LOCAL TOPOLOGICAL STRUCTURE IN THE LUC COMPACTIFICATION OF
A LOCALLY COMPACT GROUP

by
El¢im ELGUN
BS, in Mathematics, Bogazici University, 2004

Submitted to the Institute for Graduate Studies in
Science and Engineering in partial fulfillment of
the requirements for the degree of

Master of Science

Graduate Program in Graduate Program in Mathematics
Bogazici University

2007



il

ACKNOWLEDGEMENTS

I would like to express my sincere gratitude to my thesis advisor Prof. Talin
Budak for her guidance, motivation and encouragement throughout the process of

writing this thesis.

I would like thank Prof. Nilgiin Isik and Assoc. Prof. Selguk Demir for their
participation in my thesis committee and their valuable instructions in Bogazici Uni-

versity.

[ am extremely thankful to Prof. John S. Pym who has generously given his time
and expertise throughout my thesis study. His unending support and help enabled this

thesis to be written.

I also want to thank Assist. Prof. Ali Karatay and my friends Ilke Canakc and
Recep Duygu Ant for their support and motivation.

I don’t know how to thank my fiAnce Ceyhun Kirimhi for is love, assistance,

understanding, endless support and company at all stages of this work.

My special thanks are due to my family for their confidence, patience and support

throughout my education.



v

ABSTRACT

LOCAL TOPOLOGICAL STRUCTURE IN THE LUC
COMPACTIFICATION OF A LOCALLY COMPACT
GROUP

In this thesis we first construct the LUC-Compactification of a topological group.
We present G“C with two different approaches, first as the set of multiplicative means
on the space of LUC functions on GG, and when G is locally compact, as a quotient
space of the set of ultrafilters on G.

GEZ/IC

Then local topological structure of is investigated and a neighborhood basis

GCZ/{C

for elements of is characterized. Results on the injectivity property of multipli-

GEL[C

cation on are obtained, and a special condition on G, under which injectivity

property can be extended is also examined.

Finally a subclass, the slowly oscillating functions, of LUC-functions is defined to
decompose a special subspace of G*4C. Then the decomposition is extended to discrete

cancellative semigroups.



OZET

YEREL KOMPAKT BiR GRUBUN LUC
KOMPAKTIFIKASYONUNUN YEREL TOPOLOJIK
YAPISI

Bu tezde ilk once bir topolojik grubun LUC-kompaktifikasyonu sunulmustur.
GEUC ik farkh tamimla kurulmustur. Once, LUC fonksiyonlar1 iizerindeki carpimsal
ortalarin kiimesi olarak, ve eger GG yerel kompakt ise G grubunun tizerindeki ultrafil-

treler kiimesinin bir boliim grubu olarak yapilandirilmigtir.

G™Cnin eleman-

Daha sonra G“““"nin yerel topolojik ézellikleri incelenmistir, ve
larmin bir komsuluk bazi karakterize edilmistir. Ayrica G*YC {izerinde tanimlanan
carpma igleminin birebirlik o6zelligiyle ilgili sonuclar elde edilmigtir, ve baz1 6zel du-

rumlarda bu sonuclarin genisletilebilecegi gosterilmistir.

Son olarak, LUC fonksiyonlarinin bir altkiimesi olan yavas salinimli fonksiyonlar
tamimlannmustir. Bu fonksiyonlar G““C'nin 6zel bir alt uzaymnin ayristirilmasmda kul-

lanilmiglardir. Daha sonra bu ayrigim, ayirtik kisaltmali yarigruplara genisletilmistir.
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1. INTRODUCTION

In 1930 Tychonoff proved that every completely regular, Hausdorff space X has
a compactification, by embedding X in a product of intervals. The Stone-Cech Com-
pactification was produced independently by M. Stone and E. Cech in 1937. Both
Stone and Cech showed independently that X has a unique compactification 3X such

that every continuous mapping from X into a compact space extends uniquely to 5X.

In 1966 the Left Uniformly Continuous functions were introduced, with which
the Left Uniformly Continuous Compactification G4 is defined. When G is locally

compact the compact semigroup GrUC

is its largest semigroup compactification. In
1977 Veech showed an injectivity property of multiplication in G*4C. Pym, in [1]
characterized the local structure of G*4¢ and gave a different proof of Veech’s Theorem.

In [2], Budak and Pym, extended Veech’s Theorem and Local Structure Theorem on

GU/{C

In 1993, the concept of slowly oscillating functions were defined by Higson and
Roe in coarse geometry. In 2003 these functions were used by Protasov to study the

algebraic structure of the Stone-Cech Compactification of a countable discrete group

G.

In 1991, Hindman and Davenport proved Van Douwen’s right ideal theorem which
decomposes the subgroup of uniform ultrafilters in 4S5, when S is an infinite cancella-
tive discrete semigroup. In [3] Filali and Salmi generalized Van Douwen’s right ideal

theorem to non-compact locally compact groups using slowly oscillating functions.

After the historical introduction of the subjects that will be studied in this thesis,

we give some preliminary results and notations in Chapter 2.

In Chapter 3, we construct the LUC-Compactification of a locally compact group,

G, first as the set of multiplicative means on the C*-algebra of bounded left uniformly



continuous functions on G, and then as a quotient of the Stone-Cech Compactification

BG4, where G4 is the same algebraic group GG with the discrete topology.

In Chapter 4, first the Local Structure Theorem is proven, which gives a descrip-
tion of a basic neighborhood of the points of G*“C, then its relationships with Veech’s
Theorem are investigated and finally some variants and extensions to both Veech’s

Theorem and Local Structure Theorem are given.

The final chapter, Chapter 5 is devoted to a special class of bounded left uniformly
continuous functions, namely the slowly oscillating functions. First we construct a class
of slowly oscillating functions, which separates elements of a particular form in a special
subsemigroup of G*Y¢_ then using that class of functions, we present a generalization

of Van Douwen’s right ideal theorem.



2. PRELIMINARIES

In this chapter, we present basic definitions and theorems which will be used in

the following chapters of this thesis.

First we give some definitions and results on semigroups. The proofs can be found

in [4] or in [5].

A semigroup is a pair (.S, -) where S is a non-empty set and - : S x § — S is an
associative operation on S. The operation on S is usually called multiplication and in
this case -(s,t) = s -t is called the product of s and ¢. For convenience, we denote s - ¢

with st.

If S and T are semigroups, a mapping ¢ : S — T satisfying

¢(st) = d(s)o(t)  Vs,te S

is called an homomorphism. A bijective homomorphism is called an isomorphism.

An element u € S satisfying su = s for all s € S is said to be a right identity.
An element z € S satisfying sz = z for all s € S is said to be a right zero. Similarly
left identity and left zero elements are defined. If u € S is both a right and a left
identity, then u is called an identity. An element e € S satisfying ee = e is called an

idempotent. The set of all idempotents of S is denoted by E(.S).

A semigroup S is called a group if there is an element e € S such that e is an
identity for S and for each x € S there is a y € S such that xy = yr = e. Then y is

called the inverse of z, and denoted by 7.

An element x € S is right cancellable (left cancellable) if and only if whenever

y,z € S and yxr = zx (zy = xz), we have y = z. x is called cancellable if it is both



right cancellable and left cancellable. The semigroup S is called right cancellative
(left cancellative) if and only if every x € S is right cancellable (left cancellable). S

is cancellative if and only if S is both right cancellative and left cancellative.

A semigroup S is commutative if st = ts for all s,t € S. The algebraic center is

the set Z(S) ={s € S:st=ts, Vt € S}.

For s € S the maps A\ : S — S, t +— As(t) = st; ps: S — S, t +— ps(t) = ts are

called left and right multiplication maps by s, respectively.

A nonempty subset T of S is said to be;
(i) A subsemigroup of St T-T C T,
(ii) A left ideal of Sif S-T C T,
(iii) A right ideal of S if T -S C T,
(iv) A (two — sided) ideal of S if it is both a left and a right ideal,
(v) A minimal left ideal (respectively, minimal right ideal ) of S if it is a left
(respectively, right) ideal and it has no proper left (respectively, right) ideal of S.

We now note some basic results on ideals of a semigroup S;
(i) If L is a minimal left ideal of S, then a subset 7" of S is a minimal left ideal of S if
and only if there is some a € S such that T" = La.
(ii) If S has a minimal left ideal, then every left ideal of S contains a minimal left
ideal.
(iii) If a semigroup S has a minimal ideal, then it is unique and denoted by K (.5).
(iv) If S has a minimal left ideal, then K (S) exists and it is the union of all minimal
left ideals of S.
(v) If S has a minimal left ideal L and a minimal right ideal R then K (S) = L-R = LNR
and K (S) is a group.

A semigroup S is left (respectively, right) simple if and only if S is a minimal

left (respectively, right) ideal of S.



Theorem 2.1: Let S be a semigroup with a minimal left ideal containing an
idempotent and let e € F(S). The following statements are equivalent:
(i) Se is a minimal left ideal,
(ii) Se is left simple,
(iii) eSe is a group,
(iv) eSe is a maximal subgroup of S containing e,
(v) eS is a minimal right ideal,
(vi) eS is right simple,
(vii) e € K(9),
(viii) K(S) = SeS.

An idempotent that satisfies conditions of Theorem 2.1 is called minimal.

Next, we present some result on topological semigroups, which can be found in

[4] or in [5].

A right topological semigroup is a triple (S, -, 7) where (S, -) is a semigroup, (5, 7)
is a topological space, and for all z € S, p, : § — S is continuous. A left topological
semigroup is a triple (S, -, 7) where (S, -) is a semigroup, (S, 7) is a topological space,
and for all x € S, A, : S — S is continuous. A semitopological semigroup is both
a right and left topological semigroup. A topological semigroup is a triple (S,-,7)
where (S, -) is a semigroup, (S,7) is a topological space, and - : S x S — S is jointly
continuous. A topological group is a triple (S, -, 7) where (S,-) is a group, (5, 7) is a

topological space, - : S x S — S and In: S — S,s+ s~ ! are both continuous.

If S is a right topological semigroup then the set A(S) = {s € S : )\, is continuous}

is the topological center of S.

Let (X, 7) be a topological space. A subset A C X is called o — compact if A can
be written as a countable union of compact sets. A is called discrete if all subsets of

A are open in X.



We now give a brief description of the Stone-Cech Compactification SG, of a
discrete group G. We present two constructions of SG first as the maximal ideal
space on the ring of bounded real-valued continuous functions and then as the space

of ultrafilters on G.

Definition 2.2: Let X be a completely regular topological space. A Stone—Clech
compacti fication of X is a pair (¢, Z) such that
(i) Z is a compact space,
(ii) ¢ is an embedding of X into Z,
(iii) ¢[X] is dense in Z, and
(iv) given any compact space Y and any continuous function f : X — Y there exists
a continuous function g : Z — Y such that go p = f.

Then, Z is denoted by 5.X.

The details of first construction can be found in [6] or in [7].

Let X be a discrete topological space. Let C(X) denote the ring of all real-valued
continuous functions on X, and let BC(X) be the subring consisting of all bounded
members of C(X). Let M(BC(X)) denote the collection of all maximal ideals of BC(X).
We consider the Stone topology on the set M(BC(X)).

For any f € C(X) the set Z = f~1({0}) is called a zero set in X. The family of
all zero sets in X is denoted by Z(X).

A subspace Y of X is said to be C — embedded in X if every function in C(Y))
can be extended to a function in C(X). Likewise, Y is BC — embedded in X if every
function in BC(Y') can be extended to a function in BC(X).

Proposition 2.3: If Y is a compact space, the maximal ideals of BC(Y') are in

a one-to-one correspondance with the points of Y and are given by



M, ={f e BC(Y): f(p) =0} for a point p € Y.

Moreover, this correspondance is a homeomorphism.
From the observation that BC(X) is isomorphic to BC(GX) we conclude:
Corollary 2.4: X is homeomorphic with the maximal ideal space M(BC(X)).

Now, we construct GG as the space of ultrafilters on GG. The proofs can be found

in [5].

Definition 2.5: A non-empty family F of subsets of a set X is called a filter
on X provided
(i) 0 ¢ F,
(ii) f A,B€F then ANB€F,
(iii) f Ac Fand AC B C X, then B €F.

An wultrafilter on X is a filter which is not properly contained in any other filter
on X. Put fG = {p : pis a ultrafilter on G}. For, A C G, define A= {p € BG : A € p}.
And for a € G, the principal ultrafilter corresponding to aise(a) = {A C G : a € A}.

Lemma 2.6: For any discrete topological space G, GG is a topological space
with the basis B = {A : A C G}, which is also a basis for the closed sets. Furhermore,
the topological space 3G satisfies
(i) AG is a compact Hausdorff space,

(ii) The mapping e : G — (G is injective and e[G] is a dense subset of G whose
points are precisely the isolated points of 5G.

Theorem 2.7: (e, 3G) is a Stone-Cech compactification of G, when G is a topo-

logical space.

If, in addition G is also a semigroup, the operation on G can be extended to 5G.



Theorem 2.8: Let GG be a discrete space and let - be a binary operation defined
on GG. There is a unique binary operation * : 3G x G — BG such that
(i) For every s,t € G, st =51,
(ii) For each ¢ € 5@, the function p, : BG — G, p — p,(p) = p * ¢ is continuous.
(iii) For each s € G, the function A : G — BG, p — As(p) = s * p is continuous.

(iv) * is associative on G.

The operation on SG has a characterization in terms of limits. The statements
in the following remark follow immediately from the fact that A, is continuous for each

s € G and p, is continuous for each ¢ € BG.

Remark: Let - be a binary operation on a discrete space G. Let s,t € G,
(i) If s € G and ¢q € BG, then s * ¢ = lim,_, st.
(ii) If p,q € BG, then p x ¢ = lim,_,,(lim;_,, st).



3. LUC COMPACTIFICATION

Our aim is to describe the LUC compactification of a topological group. When
S is a semitopological semigroup, the LUC compactification denoted by S is the
largest compactification of .S satisfying the joint continuity property. We will construct
SEUC first as the space of multiplicative means on the set of left norm continuous
functions defined on S, and if S is a topological group, we will construct it as a

quotient of the Stone-Cech compactification of S, considered with discrete topology.
3.1. Background Development

Definition 3.1: Let S be a semigroup. We define the sets R(S) = {p; : t € S}
and L(S) = {\; : t € S}. Asa consequence of the identities pis = psop; and Ay = AjoAs,

the sets R(S) and L(S) are semigroups under composition of mappings.

Definition 3.2: Let S be a semigroup. For any function f on S we define the
maps Ryf = fopsand Lyf = fo s, s€S.

Definition 3.3: Let A be a linear associative algebra over the complex numbers.
A is called a normed algebra if there is a norm on A such that ||zy|| < ||z||||y| for any

x,y € A.

A mapping x — z* : A — A is called an involution if it satisfies:
(1) (z7)" = =
(ii) (z +y) =" +y5
(iii) (zy)" = y"a™;
(iv) (A\z)* = Az

An algebra with an involution * is called a * — algebra. A *-algebra which is also

a Banach space is called a C* — algebra if it satisfies ||z*z| = ||z||? for all z € A.
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Let A and B be C*-algebras, and let ¢ be an algebra homomorphism of A into

B (that is, ¢(x +y) = ¢(x) + 6(y), d(zy) = o(x)o(y), and p(Az) = Ap(x) for any
z,y € Aand X\ € C). ¢ is called a * — homomorphism if ¢(z*) = ¢(z)* for any x € A.

Remark: If S is a semigroup, let B(.S) denote the space of all bounded complex-
valued functions on S. Then B(S) is a C*-algebra under the usual operations of
addition and multiplication, under the uniform norm || f||= sup{|f(s)| : s € S} and
under involution f — f*, where f*(s)=f(s), s € S. The mappings R, and L, are
* — homomorphisms of B(S) such that

Ry = R,R; and Ly =L;L, Vs, t € 8S.

If S is a right (left) topological semigroup, then, for each s € S, Ry ( Ls ) maps
C(S) , the C*-subalgebra of all continuous functions in B(.S), into itself.

Lemma 3.4: Let X and Y be topological spaces with X compact, and let
g: X xY — C be a bounded function such that the function x — g(x,y) is continuous
for each y € Y.
(i) g is (jointly) continuous if and only if the mapping y — ¢(-,y) : ¥ — C(X) is norm
continuous.

(ii) If Y is also compact, g is separately continuous if and only if the mapping y +—

g(y) Y = C(X) is o(C(X),C(X)*) continuous.

Proof: (i) If y — ¢(-,y) is not norm continuous, then there exists ¢ > 0, and a

net {yotacr C Y converging to y € Y such that

sup [g(z,¥a) — 9(z,y)| > Va
rxeX

For each «, choose z, such that |g(za,Ya) — 9(Za,y)| > €. Since X is compact, we
may assume {z, }qesr converges to some z € X. Then g cannot be jointly continuous

otherwise we would have |g(x,y) — g(z,y)| > .
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Conversely, assume y — ¢(-,y) is norm continuous, and let {x,}.e; be a net in
X converging to z € X, and {yg}ges be a net in Y converging to y € Y. Then from

the inequality,

19(asys) — 9(@,y)| < 19(2a,Ys) — 9(Ta, Y)| + |9(a, y) — g(2, )|

A

< gCrys) — gl + 9(xa, y) — g(z,y)|

it follows that {g(za, ys) }acrpes converges to g(z,y).

(ii) Suppose Y is compact and g is separately continuous. Then y — g(-,y)
is continuous in the topology on C(S) of pointwise convergence, and therefore g(-,Y)
is compact in this topology; hence on ¢(-,Y"), this topology agrees with the topology
o(C(X),C(X)*). Thus y — g(+,y) is o(C(X),C(X)*) continuous.

Conversely, if y — ¢(-,y) is o(C(X),C(X)*) continuous, then in particular, y

g(x,y) is continuous for each x € X and g is separately continuous. Q.FE.D.

Corollary 3.5: Let S be a compact right topological semigroup.
(i) S is a topological semigroup if and only if s — R, f:S — C(S) is norm continuous
for each f € C(S). In this case, s — Lgf is norm continuous for each f € C(5).
(ii) S is a semitopological semigroup if and only if s — R, f:S —C(S) is o(C(X),C(X)*)
continuous for each f € C(S). In this case, s — Ly f is 0(C(X),C(X)*) continuous for
each f € C(9).

Proof: (i) Since S is compact its topology is generated by C(X). That is, S is
a topological semigroup if and only if (s,t) — f(st) from S x S into C is continuous
for each f € C(S). By Lemma 3.4(i) the latter condition is equivalent to the norm

continuity of t — R;f.

(ii) S is a semitopological semigroup if and only if (s,t) — f(st) from S x S into
C is separately continuous for each f € C(S). By Lemma 3.4(ii) the latter condition
is equivalent to the o(C(X),C(X)*) continuity of s — R,f. Q.E.D.
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3.2. Means on Function Spaces

We will consider the general properties of means on a function subspace F of B(.5).
Our main result, Theorem 3.12 will describe the algebraic and topological structure of

the set of means on F.

Definition 3.6: Let F be a linear subspace of B(S) and let F, denote the set
of all real-valued members of . A mean on F is a linear function p on F with the

property that for all f € F,,

inf f(s) < pu(f) <sup f(s) (1)

seS s€S

The set of all means on F is denoted by M(F). If F is also an algebra and if
p € M(F) satisfies

u(fg) = p(fulg)

for all f € F, then p is said to be multiplicative. The set of all multiplicative means

on F is called the spectrum of F and denoted by MM (F).

Note that (1) requires that pu(f) be real for each real valued member f € F.

Proposition 3.7: Let F be a conjugate closed linear subspace of B(S) containing
the constant functions. Then a mean p on F satisfies:
(i) p is positive, that is, if f € F, and f > 0, then u(f) > 0;
(if) u(1)=1:

(iii) p is a bounded linear functional on F with ||u|| = 1;

(iv) For all f € F, p(Re(f)) = Re(u(f)), n(Im(f)) = Im(n(f)), and pu(f) = u(f);
(v) p(f) is in the closed convex hull of f[S] for all f € F.

Conversely, a linear functional p on F that satisfies any two of the properties (i), (ii)

and (iii) is a mean.
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Proof: Properties (i) and (ii) are direct consequences of the definition of mean.
To establish (iii) and (iv) we prove the following more general fact:
“If v is a positive linear functional on F, then v is bounded, ||v| = v(1), and v(f) is

real for all real-valued f € F.”

To verify this, we first note that if f € F, , then 1 — || f||~*f > 0, hence, since v
is positive, v(f) is real and v(f) < || f|lv(1).

For an arbitrary f € F, choose ¢ € C such that |c| = 1 and |v(f)| = cv(f). If

g = Re(cf) and h = Im(cf), then |v(f)| = v(cf) = v(g) + iv(h) and since v(g) and

v(h) are real,

(Nl = (gl < llgllv() < llefllv (1) = lefl[ fllv (1) = [ f]lv(1).

Therefore, v is bounded and ||v|| = v(1). This proves the assertion and establishes (iii)

and (iv).

To show (v), let D be any closed disc in C containing f[S]. If D has centre ¢ and
radius r, then by (ii) and (iii)

() el = lu(f = < lllf — el <7

hence p(f) € D. Since the closed convex hull of f[S] is the intersection of all such

discs, (v) follows.

Conversely, suppose that p is a linear functional on F satisfying either (i) and
(ii) or (i) and (iii). Then by the general fact established in the first part of the proof,

(1) =1 and p(f) is real for f € F,. Inequality (1) is now immediate.

To complete the proof it suffices to show that any linear functional  on F that

satisfies (ii) and (iii) also satisties (i). Let f € F, f > 0 and assume without loss of
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generality that ||f|| < 1. Then |1 — f||=sup,cg 1 — f(s) <1, hence

p( =) < pllit = fIl <1 = p(1)
which shows that u(f) > 0. Q.E.D.

Lemma 3.8: Let p be a bounded linear functional on the real Banach space

B(S),. Then there exist positive linear functionals p* and p~ on B(S), such that

po=pt =

Proof: For f > 0 define pu*(f) = supg<,<;(g). Then p*(f) > 0, u™(f) <
Il 1l and e (cf) = e () if e > 0.

To show that " is additive, let fi,f> be nonnegative functions in B(S), and
let g1,90 € B(S), satisfy 0 < ¢g; < fi, @ = 1,2. Then, 0 < g1 + g2 < fi + fo.

Hence, ut(f1 + f2) > pu(g1) + p(go). Taking the suprema over all such g; and go gives
pr(fr+ f2) = () + ' (f2)

Also, if 0 < g < fi+ fothen0 < fiAg < frand 0 < g— (fi Ag) < fo. So,
w(g) = pu(fing)+plg— (fi ANg)) < pt(fi + f2). Taking the supremum over all such
g gives ut(f1) + pt(f2) = pt(fi + fo).

Thus, u*(fi + f2) = p* (f1) + u"(f2)-

For an arbitrary f € B(S), set u™(f) = p*(fi) — n"(f2), where f; and f, are
nonnegative members of B(S), such that f = f; — fo. Then u™ is well defined, positive,
linear functional on B(S),, hence bounded.

Next set = = p* — p. Then g~ will also have the required properties. Q.E.D.

Theorem 3.9: Let F be a conjugate closed linear subspace of B(S) containing

the constant functions. If y € F*, then there exist p; € M(F) and nonnegative real
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numbers a;, 1 < j <4 such that

p= aiftn — Qofts + ilasps — aspial.

Proof: By the Complex Hahn-Banach Theorem, it suffices to show the Theorem
for the case F = B(S). For f € B(S), let u,(f) and u;(f) denote, respectively, the real
and imaginary parts of u(f). Then u, and p; are bounded linear functionals on the
real Banach space B(S),, hence by Lemma 3.8, there exist positive linear functionals

o, i, and g on the real Banach space B(S), such that for every f € B(S5),

we(f) = p(f) = (f)  and  pi(f) = p (F) — i (f).

Therefore, u(f) = pf(f) — pr (f) il (f) — i (F)] (2)

If g,h € B(S), and f = g + ih, then we have:

p(f) = p(g) +ip(h) =m(f) —n(f) +ilns(f) —m(f)]  (3)

where,

m(f) = ' (g) +in (h);
ne(f) = w(9) +ip, (h);
ns(f) = i (g) +ip (h);
m(f) = ni(g9)+ipg (h).

Each n); is easily seen to be positive linear functional on B(S), hence by Proposition
3.7 each 7; is bounded. Letting u; = ||n;||~*n; if ||n;]| # 0 and choosing p; € M(B(S))

arbitrary if ||n;|| = 0, we see that the desired decomposition of y follows from (3) on
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setting a; = ||n;].

p(f) = plg) +iu(h)
= m(f) —m(f) +ins(f) —na(f)]
1 1 .
= ||n1|l(mm)(f) - ||772||(m772)(f) + [ [|ms]|(

= ayp(f) — agpa(f) +ilasps(f) — aspa(f)]-

1

1
n3)(f) — ||774||(m774

Tl )]

Q.E.D.

Definition 3.10: Let F be a conjugate closed linear subspace of B(S) containing

the constant functions. For each s € S define

The mapping € : S — M(F) is called the evaluation mapping, and €(s) is called
evaluation at s. If F is also an algebra, then €[S] C MM(F), hence we may write
€: S — MM(F).

In the setting being developed here, the natural topology to give X = M(F) or
X = MM(F) is the relative weak* topology o(X, F).

Definition 3.11: Let F be a conjugate closed linear subspace (respectively, sub-
algebra) of B(.S) containing the constant functions, and let X = M(F) (respectively,

X = MM(F) ) be furnished with the relative weak* topology. For each f € F define
the function f € C(X)

Further we define ' = {f : f € F}.

Remark: The mapping f — f : F — C(X) is linear (and multiplicative if F
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is an algebra and X = MM(F) ), preserves complex conjugation and is an isometry

since for any f € F

IFIl = sup (A < sup |u(H)] = /]

nex lull<1

= sup|f(s)| = sup|f(e ()] < [If]l
sES ses

where € : § — X denotes the evaluation mapping, so that f(e(s)) = f(s) for all f € F
and s € S. This last identity may be written in terms of the dual map ¢* : C(X) — B(S)

as ¢ (f) = f.
Now we describe the topological and geometric structure of M(F) :

Theorem 3.12: Let F be a conjugate closed linear subspace of B(S) containing
the constant functions. Then,
(i) M(F) is convex and weak*-compact;
(ii) The convex hull of €[S], co(e[S]) is weak*-dense in M (F);
(iii) F* is the weak*-closed linear span of €[S];
(iv) If F is also an algebra, then MM (F) is weak*-compact and €[S] is weak*-dense
in MM(F);
(v) If S is a topological space and F C C(S), then € : S — M(F) is weak*-continuous.

Proof: (i) It follows directly from the definition that M (F) is convex and weak*-
closed. Since M(F) is contained in the closed unit ball of F* (by Proposition 3.7(iii)),

Alaoglu’s theorem implies that M (F) is weak*-compact.

(ii) Note first that by direct verification co(e[S]) € M(F). If there exists some
€ M(F), not in the weak*-closure of co(¢e[S]), then using the basic separation theorem
for compact, convex sets and the fact that the topological dual of (F*, o(F*, F)) is just

F*, we obtain a real-valued function f € F such that

sup|f(s)| < sup [v(f)] < u(f)
ses veco(elS])
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contradicting the definition of mean.
(iii) follows immediately from (ii) and Theorem 3.9.

(iv) Let X = MM(F) have the relative weak* topology. As X is a closed subset
of M(F), it is compact. To show that €[S] is dense in X, it suffices, by the complete
regularity of X, to show that if ¢ € C(S) vanishes identically on €[S], then g is the zero

function. Note first that for any f € F, we have from the last remark,
11l = Sup f(e(s)) = gle(s)) < |If =gl

whence ||g|| < |lg — FIl + If]l < 2llg — fIl (4).

Since F is a conjugate closed subalgebra of C (X) that contains the constant
functions and separates points of X, F must be dense in C (X) by Stone-Weierstrass

Theorem. It follows from (4) that ¢ is identically zero on X.
(v) is obvious. Q.E.D.

Corollary 3.13: Let F be a C*-subalgebra of B(S) containing the constant
functions. If X denotes the space MM(F) with the relative weak* topology, and if
€ : S — X denotes the evaluation mapping, then the mapping f f : F — C(X) is

an isometric isomorphism with inverse €* : C(X)— F.
3.3. Semigroups of Means
Let S be a semitopological semigroup and F be a conjugate closed, norm closed

linear subspace of C(S) containing the constant functions. For any s € S and for any

function f on S we have defined

Lif = fol and Rsf = fops
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Now we call Lyf and Rf the left and right translates of f by s, respectively.
The left and right orbits of f are the sets

Lsf ={Lsf :s€ S} and  Rsf={Rsf:s€S}

Definition 3.14: Let F be a linear subspace of B(S). F is called left (right)
translation invariant if LJF C F (RsF C F) forall s € S. F is translation invariant

if it is both left and right translation invariant.

Proposition 3.15: If F is a translation invariant subspace of B(S), then R, and
L, are bounded linear operators on F such that |Rs|| < 1, ||Ls|| < 1, and Ry = RsRy,
Ly = L;L, for s,t € S.

Proof: Forany f € F, || Ry f[| = sup,cg | R f(t)] = sup,eg | f(ts)| < supyes [ f(E)] =
||l and similarly ||Lsf]| < [|f]|. Then it follows that ||Rs|| < 1 and ||L4|| < 1. Since
we have pgy = pips and Ay = ANy, the equations Ry = RsR; and Ly = L,L, follow
immediately. Q.E.D.

Definition 3.16: Let F be a translation invariant subspace of B(S). Let v € F*.
We define T, : F — B(S) by f— T,f : S — C where (T,f)(s) = v(Lsf) for s € S.

T, is called the left introversion operator determined by v.

Similarly, the mapping U, : F — B(S) is defined by (U, f)(s) = v(Rsf) for f € F

and s € S is called the right introversion operator determined by v.

Proposition 3.17: If 1 € M(F), then T, and U, are bounded linear operators
on F such that ||7,|| <1 and |U,| < 1.

Proof: By Propositions 3.7 and 3.15,

|T.fll = sslelg|(Tuf)(S)|
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= sup |u(Lsf)|
seSs

< sup|[pll[[Ls f]]
ses

< sup |[plll[Ls I 1]
ses

< [Ifll-

Hence, ||T,|| < 1. Similarly, ||U,]| < 1. Q.E.D.

Definition 3.18: Let F be a conjugate closed, translation invariant subspace
(respectively, subalgebra) of B(.S) containing the constant functions. F is said to be:
(i) left introverted (respectively, left m-introverted) if T, F C F for all p € M(F)
(respectively, MM (F));

(ii) right introverted (respectively, right m-introverted) if U,F C F for all p € M(F)
(respectively, MM(F));
(iii) introverted (respectively, m-introverted) if F is both left and right introverted

(respectively, left and right m-introverted).

Definition 3.19: Let F be left translation invariant subspace (respectively, sub-
algebra) of B(S). If F is left introverted (respectively, F is an algebra and is left
m-introverted) for u,v € M(F) (respectively, MM(F)) the product uv € F* is de-
fined by

pv = pol,

(that is, for any f € F, pv(f) = w(T.(f)).)

Proposition 3.20: Let pu,v € MM(F). Then
(i) pr € MM(F);
(ii) T = T, 0 T,
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Proof: (i) For any v € MM(F) and s € S, we have

(T,(f9))(s) = w(Ls(f9))

= v((Lsf)(Ls(9))
= v(Lsf)v(L

s9)
= (Tf)(s)(Tg)(s).

Hence, for any pu,v € MM(F) and f,g € F
w(fg) = T, (f9)) = n(Tof)(Tog)) = w(T, f(Tog) = v (f)v(g).
Thus, pv € MM(F).
(ii) For v € MM(F), f € F and s,t € S we have

(T L f)(s) = v(LsLof) = v(Lisf) = (T, f)(ts) = (LT, f)(s)
Hence, T, Ly = L,T,. So, for any p,v € MM(F) f € Fand t € S,

(T £)(t) = (L f) = p(T, L f) = p(LTof) = Tu((Tu )
Therefore, T, =T, 0T,. Q.E.D.

Definition 3.21: A norm closed, conjugate closed, translation invariant, left
introverted subspace of B(S) containing the constant functions is called an admissible
subspace of B(S). A translation invariant, left m-introverted C*-subalgebra of B(S)
containing the constant functions is called an m-admissible subalgebra of B(S).

Theorem 3.22: If F is an m-admissible subalgebra of B(S), then, with respect to

the weak*-topology and the operation (i, v) — pv = poT,, MM (F) is a compact right
topological semigroup, €[S] C A(MM(F)) and € : S — MM(F) is a homomorphism.
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Proof: To prove that MM (F) with (u,v) — pr is a semigroup, we need to
show that the multiplication is associative. Let u,v,n € MM(F), then we have

(v)n = (uv)oT, = (uoT,)oT, :MO(TVOTW) =poT,, = p(vn).

Next, let p,v € MM(F) and suppose the net (u;);e; converges to p in the weak™ —
topology. Then, for any f € F and T, f € F, we have

piv(f) = pi(T,f) = (1o f) = v (f)

Thus p;v — pv. Hence, MM(F) is a right topological semigroup.

Now, let s € S. Take p € MM(F) and suppose that p, — p. Then for any
feF, Lf € F,

€(8)(ha(f) = €(s)(Tha f) = Tuo f(8) = pa(Lsf) = p(Lsf)-

Also,

p(Lsf) = Tuf(s) = e(s)(Tuf) = e(s)ul(f)

Thus, €(s)pq — €($)p, which means €[S] C A(MM(F)).

To prove that € is a homomorphism, note that for any s,t € S, f € F,

(Teo) ))(E) = e(s)(Lef) = Lef(s) = f(ts) = (R f)(D).

So, for any f € F T, f = Rsf. Then, we get,

[e(s)e)](f) = e(s)(Tew ) = e(8)(Bof) = Ruf(s) = f(st) = e(st)(f)-

Q.E.D.
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3.4. Compactifications of Semitopological Semigroups

Definition 3.23: A semigroup compacti fication of a semitopological semigroup
S is a pair (¢, X') where
(i) X is a compact, Hausdorff, right topological semigroup;
(ii) ¥ : S — X is a continuous homomorphism;
(iii) ¥[S] is dense in X;
(iv) $[5] € A(X).

Theorem 3.24: Assume that (¢, X) is a compactification of a semitopological
semigroup S.
(i) If 0 : T — S is a continuous homomorphism from a semitopological semigroup 7'
onto a dense subsemigroup of S, then (¢ 0 0, X) is a compactification of 7.
(ii) If 7 : X — Y is a continuous homomorphism onto a compact right topological

semigroup Y, then (w0 1,Y) is a compactification of S.

Proof: (i) is straightforward.
(ii) Conditions (i),(ii) and (iii) of the definition are clear. To prove that (m o ¢))[S] C

A(Y), we first show that 7(A(X)) C A(Y). Let z € A(X), y € Y and (ya)aer be a net
in Y converging to y. Since 7 is onto, for each a € I, there is an x, € X such that
Yo = T(x,). Since X is compact, we may assume that (z,)aes is convergent. Then we

have

lim Ar(@)(Ya) = liénw(x)ya = liénw(xxa)
= W(Ax(ligna:a)) = W(xlignxa)
= m(@)r(limz,) = m(2)y

That is, Az is continuous. Hence, 7(x) € A(Y'). So, we conclude w[A(X)] C A(Y).
Since ¥[S] € A(X), and w(A(X)) C A(Y), we get that (7o )[S] C A(Y). Q.E.D.
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Definition 3.25: Let (10, X) and (¢, Y) be compactifications of a semitopological
semigroup S.
(i) A continuous homomorphism 7 of X onto Y such that m o) = ¢ is called a
homomorphism of (1, X) onto (¢,Y"). If such a homomorphism exists, then (¢,Y) is
said to be a factor of (¢, X), and (¢, X) is said to be an extension of (¢,Y).
(ii) If (¢, X) is an extension of (¢,Y) and (¢,Y) is an extension of (¢, X), then we
say that (¢, X) is isomorphic to (¢,Y).

Definition 3.26: Let (¢, X) be a compactification of a semitopological semi-
group S. The map ¢* : BC(X) — BC(S) defined by ¢¥*(f) = f o1 is called the dual

map.

Theorem 3.27: If (¢, X) is a compactification of a semitopological semigroup
S, then ¢*[BC(X)] is an m-admissible subalgebra of BC(S). Conversely, if F is an
m-admissible subalgebra of BC(S), then there exists a compactification (¢, X) of S
with the property that ¢*[BC(X)] = F.

Proof: Let F = ¢*[BC(X)]. First, we need to prove that F is a C*-subalgebra
of BC(S). Since v is a homomorphism, it is clearly a homomorphism and for any

feBe(X)

V(f)=fov=Ffov=yf

which gives that ¢* is a *-homomorphism. Since a *-homomorphic image of a C*-

algebra is also a C*-algebra, F is a C*-subalgebra of BC(S).

Next, we prove that F is translation invariant. We have to show that for all
s€S, Ryo)* =" 0 Ry and Ly 09" =1 o Ly,). Let g € BC(X) and s € S. Then

for all t € S, we have

(g0 pyew) () = 9Py ($(1))) = g( ()1 (s))
= g((ts)) = g(¢(ps(1)))
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= (g 01/) Ops)(t)'

Thus, g o pys) 0 = goop, for all s € S. Then

R, (¢"g) =4¢"gops=gotops=gopys o = Ryg o) =1"(Ryw9)

Since g is arbitrary, the identity Ry o™ = 9" o Ry ) follows and the identity Lgov™ =

Y* o Ly(s) can be shown similarly.

To show that F is left m-introverted, let u € MM(F) and choose a net (s4)aer
in S such that €(s,) — p in the o(F*, F)-topology, where € : S — MM(F) is the
evaluation mapping. Since X is compact, we may assume that x = lim, ¥ (s,) exists

in X. Then, for all f € BC(X) and s € S,

T )(s) = p(La'f) = lime(sa) (L f)
= lim(L f)(sa) = lm(* ) (s50)
= lim(f o ¢)((s5) = f(lim (ss..)
= F(lim d(s)i(sa)) = F(3) limh(sa))
= F((s)r) = (Ref)((5))
= O (RS)().

Thus, T,(¢v*f) = ¥*(R,f). Since R, f € BC(X), we get T,,(v*f) € F. That is,

F is left m-introverted and hence F is m-admissible.

Conversely, if F is an m-admissible subalgebra of BC(X), then by Theorems 3.12
and 3.22, the pair (¢, X) = (e, MM(F)) is a compactification of S. By Corollary
3.13, the map f — f: F — BC(X) is an isometric isomorphism and for any f € F,
e*(f) = f. So, €* is the inverse map of f — f: F — BC(X). Hence, €*[BC(X)] = F.
Q.E.D.
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Definition 3.28: Let S be a semitopological semigroup and F be an m-admissible
subalgebra of BC(S). Any compactification (¢, X) of S such that ¢*BC(S) = F is
called an F-compactification of S. The compactification (e, MM(F)) is called the

canonical F-compactification of S, and will be denoted by (¢, S%).

Definition 3.29: Let S be a semitopological semigroup and P a property of
compactifications (¢, X) of S. A P-compactification of S is a compactification that
has the given property P. A P-compactification of S that is an extension of every

other P-compactification of S is called a universal P-compactification of S.

3.5. Left Norm Continuous and Left Uniformly Continuous Functions

Definition 3.30: Let S be a semitopological semigroup. A function f € BC(S)

is said to be left norm continuous if the mapping

s— Lgf S — BC(S)

is norm continuous. The set of all left norm continuous functions on S is denoted by

£e(s).

Theorem 3.31: Let S be a semitopological semigroup. Then LC(S) is a left
m-introverted, translation invariant C*-subalgebra of BC(S) containing the constant

functions, that is £C(S) is m-admissible.

Proof: First we show that £C(S) is left translation invariant. Let t € S. Let
f € LC(S), we need to show that u +— L,L;f is norm continuous for any u € S. Let

u € S and let (u;);er be a net in S such that u; — w. Then

| Ly, Lif — LuLef|| = Sup | f(us(tr)) — f(u(tr))]
= swp | f((uit)r) — f((ut)r)]

— igg | Lt f (1) — Lt f(7)]
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Since \; is continuous, w;t — ut and as f € LC(S), the result follows.

Next, we will show that £C(S) is left m-introverted, let f € LC(S) and p €
MM(LC(S)). We want to show that T), € LC(S). Let u € S and V be a neighborhood

of u. Then for any v € V,

|LTuf = LTIl = sup|LTf (1) = LT, f (®)]
= sup T, f(vt) — T, f(ut))|
— stlelgm(Lvtf) — (Lt f)]
= suplu(LeLof = LiLuf)|
= sup \1(Le(Ly f — Lo f))]
= sup [T (Lo f(t) = Luf ()]
[Tl Lo f = Lo f |
| Lo f — Luf|l

IN

IN

Since f € LC(S), we get the result. Q.E.D.

Definition 3.32: A compactification (¢, X) of a semitopological semigroup S is
said to have the joint continuity property if the mapping

(s,z) —m¢(s)r: Sx X =X

1S continuous.

Now, we state a result on joint continuity, whose proof can be found in [4, Ap-

pendix B

Lemma 3.33: Let X be a topological space, Y a compact topological space and

let f: X xY — C be a bounded, separately continuous function. Define a function
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F:X —BC(Y)by F(z)(y) = f(z,y) (x € X,y €Y). Then f is jointly continuous at

every point of {z} x Y if and only if F' is norm continuous at x.

Proposition 3.34: Let (¢, X) be a compactification of S with the joint continu-
ity property and let g € BC(X). Then the mapping s — Lys)g : S — BC(X) is norm
continuous, that is, g € LC(X). In other words, BC(X) C LC(X).

Proof: Define f : S x X — C by f(s,z) = g(¢(s)z) and F : S — BC(X)
by F(s) = Ly)g. Then, F(s)(x) = Lyg(z) = g(p(s)r) = f(s,x). Since X is
compact and ¢ is continuous, f is a bounded function. Since g and (s,z) — ¥(s)x
are continuous, f is jointly continuous. Therefore by Lemma 3.33, F' must be norm

continuous, that is the mapping s + L) g is norm continuous. Q.E.D.

Remark: By Theorems 3.27 and 3.31, a semitopological semigroup S has a

canonical £C-compactification (e, S*).
We next prove the universal property of LC-compactifications.

Theorem 3.35: Let S be a semitopological semigroup. Then (e, S*¢) is the

compactification of S that is universal with respect to the joint continuity property.

Proof: In order to prove that (e, S*C) has the joint continuity property, we will
show that if h € BC(S*C) the mapping H : S x S*¢ — C given by H(s,u) = h(e(s)p)
is continuous. Let f = e*(h). Then f € LC(S). Let s,s0 € S, , 1o € S*¢. Choose a
net (s;) — p in weak*-topology. Then,

€(ss;) = e(s)e(s;) — e(s)u

Since h is continuous, f(ss;) = h(e(ss;)) — h(e(s)p).
Also f(s50) = Lof(s1) = () (Lof) — p(Laf).
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Thus, H(s,u) = h(e(s)u) = pu(Lsf). Hence, we have

|H (s, p) — H(so,p0)| = |p(Lsf) — po(Ls, [
‘M(Lsf) - M(Ls()f)‘ + |ILL(LSof) - IU/O(LSof)’
< el Lo f = Lo fll + [ = p10) (Ls, )]

IN

Hence, H is continuous.

Now, let (¢, X)) be any compactification of S with the joint continuity property.
Let g € BC(X). By proposition 3.34 the mapping s — Ly g from S into BC(X) is

norm continuous. For any s,t € S,

I1Lsp7g = Li"gll = sup [Layg(r) = L"g(r)]
= gggw g(sr) = g(tr)]
= igglg(w(sr)) g((tr))]
= sup|g(¥(s)y(r)) — gL ()Y (r))]
< suplg((s)z) — g(¥(t))]

= Slelg |Ly(s)9(x) — Ly g(z)]

= ||Ly)9 — Lywyl-

Hence, 1*g € LC(S). Therefore, ¥*[BC(X)] C LC(S). Thus, we get that (e, S*¢) is an
extension of (¢, X). Q.E.D.

Definition 3.36: Let S be a topological group. A function f in B(S) is called
left uniformly continuous if for any € > 0 there is a neighborhood V' of 1 such that
zy~! € V implies that |f(z) — f(y)| < . The set of all left uniformly continuous
functions on S is denoted by LUC(S).

Theorem 3.37: Let S be a topological group. Then LUC(S) = LC(S).

Proof: Let f € LUC(S). Let € > 0 be given. Then there is a neighborhood
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V of 1 such that xy~' € V implies that |f(z) — f(y)] < e. Let s € S. Then Vs
is a neighborhood of s and ¢ € Vs means ts~' € V which implies for any r € S,
(tr)(sr)™* € V. Then, for any r € S, we have |f(tr) — f(sr)] < e. Therefore,

|Lef = Lofll = sup,es |f(tr) — f(sr)| < e.

Conversely, if f € LC(S5), then the mapping s — Lgf : S — BC(S) is norm
continuous at 1, so there is a neighborhood V of 1 such that ¢ € V implies that
|L:f — L1 f|| < &. Hence, if zy~ € V then

|flx) = fw) = |flay™'y) = fly)] < sup |f(zy™'r) — f(r)]
HL:cy—lf - Llf” S €.

Q.E.D.

Remark: If S is a topological group, the compactification S*¢ will be the LUC-

compactification of S and will be denoted by S*4€.
3.6. G*C as a Quotient of 3Gy

In this section, we define the LUC-compactification of a topological group with
a second approach. Let G be a topological group. Let Gy be the same group with the
discrete topology. Recall that G is the compactification of G in which multiplication
is continuous in the left hand variable and for which the map G x GF4¢ — GFUC ig

continuous. We will now construct it as a quotient of 5Gj.

Note that the Stone-Cech compactification SGy can be seen as the space of ul-
trafilters on G4, where the ultrafilter p € BG4 is determined by its members P € p
(P C Gg4). Equivalently, we can determine p by its clopen neighborhoods of the

form clge,(P) in the extremally disconnected space fG4. Hence P € p if and only if

pE ClﬂGd(P).
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The Stone-Cech compactification 3Gy can be made into a semigroup by
pq = lim(lim 2;y;)
i

for p,q € BG4 and (x;), (y;) nets in G4 with (z;) — p, (y;) — ¢. Then,
(i) pq does not depend on the nets chosen;

(ii) This multiplication is associative;

(iii) It is continuous in the p-variable;

(iv) It is continuous in the g-variable only when p € SG,.
First we present a lemma which will be used frequently.

Lemma 3.38: Let X and Y be compact spaces,
(i) If f: X — Y is a continuous function, then for any A C X, f(A) = f(A).
(i) If 7 : X — Y is surjective and continuous, ¢ : X — X is continuous, and

¥ Y — Y is such that m¢ = ¢, then v is continuous.

Proof: (i) A is a closed subset of the compact space X, so, it is compact, and

f is continuous. Hence, f[A] is compact. Also f[A] is a closed subset of the compact

space Y, so, it is also compact.

Let y € f(A) so that f(z) =y for some x € A. Then there exists a net (z;);c; C A

such that z; — z. Since f is continuous, f(z;) — f(x) =y. Therefore, y € f(A).

Conversely, let y € f(A). There exists a net (y;) € f(A) such that (y;) — v,
which means there exists a net (x;) C A C A, such that f(x;) =y, for all i. Since A is

compact, there is a * € A with z; — x. Thus, y; = f(z;) — f(z) =y € f(A).

(ii) Let K C Y be closed, then K is compact and ¢} K) = w(p~ (7~} K))).
Since 7 is continuous, 7~ !(K) is closed in X, hence compact. Since ¢ is continuous,
o Y (7 Y(K)) is closed in X, hence compact. Hence, w(¢ ! (7~1(K))) is compact, and

consequently, closed in X, by the continuity of 7. Therefore, v is continuous. Q.FE.D.
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We will construct G*“¢ as a quotient of 3Gy by an equivalence relation. Let A/ (1)

be the set of open neighborhoods of the identity 1 of GG. Define, for p,q € G4
p~qgesUPNUQ #(D
for all U € N(1), P € p, and Q € q.
Lemma 3.39: Let p,q € 3G4. Then the followings are equivalent,
(1) p~aq
(ii) UP € q for each U € N(1), P € p;

(111) S ﬂ{Cl/ng(UP) U EN(l), P Gp}

Proof: (i & ii) Suppose that p ~ ¢. Then for all U € N (1), P € p, and Q € ¢

we have
UPNUQ#0 & JxeUPNUQ
S T =up = Uq for some uy,us € U
& uyluip =q where uy 'uyp € UTUP and q € Q
s U'UPNQ#0.

Note that the map z +— 27!

x is continuous in a topological group. So, given a neighbor-
hood V of 1, there is an open neighbourhood U of 1 such that U~'U C V. Therefore,
the neighborhoods of the form U~'U form a base of neighborhoods of 1 for U € N (1).
Therefore, UTUP N Q # 0 if and only if UP N Q # () for every U and this holds for

every () € q if and only if UP € ¢ for all U, since ¢ is an ultrafilter.

(ii & iii) UP € g means q € clgg,(UP), by the remark in the beginning of this
section. Q.F.D.

An equivalence relation R on a topological space X is said to be closed if the

canonical mapping of X onto X/R is closed. But for a compact space an equiva-
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lence relation R is closed if and only if the graph of R in X x X is closed in X (see
[8]Proposition 8, Chapter 1 §10.4).

Lemma 3.40: ~ is a closed equivalence relation.

Proof: Reflexivity and symmetry follow immediately from the definition. If
p~ qand g ~ r then for U € N(1), P € p, R € r, by Lemma 3.39 UP, UR € ¢ so

that UP N UR # (), which means p ~ r. Therefore, ~ is an equivalence relation.

Let (pi), (¢;) be nets in BG4 such that for all i, p; ~ ¢; and suppose p; — p € Gy
and ¢; — q € Gy, then for P € p, () € q, we have eventually P € p; and () € g;, since
P and @ are neighborhoods of p and ¢, respectively. Thus, for U € N (1), UPNUQ # 0,

so that p ~ q. Therefore, ~ is a closed equivalence relation. Q.FE.D.

From the theory of equivalence relations, we immediately conclude that SGg/ ~
is a compact Hausdorff space. For E C G, let E be the closure of E in 3G4/ ~, and
h: G4 — BG4/ ~ be the canonical map. By Lemma 3.39, we have ¢ € N{clsq,(UP) :
UeN(1), P e p}if and only if p ~ q. Therefore, the equivalence class of p € Gy is
[~ = N{clse,(UP) : U € N(1), P € p}.

Let W be a neighborhood of the equivalence class of p € Gy, in BG4, then h(WV)
is a neighborhood of h(p) in G4/ ~. It should be noticed that this statement does
not imply that for any neighborhood V' of p € 5G4, h(V) is a neighborhood of h(p).
And by Lemma 3.38(i), h(clgq,(UP)) = h(UP) is a neighborhood of h(p) for each
U e N(1), p € P. We now prove that these neighborhoods actually form a base.

Lemma 3.41: (i) For p € 3Gy, the sets h(clsa,(UP)) = h(UP) form a neigh-
borhood base of h(p);

(ii) h is injective on G4 C BG4. The topology induced on h(Gy) is the topology of G.

Proof: (i) By the above paragraph, the sets h(UP) are neighborhoods of h(p).
If W is any open neighborhood of h(p), then A~1(WW) is an open neighborhood of the
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equivalence class N{clge,(UP) : U € N (1), P € p}. Since UP is directed by D, the
finite intersection property in the compact space G, shows that there are U and P

such that clge,(UP) C h=' (W), hence h(UP) C W.

(ii) To show that h is injective on Gy, for p € G4 we take P = {p}. When
U C G4 we have clgg,U NGy = U, so that clsg,(U{p}) N G4 = Up. Injectivity of
h on G4 immediately follows. Since the collection of sets, {Up : U € N (1)} gives a

neighborhood base for p in the group topology of G, h(G,4) is homeomorphic to G.
Q.E.D.

We now know that Gy is injectively embedded in G4/ ~, so we shall consider
G as a subset of 5G4/ ~, hence for g € G and p € fG4 we may write gh(p) = h(gp) =
h(g)h(p). We also want 3G,/ ~ to be a semigroup.

Lemma 3.42: 3G,/ ~ is a semigroup in which multiplication is continuous in

the left-hand variable and the product map G x (8G4/ ~) — G4/ ~ is continuous.

Proof: To show that the quotient space G4/ ~ is semigroup it is enough to
show that multiplication in 3G is compatible with ~. We will prove this in two steps,

first for multiplication on the right, then for multiplication on the left.

Let r € 5G4 We will show that right multiplication by r sends equivalence
classes into equivalence classes. Let p € G4/ ~, and put t = pr. For T € t,
continuity of multiplication on the right in G4 by r shows that there is P € p with
clpa,(P)r C clgg,(T). Then for any u € Gy, continuity of multiplication on the
left by w shows that clgg,(uP)r C clgg,(uT) and consequently for any u € N (1),
clpa,(UP)r C clgg,(UT), by Lemma 3.38(i). Intersecting over all such P and then U,

T shows that » maps the equivalence class of p into the equivalence class of t.

Next, we show that multiplication by g € G4 on the left also preserves equiv-
alence classes. With p € G, and t = gp, repeating the above argument, we get

clpa,(UgP) C clgg,(UT). Then, by continuity of multiplication on the left by g, we
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have g(clsg,(9 1) UgP) = clpe,(UgP) and also as U runs through A (1), so also does
g *Ug. Hence, gN{clpc,(UP) : U € N(1),P € p} C clse,(UT): U e N(1), T € t}.

Now, we will show that multiplication on the left by s € Gy is compatible with
~. Let (g;)icr be anet in G4 with g; — s. If p ~ ¢, then we have g;p ~ g;q for alli € T
and since ~ is closed we conclude that sp ~ sq. Therefore, multiplication is compatible

with ~.

Since multiplication on the right in fG4/ ~ is the quotient of multiplication on

the right in G4 writing

h(p)h(q) = h(pq) = h(h " (p)h~"(q))

and applying Lemma 3.38(ii), we get multiplication on the right in 5G4/ ~ is contin-

uous.

G is a topological group, so every element ¢ € G has an inverse ¢g~! € G. And

1

since multiplication on the left by ¢~' is continuous, to show that G x (6Gy/ ~) —

BG4/ ~ is continuous, it is enough to show continuity at each point of the form (1, i(p)).

Let h(UP) be a basic neighborhood of h(p). Let V' € N/(1) be such that V2 C U. Then

h(V P) is also a neighborhood of h(p) and since h is a continuous homomorphism, we

get

V x h(VP) — VR(VP) C h(VZP) C h(UP).  Q.E.D.

If G is locally compact, that is, if every neighborhood of 1 contains a compact
neighborhood, then for a compact neighborhood V', we observe from Lemma 3.38(i)

that Vh(P) = h(V P). So, we have:

Proposition 3.43: Let G be a locally compact group. Then the sets V h(P) with
V' an open (or a compact) neighborhood of 1 in G and P € p form a neighborhood
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base of h(p) in fG4/ ~.

Recall that G*C is the largest semigroup compactification with the joint conti-

nuity property. Now, we identify GF4C with 8Gy/ ~.
Theorem 3.44: 3G,/ ~ is isomorphic with GF4C.

Proof: Let (¢,S) be a compactification of G with the joint continuity property.
Let f: BG4 — S be the continuous extension of ¢ regarded as a map from G, to S.

Then,

flea) = f(limlimzy;)
= limlim f(z,y;) as [ is continuous
i
= limlim f(z;) f(y;) as v is a homomorphism
i

= lim f(z) litn f (y;)

= lim f(z;) f(q) as 1) is continuous

= f(p)f(q)

Hence, f is a homomorphism on BGjy.

Let p € fG,4. Let W be any closed neighborhood of f(p) in S. Then, by the
joint continuity property, there are neighborhoods U € N (1) and V of f(p) in S such
that ¢(U)V C W. Since f is continuous, there is P € p with f(clgg,P) € V. Then
f(UP) C (U)V, and since W is closed f(clge,UP) C W. Now, the image of the
equivalence class of p satisfies f(N{clsg,(UP) : U € N(1), P € p})C f(clpg,(UP)) C
W, which means f(p) € N{W : W is a neighbourhood of f(p)}. We conclude that
f maps the equivalence class of p to the point f(p). Thus, f is compatible with the

relation ~ and gives quotient map 5G4/ ~— S, which means (¢, S) is a factor of

(h, BG4/ ~). Q.E.D.
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4. LOCAL STRUCTURE THEOREMS AND VEECH’S
THEOREM

4.1. Local Structure Theorems

In this section we shall prove the Local Structure Theorem and give some variants
and extensions of it. From now on G will be a locally compact group and A (1) will be

the set of open, relatively compact neighborhoods of the identity of G.

Definition 4.1: A subset P C G (considered with its group topology) is called
U-discrete for U € N (1) if UpyNUps = O when py,p € P and p; # ps. P C G is
called uniformly discrete if it is U-discrete for some U € N(1).

A uniformly discrete space is discrete with its relative topology. So, we may speak
of its Stone-Cech compactification SP. Also BP can be thought of as a subspace of
BGy. In section 3.5 we have characterized G*YC using the Left Uniformly Continuous
functions on G and in chapter 2, we have noted that G, can also be determined by
the continuous bounded functions on G. Also for any discrete subset P C G, both P

and P C G*YC inherit these properties.

Proposition 4.2: The image of P under the natural homomorphism h : G4 —
3Gy is P, the closure of P regarded as a subset of P C G C 3G4/ ~.

Proof: Let P be U-discrete, for some U € N(1) and put P = {p;: i € I}.
Consider the function ¢ = > ,c; a;pp,p, where ¢ is a continuous function on U with
©(1) =1, ¢ = 0 outside of U, and the set {a; : i € I'} is bounded. First we prove that

Y is a left uniformly continuous function.

Since ¢ has a compact support, given € > 0, there exists a neighborhood W of 1

such that if yz=! € W then |p(z) — ¢(y)| < €.
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Therefore, every bounded function f on P gives rise to a function ¢y on G by
putting a; = f(pi) and this is a left uniformly continuous function. Since the bounded
functions, determine 3P, this gives a map P — P C G,

Every x € [P gives a complex valued homomorphism f +— f(x) on C(GP)
and every such homomorphism has an extension on C(G*Y¢). Hence, we have a map
F : P — G*C such that for any i € I, F(p;) = p;. F(BP) is compact and contains P,
so also contains P. Since any element of SP is a limit of a net of elements of P, for any

q, F(q) is a limit of points in F[P], which means F(q) € P. Therefore, F(3P) = P.

On the other hand, if q,t € SP and q # t, there is a bounded function f on P
such that f(q) # f(t). Define ¢y on G4¢ using f as above. Then ¢ o F = f and
Yo F(q) = f(q) # f(t) = YoF(t). Hence, F(q) # F(t). Thus, F is also an injection.
Hence, 3P = P. Q.E.D.

Theorem 4.3: Let U € N (1), and P C G be U-discrete.
(i) (u,q) — uh(q) : U x BP — UP C 3G4/ ~ is continuous and injective.
(ii) If G is locally compact and clg(U) is compact, then U P is open and homeomorphic

with U x BP.

Proof: (i) Since multiplication is continuous on U, it is enough to show that for
all p € P, (1,p) — p € UP is continuous. For any p € P C G*4C, by Proposition 3.43
a basic open neighborhood is of the form V@ for Ve N(1) and @ € p. Therefore,
(1,p) — p is continuous from U x P — UP. Then since, P is dense in P and in P,

we get (1,p) — p is continuous on U x 3P — UP.

Injectivity: Let (u,q) and (v,r) be distinct points in U x P. If ¢ # r, there are
disjoint subsets of () and R of P with () € ¢ and R € r. Since, right multiplication
by u and v are both continuous and U is open in group topology of G, there are
neighborhoods Wy, W5 of 1 such that Wyv, Wov C U, so if we let W = Wy N W,, we
have a neighborhood of 1 such that Wu, Wv C U.
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Now, we claim that u@ U vR is W-discrete: First observe that Wu C U and
Wov C U implies that Wu@ C UQ and WovR C UR, respectively. Let a,b € uQQ UuvR
be distinct. If a = uqq, b = ugo for some ¢, g2 € ), then

WanNWb=Wuqg N Wug, CUq NUgy = 0.

Or if a = vry, b = vry for some r,7r9 € R, then

WanWb=Wuvry N Wuory CUry N Ury = 0.

Or if a = uq, b = vr for some ¢ € ) and r € R, then

WanNWb=WugNWuor CUqgNUr = 0.

Since @), R C P and P is U-discrete.

Therefore, ug and vr are contained in disjoint ~-equivalence classes, which means

uh(q) = h(uq) # h(vr) = vh(r).

On the other hand, if ¢ = r, then we must have u # v. Since u # v, uv=' # 1, so

there exists W3 € N (1) such that uv™! ¢ W3 and by a similar argument as above we

choose W € N (1) symmetric such that Wu, Wv C U and uvo=! ¢ W?2. Then uP UvP
is W-discrete, since Wup; N Wopy, C Upy N Upy = (). Hence, again

uh(q) # vh(q).

(ii) First, we prove that UP is a neighborhood of any of its points ux such that
weUandx e P. Let W e N(1) satisfy Wu C U. We take p € 3Gy with h(p) = =,
and P € p such that uP € up. Then by Proposition 3.43, WuP = Wuh(P) = Wh(uP)

is a neighborhood of h(up) = uz contained in UP. Hence, UP is open.
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Now, let (u,p) € U x SP, V be an open neighborhood of u such that V' C U, and
Q C Psatisfy p € Q. Themap (v,q) — vh(q); V xBQ — V@ is a continuous bijection
between compact spaces and therefore a homeomorphism. From the above argument,
this map sends the open neighborhood V' x 3Q of (u,p) to the open neighborhood V@
of up. Thus, the map U x 3Q — UP is a homeomorphism. Q.E.D.

Our next theorem, The Local Structure Theorem describes the neighborhoods of
points in G4, Tt is essentially a version of Theorem 4.3 and will enable us to use the

properties of G, in our future proofs.

The Local Structure Theorem 4.4: Let G be a locally compact group. Let
x € GMC. Then there exists U € N'(1) and a U-discrete P C G, with z € P such that
UP = U x 3P is an open neighborhood of x. Furthermore, if p € 3Gy is any element
with h(p) = =, we may take P (considered now as a subset of G4) with P € p.

Proof: Let V € N (1) be symmetric, and p € Gy satisfy h(p) = z. Let Q € p
(Q C @), and take any maximal V-discrete set ' C @ (which exists by Zorn’s Lemma).
Thus, q; # ¢ in Q" implies Vg1 N Vo = 0. Since Q' is maximal with this property we
have for all ¢ € Q, VNV Q' # 0, which means there exist v;,v, € V and ¢ € Q' with
v1q = 1aof, 50, ¢ = v veq’ and vty € V'V = V7, since V is symmetric. Hence,
q € V°Q'. Therefore, p € Q C Q C V°Q, by joint continuity property, and there
exists v € V- and p/ € Q’ such that p = vp.

Now, for any q1,qs € Q" with ¢; # ¢o, we have,
vVv_lvql N vVv_lqu =v(VaaNVag) =10
since Q is V-discrete. Hence vQ’ is vVv~!-discrete. Let U = vVov~! and P = vQ’
in Theorem 4.3. So, U x 3P — UP is a homeomorphism, UP is open and contains

x = h(p), which means UP is a neighborhood of x. Q.E.D.

Next, we will consider three special cases. The first one is the case of o-compact
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groups:

Lemma 4.5: Let P be uniformly discrete in a o-compact, locally compact group

G. Then, P\ P C G*4¢\ G and P is countable.

Proof: Since the relative topology of P as a subset of GG is discrete, P does not
contain any cluster points in G. So, P\P C G*€ \ G follows. Let G = U2, K,,,
where each K, is compact. Then for each n € N, P N K,, must be finite, because
otherwise P would have a cluster point and could not be uniformly discrete. Hence,

P=U;2, PN K, gives that P is countable. Q).E.D.

Corollary 4.6: If G is o-compact, every point in GF4C (respectively, in G* =
GFYC\ @) has an open neighborhood in G4¢ (respectively, in G*) homeomorphic to

U x BN (respectively, U x N*), for some neighborhood U of 1 in G.

Proof: Follows immediately from The Local Structure Theorem and Lemma 4.5.

Q.E.D.

Our next case is IN groups:

Definition 4.7: A topological group G is said to be an IN group if G has a
relatively compact neighborhood base of the identity, which is also invariant under

inner automorphisms, that is gV g~' =V for all g € G and for all V€ N (1).

Corollary 4.8: (i) Let V' be an open relatively compact neighborhood of 1 in a
o-compact IN group G. Let x € G*4C. Then for any V-discrete subset P of G with
x € P (and such sets exist) VP is an open neighborhood of x. In particular, every
point of GF€ has a neighborhood homeomorphic with V' x 3N.

(ii) Suppose in addition that V' generates G. Then for any compact K C G there is a
uniformly discrete P C G such that multiplication is a homeomorphism VK x P —

V K P onto an open neighborhood of .
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Proof: (i) Let V be a relatively compact invariant neighborhood of 1 and let
p € BG4 be such that h(p) = z and Q € p (@ C G). Let again, @)’ be a maximal
V-discrete set, then we have for any ¢ € Q, VgNVQ' # 0, so, ¢ € V°Q'. Hence,
peQC Vzﬁ, and p = vp’ where v € VZ, p € Q. Now, vQ is vVv~l-discrete,
so if we let P = v@" and U = V as in The Local Structure Theorem, from 4.3(i) we
get, U x BP — UP is a homeomorphism onto an open subset. Therefore, UP is a
neighborhood of x, homeomorphic with U x SP. And by Corollary 4.6, U x BP is
homeomorphic to U x SN.

(ii) Assume that V' generates G. Then since K is compact, K C Uy, V" =G
implies that there is n € N with K C V", The set V"™ is in N'(1) and contains VK.
Take P to be V™" l-discrete and apply (i) to get the result. Q.E.D.

Our last case is the case of discrete groups, which will be considered again in

Section 4.2:

Corollary 4.9: Let G be a discrete group. Take any g € G, g # 1, and x € 5G,.
Then there is P C G with x € P such that {g,1} x 8P — gPUP is a homeomorphism

onto an open subset of G*¢ = 3G.

Proof: V = {g,1} is a compact and open neighborhood of 1 in G. Let p € G,
be such that h(p) = z. Let @ € p, @ € G. As in Theorem 4.4 and Corollary 4.8,
take any maximal V = V-discrete set '’ C Q. Since @’ is maximal, for any ¢ € Q,
VN V@ #10,soqe€ V2Q', therefore, Q C V2Q'. But, V2 = {1, ¢, 4°}, so for each
v € V2 v commutes with V. Hence, if we put U = vVV ! =V and P = vQ’, by
Theorem 4.3, we get U x 3P — UP is a homeomorphism onto the open subset UP of
GAC | and contains h(p) = z. Q.E.D.

Now, we turn to the general case of locally compact groups:

The Three Sets Lemma 4.10: Let P be aset, Q C P, f : Q — P be
an injective function such that f(q) # ¢ for all ¢ € . Then there is a partition
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Q = FyUFLUF, (F; =0 is also possible) with f(F;)NF; =0, (0 <i<2).

Proof: For any ¢ € @), define the orbit of ¢ by

O(q) ={f"(q) : ["(q) is defined and in Q}

(if r < 0, f"(¢) means the unique p for which f~"(p) = ¢ if it exists). Since f is
injective,orbits are either identical or disjoint. As the orbits partition @, it is enough

to write each O(q) as Fy U Fy U Fy. First fix one ¢ in each orbit.

If O(q) is a chain (finite or infinite), O(q) = {... f""(q), f"(q), f*T(q) ...}, then
write Fy = {f"(q) : riseven}, F; = {f"(q) : risodd}, F5 = (). So, f[Fy] C F1U(P\Q),
fl[F1] € Fo U (P \ @), hence the conditions are satisfied.

If O(q) is not a chain, then because f is injective, O(q) = {q = f"(q), f*(q), ..., [ (q)}
must be a cycle (here r > 2 since f(q) # q). If r is even define Fy, F1, F; as in the previ-

ous case. If r is odd, write Fy = {q, f*(q), ..., f" (@)}, F1 = {f(a), *(q), . [ *(@)},
Fy ={f""Yq)}. Then, f[Fy) C Fy, f[F1] C FyN Fy and f[Fy] = {q} C F,. Q.E.D.

Our next step is to prove a more general version of Corollary 4.9.

The Two Point Local Structure Lemma 4.11: Let x € G*C, and g € G.
Take p € G4 with h(p) = z. Then there is an open neighborhood V of 1 in G and a
V-discrete set P C G with P € p such that (gV UV) x P — gVPUVP C G*4€ is a

homeomorphism onto an open set containing gz and =x.

Proof: The case g = 1 is The Local Structure Theorem 4.4, so we may assume
g # 1. Let Wy € N (1) be such that there is a Wy-discrete set Py with Py € p. By
taking Wy smaller if necessary, we may assume g ¢ W,. By The Local Structure
Theorem, Wy P, is an open neighborhood of z, and gP, is gWyg~!-discrete, so that also
gWoPy = gWygg~ 1Py is an open neighborhood of gz € gP.



44

Now, we have ¢gWy Py = gWy x 8Py and Wy Py = Wy x 3F,. So, our Lemma would
be immediate if gWyPy N WyP, = (). We shall show we can achieve this by making W,

and P, smaller.
First note for a symmetric W,

GWg lgPNWP =0 < guig 'gp = waps; wy,wy € W, p1,ps € P
& wig gy = g waps
& g lgpr = wi g waps
& gp1 = gwi g waps
=

gPNgWg 'WP #0.

That is, for P C P, there is W € N(1) with gW P NWP = gWglgPNWP = if
and only if there is V = gWg='W with gPNVP = gPNgWg *WP = ().

Let V be symmetric and open such that V C Wy and ¢g='Vg C Wy, then g ¢ V
(otherwise g~'g € W, will imply that g € Wy). Define Q = {q € Py : g¢ € VPy}. Then
reP=(P\Q)NAQ.

When z € (P \ Q), because VP is open gz ¢ VB. In this case, we can put
P=PF\Q to ﬁndgﬁﬂVﬁggPo\QﬂVﬁozw

Now, we consider the case z € ). We define a map 7 : VP, — P, by translating

the projection V' x 3Py — (3P, using the homeomorphism V x 8P, = VE,.
Next, define the function f: Q — By by ¢ — 7(gq). Then
flQl={n(9q) : g € Py and gg € VP} C Py

and since f is continuous it is determined by its values on Q. Note that, 7(z) = .



45

Observe that if ¢1, ¢ € @Q, then
fla) = fle2) & 7(9q1) = 7(9q2)
< 90 € Vyge
& neg Vg
=4

q1 = q2

since @Q is Wy-discrete and ¢~V g C W,. Therefore as a map of Q — Py, f is injective.
And since f(q) = ¢ < gq € Vq, and g ¢ Vq. Hence, f(q) # q for g € Q). Therefore,
we can apply The Three Sets Lemma 4.10 to f and partition @) as Fy U Fy U F,. Then
the closures Iy, Fy, I, partition @ and since VQ =V x 3Q, the sets VIEy, VF, VE,
partition VQ. The point x is in one of the sets, F; say. Put P = F;. Then f(P) =
{m(gp) : p € P} is a subset of another set , Fj, say. This means that gP C V' Fj, and
therefore that V P and gP are disjoint. Q. F.D.

Now, we come to the most general Local Structure Theorem:

The Compact Set Local Structure Theorem 4.12: Let K C GG be compact,
x € GFUC. Take p € BGy with h(p) = z. Then there is an open neighborhood V' of K
and a uniformly discrete set P C G with P € p (so, x € P) such that the multiplication

map V x B3P — VP is a homoemorphism onto an open set VP containing Kx.

Proof: We may assume that the identity 1 of G isin K. By The Two Point Local
Structure Lemma 4.11 for each g € G, there exists an open neighborhood V; of 1 and
a V,-discrete P, € p such that (¢V, UV,) x 8P, — (gV, UV,)P, is a homeomorphism
onto an open subset of G*¢. Note that g = 1 is also possible and if g # 1, then
gVe N Vy = 0.

Let U be an open neighborhood of K such that U C U,cx gV, and clg(U) is
compact. Then since multiplication and taking inverses are continuous on G, U 'Uis

a compact set. Let g1V, ..., grVj, be a finite cover of U 'U. Put P= P,N...NP,.
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Since p is an ultrafilter P € p.

Now, if u,v € U, then v—'u € U U, and therefore there is r with v~'u € 9V,
For any y,z € P, we have y,z € P, and therefore if (u,y) # (v, 2), then since P,, is

V,,-discrete we have g, 'v~tuy # g, '1z, which implies v"luy # z, then uy # vz.

Thus U x B3P — UP is injective. Now U C U U C GV U...Ug,V,,. For each
1 <r <k, the map g¢,V,. x 3P, — g,V,, P, is a homeomorphism onto an open subset
of BP,,. Therefore, the map U x P — UP is also a homeomorphism onto an open

set containing Kz. Q.E.D.

The Compact Set Local Structure Theorem 4.12 gives us a result for every com-
pact subset of G. Before we end this section it is natural to ask whether there is a
parallel result for the whole of GG. For any P C G with more than one element multi-
plication is not injective as a map G X P — G. Let gy, g2 € P with gy # ¢o, put z; = 1,
identity of G and x5 = g1g5 . Then (21, 1) # (2, 92) but 2191 = 191 = 9195 "g2 = T2gs.

However, we can achieve a result which is valid for a restricted class of groups.

Theorem 4.13: Let G be a locally compact and o-compact group. Let z €
G* = G\ G. Then there is an open set W° in G* with x € W such that the
multiplication map G x W? — GW?° C G* is a homeomorphism onto an open subset

of G*.

Proof: Let p € 3G, be such that h(p) = x. Let (K,)%2, be a sequence of
compact sets with K,, /* G such that there is an open U € N (1) with K,U C K, 44
for all n € N. From the Compact Set Local Structure Theorem 4.12, for each n, there
is a uniformly discrete set P, € p such that K,, x 3P, — K, P, is a homeomorphism.
Since p is an ultrafilter, we can assume (F,)>, is decreasing (otherwise, let Oy =
P,Qs=P,NQ,....Q0n = P,NQy_1, ... instead of P,). And, we can also choose P,
with P, N K, = (), for all n € N.

Put W =2, P,, then WNG = (. Also, since W is a zero set in 3P, it follows
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from [6, Theorem 3.28| that p is in the closure of the interior (in P;) of W.

From The Compact Set Local Structure Theorem 4.12, we get that K,, x P, —
K, P, is a homeomorphism, and since K,_;U is open and contained in K, the set
K,_1UP, is an open neighborhood of z in G“C. Therefore, GxW = (N2, K,,)xW —

n=1 n

GW is injective.

Next, we show that the map G x W — GW is a homeomorphism. Let (g;, w;):er
be a net in G x W with (g;w;) — gw € GW. Since g € G, thereisann € N, g € K,,.
Then gw € K,W C K,UP,;, C K,41P,.1, and so for all large i € I, g;w; € K11 Ppy1.
By injectivity, ¢g; € K, 11, w; € W for all such i. Using compactness we may assume
gi — go, W; — Wy, for some gg, wy € GUC. The joint continuity property shows that
(gsw;) — gowp € G*, and then uniqueness of limits shows that gowy = gw. From
injectivity, go = ¢, wg = w. Thus, we can conclude (gw;) — (g,w) € G x W.

Therefore, our map is a homeomorphism.

Let W be the interior of W in Pf. We know that K,UP, = K,U x 3P, is an
open subset of GFY€. We intersect with G* to find K,,UP,NG* = K,,U x P, and since
W? is open in Py, we conclude K,,UW? is open in G*. Then N2, K, UW? = GW?° is
open and contains K. Q.E.D.

4.2. Veech’s Theorem
In this section, we will see how our results relate to Veech’s Theorem. First we
prove directly Veech’s Theorem for discrete groups, to illustrate the role of the Three

Sets Lemma.

Veech’s Theorem for Discrete Groups 4.14: Let G be a discrete group. For
s € G* = GFYC\ G, if gs = s for some g € G, then g = 1.

Proof: Let s € G* and g € G be such that g # 1. If the subgroup H, generated
by ¢ is finite, say H = {g,¢°, ...,g" = 1}, then choose one point from each right coset
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of H in G, and call the resulting set A. Then A C G and the sets A,gA,...,¢g" 1A
are disjoint in G. So, cl(A)Ucl(gA)U...Ucl(g"tA)) = BG = G, gives a partition
into open and closed subsets of 3G. So, s € cl(g*A) for some 0 < i < n — 1. Then
gs€cl(g™A)if0<i<n—1orgséec(A)if i =n— 1. Therefore, gs # s.

If H is infinite, say H ={...,¢7',1,9,4% ...}, put

Hy = {..,g%1,¢*.}

Hl - {"‘79_1797937"'}

Choose one point from each coset of H, and call the resulting set A. Then G =
AHyUAH, is a disjoint union, and cl(AHy)Ucl(AH,) = G = G*C is a disjoint union
of closed and open sets. Then s € cl(AH;), i € {1,2}, and consequently gs € cl(AH;),
j €{1,2} with j # ¢. Therefore, gs # s. Q.E.D.

Veech’s Theorem 4.15: Let G be a locally compact group. Then for every
g € G with g # 1 and each s € G*C, gs # s.

Proof: Immediate from Compact Set Local Structure Theorem 4.12. Q.E.D.

Our aim is to combine the results of section 4.1 with Veech’s Theorem. First we

prove an equivalent statement for Veech’s Theorem.

Theorem 4.16: Let G be a locally compact group. Then the followings are
equivalent:

(i) For every g € G with g # 1 and each s € G*1C| gs # s.

(ii) The map g — gs is injective on G for all s € GFUC.

Proof: (i = ii) If g15 = g5, then g;'g15s = s, by (1) we get g5 ‘g1 = 1, that is

g1 = ga.

(ii = i) If g # 1 is an element of G, then since the map g +— gs is injective,
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gs #s. Q.E.D.

The Local Structure Theorem 4.4, obviously implies a ”local Veech”, namely for
each s € G*YC the map ¢ — gs is injective on a neighborhood V' of the identity 1 of G.
Also, as we have noted, Veech’s Theorem is a consequence of the Compact Set Local
Structure Theorem 4.12, since it implies that on each compact subset of G, g — gz is
injective. Hence, since G is locally compact x +— gz is injective on G itself. On the
other hand, with a similar argument, Veech’s Theorem is a consequence of the Two
Point Structure Lemma 4.11. Conversely, Veech’s Theorem implies that s and gs have

GC g #£ 1 in G, these neighborhoods can be taken of

disjoint neighborhoods, for s €
the form given in the Local Structure Theorem 4.4, and then 4.11 follow immediately.

Thus, Veech’s Theorem is equivalent to Two Point Structure Lemma, 4.11.

For discrete groups, by the remarks of the last paragraph together with Corollary
4.9, we get Veech’s Theorem. Conversely, the proof of Corollary 4.9 would have been
trivial, if we had used Veech’s Theorem, that gz # x, since then these two points would

have disjoint neighborhoods and consequently gP N P = ().

Similarly, Corollary 4.8(ii) shows that Veech’s Theorem holds for IN groups gen-

erated by an invariant neighborhood.

4.3. Extending Veech to a Set Larger Than G

Let S be a semigroup, for £ C S, define Injs(E) = {x € S : y — yx is injective
on E}. If x € Injs(S), then z is right cancellative, and Veech’s Theorem says that
Injgeue(G) = GFUC. In this section we ask, whether G is the largest subset E of GFY¢
for which Injgeuc(E) = G*4C. For a special class of o-compact groups, there is an

open set U such that G C U and for all s € G*4C y +— us; U — Us C G*C is injective.

Definition 4.17: Let G be a topological group. A pair (.5, ¢) is called an almost
periodic compacti fication of G if

(i) S is a compact topological group,
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(ii) ¢ : G — S is a continuous homomorphism,

(iii) clsy(G) = 9,

(iv) If K is any compact group and f : G — K is a continuous homomorphism, then
there is a continuous homomorphism f : S — K such that f op=f.

In this case, S is denoted by G4

Theorem 4.18: Let GG be a locally compact, o-compact group for which the
natural homomorphism 1 : G — G4 is not surjective. Then there is a set U open in
GFC with G C U and G # U for which u +— us: U — Us C GC is injective for all

s € GFUC,

In the next lemma, we find an equivalence of the hypothesis of Theorem 4.18.

Lemma 4.19: Let GG be a locally compact, o-compact group. Then the followings
are equivalent:
(i) The continuous homomorphism v : G — G4 is not surjective;
(ii) There is a compact metrizable group GM and a continuous homomorphism ¢ :
G — GM with ¢(G) dense in GM but ¢(G) # GM.

(For information on metrizability see Appendix A.)

Proof: (i = ii) Let G = U2, K,,, with each K, compact. By (i), there is
x € GAP such that o ¢ 1 (G). Then, if 1 is the identity of GA¥| 1 ¢ 7 14(G). Hence,
x ¢ v 1(K,) for each n € N. Since the map g — 27 %(g); G — G4F is continuous,
v~ 1(K,) is compact for each n € N. Then for each n, U, = GAP\ 214 (K,,) is an open
neighborhood of 1 in GA?. From the Theorem 8.7 of [9], we find that a compact normal
subgroup H such that H C N2, U, and GAF'/H is metrizable. Then, 2~ 14(G)NH = ()
which means ¢(G) NxH = (), and since H is a normal subgroup, zH N ¢(G)H = (.
Thus in the quotient GA”/H, the images of z and 1(G) do not intersect. Hence if we
let ¢ to be the composition g — 1(g) — ¥(g)H; G — GAF — GAF/H | then the image
of z is not in ¢(G), but since the quotient map G4 — GAF/H is onto and ¥(Q) is
dense in G4, ¢(G) is dense in GAT/H.
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(ii = i) Let ¢ : G — GAF be the canonical map. Given ¢ : G — GM let
¢ : G — GM be the extension of ¢ to GAT. Since ¢(G) is dense in GM, ¢ is

surjective. Then ¢ = ¢ o ¢ implies that, if v is surjective, so will p be. Q.FE.D.

We prove two more lemmas, before we begin the proof of 4.18.

Lemma 4.20: Let S be a compact topological group and u,v € S. If there is
s € S such that us = ws, then in each minimal left ideal L of S, there is a minimal

idempotent e, for which ue = ve.

Proof: Assume that us = vs for some s € S. Let L be a minimal left ideal
and t € L. Then ust = vst and st € L. Since L is a union of groups, let e be the
identity of the group containing st, and (st)~! be the inverse of st in that group, that
is st(st)~! = e. Therefore, ue = ust(st)™t = vst(st)™' = ve. Q.E.D.

Lemma 4.21: Let D be a discrete topological space. Let A, B be countable
subsets of 8D. f ANB=ANDB =0, then AN B = 0.

Proof: Suppose that A = {a,}°2, and B = {b,}>°,. AN B = ) implies that
each a,, has a clopen neighborhood U,, in 3D disjoint from B. And AN B = () implies
that each b, has a clopen neighborhood V;, disjoint from A. Let G,, = U, \ Ni~; Vi and
H, =V, \N", U;, then (U, G,)N (U, Hy) =0, and so (U2, Gn) N (U2, Hy,) = 0.
Since A C U2, G,, and B C U2, H,, it follows that AN B =0. Q.E.D.

Proof of Theorem 4.18: Let GG be a locally compact, o-compact group such

that ¢ : G — G4 is not surjective. Then by Lemma 4.19 we obtain a metrizable

space GM and a continuous homomorphism ¢ : G — GM such that p(G) = GM but

©(G) # GM. Let ¢ : GHC — GM | and $(GFUC) = GM.,

Let a € GM \ p(G). Let V be an open, relatively compact neighborhood of 1 in

G (V € N(1)). Since p(G) = GM | there is a sequence (x,),en € G with p(z,) — a.

We may assume that (x,),en is V-discrete, ((x,)nen has a subsequence which is V-
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discrete, otherwise (z,)nen would lie in a finite union of translates of V' and would
therefore have a cluster point in G, we may replace (x,),ey by this subsequence if
necessary). Put X = {x1,2,...}. Let z be any cluster point of X, in the compact
space GFC. Then p(z) = a ¢ »(G). By The Local Structure Theorem 4.4, VX is an
open neighborhood of z in G*“¢, homeomorphic with V x fX. Let U = GUVX. Let
L be a minimal left ideal in G*“¢. We want to show that u — us; U — Us C G*C is
injective for every s € G*4C. By Lemma 4.20, if there is us = vs, u,v € U, s € G*UC,
there is a minimal idempotent e in L, with ue = wve. So, it is enough to prove that
u +— ue is injective on U for every idempotent e in L. Let e € L be an idempotent.

Since GM is a group, 1 is the only idempotent in GM, hence ¢(e) = 1.

We prove u +— ue is injective in three cases:

1) Veech’s Theorem tells that u +— we is injective on G.

2) Let g € G and vz; € VX \ G = U\ G, such that v € V C G and z; € X.
Since vz ¢ G, we must have z; € X \ X. Then,

p(vaie) = p(v)p(ai)p(e) = p(v)al ¢ o(G)

since a ¢ ¢(G) and ¢(v) € p(G). Also, we have

p(ge) = p(g)ple) = »(g) € v(G)

Thus, vxrie # ge.

3) Our last case is v171,v979 € VX \ G = U\ G, with v;,v5 € V, 71,25 € X \ X

and vexo # vix;. We will show that voxse # vixie. To this end, we need further cases:

3i) If z1 = xo, then we have v; # vy. By Veech’s Theorem ¢ — gxje is injective
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on G, so

V1T1€ F VaT1€ = VgXoe

3ii) Assume that x; # xo. Assume for a contradiction that v;xie # vozge. since
X is homeomorphic with X, there is X; € X and X, C X such that z; € X1, 22 € X»
and X;NX, = (. By The Local Structure Theorem 4.4, there is a neighborhood W@ of
v1T1€e # Vaxee with vize € @, Q is V-discrete and W is a symmetric neighborhood of
1 in G such that W C V. Translating the map W x 3Q — BQ, we define 7 : WQ — Q

as the canonical projection.

Since y — ye is continuous on G*YC there is a neighborhood N; of vy such that
Nie C WQ. Also since v,2; € VX = Vx3X, we may assume that the neighborhood
N, is of the form W; x Y7, where W; C V is an open neighborhood of v;, and Y} C X,
with 2; € Y;. Similarly, there is a neighborhood N of the form Wy xY; with N, C WQ.
Furthermore, Yie, Yo C WQ.

Next, we work with Y7, Y5 as spaces rather than continuing with vz, vexs. Let
y € Y;\ Y, and g € G, it is impossible that ye = ge. Since y € X \ X, if ye = ge,
we would have a = ¢(y) = ©(g), which is impossible because a ¢ p[G]. We further
get for such a y w(ye) = w(ge) for any g € G, for if this did happen there would be
wy,wy € W C G with wiye = wage or ye = wi 'wage, since wiw,g € G, we have just

observed that this is impossible. Then 7 ((Y; \ Y1)e) N7 (Yae) = 0.

Now, assume for a contradiction that 7(Yie) N 7(Yze) # (. Then there are
1 €Y1 CG, 0 € Yy C G and wy,wy € W with wiyre = woyse. And there are z € @,
wh, wy € W with wjz = yje and whz = yse. By, Veech’s Theorem, we get wyy; = ways,
but since W C V| this contradicts the fact that Y is in a V-discrete set. Therefore,
m(Yie) N w(Yae) = 0. Similarly, m(Yie) N w(Yae) = 0. Note that, by Lemma 3.38(i)

7(Yie) = w(Ye) for i = 1,2. Applying Lemma 4.21, we conclude m(Yie) N 7(Yae) = 0.
(Yie) = m( ,2. Applying ,




As, w(viz1e) = m(x1e) € w(Yie) and 7(vaxee) = m(w2e) € 7(Yae), we can deduce,

V1T1€ # VaTge

which contradicts with the assumption vix1e = voxge. Q. E.D.

o4
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5. SLOWLY OSCILLATING FUNCTIONS IN THE LUC
COMPACTIFICATION

In this chapter we generalize Van Douwen’s right ideal theorem to first non-
compact locally compact groups then to discrete cancellative semigroups, with the aid

of slowly oscillating functions.

5.1. Slowly Oscillating Functions

Recall first that LUC(G) is the C*-algebra of all bounded left uniformly continu-
ous functions on G, that is LUC(G) consists of all bounded, complex-valued, continuous

functions f on G such that the map s — L,f is norm-continuous.

Definition 5.1: Let S be an infinite discrete semigroup of cardinality x. The
semigroup of uni form ultrafilters is defined to be U(S)= {z € BS : p(x) = Kk} where
p(z) = min{|A| : AC S and z € A}.

We next generalize the concept of uniform ultrafilter to a locally compact group.

Definition 5.2: Let G be a locally compact group. For a A C G , let k(A) be

the minimal number of compact sets in G, required to cover A. For simplicity denote

k(G) by k.

Let z € GFYC the height of x is defined by p(x) = min{x(4) : A C S and
x € A}. Let U(G) denote the set of all x in G4C with p(x) = k.

Remarks: (i) When G is discrete, U(G) corresponds to the set of uniform ultra-
filters on G.
(ii) When G is o-compact, U(G) = G* = GFYC\ G.
(iii) From the Local Structure Theorem 4.4, we conclude that U(G) is closed in G*C.

(iv) Since right translations are continuous, U(G) is a left ideal in GFYC.
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We now define the main tool of this chapter:
Definition 5.3: Let G be a locally compact group. A function f in LUC(G) is

called slowly oscillating if, for any ¢ > 0 and for any compact subset F' of GG, there

exists a subset A of G with k(A) < k such that,

[f(st) = fO) <& and  [f(ts) = f()] <e

whenever s € Frand t € G\ A.

Proposition 5.4: Let G be a locally compact group. Let f € LUC(G) be a

slowly oscillating function. Then for all z € U(G), y € GF4C, s € G, we have

Proof: Let s € G and z € U(G). In the definition 5.3, put F = {s}, let ¢ > 0
be arbitrary, then there exists A. C G with x(A.) < x and

[f(st) = fO) <e and  [f(ts) = f()] <e

forall t € G\ A..

Let z € U(G), then p(z) = k, that is for all B C G such that x € B, we have
k(B) = k. So, z € G\ A for all z € U(G). Hence,

|flsz) — f(z)| <e  |f(xs) — flz)] <e.

But this holds for all € > 0 and for all A, C G. Therefore,

flsz) = f(x)  flxs) = f(x).
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Next, let y € G“C| then there is a net (yq)aer € G with 3, — y. For all a € I,
we have f(y,r) = f(x) and by continuity of multiplication as a map G x GF4€¢ — GC,

we conclude f(z) = f(yox) — f(yz). Hence,

f(x) = f(yx).

Q.E.D.

The construction of the slowly oscillating functions is included in the proof of the

following Lemma.

Lemma 5.5: Let G be a locally compact group. Let X C G with x(X) = k.
There exists a left uniformly discrete subset 7" of X such that |T'| = k and the points

in T can be separated by slowly oscillating functions.

Proof: We divide the proof into two parts, treating o-compact and non-o-

compact groups separately.

THE o-COMPACT CASE: Suppose first that Kk = w. Let U be a compact
symmetric neighborhood of the identity in G. There is an increasing compact cover
{K, }nen of G such that
(i) each compact subset of G is included in some K,;

(ii) K1 = U,

(iii) K2 C K41 for each n € N

(iv) K,' = K, for each n € N

Conditions (ii) and (iii) imply that the identity, 1 € K, for each n € N. So, U C K,
for each n € N by induction. Then,

(v) UK, U C K3 C K,,1;

Ifn>m>1, K,K,, C K,K,, C K2 C K,;1 C Kp\n- That is,

(vi) K, K., € Ky

For convenience, put K,, = () for every n = 0, —1, —2, ... and note that conditions
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(v) and (vi) hold for all integers n and m.

By induction, we construct a subset T' = {t,,}>°; of X such that

Kt K N Kot K =0 (1)

for every n # m. Indeed, suppose that ¢, ...,t,_; are all chosen. Then the set

n—1 n—1 n—1
m=1 m=1 m=1

is compact. Since X is not compact, we can pick ¢, from X \ U" Y K, 'Kyt K Kb

For every n > 2, define

1 on KltnKl
1-— ﬁ on (than) \ (KltnKl)
f - 1-— % on (than) \ (than)
ﬁ on (Kn—ltnKn—l) \ (Kn—2tnKn—2)
0 Off Kn—ltnKn—l

Let I be any subset of {2,3,...} and put f = > ,c; fa, f is well defined by (1).
It is clearly bounded and measurable with respect to any regular Borel measure on G

[see Appendix B for information on Borel measures].

Let ¢ be any measurable function on G such that

Since ¢ € LY(G) and f € L*>(G), we have h(z) = [, p(t)f(tz)dt is in LUC(G). We

will show that h is slowly oscillating and that functions such as h separate points in 7.
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If n €I, then

hitn) = [ e(u)f(uty)du= [ o =1

because f(ut,) = fn(ut,) = 1 for every u € U. On the other hand, if n ¢ I, then
h(t,) = 0. Therefore h =1 on {t, :n € I} and h =0 on {t, : n ¢ I}. This shows that
by choosing the index set I appropriately, we can separate points in 7' by functions of

the same form as h.

To complete the case when G is o-compact, we need to show that h is slowly
oscillating. Let 0 < ¢ < 1 and let F' be a compact subset of G. We should find a

compact set K such that for every s € F' and for every t € G\ K

|h(st) — h(t)] < e and |h(ts) — h(t)] < e. (2)
By condition (i), F'is included in some K,,, and so we may replace F' by K,,. Choose
an integer [ such that (m + 1)/l < e, and put K = (\,_ Kjymt;Kjym. Fix s in K,

and ¢t in G\ K. We shall confirm only the first inequality in (2), the second is similar.
First,

I (t)] </ W)\ f(ust) — f(ut)|du.
We consider the difference |f(ust) — f(ut)|. If f(vst) # 0 for some v € U, then

vst € K, 1t K, 1 for some n > 2, and so by condition (iv) st € UK, 1t,K, 1.

Hence,
te K,,2UK, 1t ,K, 4. (3)

Applying condition (vi) to (3), we see that t € K,y ntnKyim. Then the choice of K
implies that

n>1l>m+ 1. (4)
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It follows from (3) that UK,,t C UK UK, 1t,K, ;. But UK2U C K,,.» C K; by
conditions (iii) and (v), and so UK,,t C K; K, 1t,K,_1 C K,t,K, by condition (iii)

with (4). In particular, ut and ust belong to K,t,K,, for every u € U.

We have shown that if f(vst) # 0 for some v € U, then there exists n > [ such
that ut and ust are in K,t, K, for every u € U. Similarly, if f(vt) # 0 for some v € U,
then there exists n > [ such that ut and ust are in K,t,K, for every u € U. The

remaining case is trivial: f(vst) = f(vt) = 0 for every v € U.

Excluding the trivial case, we can assume that ut and ust are in K,t, K, with
n > [ for every u € U. Let u € U. Then ut € (Ky1t,Kpi1) \ (Kt Ky) for some
0<k<n-—1and

flut) = fulut) =1— " (3)

n—1

By conditions (v) and (vi),

ust € UKmU((Kk+1tnKk+1) \ (KktnKk))

g (Kk+m+2tnKk+m+2) \ (kamfltnkamfl);

and so

k 1 k—m—1
l—ﬂéfn(ust)gl—L.
n—1 n—1
Combining with (5) gives
m+1 m+1
- < fo(ust) — fo(ut) < :
1 < Jalust) = falut) <

Therefore,
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for every uw € U. Then, we get

h(st) = h(t)| < [ pu)edu = =,
as required.

THE NON-0-COMPACT CASE: Suppose k£ > w. Let {K,}o<x be a compact
cover of G and suppose that K, has non-empty interior. For every a < k, let G, be
the subgroup algebraically generated by the set Us<, K. Then {Gq}a<k is a cover of
G such that
(i) each G, is an open subgroup of G with k(G,) < maz{w, |a|},

(ii) Up<a G C G, for every a < k. Details of constructing such a cover can be found

in [10].

Applying condition (i) of the cover {Gq}a<k, We can construct by transfinite

induction a subset T' = {t,} o<, of X such that

GataGa N GﬁtlgGﬁ = Q) « 7é B (6)

For every a < k, let f, be the characteristic function of G,t,G,. Put

f = Z f as
acl
where I is any subset of k. Note that f is well defined by (6) and f € LUC(G) since
f is constant on each right coset of Gy,which is an open subgroup of G. As in the
o-compact case, functions of the same form as f separate points in 7T, so it suffices to

show that f is slowly oscillating.

Fix a compact set F' C G. Since {G, }a<s i an increasing cover consisting of open
sets, I C G, for some o < k. Put A = U,<, Gat,Gq, and note that k(A) = k(G,)
by condition (i). Let s € F and t € G\ A. If f(t) = 1, then t € GstgGs for some
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B € I. The choice of A implies that 3 > «a. So, st € G,GstgGp = GatgGz and
f(st) = f(t) = 1. On the other hand, if f(st) = 1, then ¢t € G,GstsGs for some
B € I. Again the choice of A implies that 3 > a. Therefore, t € GtsGs, and so
f(t) = f(st) = 1. The third alternative, f(st) = f(t) = 0 is trivial. Consequently, for
every s € F' and for every t € G \ A, we have |f(st) — f(t)| = 0. A similar argument
shows that | f(t) — f(ts)| = 0, and so f is slowly oscillating. Q.E.D.

5.2. The Decomposition Theorem

In this section, out main result is Theorem 5.6, which generalizes, Van Douwen’s
Right Ideal Theorem to non-compact, locally compact groups. Recall first that U(G)
is the closed left ideal in G*“C consisting of all the points that are not in the closure

of any subset of G with compact covering less than x.

Theorem 5.6: Let G be a non-compact, locally compact group. Then there is
a decomposition Z of U(G) such that
(i) Each member of 7 is a closed left ideal in G“HC.
(ii) If I € 7 and x € I, then G C I.
(iii) Each member of 7 has empty interior in U(G).
(iv) |Z| =2%".

Proof: We will define an equivalence relation on U (G) such that the family Z of

the equivalence classes satisfies properties (i)-(iv). For every z,y € U(G) put

x>y if f(x)= f(y) for every slowly oscillating function f on G.

It is easy to see that ~ is an equivalence relation. Since U(G) is closed in GF4C it
is compact. So, by equivalence relation theory [8], we conclude that ~ is a closed
equivalence relation, since each slowly oscillating function is continuous. For every

x € U(G) denote the equivalence class containing x by [z].

If y € U(G), then f(sy) = f(y) and f(ys) = f(y) for every slowly oscillating
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function f and for every s € G. Therefore, whenever y € [x] Gy C [z] and yG C [z].
Hence, condition (ii) is immediate, because [z] is closed. Since, right translation by y
is continuous and G = G*4C we have Gy = G*Cy C [z]. So, each equivalence class is

also a left ideal.

If we apply Lemma 5.5 to X = G, it follows that distinct points in 7NU(G) are in
distinct equivalence classes. The points in T NU(G) correspond to uniform ultrafilters

on the set T [by 5, Theorem 3.58], so there is at least 22" equivalence classes.

Next let U be a compact neighborhood of the identity and let X be a maximal
uniformly discrete subset of G with respect to U. Then by G*4¢= U?X. it follows
that each left ideal in G“4C contains at least one point from X. Since |X| = &, there
are at most 2% disjoint left ideals in GF4C [Details of this argument can be found in

10].

Therefore, there are exactly 22" equivalence classes.

Finally, we shall show that each equivalence class has empty interior in U (G). By
the regularity of G, it suffices to show that if N is a closed neighborhood in G*4¢
of a point in U(G), then N NU(G) is not included in any of the equivalence classes.
Since k(N N G) = k, an application of Lemma 5.5 gives a uniformly discrete subset
S of N NG such that the points in S NU(G) can be separated by slowly oscillating
functions. In other words, each of the 22" points in S NU(G), which is a subset of N,

belongs to a distinct equivalence class. Q.E.D.

Theorem 5.7: Let G be a locally compact group. The topological centre of
GFUC s G

Proof: Let x € GFYC\ G. Then there exists a net (24)aes in G such that x, — z.
If we let H to be the subgroup of G generated by (24 )aer, then x € H and k(H) = p(z).
The closure of H in G*“¢ may be identified with H*4C and x € U(H). Let y € U(H)
such that x and y are in distinct left ideals I,, and I, in the decomposition of U(H). Let
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(Sa)acs be a net in H converging to y. Then the net (xs,)aes is in I, by condition (ii)
of Theorem 5.6. On the other hand, xy € I, so xs, does not converge to zy, because

I, is closed and disjoint from [,,. Q.E.D.

Lemma 5.8: Let G be a locally compact group. Suppose that x is in the

topological centre of GF4C \ G. Then z is in the topological centre of G“C.

Proof: Let x € A(GF4C\ G). Let (Yo)acs be a net in GHC converging to
y € GFYC. Tt is enough to show that every subnet of (234 )acs has a subnet converging
to xy. Given a subnet of (2y,)acr, choose a subnet (xyg)ges that converges to some z
in the compact space G*1¢.

Pick a right cancellable point w from G*Y¢\ G [existence of which is given by 10].
The right translation by w is continuous, so (zys)w — zw. But, the left translation
with x is also continuous on G“C\ G| so z(ys)w — z(yw). Therefore, 2w = xyw, and

since w is right cancellable, z = xy. Hence, (xyg) — xy, as required. Q.E.D.

Theorem 5.7 and Lemma 5.8 together imply that, if there were an element in

A(GFHC\ @), it would be an element of A(G*C) = G. So, we have:

Theorem 5.9: Let G be a locally compact group. The topological centre of
GHYC\ (G is empty.

5.3. The Decomposition Theorem for Discrete Semigroups
The purpose of our last section is to show that our argument can be applied to
prove the original right ideal theorem concerning discrete cancellative semigroups. In

this case, slowly oscillating functions are defined similarly:

Definition 5.10: Let S be a discrete cancellative semigroup. A bounded function

f 8 — Cis called slowly oscillating if for every € > 0 and for every finite set F' C .S,
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there exists A C S such that |A| < |S| with

[f(st) = fO) <e and  [f(ts) = f()] <e

whenever s € Frand t € S\ A.

Definition 5.11: Let S be a semigroup. For s,t € S define the sets

st={ueS:su=t} and  tsT'={ue S :us=t}

S is called
(i) weakly left cancellative if the set s~'t is finite for all s,t € S.
(ii) weakly right cancellative if the set ts~! is finite for all s,t € S.

(iii) weakly cancellative if both s~'t and ts~! are finite for all s, € S.

Notations: s 'B ={u € S: su € B} and A™'B = J,cra ' B where s € S and
A,BCS.

Remarks: Suppose that S is weakly cancellative. Let A, B C S,
(i) If both A and B are finite, then the cardinalities of both A~' B and BA™! are finite.
(ii) If A or B is infinite, then the cardinalities of both A™*B and BA™! are at most
maz{|Al, |B[}.

Lemma 5.12: Suppose that S is a discrete weakly cancellative semigroup with
|S| = k. Let X C S with |X| = k. There exists a subset 7" of X such that |T'| = k and
the points in T (the closure taken in 35 = S“C) can be separated by slowly oscilating

functions.

Proof: As in the case of locally compact groups, we divide the proof into two

parts.

THE COUNTABLE CASE: Suppose first that |S| = w. Enumerate S = {s,}°°,
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Put

K1 = {81}

2 -1 -1
KZ = {31781751 51,515 782}

Kp = K,UK}UK,'K,UK,K;'U {841}

Since S is weakly cancellative, we have a cover { K}, of S, consisting of finite sets

satisfying
K,UK:UK,'K,UK,K,' CK,,;, VYneN
It follows that K, 'K, C K} Konazfnmy C Kntm.

ax{n,m}

For convenience, put K, = () for every n = 0, —1,... and note that

KnKm g Kn—l—m KEIKm g Kn+m KnKr;Ll g Kn+m

for all integers n and m.

Then we construct by induction a subset 7' = {¢, }n,en of S such that

Kptn Ky N Kt K =0 (1)

whenever n # m. Indeed suppose that ti,...,t, 1 are all chosen. Then the set

n—1
m=1

nite, we can pick ¢, from X \ U2, K 'Kt Ko K71

K 'Kt K Kb is finite, because S is weakly cancellative. Since X is infi-
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For every n > 2, define

1 on KltnKl
1-— ﬁ on (K2tnK2) \ (KltnKl)
f o 1-— % on (than) \ (than)
ﬁ on (anltnanl) \ (anZtnanQ)
0 off Kn—ltnKn—l

Let I be any subset of {2,3,...} and put f =3 ,,c; fa, f is well defined and bounded
by (1), so it has a continuous extension to 3S. The functions of the same form as f

separate points in T because for every n > 2,

1 ifnel
ifnegl

To complete the countable case, it is enough to show that f is slowly oscillating.
Let 0 < e < 1 and let I’ be a finite subset of S. Then F' C K,, for some m. Let [ be a
positive integer such that m/l < e and put

l
A= J(K'Kjt;K;) U (Kjt;K;) U (K;t, K;K,,)").
7j=1

Then A is finite. Let s € FF C K,,, and t € S\ A. If f(st) # 0, then st €
K, 1ty 1K, 1 for some n. Therefore, t € K 'K, it, 1K, 1 and the choice of A
implies that n > [ > m. Therefore K 'K, | C K, and t € K,t,K,. If f(t) # 0, then
t and st are again in K,t, K, for some n > [. The remaining case is trivial, so we can

assume that both ¢ and st are in Kt, K, for some n > [.

There is a unique k such that 0 < k <n—1and t € (Kp1t, Kii1) \ (Kt Ky).
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Then st € (Kpirs1tnKis1) \ (Kg—mtn Kx), and so

Since f(t) =1—k/(n — 1), we conclude

m m

< f(st) — f(t) <

n—1 n—1

Thus |f(st) — f(t)] < m/l < e. The other requirement for slow oscillation is confirmed

similarly.

THE UNCOUNTABLE CASE: Suppose next that |S| = £ > w. We begin by

constructing a cover {S, }a<, 0f S such that

S2 C S, Si'S8y € Say  SuS,' C S,

|Sal < maz{w,|al}, and U Ss C S

[B<a

for every a < k. Let {s4}a<s be an enumeration of S. For each o < k, define S, as

follows: Put Yy = {sg}s<a, and for every n =1,2,... put

Yo =Y, UY2UY, 'Y, uY, Y, "

Finally put S, = U2, Y,,. The required properties of {S, }a<x are easily confirmed.

By transfinite induction, we get a subset T = {t, }a<x 0f X such that

SataSa N Sgtﬁs/g = @ Zf 0% 7'é ﬁ
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We need to show that for each subset I of x the function f = 3 ¢; fo is slowly
oscillating. Let F' C S be finite, and let a < Kk be such that F' C S,. Let

A= U (5518,1,5,) U (8,655,) U (S,5,5,),
y<a
and note that |A| < maz{w,a} < k. Let s € Fandt € S\ A. If f(st) = 1, then
t € S;1S5t355 for some 3 € I. By the choice of A, 3 > «a, so t € SstpSs. On the other

hand, if f(t) = 1, then f(st) = 1. The second requirement of slow oscillation is proven

similarly. Q.FE.D.

Definition 5.13: Let S be a discrete semigroup. An element z € 3S is called
a uni form ultrafilter if z ¢ A for any A C S with |A| < |S|. The set of all uniform
ultrafilters on S is denoted by U(S). Note that this definition agrees with the notation

introduced in Definition 5.1.

Proposition 5.14: Let S be a discrete semigroup. If S is weakly left cancellative,
then U(S) is a closed left ideal in 5S.

Proof: [See theorem 6.53 in 5].

Applying Lemma 5.12, we can use the proof of Theorem 5.6 to prove the following

Decomposition Theorem.

Theorem 5.15: Let S be a discrete, weakly cancellative semigroup. Then there
is a decomposition Z of U(.S) such that
(i) Each member of 7 is a closed left ideal in 3S.
(ii) If I € Z and x € I, then S C I.
(iii) Each member of 7 has empty interior in U(S).
(iv) |Z| = 2%.

Proof: The result follows by the method used in the proof of Theorem 5.6.
Q.E.D.
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Theorem 5.16: Let S be a discrete weakly cancellative semigroup. The topo-
logical centre of 3S is S. If S is also right cancellative, then the topological centre of

BS\ S is empty.

Proof: To prove the first statement we apply the argument used in Theorem
5.7. Then the second statement follows from the analogue of Lemma 5.8, which can be
proved using a right cancellable point contained in 35\ S. Such a point exists by [10,
Theorem 3.1 and Proposition 2.2], provided that S is right cancellative and weakly left
cancellative. Q.F.D.



71

6. CONCLUSION

In this thesis we examined the construction of the LUC-compactification of a
locally compact topological group in two different ways. Each construction equipped
us with tools to examine the local topological properties of the LU C-compactification

GLUC wwhich is an extension of

of G and the properties of the multiplication map in
the group operation of G. A newly defined, special class of LUC-functions, the slowly

oscillating functions, helped us to further exploit the topological properties of G*C.
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APPENDIX A: LOCALLY COMPACT METRIZABLE
GROUPS

First we state some preliminary results and definitions on topological groups for

reference, proofs can be found in [9)].

Definition A.1: A topological space X has the Lindelof property if every open

cover of X admits a countable subcovering.

Theorem A.2: Let GG be a topological group, and ¢ be an open neighborhood
basis at the identity e. Then,
(i) for every U € U, there is a V € U such that V? C U.
(ii) for every U € U, there is a V € U such that V1 C U.
(iii) for every U € Y and x € U, there is a V' € U such that 2V C U.
(iv) for every U € U and x € U, there is a V € U such that zVaz~! C U.

Theorem A.3: Let G be a topological group. For every neighborhood U of e,
there is a neighborhood V' of e such that V C U.

Theorem A.4: Let G be a topological group, let U be any neighborhood of e,
and let F' be any compact subset of G. Then there is a neighborhood V' of e such that

2Vr ' CU for any z € F.

Theorem A.5: Let A be a family of neighborhoods of e in a topological group
G such that
(i) for each U € A, there is a V € A such that V2 C U,
(ii) for each U € A, there is a V € A such that V! C U,
(iii) for each U,V € A, there is a W € A such that W CUNV,
Let H=N{U :U € A}. Then H is a closed subgroup of G. If, in addition,
(iv) for every U € A, and x € G, there is a V € A such that zVa~! C U, then H is a

normal subgroup of G.
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Definition A.6: A topological group G is said to be compactly generated if it
contains a compact subset F' for which the subgroup generated by F'is GG, that is

G = {e} U [.j (FUF )™

n=1

Theorem A.7: Let G be a locally compact topological group. Then the follow-
ings are equivalent:
(i) G is compactly generated.
(ii) There is an open subset U of G such that U is compact and U generates G.
(iii) There is a neighborhood U of e in G such that U is compact and U generates G.

Definition A.8: Let GG be a topological group. G is metrizable if topology of G

is compatible with some metric d on G.

Theorem A.9: Let G be a Tj topological group. Then G is metrizable if and

only if there exists a countable open basis at e.
Proof: See [9] Theorem 8.3.

Theorem A.10: Let G be a locally compact, compactly generated group with
identity e. Then for every countable family {U,}2%; of neighborhoods of e, there is a
compact normal subgroup N of G such that N C N2, U,, and G/N is metrizable and

has a countable basis for its open sets.

Proof: By A.7, there is a neighborhood V; of e such that Vj is compact and
Vo generates G. Using A.2 and A.4, we construct a sequence {V,,}°°, of symmetric
neighborhoods of e such that V2 C V,,_; N U, and such that zV,x=' C V,_; for all
x € VoU(Vy) ! for alln € N. Tt follows that V,, C V,,_; for alln € N. Let N = %, V..

Obviously N C 02, U,, and by A.5, N is a closed subgroup of G. Since N C Vj,

N is also compact. Clearly, zNz=! C N for all z € Vo U (Vp)~!. Since we have
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G =U>2,(VobuVyhn, it follows that x Nzt C N for all # € G. Hence, N is a normal
subgroup of G.

Let ¢ denote the natural mapping of G onto G/N. We now show that {¢(V},)}>°,
is a basis at NV in G/N. For some ng, we have V,,, € WN. (Otherwise {V,,N(WN)'}2,,
which is a family of compact sets, has the finite intersection property and hence

> (V, N (WNY)') is nonempty. This is impossible since
N (V.n(WN)) = ﬂV (WN)" = ﬂV (WN) =NN(WN) =0.)
n=1
Since V,,, € WN, we have ¢(V,,,) C {wN : w € W}. Since G/N has a countable open
basis at N, G/N is metrizable by A.9. The set ©(V5) U ¢(V5)™! has compact closure
in G/N by A.3. We also have

[e.9]

G/N = | (e(Vo) Up(Vo)~H)"™.
n=1
Thus, G/N is compactly generated, hence it is o-compact and Lindelof. As a metric
space satisfying the Lindelof property, G/N has a countable basis for its open sets.
Q.E.D.
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APPENDIX B: BOREL MEASURES ON LOCALLY
COMPACT SPACES

We sketch a part of the Borel measures on locally compact groups. For further

information see [12] and [13].

Let X be a fixed locally compact Hausdorff space. Let C' be the class of all
compact subsets of X, S the o-algebra generated by C', and let U be the class of all
open sets belonging to S. We shall call the sets of S the Borel sets of X. A real valued
function on X is Borel measurable if it is measurable with respect to the o-algebra
S. A Borel measure is a measure p defined on the class S of all Borel sets such that

pu(K) < oo for every K € C.
A set E € S is outer regular with respect to pu if
p(E) = inf{u(0): EC O U},
aset & € S is inner regular with respect to p if
u(E) =sup{u(K): E D K € C}.

A set E € S is regular if it is both inner regular and outer regular. A measure p is

regular if every set E € S is regular with respect to u.

Let G be a locally compact topological group. Let u be a regular Borel measure
on G. For f,g: G — C Borel measurable functions, we define the convolution of f

and g to be the function

(f*g)(x) = /G Flay Hg(y)duly).
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For, 1 < p < oo, we define
IP(G)={f:G— C: f is measurable, and / |f(z)Pdu(x) < oo}
a
and

L>®(G)={f:G — C: f is measurable and essentially bounded}.

Lemma B.1: Let G be alocally compact group. Suppose 1 < p < oo, f € LP(G).
Define \(z)(f)(y) = f(yxz™?!) for all z,y € G. Then the map G — LP(G);z +— \(z)(f)

is uniformly continuous.

Theorem B.2: Let G be a locally compact group. If f € L'(G) and g € L*>°(G),

then f x ¢ is bounded and continuous on G.

Proof: Let x € G, we have

Fro@| < [ 1fy)w)lduly)
< glls [ 1oy ™)ldiy)
= gl [ 1 ldnty)
< gl I

Hence, f * g is bounded. Next, let x, z € (G, then

[(f*g)(x) = (fxg)(2)] = I/Gf(xy‘l)g(y)du(y)—/Gf(zy‘l)g(y)du(yﬂ
/G |flzy™") = fzy Dlg(w)|du(y)
9lloc [X(=2)(f) = A(=2) ()]}

IN

IN

By B.1, we can make |[A(—x)(f) — A(—z)(f)||1 arbitrarily small, by taking x and z
close enough. Hence, the continuity of f x g follows. Q.E.D.
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