(1-r ) (1+ss.) (1+tt.) 

1 4 'I "'\ 
, i=9,11,17,19 

N = _1_(1-s~) (1+rr.) (1+tt.) 4 ..,., , i=10,12,18,20 

N = _1_(l-t:l.. ) (1+rr.) (1+ss·) 4 .,. ., i=13,14,15,16 

in which the local coordinates of the nodes can be given 

with the vectors 
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-1 -1 -1 
1 -1 -1 
1 1 -1 

:"'1 1 -1 
-1 -1 1 

1 -1 1 
1 1 1 

-1 1 1 
0 -1 -1 

-' 1 ..... 0 t -1 r = , s = , = 0 1 -1 
-1 0 -1 
-1 -1 0 

1 -1 0 
1 1 0 

-1 1 0 
0 -1 1 
1 0 1 
0 1 1 

-1 0 1 

For the surfaces of the hexahedron, the following has to be 

defined: 

where 

o = [N, 'N.z. .•• Ne]"ie 

{;} = [:. :. : :: :' ~.~ •••. ~.J ~I 
· xe. 
Y. 

= 

'6 

~ dN~· x. 
L C)r ' 

't' "., 

8 

~. oN' ~--"'x. 
. '0 s I" 

7::1 

.6 

· · 
Ys 

~ -aN· 
--"-Y;' or 

1-=1 

~~ 2-.- dS Y..,· 
0': :1 

N.= _1_(1+rr.) (1+ss.) (rr.+ss.-1) for i=1,2,3,4 
'1 4 .., "'"1'" 

1 :z. 
N = --(1-r ) (1+ss~) 

oS 2 ., 



/ 

and 

1 . ~ 
Nt = ---(1+rr ) (1-s ) 

'" 2 6 

N = --1_(1-r%) (1+ss
7

) 
7 2 
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1 ~ . 
Ns = --2-(1+rr8 ) (1-s ) 

-1 
1 
1 

-1 
-'" 0 r = 1 

, 
0 

-1 

1 

8 

-1 
-1 

1 
1 

-- -1 
s = 0 

1 
0 

s 

7 3 
I 
J , 
J 
I 6 L _____ _ 

o 

5 2 

Figure 2.9 

r 

From the definitions given above for the interpolation 

functions, the differentials can be derived with some effort 

before substituting them in the matrices where necessary 

within the integrals (14). The integration process is carried 

on as in simplex hexahedron by using definitions (40) and (41). 
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2.2.3. Cubic Hexahedron Element 

The typical cubic hexahedron element is illustrated 

in Figure 2.10. Like the previous hexahedron elements, this 

one is also an isoparametric element where the field vari-

able is given by 

o (x,y, z)= [N, N.1 ••• N
31
10 

:0~ = [0, 0~... 0~] T 

and the coordinates by 

[

NI N.t •.•• N,z 

o 0 ••• 0 

o 0 0 

-5' 

:2.1 

'1 

y 

/-.---x o 
z 

o 0 ••• 0 

N, N,2 ••• N32, 

o 0 ••• 0 

t 

'0 

Figure 2.10 

~ ~ ... ~ 1 
N,N ••• N 

.t 3.t. 

s· 

r 

x, . 

The Jacobian, also, is defined similarly for the element 

volume, 



~X dY oz 
a r 'ar or 

dX 'iJy 'C)z 

as c> s os = 

45 

t 
t .,"', 

~ N.; 
--X. 
9r ' 

oN· 
--~-x, 

.. 9s of 

~x C)y ~ 

dt ()t 'at t oN. __ AX. 

at 1 

where 

N·= _1_(1+rr.) (1+ss.) (1+tt.) (9r +9s +9t -19), for i=1 to 8 ... 64 '\ .. ., 

:z. N1• = 9 (1-r ) (1+9rr.) (1+ss .) (1+tt .) 
~ 1 .. 

~ . 
N.j = 9 (1-t ) (1+9tt;) (1+rr ,) (1+ss .) 

.. "'.., 

, for i=9,10,13,14,25,26, 
29,30 

, for i=11,12,15,16,27,28 
31,32 

, for i=17,18,19,20,21,22, 
23,24 

and the local coordinates of the nodes are given by the 

vectors 

... , -I -I 

I -I -, 
1 I -I -, 1 -I 

... , - 1 i , -I , , , , 
'71 

, 1 
-1/1 -I -I 
,/l -, -I , -1/3 -, 

1 1/$ -, 
I/J 1 -I 1 

-. - 1/3 I 13 -I 

r= -I ~ 
- I IJ 

-, 
5 --. 

- I - I = of -, -I = -I 13 
I -I -1'3 
1 I -1/3 

- 1 1 -, 13 
-I -I 1/1 

I -I 1/3 

I 
, 1/3 -, , , /3 

-I /; - , 1 
1/$ -I I 

1 -1/3 , ,/.3 
[/l I -I /3 

I !n -I 
-I -, /.3 
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s 

4~--.:1=t:0~~~---,3 
I 
I 

11 
I 
I 8 
I 

OJ----- --
12 7 

6 2 

Figure 2.11 

r 

For the surfaces of the hexahedron the following are to be 

defined, 

where 

~(x,y) = [N I Nz. ••. 
] ~~ N' ~ = 

12.. 

- = [~, 
T 

~ 02, ••• 0,J 

f;} = [ :' N.1.. ••• N'L 0 0 ... 
0 0 N, N2., ••• . . . 

'dx ay 
or or 
~x 'dy 

os 'as 

= 

,2. 

L aN' __ 1 x. 
. 8r "\ 

1 "'I 

~ 'i)N' --"x. 
. £)s"\ 

" :.1 

. I 

[N1 

~,l 

1 +9s -10) N·= T2(1+rr.) (1+ss.) (9r 
'1 1 1 

N·= 
'I 

_9_(1+rr .) (l,-s.2.) (1+9ss. ) 
32 '1 1 

9 a. Nj= 3'2 (1+ss,; ) (l-r ) (1+9rr.;) 

~lt 

~ 

~, 
· x,%. 
Y, 
· · 
Y,z. 

for i= 1,2,3,4 
--....... 

for i= 7,8,11,12 

for i= 5,6,9,10 
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and 

-1 -1 
1 -1 
1 1 

-1 1 
-1/3 -1 

~ 1/3 ...... -1 
r = 1 , s = -1/3 

1 1/3 ~ 

1/3 1 
-1/3 1 
-1 1/3 
-1 -~/3 

From the definitions given above for the interpolation func-

tions, the necessary operations must be carried on. The in-

tegration is to be followed with the application of three 

point Gauss Quadrature defined by equations (40) and (41). 



PART THREE 

APPLICATIONS OF THE PROGRAMS DEVELOPED 

Before proceeding to the problems concerning the 

transient conduction heat transfer, the validity ·of the tetra­

hedral elements are given by Rao [3]. These are tested by 

applying them to certain steady state ~roblems for which the 

solutions are known. By doing so, an experience and insight 

to the element formation and element orientation in space was 

gained. It is highly probable to make mistakes in the data 

preparation for three dimensional problems because of the 

difficulty in visualizing the element configuration. This 

fact necessiated an automatic mesh generation program in 

order to solve conduction heat transfer problems in a cube 

with various boundary conditions. The generation program is 

devised such that it generates the data so as to include the 
I 

information for different boundary conditions, while requiring 

the minimum information as input, and the minimum effort in 

updating. In the generation program, the basic configuration 

that is shown in Figure 3.1 is used as the repeating element 

which consists of six tetrahedrons. When the repetition in 
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Figure 3.1 

space is too uniform, as in Figure 2(a), it is seen that same 

symmetry problems arise which can be avoided by randomizing 

the orientation of the basic cube, shown in Figure 3.1, by 

rotations, as shown in 3.2(b). The latter is preferred in 

order to obtain the following results that are valid for both 

simplex and parabolic elements. 

" 

(a) . . (b) 

Figure 3.2 

a. The cube with two opposing faces subject to heat 

flux, and other faces insulated, as shown in Figure 3.3, was 

. tried to be solved yielding a singular matrix, therefore it 
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has no steady state solution. 

b. The cube with two opposing faces, one being speci­

fied at 100° and the other at 0 0 
, and others insulated resul­

ted with a perfect linear temperature distribution, ranging 

from 1000 down to 0° as the solution. 

c. The fin problem in Figure 3.4 with one face speci­

fied at 1000 
, and h=O. behaved like an insulated cube giving 

a uniform temperature at 100 0
• 

d. The fin problem as in case (c) with h very large 

was expected to give the same result with a cube where the 

convection faces in Figure 15 are replaced with surfaces spe­

cified at T:f • It is seen that when all of the nodes on the 

base of the fin, including the edge nodes, are specified to 

be at Ts=lOO° , then, a singularity condition arises which 

can be taken care of by no longer specifying the edge nodes. 

In other words, at the edges where convection and temperature 

specified boundaries meet, the advantage must be given to the 

convection boundaries. 

insulCl~cd 

Figure 3.3 Figure 3.4 
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3.1. Statement of the Problem 

The transient problem that has been worked on was 

chosen to be one which has an exact series solution and one 

which has an easy-to-generate geometry at the same time. The 

simplest case. is decided to be a cube as demonstrated in 

Figure 3.5 where the zero faces are insulated and the other 

three faces are specified at T = "100
0

• 

'T 

I 
I T 

: T 
.l-----------

, /0 x , 
/ 

/ 

'" 

z Figure 3.5 

The one-dimensional solution to the problem [11 is 

obtained thru the Fourier method 

where 

e (x) = T (x) - Ts = 
To - T.:r 

1f fA ... = (2n - 1) -2-

Fo = eX tIL 
2-

• I 

for n= 1,2,3, ••• 

, being the Fourier modulus. 
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In the problem solved, the cube is taken to be a unit cube 

by setting L equal to one. is also equal to one, thus 

making the Fourier Modules behave as the time variable. 

The three-dimensional cube solution is the super-

position of the equation (43) in three directions giving 

e(x,y,z) = (44 ) 

\ 

with initial temperature T = 0
0

• 

Another version of this problem can be produced by 

letting the specified temperature surfaces to be defined as 

correction surfaces for which a series approximation exists 

for small time values, not applicable to the time range given 

in the tables 3.9 and 3.10. 

It should be noted that the so called "exact solution" 

is only another approximation to the problem, providing an 

approximate solution obtained by using a method other than 

FEM. 

3.2. Discussion of the Results 

The cube problem described in section 3.1 isfi~st 
I 

solved with a program using equations (43) and (44) in order 

t6 get an exact result, and to treat it as a reference. Then, 

the next step is to apply the finite element method to the 

problem. The finite element programs that are devised using 

different types of elements are each applied to the problem 
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above and the results obtained are compared with the exact 

solution as follows. 

The exact solution and FE solutions are first given 

in tabular form which is followed by an illustration in 

graphical form. A comparison of the results obtained is made 

based on refinement or element type. For the latter one, the 

comparison is made using the same. number of nodes, and for 

either case, the node of concern is the corner at the origin 

in Figure 3.5. 

The graphs show little oscillatiori at the beginning 

which gradually approaches the exact solution as time incre­

ases. The steady-state solution, T=lOOD in this case, is 

reached after t=l.40 seconds. The oscillation characteristics 

vanish as the mesh is refined and higher order elements are 

used. 

The refinement of the mesh and the. increase in the 

order of the interpolation polynomial used improves the 

results considerably. In~thefollowing tables and figures 

tha comparisons and plots are made by using coarse meshes 

which makes it easier to detect the deviations from the 

exact solution. 
I 

In figures 3.6, 3.7, 3.8 and 3.9, it can be observed, 

as a general trend, that the FE solution first drops below 

the exact solution but then crosses it and later converges 

tothe exact solution. This trend is tried to be avoided in 

two ways which proved to be unsuccessful. 
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-~ exact 
II 384 elements 

• 3072 elements 

o~~----------~~~------------~--------~· 0.25 0.5 t(sec) 

Figure 3.6 Plot of Table 3.1 

NUMBER OF ELEMENTS 
, 

TIME 384 1296 3072 EXACT 

.02 .16 0;.00 0.00 0.00 

.04 -.80 .20 .28 .24 

.06 2.52 2.39 2.38 2.32 

.08 10.27 8.31 7.80 7.27 

.10 19.92 16.58 15.57 14.45 

.20 61. 62 57.48 I 55.96 53.93 

.30 82.65 80.04 79.04 77.66 

.40 92.19 90.71 90.13 89.32 

.50 96.49 95.68 95.36 94.90 

.60 98.42 97.99 97.82 97.57 

Table 3.1. Comparison of Temperature Variation 
at the Corner Node Based on Refinement 
Using Simplex Tetrahedron (Specifed Surfaces) 



100 

50 

55 

0.25 

Figure 3.7 Plot of Table 3.2 

exact 

)f 48 elements 

0.5 

NUMBER OF ELEMENTS 
TIME 384 1296 3072 EXACT 

.01 -6.01 0.00 0.00 0.00 

.02 3.43 0.86 0.06 0.00 

.04 4.60 1.39 0.58 0.24 

.06 1. 89 2.74 2.61 2.32 

.08 4.57 6.95 7.24 7.27 

.20 52.79 53.62 53.82 53.93 

.30 77.35 77.57 77.64 77.66 

.40 89.25 89.30 89.32 89.32 

.50 94.90 94.90 94.91 94.90 

.60 97.58 97.57 97.57 97.57 

Table 3.2. Comparison of Temperature Variation at 
the Corner Node Based on Refinement 
Usi~g Parabolic Tetrahedron (Specified 
Surfaces) 

t (sec). 



100 

50 

56 

exact 

~ 64 elements 

o 0.25 0.5 t(sec) 

Figure 3.8 Plot of Table 3.3. 

TIME NUMBER OF ELEMENTS EXACT 
64 216 

.02 0.74 0.00 0.00 

.04 -1.42 0.01 0.24 

.06 0.21 1.49 2.32 

.08 6.25 6.69 7.27 

.10 14.72 14.39 14.45 

.20 56.14 54.90 53.93 

.30 79.10 78'.32 77.66 

.40 90.12 89.11 89.32 

.50 95.33 95.10 94.90 

.60 97.80 97.67 97.57 

Table' 3.3. Comparison of Temperature Variation 
at the Corner Node Based on Refinement 

,Using Simplex Hexahedron (Specified 
Surfaces) 
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o 

57 

exact 

~ 8 elements 

0.25 . 0.5 t(sec 

Figure 3.9 Plot of Table 3.4 

TIME NUM,BER OF ELEMENTS EXACT 
8 27 

.01 -4.95 -1.27 0.00 

.02 0.27 0.31 0.00 

.04 -0.03 0.81 0.24 

.06 1.45 2.31 2.32 

.08 7.01 7.20 7.27 

.10 15.00 14.57 14.45 

.20 55.43 54~41 53.93 

.30 78.51 77.90 77.66 

.40 89.74 89.42 89.32 

.50 95.11 94.94 94.90 

Table 3.4. Comparison of Temperature Variation 
at the Corner Node Based on Refinemet 
Using Parabolic Hexahedron 
(Specified Surfaces) 



100 

50 

--
exact 

ST simplex 
tetrahedron 
SH simplex 
hexahedron 
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L-~~~~~ __ ~ ____________ ~~--~------~~t~ee) 
o 0.10 0.20 0.30 

Figure 3.10. Plot of Table 3.5 

TIME 
. TYPE: OF ELEMENTS EXACT 

ST SH 

.• 01 .04 -.14 0.00 

.02 .16 .74 0.00 

.04 -.80 -1.74 .24 

.06 2.52 .21 2.32 

.08 10.27 6.25 7.27 

.10 19.92 14.72 14.45 

.20 61. 62 56.14 53.93 

.30 82.65 79.10 77.66 

.40 92.19 90.12 89.32 

.50 96.49 95.33 94.90 

Table 3.5. Comparison of Temperature Variation 
at the Corner Node Based on Type of 
Element, Each Using 125 Nodes 
(Specified Surfaces) 
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exact 

~ PT-parabolic tetrahedron 

--+-- PH-parabolic hexahedron 

50 

ilsczc. ) 
o 0.25 0.75 1.00 

Figure 3.11 Plot of Table 3.6 

TYPE OF ELEMENT 
TIME PT PH EXACT 

.01 -6.01 -4.95 0.00 

.02 3.43 .27 0.00 

.04 4.60 -.03 .24 

.06 1. 89 1.45 2.32 

.08 4.57 7.01 7.27 

.10 11.28 15.00 14.45 

.20 52.79 55.43 53.93 

.30 77.35 78.51 77.66 

.40 89.25 89.74 89.32 

.50 94.90 95.11 94.90 

Table 3.6 Comparison of Temperature Variation at the 
Corner Node Based on Type of Element PT: 125 nodes 
(Specified Surfaces) . PH: 81 nodes 



100 

50 

a 

60 

exact 

--H-- ST-simplex tetrahedron 

-+- SH-simplex hexahedron 

0.5 1.0 

Figure 3.12. Plot of Table 3.7 

X TYPE OF ELEMENTS 
COORDINATE ST SH EXACT 

0.0 .27 -1.25 .94 

.25 1. 29 .87 2.20 

.50 15.97 13.39 11. 94 

.75 46.50 46.98 43.41 

1. 00 100.00 100.0'0 100.00 

Table 3.7. Temperature Variation Along X-Axis at t=.05. 
Comparison Based On Type of Element Each 
Using 125 Nodes (Specified Surfaces) 



100 

50 

o 

61 

T(O) 

exact 

~ ST-simplex tetrahedron 

--- SH-simplex hexahedron 

0.5 1.0 

Figure 3.13. Plot of Table 3.8 

X TYPE OF ELEMENTS 
COODINATE ST SH EXACT 

0.0 19.92 14.72 14.45 

.25 22.14 19.73 18.78 

.50 40.00 35.81 33.70 

.75 64.73 63.77 61.81 

1. 00 100.00 100.00 100.00 

Table 3.8. Temperature Variation Along X-Axis at t=.10, 
Comparison Based On Type of Element Each 
Using 125 Nodes (Specified Surfaces) 



10 

50 

o 

62 

__ exact 

-11- ST-simplex tetrahe ron 

---- SH:-simplex hexahed on 

0.5 1.0 

Figure 3.14 Plot of Table 3.9 

X TYPE OF ELEMENTS 
k::OORDINATE ST SH EXACT 

0.0 61. 62 56.14 53.93 

.25 62.92 59.40 57.28 

.50 72.44 68.79 67.00 

.75 84.33 83.0'3 81. 98 

1. 00 100.00 100~00 100.00 

Figure 3.9. Temperature Variation Along X-Axis at t=.20, 
Comparison Based On Type of Element Each 
Using 125 Nodes (Specified Surfaces) 
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o 

63 

~ ST-simplex tetrahedron 

-- SH-simplex hexahedron 

0.5 1.0 

Figure 3.15 Plot of Table 3.10 

TYPE OF ELEMENTS 
TIME 

ST SH 

0.1 1.55 0.88 

0.2 14.10 12.88 

0.3 29.44 28.27 
, 

0.4 43.08- 42.09 

0.5 54.35 53.54 

0.6 63.44 62.79 

0.7 70.74 170.22 

0.8 76.59 76.17 

0.9 81. 27 80.93 

1.0 85.01 84.74 

Table 3.10 Comparison of Temperature Variation at the 
Corner Node Based on Type of Element, Each 
Using 125 Nodes (Correction Boundaries) 

t{sec) 



64 

TIME TETRAHEDRON HEXAHEDRON 
5x5x5 7x7x7 5x5x5 7x7x7 

0.1 1.55 1. 84 0.88 1. 54 

0.2 14.10 14.11 12.83 13.55 

0.3 29.44 29.26 28.27 28.71 

0.4 43.08 42.86 42.09 42.39 

0.5 54.35 54.12 53.54 53.74 

0.6 63.44 63.24 62.79 62.93 

0.7 70.74 70.56 70.22 70.31 

0.8 "76.59 76.43 76.17 76.23 

0.9 81. 27 81.13 80.93 80.97 

1.0 85.01 84.90 84.74 85.77 

Table 3.11 Comparison of Temperature Variation at the 

Corner Node Based on Refinement with 125 

and 343 Nodes for Each Element (Convection 

Boundaries) 
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a. Using a variable time step: The observation that 

a small time increment meant a small deviation from the 

exact solution led to the use of a small time increment at 

the beginning of time domain which later would be followed . 
by larger increments. 

b. Using a variable specified temperature: The 

solution obtained for the cube problem has a linear relation-

ship with the specified temperature which means that a smaller 

Ts gives smaller deviations. Using this property, it was 

thought that using a gradual increase in specified tempera-

ture instead of a step change could give better results. 

This also diverged •. 

Tables 3.10 3.11 and plot 3.15 show that the simplex 

tetrahedron ~nd the simplex hexahedron elements give a good 

correlation when compared to each other far the problem where 

surfaces are subject to convection~ 

The programs occupy a larger memory space and require 

longer execution times as the mesh is refined. Depending on 

the time increment chosen and the final time at which a 

solution is sought, the cost of the execution is augmented 

considerably. 

Two-dimensional abstracts of the problems could 

first be analysed before applying the three-dimensional 

programs. Hence, the execution time and the size of the 

matrices would be decreased, while obtaining acceptable 

results. 



CONCLUSIONS 

Fundamental concepts pertaining to the finite element 

analysis of problems of three dimensional conduction heat 

transfer have been treated in detail. Different types of 

elements have been discussed and, for each element, the 

element matrices and ,load vectors have been derived. Programs 

have been developed which used these elements and they have 

been applied to a selected set of problems involving various 

boundary conditions on a hexahedron. 

On the basis of the theoretical and numerical results 

presented in the preceding sections, the following conclusions 

are reached concerning the applicability of the finite-element 

approximation technique to problems of three-dimensional 

conduction heat transfer. 

The finite element method provides an efficient and 

reliable method of obtaining hig~ly accurate solutions to 

problems involving irregularly shaped bodies for which a 

solution using conventional methods could be impossible. 

The convergence to the exact solution has been shown to 

improve as the mesh is refined. For a given level of accuracy 
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this may allow solution to problems'on a coarser mesh than 

is predicted, which in turn, would save computer time and 

money. 

When using the tetrahedron element, it was seen that 

the results obtained were highly dependent on the orientation 

of the elements in space which was not the case with the 

hexahedron element. This inefficiency lost its effect as the 

mesh was refined or higher order elements were used. Given 

the same number of ,nodes, the hexahedron element has been 

shown to be more accurate and more flexible when compared 

to the tetrahedron elements of the same order of approximation. 

It is seen that the higher order approximations 

require more nodes given the same number of elements. The 

main disadvantage of the application of the finite element 

approximation technique to the three-dimensional conduction 

heat transfer problems is the· necessity of storing the system 

matrices and vectors, and followingly, of solving. the corres­

ponding set of equations. The system limitations as far as 

speed and memory capacities are concerned have to be over­

come in order to refine the mesh. The matrices are reduced 

in size by using some properties inherent to the finite 

element method such as the banded form of the matrices and 

the symmetry they have. For cases when even the banded 

solution scheme lacks the ~apability to'create enough space 

in th0 core memory, H frontHl Rubrouti.no has boon HrlHpted 

to the programs which uses the disc files in order to keep 
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the major part of the information. 

The programs should be tested throughly to see the 

behaviour along the lines where different boundaries meet, 

thus, to see the singularity conditions. Zienkiewicz stated 

that the curvature of the surfaces also effect convergence 

which gives another objective for the tests. 

The programs are developed in modular form each 

consisting of subroutines that can easily be replaced which 

gives the ability to use different elements in the same 

program with minimum effort for adaptation. 

The programs can be improved to enable the solution 

of time dependent heat generation. Less readily can they be 

modified to solve variable boundary conditions. The radiation 

boundary cond:i,.tion can be included in the programs when an 

iteration process is adapted [3J. The oscillation characteris­

tics of the results may be taken care of when a three point 

integration scheme in the time domain is used rather than 

the two point finite difference approximation that the 

programs already make use of. 

In summary then, the finite element approximation 

technique as applied to three-dimensional transient conduction 

heat transfer problems can be considered to be both reliable 

and efficient. There is no reason why the programs should 

not be extended to more complex forms and applied to more 

irregularly shaped bodies than a simple hexahedron. 



APPENDIX A 



ABOUT THE PROGRAMS 

The programs are designed to apply the three-dimensi-

onal finite element method for the solution of linear, tran-

sient, three-dimensional, anisotropic heat conduction 

problems in volumes with random geometry with time indepen-

dent heat generation and time independent boundary conditi-

ons. Although the programs as they are presented can only 

solve time independent heat generation problems, with not 

much of an "effort, they can be put into a form which would 

enable the solution of heat generation problems with step 

changes in time. 

The programs are structured in banded form and, 

thus, use much less space than that would otherwise be used. 

For cases that require even more memory space, the frontal 

method is applied at the cost of increased execution time. 

-- .......... 

,~ IJ a 12.'- ,9 0 0 0 all a l 2. 

a , , a a;s' , ? ... ... 22 
0 0 a .%2. a.2.l 

0 a "' a a' " 0 0 a 35 a1'f ' , ,1'\, ~., " = 
0 0 a ' a 

, • '/'I 
a' 0 

'15 ...... 
a 

'IV 
a'f, 

0 0 0 
, 

a , 
a~_ a-r~'" ... a.,f aJj~ . ., . 

0 0 0 0 a'. . a"b 0" ... aW, 0 

Mapping of [a".J ::.::::? (j = k-i+l , for k >i) ~ (a';j) 

Figure A-l 
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The square matrix in Figure A-I is shown being mapped 

onto a banded matrix. 

The programs start with the data input and initiation 

of. the matrices. ~he data is given in the following order, 

a. first card gives number of nodes and number of 

elements 

b. nodal data is given, coordinates and specified 

temperatures 

c. time step and" total number of steps is given 

d. the conductivities, density and the specific 

heat are given 

e. the element data fo11ows. 

After the element matrices ECM and EHCM are calculated, 

they are placed in the global matrices CM and HCM by using 

the subroutine MASS in which the bandwidth of the banded 

global matrices is calculated. The subroutine BC calculates 

the element convection matrix and the surface dependent 

vectors where they are added onto the global matrix CM and 

load vector Q, respectively. 

Next step is to form the effective conductivity 

matrix which actually is on the left-hand-side of equation 

(19). The modification and reduction phases follow in order 

to include fixed temperature data and start the Gaussian 

elimination. 

The effective load vector is, only then, calculated 

which is the right-hand-side of equation (~9). This is the 

point where step changes in heat generation vector can be 
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made. 

Then comes the solution and back substitution phases 

of the Gaussian elimination method in a revised form for 

banded matrices. 

Last step is the printing of the temperatures at 

each node. The node number and the temperature at that point 

are printed. 

The data have to be prepared carefully, where a 

generation program can be devised if the geometry of the 

body permits, since the risk of making mistakes is highly 

probable due to the difficulty in visualizing the element 

configuration in space. 
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ABOUT THE FRONTAL SUBROUTINE 

The FRONTAL method can be considered as a particular 

technique for first assembling finite element conductivities 

and nodal field values into a global conductivity matrix and 

load vector, then solving for the unknown displacements by 

means of a Gaussian Elimination and back sUbstitution process. 

Although it is designed to minimize the core storage require­

ment, it results with an increase in the execution time. 

The subroutine is modular, in that it is a self­

contained frontal solver which can be employed in any finite 

element program. It is assumed that the element conductivity 

matrices and the load vector have been generated elsewhere 

and are available from disc file. It is further assumed that 

.each nodal point has the same degree of freedom; however, 

this number can be optional. Also, the matrices are assumed 

to be symmetric. Although the quadratic tetrahedron element 

is exclusively used in the FE program, the frontal solver 

presented will be compatible with any type of element, subject 

to above conditions. 

The main idea of the Frontal solution is to assemble 

the equations and to eliminate the variables at the same 
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time. As soon as the coefficients of an equation are comple­

tely assembled, from the contributions of all relevant 

elements, the corresponding variable can be eliminated. 

Therefore, the complete global matrices are never formed as 

such, since after elimination the reduced equation is 

immediately transferred to back-up disc-storage. 

The core contains, at any given instant, the upper 

triangular part of a square matrix containing the equations 

which are being formed at that particular time. These equa­

tions, their corresponding nodes and degrees of freedom are 

termed the IIfrontll. The number of unknowns in the front is 

the IIfrontwidthll ; this length generally changes continually 

during the assembly-reduction process that takes place in 

the subroutine. The maximum size of problem which can be 

solved is governed by the IImaximum frontwidth ll • The equations, 

nodes and degrees of freedom belonging to the front are ter­

med lIactive ll ; those which are yet to be considered lIinactive ll ; 

those which have passed through the front and have been eli­

minated are said to be IIdeactivated ll • 

During the assembly/elimination process, the elements 

are considered each in turn according to a prescribed order 

which is defined by the generation program prior to the 

application of the FE program containing the subroutine 

FRONT. Whenever a new element is called in, its element 

matrix and element load vector are read from the disc file 

and summed either into existing equations, if the nodes are 
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already active, or into new equations which have to be in­

cluded in the front if the nodes are being activated for 

the first time. If some nodes are appearing for the last 

time, the corresponding equations can be eliminated and 

stored away on a disc file and are thus deactivated. In so 

doing, they free space in the front which can be employed 

during assembly of the next element. 

Following this part is the back-substitution phase 

which can be taken as a frontal process in reverse. 

The fixed temperatures at certain nodes are taken 

care of within the subroutine FRO~T. 

The explanation in detail of the subroutine FRONT 

and subroutine listing can be found in [ ] pp 192-204. 
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LISTING OF FE PROGRAM 

USING A PARABOLIC TETRAHEDRON 

WITH_' FRONTAL SUBROUTINE 
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--------p-RUGR~TRPAFR (Ii~PUT, OUfpUT-~ T AP E5,-1 NPUT ,T APE6-0UTPUl) 
C 

, t 

I C 
C 
C 
C 
C 
C 
C 
(; 

C 
C 
C 

i (; 
I 
1 C 

";,,! C 
-/ C 

-.. 

C 
C 

I C 
: C 

c 
C 
C 
C 
C 
C 
(; 

C 
C 
C 
C 
C 
C 
C 
C· 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

) 
:~ 

pAR~BOLTC Itl-DlkENSION\L TETRAHEDR~L FINITE ELEMENT PRQGRA~ FOR 
THt SOLUTION OF LINEAR,lR~NSIENT,JII-DI~ENSIONAL,ISOTROPIC ~EAT 
CONDUCTION PROBLEMS IN CUBIC VOLUMES WITH TIME-INDEPENDENT ~EAT 
GENERATION AND TIME-INDEPENDENT BOUNDARY CONDITIONS 

• 

T ERMI N.OLOGY' 

A1 JK,A IKL,AiLJ 
.nIJK,~TIKL,AILJ 

cx,CY,CZ 

OT 
ECOOE 

1-'1 JK,HIKL, HILJ 

rCOUNT 

INT 

;"ISANO 
:"B"1AX 
NOT 
NE 
NiMAX 
NNP 
NNPBAX 
C1 JK,QIKL,QILJ . 
OI:NS 
Sl J,SIK,SIL,SKL, 
SJ K, SJL 

SPH 
TIME 
VULU1il:: 

Xl(l),T a l,Zi •• ;,NNP 
Xl(I),I~1,2, •• ~,NNP 
X3(I),lal,2, •• ~,NNP 

AREAS ON FACES IJK"IKL, E LJ RESPECTIVELY 
A"Bt~NT TEMPERATURES ON EACES IJK, IKL £ 

ILJ RESPECTIVELY 
COHDUCTION PARAMElERS IN THE DIRECTIONS 

X, Y E Z RESPECTIVELY 
Tll1E INCRE~ENT 
~LEMENT CODE __ 

u IF ELEMENT IS AN INTERNAL ElE"ENT 
1 1F ELEMENT IS A SID~ ELEMENT 
2 IF ELEMENT IS AN EDGE ELE~ENT 
3 IF FLEH~NT;IS A CORNER ELEKENl 

CONVEC1IVF HEAT TRANSFER COEFFICIENTS 
. ON EDGES IJK, IKL E""ILJ RESPECTIVELY 

COU~TING INDEX FOR PRINTING l~E 
COMPUlED TEMPERATUREDISTRIeUTICN 

PRINTING INDEX FOR THE COMPUTED 
TEHPERATURE DISTRIBUTION 

BANDWIDTH . 
MAXIKUH AL(OW~BLE BANti~IDT~ 
NUri8ER OF TIhE INCREHENTS 
NUHBER OF ELE"ENTS - ", 
HAXIXUN NU~BER OF ELEMENTS 
NUIIBER OF NODAL POINTSc 
HAXI~UH NUHBEROF NODAL POINTS 
SPECIFIED INCOHING HEAT FLUX COMPGNENTS 

ALONG T~E NORMALS OF FACES lJK, IKL E 
I LJ RES PECTIVEL Y 

DENSITY OF THE MATERIAL. 

LENGTHS OF SIDES IJ, IK, IL, KL, JK E 
JL ON RELATED FACES~ RESPECTIVELY 

SPeCIFIC MEAT OF THE ~AlERIAL 
. TUIE LEVEL 

ELEl'IENT VOLUME 

BOUNDARY CONDITION CODE OF THE ITH 
NODE 

U IF TEMPERATURE IS NOT SPECIFIED AT 
THE ITH NODE 

1 IF TEMP~RATURE IS SPECIFIED AT THE 
ITH NODE 

R~TE OF HFAT GE~ERATION PER U~Il 
VOLU~E W1THIN THE ITH ELE~ENT AT 
ALL TIrtES 

XMCOORDINATE OF TrE ITH NODE 
Y-COORDINATE OF TrE ITH NODE 
Z-COORDINATe OF T~E ITH NODE 

[ 



} 

I ' 

0) 
:'!t. 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
~ 

c 
c 
c 
C 
c 
c 
c 
c 
c 
c 

c 

J: ; .. " 
o ' 

. .' ~, ,',",. 
• _____ - 0 _. _ • ______ • _ ______ _ _.~~.:..--_---.~~,.. 

-~----'-----: 
C 
T 
FL "I 

THERMAL tOAD VECTDR,l*NNP 
TEi'iPE:RATURE VECTOR,l*NNP ; 
EFFECTIVE LOAO VECTOR,l.NNP 

,0' 

~.. .' ': 

JX(I,J),Iai;2,~~:,NE 
o J-l,2,3-;'t 

NOD~L POINT LABEL OF THE JTH NODE 

CM 
FCM 
ErlCr1 
HCId 

DECLERATIONS' 

OF THE ITH ELEMENT -
EFFECTIVE CONDUCTIVITY HATRIX,NNP*KBAND 
[LEMENT CONOUCTIVITY ~ATRIX,~.'t 
~LEMENT HEAT CAPACITY MATRIX,'t*'t 
HEAT CAPACITY r.ATRIX,N~P*HBAND 

+ THE PR~GRAM IS DESIGNED TO TREAT THE MATRICES, FOR~EC 
DURING EXECUTION, IN BANCED FORi'I\~ 
• THE OATA OBTAINED FROH PROGRAH GNRATE SHOULO BE UPDATED 
IN ORDER FOR IT TO INCLUDE THE VALUES FOR OT, NOT, SPH & DENS. 
~~ THE DATA SUPPLIES ONLY THE CORNER NODES OF THE TETRAhEDRON" 
ELEHENTS AND TH~ REMAINING SIX NODES ARE GENERATED WIThIN THE 
PROGRA~ ASSUMING SlRTAIGHT SIDED TETRAhEDRO~S. 
• THE PROGRAM USES THE FRONTAL SOLUTION SCHE~E IN ORDER TO 
DECREASE THECOIIPUTER MEMORY USED DURING EXECUTION AT ANY. THtf. 

INTEGER E 

DIhENSION X1t729),X2(729),X3(729), 
&Q(lO),EHC~(lu,lO),QGEN(38't),ECODE(38~), 

o ~uTJK(38't),HIJK(38't),ATIJK(384),QILJ(38't),HILJ(38't), 
&ATILJ(384),UIKL(384),HIKL(384),ATIKL(38't) 

cm-llmN NE,NNP,NMAT,liB.4ND, I, J,K,L,VOLUME .' 
C Oll"ONI SU BB CI EC~I (10 ,i/')) 

COM~ON/SUBHGV/ELOAD(l~) 
C OnHOtl/ FR ON1/T( 729) ,Z ASDI S (729) ,NOF IX (729) 
COHHON/AAA/IFPRE(729,t) 
COHHU~/LGDATA/PR~SC(729,1),IX(3e4,lO) 
C OIiMNI HPCI NPCOOE C7 29) 

C 1. READ THE~DATA 
C 

C 

READ( 5, *) NNP~ NE _ 
READ( 5, *) (K,Xl( Il ,XZ( I) ,X3( I) ,NPCODE( I) ,T (l) ,I-1,NNP) 
READ(5,t)DT,NDT 0 

READ(5,*)CX,CY,Cl,OENS,SPH 0 

READ(5,*)(K,(IX(I,J),J=1,'t),ECODE(1),QGEN(I)~QIJK(I), 
~HIJK(I),ATIJK(I),QILJ(I),HILJ(I),ATILJ(I),QIKL(I),HIKL(I), 
&ATIKL(I),I~l'NF.) 

CALL GOFIX(NVFIX) 

C =aa= •• 3.~ •• aaDD~ •••••••• a.~aa.a=aa •••• a •••••• a •••••••• ~ ••• = ••• &m 

C FORH ELEMENT CONDUCTIVITY AND HEAT CAPACITY MATRICES 
C •• a2ax •• =.a=DD •••• ~a==~aDm=.=.a.=s ••• ~aa •••••• a ••••••• c.: ••••••• 

C 

c 
c 
c 

lHl lut'19 E"l,NE 

?'eINITIALIlE ELE~cNT CONDUCTIVITY AND ~EAT 
'CAPACITY HATRI CE S , 

DO lvn8 Ha 1,10 
Ii LO AD O'\) -0. . 
DO 1.\)'8 N-i,lO ' 
ECri ct1tN ) .. 0. ' 
E HC IH !i, N) :00. ~ 

.: .. j 



) 

-~I);a- c-ONTINUF. --.--'-.,-.---.-------- -----.~----:--~'---­

C 
C 3~FORM ~LEMENT CONCUCTIvtTY A~D HEAT CAPACIT~ MATRICES 
C 
C 3~1~DEFINE THE VARIABLE NAHES 1,j,K 
C 

C 
C 
C 
C 

I=1X(E,1) 
J=lX(E,2) 
K~lX(F.,3) 

L:alX(F.,4) 
XY,,·XlCIl 
X J=Xl (J) 
X!<=Xl(K) 
XL=Xl(l) 
YI=X2(I) 
YJ=X2(J) 
YK"X2(K) 
YL=X2(L) 
ZI:aX3(l) 
lJ=X3(J) 
lK"X3(K) 
ZL=X3 (l) 

3.2~ DEFINE"THE OTHER NODES ASSUMING STRAIGHT SIDEC 
.• TETRAHEDRONS 

5nu XS-(XI+XJ)/2. 
Y5-(YI+YJ)/2~ 
ZS"ClI+ZJ)/2' 

-, 

DO 501 IA"'l,NNP " " .c· .. ' 

-: " I F( .4~S (Xl (lA )-X5) tL,~ .. l. E- 5. ANO,~ AB S (X2 (l A )-Y5) '~L E~ 1. E-5. ANDl 
~A as (X3 ( IA )-Z5) .LE'el'!1:-5) G OTO 5(12. , .' •. .~ '. 

5nl CONTINUE 
~02 IX(E,5J·U 

X6" (XJ+XK )/2~ 
Y 6= (Y J+ YK ) /Z. 
Z6-(ZJ+ZKJ/Z; 
DO 5u3 IA=l,RNP = -'. . .~ 
IF(ABS(X~(IA)-X6)~LE.l.E-5.AND~ABS(X2(IA)-Y6)~LE.l~E-5.AND. 

~ABS (X3( Iid-l6)IILE;1';t:-'5JGO'TO 5"4 •. '. ., ... -
503 CONTI NUE 
~()4 IX(E,6)=U 

X7"'(XK+XI)/Z~ 
Y7-(YK+Y! liZ; 
Z7"(ZK+ZI )/2. 
DO 5\.15 IA:al,NNP " ,. 
IF(ABS(X1CIA)-X7)~L~.1~E-5!ANO~ABS(X2(IA)-Y7)~LE~1~E-5~AND~ 

~ABS(X3(IA)-Z7).LE~1.t-5)GO TO 506 '.' , 
5115 CONTINUE 
506 IX(E,7)"'IA 

xa-(XL+XI )/2~ 
Y 8= (YL+YI ) /2; 
za=(lL+ZI)/Z: - riO 

DO 5 .. 17 IA"'l,NNP :; , '" .r..'. 
IF(ABS(Xl(IA)-Xa)~Li~1~E-5.A~D.ABS(XZ(IA)-Y8)~LE!1!E-5.ANO~ 

~ABS(X3(IA)~l8)~LE~~~~-5'GOTO 5ea. ." 
507 CONTH~UE: -- .-
,nti I)«(I:,8):aIA 

Xq .. (XL+XJ '/2~ 
yq"(YL ... YJ)/2~ 
lq=(ZL+ZJ)/2~ 

. DO 5iJ9 IAal,NNP 
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) 

. . " 

_. -- ;----'--.~·- .. ·--·--·-~l·-'--- ~.--- ---.~---,-.,.~-:---"-~~-.~---
1 F (~BS (Xl (I A' -X9 '.L ~.1. E-5" AND" ABS (X2 (U) -Y9 )';;LE.l. E-5. AND. . -. 

C 
C 
C 

C 
C 
C 

, c 
C 
C 

C 

~ABS(X3(IA'-Z9)"LE~1";;1:-5)GO"TO '510' . ....... ,. 
5(\9 CONTINUE: 
51u IX(E,9).U 

Xlu· (XL+XK) 12~ 
Ylv"( YL+YK) li~ 
Zlv'"(ZL+ZK) /2'; . 
00 511 IA·l,NNP . . '. . 
1 F( ASS( Xl (IA)-XlO). LE~li~E-5'~AND"~ABS (X2( IA )-YlO)~LE.l. E- 5.AND.· 
iABS(X3(IA'-ZlO)~LE~1~E-5)GO TO 512 ..,. ~ 

511 CONTlNU~' .. 
512 IX(E,lv)=!A ' 

.; i" 

3;3~~ALCULATE GEOMETRICAL PARAMETERS OF lHE ELE~ENt 
CALL EGO~(Xl;X2,X3) 

'"I' t~'" . 
3~4.FORH THE ELEMENT CONDUCTIVITY MATRIX . i 

CALL EC~Un(Xl,X2,X3,CX,CY,CZ) 

3:5~FORH~THE ELEMENT ~EAT CAPACITY ~ATRtx 

CALL EHCHOU(bENS,SPH,EHCH) 
I 

~~RITE(7'EHCI1; 
\ 

.. 

'.,:' ..... -
C ••• ,. ....... ~,. .. aa .. =~,. ...................... aD ................. ~ •• a .. a.a ••••• ~~ 

C 
C 
C 

't2 

BOUNDARY CONDITIONS 

IF(ECOOF(E).EQ.O) GO TO 42 
CALL BCnY(X1;X~,X3,QIJK,HIJK,ATIJK,QILJ,HILj,;. 

SATILJ,QIKL,HIKL,ATIKL,Q,ECODE,E) 
CONTINUE.. . . 
URITE(S)ELOAD ',,, 

C ~: {'.:~ L-"~' ,'.,; ' ... ~ 

C .................... ~ ••• D .............. =.a.aa •• a •••• ~ •• ~~~ ••••• : ••••••• 

C 
C 
C 

43 
C 
C 
C 

! C 
C 

FURM THE E FFECTl VE CONDUCTIVITY MATR IX -

DO 43 1-1,10 
DO 43 J-l,lOi 
EC"(l,J)~FCH(I,J)+2JiEHCH(I,J)/DT 
CONTINUE l 

WRITE THE EFFECTIVE ELEHENT CONDUCTIVITY ~ATRI~ ON DISC 

WRITE(l)ECI'I 
.i.i)l,9 CONTlNUF. 
C 

( C asa~=2~~~~3 •• ~Qa.=.a=.c.m2=~= •• ~=.~.m ••••••••••• ~ ••••••••••••••• 

C CALCULATE AND PRINT THE TEHPf:RATURE DISTRIBUTION 
~ .~.~~.==m=a~.=aam=a.aa ••• ~.==~==K== •• a •••••••••••••••••• : ••••••• 
C 
9 T In F",("I~. 

I CO UNT;;; 011 
I CA SE"u ~. 

I NT '"v 
l _". .. •. c 

C 
C 

1,,, PRINT THE:. IN ITIAL TEt1P ERATUR E DISTRIBUTION·" 

PRINT 133,TJJ;E,1l,TU),Ia l,NNP) -

.' 



" ) 

- - --00-64 lTII4E.l;Nor------- ---" ~ 
C '. ' 

C 
C 

07 
C 
C 
C 

c 
c 

Z9U 
C 
C 
C 
C 

05 

64 
C 

2~FORH THE EFFECTIVE ELE~ENT LOAD VECTOR 

RF~IINO 8 
REwIND 3 
,REt! JND 7 
DO 67 e-l,NE' 
RF.AD(7) EHCH 
READ(8)ELOAO' 
DO 62 1-1,10' 

, ~';,': - ,. 

J I:' 
) 

62 ~ ~O:~ (t ;:~~g~D (I )+2':* EHCtllI , J) ¥l( I X(e,J ) )/OT»: 
-'... : 

3.FOR~ tHE ~EAT GENERATION VFCTOR AND ADO IT,INTO THE 
'THE EFFECtIVE LOAD VECTOR 

I=lX(E,].) 
J"'!X(E,Z) 
K"'IX(E,3) 
L-IX(E,it) 
CALL EG~Q(Xl~X2,X3) 
CALL HGV~E,OENS,NPCOOE,~GEN) 
\~RITE (3 )ELOAD 
CONTINUE 

it.SOLVE FOR'NODAL TEMPERATURES 
. ~ ~ 

CALL FRONT(NVFIX,ICAS~) 

00 290 Na l,NNP 
TlN)a2!*ZASOIS(N)-i(N) 

", . 

5,UPOATE TH~ TIME LEVEL AND PRINT NODAL 
TEi'PERATU~ES" . 

TII'iF.=TI ~E+OT; 
ICOUNT .. ICOUNT+l 
IF(TCOUNT-INT) 64,65,65 
PRINT 136,TI~E,(I,T(I),I·l,NNP) 

I CUUtH·\"l~ 
CONTI HUE'" 

i' 

;.., :, 

.-=-..._._-

C .aaDa==.a=_._aa=~= __ ~.=.=._== __ ==.D ••••••• a ••• ~ ••••••••••••• ~.-. 
C FORi1HS,,'~~ ... c; 

. ~'.I .... ," C •• a2a~a~.m~am.a.m===~.=.=~=a=~==.= •••••••••••••••••• _ ••••• ~ •••• -, 
C 
J.B 

J.3b 

FORMATllHlI115X,60l1H-)/26X,'INPUT TABLE-TEMPERATURE DISTRI', 
6,'HUT!ON'/15X,b~(lh·)/37X"TI~E.',F12~5/15X,60(lH-)/4OX,INODAL PO' 
6, 'INT'/27X,'NUKBER',Z6X,'TEMPFRATURES'/15X,60l1H-)/lZ8X,15,24X,E15 
6 II 6) ) .. , 

FORHAT(lHllli5X,60l1H=)/Z6X,'OUTPUT T~BLE-TE"PERATURE DISTRI' 
6,'8UTION ' /15X,bQ(lH-)/37X,'TIMEa ' ,F12;5/15X,bO(lH-)/4OX,'NODAL POI 
6, 11 NT' 127X, I NUHBER I ,Z6X,' 11: tIPERATURES' 115)( ,60 llH-li (Z ex, I 5, 24X, El5 
6 .. (,) )' ,:,\ ~, "" ,,,; 
FOK.~AT(lH1.,35(/),50X, 'BANDWIDTH ......... ' ,13) 

S TuP 
END 

. .• \ •• ih.< 

SUBROUTINE BCOOlXl,X2tX3,CIJK,HIJK,ATIJK,CILJ,HILJ, 
6ATILJ,QIKL,HIKL,ATIKL,O,ECODE,E) 

INTEGER E 
o IH Eli SInN xl( 72 9 ) ,X 2 ( 72 9) ,X 3 l 72 9) , 



/ " 

) 
? . 

. " 

) 

f: (J no, ,Q I J K (384) ;HIJK< 384;--;A'r-IJK (384,), 01 LJ (384 ), 
f:HYLJ(384),ATILJ(384),01KL(384"HIKL(384"ATIKL(384', 
f:f.COOE(384),GK2(lO,lO),P2(lo),P3(lO' . 

COHHON NE,NNP,NM~T,HBANO,I,J,K,L,VOLU~E 
CQHMO~/SUBaC/ECH(lO,ln) 
C OIlMONI su BHGV IE LOAD urI) ,'. 
COHMON/LGOATA/TS(72Q),IX(384,la) 
COHMON/NPCINPCOOE(729) 

l-IX(E,J.) 
J:orX(E,2) 
K a lX(F.,3' 
L a lX(E,4) 

XY"Xl(l) 
X J=Xl(J) 
XK=Xl (K' 
XL=Xl (L) 
YI"X2 (1 ) 

YJ"X2(J' 
YK",X2(K' 
YL .. X2 (L) 
ZY"X3CI , 
IJ=X3(J) 
IKaX3(K' 
Zl=X3(L' 

01 J K D"O I J K ( E' 
HIJKOaHIJK(EJ 
AT! JKO-ATIJKtE) 
OtLJO=QtLJ(E) 
HILJO-HILJ(E) 
ATILJOaATILJ(E) 
(JIKLO::lOJKL(Ei 
HIKLO-HIKL(E) 
A fI KLO-ATIKl( E) 
ECODEO:aECOOE(E) 

DO 7.1 LL .. 1,10 
P 7.( LL) 100! .. 
P3(LL)-Otl . : 
D021'LLL-l,lQ 

21 GK2(LL,LLL)=O~ 

IF(ECOOEO~EQ~2) GO TO 2~O 
IF(ECODED~EQ~l) GO :TO 100 .,. 

C *.. FACE 1 KL 
- . 

.. ' 
",< ,. 

r··· 
.. ;'.;":1:-

StK.SQRT«(XI~XK'*.2~+(YI~YK)*+2~~(ii:ZK)*.~~~; 
SKL"SQRT(XK-XL)**2.+(YK-YL'*~2~~(ZK-ZL)*.2J) 
STL"SQRT«XL~XI)**2~+(YL-YI)**2~+(ZL-ZI)*.2.) . 
SS=(SIK+SKL+SIL)/~~ 

AIKL=SQRT(SS.(SS-SiK)*(SS-SKL)*(SS-SIL) ) 
. -'A 

CO~1 .. HIKLD*AIKL/18Ut 
CON2"QIKLD*AtKL/3~ 
CON3"HIKLO*AIKL*ATIKLO/3~ 
P2( 7) .. PZ( 7) +CON2" 
PZ(8)·P2(8)+tONZ 
P2(lv'·P2(lO)+CON2 
P3(7)-P3(7)+CON3 

. P3(8)"P3(S)+CON3 
P3(10)·P3(lO)+CON3 
GKz(i'1)"GK2(l,l)+b~.CONl 
GK2(l,3)sGK2{1,3)-CONl 
GKl(1~~)"GK2(1,41-CONl 



,---'--G-Kl(l ,-iil};Gi<2i'f;-lO J -4'~*CONi --. 
! GKZ(3,lJaGK2(3,lJ-CgNt 

GK2(3,3)mGK2(3,3J+b~*CONl 
GK2(3,4}=GK2(3,4J-CQNl 
GK2(3,aJmGK2(3~8J-4~*COHl 
GK~(4,1)=GKZ(4,lJ-CQNl 
GKl(4,3JaGK2(4,3)-CONl 
GK2(4'4)aGK2(4,4)+b~¥CONl 
GKl(4'7J=GK2(4'7)-4~*CONl 
GK2(7,4)aGK2(7,4)-4~*CONl 
GK2(7,7)aGK2(7,7'+32.·CONl 
GK~(7,8)mGK2(7,S)+16:*CONl 
GK2(7,1~'aGK2(7,la)+r6.*CGNl 
GK2(8,3)aGK2(S,3}-4;*CONl 
GK2(a,7)=GK2(S,7)+16*CONl 
GKlC8,8}-GK2(8,8'+32M*CONl 
GKl(8,lO)=GK2(S,lOJ+!6.*CONl 
GK2C1Q,l)=GKZ(lO,l)-4:*CONl 
GK~Cl~,7)=GK2(lQ,7J+16.*CONl 
GKlCln,S)aGK2(lO,S)+16~*CONl 
GK2(ln,lv)=GK2(10,1~)+32~*CONl 

2110 CONTlNUF. ., 

) 

STJ.saRT«XI~XJ)**2~+CYI-YJ)**2~+(ZI-ZJJ •• 2:J 
SJL=saRT«XJ-XL)*.2~+(YJ-YL)**2~+(ZJ-ZL}*.2~) 
SIL=saRT«XL~XI)**2~+CYL-YIJ.·2~+(ZL~ZI}**2~J 
SS=(SIJ+SJL+SILJ/2. 
AILJ=SQRT(SS*CSS-SIJ)*(SS-SJL)*(SS-SIL)} 
CON1=HILJD*AILJ/1SO: 
CON2=QILJO*AILJ/3. 
caN3=HILJO*AILJ*ATILJD/3~ 
Pl(5J=P~(5J+CON2 . 
P2(S)=PZ(SJ+CON2 
P2(9)=P2(9)+CON2 
P3(5)=P3(5)+CON3 
P3(SJ=P3(SJ+CON3 
P3(9J·P3(9)+CUN3 n 

GK2(1,lJ=GK2(1,lJ+b~*CONl 
GKZ(l,2)=GK2(1,ZJ-CONl 
GKZ(l,4J=GK2(1,4J-CgNl 
GKlCl,9)=GKZ(1,9J-4.*CONl 
GK2(2,1)=GK2(2,1)-C~Nl 
GKlC2,2)=GKZ(2~2)+6e*CONl 
GKZCZ,4J=GK2(Z,4)-CONI 
GK2C2,8)mGK2(2,8)-4~*CONl 
GK2(4,1)aGKlC4,1)-CONl 
GK2(4,ZJ.GK2(4,2).CgNl 
GK2(4,4)·GKl(4,4)+b~*CONl 

. ;1., 

GKlC4,5)zGK2(4,5)·4~.CONl 
Gt<Z (5,4 )·GKl (5,4 )-4'.*CONl 
GK2(5,5)aGKl(5,5)+32 G +CONl 
GKZC5,S)=GK2t5,S)+16;·CONl 
GKz(s,9)m GK2 tS,Q)+1!;*CONl 
GK2C8,l)mGKZ(8,l)-4g~CONl 
GKl(S,5)aGK2(8,5)+16~*CONl 
GKZ(8,8)mGK2(S,S)+32;*CONl 
GK2C8,9)DGKl(S,9)+16~*CONl 
GK2C9,l)aGK2(9,1)-4~*CONl 
GK2CQ,S)aGK2(9,5)+16.*CONl 
GK2(9,8)DGK2(9,8)+1~;*CONl 
GKZ(Q,9)zGKl(9,9)+3Z;*CONl 
CONTINUE ~ 

/ . 

C .** FACE IJK 
) 
'1 



C 

I . 

) 

.- ----------_._---
SJJ.SQRT«XI-XJ.l**2i+(YI-YJl*+Z~;(ZI-ZJ1 •• Z~1 
SJK·SURT«XJ-XKl**Z~+(YJ-YKl**2~+(ZJ-ZK1 •• Z~1 
S tK-SQRT( {XK-XI )**Z';+ (YK-Yl )+*Z'.+ (ZK-ZI )"2~) 
SSc(SIJ+SJK+SIK)/Z. 
AtJK.SQRT{SS*(SS-SIJ)*(SS-SJK1.(SS-SlK» 
CONt·HIJKD*AIJK/180~ 
CONZaUIJKO*AIJK/3; 
COH3=HIJKD.AIJK*ATIJKD/3~ 
P2(5)=P2(S)+CON2 -
P2(6)=P2C6)+CON2 
P2(1)=P2(l)+CON2 
P3(5)=P3(5l+CON3 
P3(6)=P3(6)+CON3 
P3(7'''P3(7)+CON3 
GK2(1,1)=GK2(1,1)+6~*CONl 
GK2(1,2)"GK2(1,Z)-CONl 
GKl(1,3)aGK2(1,3)-CONl 
GK2(1,6)"GKZ(1,6)-4~*CONl 
GKZ(2,1)-GK2(Z,1)-CONt 
GK2(Z,Z)=GK2(Z,Z)+6:*CONl 
GKZ(Z,3)=GK2(Z,3)-CQNl 
GK2(2,7)"GK2(2,7)-4~.CONl 
GK2(3,1)-GKZ(3,1)-CONl 
GK2(3,Z)=GK2(3,Z)-tONl 
GK~(3,3)aGKZ(3,3)+6i*CONl 
GK2(3,5).GK2(3,5'-4ft *CONl 
GK2(5,3)=GK2(5,3)-4.*CONl 
GKZ(5,5)·GK2(5,5)+32~.CONl 
GK2(5,b)=GK2(5,6)+16~+CONl 
GK~(5,7)=GK2(5'7)+lO;*CONl 
GKl(b,1)=GK2(6,1)-4'~iCONl 
GKl(6,5)-GK2(6,5)+16~*COHl 
GKZ(6,61=GKZ(6,b'+3Z;*CONl 
GKZ(6,7) .. GKZ(6,7)+16~*tONl 
GKl (7,2 ),;,GKZ(7,Z'-4:Z*COtU 
GK2(7,5'-GKZ(7,5)+16~·CONl 
GKZ(7,6'''GKZ(7,6)+16;.CONl 
GKZ(7,7'-GK2(7,7)+32;·CONl ., 

DO 4 LL'"l,lO; 
ELO~O(LL)=ELOAD(LL)-P2(LL)+P3(LL) 
00 4 JJ=l,lO . 
ECH(LL,JJ)-ECH(LL,JJ)+GKZ(LL,JJ) 
RETURN 
END 

SUBROUTINE EGOO(Xl,'Xl,X3) 
IHHENSION XU729) ,XZC7lQ) ,X3( 72-9) 
COhMON NE,NNP,NHAT"BAND,I,J,K,L,VOLUHE 

XI-Xl(I) 
XJ=Xl(J) 
XK"Xl(K) 
XL=XlCLl 
Y!=X2 U) 
Y J= Xl (J ) 
YK=X2(K) 
YL=X~ (Ll 
1Iz:X3(Il 
Z J. X3 (J ) 

ZK=X3(K) 

'. \' 

ZL=X3 (L) 
VOLUME.(XJ*YK*ZL+XK+YL*ZJ+XL*VJ+ZK-XL*VK*ZJ-XK*YJ*ZL-XJ*VL*ZK 

~ -XI*YK*ZL-XK~YL*Zl-XL*VI~ZK+XL*VK*ZI+XK*YI.ZL+XI.YL~ZK 
~ +xt*YJ*ZL+XJ+YL*Zl+XL.VI+ZJ-XL*YJ*ZI-XJ*YI*ZL-XI*YL*ZJ 

.' 



..... ~ ~"'"1 

,.. 
\ 

i. 
. " -:~{~~ .. '~.~{ :'::" . 

. ' ).: :.' .; '. . ..... /<.;~;<:: ... ~«); ... 
~ : :.<:'"<;:; - .,,, 

_._" ____ . ____ . ______ . ____ .. ____ ~ ." "-,':'L_~<~'; .,' .~ .-"J;:.::~}> ... :.'".; 
& .' -x I*Y HZK-XJ *YK*ZI-XK*Yl*Z J+ XK*Y J* ii:"XJ*y'I *zK+xi iVK+ZJ )/6. ,.---. 

C 

V OLUi1E-AB S ( VOLUME) '. .:>: ...... ' ' ., 
KF.TURN 
E:-40 

SUB ROUTINE ECHOn (~1 ,X 2, X3 ,C X, CY ,C ~:)~'. 
DIHENSION Xl(729),X2(729),X3(729' 
caH~ON NE,NNP,NMAT,HBANO,I,J,K,L,VO(UHE 
caNMON/SUBBC/EC~(lD,l~) 

XI=Xl{I) 
XJ=XlCJ) 
X 1<= Xl( t<.) 
XL=Xl(L) 
YI=X2(I ) 
YJ=XZ(J) 
YK=X2(K) 
YL=X2(L) 
Z t= X3 ( I ) 
Z J .. X3 (J) 
Z K= X3 (K) 
lL=X3 (L) 

61=YK*ZJ+YJ*ZL+YL*ZK-YK*ZL-YJ*ZK-YL+ZJ 
~2·YK*ZL+YI·ZK+YL.Zt-YK*ZI-YL*ZK-Yl.ZL 
B1=YJ*ZI+YL*ZJ+YI*ZL-YJ*ZL-Yl*ZJ-YL*ZI 
B4=YJ*ZK+YI*ZJ+YK*ZI-YJ*ZI-YK*ZJ-YI*ZK 

Cl·XK~ZL+XJ*ZK+XL*ZJ-XK*ZJ-XJ.ZL-XL.ZK 
C2-XK*ZI+Xl*ZL+XL*ZK-XK*ZL-Xl*ZK-XL*ZI 
C3-XJ*ZL+XI*ZJ+XL*ZI-XJ*ZJ-Xl*ZL-XL*ZJ 
C4=XJ*ZJ+XK*ZJ+XI*ZK-XJ*ZK-XI+ZJ-XK*ZI 

Dl=XK+YJ+XL*YK+XJ+YL-XK*YL-XJ*YK-XL*YJ 
OZ-XK*YL+XL*Y!+XI*VK-XK*YI-XL*YK-XI*YL 
Ol-XJ*Y!+XL*YJ+XI*VL-XJ*YL-XI*YJ-XL*YI 
D4=XJ*YK+XI*YJ+XK*Y!-XJ*YI-XK*VJ-XI*YK 

ECH~1'1)·3.*(CX*Bl**2~+CY+Cl*.2~+CZ*01*.2~' 
~CN(1,2)=-CX~Bl*B2-CY*Cl~C2-CZ*Ol*02 
E Ctl (l,3 )=--CX*Bl*B3-CY*Cl* C3-CZ*Ol*03 
ECn(1,4)=-CX*Bl*B4-CV.Cl*C4-CZ~01*04 . 
ECH(1,5)"CX*Bl.(-Bl+3:*B2)+CY*Cl*(-Cl+3~.C2)+CZ*01*(-O1+3J*02) 
cCM(1,6)·-CX*B1*(B2+S3)-CY*Cl+(C2+C3'-CZ*01*(02+03' . 
i: Cti (1,7) = CX* B 1* (-Bl. +3 ~* 83 )+ CY *c 1* (-C1 +3.~* C3 , +CZ*01* (- Cl +3'~*03 ) 
cCn(1,S'-CX¥Bl*(-Bl+3.*S4)+CY*Cl*(-Cl+3.*C4)+CZ*Ol+(-C1+3.*04) 
ECH(1,9)~-CX*Bl*(B2+B4)-CY*Cl+(C2+C4)-CZ*01*(02+04) 
~C~(1,1~)=-CX*Bl*(B3+B4)-CY·Cl*(C3+C4)-CZ*01*(D3+04) 
I::CrHZ,l)=ECIH1,Z). .. , 
E Cil (2,2 ) ~3. * (CX*B2* .z'~ + CY *C 2'1'*2 ~;+CZ+O 2"2~' 
E eli (2,3) .. -CX* B2* B3- CY*C2* C3-CH· 02 *0.3 
~CK(~,4)=-CX.B2*B4-CY.C2*C4-CZ.02*04 _ 
E Gii (2,5' =cx*a 2* (-82 +:1; * B1 }-t. CY *C 2* (- C2 +3'; Hl ) +CZ *02* (-02 +3~* 01) 
~ Gh (2,0)= CX*B2* (-B2 +3 ~*B3) +Cy*C 2* (-C2 +3',,* C3 )+CZ*02I\J (-02 +3~ *03) 
E Cfi (2, n"-CX*BZ* (B1 +B:3 )-CV* C2* (C1+C 3 )-CZ* 02* (01+03) 
EC~(Z,8)=-CX*B2.(Bl+8')-CY*C2.(Cl+C4'-C!.02.(Ol+04) 
~Ch(2,9)=CX*BZ*(-B2+3 •• B4)+CY.CZ*(-C2+3o*C4)+CZ*02*(-02+3.*04) 
E Cli (2,1") =-CX*S2* (B 3+ B4 )-CY *e2>1: (C 3 ... (4 )-CZ*02* (03+04) 
ECri(3,l)·~C~(1,3) 
LCi'iC.h2)·::C~(2,3). . , 
C: Cti (3,3 )=3. *( CX*83**2 ~+CY"C3**2 e+CZ>t03*+2 c) 

EC~(3,4)=-tX*83*B4-CY*C3*C4-CZ*03*04 
~Crl(3,5)=-CX*83*(Bl+B2)-CY*C3.(Cl+C2)-CZ*03*(D1+D2) _ 
ECH(3,b)=CX.B3*(-B3+3~*B2)+CV.C3.(-C3+3~*C2)+CZ*03*(-O3+3~*02) 
ECh(3,7)=CX.a3.(-B3+3~*Bl)+CY*C3*(-C3+3~*Cl)+CZ*03.(-03.3~*~1) 



I . 

) 
.).: 

E'c ... i( 3 ,:Sl--CX*'Ii3 ... (Bl +B4)=-C V*C3*( Cl+CIt '-C z* 03+ (01 +Olt, 
E Cri (3,9' a-CX* B3. (62 +31t '-C Y*C3 +( ci+c It ,~C z* 03* (02 +04) 
~Ch(3,lO)·CX*B3.(-B]+3 •• B4'+CY*C3.(-C]+3 •• C4'+CZ*03.(-03+3.*04) 
ECiU4,l)=ECM(l.,4)· . , 
ECM(4,Z)-~C"(2,4) . 
E Ctl ( it , 3 ) a i:C H ( 3, 4 , ,. '..., . .~ 
~CH(~,4)a3.*(CX*B4*+2~+CYtC4 •• 2~+CZ*04*+2~) 
ECM(4,5)a_~X*B4*(Bl+B2)-CY*Cit*(Cl+C2)-CZ*04*(01+02) 
ECH(4,6)=-CX*B4*(SZ+B3)-CV*C4*(C2+C3)-CZ*04+(02+03) 
ECH(4,7)=-CX9S4*(Sl+B31-CV*C4+(C1+C3)-CZ*04+'01+03) 
~C~(4,B) .. CX.64*(-B4+3~.Bl)+CV*C4~(-C4+3~*Cl)+CZ.04*(-04+3.*01) 
~CM(it,9)~CX*B4*(-B4+3;.B2)+CY.C4*(-C4+3.*C2)+CZ*D4*(-04+3~*02) 
~Ch(4,1~)·CX*B4*(-B4+3.*83)+CY*C4*(-C4+3.*C3)+CZ*04.(-04+3.*03) 
ECH(~,1)=EC"(1,5) . -. , 
I.: Crl (5,2) = F:C IH 2,5) 
ECh(5,3)=ECK(3,5) 
~CH(5,4)=eCM(4,5) . 
EC"(5,5)=8.*(CX.(Bl.*2.+S2*.Z~+B1+S2) 

~ +CY+(Cl+.Z.+C2.*Z!+Cl*CZ) 
E +CZ*(01+*2.+D2 •• 2~+Ol.02)' 
ECH(5,b)-4.*(CX*(B2.B3+Bl+B2+2a+Bl~B3+B2*+2~' 

E • +CY.(C2+C3+Cl+C2+2~.Cl*e3+CZ**2~' 
E +CZ*(02.03+01.02+2~.Ol*03+02*.2~) 

ECM(5,7)-4 •• (CX*(Bl.B3~Bl+B2+2:+B2.B3+Bl*.2:) 
E '" +CY+ (Cl*C1+Cl+C 2+t;*C2*C3+C 1**2 i' 
& . +CZ*(01·03+01·02+2;.D2.03+01**2~') " ... , 
ECH(5,8)-4.*(CX*(Bl*82+81*84+2~*B2.B4+S1**2t) 

~ ~ +CY+(Cl+CZ+Cl·C4+2;~C2.e4+Cl*.2~) 
~ +CZ.(Dl.02+01.04+2~*D2.04+01**2~») 
c CH (!>,9 ''';4.'' (CX* (Bl+B 2+B2 +S 4+i; *B1* B4+B 2*"2~) 

i ~ +CY.(Cl.~2+C2.C4+2;.Cl*~4+C2.+2~) 
6 +CZ*(Dl*D2+D2+04+2~.Dl*04+D2*+2~). 

E Cil (5 ,;"0) "4~* (CX+( B 1+ B3 +6 2* B3+81*B4+B2* B4' 
6 '+CY*(Cl*C3+C2*C3+Cl+C4+C2*C4) 
6 +CZ+(Ol*03+0Z*03+01+04+DZ+C4') 
~CH(b,1)aECH(1,6) 
t:: Cd (b,2) -t;CI1 (2,6) 
~CH(6,3)=ECH(3,6) 

EC~(b,4)·ECH(4,6' 
I:Cl'1(6,5)-EC~1(5,6) , 
ECH(6,6)=a.*(CX*(B2+*2.+63*·Z~+B2+B3) 
6' +CY*(C2h2~+C3'''Z;+C2*C3) 
6 ' +CZ*(02+*2~+03**z'~+C2*0]») . .,; 
ECH(b'7'.4.*(CX.(B2+63+Bl~B3+2.+Bl*B2+B3.*2~) 

6 M iCY*(C2.C3+Cl~C3+Z~*Cl*C2+C3++2~) 
~ +CZ.(DZ+03+01 t 03+2;+Ol+02+03**2:)) 
~Crt(b,8)~4.*(CX*(Bl.82+B2.B4+Bl·B3+B3*B4) 

E ~ +CY+(Cl*C2+C2*C4+Cl+C3+C3+C4) 
i +CZ*(Dl+02+0Z+04+Dl*03+03+04)) ~ 

ECri(b,9)=4 p *(CX*(B2+B4+BZ+d3+2.*B3*B4+B2**2j) 
i .~ +CY*(C2+C4+e2.C3+2~*C3+C4+C2**2~) 
E +CZ.(02.04+D2.D3+2~~D3.D4+0Z**2~») 
ECM(b'1")"4.*(CX.(B2.B3+B3~B4+~~*B2+B4+B3.*2,) 

6 +CY*(C2*C3+C39 C4+2i*CZ+C4+C3+.2.) 
~ +CZ.(02*03+03*Dit+2~*02+04+D3+.2~») 
ECh(7,1)=ECH(1,7) 
t: CH 0, l) - EC1H 2,7) 
ECIIO,3)-ECIH3,7) 
ECh(7,4)=EC"(4,7) 
E Cil <7,5 )-ECIH 5, 7) 
ECH(7,b)=~CH(6,7) ~ 
E CII (7,7) = 8. + (ex. (Bi.'" 2. +8 3"'* 20+ Bl"'U 3) 

E ,. +CY*(Cl~*2.+C3 •• 2~+Cl*C3) 
& +CZ*(01**2'.+03**2'.+01+03)' '.~ 
ECH(7,8)-4.*(CX*(Bl.B3+Bl.B~+2~~B3~B~+Bl*.Z,) 

& ' ,!"CY*(Cl.C3+Cl+C4+?'~.C3¥elt+Cl*.2t) 



I ,,' , 

c 

) 

c, , . -", +Cl* (Oi"'D3+Dl+0 4+2o~.D-3.o4 +OluzT),--
EC~(7,9'=4.*(CX*lB2.B3+Bl+84+Br*B2+B3*B4' 

i u +CV*lCZ*C3+Cl+C4+Cl*C2+C3*C4) 
~ +Cl+CD2*D3+Dl+OLt+Ol+02+03*04)). " 
E CIl( 7,10) "4.* l C X* (B 1* B4 +B 1* B3 +2';. B1*B4+ B3 *.2. ) 

f. ·+CV.(C3.C4+Cl*C3+Z:*Cl.C4+C3**2~) 
f. '+CZ*lD3¥04+Dl.03+Z:*Ol+D4+03**2;)) 
cCH(8,llaECHCl,8) ~ 

cCH(~,l)aFCHl2,8' 
~CH(8,3)aECMl3,8) 
ECII(8,4)-ECIH4,8) 
f Cil (Ii ,5·)=[:CI'I( 5, I:i) 
ECti l8,6 '=ECIH6, 8) 
t: Cd (~, 7)" ECta 7,8, 
ECKl8,8'=8~+(CX*(Bl**2,+B4**2:+Bl*B4) 
c,' ~CV*lCl**2~+C4.h2·;+C1*C4) 
f. +CZ*(Ol"*7.~+04**2~+Ol*D4'" 
ECH(8,9)=4.*(CX*lBl*B4~82+BLt+2.*Bl*B2+B4*.2~) 

f. • +CV+(Cl*C4+CZ+C4+Z-.Cl*CZ+CLt.*2:' 
f. , ' +CZ* (01"'04+D2*0 4+2!.Ol*DZ+04**i~) ) 
~CM(8,1~)24~*(CX*lBl.B4+&3*B4+~~*Bl.B3+B4*+2.' 

~ ;+CV*(Cl*C4+C3*C4+2~*Cl*C3+C4.*2;' 
f. +CZ* (Dl*D4+D3"04+i~.01+03+04"'2"') 
ECK(9,l'=ECHll,9, ~ 
~C~(~,2'=ECH(2,9' 
ECn(9,3'-ECH(3,9) 
ECH(9,4,-eCN(4,9, 
c Cli (9,5 '=ECtH 5, 9) 
E Cli (9,6'· r::CI1 (b, 9 ) 
ECHl9,7'-ECH(7,9, 
E Ch (9,8 ) a EC M l 8, 9' , i 

ECh(9,9'·8.*lCX.(B2.*2.+B4**2~+B2*B4) 
f. ' +CY+lC2t*2.+C4.*2~+C2*C4' 
f. +CZ*lDZ.*2;+D4**2~+DZ*04)) 
ECrl(9,1~)=4 •• lCX.(B3*B~+B2.B4+2~*B2*B3+B4.*2.) 

f. +CV* l C 3*C4+C 2*C4+2 ~*C2*C3+ C4+*Z~ , 
6 +CZ*lD3*D4+D2*D4+2~*OZ.D3+D4.*2~)) 

E C/lllll, l' "'ECi1 (l ,In) . '.' 
ECnll~,2'''EChl2,lO) 
ECHll~,3)·ECh(3,lO' 
EC~(lO,4'~ECMl4,lO) 

ECh{in ,5'=ECK(5,ln, 
~CH(ln,6'mECMl6,lO' 
E CUllO, 7) :IE CIH7 ,10) 
ECnllO,8,=ECHlS,lO) 
ECrIClO,9'aECIH9,lO) ~'i 
~CHlln,10)-8~*lCX*lB3*.2~+B4*.2~~B3.B4) 

c, . ~,+CY*(C3**2~+C4*.2~+C3.C4) 
c, +CZ*lD3,**2~~+04H2'~+03.Dlt») 

DO 2u M=l,lO 
DO 21) N"l. ,10' 

2u EC~(H,N'=ECHlM,N"l180.*VOLUAE) 

R f:TURN 
END 

SUBROUTINE EHC~OOlDFNS,SPH,EHCM) 
01l1HISION EHCr1l10,111) 

, 
! 

CONMN NEtNNP,NI1AT,I~B"ND, I, J,K,L,VOLUME 
CON=DFNS¥SPH*VDLUHE 

EHCH(1,1)-CON/7n. , 
EHC"(1,2'=CON/420~ 
EHC~lt,3)=CON/lt2~. 
EHC~(1,lt)"CON/420~ 



,,~ ; 

~ .. " 

i: He M ( 1, 5 )""";coN/lo-5~ 
t: HCIl (1,6) "-CON/70. 
EHCN( 1,7) 2-CON/l{J5 .. 
EHC"(1,8)"-CON/165~ 
EHC~(1,9)"-COH/7Y~ 
SHCM(1,lO'=-CON/70 u 
EHCN(Z,1)=EHCM(1,2i 
EHCH(2,2)aCON/70~ 

EHC~(2,1)"CON/4l0~ 
EHCM(2,4)=CON/420~ 
~HCM(2,5)=-CON/IU5~ 
F.HC~(2,6)=-CON/IU5. 
EHCH( 2,7) "-CONI7"I.' 
EHC~(2,8)"-CON/70~ 
EHCM(2,q)"-CON/IU5. 
~HC"(2,1~).-CON/70; 
f:HCH(~,1)"cHCH(1,3; 
EHC"(3,Z)"EHCM(Z,3) 
EhC~(3,3)·CON/70. 
EHC~(3,4)"CON/426~ 
EhC~(3,5)=-CON/7U~ 
EHCI1( 3, 6) =-CONI 105. 
EHC"(3,7)=-CON/I05~ 
E HC~( 3,8) s-COtU70t 
EHCH(3,q)"-CON/70~ 
~HC"(3,lU'a-CON/I05: 
EHC~(4,lf=EHCM(1,4) 
EHC~(4,2)"EHCH(2,4J 
EHC~(4,3)=EHCM(3,4) 

EHC~(4,4)"CON/70 .. 
E HC!-\( 4, 5) -CONI70.r 
EhC~(4,6)=-CON/7U; 
EhC~(4,7)=-CON/7U~_ 
E HCH (4,8) --CON/lU5 .. 
E HCn ( 4, q '-"-CON/IO 5~ 
EHC~(4,lu)--CON/IO~: 
E HC~1 (5,1') =EHCfi( 1,5) 
EHCM(5,2)=EHCN(Z,5) 
EHCK(5,3)=EHCH(3,S} 
EHC~(5,4}=EHCM(4,S) 

EHCH(5,5)"8~.CON/lo5~ 
EhC~(5,6)"4~*CON/IU5= 
EHC~(5,7)=4~*CON/IU5~ 
EHCH(5,8)·4~*CON/IU5: 
~HCM(5,q)"4~*CON/IU5~ 
EHCH(5,lU)·2~*CON/1~~: 
EHCN(6,1)=EHCH(1~6) 
EHCM(6,2)"EHCH(Z,6) 
EHC~(6,3)=EHCM(3,6). 

EHCM(6,4}"EHCM(4,6) 
EHC~(6,5)aEHCM(5,6) 

EHCH(6,6)-8:*CON/I05 v 

EHCH(6,7) "4'~.CON/I05~ 
~" ' .: . 

EHC"(6,8)"2~*CON/105S 
E H C I~ ( 6 , 9) "4 oj * CO N/1\)5 .. . , 
EHC"(6,lU)~4~*CON/ln5. 
EHCH(7,1)=EHfH(1,7) 
EHCH(7,2)~EHCH(2,1) 
EHCM(7,3)=EHC~(3,7) 
~HCH(7,4)·EHCH(4,7} 
EHCH(7,5)~EHC"(5,7) 
EHC~(7,6)a~HCH(6,7) 
EHCI1(7,7) =8 ~*c0i'4/105~ 

;. . I •. 

E HCI' (7,8) "4.*CON/10 5,';1 
. EHCM(7,q}"2~*CON/I05;~ 
EHC"(7,lu)=4~*CON/ln~~ 

> • .~ 

) 

____ -.44_. ______ ._-______ ~ ____ . ____ _ 

.J 



c 

) 

" 

SUBROUTINE HGV(N,OENS,NPCOOE,CGEN) 
OIME~SlON QGEN(384),NPCOOE(729) 
COM~ON N~,NNP,NHAT,MBAND,I,J,K,l,VOLUME 

COiIJ.10N/SUBHGV/ElOAO(l!\) -
COHHON/lGDATA/PRESC(729,1),IX(384,lO) 

, ' 

CON=-OGEN(N)*VOLUHE/20. 
DO 20 H-l,4 ' 
I=IXOI,I'!) 
IF(NPCODE(I)~EO.l)GO TO 20 
ELUAO(l)=ELOAO(I)+CON 

2~1 C OIHl NUE 
CON·aGEN(N)*VOLUHE/5~ 
DO 21 ~s5,lO' -
I=lX(N,14) 
IF(NPCODE(I)~EQ~l)GO TO 21 
~LOAO(I)·ELOAO(I)+CON 

21 CONTINUE 

RETURN 
E NO 

SU~ROUTINE FRONT(NVFIX,·JCASfl 

',1 ; 

·0 

o ItlFrlSI ON FIXED (n9)' !=QUA T( 120) ,VECRV (120 It GLOAO (120) ,GSTIF (72bO) 
6,ESTIF(1u,lO),IFFI.X(729),NACVA(1Zn),lOCEl(16),NOEST(16),ASDIS(729) 
COH"ON/L~DATA/PRESC(729,l),LNODS(384,lO) 
COn"ON NElEH,NPOlN,NH~T,HeANO,I,J,K,L,VCLUHE 
COH~OH/AAA/IFPRE(72q,1) . 
CO"~ON/FRONI/T(729),ZASD1S(729),NOFIX(729) 
CO~~OH/SUBH~V/ELOAD(l") 



c 
c 
c 

j.'hJ 

llu 

c 
c 

.L6~ 
Ie' 
:c 
!c 
,c 

c 
c 

,C 

) 

, -.. - - - --.- __ '. __ . ___ --.J'-__ ~' __ _ .. _____ p ____ .... 

NFUNC(I,J)D(J~J-J)/2+J 
I CASE=l CASE+l 
NEVAB:alO ' 
NOl~E=3 

iiFRON=120 
;1STIF=7260 

INTERPRET FIXITY DATA IN VECTOR FORM 

IHUTV=NPOIN*l 
uo luO ITOTVal,NTOTV 
I FF I X ( ITOTV )';'(1 , 

FlxED(ITUTV)=O.fJ 
00 11' rVFIXaliNVFIX 
NLOCA=(NOFIX(IVFIX)-1)*1 
DO an IDOFN-l,l 
NGASH=NLOCA+IDOFN 
IFFJX(NGASH)"'IFPRE(rVFIX,IDC~N) 
FIXED(NGASH)~PRESC(rVFIX,IDGFN) 

~ , 

CHANGE THE SIGN OF ThE LAST APPEARANCE OF EACH NODE 

DO 140,IPOIN~1,NPOIN 
t< LAST =1.1 ' 
00 13n rELEH~l,NELEM 
DO 12" INOOE~1,1~ . 
IF(LHODS(IELEH,INODE)~NELIPGIN)GO TO 120 
KLAST=IELEH -
I~LAST"INODE \ 
CONTI NUl:, . 
COIHINUE

e 
• , 

IF(KLASTwNE~O)LNODS(KLAST,NLAST)·-IPOIN 
CONTlNU~' . 

START:BY INITIALIZING EVERYTHING THAl MATTERS TO lERO 

DJ 15n ISTIF-l,MSTIF 
GSTJF(ISTIF)':'O.O 
DO Ibn IFRON=l~HFRON 
GLOAD (I FRON ):a0. (l 
EQUAT (I FRON )=0;0 

, VF.CRV(IFRON)aO~O 
N he VA (I FR ON)"O 

AND PREPARE FOR DISK READING AND WRITING OPERATICNS 

RFH INO 1 
REWIND 2 
RE~HND 3 
R Eii IND 4 

ENTER!HAIN ELEHENT ASS~HBLY-REDUCTIONLOOP '. ,.,. 

NFRON"/J 
K F.L V A"O " :' 
DO 38ritELEH~1,NELEM 
R EA 0 ( :1 ) EL OA D' 
K E" AS .. iJ ' 
RF.~DC1j ESTIF 



!.7U 
C 
C 
C 

c 
(. 

e 

.L 9iJ 
C 
C 
C 

, C 
C 
~")\J 

~hi 
C 

, C 
C 

C 
C 
C 

00 17n INODE~1,10 
DO 170 IDOFN-l,l" 
NPOSI=(INODE-l)*l+ICOFN 
LOCNO=-LNODS(IELEH,INODE), "" 
IF(LOCNO~GT~D)LOCEL(NPOSI)=(LOCNO~l)*l+IDOFN '. 
IF(LOCNOuLT~~)LOCEL(NPOSI)=(LOCNO+l)*l-IDOFN 
CONTI NUE' " 

START"BY LOOKING FOR EXISTING DESTINATIONS 

DO 2~O tEVAB~l,NEVAB 
NrKNO~lABS(LOCEL(IEVAB» 

, KEXIS=v 
DO 180 IFRON-l,NFRON 
IF(NIKNO~NE.N1C~A(lFRON»Gci TO 18n 
K 1:'1 AB~KEVAB+l 
KF.xIS=l 
NDEST(KEVAB)aIFRON 
CONTINUE 
IF(KEXISlNE~O)GO"TO 21~ 

WE NOW SEEK ~EW EHPTY PLACES FOR DESTINATION VECTOR 

DO 190 IFRON.]",~FRON 
IF(NACVA(IFRON)~NE.O)Ga TO 190 
NACVA(lFRON)~NIKNO­

Kr:VAB~KEVAB+i 
ND~ST(KEVAB)=IFRON 

,GO TO 20u 
C ONTlf~UE 

THE NEW PLACES HAY DEMAND AN INCREASE 
IN CURRENT FqONTWIDTH 

IF(NUEST(KEVAB).GToNFRON)NFRONaNDEST(KE~AB) 

COrH1NUE 

ASSEH~LE ELE~ENT LOADS 

on 24n IEVAB-l,NEVAB 
IOEST=-NDEST(IEVAB) . 
GLOAO(lDEST)·GLOAO(TDF.ST)+ELOAD(IEV~B) 

- ;-' 

4SSEMBLE THE ELEMENT STIFFNESSES-BUT NOT IN RESOLUTION 

IF(tCASEuGT.l)GO TO 23u 
00 22" J~VAB~l,IEVAB 
JOEST=NOEST(JEVAB) 
HGASH=NFUNC(IDEST,JDEST) 
NGISH~NFUNC(JOEST,IDEST) . 
IF(JDF.ST~GEoIDEST)GSTIF(NGASH).GSTlF(NGASH)+ESTIF(IEVAB,JEVAB) 
IF(JDEST;LT~IDEST)GSTIF(NGISH)=GSTIF(NGISH)+ESTIF(IEVAB,JEVAB) 

l2~1 COiHINUF" 
~ lu CON TI rlU F. 
~4J COIHHlUF. 
C 
C R~-EXAHl~E ~ACH ELE~ENT NOD~ ,TO 
C FNQUIRE WHIC~ CAN BE ELIMINATED 
C 

DO 37n IEVAS-l,NEVAB 
NIKNU=-LOCELIIEVAB) 
IFINIKIW'tLE~O)GO TO 37t1 

c 
" i C FINDPOSITONS OF v~RIABLES READY FOR ELI~lNATON 

,." 



c 
c 
C 
c 

) 

. ~ • __ •• J ____ •. _~_,--__ ._~._ ~'--_~ __ .~.L....,-,<_''''''; ___ '-'-

00 350 IFRON-l,NFRON 
IF(NAC~A(IFRON)~NE!NIKNO)GO TO 350 

'EXTRACT THE COEFFICIENTS OF THE NEW EQUATION 
FOR EL I1HNATIOfl : '.' 

IF(ICASF.uGT.l)GO TO 26u 
DO 7.50 JFRON-l,MFRON 
IF(IFRON.LT~JFRON)NLOCA~NFUNC(IFRON,JFRON) 
IF(rFRON~GE~JFRON)NLOCA2NFUNC(JFRON,IFRON) 
E~UAT(JFRON)aGSTIF(NLOCA) 

~5u GSTIF(NLOCA)-Q. 
, 26u CIJNTINUF. 
C 

1. 

i . 

~---"'--'----

~1 c AND EXTRACT THE CORRESPONDING RIGHT HAND SIDES 

E ~R HS =GLO AD (l FR ON) 

f 

) 

C 

c 
c 
c 

2.71J 

Ldu 
C 
C 
,C 

C 
C 
C 

C 
C 
C 

'- 9;,) 

(.; 

C 
C 
C 
j!h, 

C 
C 
C 

Hi.! 
:i 2.) 
331.) 

34v 
C 
C 
C 

GLUAO(IFRON)=O. 
KELVA=KEL VA+l. . 

WRITE'EQUATIONS TO DISK OR TO TAPE 

IF(ICASE~GT~l)GO TO ~70 
WRITE(2)~QUAT,EQRHS,IFRON,NIKNO 
GO TO 28v 
l4RI TE (4 )EQRHS 
READ('2}~QUAT,DUHHy,IDUH~,NIKNO 
CONTltlUE 

DEAL WITH PI ~OT 

PIVOT=EQUAT(IFRONl 
t: QUH (I FRON) .;./). 0 

; .; 

ENQUIRE ~HET~ER THE PRESENT VARI~BLE;IS FREE OR PRESCRIBE 

I F( IFFIX(·NIKNO)~EQ. IJ) GO TO 300 

DEAL WITH A PRESCRIBED OEFLECTION! , 

DO 290 JFRON=l,NFRON 
GLOAD(JFRON)=GLOAD(JFRON)-FIXEO(NIKNO)*ecUATlJFRON) 
GO TO 34U . 

, , 

ELIHINATE A FREE VARIABLE - DEAL WITH THE RIGHT ~AND SIOF 
FI RST 

00 330 JFRONal,NFRON. 
GLOAO(JFRON)-GLOAD(JFRON)-ECUAT(JFRON)*ECRHS/PIVOT 

NOW DEAL \HHT THE COEFFICIENTS Hi CORE .• 

IF(JCASFuGT~l)GO TU 32u 
IF(EUUATiJFRON).EU.o,n)GO TO 33" 
NLOCA=NFUNC (CI, JFRON)~ 
DO lin LFRON=l,JFRON 
NGASH=LFRON+~LOCA 
GSTIF(NGASH)-GSTIF(NGASH)-EC0AT(JFRON)*ECUAT(LFRON)/PIVOT 
CONTINUE . 
cnNTINUE 
EQUAT(IFRON)~PIVOT 

RECORD THE NEW V\CANT SPACE ,AND RECUCE FRONTWIDTH IF 
POSSIBLE 

I~AC VI' (1 FRON )"0 

" . 



.'. t 

C 
C 
C 
351./ 
361,/ 

371) 
38\,.1 
C 
C 
C 
C 

,';~. C 
C 
C 

39U 
C 
C 
C 

c 
c 
c 

It 5V 
C 
C 
C 
C 
C 

C 

) 

---.--~-

CONPLETE THE ELEMENT LOOP IN THE FORW~RD ELl~I~ATION 

CONTINUE 
IF(NACVA(NFRON)~NE.n)GO TO 37" 
NFkQN=NFRON-l • 
IF(~FRON~GT.O)GO TO 360 
C ONTI NUE~' 
C,lIHINUE 

ENTER' BACK-SUBSTITUTION PHASF.,LOOP B~CKWARDS 
THROUGH ~ARIABLES 

UO 41~ tELVA~l,~ELVA 

READ A NEH EQUATION 

B 4CKSPI\CE 2 
REAO(2)EQUATiEQRHS,TFRON,NIKNC 
B .ACKS PACE 2 ' 
IF(TChSE.EO;l)GO TO 390 
'BACKSPAC'E 4 
RF.=AD( 4) EQRHS 
B4CKSPACE 4 ' 
CONTINUE,:-

, I 

PREPARE TOBACK-SUSTITUTE'fRO"CTHE0CtiiR~NT ECUATION 

P IVOTaEQUAHIFRON») 
I F( IFFI X( NIKNO) .,EtJ .• l) VECR'I( IFRON) aF,lXED (NIKNO) 

, 1 F( IFFIX(lHKNO) .EQ~O) EaUt. T( IFRON) -0'., " 
BACK-SUBSTITUTE IN THE CURRENT EQUATION 

00 400 JFRON-l,MFRON 
EQkHS-EQRHS-VECRV(JFRON)*F.aUAT(JFRON) 

PWT THE FINAL VALUES WHERE THEY BELONG 

IF(TFFIX(NIKNO);Et.l~n)VECRV(IFRON)·EaRHS/PIVOT 
IF(IFFIX(NIKNO)~EQ;l)FIXEO(NIKNO).-EaRHS ' 
ASDIS(NIKNO)=VECRVIIFRON) 
CONTI NUE 
DO 450IPOIH~1,NPOIN 
UGASHaI POIN*!. 
NGISH=NGASH-l+l 
ZASOIS(IPOIN)aASDIS(NGISH) 
CIJNTltWE 

",:-\ 

POST FRONT - RESET ALL ELE~ENT CONNECTION NU~BERS 
TO POSITIVE VALUES FOR SUBSECUENl USE~IN STRESS 
CALCULATION 

DO 520 IELEM~l,NELEM 
00 5Zn IHODE~l,lG 
L~UOS(I~LE~,INODE)alABS(LNOOS(IELEH,INOOE» 
R F.TURN 
END 

SUBROUTINE GOFIX(K) 
COl'iI'WI~ NE ,NNP 
COH~ON/FRON1/T(729),ZASOIS(729), 

GNOFtX(729) 
COrlKON/LGDATA/PRESC(729,1),IXI38~,lO) 
C Ol'i 1010 NI NP CINPCODE (7 29) 



" 

/' 

! 
i 
I 

) 

-----------,---,-,------------.--;------"--------------~---. COHHQN/AAA/IFPRE(7ZQ,1) 
KilO 
00 1 1 .. 1, NNP 
IF( NP CODE (l)~ Ea~l)T f-IE 14 
K::aK+l 
N OF IX (K)oa r 
IFPRE(K,l):al' 
P Ri:SC (K,t ).T( 1) 

t: NO IF 
1 CONTINUE 

R FTURN 
END 

~4.48:45~UCLP' BU, P03 

~, : 

, 1 .. 171KLNS. 
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• I .~ 
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, j. 
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APPENDIX D 

LISTING OF A FE PROGRAM 
I 

USING SIMPLEX TETRAHEDRON 



c 
c 
C 
c 
c 
c 
e 
c 
c 
(.. 

t.: 
C 
C 
C 

> C 
C 
C 
(.. 

C 
i.. 
C 
C 
~ 

C 
C 

! C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
G 
C 
I' ..... 

C 
(. 

C 
~ 

C 
C 
C 
(. 

(, 

C 
C 
C 

I C 
C 
C 
(.. 
r 
u 

C. 
I C 
, C. 

G 
iJ 

C' 
l. 
(, 

,. 
~ 

'.; ). 

P RlJ Gk.~'t T RS II1P ( IrIPUT, nUTP UT, TAP E5-1 NPUT, T APE6-0UTPU1) 

LIN~AR T1I-Dl~ENSIONAL lETRftHEDPAL FINITE ELEMENT PROGRA~ FOR THE 
:;nL11rTLlN OF LINEAR,TKAN')IFNT,TIJ-DI~ENSIONAL,ISOTROPIC !-EAT 
CONDUCT TUN PROBLEHS IN CUBIC VOLU~~S WITH TI~E-INDEPENDENT !-EAT 
Gi:Ni:i{.\nOt/ MW Tl J!l::-IND~P t:NO[;NT bOUNDARY COND IT IONS 

T,:KI~INOLOGY 

AIJK,,\JKL,AILJ 
ATJJK,A"[IKL;,uLJ 

CX,CY,Cl 

or 
FellOE 

HI JK,HIKL,HILJ 

ICOUNT 

'~~13 .'ilO 
'ap"~I\ x 
NUT. 

II': ;'~AX 
r'wp 
1m P;1 !~X 

, 

Jl JK,QIKL,QILJ 

DEliS 
'ilJ,SIK,SIL,SKL, 
'iJK,SJL 

5f> rl 
T L<:l: 
VuLU'lt 

AREAS ON FACES IJK, IKL, £ LJ RESPECTIVELY 
MI8IEtH TEMPERATURES ON FACES IJI<, IKL £ 

IL J ES PECl IVELY 
CONDUCTION PARA~ETF.RS IN THE DIRECTIONS 

x, Y £ Z RESPECTIVELY 
TI !~E INCREMENT 
fLEIiF.NT CODE ,i' 

n IF ELENENT IS AN INTERNAL ELEMENT 
1 IF ELEMENT IS-A SIDE ELE~ENT 
? IF ELEH~NT IS AN EDGE ELEMENT 
3 IF ELE"'Eln I S A CORNEru~.ElEliEH 

CONVECTIVE HEAT TRANSFER CPlFFICI~NTS 
ON !:DGES IJK, IKL £ ILJ,RESPEClIVHY 

CUUNTING INDEX FOR PRI~TING THE 
COMPUTED TEMPERATURE D1STRIBUTION 

PRINTING INDEi FOR THE COMPUT~D 
TEHPfR~TURE'OISTRIBVTION 

BAND~lIDTH 
MAXIMUM ALLOWABLE BANDWIDTH 
NU~BER OF TI~E l~CREMENTS 
NU~BFK OF ELEMENTS 
"AXIflUI'1 NU~BER OF~',r:LEHFNTS 
NUMBER OF NODAL P01NTS 
HAX1~UN ~U~BER OF NODAL~OINIS . 
SP~CIFrED INCOMING HEAT~~LUX COMPONENTS 

ALOljG THE NORr'I~LS OF FACES I JK, IKL £ 
ILJ RESPFCTlVELY 

DENSITY OF THE MATfRIAL 

Lt:NGTHS OF SIDes IJ, IK, IL, KL, JK £ 
JL 8N RELATED FACES RESPECTIVELY 

SP~CIFIC HEAT OF THE MATERIAL 
11 ~H: L F. V fL 
l:L cHHiT vaLU!1E 

, 
MPCUDE(I),I~1,2'.8~,NNP BOUNDARY CONDITION CODe OF THE ITH 

NUOE 
~ IF TEMPERATURE IS NOT SPECIFIED AT 

THF ITH NUDE· 
1 IF TEMPERATURE IS SPECIFIED ~T THE 

ITH NODE 
aGrW(I),I~1;2,~u.,NE RATE OF ~~AT GENERATION PER UNIT 

VOLU~E ~I1HIN THE JTH ELEhENT AT 

Xl(1),T~1,2~~.;,NNP 
/..!.(I),T=t,2;,. .. ~,NNP 
X3(1),r=\,2i~~.,NNP 

ALL TIHES 
X··COCKDINATE 
Y-COOROINAH 
Z-COCRDHiATE 

OF THE ITH NODE 
OF THE ITH NODE 
OF THE ITH NODL 



";, 
-.'" 

,.1 

c 
c 
~ 
C 
I.-

C 
t: 
~ 
(. 

C 
G 
C 
C 
~ 
(; 

c 
c 
c 
c 
(, 

c 
c 

c 

Q 
T 
FL 1/ 

IX(1,J),I~1~2,.~~,NE 
J=1;2,3,4 

) 

THER~AL LOAD VECTOR,l+NNP 
T~~PE~ATURE VECTOR,ltNNP 
!:FFECTIVE LOAD VECTOR,l*NNP 

NODAL PorNT LABEL OF THE JTH NODE 
OF ThE ITH ELEICHT,. NE*1t 

Cd 
,=C'l 
r-li Cil 
He'·: 

EFFECTIVE CONDUCTIVITY H~TRIX,NNP*HBAN~ 
ELEnENT CONDUCTIVITY ~ATRIX,4*~ 
ELF.Ii!:IH HEAT CAPACITY,f1ATRIX,4+4 
HEAT CAPACITY ~ATRIX,~MP.KBA~D 

Or-CU:P.ATIONS' 

* ThE PROGRAIi IS DES IGNED TO TREAT THE HATRICES, FORHEC 
OUr-HlG EXECUTION, HI BMIOr;o FORI1\~ 
~ TH~ DATA OBTAINED FROh PROGRAM GNRATE SHOULD BE UPCATED 
TN OROFR FOR IT TO INCLUD~ THE VALUES FOR OT, NOT, SPH i DENS. 

PAKAH~TER (N~HAX=12qb,NNPMAX=343~NHHAX.l,HeMAXa70) 
l.''HI=GEk E 

Oll,FIlSION !;«NE r1AX,4),XlCNNPI1AX),XZ(NNP!-IAX),X3(NNPf<:AX), 

.. 

& Q (N IlP :IAX) ,ELY (NI'IPHAX) , ECiH4,1t), EHCtI (4 ,It), H NNPHAX) ,QGEN <NEMAX), 
&C~(N~PNAX,hBHAX),HCM(NNPHAX,hBHAX),NPCOD~(N~P"AX),lCODE(NEMAX), 
Ci IJ r J t< ( NE i1JI X) , H I J K ( Nt: IlA X) , A TI J K (N F"LA. X) , 01 LJ (N EM A X) , H IL J (N EXAX ), 
~;, T lLJ (joj Fli ~X ) ; <.I I KU N E:I AX.) , HI KL (N Ei, AX) , A TI K l( t.E HA X) 

C Oiil'U~1 NF. ,NI~P ,~H'/~T, UB ~Nr, !, J, K, L, VOLU~E 

R :: I. D ( 5 , 0/1) N N h i~ f: 
Fd;,\ D ( 5, :jo) (K ,Xl ( r ) , X 2 ( I) , X 3 ( I) , N PC 00 E ( I) ,T (I ), 1=1, NN P) 
KF./lO(<;,o;.) OT,fIIOT 
K;~D(5,~)CX,Cy,CZ,DENS,SPH_ . 
K r: 1\ 0 ( 5, *) (K, ( I X ( I , J ), J = 1 , 4 ) ,E COO E (I ) , 0 G EN ( I ) -,0 I J K ( I ) , 

6HIJK(I),ATIJK(1),OILJ(I),HILJ(I),ATILJ(I),CIKL(I),HIKL(I), 
S I~ Tl KL ( I ) , 1=1., tlf.: ) 

~ ====~=.======== .. =====.=.==========~a=~= •• = •• E •••••• aa.=a.a~._._. 

C FURII SYSTl:H:CONOLlCTl.VITY AI\O HEATCAPAClTY HATRICES 

c 
c 
c 
c 

c 
(. 

C 
C 

1. .. IIHTI/\L!ZE THE BMIOIHOTH,SYSTEM CONDLClIVlTY AND 
HE~T CAPACITY IiATRICr-S,ANO LOAD VECTORS; 

IIBJ\ND=.J ' 
un 1';,'4 1 =1, NNP 
IJ (I )=n~ 

;~ LV (1);;"" 
DO lu04 l-l,nBHAX 
C ''( I , J ,. ;'0 .~ . 
HC;H 1, J "=0 .. '; 
C ,J;, Tl 'w r: _., 
DO lu'l9 E=l,NE 

2~JUTTTALIl~ ELE~ENT CONDUCTIVITY ~~D HEAT 
C~PACITY ~AT~IC~S 

DO L)"8 1'"1=1,4 
. D:1 J 1)18 N =1 ,4 
i;C!'I(tt,N)=". ! 

;:HC'I( 1,1'1) =u .. · 

,-



0" "'.~. 

l()'.18 
C 
C 
(; 

C 
C 

C 
C 
\; 

C 
i,; 

C 

C 
C 
C 

C 
C 
... 

.. (1,,9 
C 
C 
C 

) 
,;: 

- ,-- .. -.--.'.- .. ~,"----
CONTlt-IUF= ., . 

':. ',~:~~:~:·;i'(~;~:· .": ~ 
3&FOR~ EL~K~NT CONDUCTIVITY AND HEAT CAPACITY;~ATRICES 

, I. 

3~1~OEFI~E THE ~ARIAaLE NAHES I,J,K 
I. 

l=IX(F.,l) 
J=!X([;,:n 
K=IX(F.,3) 
L=IX(F.,4) 

3~2~CALC9LA~E G~O~ETRICAL PARAKEtERS OF tH~ ELE~ENT 

ChLL eGnQ(HN~HAX,Xl,X2,X3) 

3:3~FOR~:THE ELEMENT CONDUCTIVITY MATRIX 

C~LL ~CHUn(N~HAx,NNP"AX,H"nAX,kl,X2,X3,CX,CY,CZ,ECH) 

J;~~FQRMITHE EL~HENT HEAT CAPACIIY ~ATRIX 

CAL L EHCtlOu (~F.iiAX t N~(·!.~X, 0 EN S, SP h EHCH) 

3;5~ADD ~LEH~NTH'TRICES TO GET SYSTEM HAT~ICES 

C !~LL i1.11, 5S 00 (';H:HAX,N NP '~AX, i1B HA X, E, IX ,ECth E HCM; CM, HCH ) 
emIT 1I1U ,=.1 . 

I .. 
3 ~6~P RI NT TH£:' B 4NDU 10TH 

t>!U iH 138,iiBAND C 'C;~ 

C ============~===~======2========:==.D.c~a=c.=._~_ ••• =.=.c ••••• __ 
e BUUNDARY CO~DITIONS 

C 
00 '12 E=l',NEf i.' 

I F( !=(;ODE( E) .Eo.!) GO TO lt2 :i .:.:.,. ." 

C :'1LL Be"" (NNP HAX, fiB'1A x, Xl, X2, X3 ,01 J K, HI JK ,A TI JK ,CIL J, HI lJ, 
&ATILJ,QIKL,HIKL,ATIK~,O,CP,ECODE,E,IX,NEKAXl 

CONTINUE . 
C 

I C 
I C FURM THE EFFECTIVE CONDUCTIVITY MATRIX 

J 

C 
C 

on 43 l=l,NNP 
DO 43 J=1,11BAND 
C~(I,J)=C1(1,J)+2;.HC"(I,J)/DT 
cmlT!HUF . 

C =~========~===~===~==========2===~aas== •• a •••••••••• a.=aa ••••••• 

C ~UOl FY THE E:FFECTl VE COIJDUCTTV ITY 'MATR IX ANO THE ThERIHL 
e LtJ"D VECTOR C . 

c ~===;===~===~===a==~=======m=======.==C2Gaa.=~.~a.aa=.=2=.= ••••• 

c 
C';'LL ,~UF,Jf"I(NNPHAX,lIeli~X,I~PCODr:,T,O,CH) 

I' . 

~ =====:===============a===========~=~===D=a=a=.aaaa.a.~=.~.a.=ac_ 

C ~cDUCc THE EFFECTIVE CONDUCTIVITY ~ATRIX 
C =====~=========D=~=~===~=====~========c==.=.=a=.~ •• D=.=a~.D ••• D. 
C 

un <:'IHI N=l,rmp 
DO 26n La 2,HBAND 
C=CM(H,L)/CK(N,l) 
I =ll+L-l 

./ : '.~ .. " 
j" 



", 

24iJ 

.:.5"" 
l.6v 
La ... , 
c 
c 
i,; 

c 
C 
J 

G 
C 
C 

(. 

c· 
..; 

Z0 02 
1,:10 ? 
02 

c 
(. 

c 

, . ... 
\,; 

L 8!1. 
4R5 
t. 7-.) 
,,9l; 

. ~(\.., 

) 

----------._------- -------.:.~---~--'-.:..---.:.~-~-. ....;.~.,-. '-' --. 
IF(NNP-IJ260~240,24n 
J =\1 

DO 25~ K=L,M~AND 
J =J-t-l i 

C ill J, J) .. c r~ ( U J) ··c*c IH N, K) 
C'l( ~J,U =c 
CilHTl ijUr-

C~LCULAT~ A~O PRINT THE TE"PERATURE DISTRIBUTION 

TVlr,..~ ... 
1 cuurH=t'\t> 
PIT =1') . 

1. Pi{ HIT THE; Itll TIAL HilP ERATUR E 01 STRI BUll ON 

PRiNT 133,TII1f:, (!,rn ),I=l,rmp) 
01 64 ITl"E~l,NOT 

?~FURi'i THE tFFECTIV!:: LO/,O VECTOR 
~ 

uil 62 I=l.,lmp·, 
t: LV (l ) = I;L V ( I ) +0 ( 1 ) 
IF(NPCODE(l)~EO~l) GO TO ~2 
O~ 1~62 J=l,~OANO 
K =1 +J-l 
.i f ( (K-tlNP ) ~ GT "J)GU TO lu62 
~LV(I)=rLv(I)+2~*HCH(r,J).T(K)/DT 
IF(Ja'l)"NEeiJ) GO TO lI.j6~ 
00 2062 L=z,ABAHD 
il ~L-L+l 
I F( ~l"LE~\!) GO TO 2062 
ELV(I)=~LV(I)+2~*HCM(M,L)·T(H)/DT 
C IJIIT HIU J: t 

C ora I 'jUE" 
t;ONTINuE ~. 

t 

3~FORHTHE HEAT GENERATION VECTOR AND ADo"ITi'INT01HE 
THE EFFECTIVE LOAD VECTOR 

1 

U1~8 E=l.,NE; 
l=lX(F,1.) i 
J=lX(r;,2) 
K=lX(~,3) 
L '" 1 x ( F.,4) 
C4Ll. EGI'001NPHAX,Xl,X2,X3) 
C;\LL HGV (I~E /(AX, ImPH ~X, N!IBhX ,I:: ,DENS, NP CO DE ,ELV ,Q GEN, IX) 
C'lIHHWF 1 

't. SOlVI; FOR,'NODI\L TEI1PER~TURES 

UO ?90 N-l, N~P 
00 485 L=2,H~AND 
1 =11 +L-1 ~ 
IF(NNP-I)270i285,285 
ELV(I)=ElV(I)-C4(H,L)*ELV(N) 
GOtlTlilUE ' 
ELV(N)=ELV(N)/CM(N,l) 
C!]IITDIUF 
N =IINP 
Il=N-J. 
IF(N)35~,5UO 35n 
un 4uO K=2,M A~D 

. L =N +,,-1 

\ 



"( i 

0'3 
G 
(. 

C 
C 

65 

&4 
C 

.- -_. 
IF(NNP-L)4UO 37n,37n 
ELV(H)=ELY(N -CH(N,K)~ELY(L) 
CI1IHI NUE. 
GO TO 3011 
COIH1NUE 
DiJ 63 l=l,I:WP 
T (l )=2. ,kELY (I )-T( I) 
c:LV(I)="~ 
CONTI IWr:" 

) 

5LUPDAT~ THE TIME LEvEL _ND PRINT NODAL 
TE ~1P ER .~,TURES 

TlIiF=TII1E+DT' 
I CQUIIT=TCDUrH-rl 
IF(ICOUNT-IHT) 64,65,65 
Pr.1NT 136,Tlf\[,(I,T(l),j:::l,NNP) 
r GUUIH=(I" 
c niH HlIJ r:'" 

C ===u============~==================z==~aa==.=.=.=.=.=====w= •• =ca 

I~ FOP-d, .... TS,.; c" i 0 
~.. ".;,., ..... 

~ ===~========D~====2====3===========2==c~a==~amDG •• m2== = ••••• a ••• 

c 
J.3:S 

.&.30 

... lu 
C 

FnK"AT(lH11115X,61(tH=)/26X,'INPUT TABLE-TEMPERATURE DISTRI'· 
&, 'UUTION'/15X,b'(lH=)/37X"Tl"E="F12~5/15X,6~(lH-)/40X,'NODAL PO' 

. ~, '1 NT ' I 27 X, 'N Ui1t3 r: R' ,2 6X , ' TE ~P FP. ~ TUR ES ' 115 X, 6p (lH-) I (Z ax ,15,24 x, F15 
C 6) ) . 
F3K~AT(lHlI115X,60(lH=)/26X,'OUTPUT TABL~-TE~PERATURE DISTRI' 

6, 'HUTtO"'/15X,61(lH=)/37X"TIME·"F1Z~5/15X,60(lH-)/40X,'NODAL PO' 
6, '1 NT '/27 X, 'NUf-I BER ' ,2 6X, tTL: '~P I:RATUR ES ' /15 X, 60 (lH-) I (2 ax, 15,24 X, F.l5 
i. • 6) ) \ .. c ". ,. ;. '. 

F OK '!t. T< '.H 1,35 (f ) ,50 x, , B /.r~ 011 r DTH· •. ,,!'.,~ ~, •• ' ,13) 

S TO P 
i: ND 

SUbRUUTTNE BCOU(NNPMAX,"B~AX,Xl,X2,X3,aIJK,HlJK,ATIJK,aILJ,HlLJ, 
&hTILJ,UIKL,HIKL,ATIKL,Q,CM,ECODE,~,rX,NEriAX) 

r:n%ER E . 
D H.r-,I S 1 ON Xl t Ntl PiiAX " X2 HH-iP t',AX) , X3 (NN PH AX" CtH NNP ~A X, PI B "'AX) , 

ii Q OWP 'IA X) , Q I Jt<. ( NHIA X) ,H I J K ( N\: ~'A X) ,A TI JK (N HI A X) , QI L J (NE K AX) , 
fiH lL J (til: I~,\X ) ,An L J{ N E/I;\X), 01 KL< NEhAX" HI KL O .. EKAX), A TIKU "EMAX) , 
6 I: CU [l E ( :'-l F II AX ) ; I X (II E ri~ x , it ) , G K 2 ( it , it) , P 2 ( it) , P 3 ( it ) 

C' iJlI "0:1 NE, II N P , ~n AT, 'HL\ N D, I , J, r< , L , V 0 LU t'E 

l=lX(~,l) 

J=lX(E,2) 
K=lX(E,3) 
L=IX(E,4) 

XT=XJ.(I) 
X J=XU J) 

XK=Xl.(K) 
XL=Xl(LJ 
Y!=X2(1) 
YJ=Xt.(J) 
Yt<=X2(K) 
YL=X2(L) 

·lY=X3(1) 
lJ=X3(J) 
lK=X](K) 
lL"'X3(L) 

. , 

tJIJKO=QTJK(E) 
HTJKD=HTJK([=) 



I -, 
j 

) 
"~'­

" 

,\Tl JKO=ATIJK(E) 
uILJD=QILJ(E) 
HTLJD=HJLHE) 
ATlLJO=ATILJ(EI 
IJ tr<l.u=U JKL (E) 
H IKLD =Hlt<L< E) 
,\ Tl KLD=AT TKL (E) 
i:CllDED=FCODE(E) 

00 n LL=1,4' 
r'?(LLl=O~ , 
n( LU=O: 

, :' 

.;." 

[)'] 21. LLL=1,4 
2t GKZ(LL,LLL)=D~ 

C *h 

IF(F.COOEO'~E(JJ2) GO TO 21'10 
1 F ( F COD E U ~ r: Q ~ 1 1 GO i U HkJ 

s 
~TK=S(JRT«Xl~XK)**2~+(YI~YK).*2~+(ZI-ZK)**2;) 
S KL =S QR T( (XK':'XL 1 **2'+ (YK··YL 1**2;+ (Z K-ZL )*t2~) 
stL=SQRT( (XL~XI)*.2~+(YL-Yl)**2~+(ZL-ZI)*.2.) 
SS=(SIK+5KL+SIL)/2. 
~TKL·SURT(SS*(SS-SrK)·(SS-SKL)*(SS-SIL» 
COH1=HIKLD*AIKL/12. 
cnN2=uIKLD.AIKL/3~ 
C8Nl-HIKLO*A!KL*ATIKLO/3 u 

Uil lul K=t,4" 
P?(KI=P2(KI+CON2 
P3(K)=P3(K).CON3 
DO lul. L=1,4 i 

GKZ(t<,L)=GK2{K,LI+CONl 
IF(K.~Q:L) Gk2(K,L)=GK2(K,L)+CONl 
P~(2)=P2(2)-Cml2 

P1(ZI=P3(2)-CON3 
DO :'., ... 2 K=,.,4;, 
GK2(K,Z)=GK2tK,2)-CONl 
GK2(Z,K).GK2t2,KI-CO~1 
CONTiNUE: 

FI\CE I LJ 

STJ=~QRT«XI~XJ) •• 2~+(YI-YJ) •• 2~+(ZI-ZJ)**2~) 
SJL=SQkT«XJ-XL).*2~~(YJ-YL)~·2~+(ZJ-ZL) •• 2~) 
::; tL=S,JRT( (XL~Xl 1**2'~+ (YL-YI H'*2:~+(ZL-ZI H'*2~) 
SS=(SIJ+SJL+SfLI/2, 
hILJ=SURT(SS*(ss-siJI6(SS-SJLI*(SS-SIL» 
cnN~=HILJD~AILJ/12~ 

C ]il7.=U I LJ INAI LJ 13 e 
C OI13=HI LJ D*AILHA T 1 LJDI3~ 
Dll 1U3 K=1,4~ 
PZ(KI=P2(K)+CON2 
Pl(K)=P3(K)+tON3 
DO 103 L=1,4' 
GK2(K,L)=GK2(K,L)+CONI 
IF(K~EQ;L) GK2(K,L)=GKZ(K,L)+CONl 
P2(3)=P2(3)-CON2 
Pl(3)=P3(3)-CON3 
DO 1v4 K=1,4~ 
GK~(K,3)=GK2(K,3)-CONl 
GK~(3,K'=GK2l3,K)-CONl 
cniHlI~UE 

F,; CE I JK " 



) 

-- - --- - - -- - -'~----,.- '-~' -:--J)- - --- ----- .:t;. ~ 
. ~. '.~ -. ," . 

SrJ=SQRT«XI~XJ)**2~+(Y!-YJ) •• Z~+(ZI-ZJ)**2~)~ .. 
S JK=SQRT< (XJ'::'XK )**2';+ (Y J-YK ).*21!~ (Z J-ZK)*+2," 
STK=SiJRH (XK';'XI )**2.+(YK-Yl )'i'*2 Ici-t-(ZK-ZI )*.2.) . 
ss=cSrJ+SJK+SIK)/2~ 
A1JK=SQRTCSS*CSS-S1J)*(SS-SJK)¥(SS-SIK» 
CON1=HIJKO*AIJK/12. 
C'Ji~2=IJI JKO*AI JK13.: . 
COH3=HIJKO*AIJK*ATIJKO/3~ 
o t1 It.: ') K= 1, It" 
P2CK)=P2(K)+CON2 
P3(KI=P1(KI+COH3 
DO 105 L=1.,It! 
GK2(K,L~=GK2(K,L)-t-caNl 
IF(K~F.Q~L) GK2(K,LI~GK2(K,L)+CONi 

P?( it") =P2( 4)-COI12 
P3l41=P3(4)-tON3 
on 1.06 K=1,4! 
G~2CK,4)=GK2tK,4)-CONl 
GKl(4,K)=GKZC4,K)-CON\ 

01 4 LL=J.,4 ' 
l.=IX(f:,LL) < 

U(1)=Q(I)-PztLL)TP3CLL) 
l)'l 'I ~!=1,4 
K=lX(t:,~q 

J=K-!+l 
1 F ( ,. B At'i D J Gt:. J) GO TO 2 
;i 1~"Nl)=J ,;". 

~ IFCJ~LE.o) GO TO 4 
C~(T;J)=C"(I;J)+~K2(LL,~) 

4 CONTHIUr: 

~HURN 'f 

.:: N[) 

SUUQOUTINE Et~U(HNP~AX,Xl,X?,X3) 
()IhF.i~SION Xl(IJNPHAX),xztrINP!IAX) ,X3(NNPIUX) :,0 

COdr!(jq tlE,NtlP,NI!AT,M.~ND,!, J,K,L,VOLUHE 

XI=.Xl C 1) 

;<J=XlCJ) 
;( K=.Xl< K) 
XL=XJ.CL) 
yt=xZCll 
Y J= X2 C J ) 
Y i<= XZ (K ) 

. YL=X2 CLl 
lI=X.Hll 
lJ=X:;(J) 
Z:(=Xj(K) 
Z L .. x:; C L ) 

, 

. i ,." 

--.~-~----."" -..... 

'" ' 

.i 

VOL Ut\F= C X J* YK*ZL+XK *YL* Z J+XL*Y HZ K~XL*YK* ZJ-XK*Y J*ZL-XHYL* ZK 
~ -X!*YK*ZL~XK*YL~lI-XL~YI*ZK-t-XL*YK*ZI+XK+YI*ZL-t-XI.YL.ZK 
f: +x I*Y~;~ZL ... )( HYI.*Zl +XL"'YI H J-XL*Y J* Zl-X J*Yl*ZL-xI 4YL+ ZJ 
~ -X!*yjqZK-XJ*YK*Zl-XK~YI+ZJ+XK*YJ*ZI+XJ*YI*ZK+XI+YK*ZJ )/6. 

VClLUIIE=ABC)(vOLUiiE) . , 

I{;:TURII 
E ~IU 

S UtH! nUT IN E EC I!Ij '.H NE ~/\ X, NN PI! AX, N ~tI AX, Xl, Xl ,X 3, ex, C y, CZ ,E CM) 
OT/,FIISIOI-l Xl.UmPHAX),X2CNNPIIAX),X3(NNPHAX),EC/1('h4) 
CDh'llllJ rlE,twp,fIIIAT,'~Rt,NO,!,J,K,L,VOLU~E ' 



) .-, .. 

-- .~'-.---.----------,-.-.'- .. ----
x I=Xl( 1) 

, 

X J= Xl ( J ), '. .~ 
XK=XJ. (K) ~ 
XL=Xl(L} ., 
Y'!=XZ (I ) 
YJ=X2(J) 
Yt<::XZ(K) 
YL=X2(L} 
ZT=X3 (I) 
Z J= X3 (J ) 
l!<=X)(K) 
ZL=X3 (L) 

) 

Bt=YK*ZJ+YJ*ZL+YL*ZK-YK*ZL-YJ*ZK~YL*ZJ 
~?aYK·lL+Yl.lK+YL*ZI-YK·ZI-YL.ZK-YI*ZL 
Bl~YJ*ZI+YL*ZJ+YI*ZL~YJ*ZL-Yl*ZJ-YL*ZI 
B~=YJtZK.YI*ZJ.YK.ZI-YJ·ZI-YK*ZJ-YI*ZK 

Cl=XK*ZL+XJ*ZK+XL*lJ-XK*ZJ-XJ*ZL-XL*ZK 
C Z .. XK~tZ 1+ XI *ZL+XL'-lr Z K-XK*Z L-Xl +zK-XL+Z I 
CJ=XJ·lL+Xr*ZJ+XL*Z!-XJ·ZT-XI*ZL-XL*ZJ 
C~=XJ.Zr.XK·ZJ.XI.ZK-XJ·ZK-XI~ZJ-XK*Zl 

D1=XK*YJ+XL*YK+XJ*YL-XK*YL-XJ*YK-XL*YJ 
O?=XK*YL.XL~YI+Xl*YK-XK*YI-XL*YK-XI*YL 
U3=XJ·YJ+XL.YJ+Xl·YL-XJ*YL-Xl*Y~-XL·YI 
D~=XJ*YK.XI*YJ+XK*Yt~XJ*YI-XK*YJ-XI*YK 

t: ell f:i., 1):: CX*Bl** 2 o. CY .Cl~ "'2'~ + C1 *01**21; 
ECII (l,2 )=CX*Sl*82+CV*Cl*C2+CZ*0l*02 
~Ch(1,3)=CX*81*B3+CV.Cl·C3+CZ*01*03 
ECN(1,4)=CX.Bl~B4+CV*Cl*C4+CZ.Ol*04 
t: en (2,1):: ECtH 1,2) , . ~ . . " 
!.: Cil (2,2 )= CX*B2**211'+ CY *c 2* *2'; +CZ *02**2'. 
r. CII (.: ,3 ) = cx ~B 2* B3 +C Y'I' C2 *c 3+ C1 *0 2* 03 
~C~(2,4)=Cx.A2*B4+CY*C2*C4+CZ.02*04 
ECM(J,1)::~CM(1,3) 

ECI'i(3,Z)=ECIH2,3) ·· .. 'c.,· 

... :.: ~ 

~Ch(3,3)=CX*~3**2J+CY*C~ •• 2~+CZ*03**2~ 
E CH 13, 't)= CX*B3*B4 +CV*C3*C 4+ C1*03*04 .. , , ,- .~ '", 

I: Ci'oI 4 , J. ) = E C lin, 4) , '. 
I: Cli ("t , 2 ) = E C M t 2 , 4 ) 
ECri(~,3)=ECH(3,4), 

~ Cd (If, It):: CX*B4* *2 ~+ CY.*C4* *2'~ +CZ *04**z'~ 

UO 7.v tI=1,4 I 
00 21..1 1'1=1,4 I 

?u L:C/1(II,tI)=ECH(!I, tOll '3o;*VOLUHE) 

RFTURtl 
I: NO 

suaROUTItiE E~CrlOU(NEHAX,NM"AX,OENS,SPH,EHCN} 
OTM~HSIO~ EHCK(4,4) 
CQrar'Orl NE,NNP,N~lAT,~B,\NO, I, J,K,L,VOLUME 

C :)I',=OEN S*SPIi* VQLUilE I2n .. 
flO ?,_, H=1,4" 
D'l 2v N"'l,4 : 
C Ht.;l ('~, N) .. cofl 

7.<.' IF(!I\,r:u'~tn EAc~ln"N)"'EHCI\(tl,I'I)+CON 

/{ FT UP. N 
GND 

. ".' . 



~!" •. ,:.f· 

4 

4'5 

) 

S US ROUT HI E HAs s".o (NEt-lAX ,N NP ,lAX, MBHAXt N, IX ,etHtEHCI'l, CPt ,H bff . 
DTlI'?IISIOH IX(NE~I\X,'t) ,ECIj{4,4"EHCtl(lt,~tl,C/HNNPHAX,"BXA)(" 

f:IiCh(NNp 1lI\X,HBi\AX' ;,'~, 
COdl'lUtl NE,NNP,NIIAT,MBANO, I, J,K,L,VOLUr1E 

Oil 4 LL=1,4 
1=1 XnJ,LL' 

t 

on 't n=l,4 . L 

K =1 X UI", In 
J=K-I1-1 

. IFP'8;\ND" GE.J IGU, TO 2 
:13;.-.ND=J' 
IF(J~LE:OI GO TO 4 
C'l(r,'JI=C"I(I,J'+L:CM(LL,fll 
HCn (l, J I=HCtH I, J, +I:HC'H LL ,/,1' 
C OIHi flUE 

R l:"IJI.u~ 
I: ~I(j 

s U 8 R a lITI N E H 0 FJ () ( N N P rl "X , ~I B:i ,t X , N PC ODE, T, Q, C" ) , 
Or~rNSION NPCODE(NNP~AXI,T(NNPHAX),a'NNPHAX); 

&C;I( NI~PIHX ,!1B~AX) 
cn/illa/'I NE ,Imp, NHAT, MB AND, !, J, K, L, VOLUME 

i 

on 49f)u l=l,NNP 
IF(NP~OnE(l'iEQ;O'GO TO 49Jn 
o i1 4<.) J =2 "~i BAND 
K=i-J+l 
IF(K'46,46,45 
U(K'=U(K'-CNlK,J'*T(Il 
C J\ ( K, J , =iJ ;: 1 

L=l+J-l 
IF(NNP-L)48,47,47 
y(L)=Q(L'-CMlI,J'*T(I' 
C 'H T , J , =U '; \ 
C DNTl flUE" 
CII( I,ll =l'~O 
U(l)=T<J) 

C niH HWE 

R FT UKN 
i: ND 

~.,' , 

SUB RuUTTNE HG V( NEfUX, UNPHAX, NHIIAX,N ,DEN 5, NP CODe tEL V ,a GE t\ t IX' 
o tn FN S 1 ON Q GE: N ( /-Ie: lit. X) ,r~ PC 00 E ( NN P~I ",X) , EL V ( NN PIUX ) , I X (N EM A X, 4' 
C ",'1 H 0 jj N E ,Ij N P , Nl1 AT, M B II N D, r , J, K, l, VOL U ME' 

C Or~ =I./GE N( N I *VOLWIE 14" 
on 2v i~=!.,4 : 

..... ' 

1 =! X ( N , III • 
IF(NPCOOE(l"EQ~l)GO TO zn 
ELVCI'=FLV(Il+cON 

20 C !JIHHlue 

RETUKt,\ 
t: ND t 

;: . 

( ····-f 
'. i 
I' 

:,;" . 

L7 Q 45:Z2.UCLP, BU,\P03 ()~625KLNS. . - ~ ... L; 

i' 



APPENDIX E 

LISTING OF A FE PROGRAM 

USING SIMPLEX HEXAHEDRON 



c 
c 
c 
c 
C 
c 
c 
c 
c 
c 
(; 

c 
c 
c 

, "j, C 
.. ,f 

C 
C 

, C 
C 
C 
C 
(.; 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
(; 

C 
C 

, C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
(; 

C 
C 
C 
C 
G 
C 
C 
C 
C 
C 
C 
(:; 

. I C 
G 
C 

/. 

) 

i. 

LINEAR TIl-DIMENSIONAL HEXAHEDRAL FINITE ELEKEN1·PROGRAH FOR THE 
SOLUTION OF LINEAR,TRANSIENT,III-DIMENSIONAL,ISOTROPIC ~EAT 
CONQUCTJON PROBLEMS IN CUBIC VOLUMES WITH TIME-I~OEP~NDENT ~EAT 
G~I"ERI\TION MID TIHE-INDEPFNDf:NT BOUt\OARV CONDITIONS 

TER~lNOLOGY 

AT A, AT B, ATC: 

B 
CX,CY,CZ 

D 
DE: NS 
O[T J 
OT 
KA ,KB, KC 

HA ,HB, HC 

lGOUNT 

INT 

JAC 
JI.CI. 
,'~BUW 
~BMAX 
NDT 
Ni: 
Ni: ~IA X 
NNP 
NN PM A,X 
QA ,(J B, ac 

SHAPE 
SP H 
nl1c 
-JOLUIIE 
\I 

NPCODE(I), 

A~BIENT TEHPE~ATURES ON FACES A, e s 
C RE SP ECll VELV 

B MATRIX TN 'OEFINITION OF CONDUCTIVITY HATRIX 
CONOUCTION PARA~~TERS IN THE OIRECTIOhS 
. X, V S Z RESPECTIVELY, 
D ~ATRIX IN DEFINITION OF CONDUCTIVITY MATRIX 
DENSITY OF THE MATERIAL' 
DETI;RIIINANT OF THE JACOBIAN 
THiE JNCREiiENT 
ELEMENT CODES SPECIFYING THE FACES ON THE 

BODV SURFACE 
CONVECTIVE HE~T TRANSFER COEFFICIENTS 

ON EDGES A, B t C RESPECTIVELY 
CCUNTIIIG INOEX FOR PRINTING THE 

COMPUTED TEMPERATURE DISTRIBUTION 
PRINTING INDEX FOR THE COMPUTED 

TEMPERATURE DISTRIBUTION 
JACOB IAN P,t. TR IX 

AOJOINT OF THE JACOeI~N ~ATRIX 
BANDWIDTH 
M~XIHUH ALLOH~BLE BANDWIDTH 
NUfiBER OF TItlE INCREMENTS 
NUMBER OF ELEMENTS 
MAXIMUM NUMBER OF ELE~ENTS 
NUMBER OF NOD~L POINTS 
HAXIMUA NUHBER OF NOD~L POINTS 
SPECIFIED INCO~ING HEAT FLUX COMPONENTS 

ALONG ThE NORHALS OF FACES A, B t 
C RESPECTIVELY . 

NODAL SHAPE FUNCTIONS 
SPECIFIC HEAT OF THE ~ATERIAL 
THiE U:VE.L 
ELE~"ENT VOLUME 
~EIGHTS IN GAUSS QUADRATURE 

I=1,2,.~~tNNP BOUNDARY CONDITION COOE OF THE IT~ NOCE 
• ~ Q IF TENPERATURE IS NOT SPECIFIED AT 

I."lGEN(I), 

THE ITHNODE 
1 IF TE~PERATURE IS SPECIFIED AT lHE 

ITH NODE 

1 =1 ,2 ,. • ~ ,N E 
,.,l ..... 

RATE OF HEAT G~NERATION PER UNIT 

~1(I),I=1,2i~ •• ,NNP 
Xt(I),I=l,2~~~~,NNP 
X3(1),T=1,2, •• ~,NNP 
R, S"T2 

VOL UHF WITHIN THE ITH ~LEMENT AT 
ALL TIMES . 

X-COORDINATE' OF THE ITH NODE 
V··COORDINATE OF THE JTH NODE 
Z-COORDINATE OF THE ITH NODE 
LOCAL COORDINATES OF THE NODES 



c 
c 
c 
c 
c 
c 
c 
C 
G 

, C 
C 
C 
c 

: C 
1 c 

" I C 
,',' C 

i C 
r C 

C 

'" . 

) 

.... ------_._- ._ .. _---_ .. __ . ----~. 
RR, ss, TT LOCAL COORbINATES OF COLLOCATION POINTS 

USED IN GAUSS QUADRATURE 
C THERfoIAL LOAD VECTOR,l*NNP 
T Tf:I1P ERATURE VECTOR ,1*NNP 
~LV EFFECTIVE LOAD VECTOR,l+NNP 

IX(1,J),I·l'2,;o~,NE 
J"1,2,3;4 

CI'I 
~Cf~ 
r:HCn 
Hell 

OECLERATIONS' 

NODAL POINT LABEL O~'iH~ JTH NODE 
OF THE ITH ELE~ENT 

CONDUCTIVITY HATRIX,NNP*MBAND 
ELr:hFNT CONDUCTIVITY HATRIX,4*4 
ELEKENT HEAT CAPACITY HATRIX,4*4 
HEAT CAPACITY HATRIX,N~P.MBA~D 

C * THE PkOGRAH IS DESIGNED TO TREAT THE MATRICES, FORMED 
I C CURING EXECUTION, IN BANDED FORM~ • 

C ~ THE DATA OBTAINED FROH PROGRAM GNCUBE SHOULD BE UPDATED 
C IN ORDER FOR IT TO INCLUDE THE VALUES FOR OT, NDT, SPH E DENS6 
C 
C 

c 

P ,~RAHETF.R (NEMAX=40 i1t NNPIlAX"343 ,NMiiAX=l ,MBHAX a 75) 
I tHEGERE 
REAL JAC(3,3i,JACI(3,3) . 
DlhENSION IX(NEMAX,B),Xl(NNPHAX),X2(NNPKAX)~X3(NNPHAX),KC(NEHAX), 

S lJ (NNP 'fAX) ,ELV Wi~PI1A X} ,ECM (a, B), EHCK (8,8), l( NNPMAX), QGEN (NEHAX), 
SC"(NNPHAX,"BMAX),HCM(NNPHAX,HBHAX),NPCOOE(NNPHAX),KA(NE~AX), 
SUl(NE~AX),HA(NEH~X) ,ATA(NEMA~),aB(NEHAX),HB(NE"AX),KB(NEKAX), 
tA TB (NEH~X), wC (NEMAX), HC WEiU.X), ATC( NEP1A X) ,B (3,8), D (3, 3),HGV (8) 

COrlMONIBC/H(3),S(8),RC8),T2(8),SHAPE(8),PRODC8,8),PROD1(8,8), 
Ii R fH 3) , S S ( 3) , TH 3 ) 

COHMON NE,HNP,HBAND,ll,I2,!3,I4,I5,I6,I7,I8 , 
.~ , ,-

kEAD(5,')NNP,NE .. ,. 
R FA D ( 5, liI) (I(, X 1 ( I) , X 2 ( I) , X 3 ( I) , N PC OD E ( I) ,T (1 ) ,'Y-l,,NN P ) 
RF.AD(5,*)OT,NDT 
READ(5,*)CX,Cy,CZ~DENS,SPH 
R EA 0 ( 5 , *) (K, ( I X ( I , J ) , J '" 1, 8) , t< A ( I ) ,K e C I) , K C ( 1) ,C G E N ( I ) ,a A C I ) , 

SHA(I),ATACI),QB(I),HB(I),ATB(I),aC(I),HC(I),ATC(I),I=1,hE) 
" . 

C ==~~~======.aU~2.aD~=~_~===2==~===~ ••• a •• ~ •••••••••••• a ••••• =.=. 
e FORri SYSTEM'CONDUCTIVITY AND HEAT CAPACITY MATRICES 
C ~==~====a~======CD=~===~=====~=~===.=a •• u.a ••••••• aa.a a ••••• aa •• 

(. 

C 1 .. IrHTIALlZE THE BANDWIDTH,SYSTE1t-I CONDUCTIVITY AND 
C 'H~AT CAPACITY ~ATR!CrS,AND LoAD VECTORS 
C 

JJ'u 4 

i1 BANDau 
00 Iv!'\4 1=1 ,NNP 
(J(1)=~. 

ELVCI);;n" 
DO lUn~ J~l,HBHAX 
C ,'1 ( I , J ) ao " 
H Cli ( I , J )""" • 
CONTINUE": 
W(1)=:5555555555556 
W(Z)"'~8888888888888q 
~(3)=~55555555555556 
RR(1)=-~7745?666924148 
RR(Z)=lI.. • 



,'''~ ..... 

R ~ (3 i"-::-~7-7459 666924i48 
SS(1)~-~774596b6924148 
S5(2)~~, ' ' 
SS(3)= ~'745~666924148 
TT(1)=-~77459666924148 
THZ) .. ",,' 
TT(3)= ~77459666924148 
o Cl,ll"CX 
D(2,2)-CY 

) 

, 
. ;. 

0(3,3)aCl . " 
O(l,2}"O(1,3}"D(2,1)·0(2,3)=D(3,li~O(3,2).O~ 
R(l)=-l; ; " 
R(Z)- 1: 

c 

R(3)- l'~ 
R (4 )"-l~ 
K (5 )=-1:; 
R(b)" 1';' 
R (7) = l"~ ,!t 
R(S)"-l. 
S(l)a-l~ 
S (.! ) =--1~' 

;i1 
5(3)= 1, 
SUt)" l'G 
S (5 )=-1': 
S(b)"'-l.j 
S(7)= 1. 
S (8) =- 1': 
T 2( 1) =-1.. 
T 2 (2) =-1~ 
T 2( 3) a-I; 
T 2 (4) .. -1': 
T2(5)"1';' 
T2(6)" 1': 
T2(7)~ 1-;: 
T2(8)" 1~ 

-.4, 

DO 10(\9 E"'l,NE 
\ 

.; 

G 2.INITIALIZE ELEHE~T CONDUCTIVITV AND ~EAT 
C . CAPACITY HATRICES 
C 

DO IV fl 8 H"l,8 
00 HJ/)8 N-l,8 
~CHc/i,N)"!'). ' 
l: HC ~, Pi, N) .. 0 ~ , 

~nU8 CONTINUE -
l,; 

C 3,. FORI1 ELEMENT CONDUCTIV!TV AND HE AT C~P AC lTV MATR ICES 
C 

DO ll~'O 1"1,3 
DO ll~J J-l,3 
DO 111')() K=-l,3 

I ' 

00 UI'll U-l;8 
B(1,Il)=R(II)*(1+SS(J)*S(II»*(1+TT(K)*T2(lI})/8~ 
B (l , I I) -S ( I I ) * Cl + R R CI ) * R ( II ) ) *< 1 + TT (K ) * T 2 (I I ) ) IS'; 

li~l U(3,II)=T2(II)*(1+RR(T)*R(II))t(1+SS(J).S(II))/S; 

UO llfl2 II"'l,3 
DO 1102 JJ-1,3 

11v2 JAC(II,JJ)"'O • . , 
( , : 

DO IIn3 11 0 1,8 . 
COrU .. R( II). (l+SS(J).S (II) l*(l+TTCK)*T2( II »)/8'~' 
CO~l=S(II).(1+RR(I)*R(II»*(1+TT(K)*T2(Jl»/8~ 
CaN3=T2(lI)*~1+RR(1).R(Il»*(1+SS(J)*S(II»/8~ 

'. 



) 

HCCl,U .. CON1*Xl(IX(EtIJ) )+JACU,l) 
JAC(l,2' .. CONl*XZCIX(E,II) )+JACCl,Z) 
J AC Cl,3 )"CON1*X3( IX CE tl I) )+JAC(l,3) 
HCCZ,l)=CON2*Xl(!XCE,II, '+JAC(2,1) 
J .~ C ( 2 , Z , .. CON 2 * X 2 ( I X 0: , I I, ) +J A C ( Z, Z , 
JAC C2,3 ).,CONZ*X3 C I X (E , IT) )+ JACC2, 3) 
He C3 ,1) .. CON3*Xl( IX (E tl!) ) + JAC( 3,1> 
J ~C (3,2 ) .. CON3*XZ( IX CE,II) )+JAC( 3,2) 

.111..3 JAC(3,3'''CON3*X3CIX(E,ITJ )+JACC3,3) 

Llu4 

JACTCt,l)"JACCZ,Z)*JAC(3,3)-JAC(3,ZJ*JACCZ,3' 
J~CIC1,2)-JACC3,Z)*JACC1,3)-JAC(l,Z)*JACC3,3) 
JAC[Cl,3)"JACC1,Z)*JACC2,3)-JAC(Z,Z)*JAC(l,3) 
J~CI(7.,1)·JACC3,l)*JACC2,3)-JftCC2,1)*JACC3,3) 
J\CICZ,Z)"JACC1,1)*JAC(3,3)-JAC(3,1)+JACCl,3J 
JaCI(2~3)"JAC(Z,l)*JAC(l,3)-JAC(l,l)*jACCZ,3J 
JACJ(3,l)=JAC(2,l)*JACC3,Z)-JAC(3,l)*JAC(Z,2) 
JACI(3,2)·JAC(3,1'*JACC1,Z)-JAC(l,l'*JACC3,Z) 
JACJ(3,3)"JAC(l,l)*JAC(2,Z)-JAC(Z,1)*JAC(1,2) 

DETJ" JAC(l,l)*JAC(Z,2)*J~C(3,3' 
~ +JAC(2,1)*JAC(3,2J*JAC(1,3) 
i +JAC(l,2)*JAC(2,3'*JAC(3,l' 
S -JACC3,l)*JACCZ,Z'*JAC(1,3) 
i -JAC(Z,1)*JAC(1,Z)*JhC(3,3) 
6 -JAC(l,1)*JACC3,2)*J~C(2,3' 

DO 1l()4 11=1,3 
DOll 'H J J= 1, 8 
PRO 0 ( II , J J, =0.' • 
on 1104KK"1;3_ 
PROO(II,JJ)=PROD(II,JJ'+JACI(II,KK)+S(KK,JJ) 

DO ll05 11 .. 1; 3 
DO 1l()5 JJ-l,8 
P RODl( II, JJ) ';'0 0 

DO lln5 KK=l, 3-~ , , 
11u5 PR001(Ir,JJ)=PROOICII,JJj+OCII,KK)*PROD(KK,~J) 

DO 1106 It"1,3 
DO l10b J Jal; 8 
PRO 0 ( II , J J) =0 ~ 
DO 11n6 K~-1'3 " _ 

11~6 PRODCII,JJ)"PROOCIl,JJ)+JACI(KK,II)+PRooic~~,JJJ 

DO 1107 11-1,8 
DO 11117 JJ-l,8 
PRODICII,JJ)"O .. 
00 U(\8 KK-l,3 ' " ',;c, ,.', ,. ,., 

lloa PROD1Clt,JJ)-PROOl(11,JJ)+SCKK,II}.PROO(kK;JJ) 
Llu7 PRUD1(II,JJ)~PROD1(II,JJJ/OETJ) 

C 
C 
C 

,. , 

" 
00 ll09 II"l,8 
DO 1l(')9 JJ-lj8 : _ " 
f: C'I C I It JJ ) .. ECM C II, J J) +IH 1 )+ lH j) *14 (K). PR 00l< II, J J) 

3;4;FORHTHE ELEI-\ENT HEAT CAPACITY ~A1RIX 

DO 1l7.0 I r a 1.' 8 

i .. _" 

L110 SHAPE(II)a(1+RR(I}.R(II»~(1+SS(J)*S(II».(1+1T(K)*T2(11»/8. 

D a 1111 ,I 1 .. 1; 8 
DO 1l.11 JJ"1,8 

• ~;l. 

~til PROO(II,JJ)=SHAPE(II).SHAPE(JJ)*DETJ*OENS+SPH 



) 

, ,',' 
. --------,(~'---- ..... 

':~ ",; ': ' .. :' . 

UO UlZ rr-l; 8 
DOll12JJ=1,8 . , 

il12 EHCM(II,JJ)-EHCH(II,JJ)+W(I).W(J).W(K).PROOCIt,JJ) 

l1uCl CONTINUE 
C 
C 3!~~ADD EL~~ENT MATRICES TO GET SYSTEM MATRICES 
G 

CALL "ASSOO(NEMAX,NNPMAX,4BMAX,E,JX,ECH,EHC~,CH,HCM) 
.1.()v9 

C 
C 
C 

C 

COtHltlUE . 

3:b~PRINt THE BANDWIDTH 

PRINT 138,IIBAND 

C ~.~~~~=a.~=~~.~ •• a3~=a.aa~c~=aaax ••••••• _a.D •••• _ ••••••••••••••• 

C BOUNDARY CONDITIONS 
C a.a~Z==2~ •• a.~aa.= •••• =~====~~=2=.= ••••••••• _ ••••••••••••••••••• 
c 

DO 42 E"l,NE 
IF(KA(E)uEa.() GO TG 42 .. 
C4LL BC00(NNPMAX,MBMAX,Xl,X2,X3,QA,HA,ATA,QB,HB, 
EATB,UC,H~,ATC,Q,C",KA,KB,KC,E,IX,NEHAX) 

.. 2 C ONTI r~uF. 
C 
C ~.= .. =.m=== ••• a=.a •• ===~=~a==~=== ••• = ••••••• a ••• ~ ••••• =.c ••••••• 
C FURH THE EFFECTIVE CONDUCTIVITY ~ATRIX 
C Q==.=~==" ••• ="" •••• = •• =.===C".: •• = •• ~"C" •••••••• " •••••• a •••••••• 

C ··.c 

DO 43 l"'l,NNP 
DO 43 J·l,RBAND . 
CM(I,J)"C~(I,J).2~*~C"(I,J)/DT 

43 C OIHHlUE ' 
c 

.; "4. C =a.2=.=.K=a= •• a.~=.== ••• a ••• a.&= •• a •••••••••••• ~ •••••••••••••••• 
(; 

C 
C 
C 

c 

~ODIFY THE EFFECTIVE CONDUCTIVITY MATRIX AND THE· T~ERH~L 
La AD 'lECTOR 

CALL ~DFuO(NNPMAX,HeHAx,NPCODE,T,Q,C") 

C a2Aa2~=.~a.Daa==m=u=u~ •• ~a~==~==~.a ••••••• a.a ••••••••• a ••••••• s. 

C REDUCE THE EFFECTIVE CONDUCTIVITY ftATRIX 
C ====.=_ ......... = •• ~_=~=====.=a==_== •••• a ••••••••••••••••• a .. a.a .... . 
c 

00 280 N=l,NNP 
00 260 L-Z,MBAND 
C=CH(N,Ll/CHlN,l) 
I =N+L-l 
IF(N~P-I)260;240,240 
J =J 
DO 250 K-L,MBAND 
JaJ+l 

, 
ell( I , J) -C H ( I, J ) - C" C IH N, K) 
C:tI( N,l)·C 
CaNT! NUE 

C .a_==2=:a=.a.a.a.=a===aa===aa3==.aa.a._.~ ••••••••••••• D~= ••••• m. 
C 
C 
C 
~ 

C 

CALCULATE AND PRINT THE TEMPERATURE DISTRIBUTION 

T TH E:aOIl 
I CUUNT';;O .. 
I NT -10 ~. 

. . ! ~ 



" / 

) 

--------------,-
C I.PRINT THE INITIAL TE~PfRATDRE bI~TRIBUTION 
C 

c 

PRINT 133,TIHE,(I,TCI),I=1,NNP) 
00 6~ ITIME-1,NDT 

C ?~FUR~ THE EFFECTIVE LOAD VECTOR 
C' 

2t'162 
J.J)02 
02 
C 
C 
(; 

C 

Of] 62 1-1 ,NNP 
ELVCI)-FLVCI)+Q(I) 
IF(NPCOOECI).EQ~l) GO TO 62 
UO Iv62 J~l,~BANO 
K =1 +J-l 
IF«(K-NNP).GT~O) GO TO 1062 
1:: LV Cl ) .. EL V ( I ) + 2 • * H C v ( I , J) *T C K ) I [). T 
IF«J-l)~NE.~) GO TO 1062 
00 2062 L=2,HBANO 
I'i~I-L+1 ,"" IF(HuLEiU) GO TO 2062 
ELVCi)=ELV(I)+2~*HC~(~,l)*T(M)/DT 
CtlNTWUF. ' 
CONTINUE 
CONTWUE 

'. . ~. 

3.FORH THE HEAT GENERATION VECTOR AND ADD IT INTO THE 
TH~ EFFECTIVE LO~D VECTOR 

00 58 Eal ,NE, 
DO 1199 1"1,8 

il99 HGVCl)-1)1I 
00 12(10 Y al, 3 
DO 12nO J al,3 
DO 12nO K-l,3 

001201 11-1;3 
00 12111 JJ-l,3 

12v1 JftC(It,JJ)-O. 
! 

...... ,:. ... : 
,"" .. :-

." •• 1· • 

.1.; •. , .• 

DO 12/)2 11111;8 ' ,,' ,,". 
CON1.R(II)*(l+SS(J).SCII»*(1+TT(K)+T2(II))/8~ 
CON 2 .. S ( II ) * Cl +R R ( I ) "'R ( IT.) ) * Cl + T T ( K ) +T 2 C II )) 18:~ 
CON3~T2CII)*(1+RR(l)*R(Il».(1+SS(J)*S(II»/8~ 
J~C(l,l)=CONl*XlCIX(EtIJ) )+JAC(l,l) 
J ~C Cl, 2)" CO Nl*X 2 ( I X (E , I I) ) + JA C ( 1,2) 
J\CCl,3)aCONl*X3(IX(E,II) )+JAC(lt3) 
JAC(Z,1)-CON2*Xl(IX(E,II) )+JAC(2,1) 
J .. \C ( 2 ,2 ) .. CO tiz * X 2 (! X (E ,I I) )-to J A C ( 2 ,2) 
Jr\C(2,3 )=CON2*X3(IX(E ,II) )+J/.C(2,3) 
J~CC3,lJIICON3*Xl(IX(E,Il) )+JAC(3,l) 
HC C3,2 )=CON3*X2( IX (E ,I T) )+JAC( 3,2) 

L2u2 JACC3,3)=CON3*X3(!X(E,II) )+JAC(3,3) 
i 

DETJ= JAC(1,1)*JACC2,2)*JAC(3,3) 
& +J4C(2,l)*JAC(3,?)*JACC1,3) 
& +JACC1,2)+JAC(2,3)*JACC3,1) 
& -JACC3,l)*JAC(2,2)*JACC1,3) 
& -JAC(2,l)*JAC(1,2)*JAC(3,3) / 
& -JhC(1,1)*JAC(3,2)*JACj~,3) 

o 0 12 -13 I I,. 1 , 8 

," 

; 1203 SHAPE(II)R(1+RR(1)*R(JI»*(1+SS(J)*SCII».(1~TT(K)*T2C1I».OETJ* 
&I./GEN( E) 18"'; 

DO 12114 11=1,8 
12",4 HGV (II) '"HGV (I I) +\H I )*IH J) *\01 (K )*SHAPE( II) 
.I.2v" CONTINUE 



, I 

l. 2,) 5 
58 
C 
C 
C 

l85 
it 85 
.nu 
291.1 

35\1 

03 
C 
C 
C 
C 

65 

DO lZn5 H"'1,8 
I a IXCF.,I4} 
IF(N~CODECI).EQ~l}GO TO 12~5 
ELVCI)-F.LVCI)+HGVCH) 
CONTI NUl: 
CONTINUE 

4.S0LVE FOR NODAL TE"PERATURES 

00 29r1 N-l,NNP 
DO 485 La 2,HBANO 
I"N+L-l 
IFCNNP-I)270~285,Z85 
ELVCI)-ELVCI)-CMCN,L)*ELVCN) 
CONTHIUE 
ELVCN)aELVCN)/CHCN,l) 
COIHINUE 
N"NNP 
N"N-l 
1 F C N ) 350 , 50 0 ~ 35':1 
00 4uO,Ka2,~BANO 
L"N+K-l 
IF(NNP-L)400,370,370 
ELVCN)"ELVCN)-C~CN,K)*ELVCL) 
CONTI NUE, 
GO TO 30(1 
CONTINUE' , 
DO 63 I"l,NNP 
T CI )"2. *ELV <I )-T( I} 
ELVCl};Otl 
CONTINUE 

) 

5~UPDATE THE TIME LEVEL AND PRINT NODAL 
"TEi-1PFRATURES ' ' 

TIHE·TIME+DT' " 
I COUNT-ICOUNT+l 
IFC1COUNT-INT) 64~65,65 
PRINT 136,TIME,CI,TCI },I=l,NNP} 
I CUUNT"O" 

)" " 

i; 

';.-,-,"", 

, ' 

,:." 

64 
i C 

CONTI NU E" 

,./ 

C .... == .... = .. ~=a"' .. = .. =~a .... ===a ......... == ..... c .. = ••• a ••••••••••• K .. c ......... . 
C FORHATS~~.~~. '"'''' .~. '" C =~2~~~=a~==.~a= •• ==~a==.~.Q======.a ••••••• a ••••••••• _ ••••••••••• 
C 
L33 

J.36 

J.38 
C 

',' 

FORIIAT( lHlI115X,60( IH") 126X,' INPUT TABLE-TEMPERATURE DISTRI' 
6, '8UTION·/15X,6UC1H.}/37X"TIME."FIZ~5/15X,6nC1H-)/4"X,'NODAL·'PO' 
6, 'lNT'/27X,'NUHBER',Z6X,'TEHPERATURES'/15X,60(lH-)/CZ8X,I5,24X,E15 
6~6)) , ' , 

~ORMATCIH11115X,60C1H=)/26X,'OUTPUT TABLE-TEMPERATURE DISTRI' 
&, 'tiUTION'/15X,61)(1H·) 137X,' TIME·' ,F1Z';5/15X,60(1H-) HOX,'NOD/,L PO' 
6, '! NT '/27 X, 'NUH BER' ,2 6X, ' TE IiIP ERATURES '/15 X, 60 ClH-) 1 C 2 8X, 15, 24X, H 5 
6",6) )' , . ' . 

., t" . *'1 (..,' :~~ , 
~ORMATC1Hl,35C/),5UX,'BANDWIOTH:.~.~.~',I3) 

...... It.· .... 

S TO P 
END 

SUBROUTINE BCQoCNNP~AX,HBMAX,Xl,X2,X3,QA,HA.ATA,QB,rB, 
~ATB,QC,HC,ATC,Q,CM,KA,KB,KC,c,Ix,NEHAX) , 

INTEGER E 
REAL JAC(Z,Z; 
OIHFNSION Xl(NNPHAX),X2(NNPMAX},X3CNNPHAX)~CH(NNPMAX,~i~AX), 

& Q CNNPMAX) ,eA C NEHAX) ,.H" C NE 1<1 A X ) ,A TA C NEttAX); CB (NEf:iAX) ,KA C NEMAX), 
6H 8 ( Nci'lAX) ,A Tf) WEllAX ), QC 01 EM AX) , HC C N EKAX }, AT C C NH1AX) , K B C he tcAX} , 



- I 

) 

1--- -----&KC(N£: !1AX ,-;iX(-NEHAX, 8 I, G-K2 (8-, 8~), P2 (8), P3 (8 ),GK2D (8,8 I, P2 C (8) ,P3D (81 
t ~,Vt::C(81 - -,_., ,_- ',."._-' . : . 
i COXHONIBC/W(3),S(SI,R(SI,T2(81,SHAPE(81 ,PROD(B,SI,PROD1(S,8J, 

f:RR(31 ,SS(31 ,TT(31, 
COttMaN NE ,NNP ,MBANO,Il, 12 ,13 ,Itt, 15,16,17, IS 

21 

22 

23 

24 

25 

C"'***-!c 

QAD=QA(E) 
HADIIHA{ E) 
,'\ TAD=ATA( E) 
QBD"'QB(E) 
HaO"HS(E)-
A TBO=AT B( E) " 
l.ICD"'QC( EI 
HCU=HC( E) 
ATCO .. ATC(E) 
j{ -\l}=KA( EI 
KtlO-KB(E) 
KCD:zKC( E) 

DO 2l Ll"l,8 
P2(lLl"'('!,. 
P 3 (lU "'l~ 
00 21 LlL=l,S 
GK2(LL,lLlI=u. 
185"'0 
1 F( I 85crNE'~O)' GO 

tJz =0 40 
H=HAO' 
AT"ATAD . 
IF (KAD~EQ.l) GO 
IF (KAD'~EQ';2) GO 
IF (KAD"EQ':31 GO 

i:1 ".' 
IF (KI\Di.EQ~,41 GO 
IF (KAD .... EQ; 51 GO 
IF (KAD'~f:Q'~6) GO 

IF(I85"NE;11)"GO 
Ql=UB~ 
H",HBO· 
AT"ATSO "l ,-IF (KBD __ Ea. 3) GO 
IF (KBD;;EQ~ 4) GO 
IF (KBO:~EQ~5) GO 
IF (KBD.EQ,,6) GO 
IF (KBD~'EQ-;71 GO 

IF( l85"NE:ZI GO 
Cl"OCO 
H=HCD 
AT"ATCO 
IF (KCD'~EQ. 51 GO 
IF (Kco.,iEQ~6) GO 
IF(KCO.-EO .. 71 GO 

IF( IS5.Ea~3)· GO 
" 

FACE I 

11u -00 900,1=1,8 
SHAPt:(1I=O .. 
P 2D ( 1 1=/),,' 
P 3D (l '=(l~ 
00 9u ll J~1,8' 

~n~ GKZOCI,J)=O.' 
o 0 11lllJ 1"1 , 3 
Of) un,) J=l,3 

TO 23 

TO 100 
TO lnO 
TO 30u 
TO 4~O 
TO 500 
TO 60U 

TO 24 

TO 31)0 ... 

TO 400 
TO 500 
TO 60U 
TO 7('\0 

TO 25 

TO 500 
TO o'rlO 
TO 7 tit) 

TO 71.H) 

-.,'_." 

;: ' 

._"., 

J~C(1,1)=(-S(1)*(1+TT(I)*T2(11'*X2(IX(E,1)J-
f: S(41*(l+TT( I'*TZ(41 )*X2CIX(F.,It»-

, .-

--

_. 



. I 

) 

r 

·- -- --- i- --- -- ----5(5-'. fi+TT(I) *T2( 5-r )*X2 (Ix(E,S);-
6 S(8)*(1+TT(I).T2(8».X2(IX(E,8)')/4~ 

11ul 

.1.102 

.1luC1 

J~C(1,2)K(-S(1)*(1+TT(I)*T2(1»tX3(tX(E,l')-

6 S (4 )*Cl+TT( 0*T2(11) '*X3UX(F,'t»-
Ii S(5)*(l+TT(I)~'T:n5) )*X3(lX(E,5»-
6 S(8)*(1+TT(r)*T2(8)'*X3(lX(E,8»)/'t~ 
J~C(~,1)-CT2(lJ*(l-SS(J)¥SC!) )*X2UX(E,lJ)+ 

Ii T2(4)*Cl-SS(J).S(4) )*X2ClX(E,4»+ 
6 T2(5)*Cl-SS(J)*S(5»+X2ClX(E,5»+ --
E. T 2 ( 8 ) ... Cl- S S ( J ) '" S C 8) ) * X 2 ( I X ( E , 8) ) ) 14': 
JAC(~,2)·eT2(1)*(1-SSeJ)*S(1»*X3eIX(E,1»+ 

6 T2(4)';(l-SSeJ)*S(4) )*X3(lX(E,It»+ 
6 T 2 e 5) '" (1- SS ( J ) * S C 5) ) * X3 Cl X ( E, 5) )+ 
6 T2(8).n-SS(J'*S(8»*X3CIX(E,8»))/4': 

DF.TJ3 J4C(1,1)*JAC(2,2)-J~C{2,l'.JAC(l,2) 

SHAPE Cl)= Cl+TTC I )*T 2( 1)>It Cl-SS (J) *S (1» 14~ 
SHAPE(4)=(1+TT(I)*T2(4»*(1-SS(J).S(4»/4~ 
SHAPE(5).{l+TT(I).T~(5»*(1-SS(J)*se5»/4~ 
SHAPE(8)=(l·TT(I)*T2(R»*el-SS(J)*S(8»/4~ 

DO unl II~lt8 
V~CeII)=SHAPEeII)*D~TJ 
DO 11"1 JJ a 1,B 
PRUD(II,JJ)-SHAPE(IT)*SHAPE(JJ)·H*DETJ 
DO 1102 11:01,8 
P7U(II)-P2D{II)+W{I)*W(J).VEceII)*QZ 
P30CII)=P3D(II)+weI)*W(J)*VEceII)*H*AT 
lHI l.l02 JJ=1,8 
GKlD(II,JJ)-GK2D{II,JJ)+W(I)*H(J)*PROD(II,JJ) 
C ONTI ~ur: 

00 11"13 l=l,a 
P2(I)=P2(I)+P2D(I) 
P3(I)=P3(I)+P30C1) 
DO llJ13 J=1,8 
GKl(I,J)=GK2tI,J)+GK2DCr,J) 

I85 m 185+1 
GO TO 22 

FACE II 

DO 901 I:ol,S: 
SHAPECI )=0 •. 
P2D(I)=O .. · .. ; 
nu <I) =0; 
00 9(Jl J~l, 8' 
GK2D( r, J) =U.' 
DO 1200 1=1,3 
00 12"il J=l,3_ 

JACe!,1)-(S(2)*(1+TT(I)*T2(2»*X2(IX(E,2»+ 
6 S (3 ) * (l + T T( T ) *T 2 ( 3) ) '" X 2 nX( E, 3) )+ 

6 S ( b ) * Cl + TT ( r ) "'T 2 ( 6) ).)( Z CI X ( E, l:) ) + 
& S(7)*(l+TT(I)*T2(7)l*X2(lX(E,7»)/4~; 

HC Cl ,2 ).:. (S (2) * (1+T TC T ) *T? ( 2) 1* X3 (I X ( E, 2) J+ 
6 S(3)*Cl+TT(I)*T2(3»*X3(IX(F.,3»+ ( 
Ii S (6 l* (l + T TC T ) *T 2 ( 6) ) * X 3 ( I X ( F. , 6) ) + 
6 S (7 ) * ( 1 + T TC I ) *T 2 (7) ) * X 3 ( I X ( E, 7) ) ) 1'/: 
JhC(2,lJ a lTZ(Z)+(l+'iSeJ)*seZ) ).X2eIX(E,Z) J+ 

6 TZ(3)*Cl+SS(J)*S(3) )*X2<IX(E,3»+ 
~ n(6)*{l+SS(J)*S(6»*X2<lX(E,l:»+ , 
& T2J7)*(1+SSeJ)*S(7».X2(IX(E,7»)/4~ 

-, 



" ( 

;J 
.''\" 

) 

HCC2,Z)·nZ(Z)*{l+SS(J)*SC2) ).X3(IX(E,Z)+ 
& T2(3l*{l+SS (J )*S( 3) )+X3 nX(E,3». 
& T2(6)*{l+SS (J )*5(6) JII'X3(lX(E,6))+ 
& T2 (7) *U+SS (J )*S (7) )*X3UXCE, 7) n)4~,' 

DETJ- JAC(1,1)+JAC(Z,Z)-JAC(2,1).JAC(1,2) 

SHAPE(2'~(1+TT(I)~T2(2»*(1+SS(J).S(2»/4~~ 
SHhPE(3).(1+TTCI)~T2(3»*(1+SS(J~.S(3)'/4~· 
SHAPE(b'a(l+TT(I)*T2(6)'*(1+SS(J)*S(b"/4~ 
SHAPE(7)·{l+TT(I'*T2(7')*{l+SS(J)*S(7)/4~' 

DO 1201 11:01,8 
VEC(II)aSHAPE{II'*OETJ 
DO 1201 JJ-1;S 

12~1 PROO(II,JJ).SHAPECII).SHAPE(JJ)*H*OETJ 
DO 1202 II-l,S 
P2D(lt)~P2D(II)+W(I)*UCJ)*VEC(II'*QZ 
P10(II):ap30(II)+W(I)*W(J)*VEC(II)*H*AT 
DO 12'2 JJ-l,a 

12~2 G~2D(Il,JJ)·GK2D(Il,JJ'+W(I'*W(J'*PROD(II,JJ)~ 
J.2I,JO CONTINUE 

00 12n3 1 011,S 
PZ(I)aP2(I)+P20(1) 
P3(I'=P3(1)+P3D(1) 
00 12n3 J~1,8 

12u3 GKZ(I,J)-GK2(I,J)+GKZO(I,J) 

185-185+1 
GO TO, 22 

C *** FACE 1 II 

30U DO 902'I~1,81 
SHAPE(I)·i).:'~ 
P2DU):o".~, .~; 
P 3D (I ) "O,,·.'c ' 
DO 91.12 J~1,81 

902 GK2D(Y,J)·O:i 
DO 1301) 1-1,3 
DO 1300 J·l,3 

·'i--

J AC (1,1 ) .. (-R (1) +: (1+ SS ( J) * S (1' ) *X3 (xX (E, 1) );".t,:i: 
& R(Z)+(1+SS(J)+S(Z)tX3(IX(E,2')· 
~ R(3)*(1+SS(J'+5(3')*X3(IX(E,3))·, 
& R(4)*(l+SS(J)*SC4»*X3(IX(E,4})}/~. 
J,~C(l,Z)~(-R(1)*(lTSS"(J)*S(lJ >*Xl(1X(E,l) '-.,'; 

~ R (Z ) * Cl +5 S ( J) *S (2' ) *X i CI X (E ,2 )')-
i R(3)*(1+SS(J)+S(3"+Xl(1X(E,3',·, 
i R(4).(1+SS(J)+S(4».Xl(IXCE,4»))/4. . , ~ 

J AC (Z, 1 ). (S (1)" ll-RR ( J) *R (l ) J *X3 ( IX (E ,1) ) + 
& S(Z)*Cl-RR(T)*RCZ»+X3(IX(E,Z))+ 
6 S(3)+Cl-RR(I)+R(3»)+X3(IX(E,3»)+ 
i S(4)*(1-RR(I)+R(4»+X3(IX(E,4)))/4. 

HC(Z,2)"(S(l)*Cl-RR(T)*RCl»+Xl(IX(E,l})+ ... 
~ S(Z)*(1-RR(I)+R(Z»)*X1(IX(E,Z»)+ 
& S(3)*(1-RR(I)+R(3»*Xl(IX(E,3))+ 
i S(4J*(1-RR(T.)+R(4»*Xl(IX(E,4»))/4. 

;' ~, 

SHAPE(l)·(1-RR(I)*R(1»*(1+SS(J)*S(1»/4. 
. "! 

," 



, , 

,', 

~':, . 

) 

__ • __ ~ ____ 4_ ... _. _______ ~~ ___ • __ .~._~___,__'"_." ,,~_--, 

SHAPECZ)-Cl-RRCI)*RCZ))*Cl+SSCJ).S(2))/4; 
SHAP~(3)·Cl-RR(I)*RC3)).(1+SSCJ)*S(3))/4= 
SHAPEC4}-Cl-RRCI).RC4JJ.Cl+SSCJ)*SC4))/4~ . ~ 

DO 131)1 II-l,8 
VECtIJ)-SHAPECII)*DETJ 
DO 1.3-')1 J J"l; 8 

13ul PRODCII,JJ)=SHAPECII}*SHAPECJJ)~H.DETJ 
DO BIlZ I r"'l, 8 . 
P2DCII)·P2DCII)+WCI)*W(J).VECCIIJ*OZ 
P30CII)·P3DCII)+H(I)*WeJ).VEC(II)*H*AT 
DO 130Z JJ"'1;8 

, 13~2 GK20(II,JJ)=GK20CII,JJ)+HCI)*W(J).PRODCII,JJ) 
.L3uO CONTINUE 

":r ! DO 13fl3 1=1,8 
PZCI)·P2(Y)+P20(I) 
P3(I)=P~(I)+P3DCl) 

.:" 

,!, , 

13u3 
DO 1303 J-l,S 
GK2CI,J)·GK2(I,J)+GK2D(I,J) 

I 85"IS5+1 ' 
GO TO 22 

C*"'* FACE I V 
: -':-, .. : ;' 

DO 903 ya1.,8' 
S HA P E CI J '" (' • ~ 
P2D(I)=Ou" ! 

P 3D Cl )=0: '-'-':'1 
DO 903 J;;';1,8' 
G K2 D C I, J) "0. ; 
DO 1400 1-1,3 
00 l4(hJ J"1,3 

" HC C1, 1) - C R C 5) *(1 +S S C J) *S C 5) ) *X 3 (IX (E, 5)) +'\. 
~ R(bJ*(1+SSCJJ·SCb))*X3CIXCE,6))+, 
C; R(7)*Cl+SSCJ)*SC7)).X3UXCE,7))+' 
C; RCS)*Cl+SSC J)*S CS))"'X3CIXCE,S)) )14~ 

JACC1,2)·CRCSJ*Cl+SS(J)*SC5))*XlCIXCE,5))+ . 
~ R(b)*(1+SS(J)·SCb»)·X1CIXCE,6)+, ' 
~ R C 7 ) * (1 + S S C J ) *s C7 ) ) *x 1C IX C E ,7) ) +,' 
C; R (8 ) * Cl + S S C J ) *S C 8 ) J *X 1C I XC E ,8 ) ) ) H •. ,', 
JACC2,1)·rSC~)*Cl+RR(I)*RC5))*X3CIXC~,5))+ ~~ 

C; S(b)*Cl+RRCI)*RCb»*X3(IX(E,6))+ 
C; S(7)*Cl+RRO)*R(7))+X3CIXCE,7))+, --
C; S(8)*(l+RRCTHIRC8))*X3CIXCE,8))1/4~, 

JAC C 2,2 ). C S (5) * U+R RC I) *R (5) ) *X lC IX (E,5 ) ).. '" 
~ S(b).Cl+RR(I)*R(6»)*XlCIXCE,6»)+ 
C; S(7)*Cl+RR(I)*RC7»)*X1CIXCE,7»+ 
fi S(S).Cl+RR(Y)*RC8».xiCIX(E,S»)/4., 

'" ,t.:. ,'", 

SHAPE C 5)· Cl +R R ( I) '" R C 5 ) ). ( 1 + S S C J ) '" S C 5) ) /4.' ' 
SHAP~(b)a(1+RRCI)*RC6)*Cl+SSCJ)*S(6»/4~ 
SHAPE(7)~(1+RRCI)*RC7»*(1+SSCJ)*S(7»/4~ 
SHAPE(8)·(1+RR(I)*RC8»~Cl+SS(J)*S(8»/4: 

00 141)1 II-1;8 
VECCII)-SHAPECII)*DETJ 
00 l.Itnl JJ:a1ia 

.L 4ul P RU 0 C II , J J) "'S HA P E (I IJ +S HA PE C J J) *H*DET J " 
DO 1402 1 ral, 8 
P20CII)=P20(II)+WCI).W(J)*VECCII)*CZ 

" 



, -- ,'- ---Pl'O( I I' .. p 3D (I j-,-+H ( I ;*\.1('.1) *VECOO'+H*A T 
DO H02 JJ.l~ 8 

L4~2 GK20(tI,JJ)DGKlO(II,JJ)+W(I).W(J)*PROO(II,JJ) 
14UO CONTINUE : ' 

DO 14t)3 1-1,8 
P2(I'=P2(I)+PlO(I' 
P3(I)sp3(I)+P301I) 
DO 1403 JD1,8 

14u3 GK2(I,J)-GKl(I,J)+GK20(I,J) 

. : ,. 

185=-185+1 
GIJ TO 22 

:-; . ,'. 

C *** FACE V 

D 0 9 v 4 I", 1 , 8'; 
SHAPE(l) .. Q. ,; 
P 20 (l ):af) .... ~ 
P 3D (I )=0; t 

DO 904 J~1,8' 
G K2 0 ( I, J, ... oi' 
00 1500 1-1,3 
00 151)0 J"1,3 

JAC(1,1)"(Tl(3)*(1+RR(I)*R(3» ... xi(IX(E,3»~ 
~ T 2 (4) * (l + RR (I ) * R ( 4) )'" Xl( I X (E, It) ) + 
~ T 2 t 7) * (l + RR ( I ) * R ( 7) ) * Xl (1 X (E, 7) , + _,; 
~ T 2 ( 8) * n + RR (I ) * R ( 8) ) * Xl (I X (E, e) ), lit; 
J.C(1,2)·(Tl(3)*(1+RR(1)*R(3»*Xl(IX(E,3»+~ 

~ T 2 (4) * (l + RR (1 ).,. R ( 4) ) * X2 ( I X (F, ") ) + 
~ T2(7)*(l+RR(l)*IU7) ).XZ(IXCE,7) )+': , 

~ T2(8).(1+RR(I).R(8»*XZ(IX(E,8»)(4~ 
J.C(Z,l)·(R(3)*(l+TT( J'*T2(3) )*Xl(IXCE,3) '+ .. ,' 

f. R (4). {l+TT( J) ';'T2 (It ))*Xl (IX( E, It) )+,~, " 

~ . 

~ R (7)'" (l + T T ( J ) *T 2 ( 7) ) * Xl (I X ( E, 7) ) +:':i: ' 
~ R(8)*(1+TT(J)*TZ(8».Xl(IXCE,8»)/4! 

151)1 

J.5v3 

JA C (2 , 2 , .. (R (3 »I< (l + T T( J) *T 2 ( 3 ) ) * X 2 (I X ( E , 3) ) + ' , 
f. R (4) * (l + T T( J) *T 2 ( ") )'" X2 (l XU:, It) , + 
f. R(7»1<(1+TT( J)>!rT2(7) ).X2ClX(E,7) ,.-. 
~ R(8)*(1+TT(J).T2(8»*XZ(IXCE,8»)/~~' 

~ <;. . 

DETJ=- JACCl,1)*JAC(Z,2)-JAC(l,l)*JAC1'1,Z) _ 

S HA PE (3 ). (l+RR (l) *R (3 ) ) *( l+TT( Jl,Otrz'(3» 14~ 
SHAPE(4)"(1+RR(I)*R(4»*(1+TT(J)*TZl4»/4~' 
SHAPE(7).(1+RR(I)*R(7»*(1+TT(J)"'T217')/4~ 
SHAPE(8)"(1+RR(I).R(8».(1+TT(J)*Tl(8»/4~, . " 

DO 1501 II-l~8 
VEC(II)=SHAPE(II)*OETJ 
DO 15.')lJJ:al;8 
PROD(II~JJ)·SHAPE(II)*SHAPE(JJ)*H.DETJ f! 
00 1502 11-1,8 i 

P2D(II)~P2D(tI)+W(I)*W(J)*VEC(II)*QZ ! 
P1U(IJ)-P3D(II)+H(1)*W(J).VEC(II)*H*AT 
DO 1502 JJa l,8 

. "~! 

G K2 D ( II , J J) =G K2 0 ( II ,J J) +\1 <I )". W ( J) *p RO 0 ( II , J J) 
CONTINUE 

DO 15fl3I:ll,8 
P7.(I)"P2(I)+P20(I' 
P1(I)·P3(I)+P3D(I) 
UO 151"13 J:ll,8 
G~2(I,J):aGK2(I,J)+GK2D(I,J) 

\. 



- ".-

18S-185+1 
GO TO 22 

FA CE V I 

o 0 9i) 5 1-1, 8 
SH~PE(I,=a. : 
P20 (1 )-t;l., ~ 
P 30 (1 ) -0-; 
DO 9r)5 i~l, 8' 
G 1<2 0 ( I, J) aO ~ .I 

un 161"10 1=1,3 
DO 100'J J-1.,3 

) 

._- f.- -----.---------__ . ___ . ____ ._~_. __ ~,._, __ _ 

J~C(1,1) .. (T2(1)*(1-RR(I)+R(1).Xl(IX(E,1)+ 
6. T2(2,*(1-RR(I)*R(Z)*Xl(IX(E,2»+ 
6. T Z ( 5) * (1- RR ( I ) * P ( 5) ). Xl (I X t E, 5) )+ . 

6. T2(6)+(1-RR(I)*R(6).Xl(IX(E,6))J~~ 
HC (l, 2 ) .. (T 2 (1.) * (1- RR (I) * R ( 1 ) , .. Xl (l X (E, 1) ) + 

6. T2(2)*(1-RR (1 )'I"R(l) )*X2(lX(E, 2) 1+ 
6. T 2 (5) • (1- RR <l ) * R ( 5) 1* X2 (l X (E , 5»+ 't' 
f. . T 2 ( 6 ) * (1- RR ( I ) * R ( 6) ) '" Xl (1 X ( E , 6) » I~" 
J'C(Z,1)-(-R(1)*(1+TT(J)*T2(1»*Xl(IX(E,1»-

f. R (2)" (l + T T( J) *T 2 ( 2 ) ),. Xl( 1 X (E, ;n )-
6. R(5)*(1+TH J)*TZ(5) '.Xl(IX(F.,5) )-. 
, R(t')*(l+TT< J)*T2(6) )*Xl<lX(E,6)) J4'~; 
j&C(Z,Z)"(-Rl1'+(1+TT(J).T2l1»·XZ(IX(E,1»)-

f. R(Z'*(l+TT<J)*T2lZ»*Xl(1X(E,2»-
, R(5)*(l+TT< J)*T2(S) )*Xl(lX(F,5) )-, 
, R (Ed" (l + T T< J) * T 2 l 6) ) * X 2 (1 X ( E , 6) ) ) 14'~ 

OF.TJ= JAC(1;1)*JAC(2,Z)-JAC(2,1)*J4C(1,Z) 

SHAPE(1).(1-RR(I).R(1»*(1+TT(J)*T2(1»/4~ 
S~AP~(2)=(1-RR(I)*R(2»*ll+TT(J'*T2(2»/46 
SHAPf(S)=(1-RR(I)*R(5»*(1+TT(J)*T2(S»/4. 
SHAPE(6)·(1-RR(I).R(0».(1+TT(J).T2(6)1/~~ 
DO ton1 11"1,8 
VEC(II)=SHAPE(lI)*DETJ 
DO Ib01 JJ"1,8 

16ul PRUDll1,JJ)-SHAPEl1I)+SHAPE(JJ)*H*DETJ 
[}O 160l 11-1;8 
P~D(II)=P2D(II)+H(I).W(J)*VEC(lI)*QZ 
PJO(II)=P3D(II)+W(I).W(J).vEC(II)*H*AT 
DO 1602 JJ=1~8 , 

L6~2 GI<20(II,JJ)=GK2D(II,JJ)+W(I).W(J).PROD(II,JJ) 
lb!):"! CfJNTlNUE 

DO toin 1=1,8 
P2(I)=P2(I)+P2D(I) 
P3(I)=P3(I)+P3D(I) 
DO 1603 J-l,8 

1603 GK2(I,J)=GK2(I,J)+GK20(I,J) 

185"185+1 
GO TO 22 

70u DO 4 LL-1,8 
I=IX(E,lLl 
Q(1)·U(Y)-P2(lL)+P3(LL) 
DO 4 H=l,13 
K=lX(E,I4) 
J=K-l+l 
IFlMBANO~GE~J) GO TO 2 



4 

lt7 
48 
49 

RETURN 
eND 

• < ~ ". 

SUBROUTINE HAss~OlNEHAX,NNPMAX,MBMAX,N,IX~ECM;EHCM,CM,H(H 
DlhENSION IX(NE~AX,a),ECHC8,a),EHCHC8,8},CHCN~PMAX,~B~AX), 

6HCHCNNPHAX,HBHAX) 
COrlHON NE,NN~,MBAND,Il,12,I3,J4,I5,Jb,I7,I8 

'~':"i\," 

DO 4 LL"1;8 -" 
1"1 X (N, LLl 
00 4 Mal,a 
K"'IX(N,H) 
J=K-I+l ' 
IF(~BAND.GE!~) GO TO 2 
H BAND=J ' 
'IF(J~LE~~) GO TO 4 
C~(I;J)"CHCI~J)+ECH(LL,M) 
HC~CI,J)aHCHlI,J)+EHC~(LL,M) 
CONTINUE . 

RETURN 
END 

:1 ; 

..... ~ . 

- -.. ~ ~- - ! " ~ 

SUBROUTINE HOFOO(NNPHAX,HBHAX,NPCODE,T,C,CH} 
DJHENSION NPCODE(NNPhAX),T(NNPMAX),C(NNPKAX), 
fiC~(NNPNAX,H8MAX) 

Cali M 0 NNE, N N P , MBA N D ,n , ! 2 , 1 3, I 4 , I 5, 16 , I 7, I 8 

DO 49~O tai ,NNP1 ; 
IF(NPCOOECl)iEQ~O)GO TO 4900 
DO 49 J-2,HBAND . 
K =l-J+l 
IF(K)4b,4b,45 
U(K)=U(K)-CH(K,J)*Tll) 
C:H K, J) =O~ . 
L:rI+J-l ' 
IF(NNP-L)48,47,47: 
U(L)=Q(L)-CHtI,J)*TCI) 
CM(J,J'''U~ I • 
CONTINUE" " .' 
C1H I, 1) "l~:O 
UCI'=T(I) " 

,CONTINUE 

RETURN, 
END 

, . ~ .: 

'J l4.49~56.~UCLP, BU,) P03 , O.9lt8KLNS •.. 
'.' '" . 

/ , 

... 
'. "'", '- ~' 

I:.'· 

. ,~, . 
, . 

'" .. 1' 
.~ -.; 

" 
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